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ABSTRACT OF THE DISSERTATION

Three Essays on the Incentives for Information Acquisition and Information Sharing in
Competitive Environments

by

Huiling Zhang

Doctor of Philosophy, Graduate Program in Economics
University of California, Riverside, August 2015

Prof. David Malueg, Chairperson

This dissertation includes three essays on players’ incentives to acquire or share

private information in competitive environments.

In chapter 2, I study the role of one-sided private information in a two-player

first-price all-pay auction where one player’s valuation of prize is common knowledge

while the other’s is privately known. Then I study the incentives of spying in cases

where spying (i) can be caught with an exogenous probability and (ii) can be fed false

information after caught. I find that spying can be discouraged by increasing the chance

of catching a spy, and spying may even be completely deterred when false information

is fed back after catching a spy.

In chapter 3, I study the incentives to form a quid pro quo information sharing

agreement between ex ante symmetric players ahead of contests. I find that a limited-

membership alliance, which includes a strict subset of all players, may arise even in

the presence of small organization costs while an industry-wide sharing agreement may

not. Such an alliance can strictly benefit alliance members, but may benefit or hurt the

outsider. Even when the outsider is hurt, a Pareto improvement is possible if transfers

can be arranged between alliance members and non-alliance members.
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In chapter 4, I extend the analysis of chapter 3 to a first-price auction. I find

that a limited-membership information-sharing alliance can lead to Pareto improvements

when players’ private values take three discrete types. Furthermore, the player outside

the alliance benefit strictly more than alliance players from the alliance.
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Chapter 1

Introduction

The three chapters of my dissertation are devoted to the study of incentives for

information acquisition and information sharing in private information contests. Con-

tests are games in which players exert costly e↵orts to increase their chances of wining

the prize(s), and a lot of real world activities can be best understood as contests, such

as military conflict, rent seeking, promotional competition, research and development

contest, labor market tournament etc. There is a big literature on information acquisi-

tion and information sharing in oligopoly markets and auctions, but only a few recent

papers study information acquisition and sharing in contests.

Chapter 2 studies the incentives for players to conduct espionage activities

to acquire the private information of other players in a contest with one-sided private

information. A contest is called perfectly discriminatory if the player with the highest

e↵ort wins the prize with probability one, and is called imperfectly discriminatory if

noise or randomness plays a role. To my knowledge, the paper is the first to study the

incentives of espionage in a perfectly discriminatory contest. Among the small economics

literature on espionage, most study players’ spying on private technology or private
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actions. I study players’ spying on the private type of the other players, the learning of

which does not directly help a player to lower costs or enjoy second-mover advantage.

I find that espionage on the private information of players is more likely to happen in

a perfectly discriminatory contest than in an imperfectly discriminatory one. When

spying is perfectly observable, espionage exists for sure if the lump sum cost of spying is

below a threshold level. When spying is perfectly unobservable, spying only exists with a

probability less than one, and the probability of spying decreases monotonically with the

cost of spying. When spying can be caught without the awareness of the spy, espionage

still exists with strictly positive probability and the probability decreases monotonically

with the probability of spying being detected. However, when a spy can be turned into

double agent, who then sends modified signals back, spying may never exist even for a

very small cost of spying. One real world implication is that to better deter espionage,

firms can invest to increase the probability of detecting spying or information leakage as

well as making spying more costly for potential interested parties. Firms should also be

aware that their private information is at higher risk of being spied on in a competition

environment where randomness and exogenous noise play less a role.

Chapter 3 (a joint work with David Malueg) studies the incentives to share

private information ahead of contests when there are more than two players in the game.

In particular, we study quid pro quo information sharing agreements, in the sense that

some players form an information sharing alliance and every alliance member shares her

private information to all alliance members. In addition, we assume players truthfully

share their private information given they choose to share. We know of only two papers

that study the incentives of sharing private information in contests, Morath and Münster

(2008) and Kovenock, Morath, and Münster (forthcoming, hereafter KMM). Both papers

find an industry-wide sharing agreement has no e↵ect on players’ payo↵s compared

2



to no-sharing of private information. Therefore, for any positive cost of exchanging

information, players would choose not to do so. Using a three-player independent private

value first-price all-pay auction model, we find that although an industry-wide sharing

agreement does not e↵ect players’ payo↵s, a limited-membership information-sharing

alliance, i.e. the alliance includes only two of the three players, can be strictly profitable

for alliance members. In some cases, the alliance may hurt the player outside the

alliance, so the limited-membership information-sharing alliance needs the power to

exclude players from joining. KMM claims that an industry-wide agreement to share

information ahead of contests may arise, we argue that such an agreement is not stable,

because a subset of firms may find it profitable ex ante to expel one firm from the

information-sharing group.

Chapter 4 (a joint work with David Malueg) extends the analysis of Chapter 3

in a first-price all-pay auction setting to a first price auction setting. Auction is di↵erent

from contests in that e↵orts are not sunk. We find that an information sharing alliance

formed between two out of three players has no e↵ect on players’ payo↵s when there play-

ers’ private information follows an independent identical distribution with two discrete

types. Once a third discrete type is introduced, the limited-membership information-

sharing alliance strictly improves all players’ payo↵s, and benefits the outsider singleton

player more than alliance members.

3



Chapter 2

Espionage in One-Sided

Private-Information Contests

2.1 Introduction

Suppose a government is considering either allowing or banning a pollution-

generating project used by an industrial firm. The industrial firm is planning to lobby

the government to allow the project. At the same time, an environmental group is

planning to lobby the government to ban the project. The polluting firm’s valuation of

winning the lobbying may be public information, in the sense that one can generate an

estimate of the firm’s potential profit loss from not undertaking the project. Along the

same lines, it may be much more di�cult to price the environmental group’s valuation of

winning the lobbying. In this sense, we can say that the environmental group’s valuation

of winning the lobbying is private information. Will the industrial firm spend resources

to become informed of the environmental group’s valuation?

Consider another example. Two political candidates are campaigning against

each other for a government position. One candidate is an experienced political figure

4



whose campaigning resources available may be public information. This information is

public in the sense that there are records on her past campaigns and particularly the list

of her past sponsors. While the other candidate is a newcomer to the field, and much

less is known about her relationship with potential sponsors and her campaign budget.

To better understand what she is up against, is it worth it for the more experienced

candidate to spend resources to find out more about the newcomer’s resources and

potential donors?

Consider yet another example. Two pharmaceutical firms are competing to find

a cure for a certain disease. The firm that first succeeds in developing an e↵ective drug

will secure a dominant position in the market through obtaining patents and licenses.

One firm is an established firm with a long record of past research and development

projects, so its research and development capabilities may be public information. While

the other firm is newly transformed from a research lab, with few past experience on drug

development, so its research and development capabilities may be private information.

Is it worth it for the established firm to spend resources to dig out more about the other

firm’s research strength and management quality?

This paper investigates the existence of espionage activities in an asymmet-

ric one-sided private information environment - an environment much like those in the

above scenarios. More specifically, I study players’ incentives to conduct costly espionage

activities with the aim of acquiring other players’ private information. More specifically,

I address the following questions: Do owners of private information possess a positive

information rent in an asymmetric one-sided information game? If information rent

does exist, under what conditions might a player want to engage in costly information

espionage to acquire other players’ private information? How might the equilibrium

probability of espionage be a↵ected by the cost of espionage activity? How is the equi-
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librium probability of espionage a↵ected by the possibility of a spy being caught and

even turned into a double agent?

Espionage has become increasingly present in economic and political activities

due to technological advancements. Political espionage has been very common, and

recently Edward Snowden revealed that the U.S. has been spying on some of its impor-

tant allies. There exists industrial espionage which targets acquiring potentially superior

production technology and better product design by competitors, there also exists espi-

onage that seeks the competitors’ valuations or costs so as to become more e↵ective in

trade talks or contract negotiations. Target firms su↵er from these espionage activities.

“The battle against economic espionage has become one of the FBI’s main fronts in its

e↵orts to protect U.S. national security in the 21st century”, quoted an FBI’s special

agent in the conviction of a man of economic espionage in 2014.1

To combat industrial espionage, firms often invest millions of dollars in so-

phisticated software to protect networks, and in assigning personnel to strengthen the

administration of key information. Despite these e↵orts, newspapers continue to report

a large number of high-profile espionage cases a↵ecting large and small companies alike.

Given this continuing espionage trend, it is important to understand the incentives for

firms to conduct espionage activities, especially by taking into consideration the strategic

responses of firms to the information structure of the game.

During some espionage activities, the spying firm copies the more advanced

technology or better product design after obtaining this information from the target

firms. The spying firm then becomes a stronger player in the subsequent competition

with target firms through cost reduction or product redesign. During other espionage

1http://online.wsj.com/articles/california-man-sentenced-to-15-years-jail-for-economic-espionage-
1405061608?KEYWORDS=espionage
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activities, the spying firm merely updates its prior belief about the target firm’s private

information. For example, in a contract bidding context, firms may benefit from learning

the valuation other firms place on the contract and then adjusting their own contract

negotiating techniques. In the second scenario, the incentive for spying is purely the

strategic e↵ect of changing the information structure of the game, while in the first

scenario the incentives for spying include the benefit of lowering the cost or increase the

product demand through copying as well. This paper studies the incentives of spying on

private information in the second scenario, focusing on the strategic value of creating or

eliminating information asymmetries.

This paper studies the existence of espionage activities in a particular type of

interaction between players – a contest. Contests are modeled as games in which players

exert costly e↵orts or spend costly resources to increase their chances of wining a prize.

A number of political and economic interactions can be fruitfully modeled as contests,

such as marketing and advertising by firms, litigation, relative reward schemes in firms,

rent seeking, patent races, and entertainment activities like sports. Konrad (2009) gives

a nice survey of insights obtained from modeling these activities as contests. Moreover,

oligopolistic competition models have been shown to be equivalent to contest models, as

shown in Baye and Hoppe (2003). Therefore, the results obtained from contest models

have wider implications outside of contest models.

Winners in a contest are determined using a contest success function (CSF).

Popular contest success functions include the first-price all-pay auction and the Tullock

CSF. A first-price all-pay auction is a perfectly discriminatory CSF in the sense that

the player exerting the largest e↵ort wins with probability 1. A Tullock contest is an

imperfectly discriminatory CSF in the sense that exerting higher e↵ort only increases the

probability of winning. The major results in this paper are developed from a first-price
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all-pay auction model, and are compared with results from a Tullock contest model in

section 2.7. The all-pay auction model has been proved to be an important framework

to analyze contests where exogenous noise does not play a decisive role in determining

the outcome of the contest.

I first present a model of one-sided asymmetric information in a one-shot per-

fectly discriminatory contest or all-pay auction between two risk neutral players. Player

1’s valuation of the prize is its own private, while player 2’s valuation of the prize is

commonly known, or what we may call, in this context, public information. It is com-

mon knowledge that player 2 knows the prior distribution of player 1’s valuation of the

prize, which is a two-point distribution.

I then extend the base model by giving player 2 an option to spy on player 1’s

valuation of the prize before the contest. I distinguish between the following two cases:

in one case, player 2’s spying is perfectly observable to player 1 and, in the other, the

spying activity is perfectly unobservable. The game is then comprised of three stages.

In stage 1, player 2 decides whether or not to spend a constant sum of money to obtain

a correct signal of the true type of player 1. In stage 2, depending on the setup, player

1 either perfectly observes or cannot observe at all the choice of player 2 on espionage.

In stage 3, the original first-price all-pay auction is played.

When spying is perfectly observable, if player 2 spies, the contest becomes

a game with complete information. If player 2 does not spy, the contest is one with

incomplete information. Therefore, player 2 chooses to spy if and only if the cost of

spying is smaller than her payo↵ di↵erence in the two games, and chooses to not spy

otherwise. When spying is perfectly unobservable, interestingly player 2 never spies with

probability one even if cost of spying approaches, but is not equal to, zero. If player 1

believes player 2 spies for sure, player 2 can deviate to not spying and have the same
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expected payo↵ in the contest but with additional saving of spying cost. In equilibrium,

player 2 mixes spying and not spying when the cost of spying is below a cut-o↵ value,

and her probability of spying decreases monotonically with the cost of spying.

I extend the above model by considering that player 2’s spying can be caught

with certain probability by player 1. If player 1 does not catch spying, he is not sure

whether player 2 has spied on him. If player 1 does catch spying, he then knows player

2 spied on him. But player 2 does not know whether player 1 has caught her spying or

not. The cost of spying can take direct and indirect forms. The possibility that spying

can be caught and go unaware by player 2 can be seen as an indirect cost of spying.

Intuitively, the presence of extra cost discourages spying. My results are consistent with

intuitions that, as the probability of a spy being caught increases, the probability of

espionage activity decreases steadily.

I further extend the model by considering that player 1, upon catching a spy,

turns him into a double agent and modifies the information sent back to player 2. In this

case, the signal player 2 obtains via spying is contaminated, and intuitively the more

contaminated the signal is, the less likely player 2 will conduct espionage given fixed

cost of spying. My results confirmed the intuition. Interestingly, when the probability

of spying being caught is greater than 0.5, player 1 will manipulate signals sent back in

such a way that spying signal is not revealing at all, therefore player 2 never spies given

any positive cost of spying.

Finally, I examine how the public player’s incentives to acquire information

may change when the contest is imperfectly discriminatory. Using the Tullock CSF,

which is the most popular imperfectly discriminatory CSF, I find that when spying is

perfectly observable, the public player may never spy even for zero cost of spying. When

spying is perfectly unobservable, the public player spies for sure if the cost of spying is
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below a cut-o↵ value, and never spies if the cost of spying is above a cut-o↵ value, and

only mixes spying and not spying at the cut-o↵ cost of spying. These results contrast

with those derived from a first-price all-pay auction, suggesting that private information

is less valuable in imperfectly discriminatory contests than in perfectly discriminatory

contests. Hence the public player’s incentive to spy on the private player is weaker in

the latter scenario and, sometimes, the public player may even prefer not spying despite

a zero cost of spying.

The real world implication of this paper lies on how firms can better respond to

industrial espionage. On one hand, the cost of spying relative to the value of spying is one

of the most important factors that a↵ect whether potential opponents are interested in

acquiring the private information of a firm. As the value of private information is greater

in a more discriminatory contest, firms should be aware that their valuable private

information is at higher risks in a more discriminatory contest. On the other hand,

this paper points out another channel through which firms can reduce their exposure

to industrial espionage activities. Besides investing to make spying more di�cult and

costly, firms can also invest in making any spying activity more likely to be detected.

Both types of investments in information security can help reduce the proba-

bility of spying by the interested parties, but the second solution may not su↵er from

misaligned incentives as much as the the first solution. Nowadays, a lot of industrial es-

pionage activities entail cyber espionage.2 Cyber spies typically hack into the targeted

firms’ internal networks using malicious software to acquire confidential information.

Firms can spend to make their network less vulnerable to hackers. However, as pointed

out in Anderson and Moore (2006), network security is a public good, and is undersup-

2From 2013 to 2014, big U.S. firms like Adobe, Target, Home Depot, and J.P. Morgan Chase
fell victim to cyber espionage, and hundreds of millions of customer accounts were compro-
mised. http://online.wsj.com/articles/j-p-morgan-says-about-76-million-households-a↵ected-by-cyber-
breach-1412283372
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plied in a free market. Unsecured computers from outside of the firm plugged into the

network by the firm’s employees reduce the security of the entire network, therefore it

can be quite challenging for individual firms to commit e↵orts to increasing the cost for

hackers to conduct industrial espionage.

This paper is organized as follows. Next, I survey the literature. Section 2.2

introduces the base model. Section 2.3 studies existence of espionage when spying is

perfectly observable. Section 2.4 studies the existence of espionage when spying is per-

fectly unobservable. Section 2.5 extends by considering that spying is unobservable but

can be caught with an exogenous probability. Section 2.6 further extends by consider-

ing double agent. Section 2.7 compares results in a perfectly discriminatory contest to

results in an imperfectly discriminatory contest. Section 2.8 concludes.

Literature Review

The economics literature on espionage appears to be very sparse.

Economic espionage on technology has been studied by Whitney and Gaisford

(1999). They study the welfare e↵ects of a country conducting economic espionage on

a rival country’s cost-reduction technology, and find that the spying country gains even

though counter-espionage activities are conducted by the targeted countries. In their

model, technology acquired through espionage is used to reduce the spying country’s

own cost in the subsequent competition, while in my model, espionage is only useful for

updating a spying player’s information on the rival player’s private type.

Espionage on rival’s private action has been studied by Solan and Yariv (2004)

and Barrachina et al. (2014). They study espionage in a one-shot sequential game, in

which player 1 chooses an action first, and then player 2 can obtain a noisy signal on the

action taken by player 1. The major intuition is that espionage creates two opposing
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e↵ects: a direct e↵ect in which the spying party’s information concerning his opponent’s

actions is improved, or so-called “second mover advantage”, and an indirect e↵ect in

which the spied-upon player can (probabilistically) commit herself to actions that are

suboptimal in a game where spying is not an option and thus exploit a so-called “first

mover advantage”. Solan and Yariv (2004) concludes that player 2’s option to spy may

reduce her profit, when her payo↵ loss from creating a first mover advantage for player

1 is greater than her payo↵ gain from creating a second mover advantage for herself. In

this case, player 2 may prefer ex ante to commit to a non-spying policy.

Barrachina et al. (2014) uses a similar model to study the e↵ects of espionage

on entry deterrence. They consider a monopoly incumbent who may expand capac-

ity to deter entry, and a potential entrant who owns an Intelligence System (IS) that

generates a noisy signal based on the incumbent’s actions. They find that the incum-

bent’s Stackelberg leader advantage is greater when the precision of the IS is common

knowledge rather than private information of the entrant. When the precision of the

IS is both high and common knowledge, only the incumbent benefits from his rival’s

espionage activities. While when the precision is private information of the entrant, the

incumbent cannot e↵ectively manipulate entrant’s signals received and thus has smaller

Stackelberg leader advantage, and the entrant benefits from espionage as a result of her

second mover advantage and private information of the signal.

My setup di↵ers from Solan and Yariv (2004) and Barrachina et al. (2014) in

that player 2 spies on the private information of player 1 in my model, and the two players

exert e↵ort simultaneously. Therefore, spying by player 2 cannot create a “first mover

advantage” for player 1, since player 1 cannot alter her private information. Spying

cannot create a “second mover advantage” for player 2 either due to the simultaneity of

the two players in making e↵orts. Therefore, the e↵ects of spying in my model di↵er in
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nature from that in models where espionage is on the private action of other players.

Espionage on the rival’s private type has been studied by Denter et al. (2011).

They study the public player’s incentives to acquire costless information on the pri-

vate player’s private type in a one-shot Tullock contest. They find that when the public

player’s information acquisition activity is perfectly observable to the private player, the

uninformed public player may benefit by using her ignorance to bind herself credibly

in the contest to an e↵ort that is not part of her best response. However, if informa-

tion acquisition is unobservable to the private player, the public player cannot credibly

commit to ignorance and will always choose to acquire information. Ho (2008) studies

the optimal design of espionage contract that can ensure agent’s loyalty given the pos-

sibility of double crossing. In his model, espionage is used to obtain the rival’s private

information in cases with asymmetric information.

My setup di↵ers from Denter et al. (2011) in two major ways. The first is that

I use a perfectly discriminatory contest success function rather than am imperfectly

discriminatory one. The second is that I study how the existence and the probability

of espionage change with respect to the cost of spying, the probability of spying being

detected by the private player, and the probability of a spy being turned into a double

agent. This paper is, to my knowledge, the first attempt to study these questions in a

contest framework.

Grabiszewski and Minor (2013) explores the e�cacy of counter-espionage mea-

sures in the realm of economic espionage. Billand et al. (2009) characterize the equilib-

rium corporate espionage networks in a multi-market framework.

The e↵ects of spying on rent dissipation in a contest have been studied by, for

example, Baik and Shogren (1995). They study ex ante symmetric players competing

for a prize, with private information being each player’s ability in fighting. They then
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study player’s incentives to spend resources to spy on the other’s private ability in

fighting. To gain tractability, they abstract away from the strategic considerations of

players’ contest e↵orts. They find that greater uncertainty about a player’s relative

ability against opponents leads to greater renter dissipation, and spying reduces this

uncertainty and therefore reduces rent dissipation and increases the total expected payo↵

of the two players. They also find that spying reduces rent dissipation more if spying is

unobservable rather than observable. They take the perspective that contest e↵orts are

wasteful.

This paper is also related to the literature on information acquisition and

disclosure in contests. For example, Epstein and Mealem (2013) studies whether the

informed player in a Tullock contest is willing to give up its private information ex ante.

Morath and Münster (2013) studies players’ incentives to spend resources to acquire

acquire their own private information ahead of conflicts. Kovenock et al. (2010b) studies

the incentives for firms to share private information ahead of conflicts.

Finally, this paper contributes to the literature on asymmetric information in

contests. e.g. Hurley and Shogren (1998), Moldovanu and Sela (2001), Malueg and

Yates (2004), Münster (2009), Epstein and Mealem (2013).

2.2 The base model: No spying

Consider two players, i = 1, 2, who compete for an indivisible prize in a one-shot

game. Success yields player i a value vi, while failure yields zero. To a↵ect the chance of

success, each player chooses e↵ort xi, and e↵orts are chosen simultaneously. The player

who exerts higher e↵ort wins and ties are broken randomly. Thus the probability that
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player i wins is given by the contest success function (CSF):

pi(xi, xj) =

8
>>>>>>><

>>>>>>>:

0, if xi < xj

1

2
, if xi = xj

1, if xi > xj .

The two players are risk neutral with a constant marginal cost of e↵ort normalized to

one. Conditional on (x1, x2), player i’s payo↵ is pivi � xi.

While each player knows its own valuation for the success, information about

the other party di↵ers. In particular, valuation of player 2 is publicly known, while

player 1 has private information about its value. As Denter et al. (2011) puts it, one

can think of this situation arising when player 2 is an “incumbent” who has engaged

in many past fights over related issues, while player 1 is a newcomer. Or, alternatively,

this situation can arise when publicly available information makes it easier to estimate

player 2’s valuation of the prize while player 1’s valuation of the prize, perhaps more

subjective, is harder for outsiders to estimate. For the sake of simplicity, I assume that

player 1’s valuation of prize is binary: it is either low at uL with probability p, or high

at uH with probability 1� p. Player 2’s valuation of the prize is publicly known as v0.

Throughout the paper, player 1 is also referred to as the private player, and player 2 is

also referred to as the public player.

The respective strategies of the two players are reported in appendix A.1. Let

v⇤ denote the harmonic mean of player 1’s valuation of prize, i.e., v⇤ =

✓
p

uL
+

1� p

uH

◆�1

.
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Ex ante equilibrium payo↵s of the two players are as follows:

E⇡1L =

8
>><

>>:

v⇤ � v0
v⇤

uL v0  v⇤

0 otherwise,

E⇡1H =

8
>>>>>>><

>>>>>>>:

uH � v0 v0  v⇤

(1� uL
uH

)(uH � (1� p)v0) v0 2 (v⇤, uH/(1� p))

0 v0 � uH/(1� p),

E⇡2 =

8
>>>>>>><

>>>>>>>:

0 v0  v⇤

(
v0
v⇤

� 1)uL = pv0 + (1� p)v0
uL
uH

� uL v0 2 (v⇤, uH/(1� p))

v0 � uH v0 � uH/(1� p).

2.3 Spying is observable

In this section, I study the public player’s incentive to acquire the information

about the private player before the contest, given that any information acquisition is

publicly observable. As Baik and Shogren (1995) put it, in the case of a R&D race,

observable spying can occur at trade shows or by luring away key employees of the op-

position firm, while unobservable spying includes industrial espionage or the disassembly

and mimicry of the opposition’s product. In political campaigns, observable spying can

occur in debates and polling, while unobservable spying is also employed as evidenced

by events like Watergate during the early 1970s in America.

Suppose the public player has a binary choice about whether or not to spy on

the private player’s valuation of the prize before the contest. If she spies, she gets the

true type of the private player with probability 1. The cost of spying is an exogenously

given constant number c. The game then becomes a two-stage one. In the first stage,
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player 2 decides whether or not to spy on player 1, and the decision is observed perfectly

by player 1. And then in the second stage, the two players compete in first-price all-pay

auction taking into account the information from the previous stage.

If player 2 spies, then the subgame in the second stage has complete infor-

mation, and the resulting all-pay auction has a unique equilibrium in mixed strategies

(Hillman and Riley (1989); Baye et al. (1996)).

The public player’s incentive to acquire the the private player’s information

before a contest is best represented by her gain in ex ante expected payo↵ when she

chooses to spy, which is as follows:

�E⇡2 =

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

0 v0  uL

p(v0 � uL) v0 2 (uL, v
⇤)

(1� p)uL(1�
v0
uH

) v0 2 (v⇤, uH)

(1� p)(uH � uL)(
v0
uH

� 1) v0 2 (uH , uH/(1� p))

p(uH � uL) v0 � uH/(1� p).

The private player’s incentive to deter spying is best represented by his loss in

ex ante expected payo↵ when the public player chooses to spy, which is as follows:

|�E⇡1| =

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

pv0(1�
uL
v⇤

) v0  uL

p(uL � pv0)� p(1� p)v0
uL
uH

v0 2 (uL, v
⇤)

(1� p)2v0
uL
uH

� (1� p)(uL � pv0) v0 2 (v⇤, uH)

(1� p)(1� uL
uH

)(uH � (1� p)v0) v0 2 (uH , uH/(1� p))

0 v0 � uH/(1� p).

17



Figure 2.1: The public player’s incentive to spy when spying is perfectly observable to
the private player.

Figure 2.2: The private player’s incentive to deter spying when spying is perfectly ob-
servable.

The public player’s incentive to acquire the private player’s private information

is a↵ected by multiple factors, including the cost of spying, the degree of symmetry

between the two players in an all-pay auction with complete information, the degree of

uncertainty of the private player’s type, and the dispersion between the two types of the

private player.

It is well known in contest theory that symmetry leads to excessive rent dis-

sipation, and if two players in an all-pay auction are symmetric in valuation and cost,

there will be complete rent dissipation and each player will have zero expected payo↵. In

anticipation of the adverse e↵ect of causing excessive rent dissipation, the public player

has smaller incentive to spy on the private player as her valuation of prize moves closer
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to either type of the private player. Her incentive to spy peaks when she shares the same

valuation of prize as either type of the private player. Along similar lines, the private

player has greater incentives to deter spying when the public player’s valuation is closer

to either type of his value. The incentive to deter spying peaks when the public player

shares the same valuation of prize as either type of the private player, and diminishes

to zero when the public player is too strong, too weak, or right in between when her

valuation equals the harmonic mean of the private player’s valuation of prize.

The above result has the interesting implication that it is the average player

who has the highest incentive to acquire the private information of its opponent. Take

a political campaign between an incumbent and a newcomer as an example. If the

incumbent is either very weak or very strong, she has little incentive to acquire the

private information of the newcomer. While an incumbent of average competency has

much greater incentive to take e↵orts to know the enemy.

A second important implication relates to the welfare e↵ect of a mandatory

information disclosure by the government. When there is potential excessive rent dis-

sipation in an all-pay auction with complete information, the public player has low

incentive to acquire the private information, and the private player has high incentive

to protect his private information, the net result could be that spying cannot be suc-

cessful. However, if the government forces information disclosure on the private player,

the private player will lose a lot while the public player will gain little, and the total

expected e↵orts of the two players will go up. If players’ e↵orts are wasteful, then such

mandatory disclosure policy actually decreases welfare.

A third implication relates to the welfare e↵ect of information acquisition when

there is no transfer of technology. Contrary to the common intuition, spying can be

welfare improving if contest e↵orts are wasteful. The model shows that, when the public
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player’s valuation of prize is in between that of the two types of the private player’s, the

public player has a high incentive to acquire the private information of the the private

player, while the private player has a low incentive to deter spying. As a result, spying

on private information is likely to happen given a moderate cost of spying. If spying

arises, the total expected e↵orts of the two players decreases and the total expected

payo↵ of the two players may increase. Information acquisition in this case is actually

welfare improving if players’ e↵orts are treated as wasteful.

Another factor that a↵ects the public player’s incentive to spy is the uncer-

tainty associated with the private player’s private information. Intuitively, if the private

player’s probability of being one type is close to zero, then there is almost no uncer-

tainty and the public player has no need to spy. My model shows that the public player’s

incentive to spy is at its highest when the probability of a low type private player is

intermediate. My model also shows that as the two types of the private player become

more dispersed, with a lower ratio of uL
uH

, the public player has a greater incentive to

spy.

Proposition 1 If spying is observable, then the following hold:

(1) The public player will spy with probability 1 if cost of spying is below a cut-o↵ level,

and will never spy otherwise.

(2) The closer the public player’s valuation is to that of either type of the private player,

the smaller incentive the public player has to spy and the greater incentive the private

player has to deter spying.

(3) The more dispersed the private player’s valuation of the prize is, the greater incentive

the public player has to spy.
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2.4 Spying is unobservable

In the previous section, I assume that the public player can only publicly

acquire the private player’s private information. In many environments, however, the

public player can secretly engage in information acquisition without the private player’s

awareness. This section examines the public player’s incentive to secretly spy on the

private value of the private player ahead of a contest.

Consider the situation in which player 1 cannot observe whether or not player

2 has spied on his private information. The game is now comprised of two stages. In the

first stage, player 2 makes a decision about whether or not to spy on player 1’s private

information. If player 2 decides to spy, she then conducts the espionage activity in this

stage. In the second stage, the original all-pay auction is played.

There exist three possibilities in terms of how player 2’s choice to engage in

espionage activities during the first stage of the game can play out. She could spy with

probability 1, or does not spy at all, or mixes spying and not spying. I will address

these three cases one by one to explore if any of them may constitute a Bayesian Nash

equilibrium.

Lemma 2 If spying is unobservable, the public player never spies with probability 1 for

any positive cost of spying.

Proof. In a perfect Bayesian equilibrium, the private player will correctly

believe that the public player always spies in the first stage. Then the game is equivalent

to a game with complete information. The equilibrium strategies and equilibrium payo↵s

for the two players are described in section 2.3.
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If the public player switches to not spying in the first stage, her payo↵ becomes:

⇡2(x) = [pFL(x) + (1� p)FH(x)]v0 � x =

8
>><

>>:

p(v0 � uL) x 2 [0, uL]

p(v0 � x) x 2 [uL, v0]

) max⇡2(x) = p(v0 � uL)

Therefore, as long as spying is costly for the public player and unobservable

to the private player, spying can never be an equilibrium. The public player becomes

strictly better by unilaterally switching to not spying without getting the private player

aware.

The above result suggests that as long as the private player believes the public

player has acquired his private information, the public player can earn a payo↵ equal

to that under complete information without actually spying on the private player. This

implies that the disadvantage of one-sided private information to the public player is

indeed a strategic one, in the sense that it disappears if the private player believes he

does not have any private information.

Technically, the reason the public player can have the same payo↵ when devi-

ating to not spying (not including the cost of spying) is that the mixed strategies of the

high value type private player and the low value type private player share some common

range, and therefore the best responses of the public player to the two types of private

player share some common range. The public player can bid in this common range and

have the same payo↵ as not deviating. This property no longer holds in a Tullock con-

test. Since the equilibrium strategies in a Tullock contest are pure strategies, and the

public player’s best responses to a high value type private player and a low value type

private player should be di↵erent, and therefore deviating should yield strictly worse
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payo↵ (not including the saving of cost of spying). Section 12 reports the equilibrium

in a Tullock contest in more detail.

Lemma 3 If spying is unobservable, the public player spies with probability 0 only if

the cost of spying is su�ciently high, i.e., c � pv0 � p2v0.

Proof: See appendix.

Based on Lemma 1 and Lemma 2, it must be that the public player mixes

spying and not spying when the cost of spying is below the cut-o↵ level. The public

player’s equilibrium probability of spying is as follows, and is illustrated in figure 2.3:

s =

8
>>>><

>>>>:

uH � uL
u2H


uH � c

(1� p)uL + puH
p(1� p)uL

�
c <

(1� p)uL(uH � v0)

uH � uL

uH � uL
u2H


v0 �

c

p(1� p)

�
(1� p)uL(uH � v0)

uH � uL
 c  p(1� p)v0.

The proposition below summarizes the existence of espionage when spying is

unobservable.

Proposition 4 When spying is unobservable by the player being spied on,

(1) If cost of spying is su�ciently large, i.e., c � p(1� p)v0, player 2 never spies in the

first stage.

(2) Otherwise, i.e., c < p(1 � p)v0, player 2 mixes spying and not spying in the first

stage, and the equilibrium probability of spying decreases monotonically with the cost of

spying.

The intuition that the equilibrium probability of spying decreases monotoni-

cally with respect to the cost of spying is as follows: to guarantee that the public player
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Figure 2.3: Equilibrium probability of spying as a function of cost of spying.

mixes spying and not spying, she has to earn the same payo↵ (including the cost of

spying) with and without spying. If the cost of spying goes up, the informed public

player has to earn a higher payo↵(not including the cost of spying) than the ignorant

public player.

First, I will explain why an ignorant public player induces lower e↵ort levels

from both types of private player than an informed public player does. An ignorant

public player exerts too much e↵ort against the low type private player and too little

e↵ort against the high type private player than an informed public player does. It is well

known since Dixit (1987) that in a Nash equilibrium, the e↵ort of the favorite is strategic

substitute to underdog’s e↵ort, and the e↵ort of the underdog is strategic complement to

favorite’s e↵ort. When the private player is the low value type, the public player is the

favorite, and the private player is the underdog. An ignorant public player appeases the

low value type private player by exerting higher e↵ort than the informed public player.

When the private player is the high value type, the public player is the underdog, and

the private player is the favorite. An ignorant public player appeases the high value

type private player by exerting lower e↵ort than the informed public player. Therefore,
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an ignorant public player induces lower e↵ort levels from both types of private player

than an informed public player does.

Second, I will show that by engaging in spying activity with a lower probability,

the public player is closer to an ignorant public player than to an informed public player.

Therefore, the public player becomes more appeasing to the the private player by spying

with a higher probability. Hence, both types of private player, on average, exert low

e↵ort. Hence the informed public player earns a higher payo↵ (not including the cost of

spying) when facing either type of private player.

Does the public player prefer unobservable spying to observable spying? Does

the private player su↵er from unobservable spying? The lemma below summarizes.

Lemma 5 The public player earns a higher expected payo↵ when spying is unobservable

than when spying is observable; the opposite is true for the private player.

The public player’s expected payo↵ (including the cost of spying) when spying

is unobservable as follows, and is illustrated in figure 2.4:

⇡⇤
2 =

8
>>><

>>>:

p(v0 � uL)� c(1� uL
uH

) c  (1� p)uL(uH � v0)

uH � uL

pv0 � uL + (1� p)v0
uL
uH

otherwise.

The private player’s expected payo↵ when spying is unobservable is as follows,

and is illustrated in figure 2.5.

⇡⇤
1 =

8
>>><

>>>:

(1� p)(uH � v0) c  (1� p)uL(uH � v0)

uH � uL

(1� p)(uH � uL)(1�
v0
uH

) + c(1� uL
uH

) otherwise
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Figure 2.4: The public player’s equilibrium payo↵ as a function of the cost of spying,
where ⇡CI

2 is the public player’s payo↵ under complete information, and ⇡AI
2 is the public

player’s payo↵ under asymmetric one-sided private information.

Figure 2.5: The private player’s equilibrium payo↵ as a function of the cost of spying,
where ⇡CI

1 is the private player’s payo↵ under complete information, and ⇡AI
1 is the

private player’s payo↵ under asymmetric one-sided private information.
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It is interesting that change in the probability of spying a↵ects the public

player and the private player di↵erently. When the probability of spying is low, as the

probability of spying picks up, the private player gets strictly worse o↵, while the public

player gets a constant payo↵ which equals what she would obtain if she did not spy.

When the probability of spying is high, as the probability of spying picks up, the public

player gets strictly better o↵, while the private player gets a constant payo↵ which equals

what he would obtain in a complete information game. The intuition is that when the

probability of spying is high enough, the private player treats the game as if he does not

own any private information at all. While when the probability of spying is low enough,

the public player’s benefit from spying is exactly o↵set by the cost of spying.

2.5 when spying can be caught

Spying removes information asymmetry between the private player and the

public player. The private player loses private information, and hence becomes worse o↵.

The public player gains complete information about her contestants, and hence becomes

better o↵. Intuitively, it suggests that having more private information will increase a

player’s payo↵. This section studies the incentives to spy when the public player’s spying

activity can be detected by the private player with an exogenous probability q, but the

public player does not know whether she has been caught or not.

Assumption 6 The public player’s spying activity is unobservable to the private player,

but the private player can catch spying with an exogenous probability q. The public player

does not know whether her spying activity has been caught by the private player. The

public player receives true information from spying regardless of whether she is caught

or not.
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More specifically, the game is then comprised of three stages. In the first stage,

the public player decides whether or not to spy, and if she decides to spy, she spies in this

stage. In the second stage, the private player can catch spying with probability q if the

public player spied in the first stage. The public player knows that her spying activity

can be caught by the private player with probability q, but is unaware whether her

spying activity has been detected or not. In the third stage, a first-price all-pay auction

is played between the two players given the information from the first two stages.

In this case, spying generates additional information asymmetry while removing

the original information asymmetry. The private player loses his private information due

to being spied on, but gains a new kind of private information: whether he has detected

spying. The opposite is true for the public player. If the public player’s payo↵ loss from

not knowing whether her spying activity has been detected is greater than her payo↵

gain from knowing the private type of the private player, then the public player will

never engage in spying. In other words, the risk of being caught without being aware

may prevent the public player from spying at all.

Each type of private player could be at one of two information states: one

being having caught a spy and the other being not having caught a spy. If the private

player does not catch spying during the second stage, he believes that, with probability

↵, the public player spied in the first stage and, with probability 1�↵, the public player

did not spy. In a perfect Bayesian equilibrium, players’ beliefs are correct. Therefore,

↵ =
s(1� q)

1� sq
, where s is the equilibrium probability that the public player spies.

Each type of informed public player believes that, with probability q, she has

been caught. The ignorant public player believes that with probability p she is competing

with a low type private player who has not caught spying and with probability 1�p she

is competing with a high type private player who has not caught spying.
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There are three possibilities regarding player 2’s choice on espionage activities

in the first stage of the game. She could spy with probability 1, not spy at all, or mix

spying and not spying. I will address these three cases one by one here to explore if any

of them could constitute a perfect Bayesian equilibrium.

2.5.1 The equilibrium in which the public player does not spy

Consider an equilibrium in which the public player never spies in the first stage.

In such a perfect Bayesian equilibrium (PBE), the private player correctly believes that

the public player spies with probability 0 in the first stage, and hence the information set

in which the private player has caught spying is never reached. Then the on-equilibrium

path strategies of the two players are the same as those in the base model, in which spying

is not an option. But to fully characterize a PBE, o↵-equilibrium path strategies should

also be specified to guarantee that the on-equilibrium strategies satisfy the non-deviation

principle. Furthermore, these o↵-equilibrium path strategies should be rational in the

sense that if, though with probability 0, the corresponding information set is reached,

they are Nash-equilibrium strategies.

More specifically, Fnc L(x), Fnc H(x) and G(x) are on-equilibrium path strate-

gies. Fc L(x), Fc H(x), Gs L(x) and Gs H(x) are o↵-equilibrium path strategies. These

on-equilibrium path strategies and their derivations appear in section 2.2. These o↵-

equilibrium path strategies and their derivations appear in appendix A.5.

Having obtained the o↵-equilibrium path strategies, now I will check if the

public player has incentives to deviate from not spying to spying in the first stage given

a particular level of cost for spying. My result shows that, again, the public player will

not consider spying if and only if the cost of spying is above a certain cut-o↵ level. In

other words, the risk that spying may get caught without the awareness of the public
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player does not completely prevent the public player from spying.

However, this risk does create an additional information advantage to the pri-

vate player and an additional information disadvantage to the public player. The cut-o↵

cost of spying is a monotonically decreasing function of the probability of the spying be-

ing detected. As spying becomes easier to detect, the cut-o↵ cost of spying above which

not spying can be sustained as an equilibrium decreases. Depending on the parameters,

there exist two cases for the formulas of cut-o↵ cost of spying, which are shown below.

Figure 2.6 qualitatively depicts how changes in the probability of spying being caught,

q, a↵ect the cut-o↵ cost of spying, c⇤.

Case i): p <
uL
v0

c⇤ =

8
>>>>>>>><

>>>>>>>>:

p(1� p)v0 � qv0, if q 2 [0, q1]

(1� p)uL � (1� p)2uLv0
uH

� pqv0, if q 2 [q1, q2]

(1� p)uL(uH � v0)

uH
, if q 2 [q2, 1]

where q1 = p� uL
v0

+
(1� p)uL

uH
, and q2 =

(1� p)uL
uH

.

Case ii): p >
uL
v0

c⇤ =

8
>>>>>>>><

>>>>>>>>:

p(1� p)v0 � qv0, if q 2 [0, q1]

(1� p)v0


p(1� uL

uH
)� q

�
, if q 2 [q1, q2]

(1� p)uL(uH � v0)

uH
, if q 2 [q2, 1]

where q1 =
(1� p)uL

uH
and q2 = p� uL

v0
+

(1� p)uL
uH

.

Proposition 7 When spying can be detected with a certain probability and whether the
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Figure 2.6: The cut-o↵ cost of spying as a function of the probability of spying being
caught. The cut-o↵ value is defined in such a way that the public player chooses not to
spy in equilibrium when the cost of spying is greater than the cut-o↵ value, and spies
with strictly positive probability otherwise.

spying has been caught is unknown to the spy, not spying can be an equilibrium if and only

if cost of spying is su�ciently large. And this cut-o↵ cost of spying is a monotonically

decreasing function of the probability of spying being detected.

It is worth pointing out here that the game discussed in the previous two

sections can be viewed as limiting cases of game in this section. When the probability

of spying being detected equals 0, the game in this section simplifies to the one in which

spying is unobservable and never get caught, which is discussed in section 2.4. When the

probability of spying being detected equals 1, the game in this section simplifies to the

one in which spying is observable, which is discussed in section 2.3. Indeed, the cut-o↵

cost of spying, above which not spying can be sustained as an equilibrium, characterized

in section 2.3 and 2.4 corresponds exactly to the cuto↵ cost of spying characterized in

this section, with q replaced by either 1 or 0.
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2.5.2 The equilibrium in which the public player does spy

If the public player always spies, then the private player correctly believes

that the public player has spied on him even when he did not catch the actual spying.

Hence, the private player will use the same strategies regardless of whether he has caught

spying or not. The game is then equivalent to the one in which spying is unobservable

and cannot be detected, for which I’ve already shown in section 2.4 that, in equilibrium,

the public player never spies with probability 1. Therefore, when spying can be detected

with a strictly positive probability, the public player never spies with probability 1.

Now consider the equilibrium in which the public player mixes spying and not

spying in the first stage. Solving the equilibrium in this case involves solving 7 distri-

bution functions, including Fnc L(x), Fnc H(x), Fc L(x), Fc H(x), Gs L(x), Gs H(x), and

G(x). To make this task manageable, I solve the equilibrium with an additional as-

sumption that uL equals 0. The equilibrium with the additional simplifying assumption

that uL = 0 is characterized in appendix A.4. In particular, the equilibrium probability

of spying is as follows:

s =
c� (1� p)(p� q)v0
cq � (1� p)(p� q)uH

.

It can be shown that the equilibrium probability of spying decreases monoton-

ically with respect to q as well as c. This is consistent with the result in the case when

spying is unobservable and cannot be caught, which is discussed in section 2.4.

2.6 When the spy can be turned into a double agent

In the real world, a spy, after being caught, can be turned into a double agent

who sends back carefully modified information to the party who initiated the spying
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activity and has been ignorant of its spy being caught. The modified information was

meant to be in favor of the party originally being spied on and against the party who

initiated the spying. Therefore, the possibility of a spy being turned into a double agent

after being caught makes spying more dangerous, in the sense that the information

retrieved may be misleading. In economic terms, it means that the potential benefit of

spying, given the possibility of spy bringing back manipulated information, is smaller

than the potential benefit in cases where a spy always brings back true information

regardless of being caught or not.

Most thorough studies of double agents requires the introduction of another

player, the spy agent, into the game (e.g. (Ho, 2008)). In the scope of this paper, I

am not interested in the incentives of a spy agent and, therefore, do not have such a

third player in the model. Instead, I am more interested in how the possibility of a spy

being turned into a double agent and, thus, contaminating the information received can

a↵ect the public player’s choice to conduct espionage activity. To this end, suppose that,

when the private player catches spying, he can optimally modify the information to be

received by the public player. This scenario is equivalent to one in which the public

player employs a spy agent and the agent is always turned into a double agent when

caught. Hereafter in this paper, the possibility of a double agent essentially refers to

the possibility that the private player may optimally modifiy the information sent back

to the public player after catching spying.

Assumption 8 The public player’s spying activity is unobservable to the private player.

But, with an exogenous probability q, the private player can detect spying and can choose

the information, either a low value type or a high value type, sent back to the public

player. The public player does not know whether her spying activity has been caught or
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not.

The game is then comprised of three stages. In the first stage, the public player

decides whether or not to spy on the private player. If she decides to spy, she spies in

this stage, but she will not receive information until the end of the second stage. In the

second stage, the private player may catch the spying with probability q if the public

player spied in the first stage. If the private player catches the spying, he optimally

modifies the information sent back to the public player. If the private player does not

catch any spying, the public player receives true information regarding the type of the

private player. In the third stage, the two players engage in a first-price all-pay auction

based on the information from the second stage.

A perfect Bayesian equilibrium consists of the public player’s decision on whether

or not to engage in spying activities, the manipulated signal to be sent back to the public

player by the private player when catching the spying, and the two players’ respective

strategies in the first-price all-pay auction during the third stage.

If the signal the public player received via spying is revealing, which means

that the public player can update her belief about the type of the private player, the

public player will be more aggressive when receiving a high signal than receiving a low

signal. Both types of private player will therefore strictly prefer sending back a low type

signal, which generates a revealing signal sent to the public player.

If the signal the public player received via spying is not revealing, she will ignore

the spying report and employ the same strategies regardless of the signals received. Then

both types of private player will be indi↵erent about the signals sent back, and mix low

signals and high signals sent back in such a way that the signals are, indeed, unrevealing.

Lemma 9 (1) In an equilibrium in which a spying signal is revealing, both types of
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private player strictly prefer sending back a low type signal.

(2) In an equilibrium in which a spying signal is complete noise, both types of private

player mix sending back low and high types signals such that the spying signal is indeed

complete noise.

There exist, then, two dimensions when classifying equilibria in the game of

this section. The first one is whether or not the public player spies in the first stage,

and the second one is whether or not the signal the public player received from spying

is revealing. I illustrate the equilibria in which the public player never spies in the next

two subsections.

2.6.1 Equilibrium in which the signal from spying is unrevealing

Suppose the information the public player receives from spying is unrevealing,

in the sense that the public player’s posterior belief about the probability of the pri-

vate player being the low value type is equal to the prior probability p, regardless of

the information the agent brings back. As a result, in equilibrium, the public player

never spies for any strictly positive cost of spying. The on-equilibrium path strategies,

including Fnc L(x), Fnc H(x), G(x), are the same as those in the base model in which

spying is not an option.

The o↵-equilibrium path strategies are as follows. Fc L(x) is the same as

Fnc L(x), and Fc H(x) is the same as Fnc H(x). Gs L(x) and Gs H(x) are the same

as G(x). The reason for these similarities is that, in the game in which the public player

can update her belief about the type of the private player after spying, spying changes

the information environment of the game. On the contrary, when the spying signal is

complete noise, spying does not change any part of the game, and thus the sub-game,

or o↵-equilibrium path strategies are the same as those on the equilibrium path.
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To generate an unrevealing signal from spying, both types of private play-

ers should mix spying and not spying. This mixing of probabilities should satisfy the

following conditions:

Let the probability of the low value type private player sending back a low

type signal be t1, and let the probability of the high value type private player sending

back a low type signal be t2. Let SL be the event that the public player receives a low

type signal. The public player can receive a low type signal in the following three cases:

The first case entails the private player being the low value type and does not catch

spying, hence the public player obtains the true signal with probability 1; The second

case entails the private player being the low value type and does catch spying, after

which he sends back a low type signal with probability t1; The third case entails the

private player being the high value type and does catch spying, after which he sends

back a low type signal with probability t2.

Pr(SL) = Pr(uL& not caught) + Pr(uL& caught)t1 + Pr(uH& caught)t2

= p(1� q) + pqt1 + (1� p)qt2

=) Pr(uL|SL) =
Pr(uL&SL)

Pr(SL)
=

p(1� q) + pqt1
p(1� q) + pqt1 + (1� p)qt2

.

For the spying signal to be unrevealing, it must be Pr(uL|SL) = p, which

renders the following:

t2 � t1 =
1� q

q
.

As long as q > 1/2, the above condition can be satisfied. Therefore, as I make

clear here, I found a continuum of equilibria in which spying is never profitable, even

though cost of spying is ✏ small.
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Proposition 10 When a spy is turned into a double agent after being caught and the

probability of spying being caught, q, is greater or equal to 1/2, there exists a continuum

of equilibria in which the public player never spies for any positive cost of spying. Both

types of private player, after catching a spy, mix sending back low and high type signals

such that the signal is complete noise.

2.6.2 Equilibrium in which the signal from spying is revealing

Suppose in equilibrium, the signal the public player receives from spying is

revealing, in the sense that the public player can update her prior belief about the private

player’s type after spying. Then, the public player will choose di↵erent strategies upon

receiving di↵erent signals, becoming more aggressive when receiving a high type signal.

Then, as lemma 1 states, both types of private player will send back low type signals.

Depending on the size of the spying cost, there are three types of equilibrium

in this case: the public player never spies, always spies, or mixes spying and not spying.

Here I present the equilibrium in which the public player never spies.

Consider the equilibrium in which the public player never spies. Then the

strategies on the equilibrium path, including Fnc L(x), Fnc H(x), and G(x), will be the

same as those in the base model. The strategies o↵ the equilibrium path, including

Fc L(x), Fc H(x), Gs L(x), and Gs H(x), are given in appendix A.5 with detailed deriva-

tions.

The cut-o↵ cost of spying above which the public player never spies in equilib-

rium is as follows:
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c⇤ =

8
>>>><

>>>>:

p((1� p)(1� q)� q)v0, 8q 2 (0,
1� p

uH
uL

+ 1� p
]

p(1� p)(1� q)(1� uL
uH

)v0, 8q 2 [
1� p

uH
uL

+ 1� p
, 1]

The cut-o↵ cost of spying is a monotonically decreasing function of q. As the

probability of spy being caught and turned into double agent increases, the public player

chooses to never spy for an even smaller cost of spying. Interestingly, when q = 1, the

public player will not spy for any positive cost of spying. In other words, if spying is

always detected by the private player, and both types of private player send back low

type signals after catching the spying, spying becomes a dominated strategy for the

public player for any positive cost of spying.

Proposition 11 There exists a perfect Bayesian equilibrium in which both types of pri-

vate player send back low type signals with probability 1 after catching a spy, and the

public player never spies when the cost of spying is above an cut-o↵ level. The cut-o↵

cost of spying decreases monotonically as q increases.

2.7 First-price all-pay auction vs. Tullock contest

All the results up until this section are derived from a perfectly discriminatory

contest, a first-price all-pay auction. It is natural to ask whether these results hold for

imperfectly discriminatory contests as well. An imperfectly discriminatory contest is

one in which, if a player exerts higher e↵ort than the other player(s), it only means that

this player has a higher probability of winning the prize over the other players. While

in a perfectly discriminatory contest, the player with the highest e↵ort wins the prize

and all other players lose, whose e↵orts could be very close to those put forth by the

winners.
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The Tullock lottery contest is the most popular imperfectly discriminatory

contest in the contest literature. In a Tullock contest, player i’s probability of winning

is equal to the ratio of player i’s e↵ort to the summation of all players’ collective e↵orts.

More specifically, let xi be player i’s e↵ort, then player i’s probability of winning is

Pr(player i wins) =
xi

xi +
P

j 6=i xj
.

This section compares the value of private information and the existence of

spying activity in a Tullock contest to that in a first-price all-pay auction. Intuitively,

the advantage of private information becomes greater when the contest becomes more

discriminatory, which implies that spying is less favorable to the public player in a

Tullock contest than in a first-price all-pay auction. In a model with a constant cost

of spying, it implies that the cut-o↵ cost of spying above which the public player never

spies is smaller in a Tullock contest than in a first-price all-pay auction.

I address the above conjecture in two settings in the following sections: the

first setting entails spying being perfectly observable, while the second setting entails

spying being perfectly unobservable.

2.7.1 Spying is perfectly observable

When the public player’s choice of spying is perfectly observable to the private

player before the contest, if the public player spies, the contest follows becomes a full

information game. Denter et al. (2011) find that the public player is not necessarily

better o↵ under full information than under asymmetric one-sided information in a

Tullock contest. In other words, in a Tullock contest, the public player may prefer

staying ignorant to becoming informed of the private player’s type even if the cost of
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acquiring the information is zero.3

This is di↵erent from my finding in the first-price all-pay auction setting, which

suggests that the public player always prefers a complete information game to an in-

complete information game and, therefore, always spies with probability 1 if spying is

observable and the cost of spying is below a positive cut-o↵ level. This di↵erence con-

firms our intuition that private information is less valuable in a Tullock contest than in

a first-price all-pay auction.

Proposition 12 In a Tullock contest between a public value player and a private value

player, if spying can be perfectly detected by the player being spied on before the contest,

then

(1) there exists an interval (within [v⇤, uH ]) such that if the public player’s valuation

of the prize falls into this interval, the public player never spies even for zero cost of

spying.

(2) otherwise, there exists a positive cut-o↵ cost of spying and the public player spies

with probability 1 if the cost of spying is below the cut-o↵ value, and spies with probability

0 if the cost of spying is above the cut-o↵ value.

2.7.2 Spying is perfectly unobservable

Suppose the private player believes that the public player spies with probability

0 in the first stage. Then whether the public player is willing to switch to spying depends

on the size of the cost of spying. The following derivation depicts this scenario.

3In Denter et al. (2011), the private player’s private valuation of the prize follows a continuous
distribution. I found similar results when assuming that the private player’s valuation of the prize
follows a two-point distribution.
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The public player’s reaction function when spying is as follows:

x2 = R2(x1) =
p
x1v0 � x1.

Therefore, if the public player deviates to spying, her payo↵ would become:

⇡2 deviate to spying = p⇡2L + (1� p)⇡2H

= p

 
R2(x

†
1L)

R2(x
†
1L) + x†1L

v0 �R2(x
†
1L)

!

+ (1� p)

 
R2(x

†
1H)

R2(x
†
1H) + x†1H

v0 �R2(x
†
1H)

!
.

Which implies that her change in expected payo↵ is:

�⇡2 = ⇡2 deviate to spying � c� ⇡2 not spying.

It is then clear from the above derivations that if spying is costless, the public

player will always gain from deviating to spying, as the public player can do no worse

than exerting the same level of e↵ort as in the case where she is not spying. But if the

cost of spying is su�ciently high, the public player will never deviate from not spying,

and hence not spying can constitute an equilibrium.

Suppose, instead, the private player believes that the public player spies with

probability 1 in the first stage. Then whether the public player is willing to switch to

not spying depends on the size of the cost of spying too. The benefit from deviation

is the saving of the cost of spying, while the loss from deviation is the reduced payo↵

excluding spying cost. The following derivation shows it.
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⇡2 deviate to not spying = pv0
x2

x2 + x?1L
+ (1� p)v0

x2
x2 + x?1H

� x2

�⇡2 = max⇡2 deviate to not spying + c� ⇡2 spying

It is obvious that the deviation to not spying can only be profitable if the cost

of spying is su�ciently high. Therefore, we can deduce that not spying can be sustained

as a Bayesian Nash equilibrium if and only if the cost of spying is su�ciently low, which

constitutes another di↵erence between a Tullock contest and a first-price all-pay auction.

Proposition 13 In a Tullock contest between a public value player and a private value

player, if spying cannot be detected by the player being spied upon, then the public player

will spy for sure if the cost of spying is below a cut-o↵ value and will never spy otherwise.

2.8 Conclusion

This paper studies the incentives for a player to acquire the private information

of the other player in a first-price all-pay auction with one-sided private information. By

comparing results in a first-price all-pay auction with results in a Tullock lottery contest,

I find that a private player’s incentive to spy on the private information of other players

is stronger in a more discriminatory contest.

One promising venue for future research is to consider private information that

is “horizontal” rather than “vertical”. “Vertical” means there exists an ordering of

the di↵erent types of private information. For instance, in the model of this paper,

the private information is “vertical”, as the high-value type private player always value

the prize more than the low-value type private player. While “horizontal” means the
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di↵erent private types cannot be ordered. I find that when spying is costless, the public

player always wants to acquire the private information of the private player, even when a

spy can be caught without being aware and brings back false information after. This can

be partially explained by the fact the modified information sent back is still revealing,

in the sense that the private player of the low value type always weakly prefers being

honest, while the private player of the high value type always weakly prefers lying,

ultimately making the public player able to update her belief about the type of the

private player using the modified signal. The result could be di↵erent, however, if the

private information of interest is horizontal instead of vertical. Let us use the historical

moment of World War II’s D-Day as an example. In this scenario, we can think of the

allies as the private player, and the private information is the location where the landing

will take place. Then, when modifying the intelligence report sent back to the Germans,

the allies will always prefer to lie. Then the signal Germans obtain through spying is

much less informative, and they may just ignore the spy’s report in equilibrium.

Another interesting extension of this paper is to compare the trade-o↵s between

acquiring a player’s own private information and spying to obtain the private information

of an opponent player. This paper studies the incentive for players to acquire the private

information of other players. There are papers (for example, Morath and Munster

(2013)) that study a player’s incentives to acquire its own private information. It would

be interesting to combine these two setups, given that players do not know their own

private information either.

Yet another interesting extension of this paper is to consider the option for a

spying player to endogenously choose the quality of the spying signal obtained. In this

paper, the choice of whether or not to spy is binary, and a spy always obtains perfect

information of the opponent’s private information. It would be a natural extension
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to include a cost function of spying that increases monotonically with the precision of

spying signal.
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Chapter 3

Limited-Membership

Information-Sharing Alliances in

Contests

3.1 Introduction

The economy is replete with strategic situations in which adversaries face each

other having private information about their own abilities or the environments in which

they compete. Examples include research labs trying to find the next miracle drug,

electronics firms contemplating improvements in their cell phones, construction compa-

nies bidding on a federal highway project, or lobbyists advocating for stricter or looser

environmental regulations as favored by their clients. A natural question is whether the

presence of private information is beneficial for the competitors. Alternatively, would

the competitors find it beneficial to share their information?

The question of incentives of information sharing by competitors in competi-
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tive environments have a broad appeal, it has been extensively studied in the oligopoly

information sharing literature and perhaps less so in the auction bid rigging literature

(both literature are reviewed in the literature review section below). However, the study

of information sharing incentives in contests is sparse. Contest is a very important type

of competitive environments, it describes a situation where competitors’ e↵orts’ costs are

sunk regardless of whether a player is awarded the prize. Due to the sunk-e↵ort-cost na-

ture, the e↵ect of di↵erent information structure and thus the incentives of information

sharing could be very di↵erent in contests from other competitive environments. For

example, as noted in Kovenock et al. (2010b), the distinction between strategic substi-

tutes and strategic complements prove important in the e↵ect of information sharing in

the oligopolistic competition environment, but all-pay auction cannot even be classified

according to this criterion due to the non-monotonicity of best-response functions.

We know of only two papers that study the question of incentives of infor-

mation sharing in contests, Morath and Münster (2008) and KMM. We focus on the

latter since the relevant portion of the former is subsumed in the latter. KMM study

a symmetric all-pay auction between two players, with each player observing a private

signal about the value of winning. They consider two important dimensions for the

all-pay auction: i) whether the value of winning is private or common and ii) whether

the information sharing is unilateral or bilateral, meaning that a player learns the other

player’s information if and only if the first also share his. Given there are only two

players in the contest, KMM refer to this as “industry-wide” sharing. KMM show that

unilateral sharing of one’s information is a dominated strategy—a firm does better keep-

ing its information private (at least if it does not get anything in return). When the

value of winning is a common value, then an industry-wide agreement never arises in

equilibrium. However, when values are private players earn the same ex ante payo↵ with
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industry-wide sharing of information as they do with no sharing of information. KMM

conclude that “an industry-wide agreement to share information may arise.”1 However,

this conclusion neglects the cost of establishing the information exchange procedure,

since any positive cost would render the information sharing unprofitable, relative to no

sharing.2

We explore the possibility that profitable information exchange may arise in

an all-pay auction when fewer than all participants share information. Given KMM’s

negative findings for all-pay auctions with common values and for unilateral revelation

of information, we study a symmetric, independent private-values all-pay auction with

three players. By considering three players we can consider a limited information-sharing

arrangment. We first suppose a player’s value for winning is either 0 or 1, where the

value 1 arises with probability q. We find that for low values of q, a limited alliance

does no better for its members than not sharing (or, equivalently, industry-wide sharing),

though the payo↵ of the “outsider” does rise. However, when the high value is su�ciently

likely, the partial alliance strictly benefits its members (and leaves the outsider’s payo↵

unchanged). This finding of profitable partial information sharing does not hinge on the

low value being 0.

To check robustness of our findings, we recast the model as one in which the

possible values are v and 1, where 0 < v < 1, with the high value again having likelihood

q. We exhibit three families of equilibria, finding for all that the limited information-

sharing alliance is strictly profitable, though the outsider’s payo↵ may rise or fall with

the introduction of the alliance. It is now clear that information sharing with two players

always wanting to share. When the outsider also benefits from the alliance, the alliance

1For any number of symmetric competitors, Morath and Münster (2008) show the equality of payo↵s
with no sharing and industry-wide sharing of information.

2KMM o↵er an example of mutually profitable information exchange, provided the players are,
ex ante, su�ciently asymmetric.
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need not have the power to exclude the other. However, in cases where the outsider’s

payo↵ falls when the alliance is formed, the alliance must have the power to exclude the

third if the full-sharing outcome (equivalent to no sharing) is to be avoided.

This paper explores information sharing incentives in a first-price all-pay auc-

tion environment, where exogenous noise does not have a significant role in determining

contest outcome. The robustness of our results to lottery contests, another very popular

contest success function in the literature, is explored in appendix B.2.

Literature review

The incentives of information sharing and its e�ciency implications has been

studied for over three decades under the general topic of oligopoly information exchange.

The literature has shown that whether firms find exchange of information beneficial de-

pends on whether the information is about a common value (e.g., market demand) or

a private value (e.g., own marginal cost) and whether the firms compete in quantities

or prices (e.g., see Vives (1984), and Gal-Or (1986)3). We do not attempt to survey

the literature here, but the general intuition is that, as Vives (2006) puts it, from the

point of view of firms, the main e↵ect of information sharing is the increased precision

of information available to itself and its rivals, and the corresponding impacts on their

strategies. In general, increased precision has a positive e↵ect on a firm’s expected prof-

its, while the e↵ect of increased precision on rivals and the induced strategy correlation

depends on the nature of any competition and shocks.

However, the oligopoly information-sharing literature focus on either unilat-

eral information-sharing or industry-wide information-sharing regimes, and there are

few paper that studies information-sharing arrangements that involve only a subset of

3Even the conclusions here must be interpreted cautiously, as Malueg and Tsutsui (1998) show that
relaxing the normality assumptions of the previous literature can reverse the predictions.
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competitors. Yet the results found in limited-membership information sharing scenarios

turn out to be quite di↵erent from industry-wide sharing or unliateral information shar-

ing scenarios. For example, Malueg and Tsutsui (1996) show in a three-firm oligopoly

setting that sharing between just two firms may arise as the equilibrium agreement,

either the third firm does not want to join in the information-sharing agreement or the

other two keep it out.

The literature on information sharing in auctions is largely a literature on col-

lusive bidding cartels in auctions, and mostly take a mechanism design approach. The

key questions are what types of auctions are more susceptible to collusive bidding be-

havior, and what are the associated revenue implications and welfare implications. A

lot of e↵orts have been devoted to studying collusive mechanisms that can elicit truth-

ful private information from cartel members, and designing optimal transfer payments

that can sustain collusive behavior. Researchers have studied bidding cartels that have

varying degree of control over cartel members’ bids, for example, Marshall and Marx

(2012) compares two collusive mechanisms, bid coordination mechanism (BCM) and bid

submission mechanism (BSM), where the former only requires the cartel to be able to

arrange possible transfer payments, while the latter requires the cartel to be able to

dictate bids to be submitted of each player.

On the contrary, we assume a much less active role of cartel by reducing the

cartel to a simple information-sharing alliance. After truthfully sharing their private

information with other alliance members, all players (including alliance players) act

non-cooperatively in the subsequent contest. If the private information being shared is

verifiable so that players can only report their private value truthfully if they choose to

share, this form of communication between players is presumably less likely to raise the

attention of regulation authorities than cartels that arrange transfer payments among
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members.

The rest of the paper is organized as follows. Section 3.2 sets out the model.

Section 3.3 considers three information-sharing regimes: first, there is no sharing of in-

formation; second, there is complete information sharing by all players; third, only two

out of three players share information with each other. At the end of section 3.3, we

compare the third regime to the first regime to study the e↵ect of a limited-membership

information-sharing alliance on players’ expected payo↵s and competitive behavior, and

provide comparative statics with respect to the probability of a non-zero value. Sec-

tion 3.4 explores the robustness of findings in section 3.3 by allowing the possibility that

uL > 0. Section 3.6 discusses the limitations and then concludes.

3.2 The model

To allow the possibility of a nontrivial limited sharing arrangement, our model

must have at least three players. For simplicity, we suppose there are just three players,

indexed 1, 2, and 3. Player i’s value for the prize is vi 2 {uL, uH}, where 0  uL <

uH . We suppose players’ values are independently and identically distributed, with

Pr(vi = uH) = q and Pr(vi = uL) = 1 � q, where q 2 (0, 1).4 A player with value v

bidding x has a realized payo↵ of v � x if he wins the prize and �x if he does not.

4While continuous type spaces have been considered with all-pay auctions, as in Hillman and Riley
(1989), Aman and Leininger (1996), Morath and M unster (2008), and KMM, this seems intractable here.
In those papers players always used mixed strategies or always used pure strategies. In the asymmetric
setting where just two players share their information, it might be expected that with continuous type
uncertainty the outsider would use a pure strategy mapping from his type to a bid. However, for a given
value, a player in the alliance might bid a single amount or randomize his bid, depending on the value
of his alliance partner. While such a scenario raises intriguing issues, we leave them for future research.
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If players bid x1, x2, and x3, then player i wins the contest with probability

pi =

8
>>>><

>>>>:

1 if xi > xj 8j 6= i

0 if 9 j such that xi < xj .

(3.1)

Notice that (3.1) does not specify a player’s probability of winning when his bid ties

for the highest. The natural assumption here is that all players tying for the highest

bid have an equal chance of winning. However, with discrete types, this can lead to

nonexistence of equilibria. To avoid this potential di�culty, we adopt the rule that ties

are broken in favor of the player with the highest value.5 Thus, if a high-value and a

low-value player both bid 0, for example, the high-value player wins. If several players

have the highest value, the winner is chosen at random among them.

3.3 Equilibria with given information-sharing arrangements

We consider three information sharing regimes. We assume that information

shared is accurate, that is, it is truthfully revealed, as might be the case if the private

information is verifiable. After information is exchanged as the regime specifies, players

independently choose their bids.6 Thus, we assume there is honest coordination of

information as the regime dictates, but there is no coordination of bids.

In the first information sharing regime, there is no sharing, so players know

5This can be justified on the grounds that the high-value player could achieve an outcome arbitrarily
close to this by bidding a very small positive amount. This parallels the tie-breaking rule adopted by
Maskin and Riley (2000) for first-price auctions with discrete values; it can be implemented by having
the tying bidders engage in a second-price auction, bidding according to their undominated strategies.
Morath and Münster (2008) adopt the same tie-breaking rule.

6The assumption of truthful exchange of information followed by independent choices of strategic
variables is standard in the oligopoly information-sharing literature (e.g., Gal-Or (1986); Kirby (1988);
Malueg and Tsutsui (1996); Malueg and Tsutsui (1998); and Vives (1984)), though Ziv (1993) is an
exception to the assumption of truthful revelation. Our approach also parallels that of KMM for contests
and Robinson (1985) and Kim and Che (2004) for auctions.
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their own private values but only the distribution of others’. In the second scenario,

firms participate in a quid pro quo sharing arrangement in which all players share their

information. Consequently, after information is shared the contest is simply an all-pay

auction with three players having possibly di↵erent values. In the third scenario, only

players 2 and 3 share information. Thus, players 2 and 3 learn each other’s values but

not player 1’s, and player 1 knows his own value but only the distribution of the others’

values. In each scenario, existence of the information sharing regime in place is common

knowledge among all players.

In none of these scenarios is there a pure-strategy equilibrium. Consequently,

for at least some realizations of value, players’ strategies will involve randomization,

which we represent through cumulative distribution functions (cdfs).

3.3.1 No information sharing

We focus on the symmetric equilibrium according to which a player randomizes

according to cdf FL when his value is uL and FH when his value is uH . As usual, a

player with the lowest possible value player earns an expected payo↵ of 0; however, a

player with value uH can expect to earn a positive payo↵, say, vH . We begin with the

following lemma.

Lemma 14 Let H denote the distribution of the maximum bid among players faced by

player 1, say. Suppose FL and FH are player 1’s best-response cdfs. If x0 2 suppFL and

x00 2 suppFH , then x0  x00.

Proof. For a.e. x0 2 suppFL and x00 2 suppFH , the nature of being best
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responses implies

�x0 + uLH(x0) � �x00 + uLH(x00)

�x00 + uHH(x00) � �x0 + uHH(x0),

which can be rearranged to yield

uH [H(x00)�H(x0)] � x00 � x0 � uL[H(x00)�H(x0)].

i.e.

H(x”) � H(x0).

Given x0 and x00 are part of player 1’s equilibrium best responses to H, it must

be that both x0 2 suppH and x00 2 suppH hold. Suppose x0 62 suppH, then there must

exist an e↵ort level x000 satisfying x000 62 suppH and x000 < x0, such that deviating to x000

from x0 strictly improves player 1’s payo↵. Hence, H(x00) = H(x0) never happens, and

the above inequality reduces to x00 > x0.

Lemma 1 basically says that the supports of FL and FH cannot overlap on

a nondegenerate interval, and the support of FL is always below that of FH . For a

symmetric equilibrium, we also claim that the supports of FL and FH should not have

a nondegenerate interval in between, i.e. the upper bound of FL should be the lower

bound of FH .7

We now look for an equilibrium where suppFL = [0, xm] and suppFH = [xm, x̄].

7Suppose not, then FH bidder can profit by deviating to exerting an e↵ort level equal to the upper
bound of FL, which gives him the same probability of winning but with strictly lower e↵ort level.
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The indi↵erence conditions for randomization by player 1 are

0 = VL(x) = �x+ uL(1� q)2(FL(x))
2 for a.e. x 2 suppFL (3.2)

vH = VH(x) = �x+ uH
⇥
(1� q) + qFH(x)

⇤2
for a.e. x 2 suppFH . (3.3)

From (3.2) and (3.3) we can obtain equilibrium strategies. However, for our purposes

it is su�cient from (3.2) to find xm = (1 � q)2uL and then, using (3.3) (and using

FH(xm) = 0), to calculate a high-value player’s equilibrium payo↵ as

vH = VH(xm) = �(1� q)2uL + uH(1� q)2 = (1� q)2(uH � uL).

Because equilibrium is symmetric, each player’s ex ante chance of winning the contest

is 1/3. And recognizing that a player has a chance for a positive (interim) expected

payo↵ only when his value is uH , which happens with probability q, we now have the

following.

Proposition 15 In the symmetric equilibrium of the all-pay auction with no informa-

tion sharing, each player has a 1/3 chance of winning and each player’s ex ante payo↵

is q(1� q)2(uH � uL).

3.3.2 Industry-wide information sharing

Now suppose after learning their values all players share their information.

We again suppose, in the case of ties, the winner is determined at random among

the highest-value bidders. Following the exchange of information, players engage in a

complete-information all-pay auction, which has been fully characterized by Baye and

Hoppe (2003) who establish that a player’s payo↵ is 0 unless he is the only player to
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have value uH , in which case his (interim) expected payo↵ is uH �uL. Because a player

uniquely has value uH with probability q(1� q)2, we have the following.

Proposition 16 In any equilibrium of the all-pay auction in which all players exchange

information before choosing their bids, each player has a 1/3 chance of winning and each

player’s ex ante payo↵ is q(1� q)2(uH � uL).

Notice that Propositions 15 and 16 accord with the findings of Morath and

Münster (2008) and KMM that, in a symmetric environment, ex ante payo↵s are iden-

tical with no sharing and with industry-wide sharing of information.

3.3.3 A limited information-sharing alliance

This section begins our primary contribution, the demonstration that infor-

mation sharing among a strict subset of the players may be strictly profitable. For

specificity, we suppose only players 2 and 3 share their information with each other.

Thus, when players make their bids, players 2 and 3 know each other’s values but not

player 1’s; and player 1 knows his own value but only the distribution of values for play-

ers 2 and 3. Moreover, this information-sharing structure is common knowledge among

the players. Thus, the game is inherently asymmetric between the alliance members and

the non-alliance member. We examine semi-symmetric equilibria, that is, those in which

players 2 and 3 use the same strategy. Even so, the asymmetry introduces considerable

complexity into the derivation of equilibria. To simplify derivations we suppose uL = 0

(the case of uL > 0 is addressed in the Section 3.4). By appropriately defining the units

in which bids or e↵orts are measured, we may also assume without loss of generality

that uH = 1, and so we do.

We continue to represent the non-alliance player’s (player 1’s) strategy by the
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pair of cdfs FL and FH . If player 1 has value v1 = 0, bidding 0 is his dominant strategy,

so it will be the case that FL(x) = 1 for all x � 0. We represent an alliance member’s

strategy by the cdfs (GLL, GLH , GHL, GHH). Here Gij represents the randomization by

an alliance member when he has value ui and the other alliance member has value uj ,

where i, j 2 {L,H}. Of course, an alliance player with value vi = 0 has bidding 0 as

a dominant strategy, so GLL(x) = GLH(x) = 1 for all x � 0. Thus, to complete the

characterization of an equilibrium we need only derive FH , GHL, and GHH .

We continue to let VL(x) and VH(x) denote player 1’s expected payo↵ when he

bids x and his private value is uL or uH , respectively. For alliance members, we represent

interim payo↵s as ULL(x), ULH(x), UHL(x), and UHH(x), where Uij(x) represents the

interim payo↵ of an alliance member when he bids x and has value ui and the other

alliance member has value uj , where i, j 2 {L,H}. (For notational simplicity we have

suppressed the strategies of other players, though these will be clear in the derivation

below.) Obviously, in equilibrium a player with value 0 earns a zero payo↵.

Because alliance members both having value 1 know this to be the case, in

equilibrium these players will earn interim payo↵s of 0. It is possible that positive

interim payo↵s can be earned by the nonalliance member with value 1 or an alliance

member with value 1 when the other member has value 0. As usual, no atoms will arise

in equilibrium except possibly at 0. Equilibrium strategies can now be derived from the

following indi↵erence conditions, with the additional focus on x > 0:

v⇤ = VH(x) = �x+
⇥
(1� q)2 + 2q(1� q)GHL(x) + q2(GHH(x))2

⇤
for a.e. x 2 suppFH

(3.4)

u⇤ = UHL(x) = �x+ (1� q) + qFH(x) for a.e. x 2 suppGHL (3.5)
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0 = UHH(x) = �x+
⇥
(1� q) + qFH(x)

⇤
GHH(x) for a.e. x 2 suppGHH . (3.6)

Equation (3.6) implies the cdf GHH necessarily places no mass at 0. Moreover,

the support of GHH will have upper limit of 1 (to ensure payo↵s of 0). A sole alliance

player having value 1 knows he faces at most one rival not bidding 0, and that rival uses

strategy FH . Therefore, this alliance player will never bid above the largest value in

suppFH . We now look for an equilibrium in which suppGHL = suppFH = [0, xm], for

some xm 2 [0, 1], and suppGHH = [0, 1]. It is possible though that either FH or GHL

places mass on 0, but both cannot.

We begin by investigating the case in which FH places no mass on 0, i.e.,

FH(0) = 0. Considering (3.5) as x decreases to 0, we find u⇤ = 1� q, so (3.5) becomes

1� q = UHL(x) = (1� q) + qFH(x)� x 8x 2 (0, xm], (3.7)

implying FH(x) = x/q, from which we deduce xm = q. Thus, when equilibrium has FH

place no mass on 0, we have

FH(x) = x/q 8x 2 [0, q]. (3.8)

Substituting (3.8) into (3.6) we find 0 = �x + [(1 � q) + x]GHH(x) for all x 2 (0, q],

implying

GHH(x) =
x

1� q + x
8x 2 [0, q].

For x 2 (q, 1], FH(x) = 1 so (3.6) implies GHH(x) = x on (q, 1]. To summarize, we have
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found

GHH(x) =

8
>>>><

>>>>:

x if x 2 (q, 1]

x

1� q + x
if x 2 [0, q].

(3.9)

Finally, consider the nonalliance player’s payo↵. If player 1 bids q, then from (3.4) we

calculate his payo↵ as

VH(q) = �q + (1� q)2 + 2q(1� q) + q2(q2) = 1� q � q2 + q4.

Therefore, for all x 2 (0, q], (3.4) becomes

1� q � q2 + q4 = VH(x) = (1� q)2 + 2q(1� q)GHL(x) + q2 (GHH(x))2 � x

= (1� q)2 + 2q(1� q)GHL(x) + q2
✓

x

1� q + x

◆2

� x.

Solving for GHL we obtain

GHL(x) =
q + q4 + x� q2

⇣
2 + x2

(1�q+x)2

⌘

2q(1� q)
8x 2 (0, q]. (3.10)

For GHL to be a legitimate cdf, it must be that GHL(0) � 0. We see

GHL(0) =
1

2
(1� q � q2) � 0 () q 

p
5� 1

2
.

Furthermore, GHL(q) = 1 and, for q in this range, GHL is strictly increasing on [0, q].8

8To see that GHL is increasing, observe that, for any x > 0,

@

2

@q@x

"
x�

✓
qx

1� q + x

◆2
#
= �2qx[2(1� q) + (2� 3q)x]

(1� q + x)4
,

which is strictly negative for q 2 (0, 2/3). Therefore, for any x > 0 and q 2 (0, 2/3),

@

@x

"
x�

✓
qx

1� q + x

◆2
#
>

@

@x

"
x�

✓
(2/3)x

1� (2/3) + x

◆2
#
=

(1 + x)(1 + 27x2)
(1 + 3x)3

> 0.
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To summarize, if q  (
p
5� 1)/2 ⇡ 0.618, then an equilibrium with the limited alliance

is given by players bidding 0 when their values are 0 and otherwise following (3.8), (3.9),

and (3.10) as appropriate.

Notice that each alliance member obtains a positive interim payo↵ only when

he has value 1 and the other alliance member has value 0. And, for q  (
p
5 � 1)/2,

this interim payo↵ is 1 � q. Consequently, for example, player 2’s ex ante payo↵ is

Pr(v2 = 1, v3 = 0) (1� q) = q(1� q)2. Surprisingly, this is exactly the same payo↵ as is

earned with no sharing and with industry-wide information sharing. Interestingly, the

ex ante payo↵ of non-alliance player 1 is

Pr(v1 = 1) v⇤ = q(1� q � q2 + q4),

which strictly exceeds his payo↵ in the no-sharing and the industry-wide sharing regimes

for all q 2 (0, (
p
5 � 1)/2). Thus, for low values of q a limited alliance only benefits

the nonalliance member! It turns out, however, that while not increasing the alliance

members’ payo↵s, the alliance may increase its members’ probabilities of obtaining the

good. The probability the alliance wins the contest equals

Pr(alliance wins) = 1� Pr(player 1 wins)

= 1�
⇢
(1� q)3 ⇥ 1

3

+q


(1� q)2 + 2q(1� q)

Z q

0
GHL(x) dFH(x) + q2

Z q

0
(GHH(x))2 dFH(x)

��

(3.11)

=
2

3
+

q2

6
(8q � 6q3 � 3).
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One can check that the alliance wins with probability less than 2/3 if q is less

than approximately 0.438, and with probability exceeding 2/3 if q lies in (0.438, 0.618].

Thus, for example, if q = 0.5, an alliance member does not benefit in terms of his

expected payo↵, but his chance of winning the prize will be greater than in either the

no-sharing or industry-wide sharing arrangement.

The following proposition summarizes the findings above and also provides

equilibrium strategies when q > (
p
5 � 1)/2, which is the case in which GHL places no

mass on 0 (the latter derivation is in appendix B.1).

Proposition 17 Suppose players 2 and 3 share mutually share their private information

and the existence of this exchange is common knowledge. The following strategies form

a Bayesian equilibrium. First we have FL(x) = GLL(x) = GLH(x) = 1 for all x � 0.

For players with value 1 we have the following.

1. If q 2 (0, (
p
5� 1)/2], then

FH(x) =
x

q
8x 2 [0, q],

GHL(x) =
q + q4 + x� q2

⇣
2 + x2

(1�q+x)2

⌘

2q(1� q)
8x 2 [0, q], and

GHH(x) =

8
>>>><

>>>>:

x 8x 2 (q, 1]

x

1� q + x
8x 2 [0, q].

2. If q 2 ((
p
5� 1)/2, 1), then

FH(x) =
x

q
+

✓
1� xm

q

◆
8x 2 [0, xm] ,

GHL(x) =
x

2q(1� q)
� qx2

2(1� q)(1� xm + x)2
8x 2 [0, xm] , and
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GHH(x) =

8
>>>><

>>>>:

x 8x 2 (xm, 1]

x

1� xm + x
8x 2 [0, xm].

where xm =
1�
p

1�8q3+8q4

2q2
.

Equilibrium payo↵s and probabilities of winning are reported in the following

corollary. The information sharing alliance of players 2 and 3 never hurts these players

and, for q su�ciently large, strictly benefits them. With no sharing of information, the

combination of players 2 and 3 would win the auction with probability 2/3. As reported

below, the reported probability of their winning with the alliance exceeds 2/3 if and

only if q > q⇤, where q⇤ ⇡ 0.438037.

Corollary 18 Suppose players 2 and 3 share mutually share their private information

and the existence of this exchange is common knowledge. For the Bayesian equilibrium

exhibited in Proposition 17, players’ ex ante equilibrium payo↵s are as follows.

1. If q 2 (0, (
p
5� 1)/2), then

player 1’s payo↵ = q(1� q � q2 + q4) > q(1� q)2 and

player 2’s payo↵ = player 3’s payo↵ = q(1� q)2.

2. If q 2 ((
p
5� 1)/2, 1), then

player 1’s payo↵ = q(1� q)2 and

player 2’s payo↵ = player 3’s payo↵ = q(1� q)(1� xm) > q(1� q)2,

where xm =
1�
p

1�8q3+8q4

2q2
.
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The probability that a member of the alliance wins the contest is given by

Pr(alliance wins) =

8
>>>>>><

>>>>>>:

2

3
+

q2

6
(8q � 6q3 � 3) 8q 2

⇣
0,

p
5�1
2

i

3� q + 3q3 � 2q4

3q
� 1�

p
1� 8q3 + 8q4

4q4
8q 2

⇣p
5�1
2 , 1

⌘
.

3.3.4 The e↵ect of a limited-membership information-sharing alliance

To understand how the formation of an alliance a↵ects payo↵s, we decompose

the e↵ect of the partial alliance on the payo↵s of players by analyzing changes in play-

ers’ expected probabilities of winning and expected e↵orts. We can write a player i’s

expected payo↵ as

E[U ] = E[Pr(win | v) Pr(v) v � x ]

= q
⇣
Pr(win |H)� E[x |H ]

⌘
.

Therefore, the e↵ect of the alliance can be decomposed as

E[U |w/ alliance ]� E[U |w/o alliance ]

= q
h�

Pr(win |H,w/ alliance)� Pr(win |H,w/o alliance)
�

+
�
E[x |H,w/ alliance ]� E[x |H,w/o alliance ]

�i
,

(3.12)

which highlights the e↵ect on a player’s probability of winning and his expected e↵ort

(conditional on having high value, since this is the only situation in which interim payo↵s

may change). Figures 3.1 and 3.2 depict the conditional equilibrium expected e↵orts

and probabilities of winning that are useful in this decomposition.

We begin with the “first-order e↵ects” of alliance formation on the alliance
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members. When both alliance players have high value, they compete fiercely, increasing

their e↵orts and driving their payo↵s to 0. But when an alliance player with value 1 is

partnered with a player having value 0, the first will reduce his e↵ort relative to when

he is in the no-sharing scenario because he knows he faces one low-value player and one

player of unknown value—this poses less of a threat than facing two players of unknown

value, as in the case without sharing. Thus, when q is low, the outsider perceives the

e↵ect of the alliance’s formation to be primarily a softening of competition by players 2

and 3; in contrast, when q is large, the likelihood of facing two fiercely competitive

high-value players looms large—the outsider perceives alliance formation as toughening

the competition he faces.9

Because, when q is low, the outsider sees the alliance largely as softening the

competition, the high-value outsider cuts back his e↵ort, but not by as much as does the

alliance member. Consequently, the outsider’s expected e↵ort falls and his probability

of winning increases (both e↵ects occur for q < 0.438). Through (3.12) these e↵ects

are reinforcing and raise the outsider’s expected payo↵. In contrast, the high-value

alliance member “enjoys” countervailing e↵ects—his probability of winning falls but so

does his expected e↵ort. At q = 0.438 the alliance has no e↵ect on either the high-value

member’s probability of winning or his expected e↵ort, relative to the case of no alliance.

So here the e↵ects are exactly o↵setting and the alliance has no e↵ect on the high-value

member’s interim payo↵ (and, so, too, none on his ex ante payo↵). More broadly, for all

q < (
p
5� 1)/2, these e↵ects are just o↵setting and leave the alliance members’ payo↵s

unchanged.

When q is large, the outsider sees the alliance as posing tougher competition

9The e↵ects are reminiscent of the fat cat and top dog categorization of Fudenberg and Tirole (1984).
In our framework, creation of the alliance could be viewed as a strategic “first-period ”investment.
However, in contrast to Fudenberg and Tirole’s setting, ours does not admit pure-strategy reaction
functions.
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and, so, the outsider is discouraged from exerting significant e↵ort. This “intimidation

e↵ect” is especially strong for large q. Indeed, as q nears 1, the behavior of the FH

and GHH players approaches that in the asymmetric full-information all-pay auction

where all values are 1 and only the alliance players are active. Consequently, for q near

1 the GHL player is able to win the contest with almost no e↵ort, earning an interim

payo↵ that approaches 1. The chance to obtain this large payo↵ makes the alliance

profitable for su�ciently large q. This intimidation e↵ect is su�ciently strong to benefit

the alliance as long as q > (
p
5�1)/2. For these large values of q the e↵ects on expected

e↵orts and probability of winning go in opposite directions—in the 0-1 case they leave

the outsider’s payo↵ unchanged with the alliance.

0.2 0.4 0.6 0.8 1.0
q

0.1

0.2

0.3

0.4

0.5

Expected effort

EHx»HHL
EHx»HLL
EHx»H& in allianceL
EHx»H& outside allianceL
EHx»H& no sharingL

Figure 3.1: Comparison of expected e↵orts for a player with high value before and after
the formation of information-sharing alliance.

Now we explore an interesting di↵erence in players’ bidding behavior between

the small q scenario and the large q scenario. Figure 3.1 shows that the high-type

outsider singleton player’s expected e↵ort increases monotonically with q when q is less

than the critical value (
p
5�1)/2, and decreases monotonically with q when q is greater

than the critical value. Since higher q always brings stronger competition from the

64



0.2 0.4 0.6 0.8 1.0
q

0.2

0.4

0.6

0.8

1.0
PrHwinL of a player of high value type

PrHwinL»HH
PrHwinL»HL
PrHwinL»H& in alliance
PrHwinL»H& outside alliance
PrHwinL»H& no sharing

Figure 3.2: Comparison of expected probabilities of winning for a player with high value
before and after the formation of information-sharing alliance.

0.2 0.4 0.6 0.8 1.0
q

0.1

0.2

0.3

0.4

0.5

Ex ante PrHwinL

PrHwin» in allianceL
PrHwin»outside allianceL
PrHwin»no sharingL

Figure 3.3: Comparison of ex ante probabilities of winning for a player before and after
the formation of information-sharing alliance.

alliance, as illustrated in figure 3.1 that ex ante expected e↵ort of a high-value alliance

player increases with q, we can say the response of the outsider singleton player exhibit

a “provocation” e↵ect when q is small and an “intimidation” e↵ect when q is large.

Alliance formation leads to Pareto improvement when the low value type has

value 0. The Pareto improvement reflects competition being dampened. Indeed, for

all values of q, the total expected e↵orts of all three players is smaller in the presence

of alliance than in its absence. Figure 3.5 shows the sum of expected e↵orts with
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0.2 0.4 0.6 0.8 1.0
q

0.2

0.4

0.6

0.8

1.0

Expected payoff

EHpayoff » H& in allianceL
EHpayoff » H& outside allianceL

Figure 3.4: Comparison of expected payo↵s for alliance player with a high value versus
singleton player with a high value in the presence of an information-sharing alliance.
Note that the lower envelope of the two curves represents the expected payo↵ for a
player with a high value in the absence of an information-sharing alliance, so alliance
formation is beneficial to alliance players only when q is larger than the critical value
(
p
5�1)/2, and is beneficial to the outsider singleton player only when q is smaller than

the critical value.

0.2 0.4 0.6 0.8 1.0
q

0.2

0.4

0.6

0.8

1.0

Expected efforts

EHSum of efforts»sharingL
EHSum of efforts»no sharingL

Figure 3.5: Comparison of the sum of ex ante expected e↵orts of all three players with
and without information sharing alliance.
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and without an information-sharing alliance. It is interesting that alliance formation

yields no change in total e↵orts or total expected payo↵s when q takes the critical value

(
p
5� 1)/2.

The stories of reduced contest e↵orts are di↵erent before and after the critical

value of q of (
p
5�1)/2. When q is less than the critical value, it is the GHL bidder that

contributes the most to cutting back e↵orts. While when q is greater than the critical

value, it is the outsider FH bidder who is significantly cutting back e↵ort. Figure 3.1

illustrates this. When q is less than the critical value, GHL bidder perceives a low

chance of meeting a real threat from FH player while being appeased by an inactive

alliance member, therefore she exerts smaller e↵orts than what would be optimal in

the no-sharing case. When q is greater than the critical value, symmetric GHH bidders

within the alliance are exerting much higher e↵orts than in the no-sharing case. The

outsider FH bidder, perceiving a large probability of meeting GHH bidders, responds to

the overheated competition by cutting back e↵ort significantly.

In the next section, we show that our findings of profitable partial alliances

continue to hold even when the low value of winning is strictly positive. Indeed, we find

that with this modification the alliance is generally strictly profitable.

3.4 Robustness of strictly profitable information-sharing

arrangements

Section 3.3 established that information sharing among players in an all-pay

auction can be strictly profitable, but only if the sharing is among a strict subset of

players. That model was relatively simple because the low-value player had bidding

zero as a dominant strategy.
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This section explores the robustness of the earlier findings by allowing the

possibility that uL = v > 0. Even though the model has only two parameters, q

and v, derivation of equilibrium becomes much more complex as we derive as many

as five nondegenerate strategies. As already shown in Sections 3.3.1 and ??, which do

not assume v = 0, ex ante equilibrium payo↵s are identical when there is no sharing

or complete sharing of information. However, for the families of equilibria developed

below, when only players 2 and 3 share their information, those players’ ex ante payo↵s

strictly increase. In contrast to the 0-1 case, the outsider’s payo↵ may strictly rise or fall

when the partial alliance is introduced. Nevertheless, the sum of payo↵s increases, so

the alliance e↵ects a potential Pareto improvement (through transfers), if not an actual

one (without transfers).10

Proposition 19 When players’ private values are either low at uL or hight at uH ,

and uH > uL > 0, a limited-membership information-sharing alliance formed between

players 2 and 3 can strictly benefit players 2 and 3, but may benefit or hurt player 1.

Allowing the possibility that v 2 (0, 1), we continue with the notation of Sec-

tion 3.3.3. We first revise and extend the statement of equilibrium payo↵s given in

(3.4)–(3.6). As before, players 2 and 3 truthfully share their information with each

other, while player 1 is the outsider. From player 1’s perspective, the ex ante distribu-

tion of the alliance’s largest e↵ort is given by

G(x) ⌘ (1� q)2(GLL(x))
2 + 2q(1� q)GLH(x)GHL(x) + q2(GHH(x))2. (3.13)

Therefore, player 1’s conditional expected payo↵s and equilibrium indi↵erence conditions

10As a further check of the robustness of profitable partial information sharing, in Appendix B.2 we
examine a three-player lottery contest in which players’ values may be 0 or 1. Here too we find that,
though industry-wide information sharing is not strictly profitable, partial sharing may be.
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are now

v⇤L = VL(x) = �x+ vG(x) for a.e. x 2 suppFL (3.14)

v⇤H = VH(x) = �x+G(x) for a.e. x 2 suppFH . (3.15)

Similarly, the alliance members perceive the distribution of player 1’s bid to be

F (x) ⌘ (1� q)FL(x) + qFH(x). (3.16)

Therefore, each alliance player’s expected payo↵s and equilibrium indi↵erence condi-

tions, conditional on the realization of members’ values, are as follows:

u⇤LL = ULL(x) = �x+ vF (x)GLL(x) for a.e. x 2 suppGLL (3.17)

u⇤LH = ULH(x) = �x+ vF (x)GHL(x) for a.e. x 2 suppGLH (3.18)

u⇤HL = UHL(x) = �x+ F (x)GLH(x) for a.e. x 2 suppGHL (3.19)

u⇤HH = UHH(x) = �x+ F (x)GHH(x) for a.e. x 2 suppGHH . (3.20)

Some general considerations are in order. First, in any equilibrium, when both

alliance members have high value, they will extinguish any surplus, so u⇤HH = 0. Second,

when both alliance members have low value, in an equilibrium with symmetric strategies,

they will have zero expected payo↵, too, i.e. u⇤LL = 0.11 Third, the GLH(x) bidder will

have 0 expected payo↵, i.e. u⇤LH = 0.12

11Suppose instead the GLL bidder has positive expected payo↵, then it must be GLL has atom at 0,
and F has atom at 0. Then one of the GLL bidders would enjoy a discrete increase in his payo↵ as he
increases his bid from 0 to ✏ small, so GLL having atom at 0 cannot be an equilibrium.

12Suppose instead the GLH bidder has positive expected payo↵; then it must be that GHL has atom
at 0 and F has atom at 0. Given the tie-breaking rule introduced in this paper, it must be GLH has no
atom at 0, which means the GHL bidder will earn 0 expected payo↵. But a GHL bidder could just bid
the upper bound of the support of GLH and secure a strictly positive payo↵.
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3.4.1 The di↵erent cases of equilibria

Clearly, in any equilibrium it must be that v⇤H � v⇤L. Therefore, there are three

broad types of equilibria. Either both types of outsider earn strictly positive payo↵s, or

only the outsider with high value earns strictly positive payo↵, or both types of outsider

earn zero payo↵s. We consider these in turn. Our approach is not exhaustive. Rather for

each type of equilibria, we exhibit a family of equilibria for an open set of the parameters

(q, v).

3.4.1.1 The first family of equilibria: v⇤L > 0 and v⇤H > 0

The possible equilibria that have both types of outsiders earning positive ex-

pected payo↵s should possess the following properties. First, the FL bidder having

strictly positive expected payo↵ requires that G(x) has an atom at 0. Second, GHL can-

not have atom at 0. Because if FH bidder has positive payo↵, GHL bidder can secure a

positive payo↵ by bidding the upper bound of the support of FH(x), so u⇤HH > 0, which

means GHL(0) = 0. Third, given the payo↵ functions of GHH bidder and GLL bidder,

we can see vGLL(x) = GHH(x), 8x 2 suppGLL \ suppGHH . Therefore it must be that

both GHH and GLL have atoms at 0. Finally, if G has an atom at 0, the F bidder will

not put any atom at 0. The GHL bidder having positive payo↵ then means least element

of suppGHL is strictly positive. Then GLH bidder will sit out.

Let the support of FL be [0, xm], the support of FH be [xm, xH ], the support

of GLL be [0, xLL], the support of GHH be [0, 1], and the support of GHL be [xL, xH ].

Further suppose that xL < xm < xLL < xH . The reader may find Figure 3.6 useful for

visualizing the relationships among the several cdfs’ supports.
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Figure 3.6: Strategy supports in the first family of equilibria.

The payo↵ of FL bidder at x = xL is

v⇤L = VL(xL) = �xL + v
⇥
(1� q)2GLL(xL)

2 + q2(GHH(xL))
2
⇤
. (3.21)

For the active alliance types, the equilibrium indi↵erence conditions are

0 < u⇤HL = UHL(x) = �x+ F (x) for a.e. x 2 suppGHL

0 = ULL(x) = �x+ vF (x)GLL(x) for a.e. x 2 suppGLL

0 = UHH(x) = �x+ F (x)GHH(x) for a.e. x 2 suppGHH .

Letting u⇤HL = ↵, we have

F (x) = x+ ↵ 8x 2 [xL, xH ],

GLL(x) =
x

v(x+ ↵)
8x 2 [xL, xLL],

GHH(x) =
x

x+ ↵
8x 2 [xL, xH ].

Recalling the component cdfs and their supports, at x = xm we have

1� q = F (xm) = xm + ↵, (3.22)
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and at x = xLL we have

1 = GLL(xLL) =
xLL

v(xLL + ↵)
. (3.23)

The payo↵ of the FL bidder at x = xL (see (3.21)) becomes

v⇤L = �xL + v

✓
(1� q)2

x2L
v2(x+ ↵)2

+ q2
x2L

(x+ ↵)2

◆
. (3.24)

The payo↵s of the FL bidder and the FH bidder at x = xm are

v⇤L = VL(xm) = �xm + vG(xm)

v⇤H = VH(xm) = �xm +G(xm),

which yields

v⇤L + xm
v

= v⇤H + xm. (3.25)

The payo↵ of the GHL bidder at x = xH is

↵ = UHL(xH) = �xH + 1. (3.26)

Finally, the payo↵ of the FH bidder at x = xH is

v⇤H = VH(xH) = �xH + 1� q2 + q2GHH(xH)2 = �xH + 1� q2 + q2x2H . (3.27)

These equilibrium conditions give six equations, (3.22)–(3.27), in seven un-

known variables, xL, xm, xLL, xH , v⇤L, v
⇤
H , and u⇤HL. Therefore, one might expect there

to exist a continuum of equilibria for a given parameter pairs (q, v) that supports equi-

libria of the form characterized in this case. Closed-form analytical solutions cannot be
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Figure 3.7: The first family of equilibrium strategies in a three-player all-pay auction
with partial alliance, an example when q = 0.2, v = 0.85 and v⇤L = 0.01. Each one of
the two alliance players’ expected payo↵ increased by 0.003 and the outsider’s expected
payo↵ increased by 0.015 after the partial alliance formation compared to no alliance.

obtained from the above system of equations for general (q, v). So for each pair of (q, v),

a numerical solution is calculated, taking v⇤L as the index for the continuum of equi-

libria. Figure 3.7 depicts one such equilibrium when q = 0.2, v = 0.85 and v⇤L = 0.01.

Note that the infinite number of equilibria implies that when we change v⇤L around the

neighborhood (not has to be a tight neighborhood) of 0.01, the strategies specified in

this case still constitutes an equilibrium.

The information-sharing alliance between players 2 and 3 turns out to generate

an ex ante Pareto improvement for all such equilibria.

Numerical analysis shows that a su�cient condition for such equilibria is:

0 < q < 0.63 and 0.85 < v < min

⇢
1,

1

2
p
q

⇣p
q + 4�p

q
⌘�

.

Figure 3.8 depicts this range. In particular, an equilibria of this first type exist for all

(q, v) 2 (0, .5)⇥ (.85, 1).
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Figure 3.8: The su�cient condition that supports the group of equilibria identified in
section 3.4.1.1, which serves as an example of the first family of equilibria.

3.4.1.2 The second family of equilibria: v⇤L = 0 and v⇤H > 0

The possible equilibria that have the low type of outsider earning zero payo↵

and the high type outsider earning positive expected payo↵ should possess the following

properties. First, the FL bidder having 0 payo↵ implies G has no atom at 0. Second,

the FL bidder must not sit out, i.e. he must bid positive amounts with strictly positive

probabilities. Otherwise, FH will need to have a support with lower bound 0. Given G

has no atom at 0, the FH bidder will earn zero expected payo↵, which contradicts the

assumption that v⇤H > 0.

There are two di↵erent groups for this family of equilibria depending on whether

FL(x) has an atom at 0. If FL has no atom at 0, then the family of equilibria is just a

limiting case of the first family of equilibria where v⇤L > 0 and v⇤H > 0, in which none

of GLL, GHH , and FL has atom at 0. Therefore, here we focus on the case in which

FL has atom at 0, so the equilibrium is not simply a limiting case of the first family of

equilibria.

Let the support of FL be [0, xm], the support of FH be [xm, xH ], the support
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of GLL be [0, xLL], the support of GHH be [0, 1], and the support of GHL be [0, xH ].

Further suppose that xm < xLL < xH .

For the (alliance) GHL and GLL bidders, the equilibrium payo↵s and indi↵er-

ence conditions are

0 < u⇤HL = UHL(x) = �x+ F (x) for a.e. x 2 suppGHL

0 = ULL(x) = �x+ vF (x)GLL(x) for a.e. x 2 suppGLL.

Letting u⇤HL = ↵, we have

F (x) = x+ ↵ 8x 2 [0, xH ]

GLL(x) =
x

v(x+ ↵)
8x 2 [0, xLL].

Therefore, at x = xLL and x = xm we have

1 = GLL(xLL) =
xLL

v(xLL + ↵)
(3.28)

1� q = F (xm) = xm + ↵. (3.29)

The payo↵s of the FL bidder and the FH bidder at x = xm are

0 = VL(xm) = �xm + vG(xm)

v⇤H = VH(xm) = �xm +G(xm),

so we have

xm
v

= v⇤H + xm. (3.30)
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The payo↵ of the GHL bidder at x = xH is

↵ = UHL(xH) = �xH + 1. (3.31)

The payo↵ of the FH bidder at x = xH is

v⇤H = VH(xH) = �xH + 1� q2 + q2GHH(xH)2 = �xH + 1� q2 + q2x2H . (3.32)

We have five equations, (3.28)–(3.32), in five unknown variable, xm, xLL, xH ,

v⇤H , and u⇤HL. These equations have a unique solution. In particular, the equilibrium

payo↵s are:

u⇤LL = u⇤LH = u⇤HH = v⇤L = 0,

u⇤HL =
2q2v +

p
1� 4q2v(�(q + 1)qv + q + v)� 1

2q2v
,

v⇤H =
v � 1

2q2v2

⇣
2q3v +

p
1� 4q2v(�(q + 1)qv + q + v)� 1

⌘
.

The information sharing alliance between players 2 and 3 does not always lead

to Pareto improvement. Figure 3.9 depicts a case when the partial alliance leads to

Pareto improvement for q = 0.4 and v = 0.65. Figure 3.10 depicts a case when alliance

members benefit from the alliance while the outsider singleton player gets hurt, for

q = 0.72 and v = 0.65. But in all cases, it can be shown that, in the equilibrium

described in this sub-section, the alliance members always benefit from the formation

of alliance in terms of higher ex ante expected payo↵s.

Figure 3.11 plots the su�cient conditions that guarantees the strategies de-
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Figure 3.9: The second family of equilibrium strategies in a three-player all-pay auction
with partial alliance, an example with q = 0.4 and v = 0.65 when alliance formation
yields Pareto improvement. Each one of the two alliance players’ expected payo↵ in-
creased by 0.01116 and the outsider’s expected payo↵ increased by 0.02358 after the
partial alliance formation compared to no alliance.
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Figure 3.10: The second family of equilibrium strategies in a three-player all-pay auction
with partial alliance, an example with q = 0.72 and v = 0.65 when alliance formation
does not lead to Pareto improvement. Each one of the two alliance players’ expected
payo↵ increased by 0.0287643 and the outsider’s expected payo↵ decreased by 0.0045
after the partial alliance formation compared to no alliance.
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Figure 3.11: The su�cient condition that supports the equilibrium identified in sec-
tion 3.4.1.2, which serves as an example of the second family of equilibria.

scribed in this subsection can constitute an equilibrium.

3.4.1.3 The third family of equilibria: v⇤L = 0 and v⇤H = 0

The possible equilibria that have both types of outsider earning zero payo↵s

should possess the following properties. First, the FL bidder should sit out completely.

The argument is the following. The FL bidder earning 0 payo↵ requires 0 = G(x)v � x

for all x 2 suppFL(x), and the FH bidder earning 0 payo↵ requires 0 = G(x) � x for

all x 2 suppFH(x). Given the supports of FL and FH overlap only at xm, it must be

that xm equals to 0. Second, the support of GHL must start from exactly 0.13 Let the

support of FH be [0, xH ], the support of GLL be [0, xLL], the support of GHH be [0, 1],

and the support of GHL be [0, xH ]. Further suppose that xLL < xH .

13If instead GHL has support [xL, xH ] where xL > 0, then the indi↵erence condition for the FH bidder
in [0, xL] is (1� q)2GLL(x) + q

2
GHH(x)� x = 0. Since GHH(x) = vGLL(x), we have

GLL(x) =

r
x

q

2
v

2 + (1� q)2
.

Given a GLL bidder’s indi↵erence condition 0 = vGLL(x)(1� q + qFH(x))� x, we can solve FH(x) as

FH(x) =

p
x (q2v2 + (1� q)2)

qv

� 1� q

q

,

which gives FH(0) < 0 for all possible (q, v) parameter values.
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For the GHL and GLL bidders, the equilibrium payo↵s and indi↵erence condi-

tions are

0 < u⇤HL = UHL(x) = �x+ F (x) for a.e. x 2 suppGHL

0 = ULL(x) = �x+ vF (x)GLL(x) for a.e. x 2 suppGLL

Letting u⇤HL = ↵, we have

F (x) = x+ ↵ 8x 2 [0, xH ]

GLL(x) =
x

v(x+ ↵)
8x 2 [0, xLL].

Therefore, at x = xLL and x = xH we have

1 = GLL(xLL) =
xLL

v(xLL + ↵)
(3.33)

1 = F (xH) = xH + ↵. (3.34)

Finally, the payo↵ of the FH bidder at x = xH is

0 = �xH + 1� q2 + q2GHH(xH)2 = �xH + 1� q2 + q2x2H . (3.35)

We have three equations, (3.33)–(3.35), that uniquely solve for three unknowns

xLL, xH , u⇤HL. In particular, we find u⇤HL = 2 � 1/q2. Figure 3.12 depicts such an

equilibrium for q = 0.85 and v = 0.3.

The formation of alliance between players 2 and 3 obviously hurts the singleton

player 1, since player 1 gets zero ex ante payo↵ in the presence of alliance. However,
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Figure 3.12: The third family of equilibrium strategies in a three-player all-pay auction
with partial alliance for q = 0.85 and v = 0.3. Each one of the two alliance players’
expected payo↵ increased by 0.0651419 and the outsider’s expected payo↵ decreased
by 0.0133875 after the partial alliance formation compared to no alliance.
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Figure 3.13: The necessary and su�cient condition that supports the equilibrium iden-
tified in section 3.4.1.3, which serves as an example of the third family of equilibria.
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alliance formation benefits the alliance players again for all parameter values of (q, v)

that support the equilibrium characterized in this subsection.

Figure 3.13 plots the necessary and su�cient condition for the equilibrium

characterized in this subsection to work.

3.5 Robustness Checks and Extensions

Robustness of our results to Tullock lottery contest success function is explored

in appendix B.2. Our finding that a limited-membership information-sharing alliance

formed by two players can be strictly profitable to alliance members still holds for

Tullock lottery contests. In particular, we find such sharing regime is strictly profitable

in a Tullock contest when the probability for a player to have a high value is su�ciently

high. Tullock lottery contest is the most popular form of imperfectly discriminatory

contest, where a player’s probability of winning equals to the ratio of his e↵ort to the

sum of all players’ e↵orts. First-price all-pay auction, on the contrary, is perfectly

discriminatory, where a player wins the prize with probability 1 if he exerts the highest

e↵ort. The technical di↵erence between lottery contests and first-price all-pay auction

contests are non-trivial. For example, with complete information, Tullock contests have

equilibria in pure strategies, while first-price all-pay auction have equilibria in mixed

strategies.

To better understand the e↵ect of a limited-membership information-sharing al-

liance on the payo↵s of alliance members, we considered a secret information-sharing al-

liance in appendix B.3. By “secret”, we mean an information-sharing alliance is formed,

but the player outside the alliance is unaware of its existence. Therefore, the player out-

side the alliance still acts like no one is sharing information, and ends up using the same
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strategy as he would in the symmetric equilibrium when no one is sharing information.

Moreover, we assume that alliance members know that their information exchange is

not known to the player outside the alliance.

A secret information-sharing alliance can be used as an intermediate stage

in a two-step analysis of how a known limited-membership information-sharing alliance

a↵ects alliance members’ payo↵s. As step one, we consider the change from a completely

no-sharing environment to the environment where information is secretly exchanged

between players 2 and 3. The e↵ect of a secret alliance on alliance members’ payo↵s

comes only from players 2 and 3 getting informed of each others’ values and changing

their strategies accordingly. As step two, we consider the change from a secret alliance

to a known alliance. Now that the outsider is aware of the existence of the alliance, he

will revise his strategy in response to the changed information structure, which makes

alliance members to adjust their strategies as well. Therefore, the change in alliance

members’ payo↵s in step two comes from the strategic e↵ect of the alliance on the non-

alliance player’s behavior. And this strategic e↵ect is what we are really interested

in.

In appendix B.3, we adopt the 0-1 framework as in section 3.3. We show that

a known alliance is more beneficial to alliance members than a secret alliance when the

probability for a player to have a positive value of the prize is su�cient high, while

a secret alliance is preferred by alliance members when the probability is low. This

finding is consistent with our intuition in section 3.3.4, that the alliance generates an

“intimidation” e↵ect to the outsider when a positive value is su�cient likely, and a

“provocation” e↵ect otherwise.
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3.6 Conclusion

This article considered incentives for players to form a limited-membership

information-sharing alliance ahead of competition in markets that are described by a

first-price all-pay auction. We found that although an industry-wide sharing agreement

does not generate any e↵ect on players’ payo↵s compared to no sharing of information, a

limited-membership information-sharing alliance, formed by two out of the three players,

can be strictly beneficial to the alliance players.

We first argue that an industry-wide sharing agreement is not robust to small

organization costs. The equality of payo↵s in complete information-sharing and no

sharing of information was put forward in Morath and Münster (2008). Later Kovenock,

Morath, and Münster (forthcoming) claims, as one of their main messages, that an

industry-wide sharing agreement may arise, based on the equality of payo↵s in a two-

player model. KMM does mention two scenarios where an industry-wide sharing regime

can be strictly profitable: one is to have su�cient asymmetry in the two players’ ex ante

distribution of private values, and the other is to introduce risk-aversion into players’

payo↵ functions.

We then made the main contribution of this paper – we provided an information-

sharing regime that can strictly benefit alliance members, even in the absence of ex ante

asymmetry or risk aversion. Instead of using a two-player model as adopted in KMM,

we employed a three-player model, which enables us to study alliances that involve a

strict subset of players. We first fully characterized the symmetric equilibrium when

players’ private values are either 0 or 1, and found a partial alliance can be strictly

profitable when the probability of a positive value is high enough. Then we explored a

more general case when players’ private values are either low at v or high at 1. Despite
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the technical di�culties, we presented three families of equilibria, in all of which partial

alliance strictly improves alliance players’ payo↵s.

In terms of the welfare e↵ects of a partial alliance, we found that a Pareto im-

provement from the formation of such limited-membership information-sharing alliance

is possible. In the case when the player outside benefits from the alliance as well, the

limited-membership information-sharing alliance e↵ects a Pareto improvement in play-

ers’ payo↵s over either no-sharing or complete sharing. In the case when the player

outside the alliance is hurt, the limited-membership needs power to exclude others from

joining in order for it to arise. Nevertheless, a Pareto improvement in players’ payo↵s

is still possible if appropriate transfers can be arranged between alliance-members and

non-alliance members.

We conclude by discussing two possible avenues for future research.

In the previous analysis, we take the information-sharing regime as given and

then study the equilibrium payo↵ of players in that regime. An interesting question is

then, if information-sharing regime is endogenously determined, which sharing regime

will arise in equilibrium? Our analysis already shows that a simple limited-membership

information-sharing alliance can strictly benefit alliance members, in which case com-

plete no sharing or industry-wide sharing cannot arise in equilibrium.14 However, we

don’t know if the simple limited-membership alliance formed between, say without loss

of generality, players 2 and 3, will be the equilibrium sharing regime. To check that,

we need to consider possibilities like whether one of the alliance members, say player 3,

wants to form another bilateral sharing agreement with the player outside the existing

alliance, which is player 1. To keep things simple, suppose a player can only share his

14Sometimes the information-sharing alliance formed strictly hurts the player outside the alliance, in
which case limited-sharing can only arise if the alliance has power to exclude player(s) from joining.
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own valuation of prize, and can only enter such sharing agreements ex ante i.e. be-

fore knowing his own value. Further assume any information-sharing alliance formed

is common knowledge. If player 3 does want to share with player 1 after sharing with

player 2, will this alter player 2’s decision to share with player 1 in the first place? We

find such task to establish the equilibrium sharing regimes very interesting and certainly

non-trivial, and we leave it for future research.

We consider private values that follow a discrete distribution with two pos-

sible types, therefore one natural extension is to consider private values that follow a

continuous distribution function. On one hand, using a continuously distributed private

information setup introduces considerable technical complexity into deriving equilibrium

strategies. To see that, here is our conjecture about how equilibria should look like if

players’ private value follow a continuous distribution: Player 1, the player outside the

alliance, uses a pure strategy for any realized private value v1. Players 2 and 3, having

perfect knowledge of each other’s valuation of the prize, may use mixed strategies when

their realized private values are su�ciently close.15 For any such realized pair of pri-

vate values (v2, v3), we need to specify player i’s strategy represented by cdf Fi(vi, vj , x),

where i = 2, 3. Even if we focus on symmetric strategies, i.e. F2(v2, v3, x) = F3(v2, v3, x),

we still need to solve a continuum of cdf strategies F (vi, vj , x). On the other hand, we

are not clear what such extension can achieve beyond serving as a robustness check of

our results to models with continuously distributed private values. For example, we

share the same finding that an industry-wide sharing agreement does not e↵ect players’

payo↵ as KMM, though KMM uses a continuous distribution of private values and we

use a discrete distribution with two types.

15The equilibrium strategies for the alliance players do not always have to be in mixed strategies. If,
say, player 2’s value is su�ciently smaller than player 3’s value, then in equilibrium player 2 may choose
to drop out of the contest while player 3 chooses a pure strategy.
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Chapter 4

Limited-Membership

Information-Sharing Alliances in

a First-Price Auction

4.1 Introduction

We study a simple collusive behavior among auction bidders in an independent

private-value first-price sealed-bid auction, where the only possible collusive action is for

some bidders to set up an information-sharing alliance within which all alliance members

truthfully share their valuation of the prize. The formation of alliance is ex ante in the

sense that players, by joining the alliance, commit to sharing their private values with

others in the alliance, regardless of their realized values.

Morath and Münster (2008) established that in a symmetric independent private-

values first-price auction, sharing of information among all players yields ex ante payo↵s
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equal to those when there is no sharing of information.1 Our contribution here is to

show that a limited alliance in which only a strict subset of all players join the alliance

and share their private information can be strictly profitable to alliance members. Our

finding implies that, although an industry-wide sharing agreement may not be robust to

small organization costs, information-sharing within a strict subset of all players could

still arise.

Most related to our paper is Kim and Che (2004), which studies auctions in

the same information environment as our limited-membership information-sharing en-

vironment. More specifically, they consider an arbitrary partition of N bidders into

“knowledge groups”, which is the same thing as the information-sharing alliance in our

paper. In particular, industry-wide sharing and no-sharing are two extreme cases of

their setup. They find that in a second-price auction, bidding one’s valuation is the

weakly dominant strategy for any player in all partitions. While in a first-price auction,

except for the two extreme cases, players’ strategies change in response to di↵erent par-

titions. Most importantly, they find that equilibrium allocation in a first-price auction

is ine�cient with positive probability in partitions that are neither complete-sharing nor

no-sharing. They then prove using envelope theorem that revenue equivalence theorem

still holds in any such partition structure, with which they show that, given a standard

regularity condition, a first-price auction generates strictly lower expected revenue than

a second-price auction while bidders are better o↵ in the former than in the latter. Recall

that bidders use the same strategy in a first-price auction as in a second-price auction

in the two extreme cases, their results then imply that in a first-price auction, players

are collectively better o↵ in the presence of a limited-membership information-sharing

1Revenue equivalence between a first-price auction and a second-price auction in a full-information
environment can be obtained from Myerson (1981) or Riley and Samuelson (1981). Revenue equivalence
in a no-sharing environment was established by Kim and Che (2004).
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alliance than under either no-sharing or complete sharing.

We take a di↵erent approach from Kim and Che (2004). We explicitly exam-

ine the profitability of a limited-membership informations-sharing alliance to alliance

players by fully characterizing the equilibrium strategies in a three-player model. To

our knowledge, this paper is the first that characterizes the equilibrium strategies in

a first-price auction in such information environments. Our results are in accordance

with those of Kim and Che (2004) regarding the overall profitability of alliance for-

mation to all players. In addition, we find that the player outside the alliance can

benefit more than the alliance members from the formation of such limited-membership

information-sharing alliance. Moreover, the strategies obtained can be useful in at least

two contexts. First, they allow us to directly compare the incentives of forming limited-

membership information-sharing groups in a first-price auction with a first-price all-pay

auction.2 The di↵erences are described in the next section in more details. Second, the

equilibrium strategies obtained can be directly useful for experimental studies.

This paper can also be viewed as a direct extension of the study in Chapter 3 of

this dissertation to a first-price auction. One important result shared by both studies is

that alliance members can strictly profit from a limited-membership information-sharing

alliance, while either complete sharing or no-sharing yields no change in players’ payo↵s.

The common result shows that the incentive to engage in information exchange between

a subset of all players is quite robust to competition environments. Nevertheless, we find

some interesting di↵erences. In particular, we find the e↵ect of such limited-membership

information-sharing alliance on non-alliance player di↵er between the two competition

environments. In Chapter 3, we find that in a first-price all-pay auction, such alliance

2Recall that Chapter 3 of this this dissertation studies the profitability of a limited-membership
information-sharing alliance in a first-price all-pay auction.
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may benefit or hurt the player outside the alliance. While in this paper we find that, in a

first-price auction, such alliance brings Pareto improvement to all players. Furthermore,

the benefit to the non-alliance player is always bigger than to alliance players in our

three-player model. Intuitively, e↵orts are sunk in all-pay auctions, so getting informed

and avoiding exerting too much e↵ort when competition gets really intense saves e↵orts

and thus improves payo↵s, which explains why joining a not-all-inclusive information-

sharing alliance could be more attractive in first-price all-pay auctions than in first-price

auctions.

Literature Review

This paper contributes to the literature of collusive bidding in auctions.3 Much

of the literature take a mechanism design approach. They are interested in mechanisms

that can support bidding cartels, then they study the collusion-proof properties of dif-

ferent auction environments. For instance, Robinson (1985) discusses the relative sus-

ceptibility of the di↵erent auction formats - second-price, first-price, and English – to

collusion. Marshall and Marx (2007) studies collusion in both first- and second-price

auctions when the cartel is not all-inclusive. They find that if the cartel is unable to

control the bids submitted by its members, the first-price auction is less vulnerable to

collusion than is the second-price auction. Che and Kim (2006) show, quite remarkably,

that there exist mechanisms which are immune to collusion by the bidders.

The literature has considered various degrees of power a bidding cartel has in

facilitating collusion. Marshall and Marx (2007) introduced the terminologies of “bid

submission mechanisms” and “bid coordination mechanisms”, where the bidding cartel

3See Marshall and Marx (2012) for a comprehensive survey of the literature, which also includes
comparison of collusion in auction with collusion in other market structures. Also, see Krishna (2009)
for a textbook treatment.
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can enforce bids by cartel members in the former, while in the latter the bidding cartel

can only arrange side payments among cartel members with no control over members’

bids. Examples of papers studying bid submission mechanisms include: McAfee and

McMillan (1992) study optimal collusive mechanisms in first-price auctions where the

cartel enforce bids and can arrange side payments; Several recent papers build on McAfee

and McMillan (1992) and study mechanisms in which side payments are not allowed

(e.g. Chakravarty and Kaplan (2013)). Examples of papers studying bid coordination

mechanisms include: Lopomo et al. (2011) find that an all-inclusive bidding ring cannot

achieve any gains relative to noncooperative bidding if the ring cannot control bids.

Āzacis and Vida (2015) studies how a benevolent center within the collusive cartel should

share his knowledge about bidders’ valuations, without controlling bids or arranging side

payments.

Most of the time, the optimal mechanisms from the point of view of collusive

auction bidders are complicated, implying sophisticated cartel organization and commu-

nication must be in place in order for the cartel to function as intended. In contrast, we

assume a much less active role of bidding cartel by allowing the only function of cartel

being to enable the sharing of private information, involving no coordinated bidding or

transfer payments among bidders. We assume that information shared is accurate, that

is, it is truthfully revealed, as might be the case if the private information is verifiable.4

Therefore, in this sense, our setup provides a lower bound of the benefit of a collusive

alliance.

The rest of the paper is organized as follows. Section 4.2 sets out the model.

4The assumption of truthful exchange of information followed by independent choices of strategic
variables is standard in the oligopoly information-sharing literature (e.g., Gal-Or (1986); Kirby (1988);
Malueg and Tsutsui (1996); Malueg and Tsutsui (1998); and Vives (1984)), though Ziv (1993) is an
exception to the assumption of truthful revelation. Our approach also parallels that of Kovenock et al.
(2010a) for contests and Robinson (1985) and Kim and Che (2004) for auctions.
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Section 4.3 examines the scenario where no one shares information, and section 4.4

examines the scenario where all players fully share their private information. Section 4.5

explores a limited-membership information-sharing regime, and fully characterizes the

symmetric equilibrium strategies. Section 4.6 concludes.

4.2 The model

To understand the e↵ects of di↵erent information sharing regimes—including

sharing among not all of the bidders—we use a symmetric three-player independent

private-values model with risk-neutral bidders. We adopt a model with three possibilities

for each player’s value of winning.5 Without loss of generality, we assume these values

are 0, v, and 1, where 0 < v < 1.6 For simplicity in illustrating the possible gains from a

limited-membership alliance, we suppose the three values for winning are equally likely,

that is, Pr(vi = 0) = Pr(vi = v) = Pr(vi = 1) = 1/3.

We consider three information-sharing scenarios: no sharing, complete sharing,

and reciprocal sharing between only two players. We assume the private value infor-

mation is verifiable, and therefore it is shared truthfully. For each information sharing

regime, players independently make their bids after learning their information as ap-

propriate under the regime. Given the discrete nature of types, equilibrium will involve

mixed strategies. To sidestep issues of nonexistence of equilibrium with discrete types,

we assume ties in the first-price auction are broken in favor of the higher-value bidder

(in the case of further ties, the winner is chosen at random). This rule could be imple-

5As shown in Appendix C.1, with only two possible private values, information sharing by exactly two
of the bidders leaves those bidders with the same payo↵ as with no sharing of information. Consequently,
in the two-value setting there is no strict incentive to share information.

6To see this is without loss of generality, suppose the three possible values were w1, w2, and w3,
where w1 > w2 > w3 � 0. In the first-price auction, all bids are at least w3, the known minimum value
for the prize. Consequently, players are really competing for the increments in object value, namely,
w1 � w3, w2 � w3, and 0. We can renormalize units by dividing by w1 � w3, so e↵ectively the possible
prize values are 1, w2�w3

w1�w3
, and 0. Letting v = w2�w3

w1�w3
, we have the model o↵ered above.
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mented with a second-price auction following ties in the first-price auction (see Maskin

and Riley (2000)). In the discussion below, we focus on semi-symmetric equilibria, that

is, those equilibria in which players in identical ex ante situations (given the information

sharing regime) use identical strategies.

4.3 Equilibrium without information sharing

Here a semi-symmetric equilibrium is symmetric in the usual sense. A bidder

with value 0 bids nothing, a bidder with value v will randomize according to cdf FL,

and a bidder with value 1 will randomize according to cdf FH . It is easy to show the

support of cdf FL be [0, xm] and the support of cdf FH be [xm, xH ], for some appropriate

0 < xm < xH (cf. Maskin and Riley (2000)).

The strategies FL and FH are found by the usual condition that a player be

indi↵erent over almost all the bids he might make. The expected payo↵ for a bidder

with value v is

u⇤L NS = UL(x) = (v � x)

✓
1

3
+

1

3
FL(x)

◆2

8x 2 (0, xm]; (4.1)

similarly, the expected payo↵ for a bidder with value 1 is

u⇤H NS = UH(x) = (1� x)

✓
2

3
+

1

3
FH(x)

◆2

8x 2 [xm, xH ]. (4.2)

Strategy FL will not put an atom at 0, for otherwise a player with value v could,

instead of bidding 0, bid a small amount and get a discrete increase in his probability of

winning at virtually no cost, thereby increasing his payo↵. Therefore, letting x decrease
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toward 0 in (4.1), we see

u⇤L NS =
v

9
.

From the condition u⇤L NS = UL(xm) = (v � xm)49 , we derive xm = 3v
4 . Therefore, by

(4.2),

u⇤H NS = UH(xm) =
4� 3v

9
.

We now have in the no-sharing regime that the ex ante payo↵ for a player is

u⇤NS =
1

3
u⇤L NS +

1

3
u⇤H NS =

4� 2v

27
.

4.4 Equilibrium with full information sharing

Now suppose all players fully share their information before making their bids.

Of course, players with value 0 continue to bid 0 for sure. A player with value v obtains

a positive payo↵ if and only if the two other players have value 0, and in this case his

payo↵ is v (all three players bid 0 and, by the tie-breaking rule, the player with value v

wins). Consequently, interim payo↵ for a player with value v is

u⇤L S =
v

9
.

A player with value 1 gets a positive payo↵ if and only if neither of the other

two players has value 1. More precisely, when both other players have value 0 he gets

payo↵ 1, and when at least one of them has value v he bids v and obtains payo↵ 1� v.

Taking account of the probabilities of these cases, the interim payo↵ for a player with
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value 1 is then

u⇤H S =
1

9
+

3

9
(1� v).

Hence, with full sharing of information, the ex ante payo↵ of a player is

u⇤S =
1

3
u⇤L S +

1

3
u⇤H S =

4� 2v

27
,

which equals the ex ante payo↵ in the no-sharing case, in agreement with the finding of

Morath and Münster (2008).

4.5 Equilibrium with sharing in a limited-membership al-

liance

Suppose now that only players 2 and 3 are in an information-sharing alliance.

The existence of the alliance (with truthful information exchange) is common knowledge

among the three players.

First, consider the strategy of player 1, the player outsider the alliance. Let

FL be his strategy and u⇤L be his expected payo↵ if he has value v, and let FH be his

strategy and u⇤H be his expected payo↵ if he has value 1.

Second, consider the alliance members. In a semi-symmetric equilibrium, when

both alliance member have value v, both will bid their value v with probability 1.

Similarly, when both of them have value 1, both will bid 1. Next consider alliance

players having di↵erent values. An alliance player with value v will bid v if the other

alliance member has value 1, and he will bid according to the cdf GL if the other alliance

member has value 0. Denote by ⇡⇤
L the interim payo↵ of this type-v bidder (facing an

alliance member with value 0). Next consider an alliance player with value 1. If the
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other alliance member has value 0, let GH denote the strategy of the player with value 1

and let ⇡⇤
H be his expected payo↵; if the other alliance member has value v, let GHL

denote the strategy of the player with value 1 and let ⇡⇤
HL be his expected payo↵.

An interesting feature of the game here is that the distribution of the maximum

bid by the two alliance members exhibits a mass at v because, with probability 1/9, both

alliance members have value v and bid v with probability 1. Existence of this mass means

player 1 with value 1 will not bid in some neighborhood just below v, for otherwise he

could increase his bid to v at minimal cost and get a discrete increase in his probability

of winning the auction, thereby increasing his payo↵. This observation allows us to

categorize equilibria into three groups, depending on the support of FH : either suppFH

lies completely below v, or suppFH lies completely above v, or suppFH spans across v

with a hole in a neighborhood just below v.

In all three cases, suppFL lies weakly below suppFH and these can overlap only

at a point. Similarly, suppGL lies weakly below suppGH . Furthermore, the support of

GHL will not go below v because the other alliance player bids v for sure.

Case 1: suppFH lies completely below v

Suppose GL has an atom at 0; then FL will have no atom at 0. Since suppFH

lies completely below v, so too will suppGH . Let the support of GL be [0, xL], the

support of GH be [xL, xH ], the support of FL be [0, xm], and the support of FH be

[xm, xH ]. Further suppose xL < xm. Finally, the GHL player will bid v with probability

1 since he knows the maximum bid of the rivals (in particular, the other alliance member)

is v. To derive equilibrium payo↵s in Case 1, we develop the indi↵erence conditions that

must hold for players randomizing their bids. These are then used to derive the interim

payo↵s u⇤L, u
⇤
H , ⇡⇤

L, ⇡
⇤
H , and ⇡⇤

HL, from which ex ante payo↵s can be determined.
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First consider player 1, the alliance outsider. The payo↵ to the FL bidder

equals u⇤L over suppFL; the payo↵s at the three critical bids 0, xL, and xm are7

u⇤L = UL(0) = v

✓
1

9
+

2

9
GL(0)

◆
(4.3)

u⇤L = UL(xL) = (v � xL)

✓
1

9
+

2

9

◆
(4.4)

u⇤L = UL(xm) = (v � xm)

✓
3

9
+

2

9
GH(xm)

◆
. (4.5)

Similarly, we evaluate the payo↵ to the FH bidder at the endpoints of suppFH :

u⇤H = UH(xm) = (1� xm)

✓
3

9
+

2

9
GH(xm)

◆
(4.6)

u⇤H = UH(xH) = (1� xH)

✓
3

9
+

2

9

◆
. (4.7)

Next consider the interim payo↵s to alliance bidders. The payo↵ to a GL bidder

is

⇡⇤
L = ⇡L(0) =

v

3
(4.8)

⇡⇤
L = ⇡L(xL) = (v � xL)

✓
1

3
+

1

3
FL(xL)

◆
. (4.9)

Similarly, the payo↵ to a GH bidder is

⇡⇤
H = ⇡H(xL) = (1� xL)

✓
1

3
+

1

3
FL(xL)

◆
(4.10)

7While not providing the general formulas for each of the conditions below, here we provide the
general expression for UL(x). For any x 2 (0, v),

UL(x) = (v � x) Pr(x2 < x and x3 < x)

= (v � x)
h
Pr((x2, x3) = (0, 0)) + Pr((x2, x3) = (0, v) or (x2, x3) = (v, 0))GL(x)

i

= (v � x)

✓
1
9
+

2
9
GL(x)

◆
.

Similar calculations yield the functions UH , ⇡L, and ⇡H .
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⇡⇤
H = ⇡H(xm) = (1� xm)

2

3
(4.11)

⇡⇤
H = ⇡H(xH) = 1� xH . (4.12)

Finally, because in Case 1 the outsider’s bid never exceeds v, the GHL bidder

will bid v (to win against the other alliance member, who has value v), giving him an

interim payo↵ of

⇡⇤
HL = 1� v. (4.13)

The ten equations (4.3)–(4.12) have a unique solution for the ten variables xL, xm,

xH , GL(0), u⇤L, u
⇤
H , ⇡⇤

L, ⇡
⇤
H , GH(xm), and FL(xL). With these solutions we can now

calculate the ex ante payo↵ to an alliance member at the proposed equilibrium as

⇡⇤
alliance player =

1

9
⇡⇤
H +

1

9
⇡⇤
L +

1

9
⇡⇤
HL =

1

270

⇣
�25v +

p
5
p

3v(3v � 8) + 20 + 40
⌘
.

(4.14)

Also, the ex ante payo↵ to the player outside the alliance at the proposed equilibrium is

⇡⇤
singleton =

1

3
u⇤L +

1

3
u⇤H =

1

81

⇣
5v +

p
5
p
3v(3v � 8) + 20

⌘
. (4.15)

For the derived strategies to constitute an equilibrium, the FH bidder must

have no incentive to deviate to a bid slightly above v. For small ✏ > 0, his payo↵ would

be UH(v+ ✏) = 8(1�v� ✏)/9. The no-deviation-deviation requirement, UH(v+ ✏)  u⇤H

for all ✏ > 0, leads to the following necessary and su�cient conditions for equilibrium in

case 1:

v 2

336

451
, 1

◆
⇡ [0.7450, 1).

Figure 4.1 depicts, for v = 0.9, the equilibrium strategies in this case.
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Figure 4.1: Equilibrium strategies in a three-player first-price auction with partial al-
liance: Case 1.

Comparing the payo↵s (4.14) and (4.15) with the payo↵ of (4� 2v)/27 in the

no-sharing case, we find that the information sharing alliance formed between players

2 and 3 brings Pareto improvement to all three players in terms of ex ante payo↵s (see

also Figure 4.7 below).

Case 2: suppFH lies completely above v

Because the FL player has a positive interim payo↵, suppFL must lie strictly

below v. Because Case 2 assumes suppFH lies completely above v, a “hole” exists in the

distribution of ex ante distribution of player 1’s bid. Because the GH bidder will never

bid in this hole, either GH stays completely below v and shares the same upper bound

of support with FL, or suppGH spans across suppFL and suppFH and has a hole in a

neighborhood just below v. Because the FH and GHL bidders are the only ones bidding

more than v, their cdfs will have the same upper bound. We suppose FH and GHL have

common support [v, xHL].

Subcase 2.1: suppGH lies completely below v.

Suppose GL has atom at 0, and FH has atom at v. Let the support of FL be
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[0, xL], the support of GL be [0, xm], and the support of GH be [xm, xL]. The payo↵ to

FL bidder at the critical points 0, xm and xL is

u⇤L = UL(0) = v

✓
1

9
+

2

9
GL(0)

◆

u⇤L = UL(xm) = (v � xm)
3

9

u⇤L = UL(xL) = (v � xL)
5

9
.

Similarly, we calculate the payo↵ to FH bidder at the extremes of suppFH to be

u⇤H = UH(v) = (1� v)
6

9

u⇤H = UH(xHL) = (1� xHL)
8

9
.

Turning to the alliance players, we first find the payo↵ to GL bidder is

⇡⇤
L = ⇡L(0) =

v

3

⇡⇤
L = ⇡L(xm) = (v � xm)

✓
1

3
+

1

3
FL(xm)

◆
.

The payo↵ to GH bidder is

⇡⇤
H = ⇡H(xm) = (1� xm)

✓
1

3
+

1

3
FL(xm)

◆

⇡⇤
H = ⇡H(xL) = (1� xL)

2

3
.

Finally, the payo↵ to GHL bidder:

⇡⇤
HL = ⇡HL(v) = (1� v)

✓
2

3
+

1

3
FH(v)

◆
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Figure 4.2: Equilibrium strategies in a three-player first-price auction with partial al-
liance: Case 2.1.

⇡⇤
HL = ⇡HL(xHL) = 1� xHL.

The previous eleven equations have a unique solution for the eleven unknowns

xm, xL, xHL, GL(0), FH(v), FL(xm), and u⇤L, u
⇤
H , ⇡⇤

L, ⇡
⇤
H , and ⇡⇤

HL.

FH bidder may have incentive to deviate to bidding xL, which is the upper

bound of the support of GH , then he will have payo↵ UH(xL) = (1�xL)
5
9 . No deviation

requires UH(xL)  u⇤H , which implies v  3
8 .

GH bidder may have incentive to deviate to bidding slightly above v, then he

will have payo↵ ⇡H(v + ✏) = ⇡⇤
HL. No deviation requires ⇡⇤

HL  ⇡⇤
H , which implies

v � 45
161 .

Combing the above two no-deviation conditions gives the following necessary

and su�cient condition for this equilibrium:

v 2

45

161

3

8

�
⇡ [0.2795, 0.375].

Figure 4.2 depicts the equilibrium strategies in this case.
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The ex ante payo↵ to an alliance member is

⇡⇤
alliance player =

1

9
⇡⇤
H +

1

9
⇡⇤
L +

1

9
⇡⇤
HL =

1

540

⇣
�35v + 2

p
5
p

3v(7v � 12) + 20 + 65
⌘
.

The ex ante payo↵ to the player outside the alliance is

⇡⇤
singleton =

1

3
u⇤L +

1

3
u⇤H =

1

108

⇣
�9v +

p
5
p
3v(7v � 12) + 20 + 14

⌘
.

Comparing the two payo↵s above to the payo↵s in the no-sharing case, we

find that the information sharing alliance formed between players 2 and 3 brings Pareto

improvement to all three players in terms of ex ante payo↵s for any v that supports an

equilibrium of the form discussed in this sub-case (see also Figure 4.7 below).

Subcase 2.2: GH spans across v and has a hole in the neighborhood right below

v.

Suppose GL has atom at 0, and FH has atom at v. Let the support of FL

be [0, xL], the support of GL be [0, xm]. Suppose further GH spans across v, with a

hole in the neighborhood right below v. More specifically, let the support of GH be

[xm, xL] [ [v, xH ]. Note that xm < xL < v.

The payo↵ to FL bidder:

u⇤L = UL(0) = v

✓
1

9
+

2

9
GL(0)

◆

u⇤L = UL(xm) = (v � xm)
3

9

u⇤L = UL(xL) = (v � xL)

✓
3

9
+

2

9
GH(xL)

◆
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The payo↵ to GL bidder:

⇡⇤
L = ⇡L(0) =

v

3

⇡⇤
H = ⇡L(xm) = (v � xm)

✓
1

3
+

1

3
FL(xm)

◆

The payo↵ to GH bidder:

⇡⇤
H = ⇡H(xm) = (1� xm)

✓
1

3
+

1

3
FL(xm)

◆

⇡⇤
H = ⇡H(xL) = (1� xL)

2

3

⇡⇤
H = ⇡H(v) = (1� v)

✓
2

3
+

1

3
FH(v)

◆

⇡⇤
H = ⇡H(xH) = 1� xH

The payo↵ to FH bidder:

u⇤H = UH(v) = (1� v)

✓
4

9
+

2

9
GH(xL)

◆

u⇤H = UH(xH) = (1� xH)
8

9

Note that GHL bidder and GH bidder has the same expected payo↵ function,

so we expect ⇡⇤
HL = ⇡⇤

H .

The eleven equations above exactly solve for eleven unknowns: xm, xL, xH , GL(0), FH(v), GH(xL), FL(xm)

and u⇤L, u
⇤
H ,⇡⇤

L,⇡
⇤
H .

FH bidder may have incentive to deviate to bidding xL, which is the upper

bound of the support of FL, he will then have payo↵ UH(xL) = (1�xL)(
3
9 +

2
9GH(xL)).

No deviation requires UH(xL)  u⇤H , which gives the su�cient and necessary condition
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for this equilibrium

v 2
✓
0,

45

161

�
⇡ (0, 0.2795].

Note that there is no closed-form analytical solution for the above eleven equa-

tions for general v. Hence a closed-form analytical expression for the strategies for

general v cannot be obtained either. However, a slider can be used to show that alliance

formation leads to Pareto improvement for all v that sustain the equilibrium constructed

in this sub-case.

It is interesting that GHL(x) and GH(x) cannot be uniquely identified in the

interval of support [v, xH ]. The only condition that can be used to solve for GH(x) and

GHL(x) in that interval is that the payo↵ function of the FH bidder satisfy

u⇤H = UH(x) = (1� x)

✓
4

9
+

2

9
GH(x) +

2

9
GHL(x)

◆
.

Therefore, there exists an infinite number of equilibria of the form specified in this sub-

case due to the fact that GHL(x) and GH(x) cannot be separately identified, though the

sum GH(x) +GHL(x) can be determined. However, GH(v) is identified from the eleven

equations, and we know GHL(v) = 0 and both cdfs go to 1 at xH , so we have

Z xH

v
G0

HL(x)dx = 1, and

Z xH

v
G0

H(x)dx = 1�GH(v).

For display purposes, we have assumed G0
H(x) = (1�GH(v))G0

HL(x), which

leads to GH(x) = GH(v) + (1�GH(v))GHL(x).

Although analytical closed-form solutions cannot be obtained to analyze change

in expected payo↵s of players after the alliance, numerical analysis shows that the partial
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Figure 4.3: Equilibrium strategies in a three-player first-price auction with partial al-
liance: Case 2.2.

alliance leads to Pareto improvement (see also Figure 4.7 below).

Case 3: suppFH spans across v

Suppose FH spans across v with a hole in a neighborhood just below v. There

are two sub-cases: either FH has an atom at v or GHL has an atom at v.

Let the support of GL be [0, xL], the support of GH be [xL, xH ], the support

of FL be [0, xm], and the support of FH be [xm, xH ] [ [v, xHL]. Further suppose FL has

an atom at 0, and xL < xm < xH < v < xHL.

Case 3.1: FH has an atom at v.

The payo↵ to FL bidder:

u⇤L = UL(0) = v

✓
1

9
+

2

9
GL(0)

◆

u⇤L = UL(xL) = (v � xL)
3

9

u⇤L = UL(xm) = (v � xm)

✓
3

9
+

2

9
GH(xm)

◆
.

104



The payo↵ to FH bidder:

u⇤H = UH(xm) = (1� xm)

✓
3

9
+

2

9
GH(xm)

◆

u⇤H = UH(xH) = (1� xH)
5

9

u⇤H = UH(v) = (1� v)
6

9

u⇤H = UH(xHL) = (1� xHL)
8

9
.

The payo↵ to GL bidder:

⇡⇤
L = ⇡L(0) =

v

3

⇡⇤
L = ⇡L(xL) = (v � xL)

✓
1

3
+

1

3
FL(xL)

◆
.

The payo↵ to GH bidder:

⇡⇤
H = ⇡H(xL) = (1� xL)

✓
1

3
+

1

3
FL(xL)

◆

⇡⇤
H = ⇡H(xm) = (1� xm)

2

3

⇡⇤
H = ⇡H(v) = (1� xH)

✓
2

3
+

1

3
FH(xH)

◆
.

The payo↵ to GHL bidder:

⇡⇤
HL = ⇡HL(v) = (1� v)

✓
2

3
+

1

3
FH(v)

◆

⇡⇤
HL = ⇡HL(xHL) = 1� xHL.

The above fourteen equations exactly solve for fourteen unknowns: xL, xm, xH , xHL,

and u⇤L, u
⇤
H ,⇡⇤

L,⇡
⇤
H ,⇡⇤

HL, and GL(0), FL(xL), GH(xm), FH(xH), FH(v). The setup for
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Figure 4.4: Equilibrium strategies in a three-player first-price auction with partial al-
liance: Case 3.1.

this equilibrium requires xL < xm < xH < v < xHL, 0 < GL(0) < 1, and 0 < FH(xH) <

FH(v), which implies

v 2
✓
3

8
,
189

394

◆
⇡ (0.375, 0.4797).

No player would have profitable deviations given the strategies described in this sub-

section, therefore the above condition describes the su�cient and necessary condition

for the equilibrium described in this sub-section. Figure 4.4 depicts the equilibrium

strategies for v = 0.4.

The ex ante payo↵ to an alliance member is

⇡⇤
alliance player =

1

9
⇡⇤
H +

1

9
⇡⇤
L +

1

9
⇡⇤
HL =

1

108

⇣
�6v +

p
v(33v � 40) + 16 + 13

⌘
.

The ex ante payo↵ to the player outside the alliance is

⇡⇤
singleton =

1

3
u⇤L +

1

3
u⇤H =

(1� v)
⇣
9v +

p
v(33v � 40) + 16� 4

⌘

18v
.

Comparing the two payo↵s above to the payo↵s in the no-sharing case, we
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find that the information sharing alliance formed between players 2 and 3 brings Pareto

improvement to all three players in terms of ex ante payo↵s for any v that supports an

equilibrium of the form discussed in this sub-case (see also Figure 4.7 below).

Case 3.2: GHL has an atom at v.

The payo↵ to FL bidder:

u⇤L = UL(0) = v

✓
1

9
+

2

9
GL(0)

◆

u⇤L = UL(xL) = (v � xL)
3

9

u⇤L = UL(xm) = (v � xm)

✓
3

9
+

2

9
GH(xm)

◆
.

The payo↵ to FH bidder:

u⇤H = UH(xm) = (1� xm)

✓
3

9
+

2

9
GH(xm)

◆

u⇤H = UH(xH) = (1� xH)
5

9

u⇤H = UH(v) = (1� v)

✓
6

9
+

2

9
GHL(v)

◆

u⇤H = UH(xHL) = (1� xHL)
8

9
.

The payo↵ to GL bidder:

⇡⇤
L = ⇡L(0) =

v

3

⇡⇤
L = ⇡L(xL) = (v � xL)

✓
1

3
+

1

3
FL(xL)

◆
.

The payo↵ to GH bidder:

⇡⇤
H = ⇡H(xL) = (1� xL)

✓
1

3
+

1

3
FL(xL)

◆
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Figure 4.5: Equilibrium strategies in a three-player first-price auction with partial al-
liance: Case 3.2.

⇡⇤
H = ⇡H(xm) = (1� xm)

2

3

⇡⇤
H = ⇡H(xH) = (1� xH)

✓
2

3
+

1

3
FH(xH)

◆
.

The payo↵ to GHL bidder:

⇡⇤
HL = ⇡HL(v) = (1� v)

✓
2

3
+

1

3
FH(v)

◆
= (1� v)

✓
2

3
+

1

3
FH(xH)

◆

⇡⇤
HL = ⇡HL(xHL) = 1� xHL.

The above fourteen equations exactly solve for fourteen unknowns: xL, xm, xH , xHL,

and u⇤L, u
⇤
H ,⇡⇤

L,⇡
⇤
H ,⇡⇤

HL, andGL(0), FL(xL), GH(xm), FH(xH), GHL(v). Again, the equa-

tions cannot be solved analytically for general v. So for illustration purpose, equilibrium

strategies for v = 0.5 are shown in Figure 4.5.

Although analytical solutions cannot be obtained, for all numerical values of

v that can support the equilibrium specified in this sub-case, the information-sharing

alliance formed between players 2 and 3 leads to Pareto improvement (see also Figure 4.7
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below).

Note that since analytical solutions cannot be obtained for this sub-case, a

clean derivation of the no-deviation condition for this sub-case is challenging. However,

all the other cases (and sub-cases) have their su�cient and necessary conditions of v

analytically described, a necessary condition for the equilibrium in this sub-case is then

the complement set of v within [0, 1], which is

v 2

189

394
,
336

451

�
⇡ [0.4797, 0.7450].

It can be checked numerically that indeed the above condition is both su�cient and

necessary condition for the strategies specified in this sub-section to constitute an equi-

librium.

Figure 4.6 shows the range of v that supports each of the three families of

equilibria above.

case 2.2

ca
se

2.
1

case 3.1 case 3.2
case 1

0 45
161

3
8

189
334

336
451 1

v

Figure 4.6: A summary of the range of v that supports each of the three cases of
equilibria described in section 4.5.

To summarize the e↵ect of an information-sharing alliance on players’ payo↵s

across all parameter values of v, Figure 4.7 plots the ex ante payo↵s as functions of

v. It compares the payo↵ of an alliance player and the payo↵ of the singleton player

after the formation of partial alliance to what they would have earned (individually) if

information sharing did not exist. Given that the player outside the alliance benefits

strictly more than alliance players, the equilibria of limited information-sharing alliance
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Figure 4.7: Expected payo↵s in a three-player first-price auction before and after the
formation of partial alliance.

does not hinge on the alliance being able to exclude player(s), in addition ex ante each

player would rather the other two players could form an information-sharing alliance.

4.6 Conclusion

We considered the incentive to form a limited-membership information-sharing

alliance in an independent private-value first-price auction. We found such partial al-

liance can lead to Pareto improvement, and the player outside the alliance may strictly

benefit more from the alliance than the players inside the alliance. Our finding suggests

that, though an industry-wide sharing agreement may not be robust to small organiza-

tion costs, sharing of private information can still take place within a strict subset of

players.

We conclude by discussing possible avenues for future research.

We assumed that the information shared within the alliance is perfect. An

interesting extension is to consider the benefit of a limited-membership information-

sharing alliance when alliance players can only receive noisy signals about other alliance
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members’ values. This distinction has been important in some setups in the literature.

For example, Kim and Che (2004) show that the expected revues under first-price auc-

tion is lower than under second-price auction if players are exogenously partitioned into

di↵erent groups, and all players within the same group have perfect knowledge about

each others’ private information. Fang and Morris (2006) show that the expected rev-

enue ranking of first-price auctions and second-price auctions are ambiguous if signals

players have about enemies are not perfect, using a two-player model.
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Appendix A

Appendix for Chapter 2

A.1 Equilibrium under asymmetric one-sided private in-

formation

Let FL(x) be the private player’s strategy when he is of the low value type,

and let FH(x) be the private player’s strategy when he is of the high value type. Let

G(x) be the public player’s strategy. Recall that v⇤ denote the harmonic mean of player

1’s valuation of prize, i.e., v⇤ =

✓
p

uL
+

1� p

uH

◆�1

. Depending on the size of of v0, there

are three cases of equilibrium strategies.

Suppose v0  v⇤. Then the following strategies constitute an equilibrium:

FL(x) =
x

pv0
8x 2 [0, pv0],

FH(x) =
x� pv0
(1� p)v0

8x 2 [pv0, v0]; and

G(x) =

8
>>><

>>>:

v⇤ � v0
v⇤

+
x

uL
8x 2 [0, pv0]

uH � v0 + x

uH
8x 2 [pv0, v0].
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Suppose v0 2 (v⇤, uH/(1 � p)). Then the following strategies constitute an

equilibrium:

FL(x) =
⇡⇤
2 + x

pv0
8x 2 [0, xm],

FH(x) =
⇡⇤
2 � pv0 + x

(1� p)v0
8x 2 [xm, x̄]; and

G(x) =

8
>>><

>>>:

x

uL
8x 2 [0, xm]

uH � x̄+ x

uH
8x 2 [xm, x̄].

where xm = uL

⇣
1� (1�p)v0

uH

⌘
, and x̄ = uL +

⇣
1� uL

uH

⌘
(1� p)v0.

Suppose v0 � uH/(1� p). Then the following strategies constitute an equilib-

rium:

FL(x) = 1 8x � 0,

FH(x) =
x+ (1� p)v0 � uH

(1� p)v0
8x 2 [0, uH ]; and

G(x) =
x

uH
.

A.2 Proof of Lemma 3

Proof of Lemma 3. In a perfect Bayesian equilibrium, the private player

correctly believes that the public player never spies in the first stage. Then the on-

equilibrium-path strategies of the two players are the same as those in the base model.

If the public player switches to spying in the first stage, her payo↵ function
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when finding the private player is of the low value type is:

⇡2L(x) = FL(x)v0 � x =

8
>>><

>>>:

⇡⇤
2 + x

p
� x x 2 [0, xm]

v0 � x x 2 [xm, v0]

) max⇡2L(x) = ⇡2L(x = xm) = v0 � xm;

Her payo↵ function when finding the private player is of the high value type is:

⇡2H(x) = FH(x)v0 � x =

8
>>>>>>><

>>>>>>>:

⇡⇤
2 � pv0 + x

1� p
� x x 2 [xm, x̄]

v0 � x x 2 [x̄, v0]

�x x 2 [0, xm]

) max⇡2H(x) = ⇡2H(x = x̄) = v0 � x̄.

Hence the expected payo↵ that the public player can earn by deviating to

spying is:

E⇡2 deviate = p(v0 � xm) + (1� p)(v0 � x̄)� c = ⇡⇤
2 + pv0 � p2v0 � c.

Therefore the public player will not deviate to spying if and only if the cost of

spying is above pv0 � p2v0.

A.3 Equilibrium when spying is unobservable

Let s be the probability that the public player spies in the first stage. Each

type of private player is competing against an informed public player with probability s
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and an uninformed public player with probability 1� s. The uninformed public player

is competing against the low type private player with probability p and the high type

private player with probability 1 � p. The informed public player competes only with

one type of private player.

Let FL(x) and FH(x) be the private player’s c.d.f of e↵orts in a low value type

case and a high value type case respectively. Let G(x) be the public player’s c.d.f. of

e↵orts when she does not spy, and let GL(x) and GH(x) be her c.d.f.s of e↵orts when

she spies and finds private player being the low value type and being the high value type

respectively.

The derivations of a perfect Bayesian equilibrium are as follows.

The payo↵ functions are:

⇡1L(x) = [sGL(x) + (1� s)G(x)]uL � x

⇡1H(x) = [sGH(x) + (1� s)G(x)]uH � x

⇡2(x) = [pFL(x) + (1� p)FH(x)] v0 � x

⇡2L(x) = FL(x)v0 � x

⇡2H(x) = FH(x)v0 � x.

Depending on the parameters, there exist two sub-cases for the equilibrium

strategies when the public player mixes spying and not spying.

Case 3.1:
(1� p)uL(uH � v0)

uH � uL
 c  p(1� p)v0

The equilibrium strategies in this sub-case are illustrated in figure A.1. Note

that xm in this section is di↵erent from the xm in section 2.2, and the xm in section 2.5.

120



Figure A.1: Equilibrium strategies when spying is unobservable and the public player
mixes spying and not spying, case 3.1 : when cost of spying is in the range of
(1�p)uL(uH�v0)

uH�uL
 c  p(1� p)v0.

FL(x) =

8
>>><

>>>:

1� xL
pv0

� xm � xL
v0

+
x

pv0
, 8x 2 [0, xL]

1� xm � x

v0
, 8x 2 [xL, xm]

FH(x) =

8
>>>>>>>><

>>>>>>>>:

x� xL
v0

, 8x 2 [xL, xm]

xm � xL
v0

+
x� xm
(1� p)v0

, 8x 2 [xm, xH ]

1� x� x

v0
, 8x 2 [xH , x]

GL(x) =

✓
1

suL
� 1

suH

◆
(x� xL), 8x 2 [xL, xm]

GH(x) =
x� xH
suH

, 8x 2 [xH , x]

G(x) =

8
>>><

>>>:

x

(1� s)uL
, 8x 2 [0, xL]

1� xH � x

(1� s)uH
, 8x 2 [xL, xH ].

The equilibrium payo↵s are:

⇡1L = 0
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Figure A.2: Equilibrium strategies when spying is unobservable and the public player
mixes spying and not spying, case 3.2: when cost of spying is in the range of 0  c <
(1�p)uL(uH�v0)

uH�uL
.

⇡1H =

✓
uH
uL

� 1

◆
xL

⇡2L = v0 � xm

⇡2H = v0 � x

⇡2 = pv0 � (1� p)xL � pxm

where

xL = uL � (v0 �
c

1� p
)
uL
uH

xm = uL � cuL
puH

xH = uL +
c(uH � uL)

puH

x = uL + (v0 �
c

1� p
)(1� uL

uH
)

s =
uH � uL

u2H


v0 �

c

p(1� p)

�
.

Case 3.2: c <
(1� p)uL(uH � v0)

uH � uL
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The equilibrium strategies in this sub-case are illustrated in figure A.2.

The following strategies constitute a Bayesian Nash equilibrium in this case.

Note that xm in this section is di↵erent from the xm in section 2.2, and the xm in section

2.5.

FL(x) =

8
>>><

>>>:

1� xL
pv0

� xm � xL
v0

+
x

pv0
, 8x 2 [0, xL]

1� xm � x

v0
, 8x 2 [xL, xm]

FH(x) =

8
>>>>>>>><

>>>>>>>>:

x� xL
v0

, 8x 2 [xL, xm]

xm � xL
v0

+
x� xm
(1� p)v0

, 8x 2 [xm, xH ]

1� x� x

v0
, 8x 2 [xH , v0]

GL(x) =

✓
1

suL
� 1

suH

◆
(x� xL), 8x 2 [xL, xm]

GH(x) =

8
>>><

>>>:

1� v0 � xH
suH

, x = 0

1� v0 � xH
suH

+
x� xH
suH

, 8x 2 [xH , v0]

G(x) =

8
>>><

>>>:

x

(1� s)uL
, 8x 2 [0, xL]

1� xH � x

(1� s)uH
, 8x 2 [xL, xH ].

The equilibrium payo↵s are:

⇡1L = 0

⇡1H =

✓
uH
uL

� 1

◆
xL

⇡2L = v0 � xm

⇡2H = 0
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⇡2 = pv0 � (1� p)xL � pxm

where

xL =
c

1� p

xm = uL � cuL
puH

xH = uL +
c(uH � uL)

puH

s =
uH � uL

u2H


uH � c

(1� p)uL + puH
p(1� p)uL

�
.

A.4 Equilibrium when spying can be caught

Let Fnc L(x) and Fnc H(x) be the private player’s c.d.f.s of e↵orts when he does

not catch a spy, and is of the low value type and the high value type respectively. Let

Fc L(x) and Fc H(x) be the private player’s c.d.f.s of e↵orts when he does catch a spy,

and is of the low value type and the high value type respectively.

Let G(x) be the public player’s c.d.f. of e↵orts when she does not spy, and let

Gs L(x) and Gs H(x) be the public player’s c.d.f.s of e↵orts when she spies and finds the

private player being the low value type and being the high value type respectively.

The payo↵ functions for the public player are:

⇡2 not spy(x) = [pFnc L(x) + (1� p)Fnc H(x)] v0 � x

⇡2 spy L(x) = [qFc L(x) + (1� q)Fnc L(x)] v0 � x

⇡2 spy H(x) = [qFc H(x) + (1� q)Fnc H(x)] v0 � x.
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The payo↵ functions for the private player are:

⇡1 nc L(x) = [↵Gs L(x) + (1� ↵)G(x)]uL � x

⇡1 nc H(x) = [↵Gs H(x) + (1� ↵)G(x)]uH � x

⇡1 c L(x) = Gs L(x)uL � x

⇡1 c H(x) = Gs H(x)uH � x,

where ↵ denotes the probability that the public player spied conditional on that the

private player does not catch any spying. According to Bayes’ Rule, ↵ =
s(1� q)

1� sq
,

where s is the probability that the public player spies in equilibrium.

A.4.1 Equilibrium in which the public player does not spy

Suppose in equilibrium the public player does not spy in the first stage. I claim

that Fnc L will be the same as FL in the base model, and Fnc H will be the same as FH

in the base model. G will be the same as G0 in the base model.

i.e.

FL(x) =
⇡⇤
2 + x

pv0
, x 2 [0, xm]

FH(x) =
⇡⇤
2 � pv0 + x

(1� p)v0
, x 2 [xm, x̄]

where xm = uL

⇣
1� (1�p)v0

uH

⌘
, and x̄ = uL +

⇣
1� uL

uH

⌘
(1� p)v0.

Then the payo↵s relevant in the deviations are:

⇡2 spy L = [qFc L(x) + (1� q)Fnc L(x)] v0 � x
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⇡2 spy H = [qFc H(x) + (1� q)Fnc H(x)] v0 � x

⇡1 c L = Gs L(x)uL � x

⇡1 c H = Gs H(x)uH � x.

Note that I have four equilibrium strategies to solve for. But indeed there are

two sub-games here: one is when the private player is of the low value type and the

other is when the private player is of the high value type. The two sub-games do not

interact with each other, and therefore can be solved individually.

First I will show the equilibrium strategies Fc L and Gs L when the private

player is of the low value type. Depending on the parameters, there are three di↵erent

cases.

Case I: (1� q)F 0
L(x) >

1

v0
() q < 1� p .

In this case, neither Fc L nor Gs L has overlapping support with FL. But

whether the two distributions have upper bound equal to uL depends on parameters.

Case 1.1
Z uL

xm

F 0
c L(x)dx � 1 () q  uL(1� p)

uH
.

In this case, the upper bound of the supports of Fc L and Gs L is smaller than

uL. Figure A.3 shows this. The equilibrium strategies are:

Fc L(x) =
x� xm
qv0

, 8x 2 [xm, xm + qv0]

Gs L(x) = 1� qv0
uL

+
x� xm
uL

, 8x 2 [xm, xm + qv0].
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Figure A.3: Equilibrium strategies when spying is detected with probability q: case 1.1:

q  uL(1� p)

uH

The equilibrium payo↵ of the public player (the spy) is:

E⇡2 s L = v0 � (qv0 + xm) > v0 � uL.

Case 1.2
Z uL

xm

F 0
c L(x)dx < 1 () q >

uL(1� p)

uH
.

In this case, the upper bound of the supports of Fc L and Gs L is exactly equal

to uL. Figure A.4 shows this. The equilibrium strategies are:

Fc L(x) = 1� uL � xm
qv0

+
x� xm
qv0

, 8x 2 [xm, uL]

Gs L(x) =
xm
uL

+
x� xm
uL

, 8x 2 [xm, uL].
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Figure A.4: Equilibrium strategies when spying is detected with probability q: case 1.2:

q >
uL(1� p)

uH
and q < 1� p

The equilibrium payo↵ of the public player (the spy) is:

E⇡2 s L = v0 � uL.

Case II: (1� q)F 0
L(x) <

1

v0
() q > 1� p .

In this case, the supports of Fc L and Gs L goes all the way from 0 to uL.

Figure A.5 shows this. The equilibrium strategies are:

Fc L(x) =

8
>>><

>>>:

Fc L(0) +
(q + p� 1)x

pqv0
8x 2 [0, xm]

1� uL � x

qv0
8x 2 [xm, uL]

Gs L(x) =
x

uL
, 8x 2 [0, uL]

where

Fc L(0) = 1� uL
pv0


1� (1� p)v0

uH

�
+

(1� p)uL
pq

✓
1

v0
� 1

uH

◆
.
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Figure A.5: Equilibrium strategies when spying can be detected with probability q: case
2: q > 1� p

The equilibrium payo↵ of the public player (the spy) is:

E⇡2 s L = v0 � uL.

Now I’ve finished the description of equilibrium strategies of Fc L and Gs L in

all three cases. Next I will give the equilibrium strategies of Fc H and Gs H in three

di↵erent cases. Note that the conditions that characterize these three cases are di↵erent

from the conditions that characterize the previous three cases. Later I will show the

combined conditions, in which there are altogether five cases.

Case I: (1� q)F 0
H(x) >

1

v0
() 1� q

(1� p)v0
>

1

v0
() q < p.

In this case, the supports of Fc H and Gs H do not overlap with FH at all. But

whether Fc H has any atom at zero or whether the upper bound of its support equals

v0 depends.
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Figure A.6: Equilibrium strategies in the case when the private player is of the high

value type: case 1.1: q  p� uL
v0

+
(1� p)uL

uH

Case 1.1:

Z v0

x
F 0
c H(x)dx � 1 () q  p(1� uL

uH
)� (

uL
v0

� uL
uH

)

In this case Fc H and Gs H have supports starting from x and ending at y

(which depends on parameters and is smaller than v0). Fc H does not have any atom,

while Gs H has an atom at x. Figure A.6 shows it. The equilibrium strategies are:

Fc H =
x� x

qv0
, 8x 2 [x, x+ qv0]

Gs H = 1� qv0
uH

+
x� x

uH
8x 2 [x, x+ qv0].

The equilibrium payo↵ of the public player (the spy) is:

E⇡2 s H = v0 � (qv0 + x) > 0.
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Figure A.7: Equilibrium strategies in the case when the private player is of the high

value type: case 1.2: p� uL
v0

+
(1� p)uL

uH
< q < p

Case 1.2:

Z v0

x
F 0
c H(x)dx < 1 () q > p� uL

v0
+

(1� p)uL
uH

In this case Fc H and Gs H have two segments. The first segment starts from 0

and ends somewhere before xm. The second segment starts from x and ends at exactly

v0. There are holes in both these two distributions. Gs H has two atoms, one at 0 and

the other at x. Figure A.7 shows it. The equilibrium strategies are

Fc H(x) =

8
>>><

>>>:

x

qv0
, 8x 2 [0, x]

1� 1

q
+

x

qv0
, 8x 2 [x, v0]

Gs H(x) = 1� v0
uH

+
x

uH
, 8x 2 [0, x] [ [x, v0].

where x = x� (1� q)v0 = xm � (p� q)v0.
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Figure A.8: Equilibrium strategies in the case when the private player is of the high
value type: case II: p < q

The equilibrium payo↵ for the public player (the spy) is:

E⇡2 s H = 0.

Case II: (1� q)F 0
H(x) <

1

v0
() 1� q

(1� p)v0
<

1

v0
() q > p

In this case, the supports of Fc H and Gs H start from 0 and go all the way up

to v0. Figure A.8 shows it. The equilibrium strategies are:

Fc H(x) =

8
>>>>>>>><

>>>>>>>>:

x

qv0
, 8x 2 [0, xm]

(1� q)uL
q


1

(1� p)v0
� 1

uH

�
+

q � p

(1� p)v0q
x, 8x 2 [xm, x]

1� 1

q
+

x

qv0
, 8x 2 [x, v0]

Gs H(x) = 1� v0
uH

+
x

uH
, 8x 2 [0, v0].
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The equilibrium payo↵ for the public player (the spy) is:

E⇡2 s H = 0.

Now I’ve finished the description of the equilibrium strategies in both cases,

one when the private player is of the low value type and the other when the private

player is of the high value type. In order to make sure not spying can be an equilibrium

strategy for the public player in the first stage, the deviation for the public player from

not spying to spying must be unprofitable.

When the private player is of the low value type, the expected payo↵ the public

player can earn by deviating to spying is as follows:

E⇡2 s L =

8
>>><

>>>:

v0 � (qv0 + xm) > v0 � uL, if q 2 [0,
uL(1� p)

uH
]

v0 � uL, otherwise.

When the private player is of the high value type, the expected payo↵ the public player

can earn by deviating to spying is as follows:

E⇡2 s H =

8
>>><

>>>:

v0 � (qv0 + x) > 0, if q 2 [0, p� uL
v0

+
(1� p)uL

uH
]

0, otherwise.

Therefore, the ex ante expected payo↵ the public player can earn by deviating

to spying is as follows:

E⇡2 deviate to spy = pE⇡2 s L + (1� p)E⇡2 s H > p(v0 � uL) = pv0 � uL + (1� p)uL.

On the contrary, if the public player chooses not to deviate, the expected payo↵
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she can earn is as follows:

E⇡2 not spy = pv0 � uL + (1� p)uL
v0
uH

< E⇡2 deviate to spy.

The above inequality implies that, if spying is costless, the public player will

deviate to spying for sure. Therefore, not spying can be an equilibrium if and only if the

cost of spying is su�ciently large. In other words, the information disadvantage of not

knowing whether the spying has been caught is not strong enough to deter the public

player from spying.

A.4.2 Equilibrium in which the public player mixes spying and not

spying

Consider an equilibrium in which the public player mixes spying and not spying

in the first stage. Solving the equilibrium in this case involves solving seven distribution

functions, including Fnc L(x), Fnc H(x), Fc L(x), Fc H(x), Gs L(x), Gs H(x), and G(x).

To make this task manageable, I solve the equilibrium under the special case that uL

equals 0.

Suppose uL = 0. Then the private player of low value type will never exert

positive e↵ort and, thus, Fnc L(x) and Fc L(x) in the general case reduce to zero e↵orts

in this special case. Given zero e↵orts from low type private player, the public player

when spying and finding the private player to be low value type, will exert an ✏ small

e↵ort and win the contest with probability 1. To guarantee the existence of a regular

Nash equilibrium, in which no player’s equilibrium strategy involves an ✏ small number,

I impose a tie-breaking rule that ensures that the public player is the winner if there is a

tie of e↵orts. Gs L(x) in the general case then reduces to a zero e↵ort too. Then, there
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are only four distribution functions to solve for in this special case, including Fnc H(x),

Fc H(x), Gs H(x), and G(x). The derivations for solving these strategies as well as the

equilibrium probability of spying is as follows.

The payo↵ functions for the public value player are:

⇡2 not spy(x) = [p+ (1� p)Fnc H(x)] v0 � x

⇡2 spy H(x) = [qFc H(x) + (1� q)Fnc H(x)] v0 � x

⇡⇤
2 spy L = v0.

The payo↵ functions for the private value player are:

⇡1 nc H(x) = [↵Gs H(x) + (1� ↵)G(x)]uH � x

⇡1 c H(x) = Gs H(x)uH � x

⇡⇤
1 nc L = 0

⇡⇤
1 c L = 0.

There exists a perfect Bayesian equilibrium in which the public player mixes

spying and not spying when q is less than or equal to p. Figure A.9 illustrates the

equilibrium strategies. The equilibrium strategies are:

G(x) = G(0) +
x

(1� ↵)uH
, 8x 2 [0, xL]

Gs H(x) =

8
>>><

>>>:

1

↵uH
(x� xL), 8x 2 [xL, xm]

1� x� x

uH
, 8x 2 [xm, x]
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Figure A.9: Equilibrium strategies when the public player mixes spying and not spying,
and uL equals 0.

Fnc H(x) =

8
>>><

>>>:

x

(1� p)v0
, 8x 2 [0, xL]

1� xm � x

(1� q)v0
, 8x 2 [xL, xm]

Fc H(x) =
x� xm
qv0

, 8x 2 [xm, x]

where

xL =
c

p� q

xm = (1� q)v0 �
c

1� p

x = v0 �
c

1� p

s =
c� (1� p)(p� q)v0
cq � (1� p)(p� q)uH

.

A.5 Equilibrium in the presence of a double agent

This section is devoted to characterizing a Bayesian Nash equilibrium when

spying can be caught with an exogenous probability q, and is always turned into a double
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agent after being caught. Section 2.6 shows that, in such scenarios, there exists equilibria

in which spying is completely uninformative as well as equilibria in which spying signal

is still informative though being contaminated. The former type of equilibria is fully

characterized in section 2.6.1, and here I characterize an equilibrium of the latter type.

It is useful to point out that I only fully characterize the equilibrium strategies

for equilibria in which the public player chooses not to spy. To characterize the equilib-

rium in which public player mixes spying and not spying will introduce much analytical

complexity if not impossible. Since the aim of this paper is to discuss the existence

of espionage activities, focusing on the conditions for equilibria in which spying never

occurs provides us important insights as well. Now I begin the derivations for a Bayesian

Nash equilibrium in which the public player never spies and, o↵ equilibrium path, both

types of private player send back low type signals after catching a spy.

The payo↵ functions of the private player are:

⇡1 caught L(x) = Gs L(x)uL � x

⇡1 caught H(x) = Gs L(x)uH � x

⇡1 not caught L(x) = [↵Gs L(x) + (1� ↵)G(x)]uL � x

⇡1 not caught H(x) = [↵Gs H(x) + (1� ↵)G(x)]uH � x.

The payo↵ functions of the public player are:

⇡2 not spy(x) = [pFnc L(x) + (1� p)Fnc H(x)] v0 � x

⇡2 spy H(x) = Fnc H(x)v0 � x

⇡2 spy L(x) =


p� pq

p+ q � pq
Fnc L(x) +

pq

p+ q � pq
Fc L(x) +

q � pq

p+ q � pq
Fc H(x)

�
v0 � x.
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Suppose in equilibrium, the public value player does not spy in the first stage.

I claim that Fnc L will be the same as FL in the base model, and Fnc H will be the same

as FH in the base model. The derivations of o↵-equilibrium-path strategies are shown

below.

The relevant payo↵ functions are:

⇡1 caught L(x) = Gs L(x)uL � x

⇡1 caught H(x) = Gs L(x)uH � x

⇡2 spy H(x) = Fnc H(x)v0 � x

⇡2 spy L(x) =


p� pq

p+ q � pq
Fnc L(x) +

pq

p+ q � pq
Fc L(x) +

q � pq

p+ q � pq
Fc H(x)

�
v0 � x.

F.O.C.s:

⇡0
2 s H(x) = F 0

H(x)v0 � 1 =
1

1� p
� 1 > 0 =) x⇤2 s H = x.

Therefore, the high value type private player will earn uH � x if he chooses to

deviate from sending a low type signal back to sending a high type signal back. Thus, to

satisfy the non-deviation principle, the high value type private player will have to earn

at least the same level of payo↵ when sending a low type signal back. It means that the

strategy of the public player when spying and finding the private player to be of a high

type, i.e. the mixed strategy GH(x), must have an upper bound no greater than x. i.e.,

=) ⇡⇤
2 spy � v0 � x = ⇡⇤

2 not spy.

Depending on the parameters, there exist several cases of equilibrium strategies
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for the players, which are depicted below.

Case I:
p� pq

p+ q � pq
F 0
L(x) �

1

v0
() q  1� p

2� p

In this case, neither Fc L nor Fc H has positive probability in the support of

FL. Then depending on whether Fc L has an atom at 0, we have two sub-cases.

Case 1.1: Fc L(0) = 0, as depicted in figure A.10.

The equilibrium strategies are:

Fc L(x) =
p+ q � pq

pq

x� xm
v0

, x 2 [xm, y1]

Fc H(x) =
p+ q � pq

q � pq

x� y1
v0

, x 2 [y1, y2]

Gs L(x) =

8
>>>>>>>><

>>>>>>>>:

0, x 2 [0, xm)

Gs L(xm) +
x� xm
uL

, 8x 2 [xm, y1]

1� y2 � x

uH
, 8x 2 [y1, y2]

where

y1 = xm +
pq

p+ q � pq
v0

y2 = xm +
q

p+ q � pq
v0 < x

Gs L(xm) = 1� pq

p+ q � pq

v0
uL

� q � pq

p+ q � pq

v0
uH

.

The equilibrium payo↵s are:

E⇡⇤
1 c L = Gs L(xm)uL � xm > 0
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Figure A.10: Equilibrium strategies in the case when a double agent always sends back

a low type signal: case 1.1: q <
1� p

uH
uL

+ 1� p

E⇡⇤
1 c H = uH � y2

E⇡⇤
2 s L = v0 � y2.

To guarantee that E⇡⇤
1 c L � 0, we have q <

1� p
uH
uL

+ 1� p
, which is also the

condition for this sub-case.

Case 1.2: Fc L(0) > 0, as depicted in figure A.11.

The equilibrium strategies are:

Fc L(x) =

8
>>><

>>>:

Fc L(0), x 2 [0, xm]

Fc L(0) +
p+ q � pq

pq

x� xm
v0

, x 2 [xm, y1]

Fc H(x) =
p+ q � pq

q � pq

x� y1
v0

, x 2 [y1, y2]
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Figure A.11: Equilibrium strategies in the case when a double agent always sends back

a low type signal: case 1.2:
1� p

uH
uL

+ 1� p
< q <

1� p

2� p

Gs L(x) =

8
>>>>>>>><

>>>>>>>>:

0, x 2 [0, xm)

x

uL
, 8x 2 [xm, y1]

1� y2 � x

uH
, 8x 2 [y1, y2]

where

y1 = xm +
p(1� p)(1� q)

p+ q � pq

uL
uH

v0

y2 = uL +
(1� p)q

p+ q � pq
(1� uL

uH
)v0 < x

Fc L(0) = 1� (1� p)(1� q)

q

uL
uH

.

The equilibrium payo↵s are:

E⇡⇤
1 c L = 0

E⇡⇤
1 c H = uH � y2
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Figure A.12: Equilibrium strategies in the case when a double agent always sends back
a low type signal: case II

E⇡⇤
2 s L = v0 � y2.

Case II:
p� pq

p+ q � pq
F 0
L(x) <

1

v0
() q >

1� p

2� p

In this case, at least one of Fc L(x) and Fc H(x) has to overlap with FL(x). Be-

cause Fc L(x) and Fc H(x) require conflicting conditions of G0
s L(x), they do not overlap

with each other. Figure A.12 shows an equilibrium in this case.

The equilibrium strategies are:

Fc L(x) =

8
>>><

>>>:

Fc L(0) +
q � (1� p)(1� q)

pq

x

v0
, 8x 2 [0, xm]

1� p+ q � pq

pq

y1 � x

v0
, 8x 2 [xm, y1]

Fc H(x) =
p+ q � pq

q � pq

x� y1
v0

, 8x 2 [y1, y2]
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Gs L(x) =

8
>>><

>>>:

x

uL
, 8x 2 [0, y1]

1� y2 � x

uH
, 8x 2 [y1, y2]

where

y1 = uL

✓
1� (1� p)qv0

(p+ q � pq)uH

◆

y2 = uL +
(1� p)q(uH � uL)v0

(p+ q � pq)uH

Fc L(0) = 1� q � (1� p)(1� q)

pq
(
uL
v0

� uL
uH

)� uL
uH

.

The equilibrium payo↵s are:

E⇡⇤
1 c L = 0

E⇡⇤
1 c H = uH � y2

E⇡⇤
2 s L = v0 � y2.

Now I summarize the above cases. The equilibrium payo↵ for the public player

when she deviates to spying and finds the private player is of the low value type is as

follows:

E⇡⇤
2 s L =

8
>>>><

>>>>:

v0

✓
p� pq

p+ q � pq
+

(1� p)uL
uH

◆
� uL, 8q 2 [0,

1� p
uH
uL

+ 1� p
]

v0

✓
p

p+ q � pq
+

q � pq

p+ q � pq

uL
uH

◆
� uL, 8q 2 [

1� p
uH
uL

+ 1� p
, 1].

The equilibrium payo↵ for the public player when she deviates to spying and

finds the private player is of the high value type is as follows:

E⇡⇤
2 s H = v0

✓
p+ (1� p)

uL
uH

◆
� uL, 8q 2 [0, 1].
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The ex ante expected payo↵ the public player can earn by choosing to deviate

to spying is then equal to:

E⇡⇤
2 s = (p+ q � pq)E⇡⇤

2 s L + (1� p)(1� q)E⇡⇤
2 s H .

Therefore, the cut-o↵ cost of spying above which the public player never spies

is:

c⇤ =

8
>>>><

>>>>:

p((1� p)(1� q)� q)v0, 8q 2 [0,
1� p

uH
uL

+ 1� p
]

p(1� p)(1� q)(1� uL
uH

)v0, 8q 2 [
1� p

uH
uL

+ 1� p
, 1].
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Appendix B

Appendix for Chapter 3

B.1 Proofs

Proof of Proposition 17. Here we examine the case where GHL places no

mass on 0, i.e., GHL(0) = 0. From (3.6) we have

GHH(x) = x 8x 2 [xm, 1]. (B.1)

Considering (3.4) as x decreases to 0 we find v⇤ = (1� q)2. Therefore, evaluating (3.4)

at xm we have

(1� q)2 = VH(xm) = �xm + (1� q)2 + 2q(1� q) + q2x2m,

from which we calculate

xm =
1�

p
1� 8q3 + 8q4

2q2
. (B.2)
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Now (3.5) yields u⇤ = UHL(xm) = 1� xm. Therefore, from (3.5) we have

FH(x) =
x

q
+

u⇤ � 1 + q

q

=
x

q
+

�xm + q

q

=
x

q
+

✓
1� xm

q

◆
8x 2 [0, xm]. (B.3)

Now to the alliance players’ strategies. From (3.6) and (B.3) we have

0 = �x+ [(1� q) + (q + x� xm)]GHH(x)

= �x+ (1� xm + x)GHH(x) 8x 2 (0, xm],

from which we obtain

GHH(x) =
x

1� xm + x
8x 2 [0, xm]. (B.4)

Finally, we return to (3.4) on (0, xm]:

x = 2q(1� q)GHL(x) + (qGHH(x))2

= 2q(1� q)GHL(x) +
q2x2

(1� xm + x)2
,

from which we obtain

GHL(x) =
x

2q(1� q)
� qx2

2(1� q)(1� xm + x)2
8x 2 [0, xm]. (B.5)

The strategies represented by (B.1)–(B.5) are precisely those given in part 2 of the

Proposition. For large values of q, the probability the alliance wins is derived from these
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pdfs and formula (3.11).

B.2 Information sharing in a Tullock contest

Here we adopt the setting of Section 3.2, additionally assuming uL = 0. A

player’s chance of winning is specified by Tullock’s lottery contest success function.

So if players choose e↵orts x1, x2, and x3, then player i’s probability of winning is

xi/(x1 + x2 + x3). Note that in all cases considered below, when a player has value 0,

bidding 0 is a dominant strategy. We continue to assume the earlier rule that ties are

broken in favor of the high-value player. This is relevant in a lottery contest because low-

value players might exert no e↵ort. One must then check that deviations from positive

e↵ort levels to a zero e↵ort level are not profitable for a high-value player.

No sharing of information. First consider the situation in which informa-

tion is not shared. To determine a (symmetric) equilibrium it su�ces to determine a

player’s e↵ort when his value is positive. Suppose the equilibrium e↵ort is xNS for a

player with value 1. Player 1 facing the others using this strategy and contemplating

e↵ort x will have expected payo↵

U(x) = �x+ 1⇥

(1� q)2 + 2q(1� q)

x

x+ xNS
+ q2

x

x+ 2xNS

�
.

Then

U 0(x) = �1 + 2q(1� q)
xNS

(x+ xNS)2
+ q2

2xNS

(x+ 2xNS)2

In equilibrium, U 0(x) = 0 is solved at x = xNS ; we find

xNS =
1

18
(9� 5q).
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Ex ante expected utility now equals

u⇤NS = qU(xNS) = q � 3q2

2
+

11q3

18
.

To check that deviation to an e↵ort of 0 is unprofitable for a high-value player, note that

this player’s interim payo↵ would be (1�q)2 because he would then win if and only if both

other two players have values of 0. Then we have U(xNS)� (1� q)2 = q(9�7q)/18 > 0,

showing such a deviation is unprofitable.

Full sharing of information. Next consider the case in which players share

their information before choosing e↵orts. In each configuration of players’ values, equi-

librium is unique. If a player is the only one with value 1, he can bid 0 and win, given

our tie-breaking assumption, obtaining interim payo↵ of 1. It is well known that when

n � 2 players each have value 1 the equilibrium is unique and symmetric, with each

player earning an expected payo↵ of 1/n2 (a player who uniquely has value 1 bids 0 and

wins for sure by our tie-breaking rule). Therefore, a player’s ex ante expected utility in

the lottery contest with full sharing is

u⇤FS = q


(1� q)2 + 2q(1� q)⇥ 1

4
+ q2 ⇥ 1

9

�
= q � 3q2

2
+

11q3

18
,

which is exactly that when there is no sharing.

Limited sharing of information. Here we assume players 2 and 3 exchange

information before all players choose their e↵orts. Now equilibrium is determined by

three positive e↵ort levels, x1, xH , and xHH , where x1 is player 1’s e↵ort when he has

value 1; and xH is an alliance player’s e↵ort when only he (in the alliance) has value 1,

and xHH is each alliance player’s e↵ort when both in the alliance have value 1.
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Player 1’s payo↵ at e↵ort x1 is

U1(x1) = �x1 + 1⇥

(1� q)2 + 2q(1� q)

x1
x1 + xH

+ q2
x1

x1 + 2xHH

�
.

The FOC for player 1 is

0 = U 0
1(x1) = �1 + 2q(1� q)

xH
(x1 + xH)2

+ q2
2xHH

(x1 + 2xHH)2
. (B.6)

An alliance player who alone in the alliance has value 1 obtains, from e↵ort

xH , payo↵

UH(xH) = �xH +


(1� q) + q

xH
x1 + xH

�
.

This player’s FOC is simply

0 = U 0
H(xH) = �1 + q

x1
(x1 + xH)2

. (B.7)

Now suppose both alliance players have value 1. One of these players contem-

plating e↵ort y, while the other follows the equilibrium strategy, would have expected

payo↵

UHH(y) = �y + (1� q)
y

y + xHH
+ q

y

x1 + y + xHH
.

Di↵erentiation with respect to y gives

0 = U 0
HH(y) = �1 + (1� q)

xHH

(y + xHH)2
+ q

x1 + xHH

(x1 + y + xHH)2
.

Because in equilibrium this FOC is satisfied at y = xHH , the previous equation reduces
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to

0 = U 0
HH(xHH) = �1 + (1� q)

1

4xHH
+ q

x1 + xHH

(x1 + 2xHH)2
. (B.8)

The FOCs (B.6), (B.7), and (B.8) involve the equilibrium e↵orts in a highly

nonlinear way and appear unsolvable in closed form. Therefore, for particular values of

q, we solve these FOCs numerically.

First suppose q = 0.75. With no sharing or with complete sharing, each player’s

ex ante payo↵ is u⇤NS = 0.164063. When only players 2 and 3 share information,

x1 = 0.21521, xH = 0.18654, and xHH = 0.23107. Players conditional expected payo↵s

are strictly positive, and ex ante individual payo↵s are 0.170164 to player 1 and 0.161447

for players 2 and 3, showing the information-sharing arrangement hurts the alliance

members but benefits the outsider. It can be verified that the exchange raises the sum

of players’ payo↵s.

Next suppose q = 0.95. With no sharing or with complete sharing, each player’s

ex ante payo↵ is u⇤NS = 0.120201. When only players 2 and 3 share information,

x1 = 0.22466, xH = 0.23732, and xHH = 0.22342. Players conditional expected payo↵s

are strictly positive, and ex ante individual payo↵s are 0.119687 to player 1 and 0.120476

for players 2 and 3, showing the information-sharing arrangement benefits the alliance

members but hurts the outsider. Again, it can be verified that the exchange raises the

sum of players’ payo↵s.1

B.3 On the benefit of cartel secrecy

This note considers a possible “equilibrium” when player 1 is unaware that

players 2 and 3 are sharing information before making their bids. Here we adopt the 0-1

1For q = 9/10, the FOCs can be explicitly solved, yielding x1 = xH = xHH = 225/1000 = 0.225. In
this case, equilibrium payo↵s under all three regimes are equal to 261/2000 = 0.1305.
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framework of Section 3.3. We suppose players 2 and 3 secretly share their information

while player 1 believes he is competing in a no-sharing environment.

Then player 1 believes a player with value 0 earns interim payo↵ 0 and the

player with value 1 earns interim payo↵ of (1� q)2. Consequently, player 1 believes all

players with value 1 will bid according to the function FH derived from (3.3):

FH(x) =
1

q

⇣p
(1� q)2 + x� (1� q)

⌘
8x 2 [0, 1� (1� q)2]. (B.9)

If a cartel member (player 2 or 3) has value 0, he will bid 0 for sure. If both

cartel members have value 1, they will (independently) randomize their bids over [0, 1].

We need not derive these strategies—the key point is that these cartel members earn

interim payo↵s of 0. The only case in which a cartel member’s interim payo↵ is positive

is when he has value 1 and the other cartel member has value 0. For this scenario,

consider the player with value 1 and let his payo↵ with bid x be denoted by Ud
HL(x).

We need only consider x 2 [0, 1� (1� q)2]. Here we have

Ud
HL(x) = �x+

h
(1� q) + qFH(x)

i
= �x+

p
(1� q)2 + x.

Note that the objective function is strictly concave in x. This cartel member’s FOC for

his best response to player 1 is

0 =
dUd

HL(x)

dx
= �1 +

1

2
p

(1� q)2 + x
,

which yields the best response x⇤satisfying

p
(1� q)2 + x⇤ =

1

2
, or x⇤ =

1

4
� (1� q)2.
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Observe that x⇤  0 if q  1/2. Thus, if q  1/2, then the player’s best response

is to bid 0, winning only when the outsider has value 0, in which case the high-value

player earns payo↵ 1. Thus, for q  1/2, an alliance player’s ex ante payo↵ is usc =

q(1� q)Ud
HL(0) = q(1� q)2 with the secret alliance.

For q 2 (1/2, 1), we see x⇤ 2 (0, 1� (1� q)2), as assumed when defining Ud
HL.

Therefore, for q in this range we have

Ud
HL(x

⇤) =

✓
�1

4
+ (1� q)2

◆
+

1

2
=

1

4
+ (1� q)2.

So we see the ex ante expected profit of a member of the secret cartel is

usc = q(1� q)Ud
HL(x

⇤) = q(1� q)

✓
1

4
+ (1� q)2

◆
.

Thus, the ex ante payo↵ to an alliance member when the cartel is secret is

usc =

8
>>>><

>>>>:

q(1� q)2 if q 2 (0, 1/2]

q(1� q)
�
1
4 + (1� q)2

�
if q 2 (1/2, 1).

Recall from Corollary 18 that the ex ante payo↵ to each cartel member (when

the cartel’s existence is known) is

ukc =

8
>>>><

>>>>:

q(1� q)2 if q 2 (0, (
p
5� 1)/2)

q(1� q)(1� xm) if q 2 [(
p
5� 1)/2), 1),

where xm =
1�
p

1�8q3+8q4

2q2
. We see that for q  1/2, alliance members earn the same

ex ante payo↵s under the regimes of no sharing, a secret cartel, and a known cartel.
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So consider q 2 (1/2, 1). Here we see,

usc > uNS () q(1� q)

✓
1

4
+ (1� q)2

◆
> q(1� q)2

() 1

4
+ (1� q)2 > 1� q

() 0 <
1

4
� (1� q) + (1� q)2 =

✓
1

2
� (1� q)

◆2

,

which is valid for all q 2 (1/2, 1). Thus, over this range of q, a secret cartel is always

profitable, relative to no sharing. But does the cartel want to keep its existence secret

from player 1?

Because ukc = uNS for all q 2 (1/2, (
p
5�1)/2), the previous paragraph shows

secrecy benefits the cartel for q in this range. And for q > (
p
5� 1)/2 we see

usc > ukc () q(1� q)

✓
1

4
+ (1� q)2

◆
> q(1� q)(1� xm)

() 1

4
+ (1� q)2 > 1� 1�

p
1� 8q3 + 8q4

2q2

() 1�
p
1� 8q3 + 8q4

2q2
+ (1� q)2 >

3

4
.

For q 2 [(
p
5� 1)/2, 1) this last inequality is satisfied if and only if q < q⇤ ⇡ 0.635393.

The foregoing analysis gives the following comparisons of ex ante utilities for

alliance members:

• if q  1/2, then usc = ukc = uNS

• if q 2 (.5, 0.618), then usc > ukc = uNS

• if q 2 (0.618, 0.635), then usc > ukc > uNS

• if q 2 (0.635, 1), then ukc > usc > uNS
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Thus, we should expect an alliance to form if q > 1/2, and for q su�ciently large the

members will want the outsider to know of the alliance’s existence. This last e↵ect is

understood by recalling that as q becomes large, the outsider’s e↵ort is pushed quite low

as the outcome approaches the asymmetric full-information equilibrium (with known

value 1 for all players) in which only players 2 and 3 are active—this intimidation e↵ect

of cartel formation cannot take hold if the outsider does not know about it.
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Appendix C

Appendix for Chapter 4

C.1 Information sharing in a two-value IPV auction

We envision a first-price sealed-bid auction with three risk-neutral bidders.

This appendix shows equality of ex ante payo↵s under the regimes of no information,

complete sharing, and sharing between only two of the three players. The value to player

i is 1 with probability q and 0 with probability 1 � q.1 Ties are broken in favor of the

high-bidder. In the discussion below, we focus on semi-symmetric equilibria, that is,

those equilibria in which players in identical ex ante situations (given the information

sharing regime) use identical strategies.

Equilibrium without information sharing

Bidding 0 is the dominant strategy for a player with value 0. In the symmetric

equilibrium, a bidder with value 1 will randomize according to cdf FH having support

[0, x̄]. A high-value player will earn a positive interim equilibrium payo↵ u⇤NS , and the

1If there are only two possible values and players are risk-neutral, then reasoning analogous to that in
footnote 6 shows this setting is no less general than assuming values are uL and uH , with 0 < uL < uH .
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corresponding equilibrium strategy satisfies

u⇤NS = U(x) = (1� x)
h
1� q + qFH(x)

i2
8x 2 (0, x̄].

Strategy FH will not put an atom on 0, for otherwise a player with value 1 could get a

discrete increase in his expected payo↵ at virtually no cost. Therefore, taking the limit

as x # 0, we see u⇤NS = (1�q)2. Since a player has value 1 with probability q, his ex ante

payo↵ is q ⇥ u⇤NS = q(1� q)2.

Equilibrium with full sharing

If at least two players have value 1, equilibrium will have them bid 1 with

probability 1. Therefore, the only time a player with value 1 can get a positive payo↵

is when the other two players have value 0. And in this case, the high-value player

obtains payo↵ 1. Because a player is the sole high-value player with ex ante probability

q(1 � q)2, we see the ex ante payo↵ to a player with full sharing is q(1 � q)2, which is

precisely that when there is no sharing of information.

Equilibrium with a limited-membership alliance

Now suppose players 2 and 3 form an information-sharing alliance, and player

1 does not participate. However, the existence of the alliance (with truthful information

exchange) is common knowledge. Following our earlier notation, for a player with value

1, let FH be the strategy of player 1, let GHL be the strategy of the alliance member

when the other player has value 0. Again, if both alliance members have value 1, then

they will bid 1 for sure. The unique equilibrium is now determined by two cdfs, FH and

GHL, and these will have common cdf, say, [0, x̄].
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Consider x 2 (0, 1). Then the payo↵s for the outsider, v⇤, and the alliance

insider, u⇤, and equilibrium strategies satisfy

v⇤ = VH(x) = (1� x)
h
(1� q)2 + 2q(1� q)GHL(x)

i
8x 2 (0, x̄] (C.1)

and

u⇤ = UHL(x) = (1� x)
h
1� q + qFH(x)

i
8x 2 (0, x̄]. (C.2)

In equilibrium, it must be the case that FH and GHL do not both have atoms

at 0. We first show that that GHL must place an atom on 0, implying, therefore, that

FH does not. To see this, suppose to the contrary that GHL(0) = 0. Then, in (C.1) let

x approach 0 to find v⇤ = (1 � q)2. Using this value in (C.2) and solving for for the

alliance player’s strategy, we obtain

GHL(x) =
(1� q)x

2q(1� x)
.

The condition GHL(x̄) = 1 yields x̄ = 2q
1+q . The resulting interim payo↵ for the GHL

player is u⇤ = 1� x̄ = 1�q
1+q , which is less than the interim payo↵ 1� q he would obtain

by choosing 0 e↵ort, violating the requirement of equilibrium.

Because equilibrium has FH(0) = 0, it follows from (C.2) that u⇤ = (1 � q).

Consequently, an alliance player’s ex ante equilibrium payo↵ is q(1� q)u⇤ = q(1� q)2,

exactly the same as with no sharing and with complete sharing of information.
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C.2 Equilibrium characterization in the 0-v-1 case

case 2.1

The equilibrium strategies are:

GL(x) =
11v +

p
5
p
3v(7v � 12) + 20 + 4x� 10

8(v � x)
8x 2 [0, xm],

GH(x) =
3v +

p
5
p
3v(7v � 12) + 20 + 12x� 10

8(v � x)
8x 2 [xm, xL],

FL(x) =

8
>>><

>>>:

x

v � x
8x 2 [0, xm]

�
�5v +

p
5
p
3v(7v � 12) + 20 + 10x

10(x� 1)
8x 2 [xm, xL],

FH(x) =
9(v � 1)

4(x� 1)
� 2 8x 2 [v, xH ],

GHL(x) =
3(v � x)

x� 1
8x 2 [v, xH ],

where

xm =
1

12

⇣
�3v �

p
5
p
3v(7v � 12) + 20 + 10

⌘
,

xL =
v

4
� 1

4

r
3

5
v(7v � 12) + 4 +

1

2
,

xH =
1

4
(3v + 1).

158




