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Abstract

The equations for transverse mode coupling in a storage ring with a double
rf system are derived from a Hamiltonian formalism. The resulting integral
equation is expanded into a set of orthogonal polynomials, and the expansion
coefficients are then given by the solution of an infinite determinant. Truncation
of this determinant permits solution of the problem on a computer, and a code
has been written which finds the complex mode frequencies. The stability limits
of LEP with a third harmonic are determined by equating the imaginary part of

the solution to the radiation damping rate.
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1 Introduction

The bunch current in large electron (or positron) storage rings like LEP at CERN is limited
by the transverse mode-coupling instability[1]. This instability - also called “fast head-tail -
effect” was first described as “transverse turbulence” [2], when it seemed to limit the current
in the DESY storage ring PETRA. However, it was already experienced earlier at the storage
ring SPEAR, and was clearly a limitation in PEP, both at the Stanford Linear Accelerator
Center[3]. More detailed investigations were made at the next larger electron storage ring
TRISTAN at KEK in Japan[4). '

A number of methods have been proposed to overcome the resulting limitations of bunch
current and hence luminosity. The most obvious one is the reduction of transverse impedance -
already during construction of the machine, by making the vacuum chamber as smooth as
possible and careful shielding of all unavoidable cross-section variations such as bellows or
flange-gaps. The major source of transverse impeda.ﬁce then remains the tf cavity system,
which is usually designed to have a large impedance at the accelerating frequency in order to
minimize the cost of rf power. This can be avoided by the use of superconducting cavities, for
which the extremely high quality factor reduces the input power and a high shunt impedance
is no longer required.

Nevertheless, in existing machines with copper cavities like the present version of LEP, the
bunch current is severely limited. Another means to increase the threshold are lengthening
of the bunches, e.g. by Wigglers or changing the damping partition numbers. However, this
method is limited by the concurrent increase. of the energy spread which can not exceed the
energy aperture of the machine. A way to 1ncrea,se the bunch length w1thout increase of
energy spread is the use of a second “higher- harmonic” tf system. The increase of bunch
length is largest when the phase and amplitude of the second rf system is adjusted such that
the synchrotron f1;equency vanishes at the center of the bunch (i.e., the slope of the total rf
voltage is zero there). | _

The effect on the TMC instability is then not so obvious. On one hand, the longer bunches
should increase the threshold, but on the other hand, the smaller synchrotron frequency tends
to reduce it. In order to study this situation in detail, it was necessary to develop a theoretical
description which permits study of the equations of motion in a strongly deformed rf bucket.
This is done by describing the system in a Hamiltonian fdrmalisni.

The result can be expressed as an eigenvalué equation, respectively the vanishing of the

determinant, of an infinite matrix. Such a problem can be solved numerically by truncating

the matrix to finite dimensions, given by the product of the number of radial and azimuthal
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modes to be included. For not too long bunches, these dimensions can be kept to quite small
values.

- The eigenvalues yield the complex mode-frequencies - and hence the frequency shift and
growth rates - as function of bunch current. Contrary to the problem for a single rf system,
there is always a finite imaginary part, i.e. the growth rates are always non-zero. However,
due to radiation damping (neglected in the Vlasov equation formulation), a finite threshold
is found nevertheless. The computer code MOSDRF has been written and is available on
the CERN-IBM system. It has been applied to a third harmonic system for LEP. It is found

to be capable of increasing the threshold current at injection if it is adjusted correctly.

2 Double RF System

In this section, we define some quantities to describe the double rf system. The voltage seen

by beam particles for the double rf system case is defined by

V(¢) = Vylsin(¢ + ¢a) + ksin(ng + nen)], ' (1)

where

Vo = peak voltage of the main rf system ‘

kV, = peak voltage of the higher-harmonic rf system

h = " harmonic number of the main rf system

n-<h = harmonic number of the higher-harmonic rf system

¢s = synchronous phase angle of the main 1f system

n-¢, = synchronous phase angle of the higher-harmonic rf system.

The Hamiltonian for the synchrotron motion is given by[6]

H= Sl 4 e p), )
where AE |
w = 7zw_0" _ . (3)
and '
U(8) =~ [ d6(V(¢) = V(0)) W
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The variable w is the canonical momentum conjugate to ¢. The other parameters are as

follows: v
wo = angular revolution frequency
n = a—1/4%= phase slip factor
' momentum compa;ction factor
~ = Lorentz factor |
E = A + Ey = particle energy
Ey = energy of the synchronous particle
e = elementary chlé‘mrge.

The quantity eV (0) represents the synchrotron radiation loss per turn that must be replen-
ished by the rf system. _ ’
When the higher-harmonic parameters £ and’ ¢n are chosen so that the first and the

'second derivatives of V(¢) vanish at the bunch center, namely,
nk cosng, = — cos ¢s, n’ksinng, = —sin¢,, . : (5)

the rf potential function U (¢) becomes quartic with respect to ¢ in the vicinity of the bunch

center: : _

U(¢) = -n2~lcos¢s-¢4. ' (6)
24 . ,

 Then, the phase motion can be expressed by the Jacobian elliptic function cn(u) of modulus

1/4/2 and the product of sn(u) and dn(u):

d) = _¢ma:ccn(‘u)’

W = WpmarV2sn(u)dn(u), o (7)
where ¢q: and wpe, are the ¢ and 1b coordinates where the pa,rtkicle' tra,je.ctory intersects
with the positive ¢ and w axes, respectively. The angle u in phase space is given by '

n?—1 , .
6 Vsoth, (8)

u = ¢ma:v

where v, is the synchrotron tune in the absence of the higher-harmonic system.
Using the'action—angle_ variables I, and @, for the synchrotron motion, the above phase

space motion can be described as

) ¢ _ (‘)h nWwo 37’('\/271’ , 1/3 . (9)
' mas EOVsO F _— ]. C ‘

w _ ( EOVsO 7’L2 - 1)1/3 (37('\/ 27 )2/3 (10)
TET Vwohp V3 (1) L) .
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.and

M3’s
‘= 2m3/2 ®s, , : (11)
where I'(2) is the Gamma Function. The Hamiltonian (2) can be expressed as function only
of I: / /
' 2R oy (P = 1)y, 372
.= : - I,)*3. 12

3 . Canonical Formulation

We start with the Vlasov eq. for the particle distribution function A(I,, ®.,Is, @4, 6,):[5]

oA, ON 0N 0N  ,OA _
0—0‘1+q)$5'(§:+]x5}:.+¢8%2+13813—

0, | v (13)

where we take the ahgular position 6; in a ring as an independent variable, and a prime
denotes the derivative with respect to §;. The symbols I, and ®, are the action-angle
variables for the transverse motion. They are related to the transverse coordinate z and its

canonical momentum p, by

2cl, |
R ) W

where a, and £, are the Twiss parameters, and c¢ is the speed of light.

The unperturbed Hamiltonian for the transverse and synchrotron motion is given by

: AF '
Hy = (Va:+€"E")Ir+Hs, (15)
o

where H; is given by Eq. (12), v, is the incoherént betatron tune, and £ is the chromaticity.

The changes in the action-angle variables are calculated from H as

, OH , 0H
éa - —O_f;’ Ia - -'56):;7 (16)
where a is z or s. \
The unperturbed particle distribution function is a function only of I, and I;:
A = fo(Iz)go(1s), | ' ' (17)
where they are normalized in such a way that
oo 27 ‘
[T [T ey =1, , (18)
: 0 Jo ‘
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and \ . _
[ [ deugo(l,) = Ne, | (19)
0 0 .
_ where N is the total number of particles in the bunch. ‘ |
Now, let us calculate the potential term U, (I, ®,, I;, ®,) for the Hamiltonian due to the
interaction with the environment[5]. For this purpose, we first- define the perturbed part of

the particle distribution function by
A = fo(I)go(I,) + Ay (I, By, I, ® )exp(—w@l + 2——) (20)

where v is the tune of the coherent oscillation to be determined and exp(iép/(ah)) is the

head-tail phase factor. The transverse force F, felt by a particle at rf phase angle ¢ at 6, is

/

) o oo oo 27 co 27
Fo,0) = 5oz > [ an [Taw [Tan [T aele' a1, 0,1, 8)
k=—o0 . . .

given by

: £ .
—0 412 / . :
e v 1 Z ok . VV(‘) k+ Q;,’ %)627WV, , (21)

where W () is the transverse wake potential, and R is the average radius of the ring. The
effect of the wake of all previous revolution.s is exibressed by the summation over k. Now, we

define the dipole distribution function D(I,, ®;) by

) oo - 2T ’
D(Is,<I>5)=]0 cu,,./o, d0,2h(Ip, 85, 1, 8,)[\[Be: (22)

The function D(I;, ®,) represents the distribution function of the dipole moment of A; in
synchrotron phase space. We also define the Fourier transform of D(I;, ®,) (projected onto

¢ axis) with respect to ¢ by

. 1 ) 2r —zpé

D(p) = —/ dzs/ d®,D(I,,®)e k.
2m Jo 0 ‘

| Substituting Eq. (22) into Eq. (21), and using D, the LHS of Eq. (22) can be transformed

into the frequency domain . The result is

(23)

. . ¢ -
Tew — X = P :
Fi($,0) = 5—2/Bee ™% 30 D) Z2()e " b, (24)
where Zr is the transverse impedance given by thé Fourier transform of the wake potential:
z—LiG o
ZT(—-) - / oW (e wo , (25)
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p is an integer, and p' = p+vand p" =p+v — i—.

The potential U, can be calculated from F, as
ov, F,

3:1: o wo' | (26)
It follows
o "
—_ “Viz ——Zl/ 1 "
Us "R ,,-E_:oo D(p )ZT(p Je' : (27
The total Hamiltonian is given by |
H=H,+U,. , : (28)
Hamilton’s equations are _
, OH - U, .
¥ = L=t arn (29)
,d> :
, JH eB; 2cl, _ " :
L= 35, = "igmlg) e “’O’ZD Zr(p)e hsind,, (30)
- 9H o,
(bls = 3L Vs(IS)'*"aTa (31)
_ OH & —ivb 0¢
) = g Yl wo, // ]
L 09, *orRRC Z D(p")p' Z2(p )e ' 9%, 98, ' (32)
where
3/2 2
US(I) 27r 0 = ld)maz ) ' (33)

I‘( 4 )2
, is. the synchrotron tune of particles at amplitude ¢m,w We can see from the last non-zero I,
term that a longltudmal force is also created by the transverse dipole oscillation. This effect
is, however, normally neghglble , ,

Inserting all these Egs. (30-32) and Eq. (20) into Vlasov eq. (13), and linearizing it with

respect to Ay, we obtain

| //¢ ] '
:f}}(m )1/ _Z D(p")Zr (p)ew @z _ ¢—1®ayg (J)df°(l ). (34)

where we have expressed sin ®, by exponential. The perturbed distribution function A; can
be Fourier expanded in"®, and &, with period 27 due to its periodicity in transverse and

synchrotron phase spaces-as

ML 00 1, @) = Y. S Al L)t d%ze™ ‘I’s, (35)

g==—00 M=-—00
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where ¢ and m are integers. If we multiply Eq. (35) by exp(—i¢®,) and integrate over ®,

from 0 to 27, we get

‘[_il/ - VS(IS)-(")%\’i' iqu] Z Aqm(Im Is)e_rimq)s

m=-—0oQ

II¢

e 2y, & v q |
= (o= a0 G0 35 D020 Rl )ff,(I ) )
2

where 6 is Kronecker’s delta. The RHS of the above equation has non-zero values only for
the dipole mode terms, ¢ = 1 and g = —1. In a similar way, by multiplying Eq. (36) by
exp(im®,) and integrating it over ®, from 0 to 2, we can extract Agm (I, I,) component

out of the summation. In doing so, since the Jacobian function cn(u) can be expanded as
cn(u) = 0.95501 cos &, + 0.04305 cos 3B, + ..., (37)

~we can well approximate cﬁ(u) in exp(ip";f) on RHS by cos®, . Then, we can use the
‘ ' T h :
formula

27 '

d®; exp(—: P ¢max costI) +m®;) = 27ri_me(%¢ma¢). . (38)

In this a,_pprokimation, Eq. (36) becomes

—ily — mwy(L,) — el Agm(Tas 1)
= (= 6e1)i " LECEEY 5 D 22 B e lonl 1), (39)

p=-00

The dipole distribution D(I;, ®;) also can be expanded with 1espect to <I> as

D(I,,®,) Z Z Dyo(I,)e™ "5, o (40)

T=—00 N=—00

where Drn(Is) can be expressed by A,.(I;, ;) as

. oo 27 . g ' .
Dyn(I)= ]0 " dl, /0 d0,zA (Lo, I,)e 22/ /B, (41)

and r and n are integers. The Fourier transform D(-p” ) can be also expanded as

b= 3 5 [ D130 ), (42)

r=-—00 N=—00

where we have approximated cn(u) by cos ®, and used the formula (38).



If we multiply Eq. (39) by zexp(iq®,)/+/B:, and integrate it over I, and 3., we obtain

[V - mVS(IS) - qu]-qu(I;)

—_ —i(élq—é—lq)i mQ;gx/ 0(] Z ZT ¢max)
< 2 D ) C

n=-—0o

where we have used Egs.’ (41) and (42) and T is the revolution period.
We solve Eq. (43) by expanding Dy, (1) using a complete set of orthogonal functions as

Don(L) =W(L) 3 o f70(L). ()
k=00 .
Here, the weight function W(I,) is defined by

W) =Cull) W)

where C is a normalization constant to be chosen. The orthogonal functions fkf""” (Is) are

determined so as to satisfy the following orthogonal relationship
/O ALW (L)L) f™(L) = 6. . (46)

Dividing Eq. (43) by [v — mw,(I,) — qv), inserting Eq. (44) into it, multiplying by £{™P(1,)
(m),

and integrating over I,, we have a matrix equation for the coefficients Ay

-y : B 1. oo WLYFI@) £ (1)
Gak = z(6lq 6-1q)i7" 2T Eyfe C Z/ I, v —mvs(ls) — qus
Z Zr( p)CmJ (") Z lz‘:a (47)
p=-00 Lon=—00 =0 ’ B
where ' " . : :
o) = / AL 3B Graa)W (L)L), @y

If we deﬁne new coefficients bfcm) by

b(m) Z a(m) : g (49)’

g==00

Eq. (47) can be rewritten as a matrix equation for bﬁ.m_):

= 3 N, | o e0)

n=-—c0 [=0

9



where

Nz = }: M o (51)
e FP = 3 (b [ W) AU 0 (1) (52
q_Z_:oo 10~ 0-1) v —my,(l;) — qUs 2)
MY = iK™ 3 Zr(p)Cons(0")Crut(p"), (53)
. p=—00 .
and 5 )
(=t |
The nontrivial solution of Eq. (51) requires that
det(émnéu ]\rmk) 0. - | (55).

This dispersion relation gives a coherent tune v.

Now, let us find appropriate orthogonal functions f(I |)( I,) and derive more explicit ex-

(m)

pressions of matrixes F x;  and MT™ . The normalized unperturbed longitudinal distribution

function go(I;) is given by

Nehw 81/-4 | Drmaz .
90(I) = ———g5— exp(=A(—=2)Y), (56)
P(Z)2U¢E—Eo O¢

where : . |
\/—( 3 )1/4( haog [ Ey )1/2 ~ 1.28678 (hozcrE/Eo)ll2 '
( ) -1 Vso (712 - 1)1/4 Vso

is the rms bunch length in units of rf phase angle, og/Ep is the relative rms energy spread,

(57)

and the parameter A is defined by

) 2
I(3)"

3

A=

~0.11419. . | (58)

To obtain A'simple expression of the orthogonal functions félml)(ls), we chose the normaliza-
tion factor C' to be ' Neh 81/;‘ _ »
ehw
C = ——1-——°—0E—— | (59)
F(z)20¢—E—E0

It is convenient to change the variable from I, to 2 = @nas/04. The action variable I is

proportional to cubic of $mas (see Eq. (9))

I, = Ag® (60)

max)’

10



where '
1
h2nwo 3m/2m
Eoveo T(3)2 Vn2-1

We factorize the functions f,f,""”(] s) as

,E"”“(Is) = 11 3z|’_"lefclm|)(z). | (62)

\/340y
If we substitute Egs. (59) and (62) into Eq. (46), we find that the functions e{_"”')(z) satisfy

the following orthogonal relationship:

/oo dz exp(—Xz*) 222D (1) lImD 5y = 8. (63)
0 ,
Solutions of the above equation are given by v
(ml) oy _ kL"il+ k! 1)2 G SR :
ep V(z) =214 Ly Az?), 64
{0(2) = N (e T 0 (64)

: Where L( o) are the generalized Lagueme polynomlals By inserting the above equation mto
Eq. (48), the function Cy,;(p") becomes E

/! . .
Coni (p") = Imi(-06) - 1340, (65)

where I,; is given by

(7 AP b v’ A2 (mD

I ( h gp) = dsz(l 04z) exp(—Az*)z e; (z). (66)

' o . Y , ,
There is no analytical expression for the above integral in te1ms of known special functions.
One must carry out integration numeucally In a similar way, the function F,gj ™) can be
expressed exphcltly as

(m) Z (51q“5 —-1g / dz

g=--00

exp(- /\24)22|m|+2 (Iml)(z)e(l l)(z)
v —mvs(z) — quy

, (67)

Where the amplitude dependent synchrotron tune is glven by

: 9 3/2 A 21 . .
vo(z) = 250, [T Tz N 0.34587 - 0 v/nT = 1oz (68)

I'(3)?
The matrix M,’Z}J can be also rewritten using Imj as
. // 1" ’ ‘
M =~ S Zn(0)i(Gog) Tu(E0), o (89)
p=—00

where the constant K is given by

r 4\/581/4 Ne,Ha: Ibﬂx
K = ﬁF(i)z ST e s 0.20417 - E'o/e (70)

where I, is the bunch current.
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4 Numerical Examples and Discussions

Let us apply the present formalism to LEP to see how the mode;coupling instability will be
affected by installation of higher-harmonic cavities into the current single 1f system. For this
purpose, a computer code MOSDRF has been written. The main LEP parameters used are
summarized in Table 1. In the following calculations, we included three azimuthal modes
(m = —1,0,1) and two radial modes (k = 0,1). Figﬁres 1 and 2 show the real and imaginary.
parts of the coherent tune shift in the single rf systemliﬁ'units of the incoherent synchrotron
tune Vs, respectively. One can see the clear onset .of the mode-coupling instability at the
_bunch current of about 0.75 mA. When higher-harmonic cavities are installed (double rf
system), they are changed as shown by the broken curveé in Figs. 3 and 4. The single
curve starting from the origin in Fig. 3 represents actually the two eigenmodes. In Figs.
3 and 4, only the eigenmodes which have non-zero imaginary parts of coherent tunes are
plotted. Other eigenmodes have singularities at the denominators of the integration F, k(;n)
» given by Eq. (67), and thus cannot be obtained by the present method. The sharpe rise of
growth rate at ﬁhe onset of mode-coupling instability is replaced by a steédy increase which
starts from the zero bunch current. However, the magnitude of growth rate is far smaller in
the latter case (notice the difference of the vertical scale in Figs. 2 and 4.). This behavior
change can be explained as follows. Since the incoherent synchrotron tune is diminished at
the zero synchrotron amplitude in the double rf system, the m = 0 and m = —1 modes
can couple to each other even at the zero bunch current to yield an instability. However,
a>strong Landau damping due to a large synchrotron tune spread drags down the growth
rate to a low level. The threshold current will be now defined by the current for which the
growtll rate is balanced by the radiation damping rate. In LEP, the numerical result shows
the threshold current will increase from 0.75 mA to 1.16 mA. |

Next, let us examine the effect of the bunch length in the double rf system. Figures 5 and
6 show the real and imaginary parts of the coherent tune shift in units of v, in the double rf
sys.tem, when the bunch length is halved by halving the energy spread and the momentum
compaction factor. The growth rate gets enlarged by two orders of magnitude. In Fig. 7, we
plot the growth rate at I, = 0.75mA as a function of the bunch length o4 in units of o4, the
original bunch length in units of rf phase dngle, when we shorten the bunch by re'ducinvg the
- energy spread and the moment compaction factor proportionally. The bunch léﬁgth in the
real space corresponding to o4 is given by ogR/h = 13.12cm. As can be seen, the growth
rate rises up very rapidly as the bunch shortens. The growth rate exceeds the radiation

damping rate at about o4/0g0 = 0.82, or 64R/h = 10.8cm. Figure 8 shows the threshold

12



current against the bunch length o4 in units of o4. The threshold current breaks below the

~ present threshold of 0.75 mA of the single rf system again at o4/040 = 0.82. These results
show that if a double rf system does not produce a long enough bunch, the threshold current
could become lower than that of the single 1f system. This may imply that the LEP case

might be a rather fortunate one.
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Table 1. The main LEP parameters used for the calculations.

Beam energy, Ey (GeV) 20.0
Revolution frequency, fo (kHz) | 11.2455
Average machine radius, R (km) 4.2429
Momentum compaction factor, o« ©~ 0.0019
Harmonic number of the single rf system, h 31320
Rms bunch length in the single if system, o, (cm) ‘ 2.0
Rms relative energy spread in the single 1f system, og/Fq 0.0021
Radiation damping time, 7, (sec) | 0.3
Synchrotron tune of the single rf system, vy ' 0.078
Ratio of the higher-harmonic frequency to the main frequency, n 3|
Rms bunch length in the double rf system, 0¢QR/ h (cm) 13.12
| Beta function at the impedance, f, (m)" ; S 40
| Resonant frequency of the broadband impedance, f, (GHz) 2.0
- | Peak value of the broadband impedance, R, (MQ/m) N 1.5
Q-factor of the broadband impedance, @ ' - 1.0
7
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Figure 1: Real parté of (v —vsg) /vI/so in the single 1f system.
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Figure 2: Imaginary parts of (v — v;)/vs in the single rf system.
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Figure 3: Real parts of (v — v,)/vs in the double rf system. o4R/h = 13.12cm.
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Figure 4: Imaginéry parts of (v — vz)/vs0 in the double if system. o4R/h = 13.12cm.
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Figure 5: Real parts of (v — v;)/vs0 in the double rf system. o,R/h = 10.8cm.
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Figure 6: Imaginary parts of (v — v;)/vs0 in the double rf system. 0¢R/h = 10.8cm.
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Figure 7: Growth rate 7! at fb = 0.75mA as a function of the bunch length o4 in units of

040 where og0R/h = 13.12cm is the original bunch length.
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