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ABSTRACT 

The tracking results and the stability limits in the electron-positron 

collider TRISTAN are analyzed. The dynamic aperture as a function of the 

sextupole strength scales well with the dynamical model of the overlapping 

of sextupole induced resonances. The theory is discussed in the general 

case of coupled motion. The scaling law allows the prediction of the 

dynamic aperture as a function of energy and B-function at the crossing 

point. 

It was found that the dependence of the tunes with the maximum betatron 

amplitudes is very critical for the stability of the motion. Analytical 

studies and computer results show that it can be partially controlled with 

octupoles, with a resulting increase in dynamic aperture over a wide range 

of tunes and momentum deviations. 
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A STUDY OF THE DYNAMIC APERTURE LIMIT IN TRISTAN 

M. Cornacchia and Y. Chin 

1. INTRODUCTION 

Electron-positron colliders are limited in the maximum stable 

betatron and momentum amplitudes by the non-linear perturbations of the 

sextupo1es needed for chromaticity correction. In order to achieve the 

high luminosity required for the experiments. the vertical beta func

tion at the interaction point is lowered to the smallest value which is 

allowed by the strength of the focussing quadrupoles. by the longitu

dinal (in the direction of the circulating beams) minimum space that is 

necessary for the experimental apparatus. and by the maximum stable 

betatron and momentum amplitudes. A small value of the beta function 

at the crossing point results in a large value at the location of the 

adjacent quadrupoles. The chromacity is strongly enhanced by these 

IIhigh beta quadrupoles· and has to be corrected with sextupo1es dis

tributed around the accelerator. The sextupo1es introduce non-linear 

perturbations which limit the dynamic aperture. 

In this paper we discuss the dynamic aperture of the E1ectron

Positron Storage Ring TRISTAN (Ref. 1) and a mechanism of emittance 

blow-up which is compatible with the computed aperture limit in 

TRISTAN~ and possibly. in other colliders as well. We show that the 

theory of overlapping resonances gives a scaling rule which agrees with 

the computed dependence of the maximum stable betatron ampl itudes on 

the sextupole strengths. and can therefore be used to predict the aper

ture limit for different energies and luminosities. The dependence of 

the tunes on, the betatron amp1 itudes plays a critical role in the 



mechanism of the instabilit¥ of the motion. We suggest, and verify it 

with tracking studies, that it is possible to find a distribution of 

octupoles located in dispersion free regions which increase the dynamic 

aperture by reduc i ng the amplitude dependent tune" sh ift. In order to 

achieve this goal, a delicate and often laborious optimization proce

dure is required. The method we propose consists in minimizing the 

driving terms of the octupole resonances, while at the same time pro

ducing an amplitude dependent tune shift to offset that of the sextu

poles. With this method, we have been able to increase the dynamic 

aperture of TRISTAN by -30% over a wide range of tunes and momentum 

deviations. 

Appendix I contains a list of the symbols used. Appendix II 

summarizes the general parameters of the TRISTAN main ring. 

2. CHROMATICITY CORRECTION IN TRISTAN 

Several chromaticity correction schemes have been proposed for 

TRISTAN (Refs. 2). They all involve an optimization procedure aimed at 

reducing the unwanted non-linear effects (Ref. 3). These are the 

variation of tune and beta functions with momentum deviation, the 

driving terms of betatron resonances and the amplitude dependent tune 

shifts. The computer code HARMON (Ref. 4) is often used for this pur

pose. HARMON optimizes several requirements based on weighting factors 

specified by the user and derives the strength of sextupoles. It is 

not the scope of this paper to discuss the optimization procedure. In 

general, several families of the sextupoles are required. The sta

bility limit is checked with particle tracking programs like PATRICIA 

(Ref. 5) or other similar ones. For the purpose of our study we have 
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chosen the chromaticity correction scheme shown in Fig. 1, which in-

volves 6 sextupole families. Fig. 1 shows the location of the sextu-

poles in an octant of the TRISTAN ring. The lattice has mirror sym

metry around the interaction point (I.P.), giving the ring a four-fold 

synmetry. For historical reasons, the sextupoles are defined by the 

symbols SQ1, SQ2, SF3, SQ3, SD2, SQ4. The maximum strength is 

More details on their strengths and lattice functions are given in 

Append i x II 1. 

For the purposes of this discussion, the following lattice 

parameters are of interest: 

6 * x = 0.8 m 

6 * = 0.05 m y 

uxo = 32.301 (for the on-momentum particle) 

u = yo 38.745 (for the on-momentum particle) 

Figs. 2 and 3 show some of the chromatic properties of the .lattice 

after sextupole correction. 

3. MAXIMUM STA8LE BETATRON AND MOMENTUM AMPLITUDES 

The dynamic aperture is computed by tracking particles for BOO 

turns with given initial injected amplitudes. Eight hundred turns 
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correspond to 4 betatron damping times. The computer code PATRICIA 

(Ref. 5) was used. One particle ata time is tracked: each particle is 

injected with maximum betatron amplitude and zero angular deflection at 

the location of the interaction point. The initial oscillation 

amplitudes of an injected particle are measured in units of rms sizes, 

Nox ' N oy' as it is customary in electron and positron storage 

rings. Ten rms sizes correspond to an "emittance" of 1.7x10-5 m x rad 

in the horizontal and 0.85x10-5 m x rad in the vertical plane, 

assuming full coupling. Thus, we define the horizontal and vertical 

emittances as 

t: x,y i \.., where ,{ \.. are the rms emi ttances. 

~,y ""r 
Similarly for the momentum deviation: 10 standard deviations correspond 

to a momentum variation of 1.64 percent. For an acceptable lifetime in 

TRISTAN at least 10 betatron rms sizes and 8 rms momentum sizes must fit 

in the dynamic aperture. 

Fig. 4 (lower curve) shows the maximum stable, injected amplitudes 

as a function of the maximum amplitude of the momentum oscillations. 

The results include the simulation of the momentum oscillations 

(us = 0.1) with the linear chromaticity corrected to zero. In these 

runs the horizontal and vertical number of betatron rms sizes are 

equal. Figs. 5 show the phase space plot of an on-momentum particle 

which is just stable (N = N = 9.0) oX oy and of a partic 1e 

(N = N = 9.1) which grows to large amplitudes in a few turns. oX oy 

It is of great interest to try to understand the mechanism respon-

sible for the dynamic aperture limit in electron-positron storage 
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rings. The evidence from the tracking results is that the amplitudes 

blow-up "stochastically", in the sense that they do not follow a recog

nizable pattern. This is not surprising, since no single isolated re

sonance could drive the particles to large amplitudes in the presence of 

the strong amplitude dependent tune shift caused by the sextupoles. 

Computer tracking studies on the LEP storage ring indicate that 

this variation of tune with amplitude plays a major role in limiting the 

dynamic aperture (Ref. 6). 

It is also known that when the motion is limited to the horizontal 

or vertical planes only, the particles are stable to very large ampli

tudes. 

The combined observations of 

"stochastic· growth 

importance of tune dependence on betatron amplitude 

importance of coupled motion 

has led us to investigate the stability limit and the scaling rules from 

the point of view of a dynamical model based on the theory of the over

lapping of the sextupole induced resonances. 

4. THE OVERLAPPING COUPLING RESONANCES MODEL FOR STOCHASTIC GROWTH 

The criterion of overlapping resonances, due to Chirikov (Ref. 7), 

explains fast stochastic growth under certain conditions. The theory 

has recently received the attention of the accelerator physics community 

because it has been suggested as a possible mechanism of the beam dif

fusion caused by the beam-beam interaction (Refs. 8) and by the effect 

of magnetic imperfections in superconducting accelerators (Ref. 9). The 

theory presented in Refs. 8 and 9 applies to the unidimensional model 
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(one plane of oscillations). We follow the derivation given in these 

references, but extend it to the two dimensional case. We do not con-

sider the longitudinal motion. 

The Hamiltonian of the motion of a particle in an accelerator in 

presence of multipole errors may be written as (See, for instance, 

Ref. 10) 

H = u J + u J + has J a/2J 6/2 cos (r~ +S6 +rw +sw -Ke) (1) 
xo x yo y krs x y x y x y 

a, 8, K, r, s are integer constants defined by a particular resonance. 

The function V(Jx,Jy) describes the phase independent terms. The 

symbols, 

J x,y 

represent the action-angle variables; e, the machine circumferential 

angle, ;s the independent variable. The phase factors 

describe the strong focussing modulation of the betatron phases (i.e. 

how the betatron phases depart from a 1 inear function of the indepen-

dent variable e). Since they are not relevant to this discussion, we 

will assume them to be zero at the sextupole locations. They are taken 

into account when numerically computing the driving term of a resonance. 

6 
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The actions J satisfy Hamilton's equations x,y 

J aH rh J ~/2J B/2sin (r0 + S0y- k9) = - - = x a0x k x y x 
( 2) 

Jy 
aH shkJ ~/2J B/2sin (r0 +s0 -k9) = afy x y x y 

The dot denotes differentiation with respect to 9; for a given 

resonance defined by a set of integers ~, B, r, s, we use the simpler 

symbol 

The phases 0x and 0y may be written, in first approximation, 

aux au 
f E:: [ux(JXR,JyR) + a:J"(Jx - J ) + .:....:..y(J - JyR ) ]9 x xR aJy y x (3) 

auy au 
fyE:: [ux(JXR,JyR) - J ) + ----Y( J - JyR ) ]9 + aJ (J x xR aJy y x 

where ux and uy satisfy the resonant condition 

ru + Su = K 
x Y (4) 

for some reference amplitudes JxR,JyRo 
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After substituting Eq. (3) into Eq. (2). the latter becomes 

J = x 
rh J 0./2 J 6/2 

k x y sin lit 

( 5) 

J = y 
sh J 0./2 J 6/2 

k x y sin lit 

with 

Let's define 

aux ----:;:...1.'_.':/ and of J are neglected. 
aJx•y x.y 

where higher derivatives of 

auv 2 au,:/] 12 6/2 
rs ~ + s aJ . hkJ; Jy sin lit (6) 

x Y 

Let's define 

[ 
2 au au· au 2 au ] 

~ = r aJ
x 

+ rs aJ
x 

+ rs ~ + s ~ 
x y x y 

(1) 

Eqs. (6) may be recognized as the ·pendulum equation· 

I = ~hsin " 
( 8) 

" = I 
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Eqs. (8) are e-independent in one canonical pair and hence have a first 

integral. They are used solely to provide an estimate of the "island 

width". The width of the island created by the resonance is: 

(9) 

which reduces to the well known formula (Refs. 8 and 9) for the width 

of the action variable in the one dimensional case. 

~ )

1/2 

oJx,y= 4 au ~aJ 
x,y x,y 

Consider now two resonances defined by 

rux + sUy= K1 

rux+ sUy= K2 

(10) 

(11 ) 

K1 and K2 are spaced by the superperiodicity of the accelerator; in 

TRISTAN the superperiodicity is 4. The overlapping condition is satis-

fied when: 

( 12) 

In somewhat simplified terms, overlapping occurs when the tune shifts, 

as the particle moves through the island defined by Eq. (9), becomes so 

large that the particle can jump to the next resonant condition 

9 



and so on. The rate of growth can be very fast, of the order of a few 

turns for the dynamic situation prevalent in electron accelerators. It 

has· been pointed out in Ref. 8 (J. Tennyson) that the rigorous deriva

tion and the computer studies (Refs. 7 and 11) indicate that the overlap 

condition is somewhat more stringent by a factor 2/~. With this factor 

included the overlap criterion becomes: 

( 13) 

In what follows, the symbol F is used for the expression (Ah)1/2. 

5. VERIFICATION OF OVERLAP CRITERION WITH TRACKING STUDIES 

The tracking program PATRICIA computes the tunes by Fourier 

analyzing the amplitude. at a given location in the ring. Predictions 

of the tune versus ampl i tude are made by the program HARMON, based on 

the second order effects of the sextupoles (Ref. 3). 

Fig. 6 plots the tune versus the square of the injected betatron 

ampl itudes (expressed in number of rms beam sizes N = N = a aX 

N ). The discrepancy between HARMON and tracking becomes large when ay 

the particle approaches the stability limit N2 = 81. This observa-
a 

tion suggests that the next higher order of sextupole (octupole) is not 

sufficient to predict the tune variation with amplitude for amplitudes 

which are close to the stability limit, and that even higher order 

effects should be included. This is a daunting task, and we do not 

attempt it here. 

In order to calculate explicitly the value of the function 

F = (Ah)l12, defined in the previous section, for amplitudes which 

are close to the stability limit, we compute the partial derivatives 

10 



av lac as close as possible to this limit. The tunes are com-x,y x,y 

puted for small variations of the injected emittances. In the example 

which follows, the horizontal and vertical injected amplitudes where 

changed from N ,N = B.B to 9.0. 
oX oy 

The computed results are the 

following (the numbers in brackets are the values predicted by HARMON): 

av lac = -x x 13200 ± 2065 m-1 (-133) 

av lac = -x y 13200 ± 4130 m-1 (-5382) (14) 

aVy/acx= - 9915 ± 2065 m -1 (-5382) 

av lac = -
Y Y 

3305 ± 3305 m -1 ( -1793) 

The uncerta i nty in the va 1 ues refl ects the uncerta i nty. &v. of meas

-3 uring the tune over BOO turns (&v = 1.2 x 10 ). 

We have tested the validity of the overlap criterion 

F = (Ah}1/2 = constant at threshold 

by proportionally varying the strength of all the sextupoles and by 

computing the value of F close to the stability limit. If the overlap 

criterion applies, F should be constant as a function ~f the sextupole 

strength. 

Tracking only the on-momentum particle, we have varied the strength 

of all the sextupo1es by the same factor S. S = 1 is the reference 

value of the sextupo1es for the chromaticity correction scheme adopted 

in this study. Since we do not know what particular resonances are 
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primarily responsible for the stochastic growth, we verify the con-

stancy of the function F at the stability limit for the main 3rd inte-

ger sextupole coupling resonance 2uy + Ux = K and for the 4th inte

ger resonance 2uy + 2ux = K, driven by the second order effect of 

the sextupoles. Since we are only interested in the constancy of F and 

not in its actual value, we assume hk = 1 when S = 1. Table I shows 

the value of the function F for the resonance 2uy + Ux = K. The 

first four lines refer to the case where the horizontal-vertical aspect 

ratio is kept constant ( N - N ) 
oX - oy' In the last two lines, the 

aspect ratio was varied by a factor of 4. 

Table I 

Values of the function F = P"h)ll2 at the stability limit for the 
resonance Ux + 2uy = K as a function of the factor S multiplying 
the strength of all the sextupoles. 

N 
oX 

12.0 

9.0 

6.0 

4.4 

6.0 

11.0 

N oy 

12.0 

9.0 

6.0 

4.4 

6.0 

5.5 

N IN 
oX oy 

1.0 

1.0 

1.0 

1.0 

0.5 

2.0 

S 

0.75 

1.00 

1.50 

2.00 

1.00 

1.00 

12 

F 

(3.95 ± 0.46) X 10-2 

(3.60 ± 0.35) x 10-2 

(3. 13 ± 0.23) x 10-2 

(3.36 ± 0.11 ) x 10-2 

(3.60 ± 0.12) x 10-2 

(4.06 ± 0.12) x 10-2 



The computer results confirm that the threshold condition expressed 

by Eq. (17) is satisfied with good approximation. 

The same analysis for the 4-th integer resonance 2ux + 2uy = K, 

driven by the second order effect of the sextupoles, gives the resul~s 

of Table II. 

Table II 

Values of the function F = (Ah)1/2 at the stability limit for the resonance 
2ux + 2uy = K as a function of the factor S multiplying the strength 
all the sextupo1es. 

Nax Nay Nax/Nay S F 

12.0 12.0 1.0 0.75 (5.67 ± 0.40) x 10-3 

9.0 9.0 1.0 1.00 (5.27 ± 0.40) x 10-3 

6.0 6.0 1.0 1. 50 (4.46 ± 0.40) x 10-3 

4.4 4.4 1.0 2.00 (4.46 ± 0.40) X 10-3 

6.0 6.0 0.5 1.00 (4.05 ± 0.40) X 10-3 

11.0 5.5 2.0 1.00 (5.27 ± 0.40) X 10-3 

The nearly constant value of F is not surprising: the scaling law 

discussed in the next paragraph shows that the stochastic criterion 

app1 ied to the lowest order sextupole resonance u + 2u = K leads 
X y 

of 

to a constant value of F also for any resonance driven by the higher <) 

order effects of the sextupo1es. 
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We have observed, finally, that the dynamic aperture ;s very large 

when the motion is restricted to one plane: 23 rms sizes in the hori-

zontal plane. This verifies that the 3-rd integer resonance 3ux = K 

does not, alone, pose a serious threat to the stability of the motion. 

6. SCALING LAWS 

In this Section we derive a scaling law for the maximum stable 

amplitude as a function of the sextupole strength. In order to sim-

plify the formulation and verify the physical consistency of the over-

lap criterion expressed by Eq. (13), we consider a particle with a 

fixed ratio horizontal/vertical emittance. The strength of all the 

sextupoles is varied proportionally to a factor S. The tune shift 

(horizontal and vertical) may be written as a 

00 

h = L ans
2n

c
n 

n=l 
( 15) 

where n is the order of the approximation above the lowest (n = 1 for 

octupole terms, n = 2 for duodecapole, ect.). The emittance term c is 

proport i ona 1 to both the hori zonta 1 and vert i ca 1 emittances. since we 

vary them proportionally. 

The function k of the overlap criterion (Eq. 13) is related to the 

sextupole strength and the emittance by the proportionality 

( 16) 
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The overlap criterion requires that 

(17) 

which implies 

t: ex 1/S2 ( 18) 

for a given machine of periodicity &K. The maximum stable emittances 

are inversely proportional to the square of the sextupole strength. One 

arrives at the same scaling law by considering any resonance driven by 

higher order sextupole approximations. Consider, for instance, the m-th 

order, for which 

(19) 

Eq. (17) becomes 

= constant (20) 

yielding the same scaling law as Eq. (18). The proportionality of the 

maximum stable amplitude to the sextupole strength can be derived directly 

from the differential equation of motion in one dimension or in two dimen-

sions where horizontal and vertical amplitudes vary proportionally 

(Ref. 12). The fact that it can be derived, in a more convoluted way, from 

the overlap criterion, is a check of the physical consistency of the 

constancy of the function F at the stability limit. 
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The nms emittance scales like the square of the energy: 

(21) 

The sextupole strength S scales like the chromaticity, thus the inverse 

of the 6* function. The maximum stable amplitude scales like 

N = (~)1/2~ 1 
d <c> ES 

6* a:: -
E (22) 

Bassetti and Placidi (Ref. 13) have derived a similar fonmula 

based on the maximum ampl itude dependent tune shift observed in com-

puter simulations, and have found it to relate reasonably well with the 

tracking results of several machines (various versions of LEP, TRISTAN, 

HERA). 

7. CONTROL OF THE AMPLITUDE DEPENDENT TUNE SHIFT WITH OCTUPOLES 

The tracking studies and the theoretical model show that the 

amplitude dependent tune shift plays an important role in defin.ing the 

dynamic aperture. If it was possible to reduce the tune variation 

without introducing additional resonances, one may gain additional 

control of the dynamic aperture. 

Octupoles, in principle, should be effective, since they change 

the tune with the emittance according to the equations (Ref. 14): 

2... [6 6 6 2 ] 
IS" = 3R fB II I (e) -:..:£::L. _ 2 de x 24 ... Bp 2 £ Y 4 £ X 

( 23) 

IS" = Y 

2... [6 6 6 2 ] 3RfBfll(e)~ _~ de 
24 ... Bp 2 £x 4 £y 

o 
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The difficulty is that the octupoles themselves generate 4-th integer 

resonances which are more closely spaced in the tune diagram than the 

3-rd integer ones we are trying to neutralize. The key factor in the 

control of the amplitude dependent tune shift is whether a distribution 

of octupo1es can be found which has a suitably large zero-th harmonic 

content to affect aux v/aJx and at the same time does not reduce 
,~ ,y 

the dynamic aperture by the excitation of non-1 inear resonances. For 

instance, our initial attempts to introduce only two families of octu-

poles (6 octupo1es per superperiod) had disastrous effects on the 

dynamic aperture. We soon realized that a more sophisticated approach 

was needed, on the line of the method used in HARMON for the sextupo1e 

correction. The following is a description of the method. 

With reference to the Hamiltonian of the motion in the form given 

by Eq. (1), the driving terms of the 4th integer resonances excited by 

the first order effects of the octupo1es are the following (See, for 

instance, Ref. 10). 

Resonance Terms to be mi nimi zed 

2. 
B'" i[4~x+ ke] h40 = _R_ I B 2 

k40 a.Bp x 4! e de 

2. 
B'" i[4~ + ke] h04 = _R_ [ B 2 -- e y de 

k04 a.sp y 4! 

2u + 2u = K x Y 
22 R [2. 6 1[2~x+ 2~\I+ ke] 

h B B B' , , e ~ de 
K22= a.Bp x y 4! 

17 
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2u - 2u = K x Y 

i [ 2 IV, - 2 IV, + ke] 
BI I Ie x Y 69 

I i[21V, + ke] 
22 2R· 6 

2u
x = K hK20 = 8"Bp . BxBy 4! BI I I e x de 

J i[21P + ke] 22 2R 6 
2uy = K hK02 = 81rBp BxBy 4! B" Ie y de 

0 

The suppress i on of the dri vi ng terms of the resonances for a 11 the 

frequencies K is a nearly impossible goal, given a finite number of 

octupo1e families and the restrictions imposed by a "real" machine. 

The optimization procedure consists, instead, in minimizing the sum 

as over K of the terms hkrs . Since resonance 1 ines which are further 

away from the working point have a smaller effect on the beam, the 

resonance driving terms are weighted according to their distance from 

the working point. The terms to be minimized are 

( 25) 

18 
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After some algebra, and using the fonmula 

00 

L: e
ike 

= 
k = -00 a - k 

• e-ia(- - e) 
sin(a1l') 

The tenms (25) may be written as 

Resonance Tenms to be minimized 

2 211' 

4u = K S40 = RJx J 2 BO 
0 0 1(4(1)! + B -- e x U e) -x 411'u ] 

x de x 40 48sin(411'u ) x Bp 
x 0 

2 211' 

4u = K S04 = RJ~ /62 ~ .i(4(1)! + • 9) - 411'u ] 
Y 04 48sin(411'u ) y Bp Y Y Y de 

Y 0 

UxS+Uye) - (2.u + 211'u )] 
X Y de 

2u - 2u = K 
x Y 

2u = K x 

2u = K 
Y 

S22 = 
20 

1 o 

Uye) - 211'u ] 
y de 

(26) 
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We have added to HARMON a routine to minimize the sum of the moduli of 

the terms given in-Eqs. (26) and to give the desired derivatives of the 

amplitude dependent tune shifts, aUx,y/acx,y' Weighting factors 

specified by the user allow to select the emphasis on certain reso-

nances or on the tune shift derivatives. The routine uses the least 

mean square minimization method. The derivatives of the amplitude 

dependent tune shifts are given for completeness: 

- _R_!B2Blll dS 
32 ... Bp x 

o 

~R,,---JB B BI I IdS 
1 611'Bp x '1 

(27) 

o 

After some searching and optimization, we found a configuration of 12 

octupole families which have the largest dynamic aperture. The loca-

tion of the octupoles, indicated by the symbols SOQ, are shown in 

Fig. 1. The maximum strength of the octupoles is /BI1I1/Bpf = 66 m-3. 

The details of their strengths and locations are given in Appendix III. 

With this configuration of octupoles, which we call -standard-, the tune 

shift derivatives due to the octupoles only were the following 

20 



(28) 

These values must be compared with those induced by the sextupo1es 

only, given in Eq (14), which we were trying to reduce with the 

octupo1es. Their order of magnitude is the same as the octupo1ar 

tune shift due to the sextupo1es for small betatron amplitudes 

(HARMON values). Our attempts to increase the amplitude dependent 

tune shifts further resulted in a dynamic aperture reduction, 

caused by imperfect cancellation of the driving terms of the 4-th 

integer resonances excited by the octupo1e themselves. It is pos-

sible that future machines, if designed with octupo1e correction in 

sight, will allow a greater cancellation of the sextupo1e induced 

tune shifts. 

The tunes versus amplitude with sextupo 1 es and with and without 

octupo1es are shown in Fig. 7. In all cases, the same aspect ratio 

Nax= Nay was assumed. Fig. 7 shows that the combination of sextu

poles and octupo1es reduces the tune shift by a sizable amount compared 

to the sextupo1es only case. 
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The dynamic aperture with octupoles only (no sextupoles) was 

determined for the on-momentum particles. Table III shows the maximum 

stable ampl itudes = as function of the parameter T 

defined as follows: the strength of all the octupoles in the "standard" 

configuration is multiplied by a factor T for each case. Octupoles 

alone in the standard configuration (i.e. the one that gave the largest 

dynamic aperture with the sextupoles included) have large stable ampli-

tudes (N = N = 25). aX ay 

Table III 

Maximum stable amplitudes in units of rms sizes (Nax = Nay = Na) 
as a function of the factor T multiplying the strength of all the octu
poles 

T Na threshold 

1 25 

2 18 

4 12 

It is important to observe that the maximum stable amplitudes scale 

exactly like T-1/2 , as it should if the horizontal and vertical am-

plitudes are scaled proportionally. This property can be derived by 

direct scaling of the differential equation with only linear and octu

pole terms present, (Ref. 12), and also from the overlapping criterion, 

as the following proportionalities show: 

at threshold constant 
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2 h a: T c 

N a:.jC l//F 
o 

(29) 

The dynamic aperture with sextupoles and octupoles is appreciably 

greater than with sextupoles only. This significant finding is shown in 

Fig. 4. The curve shows the maximum stable amplitude as a function of 

the maximum amplitude of the momentum deviation. Synchrotron 

oscillations were included in the computations. 

A few comments are appropriate: 

o The synchrotron oscillation wave number, us' is 0.1. 

Variations of the tunes and B-function with momentum deviation, 

present even when the linear chromaticity has been cancelled, 

introduce satellite resonances which are much more closely 

spaced than the fundamenta 1 ones. Octupo 1 es a re effect i ve in 

reducing the amplitude dependent tune shift and the chances of 

overlapping satellite resonances. 

o The line is broken at N = 11 because the 'lattice is unstable 
o 

for this momentum deviation. 

o Some reservations have been expressed on the lack of 

simp1ecticity of PATRICIA when synchrotron oscillations are 

included in the computation (Ref. 15). We have not 

investigated this aspect. The stability limit for off 

momentum part i c 1 es in absence of synchrotron osc i llat ions (for 

which PATRICIA is symplectic) shows, with octupoles, the same 

kind of improvement in dynamic aperture indicated in Fig. 4. 
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Finally, in Figs. 8, we plot the phase space diagrams of an on-

momentum particle which is stable (Nax = .Nay = 11.75) and of a 

particle which is just unstable (N = N = 11.80). aX ay 

8. ALTERNATIVE WORKING POINTS 

We have computed the betatron amplitude 1 imits with and without 

octupo1es for several working points in the quadrant Vx = 32/33 and 

u y = 38/39. Fig. 9 shows these points in the tune diagram. Table IV 

lists the maximum stable betatron amplitudes for the on momentum 

particle. The sextupo1e and octupo1e strengths are the same in all 

cases. 

Table IV 

Maximum stable betatron amplitude for different working points with and 
without octupo1es. (Nax = Nay = Na)· 

Working Point Na at threshold, Na at threshold, 
Number Vx Vy sextupo1es sextupo1es 
(See Fig. 9) only and octupo1es 

1 32.300 38.745 9.0 11 .75 

2 32.412 38.744 9.0 11 .50 

3 32.564 38.730 9.0 12.00 

4 32.715 38.715 9.0 11 .50 

5 32.564 38.618 8.5 10.00 

6 32.565 38.393 6.5 8.00 
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The Table shows that in all cases the octupoles increase the 

dynamic aperture. Fig.10 shows the location of the working point in 

the region Ux = 30/34, uy = 36/40. 

9. SUMMARY AND CONCLUSIONS 

The tracking results and the stability limits in TRISTAN have been 

analyzed. The dynamic aperture as a function of the sextupole 

strengths scales well with the dynamical model of the overlapping of 

sextupole induced resonances. The theory has been discussed in the 

general case of coupled motion. The scaling law allows the prediction 

of the dynamic aperture as a function of energy and B-function at the 

crossing point. 

The dependence of the tunes with the maximum betatron ampl itudes 

is very critical for the stability of the motion. Analytical studies 

and computer results show that it can be partially controlled with 

octupoles, with a resulting increase in dynamic aperture over a wide 

range of tunes and momentum deviations. This finding provides, in our 

opinion, additional and powerful evidence for an instability mechanism 

based on the overlapping of sextupole induced resonances. 
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Appendix I 

List of Fundamental Symbols 

BUl _ 
Bp -

B I .. 1 
Bp 

integrated strength of a sext~pole. The sextupole field along the 
longitudinal axis is 6B = B"X 12. 

Bp ;s the magnetic rigidity; 1 the sextupole length. 

= integrated strength of an octupole. 

6*x' 6*y = horizontal and vertical 6-functions at the interaction point. 

= horizontal and vertical tunes of the linear machine. 

Ux' uy = horizontal and vertical tunes of the non-linear machine. 

NoX ' Noy ' N = horizontal, vertical amplitudes and momentum deviation in 
op units of rms sizes. 

<c > x,y 

R 

= rms emittances 

= synchrotron oscillation wave number 

= mean accelerator radius 

29 



Appendix II 

Short List of the TRISTAN general parameters 

Nominal energy per beam 

Periodicity number 

Average machine radius 

Bending radius 

Number of normal cells per arc 

Revolution frequency 

Damping times 

Natural energy spread 

Bucket height 

Synchrotron oscillation tune 

Beta functions at colliding point 

in the mini-6 insertion 

30 

E = 30 GeV 

NS = 4 

R = 480.34 m 

p = 246.20 m 

NC = 116 

f rev = 99.33 kHz 

T 
X 

= 2.08 ms 

Ty = 2.08 ms 

T = 1.04 ms 
c 

a IE = 1.64 x 10-3 
c 

&E/E = 1.09 X 10-2 

B* x 

6* y 

= 0.09977 

= 0.8 m 

= 0.5 m 
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Append ix II I 

locations and strengths of the chromaticity correction sextupoles and of the 
octupoles for controll ing the amplitude dependent tunes in one octant of the 
TRISTAN ring. 

Element Strength Distance 'x Bx ~ By X 
Name (B"£/Bp, in m-~~r from p 

B I I I Q/Bp, in m ) Interaction 211' (m) 211' (m) (Dispersion, m) 
,. Point (m) 

OCl -7.9 47.16 .520 9.7 1.039 20.9 0.00 

'. OC2 -8.7 50.69 .564 17 .0 1.076 11 :1 0.00 
OC3 -24.4 54.23 .589 22.1 1.150 6.9 0.00 
OC4 -35.1 61.30 .659 12.5 1.260 21.1 0.00 
OC5 46.3 64.48 .704 16.8 1.296 9.6 0.00 
OC6 -28.0 68.38 .729 21.8 1.370 5.7 0.00 
OC7 46.3 75.45 .800 12.5 1.481 13. 1 0.00 
OC8 -32.0 78.99 .846 16.9 1 .518 11.0 0.00 
OC9 25.6 82.52 .871 22.0 1.592 5.7 0.00 
OCA -15.0 89.60 .940 9.6 1.703 21.1 0.00 
OCB 66.0 93.14 .885 17.7 1.739 11.2 0.00 
OCC -22.3 96.67 1.009 29.8 1 .813 5.8 0.01 
SQ3 1.25 136.82 1.585 15.8 2.285 13. 1 0.55 
SQ1 -0.68 144.21 1.658 27.7 2.408 7.6 0.95 
SD2 0.51 152.39 1 .751 10.0 2.696 24.8 0.59 
SQ2 -0.45 160.33 1.826 25.1 2.589 9.1 0.90 
SQ4 1.16 168.51 1.923 16.0 2.665 14.4 0.59 
SF3 -0.42 176.65 1.998 25.0 2.755 9.3 0.88 
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Fig. 1 

FIGURE CAPTIONS 

Lattice layout of one octant of the TRISTAN ring. The lattice has 

reflection synmetry around the Interaction Point (I.P.) 

Fig. 2 Dependence of horizontal (x) and vertical B-functions. at the 

crossing point on the momentum deviation. 

Fig. 3 Dependence of the horizontal (x) and vertical tunes on the momentum 

deviation. 

Fig. 4 Maximum stable horizontal and vertical betatron amplitudes, measured 

in units of rms sizes, Nox and Noy ' versus the maximum 
amplitude of the momentum oscillations, measured in units of the rms 

deviation, Nap. No stable lattice functions exist at Nop =11. 

Fig. 5 Phase space plots, in normalized coordinates, of the horizontal and 
vertical planes. Each x or y symbol represents one revolution. The 
position and angles are monitored at the Interaction Point. The 

chromaticity sextupoles are the only non-linear elements included in 

the simulation. The dots denote the linear motion of a particle 
having N = N = 10. oX oy 

Top plots: Nox= Noy= 9.0. 
revolutions. 

Bottom plots: Nox= Noy= 9.1. 
values in 148 revolutions. 

The particle is tracked for 800 

The amplitudes grow to large 

Fig. 6 Horizontal and vertical tune shifts as a function of the square of 

the injected betatron amplitudes, N = N = N . o oX oy 

Fig. 7 Horizontal and vertical tune shifts as a function of the square of 

the injected betatron amplitudes, N = N = N . o oX oy 



Fig. 8 Phase space plots. The octupoles increase the stability limits. 

Top plots: 

revolutions. 

N = N = 11. 75. 
aX ay 

The particle is tracked for 800 

Bottom plots: N = N y= 11.80. ax a 
The amplitudes grow to large 

values in 150 revolutions. 

Fig. 9 Tune diagram showing the working points referred to in Table IV. 

Resonance lines up to and including the 6-th order ones are drawn. 

Fig. 10 Tune diagram in a region covering 4 units. 

and including the 6-th order ones are drawn. 
nominal working point vx= 32.20, vy= 38.74. 
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