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The development of a new class of artificial materials, called metamaterials,

can be harnessed to provide a wide range of electromagnetic properties beyond

those of natural materials. These properties include positive and negative per-

meability and permittivity values, strong anisotropy, and the ability to construct

spatially varying electromagnetic properties within the material. These uncon-

ventional electromagnetic materials have been used to demonstrate negative re-

fraction and a cloaking structure among other interesting phenomena. To achieve

their response, metamaterials employ periodic composite structures consisting of

conductors and dielectrics that are shaped in various geometries which couple to

incident electromagnetic waves. In this dissertation we investigate the introduction

of fundamentally resonant materials into these geometrically resonant metamate-

rial structures. We are able to analytically characterize the unique hybridization

that occurs. More specifically, we consider the integration of a resonant gyromag-

netic materials into waveguide and bulk metamaterial structures. These hybrid

structures are shown to provide a means of making strongly tunable metamaterial

structures.

In this dissertation we initially investigate the physical nature of metamaterial

structures. In Chapter 2, we consider the effect of geometrical disorder in the reso-
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nant elements of a split-ring resonator (SRR) metamaterial and the resulting bulk

constitutive parameters. In Chapter 3, we consider the potential for metamateri-

als to support novel surface modes. We experimentally demonstrate the excitation

of magnetic surface polariton modes on a magnetic SRR metamaterial slab. In

Chapter 4, as a precursor to considering how to integrate naturally magnetic ma-

terials into metamaterial structures, we consider ferromagnetic materials and their

integration into small dimensional microstrip structures. We develop simulation

techniques that accurately reproduce experimental results for these analytically

intractable structures. In Chapter 5, we examine the metamaterial concept in the

transmission line environment and consider the potential for constructing tunable

metamaterial structures. Finally, in Chapter 6, we theoretically and numerically

consider a metamaterial with incorporated naturally resonant magnetic material

and demonstrate that it exhibits a unique hybrid resonance. In Chapter 7, we

extend our analysis to a bulk hybrid metamaterial structure with integrated gyro-

magnetic material. In general, these hybrid structures show potential for extend-

ing the electromagnetic properties of metamaterials. They also provide a means

of magnifying and decoupling the electromagnetic properties of the integrated res-

onant magnetic materials.
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Introduction

A material’s bulk electromagnetic attributes can ultimately be traced to the

discrete field contribution of its constituent atoms and the thermodynamic laws

that govern their composition within the material. But, when considering the

interaction of matter with incident electromagnetic radiation, of which the wave-

length is much larger than the inter-atomic spacing, it is sufficient to consider the

spatial and time averaged response of the material. Indeed, this is the classical

electrodynamic approach that was discovered long before the true atomic nature

of matter was understood. In this approach, the material is viewed as a homoge-

nous medium with bulk electric permittivity (ε) and magnetic permeability (µ)

parameters which relate the response of the material to applied electric and mag-

netic fields, respectively. Homogenization theory works surprisingly well for most

wavelengths of the electromagnetic spectrum down to x-rays where it approaches

the atomic length scale and field averaging finally breaks down. In fact, it is an

interesting curiosity that thermodynamic considerations seem to fundamentally or-

ganize matter on a length scale not much larger than the atomic scale. One might

conceive of imposing artificial structure upon natural matter at a larger scale, but

still small with respect to the wavelength of incident radiation, in order to realize

new electromagnetic properties. It is this perspective that has spurred the devel-

opment of a new class of artificial materials called metamaterials that is the focus

of this dissertation.

The thermodynamic organization of matter tends to fragment the electromag-

1
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Figure 1.1: A diagram of the range of electromagnetic parameter space for natural
materials. There are some natural materials that have a negative permittivity and
permeability (as shown) but not simultaneously.

netic properties of natural materials into certain frequency ranges. Although,

materials with a strong electric response can be found at most frequencies rang-

ing from radio frequencies up to the ultraviolet, materials with a strong magnetic

response are strikingly absent at frequencies above the low gigahertz regime. Fur-

ther, if we consider the range of electromagnetic parameters for natural materials

at all frequencies (sketched in Fig. 1.1), we notice an interesting omission; there are

no materials which exhibit simultaneously negative permittivity and permeability.

Veselago considered these so called negative index materials in a theoretical paper

in 1968 and determined that they would exhibit novel and counterintuitive proper-

ties including a negative index of refraction and a group velocity that is antiparallel

to the phase velocity [3]. At first glance negative index materials seem unphysical

and it is true that the permittivity and permeability cannot be negative for static

fields because it would violate conservation of energy [2]. However, negative per-

mittivity or permeability values can result when an electromagnetic driving field

oscillates with a frequency near a material’s resonance just as an oscillating weight

on a spring can be out of phase with its driving force. Near the resonance of an

electric material, for example, the polarization is quite large due to the driving

field dumping energy into the polarization over many cycles. As the frequency of
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Figure 1.2: (a) The thin wire structure proposed by Pendry is shown and its char-
acteristic dimensions. It exhibits a negative permittivity below the geometrically
determined plasma frequency, ωp. (b) The SRR structure proposed by Pendry is
shown with its characteristic dimensions. It exhibits a negative permeability for
a frequency range above the resonant frequency, ω, which is determined by the
geometry of the structure. (c) A combined wire/SRR structure with simultaneous
negative permittivity and permeability is shown. This structure was used by Smith
et al. to demonstrate a negative index of refraction. It’s characteristic index, n, is
plotted

the driving field is swept through the resonance, and if the damping losses are not

too large, the polarization flips from in-phase to out-of-phase with the driving field

and the material exhibits a negative response [4]. Though Veselago realized there

was no fundamental physical limitation preventing a material with simultaneously

negative permittivity and permeability (often called a negative index material)

from existing, he was unable to find any natural material with such attributes and

he eventually abandoned this line of research. Fundamentally, the thermodynamic

properties at the atomic scale, which govern the natural organization of matter,

do not readily sustain these negative index properties.

Almost 30 years after Veselago’s theoretical work, a new approach to designing

“artificial” materials was developed which made it possible to realize these novel

properties. John Pendry et al. [5] first proposed a thin wire mesh structure with a

spacing much less than the wavelength of the radiation of interest, see Fig. 1.2(b).

His initial motivation was to make a material with a moderately negative permit-
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tivity in the microwave regime. By manipulating the geometry of a wire mesh he

recognized it was possible to create a material with properties substantially differ-

ent from its underlying constituent materials, i.e. metal and air. In the wire mesh,

electrons are confined to move along the wire structure and the average charge

density is effectively reduced compared to a bulk metal. Incident radiation cannot

sense the discrete wire geometry but instead is influenced by the effective average

charge density of the composite volume. In a sense, the structure can be thought

of as a second homogenization of matter and hence sidesteps the thermodynamic

constraints at the atomic level. Pendry derived that the wire mesh has a resonant

permittivity with a characteristic Drude-Lorentz form given by,

ε(ω) ≈ 1−
ω2

p

ω2 + iωΓ
, (1.1)

where Γ is the loss factor and ωp is the plasma frequency. Noticeably, this is

the same resonant form metals possess, but the plasma frequency for metals is a

function of the electron properties,

ωp =
ne2

me

, (1.2)

where n is the electron density, me is the electron mass, and e is the electron

charge [6]. These values are effectively the same for most metals and ωp is usually

in the ultraviolet. Alternatively, for the wire structure we can define an effective

“electron” density and “electron” mass, neff and meff , which are functions of the

structure parameters, a, the wire spacing, and, r, the wire radius. The plasma

frequency is then found to be,

ω2
p =

neffe2

meff

≈ 2πc2

a2 ln(a/r)
. (1.3)

Since the wire material has a permittivity that is determined by geometry, it can

have a much lower plasma frequency than metals. For metals at microwave and

lower frequencies, the permittivity is strongly negative, whereas the wire structure

can be designed to have a more moderately negative permittivity in this spec-

trum. The resulting material provides access to interesting electric properties at

frequencies that natural materials cannot provide.
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Pendry et al. also suggested it was possible to design a magnetic structure with

negative permeability at a frequency determined by geometrical parameters [7].

This was especially intriguing because, as mentioned previously, materials with a

strong negative permeability are relatively uncommon; they include a few resonant

ferromagnetic and antiferromagnetic systems [8, 9] that tend to have a response

in the low gigahertz frequency range usually over a small bandwidth. The arti-

ficial structure suggested by Pendry was a split-ring resonator (SRR) structure

composed of metal planar elements with subwavelength dimensions as illustrated

in Fig. 1.2(b). A simple model for the SRR element is a driven “LC” circuit. A

LC circuit has a characteristic inductance, L, and capacitance, C, that results in a

resonance when the driving voltage has a frequency of ω0 = 1/
√

LC. Correspond-

ingly, the SRR element is excited by an oscillating magnetic field perpendicular

to the plane of the metallic ring. The driving field induces an electromotive force

in the structure that drives current around the conducting ring with some asso-

ciated inductance. A split in the ring generates an associated capacitance in the

structure. Then, the resonant frequency of the SRR is, ω0 = 1/
√

LgCg, where the

inductance, Lg, and capacitance, Cg, are determined by the geometry of the SRR

structure. Though finite in size, when the individual SRRs are assembled into a

composite structure, the electromagnetic response of the resulting material can

effectively be treated as a uniform medium with a characteristic Drude-Lorentzian

magnetic response given by [7],

µ (ω) = 1− Fω2

ω2 − ω2
0 + iΓω

, (1.4)

where, F ≈ π(w/2)2/a2 is the filling fraction, ω0 = 1/
√

LgCg ≈ 3/(π2µ0r
2 ln(ωd(w/2))

is the resonant frequency, and Γ ≈ 2aσ/((w/2)µ0) is the damping factor [note: σ

is the conductivity, a is the unit cell size, and the other geometrical quantities are

defined in Fig. 1.2(b)]. For the SRR structure, the permeability is negative over a

band of frequencies between ω0 and ωmp = ω0/
√

1− F (for small Γ).

Smith et al. made the remarkable discovery in 2000 [10], that the wire and SRR

structures could be combined to form a composite material with simultaneously

negative permittivity and permeability. Furthermore, experiments demonstrated
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Figure 1.3: A metamaterial is effectively a second homogenization of matter. The
effective constitutive parameters can be calculated through an inversion of the
transmission and reflection coefficients (or related S-parameters) as discussed in
the text.

that the material exhibited a negative index of refraction and anti-parallel phase

and group velocity—hence, realizing Veselago’s theoretical negative index mate-

rial [11]. In addition to demonstrating the unique material properties of a negative

index material, Smith’s experiment validated the so called metamaterial approach

in which periodic and resonant structural elements can be harnessed to provide a

diverse range of electromagnetic properties. Just as for natural materials where

constituent atomic resonances contribute to a bulk electric or magnetic polariz-

ability per-unit-volume, artificially constructed meta-atoms can be tailored and

arranged to manifest bulk electromagnetic properties (see Fig. 1.3). The best

known resonant elements used in metamaterials are the wire and SRR structures,

introduced above, but there are potentially an infinite number of geometries that

can be considered.

The initial focus of metamaterials research has been largely concentrated on es-

tablishing the theoretical link between the properties of the meta-atom constituents

and their resulting bulk electromagnetic properties. The geometrical complexity

of metamaterial structures makes an exact theoretical analysis intractable, and

therefore, numerical analysis has becomes an invaluable tool. In fact, the rapid de-

velopment of metamaterials can be partially credited to the modern advancements
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and proliferation of electromagnetic simulation software. The standard approach

to determine the effective constitutive parameters of a metamaterial is to use an

electromagnetic solver to perform a full-wave analysis of a unit cell of the meta-

material structure. The periodicity of the elements constituting a metamaterial

structure make it only necessary to simulate one unit cell, with symmetric bound-

ary conditions, in order to determine the equivalent properties of the full metama-

terial structure. Full wave electromagnetic simulations of the unit cell structure

are used to determine the transmission and reflection coefficients which in turn

are mathematically inverted to extract the effective permeability and permittivity

parameters. In this dissertation we extensively use Ansoft’s HFSS finite element

solver, a commercially available software, to perform our analysis.

The general procedure for analyzing a metamaterial structure is to first perform

a HFSS simulation of the metamaterial’s unit cell in order to determine the scat-

tering matrix components, or S-parameters, which are related to the reflection and

transmission coefficients as shown in Fig. 1.3. Then, the index, n, and impedance,

z, are determined through a S-parameter inversion given by [12],

n =
1

kxd

{
± cos−1

[
1

2S21

(1 + S2
21 − S2

11)
]

+ 2mπ
}

, (1.5)

z = ±

√√√√(1 + S11)2 − S2
21

(1− S11)2 − S2
21

, (1.6)

where m is an integer that is determined by continuity constraints across the

frequency regime and d is the unit cell thickness [13]. Finally, the constitutive

parameters are calculated through the relation ε = n/z and µ = nz. To design

a metamaterial with specific electromagnetic properties an iterative process is un-

dertaken as shown in Fig. 1.4. An initial guess is made for the necessary geometry

of the metamaterial (aided by analytic theory) and then the constitutive param-

eters are extracted from numerical simulations of the structure. The geometry is

adjusted as necessary until the desired properties are obtained.

With design control of the metamaterial structure down to the meta-atom scale

it is also possible to implement parameter gradients inside the material. This is a

truly powerful tool because most natural materials have uniform properties inside

the material. For example, modern optical design is largely a matter of manip-
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Figure 1.4: Designing a metamaterial structure structure is an iterative process. A
rough analytic guess is used to determine the initial geometry and then a full wave
numerical simulation is performed on the structure to determine the associated
scattering matrix. Effective constitutive parameters are then extracted from the
scattering matrix data and the geometry is adjusted until the necessary electro-
magnetic properties are achieved.

ulating interfaces between two materials—e.g. a concave surfaces for a focusing

lens or a convex surfaces for a diverging lens. The ability to structurally design

electromagnetic gradients in metamaterials has been harnessed to make a gradi-

ent index lens [14] which can have superior optical properties over regular lenses.

In fact, the multiplicity of electromagnetic properties and spatial control of elec-

tromagnetic properties inside a metamaterial makes for an almost limitless range

of applications. This fortunate conundrum has stimulated the development of a

new field called transformation optics, in which one first defines the desired opti-

cal path of light in a material and then deducts the necessary material properties

through a coordinate transformation. In 2007, this method was used to determine

the necessary properties of a cloaking structure [15] in which light is smoothly

redirected around an object completely concealing it from the electromagnetic ra-

diation. Soon after this theoretical proposal, a cloaking structure was fabricated

using a metamaterial structure with the necessary spatially varying constitutive

parameters [16].

The concept of “properties through structural design” provides extraordinary
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flexibility in engineering materials—whether the desired electromagnetic proper-

ties are positive, negative, or highly anisotropic. We can consider extending the

properties of metamaterials even further by incorporating fundamentally resonant

materials into these geometrically resonant structures. As we will explore, these hy-

brid metamaterials provide a means of creating tunable metamaterials and further

have a unique physical response that is different from either of the contributing res-

onant responses (i.e. the resonant material or the resonant geometry). In addition,

these hybrid structures provide a means of decoupling the resonant electromagnetic

response of a fundamental resonant material from its less desirable electromagnetic

properties through targeted integration of the material in the metamaterial struc-

ture.

The research in this dissertation was largely motivated by our interest in de-

veloping a physical understand of hybrid metamaterial structures. We focus in

detail on the physical nature of these hybrid structures in the final two chapters.

The research contained in the first half of this dissertation is linked by our effort to

develop a foundational understanding of metamaterials and resonant magnetic ma-

terials. In Chapter 2, we consider the effects of disorder in the resonant elements of

a SRR composed metamaterial structure and determine the resulting constitutive

parameters. In Chapter 3, we explore the potential for metamaterials to sup-

port surface modes. The use of metamaterials can provide access to a full range of

surface modes which Maxwell’s equations predict yet natural materials do not sup-

port. We demonstrate the flexibility of metamaterials by experimentally exciting

surface polariton modes on a magnetic SRR metamaterial slab. In Chapter 4, we

consider the use of ferromagnetic materials, which have a fundamental magnetic

resonance, as a means of making tunable microstrip devices. We develop numerical

simulation techniques that characterize these structures and agree extremely well

with experimental results. In Chapter 5, we introduce the metamaterial concept in

the transmission line environment and consider structures for constructing tunable

metamaterials in this environment. Having established a principle understanding

of metamaterials and resonant gyromagnetic materials through our initial research

investigations, we turn our focus to considering hybrid resonant structures. Specif-
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ically, we focused on integrating a resonant gyromagnetic material into a metama-

terial structure. In Chapter 6, we consider a waveguide metamaterial structure

with a characteristic resonant gyromagnetic material incorporated into the struc-

ture. Using numerical simulations, we demonstrate that this structure exhibits

a unique hybrid resonance. We further apply an analytic model that accurately

predicts the resulting hybridization. In Chapter 7, we extend our analysis to a

bulk SRR structure with integrated magnetically resonant ferrite material. Using

the same analytic model we developed for the waveguide structure, we are able to

very accurately characterize the hybrid interaction of this structure. We further

note the inadvertent observation of this hybrid interaction in a recently published

experiment.

In general, this dissertation provides an aggregation of numerical and theo-

retical studies of hybrid structures that can be drawn upon to design new and

advanced metamaterials.



2

Characterizing Disorder in

Magnetic Split-Ring Resonator

Metamaterials

In this chapter we investigate the effects of disorder on metamaterial sam-

ples composed of split ring resonators with randomly introduced variation in their

geometrical dimensions. We demonstrate that disorder broadens the negative per-

meability band and introduces effective losses into the system. Transmission mea-

surements on samples with varying degrees of disorder are found to be in excellent

agreement with predictions based on standard homogenization theories.

2.1 Introduction

A class of artificial electromagnetic media, called metamaterials, has provided

access to electromagnetic properties beyond those of natural materials [7, 10, 17].

These materials derive their unique properties from the collective response of many

periodic subwavelength resonant structures. Metamaterial designs generally as-

sume that these structures are identical, but in reality, fabrication error will in-

troduce geometrical perturbations and cause some degree of deviation in their

resonant properties. As has been shown in several prior studies [18, 19], a varia-

tion in the geometrical parameters of resonant metamaterial elements results in a

11
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spreading of the oscillator strengths across a finite bandwidth, effectively reducing

the strength of the collective resonance; increasing the apparent loss; and intro-

ducing other artifacts into the effective constitutive parameters. We demonstrate

these effects experimentally in the microwave regime with a magnetic metamate-

rial consisting of split-ring resonators (SRRs) fabricated with varying amounts of

disorder. We also explore a predictive model to determine the effective electro-

magnetic parameters of these structures from numerical simulations. Numerical

calculations furthermore suggest that normal geometrical variations cannot vary

more than 5.5% to maintain a negative permeability regime. This is easily satisfied

with photolithographic methods in the microwave regime, but fabrication accuracy

declines as metamaterial geometry is scaled down, and this becomes a potential

limitation for samples being considered at terahertz and optical frequencies [20].

2.2 Experiment

To investigate the effect of the variation in metamaterials, we intentionally

designed structural variations into SRR unit cells resonant at microwave frequen-

cies and distributed these structures randomly throughout the media. Numerical

simulations of unit cells, carried out using HFSS in a standard manner (Ansoft,

a commercial finite-element solver) [12], demonstrated that varying the width of

the outer and inner copper ring (while holding the unit cell size, gap size, and

ring trace width constant), as shown in Fig. 2.1, excited a large range of resonant

frequencies. Using these simulations as a guide, the structural parameters of a

set of SRR structures were chosen to give an approximately linear distribution of

resonant frequencies over 0%, ±4% (with 9 distinct cells), ±14% (with 21 distinct

cells), ±19% (with 21 distinct cells), and ±25% (with 21 distinct cells) with a mean

value of 12.5 GHz. The SRRs were designed so that their resonance occurred over

a band of microwave frequencies consistent with our measurement equipment.

To determine effective constituent parameters for the fabricated samples, it was

necessary to apply a mixing model. A common model is Maxwell-Garnett [21], in

which a sufficiently dilute material is assumed such that a hierarchy of macroscopic
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Figure 2.1: The characteristic dimensions of the SRR structure are shown. The
parameters w1 and w2 were varied in the samples to induce various amounts of
disorder as pictured. The SRR used in the 0% SRR structure had dimensions g =
0.22 mm, c = 0.08 mm, w1 = 2.25 mm, w2 = 0.45 mm, and a unit cell size of 3.33
mm. Also shown is an illustration of the Bruggeman model for our structure in
which the magnetic dipole moment of SRR unit cells are determined with respect
to an average background permeabilty.

and microscopic fields can be defined. But, the underlying assumption of diluteness

becomes suspect when investigating metamaterials which are composed of closely

packed and strongly resonant structures. An alternative model, which we apply

here, is the Bruggeman mixing model [21, 22]. The Bruggeman model applies to

mixtures of two or more media, and makes no distinction between species, such as

host or inclusion. The Bruggeman model is thus conceptually closer to our experi-

mental configuration. To determine the effective permeability of the metamaterial

structure, we assign each unit cell its associated bulk metamaterial permeabil-

ity. These “macroscopic” parameters are straightforwardly obtained with present

numerical methods [12]. The magnetic dipole moment of each unit cell is then

found with respect to a yet to be determined homogenous “background” effective

permeability as illustrated in Fig. 2.1. The Bruggeman model assumes spheroid

constituents, but in the quasi-static limit, where the unit cell is much smaller than

the operating wavelength (as we are interested in here), the polarization of a cube

is equivalent to that of a spheroid [23]. By self-consistency, the dipole moments

(with respect to the background) must sum to zero and the material’s effective

permeability can be determined. The general Bruggeman equation for the perme-
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ability and similarly the permittivity are then
n∑

i=1

fi
µi − µeff

µi + 2µeff

= 0,
n∑

i=1

fi
εi − εeff

εi + 2εeff

= 0, (2.1)

where µi and εi are the parameters of the constituent materials and fi is the filling

fraction of each element such that
∑n

i fi = 1.

To apply the Bruggeman model, it is necessary to extract the effective bulk

parameters of each distinct SRR structure. The commercially available electro-

magnetic simulator Ansoft HFSS was used to determine the effective permeability

and permittivity [12] for each unique SRR structure. These “homogenous” ma-

terial parameters were applied to Eq. 2.1 and a numerical root finding algorithm

was implemented in Mathematica to deduce the effective Bruggeman material pa-

rameters µeff and εeff . The retrieved µeff and εeff were then used in the Fresnel

equations [12] to determine the theoretical transmission coefficient to which mea-

sured transmission was compared.

The SRR metamaterial structures were fabricated on FR4 sheets (250 µm thick

with 17 µm copper thickness) using a standard optical lithographic method. A

mask was designed consisting of strips of 3.33 mm SRR unit cells extending 6

cells wide and 45 cells long. Mathematica was used to generate the layout and

to randomize the positions of the SRR unit cells on the mask. Upon completion

of the photolithographic process, the strips of SRRs were cut out to dimensions 2

cm in width (6 unit cells) and 15 cm in height (45 unit cells). Supporting cross

strips, constructed from bare FR4 substrate material, were used to assemble the

strips into three-dimensional slabs as shown in Fig. 2.1. In total five samples were

constructed with various amounts of disorder in the SRR structures.

A two horn antenna system was used to measure the transmission through each

disordered metamaterial sample. Rexolite plano-convex lenses were placed in front

of each antenna so that the exiting beam from the first horn was collimated and

focused at 30 cm to a 7 cm diameter beam. The horn antennas were connected

to a network analyzer (Agilent N5230A PNA-L) and the transmission between

both the horns was calibrated. The random media samples were placed at the

focal point of the lens and measured. The significant size of the sample (15 cm

by 15 cm) ensured that the focused 7 cm microwave beam was fully incident on
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Figure 2.2: The experimental data is shown for transmission through disordered
metamaterials of various linear distributions. Theoretical transmission for the sam-
ple is calculated using the Bruggeman mixing model to determine the material’s
effective permeability (and permittivity—not shown).

the sample. The focused beam illuminated approximately 1700 unit cells along it’s

path through the sample, providing a well distributed measurement.

In Fig. 2.2 the results of the transmission experiment for the disordered meta-

materials samples are plotted versus the theoretical transmission calculated using

the Bruggeman effective permeability and permittivity parameters. Good correla-

tion is seen for each of the disordered samples considered. As the distribution in the

samples is increased, the stop band is widened and the response decreased, consis-

tent with effective additional loss in the permeability of the material. The numer-

ically determined Bruggeman effective permeability is also shown for each sample

and predicts that the negative region should only exist for 0% and ±4% distribu-

tions. It’s useful to note that a metamaterial can have a strong stop band without

its parameters necessarily taking on negative values—simply due to impedance
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Figure 2.3: For a characteristic SRR structure in our experiment (f0 = 12.5 GHz,
Q = 78, F = 0.14), a numerical calculation of the width of negative region
as a function of disorder introduced is shown for linear, Gaussian, and Cauchy
distributions.

mismatch of its positive parameters with free space.

2.3 Numerical Investigation

We further performed a numerical investigation to determine the effect of dis-

order on the negative permeability band of our SRR structures for several distribu-

tions. For simplification, we assumed a Lorentz form for our constituent material

permeabilities,

µi = 1− Fω2

(ω2
0j − ω2 + i(ωω0/Q))

. (2.2)

The general parameters, F = .14 and Q = 78, were determined by fitting the

Lorentz function to the numerically extracted permeability of our uniform SRR

metamaterial with geometry listed in Fig. 2.1 (ω0 = 12.5 GHz). A 500 hundred

element material was considered with linear (as in the experiment), Gaussian, and

Cauchy distributions in the resonant frequencies, ω0, and the Bruggeman formula

was solved with a numerical root finding method. The width of the negative band of

the extracted permeability is shown in Fig. 2.3 as a function of the order parameter

σ/f0 where σ is a parameter of the probability functions as defined in the figure. For
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the linear case, the numerical results are consistent with the extracted Bruggeman

parameters for our samples. That is, the negative band does not exist for variation

above ±9%. One might also consider the Gaussian distribution that one would

expect from normal fabrication error of a metamaterial. As is shown, the standard

deviation cannot be greater than ±5.5%. This cannot be translated into an exact

constraint on geometrical variation since it depends on the specific parameter that

is varied, but it can be noted that simulations show that geometrical variation

translates into a slightly greater resonant frequency variation, so 5.5% can be used

as conservative estimate on the allowable standard deviation of our geometrical

structure in order to maintain a negative band. This is slightly larger than the

theoretical predictions by Shadrivov et al. [18] who used a Cauchy distribution in

their theory (we plot the Bruggeman parameters for a Cauchy distribution here as

a comparison).

2.4 Conclusion

In summary, transmission through metamaterials composed of disordered SRR

structures were measured and their spectra matched very closely with that pre-

dicted by a Bruggeman mixing model. Numerical modeling also suggest that toler-

ances for maintaining a negative band are about σ = ±6% for normal fabrication.

This study of disorder also has implications for non-geometrically induced vari-

ability that might be found in tunable [24] and active [25] metamaterials due to

integrated electrical components.
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Magnetic Polaritons

The development of metamaterial structures has provided the means to en-

gineer materials with a wide range of electromagnetic properties beyond those

available with natural materials. This has lead to the realization of novel wave

propagation inside bulk metamaterial structures including wave propagation with

anti-parallel phase and group velocity. Alternatively, we can consider the expanded

range of surface polaritons (surface modes) that metamaterials may be able to sus-

tain. In this chapter we first review the scope of surface polariton modes predicted

by Maxwell’s equations when given access to the wider range of electromagnetic

parameter space afforded my metamaterial structures. We then experimentally

demonstrate magnetic surface polaritons on a metamaterial structure. We also

verify that the effective medium theory, which has been successfully applied to

bulk metamaterial structures, is also applicable to surface mode phenomenon on

metamaterial structures.

3.1 Introduction

Maxwell’s equations predict the existence of propagating electromagnetic modes,

often called surface polaritions (SPs), at the interface between two materials with

oppositely signed permittivity, ε, or permeability, µ. SPs on materials with neg-

ative ε were first predicted and demonstrated in the 1950s [26], and have since

been extensively studied in a variety of contexts [27]. The most commonly known

18
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Figure 3.1: (a) A surface polariton travels along an infinite half-space boundary
between two materials with permeability and permittivity indicated. A cutout
shows the characteristic electric fields of an electric surface polariton. (b) The
surface plasmon dispersion curve curve is plotted and relates frequency to propa-
gating wavevector (kx). The wavevector is to the right of the bounding dielectric
lightline for frequencies below wp.

materials that support SPs are the noble metals—silver and gold (often called sur-

face plasmons in this context). In these and in many other metals, the frequency

dependent dielectric function is approximately free-electron like, characterized by

a plasma frequency (usually in the UV), below which ε is negative. Because the

plasma frequency for most metals is in the UV, SPs naturally tend to occur at

wavelengths ranging from UV to visible.

The SP represents a coupling of the electromagnetic field with the conduction

electrons in a metal. In a SP, charge density oscillations occur just along the in-

terface of the metal and a second material whose ε > 0. The resulting coupled

electromagnetic state propagates along the interface of the metal as illustrated in

Fig. 3.1(a). The electromagnetic fields of the SP mode perpendicular to the surface

are evanescent and decay into the bounding materials. As a result, the mode is

nonradiative as seen by mapping out the dispersion curve, shown in Fig. 3.1(b) (the

wavevector is to the right of the lightline for frequencies ω < ωp). The associated

wavelength of the SP propagating mode is much smaller than its free space mode

equivalent. This momentum mismatch prevents direct coupling between the sur-
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face mode and a free propagating photon in the bounding materials. To overcome

this mismatch, which must be done if you are interested in exciting these modes,

it is necessary to couple using a prism, grating, or scattering event as is explained

below.

Surface polaritons have long been appreciated for their ability to localize light

to a scale not restricted by the wavelength. The resulting localized fields usually

exhibit large enhancements over the incident field, making SPs useful probes of

their local environment. The extreme sensitivity of the SP on gold films, for exam-

ple, has been used as the basis for highly sensitive biochemical sensors [28, 29, 30].

These biochemical sensors exploit the sensitivity of surface modes to adjacent ma-

terial parameters [31]. Biomolecular or chemical recognition elements are attached

to a metal/solution boundary. When the element of interest binds to the surface,

the local permittivity at the surface of the metal is altered. This small change in

permittivity at the boundary strongly affects the propagation constant, which can

then be monitored to determine the concentration of the substance.

With the recent advances in nanofabrication capabilities, SPs are being scru-

tinized as a means of manipulate light [32, 33, 34]. In this regard, SPs have been

proposed as a method of scaling down optical devices to nanoscopic dimensions.

The ratio of wavevector to frequency of surface modes is determined by the bound-

ing material parameters and can be quite large (corresponding to a small wave-

length), see Fig. 3.1(b). This suggest the possibility of converting light signals to

surface modes on a photonic microchip, processing them on a subwavelength scale

(beyond the diffraction limit of light) and then converting them back to light [35].

In this way, a variety of optical components (waveguides, switches, couplers, etc)

could all be condensed down onto a microchip.

While there has been considerable analysis and application development for

electric SP structures–those which require a material with negative ε, it is also

possible for SPs to occur between two materials having opposite signs of µ. The

difference between magnetic and electric SPs is that effective magnetic surface

charges rather than electric surface charges participate in the coupled electromag-

netic mode. In general, electric SPs will have p-polarized electromagnetic fields



21

(magnetic field perpendicular to propagation) while magnetic SPs will have s-

polarized electromagnetic fields (electric field perpendicular to propagation). Nat-

urally occurring systems such as resonant ferromagnets and antiferromagnets ex-

hibit a band of negative µ just above the resonant frequency [8]. In fact, a conve-

nient method for probing the properties of a negative µ frequency band is to excite

magnetic SPs and characterize their dispersion [9]. Unfortunately for the prospect

of using magnetic materials in potential applications directly, the frequency range

over which the permeability is negative is considerably smaller than for available

materials with negative permittivity.

SP modes can also occur on textured metallic surfaces, such as gratings, where

their dispersion properties can be tuned by adjusting the surface patterning [36].

Textured conducting surfaces or structured conducting materials can drastically

change the frequency range over which SP modes occur; in particular, the surface

properties can predominate over the inherent material properties, such that SPs

can be observed at microwave frequencies on suitably designed conducting grat-

ings [35]. Since the surface properties of gratings or other structured materials

can be significantly distinct from the underlying constituent materials, it might be

expected that artificially patterned structures would support magnetic SPs. Over

the past several years, there has been a renewed interest in the development of

artificial materials to achieve electromagnetic responses that are difficult or impos-

sible to achieve in conventional materials. A periodic array of conducting wires,

for example, can be characterized via effective medium theory as having an ε with

the same plasmonic form as silver, but with a plasma frequency determined by the

wire radius and spacing [37]. Wire structures have been fabricated that have effec-

tive plasma frequencies in the microwave regime [5], and which have been shown

to support electric SPs [38].

In 1999, it was suggested that an array of planar conducting, resonant elements,

termed split ring resonators (SRRs), could behave as an artificial medium with a

predominantly magnetic response to incident electromagnetic radiation [37]. The

electromagnetic properties of the composite structure can be described by a fre-

quency dependent µ similar in form to the Drude-Lorentz model, with a resonant
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frequency ω0 and a magnetic plasma frequency ωmp where µ = 0. If the SRRs are

placed close enough together, and the losses in the conductors are reasonably low,

then the effective oscillator strength of the SRR medium can be large enough that

the effective µ is negative above ω0 and below ωmp. The negative µ response of the

SRR medium was demonstrated in the context of a negative index metamaterial

[10], in which the SRR medium was combined with a wire medium to produce a

composite for which both ε and µ were negative over a range of microwave fre-

quencies.

Our goal is to explore the excitation of SPs on a magnetic metamaterial com-

posed of an SRR array. The SRR medium is designed such that the effective

permeability µ is negative over a band of frequencies in the microwave regime.

The occurrence of magnetic SPs at the interface of an artificially structured meta-

material, simply and correctly described by a Drude-Lorentz model, illustrates the

utility of the metamaterials approach to realizing phenomena difficult to achieve

in conventional materials. In studying the magnetic SPs here at microwave fre-

quencies, we apply the same techniques used to excite SPs on thin metal films at

optical wavelengths.

3.2 Derivation of Polariton Modes

To model the expected characteristics of the SPs, we first consider an infinite

half-space of material in the region z > 0, see Fig. 3.1(a). The surface mode

solutions to Maxwell’s equations may be grouped into two different families, namely

s and p polarized electromagnetic waves at the boundary of the two materials. The

electric field for s-polarized waves lies parallel to the interface; the electric field

for p-polarized waves lies in the plane of incidence. The specifics of these modes

can be solved for by considering an infinite half space as shown in Fig. 3.1(a).

We analyze the case of s-polarized fields (magnetic surface polaritons) in order

to be consistent with the experiments presented later. The general s-polarized

inhomogeneous propagating solution to the wave equation is

Ej = (0, Eyj
, 0)ei(kxj x−ωt)e−kzj |z| (3.1)



23

Hj = (Hxj
, 0, Hzj

)ei(kxj x−ωt)e−kzj |z| (3.2)

where (j = 1, 2) refers to the two bounding materials, respectively. Note that

phase matching at the boundary requires kx1 = kx2 ≡ kx. For simplicity, we define

kzj
to be positive and assign it’s sign explicitly. From the scalar wave equation,

(∇2 + εjµj(ω/c)) Ey = 0, the dispersion relation can be derived in each material

to be [27],

k2
x = εjµj

(
ω

c

)2

− k2
zj

. (3.3)

where j refers to one of the two bounding materials. At the interface, the tangential

components of the electric and magnetic fields Hx and Ey must be continuous. This

constraint yields a relation between the normal wavenumbers

kz1

µ1

+
kz2

µ2

= 0. (3.4)

The wavenumbers kz1 and kz2 were defined to be real and therefore µ2/µ1 < 0.

Solving for kx using Eq. 3.3 and Eq. 3.4 gives,

kx(magnetic) =
ω

c

√√√√µ1µ2(ε1µ2 − ε2µ1)

µ2
2 − µ2

1

. (3.5)

There is a dual relationship for p-polarized surface modes (electric surface po-

laritons) that is derived in a parallel method. The wavenumbers kz1 and kz2 are

related by
kz1

ε1

+
kz2

ε2

= 0, (3.6)

and the propagating mode is

kx(electric) =
ω

c

√√√√ε1ε2 (µ1ε2 − µ2ε1)

ε2
2 − ε2

1

. (3.7)

In order for a surface polaritons to be nonradiative, the propagation vector

must be real and greater than the maximum photon wavevector of either bounding

material (kx > max(
√

ε1µ1ω/c,
√

ε2µ2ω/c).

We now derive the viable magnetic polariton modes, given the non-radiative

constraint, as a function of the bounding materials’ permittivity and permeability

properties (note that the derivation of the electric modes is similarly determined).
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Figure 3.2: Range of possible electric (red) and magnetic (blue) polariton modes
and their normalized energy flow densities are shown. Cases: (a) ε1, µ1 > 0 and
(b) ε1 < 0 µ1 > 0 (figure credit: Yoon et al. [1]).

The analysis can be separated into two boundary types: case 1, one of the bounding

materials has ε or µ both positive or both negative (it is assumed here ε1, µ1 < 0)

or, case 2, one of the materials is cross negative (it is assumed here ε1 < 0, µ1 > 0).

3.2.1 Case 1: positive material ε1, µ1 > 0

The nonradiative constraint implies

kx =
ω

c

√√√√µ1µ2(ε1µ2 − ε2µ1)

µ2
2 − µ2

1

>
ω

c

√
ε1µ1. (3.8)

This inequality is solved by paying careful attention to the signs of the variables

involved and noting that Eq. 3.4 requires µ2

µ1
< 0. The possible modes are found

to be:

sign: ε1, µ1 > 0

case ε2 > 0 ε2 < 0

−1 < µ2

|µ1| < 0 — < |ε1|
ε2

µ2

|µ1| < −1 < |ε1|
ε2

> |ε1|
ε2
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3.2.2 Case 2: ε1 < 0, µ1 > 0

In this case there is no propagation photon wavevector in medium 1 since

the ε1 and µ1 are oppositely signed. Therefore, all surface polariton modes are

nonradiative. The only constraint is that the propagating wavevector be real, that

is, the radical in the solution for kx (Eq. 3.5) must be positive,

µ1µ2(ε1µ2 − ε2µ1)

µ2
2 − µ2

1

> 0. (3.9)

Solving this inequality and invoking Eq. 3.4, provides the solutions:

sign: ε1 < 0, µ1 > 0

case ε2 > 0 ε2 < 0
−1 < µ2

|µ1| < 0 < − ε2
|ε1| < − ε2

|ε1|
µ2

|µ1| < −1 > − ε2
|ε1| —

Both the electric (red) and magnetic (blue) polaritons are shown in Fig. 3.2 [1].

One might hope to find combined electric/magnetic polaritons (which would allow

one dimensional modes) but as shown in Fig. 3.2 there is no overlap between the

two solutions.

The propagation direction of the surface mode can be obtained by calculating

the real part of the Poynting vector,

S =
1

2
Re {E×H∗} , (3.10)

which gives the average energy flux density. Parameterizing the fields in Eqs. 3.1-

3.2 in terms of Ey and solving gives,

(z < 0) S1 =
c

ω

E2
y

2µ1

e2kz1z (kxx̂ − kz1 ẑ ) , (3.11)

(z > 0) S2 =
c

ω

E2
y

2µ2

e−2kz2z (kxx̂ + kz2 ẑ ) , (3.12)

in regions 1 and 2, respectively. The decaying exponential in the z direction

restricts the energy propagation along and near the surface. Just above and below

the surface the relation between Sx1 and Sx2 is

Sx1(0
−) =

µ2

µ1

S2x(0
+). (3.13)
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Again, Eq. 3.4 requires µ2/µ1 < 0, such that the power flows in opposite directions

in the two regions. The “propagation” direction depends on the sum of the total

power in each region. This is found by integrating the Poynting vector over a

surface perpendicular to the interface,

Ptot =
∫ 0

−∞
Sz1 dz +

∫ ∞

0
Sz2 dz =

c

ω

kxE
2
y

4

[
µ1kz1 + µ2kz2

µ1µ2kz1kz2

]
. (3.14)

The normalized energy flow, η is defined to be

ηmagnetic =
Px1 + Px2

|Px1|+ |Px2|
=

µ1kz1 + µ2kz2

|µ1kz1|+ |µ2kz2|
. (3.15)

This quantity is illustrated by the color density in Fig. 3.2 and provides insight

into the direction of propagation. For example, consider the case ε1, µ1 > 0, then

Eq. 3.15 simplifies to

ηmagnetic = −
1−

(
µ2

µ1

)2

1 +
(

µ2

µ1

)2 . (3.16)

Then for −1 < µ2/|µ1| < 0 the modes are back propagating, that is, the energy

flow is negative and hence in the opposite direction of the phase velocity. The back

propagating modes are also plotted for the other boundary cases in Fig. 3.2. It is

interesting that in addition to existing on negative indexed materials, backpropa-

gating modes can exist on cross negative materials (for example if ε1 > 0 µ1 < 0

and ε2 < 0 µ2 > 0).

Switching µ1&µ2 with ε1&ε2 in the above calculations provides the solution for

electric polaritons as also shown in (red) in Fig. 3.2.

3.3 Fabricating a Metamaterial Structure to Sup-

port Surface Polaritons

We experimentally demonstrated that metamaterials can be tailored to sup-

port SPs [39]. We utilized a metamaterial structure composed of a collection of

SRR resonators positioned periodically as shown in Fig. 3.3. An essential feature

of a metamaterial is that the size and spacing of the SRR resonators is signifi-

cantly smaller than the wavelengths of interest–on the order of 3 cm at X-band
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Figure 3.3: A metamaterial structure was constructed out of sheets of SRRs as-
sembled into a 3D structure. The rings counterpose one another to satisfy the
boundary conditions of the waveguide in which the experiment was performed.
The characteristic dimensions of the SRRs are shown. The values for the sample
considered in are: w=2.14mm, c=0.13mm, d=0.35mm, and g=0.47mm. Each unit
cell is 2.5mm x 2.5mm x 2.5mm.

frequencies (8–12 GHz). With this constraint fulfilled, the resulting electromag-

netic response of the spatially inhomogeneous composite approximates that of a

continuous material. The generic form of the permeability of the SRR medium has

been found to have the resonant form [7]

µ (ω) = 1− Fω2

ω2 − ω2
0 + iΓω

, (3.17)

indicating a band of frequencies between ω0 and ωmp = ω0/
√

1− F where µ is neg-

ative (for small Γ). We thus expect that in this frequency range the SRR medium

will support magnetic SPs. We assume that the material has a isotropic frequency-

dependent permeability, µ2(ω). While the generic form for the frequency-dependent

permeability for the SRR medium, Eq. 3.17, has been shown to qualitatively de-

scribe the SRR medium, numerical results obtained from using this approximate

expression are unlikely to be quantitatively correct for the fabricated SRR struc-

ture. Accurate values for the frequency dependent µ and ε can be obtained from

numerical solutions of the electromagnetic modes corresponding to a single unit

cell of the composite SRR structure.

The dimensions of the SRRs corresponding to the structure used in the mea-

surements are indicated in Fig. 3.3. The structure, designed to be isotropic in a

plane, consists of SRRs periodically repeated in two orthogonal directions. The
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Figure 3.4: (a) The real parts of the permeability µ2(ω) and permittivity ε2(ω)
of the metamaterial are shown. They were derived from numerical simulations of
split rings using Ansoft’s HFSS software. (b) The associated range of magnetic
polaritons supported by the metamaterial structure.

SRRs are assumed to be deposited with a thickness of 0.017mm on a circuit board

substrate with a dielectric constant of 4.07. All aspects of the geometry and ma-

terial characteristics of the unit cell are included in the finite-element numerical

simulations, performed using HFSS (Ansoft).

To determine the ε(ω) and µ(ω) functions, a unit cell of the metamaterial is

simulated, with periodic boundary conditions applied in the directions perpen-

dicular to propagation. The complex transmission and reflection coefficients (or

scattering parameters) are then calculated, from which the values of ε and µ can

be extracted using Eq. 1.5 and Eq. 1.6 [38, 40].

The result of this process yields the functions shown in Fig. 3.4. The theoretical

dispersion curve for the SRR medium can also be calculated using the finite element

numerical simulation. A dispersion diagram is shown in Fig. 3.5. The gap in

transmission propagating modes over the frequency range 12-14 Ghz corresponds

to the region where µ2(ω) is negative. It is in this region that we expect to find

propagating surface modes or SPs experimentally.

Having calculated the effective frequency dependent permeability µ2(ω) and

permittivity ε2(ω), we can determine the theoretical SPs that can be excited at
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Figure 3.5: Numerical simulation of the transmission dispersion relation through
the metamaterial done in Ansoft’s HFSS software by modeling the structure of the
split ring cells. The horizontal axis is the phase advance per unit cell or kd, where
k is the wavenumber (2π divided by the free-space wavelength) and d is the SRR
cell width.

the air/metamaterial interface. In the air region (z < 0), we have ε1 ≥ 1 and

µ1 ≥ 1 such that Eq. 3.5 becomes,

kx =
ω

c

√√√√µ2(ω) (µ2(ω)− ε2(ω))

µ2(ω)2 − 1
. (3.18)

For ε2 ≈ 1, inspection of Eq. 3.18 shows that surface polaritons are supported

in the frequency range where µ2(ω) < −1. This corresponds the region where

the wavenumber is greater than its equivalent free space propagating mode, i.e.

kx > ω/c. Using Eq. 3.18 and Section 3.2.1, we can plot out the range of surface

polaritons supported by the designed metamaterials as a function of the metama-

terials constitutive parameters as shown in Fig. 3.4(b).

3.4 Exciting Bound Surface Polaritons: OATR

Reflection Coefficient

Experimentally the question arises of how to excite these nonradiative modes

since they won’t couple to free propagating modes in the bounding materials be-

cause of the momentum mismatch. In order to experimentally observe SPs, we
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Figure 3.6: (a) To excite surface polaritons, an Otto attenuated total reflection
(OATR) technique is used. Radiation is incident on the boundary of a prism and
medium of lesser index of refraction. The incident angle of the radiation is greater
than the critical angle for total internal reflection resulting in an evanescent field
decaying away from the prism. The evanescent field above the prism couples to
surface polaritons on the metamaterial, which is close to but not touching the
prism at a distance ‘a’. This coupling causes a dip in the reflected power from
the prism boundary. A variation of the setup is the Kretschmann configuration
where the prism is directly adjacent to the metamaterial and the surface polaritons
are excited on the backside of the metamaterial. (b) The dispersion relation for
magnetic surface polaritons is shown along with the coupling line of the prism

employed the Otto attenuated total reflection (OATR) technique in order to cou-

ple incident radiation [41, 27], shown schematically in Fig. 3.6(a). A beam of

radiation is incident from vacuum (index of n1) through one face of a high index

prism with index n0 ≥ n1. The beam passes through the prism and is incident on

a second interface at some angle. For angles greater than a critical angle, the beam

undergoes total internal reflection at the second interface and exits the prism at the

third interface. Above the reflection interface of the prism, a decaying evanescent

wave exists, for which the parallel component of the wavevector kx > ω/c. When
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the metamaterial is brought close to (but not touching) the prism, this evanes-

cent wave can couple to a surface polariton mode. A minimum is observed in the

power reflected from the prism/air interface at the frequency the parallel compo-

nent of the wavevector of the incident wave matches the wavevector of the surface

polariton. This method works well in the microwave regime where wavelengths

are relatively long. For shorter wavelengths, such as in the optical regime, it is

difficult to accurately space the prism and material since the prism must be within

a distance of about a wavelength to get useful coupling. In this case an alternate

method can be used called the Kretschmann configuration in which the material is

deposited on a prism as a thin film. In this case, the evanescent field of the prism

will extend through the material and excite surface polaritons on the backside of

the material, alos shown schematically in Fig. 3.6(a).

The analysis thus far presented has assumed that the material occupies an

infinite half-space, whereas the metamaterial used in the experiments is of finite

thickness. However, for slabs of sufficient thickness, the SPs on either side of the

slab are essentially decoupled due to material loses so that the infinite half-space

analysis applies.

To calculate the reflection coefficient for an OATR experimental setup, we

assume an incoming s-polarized plane wave of the form E = E0Rei(k0·r−ωt). The

general solution in each region is EjRei(kj ·r−ωt) + EjLei(−kj ·r−ωt), where j = 0, 1, 2

(prism, gap, metamaterial respectively) refers to the region of interest. The wave

equation for s-polarized waves is scalar and can be parameterized in terms of the

y-component of the electric field in each region. Let ‘a’ be the separation distance

between the prism and the metamaterial. Applying boundary conditionsat x = 0

and x = a leads to the following set of equations:

Ey0R
+ Ey0L

= Ey1R
+ Ey1L

(3.19)
1

µ0

kz0 (−Ey0R
+ Ey0L

) =
1

µ1

kz1 (−Ey1R
+ Ey1L

) (3.20)

Ey1R
eikz1a + Ey1L

e−ikz1a = Ey2R
eikz2a (3.21)

1

µ2

kz2

(
−Ey1R

eikz2a
)

=
1

µ1

kz1

(
−Ey1R

e−ikz1a

+ Ey1L
e−ikz1a

)
. (3.22)
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Figure 3.7: The experimental setup is shown inside the ARMs apparatus.

The wave number, kzj
, follows from the dispersion relation (Eq. 3.3) and the con-

tinuity of kx:

kz0 =
ω

c

(
n2

0 − n2
0 sin2(θ0)

)1/2
(3.23)

kz1 =
ω

c

(
n2

1 − n2
0 sin2(θ0)

)1/2
(3.24)

kz2 =
ω

c

(
µ2(ω)ε2(ω)− n2

0 sin2(θ0)
)1/2

. (3.25)

Given the µ2(ω) and ε2(ω) functions for the metamaterial and the index of

refraction of the prism and dielectric, n0 and n1, we have a set of equations that

can be solved for the reflected electric field component, Ey0L
, in terms of the angular

frequency ω, the separation distance a, and the incident angle θ0. We then obtain

a numerical solution from these equations using Mathematica (Wolfram Research).

The reflectance, R(ω), or normalized reflected power from the surface of the

prism is given by

R(ω) ≡ 〈S0L〉 · (−x̂)

〈S0R〉 · x̂
=
|Ey0L

|2

|Ey0R
|2

, (3.26)

where S is the Poynting vector.
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3.5 Experimental Observation of Magnetic Sur-

face Polaritons

A convenient method for characterizing the scattering properties of a meta-

material sample is to place the sample in a planar waveguide scattering chamber.

For a planar waveguide formed by two conducting sheets, the lowest TE mode

has no cutoff frequency and is characterized by uniform fields; the electric field is

polarized perpendicular to the plates and the magnetic field is polarized parallel to

the plates. In effect, the lowest TE mode is equivalent to a free-space s-polarized

plane wave. As long as the scattering elements that form the metamaterial sample

possess reflection symmetry about the center plane between the upper and the

lower waveguide plates, the equivalence of the wave guide modes to s-polarized

free-space waves is maintained.

An angle resolved microwave spectrometer (ARMS) has been previously built

to enable planar waveguide measurements on metamaterial samples [42] as shown

in Fig. 3.7. Microwaves are generated and detected in the ARMS apparatus by

an Agilent vector network analyzer (model 8722ES). Microwave energy is injected

as an apertured beam via an extended arm connected to the flat side of a semi-

circular planar waveguide chamber (plate separation of 1 cm). The metamaterial

sample is placed at the center of the plates and scatters the incoming beam. The

ARMS apparatus allows the scattered power to be detected around the waveguide

periphery by means of a waveguide detector placed on a rotatable arm.

Because the ARMS apparatus allows s-polarized wave propagation solely in the

plane of the waveguide, it is only necessary to construct a metamaterial for which

the µ response is negative in two dimensions (the magnetic properties in the third

dimension are not sensed by these waves). A metamaterial sample patterned in

two rather than three dimensions significantly eases the sample fabrication burden.

The metamaterial constructed for this experiment consists of a 2D grid of SRRs

cells as shown schematically in Fig. 3.3. A photolithography process was used to

fabricate the SRR structure. The split ring design, also shown in Fig. 3.3, was

drawn in Adobe Illustrator. A mask of the design was printed on a transparency
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Figure 3.8: The normalized experimental and numerically simulated power trans-
mitted through the metamaterial are shown versus frequency. The numerical sim-
ulation is done using Ansoft’s HFSS software by modeling, in the direction of
propagation, a 10 cell thick split ring structure sandwiched between 1cm metal
plates.

with a 600 dpi laser printer. Single sided copper clad FR4 circuit board, concealed

by a layer of photoresist, was covered by the mask and exposed to ultraviolet light

for one minute, then put in a developer solution (Sodium Carbonate) and agitated.

Next the board was placed in etching solution (Ferric Chloride) for one hour during

which its orientation was altered every 15 minutes to insure even etching. Finally,

the board was placed in a stripper solution (Potassium Hydroxide) for about 10

minutes. After drying, a ProtoMatC100/HF milling machine was used to cut

the circuit board into strips, four cells in height and one hundred cells in length.

Notches were cut between cells allowing the strips to be assembled together in a

three dimensional (physical) structure. The pattern for the notches and the cutout

were also drawn in Illustrator and processed using CircuitCAM and BoardMaster

software (LPKF). For this experiment, the SRRs were assembled into a 13 x 3.5 x

1 cm rectangular slab.

To confirm that the simulated properties of the SRR metamaterial were con-

sistent with those of the fabricated structure, a comparison was made between

the simulated and measured transmitted power through the metamaterial slab as

shown in Fig. 3.8. The measured power spectrum reveals a 3.6 GHz wide region of

attenuation over the frequency range 10.4-14 Ghz. The observed gap, over which µ
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Figure 3.9: The simulated normalized reflected power for several metamate-
rial/prism separations, a, and the permeability of the metamaterial µ2(ω) are
shown versus frequency. For incident radiation on the prism/air interface θinc >
θTIR, yet there is not total reflection of the incident radiation. In the frequency
range that µ(ω) > 1 the prism/metamaterial have closely matched indexes of re-
fraction and the evanescent field in the gap provides a means of resonant light
tunneling across the gap to the metamaterial. In the region that µ < −1 the
evanescent field couples to SPs. The evanescent field strength at the surface of the
metamaterial falls off as the separation distance increases, resulting in decreased
coupling to the above modes (i.e. increased reflected power).

is presumably negative, is in excellent agreement with the simulated transmission

spectrum obtained from the numerical simulations. The agreement suggests that

the simulations have accurately described the properties of the SRR metamaterial.

The recovered functional forms for µ2(ω) and ε2(ω) were used to solve numeri-

cally for the the reflectance as described in Section 3.4. Fig. 3.9 shows the predicted

SP resonance for an incident angle θ0 = 45◦ and a range of separation distances

‘a’ between the prism and metamaterial.

To characterize the SPs, an OATR experiment is performed. A 1 cm thick 45◦

by 45◦ right triangular prism constructed out of polycarbonate is used, for which

the index of refraction of the prism is n0 = 1.63. S-polarized electromagnetic

radiation is directed normally onto one face of the prism, encountering the second

surface of the prism at an angle of θ0 = 45◦. The reflected radiation then exits the

third surface at normal incidence. The reflected power versus frequency is then

measured by the vector analyzer, see Fig. 3.6, and used to normalize subsequent
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data. When the metamaterial is brought close to the prism, radiation is coupled

to SPs on the metamaterial as described above resulting in a dip in the power

spectrum.

Fig. 3.10 shows the results of the OATR experiments for several separation

distances between the metamaterial sample and the prism, along with the numer-

ically computed reflection spectrum. There is a consistency between the data and

the simulated solutions. The strength of the evanescent field is stronger at the

metamaterial surface for the shorter separation distances, resulting in an increased

coupling between the incident radiation and the SPs at small ‘a’. This can be

seen in the data as the larger dip in the reflected power. The trend of increased

coupling with shorter distance continues until the sample comes extremely close

to the prism or touches it; in these cases, the sample either matches the prism so

that transmission occurs, or acts to reflect the incident radiation entirely.

There is a discrepancy between the simulated and measured data for smaller

separation distances. For a uniform material we would expect the characteristic

reflected power to be that of a single metamaterial/prism interface when a = 0 as

calculated in the theory plot. The experimental data does not reflect this, drifting

away from the theory plot at lower frequencies. We suspect that this inconsistency

is the result of the metamaterial not being truly homogenous and preventing a true

boundary. Even at a = 0, the discrete size of the SRR cells makes the boundary

between the prism/metamaterial poorly defined.

We can also calculate the dispersion relation for the SPs, i.e. the frequency

versus resonant kx. When we vary the incident angle of the radiation on the

prism/air interface we change the kx of the evanescent wave. The relation between

the wave vector and incident angle is

kx = n0 sin(θ0)
ω

c
. (3.27)

We map out the dispersion relation, kx vs ω, by varying the incident angle over a

range of values and measuring the resonant frequency of the SPs.

We must also account for the refraction of the radiation when the radiation

enters the prism—it no longer enters at normal incidence. With another application
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Figure 3.10: The experimental data and numerical solution for the reflected power
(normalized) as a function of the separation distance between the metamaterial
and prism.
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Figure 3.11: The experimental surface dispersion relation for several kx values, the
theoretical dispersion relation, and the light line kx = ω/c are shown.

of Snell’s Law we can write kx as a function of the entering angle, θent.

kx = n0 sin

[
π

4
+ sin−1

(
sin(θent)

n0

)]
ω

c
(3.28)
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where we have set the index of refraction of our boundary material to unity because

it is air in our experiment.

The experimental data for several kx values are shown in Fig. 3.11. The cal-

culated theoretical curve, found using the HFSS data for µ(ω) and ε(ω), is also

plotted along with the light line (kx = ω/c). We see that there is reasonable

agreement with the theoretical curve.

3.6 Conclusion

The results of these experiments show that a structured metamaterial can sup-

port magnetic surface polaritons and that its properties are consistent with the

composite being assigned averaged electromagnetic material parameters. The sim-

plicity afforded by this description allows for a very convenient comparison be-

tween these magnetic SP modes and the electric SP modes that have been studied

in depth at optical wavelengths over the past several decades. The metamaterial

was constructed from individual SRR circuit elements; however, aside from the

metamaterial boundary being somewhat ill-defined—an effect that becomes man-

ifest when the metamaterial is closely coupled to the exciting prism—our results

indicate that the measured surface properties are consistent with the composite be-

ing treated conceptually as an effective medium with homogenous electromagnetic

properties. In particular, numerical simulations of the SRR elements provided an-

ticipated values for the effective µ(ω) and ε(ω) functions, which were then used

within the standard theoretical treatment of surface polaritons on a homogenous

material. The resulting agreement between the models and measurements confirms

the applicability of the metamaterial approach.

An alternative approach for calculating the various modes in an SRR medium

has been suggested by Shamonina et al. [43], who treat the structure as a collection

of periodically spaced coupled capacitive loops. their analysis has suggested that

other modes may exist, including both propagating and surface modes. In our

experiments we did not find evidence for such modes, indicating the metamaterials

analysis correctly describes the SRR medium properties. Presumably, a method
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of excitation could be found that would allow the investigation of these other

predicted modes, to better determine when the artificial medium limit breaks down.

The good agreement found between the measured SRR structures and the

analytical results assuming a continuous medium indicates that the surface mode

structure of negative index metamaterials can now be probed. Combining the

SRR metamaterial with a thin wire structure can produce a material that has

frequency regions where both the permittivity and the permeability are negative.

As discussed, the surface mode structure of such a material would support novel

backward propagating modes [44, 45].

As noted earlier, our theoretical investigation was based on an infinite half-space

of metamaterial and is valid to even relatively small widths of the metamaterial

block (on the order of several wavelengths of the radiation). It would be of interest

to investigate, both theoretically and experimentally, metamaterial strips that are

thin enough that the evanescent field inside the metamaterial doesn’t decay before

it reaches the back surface of the metamaterial. In such a case we would expect

to observe joint surface plasmon excitations on both the front and back surfaces.
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Ferromagnetic Materials in

Microstrip Structures

The development of ferrimagnetic ceramic materials, with resonant magnetic

properties, has proven invaluable in building modern microwave devices. For ex-

ample, ferrite materials are the basis of most microwave frequency circulators and

isolators [46]. Recently, the technological trend in microwave devices is towards

smaller scale and higher frequency applications. In order to realize these structures,

magnetic materials are required with properties beyond what the established fer-

rite materials, such as yttrium iron garnet, can provide. Under consideration to

fill this material void are high magnetic saturation materials that can be directly

integrated into miniaturized microstrip structures. In this regard, there is a fo-

cus on using ferromagnetic materials which previously had been ignored due to

their inherent conduction losses. If we limit the application of ferromagnetic ma-

terials to thin layers, less then their conduction skin depth (≈1 micron for Fe),

then losses can be minimized. For micron scale devices, thin film ferromagnetic

materials provide a sufficiently strong response.

In this chapter, we analyze small dimensional microstrips (i.e. microstrips with

dimensions on the order of the skin depth of the conductor) with an embedded fer-

romagnetic thin layer. The ferromagnetic thin layer provides a tunable stop band

and/or phase shift to the propagating microstrip mode. We first review the theory

of ferromagnetic resonant materials for a thin film structure and then consider the

40
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Schloemann approximation as a simple but accurate simplification to the theory

that can be applied to thin film waveguide geometries. These microstrip structures

are generally analytically intractable because of their complicated electromagnetic

field distributions, but we use the Schloemann approximation to establish a fast

technique for numerically characterizing them. We further demonstrate good cor-

relation between our numerical analysis and experimental results.

A broader motivated for considering these structures, both analytically and

numerically, is to develop an understanding of gyromagnetic materials such that

we can consider integrating them into waveguide metamaterial structures as we

proceed to do in Chapter 6.

4.1 Introduction

Microstrip structures structures are advantageous for their broad frequency

range of operation, economical fabrication, and ease with which they can be in-

tegrated into microstrip based monolithic circuits [46]. We’re interested in in-

vestigating the small dimensional microstrip structure, shown in Fig. 4.1. This

structure operates as a notch filter. The filter, first proposed by Schoelmann et al.,

is formed by embedding a thin ferromagnetic layer at some position between the

top and bottom conductors in a microstrip [47, 48, 49]. As we shall show, the thin

ferromagnetic layer has a resonance governed by Eq. 4.14, ω = µ0γ
√

H0(H0 + M0),

where γ is the gyromagnetic ratio, H0 is the applied static field, and M0 is the

saturation magnetization. For materials such as iron or permalloy (Py) with high

magnetic saturation values, a modest magnetic biasing field of 2 kG gives a fer-

romagnetic resonance above 20 Ghz. If we embedded a ferromagnetic layer in a

microstrip, the layer will absorb power from the propagating quasi-TEM mode at

the resonant frequency. By altering the intensity of the applied DC magnetic field,

H0, one can tune the position of this absorption.

The magnitude of the insertion loss or phase shift is not possible to determine

analytically for these small dimensional microstrips where the dimensions are much

smaller than the propagation wavelength. There exists an analytic solution for the
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Figure 4.1: Diagram for the setup of the ferromagnetically embedded microstrip
structure. Note that the ferromagnetic layer does not actually touch the waveport
because HFSS does not allow a material with a negative permeability to be in direct
contact with the waveports. An infinitesimal spacer of dielectric (∼1/100000 of
the effective wavelength) is placed between the waveport and ferromagnetic layer
to avoid simulation issues.

related parallel plate waveguide structure embedded with a ferromagnetic layer, by

Camley et al. [50, 51], but numerical simulations are necessary to characterize the

more complicated fields and current distributions present in microstrip structures.

4.2 Ferromagnetic Materials

We first investigate the permeability of a thin film gyromagnetic layer that is

biased by some static magnetic field and excited by an incident TEM plane wave.

This simple model can be solved analytically and provides some intuition about

the nature of the ferromagnetic resonance in the microstrip environment [46].

Ferromagnetic materials derive their strong magnetic response from unpaired

electrons in the orbitals of its constituent atoms. Each unpaired electron con-

tributes a magnetic dipole moment as a result of its intrinsic quantum spin,

µm = −γS, (4.1)

where γ = e/m is the gyromagnetic ratio, e is the electron charge, and m is the

electron mass (Note that the magnetic moment is in the opposite direction of the
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spin). When a magnetic dipole is in a magnetic field, B, there is a torque on the

dipole moment given by

τ = µm ×B. (4.2)

Since torque is the time derivative of the angular momentum, τ = dL/dt, we

can use Eq. 4.1 to write the torque as a function of the dipole moment, τ =

−(1/γ)(dµm/dt). Plugging this into Eq. 4.2 allows us to write down an equation

of motion for the dipole moment,

dµm

dt
= −γµm ×B. (4.3)

We can generalize this equation to bulk materials by multiplying both sides of

Eq. 4.3 by the dipoles per unit volume in the material. Then, the magnetic dipole

per unit volume or magnetization, M, is

dM

dt
= −γM×B. (4.4)

Solving this equation is complicated by the fact that the magnetic field strength,

B, depends on the applied external magnetic field and a demagnetization field

which is a function of the geometry of the material. The applied magnetic field,

B0, is a combination of a biasing static component µ0H0 in the z-direction plus

a small dynamic component µ0hx and µ0hy in the x, y-direction representing the

incoming plane wave (i.e. the signal component we are interested in modulating),

B0 = µ0(hxx̂ + hyŷ + H0ẑ ). (4.5)

For this derivation we consider a biasing fields, µ0H0, above the saturation magne-

tization. The saturation magnetization defines the applied field magnitude above

which all other microscopic biasing interactions of the individual dipole moments

are overcome and the spins are aligned in the same direction, see Fig. 4.2. For

small perturbations of the applied field about the axis of the biasing field, the

magnetization is constant to first order and in the direction of the applied field,

M = (mxx̂ + myŷ + Mzẑ ), (4.6)

with mx, my small, and Mz constant to first order.
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Figure 4.2: A plot of the magnetization of a ferromagnetic material versus applied
field is shown. Above the saturation magnetization of a ferromagnetic material the
electron spins and their associated magnetic moments are aligned.

The demagnetization field arises from magnetic ‘polarization’ in the material,

That is, ‘effective’ magnetic monopoles are induced by the applied field at the

opposite surfaces of the material. Of course these aren’t real monopoles, but are

due to an offset of the net magnetic moment of the material. The offset induces

a magnetic field, −D ·M in the opposite direction of the field, where the tensor

D is defined as the demagnetization factor and depends on the geometry of the

magnetic structure. The Trace of D (the sum of the diagonal components) must

equal 1. D can be a complicated factor to calculate but for an ellipsoid geometry

with the applied fields along the principle axes it reduces to a diagonal matrix:
Dx 0 0

0 Dy 0

0 0 Dz

 . (4.7)

The total magnetic field in the ellipsoid ferromagnetic material (ignoring anisotropic

and exchange field contributions) can be written down as

B = µ0[(hxx̂ + hyŷ + H0ẑ )− (Dxmxx̂ + Dymyŷ + DzMzẑ )]. (4.8)

In order to proceed further, we must choose a geometry of the sample in order to

determine the demagnetization factor. Our goal is to understand the ferromagnetic

resonance in a thin film geometry (which can be thought of as a flat ellipsoid
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Figure 4.3: The magnetic dipole moment, m, of an electron due to its spin is
shown and its effective precession around the biasing field, H0. On the right, the
magnetization of a thin ellipsoid (i.e. thin disk or film) is shown as a function of
the applied field

extending to infinite). We consider the case of the applied biasing field parallel to

the thin film as shown in Fig. 4.3. In this case the static field µH0 induces charge

at the edge of the thin film which we assume to be very far away from where we are

making measurements—the demagnetization field due to this charge is effectively

zero. The only field that is going to induce a demagnetization field is the part

of dynamic field that points perpendicular to the surface of the film (µhx). The

demagnetization factors are then Dx = 1, Dy = Dz = 0.

To solve, we write down Eq. 4.4 by components,

1

µ0γ

dmx

dt
= myH0 − hyMz (4.9)

1

µ0γ

dmy

dt
= −mx(H0 + Mz) + hxMz (4.10)

1

µ0γ

dMz

dt
= mxhy − (hx −mx)my ≈ 0 (to first order). (4.11)

We set Mz = M0 (to first order) and solve the first and second equation to get a

differential equation:[
d2

dt2
+ µ2

0γ
2H0(H0 + M0)

2

]
mx = µ2

0γ
2M0H0hx − µ0γM0

dhy

dt
. (4.12)

We assume an e−iωt dependence for mx and hy and solve to get

mx =
ωm

ω2
0 − ω2

[µ0γH0hx + iωhy] (4.13)
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with the resonant frequency

ω0 = µ0γ
√

H0(H0 + M0), (4.14)

and ωM = µ0γM0. Similarly we solve for my to get

my =
ωm

ω2
0 − ω2

[−iωhx + µ0γ(H0 + M0)hy]. (4.15)

The susceptibility tensor can then be written

χH0‖
=


ωmµ0γH0

ω2
0−ω2 i ωmω

ω2
0−ω2 0

−i ωmω
ω2

0−ω2

ωmµ0γ(H0+M0)
ω2

0−ω2 0

0 0 0

 , (4.16)

and the permeability is

µH0‖
= µ0


1 + ωmµ0γH0

ω2
0−ω2 i ωmω

ω2
0−ω2 0

−i ωmω
ω2

0−ω2 1 + ωmµ0γ(H0+M0)
ω2

0−ω2 0

0 0 1

 . (4.17)

The off diagonal points in the susceptibility tell us that the magnetization is not

in the same direction as the applied field. In fact, the magnetization traces out

an ellipse but lags behind the applied field. We can further include losses in the

permeability by letting the resonant frequency become complex, ω0 → (ω0 − iΓω)

[It is common to define the damping factor in terms of the ferromagnetic linewidth,

∆H, as Γ = γ∆H/(1.16ω) [46]]. With the permeability derived above it is possible

to determine the effect of the ferromagnetic resonance on a propagation TEM mode

in or near the surface of the thin film.

The above analysis does not transfer directly to a microstrip structure because

the field distribution of the propagating mode is more complicated. Also, we

have not considered the effects of a conductive gyromagnetic material as we are

principally interested in. Never-the-less, this model describes the correct resonant

frequency, Eq. 4.14, observed in our microstrip structures. In order to calculate

the magnitude of the interaction, we must turn to numerical simulations.
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4.3 The Schloemann Approximation

The off-diagonal response of the permeability of a ferromagnetic material makes

solving for even the simplest waveguide geometries intensive calculations. It has

been done for a parallel plate waveguide geometry [51], but for more complicated

structures, such as the microstrip structure we are interested in solving, the so-

lution becomes intractable. We can, however, simplify our numerical model by

implementing what is called the Schloemann approximation which we derive here.

This simplification follows from the fact that the microstrip electromagnetic mode

is quasi-TEM in nature and remains so even with implementation of the ferro-

magnetic layer. As a result, the permeability tensor can be approximated with a

diagonal tensor as we proceed to show.

First, note that if we had proceeded with the derivation of the ferromagnetic

resonance of Section 4.2 inside a bulk ferromagnetic material, i.e. ignoring bound-

ary effects, the general permeability response is [46],

µH0⊥
= µ0


1 + ωmω0

ω2
0−ω2 i ωmω

ω2
0−ω2 0

−i ωmω
ω2

0−ω2 1 + ωmω0

ω2
0−ω2 0

0 0 1

 . (4.18)

Let us rewrite the tensor as

µ = µ0


µ1 iµ2 0

−iµ2 µ1 0

0 0 1

 , (4.19)

where the components µ1 and µ2 are defined by Eq. 4.18.

To derive the approximation we solve for the propagating wave vector in the

ferromagnetic material. Starting with Maxwell’s curl equations but neglecting the

displacement current we get,

∇× E = − d
dt

µH

∇×H = Jf

 k× E = ωµH,

ik×H = σE.
(4.20)

Plugging the second equation into the first equation we get,

k× (k×H) = −iσωµH, (4.21)
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which simplifies to,

(k2I − iσωµ− kk)H = 0. (4.22)

We see that Eq. 4.22 defines a matrix that can be written out explicitly (we have

chosen the axis such that ky = 0),
k2 − iσωµ1 σωµ2 0

−σωµ2 k2 − iσωµ1 − k2
y −kykz

0 −kykz k2 − iσωµ0 − k2
z




Hx

Hy

Hz

 = 0. (4.23)

We wish to consider a thin ferromagnetic layer that is integrated into a parallel

waveguide structure and excited with the waveguides fundamental TEM mode.

The conductivity and small thickness of the ferromagnetic material in our mi-

crostrip structures ensures that the traveling electromagnetic mode remains largely

TEM in nature. We can therefore make the approximation kz >> kx and hence the

simplification that k → kz and that the kxkz terms are negligible. This decouples

the potential modes in the ferromagnetic material and simplifies Eq. 4.23 to,
k2

z − iσωµ1 σωµ2 0

−σωµ2 −iσωµ1 0

0 0 k2
x − iσωµ0




Hx

Hy

Hz

 = 0. (4.24)

To find the solutions for the wave vector of the propagating modes, we take the

determinant and solve to get two solutions:

kz =

√√√√iσω
µ2

1 − µ2
2

µ1

=

√
σω

2

√√√√µ2
1 − µ2

2

µ1

(1 + i), (4.25)

kx =
√

iσωµ0 =

√
σωµ0

2
(1 + i). (4.26)

The first solution is for a mode traveling in the z-direction (along the waveguide)

while the second is for a mode traveling in the x-direction and is unphysical in

our waveguide. From the solutions we see that the effective permeability for the

quasi-TEM mode is,

µv = (µ2
1 − µ2

2)/µ1, . (4.27)

This approximate permeability is known as the Schloemann permeability (some-

times called the Voight Permeability). We can further define an effective skin
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depth using this approximation as

δfe =

√
2

σωµv

, (4.28)

where σ is the conductivity of the material. Finally, the Schloemann approximation

for the permeability of the ferromagnetic material is,

µ = µ0


µ2

1−µ2
2

µ1
0 0

0
µ2

1−µ2
2

µ1
0

0 0 1

 . (4.29)

As mentioned, this approximation holds in the waveguide environment where the

mode remains largely TEM in nature [48, 47]. Schloemann maintained that this

should also hold for a microstrip structures whose modes are strongly TEM in

nature over the central region of the microstrip structure where ferromagnetic

layer is most strongly excited [47]. Incorporation of the Schloemann approximation

greatly simplifies the complexity of the numerical simulations and, as we shall show,

agrees with experimental results.

4.4 Numerical Simulations

To simulate microstrip structures, we used Ansoft’s commercially available elec-

tromagnetic simulation software (HFSS) which is a finite element solver. Several

software packages have been optimized for microstrip structures, including [52, 53],

but HFSS allowed us the ability to easily integrate anisotropic materials without

modification of the software. When the dimensions of the microstrip are signifi-

cantly smaller than the propagation wavelength and on the scale of the skin depth

of the conductors, the magnetic and electric fields vary strongly throughout the

structure. Further complicating the field distribution is the introduction of a sub-

micron layer of ferromagnetic material which is both conductive and strongly mag-

netic. HFSS has an efficient meshing algorithm which is crucial to minimizing the

solution time necessary to solve these structures, but even with optimized meshing,

densely meshed models are necessary to converge on accurate results.
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Illustrations of the simulation and waveport setup are shown in Fig. 4.1. The

width of the simulated volume was set to 20 ∗W and the height of the bounding

volume was set to 10∗h, where W is the width of the top strip and h is the height of

the dielectric. These dimensions provided a large enough simulation volume such

that the propagating fields are minimal near the boundaries and do not exit the

model (as was checked by plotting the fields). The boundaries of the simulation

volume were set to be radiative which absorb outgoing radiative modes, but as

noted above, the power exiting these surfaces is insignificant.

The length of the microstrip simulated was set to minimize simulation volume

but still provide accurate simulation results. HFSS is effective at decoupling the

microstrip mode from any evanescent fields extending from waveport 1 to waveport

2. We were able to simulate a microstrip with a length of as little as 1/300 of the

effective microstrip wavelength (or .03 mm at 20 Ghz) with results that accurately

compared to within 5% of the results of a microstrip 100 times as long.

The process of meshing the simulated structure is done through a series of adap-

tive passes until the S-parameter solutions of the waveports change by less than

.01% between passes. A discrete sweep, which calculates the fields of the model at

each frequency requested, was performed over the frequency range of interest. The

discrete frequency solution must be used for simulating these structures because

of the frequency dispersion of the ferromagnetic material. The fast sweep option

in HFSS is inaccurate because it interpolates results from calculations at a single

frequency ignoring the frequency dependent properties of the ferromagnetic mate-

rial. The ferromagnetic layer can have a permeability where the real part ranges

from -100 to 100 near resonance. The ferromagnetic permeability was calculated in

MATLAB using the Schloemann approximation, Eq. 4.27, as explained in Section

4.6, and then imported as a material parameter into HFSS.

The microstrip structure is excited in the simulation by waveports outlined on

rectangular surfaces at both ends of the microstrip structure as shown in Fig. 4.1.

HFSS uses the boundary conditions of the model touching the 2D waveport surface

to determine a waveguide geometry (perfect electric boundaries are assumed on

the edges of the waveport unless otherwise defined). From this geometry the
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possible propagation modes are calculated and used to excite the structure. For the

waveports touching the microstrip structure, as shown in Fig. 4.1, this equates to

a rectangular coaxial waveguide (partially filled with a dielectric material) feeding

the microstrip structure. Exciting the fundamental TEM mode of the waveport

couples to the quasi-TEM mode of the microstrip. For these simulations we set

the dimensions of the waveport to have a height of 6 ∗ h and width of 5 ∗W .

HFFS calculates the scattering matrix by exciting the fundamental TEM mode

of the coaxial waveport normalized to the input impedance of the microstrip struc-

ture touching the waveport. At the opposite waveport HFSS decouples the incident

quasi-TEM mode of the microstrip back into the fundamental TEM mode of the

waveport, and again normalizes by the impedance of the microstrip structure. The

normalization by the input and output impedance of the structure ensures that the

scattering parameters of the microstrip structure are properly de-embedded from

the two coaxial waveports. One technical issue in this excitation method is that

the ferromagnetic material cannot touch the waveport. Ferromagnetic materials

have negative permeability values which prevent a proper solution of the waveport

modes and therefore are not allowed to touch the waveports by HFSS. In our sim-

ulations we placed an infinitesimal amount of dielectric material (∼1/100000 of

the effective wavelength of interest) between the ferromagnetic material and the

waveports to avoid this error. This spacing material is much smaller than the

meshing elements and does not significantly affect the simulation.

Once the scattering parameters are derived for a short structure, it is possible

to obtain those for a longer uniform structure (for comparison to experimental

structures) using standard conversion formulas [46]. The conversion involves first

converting the scattering parameters matrix, S, to a transmission matrix, A. The

transmission matrix can then be decoupled into an eigenvector matrix, V , and a

diagonal eigenvalue matrix, D.

A = V DV −1. (4.30)

The eigenvalue matrix, D, contains the propagation constant information, e±γ,

such that raising D to the nth power provides the phase shift due to the propaga-

tion delay through a device n times the length of the original device (where n does
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not have to be an integer). To get the transmission matrix for a desired length, l,

in terms of the original simulation length, ls, we solve

A(l) = V Dl/lsV −1. (4.31)

A standard conversion of the transmission matrix, A(l), back to a scattering pa-

rameter matrix, S(l), provides the final desired scattering matrix.

When experimental results are compared to simulation it is often the case that

the constructed samples are not perfectly matched to the feed line that they are

tested with, i.e. 50 Ohms. HFFS can be used to solve for the input impedance

of the structure and any mismatch with a 50 Ohms line can be adjusted for in

the translation S → S(l). These data manipulations were implemented using a

Matlab script.

Matlab was also used extensively in running the simulations. A freeware ‘HFSS-

MatLab Scripting-API’ toolbox written by V. C. Vijay was used to write scripts

which produced the HFSS microstrip model and assigned material parameters.

This script based approach allowed easy adjustment of simulation parameters.

4.5 Small Dimensional Microstrips

At microwave frequencies, the insertion loss of a microstrip is predominantly

due to ohmic losses in the imperfect conductors. With knowledge of how the

current is distributed over the conductors, one can integrate Joule’s law over the

cross-section of the microstrip to determine the attenuation constant. This is easily

done for a microstrip with a wide top strip, i.e. W � h because the current is

uniformly distributed over the bottom of the top strip and the top of the ground

plate. The attenuation constant is found to be

αc ≈ 8.68/(σδZ0w) dB/cm (4.32)

where σ is the conductivity, δ = 1/
√

πµσf is the skin depth, and Z0 is the charac-

teristic impedance of the structure [54]. But, as Pucel et al. demonstrate [54, 55],

this approximation grossly overestimates the losses when W/h < 2 because the
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Figure 4.4: A comparison between the attenuation derived from an HFSS simula-
tion and that of the approximate analytic solution by Pucel et al. is shown for a
microstrip with a dielectric height of h = 4.5 µm and a top strip width of W = 5 µm
and thickness of t =2, 5, and 10 µm. The conductor is silver (σ = 6.1× 107 S/m)
and the dielectric is silicon dioxide (εr = 4) with zero losses.

current density over the top strip and ground plate are no longer uniform. In fact,

because of the mathematical complexities involved [56] an exact analytical solution

has never been found. Pucel et al. calculated an approximate analytic expression

for the associated losses based on Wheeler’s conformal mapping technique which

is valid for small W/h values and conductors with a thickness of at least four

skin depths. Beyond this limit, direct electromagnetic simulation may be the best

method to determine losses.

As a precursor to simulating ferromagnetic microstrip structures we first verified

our technique against Pucel’s theory for small dimensional microstrip structures

in the realm where W , h, and t are on the order of the skin depth. We simulated

a microstrip structure as shown in Fig. 4.1, but without the ferromagnetic layer.

The parameters were W = 5 µm, h = 4.5 µm, t = 2 µm and with silver as the

conductor and lossless silicon dioxide as the dielectric (εr = 4). For reference the

skin depth of silver is 0.4-0.7 µm between 10-30 Ghz. The results are shown in

Fig. 4.4 versus the theory of Pucel et al. and it can be seen that our simulations
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Figure 4.5: The simulated S21 attenuation is plotted for various positions of a
ferromagnetic permalloy layer as measured from the ground plate. The dielectric is
silicon dioxide 2 (ε = 4). The permalloy is 0.1 µm thick and has a width extending
to the edges of the simulation (100 µm). The dimensions of the microstrip are
h = 3.1 µm, W = 5 µm, and t = 1.5 µm. The parameters for permalloy are
σ = 1.6 × 106 S/m, M0 = 0.8 kG, and linewidth of 0.08 kG. The applied field is
set to 1 kG with a resulting resonance near 10 Ghz.

predict a loss of about 20% greater than their theory. This is in line with the

higher losses shown in Pucel’s own experiments [54]. It can also be seen that for

both theory and simulation, the attenuation is very sensitive to the thickness of

the top strip. Further simulations, not shown, found a much smaller variation in

attenuation from changing the top strip width for t > δ.

4.6 Microstrips with Embedded Ferromagnetic

Layers

Using Eq. 4.29 the µxx and µyy components of the permeability were calculated

in MATLAB and imported into HFSS as a data table of real values (Real[µ]) and

loss tangent values (Imag[µ]/Real[µ]).
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We considered how the position of a ferromagnetic layer affects attenuation.

For a microstrip, the magnetic field circulates around the top strip and hence

provides a greater magnetic flux through a ferromagnetic layer that is closer to the

top strip. Placement of a ferromagnetic layer directly under the top strip will result

in the strongest magnetic excitation of the material and strongest attenuation at

ferromagnetic resonance. This was verified by our simulations shown in Fig. 4.5,

in which a thin layer of 100 nm permalloy layer was placed at various heights

above the ground plate. It is shown that a layer directly below the top strip has

a 4 dB/cm larger insertion loss than the one directly above the ground plate.

Alternatively, for a parallel waveguide structure the attenuation is independent of

layer position since the magnetic flux is constant for all positions. This was verified

by simulation but is not shown here.

4.7 Experimental Results and Simulation

We further compared our simulations to experimental results. The filter struc-

ture was fabricated on a 0.5 mm silicon substrate. The structure was grown in a

sputtering system with a background pressure maintained at ∼1x10-7 Torr. After

cleaning the silicon substrate in an ultrasonic bath, we annealed it to 300◦ C inside

the vacuum chamber. All the depositions were done at room temperature. First a

5 nm thick Ta layer was deposited to achieve good adhesion of the grown structure

to the substrate. This was followed by a 2 microns thick copper layer, which was

used as the ground plane for our device. The next sequence of depositions, silicon

dioxide (total thickness = 3 µm), Permalloy (100 nm), and finally 2 microns of

copper, were made through a shadow mask. All depositions were carried out using

magnetron sputtering. We patterned the film by photolithography and then dry

etched to obtain the required strip widths and lengths for the devices.We used a

variety of positions for the permalloy layer, as is discussed in the text.

The filter characterization was done using a vector network analyzer along with

a micro-probe station in the frequency range from 100 MHz to 40 GHz and under

static magnetic fields up to 4.5 kOe along the long axis of the microstrip line.
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Figure 4.6: The simulated phase difference is plotted for two positions of a ferro-
magnetic permalloy layer: directly above the ground plate and at half-height of the
microstrip. The conductor was copper, the dielectric was silicon dioxide (ε = 4)
and the permalloy layer was 0.1 µm thick. The dimensions of the microstrip were
h = 3.1 µm, W = 5 µm, and t = 1.5 µm. The parameters for permalloy used in the
simulation were σ = 1.6× 106 S/m, M0 = 0.8 KG. The experiment was performed
with a magnetic biasing field of H0 = 1 kOe; in the simulation H0 = 1.1 kOe to
fit the data. The linewidth parameter in the simulation, ∆H, was adjusted to fit
the phase at resonance as given above. The simulated data was shifted down 30
degrees to match the experimental data.
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Figure 4.7: The experimental and simulated attenuation corresponding to Fig. 4.6.

Using a standardized copper coplaner structure (non-magnetic) obtained from the

National Institute of Standards and Technology (NIST) at Boulder and NIST’s

Multical R© calibration software, [57], a through-short-line (TRL) calibration was

performed.

The microstrip operates in a TM mode, which ensures the ferromagnetic res-

onance condition because the RF magnetic field and the DC magnetic field are

perpendicular to each other. The signal lines in our structures have a width (W)

of 5 µm, and a lengths (L) of 6 mm. The microstrips were generally designed

to be close to a 50 Ω characteristic impedance. For each filter the magnitude of

S-parameters and phase advance were measured.



58

In the samples constructed, the magnetic quality of the permalloy film is de-

pendent on the manufacturing process. A layer that is grown direcltly above the

ground plate may have a substantially different linewidth compared to one grown

at an intermediary position between the silicon dioxide layers. The linewidth of a

permalloy film in the microstrip is difficult to measure directly but we can estimate

it from simulations by using it as a fit parameter. In Fig. 4.6, the simulated versus

experimental phase difference of S21 is plotted for two structures, one with the

permalloy layer directly above the ground plate and another with the permalloy

layer at the half-height position. The phase difference plot compares the phase

difference between a microstrip with a 100 nm permalloy embedded layer and a

microstrip with identical dimensions but no permalloy layer. In the simulations

the linewidth parameter was varied until it fit the phase shift near resonance (note

that the simulations were shifted down 30 degree to correlate with the experimen-

tal data at resonance). It can be seen from the fitted values of ∆H that the quality

of the permalloy layer is much better for the half-height sample, with ∆H = 20

Oe, than the bottom layer structure, with ∆H = 200 Oe.

Using the same linewidth values we compared the insertion loss of the simula-

tions to experimental data in Fig. 4.7. We see good agreement with the magnitude

of loss due to ferromagnetic resonance for the two structures (dotted line). At

frequencies far below the ferromagnetic resonance there is a nearly uniform overall

offset of the experimental insertion loss from that of the simulation. We suspect

that this difference is due to calibration issues in the experiment or possibly rough-

ness in the conductor layers which have not been considered in the simulation.

4.8 Conclusion

We have demonstrated a useful method for characterizing ferromagnetic mi-

crostrip structures using the electromagnetic simulation software HFSS. These

simulations provide good agreement with experimental results. Further, develop-

ing these numerical tools for simulating structures with integrated gyromagnetic

materials allows us to now focus on the interesting resonant phenomena that occurs
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when you combine fundamental material resonances with geometrically resonant

metamaterials. We focus on this effect in the remaining chapters.



5

Planar Metamaterial Structures

The novel physical properties of metamaterials were first thoroughly demon-

strated using bulk metamaterial structures, but shortly thereafter, Caloz and Itoh

[58, 59] demonstrated that the metamaterial concept could also be applied in the

transmission line environment. Transmission line structures, such as microstrip

structures, support electromagnetic modes that travel along one or two dimension,

and due to their energy confinement, have distinct advantages over bulk metama-

terial structures.

In this chapter we introduce transmission line metamaterial structures and ex-

plore their properties. It is our goal to set the foundation for the ensuing discussion

of hybrid metamaterials structures which incorporate resonant magnetic materials

into planar metamaterial waveguide structures. With this objective, we first intro-

duce metamaterial transmission line theory. We then characterize a new structure,

the complementary split-ring resonator (CSRR), as a metamaterial structure for

application in the transmission line environment. And finally, we demonstrate that

the CSRR structure is a useful geometry for constructing tuneable metamaterials.

5.1 Introduction

A transmission line analysis can be applied to a wide variety of structures

that support propagating electromagnetic modes. In the classical transmission

line approach a structure, such as a microstrip, is assigned a per-unit-length shunt

60
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Figure 5.1: A circuit model of a transmission line is shown with characteristic per
unit length lumped elements. LR and CR components characterizes conventional
right hand (RH) transmission lines while LL and CL are representative of left-
hand (LH) transmission lines. On the right, the characteristic dispersion diagram
is shown for LH, RH, and RHLH transmission lines [2].

capacitance, CR, and a series inductance, LR, (we assume a loss-less line to simplify

the analysis) and a lumped element “circuit” analysis is performed [46]. From this

analysis general equations governing the propagation of electromagnetic modes are

derived (the telegrapher equations),

d2V (z)

dz2
= −γ2V (z) = 0;

d2I(z)

dz2
= −γ2I(z) = 0. (5.1)

The quantities I(z) and V (z) are the current and voltage as a function of position

in the line and γ is the complex propagation constant. The complex propagation

constant depends on the per unit length immittances (the impedance, Z, and

admittance, Y ) as,

γ = α + jβ =
√

ZY . (5.2)

For a low loss transmission line, γ ≈ jω
√

LRCR. The “effective” shunt capacitance

and series inductance are fundamentally determined by the geometry of the waveg-

uide and the electromagnetic properties of the material embedded in it. However,

there is no reason we can’t consider the transmission line model literally. For ex-

ample, a circuit structure with periodic lumped capacitor and inductor elements

can support propagating electromagnetic modes.

Caloz and Itoh realized that it was possible to generate additional artificial
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transmission line properties by including distributed elements in a microstrip struc-

ture [59]. If the periodic spacing of the elements are much less than the wavelength

of interest, it is sufficient to treat the net effect of the discrete elements as a ho-

mogenous per unit length response. This parallels the methodology of treating

bulk metamaterials as homogenous materials. Caloz and Itoh introduced peri-

odic interdigital capacitors (to create a series capacitance CL) and periodic vias

(to create a shunt inductance LL) in order to generate artificial electromagnetic

properties in a microstrip structure, as illustrated in Fig. 5.1. These so called

“left hand” (LH) properties cannot be obtained in a transmission lines using con-

ventional “right hand” (RH) materials. The propagation constant, Eq. 5.2, for

this artificial structure can be written in terms of the capacitance and inductance

parameters as

γ =

√√√√√√jω
(
LR −

1

ω2CL

)
︸ ︷︷ ︸

µ

jω
(
CR −

1

ω2LL

)
︸ ︷︷ ︸

ε

. (5.3)

Using these additional artificial transmission line components, Caloz and Itoh

were able to create a negative index waveguide structures [59]. These Negative

index metamaterial transmission lines share the same novel properties as bulk

negative index materials including oppositely directed phase and group velocity for

propagating waves. The dispersion curve for LH/RH transmission line structures

is shown in Fig. 5.1. For a LH transmission line, the phase (slope of the line from

the origin to the curve) is negative while the group velocity (tangent of curve)

is always positive. This can be compared to the dispersion of a RH transmission

line, also shown, which has both positive group velocity and phase velocity. Purely

LH transmission lines are not physical because any transmission line structure will

have inherent parasitic series inductance and shunt capacitance. The dispersion

curve of a real metamaterial transmission line is always going to be a combined

LHRH transmission line as shown Fig. 5.1. The LH band and RH band do not

necessarily connect, but it is possible to pick parameters such that they do.

The lumped element transmission line analysis provides intuition on how to

build a transmission line metamaterial structure and it is historically how this

area was approached. However, the lumped element transmission line analysis
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must correlate with a direct interpretation using Maxwell’s equations. Through

a comparison of the telegrapher equation with a full field analysis of a transverse

electromagnetic mode in the structure [2], we can correlate the transmission line

parameters (LR, CR, LL, CL) to the constitutive parameters (as noted in Eq. 5.3)

µ = LR −
1

ω2CL

, (5.4)

ε = CR −
1

ω2LL

. (5.5)

We can therefore use whichever conceptual framework is most convenient to an-

alyze these transmission line structures. In this dissertation we focus on a direct

field analysis of transmission line structures (corresponding to the analysis of bulk

metamaterials structures). We approach the field in this way because we are in-

terested in considering resonant geometrical elements, as opposed to Caloz and

Itoh’s distributed elements, as a method of making metamaterial transmission

lines. These resonant structures have an electromagnetic response that is anal-

ogous to bulk metamaterial resonant elements and can be analyzed in the same

fashion as we will demonstrate.

The resonant structures we consider have the advantage of being simply in-

tegrated into conventional planar circuit technology transmission lines such as

microstrips and parallel waveguides. They also are easily scaled to work at fre-

quencies up into the terahertz frequency range. We further demonstrate that these

structures can be adapted to make tunable metamaterials in the transmission line

environment.

5.2 Complementary Structures

Recent work has shown that another method for implementing the metamate-

rial concept in the transmission line environment is to use planar resonant struc-

tures. Martin et al. [60] demonstrated that SRRs can be excited directly by a

coplanar waveguide structure when placed in close proximity to the coplanar strips.

Further, when the SRRs were combined with periodic gaps in the coplanar strips,

left handed transmission was observed. Such a planar structure is simpler to fab-
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Figure 5.2: The dual split-ring resonator (SRR) and complementary split-ring
resonator (CSRR) metasurfaces are shown.

ricate than the lumped element LH transmission line structures first proposed by

Caloz and Itoh which require the construction of vias through the substrate. But,

the disadvantage of integrating the SRR structure into transmission lines is that

the magnetic flux of the coplanar line does not efficiently excite the SRR structures

because of the geometry of the coplanar line.

A superior resonant planar particle for integration in the transmission line en-

vironment is known as the “complementary” split-ring resonator (CSRR) and was

first proposed by Falcone et al. [61, 62]. The CSRR structure is the complementary

metasurface of the SRR structure as shown in Fig. 5.2. The inspiration for the

CSRR structure, and its nomenclature, comes from Babinet’s principle in diffrac-

tion theory [63] which relates the diffraction from one diffraction screen to that of

its complementary diffraction screen.

Consider a SRR structure which has a magnetic moment that can be excited

by a magnetic field perpendicular to the ring and a weak electric moment that can

be excited by an electric field across the gap of the SRR. Babinet’s principle is

the physical principle that the complementary CSRR structure will have a com-

plementary excitation—the CSRR has a strong electric moment that is excited by

an electric field perpendicular to the surface and a weak magnetic moment that

can be excited by a magnetic field across the neck, see Fig. 5.3. This duality

between the particles can be understood intuitively by considering the nature of

Maxwell’s equations. Notice that in regions where there are no sources, i.e. charges

or currents, Maxwell’s equations exhibit a high degree of symmetry,
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Figure 5.3: For the TEM incident wave shown, an SRR in the xz-plane is excited
by the magnetic field. A CSRR in the yz-plane will be excited by the electric field.
Note that the CSRR structure can only be excited if the TEM wave is incident
either above or below the plate, but not both.

∇× E = −µdH
dt

∇×H = εdE
dt

 ∇× (
√

εE) = −√εµ d
dt

(
√

µH)

∇× (
√

µH) =
√

εµ d
dt

(
√

εE).
(5.6)

In this suggestive form, we notice that if we make the substitution

E′ → ±α

√
µ

ε
H, (5.7)

H′ → ∓α

√
ε

µ
E, (5.8)

where α is a constant, we get back the original Maxwell equations. Hence, given a

set of boundary conditions and their associated field solution (with no charges/current

inside this region), we immediately know the field solution to a region with the

electric and magnetic boundary conditions interchanged (to within a constant ±α).

We can observe this duality in numerical simulations of SRR and CSRR struc-

tures. Consider a SRR particle excited near resonance by a TM mode perpendicu-

lar to the structure and a CSRR structures being excited by a TE mode (incident

along the top surface for reasons that will be explained shortly). As shown in

Fig. 5.4, above the plane of the structures, the magnetic field of the SRR is sym-

metric to the electric field of the CSRR structure. Below the plane, the fields are

symmetric but in opposite directions. Alternatively, we can compare the electric

field in the SRR gap region to the magnetic field of the CSRR in the same region

as in Fig. 5.5. We see again that the electric field of the SRR in the gap matches

the magnetic field in the CSRR structure above and below the plain to within a

negative sign.
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Figure 5.4: The numerical simulations of the magnetic field of a SRR structure
and the electric field of a CSRR structure. A cross-section shows the fields are
symmetric above the plane and symmetric, but in opposite directions, below the
plane
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Figure 5.5: The numerical simulations of the electric field of a SRR structure and
the magnetic field of a CSRR near the gap. The fields are symmetric above the
plane and symmetric, but in opposite directions, below the plane.
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The duality of planar structures has been tested experimentally by comparing

the transmission for a single layer of SRR and CSRR structures for a variety of

oblique TM and TE polarized incident waves by Beruete et al. [64]. The CSRR

structure is excited most strongly by a TE wave incident at grazing angle because

the electric field is directly perpendicular to the structure—the corollary of the

SRR being most strongly excited by a perpendicular magnetic field. This is pre-

cisely the excitation a particle will experience in the transmission line environment

with the TE mode traveling parallel to the surface. This is confirmed by numerical

simulations in which a characteristic CSRR cut into a parallel plate waveguide is

strongly excited by the incident TEM mode as shown in Fig. 5.6. Further the

cross polarization of the CSRR structure can be seen. When the CSRR struc-

ture is parallel to the mode propagation, such that the mode excites the electric

and magnetic moment simultaneously, it is more strongly excited then when the

structure is oriented perpendicularly where only the electric moment is excited.

The symmetry in the fields between the structures can be exploited to determine

the resonant properties of the CSRR structures. The SRR structure has already

been well characterized in the literature [7] and we can use this duality in the

fields to derive a functional relationship between the capacitance and inductance

of complementary structures. In Appendix A, it is shown that for complementary

metasurfaces the relationship between the capacitance and inductance is,

C

L
= (ε1 + ε2)

(
1

µ1

+
1

µ2

)
, (5.9)

where εi and µi are the permittivity and permeability above and below the meta-

surfaces. Generally, a planar structure has both an associated inductance and

capacitance. Assuming, that the structure is small compared to the wavelength,

so that the fields are generally decoupled, Eq. 5.9 allows us to quickly calculated

C and L values from those of it’s complimentary structure.

It is important to note that while the resonances have a dual relationship, the

mechanisms of excitation are subtly different. The effective moments of the CSRR

structure must be equal and opposite on either side of the CSRR screen in order

to satisfy symmetry constraints placed on the fields—due to the current being

constrained to move in the plane [63] (this is not true for the dual SRR structure
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whose moment is in the same direction on either side of the plane). As such, if an

incident TE mode is perpendicular to the CSRR particle but incident on both sides

of the structure, the resonance will be inhibited. This makes the CSRR structure

useless as a bulk metamaterial structure because the electromagnetic response

averages to zero. But, if we limit our interest to incident modes on one side of the

CSRR plane, precisely those modes found in transmission lines, the structure can

be quite useful as a planar metamaterial structure. For such obliquely incident

waves, duality of the SRR and CSRR structure allows us to surmise that in the

homogenous limit, the permittivity of a CSRR structure has a Drude-lorentz form,

i.e. the dual of the permeability for SRR structures[10]. Then, the permittivity of

a CSRR structure is given by,

ε(ω) = 1− Fω2

ω2 − ω2
0 + iΓcω

, (5.10)

where F is the filling fraction, ω0 is the resonant angular frequency, and Γc is the

dissipation factor[7]. The resonant frequency ω0 is related to the inductance, L,

and capacitance, C, of the structure by

ω0 =
1√
LC

. (5.11)

As for bulk metamaterials, it is possible to extract the constitutive parameters

for planar metamaterial structure from the transmission and reflection coefficients

[12]. For a coplanar waveguide, microstrip, or any other transmission line structure

whose propagating mode is quasi-TEM in nature, the constitutive parameters can

be extracted using the inversion formula given in Eq. 1.5 and Eq. 1.6.

A sample microstrip structures was constructed as a demonstration of the im-

plementation of the metamaterial concept in the transmission line environment

using planar structures. The metamaterial structure was designed to exhibits neg-

ative index effects as shown in Fig. 5.7. The structure consisted of a microstrip

with capacitive gaps along the top strip and CSRR particles etched into the ground

plane using a photolithographic process. A passband is seen around 6 Ghz which

signifies the negative index region. Numerical simulations using Ansoft’s commer-

cial software HFSS were used to design and verify the response as shown.



69

-12

-10

-8

-6

-4

-2

0

8 10 12 14 16 18 20 22

 S21(dB) Asymmetric perpendicular
 S21(dB)  Asymmetric Parallel

 

Frequency (GHz) 
S2

1(
dB

)

Transmission of Perpendicular Vs
Parallel Rings  

M
od

e 
Pr

op
ag

at
io

n 
D

ir
et

io
n

Perpendicular

Parallel
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pacitive gaps in the top strip, for effective negative permittivity. The simulated
S-parameters show a passband near 6 Ghz that signifies the negative index region.
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5.3 Tuneability of the CSRR Structure

A deficiency of the metamaterial approach is that it can provide a desired set

of materials properties only over a narrow frequency band of operation. This phys-

ical constraint is a consequence of depending on resonant behavior to provide the

metamaterials unique properties (any resonant system is necessarily dispersive [3]).

This is not an intolerable limitation if we consider that it should be possible to

make a tunable metamaterials that can be reconfigured to take on the properties

of interest at a particular frequency of operation. To conceive of how this might be

done, consider the classical metamaterial structures, SRRs and wires, first demon-

strated by Smith. These structures depend on purely geometrical resonances, i.e.

the material properties of the metamaterial have a constant response over the fre-

quency range of interest. We can consider incorporating materials with tuneable

electromagnetic properties into the metamaterial structures as a means of modu-

lating the resonant response. Ferroelectric and gyromagnetic materials are good

candidates for such integration. We first consider how ferroelectric materials can

be used to make tuneable devices (we consider gyromagnetic materials in Chapter

6).

Ferroelectric materials have a nonlinear polarizability as function of applied

electric field. This means a DC electric field can be used to bias the ferroelectric

material to have a particular dielectric constant. An applied dynamic AC electric

signal across the biased material will experience this modified dielectric constant

(this is assuming the AC signal is significantly smaller than the DC field and or

the mechanisms behind the biasing are slow acting). For a metamaterial, whose

resonance is a function of the capacitance in the structure, tuning the dielectric

constant in the vicinity of the structure provides a method of modulating the reso-

nant response. This has been demonstrated with bulk SRR structures by Zhao et

al. [65]. They positioned an array of SRR structures in a vat of nematic liquid crys-

tal. Nematic liquid crystal consists of polar molecules that in their unperturbed

state have an isotropic dielectric constant, εiso. When a biasing electric field is

applied across the material, the polar molecules are aligned such that the mate-

rial exhibits an increased dielectric constant in the direction of the field, ε‖, and
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decreased dielectric constant in the other directions, ε⊥. By applying an electric

field across the vat they were able to change the dielectric background of the SRRs

and hence their structural capacitance resulting in a shift in the metamaterials

resonance.

The actual electric field applied across the liquid crystal was on the order of

2 kilovolts per unit cell with a resulting 2% tuneability. This is a fairly extreme

voltage value and highlights the low effectiveness of using liquid crystals perva-

sively throughout the unit cell. In fact, it is known that the local fields of the

metamaterial structure are concentrated in certain regions of the unit cell and

by concentrating the tuneable materials in these regions we get nearly the same

tuneability as a wider application. For the SRR structure, the electric field is

concentrated in the gap region and hence it is sufficient to tune the dielectric of

the liquid crystal in this region to change its capacitance. For the SRRs in the

Zhao experiment, providing a bias across the gap region would require only 100

volts of bias to get the same tuneability. Of course, designing a biasing mechanism

solely across the gap in a 3D bulk metamaterial structure and fabricating it is not

a simple task. Some progress has been made in this effort, for example Hand et

al. [66] used ferroelectric lumped elements across the SRR gaps to bias bulk SRR

structures.

In the transmission line environment we can conceive of tuneable metamaterial

structures that rely on CSRR structures that are considerably easier to fabricate

than their bulk metamaterial counterpart. For CSRRs, the local electric field

is strongly concentrated near the notch region and changing the dielectric in this

location can have a significant effect on the bulk properties of the system. One such

system we have considered is the double ring structure shown in Fig. 5.8. As can be

seen from numerical simulations of a characteristic structure, the resonance of two

closely space CSRR structures is coupled and of a similar magnitude as a single

CSRR structure. The advantage of the double layer structure is that a bias can be

maintained between the two layers as a means of tuning a ferroelectric material in

between the layers and therefore the capacitance of the CSRR structures. This will

in turn alter the resonance of the CSRR structure. Because the biasing structure
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Figure 5.8: A unit cell diagram is shown for a tunable double layer CSRR struc-
ture in a parallel waveguide transmission line. A tuneable dielectric can be place
between the CSRR layers and biased with a voltage difference between the two
layers. Also shown is S21(dB) (transmission) for a double layer CSRR structure
separated by a 0.1 mm thick dielectric (εr = 4). For comparison, a single CSRR
Structure and a CSRR structure with the top plane replaced by a uniform ground
plane are shown. The characteristic CSRR structure considered had a radius of
1.8 mm, notch width of 0.2 mm, neck width of 0.2 mm, and unit cell size of 3 mm.

is external to the parallel plate transmission line it is invisible to the propagating

mode in the transmission line for frequency outside the resonance of the rings. By

changing the dielectric of the sandwiched material we see that it is possible to tune

the resonance significantly as shown in Fig. 5.9.

We can also consider a tunable double CSRR structures in a microstrip trans-

mission line. The transmission line concentrates the mode and associated fields

along the top strip of the structure. We obtain a strong interactions by inserting

a double layer CSRR structures in this region as shown in Fig. 5.10. Since the

electric field at resonance of the double layer structures is approximately parallel

to the plates, we can take advantage of the anisotropy of the liquid crystal proper-

ties. If we initially orient the liquid crystal parallel to the microstrip (using some

kind of surface coating as is often done with LCs devices) the capacitance in the

gap will depend on ε‖. We can then use a controllable DC voltage bias between

the two plates to reorient the LC alignment perpendicular to the gaps such that

the capacitance is a function of ε⊥. The effective change in capacitance provides

the tuning of the CSRR resonance. We investigated this design using a numerical
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Figure 5.9: The effect of changing the dielectric between the double CSRR struc-
tures with characteristic parameters given in Fig. 5.8 is shown.

simulation of a microstrip constructed out of F4B (which we can easily fabricate

in our lab) and Merck’s MDA-03-2838 liquid crystal properties as characterized

by Mueller et al.[67]. The results are shown in Fig. 5.10. We see that there is

effectively 700 Mhz of tuneability if we can take advantage of the full anisotropy

and about 200 Mhz if we can only take advantage of the isotropic to perpendicular

LC transition, i.e if the liquid crystal is not biased in the parallel direction initially

and the dielectric constant is some lesser value, εiso. Since liquid crystal materials

are just starting to be designed for microwave applications it has proven difficult

to obtain these prototype materials from the manufactures and we were unable to

test this design. Never-the-less, it is hopeful that in the future this design can be

used to implement the tuneable metamaterial concept.

The double layer rings might also be used with other ferroelectric materials such

as barium strontium titanate (BST). Thin films of BST on the order of a micron

can be manufactured to have strong tuneability when a voltage is applied across

the material. One can conceive of making a tuneable double CSRR structure by

scaling down its dimensions to complement the thin film nature of BST materials.

5.4 Conclusion

In general, complementary CSRR structures are effective metamaterial ele-

ments in the transmission line environment. They also provide a useful geometry
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the microstrip environment is shown. Numerical simulations show that for a liquid
crystal whose molecules are aligned in the z-direction via a voltage bias between
the two CSRR planes, the tuneability is up to 700 Mhz depending on the initial
orientation of the liquid crystal molecules.

for creating tunable material structures by strategically targeting the local fields of

the CSRR structure with tunable materials. These tunable metamaterials can be

conveniently implemented in the transmission line environment. Besides tunable

materials, one might also consider integrating a material with a fundamental res-

onance into the CSRR structure. In the next chapter we focus on the interesting

electromagnetic properties of a hybrid resonant structure.
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Hybridization of Fundamental

Magnetic Material Resonances

with Artificial Metamaterial

Resonances

Metamaterials derive the unique properties from geometrically derived reso-

nances. The metamaterial structures considered to date have been constructed

out of metallic and dielectric materials whose responses are constant over the

frequency of interest. Recently, there has been interest in integrating tunable ma-

terials into metamaterial structures as discussed in Chapter 5. It is compelling

to go one step further and consider integrating fundamentally resonant materials

into metamaterial geometrical structures. In this chapter we investigate a tunable

metamaterial structure that incorporates a resonant magnetic material that is it-

self frequency dispersive over the range of operation. The two dispersive systems,

metamaterial structure and magnetic material, combine to exhibit a distinct hybrid

resonance. We determine an analytical model for this system that demonstrates

good agreement with numerical results.

75
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6.1 Introduction

The unique electromagnetic properties of metamaterials are obtained by har-

nessing the resonant behavior of many periodic and subwavelength composite

structures. Unfortunately, the resonant nature of metamaterials also ensures that

they are frequency dispersive and limited to a narrow frequency band of opera-

tion. One method of bypassing this constraint is to design tunable metamaterials,

which though still dispersive, can be tuned to have the desired properties over

the frequency range of interest. A tunable metamaterial can be made by placing

a material with a tunable electromagnetic parameter, permittivity or permeabil-

ity, in a region of the metamaterial cell where the local fields are concentrated as

discussed in Chapter 5. Tuning the local fields will in turn affect the bulk electro-

magnetic response of the metamaterial. If a tunable material is used, that itself

is resonant, then a unique hybrid resonance occurs that is a unique blend of the

material resonance and metamaterial resonance.

The most common resonant magnetic materials are the ferrimagnetic and ferro-

magnetic materials that have a characteristic gyromagnetic resonance (as discussed

in Chapter 4). These materials provide tuneability and nonreciprocal properties

that are the foundation of many modern microwave devices. With the recent ad-

vent of metamaterials, it is a timely question to ask what advanced metamaterial

structures might me made by incorporating these gyromagnetic materials—or vice

versa, how the unique properties of these magnetic materials might be extended

by incorporating them into metamaterial structures.

6.2 Electromagnetic Response of a CSRR Waveg-

uide Structure

Metamaterials with artificial magnetic properties have been constructed using

SRR structures and exhibit an approximate magnetic Drude-Lorentz response that

has been well documented in the literature [10]. As discussed in Chapter 5, a

related resonant structure is called the complimentary split-ring resonator (CSRR)
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Figure 6.1: A diagram of a unit cell of the CSRR parallel plate waveguide is shown.
When the CSRR is resonating, current flows along the edges of the structure and
produces a magnetic field that is approximately perpendicular in the gap region.
The extracted permeability and permittivity are shown for the frequency range
including the first two resonances of the CSRR waveguide structure without the
influence of the magnetic material.

and it has the “complementary” metasurface of a SRR (as shown in Fig. 6.1). The

dual CSRR and SRR structures obey Babinet’s principle of equivalence with equal

resonant responses [61, 62], but the CSRR is excited by a perpendicular electric

field while the SRR structure is excited by a perpendicular magnetic field. It is

possible to define effective bulk parameters for a waveguide metamaterial structure

[68]. By Babinet’s equivalence, the CSRRs permittivity has a characteristic Drude-

Lorentz response that is the dual of the SRR structure and is given by

ε(ω) = 1− Fω2

ω2 − ω2
0 + iωΓc

, (6.1)

where F is a constant, ω0 is the resonant angular frequency, Γc is the dissipation

factor, and ω is the angular frequency [7]. The resonant frequency ω0 is related to

the inductance, L, and capacitance, C, of the structure by

ω0 =
1√
LC

. (6.2)

The Drude-Lorentz constants can be determined approximately using analytical

expressions as demonstrated by Baena et al. [62]. Alternatively, the constants

can be determined by fitting the Drude-Lorentz form to the numerically simulated

structure response as we now discuss.
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A particular CSRR structure’s bulk permittivity (and permeability) can be

extracted from full-wave simulations of the CSRR structure. We utilize Ansoft’s

commercially available electromagnetic finite element solver (HFSS) to determine

the scattering matrix of the structure. Then, an inversion of the scattering pa-

rameters, Eq. 1.5 and Eq. 1.6, are used to determine the constitutive parameters

[12]. It is sufficient to simulate one CSRR unit cell, as shown in Fig. 6.1, and apply

appropriate boundary conditions to reproduce the characteristic response of the pe-

riodic parallel plate waveguide structure. The simulated structure consisted of two

parallel perfectly conducting plates and adjoining perpendicular perfect magnetic

boundaries. The structure was excited through waveports on either sides of the

waveguide with a fundamental TEM mode. The CSRR structure was cut into the

top waveguide plate and an exterior volume above the structure was defined in or-

der to accommodate electromagnetic fields emanating above the structure. Perfect

magnetic boundaries were defined on the exterior volume’s surfaces perpendicular

to the propagation mode; perfect electric boundaries were defined on the other

surfaces including the top of the extra boundary volume (note: the height of the

extra volume is chosen such that on the boundary the electromagnetic fields decay

to near zero—and hence its specification is irrelevant, but numerical convergence

is faster by defining an electric boundary here).

For the hybrid resonance investigation, we choose geometrical parameters of

the CSRR to give a resonance near 64 Ghz. The unit cell was 1 mm, the ring

radius was 0.4 mm, the neck was 0.15 mm wide, and the notch width was 0.035

mm. The spacing between the plates, which determines the strength of the CSRR

resonance, was set to 0.4 mm. The top and bottom waveguide plates were 1 µm

thick and had the conductivity of copper (σ = 5.6 × 107 S). For simplicity, the

dielectric between the plates was set to have a dielectric constant of ε = 1.

The structure was first simulated without any magnetic layer and the S-parameters

calculated. A parameter extraction was performed on the S-parameters of the sim-

ulated structure to determine the effective permittivity and permeability as shown

in Fig. 6.1. We expect the structure to behave as a Drude-Lorentz material in the

homogenous limit, but at resonance, the wavelength of the traveling mode is on the
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Figure 6.2: The extracted permittivity for the 1st resonance is shown along with
various fitting methods.

order of the unit cell size which results in spatial dispersion effects that distort the

“ideal” Drude-Lorentz form. In fact, a naive least-square fit of the extracted pa-

rameters using a Drude-Lorentz functional form will be unduly influenced by these

spatial dispersion effects and result in a fit that is inaccurate. This can be seen in

Fig. 6.1 where the pure Drude-Lorentz fit does not accurately match the data. In

order to obtain an accurate fit, we applied a modified Drude-Lorentz model that in-

corporates spatial dispersion effects as proposed by Liu et al. [69] (we provide more

details of this fitting method in Chapter 7). From this fitting method, the param-

eters of Eq. 6.1 were determined: the resonant frequency, ω0 = 1/
√

ε0µ0ggeomfgeom;

the constant, F ; and the loss tangent, Γc. We can plot the non-dispersion ad-

justed Drude-Lorentz model but with the resonant frequency determine by the

Liu’s fitting method, as shown in Fig. 6.1. We see that the resonant position of

this function is actually shifted to the right of the resonance, signifying the actual

resonant position of the metamaterial structure. In the hybrid analytic model we

will derive, it is important to accurately characterize the resonant frequency. In

fact, it is sufficient to use this “resonant frequency adjusted” Drude-Lorentz model

(ignoring dispersion affects). For simplicity, we use this model—even though it is

not as accurate as the full dispersion adjusted Drude-Lorentz model, it provides

very good agreement with simulated results.
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6.3 Incorporation of a Resonant Magnetic Ma-

terial into a CSRR Structure

We now consider the integration of a resonant magnetic material into the CSRR

structure. We model our magnetic material after gyromagnetic materials which

have a permeability tensor of the form,

µ = µ0


µ1 iµ2 0

−iµ2 µ1 0

0 0 1

 , (6.3)

where µ1 and µ2 are resonant functions of frequency as given by Eq. 4.18. In

this study we consider a simplified “generic” resonant magnetic material which is

isotropic and does not include the off-diagonal permeability components of the gy-

romagnetic tensor, in order to elucidate the underlying physics of the hybridization.

The relative permeability is given by,

µr(ω) =
(ξMs + ξH0 − iωΓm)2 − ω2

(ξH0 − iωΓm)(ξMs + ξH0 − iωΓm)− ω2
(6.4)

where Ms is the magnetic saturation of the material, H0 is the magnetic bias field,

Γm is the damping constant, and ξ=γµ0 is a constant with γ defined as the gyro-

magnetic ratio [48]. The function form of the permeability considered is based on

the Schloemann permeability tensor which is a diagonal tensor whose components

are a combination of the diagonal and off diagonal components of the gyromagnetic

material as discussed in Chapter 4 [48]. As such, this investigation is suggestive

of how ferrimagnetic or ferromagnetic materials can be used to make a tunable

metamaterial structure but for actual gyromagnetic materials the interaction will

have a more complicated dependance on the orientation of the biasing direction

of the gyromagnetic material with respect to the geometry of the CSRR struc-

ture [70, 71]. We will consider the potential for integrating a real gyromagnetic

material into the metamaterial structure after we consider the simplified magnetic

interaction.

The inclusion of a thin layer of magnetic material below the CSRR structure

as shown in Fig. 6.1 provides a means of influencing the the local fields of the
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CSRR structure. The CSRR resonance and magnetic material resonance interact

to produce a hybrid resonance. The mechanism of interaction can be understood

by considering the dynamics of the current flow when the CSRR is resonating. An

incident TEM wave in the waveguide drives current symmetrically in and out of

the CSRR structure along the edges of the gap region as shown in Fig. 6.1. The

current is concentrated on either side of the gap of the CSRR structure but flows

in opposite directions creating a nearly perpendicular magnetic field inside the gap

and the regions directly above and below the gap. Consequently, determining the

inductance of the CSRR structure is analogous to analyzing the magnetic capacitor

model of parallel current sheets filled with some volume fraction (to be determined)

of frequency dependent magnetic material. Consider the structure in Fig. 6.3. The

magnetic boundary condition at the interface between the magnetic material (H2)

and dielectric (H1) is,

H2 =
1

µr(ω)
H1, (6.5)

where µr(ω) is the relative permeability of the magnetic material. Applying Am-

pere’s law, we obtain the magnetic field in terms of the magnetic filling fraction

q, ∫
H · dl = I ⇒ B2 =

µr(ω)

µr(ω)(1− q) + q
. (6.6)

If w is the length of the parallel sheets (not shown in the figure), d is the width
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of the gap, and l is the height of the gap; we can solve for the inductance of the

parallel current sheets configuration,

L =
Φ

I
=

∫
B · dA

I
=

µr(ω)

µr(ω)(1− q) + q

(
wd

l

)
. (6.7)

We can apply the parallel plate approximation to the CSRR structure if we ex-

change the geometrical dependent term, wd/l, for a constant, ggeom with units of

length that is specific to the geometry of the CSRR structure. The inductance of

the CSRR structure is then,

L = µ0

(
µr(ω)

µr(ω)(1− q) + q

)
ggeom. (6.8)

If the parallel current approximation were exact, then ggeom = (1/2)wd/l (the

factor of 1/2 follows from the parallel current flow into the CSRR structure). In

general, the geometrical function is more complex but it can be extracted from

numerical simulations of the empty CSRR waveguide as we demonstrate below.

The capacitance of the CSRR structure follows from the capacitance across the

gap above and below the metal-surface. It is given by,

C = ε0fgeom, (6.9)

where again, fgeom is a constant with units of length that is determined by the

geometry of the CSRR structure and can be extracted from numerical simulations.

Inserting Eq. 6.8 and Eq. 6.9 into Eq. 7.3 provides an equation that can be

solved to determine the resonant frequency of the hybrid CSRR/magnetic struc-

ture,

ω′
0 =

1√
µr(ω′0)

µr(ω′0)(1−q)+q

1√
ε0µ0fgeomggeom

. (6.10)

We note that Eq. 6.10 reduces to the resonant frequency of the empty structure

in the case µr(ω) is of unity. As previously mentioned, the magnetic field gener-

ated in the gap region of the CSRR at resonance is predominately perpendicular

(see Fig. 6.1) and interacts principally with the magnetic material through the x-

component of the permeability. In fact, simulations (not shown here) have shown

that variation of any of the other diagonal permeability components has no ef-

fect on the response of the structure. We can insert the permeability Eq. 6.4
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into Eq. 6.10 and solve to get the new resonant frequency of the hybrid structure.

Eq. 6.10 is transcendental in nature, as a result of the magnetic materials frequency

dependence, but it can be solved straightforwardly using numerical methods.

In order to understand the dynamics of Eq. 6.10 it is instructive to plot the

left and right side of the equation as a function of frequency, as shown in Fig. 6.4.

Note that the solution to Eq. 6.10 is found at the intersection of these two lines,

i.e. where the function is self-consistent. The characteristic phenomenon of the

hybridization is seen to be a splitting of the CSRR’s resonance into a lower, 1a, and

upper, 1b, hybrid resonance which straddle the frequency at which the magnetic

material’s permeability is zero (above resonance—not the zero point at resonance).

The hybridization is strongest when the natural resonance of the CSRR structure

is near the zero permeability point of the magnetic material. If one increase the

biasing field of the magnetic material, such that its zero permeability frequency

advances through the CSRR’s natural resonance, a characteristic growth and shift

of the 1a resonance is observed and then a subsequent decay and shift of the 1b

resonance is observed. Hence, tuning the magnetic material effectively tunes the

response of the metamaterial structure. Because a CSRR structure inherently

exhibits multiple resonance (the first two resonances of the CSRR structure are

shown in Fig. 6.1) it is not only the fundamental resonance that is hybridized

but also the higher order resonances. However, if these higher order resonances

are far away from the magnetic material’s zero permeability frequency they are

highly damped. In practice this means that if the zero permeability frequency of

the magnetic material is aligned with the fundamental CSRR structure resonance,

then depending on losses in the system, residual higher order hybrid resonances

2a, ..., na might be found near the fundamental, 1a, hybrid resonance as shown

in Fig. 6.5(a). In contrast, the 1b, 2b, ..., na resonances remain largely separated.

This suggests that the 1b resonance—which is strongly resonant, isolated from

the other hybrid resonances, and strongly tunable—maybe the most useful for

application.

Once the empty CSRR structure was characterized, numerical simulations in-

corporating the magnetic material were performed. In the interest of exploring
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Figure 6.4: The left (line of equality) and right (1st/2nd hybrid resonance) side of
Eq. 6.10 are plotted for H0 = 1.5 kG and characteristic parameters stated in the
text.

the potential of incorporating high frequency (40-70 Ghz) thin film magnetic ma-

terials, such as hexagonal ferrites [72], we considered a 1 µm thick layer of mag-

netic material with parameters (Eq. 6.4): ξ = 18 Ghz kG−1, Γm = (0.70 Ghz)/ω

and ξMs = 380 Ghz. The permeability was calculated in MATLAB and im-

ported into HFSS as a data table of real values (Real[µ]) and loss tangent values

(Imag[µ]/Real[µ]). As previously mentioned, it is only the x-component of µr(ω)

that contributes to the interaction. Using the fitted parameters extracted from

the empty structure we solved the analytic equation, Eq. 6.10, for the first hybrid

mode, 1a/1b, using a numerical root finding method implemented in MATHE-

MATICA. The magnetic filling fraction, q, was determined to have a value of

0.013 through comparison to the HFSS simulations results. A comparison of the

analytic dispersion curve calculated from Eq. 6.10 versus the numerical simulations

performed with HFSS is shown in Fig. 6.5 and demonstrates excellent agreement

with variation of the bias field.

The transmission through the CSRR/magnetic material waveguide can be cal-

culated analytically by assigning bulk electromagnetic parameters to the waveguide

structure. The effective bulk permittivity of the waveguide structure can be calcu-
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Figure 6.5: The dispersion curve for the 1st order hybrid mode of the
CSRR/magnetic material waveguide is calculated both analytically and through
numerical electromagnetic simulations as a function of the biasing field, H0.

lated by inputing Eq. 6.10 into Eq. 6.1 and then solving the Fresnel equations [12]

to determine the transmission and reflection of the structure. This was done for

the CSRR/magnetic waveguide structure and compared to HFSS simulations as

shown in Fig. 6.6. In the HFSS simulations a splitting of the second order CSRR

resonance can also be seen. In the analytic expression we were able to reproduce

this by applying our technique to the first (electric) and second (magnetic) reso-

nance of the CSRR structure. The overall agreement is seen to correlate well over

a range of biasing values.

It is remarkable to note that the width and strength of the hybrid resonances

is primarily a function of the CSRR’s resonant properties. The properties of the

magnetic material’s resonance (and filling fraction q) predominantly determines

the bandwidth over which the hybrid mode interaction exists. In Fig. 6.7 the

permeability of the magnetic material, Eq. 6.4, and the associated effective perme-

ability of the hybrid structure are plotted for various value of magnetization Ms.

When the biasing field is chosen such that the zero point of the magnetic mate-

rial correlates to the empty CSRR structure resonance, we see that the relative

permeability strength of the hybrid structure is the same but that the splitting of

the resonance is smaller for smaller values of Ms values. This suggest that it may

be possible to harness narrowly resonant or weakly resonant magnetic materials
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ulation and the analytic prediction using effective medium theory.

which cannot be utilized directly (though only over a narrow bandwidth). These

potential materials include hexagonal ferrites and even antiferromagnetic materials

such as MnF2 [73].

6.4 Conclusion

In summary, the hybrid resonance that results from combining a resonant mag-

netic material and CSRR structure results in a unique hybrid resonance which can

be harnessed to make tunable metamaterial structures. Gyromagnetic materials

have a resonant permeability tensor form similar to that considered here but with

the added complexity of off-diagonal resonant components. As a result, the reso-

nant response of a hybrid structure with a true gyromagnetic material will have

a more complicated dependance on the orientation of the biasing field with re-

spect to the geometry of the CSRR structure [70, 71]. As we will demonstrate

in the next chapter, if we limit ourselves to using thin layers then this analytic

theory will also accurately describe the interaction of genuine gyromagnetic ma-

terials. Though gyromagnetic materials have been used directly to make tunable

microwave devices [49, 51, 50], using them indirectly in metamaterial structures
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has the potential advantage of increasing the range of effective material properties

while at the same time reducing the amount of the magnetic material needed in

the structure and hence the associated losses.
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Hybrid Resonant Phenomenon in

a SRR/YIG Metamaterial

Structure

We now consider the hybrid effect in a bulk metamaterial structure. We nu-

merically examine the hybridization of a SRR metamaterial resonance with the

resonance of yittrium iron garnet (YIG) inclusions (the YIG material is simulated

with its full tensorial permeability response). The predictive analytic model devel-

oped in Chapter 6 is applied to the SRR/YIG structure and provides an accurate

characterization of this hybridization. We further expand the analytic model to

fully include dispersive effects of the SRR structure.

In our analysis we consider an optimized design for the SRR/YIG structure

that shows strong hybridization with a minimum amount of YIG material. We

further scrutinize a structure experimentally considered by Kang et al. [74]. We

suggest that the hybridization effect is present in their experimental data and

present numerical simulations to support this assertion.

7.1 Introduction

As discussed in Chapter 6 the consequence of constructing metamaterials out

of periodic and resonant structures is that they are necessarily dispersive. This

88
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constrains metamaterial devices, in both the waveguide and bulk structures, to a

small frequency bandwidth of operation. In order to overcome this limitation there

is interest in creating tunable metamaterials which can be tuned to operate over

the frequency range of interest. One method of creating bulk tunable metamate-

rials has been demonstrated by integrating lumped elements, such as a varactor

diodes, into the gap regions of SRR structures [75, 76, 66]. Due to operational

limitations of integrated devices, this solution is currently limited to the low gi-

gahertz regime. Another method for creating tunability is to place a dielectric or

magnetic material, that is itself tunable via some biasing technique, in the local

fields of the resonant elements that compose the metamaterial structure. Tuning

the natural material will indirectly tune the bulk electromagnetic properties of

the metamaterial. This method has been successfully demonstrated at terahertz

by manipulating the Schottky barrier of a semiconductor substrate [17] and at

microwaves using nematic liquid crystal [65].

As an alternative to harnessing resonant geometrical elements to construct

metamaterials, periodic naturally resonant material have been considered for meta-

material structures. It has been shown that periodic yittrium iron garnet (YIG)

structures can be analyzed as an effective medium and that this metamaterial

structure provides a tunable permeability via a magnetic biasing field [77]. YIG

structures have also been combined with a wire mesh in order to create a negative

index metamaterial structure [78]. As we suggested in Chapter 6 integrating res-

onant gyromagnetic materials into metamaterials [79, 74] can provide an indirect

means of tuning geometrical metamaterial structures by influencing the local fields

in a metamaterial unit cell. The tuning of a SRR structure has been experimentally

demonstrated by Kang et al. [74] with a SRR/YIG rod structure. They suggested

that in the weakly interacting limit, where the resonance of the YIG material is

far from the resonance of the SRR structure, the interaction can be understood by

considering the effective change in background permeability caused by the periodic

YIG rods. But, they also note that in the strongly interacting region this under-

standing breaks down. In this region the combination of the resonant YIG material

and the artificial magnetic resonance of the SRR structures interact to produce



90

a unique hybrid resonance distinct from either of the individual resonances. In

this chapter we analyze the hybrid mode supported by a combined SRR and YIG

metamaterial structure and provide an analytic understanding that is sustained by

full-wave numerical simulations. We first consider a single ring SRR/YIG structure

that demonstrates strong hybridization. We demonstrate that this structure has a

broad range of tunability that can be harnessed to make interesting metamaterial

devices. We also investigated the structure experimentally considered by Kang et

al. [74]. We extend the characterization of this hybrid structure into the strongly

interacting region and show that the hybrid theory proposed in Chapter 6 can be

applied with excellent agreement. Integrating gyromagnetic materials is promising

because their exist a large range of these compounds which can be harnessed to

provide tunability from the low to high gigahertz frequency range.

7.2 Theory

The influence of a resonant gyromagnetic material has been theoretically and

numerically considered in a waveguide metamaterial structure in Chapter 6 [79].

We develop a similar framework for the bulk SRR metamaterial structures consid-

ered here. Numerical simulations show that this hybrid theory is accurate over the

the full frequency regime (including the weakly interacting regions investigated by

Kang et al.).

The standard metamaterial methodology for designing electromagnetic mate-

rials is to construct a structure composed of many periodic, resonant, and sub-

wavelength elements. Through manipulation of the geometry of the individual

metamaterial elements, the resonance of the bulk structure can be engineered to

support the electromagnetic properties of interest (over a finite frequency range).

To first order, the SRR structure has a resonant permeability with a characteris-

tic Drude-Lorentz functional form [7]. In addition to the fundamental resonance,

there are also higher order electromagnetic resonances associated with the meta-

material structure. For example, the second order resonance of the SRR structure

is electric in nature. Higher order resonance are not usually of practical interest
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for bulk metamaterial design because they are subject to strong spatial dispersion

effects that result from the incident radiation having a wavelength that is sizable

with respect to the unit cell size (i.e. the material acts less like a homogeneous

material). We will see that the resulting hybrid resonances of the SRR/YIG ma-

terial are a mix of both higher and lower order resonances in close proximity, and

hence in order to obtain an accurate analytic theory, we must considered the higher

order resonances in our analysis. Here, we consider just the first two metamaterial

resonances which sufficiently predicts the hybridization that results when the YIG

resonance is near the SRR’s first order resonance.

We can modify the standard metamaterial Drude-Lorentz model to account

for the spatial dispersion effects found in the higher order resonances (and to a

lesser degree those found in the first order resonance) using a technique developed

by Liu et al. [69]. For the SRR structure, we define the characteristic Drude-

Lorentz permeability of the first order magnetic resonance (1), and similarly, the

characteristic Drude-Lorentz permittivity that describes the second order electric

resonance (2),

µ̄(ω) = A(1)

(
1−

F(1)ω
2

ω2 − (ω0SRR(1))2 + iωΓSRR(1)

)
, (7.1)

ε̄(ω) = A(2)

(
1−

F(2)ω
2

ω2 − (ω0SRR(2))2 + iωΓSRR(2)

)
, (7.2)

where ω is the angular frequency, F(j) and A(j) are constants, ΓSRR(j) is the dissi-

pation factor, and ω0SRR(j) is the resonant angular frequency. The Drude-Lorentz

resonant frequency, ω0SRR(j), is related to the local structural SRR capacitance, C,

and inductance, L, by,

ω0SRR
=

1√
LC

. (7.3)

The dispersive effects are implemented by defining a dispersion variable, θ(ω), that

is related to the Drude-Lorentz functions of Eq. 7.1 and Eq. 7.2 by,

sin(θ(ω)/2) =
k(ω)d

2

√
µ̄(ω)ε̄(ω), (7.4)

where k(ω) = ω/c is the free-space wavevector and d is the unit cell size of the
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metamaterial. The effective wave impedance is then defined,

η =


√

µ̄(ω)/ε̄(ω) cos(θ(ω)/2), electric resonance√
µ̄(ω)/ε̄(ω) csc(θ(ω)/2), magnetic resonance

(7.5)

and the effective index of refraction is given by,

n = θ(ω)/k(ω)d. (7.6)

The effective permittivity, εeff , and permeability, µeff , are then determined in the

usual way, µeff = n(ω)η(ω) and εeff = n(ω)/η(ω). Given the Drude-Lorentz param-

eters (F(j),A(j), ΓSRR(j), ω0SRR(j)) and the unit cell size (d), we can use Eqs. 7.1-7.6

to accurately predict the effective electromagnetic response over a wide frequency

range.

The inclusion of YIG material in a SRR structure affects the local electromag-

netic response of the SRR structure. Determining the nature of this influence on

the unit cell level, as we proceed to do, can be directly related to the bulk electro-

magnetic response of the metamaterial through the modified Drude-Lorentz model

outlined above. We consider YIG material that is biased along the z-axis and above

it’s saturation magnetization. Its resonant permeability is of the form,

µ(ω) = µ0


µ1(ω) iµ2(ω) 0

−iµ2(ω) µ1(ω) 0

0 0 1

 , (7.7)

where µ1 and µ2 are resonant functions of frequency given by

µ1(ω) =
ω0YIG

γµ0Ms

(ω0Y IG
)2 − ω2

, (7.8)

µ2(ω) =
ωγµ0Ms

(ω0Y IG
)2 − ω2

, (7.9)

with γ the gyromagnetic ratio and µ0Ms the saturation magnetization. The reso-

nant frequency is given by ω0YIG
= (γµ0H0 − iωΓY IG) where H0 is the DC mag-

netic bias field. The loss component, ΓY IG, can be further written in terms of

the linewidth of the resonance, ∆H, as ΓY IG = γµ0∆H/(2ω). For our analytic

analysis we ignore the off-diagonal components in Eq. 7.7 which only have a strong
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influence at resonance. We show that this is a suitable approximation if we restrict

our unit cells to include thin YIG sheets.

If we consider incident TEM radiation on the SRR metamaterial structure that

is incident perpendicular to the biasing field, the incident wave largely interact with

the x component of the YIG permeability tensor or µ1(ω) in Eq. 7.7. The resulting

inductance of the SRR structure can be calculated by abstractly conceptualized a

‘magnetic capacitor’ with parallel current sheets sandwiching a volume containing

some fraction of which is filled with YIG material. Considering this simple model

developed in Chapter 6, the inductance of the SRR structure is found to be [79],

L = µ0

(
µ1(ω)

µ1(ω)(1− q) + q

)
ggeom, (7.10)

where the parameter q is a constant that depends on the ‘effective’ volume fraction

of the YIG material (q must be determined through a fitting procedure), µ1(ω) is

the relative permeability of the magnetic material, and ggeom is a constant with

units of length that is determined by the geometry of the SRR structure. Alter-

natively, the capacitance of the SRR structure is constant and can be written as,

C = ε0hgeom, where hgeom is a constant with units of length that is determined by

the geometry of the structure. If we plug the associated inductance and capac-

itance of the SRR structure into Eq. 7.3 we get an equation governing the new

hybrid resonant frequencies of the SRR structure,

ω′
0SRR(j) =

1√
µ1(ω)

µ1(ω)(1−q)+q

ω0SRR(j). (7.11)

where ω0SRR
= µ0ε0ggeomhgeom = 2πf0 is the resonant frequency of the SRR struc-

ture in the absence of the YIG material. One can replace ω → ω′
0SRR

in Eq. 7.11 to

obtain a transcendental equation that can be solved for the new hybrid resonant

frequencies [79].

We can further determine the effective permeability, µeff , and permittivity, εeff ,

for the hybrid structure from the modified Drude-Lorentz model by replacing ω0SRR

in Eq. 7.1 and Eq. 7.2 with Eq. 7.11. To determine the Drude-Lorentz parameters

for an actual structure is a two-step process. We first perform numerical sim-

ulations of the SRR structure and extract the effective constitutive parameters
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Figure 7.1: (a) The SRR/YIG unit cell structure is shown. The characteristic
dimensions of the structure are d3 = 2.4 mm, a2 = 0.6 mm, a3 = 0.04 mm, g = 0.4
mm, substrate thickness of s2 = 0.2 mm, and a unit cell size of 3 mm. (b) The
extracted permittivity and permeability of the structure.

without the magnetic response of the YIG material and use the least square fit-

ting procedure outlined in Eqs. 7.1-7.6 to determine the “empty” Drude-Lorentz

parameters. We can then integrate Eq. 7.11 into the Drude-Lorentz function and

determined the magnetic filling fraction constant, q, through comparison of the

analytic theory to the numerical simulations of the combined SRR/YIG structure

at several magnetic biasing values. Once q is known, the analytic theory provides

a predictive model that is valid over the full frequency range of interaction. Fur-

ther, the fresnel equations can be solved to determine the analytic transmission

and reflection of a SRR/YIG metamaterial structure [12].

7.3 Numerical Simulations

Numerical simulations of combined SRR/YIG structures were carried out us-

ing HFSS (Ansoft’s commercial finite-element solver) in order to investigate the

resulting hybridization. HFSS supports the definition of gyromagnetic materials

and calculates the full electromagnetic permeability response given by Eq. 7.7. The

parameters of the YIG material were defined in these simulations to have a satu-

ration magnetization µ0Ms = 1.7 kGs, linewidth ∆H = 12 Oe, and permittivity

ε = 14.7. A standard full wave analysis of a single unit cell of the SRR/YIG struc-
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biasing field of H0 = 3 kG structure. (b) The extracted permeability over a range
of biasing field, H0 = 1.7− 4.5 kG, is shown with steps of 0.1 kG.

ture, with appropriate boundary conditions, is sufficient to fully characterize the

bulk SRR/YIG metamaterial structure’s transmission and reflection coefficients.

We first considered the structure shown in Fig. 7.1 which consists of a single

ring SRR structure with two very thin YIG strips covering the vertical sections of

the split-ring. For this geometry the demagnetization fields, which can decrease

the effective biasing of the material, are minimized because the YIG material is

biased parallel to the strips [46]. First, a simulation of the structure with the YIG

magnetic properties set to zero was performed. From the numerically determined

transmission and reflection coefficients of the unit cell structure it is possible to

compute the effective permittivity and permeability through an inversion technique

[12]. The effective constitutive parameters of the empty structure were extracted

over the frequency range including the two lowest order resonances as shown in

Fig. 7.1(b). The resonances include a first order magnetic resonance at 10.6 Ghz

and a second order highly dispersive electric resonance at 23.7 Ghz.

An advantage of using the single SRR geometry is the high frequency of the

secondary resonance compared to that of the traditionally used double SRR struc-

ture. The hybridization effect splits both the fundamental resonance and any

higher order resonances, but for the SRR resonances that are far from the reso-

nant frequency of the YIG material, the splitting is highly damped. Hence, the

single SRR structure supports 1st order, 2nd order, etc. hybridizations that are
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largely isolated from one another. The disadvantage of using the single SRR struc-

ture is that it has a slightly weaker response and a higher fundamental resonant

frequency than its equivalently sized double SRR counterpart. This limitation is

easily compensated for by decreasing the unit cell size of the metamaterial and

effectively increasing the filling fraction.

For the structure in Fig. 7.1, the Drude-Lorentz constants for the first resonance

[F(1) = 0.228, ω0SRR(1) = 2π(10.6) Ghz, ΓSRR(1) = 2π(0.00219) Ghz, A(1) = 1.13]

and the second order resonance [F(2) = 0.659, ω0SRR(2) = 2π(23.7) Ghz, ΓSRR(2) =

2π(0.0347) Ghz, A(2) = 2.99] were determined by a least square fit using Eqs. 7.1-

7.6. The inclusion of Eq. 7.11 was then used in Eq. 7.1 and Eq. 7.2 to determine the

effective hybridized permeability and permittivity of the structure as a function of

the magnetic bias, H0, and magnetic filling fraction, q. The Fresnel equations were

then used to determine the theoretical transmission of the SRR/YIG metamaterial

structure. Through a fitting process of the analytic to the simulated transmission,

the magnetic filling fraction was determine to be q = 0.06. The comparison of the

HFFS calculated transmission and the analytic solution are shown in Fig. 7.2 for

a bias field of H0 = 3 kG which results in a YIG resonance that is near the natural

SRR resonance. We see that there is good correlation between analytic solution

and simulation in both the position of the resonant frequency and magnitude. The

splitting of the fundamental mode is seen, 1a and 1b, and a small contribution

from the splitting of the higher order resonance, 2b, is also seen. The 1b lower

resonance deviates somewhat from the magnitude of the analytic theory and this

may be the result of the off-diagonal components of the YIG permeability tensor

having an effect near resonance. Also plotted is the simulation of the YIG strips

by themselves (without the SRR structure) and it has an almost negligible effect

on transmission. This confirms that the magnetic properties of the YIG material

strongly interact with the local fields generated by the SRR structure in order to

create the hybridization.

We can further investigate the hybridization over a range of biasing fields as

shown in Fig. 7.3. It can be seen that when the YIG Resonance is far from the

SRR resonance we see the weak tuning suggested by Kang et al. and as the YIG
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Figure 7.3: Numerical simulations of the transmission for a one unit cell thick
SRR/YIG metamaterial structure and the analytic theory are shown for a range
of biasing fields. The position of the YIG resonance is noted by a vertical arrow
and the splitting of the 1st and 2nd SRR resonances are noted for each bias value.
The extracted permeability and permittivity of the numerical simulations are also
shown.
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resonance approaches the original SRR resonance a strong hybridization of the two

resonances develops. The original resonance, 1b, of the SRR shifts to the right and

a small resonance, 1a, appears and grows to the left. Once the YIG resonance

passes the natural SRR resonance, the 1b resonance continues to decline and even-

tually disappears while the 1a resonance reclaims the position of the natural SRR

resonance. When YIG and SRR resonance overlap, the hybridization is greatest

with two relatively equal resonances straddling the original SRR resonance posi-

tion. Also shown in Fig. 7.3 are the extracted permeability and permittivity from

the numerical simulations. In addition, the extracted permeability of the hybrid

structure over the biasing range H0 = 1.7 − 4.5 kG are plotted together on the

same plot in Fig. 7.2(b) demonstrating the wide range of tunability that can be

harnessed. We can also note the slight asymmetry in the resonant peaks and this

may be the result of the off diagonal components in the permeability tensor of the

YIG material which are not included in our analytic theory.

Next we numerically investigated the structure experimentally considered by

Kang et al. [74] shown in Fig. 7.4(a). Kang demonstrated the tunability the

SRR/YIG rod structure and provided an analysis that agreed in the weakly in-

teracting realm. They also noted a complicated interaction occurring when the

resonances are close together. We suggest that they observed the hybridization

of the resonances, but for their structure, the hybridization is somewhat more

intricate than the previous structure we considered.

A simulation of the structure with the YIG magnetic properties set to zero

was performed to determine the effective constitutive parameters of the empty

structure as shown in Fig. 7.4(b). The two lowest order resonances are shown—

a first order magnetic resonance at 10 Ghz and a second order highly dispersive

electric resonance at 16.2 Ghz. The Drude-Lorentz constants for the first resonance

[F(1) = 0.0483, ω0SRR(1) = 2π(9.97) Ghz, ΓSRR(1) = 0.108 Ghz, C(1) = 1.22] and the

second order resonance [F(2) = 0.475, ω0SRR(2) = 2π(16.2) Ghz, ΓSRR(2) = 0.0461

Ghz, C(2) = 7.18] were determined by a least square fit of Eqs. 7.1-7.6. As noted

above, the double SRR structure used by Kang has a second order resonances

that is very close to the fundamental resonance. Also, the large size of the unit
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Figure 7.4: (a) The characteristic dimensions of the SRR/YIG rod unit cell struc-
ture experimentally investigated by Yang et al. are shown with d1 = 2.2 mm,
d1 = 1.2 mm, c = 0.2 mm, g = 0.4 mm, and a1 = 0.8 mm, a substrate thickness
of s2 = 0.9 mm, and a unit cell size of 5 mm. (b) The numerically extracted
permeability and permittivity of the structure are shown.

cell size, 5 mm, with respect to the SRR structure structure, 2.2 mm, result in

strong spatial dispersion effects. In addition, the significant thickness of the YIG

rod used, 0.8 mm, suggest that the off-diagonal components of the permeability

tensor of the YIG material will have a significant effect. Further, the significant

volume the material takes up in the unit cell suggest that it will have strong direct

interaction with incident radiation. Still, the theory developed previously, loosely

characterizes the resulting hybridization.

In Fig. 7.5 the transmission as a function of several biasing fields is shown with

the analytic solution overlayed. The transmission of the YIG rod in the unit cell

by itself is also shown. It is interesting to note that the resulting stop band in

the transmission is a combination of the hybrid resonance of the SRR and the

pure YIG rod resonance. The YIG makes up a large enough fraction of the unit

cell that it has a direct interaction with incident radiation. Further, the hybrid

resonances are not well formed until the YIG resonance is near that of the SRR

structural resonance (H0 = 3 − 3.8 kG). This could potentially be the result of

the greater influence of the off-diagonal permeability components in this geometry.

We can also observe that the 2a resonance, which is due to the hybridization of the

secondary SRR resonance, is much stronger because the secondary SRR resonance

is closer to the fundamental resonance. This secondary hybridization appears to
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be mixed in with a direct response from the YIG material to incident radiation.

This direct response appears now due to the significant volume fraction the YIG

occupies in the unit cell.

Overall, we see that the tuning of the hybrid resonance is quite substantial.

With a magnetic filling fraction of q = 0.08, the analytic theory roughly correlates

with the three major hybrid resonances, though there is a slight offset at some fre-

quencies. Kang et al. examined this structure experimentally. We suggest that the

“interesting observation” noted by Kang et al. when the SRR and YIG resonances

coincided is in fact the first experimental observation of the hybridization effect.

It is interesting to note that the effective magnetic filling fraction of the first

structure considered, q = 0.06, (shown in Fig. 7.1) is approximately the same as

Kang et al.’s structure, though it utilize 96% less YIG material. This shows the

effectiveness of targeting the YIG material in the regions of strong local fields of

the SRR structure, i.e. near the wire. For fabrication, the design of the optimized

hybrid structure could be simplified by considering a single sheet of YIG material

extending across the entire unit cell instead of the double stripped structure ana-

lyzed here. We consider the double stripped structure solely to demonstrate that

targeting the material in the regions where the local fields of the SRR are strongest

maximizes the interaction for the amount of YIG material used.

7.4 Conclusion

In summary, the experimental work of Kang et al. demonstrates the effective-

ness of using YIG material to create tunable metamaterial structures. We provided

a theory to characterize this tuning in the weak and strongly interacting region of

the SRR/YIG interaction. By targeting the YIG material in regions of the meta-

material structure where the local fields are strongest we can extend the tuning

properties of the YIG/SRR structure while minimizing losses due to the YIG ma-

terial. This indirect manipulation can be harnessed to extend the bandwidth of

bulk metamaterials and provide a means of making materials with reconfigurable

electromagnetic properties.
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Concluding Remarks

Truly it is an understatement to note that metamaterial research is progress-

ing rapidly. In less than a decade, metamaterials have advanced from merely a

theoretical concept to physical materials with complex electromagnetic properties

far beyond natural materials. Fairly recently, metamaterials have even started to

make their way into commercial products such antennas. Metamaterials have been

able to achieve their advanced properties through harnessing purely geometric reso-

nances. It is clear that integrating addition fundamentally resonant materials into

metamaterial design can further extend the electromagnetic properties of meta-

materials. In this dissertation we’ve managed to characterize the unique resonant

interaction that occurs in these hybrid structures. We’ve specifically considered

metamaterial with integrated gyromagnetic materials, but the core insights of the

analytical analysis should be applicable to any resonant material that is integrated

into a metamaterial structure.

Hybrid metamaterial structures can provide a means of addressing some of the

present limitations of the current metamaterial methodology such as bandwidth.

The prospect of integrating resonant materials into metamaterials also provides

a means of leveraging specific properties of the integrated material. The desired

properties of a resonant material can be decoupled from its undesirable properties.

For the ferrite material we integrated in the SRR structure, this meant that we

gained the tunability of the ferrite material but used sufficiently small quantities

that the high dielectric response of the material did not influence incident radiation.
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This opens the possibility of utilizing other resonant materials in applications for

which they had previously been discounted.

It now remains for this hybrid interaction effect to be experimentally demon-

strated. As mentioned, their is some indirect evidence for this hybridization effect

in the literature. We surmise that the construction of a hybrid waveguide metama-

terials should prove very interesting for applications. These structures can provide

a means of making better or cheaper microwave components such as phase shifters

and filters that are desired by the current market demand for high frequency com-

ponents. For bulk hybrid structures it would be interesting to demonstrate a

tunable lens which should be achievable utilizing the structures we’ve considered.

In general, the notion of hybrid metamaterials has exciting prospects for mak-

ing reconfigurable electromagnetic materials and it will be interesting to see these

advanced materials evolve.



Appendix A

Determination of Capacitance

and Inductance Relations for

Complementary Structures

In this appendix we proceed to derive a relationship between the inductance

(L) and capacitance (C) of two complementary planar structures such as a the dual

SRR and CSRR metasurfaces. Consider the flat wire carrying a current k and its

compliment, a plane with a slot cut in it, as shown in Fig. A.1 (the complementary

fields are denoted by a prime). Because, the complement of the fields only holds

in source free regions, we divide the solution up into two regions: above the plane

(boundary area 1) and below the plane (boundary area 2) of the structures. The

effective boundary conditions along the interface of the structure, Fig. A.1(a), is

a perfect magnetic boundary along the dashed line and perfect electric boundary

along the flat metal wire. For the complementary structure, Fig. A.1(b), the

boundaries are interchanged with a perfect magnetic boundary across the gap and

perfect electric boundary elsewhere. In the two case we assume an arbitrary ε1,2

and µ1,2 above and below the structure as shown. The magnetic energy per unit

volume in each region of the structure, Fig. A.1(a), is

Um,1 =
1

2
µ1H

2
1 , (A.1)

Um,2 =
1

2
µ2H

2
2 , (A.2)
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Figure A.1: Complementary planar structures and their field solutions. The struc-
ture, (a), and it’s compliment, (b), can be broken into two boundary regions with
complementary fields.

(A.3)

and the total energy is Um = Um,1 + Um,2. Similarly, we can write down the

energy contained in the electric fields of the complimentary structure Fig. A.1(b),

and further, using equation Eq. 5.7 and Eq. 5.8, write it in terms of the H field of

the original structure.

Ue,1 =
1

2
ε1E

′2
1 =

1

2
ε1

(
α1

√
µ1

ε1

)
H2

1 = α2
1Um,1, (A.4)

Ue,2 =
1

2
ε2E

′2
2 =

1

2
ε2

(
α2

√
µ2

ε2

)
H2

2 = α2
2Um,2. (A.5)

(A.6)

Of course, we must still eliminate the constants α1 and α2 and we apply boundary

conditions between regions to do so. At the interface for the wire structure (a)

(away from the current source) boundary conditions require

µ1H1 = µ2H2. (A.7)

Taking the ratio of Eq. A.1 and Eq. A.2 and using Eq. A.7 gives the ratio of the

energy in the two regions
Um,1

Um,2

=
µ2

µ1

. (A.8)
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The total magnetic energy can be written Um = Um,1 + Um,2, which allows us to

solve for the energy in the regions in terms of the total energy:

Um,1 =

(
1 +

µ1

µ2

)−1

Um, (A.9)

Um,2 =

(
1 +

µ2

µ1

)−1

Um. (A.10)

(A.11)

With this relation we can now solve for the electric energy of the complementary

structure in terms of the magnetic energy of the original structure using Eq. A.4

and Eq. A.5,

Ue = Ue,1 + Ue,2 = α2
1Um,1 + α2

2Um,2 =

[
α2

1

µ2

µ1

+ α2
2

](
1 +

µ2

µ1

)−1

Um. (A.12)

The total electric field energy can alternatively be written in terms of the ca-

pacitance, C, and Voltage, V , as 1/2CV 2 and the magnetic field energy of original

structure can be written in terms of the inductance, L, and the current, I, as

1/2LI2. The above equation then simplifies to,

C ′

L
=

[
α2

1

µ2

µ1

+ α2
2

](
1 +

µ2

µ1

)−1
I2

V ′2 . (A.13)

This equation gives us the relationship between the capacitance of the complemen-

tary structure and the inductance of the original structure. To eliminate α1 and

α2, we can perform two separate line integrals of the electric fields through each

region of the complementary structure as shown in Fig. A.2 and note that they

should be equal.

V ′
AB = −

∫ B
A E′

1 · dl
V ′

CD = −
∫D
C E′

2 · dl

 V ′
AB

V ′
CD

= 1. (A.14)

If we apply Eq. 5.7 to each region we get,

V ′
AB = −

∫ B
A E′

1 · dl =
∫ B
A α1

√
µ1

ε1
H1 · dl,

V ′
CD = −

∫D
C E′

2 · dl = −
∫D
C α2

√
µ2

ε2
H2 · dl.

(A.15)
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Figure A.2: The integration line along electric fields in boundary region 1 (A → B)
and boundary region 2 (D → C) is shown in gray.

Note that Eq. A.15 becomes positive because we chose the negative solution for

Eq. 5.7 since E ′
1 points in the opposite direction as H1 in boundary region one.

We can now write,
V ′

AB

V ′
CD

= 1 = −α1

α2

√
µ1ε2

µ2ε1

∫ B
A H1 · dl∫D
C H2 · dl

, (A.16)

and solve for the ratio,

α2

α1

= −
√

µ1ε2

µ2ε1

∫ B
A H1 · dl∫D
C H2 · dl

= −
√

µ1ε2

µ2ε1

µ2

µ1

= −
√

µ2ε2

µ1ε1

, (A.17)

where we have used Eq. A.7 to eliminate the integral.

To eliminate the current, I, from Eq. A.13, we can solve for the line integral of

H directly.∮
H · dl =

∫ B

A
H1 · dl−

∫ D

C
H2 · dl =

∫ B

A
H1 · dl−

∫ D

C

(
µ1

µ2

H1

)
· dl (A.18)

=
∫ B

A
H1 · dl−

∫ D

C

(
µ1

µ2

H1

)
· dl =

(
1 +

µ1

µ2

)∫ B

A
H1 · dl = I.(A.19)

So, ∫ B

A
H1 · dl =

(
1 +

µ1

µ2

)−1

I. (A.20)

Alternatively for the compliment,

V ′
AB =

∫ B

A
E′

1 · dl = α1

√
µ1

ε1

∫ B

A
H1 · dl = α1

√
µ1

ε1

(
1 +

µ1

µ2

)−1

I. (A.21)
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We can use Eq. A.21 and Eq. A.17 to simplify Eq. A.13,

C ′

L
=

[
α2

1

µ2

µ1

+ α2
2

](
1 +

µ2

µ1

)−1
I2(

α1

√
µ1

ε1

(
1 + µ1

µ2

)−1
I
)2 (A.22)

= (ε1 + ε2)

(
1

µ1

+
1

µ2

)
. (A.23)

We now have a relationship between the inductance of the structure and the ca-

pacitance of its complimentary structure. It’s arbitrary what we call the original

structure and what we call the complement. This result holds in the opposite di-

rection so we might as well drop the prime and hold this as a general relationship

for complementary planar structures:

C

L
= (ε1 + ε2)

(
1

µ1

+
1

µ2

)
. (A.24)

Generally a planar structure will have both an associated inductance and capac-

itance. Assuming, that the structure is small compared to the wavelength, such

that the fields are generally decoupled, the above analysis allows us to quickly

calculated its C and L values from those of it’s compliment.
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