
Theory of plasma injection into a magnetic fleld 
William Peter and Norman Rostoker 

Depanment of Physics, Uni11ersity of California. Irvine, California 92717 
(Received 8 June 1981; accepted 29 January 1982) 

Analytic and self-consistent solutions for the propagation of a low-beta, large-gyroradius plasma across a 
transverse magnetic field are derived. It is shown that if "';1n? »(M /m)112, the beam can propagate into the 
field by means of an E>e B plasma drift. The cross-field velocity of the plasma in this case is found to be very 
nearly equal to the beam injection velocity u0• The theory is discussed with reference to recent proof-of­
principle experiments on cross-field propagation. 

I. INTRODUCTION 

The objective of the present investigation is to pro­
vide a theoretical basis for the injection of pulsed, 
neutralized ion beams into toroidal fields for the pur­
pose of driving currents1 or of supplementary tokamak 
heating. 2 Cross-field injection experiments can be di­
vided into the following two categories: (i) those in 
which the beam radius R is much greater than an ion 
gyroradius a., and (ii) those in which R!i> a1• Condition 
(i.) is usually applicable to beams injected from plasma 
guns, while condition (ii) is usually applicable to high­
energy neutralized ion beams injected from ion diodes. 
We shall call a plasma beam satisfying the condition R 
»a1 asmall-gyroradius beam; correspondingly, abeam 
for which R!i> a, will be called a large-gyroradius beam. 

In the case that R » a11 the beam can be considered 
as a one-dimensional slab of plasma which is incident 
upon the magnetic field. This is because the space 
charge layers at the beam boundaries are now sepa­
rated by a distance 2R much larger than the character­
istic scale length a1 in the longitudinal ·direction. 
Hence, the resultant polarization electric field EY in the 
transverse direction would give rise to a potential en­
ergy difference Q<P = qEY(2R) across the beam much larg­
er than the initial longitudinal beam particle energy 
tMu~. In this case, we must then require Ey= 0, which 
is the usual boundary condition for the one-dimensional 
case. We have previously studied an equilibrium based 
on a generalization of the Ferraro-Rosenbluth sheath,3 

and a stability analysis of this equilibrium has now been 
completed. 4 Such an investigation is important because 
of the many reported observations of Rayleigh-Taylor 
instabilities in cross-field injection experimentsM. 

We consider only the case of R ::::. a1 in the present study 
so that space charge polarization is induced on the edges 
of a bounded plasma column as it passes through a mag­
netic field. 8 The polarized space charge layers create 
a sell-consistent electric field which makes it possible 
for the plasma to propagate across the field by means of 
an EXB plasma drift (Fig. 1). A few simple relations 
which describe the conditions for this motion to take 
place can be derived. First, the beam must have more 
than sufficient energy to set up the required electric 
field. U the kinetic energy density of the plasma is 
~n0Mu~, we have 

(1) 

where n0 and u0 are the initial density and velocity of the 

plasma. H we further require that the plasma should 
drift across the field lines with its initial forward veloc­
ity u0 , it is seen that 

E,=u0 B/c. (2) 

In this relation, B0 represents a constant magnetic field 
applied in a direction transverse to the beam propaga­
tion, and along the z axis (cf., Fig. 1). Throughout our 
paper we will be assuming a low-beta plasma so that the 
magnetic field due to induced plasma currents will be 
taken to be negligible. Substituting the relation for the 
electric field EY from Eq. (2) into Eq. (1) we obtain 

(3) 

where w~1 is the ion plasma frequency and U1 is the ion 
gyrofrequency. Equation (3) is often written in terms 
of the plasma dielectric constant E: = 1 + w!/U~ as E: » 1. 
It was first derived by Schmidt8 in his study of plasma 
motion across a curved magnetic field. His analysis 
was based on an adiabatic magnetic field gradient, so 
that the guiding center approximation could be used. 
We have obtained more quantitative results• using an 
explicit magnetic field distribution in the adiabatic case. 
In the case we shall be concerned with in this paper, the 
motion is nonadiabatic, so that we must consider the 
more general two-fluid equations. However, the basic 
polarization scheme of the "plasma capacitor" model of 
Schmidt is still applicable. 
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FIG. 1. Schematic drawlng of the po lartzatlon of a bounded 
plasma beam ln a transverse magnetlc fleld B.. The resultant 
electrlc field E., allows the beam to propagate through tile mag­
netic field by means of an EXB plasma drlt. 
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In this scheme, shown in Fig. 1, the incident plasma 
particles are deflected by the magnetic field. The elec­
trons are shifted upward by a distance y., and the ions 
are shifted downward by a distance y 1 « y.. The result­
ing charge layers have a width l\y= y.-y 1 which,ingen­
eral, is a function of the longitudinal distance x. Far 
from the x = 0 plane, we can treat the charge layer con­
figuration as a plasma capacitor with an electric field 

(4) 

A necessary condition for this scheme to be valid is that 
l\y «R. Solving for l\y from Eq. (4), and using Eq. (2), 
we can derive from this inequality a lower limit on the 
beam radius R for our model to be valid 

R »a1h. (5) 

An upper limit can be derived by requiring that the max­
imum potential difference that can develop across the 
beam current should not exceed the initial energy of the 
ions. 9 Hence, qE,,(2R)<iMu~, or from Eq. (2), 

(6) 

If the beam radius is initially larger than this quantity, 
it is possible that the beam will break up into smaller 
beams which satisfy this relation. 9 

Finally, we shall derive a simple expression for the 
expected plasma velocity through the field by means of 
an energy balance argument. The initial kinetic energy 
of the beam goes into the kinetic energy of motion and 
the energy needed to produce the electric field E,, 

in0Mu~ = inMu~ + E;J811. 

In addition, because the plasma drifts across the field 
we have that u,, = cE/ B0• The continuity equation nu,, 
=nrJ.lo then enables us to write the above relation as a 
quadratic equation in the variable u,,. The only physical 
root of this equation is 

(7) 

A more detailed derivation of Eq. (7) can be derived 
directly from the model equations we shall be present­
ing in Sec. II. Analytic solutions to these equations are 
also derived in this section. In Sec. III we examine the 
validity of the charge-neutral approximation in our mod­
el, and in the last section we discuss our theory with 
respect to recent cross-field injection experiments. 

II. BASIC EQUATIONS 

Assume that at t = 0 plasma is injected from x < 0 
into the applied magnetic field B 0 in the region x > 0. 
The equations of motion for each species are 

~? +(T/V)v1 =~(E+~ v, X,, (8) 

where v / = (u "" u ,,,, 0) is the velocity vector, and j = (e, i) 
is the species index which can denote either electrons 
or ions. In Eqs. (8), E and B represent the usual elec­
tric and magnetic fields, and we shall write m 1 = M and 
m., = m for the mass of the individual species. The con­
tinuity equation is 

(9) 
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All physical variables, such as velocity and density, 
etc., will be taken to be a function of the longitudinal 
space coordinate x and the time t only. In our model 
equations, we shall assume plasma quasi-neutrality3

• 
10 

so that we may set the ion density equal to the particle 
density, n1 =n •. This implies from Eq. (9) that v1,, =v.,,. 
Defining the new variables 

n~n,=n., 

Eqs. (8) and (9) can be written 

an a 
Tt +ax (nu,,)= 0' 

(lOa) 

(lOb) 

(lOc) 

(lla) 

(llb) 

(llc) 

where terms of order m/M (the electron-to-ion mass 
ratio) have been neglected with respect to unity. The 
longitudinal electric field E,, is expressible as 

E,,=-(1/c)u,,B0 , (12) 

which can be obtained directly from Eqs. (8) and (9). The 
corresponding relation for the polarization electric field 
is given as 

E, = 41TnqAy. (13) 

We note that the total time derivative of the charge­
layer thickness l\y is just the relative velocity u,, be­
tween the electrons and ions, hence, 

u, = (~ )Ay. (14) 

Equations (11)-(14) are the basic equations for our mod­
el. They are most easily solved by reformulating them 
in terms of Lagrangian variables. 11 This is equivalent 
to following a particular fluid element whose path is giv-
en by x =x(x0 , t), instead of the usual Eulerian approach 
of balancing conserved fluid quantities in a fixed "con­
trol volume" of space. The parameter x 0 identifies a 
particular fluid element, and is usually chosen to be the 
initial value of x(t) at t = 0. In their Lagrangian form, 
Eqs. (11) can be written in terms of the derivative (d/dt) 
following a fluid element: 

{15a) 

{15b) 

(15c) 

The partial derivative appearing in Eq. (15c) is just the 
Jacobian of the transformation between the independent 
variables x 0 and x. To describe a uniform beam inci­
dent on a region containing a constant magnetic field B. 
= B0 for x > 0, the initial conditions are developed as fol­
lows: For t < - x0/u 0, 

x = x 0 + u0t, u = u0 , n = n0 , 
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- 00 <x0 <0; this describes a uniform beam for x < 0. 
For t = 0, x =x0 , u:r: =u0• We assume that for the incident 
beam uy= 0 so that from Eq. (15a), du/dt = 0. Fort - x/ 
u0 the solution x =x(x0 , t), u:r:=u:r:(x0 , t), Uy =uy(x0 , t) 
satisfies Eqs. (15a) and (15b). 

Combining Eqs. (14) and (15a), we can eliminate the 
velocity uy, and solve for the charge-layer thickness Ay 

in terms of the longitudinal velocity u:r:. The result is 

(16) 

We also take the time derivative of Eq. (15a) and sub­
stituting for du/dt from Eq. (15a), we obtain 

(17) 

where n~ = nln• is the hybrid gyrofrequency. 

The charge layer thickness Ay from Eq. (16) can be 
substituted into the electric field relation Eq. ( 4), to 
give 

82~ + (i +.!!. (( - l))u =!!.. (( -1), 
fir n0 n0 

fix 
u =fir · 

(18) 

The dimensionless quantities r=Oht, u=u,/u0 , x=xlah, 

x0 =x0/aA, andE= 1 +w~1/nj have been introduced. The quan­
tity ah is the hybrid gyroradiusa h = (a1a.)112

• The initial 
conditions for T = -x0 are x = 0, u = 1, and au/aT = 0. 

Equation (18) can be solved for E » 1 by first assum­
ing nln0~ 1. The solution is 

u=l-(l/ E)[1-cos./€(r +x0)) , (19) 

x=(l -1/ E)(r+:X0 ) +(1/E312) sin./€(r+x0), 

n fix 1[ r- _ ] ....2.=-=-=1-- l+cosv((T+x0 ) . 
n ax0 E 

(19) 

Iteration can be carried out by substituting nl n0 = 1+0 
(1/ E) into Eq. (18). Equation (19) is thus the first itera­
tion and the correction term is of order 11 ( 2

• 

In terms of the usual physical variables our solution 
becomes 

(20a) 

and 

x=u0{(t+~)(1 -~)+ (s;zoh sin(v7nh~+~)]}+oC2)· 
(20b) 

The oscillatory behavior of the plasma velocity in Eq. 
{20a) is due to the competing effects of the polarization 
electric and applied magnetic fields. The frequency of 
the oscillations, ./€oh, is just the electron plasma fre­
quency wP• for E » 1. Note that our solutions are well­
behaved even for small values of E[~(M/m)1 ' 2] although 
the charge-neutral approximation we have assumed is 
not valid in this parameter range (see Sec. Ill). For a 
value of E equal to unity (i.e., a plasma of very low den­
sity), the resulting charge is unable to generate an elec­
tric field sufficient to allow propagation. The plasma 
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stops on a scale length equal to the hybrid gyroradius ah 
(as expected from previous results3

•
4

) and returns to the 
injection plane. Because the limit E -1 does not satisfy 
the assumption of local charge neutrality, we must ex­
ercise care in the strict interpretation of this result. 

The analytic solution of Eq. (20a) agrees with the sim­
ple back-of-the-envelope calculation for the mean plas­
ma velocity u:r: presented in the Introduction. Averaging 
out the fast time oscillations in Eq. (20a), we obtain 

(21) 

for the mean plasma velocity iix. This relation is iden­
tical to Eq. (7), which was derived by the simple energy 
balance argument discussed earlier. 

We shall now discuss the limit when the plasma di­
electric constant E is much larger than unity. In this 
case, it can be seen from Eq. (20a) that the plasma will 
traverse the field with a velocity very nearly equal to 
its injection velocity u0• A steady-state model for 
cross-field propagation has been discussed by Sinelnikov 
and Rutkevich, 12 who obtained a solution to their model 
equations by assuming that the velocity of the plasma 
through the field did not differ significantly from its in­
jection value u0 • We shall show that our solution reduces 
to theirs in the limit of large E. In this limit, Eq. (20b) 
becomes 

x""-u0(t+x/u0). 

Substituting this into Eq. (20a) for the time t, we obtain 
a relation between the velocity u:r: and the distance x, 

ux=u0{1-{1/ t:)[l -cos./€(x/a,.]}, (22) 

which is just the steady-state solution derived by Sinel­
nikov and Rutkevich in the so-called "slow-deceleration 
approximation." 

This solution is plotted in Fig. 2. It should be noted 
that the solution of Eq. (18) on which Eq. (22) is based 
is only valid for E » 1. In the next section we shall see 
that there is a further restriction to E»(M/m)1

'
2 so that 

the large oscillations for E = 10 and the nonpropagation 
for € = 1 are outside the domain of validity of the model. 

Finally, we shall discuss the effects of collisions in 
our model. Because it is apparent that the oscillatory 

~ 0 .6 
....... .. 
::I 0.4 

0 .2 

0 .0 ....____.___. __ __._ __ ......._ __ ....._ _ __. 
0 2 4 6 8 10 

x/ah 

FIG. 2. Plots of longitudinal velocltyu/u0 versus dlstance :xi 
a,, into the field for three different values of the plasma dielec­
tric constant e. 
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behavior of the plasma cannot sustain itself indefinitely, 
we can take into account the expected damping of these 
oscillations by introducing a collisional term in our 
equations. This has been done4 by using the Langevin 
description for the collision frequency, so that a term 
proportional to v(v 1 -v,) is added to Eqs. (8). The re­
sult is that the pla.sma oscillations damp out after a few 
hybrid gyroperiods, and the motion of the plasma is 
steady E>CB drift motion with a velocity u" given by Eq. 
(21). The equations can be solved analytically, and the 
details can be found elsewhere. 4 

Ill. VALIDITY OF CHARGE-NEUTRAL 
APPROXIMATION 

We will now consider the validity of the charge-neu­
tral approximation in our model. From Poisson's 
equation, the net fractional charge density in the plasma 
is given by 

n1 -n, =-1_ aEx 
n0 41Tn0q ax • 

From the relation Ex= -(l/ c)u)10 in Eq. (12), this ex­
pression can be written 

n,-n,=-~~ 
no 41Tn0qc 8x • 

We consider the solution to our model equations in the 
steady-state Eulerian representation for £ » 1. Then, 
the velocity uy(x, t) can be expressed as a function of the 
coordinate x only, and is independent of the time t. 
From Eq. (llb) we can write 

n1 -n, = -~ (l -cE/Bo\. 
n0 w~1 u" / 

(23) 

In the steady-state, the density is given by the continuity 
equation n(x) =nrJ.'/ ux{x). From this relation we can 
solve for the electric field EY using Eqs. (13) and (16). 
Equation (23) then becomes 

n 1 - n, _ n: (l w;1 u0(u0 -u")) 
---:-T ---2 -2 - • 

no W~ 1 fi1 Ux 

We are considering the parameter range where £ >> 1, 
which describes relatively undisturbed plasma motion 
across the magnetic field. Using Eq. (22) we can then 
expand the expression (u0 -u")l u" in powers of (1/ £), 
keeping terms to first order. The result is 

n, -n, =-# (1-~ (1-cos.fi ~)] . 
n0 w~ 1 £U1 \ ah 

Taking the mean value of this expression, we can av­
erage out the fast spatial oscillations to obtain 

on = _ n~ (i _ w:,\ (24) 
n0 w:1 £0~)' 

where on= (n1 -n,). The assumption of charge neutrality 
requires the condition 

1 on! n0 I « 1 , 

and from Eq. (24) we can write this inequality as 

(O!/ w;1) ( 1 - w!/ £0~ « 1. 

If we use the definition £ = 1 + w:/n:, this relation sim-
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plifies to 

(l/(2)(M/ m) « 1. 

Hence, the necessary condition for charge-neutrality in 
our model is 

£ » (M/ m)112 • (25) 

If this condition is not satisfied, we expect longitudinal 
space-charge polarization effects to be do!llinant. We 
shall discuss this condition in relation to current exper­
iments on cross-field injection in Sec. IV. Space charge 
effects in the transverse y direction have been discussed 
elsewhere.4 This was done by solving for the surface 
charge density a and iterating our solution by recalcu­
lating the resultant electric fields. In this case, by re­
quiring plasma quasi-neutrality , we can rederive the 
condition obtained in Eq. (5) by more pedestrian means. 
This is another example of the similarity in results be­
tween the formal and informal methods of approach, and 
can be understood with a simple example. If the charge 
layer thickness ay is not small with respect to the beam 
radius R, there will exist finite regions (in each charge 
layer) containing an imbalance of charge. Within those 
regions, therefore, the assumption of plasma quasi­
neutrality breaks down. 

IV. DISCUSSION 

In Table I, the results of a few recent large-gyro radius 
experiments in order of increasing dielectric constant £ 

are detailed. The first entry, a neutralized ion beam 
experiment by Wessel and Robertson,13 studied plasma 
injection into a toroidal magnetic field. The value of £ 

in this case was measured to be between 25 and 50. Ac -
cording to the theory we have just presented, the plasma 
cannot remain quasi-neutral unless € » (M/ m)1

'
2 =43. A 

region of positive space charge is expected to form that 
will reflect the beam. In the Wessel and Robertson ex­
periment, where this condition was not satisfied , the 
ions were seen to separate from the electrons, produc­
ing a positive space-charge region near the field boun­
dary. Such a longitudinal separation of charge is in ac­
cordance with the non-neutral behavior expected for £ 

TABLE I. Results and parameters of some large-gyroradlus 
eXperiments. Unless otherwise noted, the data are taken at 
2 kG. 

EXperiment Beam type R / a1 € Result 

Wessel and ion beam 1. 5 26 no propagation; 
Robertson boundary layer 
(Refs. 7, 13) formed 

Kamada et al. ion beam 0.1 208 E>CB drift 
(Ref. 14) 

Ishlzuka and ion beam 1.5 300 E>CB drift 
Robertson 
(Ref. 15) 

Wickham and potassium 0. 7 1. 3 x 106 E>CB drift 
Robertson plasma (@750G) 
(Ref. 16) 
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FIG. 3. Schematic drawing of the positive space-charge region 
formed near the toroidal field boundary in the Wessel and 
Robertson experiment.13 Such longitudinal charge separation 
Is expected when the plasma dielectric constant does not sat­
isfy the charge-neutrality condition in Eq. (25). 

< (M/m)1
'

2
• A schematic drawing of the particle orbits 

in and around this space-charge region is given in Fig. 
3. 

A similar experiment (using a linear pyrex tube in­
stead of a tokamak as the vacuum vessel) was conducted 
by Kamada et al.14 In this case, a value of t: ~ 208 was 
found sufficient to allow for cross -field plasma motion 
by means of an E>CB plasma drift. Further experimen­
tal work at the University of California at Irvine using 
a similar drift tube and an improved ion diode was then 
begun, and the results of this experiment, obtained by 
Ishizuka and Robertson, 15 demonstrated E x B plasma 
motion for values of E: ~ 300. A related experiment using 
a potassium plasma source in a Q machine has also been 
reported by Wickham and Robertson.16 In this case the 
plasma motion across the field could be observed visual­
ly. The value of the dielectric constant for this experi­
ment was t: = 1.3x106»(M/m)112

• 

An explanation for the higher threshold t:»(M/ m)1
' 2 

required for cross-field propagation in our study as op­
posed to the adiabatic condition E: » 1 derived by Schmidt 
is that in our case the plasma beam enters the applied 
magnetic field from a region of no field. For the beam 
to propagate, transverse charge separation must occur 
before a virtual anode is formed. The scale length for 
the formation of a virtual anode3 is ah =u/Oh where o: 
=010 0 • The scale length for transverse charge separa­
tion is a/ E: =u/01E:. The condition a 1/E «ah is the same 
as the condition t:»(M/ m)1 12 • 

An important limitation of the present theory is its in­
ability to describe the formation of the polarization 
charge-layers. Indeed, the formation of these charge 
layers was specifically assumed by the use of the rela­
tion, Eq. (13). A more complete theory would necessi-
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tate the consideration of a truly bounded beam with den­
sities and velocities which are functions of both x and y. 
Such a two-dimensional treatment would, of course, be 
difficult to do analytically, but numerical integration or 
particle code simulations may be of some use in this 
case. 

It should be mentioned that because we are considering 
low-beta plasmas only, there also exists an upper limit 
on the values that the dielectric constant t: can have. 
From the relation tl=(u~/c2)t:«l, we have the condition 
that t:«(u~/c2r1 • The parameter range (M/ m)1 ' 2 «E: 
« (u~I c 2r 1 is easily satisfied in modern ion beam exper­
iments. 

Finally, we recall that our theory is good only for 
large-gyroradius beams such that R $ a1• If R »a,, as 
it is in experiments involving plasma guns,5-

7 cross­
field propagation probably takes place because of a Ray­
leigh-Taylor instability. The measurements of electric 
polarization and plasma transport across a magnetic 
field in this case are not very reproducible. This is 
physically different from the case R $ a1 and will be 
treated in a different publication. 

In conclusion, the experimental data for the large­
gyroradius , cross-field injection experiments support 
the theoretical model developed here for E MB drift 
motion across field lines. The necessary condition for 
this propagation to take place is given by E: » (M/m)1 t 2• 

If this condition is not satisfied, longitudinal space­
charge effects dominate. As mentioned, such non-neu­
tral effects were seen in the Wessel and Robertson ion 
beam experiment at the University of California at Irv­
ine. To ensure propagation of the plasma, shorting of 
the polarization electric field17

•
18 in the experiments 

must be carefully avoided. 
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