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Abstract

Spatially Quasi-Periodic Gravity-Capillary Waves
by
Xinyu Zhao
Doctor of Philosophy in Applied Mathematics
University of California, Berkeley

Professor Jon Wilkening, Chair

In this thesis, we study the problem of two dimensional spatially quasi-periodic gravity-
capillary waves on the surface of an ideal fluid of infinite depth. We formulate the water
wave equations in a spatially quasi-periodic setting and present a numerical study of
solutions of both the initial value problem and the traveling wave problem. We propose
a Fourier pseudo-spectral discretization of the equations of motion in which one dimen-
sional quasi-periodic functions are represented by two dimensional periodic functions
on a torus. We adopt a conformal mapping formulation and employ a quasi-periodic
version of the Hilbert transform to determine the normal velocity of the free surface. Two
time-stepping schemes of the initial value problem are proposed, an explicit Runge-Kutta
(ERK) method and an exponential time-differencing (ETD) scheme. We present an exam-
ple of a periodic wave profile containing vertical tangent lines that is set in motion with a
quasi-periodic velocity potential. We formulate the traveling wave problem as a nonlinear
least squares problem that we solve using a variant of the Levenberg-Marquardt method.
Two types of quasi-periodic traveling solutions are computed: small-amplitude solutions
that bifurcate from the zero solution and large-amplitude solutions that bifurcate from
finite-amplitude periodic traveling solutions. Solutions of the first type are identified by
two bifurcation parameters. We also compute the leading terms of the asymptotic expan-
sion of the solution using these parameters. For solutions of the second type, we apply the
Fourier-Bloch decomposition to study the linearization around periodic traveling solutions
and obtain a one-parameter family of quasi-periodic solutions bifurcating from the branch
of periodic solutions. As an example, we compute a branch of quasi-periodic overturning
traveling solutions that bifurcate from a periodic overturning traveling solution.
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Chapter 1

Introduction

In fluid dynamics, gravity-capillary waves are surface waves generated by the restoring
effects of both gravity and surface tension [4]. The motion of these waves on a fluid
of arbitrary depth is described by the Euler equations. There have been many wave
models derived as approximations of Euler equations, such as the Korteweg-De-Vries
(KdV) equation and the Kawahara equation in the shallow water regime, and the nonlinear
Schrodinger equation in the deep water regime. These equations are usually studied
under the periodic boundary condition or the assumption that the solution decays to
zero at infinity [29,54,77]. However, in many situations, assuming the waves decay to
zero at infinity is not a realistic model. For example, a large body of water such as the
ocean is often covered in surface waves in every direction over vast distances. Similarly,
assuming spatial periodicity may limit one’s ability to observe interesting dynamics. The
goal of this thesis is to study free surface Euler equations under the assumption that
the solutions only satisfy spatially quasi-periodic boundary conditions. Particularly, we
introduce a conformal mapping formulation of the wave equations in this setting and
develop numerical methods to compute solutions of the initial value problem as well as
the traveling wave problem.

The Modulational Instability and Quasi-Periodic Dynamics of Water Waves

In 1847, Stokes [70] proposed the existence of periodic traveling gravity waves on
deep water and constructed asymptotic expansions of these waves. The convergence
of the Stokes expansion was first proved by Levi-Civita [55] in 1925 and extended by
Struik [71] to traveling waves on water of finite depth in 1926. Even though the existence
of Stokes waves was established, the instability of Stokes waves went unnoticed for a long
time. In 1967, Benjamin and Feir [14] first discovered that the Stokes waves are unstable
under long-wave perturbations; they observed that the nonlinear interactions between the
perturabation and the Stokes wave led to exponential growth of the wave perturbation.
This is called the modulational instability, or Benjamin-Feir instability, which is believed
to be a mechanism responsible for the formation of rogue waves [1,66,67]. Modulational
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instability has been proved by Bridges and Mielke [20] for the case of finite depth water
and Nguyen and Strauss [64] recently for the case of deep water.

Modulational instability is usually studied by examining the subharmonic stability of
periodic traveling waves, where the wavelength of the perturbation is longer than the
original traveling wave [31,57,73]. One can obtain the full spectrum of the stability prob-
lem using a Fourier-Bloch decomposition, where the eigenfunctions of the linearization
around a periodic traveling wave possess a spatial period different from the traveling
wave [72]. The time evolution of traveling waves under subharmonic perturbations leads
to spatially quasi-periodic dynamics, which is usually computed by linear approxima-
tion [31]. No method currently exists to compute the exact nonlinear motion, which
includes the complicated interactions between wave modes of different wavelengths. In
this thesis, we develop numerical methods to compute the exact solutions of the wave
equations under spatially quasi-periodic initial conditions. This method makes it possible
to study the dynamics of perturbed traveling waves in the fully nonlinear setting and
can also be used to improve the accuracy of wave forecasting, where the wave motion is
usually computed through weakly nonlinear models [52].

Recently, the quasi-periodic dynamics of water waves have drawn considerable atten-
tion. Berti and Montalto [17] and Baldi et. al. [13] used Nash-Moser theory to prove the
existence of small-amplitude temporally quasi-periodic gravity-capillary standing waves.
With different assumptions on the form of solutions, Berti et. al. [16] have proved the
existence of time quasi-periodic gravity-capillary waves with constant vorticity while Fe-
ola and Giuliani [41] have proved the existence of time quasi-periodic irrotational gravity
waves. New families of relative-periodic [80] and traveling-standing [81] water wave so-
lutions have been computed by Wilkening. As with [13,16,17,41], these solutions are
quasi-periodic in time rather than space. For spatially quasi-periodic waves, there are
studies of the well-posedness of solutions of the KdV equation [30] and the Schrodinger
equation [32]; however, to our knowledge, the spatially quasi-periodic gravity-capillary
wave problem has not been studied previously in the fully nonlinear regime.

Spatially Quasi-Periodic Traveling Waves

The dispersion relation for linearized traveling gravity-capillary waves in deep water
reads
c? = gk_1 + 1k. (1.1)

Here c is the phase speed, k is the wave number, g is the acceleration due to gravity and ©
is the coefficient of surface tension. Notice that ¢ = 1/(g/k) + Tk has a positive minimum,
denoted by cit. For any fixed phase speed ¢ > ccit, there are two distinct positive wave
numbers satisfying the dispersion relation (1.1), denoted k; and k,. Any traveling solution
of the linearized problem with this speed can be expressed as a superposition of waves
with these wave numbers. If ki and k; are rationally related, the motion is spatially
periodic and corresponds to the well-known Wilton ripples [2,5,73,85]. However, if k;
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and k, are irrationally related, the motion will be spatially quasi-periodic. Thus it is
natural to ask whether the solution of the linearized problem in this case can be perturbed
to quasi-periodic traveling solutions of the nonlinear problem.

Bridges and Dias [19] first studied quasi-periodic traveling gravity-capillary waves
as small-amplitude perturbations of the solution of the linearized problem; they used
a spatial Hamiltonian structure to construct weakly nonlinear approximations of these
waves for two special cases: deep water and shallow water. The existence of such waves
is still an open problem. In this thesis, we demonstrate their existence numerically and
explore their properties. Unlike [19], we use a conformal mapping formulation [26, 33,
34,36,37,49,56,87] of the gravity-capillary wave problem. Particularly, we consider the
conformal mapping that maps the lower half plane to the fluid domain such that the real
line is mapped to the free surface. This makes it possible to compute the normal velocity
of the fluid from the velocity potential on the free surface via a quasi-periodic variant of
the Hilbert transform. Analogous to the periodic case, the Hilbert transform is a Fourier
multiplier operator that acts on functions defined on a higher-dimensional torus.

We first study the problem of quasi-periodic traveling waves in the setting of a bi-
furcation problem with a two-dimensional kernel, where the solutions are considered
as bifurcations from the zero solution. These solutions are close to the solution of the
linearized problem and are of relatively small amplitudes due to small divisors. Next
we proceed to compute large-amplitude quasi-periodic traveling waves by searching for
quasi-periodic bifurcations of finite-amplitude periodic traveling waves. This is motivated
by the study of periodic secondary bifurcations of Stokes waves. In [22], Buffoni, Dancer
and Toland showed that for each sufficiently large value of the integer n, there exists
a secondary bifurcation branch of solutions of period 2nm bifurcating from a 27 peri-
odic solution. Chen and Saffman [24] computed subharmonic bifurcations corresponding
to n = 2,3. Vanden-Broeck [76] further extended their results to n = 9 and provided
numerical evidence that the bifurcated solution approaches a non-periodic wave when
n approaches infinity; this limit configuration is no longer periodic. We further extend
their ideas to quasi-periodic secondary bifurcations and obtain quasi-periodic overturning
traveling waves that bifurcate from periodic traveling waves.

An Overview of The Thesis

In this thesis, we study the problem of two-dimensional spatially quasi-periodic
gravity-capillary waves on the surface of an ideal fluid of infinite depth, including the
initial value problem and the traveling wave problem. The thesis consists of three main
sections: equations of motion for spatially quasi-periodic waves, the problem of quasi-
periodic traveling waves and the corresponding numerical methods and results.

In Chapter 2, we introduce the definition of quasi-periodic functions and discuss the
equations of motion for spatially quasi-periodic gravity-capillary waves. Following the
definitions in [40,62], we represent a quasi-periodic function of d quasi-periods in terms of
a periodic function defined on the torus T¢. We present the usual graph-based formulation
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as well as the conformal mapping formulation of the governing equations in the spatially
quasi-periodic setting. We also derive the corresponding equations of motion on the
torus. We demonstrate that by using the conformal mapping method, one can reduce the
computation of the Dirichlet-Neumann operator to the computation of a Hilbert transform,
which is essentially a Fourier multiplier operator and easy to compute in Fourier space. We
show that similar to the periodic case, the equations of motion for spatially quasi-periodic
waves can be written as a canonical Hamiltonian system in physical variables and non
canonical Hamiltonian system in conformal variables; we also discuss the conserved
quantities such as energy, momentum and mass in both formulations.

In Chapter 3, we study the problem of quasi-periodic traveling waves using the con-
formal mapping formulation of governing equations and focus on solutions with two
quasi-periods. We examine the linearization of the governing equations around the zero
solution and construct asymptotic expansions of the quasi-periodic traveling solutions
that are small-amplitude perturbations of the linear solution. The computation of the
expansion inevitably leads to small divisor problems; as a consequence, the amplitudes of
the solutions have to be relatively small to overcome the unboundedness caused by small
divisors. The convergence of expansions is still an open problem as one would need to
overcome the small divisor problem in a proof. Besides small-amplitude solutions, we
also discuss how to obtain quasi-periodic traveling solutions of relatively large amplitudes.
The idea is to search for quasi-periodic bifurcations of finite-amplitude periodic travel-
ing solutions. We adopt a Fourier-Bloch decomposition to study the linearization. This
method has been used in the studies of the subharmonic stability of traveling waves [31].
These solutions are of relatively large amplitudes and far from the linear solution.

In Chapter 4, we develop numerical methods for both the initial value problem and
the traveling wave problem discussed in Chapters 2 and 3. The basic idea is to perform
the computations on the torus version of the quasi-periodic water wave equations using a
Fourier pseudo-spectral method and reconstruct quasi-periodic functions from periodic
functions on the torus. In the computations, we focus on quasi-periodic functions with
two quasi-periods. For the initial value problem, we present a high-order explicit Runge-
Kutta method and an exponential time-differencing (ETD) method. The former is suitable
for the case of zero or small surface tension while the latter makes use of the small-
scale decomposition [47,48] to eliminate stiffness due to surface tension. The conformal
mapping method has notbeen implemented in an ETD framework before, even for periodic
boundary conditions. We present a convergence study of the methods as well as a large-
scale computation of a quasi-periodic wave in which some of the wave crests overturn.
Due to the torus representation of solutions, there are infinitely many wave crests and
no two of them evolve in exactly the same way. For the traveling wave problem, we
formulate the traveling wave computation as a nonlinear least-squares problem and use
the Levenberg-Marquardt method to search for solutions. This approach builds on the
overdetermined shooting methods developed by Wilkening and collaborators [8, 9, 43,
69, 82] to compute standing waves and other time-periodic solutions. We show that
the spatially quasi-periodic traveling waves that bifurcate from the zero-amplitude wave
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come in two-parameter families in which the amplitudes of the base modes with wave
numbers k; and k; satisfying (1.1) serve as bifurcation parameters. The wave speed and
surface tension depend nonlinearly on these parameters as well. We also compute a set
of periodic traveling solutions where there exist quasi-periodic bifurcations and obtain
large-amplitude quasi-periodic overturning traveling waves when surface tension effects
are stronger than gravitational effects.



Chapter 2

Equations of Motion

2.1 Governing Equations in Physical Space

2.1.1 The Two Dimensional Free Surface Euler Equations

We study the problem of two-dimensional gravity-capillary waves on the surface of
an ideal fluid of infinite depth. An ideal fluid is a fluid that is incompressible, irrotational
and inviscid. We assume that the density of the fluid, denoted by p, is a fixed constant
that does not depend on time or space. We define the fluid domain by

Qpi={x=(x,y): —0o <y <n(x,t), x€eR}, (2.1)

where 1(x, t) is the free surface elevation that changes with time. We denote the veloc-
ity field of the fluid as u = (u,v)T, which satisfies the following incompressible Euler
equations [27]

{ut+u-Vu+V(%+gy):O, 2.2)

V-u=0,

where V = (dy,dy)", g is the acceleration of gravity and P : Q, — R is the pressure.
We also assume that v — 0 when y — —oo, which is compatible with the impenetrable
condition for fluid of finite depth.

We pose two boundary conditions on the free surface. The first one is called the
kinematic boundary condition, which states that the fluid particles on the free surface
always remain on the free surface; this implies that the normal velocity of the fluid
particles and the free surface should be the same. Therefore we have

(O/ T]t)T "n = u ‘n, u = (u/ V)T = u|y=7]l (23)

where
1

Y1+

(=1, DT (2.4)

n =
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is the outward unit norm on the free surface. The above equation can be simplified to

ne=+1+n3U - n. (2.5)

The second boundary condition is with regard to the force equilibrium at the free surface:
the force due to the surface tension balances the outward force due to the pressure differ-
ence between the fluid and air. If we assume that the air pressure is zero without loss of
generality, then we have

Ply=p = —p1x, (2.6)

where 7 is the surface tension coefficient and

Mx

K = dy (2.7)
A1+ 72
is the mean curvature. This condition is called the dynamic boundary condition.
Since the fluid is irrotational, we have
curlu = uy — vy =0. (2.8)

Using the fact that the fluid domain is simply connected, we know that there exists a
function @ such that

u=Vo, (2.9)

The function @ is called the velocity potential. Substituting the above equation into the
incompressible Euler equations (2.2), we obtain

{cbt + 5 IVOP + gy + § = C(h), 210

Dy + Dyy = 0.

The first equation is called the Bernoulli’s equation and the function C(t) is an arbitrary
integration constant which is allowed to depend on time but not space. On the free
surface, the substitution of the dynamic boundary condition (2.6) into the Bernoulli’s
equation gives

D; + % IVO|* + gy — i = C(t), y=n(x,t). (2.11)

The second equation of (2.10) shows that @ is a harmonic function in the fluid domain.
We define

p(x,t) = D(x,n(x, 1)), (2.12)

which is the boundary value of the velocity potential on the free surface. The time
evolution of ¢ is given by (2.11). Knowing ¢, one can obtain @ by solving the following
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Dirichlet-Neumann boundary value problem

Dy +Dyy =0, —o0<y<n(x,t),

D=, y=n(x,t), (2.13)
®, — 0, y — —oo.

The motion of the waves is also determined by the evolution of the free surface elevation
n, which is obtained by substituting (2.11) into the kinematic boundary condition (2.5)

Nt =@y — 1Dy, y =n(x,t). (2.14)

In summary, the motion of gravity-capillary waves is governed by the two-dimensional
free-surface Euler equations [29, 86]

n(x,0) = no(x), P(x,0) = @o(x), t=0, xeR, (2.15)
Dy +Dyyy =0, —oo <y < n(x,t),
D=0, y=n(x,t), (2.16)
®, — 0, Yy — —0o,
N = @y — 7y Dy, y=n(x,t), (2.17)
pr = Dynp — %CD?C — %Cl)i —-gn+ 1k + C(1), y =n(x,t). (2.18)

Following [29, 86], only the surface variables n and ¢ are evolved in time; the velocity
potential @ in the bulk fluid is reconstructed from n and ¢ by solving (2.16), which causes
the problem to be nonlocal. In [29], Craig and Sulem showed that one can write the whole
system in terms of 77 and ¢ only. To do so, they introduce the Dirichlet-Neumann operator

G = Py = 17xPxy=n. (2.19)

This operator relates the function ¢, defined on the free surface, to the normal derivative
of its harmonic extension @ on the free surface. The differentiation of (2.12) with respect
to x yields

Px = Oy + Dy1y, y = n(x, t). (2.20)

Combining the equation above with G(17)¢@, one can obtain
el =L V)
= , =n(x,t). 2.21
(G(nkp) (—nx AN v 220
Therefore the velocity of the fluid particles on the free surface can be expressed by

1 1

Us=v=10 (Px = mGMep), V== 7 (nxpx + G()g). (222)
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Substituting the above equations into (2.17) and (2.18), we obtain the time evolution
equations of 1; and ¢

Nt = G(ne,

2
_ 1{(G)g + nx¢x)
F2 L+ n3

(2.23)

- (p,%) —gn+1x+ C(t).

2.1.2 Governing Equations of Spatially Quasi-Periodic Waves

As defined in [40, 62], a quasi-periodic, real analytic function f(x) is a function of the
form 3 ) o
fe)=flex),  foy= ) fie®,  xeR, xkeR, (2.24)

jezd

where (-, -) denotes the standard inner product in R? and f is a periodic, real analytic
function defined on the d-dimensional torus

T .=R‘/Qnz)!, dx2. (2.25)

Entries of the vector k are called the basic wave numbers (or basic frequencies) of f and
are required to be linearly independent over Z to exclude periodic functions. If k is given,
one can reconstruct the Fourier coefficient f; from f via

a
fi= lim ia f Fla)e R gy, ez (2.26)
—a

A similar averaging formula holds for functions in the more general class of almost periodic
tunctions [10,18,42,45,62], which is the closure with respect to uniform convergence on R
of the set of trigonometric polynomials p(x) = 1721:1 cpe'*n¥. Before taking limits to obtain
the closure, this set includes polynomials of any degree and there is no restriction on the
real numbers x,,. Within the framework of almost periodic functions, one obtains quasi-
periodic functions if one assumes the «, in the approximating polynomials are integer
linear combinations of a fixed, finite set of basic wave numbers ki, ..., k;.

We have not attempted to formulate the water wave problem in the full generality of
almost periodic functions, and instead assume the basic wave numbers are given and the
torus representation (2.24) is available. Thus, the average over R on the right-hand side of
(2.26) can be replaced by the simpler Fourier coefficient formula

f = (2711)d fT Fe 0 dx - dy (2.27)

Our assumption that f(x) is real analytic is equivalent to the conditions that f_ i = ?] for
je€ Z% and there exist positive numbers M and ¢ such that | fAjl < Me~lill j.e. the Fourier
modes f] decay exponentially as ||j|| = oo. This is proved e.g. in Lemma 5.6 of [21].
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For spatially quasi-periodic waves, we assume that n and ¢ are quasi-periodic functions
of the same quasi-periods

n(x, t) = ikx, t), (x,t) = Pplkx, b). (2.28)
In correspondence, the velocity potential @ is also quasi-periodic in x
O(x,y,t) = Dkx,y,t), (2.29)

where ®(x, y, t) is periodic in x. In the case where 17 and ¢ are quasi-periodic, the domain
is unbounded and the functions do not decay to zero at infinity, which brings up both
analytical and computational difficulties. To circumvent this issue, instead of working on
the governing equations of n and ¢ directly, we study the equations of motion for 7, ¢,
which are posed on a bounded domain T%; the motion of 1, ¢ can be reconstructed from
f, ¢ using (2.28).

We define the fluid domain for tilde functions as

Q= {(x,y) 1 —c0 <y < fix,t), xeT. (2.30)

The tilde velocity potential ® satisfies the following Dirichlet-Neumann boundary value
problem

(x CT)+(8y)CD:O, —o0 < y < fi(x, 1),
d,d=0, y — —co, (2.31)
=9, y = 1x, 1),
where the quasi-periodic partial derivative operator is defined by
Ox =k Vs, Vi = (0, 0y -+, 0x,)"- (2.32)

Similar to (2.23), we are able to write the governing equations of tilde functions in terms
of 7j and @; ® can be reconstructed from 7 and ¢ by solving the boundary value problem
(2.31). We define the quasi-periodic Dirichlet-Neumann operator

CM(@) = 9y® — (9:7) (9:D)]_; - (2.33)

Substituting (2.28) and (2.33) back into (2.23), we obtain the evolution equations of 7j and
¢ as follows

it = G,
__ 1[G+ (@0x) (9xp))” 5 o) (2.34)
P =3 — —(0xp)" | - i1 + Tk + C(1),
1+ (9« 1))
where the quasi-periodic mean curvature « is given by
4
R=0 d (2.35)

' 1+ (9:n)? '
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2.1.3 The Hamiltonian System of Spatially Quasi-Periodic Waves

The governing equations given by (2.34) can be formulated as a Hamiltonian system
[29,86] with energy

~ 1 _ - ~
E = f —pG(7)P + Egﬁ +1 ( 1+ (3x17)2 - 1) dx. (2.36)

The surface variables 7j and ¢ are canonical conjugate variables of the Hamiltonian system
and the evolution equations (2.34) can be rewritten as

) )
T]t - 6@/ (Pt - ~° (2.37)

We define the mass and momentum by

M= | fidydx,
T4

. m.. . -
P = f f dxdydx = —f Dl =0T dx.
Td J -0 T

One can check that these two quantities are conserved in the time evolution. We remark
that the definitions of H, M and P are similar to the ones in the periodic problem except
that the definitions of the partial derivative with respect to x and the Dirichlet-Neumann
operator [29] are different.

(2.38)

2.2 Governing Equations in Conformal Space
2.2.1 The Quasi-Periodic Hilbert Transform
We consider a bounded holomorphic function
z(w) = x(w) + iy(w), w=a+ip, (2.39)
that is defined on the lower half plane
C ={a+if: acR, <0} (2.40)

We assume that z can be extended continuously to C~ and the imaginary part of z on the
real line, denoted v(«), is a quasi-periodic function of the form (2.24)

v(a) = d(ka),  Ba)= Z 00l (2.41)
jezd
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One can check that the function z takes the following form

2(w) = g + iy + Y 2i0;e V0, w=a+ip, B=0, (2.42)
(j k)<0
where 7ig and 9y are integration constants. We denote the value of the real part of z on the

real line by u(a). According to (2.42), we know that u is determined by v up to an additive
constant

() =dg+ ) (~i)sen((j, k))pje’I, (2.43)
i#0

where sgn(g) € {1,0, -1} depending on whether 4 > 0, g = 0 or g < 0, respectively. We
introduce a quasi-periodic Hilbert transform as follows.

Definition 2.2.1 The Hilbert transform of a quasi-periodic f () of the form (2.24) is defined to be

HIfl(@) = " (=i)sen((j, k) fye' e, (244)

jezd
The symbol of the Hilbert transform is denoted by A i = (=i)sgn((j, k)).

This agrees with the standard definition [38] of the Hilbert transform as a Cauchy
principal value integral:

H[u](@) = ~ PV f uE) e, (2.45)
e o @ —¢&
Indeed, it is easy to show that for functions of the form u(a) = e'f® with p real, the integral
in (2.45) gives H[u](a) = —i sgn(p)eiP?. For extensions to the upper half-plane, the sum in
(2.42) is over (j, k) > 0, the last formula in (2.43) becomes 7; = i sgn({j, k))0;.
Using the Hilbert transform, we can related u and v by

v = 09— Hlu], u=1gy+ H[v], (2.46)

where the constant 99 = Po[v] or ilg = Po[u] is a free parameter when computing v or u,
respectively. H returns the “zero-mean” solution, i.e. Po)H[u] = 0. Below is the definition
of the projection operator P.

Definition 2.2.2 Let f(a) be a quasi-periodic of the form (2.24). The projection operators P and
Py are defined by

P=id-Py,  Po[f]= fo= ali—EEO%f_a fla)da. (2.47)

We can extend the definitions of the Hilbert transform and the projection operators of
quasi-periodic functions to periodic functions in L3(T) as follows
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Definition 2.2.3 For a periodic function f € L*(T%), we define

. s .
Peia-m,  Pifl=fo= fT fla)da,

HIfl(@) = ) (=i)sen((j, k))fre I,

jezd

(2.48)

Let f be a quasi-periodic function of the form (2.24) and f be the corresponding tilde
function, the above two definitions of H, P and P, are consistent in the sense that

PIfI(a) = P[fl(ka),  Polf1=Polfl,  HIfI(e) = H[f(ka). (2.49)

In the end of this section, we would like to introduce some properties of the Hilbert
transform and the projection operator.

Lemma 2.2.4 Suppose that f and g are two quasi-periodic functions of the form (2.24), then the
following equalities are true

(1) Po[f(HE)+g(H[)] =0;
(2) Po|fg = (Hf)Hg)| = Pol f1Polg];
(3) H[fg - (Hf)Hg)| = f(Hg) + g(Hf);
(4) H[g(Hf)+ f(Hg)| = P[(Hf)(Hg) - fg]-
Proof: Theequality (1)and (2) canbe proved using the fact that [ ji= -H_ jand A ]-I:I -j=1
for (j, k) # 0. To show that the equality (3) is true, we consider the bounded holomorphic

extensions of Hf +if and Hg +ig to the lower half plane, denoted z and z¢ respectively.
The value of the product zfz, on the real line reads

2fzglp=0 = (Hf +if)(Hg +ig) = [(Hf)(Hg) - fg] +i[g(Hf) + f(Hg)]. (2.50)

Since z ¢z, is still a bounded holomorphic function in the lower half plane, we can relate
the real and imaginary part of z rz¢|g=0 by the Hilbert transform as follows

(Hf)Hg) - fg=H|[g(Hf)+ f(HQ)|+C, g(Hf)+ f(Hg) =-H[(Hf)(HZ) - fg],

(2.51)
where C is an additive constant. We remark that there is no additive constant in the second
equality as a result of equality (1). O

The preceding lemma is also true in the periodic case with d = 1 and k = (1). In the
case where the fluid is of finite depth, equality (1) in the lemma still holds but (2) does not.
This is because the symbol of the finite-depth Hilbert transform is H; = —i tanh ((j, k)h)
and H;H_; is no longer 1 for (j, k) # 0. Here h is the fluid depth in conformal space,
which evolves in time to maintain constant fluid depth in physical space [56,74].

Lemma 2.2.5 Suppose that f, § € L*(T*), the equalities (1) - (4) in Lemma 2.2.4 still hold.
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Proof: We are just going to prove the equality (3) as the rest are similar. It suffices to
show that this equality holds for functions in

A= {ej =i je 7). (2.52)

For any ej,,€j, € A, we have

H [ej ej, — (Hej, )(Hej,)| = (=) sgn({j, + jo, k))(1 + sgn((7,, k) sgn((7p, k))ej,+j,, (2.53)
ej,(Hej,) +ej,(Hej ) = (=i)(sgn((f, k) + sgn((f,, k)))ej +,- (2.54)

If j, + j, = 0, the above two equalities are both equal to 0; otherwise, using the fact that
sgn({j, + 7,, k))? = 1, we have

H[ej ej, — (Hej )(Hej,)| - ej (Hej,) — ej,(He;,)
=(—1)sgn({j, + jo, k)(sgn({j, + j,, k)) —sgn((j,, k)))(sgn({j, + j,, k)) — sgn({j,, k}))

=0,
(2.55)
which proves the equality (3). O
2.2.2 The Conformal Mapping
We consider a time dependent conformal mapping

z(w, t) = x(w, t) +iy(w,t), w=a+ip. (2.56)

that maps the lower half plane C~ to the fluid domain Q,, and satisfies
zp(w, t) > 1, B — —oo. (2.57)

We assume that z(w, t) can be extended continuously to C- and maps the real line § = 0
to the free surface
I'(t)={x+iy : y=n(x,t)}. (2.58)
We also introduce the notation ¢ = z[g=o, & = x|g=0 and n = y|g=0 so that the free
surface is parametrized by

Cla,t)=E(a, t)+in(a,t), a € R. (2.59)

This allows us to denote a generic field point in the physical fluid by z = x + iy while
simultaneously discussing points C = & + in on the free surface. To avoid ambiguity, we
will henceforth denote the free surface elevation function in physical space from Section
2.1.1 by nP(x, t). Thus,

n(a,t) = (&, 0),8), o=, =2+ P (2.60)
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Our goal is to investigate the case where the free surface is quasi-periodic in a. This
differs from conformal mappings discussed in [33,34,56,58,59,87], where the free surface
is assumed to be periodic. If n(a, t) is a quasi-periodic function of the form (2.24)

n(a,t) = fika,t),  f(a,t)= Z Ai(e ™, xeR, akeRY, (2.61)
jezd

according to Section 2.2.1 and (2.57), we know that £ can be expressed by 1 up to an
additive constant that possibly depends on time

E(a, t) =a+xo(t) + H[nl(a, t). (2.62)
Differentiating the above equation with respect to x gives

Eala, ) = 1+ H[nal(a, b). (2.63)

2.2.3 The Complex Velocity Potential

Let ®PYS(x, y, t) denote the velocity potential in physical space from Section 2.1.1
and let WPWYS(x + iy, t) = OPYS(x, y, t) + iWPYS(x, i, t) be the complex velocity potential,
where WPMYS is the stream function. Using the conformal mapping (2.56), we pull back
these functions to the lower half plane and define

W(w,t) = D(a, B, t) + iW(a, B, t) = WPYS(z(w, t), t), w=a+if. (2.64)
We also define ¢ = ®|g—o and ¢ = W|g-¢ and use (2.16) and (2.60) to obtain
@(a, t) = pPYS(&E(a, 1), 1), (a, t) = YPYS(E(a, 1), 1), (2.65)

where PYS(x, t) = WPYS(x, nPhYs(x, ), ). We assume ¢ is quasi-periodic with the same
quasi-periods as 1

oo, t) = plka,t),  ¢la,t)= Z @i ™, xeR, akeR? (2.66)

jezd

The fluid velocity VOPYS(x, y, t) is assumed to decay to zero as y — —oo (since we work
in the lab frame). From Section 2.2.1 and the chain rule (see (2.68) below), dW/dw — 0 as
p — —oo. Thus, P, = —H[@.]. Writing this as d,[¢ + Hp] = 0, we conclude that

U(a, t) = o - Hlpl(a, t). (2.67)

Considering that adding ® and W by constants (or functions of time only) will not affect
the fluid motion, we set {9 = Po[¢’] = 0 and ¢y = Py[¢] = 0 in the scope of this thesis.
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2.24 Governing Equations in Conformal Space

Following [26,34,56,74,78,87], we present a derivation of the equations of motion for
surface water waves in a conformal mapping formulation, modified as needed to handle
quasi-periodic solutions.

From the chain rule, we have

dW _ dwphys gy

o, +i¥,
dw dz dw

phys | .qphys _
Q.+ = —.
Xo +1Yq

(2.68)

Since CD]};hys = —\Ifghys, we can express the velocity of the fluid, which is the gradient of
®PYS in terms of @, and WV,

q)phys _ Dyxy + \I’a]/a cI)phys _ q)a]/a - W,x, . (2.69)
' X3+ ¥a ’ X3+ Ya
Evaluating (2.69) on the free surface gives
+ J—
q)ghys _ Pala ; wana, q)};;hys _ Palla ; lpaga, J= éi 4 T]i (2.70)
Using (2.60) and (2.70) in (2.17) and multiplying by &,, we obtain
T]téa - étrla = —1q. (2.71)

This states that the normal velocity of the free surface is equal to the normal velocity of
the fluid, (&;, r]t)T -n = VOPYS . where n = (—1a, E.)T/A/]. This can also be obtained
by tracking a fluid particle x,(t) + iy,(t) = C(ap(t),t) on the free surface. We have
Xp = Ealy+ & = CD};hys and ¥, = nadp + 1 = CDghys, which leads to (2.71) after eliminating
dp. This argument does not assume the free surface is a graph, i.e. (2.71) is also valid for
overturning waves.

Next we consider z;/z,, which is a holomorphic function on C~ as long as z; is
bounded away from zero. The real and imaginary part of z;/z, at the top boundary g = 0

Ealt + Na Tt Zy Eant - ntxét Eba

R

p=0

are
Zt
Re (_) - 7
Zw /=0 J Zw J J

where the last equality comes from (2.71). According to Section 2.2.1, Re(z¢/zy)| p=0 18
determined by Im (z;/z)| g=o UPp to a constant

(2.72)

&Ealﬂ - _H l% +Cy, (2.73)
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where C; is an arbitrary integration constant that may depend on time but not space. Let
s = (&a, Na)T /] denote the unit tangent vector to the curve. Equation (2.73) prescribes
the tangential velocity (&, 1:)T s of points on the curve in terms of the normal velocity in
order to maintain a conformal parametrization. Note that the tangent velocity of the curve
differs from that of the underlying fluid particles. This is similar in spirit to a method of
Hou, Lowengrub and Shelley [47,48], who proposed a tangential velocity that maintains a
uniform parametrization of the curve (rather than a conformal one); see also [7,26,74,83].
Combining (2.71) and (2.73), we obtain the kinematic boundary conditions in conformal

space,
P
¢t _ [Ea —Na _H[T +C;
(’h)_(na %)( b : (2.74)

Since &; is related to 7 via the forward Hilbert transform (up to a constant). The constant
is determined by comparing (2.62) with (2.74), which gives

% P, [5a (—H l% + cl) + '7“]%‘] . (2.75)
The three most natural choices of C; are
(a) C1=0: evolve x¢(t) via (2.75),
(b) Ci = Po[&aH[Ya/]] = Natpal]] xo(t) =0, (2.76)

(¢) Ci=[H[Ya/]1=naal(Ea)],g:  £(0,1)=0.

In options (b) and (c), the evolution equation ensures that dxo/dt = 0 and &:(0,t) = 0,
respectively; we have assumed the initial conditions satisfy x¢(0) = 0 or £(0,0) = 0,
respectively. Option (c) amounts to setting xo(t) = —H[1](0, t) in (2.62). This arguably
leads to the most natural parametrization, but would have a problem if the vertical part
of an overturning wave crosses @ = 0. Indeed, such a crossing would lead to £,(0,t) =0
at some time t in the denominator of (2.76¢c). We recommend option (b) in this scenario.
Using Remark 2.2.4, we can further simplify (2.76b) to C; = 0 and (2.75) to dxo/dt = Cy,
i.e. cases (a) and (b) in (2.76) coincide in the infinite depth case.

Next we evaluate the Bernoulli equation CDI;hyS + %|VCDP}‘YS|2 + % + gy = C; at the free

surface to obtain an evolution equation for ¢@(a,t). Here C; is an arbitrary integration
constant that may depend on time but not space. The pressure at the free surface is
determined by the Laplace-Young condition, P = Py — ptx, where « is the curvature,
pt is the surface tension, and Py is a constant that can be absorbed into C, and set to

zero. From (2.68) or (2.70), we know |V<I)phys|2 = (93 + P32)/] on the free surface. Finally,
differentiating ¢(a, t) = ®PY5(&(a, t), n(a, t), t) and using (2.70) and (2.74), we obtain

2 2
Qr = (q)l;hys , q)l;hy3> (iz _érzxa) (_H [ibii]/]]'i_ Cl) _ %]1’0“ -gqn + TK + CZ/ (277)

(Pa, —Va)
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where the mean curvature x = (EaMaa — Nalan) /J*/*. We choose C, so that Py[¢;] = 0.
In conclusion, we obtain the following governing equations for spatially quasi-periodic
gravity-capillary waves in conformal space

Eomt+HInl  y=-Hlgl  J-giem,  x=t
choose Cy, e.g. as in (2.76), compute % in (2.75) if necessary, 078)
D= —neHIX] = Eax + Ciflar 1 = Eaﬂaa];/;]aéaa’ :
¢r =P %‘2_]@%“ — @aH[x]+ C1pa — gn + 7% |.

Note that these equations govern the evolution of x(, 7 and ¢, which determine the state
of the system. We emphasize that C; can be chosen arbitrarily as long as dx(/dt satisfies
(2.75). The special cases (2.76b) and (2.76¢) lead to nice formulas for xo(t) without having
to evolve (2.75) numerically. An alternative approach was proposed by Li et al. [56], who
set C; = 0 (by not introducing it) and avoid writing down a differential equation for
xo(t) by instead solving both the &; and n; equations in (2.74). The governing equations
break down if | becomes zero somewhere on the curve. Such a singularity would arise,
for example, if the wave profile were to form a corner in finite time. To our knowledge,
it remains an open question whether the free-surface Euler equations can form such a
corner.

In practice, instead of solving (2.78) directly, we compute the time evolution of 7} and
@ on T% and reconstruct 1, ¢ from 7, ¢ using (2.61) and (2.66), respectively. The evolution
equations of 7j and ¢ can be derived from (2.78) by replacing 9, with d, := k - V,

@i =P i — (Ja@) H[X] + C10a@ — g1 + TR,
o i e (2.79)
9n& = H[dail], J=(1+40,8) +(dafl), Y = —-H|[@],

_ Oal (14 0a&)%71 — (daif)IEE

x=— &= L )

] P
For waves that are graphs, we usually choose C; such that £0,6)=0
Ci = [H[éa‘uﬂ/ﬂ - éaﬁéa‘aﬂ/((l + éaé)j)]azo' (2.80)

For waves that are not graphs, such as overturning waves, we choose C; = 0. The function
&(ar, t) in (2.79) is related to fj(«, t) by

(e, t) = xo(t) + H[7)(a, 1), (2.81)
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where one can compute xo(#) using (2.75) with a replacement of d,, by da. The function &
can be reconstructed from & through

E(a,t) =a+ E(ka,t). (2.82)

2.2.5 The Non-Canonical Hamiltonian Structure
Following the derivations in [35,87], we use a change of coordinates
x=a+ki(a,t). (2.83)

to obtain the the formulas for E, M and P in conformal variables from their expressions
(2.36, 2.38) in physical space

- 1 - 1 ~ = ~ =~ ~
E= f [Egb + 587 2(8a£)+T(\/(1 +04&) + (daf)’ - 1)] da,
(2.84)
M= [ #(1+8.8)da, D= f —Guiida.
T Td
Since we are able to compute overturning waves using the conformal mapping formu-
lation, which is beyond the reach of the graph-based formulation in physical space, it
is necessary to show that the above three quantities are conserved using the evolution
equations (2.79) in conformal space for the self-consistency of the theory. Computing the
time derivative of M, we have
dM

M [ (14 3.8) - £4Gui)dar = — f Juip dax =0, (2.85)
dt *ﬂ-d ‘[]'d

where we use the torus version of the kinematic boundary condition (2.71) in the second
equality. The time derivative of P is give by

AP 3 3
= [ -0+ G da
RER TR
_aa a ~ - aa ~
- [ -Gpa+a = - Gk

- (9,0)
+(8aﬁ)( 2(?) (2.86)

+ gﬁ(gaﬁ) - Tﬁ(éaﬁ) da.
In the second equality, we plug in the evolution equations of 7j and ¢. The integral of the
last two terms in (2.86) is zero because

f gﬁ(éaﬁ)da:f lgé,mzclw:o.
Td Td 2
TR fida = — 70, ﬂ da =0.
T T4 ]1/2

(2.87)
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To show that P is a conserved quantity, we just need to verify that the integral of I,
vanishes. We rearrange the terms in I, to obtain

f Lde=—1 f ( aw)(u +0aE)(Ja)) - (3aﬁ)(8a(p)>
T T

J
B (2.88)
= - [(1+0aE)(a) + (Dafi)(Dat
+((w)<< E)(9a) + (Jail) ¢>) i,
J
Computing the value of the following holomorphic function on the real line
% _ D, + l'\ya _ éaﬁoa + rlalpa + i_na(Pa + CEa#’a/ (2.89)
Zw 18=0 Xot+1Ya =0 J J
we have
aPa t NaPa —MNaPa + caa
E(PlntﬁzH[n@]éw]Jrc (2.90)

Therefore the corresponding tilde functions in (2.88) can also be related by the Hilbert
transform, which yields

f Lda = 1 da9B + dypH[B]da = 0, (2.91)
T4 2 T4

where we use Lemma 2.2.5 in the last equality. Hence we conclude that P is conserved in
the motion.

To demonstrate that £ is a constant of motion, we are going to exhibit that (2.79) can be
written as a non-canonical Hamiltonian system and E is the corresponding Hamiltonian,
thus a conserved quantity for the system. According to (2.79), we can express ) and dy &
in terms of @ and d,j as follows

Y =-H[¢], 0o = H[du1], (2.92)

hence we can rewrite E as a functional of only j and ¢ as follows

= fT | - 3HIPVag + 587PH[u] + ¢ (\/(1 + H[3u]) + (dal)’ — 1)] da. (2.99)

In [35], Dyachenko, Lushnikov and Zakharov proposed that the equations of motion
for gravity-capillary waves in conformal variables can be formulated as a non-canonical
Hamiltonian system with 7 and & being the conjugate variables. We next show that their
results can be extended to the problem of spatially quasi-periodic waves.
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In physical space, the Hamiltonian equations (2.37) can be obtained by minimizing the
following action functional

§:fidt, (2.94)

where the Lagrangian L is given by

L= fT d PPV P dx — . (2.95)

L= f @ (71:(1 + 9, &) — &1, 1]) dax — E, (2.96)
'U'd

As shown in (2.82), £ is determined by 7j up to an additive constant x,, which is introduced
by the conformal mapping. To fix the mapping, we set xo = 0, which also leads to C; =

in (2.73). We introduce a Lagrangian multiplier f to impose the relation between & and 17,
and modify the definition of L, S accordingly

feonf = [ 4 f f(E - Hlf)da-E, Geont - f [onfge  (2.97)
T4
The vanishing of the variation §5°°™ = 0 with respect to ¢ yields
11+ 9a) = £1dai] = == = H[daP], (298)

which is the dynamic boundary condition (2.71). We use 6S = 0 with respect to & and 7
to obtain _ _ _
(a) —1110aP + Prdai] = —f,

0)  Edap - %U+95%"%=—HU}

One can notice that the left hand side of (a) and (b) can be related by the Hilbert transform

(2.99)

E1daP — Pir(1+9aé) - 57 = [~ 0a® + Prdail]. (2.100)

Substituting &+ = H[#j;] into (2.98) and (2.100), we obtain

= ~ - SE
Q Q) (7 o7
- = = 1. 2.101
(Qzl 0 )((Pt) (5—’5) (101
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We denote the matrix on the left hand side of the equation by Q; for a function f in L%(T¢),
the entries of () are given by

Qn1p = H[pda Pl + dua@H[P],

Quop = —H[pdail] = (1 + da&)p = —H[pdai]] = (1 + H[Ia )P, (2.102)
Qo = (1 + 9a&)p = DadiHIp] = (1 + H[JaTT)p — daiHIP]
For any 7, § € L?(T?), one can use Lemma 2.2.5 to obtain
fwrd (Qup)jda = y H[0a®1d + du@H[pGda
= fT ~POupHIq] - pHIGoaplda (2103)

f (Qup)ida = f ~H[pdai - (1 + H[d.7)pi da
Td

= ﬁ d po.fH[G] - (1 + H[7))pj da (2.104)

- f ﬁQz]ﬁdaa
T

Therefore (:2 is skew-symmetric with respect to the L? inner product. We can find the
inverse of () explicitly and write the evolution equations of 7j and ¢ into the form of a
non-canonical Hamiltonian system. To do so, we first cancel the term @; in (2.99) by

computing (a) - (1 + 9, &) + (b) - du1j
0E = x x

Ao ® (7it(1 + 90 &) — &19af]) + éaﬁé—ﬁ = dofiH[f]+ (1 + 3, E)f. (2.105)
Substituting (2.98) into the above equation, we obtain
-~ OE < OF
da (P%”“”(sn = I AH[f]+ (1 + dE)f. (2.106)

Next we compute (a) - da7j — (b) - (1 + 9, &) and replace (94 77)* + (1 + d,E)* by |
- ~ - < o~ = ~ ~ OF - <~ ~ .
J@r = ([edan + E(1 + 0o E)) da + (1 +8a€)2—ﬁ = —fdafj + (1 + . &H[f].  (2.107)

According to Lemma 2.2.5, we know that the right hand side of (2.106) and (2.107) can be
related by the Hilbert transform, therefore we have

J@t — (7itdan + E(1 + 0 &)) da + (1 + d4 é)— = léa(p (2.108)
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The substitution of (2.73) into the above equation gives

SR I 1 0E ~ _OE
P = dapH [] le ~(1 + 0q 5) + ]H [aa(Pé(p + Jaf] 517] . (2.109)
We replace d, ) by usmg (2.98) in the above equation and rewrite the equation as
.3 16E] 1 = «0E 1 [< O6E = OF
¢¢ = daPH [] 5G ] 7 1+ &“5)617 + fH laa(P(SqF) + 8an6ﬁl . (2.110)
In summary, we can rewrite the evolution equation of 7 and ¢, given in (2.79) and (2.110)
by
. 6E
0 R
(’Zt) - ( 12) , 2.111)
Pt Ry Ry 253

which is a non-canonical Hamiltonian system. We denote the matrix on the right hand
side by R; for p € L%(T¥), the entries of R are given by

L 1408, = [P
RIZP = - p+ aaT]H [T] ’
J J
- 140,& . 1. = _
Rop = -— “p FHpoan] (2.112)
U s b7 I DU
Rpp =dapH |Z| + ?H[p&l(p]

Similar to (2.103) and (2.104), one can verify that R is a skew-symmetric matrix: for
p,d € L2(T%), we have

(Rip, 3y = =B, Rud),  (Rnap,§) = —(p, Roa]), (2.113)

where (-, ) denotes the usual L? inner product on T, We compare (2.111) and (2.112) to

conclude that ) 3
QR=ROQ =1, (2.114)

which can also be verified through direct computation. 3
We define the following Poisson bracket for functionals F, G of 1}, ¢ using (2.112)

~ SF (5G OF . 6G SF . 6G
F,G} = —R -+ —R —Rp—d 2.115
{F,G} 0 o7 256 5(P 2w 6g0 255 @. ( )

One can check that the Poisson bracket satisfies the Jacobi identity

{E,{G, Ly} +{G, {L,F}y} +{L,{F,G}} =0, (2.116)
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where F, G and L are functionals of 7j and ¢.
Using the Poisson bracket, the time evolution of a functional F of /j and ¢ can be written
as

el

{F,E}. (2.117)

Therefore F is a constant of motion if ~{1:“ ,E} = 0. As a result of the skew-symmetry of R,
we know that E; = {E, E} = 0, hence E is conserved in the motion.

t
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Chapter 3

Quasi-Periodic Traveling Waves

3.1 Governing Equations of Quasi-Periodic Traveling
Waves in Conformal Space

We specialize to the case of quasi-periodic traveling waves and derive the equations of
motion in a conformal mapping framework. One approach (see e.g. [59] for the periodic
case) is to write down the equations of motion in a graph-based representation of the
surface variables nPs(x, t) and @P"s(x,t) = ®PWYS(x,n(x,t),t) and substitute nfhys =

phys _ phys _

—cny T, @ —apﬁhyS to solve for the initial condition of a solution of the form

nphys(x, t) = nghys(x —ct), gophys(x, ) = goophys(x —ct). (3.1)

We present below an alternative derivation of the equations in [59] that is more direct and
does not assume the wave profile is single-valued. Other systems of equations have also
been derived to describe traveling water waves, e.g. by Nekrasov [61,63] and Dyachenko
et. al. [38].

Recall the kinematic condition (2.71) that the normal velocity of the curve is given by
Ci-n = —Pu/\], where | = &2 + 1%. Since the wave travels at constant speed ¢ in physical
space, there is a reparametrization f(«, t) such that C(«a, t) = C(B(a, t),0) + ct. Since C, is

tangent to the curve, the normal velocity is simply C¢ - n = (c,0)T - n = —cn,/+/], where
we used 1 = (=1, E.)T/A]. We conclude that
Yo = CNq, Pa = H[¢a] = cH[na] = c(&a = 1). (3.2)

This expresses ¢ and ¢ (up to additive constants) in terms of n and & = a + xo + H[n],
leaving only 1 to be determined. As in the graph-based approach of (3.1) above, it suffices
to compute the initial wave profile at t = 0 to know the full evolution of the traveling wave
under (2.78); however, the wave generally travels at a non-uniform speed in conformal
space in order to travel at constant speed in physical space.
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The two-dimensional velocity potential ®P's(x, , t) may be assumed to exist even if
the traveling wave possesses overhanging regions that cause the graph-based representa-
tion via nPYs(x, t) and @P"WY5(x, t) to break down. In a moving frame traveling at constant
speed c along with the wave, the free surface will be a streamline. Let Z = z — ct denote
position in the moving frame and note that the complex velocity potential picks up a back-
ground flow term, WPhys(z t) = WPNYS(2 4 ct, t) — cZ, and becomes time-independent. We
drop t in the notation and define W(w) = WPhWYs(3(w)), where 2(w) = z(w, 0) conformally
maps the lower half-plane onto the fluid region of this stationary problem. We assume
WPhYS(%(a), 0) is quasi-periodic with exponentially decaying mode amplitudes, so

|W(w) + cw| < [WPYS(Z(w), 0)| + c|Z(w) — w| (3.3)

is bounded in the lower half-plane. Since the stream function Im{WP"$(%)} is constant on
the free surface, we may assume Im{W(a)} = 0 for a € R. The function Im{W(w) + cw} is
then bounded and harmonic in the lower half-plane and satisfies homogeneous Dirichlet
boundary conditions on the real line, so it is zero [12]. Up to an additive real constant,

W(w) = —cw. (3.4)

Thus, [VOPYS|2 = W/ (w)/2(w)*> = c2/]. Since tlgeu free surface is a streamline in the
moving frame, the steady Bernoulli equation (1/2)|V®PY$|2 + ¢n+ P/p = C together with
the Laplace-Young condition P = Py — pt« on the pressure gives

2

P ;—] +9n - TK] =0,
fn (3.5)
Ea=1+ H[rlfx]/ J = éi + T]i, K = allaa ~ Nacaa

]3/2 ’

which is the desired system of equations for . The solution of the above equations can
be considered as the initial condition for a traveling wave. Due to the projection operator,
modifying n by a constant will not influence the governing equation, hence we always
assume that Py[n] = 0. Furthermore, by the symmetry of the above governing equation, if
n(a) is a traveling solution, then 7(—a) is also a traveling solution, therefore we focus our
study on solutions with even symmetry

n(e) = n(-a). (3.6)

We reconstruct & from 1 by
E=a+H[n], (3.7)

where we choose xy = 0 in (2.82), therefore £ is an odd function.
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3.2 Governing Equations of Quasi-Periodic Traveling
Waves on the Torus

Using (3.5), we derive the governing equations of quasi-periodic traveling waves on
the torus

R[z,b, 7] =P

2% v giie T;z] _o, (3.8)

where b = ¢? and ], % are defined in (2.79). Linearizing (3.8) around the zero solution
] = 0, we obtain i )
bH[0,67] — g67i + 19267 = 0, (3.9)

where 61] denotes the variation of 7. Substituting (2.61) into the linearized equation, we
obtain the dispersion relation for the linearized problem

b (i, k)| - g = T((j, k) = 0. (3.10)

Since the entries of k are linearly independent over Z, given b and 7, there exist at most
four different vectors +7,, 7, € Z* that satisfy the dispersion relation [19]. For simplicity,
we restrict our discussion to the case where d = 2 and assume that 7 is a quasi-periodic
function with two quasi-periods, thus 7 is defined on T2?. Without loss of generality, we
also assume that j, = (1,0)7, i, = (0, DT and k = (1,k)T, where k is a positive irrational
number. Therefore the quasi-periodic function 7 is of the following form

n(e) = fj(a, ka), filar, az) = Z A, e rartiaas), (3.11)

J1.)2€Z

Since we assume that Po[n] = 0 and 1) is even, here {j is an even function with zero mean
on T?, thus the Fourier coefficients of j satisfy

o0 =0, Nivjn = N-j1,-j» € R. (3.12)

According to (3.7), & = H[#] is an odd function. Under the above assumptions, one can
study the problem of quasi-periodic traveling waves in the setting of a bifurcation problem
with a two-dimensional kernel, where the solutions can be considered as bifurcations of
the zero-amplitude solution. In our study, we choose the two Fourier coefficients 7; o and
flo,1 as bifurcation parameters and fix them at nonzero values to ensure that the solutions
we obtain are quasi-periodic. We say that these two Fourier coefficients are base Fourier
coefficients and the corresponding Fourier modes e*'%!, e*'%2 are base Fourier modes.
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Remark 3.2.1 One can check that if fi(ay, a2) = X, ez N, j,e" 1417292 is a solution of (3.8),
then the following three functions are also solutions

filar + 1, a2) Z (=1))17j,, jpe/ Ui tie2),

jl/jzez
= — —1\V2f: . piliaitjas)
ii(ay, az + 1) j]Z;Z( 121, ,e / (3.13)
1,2
flar+mar+m) = Y (1R, el
jl,jzeZ

Remark 3.2.2 Even though we derive the governing equations (3.5) in the spatially quasi-periodic
setting, it is still true in the periodic setting, where we have

n(a)= > ael®,  Hnl(@) = Y (<i)sgn(j)ize’’®. (3.14)
jeZ jeZ
In correspondence, the equation (3.8) can also extend to the periodic setting if we let

filar, az) = fi(ar). (3.15)

3.3 Weakly Nonlinear Approximation of Quasi-Periodic
Traveling Waves

In this section, we will construct weakly nonlinear approximations of the quasi-periodic
traveling solutions of the form (3.11). As discussed in Section 3.2, the traveling solutions
are inditified by two bifurcation parameters 1, o and 7)o,;, which are fixed at nonzero values.
In correspondence, these two Fourier coefficients are fixed parameters for the asymptotic
solution and our goal is to express b, T and the other Fourier coefficients of 7} in terms of
these two Fourier coefficients. We consider the following asymptotic expansions of b, T
and fj

b =b© + b + 2@ + 363 + O(e*),

7 =10 + e 4 20?1+ 370 1 O(eY), (3.16)

i =eiV + e27® + 373 + O(e*),
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where € is a sufficiently small number. Substituting the above expressions into (3.8) and
eliminating the coefficients of €” for n = 0, 1, 2, we establish

oy: p[3p0] =0,

» ) )
O(e): P56+ g ~ b H[JaV] - T<0>a§ﬁ(”] -0,

1 } 5
0@ : P|=b? + ¢ii® - bOH[9,7?P] - 10527
2 Y al] all (3.17)

— BOH[G ] = 2D D)
3 = 2 1 =
o (= FOTY = Z(9.710)2
60 (5 (HI2.7") - 3@an )
+ 70 (2H[L V1270 + HIZA2.47) | =0.

Since the constant term will vanish under the projection, we rewrite the equation at order
€ as
P [6OH[9,7 V] - g + 1 0271] = 0. (3.18)

As discussed in Section 3.11, 7)) takes the form
7 = A10e’ + flg 101 + c.c., 1,0, flo,1 # 0. (3.19)

where c.c means the complex conjugate of the preceding terms.
Substituting the expression of 7i'!) back into (3.18), we obtain

g 0 _ &

0 _
b g+k, .

(3.20)

Using the property of the projection operator and the assumption that Py[7j] = 0, we
rewrite the equation at order € as

gﬁ(z) 3 b(O)H[éaﬁ(z)] _ T(O)é?xﬁ(z) _b(l)H[gaﬁ(l)] _ T(l)éif](l)
AQ) B(2)

3, o« 2 1ox
=P [0 (=3 (HI2A") + 50ai2) - 7 (2HIZ AN + HIZ A 1.70) |

c®@
(3.21)

Substituting (3.19) and (3.20) into C®, we have

c@ = ng())ei(z"“) + Cézie"(z‘“) + C(lziei(“‘”?) + é(lz)_lei(“‘_“2) +c.c., (3.22)
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where the Fourier coefficients are given by

Q) _ o 2k ) g
Coo="Mo8—— Co = Mo, 18k(k = 2),

2,0 1,08 02~ 01 (3.23)
dﬂ=—ﬁwmuﬁk+0f C@4=—ﬁwmmﬁk+n-

One can see that A®? is linear with respect to j*) and the Fourier coefficients of A® are

A PN
AL = Siuply (3.24)

where the symbol S j1,j» is defined as

A

$jue = & = bOjy + kol + Oy + kjoP = S(lji + kjol = K)Iji +kjpl = 1. (3.25)

Since SAJ_,LO and SAolil are both zero according to the definition, we know that Afl) 0 =
A2 _
Ao,ﬂ =0.
The term B in (3.21) is linear with respect to 7!
~(2 A(1) A1 A (1 . . . .
B;l/)j2 - le,)jzngl,)]'z’ QEI,)]'z = _b(l)l]l + k]2| + T(l)(]l + k]2)21 (3.26)

where (ji, j2) = (£1,0), (0, £1) according to (3.19). Combining (3.22, 3.24 — 3.26), we obtain
that

@
1.2 ; i =
pD = ¢ — ’7512)]‘2 _ {Skjm , il + 12l =2, (3.27)
0, il + 172l # 2.

By induction, at order €”, the equation of asymptotic expansions reads

g™ = bOH[F,7M] = 1027 — p-DH[J 7V = 70D G2 5D

=f ((b(j ))ostn_l ,(x0 ))OS].S,Z_1 (19),. ].Sn_l) : (3.28)

eltD)]

By comparing the Fourier coefficients of both sides of the above equation, we obtain

6. An) A(n=1) A(1)  _ A(n)
SiviaTi i * Qppy Wi = it (3.29)
Hence we have
(n) CET)D
Ajlljz — T (j1, j2) # (£1,0), (0, £1),
Jupe (3.30)
S G el
b(”_l) _ flor Mo T(n_l) _ flog 771,0.

k2—k k> —k
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As is shown above, the Fourier coefficients of 17(”) are obtained through a division of

A

Si.jp for (ji, j2) # (£1,0), (0, £1). Recalling that

A

Sjue = S(Ujr + kel = Ui + Kjal = 1), (331)

one can notice that S j1,j» may get arbitrarily close to zero as [ji|, |j2| approach infinity;

this will lead to the unboundedness of ﬁy:)jz, which is also known as the small divisor

problem. As a consequence, to ensure the existence of quasi-periodic traveling solutions,
one generally assume that k is irrational enough; in other words, k should satisfy the
following diophantine condition [62]

lk = ji/j2l > Clja| ™", j1€Z, j, € Z\{0}, (3.32)

where C is a positive constant and v > 2. The appearance of small divisors also indicates
that the amplitudes of these solutions are rather small [62].

Remark 3.3.1 If the asymptotic expansion of the surface elevation in physical space reads
s = eﬁ”hys(l) + ezﬁ’”hys(z) + 6317’”‘?/3(3) +O0(e"), (3.33)
the quasi-periodic surface elevations in physical space and conformal space are given by
(e + ké(a)) = () (3.34)

and
ﬁphys = eﬁphysm + €2 (9aﬁphys(l)H[f](])] + ﬁphys(z)) + O(€3), (3.35)

comparing (3.33) and (3.35) , we conclude that

s o
PR (1, x2) = fir,0e™ + flo, 1€ + c.c.,

k+1_, (k+Dk ,
(x1,x2) = m’?ioel(zx') + mn&lel‘z"” (3.36)

, 2(k* -1 :
= 2(k + D))y oo, 16" ) + %ﬁl,oﬁo,lel(xl_m +c.c.,

~phys®?
np Y.

which are the same as the results in [19].

3.4 Quasi-Periodic Traveling Waves That Bifurcate From
Periodic Traveling Waves

In the preceding section, we discuss traveling solutions that bifurcate from the zero-
amplitude solution, which are identified by two bifurcation parameters 7; o and fjo,;. In
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this section, we are going to study a different family of quasi-periodic traveling solutions
- solutions that bifurcate from finite-amplitude periodic traveling solutions. As discussed
in Remark 3.2.2, the governing equation (3.8) still holds in the periodic case, where we have
fila1, @2) = fj(a;) and the periodic function 1 can be reconstructed from fj using (3.11).
To tell apart periodic solutions and quasi-periodic solutions, we introduce the following
definition.

Definition 3.4.1 Let f € L*(T) be a real function. The function f is said to be periodic if
f(aq, ap) = f(oq),for a1, ay € T, which is equivalent to f]&,jz = 0 for jo # 0. When fis periodic,
we drop the dependence of f on ay and represent it as fP(a). The function f is said to be
quasi-periodic if it is not periodic, denoted f°. If f1% further satisfies fjl,O =0 for j1 € Z, we
call it purely quasi-periodic and denote it as fP-1e.

To avoid the confusion of different definitions of "periodic", we refer periodic functions
defined on T? as tilde functions.
We introduce a new variable g and write the governing equation (3.8) as

Rlq] =P

2%+ g7 - w%] =0, q=(t,0,7). (337)

One can compute the Frechet derivative of R, denoted D;R = (DR, DR, D7R) through
the linearization of (3.37)

SR =P [Léb — Lbéi + g6 — TOR — ROT|,
2] 2]

5& = H[67), 5] = 2{(1 + 94E)(al) + (9a)(IadM)}, (338)
57 = _%m i+ # (P A)368) + (1 + )2 57)

_(éig)(éaéﬁ) - (éaﬁ)(éiég)} .
We denote the point ¢ where 7j is periodic by qP¢", the point of form g = (0, 0, j9"?) by 1"

and the point of form g = (0, 0, jP"9?) by gP9"2. One can check that at 4", the Frechet
derivative D, R satisfies the following properties.

(1) For 6q = (67, ob, ei(llal)), where || € Z, 6b, 671 € R, we have

DyR[g7"]6q = ) &Ve. (3.39)
jeZ

(2) For 6g = (0, 0, ei(llal”mz)), where [ € Z,1, € Z\{0}, we have

DyR [qPer] 69 = ez 3" glivelien, (3.40)
jeZ
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In computation, we always represent 7j and R by their truncated Fourier series thus
(3.37) is a finite-dimensional problem and our following discussion will be based on this
context. Due to the symmetry of (3.8), we restrict our discussion to tilde functions that
satisfy the assumption (3.12). We also assume that the functions involved in (3.37) are
smooth enough. Following [6,23,24], we parametrize the solution curve of R = 0 by
an arc-length parameter s, denoted q(s). A solution curve is said to be periodic if it
only passes through points with periodic 7}, denoted qP*'(s); otherwise we call it quasi-
periodic, denoted q9"(s). In the scope of this paper, we only study simple quasi-periodic
bifurcation points on qP(s); a point is said to be a simple quasi-periodic bifurcation point
if a quasi-periodic solution curve intersects qP*"(s) non-tangentially at this point.

We introduce the definition of a simple quasi-periodic bifurcation point as follows,
which is analogous to the definition of a simple bifurcation point in [6].

Definition 3.4.2 Supposing that q"f = (%, b%, 3%F) with /" periodic satisfies R[q"¥] = 0. We
say that " is a simple quasi-periodic bifurcation point if the following conditions hold:

(1) ker D,R[¢"] = span{6qP*", 5qP 1}, where 5qP" = (ST, SbF, 67iF) and SqP-me =
(0,0, 67P1).

(2) coker DyR[q"/] = span{@?- 1},
(3) p = (wrm, D%R[qbzf](éqpe’, dgP-1ua)y # 0, where (-, -y denotes the usual L? inner product.
Remark 3.4.3 In [6], the solution qq is called a simple bifurcation point if
(1) dimker D;R[q0] = 2,
(2) dimcoker D;R[q0] = 1,
(3) detH < 0, where H is a two-by-two matrix with entries
Hj, j, = (w, D;R[q0](64"", 541)), =12, (3.41)
where ker DyR[q0] = span{6q", 53®}, coker D;R[q0] = span{w}.

Due to the structure of DyR[qo], we are able to further assume that 5q) = 5grer, 5q® = dqp-1ea
and w = WP in Definition 3.4.2. Since we know that (wp‘q”“,D(?R[qbif](éqW, ogP)) =0
from (3.39), the condition (3) in Definition 3.4.2 is equivalent to the condition that det H < 0.

As shown in [6], one can use Lyapunov-Schmidt decomposition and the implicit func-
tion theorem to prove that if 4" is bifurcation point for the quasi-periodic branch, then
there exists qP**(s), q9"2(s) such that qbif = qP¥(0) = q1"%(0) and

GP(0) = a;647¢, q9"%(0) = a209P*" + az0qP™1", ap#0, az#0. (342)
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We consider qP¢'(s) as the primary branch and q9"%(s) as a secondary quasi-periodic
bifurcation branch from qP¢"(s). We obtain qP*(s) by fixing either 7 or 7; o and choosing
the other one as the continuation parameter. In order to compute the curve q9"%(s), we first
detect the bifurcation point g°f on qP**(s), then compute the bifurcation direction §943(0)
and eventually use g*!f + €§993(0) as an initial guess to switch from qP'(s) to q2U3(s).

We detect the bifurcation point 4°*f on the primary branch by examining the behavior of
D,R along this branch. Let {617(1)}1 <1<, denote a basis of purely quasi-periodic functions
and denote

5q" =(0,0,679),  j=1,2,...,n. (3.43)

We assume that 5! € ker DqR[qbif] without loss of generality. Let {zb(l)}l <1<y denote a
basis for purely quasi-periodic functions and assume that

@) € coker D,R[g"]. (3.44)
We consider the n-by-n matrix M along qP'(s) where the entries of M are given by
Mj, p[aP"(5)] = (@1, DeRIaP(5)]0g ), ji, o =1,2,..0m (345)
Since qP°"(0) = g", near s = 0, we have
M;, ;[P (s)] = (@), DyR[47169') + (@), DIR[G™ 1P (0), 59)))s + O(s?). (3.46)
Hence we obtain 25 + O(s?) 0)
w1 = (50 st

where the (1 — 1)-by-(n — 1) matrix Mgy, [aP'(s)] is invertible at s = 0 because of Definition
3.4.2. The Taylor expansion of the determinant of M around s = 0 reads

(3.47)

det M[aP(s)] = ps det Mgyp[q™F] + O(s?). (3.48)

One can observe that det M[qP®(s)] changes sign at the bifurcation point P*"(0) = g**f. The
above equation also demonstrates that s = 0 is a simple zero of M[qP(s)]. In practice, we
locate the bifurcation points by tracking the sign of det M[qP"(s)] [23, 24, 76].

Suppose that we have found the bifurcation point g°f on gP*"(s), we now are going to
compute the bifurcation direction §93(0) at g**f, which is equivalent to finding the relation
between 4, and a3 in (3.42). Computing the second derivative of R[q9"%(s)] with respect
to s at s = 0, we have

D7R[4"1(§9°(0), 99°(0)) + D, R[¢°"]§9"%(0) = 0. (3.49)

Substituting (3.42) into the above equation and taking the inner product with @P 4" €
coker D,R[¢"f] both sides, we obtain

2a3p + az(@P 1, DIR[P](54P 2, 6gP14%)) = 0. (3.50)
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Since p # 0 by Definition 3.4.2, we have
"o ‘%aswp'q“, D2R[g1(6q7 9, 5qPot), (3:51)

thus we obtain the quasi-periodic bifurcation direction ¢9"#(0). Once we obtain §942(0),
we use ¢°f + €3993(0) as an initial guess to compute the quasi-periodic traveling solution
to jump from the periodic branch to the quasi-periodic branch. The details of computing
the quasi-periodic branch will be discussed in Section 4.1.2.

Remark 3.4.4 According to the property (3.40), it is reasonable to assume that 67V 1“* and WP
in Definition 3.4.2 take the form

6ﬁp—qua — eilzaz Z 5ﬁj€ijal +c.c., @PMa = eilgaz Z ijeijal +cc., bLe N\{O}, (3.52)
jeZ jeZ

where the Fourier coefficients of 671", wF 1" are real. In general, we are interested in quasi-
periodic solutions of which the Fourier modes e'(1*1*12%2) with |j,| < 1 are dominant, hence we
usually let I, = 1 in the formulas above. In this case, one can check that

(@1, DIR[g"(597 ™, 67 ")) = 0, (3.59)

thus
G7(0) = a,06q97 ™" = a,(0, 0, ofP ). (3.54)
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Chapter 4

Numerical Methods and Results

4.1 Traveling Quasi-Periodic Waves

4.1.1 Solutions That Bifurcate From the Zero Solution
41.1.1 Numerical Methods

Let f(a) denote a quasi-periodic function with two quasi-periods, and let f denote the
corresponding periodic function on the torus,

fla) = f(a,ka), f(al, ay) = Z ﬁl,jzei(j1“1+j2“2), (a1, az) € T2 4.1)
j],szZ
Each f that arises is represented by its values on a uniform M; X M, grid on the torus T2,

fml,mz = f(znml/Ml , 2tmy/M»), 0<m <M, 0<my < M,. 4.2)

Products, powers and quotients in (3.5) are evaluated pointwise on the grid while deriva-
tives and the Hilbert transform are computed in Fourier space via

éaf(al, 0(2) = Z Z(]l + jzk)f’}l’jzei(]'|a1+j2a2),
j],szZ
H[fl(a1, a2) = Z (—i)sgn(j; + jzk)ﬁl,jzei(j1“1+f2“2),

jl/jZEZ

(4.3)

We use the ‘r2¢’ version of the 2d FFTW library to rapidly compute the forward and inverse
transform given by

Mr—1 M—1 .
fii = 1 ZZ 1 IZ Fouyye 2T M | p=2mijoms My 0<ji<MJ/2
i M, M, e T\ =My/2 < jp £ My/2)°

111220 my =0
(4.4)
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The FFTW library actually returns the index range 0 < j, < M,, but we use fAjl, =M, = f}l, i
to de-alias the Fourier modes and map the indices j, > M>/2 to their correct negative
values. The missing entries with —M;/2 < j; < 0 are determined implicitly by

f—jl,—jz = f]'l,]é' (4-5)

When computing d,, f and H[f] via (4.3), the Nyquist modes with j; = M;/2 or j, =
M, /2 are set to zero, which ensures that the ‘c2r’ transform reconstructs real-valued
functions d, f and H[ f] from their Fourier modes. Further details on this pseudo-spectral
representation are given in [84] in the context of timestepping the dynamic equations
(2.78).

This pseudo-spectral representation of quasi-periodic functions can be generalized to
functions with quasi-periods larger than two. In this case, one could still use the 'r2c” and
‘c2r’ routines in the FFTW library where the function is represented by a d-dimensional
array of Fourier coefficients:

M;—1 My—1

£ d 27ij M 2mij M
fmlsz/“'/md = Z T Z fjl/jZ/“./jde T”]dmd/ Ao e nl]lml/ 1/ (4'6)
j1=0 ja=0

where fml,m,--- my = f(27'cm1/M1, ..., 2mtmg/My) is the value of f evaluated on a uniform
M XMy X--- XMy gridon'l]'d.

In [82], an overdetermined shooting algorithm based on the Levenberg-Marquardt
method [65] was proposed for computing standing water waves accurately and efficiently.
Here we adapt this method to compute quasi-periodic traveling waves instead of standing
waves. We first formulate the problem in a nonlinear least-squares framework. Recall
that we introduce the function R in (3.8), which depends on 7, ¢? (which we denote as
b), 7 and formulate the governing of quasi-periodic traveling waves as R[7, b, fj] = 0. In
computation, we refer to R as the residue function and consider 7, b and the Fourier
modes of 7j as unknowns. We also define the objective function in terms of R

Flz,b,1]: L R[1,b, 7] da; das. (4.7)

8ﬂ2 T2

Note that solving (3.5) is equivalent to finding a zero of the objective function ¥ [z, b, 1]].
The parameter k in (4.1) is taken to be a fixed, irrational number when searching for zeros
of .

In the numerical computation, we truncate the problem to finite dimensions by varying
only the leading Fourier modes 7);, j, with |ji| < Njand |j2| < N>. We evaluate the residual
R (and compute the Fourier transforms) on an M; X M, grid, where M; > 2N; + 2. The
resulting nonlinear least squares problem is overdetermined because we zero-pad the
Fourier modes 7, ;, when |ji| or |j2| is larger than N or N>, respectively. Assuming the
f1j,,j, are real (i.e. that 1 is even) also reduces the number of unknowns relative to the
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number of equations, which are enumerated by the MM, gridpoints without exploiting
symmetry. Guided by the linear theory of Section 3.3, we fix the two base Fourier modes
1,0 and o, at nonzero amplitudes, chosen independently, and minimize ¥ over the
remaining unknowns via the Levenberg-Marquardt algorithm.

It might seem more natural to prescribe 7 and #; ¢ and solve for fjy,; along with
b = c? and the other unknown Fourier modes of n. However, since T = 15, = g/k is
a constant within the linear approximation, deviation of 7 from 7j;, is a higher-order
nonlinear effect. This will be confirmed in Figure 4.4 of Section 4.1.1.2 below. As a
result, 7 is a poor choice for a continuation parameter near the trivial solution in the same
way that solving x? — y? = (T — i) for x(7, y) or y(7, x) leads to problems of existence,
uniqueness, and sensitive dependence on 7 near 7ji,. Beyond the linear regime, one can
choose any two parameters among 7, b and the Fourier modes 7;, ;, to use as continuation
parameters. How well they work will depend on the invertibility and condition number
of the Fréchet derivative of R with respect to the remaining variables, using the implicit
function theorem. We also note that the existence of time quasi-periodic water waves
has only been established rigorously when 7 belongs to a Cantor-like set [13,16,17]. It
is possible that small divisors [17,51, 68] and “near resonances” in the quasi-periodic
traveling wave problem will prevent these solutions from existing in smooth families.

The Levenberg-Marquardt solver requires a linear ordering of the unknowns. We
enumerate the 7);, ;, so that lower-frequency modes appear first. As the “shell index” s
ranges from 1 to max(N;, N»), we enumerate all the index pairs (i, j») withmax(|ji], |j2|) = s
before increasing s. Within shell s, we proceed clockwise, along straight lines through the
lattice, from (0, s) to (s, s) to (s, —s) to (1, —s). The other Fourier modes are known from
(3.12). If Ny # N3, we omit (ji, j2) in the enumeration if j; > Nj or j» > Nj. The total
number of modes 1);, ;, indexed in this way is

Niot = N1(2N2 + 1) + N>. (4.8)

We replace 71 0 by T and 7)o,1 by b in the list of unknowns to avoid additional shuffling of
the variables when the prescribed base modes are removed from the list. Eventually there
are Nyt parameters to compute, shown here for the case that N, > N; > 2:

pi=1, p2=M11, p3=b, ps=fi-1, pPs=Mo2 , -+ , PNe = N1,-N,- 4.9)

Re-ordering the arguments of R and ¥, our goal is to find p given 7};,9 and fo,; such
that R[p; 1,0, M0,1] = 0 and F[p; 71,0, lo,1] = 0. The objective function ¥ is evaluated
numerically by the trapezoidal rule approximation over T2, which is spectrally accurate:

Fp) = 37V 1) = 7 [ 1o, o],

R [p’ ﬁl,OI ﬁO,l] (aﬂ’lll amz)
rmlp) = MM ’
1M

m=1+m;+Mim
, 0<m; <M. (4.10)

A, = 210m; [M;
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The parameters p; are chosen to minimize f(p) using the Levenberg-Marquardt method
[65,82]. The method requires a Jacobian matrix dr,/dp;, which we compute by solving
the variational equations given in (3.38). We then have ‘;Lp”]? = OR(am,, Am,) /| VM My,
where m = 1 + m| + Mm; and the jth column of the Jacobian corresponds to setting the
perturbation 67, 6b or 61, ;, corresponding to p; in (4.32) to 1 and the others to 0.

Like Newton’s method, the Levenberg-Marquardt method generates a sequence of
approximate solutions p®, p(1), etc., which terminate when the residual drops below the
desired tolerance or fails to decrease sufficiently. If max(|fj;,0l, [fjo,1]) < 0.01, we find that
the solution of the linearized problem serves as a good initial guess:

0, @) = fuole!™ +e7i%) + o, (¢ +e71%), @11)
S () g/k, p© — Clzin =g+ g/k.

We compute larger-amplitude solutions beyond the applicability of linear theory using
numerical continuation to explore one-dimensional slices (or paths) through the two-
dimensional family of quasi-periodic traveling waves holding either the ratio y = 71,0/fo,1
fixed or one of the modes 71,0, fo,1 fixed. We find that linear extrapolation from the
previous two solutions on a path works well as the starting guess for the next Levenberg-
Marquardt solve. Details of our Levenberg-Marquardt implementation, including stop-
ping criteria and a strategy for delaying the re-computation of the Jacobian, are given
in [82].

4.1.1.2 Numerical Results

We now present a detailed numerical study of solutions of (3.5) with k = 1/V2 and
¢ = 1 on three continuation paths corresponding to y € {5,1,0.2}, where y = 71,0/fo,1
is the amplitude ratio of the prescribed base modes. In each case, we vary the larger of
1,0 and o, from 0.001 to 0.01 in increments of 0.001. The initial guess for the first two
solutions on each path are obtained using the linear approximation (4.11), which by (4.32)
corresponds to

pO=c0=v2,  pO-pO0 =147, p§.°> =0, j¢{1,3}. (4.12)

As noted already, the amplitudes )10 and fjo,; are prescribed — they are not included
among the unknowns. The initial guess for the remaining 8 solutions on each continuation
path are obtained from linear extrapolation from the previous two computed solutions.
In all cases, we use M = 60 for the grid size and N = 24 for the Fourier cutoff in each
dimension, where we drop the subscripts when M; = M, and N; = N;. The nonlinear
least-squares problem involves M?2 = 3600 equations in Nt = 1200 unknowns.

Figure 4.1 shows the initial conditions 7 and ¢ for the last solution on each continuation
path (with max{#1 0, flo,1} = 0.01). Panels (a), (b) and (c) correspond to y =5, 1, and 0.2,
respectively. The solution in all three cases is quasi-periodic, i.e. 7 and ¢ never exactly
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repeat themselves; we plot the solution from x = 0 to x = 367 as a representative snapshot.
For these three solutions, the objective function f in (4.10), which is a squared error, was
minimized to 6.05x 10728,9.28 x 10728 and 4.25x 10728, respectively, with similar or smaller
values for lower-amplitude solutions on each path. For each of the 30 solutions computed
on these paths, only one Jacobian evaluation and 3-5 f evaluations were needed to achieve
roundoff-error accuracy. In our computations, n and ¢ are represented by fj(a, az) and
@(ay, az), which are defined on the torus T2. In Figure 4.2, we show contour plots of
fila1, @z) and @(a;, az) corresponding to the final solution on each path. Following the
dashed lines through T? in Figure 4.2 leads to the plots in Figure 4.1. By construction in
(3.12), fi(-a) = fi(a) while §(-a) = -@(a).

The amplitude ratio, y := 1 0/1o,1, determines the bulk shape of the solution. If y > 1,
the component wave with wave number 1 will be dominant; if y < 1, the component wave
with wave number k = 1/v?2 will be dominant; and if y is close to 1, both waves together
will be dominant over higher-frequency Fourier modes (at least in the regime we study
here). This is demonstrated with y = 5, 1 and 0.2 in panels (a), (b) and (c) of Figure 4.1.
Panels (a) and (c) show a clear dominant mode with visible variations in the amplitude.
The oscillations are faster in panel (a) than in (c) since 1 > k = 0.707. By contrast, in panel
(b), there is no single dominant wavelength.

This can also be understood from the contour plots of Figure 4.2. In case (a), y > 1
and the contour lines of 7] and ¢ are perturbations of sinusoidal waves depending only
on ay. The unperturbed waves would have vertical contour lines. The a,-dependence of
the perturbation causes local extrema to form at the crest and trough. As a result, the
contour lines join to form closed curves that are elongated vertically since the dominant
variation is in the «a; direction. Case (c) is similar, but the contour lines are elongated
horizontally since the dominant variation is in the a, direction. Following the dashed
lines in Figure 4.2, a cycle of a; is completed before a cycle of @, (since k < 1). In case (a),
a cycle of a traverses the dominant variation of 7j and ¢ on the torus, whereas in case (c),
this is true of a;. So the waves in Figure 4.1 appear to oscillate faster in case (a) than case
(c). In the intermediate case (b) with y = 1, the contour lines of the crests and troughs
are nearly circular, but not perfectly round. The amplitude of the waves in Figure 4.1 are
largest when the dashed lines in Figure 4.2 pass near the extrema of 7 and ¢, and are
smallest when the dashed lines pass near the zero level sets of 7j and ¢.

Next we examine the behavior of the Fourier modes that make up these solutions.
Figure 4.3 shows two-dimensional plots of the Fourier modes 1);, ;, for the 3 cases above,
with y € {5,1,0.2} and max{f,0, flo,1} = 0.01. Only the prescribed modes and the modes
that were optimized by the solver (see (4.32)) are plotted, which have indices in the range
0 <ji £Nand -N < j; < N, excluding j, < 0 when j; = 0. The other modes are
determined by the symmetry of (3.12) and by zero-padding #);, ;, = 0if N < j; < M/2 or
N < |j2| £ M/2. We used N = 24 and M = 60 in all 3 calculations. One can see that the
tixed Fourier modes 7} o and 1)y, are the two highest-amplitude modes in all three cases. In
this sense, our solutions of the nonlinear problem (3.5) are small-amplitude perturbations
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Figure 4.2: Contour plots of fj and @ on T2. The dashed lines show (a, ka) and its periodic
images with 0 < & < 107 and k = 1/V2. Evaluating /j and ¢ at these points gives 1 and ¢

in (3.11) and (2.65), which were plotted in Figure 4.1.
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Figure 4.3: Two-dimensional Fourier modes of #j for the k = 1/V2 solutions plotted in
Figures 4.1 and 4.2. (a) y = 5. (bd) y = 1. (c) y = 0.2. In all three cases, the modes
decay visibly slower along the line j; + jok = 0, indicating the presence of resonant mode
interactions.

of the solutions (4.11) of the linearized problem. However, in the plots of Figure 4.3, there
are many active Fourier modes other than the four modes e*%1, ¢*i% from linear theory.
In this sense, these solutions have left the linear regime. Carrying out a weakly nonlinear
Stokes expansion to high enough order to accurately predict all these modes would be
difficult due to the two-dimensional array of unknown Fourier modes, which would
complicate the analysis of the periodic Wilton ripple problem [2,5,73,75]. Overturning
waves that are well outside of the linear regime will be computed in Section 4.1.2.

In panels (a), (b) and (c) of Figure 4.3, the modes appear to decay more slowly in
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one direction than in other directions. This is seen more clearly when viewed from
above, as shown in panel (d) for the case of y = 1. (The other two cases are similar).
The direction along which the modes decay less rapidly appears to coincide with the
line {(j1,72) : ji + jok = 0}, which is plotted in red. A partial explanation is that
when j; + j2k is close to zero, the corresponding modes e(/1*/26)% in the expansion of
n(a) in (3.11) have very long wavelengths. Slowly varying perturbations lead to small
changes in the residual of the water wave equations, so these modes are not strongly
controlled by the governing equations (3.5). We believe this would lead to a small divisor
problem that would complicate a rigorous proof of existence of quasi-periodic traveling
water waves. Similar small divisor problems arise in proving the existence of standing
water waves [51,68], 3D traveling gravity waves [50], and 2D time quasi-periodic gravity-
capillary waves [13,16,17], where small divisors are tackled using a Nash-Moser iterative
scheme.

Next we show that T and ¢ depend nonlinearly on the amplitude of the Fourier modes
1,0 and fjo,;. Panels (a) and (b) of Figure 4.4 show plots of T and c versus fimax =
max(1)1 0, flo,1) for 9 values of y = 7}; /10,1, namely y = 0.1,0.2,0.5,0.8,1,1.25,2,5, 10. On
each curve, fjmax varies from 0 to 0.01 in increments of 0.001. At small amplitudes, linear
theory predicts 7 = g/k = 1.41421 and c = m = 1.55377. This is represented by
the black marker at fjmax = 0 in each plot. For each value of y, the curves 7 and c are seen
to have zero slope at f)jmax = 0, and can be concave up or concave down depending on .
This can be understood from the contour plots of panels (e) and (f). Both 7 and ¢ appear
to be even functions of 7; o and 7,1 when the other is held constant. Both plots have a
saddle point at the origin, are concave down in the f}; o direction holding 7)o, fixed, and
are concave up in the fjg ; direction holding 7 ¢ fixed. The solid lines in the first quadrant
of these plots are the slices corresponding to the values of y plotted in panels (a) and (b).
The concavity of the 1d plots depends on how these lines intersect the saddle in the 2d
plots.

The contour plots of panels (e) and (f) of Figure 4.4 were made by solving (3.5) with
(11,0, l0,1) ranging over a uniform 26 x 26 grid on the square [-0.01,0.01] x [-0.01,0.01].
Using an even number of gridpoints avoids the degenerate case where #; o or o 1 is zero.
At those values, the two-dimensional family of quasi-periodic solutions meets a sheet of
periodic solutions where 7 or ¢ becomes a free parameter. Alternative techniques would
be needed in these degenerate cases to determine the value of 7 or ¢ from which a periodic
traveling wave in the nonlinear regime bifurcates to a quasi-periodic wave. In panel (g),
we plot the magnitude of the Chebyshev coefficients in the expansion

15 15
c(fr0,f01) = > D EnnTw(1001,0)Ta(10080,1),  =0.01 < 1o, flor <0.01.  (4.13)

m=0 n=0

This was done by evaluating ¢ on a cartesian product of two 16-point Chebyshev-Lobatto
grids over [-0.01,0.01] and using the one-dimensional Fast Fourier Transform in each
direction to compute the Chebyshev modes. We see that the modes decay to machine
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Surface tension, wave speed, energy and momentum of small-amplitude
quasi-periodic water waves with k = 1/ V2. (a,b,c,d) Plots of 7, ¢, E and P, versus

fmax = max{f,0,fo,1} holding y = 7 0/fo,1 fixed. The black arrow in each plot shows
how the curves change as y increases from 0.1 to 10. (e,f) Contour plots of 7 and ¢ and
the rays of constant y corresponding to (a,b). (g) Mode amplitudes of a 2d Chebyshev
expansion of (71,0, flo,1) over the rectangle —0.01 < #); o, 0,1 < 0.01.
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precision by the time m + n > 10 or so, and only even modes m and n are active. The plot
for |T,,| is very similar, so we omit it. These plots confirm the visual observation from
the contour plots that T and c are even functions of 7); o and fjo,; when the other is held
constant. These properties of T and ¢ make them unsuitable as continuation parameters
near the trivial solution, as discussed in Section 4.1.1.1.

In panels (c) and (d) of Figure 4.4, we show the energy £ and momentum P of waves in
the above two-parameter family of quasi-periodic solutions. We see in Figure 4.4 that the
energy and momentum of the quasi-periodic waves are positively correlated. In particular,
the quasi-periodic wave family with y = 1 possesses the largest energy and momentum
when 7.y is fixed, even though it does not have the highest wave speed. Energy and
momentum can both be regarded as measures of the amplitude of the wave. Unlike the
wave speed, they are both zero at the flat rest state. We note that y = 1 corresponds
to maximizing both |7, 9| and |fjo,1| to have the value fjmax, and also leads to the largest
amplitude oscillations in Figure 4.1. The Hamiltonian structure of the equations of motion
could be useful e.g. in generalizing the time quasi-periodic results of Berti et. al. [16] to
the spatially quasi-periodic setting.

4.1.2 Solutions That Bifurcate From Periodic Traveling Solutions
4.1.2.1 Numerical Methods

As a first step in computing bifurcated quasi-periodic traveling solutions, we discuss
how to compute finite amplitude periodic traveling solutions. For periodic traveling
solutions, since 7jP*" does not depend on «a», it suffices to solve the governing equation
(3.8) on T instead of T2. Similar to the numerical methods discussed in Section 4.1.1.1, we
adopt a pseudo-spectrum method [83,84] and represent a periodic function fP°" in the
following two ways

(1) The values of fP*" on M equidistant points on T

fn = fPEQrm /M), 0<m<M, Miseven. (4.14)

(2) The truncated Fourier series of f per

M/2

e = Y. foehe (4.15)

ji=—M/2+1

We apply one-dimensional real-to-complex, complex-to-real fast Fourier transforms to
transform between the two representations. The derivation and the Hilbert transform
of a function are performed in Fourier space; the corresponding Fourier multipliers are
(ij1) and (—i)sgn(j;) for j; # M/2. We formulate (3.8) as an overdetermined nonlinear
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least-squares problem [83] and define the objective function in the periodic case as

~per] _ 1 2 ~per
7l b, 7] = 2z [ RAxb Pl dan, (4.16)

Note that solving (3.8) is equivalent to finding solutions of ¥ = 0. In computation, we
set flo,0 = 0 and fix the values of T and f};o; the unknowns are b and the other Fourier
coefficients of 7jP*", which are represented by a vector p

pr=b, p2=1no,..., PN =T1No, N < MJ/2. (4.17)

We also set the Fourier coefficients 7);, o to be zero for |j;| > N thus the problem is overde-
termined. To demonstrate the dependence of the objective function on the unknowns, we
express it as F [p; T, 11,0]. We evaluate ¥ numerically by the trapezoidal rule approxima-
tion over T, which is spectrally accurate

Fp) = 57(p)" 7(p) ~ Flp:, o),
1 A O<m<M-1). (4.18)
"m(p) \/]\_/IR[p’ T, Mol(am),

We apply the Levenberg-Marquardt method [65,82] to search for the minimizer of f(p).
The method requires a Jacabian matrix dr,,/dp;, which is computed by the variational
equations (3.38). To obtain the branch of periodic traveling gravity-capillary waves, we
fix T or 71,0 alternatively and use the other one as the continuation parameter to compute

the periodic branch, denoted qP(s).

Next we are going to discuss how to detect quasi-periodic bifurcation points on qP¢(s)
and compute the corresponding bifurcation directions numerically. As discussed in Re-
mark 3.4.4, we are interested in bifurcation points where the kernel of D3R possesses
functions of the following form

ont"(ay, az) = el Z 617]-617“1 +c.c., (4.19)
jeZ

where the coefficient 6); is real for j € Z. We introduce a Fourier basis
el 4., elltja) oo pileaja) 4 oo j=12,...,Nqua, (4.20)

where 0 < Nqua < N. Let gP*" = (7, b, ]P*") be an arbitrary point on qP*’(s), according
to (3.40), we have

DﬁR[qper](e”(aﬁaz)) = ey D)), ul = Z ﬁ;l)e’j“l, 1=0,+1,+2,...,+Ngua-
jeZ
4.21)
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One can check that the Fourier coefficients of u() are real using equations (3.38), therefore
DﬁR[qper](eil(“1+a2) +c.c.) = Z ﬁ;l)(ei(“ﬁj“l) +c.c.), 1=0,%1,+2,...,+Nqua. (4.22)
jeZ

We denote D;R[qP*"] under the Fourier basis (4.20) by the matrix J9?[¢qP*']; according to
(4.22), we have

ﬁ(()O) ﬁ(()l) ﬁé—l) . ﬁéNqua) ﬁ(()_Nqua)
ﬁ(IO) ﬁ(ll) ﬁi—l) . ﬁ(quua) ﬁ(l_Nqua)
ﬁ(_()l) ﬁ(_ll) 1:\[(_—11) . ﬁ(_l\llqua) ﬁ(__quua)
jqua[qper] — . . ' . ) . (4.23)
.. (0) (1) A (~1) ~(Nqua)  A(=Ngqua)
quua quua quua o uNc:la quuaq
.. (0) (1) A (~1) ~(Nqua) A (=Ngqua)
u_Nqua u_Nqua u_Nqua o u_Z\?qua u—Nqia

The computation of J1"? involves computing u® by (4.21) . Since each term in (4.21) can be
written in the form e'*? fP*"(a), we employ the idea of Fourier-Bloch decomposition [31]
and compute 1" by

h— _ 0 D _ ~p(D)
u 2(Trer)? bJ* + gn (S
n® =ellm, JO = 2{0, &P (11 + 11nD) + 9, 7P (G0 + D)}, o
3 1 ~ ’
- _ 2 mperyl) , - 2 ~per ) r(_ 2 (D)
K0 = - a0+ e {@2, 7)1+ 117D) + 9 EP(=(1 + 120D

(@, PN + D) — (@ PN s + D1+ 2]

Different from (4.21), the above equations are posed on T instead of T2. To obtain the I-th
column of J94%, we compute the Fourier series of ") using a one-dimensional complex-
to-complex fast Fourier transform since 1! is a complex-valued function in general.

As discussed in Section 3.4, we detect the quasi-periodic bifurcation point on gP**(s)
by tracking the sign of det J9"2[qP'(s)]; the determinant of J is computed through QR
factorization with column pivoting in the LAPACK routine

g = QRPT, (4.25)

where Q is an orthogonal matrix, R is an upper triangular matrix and P is a permutation
matrix, which is chosen so that

IR11] = |Rx2| = ... = |Runl, n=2Nqua + 1. (4.26)
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The sign of det 79" is

Ngqua+1

sgn(det J9"%) = sgn(det Q) sgn(det P)l’IJz.:1 sgn(R;;). (4.27)
In practice, instead of a point, we obtain an interval [s;, s2] such that
det J1"[qP* (s1)] det T [qP(s2)] < 0. (4.28)

The bifurcation point lies between qP"(s;) and qP*(s2) on the curve qP<'(s). We apply
a bisection method to compute such intervals and terminate when the length of the
interval is around 107!%; any point inside of this interval can be chosen as a bifurcation
point within round-off errors. To better demonstrate the rank deficiency of J1"* at the
bifurcation point, we compute the following function simultaneously when we compute
the sign of det J9"* along qP"(s)

X107 (5)] = sgn(det T 4P (5)DI Ry [4P7(5)]], n=2Ngu+1. (429

After we obtain the bifurcation point, we use the singular value decomposition to
compute the null vector of J9"%, which is the bifurcation direction. We denote the
quasi-periodic bifurcation point as " = (7P, pPif, i) and the bifurcation direction as
6g°f = (0,0, 5P'f); according to (4.19), we have

Nqua
5ﬁbif _ Z 5ﬁ?liflei(]'1a1+062) +coc.. (4.30)
jlz_Nqua
We also define (Sﬁljgntfd , by
= e o) @

_Nquasjl SZ\Iqua

We adopt the numerical methods discussed in Section 4.1.1.1 to compute quasi-periodic
traveling solutions. To switch from the periodic branch to the quasi-periodic branch, we
use g + e5gPf (or gPf — €6gP) as an initial guess to compute the first quasi-periodic
solution on the branch, where € is usually chosen to be 1073 or 107*. In the minimization
of the objective function F, we fix T = ™ and ;.1 = eéﬁl]?nix’l. Hence the unknowns of
the problem are b and the leading Fourier coefficients of 7j: 7);, ;, for |ji| < Ny, [j2| £ Na,
except fo,0 and 7)j,.,,1. The unknowns are stored in a vector p; for example, if jnax = 0, the

entries of p are

pi=b, p2=fi1, p3=fio, pPs=Mi-1, P5s=Mo2 , -+ , PN =M1,-N,, (4.32)

where Niot = N1(2N2 + 1) + No. We also require that N; > N to ensure that we do not
lose any accuracy in the a; direction when we switch from the periodic branch to the
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quasi-periodic branch. In summary, our goal is to find p given 7°f and 7 jmax,1 SUCh that
Flp; o, Mjma, 1] = 0. When computing the whole bifurcation branch, we fix 7 = Pif
and use 7;,...1 as a continuation parameter, hence we obtain a one-parameter family of
solutions. We remark that this is different from Section 4.1.1.1, where we use 1), and
flo,1 as bifurcation parameters to compute quasi-periodic traveling solutions that bifurcate
from the zero solution.

4.1.2.2 Numerical Results

In this section, we present numerical results of bifurcated quasi-periodic gravity-
capillary waves corresponding to k = 1/¥2. In particular, we find overturning quasi-
periodic waves that bifurcate from periodic overturning waves. In computation, g is
normalized to be 1.

For periodic gravity-capillary waves, we fix the Fourier coefficient #}; o and use 7 as the
continuation parameter to compute the periodic branch qP*(s); we choose N = 50, M =
150, Nqua = 45 in computation thus the size of the matrix 79" is 91 X 91. We start by
examining the periodic solutions of small amplitudes to search for bifurcation points. We
tirst fix 11,0 = 0.001 and increase the value of 7 from 0.1 to 10 with an increment At = 0.1
to compute the periodic path; we detect the bifurcation point by tracking the sign change
of det 79" along the path. The method produces a bifurcation point when 7 belongs to
intervals [0.2,0.3], [0.5,0.6], [0.7,0.8], [1.4, 1.5] and [3.4, 3.5]. Note that the linearization
of (3.8) around the zero solution possesses the solution

fhin(@1, a2) = 211 g cos(ay) + 27,1 cos(az),

Tin = g/k = V2 ~ 1.414, bin = g+ g/k =1+ V2~ 2414, (2.33)
where Ty € [1.4, 1.5]. However, our goal is to find large-amplitude quasi-periodic over-
turning waves, which are far beyond small perturbations of the above linear solution,
hence the interval [1.4,1.5] is not applicable for us. In [3], Akers, Ambrose and Wright
proved the existence of gravity perturbed Crapper waves and computed large-amplitude
self-intersecting overturning waves when 7t > 5; accordingly, a larger value of 7 is of
our interest. We apply the bisection method described in Section 4.1.2.1 to the interval
[3.4,3.5] and find a bifurcation point with ﬁtl’,i(f) = 0.001, 7P ~ 3.4142; at this bifurcation

point, the objective function f is minimized to 3.39 x 1073° and the function x is equal to
3.25 X 10713, To compute bifurcation points where the periodic solution 7i*¥f is of higher
amplitude, we increase 7)1 o from 0.001 to 0.791 with an increment Afj; o = 0.001; we stop
at 1,0 = 0.791 because the solution is self-intersecting when #}; o = 0.792. We search for
bifurcation points by varying the value of 7 at each step; the bifurcation point obtained at
the previous step is used as an initial guess to compute the bifurcation point at the next
step. The panel (a) of Figure 4.5 plots the bifurcation points we obtain; as is shown in the

picture, the bifurcation point with a larger ﬁkl’i(f) also has a larger 7.
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bif
1,0
0.79 Jrroveee., o~ 0.7486 |
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Figure 4.5: In panel (a), we plot the Fourier coefficient ﬁkl’i(f) and 7°" of the bifurcation

point g = (7%, pbif, ). For point A, ﬁkl’,i(f) = 0.3, 70 ~ 4.1248; For point B, ﬁll’fé = 0.5,
P % 4.9580; For point C, AP = 0.7, T ~ 5.9000; For point D, 7P = 0.791, 7 ~ 6.2947.
In panel (b), we plot the Fourier coefficient /)1 ¢ and jo,1 of the quasi-periodic solutions that
bifurcate from the periodic solution at point D. In panel (c), we plot the surface elevation
n of two traveling solutions: the black dashed line corresponds to the periodic solution at
point D; the red line corresponds to the quasi-periodic solution that bifurcates from this
periodic solution, which is represented by the red point in panel (b).

bif

We obtain a quasi-periodic bifurcation point ¢° = (", bP¥, i) with b1 = 0.791, 7 ~
6.2986; as shown in the panel (a) of Figure 4.5, the corresponding periodic solution >
is a large-amplitude overturning wave. At this bifurcation point, the objective function
is minimized to 4.24 x 10727 and x is equal to 1.43 x 107'5. We compute the singular
value decomposition of J94? at this point and obtain its zero eigenvector, which is also
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the bifurcation direction, denoted 6nbif . In computation, we choose N; = N, = 80,
M; = M, = 180 and use g*f+107(0, 0, 67") to jump from the periodic branch to the quasi-
periodic branch. We find out that for 67!, the Fourier coefficient with the largest norm
is 617b1f Hence we use f)o,; as a continuation parameter and compute the quasi-periodic
branch by increasing its norm; 7 is fixed to be 7 in computation. We are able to compute
the quasi-periodic continuation path until #; o reaches 0.11. The corresponding solution
is represented by the red point in the panel (b) of Figure 4.5; for this solution, #; o = 0.7486
and the objective function f is minimized to 2.18 X 1072°. In the panel (b) of Figure 4.5, we
plot the Fourier coefficients #; o and f)o,; of the solutions on the quasi-periodic bifurcation
branch. One can observe that )1 o decreases as 7)g,| increases. We remark that we only need
to compute the quasi-periodic solutions for which 7g,; is positive because the solutions
with negative f]p,; can be obtained by a spatial shift (a1, a2) = (a1, @2 + ) as discussed
in Remark 3.2.1.

In the panel (c) of Figure 4.5, we compare the surface elevation n of the periodic
solution with ﬁll’l(f) 0.791 and the quasi-periodic solution that bifurcates from this periodic
solution, of which fjo; = 0.11. As is shown in the picture, the peaks and troughs of
the quasi-periodic solution appear in a non-periodic pattern: the peaks of the quasi-
periodic solution are above the periodic solution’s near £ = 0,67 and are below near
& = 2m,4m, 107; the troughs of the quasi-periodic solution are on the left of the periodic
solutions” near £ = 57, 117 and are on the right near & = 37, 77,9n. We zoom into
the troughs of the two solutions near & = 57 and observe that the trough of the quasi-
periodic solution is asymmetrical. The two zoomed in pictures show that both solutions
are not self-intersecting. Moreover, the quasi-periodic solution is further from the self-
intersecting wave than the periodic solution; this is because for the quasi-periodic solution,
the Fourier coefficient 7 ¢ is approximately 0.7286, which is smaller than the one of the
periodic solution.

4.2 Time Evolution of Spatially Quasi-Periodic Waves

4.2.1 Numerical Methods

We compute the time evolution of 7j and ¢ based on (2.79) and reconstruct the values
of 1 and ¢ from corresponding tilde functions using (2.79). We adopt the same pseudo-
spectral method described in Section 4.1.1.1 and represent a tilde function by its values
at M| X M, equidistant points on T? as well as its two dimensional Fourier series. The
nonlinear operations in (2.79) consist of production and division; they are computed
pointwise on the grid points. The derivative and Hilbert transform are computed in
Fourier space with symbols i(j; + kj,) and (—i)sgn(j; + k]2) for (ji, j2) € 7% To plot the
solution, we also need to compute the antiderivative of f = d, & to obtain &. This involves
dividing f],,]2 by i(ji + j2k) for (ji, j2) # (0,0) and adjusting the (0,0) mode to enforce

£(0,£) =0=£(0,0,1t).
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The evolution equations (2.78) are not stiff when the surface tension parameter is small
or vanishes, but become moderately stiff for larger values of 7. We find that the 5th
and 8th order explicit Runge-Kutta methods of Dormand and Prince [44] work well for
smaller values of 7, and exponential time-differencing (ETD) methods [15, 25, 28,53,79]
work well generally. This will be demonstrated in Sections 4.2.2 and 4.2.3 below. In the
ETD framework, we follow the basic idea of the small-scale decomposition for removing
stiffness from interfacial flows [47,48] and write the evolution equations (2.78) in the form

uli Ul 0 H9,
- :L - +N, L: 3 \2 ’ (434)
o)~ ~(gP-1(@)) 0
where the projection P and the Hilbert transform H are defined in Definition 2.2.3, and
~9anH[X] = (da€ ~ da) + C1af]
N = 50T 5 - - - ~ . 4.35
P W — o PH[F] + C10a@ + T(x - (8a)2n)] (3)

Note that N is obtained by subtracting the terms included in L from (2.78). In particular,

d,in (4.35)is —Hd, @ from (4.34). The eigenvalues of L are ii\/|j1 + jak|(g + T(j1 + j2k)?),
so the leading source of stiffness is dispersive. This 3/2 power growth rate of the eigen-
values of the leading dispersive term with respect to wave number is typical of interfacial
fluid flows with surface tension [47,48]. For stiffer problems such as the Benjamin-Ono
and KdV equations, the growth rate is faster (quadratic and cubic, respectively) and it
becomes essential to use a semi-implicit or exponential time-differencing scheme to avoid
severe time-stepping restrictions. Here it is less critical, but still useful. Further details
on how to implement (4.34) and (4.35) in the ETD framework are given in the appendix
of [84].

In both the explicit Runge-Kutta and ETD methods, as explained above, the functions
evolved in time are 7j(a, az, t) and @(ay, az, t), sampled on the uniform M; x M, grid
covering T2. At the end of each time step, we apply a 36th order filter [46,47] with Fourier
multiplier

0, j1=Mi/2 or |ja| = M2/2,

Pl 2) = { exp (— 36[(2j1/M1)* + (2j2/M2)*®]), otherwise. (4.36)

In all the computations reported below, we used the same number of gridpoints in the «a;
and a-directions, M| = M, = M. It is easy to check a-posteriori that the Fourier modes
decay sufficiently (e.g. to machine precision) by the time the filter deviates appreciably
from 1. If they do not, the calculation can be repeated with a larger value of M. This will
be demonstrated in Section 4.2.3 below.
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4.2.2 Traveling Waves

In this section, we confirm that the quasi-periodic solutions we obtain by minimizing
the objective function (4.10) are indeed traveling waves under the evolution equations
(2.78). This allows us to measure the accuracy of our independent codes for solving
these two problems by comparing the numerical results. An interesting feature of the
conformal mapping formulation arises in this comparison, namely that for most choices
of Cy in (2.78), traveling waves move at a non-uniform speed through conformal space in
order to travel at constant speed in physical space. This is discussed in this section and
proved in Appendix A.2.

In Figure 4.6, we plot the time evolution of ((«a, t) = &(a, t) + in(a, t) in the lab frame
from t = 0 to t = 3. The initial conditions, plotted with thick blue lines, are those of
the traveling waves computed in Figures 4.1 and 4.2 above by minimizing the objective
function (4.10). The grey curves give snapshots of the solution at uniformly sampled times
with At = 0.1. They were computed using the 5th order explicit Runge-Kutta method
described in Section 4.2.1 with a stepsize of 1/300, so there are 30 Runge-Kutta steps
between snapshots in the figure. The solutions are plotted over the representative interval
0 < x < 12w, though they extend in both directions to oo without exactly repeating. The
initial condition and time evolution were computed on the torus and then sampled along
the (1, k) direction to extract the data for these 1D plots.

For quantitative comparison, let fjo( ) denote the initial condition on the torus, which is
computed numerically by minimizing (4.10). We then compute &y = H[fjo] and @ = c&o,
which are odd functions of & = (aj,ay) € T? since 1] is even. From Corollary A.2.5 of
Appendix A.2, we define the “exact solution” of the time evolution of the traveling wave
under (2.79) and (2.80) with these initial conditions as

ﬁexact(ar t) = ﬁO(a‘ - kaO(t))/

4.37
(Pexact(a/ t) = (pO(O‘ - kO(()(t)), ( )

where k = (1,k), ao(t) = ct — Ao(—kct) and Ay(x;, x3) is a periodic function on T?
defined implicitly by (A.28) below. We see in (4.37) that the waves do not change shape as
they move through the torus along the characteristic direction k, but the traveling speed
ay(t) in conformal space varies in time in order to maintain £(0,0,t) = 0 via (2.80). By

Corollary A.2.5, the exact reconstruction of Eoxact from flexact 1S
cfexact(a/ t) = éO(a - kaO(t)) + 60(t)/ (438)

where 0¢(t) = ct — ap(t) = Ao(—kct) measures the deviation in position from traveling
at the constant speed ct in conformal space. The defining property (A.28) of Ay(x1, x2)
ensures that &eyact(0,0,1) = 0.
The significance of Ay is that the inverse of the mapping x = a + k&y(a) on T?,
assuming it is single-valued, is
a =x+ kAp(x). (4.39)
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As shown in Section 4.2.1, this allows us to express quasi-periodic solutions of the initial
value problem in conformal space as quasi-periodic functions in physical space. In the
traveling case considered here, the exact solutions on the torus in physical space are
f]ghys(x — kct) and (pghys(x — kct), where e.g. ﬁghys(x) = flo(x + kAy(x)). We know this
already on physical grounds, but it also follows from (4.37) and (4.38) using

ﬁE:chst(x’ t) = ﬁexact(x + kfﬂ(x, t) ’ t)/ (ﬁsgcst(x, t) = gﬁexact(x + kﬂ(x, f) ’ t), (4.40)

where A(x, t) = Ao(x — kct) — Ao(—kct) satisfies the time-dependent analog of (A.28).

Figure 4.7 shows contour plots of the torus version of the y = 0.2, 1, 5 solutions shown
in Figure 4.6 at the final time computed, T = 3. The dashed lines show the trajectory
fromt = 0 tot = T of the wave crest that begins at (0,0) and continues along the
path a; = ao(t), a» = kao(t) through the torus in (4.37). The following table gives the
phase speed, c, surface tension, 7, translational shift in conformal space at the final time
computed, ag(T), and deviation from steady motion in conformal space, 6o(T), for these
three finite-amplitude solutions (recall that max{#i,, fo,;1} = 0.01 and #1,0/flo, = y) as
well as for the zero-amplitude limit:

y=5 y=1 y =02 linear theory
c 1.552175 | 1.552197 | 1.553743 | cyn = 1.553774
T 1.409665 | 1.410902 | 1.415342 | 15, = 1.414214 (4.41)
aog(T) | 4.677416 | 4.681174 | 4.668757 | clinT = 4.661322 (T = 3)
60(T) | —0.020890 | —0.024 583 | —0.007 527 0

In Figure 4.8, we plot 0¢(t) for 0 < t < T (solid lines) along with (¢ — cjn)t (dashed
and dotted lines) for the three finite-amplitude solutions in this table. Writing ao(t) =
Clint + [(c = ciin)t — 60(t)], we see that the deviation of ay(t) from linear theory over this
time interval is due mostly to fluctuations in 6((t) rather than the steady drift (¢ — cjin)t
due to the change in phase speed c of the finite-amplitude wave.

Computing the exact solution (4.37) requires evaluating 6o(t) = Ay(—ct, —kct). We
use Newton’s method to solve the implicit equation (A.28) for Ay(x, x2) at each point of
a uniform M x M grid, with M| = M, = M in the notation of Section 4.1.1.1. We then use
FFTW to compute the 2d Fourier representation of Ay(x, x2), which is used to quickly
evaluate the function at any point. It would also have been easy to compute Ay(—ct, —kct)
directly by Newton’s method, but the Fourier approach is also very fast and gives more
information about the function Ay(x;, x2). In particular, the modes decay to machine
roundoff on the grid, corroborating the assertion in Theorem A.1.2 that Ay is real analytic.
We use the exact solution to compute the error in timestepping (2.78) and (2.80) from t = 0
tot =T,

1 2nmy 2mm 2
T T S T - 1—2T). 442
err \/”1‘] 7]exact|| + ”(P (Pexact” ’ ”77” M1M2 m;nzrl( Ml ’ M2 12 ( )
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Figure 4.7: Panel (a)-(c) are contour plots of the numerical solution 7j(a;, a2, T) on the
torus corresponding to the quasi-periodic solutions 1(a, t) in Figure 4.6 at the final time
shown, t = T = 3. The dashed lines show the trajectory of the wave crest from t = 0
to t = T. Panel (d) compares the accuracy and efficiency of the proposed time-stepping
schemes in computing the time evolution of the solution in panel (c).



CHAPTER 4. NUMERICAL METHODS AND RESULTS 58

0.04 :
0.03 | do(t) y=1 |
0.02 -
S~ v=0.2

0.01 | 0.9 =9 .
0 M N ]
2001 - (C — Clin)t Y= 1 Y= 5 7
002 | -

_0.03 Il Il Il Il Il
0 0.5 1 1.5 2 2.5 3

t

Figure 4.8: Plots of 0¢(t) = ct — ap(t) in (4.37) and (¢ — cjin )t for the solutions of Figure 4.6.

We report the errors for all three waves plotted in Figure 4.6

| y=5 | y=1 | y=02
err | 1.04x 1071° | 1.16 X 10710 [ 7.38 x 107"

(4.43)

using the simplest timestepping method proposed in [84] to solve (2.78), namely a 5th
order explicit Runge-Kutta method using 900 uniform steps from t = 0 to t = 3. These
errors appear to mostly be due to roundoff error in floating-point arithmetic, validating
the accuracy of both the timestepping algorithm of [84] and the traveling wave solver of
Section 4.1.1.1, which was taken as the exact solution. Evolving the solutions to compute
these errors took less than a second on a laptop (with M? = 3600 gridpoints and 900
timesteps), while computing the traveling waves via the Levenberg-Marquardt method
took 7 seconds on a laptop and only 0.9 seconds on a server (Intel Xeon Gold 6136, 3GHz)
running on 12 threads (with M? = 3600 gridpoints and Nyt = 1200 unknowns).

We use the y = 1 traveling solution above as a test case and compare the accuracy
and efficiency of the Runge-Kutta and exponential time differencing schemes proposed
in Section 4.2.1. In the panel (d) of Figure 4.7, we demonstrate the error in time-stepping
this traveling wave solution from t = 0 to t = 3 using the 5th and 8th order explicit
Runge-Kutta methods of Dormand and Prince [44], the 4th order ETD scheme of Cox
and Matthews [28,53], and the 5th order ETD scheme of Whalen, Brio and Moloney [79].
The surface tension in this example (7 = 1.410902) is high enough that once the stepsize
is sufficiently small for the Runge-Kutta methods to be stable, roundoff error dominates
truncation error. So the errors suddenly drop from very large values (10°° or more) to
machine precision. By contrast, the error in the ETD methods decreases steadily as the
stepsize is reduced, indicating that the small-scale decomposition introduced in (4.34) is
successful in removing stiffness from the equations of motion [47,48].
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4.2.3 Overturning Waves

Next we present a spatially quasi-periodic water wave computation in which some of
the wave peaks overturn as they evolve while others do not. Conformal mapping methods
have been used previously to compute overturning waves. For example, Dyachenko
and Newell [39] use this approach to study whitecapping in the ocean and Wang et
al. [60] use it to compute solitary and periodic overturning traveling flexural-gravity
waves. The novelty of our work is the computation of a spatially quasi-periodic water
wave in which every wave peak evolves differently, and only some of them overturn. Since
torus functions are involved, the number of degrees of freedom is squared, leading to a
large-scale computation. For simplicity, we set the surface tension parameter, 7, to zero.

We first seek spatially periodic dynamics in which the initial wave profile has a vertical
tangent line that overturns when evolved forward in time and flattens out when evolved
backward in time. Through trial and error, we selected the following parametric curves
for the initial wave profile and velocity potential of this auxiliary periodic problem:

3 . 1. (o) = —(1/2)cos(o + 1/2.5),

=0+ = — —sin2o0, 4.44

@) =0 5o T smae @1(0) = =(1/2)cos(c + 1 /4). (4.49)

Note that &{(0) = 0 when 0 € 7 +211Z, and otherwise &{(0) > 0. Thus, vertical tangent

lines occur where &;(0) € +2nZ and 1;(0) = —0.5 cos(1.4m) = 0.154508; see Figure 4.9.

To convert (4.44) to a conformal parametrization, we search for 27-periodic functions
na2(a) and Ba(a) and a number x; such that

a+x+H [772] (a) = &1(a + By(a)), m(a) = m(a + Ba(a)), B>(0)=0. (4.45)

First we solve a simpler variant in which x; is absent and B»(0) is unspecified. Specifically,
we solve a + H [n3] (a) = &1(a + B3(a)), 13(a) = ni(e + Bs(@)) for n3(e) and Bs(a) on a
uniform grid with M = 4096 gridpoints on [0, 27r) using Newton’s method. The Hilbert
transform is computed with spectral accuracy in Fourier space. We then define x; as the
solution of x; + B3(x2) = 0 that is smallest in magnitude. We solve this equation by a
combination of root bracketing and Newton’s method; the result is x, = 0.393458. Finally,
we define By(a) = x2 + B3(a + x2) and ma(a) = n3(a + x2), which satisfy (4.45).
As shown in Figure 4.9, the initial conditions 1,(«) and

pa(a) = p1(a + Ba(a)) (4.46)

have the desired property that the wave overturns when evolved forward in time and
tlattens out when evolved backward in time. In other words, the wave becomes less steep
in the neighborhood of the initial vertical tangent line when time is reversed. However,
it does not evolve backward to a flat state. Instead, a secondary wave crest forms to the
right of the initial wave crest and grows in amplitude as t decreases. This secondary wave
crest resembles the early stages of the fluid jets that were observed by Aurther et al. [11] to
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Figure 4.9: Time evolution of a spatially periodic water wave initialized via (4.44) and
evolved forward and backward in time to t = £0.45. Panels (a) and (b) show snapshots of
the wave in physical space; panel (c) shows snapshots of n(a, t) in conformal space; and
panel (d) shows snapshots of |#;(t)| in Fourier space. The initial condition (¢ = 0) is shown
in blue in each plot.

form in the wave troughs when the initial condition 1o(x) = (% sinx + % sin2x + % sin3x) is
evolved from rest in the graph-based formulation (2.15).

The blue markers in panels (a) and (b) of Figure 4.9 show the location of the vertical
tangent line in physical space at t = 0. The blue marker in panel (c) shows the corre-
sponding point in conformal space. When the wave overturns for ¢t > 0 in physical space,
it is because a — &(a, t) no longer increases monotonically. Indeed, we see in panel (c)
that n(a, t) remains single-valued as a function of the conformal variable a but becomes
very steep. This causes the Fourier mode amplitudes in panel (d) to decay more slowly
as t increases. We used different mesh sizes and timesteps in the regions 0 < t < 0.3,
03 <t <045and 0 > t > —0.45 to maintain spectral accuracy; details are given below
when discussing the quasi-periodic calculation. The drop-off in |1};| from 107'* to 107 as
j approaches the Nyquist frequency M/2 is due to the 1D version of the filter (4.36), which
is applied after each timestep. Floating point errors of size 107!* occur in the discretiza-
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tion of the equations of motion while errors of size 107!8 are due to having computed the
inverse FFT of the filtered data to get back to real space before taking the FFT again to plot
the Fourier data.

We turn the solution of this auxiliary periodic problem into a spatially quasi-periodic
solution by defining initial conditions on the torus of the form

flo(ar, az) = na(ay), Polar, az) = pa(ar)cos(az — q), (4.47)

where g is a free parameter that we choose heuristically to be g = 0.6k7 = 1.3329 in order
to make the first wave crest to the right of the origin behave similarly to the periodic 1D
solution of Figure 4.9. (This will be explained below).

The results of the quasi-periodic calculation are summarized in Figures 4.10 and 4.11.
Panel (a) of Figure 4.10 shows snapshots of the solution at t = (£/6)T for 0 < £ < 6 over the
range 0 < &(a) < 16m, where T = 0.225. The initial wave profile, Co(a) = Eo(a) + ino(a)
with no(a) = fjo(a, ka), is plotted with a thick blue line. The wave profile is plotted with
a thick black line at t = T and with thin grey lines at intermediate times. Panel (b) zooms
in on the first wave in panel (a), which overturns as the wave crest moves up and right
while the wave trough moves down and left, as indicated by the blue arrows. This is very
similar (by design) to the forward evolution of the auxiliary periodic wave of Figure 4.9,
with initial conditions na(a), p2(a). Panels (c) and (d) zoom in on two other wave crests
from panel (a) that flatten out (rather than overturn) as ¢t advances from 0 to T. Panel
(e) shows another type of behavior in which the wave overturns due to the wave trough
moving down and left faster than the wave crest moves down and left. Panel (f) shows the
evolution of the velocity potential ¢(a, t) over 0 < t < T. Unlike no(a), the initial velocity
potential po(a) = Po(a, ka) is not 2m-periodic due to the factor of cos(az — g) in (4.47).

Panels (a) and (d) of Figure 4.11 show surface plots of fj(a1, a2, T) and ¢(ay, az, T)
at the final time computed, T = 0.225. The corresponding contour plots are shown in
panels (b) and (c). Initially, fj(a;, @2,0) depends only on a;; however, by t = T, the
dependence on a5 is clearly visible. Although the waves overturn in some places when
n(a,t) = fi(a, ka, t) is plotted parametrically versus &(«, t) with t > 0 held fixed, both 7j
and ¢ are single-valued functions of @ and a; at all times. Nevertheless, throughout the
evolution, fj(a, ay, t) has a steep dropoff over a narrow range of values of «;. Initially,
flo(a1, @2) = na(ar) = ni(a; + Ba(ap)) and the rapid dropoff occurs for a; near the solution
of a1+ Ba(a;) = m (since the vertical tangent line occurs at £1(0)+in;(0) with o = 7). Using
Newton’s method, we find that this occurs at a; = 0.6341857. The blue curve in panel (c)
of Figure 4.9 gives n2(a). If one zooms in on this plot, one finds that n,(a) decreases rapidly
by more than half its crest-to-trough height over the narrow range 0.6 < a < 0.6677. At
later times, 7j(a1, a2, t) continues to drop off rapidly when «a; traverses this narrow range
in spite of the dependence on a,. This can be seen in panel (b) of Figure 4.11, where there is
a high clustering of nearly vertical contour lines separating the yellow-orange region from
the blue region. Over this narrow window, @(a, a2, t) also varies rapidly with respect to
aq.
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Figure 4.10: Snapshots in time of a spatially quasi-periodic water wave with a periodic
initial wave profile with vertical tangent lines at £ = 7 + 2ntin, n € Z. A quasi-periodic
initial velocity potential causes some of the peaks to overturn for t > 0 while others do
not. Panels (a) and (f) show n(a,t) and ¢(a, t) versus &(a,t) over 0 < x < 167 and

0 <t < T =0.225. Panels (b)—(e) show the results of panel (a) in more detail. The blue
arrows show the direction of travel of the wave at various locations.
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Figure 4.11:  Surface and contour plots of the torus version of the solution plotted in
Figure 4.10 at the final time T = 0.225. The rapid dropoff in fj(a;, a2, t) over the window
0.6 < a; < 0.6677 persists from the initial state in which 7jo(a1, a2) does not depend on
as. Panel (e) shows the exponential decay of Fourier modes with respect to the shell index
s at different times.

Many gridpoints are needed to resolve these rapid variations with spectral accuracy.
Although &(0), n1(0) and ¢(0) involve only a few nonzero Fourier modes, conformal
reparametrization via (4.45) vastly increases the Fourier content of the initial condition.
We used M = 6144 gridpoints to evolve the periodic auxiliary problem of Figure 4.9 from
t = 0 tot = 0.3 using the 8th order Runge-Kutta method of Dormand and Prince [44]
with stepsize At = 2.08333 x 107>. We then switched to M = 12288 gridpoints to evolve
from t = 0.3 to t = 0.45 with At = 7.5 x 107°. In the reverse direction, we used M = 4096
gridpoints to evolve from t = 0to t = —0.45 with At = —=4.6875x107°. Studying the Fourier
modes in panel (d) of Figure 4.9, it appears that 4096 gridpoints (2048 modes) are sufficient
to maintain double-precision accuracy forward or backward in time to t = £0.225. Using
this as a guideline for the quasi-periodic calculation, we evolved (2.78) on a 4096 x 4096
spatial grid using the 8th order explicit Runge-Kutta method described in Section 4.1.1.1.
The calculation involved 5400 time steps from t = 0 to t = T = 0.225, which took 2.5 days
on 12 threads running on a server with two 3.0 GHz Intel Xeon Gold 6136 processors.
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Additional threads had little effect on the running time as the FFT calculations require a
lot of data movement relative to the number of floating point operations involved.

Panel (e) of Figure 4.11 shows the ¢* average of the Fourier mode amplitudes |1};, ;,| in
each shell of indices satisfying max(|ji], |j2|]) = s for 1 <s < 2048. Since }_j, —j, = m, we
can discard half the modes and sweep through the lattice along straight lines from (0, s)
to (s, s) to (s, —s) to (1, —s), which sweeps out 4s index pairs. (The same ordering is used
to enumerate the unknowns in the nonlinear least squares method proposed in [83] to
compute quasi-periodic traveling water waves.) We see in panel (e) that as time increases,
the modes continue to decay at an exponential rate with respect to s, but the decay rate
is slower at later times. The rapid dropoff in the mode amplitudes for s > 1536 is due to
the Fourier filter. At the final time t = T = 0.225, the modes still decay by 12 orders of
magnitude from s = 1 to s = 1536, so we believe the solution is correct to 10-12 digits. A
finer grid would be required to maintain this accuracy over longer times. As in Figure 4.9,
the additional drop-off in the amplitude of Fourier modes from s = 1536 to s = 2048 in
panel (e) is due applying the filter (4.36) to the solution after every timestep.

Beyond monitoring the decay of Fourier modes, as an additional check of accuracy,
we compute the average energy, mass and momentum of the solution of Figure 4.11 as a
function of time. The results are shown in Table 4.1. The formulas for E, M and P are
given in Section 2.2.5. In the table below, we report the values of the above three quantities
divided by (27)?; this scaling has the advantage that £, M and P do not suddenly jump by
a factor of 27t when periodic functions are viewed as quasi-periodic functions that depend
on a; only.

The numerical results in Table 4.1 show that energy is conserved to a relative error of
1.5%10713/0.0975 = 1.5x 107 !2; mass is conserved to a relative error of 3.3 x 10713/0.0464 =
7.1x107!2; and momentum is conserved to an absolute error of 4.6 X 10~1° over the course
of the numerical computation of Figure 4.11. This gives further evidence that 7fj and ¢ are
accurate to 10-12 digits. The mass being negative is an artifact of the choice of £;(0) and
n1(0) in (4.44). While 1,(0) has zero mean as a function of ¢, its average value with respect

to x is (27m)7! fozn n(o)éi(o)do = —(371/40)(\5 — 1) = —0.04635254915624. If we had
added a constant to 7} to make M zero initially, it would have remained zero up numerical
errors, similar to Py, which is initially zero since 7} and ¢ in (4.47) are independent of a»
except for the factor of cos(a, — ). The constant value of the energy would also change if
a constant were added to f}.

The rationale for setting g = 0.6kt in (4.47) is that cos(ax—q) ~ 1 where the characteristic
line (a, ka) crosses the dropoff in the torus near @; = 0.67 for the first time. Locally,
po(a) = @o(a, ka) is close to @2(a), the initial condition of the auxiliary periodic problem,
so we expect the quasi-periodic wave to evolve similarly to the periodic wave near x = 7
for a short time. (Here z = x + iy describes physical space). This is indeed what happens,
which may be seen by comparing panel (b) of Figure 4.9 to panel (b) of Figure 4.10,
keeping in mind that t € [-0.45,0.45] in the former plot and t € [0,0.225] in the latter
plot. Advancing a from 0.67t to 10.67t causes the characteristic line (a, ka) to cross a
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t E/(2n)? M/(2m)? P/(2m)?
0.000 | 0.09750133157054 | —0.04635254915643 | 1.19 x 1071
0.025 | 0.09750133157057 | —0.04635254915623 | —2.98 x 10~
0.050 | 0.09750133157058 | —0.04635254915621 | —1.24 x 1071
0.075 | 0.09750133157057 | —0.04635254915619 | 1.15x 10~
0.100 | 0.09750133157059 | —0.04635254915617 | 0.43 x 1071
0.125 [ 0.09750133157060 | —0.04635254915616 | 0.34 x 10~
0.150 | 0.09750133157062 | —0.04635254915614 | 4.59 x 10~
0.175 [ 0.09750133157063 | —0.04635254915613 | 1.35 x 10~
0.200 | 0.09750133157064 | —0.04635254915611 | —2.18 x 1071
0.225 [ 0.09750133157069 | —0.04635254915610 | —2.10 x 10~

Table 4.1: Average energy, mass and momentum of the overturning wave example of
Figure 4.11 at the times indicated.

periodic image of the dropoff at @, = 10.6k7, where cos(az — g) = —0.9752 = —1. Locally,
@o(a) is close to —@s(a), the initial condition of the time-reversed auxiliary periodic
problem. Thus, we expect the quasi-periodic wave to evolve similarly to the time-reversed
periodic wave near x = 117. (Recall that £((0.634185m) = 7, so £0(10.634185m) = 11m).
Comparing panel (b) of Figure 4.9 to panel (d) of Figure 4.10 confirms that this does indeed
happen. At most wave peaks, the velocity potential of the quasi-periodic solution is not
closely related to that of the periodic auxiliary problem since the cosine factor is not near
a relative maximum or minimum, where it is flat. As a result, the wave peaks of the
quasi-periodic solution evolve in many different ways as a varies over the real line.
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Chapter 5

Conclusion

In this thesis, we have formulated the two-dimensional, infinite depth gravity-capillary
wave problem in a spatially quasi-periodic, conformal mapping framework. We have
developed numerical methods for solving the quasi-periodic initial value problem as well
as the traveling wave problem and presented a numerical study of the solutions that are
of two quasi-periods.

We developed two time-stepping strategies for solving the quasi-periodic initial value
problem, an explicit Runge-Kutta method and an exponential time differencing scheme.
We numerically verified a result in [83] that quasi-periodic traveling waves evolve in
time on the torus T? in the direction (1, k) without changing form, though their speed
is non-uniform in conformal space if the condition £(0,0,t) = 0 is imposed via (2.80).
We then performed a convergence study to demonstrate the effectiveness of the small-
scale decomposition at removing stiffness from the evolution equations when the surface
tension is large. Finally, we presented the results of a large-scale computation of a spatially
quasi-periodic overturning water wave for which the wave peaks exhibit a wide array of
dynamic behavior.

We have formulated the quasi-periodic traveling wave problem as a nonlinear least
squares problem and adapted a variant of the Levenberg-Marquardt method introduced
in [82] to compute the solutions. We have numerically demonstrated the existence of
quasi-periodic traveling solutions of two types: solutions that bifurcate from the zero
solution and solutions that bifurcate from finite-amplitude periodic traveling solutions.
For the first type, the solutions are parametrized by two bifurcation parameters 1); o and
flo,1, which are fixed while 7, ¢ and the other Fourier coefficients 1), ;, are varied to search
for solutions. We computed the asymptotic expansions of these solutions; the convergence
of these expansions is still unknown. For the second type, we applied a Fourier-Bloch
decomposition to study the linearization of (3.8) around periodic traveling solutions. We
used the zero eigenvector of the linearization as the bifurcation direction to jump from
the primary branch of periodic solutions to the quasi-periodic bifurcation branch. As
an example, we computed large-amplitude overturning quasi-periodic traveling solutions
that bifurcate from a overturning periodic solution.
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Appendix A

Properties of Spatially Quasi-Periodic
Solutions

A.1 Quasi-Periodic Families of Solutions

In this appendix we explore the effect of introducing phases in the reconstruction of
one-dimensional quasi-periodic solutions of (2.78) from solutions of the torus version of
these equations. This ultimately makes it possible to show that if all the solutions in the
family are single-valued and have no vertical tangent lines, the corresponding solutions
of the original graph-based formulation (2.15)-(2.18) of the Euler equations are quasi-
periodic in physical space.

Theorem A.1.1 The solution pair (C, §) on the torus represents an infinite family of quasi-periodic
solutions on R given by

Ua,t;01,05,0)=a+06+001 +a,0, +ka,t), aeR, t>0 Al

qo(a,t;61,62):qb(61+a,62+ka,t), (91,92,6€R)' ( ' )
Proof: We claim that by solving (2.78) throughout T2, any one-dimensional (1D) slice of
the form (A.1) will satisfy the kinematic condition (2.71) and the Bernoulli equation (2.77).
Let us freeze 0;, 0, and 6 and drop them from the notation on the left-hand side of (A.1).
Consider substituting 1 = Im C and ¢ from (A.1) into (2.78), and let u(a) = (0, +a, O2+ka)
represent the input of any a-derivative or Hilbert transform in an intermediate calculation.
Both 1 and ¢ are of this form. By Definition 2.2.3, H[u](«) = H[i](0; + @, 02 + ka), and
clearly u'(a) = [(da, + kdu,)ii](61 + @, 02 + ka), so the output retains this form. We
conclude that computing (2.78) on the torus gives the same results for 7j; and ¢; when
evaluated at (01 + a, 02 + ka) as the 1D calculations of n; and ¢; when evaluated at a.
Since &(-, t) = xo(t) + H[7(, t)] on T?,

E(a, t) =a+ 0+ xo(t)+ H[n(, H)](a), (A.2)
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which follows from (A.1) and H[n(-, t)]|(a) = H[7(-, t)](61 + a, 62 + ka). Thus, computing
Ea = 1+ H[n,]in (2.78) gives the same result as just differentiating & from (A.1) and (A.2).
In the 1D problem, the right-hand side of (2.74) represents complex multiplication of z,
with a bounded analytic function (namely z/z,) whose imaginary part equals —x on the
real axis; thus, in (2.74), &; differs from H[7;] by a constant. This constant is determined by
comparing &; in (2.74) with &; from (A.2), which leads to the same formula (2.75) for dx/dt
that is used in the torus calculation. Here we note that a phase shift does not affect the
mean of a periodic function on the torus, i.e. Po[Sgil] = Po[ii] where Sg[ii](a) = ii(a + 0).
We have assumed that in the 1D calculation, C; is chosen to agree with that of the torus
calculation. Since C; only affects the tangential velocity of the interface parametrization, it
can be specified arbitrarily. Left-multiplying (2.74) by (=1, £4) eliminates C; and yields
the kinematic condition (2.71). Since the Bernoulli equation (2.77) holds on the torus, it
also holds in the 1D calculation, as claimed. O

For each solution in the family (A.1), there are many others that represent identical
dynamics up to a spatial phase shift or a-reparametrization. Changing 6 merely shifts the
solution in physical space. In fact, 56 does not appear in the equations of motion (2.74) —
it is only used to reconstruct the curve via (A.2). The relations

Cla+ap,t; 01,02,0)=C(a,t; 61 +ag, 02+ kap, 6 + ay),

A.
(P(a + a()/t > 61/ 62) = (P(O(, t > 61 + o, 82 + k(XO)/ ( 3)

show that shifting a by ag leads to another solution already in the family. This shift
reparametrizes the curve but has no effect on its evolution in physical space. If we
identify two solutions that differ only by a spatial phase shift or a-reparametrization, the
parameters (0, 0,, 6) become identified with (0, 6, — k0;,0). Every solution is therefore
equivalent to one of the form

Ua,t;0,0,0)=a+l(a, 0 +ka,t),

eR, t>0, 6 €]0,2n). A4
p(a,t;0,0)=¢(a,0+ka,t) @ [0, 27) (Ad)

Within this smaller family, two values of 0 lead to equivalent solutions if they differ by
2n(nik + ny) for some integers n; and n,. This equivalence is due to solutions “wrapping
around” the torus with a spatial shift,

Cla+2mny,t;0,60,0)=C(a,t;0,0+2n(nik+ny),2nn;), (a€[0,2n), ny € Z). (A5)

Here 1, is chosen so that 0 < (6 + 2m(n1k + n2)) < 27 and we used periodicity of
Cla, t; 01, 0,,0) with respect to 0; and 0,. It usually suffices to restrict attention to
a € [0,27m) by making use of (A.5). One exception is determining whether the curve
self-intersects. In that case it is more natural to tile the plane with periodic copies of the
torus and consider the straight line parametrization of (A.4). Indeed, it is conceivable that

C(a, t;0,0,0) = C(B,1;0,0,0) (A.6)
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with |a — B| as large as 2M, where M is a bound on IC| over T2, and the condition (A.6)
becomes hard to understand if (A.5) is used to map a and p back to [0, 27r) with different
choices of n; or ns.

We now show that nphys(x, t; 01,0,,0) and gophys(x, t; 01,0,,0) can be defined and
computed easily from C(a, t; 01, 02, 6) and ¢(a, t; 01, 0,) if all of the waves in the family
(A.4) are single-valued and have no vertical tangent lines, and that PV and @P"* are

quasi-periodic functions of x. To simplify notation, let & = (a1, @2), x = (x;,x2) and
k =(1,k).

Theorem A.1.2 Fix t > 0 and suppose &u(a, t50,60,0) > 0 for all (a, 0) € [0,27) X [0, 271).
Then the equation )
Alx, t)+ E(x + kA(x, 1), 1) =0, (A.7)

defines a unique function A(x, x2,t) on '[F% that is periodic and real analytic in x| and x,. The
inverse of the change of variables x = a + k&(a, t) on T? is given by

a=x+kA(x,t). (A.8)

Proof: First we check that if A satisfies (A.7), then (A.8) is the inverse of the change of
variables x = & + k&(a, t). Given x € T?, define & by (A.8). Then

a+k&(a,t)= (x + kA(x, 1)) — kA(x, t) = x, (A9)

as required. Next we show existence and uniqueness of a solution A of (A.7) under the
assumed hypotheses. Given a = (ay, ay) € T?, the definition (A.1) gives

Ealar, t;0,ar —kay,0)=1+[d,, + k8a2]€(0¢1,0zz, 1), (A.10)

where the left-hand side means (d/ da)|a:alc§(0z, t;0,az —kay,0). We know the right-
hand side is periodic and continuous on T? while the left-hand is positive on the primitive
cell {(a1,a2) : 0 < a1 <21, ka; £ ay < ka; +2n}. Therefore, both sides of (A.10)
are bounded below by some ¢(t) > 0 that does not depend on & € T2. Let M(t) be
a bound on |&(a, t)| over T2. Then for fixed x € R? (with t also fixed), the function
g(a) = g(a;x,t) = a+&(x+ka, t)isstrictly monotonically increasing on R (as g’(a) > &(t))
and satisfies g(—M(t)) < 0 and g(M(t)) > 0. Thus, we can define A(x, t) as the unique
solution of g(a) = 0. It follows that [A(x, t)| < M(t). If n, and n, are integers, replacing
xin (A7) by y = (y1, y2) = (x1 + 21tny, x2 + 2mn,) and using periodicity of E(a, t) gives

Ay, t)+ E(x + kA(y, t),t) = 0. (A.11)

Since the solution of this equation is unique, A(y, t) = A(x, t). This shows that A(x, t)
is periodic in x, and hence well-defined on T?. It is also real analytic, which follows from
the implicit function theorem, noting that g(a; x1, x2, t) is real analytic in «, x; and x, for
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fixed t and dg/da is never zero. For the same reason, A(x, t) will depend as smoothly on
t as &(a, t) does. O

The change of variables (A.8) allows us transform the torus functions &, j and @ in
conformal space to physical space

ﬁphys(xr t) = ﬁ(x + kﬂ(x/ t)l t)/ ﬁ(a‘/ t) = ﬁphys(a + kg(l’fr t)’ t)’ (A 12)
P 1) = Gl kA, D, Pla,) = (et ke, .
We then write 0 = (0, 0,) and define the quasi-periodic slices
nthS(x, t;0,6)= ﬁphys(e + k(x -9), t), (A13)
PPY(x, £ 0,6) = GPY(0 + k(x - b), ), |
which express C(a, t; 0, 0) as a graph and @(«, t ; 0) as a function of x:
n(a,t; 0,0)=17(0 + ka, t)
= fiPY5(0 + ka + k&(O + ka, t), t) (A.14)
= jPYS(8 + k(E(a) - 6), t) = PY3(E(a), t; 6,0),
pla,t; 0) = GPS(0 + k(E(@) = 0), 1) = PV(E(a), £5 0,8),  (A15)

where &(a) = &(a,t; 0,0) = a+ 06+ &(O + ka,t). These equations confirm (2.60) and
(2.65), which are the assumptions connecting solutions of (2.15) to those of (2.78). Thus,
nPYS(x, t; 0,6) and pPYS(x, t; @, 5) are solutions of (2.15), the graph-based formulation
of the water wave equations. In the right-hand sides of (A.14) and (A.15), we can compute
the a such that £(a) = x as follows:

Ea,t;0,0)=x © a+0+&O+ka,t)=x
& (0+ka)+kéEO+ka,t)=[0+k(x—0)]
& (0+ka)=[0+k(x—0)]+kA(O+k(x—-0),t)
& a=x-0)+AO+k(x—-0),1t),

(A.16)

where we used (A.8) with @ = 0 + ka and x = 0 + k(x — 0) to obtain the third line from
the second.

A.2 Dynamics of Traveling Waves in Conformal Space

In this section we study the dynamics of quasi-periodic traveling waves under the
evolution equations (2.78) for various choices of C;. We show that the waves maintain
a permanent form but generally travel at a non-uniform speed in conformal space. We
start by showing that there is a choice of C; for which 1 and ¢ remain stationary in time.
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We then show how C; changes when the waves are phase shifted by a((¢), and how to
determine a(t) so that C; takes the value in (2.80). The evolution of the torus version of

(3.5) under (2.78) is also worked out.
We will need the following theorem and corollary, proved in [84]:

Theorem A.2.1 Suppose ¢ > 0 and z(w) is analytic on the half-plane C; = {w : Imw < &}.
Suppose there is a constant M > 0 such that |z(w) — w| < M for w € C;, and that the restriction
C = z|r is injective. Then the curve C(ar) separates the complex plane into two regions, and z(w)
is an analytic isomorphism of the lower half-plane onto the region below the curve C(av).

Corollary A.2.2 Suppose k > 0 is irrational, fi(a1, @2) = X, jez> A, pea1+202) and there
exist constants C and & > 0 such that

N=-ir~i2 = M1 jas |ﬁj1,le < C€_3£KmaX(|j1|/|j2|)' (1, j2) € 7, (A.17)
where K = max(k, 1). Let xo be real and define E=x0+ H[7], C=E&+ifjand

By, a0, B) = Xo +ifoo+ Y| 2ifj, pe R aTRa) (g <) (A18)
ji+j2k<0

where the sum is over all integer pairs (j1, j2) satisfying the inequality. Suppose also that for each
fixed 6 € [0,2m), the function a — C(a;0) = a + {(a, O + ka) is injective from R to C and
Cala; 0) # 0 for a € R. Then for each 6 € R, the curve C(a; 0) separates the complex plane into
two regions and

z(a+1iB;0) = (a+iB)+Z(a, 0 + ka, p), (B <e) (A.19)

is an analytic isomorphism of the lower half-plane onto the region below C(a; 0). Moreover, there
is a constant & > 0 such that |z, (w; 0)] > 6 for Imw < 0and 0 € R.

We now prove a theorem and two corollaries that describe the dynamics of traveling
waves in conformal space under the evolution equations (2.78) for various choices of C;.

Theorem A.2.3 Suppose flo(a1, az) satisfies the torus version of (3.5) as well as the assumptions
in Corollary A.2.2. Define & = H[#o], Co = 50+iﬁ0 and ¢ = c&o. Let no(a; 0) = fjo(a, O+ka),
po(a; 0) = go(a, O+ka), Eo(a; 0) = a+ Eoa, O+ka)and (o = &g+ ino. Suppose that for each
0 € [0,2n), a = Co(a; 0) is injective, i.e. none of the curves in the family (A.1) self-intersect.
Then for each 0 € R,

C(a,t;0) = Co(a; 0) + ct, p(a,t;0) = po(a; 0) (A.20)

satisfy (2.78) with Cy = cPo[&a/]].
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Proof: We have assumed the initial reconstruction of £ from 1 yields &(«, 0; 0) = Eo(a; 0),
s0 x0(0) = 0 in (2.62). We need to show that ; = 0, ¢; = 0 and dxo/dt = c in (2.78), from
which it follows that &(a, t; 0) = Eg(a; O) + ct. Since &y = H[7jo] and none of the curves
in the family (A.3) self-intersect, Theorem A.2.1 and Corollary A.2.2 above show that the
holomorphic extension from Co(a; 0) to zo(w; 0) is an analytic isomorphism of the lower
half-plane to the fluid region, and 1/|z¢| is uniformly bounded. In (2.78), we define
o = 1+ H[n,, ¥ = —H[ep], ] = & + 1% and x = ¥,/]. This formula for &, gives
the same result as differentiating &(a, t; 0) in (A.20) with respect to a. From ¢y = c&o
and o0 = 0, we have x = cn,/J. The extension of C(a,t;0) to the lower half-plane is
z(w, t; 0) = [zo(w; O) + ct]. We have not yet established that C(a, t; 0) solves (2.78), but we
know z;/z is bounded in the lower half-plane, so there is a C; such that

—H)(+C1 _l Ea MNa c
( -X )_](_7704 Ea) (O)’ (A.21)

where the right-hand side represents complex division of z; by z,. Since PoHy = 0, we
learn from (A.21) that C| = cPy[&4/]]. But & and 1 in (2.74) are obtained by multiplying
(A.21) by [Ea, —Nas Na, Ea), Which gives & = ¢, n; = 0. Equation (2.75) is then dxq/dt =
Po[&t] = c. Finally, using x = cna/], Hx = Ci = céal], a = c(éa — 1) and ¢4 = ¢, in
(2.78) gives

b2 — o2
Py =P %2]% _(PaH[X]+C1(Pa_g77+TK]
202 2052 _ -
2 2
=P_2—]<]—1)—g17+r1<]=P[—2—]—gn+’(1<]=0,

where we used (3.5) in the last step. O

Corollary A.2.4 Suppose Colay, an), Pola1, az), Cola; B) and po(a; O) satisfy the hypotheses
of Theorem A.2.3 and a(t) is any continuously differentiable, real-valued function. Then

C(a, t;0) = Co(a — ap(t); 0) + ct, p(a,t;0) = pola — ao(t); 0) (A.23)

are solutions of (2.78) with Cy = cPo[Ea/]] — ay(t). The corresponding solutions of the torus
version of (2.78) for this choice of C; are

Ly, an, t) = Colay — ao(t), az — kao(t)) + ct — ao(t),

- ) (A.24)
@Play, aa, t) = Polar — ao(t), @z — kao(t)).
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Proof: Since d, and H commute with a-translations, substitution of no(a — ao(t); 6) and

@o(a — ap(t); 0) in the right-hand sides of (2.78) without changing C; would still lead to

Nt =0, ¢ = 0and dxo/dt = ¢, and (2.74) would still give &; = c¢. Including —az;)(t) in C,

leads instead to 17 = —ay(t)n, and @; = —ay(t)pa in (2.78) and & = ¢ — a(t)Eq in (2.74),

which are satisfied by (A.23). It also leads to dxo/dt = [c — ay(t)] in (2.75), which keeps

the reconstruction of £ from 7 via (2.62) consistent with the evolution equation for &;.
The functions in (A.23) and (A.24) are related by

a,t;0)=a+C(a, 0 +ka,t), p(a,t;0) = ¢(a, 0 +ka, t). (A.25)

Applying the 1d version of (2.78) to (A.25) is equivalent to applying the torus version of
(2.78) to (A.24) and evaluating at («, 0 + ka, t). Since (A.23) satisfies the 1d version of
(2.78) and every point (a1, a3) € T2 can be written as («, 6 + ka) for some « and 0, (A.24)
satisfies the torus version of (2.78). O

Corollary A.2.5 Suppose 50(041, a2), Polar, a2), Cola; 0) and @o(a; O) satisfy the hypotheses
of Theorem A.2.3 and Eo,a(e; 6) > 0 for a € [0,27) and 6 € [0,2m). Then if C, is chosen as in
(2.80) to maintain £(0,0, t) = 0, the solution of the torus version of (2.78) with initial conditions

Clar, @2,0) = Colar, @2), P, a2,0) = olar, a2) (A.26)
has the form (A.24) with
ap(t) = ct — Ap(—ct, —kct), (A.27)
where A(x1, x7) is defined implicitly by

Ao(x1, x2) + Eo(x1 + Ao(x1, x2) , X2 + kAp(x1, x2)) = 0, (x1,x2) € T (A.28)

Proof: Theassumptionthat &g .(a; 0) > 0ensures thatall the waves in the family Co(a; 0)
are single-valued and have no vertical tangent lines. Under these hypotheses, it is proved
in Theorem A.1.2 that there is a unique function Ay(x, x2) satisfying (A.28) and that it is
real analytic and periodic. We seek a solution of the form (A.24) satisfying £(0,0,t) =0,

5(0/ 0, t) = 50(—060(t), _kO(O(t)) +ct - aO(t)

- (A.29)
= [ct — ao(t)] + Eo( — ct + [ct — ao(t)], —kct + k[ct — ag(£)]) = 0.
Comparing with (A.28), we find that [ct — ao(t)] = Ao(—ct, —kct), which is (A.27). Since
flo(a1, az) is even, &g = H[fjp] is odd and Ap(0,0) = 0. Thus, ap(0) = 0 and the initial
conditions (A.26) are satisfied. Since £(0,0, t) = 0, C; satisfies (2.80). O
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