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ABSTRACT OF THE DISSERTATION
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by
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Doctor of Philosophy in Mechanical Engineering
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Professor Gregory P. Carman, Chair

Strain-mediated magneto-electric materials, also known as magneto-electro-elastic materials,
have received tremendous attention due to their potential in realizing electric-field control of
magnetism. More importantly, novel wave propagating behavior can be found in such materials,
which involves coupling between elastodynamics and electrodynamics. Yet little work has been
done on numerical simulations that allow us to look into the wave phenomena in these materials.
This dissertation is devoted to the development and validation of finite element methods that are
capable of handling this coupling, with an emphasis on the acoustically-driven electromagnetic
radiation from piezoelectrics and piezomagnetic media.
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Chapter 1 Introduction
1.1 Background
1.1.1 Basic Principles of Multiferroics
The past few years have seen an ever-increasing interest in multiferroic materials because of
their great potential in long-term technical applications in memories, antennas, sensors and
transducers. By definition, there are at least two ferroic orders (ferroelectric, ferromagnetic, or
ferroelastic) coexisting in multiferroic materials. Specifically, the magnetoelectric (ME) response
in a multiferroic refers to an induction of an electric polarization P by applying a magnetic ﬁeld
(direct ME effect) or the appearance of a magnetization by an electric ﬁeld (converse ME effect)
[Nan, 08]. Even though a single-phase multiferroic with a strong magnetoelectric coupling at
room temperature is very desirable, so far it has not been found yet. According to Ref. [Martin,
08], ferroelectrics are supposed to be insulators, whereas itinerant ferromagnets need conduction
electrons. There is a seemingly inevitable contradiction between the general mechanism of
forming a ferroelectric and the necessary condition which allows the occurrence of magnetic
order in the materials. However, there are some single-phase materials showing very weak ME
effect at low temperatures such as Cr2O3 and BiMnO3 [Eerenstein, 06]. BiFeO3 has been
attracting great attentions as a room-temperature multiferroic material because controllable ME
coupling was demonstrated, as will be shown later in this report [Zhao, 06].
For single-phase multiferroics, a good understanding of ME coupling can be obtained by
writing the free energy F of the system with regards to the applied magnetic field H and electric
field E [Eerenstein, 06]:
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 ijk
1
1
 F (E, H)   0 ij Ei E j  0 ij H i H j   ij Ei H j 
Ei H j H k 
H i E j Ek  ...
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2
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where the permittivity of free space is ε0, and the relative permittivity εij is a second-rank tensor,
and the second term is the magnetic equivalent of the ﬁrst term, with μij and μ0 to be the relative
permeability and the permeability of free space, αij, βijk and γijk are all ME coupling coefficients
of different orders. The descriptions of ME effects are then derived by differentiating F in terms
of Ei (Hi) and setting Ei =0 (Hi=0)
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1.1.2 Magnetoelectric Composites: Thin films and Nanostructures
Due to the scarcity of single-phase multiferroic materials, an alternative path to engineering
an enhanced ME effect is therefore to design multiferroic composites that is more flexible and
permits independent optimization for each phase. By combining different piezoelectric and
magnetostrictive (piezomagnetic) materials, large ME responses have been achieved via indirect
coupling such as strain-mediated coupling and charge-mediated coupling [Wang, 10]. Strain
coupling requires intimate contact between a piezoelectric material and a piezomagnetic material
(shown in Fig.1.1), which leads to remarkable ME effects by the cross interactions between
different orderings of the two phases. When a multiferroic composite is placed in a magnetic
field, the magnetic phase changes its shape magnetostrictively, producing strain that is
transferred to the piezoelectric phase and generating an electric polarization [Suchtelen, 72].
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(a)

(b)

Figure 1.1 (a) Direct ME effect: an in-plane magnetic field (H) induces strain in the magnetic component by
means of magnetostriction, which is coupled to the piezoelectric component and generate the electric polarization. (b)
Converse ME effect: an out-of-plane electric field (E) induces strain in the piezoelectric component due to the
inverse piezoelectric effect, leading to magnetization changes via the piezomagnetic effect [Wang, 10].

With respect to laminate magnetoelectric composites, many material systems have been
investigated. For instance, Pb(Zr,Ti)O3 (PZT) or Pb(Mg0.33Nb0.67)O3–PbTiO3 (PMN-PT) as the
ferroelectric phase and TbDyFe2 (Terfenol-D), NiFe2O4 (NFO), CoFe2O4 (CFO), Ni0.8Zn0.2Fe2O4,
La0.7Sr0.3MnO3, La0.7Ca0.3MnO3 as the ferromagnetic phase. Among all these systems, the
highest magnetoelectric voltage coefficient achieved reaches ΔE/ΔH=4680 mVcm-1Oe-1 [Martin,
08]. To achieve enhanced coupling, nanostructured multiferroics have been explored ever since a
decade ago, when Zheng et al. first reported on the successful coupling between ferroelectric and
magnetic order parameters in a nanostructured BaTiO3-CoFe2O4 ferroelectromagnet [Zheng, 04].
This vertically-aligned nanostructure with self-assembled hexagonal arrays of CoFe2O4
nanopillars embedded in a BaTiO3 matrix was formed by pulsed laser deposition (PLD) on a
conductive lattice-matched SrRuO3 substrate, showing a strong strain-mediated coupling
between the two phases because of a high interface-to-volume ratio. Recently, BaTiO3-CoFe2O4
nano-composite thin ﬁlms have been fabricated by a sol-gel process via phase separation and
heterogeneous nucleation, which shows strong coupling due to the small substrate clamping, and
3

the large areal distribution of intimate heteroepitaxial interfaces between the two phases [Liu, 10].
Our group successfully demonstrated for the first time in a Ni-PMN/PT nano-composite thinfilm multiferroic, an electric-field can induce magnetic anisotropy in the Ni nanocrystals which
exhibit superparamagnetism at room temperature without applied stress [Kim, 13]. On the other
hand, an array of ME nano-islands have also been modeled theoretically that facilitates a large
voltage-driven perpendicular magnetic domain switching, which is difficult to achieve in layered
films clamped by substrates [Hu, 13]. Despite the simplicity of self-assembly process, there exist
some drawbacks. Most importantly, the self-assembled nanostructures will form with irregular
shapes and the ordering deteriorates with extended areas. This strongly hinders their applications
to multi-functional devices. To overcome this problem, nickel ferrites (NFO) nano-dots were
epitaxially grown on a patterned stencil mask with ordered circular apertures and embedded in an
ultrathin PZT film [Vrejoiu, 11].
1.1.3 Deterministic Control of Ferromagnetic Switching in Multiferroic Materials
Multiferroic materials receive so much attention largely because they make magnetization
manipulation using electric field possible, which is directly associated with applications in ultralow power memories. Zhao reported the first observation of electrical control of
antiferromagnetic domain structure in BiFeO3 which as stated above, is a single-phase
multiferroic [Zhao, 06]. From Fig.1.2, we can clearly see that the PEEM (photo-excited electron
microscopy) images from the same area follow the changes in the PFM (piezoelectric force
microscopy) in the region where ferroelectric switching takes place. In other words, the PEEM
contrast reverses either from bright to dark or from dark to bright, identifying that the
antiferromagnetic domains are switching with ferroelectric domains.

4

Figure 1.2. PEEM and in-plane PFM images of the same area of a BiFeO3 ﬁlm before and after electrical poling. a, b,
PEEM images before (a) and after (b) poling. The arrows show the X-ray polarization direction during the
measurements. c, d, In-plane PFM images before (c) and after (d) poling. The arrows show the direction of the inplane component of ferroelectric polarization. Regions 1 and 2 (marked with green and red circles, respectively)
correspond to 109◦ ferroelectric switching, whereas 3 (black and yellow circles) and 4 (white circles) correspond to
71◦and 180◦ switching, respectively. In regions 1 and 2 the PEEM contrast reverses after electrical poling [Zhao, 06].

On strain-mediated magnetoelectric composites with one non-magnetic ferroelectric phase
and one ferromagnetic phase, much work has also been done. Our group has carried out in-depth
research on this topic. Chung et al. [Chung, 08] showed that in a bilayer thin film Ni/PZT
heterostructure, the in-plane strain generated by an applied out-of-plane electric field of
7.8MV/m on the PZT component was coupled to Ni, whose stripe-domain patterns were
consequently altered. Upon removal of the electric field, the magnetic domain patterns switched
back to their initial configuration. The whole process is presented in Fig.1.3.
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Figure 1.3. Electrical control of magnetic stripe-domain patterns in thin ﬁlm Ni/PZT. MFM images were taken at (a)
0 V, (b) 10 V, and (c) 0 V [Chung, 08].

Further, the author fabricated a similar thin-film structure with a single-domain Ni nano-bar on
top of PZT and investigated the domain pattern evolution in the bar. As can be seen from Fig.1.4,
the magnetic single domain in Ni is altered from an initial single-domain state to a transitional Sshape domain state when an electric field of 1.2MV/m is applied to PZT. When the field is
removed, the single-domain reverts to its previous domain configuration. It was then concluded
that a change of spin structure in the single domain is caused by negative magnetostriction
[Chung, 09]. Hockel et al. examined experimentally the behavior of a 2000 nm Ni ring’s
magnetization under different electric ﬁeld/strain conditions, the results being shown in Fig.5
[Hockel, 12]. Fig. 1.5(a) shows an MFM image after applying and releasing a saturating
magnetic ﬁeld of 5 kOe along the y axis. Fig. 5(b) shows an MFM image with 0.8 MV/m applied
to the substrate where the onion state rotates 45° counter-clockwise toward the easy axis. Fig. 5(c)
shows that the magnetization remains in the same direction as the case shown in Fig. 5(b) after
the electric ﬁeld is removed, due to the fact that the easy axis has not been changed. As a result, a
voltage is not necessary to maintain the magnetization direction since there is not a driving
energy to reorient the vortex domain walls. Based on this argument, the magnetization
orientation is expected to have the same configuration even though a de-poling electric field is
6

applied, which is confirmed in Fig.5 (d). In order that a reorientation takes place, a partially
poled piezoelectric substrate can be used to bias the remnant strain and create an easy axis with a
pulsed electric field [Wu, 11].

Figure 1.4. MFM images showing electrical control of magnetic single-domain evolution in Ni nanobars [Chung, 09]

Figure 1.5. Magnetic force microscopy (MFM) images of a 2000 nm ring structure under different strain states
[Hockel, 12]

1.1.4 Theoretical Analyses on Multiferroic Switching in Nanostructures
In theory, various models have been built up to describe the behavior of magnetization
changes under different perturbations, e.g. applied stress or magnetic field. Among them, the
Stoner-Wohlfarth (SW) model is the simplest one that is sufficient to describe the physics of tiny
ferromagnets containing single domain. This model neglects all multi-domain related effects
such as domain wall pinning and de-pinning, non-uniformities or inhomogeneities. In reality, a
single domain occurs when the size of the grain is smaller than some critical length and contains
7

about 1012-1018 atoms. In ferromagnetic transition metals like Co and Ni, the characteristic size is
generally within a few 100 nm range. At T=0K a grain carrying a single moment is an ellipsoidshaped object and possesses a uniaxial anisotropy. According to this model, the angle between
the orientation of the magnetization and the easy axis is determined by the total magnetic energy
that sums up the exchange interaction energy, magnetocrystalline anisotropy energy, Zeeman
energy, stray field energy and magnetoelastic coupling energy, which satisfies the minimum
energy condition. Despite its success in describing the magnetization behavior of a singledomain ferromagnet, the SW model cannot be used in multi-domain materials which possess
domain walls whose size is controlled by non-uniform exchange interactions [Tannous, 08].
To model the realistic multi-domain structure and dynamic time-dependent electric-fieldinduced magnetic domain switching process, Hu employed the phase field method by taking into
account the spatially varying distributions of polarization and magnetization fields. In [Hu, 11], a
simple bilayer multiferroic heterostructure is modeled with a ferromagnetic film on top of its
attached ferroelectric layer, to which a transverse electric field is applied to generate in-plane
strains. As stated in the paper, the magnetic domain structure is described by the local
magnetization vectors M  M s m  M s (m1 , m2 , m3 ) where Ms and mi (i=1,2,3) denote the
saturation magnetization and the direction cosine, respectively. The temporal evolution of the
magnetization configuration is governed by the Landau-Lifshiz-Gilbert (LLG) equation:

(1   2 )


M
  0M  H eff  0 M  (M  H eff ) ……………………. (1.1)
t
Ms

where γ0 and α are the gyromagnetic ratio and the damping constant, respectively, and Heff is
defined as H eff  (1/ 0 M s )(Ftot / m) . Ftot is the summation of 4 different energy terms, i.e.
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ij
kl
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where Fmc, Fms, Fex, Fela are magnetocrystalline anisotropy energy, stray field energy, exchange
interaction energy and elastic energy, respectively. K1 and K2 are the anisotropy constants, Hd is
the demagnetization field originating from long-range magnetization interaction in the system, A
is the exchange stiffness constant, cijkl and eij are the elastic strain tensor and the elastic strain.
Apart from the 4 energy terms mentioned above, if the effects of stress are taken into
consideration in the micromagnetic model, the magnetoelastic coupling energy should also be
included in the total energy, which in the case of uniaxial stresses can be written as
3
Eme   100 (12 12   22 22   32 32 )  3111  (1 2 1 2   2 3 2 3  1 3 1 3 ) ……… (1.3)
2

where λ100 and λ111 are the magnetostriction coefficients of the materials along <100> and <111>
directions, respectively. α1, α2 and α3 are the direction cosines of the magnetization M, whereas γ1,
γ2 and γ3 are the direction cosines of the uniaxial stress axis with respect to the crystal axes [Zhu,
11]. In a more recent paper, Hu et al. [Hu, 13] took into account the ferroelectric domain
switching and the interaction between the two phases in a previously-mentioned nano-island
structure. He concluded that the voltage-driven magnetization switching is governed by the
geometric size of the ferromagnetic layer, the ferroelastic domain pattern of the ferroelectric
layer and the dynamic electromechanical strains imposed on the structure. The electromechanical
9

strain is further governed by the size of the ferroelectric nanostructure. On the one hand, a too
small ferroelectric structure tends to enhance the in-plane magnetostatic and electrostatic energy,
making the domain states very resistant to the applied strain. On the other hand, if the ferroeletric
layer is too large, the strong substrate clamping would prohibit large in-plane electromecanical
strain changes.

1.2 Multiferroic Materials in Microwave Applications
1.2.1 Magnetoelectric Coupling in Microwave Frequencies
Apart from their tremendous potential in miniaturized magnetic devices such as memories
and oscillators, multiferroic materials might also bring revolutionary changes to other areas, for
example, microwave engineering. In order that multiferroics can play a role in novel microwave
devices, we first need to examine whether the magnetoelectric coupling is still available in the
range of microwave frequencies. According to [Dong, 03], a large saturation magnetostriction
constant (λs) and a high permeability (μ) are requisites for achieving strong ME coupling.
Therefore, metallic magnetic film/PZT multiferroic composites is a good candidate, such as
FeGaB/PZT, in which FeGaB exhibits a large λs of 70 με, a low saturation magnetic field of ~20
Oe and a narrow FMR linewidth of 15 Oe at 10 GHz [Pettiford, 08]. By measuring the
permeability spectra of the FeGaB/PZT, it is shown that a shift in FMR frequency of 110 MHz
can be obtained at 2.3GHz and a fixed magnetostatic bias of 35 Oe. Theoretical calculation also
indicates a large tunable FMR frequency range of 650 MHz at 2.5 GHz is possible when a
moderate electric field of 800 V/mm is applied across the ferroelectric layer, the tunability being
28%. From the theoretical perspective, a phenomenological model was first put forward by
Bichurin [Bichurin, 03] to treat the ME coupling at microwave frequencies. Assuming the
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electric field is directed along the poling axis which coincides with the [111] axis of the
magnetostrictive phase, the normal stress along the poling axis can be written as:
 2 pc e

E3  p 13 p31  e33 
 c11  c12

m
……………. (1.4)
T33 
m 2
m
m
 p

c13
c44
 1
1 p  m  m
 c  2 p

  3 c44 3( c11  2 m c12 )  33
( c11  p c12 ) 

where Tij is the stress tensor, eij is the piezoelectric coefficient, cij is the stiffness tensor, Ei is the
electric field component in the xi-axis, mν and pν are the volume fraction of magnetostrictive and
piezoelectric phase, respectively, and the superscript m and p indicate the phase the
corresponding parameter belongs to, i.e. magnetostrictive phase and piezoelectric phase,
respectively. Consequently, the shift of the resonance magnetic field arising from the ME
coupling can be calculated as

 HE 

3111 mT33
 AE3 …………………..……………… (1.5)
Ms

Alternatively, a more general way of dealing with this problem is to consider the magnetoelectric
composite as a macroscopically homogeneous material [Bichurin, 12]. As a result, the influence
of the applied electric field on the magnetic resonance spectrum can be described by adding an
extra term to the thermodynamic potential of the system, i.e.
W   (W0  WME )d 3r   (W0  Bijk Ei M j M k )d 3r …………..…………. (1.6)
V

V

where Bijk is the magnetoelectric coefficient. The resonance field shift resulting from the applied
electric field is thus
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 H E  2M 0 ( B33  B31 ) E ……………..……….………… (1.7)
where M0 is the magnetization of the composite as a whole.
Experimentally, due to their narrow FMR linewidth and low loss at microwave frequencies,
single-crystal ferrites such as YIG which has already been commonly used in microwave devices
are combined with PZT or PMN-PT as multiferroic composites for comprehensive investigations.
The motivation is straightforward: in conventional microwave ferrite devices, a slow, noisy and
high-power magnetic field tuning is often used. Such devices are unlikely to be miniaturized or
integrated with semiconductor processing technologies [Srinivasan, 10]. Nevertheless, electric
field tuning will be rapid, less noisy, requires minimal power and the devices can be miniaturized.

(a)

(b)

Figure 1.6. (a) A microstripline structure used for studies on wide-band microwave ME interactions. (b) Microwave
magnetoelectric effect at 9.3 GHz in bilayers of (111) YIG on GGG and (001) PMN-PT. Data are for bilayers with 1
µm or 110 µm thick YIG films. The static fields E and H are parallel to <111> of YIG and is perpendicular to the
bilayer plane. The shift in the resonance field is shown as a function of E for different YIG film thickness
[Srinivasan, 06].
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As shown in Fig.1.6 (b), the frequency of the resonator was tuned over a considerable frequency
range, by applying an electric field to the PMN-PT layer, with thinner YIG film corresponding to
a larger field shift which is in good agreement with the above theory [Srinivasan, 06]. Based on
this demonstration, a great deal of work has been done on E-field tunable resonators, phase
shifters and even dual tunable devices [Tatarenko, 10].
1.2.2 Dynamic Behavior of Polarizations at Microwave Frequencies
The magnetization process at microwave frequencies is of great interest to researchers in ultrafast physics and related applications. To identify the fundamental time scales of the spin
dynamics, Beaurepaire et al. utilized ultrafast laser pulses to excite the spin rotations in
ferromagnets, based on the idea that ferromagnets demagnetized on a sub-picosecond time scale
generate electromagnetic field according to Maxwell’s equation. By detecting the radiation
information of the spin dynamics can be analyzed [Beaurepaire, 04]. Fig. 1.7 (b) shows the
electric field transmitted upon ultrafast demagnetization of a Ni film. According to Maxwell’s
equations, the emitted electric field propagating in the z-axis direction can be written as
E y (t ) 

0  2 M x
(t  r / c) , in which r is the distance to the dipole. This clearly shows that the
4 2 r t 2

emitted electric field intensity is associated with the second time derivative of the magnetization
Mx. Similar radiation occurs in ferroelectric BFO excited by laser pulses whose energy is larger
than the band-gap of BFO, which is governed by 2 E   0 

2 E
J  2 P


(

) , where E, J, P
t 2
t t 2

are electric field, time-varying current density and polarization, respectively [Rana, 09]. When
the BFO sample is illuminated with laser, the carriers of electric dipoles will be excited that form
photocurrent at the cost of partial destruction of Ps, causing the electromagnetic wave emission
in accord with Maxwell’s equation that is associated with the second time derivative of the
13

polarization. Above all, any methods of causing the polarization or magnetization changes might
be used to transmit signals.

(a)

(b)

Figure 1.7. (a) Schematic diagram of experimental conﬁguration. Inset deﬁnes coordinate axes. (b) The THz
pulse generated upon ultrafast laser heating of 42-Å-thick in-plane magnetized Ni ﬁlm. The smooth line is a
simulation assuming the time-dependent magnetization . Curve (b) convoluted with a Gaussian instrument response
function [Beaurepaire, 04].

1.2.3 Electromagnetic Acoustic Transducers: Interaction between EM Fields and Acoustic
Wave
If we were to engineer multiferroic materials especially strain-mediated magnetoelectric
composites for antenna application, both acoustic wave and EM wave need to be investigated. In
the field of non-destructive testing and evaluations (NDT&E), electromagnetic acoustic
transducers (EMAT) have long been used as an effective tool for detecting and generating
ultrasonic waves which are very sensitive to any defects or cracks in the solids. Even though no
magnetoelectric materials are used in EMAT, it is still beneficial to look into these devices where
interactions between acoustic waves and electromagnetic waves exist. Ribichini et al. [Ribichini,
10] built up a model for the transduction mechanism of magnetostriction. Experimentally
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ferromagnetic materials present highly nonlinear behavior. In order to linearize the problem,
however, the EMAT is usually applied with a small dynamic magnetic field H that is
superimposed on a much larger static bias field H such that H

H . Consequently, there is only

a small oscillation of the magnetic field around the operation point and the linearization turns to
be an appropriate approximation. Furthermore, the piezomagnetic constitutive equations for the
dynamic component can be written as

S  s T dH
H

B  d T  H
T

……………………………………… (1.8)

where s is the compliance matrix, measured when the magnetic field is constant,  is the
H

permeability matrix at constant stress, d is the magneto-mechanical coupling matrix. S and T
are the strain and stress tensor caused by the dynamic field. Alternatively, based on the theory of
electromagneic acoustic transduction, the coupling between the dynamic fields can be expressed
in the following form [Jafari-Shapoorabadi, 05]:

J   E 

u
 B 0 ……………………………………. (1.9)
t

B   ( H  M 0 u)  B MS ………………………………. (1.10)

where J the total current density, E is the electric field intensity, u is the displacement vector,
B 0 is the static magnetic field, BMS  d T is the magnetostrictive field tensor. The transient
T

magnetic field equation can be written in terms of the magnetic vector potential A , which
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satisfies B   A :  ( A)  

A
 J . Additionally the acoustic field equation for the
t

ferromagnetic solids can be stated as:

c u  (c  2c ) u  

2 u
 f body ………………….. (1.11)
t 2

where λc and μc are Lame’s constants, ρ is the material density, and fbody contains the
magnetization forces, Lorentz forces and the magnetostrictive forces. By solving the above 3
coupled equations, the solution can be obtained.
1.2.4 Electromagnetic Wave Propagation in Magnetoelectric Materials
Due to their magnetoelectric coupling, multiferroic materials are likely to have more
complicated characteristics with regards to electromagnetic wave propagation, where acoustic
waves are also present if the magneto-electric interaction is realized by strain mediation. Lanotte
et al [Lanotte, 91] studied the electromagnetic perturbation on acoustic shear wave generated by
magnetostriction. Similar to [Ribichini, 10], a small-signal approximation theory was applied
such that the mathematical formalism linking the electromagnetic and acoustic coupled fields can
be used and a dispersion relation of the unified coupled wave was obtained as:
[  ( / k )2  c44 ][11 0 ( / k )2 1]  (11 0 ) / (d15 / k ) 2 , in which ρ is the mass density of the solid,

ω and k are the angular frequency and the wave number of the wave, 1/dij is the component in the
magneto-mechanical coupling matrix, μij comes from the permeability matrix, and ε0 is the
permittivity in the free space (also inside the piezomagnetic solid). It was found that for Ni,
which has d15  8 106Wb / N , the difference between pure acoustic waves and the acoustic
wave with electromagnetic wave propagating in the same region is only 0.004 m/s that cannot
even be detected since the variation is only 0.001% compared to the pure acoustic wave.
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Recently, Keller et al. [Keller, 13] studied the electromagnetic plane waves in linear
magnetoelectric materials as a generalized 2D eigenvalue problem, with the wave velocity as the
eigenvalue that is related to the material properties. The materials are assumed lossless; the
constitutive parameters are restricted to diagonal permittivity, diagonal permeability and a single
non-zero coupling factor. Fig. 1.8 shows the results of velocity profiles of different modes. We
can clearly see that the velocity surfaces are radically different from the spherical shapes found
in isotropic conventional materials. The velocity profiles of both modes for ξ33 coupling are
symmetric, exhibiting reciprocal behavior, whereas the modes for off-diagonal ξ12 coupling
shows non-reciprocal propagation characteristics.

(a)

(b)
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(c)

(d)

Figure 1.8. Relative phase velocity for (a) the ξ33 coupling, Mode I; (b) the ξ33 coupling, Mode II; (c) the ξ12 coupling,
Mode I; (d) the ξ12 coupling, Mode II.

1.2.5 Progress in Multiferroic Antenna/Sensor
Antennas have long been used for all kinds of wireless communications. Over the years,
they have been miniaturized to accommodate the needs of portability and lower power
consumption. However, even the so-called “ electrically small antenna” is still several tenth the
wavelength of the propagating wave. On the other hand, compromises are usually needed to
achieve the appropriate match between the circuit (50 Ω) and the radiation resistance of the
antenna. Therefore, it is worth trying to design antennas working on a different mechanism.
However, few attempts have been made so far. Weber [Weber, 91] proposed the utilization of
acoustic rather than electrical coupling of energy between a pair of antenna ports and an antenna
that acoustically excites the radiating transducer which constrains the driving point fields to the
volume outside of the transducer. The schematic is shown in Fig. 1.9. If the devices is used as a
transmitter, the electrical circuitry will generate signals and couple these signals to the electrodes
which subsequently excite the thin film piezoelectric resonator resonating at the frequency band
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of interest. Since both of the resonators have the same ground plane, the vibration of Resonator 1
is coupled to Resonator 2, causing the time-varying changes of the polarization in Resonator 2
which induces temporal variation in the conductive radiating element. The acoustic energy in the
resonators is transformed into electrical signals or current flows in the top electrode (with respect
to the ground plane) that radiate electromagnetic wave into the free space. Recently, Miller et al.
[Miller, 11] came up with a truly multiferroic antenna, featuring a multiferoic stack of multiple
connected layer-pairs (Fig.1.10 (a)). Each layer-pair comprise an alternating layer of a
ferromagnetic material and a ferroelectric material bonded together. If this structure is used as a
receiver, the incident EM field will first cause mechanical strain in the ferromagnetic layer due to
magnetostriction. Then the strain is coupled to the ferroelectric phase producing an output
voltage which is amplified by using an array of the layer-pair in series connection (Fig.10 (b)).

Figure 1.9. Diagram schematically illustrating the acoustically-coupled antenna [Weber, 91]
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(a)

(b)

Figure 1.10. (a) Schematic of a multiferroic sensor with a stack of multiferroic films. (b) Diagram of a multiferroic
sensor array comprising 9 unit of (a) in series connection [Miller, 11].

Noticeably, Nan recently reported the first experimental demonstration of a multiferroic
antenna [Nan, 17] composed of AlN and FeGaB. It is in essence a multiferroic film bulk acoustic
resonator (FBAR) that has a diameter of 200 μm and operates at the thickness extensional mode.

(a)

(b)

Figure 1.11. ME FBAR antenna. (a) Schematic illustration of the magnetoelectric (ME) thin-film bulk acoustic wave
resonators (FBAR) and the antenna measurement setup. The horn antenna and ME FBAR are connected to the S1
and S2 port of a network analyzer. (b) Scanning electron microscopy (SEM) images of the fabricated the ME FBAR.
[Nan, 17]
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Fig. 1.11 (a) and (b) show the schematic of the experimental setup and the actual device,
respectively. The antenna gain for the ME FBAR is measured to be −18 dBi at the resonance
frequency.

1.3 Organization of the Dissertation
Despite the progress of the experimental work, modeling the coupling between elastodynamics
and electrodynamics existing in the strain-mediated multiferroics is still needed, which is also
challenging. This is the focus of the dissertation.
In Chapter 2, a coupled-field formulation is first derived that links the mechanical motion and
the EM field variation inside piezoelectrics. Then Galerkin finite element method (FEM) is
applied to this formulation and the corresponding matrix system of equations are derived, which
can be solved numerically. Subsequently, we model the EM radiation from a shear-mode
piezoelectric resonator excited by a shear load. We further investigate the influence of the
material properties on the radiation performance. While this, to the best of our knowledge, is the
first numerical treatment for the acoustically-driven EM transmitter, improvement can be made
regarding the different types of elements being used to approximate the electric field (edge
element) and the displacement field (node element).
Therefore, in Chapter 3, we exlore the possiblity of using node-element-based FEM to solve
electromagnetic problems. This FEM deals directly with the Maxwell’s equations, all 4 of which
are 1st-order PDEs, and solves for both electric and magnetic fields. In the firstplace, a general
weak formulation is given for the EM boundary value problems. This framework with 2nd-order
Lagrange elments is then validated with various common boundary conditions, before being used
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for simulating the wave propagation in bianisotropic media. The results are mostly satisfying,
and thus confirm the feasibility of this 1st-order FEM.
Now that the EM fields and the displacement can be discretized with the same type of element,
in Chapter 4, we recast their governing equations all into 1st-order PDEs and come up with the
corresponding weak formulation that are used for general magneto-electro-elastic materials. For
validation, we then use this scheme to simulate the vibration of a functionally-graded plate which
is quasi-isotropic and the anti-plane shear motion of a piezoelectric block, as well as obtaining
the resonant frequency of an infinite piezomagnetic plate. Finally we apply this scheme to model
a shear-mode multiferroic resonator and the EM fields emanating from it.
Due to the nature of the 1st-order FEM, the scheme developed in Chapter 4 gives rise to poor
accuracy when shape functions of lower order are used. This will be discussed in Chapter 5,
where the major achievements of the dissertation will also be summarized.
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Chapter 2 Modeling Electromagnetic Radiation Induced from a Piezoelectric
Shear-mode Resonator
2.1 Motivation
In recent years, there has been increasing interest in wireless implantable biomedical devices,
as illustrated in Figure 2.1. These devices require antennas operating at frequencies below 500
MHz to permit penetration through the human anatomy [Merli, 08] and avoid interference with
other wireless communication devices. However, 500 MHz antennas are ~15cm in length,
preventing use in implantable devices whose application sizes require below 10 mm [Skrivervik,
13]. The antenna size is dictated by the wavelength of free space and the electric current-based
resonance operating principle, making designing antennas smaller than 1/10 the free space
wavelength, i.e. electrically small antennas, challenging [Chu, 48]. Thus there is a need for
innovative electrically small antennas for medical implant and other applications.

(a)
(b)
Figure 2.1. (a) A conceptual implantable EM transmitter utilizing electromechanical coupling. (b) Schematic of the
domain being modeled in this paper

One approach to circumvent this dilemma involves oscillating a material’s electric
polarization with mechanical vibrations to radiate EM waves, rather than relying on accelerating
electric charges in a conductor. For polarization-based oscillations, resonance is dictated by
elastodynamics rather than electrodynamics, suggesting the dimensions of a resonating antenna
28

are 4~5 orders of magnitude smaller than conventional counterparts.
Polarization changes occur in piezoelectric materials during mechanical oscillations.
However, studies on mechanically-induced polarization changes in antenna design, referred to as
acoustically-coupled antennas (ACA), are relatively few [Weber, 91]. One of the first
experimental studies was conducted by Sinha [Sinha, 15]. While the initial work was interesting,
more theoretical studies are needed to understand the ACA and design electrically small
antennas. Mindlin presented the first analytical approach on the EM radiation from a 2D quartz
plate resonating in the thickness shear mode [Mindlin, 72]. Lee [Lee, 89] extended Mindlin’s
formulation to consider the EM radiation from 2D AT-cut quartz excited by an E-field. Ballato
proposed an equivalent treatment of the same problem using network analysis [Ballato, 01]
where all the wave motions were characterized by transmission lines with different impedance
and propagation wavenumbers. However, all of these analytical studies assume planar
wavefronts, neglecting finite size effects (i.e. 2D) necessary for understanding the physics and
designing an electrically small antenna.
Numerical methods are required to understand the response of 3D ACA due to the difference
in wavelength between elastic and electromagnetic waves. Yong et al. [Yong, 01] simulated the
EM radiation from a quartz resonator and concluded that the radiation decreases the quality
factor when operated above 2 GHz. However, Yong’s model used electrostatic approximations
for the piezoelectric phase, eliminating the intrinsic magnetic fields (referred to as H-fields in the
following). Therefore accuracy of this solution becomes questionable. To resolve these issues
Wei et al. [Wei, 13] presented a multi-physics analysis for the EM radiation from a 3D
piezoelectric cube using an integral equation (IE) approach and incorporating complete
Maxwell’s equations. However, this model only presented a mathematical framework rather than
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solving an actual radiation problem with comparison to conventional antennas.
In this paper, the far-field radiation from a mechanically vibrating piezoelectric is analyzed. The
solution solves the coupled elastodynamics and electrodynamics in the near field using a
weighted residual approach in a finite element technique. Results are validated with comparisons
to a closed-form solution generated via the method of manufactured solutions (MMS) [Roache,
02]. The near-field solution is extrapolated to the far-field using the Stratton-Chu formula.
Parametric studies conducted on an electrically small ACA (~100 μm) show the far field radiated
power decreases with increasing piezoelectric permittivity and decreasing piezoelectric strain
coefficients. Results also show that radiated power can be optimized for a fixed piezoelectric
coupling coefficient. Comparisons of radiated power for a 100μm size piezoelectric operating at
~70MHz with a conventional dipole antenna shows the piezoelectric ACA radiation efficiency is
2 orders of magnitude superior.

2.2 Theory and Methods
2.2.1 Derivation of Governing Equations
The analytical model is divided into a near-field and a far-field solution. The near field is
represented with two zones as shown in Figure 2.1(b), i.e. Zone I for the piezoelectric and Zone
II for the local surrounding medium. The near-field solution consists of solving the coupled
systems of equations defined by electromagnetics and elastodynamics, and demanding interface
continuity between Zone I and Zone II. The far-field solution consists of extrapolating the nearfield results using the Stratton-Chu formula.
In Zone I we assume: 1) mechanical deformations are small; 2) there is neither impressed
current nor conduction current in the piezoelectric, and 3) the permittivity is real. In Zone II, we
assume: 1) the medium has a finite conductivity representative of surrounding body tissues, and
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2) stresses are negligible. We begin with the time-harmonic Maxwell’s equations, the
elastodynamic equation and the constitutive relations [IEEE, 88]:

  E  i B
  H  J  i D

Maxwell’s equations: 
………………………...………………….. (2.1)
 B  0

 D  e
Elastodynamics:

 T   2 u  0 ………………………………….……………. (2.2)

Piezoelectric constitutive relations for Zone I:

s
S   E
 
 D  d


dT  T
   ………………………………..………… (2.3)
 
 T   E 


Constitutive relations for Zone II:

B  2 H , D   2 E

……………………………...…………... (2.4)

Conduction current in Zone II: J   2 E …………………………………...………….. (2.5)

where E and H are E-field and H-field, B and D are magnetic flux density and electric
polarization; J denotes conduction current; u represents the displacement; S and T symbolize the
2nd order strain and stress tensors, respectively;

sE

is the 4th order compliance tensor measured

at constant E-field, d is the 3rd order piezoelectric coefficient tensor, with a superscript T
indicating transpose;  T ,  2 and  2 are the 2nd-order permittivity tensor measured at constant
stress, permeability tensor and conductivity tensor, respectively.
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For Zone I the first equation in (2.3) can be rewritten in terms of stress as:





T  cE : S  cE : d T E , where cE  sE

1

…………………………………… (2.6)

Combining the first two equations in (2.1) with the constitutive relation for D from (2.3) in
Zone I leads to:
1

 1  E   2  T E   2 dT …………………………………..……….. (2.7)
Substituting (2.6) into (2.7) and rearranging, the governing equation for the E-field in Zone I
is:




1
  1   E   2   T  d cE d T  E   2 d  cE : S  …………………………… (2.8)





Noting that S  1   u    u T  , (2.8) can be re-written in terms of two independent variables
2

E

and u :

1
  1   E   2   T  d cE d T



2
 E   e :  u  ……………………….…………………. (2.9)


where e  d cE  eij  , i=1,2,3, j=1,2,…,6, is also a 3rd-order tensor and can be written as a 3×6
36
matrix.
The above equation for Zone I has the typical EM wave equation form with a modified
permittivity tensor that is consistent with that in the strain-charge constitutive form, and the
source term on the right-hand-side (RHS) depends on displacements, which represents an
effective impressed source [Tong, 10].
The equation of elastodynamics is also required for Zone I. Substituting (2.6) into (2.2), we
obtain the following expression:

32







  cE :  u     2 u   eT E ………………………………… (2.10)



This equation has the form of a conventional elastodynamic equation for a solid, with the RHS
being an equivalent body force dependent on E-field. (2.9) and (2.10) represents 6 coupled PDEs
with 6 unknowns, i.e. E and u . Once E is known, it can be substituted back into (2.1) to solve
for the magnetic components in Zone I, i.e. the piezoelectric.
For Zone II, only electromagnetic fields exist. The governing equation for E-field is similar to
Eq. (2.9) with the absence of the piezoelectric terms, i.e. d  0 but the addition of electrical
conductivity, i.e. J  0 :
i


1
  2   E   2   2   2  E  0 ……………………………. (2.11)
 


In this manuscript, Zone II is defined to be on the order of the acoustic wavelength for
computational purposes. To extrapolate near-field results to the far field the Stratton-Chu
formula [Stratton, 14] is used:

E

i ˆ
R    nˆ  Ea   Rˆ  nˆ  H a  exp i  r Rˆ dS ………...…… (2.12)


4









where Ea and H a are the fields on the surface S of Zone II, n̂ is surface normal of Zone II, and
R̂

is the unit vector pointing towards the far-field; β and  

j   j 

are wavenumber

and wave impedance, respectively (Appendix 2A). (2.9) — (2.11) represent governing equations
in the near field, while Eq. (2.12) associates the far-field with the near-field. Zone I is driven by
coupling between electrodynamics and elastodynamics, while Zone II and the far-field radiations
are driven by their respective interface continuity conditions.
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2.2.2 Derivation of Weak Formulations and FEM Implementation
In order to solve Eq. (2.9) (2.10) and (2.11) numerically using finite elements, we obtain the
following weak form expression. Based upon the weighted residuals method [Volakis, 15], we
denote L as a linear operator, and (2.12) is of the form:
L E  f ……………………………………..……. (2.13)



where we have L =  2      1 

1  2    0 I , 1 and

 2 denoting



 T  ed T , in 1

with   


and

i

 2   2 , in 2



 2 e :  u  , in 1
f 
, in 2
0

,

Zone I and Zone II.

If E is an approximate solution, then the residual R can be defined as R = L E - f . Taking the
inner product of R with the test function W whereby the inner product of a and b is defined as
a, b   a bdV , and setting it to be zero, we have:


1
R,W     r   E  k02  r E  WdV   f WdV =0 ……………...…… (2.14)





where   1 2 . Utilizing the vector calculus identities and the divergence theorem, we can
further write (2.14) in the following form:

  

1
r

 E



  W   k  E W  dV   W  nˆ  
2
0

r

S0

where r   0 ,  r    0 ,

S0  



  E  dS   W f dV  0 ……… (2.15)



1
r

is the boundary. For Zone I, following the procedures in

[Zienkiewicz, 05], the weak form expression of (2.10) is presented as below:

    w
2

1

T

u  dV 

  w 

T

1

: c :  u   dV   wT bdV   wT tdS  0 ……….…… (2.16)


1
1
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where w is the test function, b   eT E is the RHS of (2.10) and t  t1 t2 t3 T is the surface
traction on boundary. Within each element in 1 , both the E-field and displacement field exist,
which can be expanded as (the tilde on E is omitted hereafter):
n

E   E j  j …………………………….………..… (2.17)
j

and
m

u   p u p  w U1 V1 W1 U 2 V2 W2 ... U m Vm Wm   wu0 …………….……. (2.18)
T

p

where E j is the unknown coefficients defined on the edges of the elements,  j is the 2nd-order
vector basis function, u p  U p

Vp Wp 

T

is the displacement vector at Node p, with U p Vp Wp being

the displacement along x, y and z directions and
2
...
m
1



w
1
2
...
m


1
2
...
m 

with  p , p  1, 2,..., m being 2nd order Lagrange interpolation function.
For Zone I, the boundary integral term in (2.15) vanishes. We then substitute (2.17) and (2.18)
into both (2.15) and (2.16):
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In (2.19), Since W  i , i  1, 2,..., n is the test function, the first integral can be written as:
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The second integral containing the coupling term can be written in the following form:
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where

 e11 p , x  e15 p , z  e16 p , y

 p  e21 p , x  e25 p , z  e26 p , y
 e31 p , x  e35 p , z  e36 p , y


e12 p , y  e14 p , z  e16 p , x
e22 p , y  e24 p , z  e26 p , x
e32 p , y  e34 p , z  e36 p , x

e13 p , z  e14 p , y  e15 p , x 

e23 p , z  e24 p , y  e25 p , x 
e33 p , z  e34 p , y  e35 p , x 

Thus (2.19) is further expanded into the form below:
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ip

u p  0 ……………………………………(2.23)

p

By varying the test function  i from 1 to n, we arrive at the following system of equations in
matrix form:

ΓE  Θu0  0 …………………………………………….. (2.24)
where E   E1 E2 ... En T ,

Γ  ij 

nn

and Θ  ij  .
n3m

Plugging the test function w into (2.20), we can expand the 3 integrals on the left-hand-side (LHS)
into the following form:
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 j1   e11 jx  e21 jy  e31 jz , x   e16 jx  e26 jy  e36 jz , y   e15 jx  e25 jy  e35 jz , z
 j 2   e16 jx  e26 jy  e36 jz , x   e12 jx  e22 jy  e32 jz , y   e14 jx  e24 jy  e34 jz , z
 j 3   e15 jx  e25 jy  e35 jz , x   e14 jx  e24 jy  e34 jz , y   e13 jx  e23 jy  e33 jz , z

For the RHS of (2.20),
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where b is 3m1 matrix (vector).
Letting K  K II  K I , Ξ  [1 2 ... n ] we can write (2.26) in a more compact form:

Ku0  ΞE  b …………………………………….. (2.28)
Combining (2.24) and (2.28), we have: Ax = f , where

Γ Θ 
A

Ξ K  ( n 3m )( n 3m )
is the elemental stiffness matrix, and both x  E u0 T , f  0 bT are (n  3m) 1 vectors.
In Zone II, there is no source term. For the radiation problem studied here, it is reasonable to
define a 1st-order absorbing boundary condition [Peterson, 88]:
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Substituting E   E j N j into (2.29) leads to:
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Even though the right hand side (RHS) of (2.30) is zero, the solution is non-trivial because of the
edges at the interface between Zone I and Zone II whose E-field is non-zero, which, when doing
matrix computation, can be moved to the RHS and hence serve as the “forcing” terms. This
process is commonly referred to as condensation.
In summary, we have used vector element for the E-field and node-based Lagrange element
for the displacement field, both of which are of 2nd-order. As a matter of fact, they can be of
different orders, as we have tried with 1st-order vector elements and 3rd-order Lagrange elements.
The system of equations is then implemented in COMSOL Multiphysics. However, it can
generally be implemented in any finite element package one prefers to use and that has the
required element bases needed.
The whole domain is divided into a total number of 370,000 tetrahedral elements. Since the
stiffness matrix is non-symmetric (as shown above), the bi-conjugate gradient stabilized
(BiCGSTAB) iterative method is applied.
2.2.3 Validation
To validate the coupling of fields in the piezoelectric, we use the method of manufactured
solutions (MMS). A 2D piezoelectric element (See Appendix 2B for material parameters) with a
cross-section of 110μm×110μm is subjected to anti-plane shear along the z-direction as shown in
Figure 2.2 (a). Boundary conditions on the x and y surfaces (Appendix 2C) are specified for
displacement (Dirichlet) and the related H-field component (Neumann) for a sinusoidal loading.
The infinitely-long z-direction is realized by periodic boundary conditions on the z-surfaces.
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(a)

(b)
Fig. 2.2. (a) Top-view of the piezoelectric element with the boundary conditions of the validation model. (b)
Comparison of E-field polarized along x axis between the model and analytical solutions for Cut-line 1 (blue) and
Cut-line 2 (red), as shown in (a).    velastic  2 47.4[μm1 ] and    vEM  2 0.145[m1 ] , respectively; U and H
are two constants that control the magnitudes.
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The MMS (i.e. analytical) and FEM (i.e. simulated) solutions were compared for two line
segments as shown in Figure 2(a), whose x-component of the displacement-induced E-field (Ex)
are plotted in Figure 2(b). It should be noted that the variation of Ey is identical to Ex for this
loading scenario. The sinusoidal E-field oscillations as a function of position is expected given
the input boundary conditions. Additionally, the periodicity is commensurate with the acoustic
wavelength acoustic  2





2 2  67[μm] as shown in Figure 2(b) with ~1.6 periods present in

the 110μm structure. The periodic variations of Ex along both x- and y-axis follow similar trends
and are equal at the starred location. Overall, nearly exact agreement between the FEM and
analytical solutions is found, supporting the dynamic mechanic-electromagnetic coupling
approach presented in the previous section of model development.

2.3 Results and Analyses
2.3.1 Far-field and Near-field Characteristics
The far-field EM radiation generated by a mechanically-driven piezoelectric disk is examined
in the following section. The disk representing Zone I is 50 μm in diameter and 6 μm in
thickness as depicted in Figure 2.1 (b). The disk’s bottom surface is fixed while its top surface is
oscillated with a shear load in the x-direction, which is defined by a Neumann type boundary

 

condition: nˆ c : u  t 0 , where t 0  1 0 0 (unit: MPa). A damping factor of ηs=0.02 is
used to improve convergence but does not significantly influence the results [Hughes, 00], i.e.
 where m, n=1, 2…6 and cmn
cmn  1  is  cmn
 is stiffness in lossless situations. For modeling

purposes the disk is located at the center of an isotropic sphere with 300 μm radius represented
by Zone II. Zone II medium has properties representative of human body tissues, i.e. ε2=ε0,
μ2=μ0, σ2=0.05S/m [Gabriel, 96]. A 1st-order absorbing boundary condition (ABC) is also
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defined on the surface to truncate the domain.
The vibrating piezoelectric disk drives time-harmonically polarization oscillations due to d15coupling, producing electromagnetic radiation. Figure 2.3 (a) plots the magnitude of the H-field
H at 72.8 MHz in Zone I and Zone II, on a cut-plane coinciding with the disk’s bottom surface.

We see that the H-field is relatively large in Zone I, and decays rapidly in Zone II. Given the
electrical size of the piezoelectric disk, its radiation should resemble that of an infinitesimal
electric dipole oriented along the x-axis. Figure 2.3 (b) plots H as a function of the polar angle
θ (θ=0° coincides with global x-axis) along r=300 μm for both the piezoelectric as well as an
electric dipole. Results show a sinusoidal dependence of the piezoelectric-generated H with θ,
which is very similar to the electric dipole distribution (in red dots) [Balanis, 05]. Figure 2.3 (c)
shows the E-field magnitude E in the far-field region at r=10m. These values can be scaled to
other locations knowing E  1 r . It is noteworthy that an E-field minimum ( 1.19 108 V/m )
occurs at θ=0° that is one order of magnitude smaller than the maximum (3.72×10-7 V/m) at
θ=90°. By contrast, a small electric dipole yields a null E-field along the x-direction. This nonzero E-field can be attributed to the disk’s finite geometry producing small out-of-plane
displacements.

(a)
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(c)
Fig. 2.3. (a) H-field on a cut-plane of the near field; (b) Normalized H-field distribution on the intersection of x-z
plane and the boundary surface; (c) 3D pattern of the far-field E-field emanating from the piezoelectric disk

2.3.2 Parametric Studies of Material Properties
A parametric study on the influence of permittivity on the radiation was carried out by
multiplying the entire permittivity tensor with δ1. Note that δ1 >1 was selected to avoid violating
thermodynamics, for example δ1 = 0 requires the piezoelectric tensor to vanish. Figure 2.4(a)
plots normalized radiated power versus frequencies with δ1 taking 1.0, 1.4, and 1.8, respectively.
It is clearly seen that the radiated power decreases with increasing permittivity, which is directly
related to the decrease of energy transferred from the mechanical state to the electrical state as
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defined by the coupling coefficient kij2  dij2  s Ejj  iiT  [Ikeda, 90]. A similar reduction in radiated
power from a patch antenna for a fixed input electrical energy was observed in [Colburn, 99] as
the permittivity increases because the energy delivered to the antenna is more tightly trapped in
higher dielectric substrates.
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(a)

(b)
Fig. 2.4. (a) Radiated power versus a range of frequencies in the proximity of fundamental shear mode resonance
for different permittivity values. Top-left inset: Normalized displacement amplitude (vertical axis) variations with
respect to frequencies (horizontal axis) at the central point on the top surface of the disk, signifying the radiated
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power peaks at mechanical resonances. (b) Modified KLM circuit with radiation resistance incorporated and its
correspondence with basic RLC circuit.

The inset of Figure 2.4 (a) shows normalized displacements at different frequencies of the
center on the top surface of the disk for different permittivity values. The maximum
displacements signify mechanical resonance whose frequency directly corresponds to the peak
radiated power [Wu, 11]. We have also seen similar behavior in the KLM circuit model [Sherrit,
99], as shown in the lower schematic of Figure 2.4 (b) that represents the resonator by a 3-port
circuitry. The 2 mechanical ones with tractions and displacement on the top and bottom surfaces
as port variables are connected by acoustic transmission lines (TL) whose length is equal to the
resonator’s thickness. β and Z0 are characteristic propagation constant and wave impedance,
respectively. The piezoelectric effect is realized by the transformer connected to the central node
of the TL, which is linked to the electrical port via a capacitor related to the material permittivity.
To take into account the radiation loss, the reactive component in the original KLM circuit needs
to be replaced by a real resistor. In a simpler manner, this circuit can be presented by a source
connected with a load (the upper figure of Figure 2.4(b)). The source impedance and the load
impedance are

Z S  RS  jX S and Z L  RL  jX L ,

respectively. Specifically, RS is associated with

the mechanical damping, X S   LS  1 CS  is the source reactance physically caused by the
stored mechanical energy, RL is the load resistance dissipating energy via EM radiation, and
X L  1 CL

is related to the stored electric energy. From basic circuit theory, it is well known

that maximum energy transfer from source to load takes place when Z S  Z L* (superscript * means
complex conjugate), a condition referred to as conjugate matching. In the series RLC circuit,
such a condition is just L-C resonance. This results in a resonant frequency of
r   LS 1 CS  1 C0 

1/2

. Because of the electromechanical coupling nature of piezoelectric
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materials, r corresponds to the mechanical resonance as well. In other words, we achieve
maximum amount of energy dissipation via radiation at mechanical resonance.
Another prominent feature in Figure 2.4 (a) is the resonance frequency down shift with
increasing permittivity. This phenomenon can as well be explained by the modified KLM circuit
as increasing permittivity gives rise to larger

CL

and thus smaller r .

Next we focus on quantifying the influence of piezoelectric coefficients on the radiated E-field.
Similarly to what has been done previously, we performed a parametric study by multiplying a
variable δ2 to the piezoelectric coefficient matrix, and ramp up δ2 from 0.2 to 1, with a step
increment of 0.1 (δ2=1.0 refers to the original value). As d determines the electro-mechanical
energy conversion, increasing d15 suggests a larger portion of electric energy is available from
the mechanical excitation. Stronger radiation is therefore anticipated.
In Table 2.1, it is seen that the transmitted EM power improves by 2 orders of magnitude as the
piezoelectric coefficient (d15) rises from 148 pC/N (δ1=0.2) to 741 pC/N (δ1=1.0). The induced
dipole moment in the resonator which is directly associated with EM radiation is aligned with
this trend.
Table 2.1 Radiation-related quantities at resonance for different piezoelectric coefficient values
d15
[pC/N]
148.2
296.4
444.6
592.8
741

Normalized radiated
power
0.0079
0.036
0.10
0.27
1.0

Normalized dipole moment
px
0.077
0.17
0.29
0.51
1.0

2.3.3 A Theoretical Optimum in Terms of Material Properties
From the preceding analyses, we have found that both the permittivity values and the
piezoelectric coefficients of the material play significant roles in radiation performance. To
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maximize EM radiation from a piezoelectric generator, we would intuitively prefer a small
permittivity and a large piezoelectric coefficient. However,

k  1 is imposed by

thermodynamics. We are thus motivated to determine an optimum radiated power, by varying
the relative permittivity εr11 and the piezoelectric coefficient d15 simultaneously such that k2 is
fixed. The mechanical properties (i.e. stiffness matrix) are not modified here as they do not have
much impact on the electrical behavior of the piezoelectric. Figure 2.5 shows 3 different curves
corresponding to 3 different values of k that represent materials of low, intermediate and high
electromechanical coupling (k=0.14, 0.47, 0.68, respectively). As expected, materials with larger
k emit higher power. A piezoelectric piece with k=0.68 emits EM energy more than 40 times
than does one with k=0.14, at their respective optimum configurations (as far as ε11 and d15 are
concerned). Moreover, for each k, there is a peak in radiated power (in black circles). The
occurrence of these peaks is explained as follows. For a fixed k, εr11 and (d15)2 are proportional,
giving rise to two extreme situations: 1) Small εr11 and small d15. In this case, most of the electric
energy can be transmitted out but very little electric energy is converted from mechanical input
due to the weak piezoelectric coupling; 2) large εr11 and large d15. Here, considerable amount of
electric energy is available but tightly coupled with the resonator instead of being emitted. These
scenarios represent limiting cases for a given k and optimum performance is found somewhere in
between when d15 and εr11 are balanced to facilitate both the generation and emission of the
electromagnetic power.
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Fig. 2.5. Theoretical calculation of the radiated power with both the piezoelectric constant d 15 and permittivity ε11
varied such that k is fixed

2.4 Conclusion
To sum up, we have developed and validated a fully-coupled model that describes the radiation
from vibrating piezoelectrics. Both near-field and far-field characteristics obtained from the
model substantiate the similarity between the shear-mode resonator and an electrically small
dipole. We have also investigated the dependence of the radiated power on the material
properties, i.e. piezoelectric coefficients d and permittivity ε that are pertinent to the mode being
activated and primarily govern the electrical behavior of the piezoelectrics. By varying d and ε
while fixing the electromechanical coupling coefficient k, we have determined that theoretically
there exists an optimal combination of d and ε values such that the emitted EM power is
maximized. Furthermore, the radiation efficiency of the piezoelectric radiator discussed here is 2
orders of magnitude higher than that of an electric dipole 100 μm in size without any matching
networks[Stutzman, 12], assuming the diameter of the conductor to be ~200 μm and neglecting
the ohmic losses. This strongly suggests potential benefits can be gained through the
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manipulation of electric dipole moment to generate EM radiation at microscale. Similarly,
piezoelectric driven resonators promise superior efficiency when compared with efforts to
transmit EM radiation by exciting the magnetic dipole moments of spin-torque nano-oscillators
(STNO), which has been investigated both experimentally [Wickenden, 09] and theoretically
[Prokopenko, 12]. While promising for various applications, STNOs are known to be energy
inefficient due to relatively large electrical charge currents [Amiri, 12]). Besides, in light of the
duality theorem of electromagnetism, the model presented here will conveniently accommodate
simulation of radiation from mechanically excited ferromagnets [Yao, 15] (piezomagnetic
materials in the linear regime) and extend to the multiferroic elements.

2.5 Appendices
2.5.1 Appendix 2A
In applying the Stratton-Chu formula (2.12), c is the speed of light in vacuum. This assumption
is reasonable in since most implantable antennas are positioned close to the skin [Merli, 11],
typically on the order of millimeters and much smaller than the skin depth (~0.28 m). The wave
emitted from the source will still be able to propagate in the free space before being attenuated
significantly.
2.5.2 Appendix 2B
Material properties representative of PZT-5H are used in both validation cases and the
radiation problem, as shown below:
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Table 2.2 Material properties of the piezoelectrics (PZT-5H)
Compliance [10-12m2/N]
s11

s12

s13

s33

s44

s66

16.5

-4.78

-8.45

20.7

43.5

42.6

piezoelectric
coefficient [pC/N]
d31
d33
d15
-274

593

Relative permittivity

741

ε11

ε33

3130

3400

2.5.3 Appendix 2C
The anti-plane motion problem of piezoceramics is used for validation. Assuming the
piezoelectric has uniaxial anisotropy and is poled out-of-plane, the displacement and EM field
components for such a problem have the following form [Yang, 06]:
u1  u2  0, u3  u3  x, y 
E1  E1  x, y  , E2  E2  x, y  , E3  0 …………………………………….. (A2.1)
H1  H 2  0, H 3  H 3  x, y 

We obtain the governing equations for the non-trivial components by substituting (A2.1) back
into Eq. (9) and (10) and invoking Maxwell’s equations:

c442u3   2u3 =0 …………………………………………….. (A2.2)
2 H3   2110 H3  0 ……………………………………………. (A2.3)
E

1  zˆ

H 3  e15u3  ……………………………………… (A2.4)
11  i


In (A2.2)-(A2.4), c44  c44  e152 11 is the effective modulus where c44 is the intrinsic shear
modulus and e15 is the piezoelectric coefficient of stress-charge form; u3 and H3 are z-polarized
displacement field and magnetic field, respectively.
An analytical solution that satisfies Eq. (A2.2)-(A2.4) is of the form:
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 2

2
u3  U cos 
x
 y  ……………………….……. (A2.5)
2
 2


 2

2
H 3  H cos 
x
 y  ……………………………. (A2.6)
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…………….…. (A2.7)

…………..……. (A2.8)

where U and H are constants,  = 110 ,  =  vT are the wave number for electromagnetic wave
and acoustic wave, respectively, with vT  c44  

c

44

 e152 11  

being the shear wave velocity.
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Chapter 3 The Application of Least-squares Finite Element Method to Wave
Propagation in Bianisotropic Media
3.1 Introduction
Nowadays metamaterials such as (double) negative-index (DNG) materials, electromagnetic
bandgap (EBG) materials and chiral media, have received tremendous attention due to the
interesting electromagnetic (EM) characteristics they exhibit which are not found in conventional
materials. Some prominent applications realized with these novel materials involve frequencyselective surfaces used for reducing radar cross-section and alleviating external EM interference
[Bayatpur, 09], perfect microwave absorbers that can be applied in bolometers for anti-reflection
[Landy, 08] and the left-handed transmission lines suitable for making a broad range of passive
microwave components [Carloz, 02]. Within the linear regime, all these materials can be casted
in the framework of bianisotropic materials, whose properties can be orientation-dependent and
in which either electric or magnetic excitation induces both electric and magnetic polarizations
concurrently [Akyurtlu 04].

In the most general cases bianisotropy is described by 36

constitutive parameters. Despite this complexity, the analytic studies of EM wave interaction
with stratified bianisotropic structures have been carried out extensively (cf. [Tsalamengas, 92],
[Olyslager, 93], [Rikte, 00], [Grzegorczyk, 05] and the references therein). Most of them are
based on a 4×4 matrix approach which links the E- and H-fields on the boundaries of the
bianisotropic layer and that was originally developed for anisotropic materials [Berreman, 70].
Nonetheless, the closed-form solutions of the waves propagating through bianisotropic media are
rather complex and exist only in limited cases where the boundaries are simple. Consequently,
researchers have realized great necessity to resort to computational approaches to solve common
application problems.
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For the past two decades, progress has been made on this subject with different numerical
techniques, which come with their own disadvantages. It was Garcia [Garcia, 98] who first
reported a numerical study with the finite difference time domain (FDTD) method by modeling a
perfectly matched layer that attenuates waves coming out of a bi-isotropic medium

Akyurtlu

subsequently pointed out [Akyurtlu, 04] that direct implementation of the FDTD scheme on
bianisotropic media involves the evaluation of an additional time derivative term which is
potentially unstable. She thus developed a so-called bianisotropic (BA)-FDTD to simulate EM
waves traveling through a uniaxial BA half-space. But this method relies on the assumption that
plane waves can be split into two eigenmodes which see a uniaxial bianisotropic medium as two
effective non-bianisotropic uniaxial media. Hence, it does not apply to the most general
bianisotropic materials, which are no longer transversely isotropic. On the other hand, when
complex geometries are present, the finite element method (FEM) is usually preferred. In view of
this, Valor [Valor, 96] derived the magnetic-field Helmholtz equation incorporating bianisotropic
constitutive relations and cast it into the edge element-based FEM. Zhang [Zhang, 04] applied
the same methodology to solve scattering problems by further making use of a boundary integral
to truncate the computational domain. Despite the achievement of the widely-used edge-element
FEM, the drawbacks associated with it cannot be ignored. For instance, as noted in Kataja
[Kataja, 13], high order curl-conforming shape functions are quite involved and the system of
linear equations is rarely positive-definite. Moreover, since the Helmholtz equation takes only
one dependent variable, i.e. either E- or H-field, the other one variable is computed via numerical
differentiation and thus suffers from lower accuracy. This is in particular undesirable in
bianisotropic media, where both E- and H-fields can be equally of interest. It is our goal to
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present an alternate FEM scheme for solving generic EM problems in linear media that
overcomes the above shortcomings.
The least-squares finite element method (LSFEM) approximates a solution by minimizing a
least-squares functional associated with the original 1st-order Maxwell’s equations. While less
common in the EM community, LSFEM has been well established in areas like fluid dynamics
[Bochev, 97] and solid mechanics [Cai, 04]. It is becoming increasingly popular because of the
following unique properties [Bochev, 98]. 1). LSFEM is relatively straightforward to formulate
and can be practically applied to any 1st-order PDEs. 2).For systems of PDEs, all variables can
be approximated with a single finite-dimension function space, eliminating the need to handle
multiple function spaces and different shape function basis. 3) Most notably, since the arising
algebraic system is always positive definite, standard iterative methods can be used effectively.
Possibly the most important advantage of LSFEM to EM problems is compatibility with
divergence-free solutions [Jiang, 96] using “standard” function spaces. Hence easy-to-construct
Lagrange elements can be used. Additionally, in contrast to the edge-element FEM solving for
either E- or H-field, or the vector potential, LSFEM directly and simultaneously solves for both
E- and H-fields, without any further operation [Bramble, 05]. Taking advantage of these
intriguing features, we will apply LSFEM to study wave behavior in linear bianisotropic media,
i.e. materials described by linear constitutive relations with additional cross-coupling between
the electromagtic fields in the constitutive relations.
In this report, we will first define the general boundary value problems in which the
normalized Maxwell’s equations are solved together with various boundary conditions
appropriate to a wide range of problems. Then we will elaborate the numerical implementations
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of the LSFEM featuring L2 norms, which is followed by the validation of this scheme using
canonical problems of wave propagation for which analyticsolutions are available. We further
apply this scheme to simulate wave propagation in bianisotropic media highlighting 4 different
categories of propagation behavior seen in these materials.

3.2 Theory and Methods
In this section, we will derive the LSFEM weak formulation for general EM boundary value
problems. It should be noted that even though some researchers [Jiang, 98] [Maggio, 04] have
defined the least-squares integral using the original Maxwell’s equations, the form of these
equations are not normalized to the same unit. We have observed in our study that the rate of
convergence is significantly improved by normalization.
3.2.1 LSFEM for Original Maxwell’s Equations
Following the formulation in [Jiang, 98], we first applied LSFEM to the Maxwell’s Equations
and simulated a rectangular resonant cavity, using a 2nd-order Lagrange interpolation. However,
as shown in Figure 3.1(a), the LSFEM results were erroneous. It was only when higher-order
shape functions (Figure 3.1(b)) were used did we observe an increased accuracy. Further studies
reveal that the 2nd-order shape function gives rise to a convergence rate of close to 0, as indicated
by the black dots and the dashed trend lines in Figure 3.1(c) (d) (e). In other words, no matter
how small the mesh size is set, the modeled results will never converge to the exact solution,
unless 3rd or even 4th order elements are used. This renders LSFEM impractical, as 2nd-order
elements are widely used in FEM and reducing the mesh size has been long considered a
common way of increasing the accuracy. In fact, other researchers have drawn similar
conclusions [Cadenas, 06] [Maggio, 04]. To resolve this issue, a different weak formulation
needs to be implemented.
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(a)

(c)

(b)

(d)

(e)

Figure 3.1 (a) Comparison of the x-component E-field between LSFEM results using quadratic elements and the
exact solution. (b) Comparison of the x-component E-field between LSFEM results using 3rd elements and the exact
solution. (c) (d) (e) plot the error of the LSFEM solution using 2 nd (black), 3rd (red) and 4th (blue) Lagrange elements
and the conventional Galerkin FEM solution (magenta) for the x-, y- and z-component of the E-field over different
mesh sizes.

3.2.2 Maxwell’s Equations for Bianisotropic Materials
Starting with the time-harmonic Maxwell’s equations, assuming there is no impressed current
and using eit convention, we substitute in the four normalized variables e   01/2 E , h  01/2 H ,
b  0 1/2 B and d   0 1/2 D [Solin, 05]. These are of the same unit ([N1/2 /m]=[kg1/2/(m1/2s)]):
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    0 1/2 e   i01/2 b  0
  e  ik0 b  0

1/2
1/2
  h  ik d  0
   0 h   i 0 d  0


0
→
………………… (3.1)

1/2
 b  0
  0 b   0
 d  0

1/2
   0 d   0

where k0   0 0 is the wavenumber in free space. Accordingly, the constitutive relations for
homogeneous bianisotropic materials are expressed in terms of the normalized variables:

d   e   h
………………….………………….. (3.2)

b


e


h

where  and  are the relative permittivity tensor and relative permeability tensor, respectively,

 and  are the magneto-electric cross-coupling tensors. All the above 4 dimensionless tensors
can be represented by 3×3 matrices. Plugging (3.2) into (3.1), we have for the entire domain 
(bounded by its boundary  ):





 ik     e  ik  h  0
0
 0

ik0  e  ik0     h  0
……………..……….………. (3.3)

  e    h  0

  e    h  0






If we define 6  1 vector, u   e h , and define a linear operator:
T
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Then (3.3) can be written in a more compact form: Lu  f , with f  0 .
3.2.3 Boundary Conditions
For general EM problems, the boundary/interface conditions can be categorized into the
following types:
3.2.3.1 Interfacial Continuity

In most cases, the domain is composed of regions with different EM characteristics. We are
thus mandated to impose field continuity at the interface between these regions. Assuming there
is no impressed source at the interface, the interfacial condition is of the following form:
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…. (3.5)

T

 ny  z  nz  y 


with  n   nz  x  nx  z  at mn , where mn  m
 nx  y  n y  x 



n and m , n   ; the superscript “+”

and “-” denote the quantities on each side of the interface, respectively. It should be noticed that
the normal flux continuity follows the form of (3.5) that holds universally and which are
independent of the material properties.
3.2.3.2 Perfect Conductors

On the surface of perfect electric conductors (PEC), which may be imposed on all or part of
the boundary  , both the tangential E-field and the normal magnetic flux b vanish:
nˆ  e  0,



  t



nˆ b  0  nˆ  e   h  0  nˆ 
 





033 
 u  041 …………………..…….. (3.6)
nˆ  


Similarly, on perfect magnetic conductors (PMC), we have:





nˆ d  0  nˆ  e   h  0  nˆ 

ˆn  h  0
   t

nˆ  
 u  041 …………….……. (3.7)
033 


3.2.3.3 Absorbing Boundary Condition (ABC)

According to [Peterson, 88], the 1st-order ABC is of the following form:
nˆ  F  iknˆ   nˆ  F   0 ……………………………… (3.8)

where k is the wavenumber and F can be either E or H . If E is used, invoking the curl
equation of E-field and applying the normalized field quantities, we can convert (3.8) into:



nˆ   i B   iknˆ   nˆ  E   0  nˆ     k k0  nˆ 
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nˆ    u  031 ………….. (3.9)


3.2.3.4 The Perfectly-Matched Layer (PML)

A PML is generally a more effective choice for domain truncation. The PML is an extension of
the original domain rather than a boundary condition proper. This extended domain possesses
anisotropic properties, designed to attenuate the propagating wave in the PML, while minimizing
the reflection at the interface between the original domain and PML. Specifically, the relative
permittivity and permeability tensors are complex-valued and can be written as[Gedney, 96].
 s y sz sx

 



sx sz s y




sx s y sz 

where the selection of sx , s y and sz depends on the problem being modeled. In our experiments, it
was found that sx  sz  1, s y  1  5i yields the best performance for waves which has a ypropagating component, i.e. almost no reflection for a broad range of incident angles.
3.2.3.5 Floquet Phase-Shift (FPS) Boundary Conditions

So far, the majority of metamaterials, bianisotropic media included, have been made of
periodic structures, which are commonly modeled as a unit cell. To be able to model these types
of structures, it is therefore indispensable to implement boundary conditions that reflect the
influence of periodicity. Periodic boundary conditions have been developed previously for the
edge-elements in FEM (see e.g. [Zhu, 06]) and we will use their derivation here.
Generally speaking, a unit cell is an elemental structure which repeats itself along one
direction (single-periodic), two directions (bi-periodic) or even three-directions (thus occupying
the whole space). For simplicity, we consider the 2D case here. Suppose a single-periodic
structure extends to infinity along x-axis with period xp. According to the Floquet-Bloch theory,
the wave amplitude follows the relation [Magnus, 79]:
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  x  x p , y   exp  ik xinc x p   x, y  ……………………..……. (3.10)
where k xinc is the x-component of the incident wavenumber k inc . If the structure is enclosed in free
space, we have k inc  k0 . Substituting the coordinates of the opposing boundaries  xl , y  and

 x  x , y
l

p

into (3.10) thus yields the Floquet phase-shift (FPS) boundary condition, which

would be a constraint enforced on the boundary nodes. As the bianisotropic media is likely to
cause changes in the wave’s polarization state (for instance, an out-of-plane-polarized E-field
impinging on the bianisotropic media can induce a scattered E-field that is polarized in-lane), it
is worth noting that (3.10) should be applied to all the components of E- and H-fields [Wu, 04].
Matrix manipulation regarding the realization of FPS elaborated in Jin’s text [Jin, 14] was
adopted in our work, and therefore is not detailed here.
3.2.3.6 Floquet Absorbing Boundary Condition (FABC)

To reduce scattering at the boundary of a periodic unit cell, we need to implement an
absorbing boundary condition. An accurate way of doing this is to apply the so-called Floquet
absorbing boundary condition (FABC) [Jin, 14]. For an incident TE-wave (E-field polarization is
perpendicular to the plane of incidence, i.e. x-y plane) Ezinc  E0 exp  ikxinc x  ik yinc y  , where E0
determines the amplitude, the FABC expressed in normalized variables reads:

ik0 hx  ik yinc ezinc 

where

in

1
xp

    e


m 

accordance

xp

0

z

with



 ezinc  exp  ik xm x  dx exp  ik xm x   0, on  FABC ……. (3.11)

the

previous

normalization,

ezinc  Ezinc

kxm  kxinc  2 m x p , m  is the x-component of the Floquet mode wavenumbers and
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0

and

 j k 2  k 2 , if the scattered wave propagates along  y direction
0
xm

 
2
2

 j k0  k xm , if the scattered wave propagates along  y direction

Since there is a sum of infinite series in (3.11), in practical implementation, we have to truncate
2
it and retain a finite number of terms such that all of them have an imaginary γ, i.e. k02  kxm
0,

taking into account all the traveling Floquet modes
Eqs. (3.4) – (3.11) address the common boundary settings for both closed-domain (e.g. in waveguiding structures) and open-domain (e.g. scattering and radiation into free space) problems, all
of which can be conveniently written in the following operator form: R u  g . Given the
governing equations in (3.3), we can then define boundary value problems for EM fields.
3.2.4 Weak Form Derivation of LSFEM
In this section we will derive the weak formulation which is needed for the least-squares finite
element implementation. First and foremost, it is crucial to choose an appropriate norm for
constructing the least-squares functional in order that the functional is norm-equivalent (thus the
desired properties of the Rayleigh-Ritz settings can be recovered) [Gunzberger, 09]. Here, for
our purpose we adopt the most common L2 norm, as defined by f  x  0   f  x  , f  x   for f  x  ,
2

where  ,  is the inner product associated with the L2 space:  u  x  , v  x     u  x T v  x  d  (for


integrals on the boundaries, u  x  , v  x    u  x T v  x  dS ). To illustrate the imposition of


interface continuity, we divide the domain  into 2 sub-domains, i.e. 1 and 2 , such that
  1

2 , 12  1

2 . Letting u and u be the dependent variables in 1 and 2 , we
1

2

define the least-squares functional as below [Hessari, 14]:
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where the last two terms take care of the interface condition.. Taking the variation of I u , u
1

2
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with respect to both u and u and setting it to be 0, we have the following 2 equations.
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 0 .... (3.13)

2
12

 0 .. (3.14)

where v   u and v   u are the variations of u and u , respectively.
1

1

2

2

1

2

To derive the elemental matrix system of equations, let’s consider 2 elements Ve1 and Ve 2 in
1 and 2 , respectively, which share part of the interface 12 and whose numbers of nodes are
1

2

1

2

both ne . Then we expand u , u , v and v in the following forms:
u  Ψ1U1 , u  Φ2 U2 , v   u  Ψ1 U1 , v  Φ2 U2 …………...….. (3.15)
1

2

1

1

2

in (3.15), Ψ1   11 12 ... 1n  is composed of 6  6 diagonal matrices 1i  i  1, 2,...ne  in
e 

which the diagonal entry is  i ; similarly, in Φ2  12


2
2

2
2
...  n  the diagonal entry of  j
e 

is  j ,  i and  j are the common Lagrange polynomials corresponding to the i-th node in Ve1
and the j-th node in Ve 2 , respectively. the nodal degrees of freedom (DOF) of Ve1 and Ve 2 are
U1 and U2 : U1  U 11T

1T

U2

T

1 T
2T
... U ne  , U2  U 1
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2T

U2

T

p
2 T
... U ne  where U q (p=1, 2,

q=1, 2, …, ne) is the 6 1 nodal values of all the normalized EM field components (subscript T
denotes transpose);. By substituting (3.15) into (3.13) and (3.14), we thus have:
 L Ψ1 , L Ψ1   R Ψ1 , R Ψ1
1


1 12

 R t Ψ1 , Rt Ψ1

12

 R n Ψ1 , R n Ψ1

K11

  R t Φ 2 , Rt Ψ1


 U 2  g, R Ψ1
 R n Φ , Rn Ψ

12 
2

12

12

 U1


………….. (3.16)

1

1

F1

K12

 R Ψ1 , R Φ 2
t
 t

12

 R n Ψ1 , Rn Φ 2

12

 U1


….(3.17)

K 21

  L Φ2 , L Φ2   R Φ2 , R Φ2
2


2 12

 R t Φ 2 , Rt Φ 2

12

 R n Φ 2 , Rn Φ 2

12

 U 2  g, R Φ 2


2

F2

K 22

We have thus derived the matrix form of the finite element equations

 K 11
K
 21

K 12   U1  F1 
  =   ……………………………... (3.18)
K 22   U 2  F 2 

For elements that are inside 1 or 2 , the off-diagonal components K1 , K 2 then vanish.. Since
this scheme is nodal-element based, generally speaking any FEM package can used (e.g. FEniCS,
FEATool, etc.). Here we use the PDE interfaces built in COMSOL Multiphysics.

3.3 Results and Analyses
3.3.1 Study of Convergence Rate
First of all, we simulate a rectangular resonant cavity excited at the fundamental mode. The
boundaries are defined as shown in the inset of Figure 1, where only the bottom side is
prescribed with a tangential H-field (out-of-plane polarization) and the other sides are PECs. The
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domain is discretized into triangle elements uniformly whose size is characterized with respect to
the wavelength. The error e is defined in the following manner:

e    F exact  F sim


1/2

2


d 


………………………….. (3.19)

where F denotes E or H , the subscript “sim” denotes results obtained by EEFEM (computed
with the COMSOL RF module using quadratic edge-elements) or LSFEM (using quadratic
Lagrange elements). From Figure 3.2, it is obvious that LSFEM outperforms the conventional
EEFEM. Given the same size of elements, the results given by LSFEM appear to be more
accurate. Moreover, the consistent trends of error decreasing for both E- and H-field shows that
LSFEM produces a higher rate of convergence, as indicated by the slopes of the two fitting
curves. This is in accordance with the fact that the LSFEM has been widely proved to yield an
optimal convergence rate [Bramble, 05].
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Figure 3.2. Comparison of the convergence rates between LSFEM and EEFEM. The as-defined error is calculated
for the E-field magnitude E and H-field magnitude H . In the inset is shown the definition of the boundary





conditions, where H z = 2k x  k y cos  k x x 

 i0 

with kx   a , k x   b and a  1, b  2

3.3.2 Validation of Boundary and Interface Settings
To examine the Floquet phase shift (FPS) boundary condition and the Floquet absorbing
boundary condition (FABC), we choose to model the plane wave scattering from the lamellar
gratings, whose interaction with EM wave has been well studied and documented [Peterson, 98].
The model setting of a unit cell is shown in the inset of Figure 3.2, which is almost identical to
that in [Cui, 02]: a transverse-electric (TE) wave is incident on a PEC grating at an angle of 60°
with respect to the horizontal axis; the periodicity is twice the width of the ridge whose width to
height ratio is 2. The only difference lies in the rounded corner of the ridge and we believe this
would not change its scattering properties significantly. The frequency of the incident wave
varies in such a way that the ratio of wavelength over periodicity ranges from 0.5 to 1.75.
Correspondingly, the number of the Floquet modes changes from 1 to 3. The reflected power
carried by the fundamental mode is probed at the bottom boundary of the domain, i.e. where
FABC is defined. The LSFEM results are then compared to those obtained in [Cui, 02] with
Finite element-Boundary integral (FE-BI) as shown in Figure 3.3. Despite minute deviations at
some points, we can still observe an overall good agreement between the two: below the cut-off
frequency of high-order Floquet modes ( m  0 ), i.e.  p  1.5 , all of the incident wave is
reflected at the fundamental mode; as the frequency increases, more of the reflected wave
couples to the higher-order Floquet harmonics and less is carried by the fundamental mode. The
minimum value occurs at   0.65m , which is caused by the well-known blaze effect.
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Figure 3.3. Comparison of the ratio R00 of the fundamental mode power over the total power reflected by the
lamellar grating depicted in the inset, obtained by the LSFEM and FE-BI method presented in [Cui, 02]

For the last step of boundary condition validations, we look into the interfacial continuity as well
as perfectly matched layer (PML). Strictly speaking, PML is not a boundary but rather an
extension of the original computational domain in which the wave amplitude attenuates quickly
to zero before the wave reaches the boundary of PML. In our model, PML is defined as an
anisotropic media with complex permittivity and permeability values suggested in [Volakis, 98].
Apparently, interfacial continuity also has to be imposed at the interface between PML and the
original domain. The domain is defined to be a sandwich structure where the isotropic media is
placed in between two free space regions and the wave comes in from the bottom boundary, as
shown in Figure 3.4 (b). Two different media are tested for both transverse electric (TE, E-field
vector is vertical to the plane of incidence) and transverse magnetic (TM, H-field vector is out of
plane) cases, respectively: For Media 1, r  1,  r  10 ; for Media 2, r  5,  r  5 . The
reflection coefficient R is probed that is defined to be the ratio of reflected E- (and H-) fields
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over incident E- (and H-) fields for TE (and TM) scenarios. The analytic expression of R for
stratified isotropic materials with an arbitrary number of layers which is given by Kong is used
here [Kong, 86]. As shown in Figure 3.4 (a), the LSFEM results (represented by discrete dots)
have exhibited an excellent match with the closed-form solution (solid-line curves): in the TM
case of Media 1, the angle at which R=0 is precisely the Brewster angle, as given by

 Brewster  arcsin  r  r  1  72.5 ; For Media 2, the reflection coefficient at a given angle is
identical between TM and TE incidence due to the duality principle and decreases to 0 at normal
incidence as the wave “sees” no difference in the impedance at the interface. The successful
implementation of PML is further illustrated by the E-field distribution in one of the TE
incidence cases at an angle of 60° in Figure 3.4 (b), where the stripe pattern in the upper free
space region indicates no reflection occurs at its interface with PML. Moreover, the field decays
drastically in PML, in most of which there is zero field intensity.
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Figure 3.4 (a) The reflection coefficients for waves incident at angles ranging from 0 to 90 degrees, both TM and TE
polarizations are simulated for Media 1 ( r  1,  r  10 ) and Media 2( r  5,  r  5 ); (b) The real part of E-field
profile (z-component) at an incident angle of 60° demonstrates a working PML and properly-handled interface
conditions. Accordingly,   30 .

3.3.3 Application to Bianisotropic Media
With all the necessary boundary conditions developed in the previous section, we proceed to
verify the applicability of the LSFEM scheme to model wave phenomena in bianisotropic
materials and look into the influence of the magnetoelectric tensor  . As elaborated in [Keller,
12], the 6 independent components of  can be categorized into 3 groups, each having a special
effect on the wave traveling through: 11 , 22 , 33 , 13 , 23 , 31 , 32  and 12 , 21 , assuming
the “3” in the superscript denotes the wave propagating direction (z-axis in the model). In the
following, we are going to model materials, of which the only non-zero components are one of
the aforementioned 3 groups, and reference the analytical results in [Keller, 12] wherever
necessary. It should be noted that 33 has been proved to not make a difference in the wave
propagation both theoretically, which has been validated in the model but will not be shown here.
The bianisotropy reduces to bi-isotropy when the 3 diagonal components in  are equal to
each other, i.e. 11  22  33 . Their imaginary parts are usually referred to as the chirality
parameter  because of the intriguing fact that such media can cause polarization rotation of the
incident wave [Kwon, 08]. This parameter, as well as permittivity and permeability, are
commonly derived from such measurable data as reflection and transmission coefficients. In
[Wang, 09], the bi-isotropic constitutive parameters of a non-planar split-ring resonator (SRR)
array were retrieved from the data showing the difference in the polarization rotation angle
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between a left circularly polarized (LCP) wave and a right circularly polarized (RCP) wave,
which is expressed as:

1

  arg TRCP   arg TLCP  ……………………………………… (3.20)
2
where TRCP and TLCP represent the complex transmission coefficients of RCP and LCP waves,
respectively. In our validation, we take an inverse process and plug the macroscopic parameters
(i.e.  ,  ,  ) into the LSFEM model to calculate  . Given the dispersive nature of these material
properties, these parameters were sampled at various frequencies (from the data in [Wang, 09]).
As shown in Figure 3.5, the simulation results (discrete blue dots) are in an excellent agreement
with the original ones (solid lines). It is apparent that the variation in  follows tightly that of 
with an abrupt change at 7.7 GHz caused by the chiral resonance. We should also keep in mind
that this polarization rotation effect is dependent on the thickness of the bi-isotropic/chiral media.
Therefore, by adjusting the chirality parameter and its dimension, we will be able to obtain
waves of desired polarization states with such bi-isotropic/chiral media.
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Figure 3.5. Comparison between the results obtained from LSFEM model and those from Reference [Wang, 09] on
the polarization rotation angle difference between RCP and LCP wave. The frequency-dependent chirality parameter
κ adopted from [Wang, 09] is also plotted.

For the second group in  , 13 , 23 , 31 , 32  , we will be focusing on only two of them due to the
geometric similarity between direction “1” and “2” with respect to the wave propagating
direction. Unlike 11 and 22 , 13 and 31 do not affect the polarization of the fields; instead, a
longitudinal field component parallel to the propagating direction is induced. According the
eigen-analysis in [Keller, 12], in the case of 31  0 , if an E-field polarized along y-axis is
incident upon the bianisotropic media (the corresponding eigenvector is [0 1 0]), denoted as E2, a
longitudinal component E3 will be generated, whereas an E-field polarized along x-axis (the
corresponding eigenvector is [1 0 0]) “sees” the media as a conventional material. Moreover, E3
and E2 satisfy the following relation:
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E3

where   1

E2 

31
 33 11


312 



 ……………………………….. (3.21)
 33 11 


 22 11   22312  33  k0 k is the ratio between the wavenumber in the bianisotropic

media and that in free space. The structure being modeled here is still a bianisotropic slab in
between two regions of free space, in which one end is terminated by PEC rather than PML. For
simplicity, isotropic permittivity and permeability are assumed, i.e.     8 ; 31 is varied from
0 to 5 such that the thermodynamic constraint is not violated. As shown in Figure 3.6, 31  0
represents a conventional dielectric,   1 8 and only E2 exists. As 31 increases,  also
increases and hence the wavelength in the material, while the induced longitudinal component E3
gets stronger. Over the entire range, the LSFEM values match very well with the analytic ones,
further proving the model is working. In the inset we plot a period of the standing wave patterns
of the 3 E-field components for 31  5 . It is interesting to see that the peaks and valleys of E3
and E1 are a quarter wavelengths apart from each other. Additionally, it should be noticed that
given the induced longitudinal component E3, the Poynting vector of the wave would deviate
from its propagating direction by an angle that is determined by 31 .
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by varying

31 from 0 to 5 obtained

numerically (discrete points) and analytically (solid lines). In the inset is shown the E-field distribution inside the
bianisotropic slab.

Lastly, we will examine the effect of 12 , 21 . In light of the duality in electromagnetism, it’s
only necessary for us to investigate one of them (here we choose 12 ). It has already been shown
that 12 is responsible for the non-reciprocal wave propagation inside the bianisotropic media.
For this part of validation, we will adopt the same methodology as is done for the bi-isotropic
case and carry out the inverse process of constitutive parameters retrieval detailed in [Li, 09]. In
that paper, a plane wave illuminates a split-ring resonator array of 35.2 mm in thickness at
normal incidence, and the scattering parameters are measured for two opposite directions.
Plugging the retrieved data  ,  and  at several different frequencies into the LSFEM model,
we subsequently calculate the reflection coefficients. At most frequencies the imaginary part of

 ,  are negligible with respect to the real part, and therefore are set to zero. As shown in Figure
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3.7, despite some discrepancies possibly caused by inaccurate interpolation of the original curve,
the trend in reflection coefficients between LSFEM results and the experimental data taken from
[Li, 09] is consistent. The strongest reflection occurs at 3.70 GHz. Most notably, at 3.5GHz and
3.7 GHz where 12 is largest among all the sampled points, the wave incident on the slab from
different directions encounters different reflection, signifying non-reciprocity propagation. On
the contrary, at the other frequencies, the two sets of reflection coefficients are almost identical
to each other. However, we note that such a non-reciprocal effect should rely on the thickness of
the slab. Besides, it is worth noting that 12 is not the only parameter giving rise to nonreciprocity, the real part of the diagonal components in  induces similar phenomena [Cheng,
08].
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Figure 3.7. Comparison of the scattering parameters obtained from the LSFEM model with those from the original
data in [Li, 09]. Even though the two sets of data do not match with each other very closely, their trend is consistent
and the non-reciprocity is recognized at 3.5 GHz and 3.70 GHz.
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3.4 Conclusion
To sum up, we have successfully implemented the normalized Maxwell’s equations with
LSFEM and demonstrated its superior convergence rate over the mainstream edge-element based
FEM. Various boundary conditions commonly seen in literatures have been also be validated.
Additionally, this scheme is applied to simulate the EM wave propagation in different types of
bianisotropic media and is capable of producing results in accordance with the references.
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Chapter 4 Application of a First-order Finite Element Method to Model
Electrodynamics-elastodynamics Coupling
4.1 Background and Motivation
Antenna miniaturization has been under intensive research due to the increasing demand in
wireless communications. This is particularly challenging for antennas applied to implantable
wireless devices, which is regulated to operate at a frequency range of 401MHz~406MHz. At
this band, antennas with proper size for implantation are electrically too small and have very
poor radiation efficiency [Xu, 15], due to their electrical-resonance-based nature.

One

alternative route is to radiate electromagnetic (EM) waves via time-varying magnetic flux
induced by mechanical vibrations in the magnetoelectric (ME) composite made with
piezoelectric and magnetostrictive materials. Instead of feeding the antenna with time-varying
current, we apply AC voltage to produce in the piezoelectric phase dynamic strain, which is
transferred to the magnetostrictive phase causing its magnetization to change and further
generating EM fields. This type of antennas is also capable of eliminating the detrimental
platform effect seen in conventional antennas that causes decrease in radiation efficiency [Yao,
15]. Based on this mechanism, Nan recently reported an ultra-compact antenna that uses AlN and
FeGaB as the piezoelectric and magnetostrictive element, respectively, and that has a measured
gain of −18 dBi at the resonance frequency [Nan, 17]. Despite this progress in experiments, it is
necessary to simulate the ME antenna radiation in the framework of a three-dimensional (3D)
device, as the author commented. Unfortunately, modeling the coupling between
electrodynamics and elastodynamics in the ME composites is not trivial and not much has been
done.
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Finite element methods (FEM) have been known to be capable of handling complex
geometries, and widely used for numerical simulations nowadays. In our previous work [Zhou,
16], a Galerkin FEM is applied to model the EM radiation induced from a shear-mode
piezoelectric resonator, where the Helmholtz equation for electric-field (E-field) and the CauchyNavier’s equation for elasticity are solved concurrently. However, in this scheme, different types
of elements have to be used. In other words, the two dependent variables (E-field and
displacement) are approximated with two finite element spaces, which is certainly more
complicated compared to the cases where only one finite element space is needed. In the past
two decades, the least-squares finite element method (LSFEM) based on minimization of
quadratic least-squares functionals has received much attention due to its advantages over the
traditional Galerkin FEM. Most notably, since LSFEM can be applied to almost any 1st-order
PDEs, it is possible to cast different governing equations in a multi-physical problem into a
single weak formulation, making it possible for us to seek approximations for different variables
from the same finite dimensional space, as in [Kayser-Herold, 06]; moreover, the resulting
stiffness matrix using LSFEM is a symmetric positive-definite one, which is inherently stable
and facilitates the usage of iterative solvers [Bochev, 98].
In this paper, we will first derive the governing equations that describe the wave phenomena in
the strain-mediated magnetoelectric composites, and the corresponding weak form. Subsequently,
we will look into the LSFEM scheme as applied to solids of different types, i.e. functionallygraded materials (FGM), piezoelectrics and linearly magnetostrictive media. Finally, we use this
scheme to simulate the EM fields induced from a magneto-electric bar actuated to vibrate at the
thickness shear mode.
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4.2 Theory and Methods
The governing equations involve Maxwell’s equations and that of mechanical motion, as
shown below:
  E  j B  0
  H  j D  0

………………………………………. (4.1)

 D  0
 B  0

 T   2 u  0 ………………………………………….. (4.2)

Here we have assumed that there are no impressed sources and no body forces present. In (4.1),

E and H are electric and magnetic field, B and D are magnetic and electric flux density,
respectively. In (4.2), T is the 2nd-order stress tensor, u is the displacement in the solids. The
following linear constitutive relations of the magneto-electro-elastic materials have been used,
which represent the most general cases.

 S  sT  d T E  qT H


 D  dT   E   H ………………………………………. (4.3)

T
 B  qT   E   H

where S is the 2nd-order strain tensor and the material properties are fully determined by the
compliance matrix s , the piezoelectric coefficient matrix d , the permittivity  , the permeability

 , the piezomagnetic (i.e. linearly magnetostrictive) coefficient matrix q and the
magnetoelectric coupling coefficient  . Nonetheless, it should be noted that our focus here is
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not on the single-phase magneto-electric materials and therefore in actual simulations,  always
vanishes.
To facilitate derivations, the first formula in (4.3) is transformed into the following form:
T
T
T  cS  cd E  cq H ………………………………. (4.4)

where c  s 1 is the stiffness matrix.

Substituting (4.3) into (4.1), we have the following PDEs:





 j T    E  j H  j qT  0


 j E   j    H  j dT  0
……………………. (4.5)

   E     H   dT  0

  T E    H   qT  0




 
   



For small deformation, the following strain-displacement relation is used:

S

1
2

u   u  
T

………………….…...… (4.6)

where u is displacement. Plugging (4.6) into (4.4) leads to:
T
T
cd E  cq H  T  c : u  0 ………..………………… (4.7)

Thus (4.2) (4.5) and (4.7) constitute a 1st-order system of governing equations, where electric,
magnetic, stress and displacement fields are all coupled together.
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In order to simulate the EM fields present in the surrounding medium, in which the magnetoelectric composite vibrate, 3 domains should be defined: a piezoelectric phase denoted as 1
with the boundary 1 , a magnetostrictive phase denoted as  2 with the boundary 2 and the
surrounding medium denoted as 3 with the boundary 3 . For simplicity, the electrodes
attached to the piezoelectric are assumed to be perfect electric conductor (PEC) and of zero
thickness. Common boundary conditions are defined as follows:
1. Prescribed displacement:
u  u 0 , on S1 ……………………...……..……… (4.8)

In the case of u 0  0 , this means a fixed constraint.
2. Prescribed traction:

T nˆ  T0 , on S2 …………………………….....…… (4.9)
where S1 and S2 can be part of 1 or 2
3. Perfect electric conductor (PEC):

nˆ  E  0
………..……….. (4.10)
T
nˆ  qT   E   H   0 , on S3


where the second equation above utilizes the constitutive relation for B already. This is the most
common and simplest boundary condition used in EM modeling. Absorbing boundary conditions
can be applied as well.
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4. Interface continuity for displacement and stress: At the interface between 1 and  2 , i.e.
Si  1

2 , the interface continuity reads:

T

(1)

T

u u
(1)

(2)

(2)

 nˆ  0 ,

 0 , on Si

…………………..……… (4.11)

5. Interface continuity for EM quantities: At any interfaces between two domains of different
EM properties, both tangential field continuity and normal flux continuity have to be satisfied.
Assuming there is no impressed source, these interfacial conditions are of the following form:













nˆ  E  E  0 , nˆ  H  H  0













nˆ   E    E  0 , nˆ   H    H  0 , on S3

…………....….. (4.12)

where the superscript “+” and “-” refer to the two media that form this interface. It should be
noted that the two equations for normal flux continuity are written as Neumann type such that
they can be applied universally, regardless of the material properties.
Before proceeding to derive the weak formulation, we normalize all the 4 dependent variables.
The reason is two-fold: First, we found in our previous study that LSFEM applied to Maxwell’s
equation written in normalized E- and H-field leads to a faster rate of convergence than in the
case where the original Maxwell’s equations are used. Second, since we are solving for stress
and displacement simultaneously, their values can be more than 10 orders of magnitude different.
This gives rise to an ill-conditioned stiffness matrix. Thus we introduce the following
transformation:
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1/2
e   01/2 E   E   0 e


1/2
h  01/2 H   H  0 h

σ  T c0  T  c0 σ, where c0  max  c ij
 
u   2 u  u  u  2

…………....……… (4.13)

We substitute (4.13) into (4.2) (4.5) and (4.7). After some rearrangement, we arrive at the
normalized governing equations of the following form:

 j

T



   e  jk0 r h  j J m 0 qσ  0





 jk0  r e   j    h  j J e 0 dσ  0

 

 

  r e  v0  h  e 0 dσ  0

…………..…….…..….. (4.14)

   

v0  e   r h   m 0 qσ  0
T

ka Fe 0 cd e  ka Fm 0 cq h  ka σ  cr : u  0
T

T

 σ  ka u  0

where  r    0 and r    0 are the relative permittivity and permeability, respectively, and
k0   01/2 01/2   v0  free space EM wavenumber 
J m 0   0 c0 , J e 0  0 c0

e 0  c0  0 ,  m 0  c0 0
Fe 0   c0 0 

1/2

, Fm 0   c0 0 

1/2

cr  c c0 (normalized stiffness),
ka   2 c0 (effective acoustic wavenumber)

We can further write them in a more compact form: L U  0 , where U  e h σ u and
T
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 j T   


  jk0  r

 r

L 
 v0  T

 k F cd T
 a e0

0




jk0 r

j J m 0 q

  j   

 j J e 0 d

v0 

 e 0 d

 r

 m 0 q

ka Fm 0 cq

T

ka


0




0 

0 

0 

cr :  


ka 
0

Accordingly, by plugging (4.13) into (4.8) through (4.12), we obtain the normalized boundary
and interface conditions, which can be written in the form of R U  g (for interface condition,





this needs to be modified as: Rin U  U



  0 ) where R ( Rin ) denotes general boundary

(interface) operators.
Subsequently, we derive the weak formulation using the most common L2 norm, as defined by
f  x  0   f  x  , f  x   for f  x  , where
2



,

 is the inner product associated with the L2 space:

u  x  , v  x     u  x  v  x  d  (for integrals on the boundaries, u  x  , v  x 
T





 u x

T

v  x  dS ).



To take into account the interface, we look at two of the sub-domains I and II , with the
interface    I

 II . We define the least-squares functional as below [Hessari, 14]:

I U  

  LU

i  I , II

i 2
0,i

 RU  g
i

2
0, i

  R U 
in

2
0, 

…………..….. (4.15)

where the last term takes care of the interface condition and U   U  U
I

II

. Taking the

variation of I U  with respect to U and setting it to be 0, we have the following equation.
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  L U , L V 
i

i  I , II

i

 R U  g, R V
i

i

i
i 

 R

in

U  , Rin V    0

……….….. (4.16)

where V   U is the variation of U . Thus the problem of minimizing the functional defined in
(15) is equivalent to finding U  S , such that (16) holds V  S , where S is the solution Hilbert
space. It is noteworthy that S is not required to satisfy the boundary conditions, but rather, the
boundary conditions are included in the functional. This is another desirable feature of LSFEM,
as pointed out in [Bochev, 07]. The common Lagrange interpolation is then chosen to discretize
h

U that approximates U , the superscript h denoting the element size of the triangulation. In our

work, we implement the as-derived weak form in the PDE Interface in COMSOL Multiphysics
and the resulting global stiffness matrix is solved with a PARDISO direct solver. Nonetheless,
other FEM tools such as FENICS can also be used, as long as the Lagrange element is available.

4.3 Results and Analyses
In this section, we will validate the LSFEM and resolve the accompanying issues by applying
this scheme to solids described by different constitutive parameters, from a functionally-graded
plate, to piezoelectrics and piezomagnets.

Then we will investigate the performance of a

prototype antenna based on a shear-mode magneto-electric resonator.
4.3.1 Functionally-graded Plate
Functionally graded materials (FGM) are a class of composites whose material properties vary
from one surface to another in a smooth and continuous fashion [Tornabene, 2014]. Following
Nie’s work on a semi-analytical solution to a 3D FGM circular plate’s vibration [Nie, 07], we
have defined a model where a plate of 100 μm in radius and 10 μm in thickness is fixed on the
periphery and subject to a time-harmonic distributed load of 1GPa on the top surface. The
material parameters increase exponentially from the bottom surface to the top surface in the
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following way: M  M 0 exp  z h  , where M can be either the density or the stiffness tensor, and
M 0 is the value at the bottom surface, i.e. z  0 . No electro- or magneto-mechanical coupling is

activated, i.e. d  q  0 in this case. In light of symmetry, only a quarter of the plate was actually
simulated. Lagrange interpolation of three different orders is used while the total degrees of
freedom have been kept roughly constant. To validate the LSFEM solution, we plot in Figure 4.1
the stress distribution along a cut-line through thickness that is 50 μm away from the plate center,
in comparison to Nie’s solutions; we also plot in Figure 4.2 the radial distribution of the
displacement on the top surface obtained by LSFEM and by COMSOL’s Solid mechanics
module (using the conventional Galerkin method), respectively. Both off-resonance ( f  0.8 f0 )
and near-resonance ( f  0.95 f0 ) frequencies are considered, where f 0 is the fundamental
resonance frequency.
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Figure 4.1. Normal (a) and Shear (b) stress distribution along a through-thickness cut-line that is at the midpoint
between the center and the edge of the plate. In the inset is the out-of-plane displacement (unit: ×10-4m)
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Figure 4.2. In-plane (a) and Vertical (b) components of the plate’s displacement along the radius.

As shown in the above four figures, the displacement and the stress profiles look alike for both
frequencies. All the quantities become larger when the forcing frequency increases from 0.8f0 to
0.95f0. The normal stress  z gradually changes from a simple linear distribution in static
deformation to a curved profile with two extremums at near-resonance frequency. On the other
hand, the shear stress  rz vanishes on both the top and bottom surfaces as dictated by the
boundary conditions, reaching maximum in the middle of the plate along z-direction, which,
despite the parameter variation along thickness, is consistent with the rate of radial changes of
the z-component displacement as observed in Figure 2(b). At f  0.8 f0 , a satisfying agreement
has been achieved between the referenced closed-form solution and the LSFEM solution, as well
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as between the Galerkin FEM solution and the LSFEM solution. Quadratic Lagrange elements
suffice to produce meaningful results. However, at f  0.95 f0 , using the quadratic Lagrange
elements for LSFEM fail to give rise to accurate results. The LSFEM solutions converge to the
referenced ones (both closed-form and the Galerkin FEM) as higher order of shape functions are
used, though discrepancies still exist. Moreover, it should also be noted that the improvement
gained by increasing shape function order becomes less significant from 4th to 6th order
compared to that from 2nd to 4th order. The poor performance of LSFEM with low-order shape
functions has indeed been observed by other authors, in solving for both solid mechanics
problems [Schwarz, 14] [Schwarz, 10] and fluid mechanics ones [Pontaza, 06]. The primary
reason, as argued in [Pontaza, 06], is that an optimal convergence rate is only guaranteed if the
L2 least-squares functional is equivalent to the energy norm with respect to the solution space.
This can sometimes be hard to satisfy, which is also dependent on the boundary conditions of the
problem. Otherwise, a higher-order approximation is desirable. Another reason lies in the choice
of the finite element basis. It is apparent from the governing equations that both the (normalized)
stress tensor and its divergence are involved in the weak form. Hence, a H  div  conforming
discretization should be chosen. In other words, the stress field as well its divergence should be
square integrable. Whereas Lagrange interpolation works well with the displacement field, as in
the case of the Galerkin FEM, it might not be perfect for approximating the stress field. A better
option is the Raviart-Thomas basis functions [Cai, 04]. But this “locking” phenomenon still
exists [Schwarz, 14]. In view of this, Schwarz modified the original least-squares functional by
either multiplying each term with different weights or adding an extra term imposing the
symmetry of the stress tensor. While both methods are helpful, they have disadvantages: for the
former, the weights for each term largely are determined by the specific problems being solved;
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for the latter, the resulting stiffness matrix becomes asymmetric and thus eliminating one of the
main advantages of LSFEM. In what ensues, we proceed with Lagrange interpolation, using 6thorder for the stress and displacement fields, and 2nd-order for the electric and magnetic fields.
4.3.2 Piezoelectric and Magnetoelastic Materials
Due to the duality theorem in electromagnetics [Banalis, 12], the formulation for
piezoelectrics (   0 , d  0 ) and that for magnetoelastic (   0 , q  0 ) materials are very
similar. We will first validate the piezoelectric case with a closed-form solution to the so-called
anti-shear problems for piezoceramics which is transversely isotropic. The governing equations
are given below, and more details about the derivation can be found in [Yang, 07]:
c442u3   2u3 =0 ……………………….…………… (4.17)

2 H3   2110 H3  0 …………………….………….… (4.18)
E

1  zˆ

H 3  e15u3 
11  i


………………………….…... (4.19)

where c44  c44  e152 11 is the piezoelectrically-stiffened shear modulus with c44 being the intrinsic
shear modulus and e15 the piezoelectric coefficient of stress-charge form; u3 = u3(x, y) and H3 =
H3(x, y) are z-polarized displacement field and magnetic field, respectively. In addition,
u1  u2  0 , H1  H 2  0 . If we define an acoustic resonant cavity that is infinitely long along z-

direction, such that all the quantities are independent of z (  z  0 ), one solution to (4.17) is that
describing a standing elastic shear-wave, as shown below:
 2
 …………………………………..
2
u3  U 0 cos 
x
 y 
2
 2


(4.20)

Similarly, one solution to (4.18) can be of this form:
 2
 …………………………………..
2
H 3  H 0 cos 
x
 y 
2
2
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(4.21)

In (4.20) and (4.21),  = 110 ,  =  c44 are the wave numbers for electromagnetic wave and
acoustic wave, respectively, while U 0 and H 0 determine the amplitude of the waves. By
imposing (4.20) and (4.21), as well as the E-field as computed from (4.19), as Dirichlet boundary
conditions on the cavity surfaces, we obtain the interior distribution of the E-field with the
LSFEM model. Figure 4.3 plots the real and imaginary parts of the E-field along a diagonal.
Overall an excellent agreement has been achieved between the LSFEM solution (discrete points)
and the closed-form solution (solid lines). The real part of the E-field is induced via piezoelectric
coupling by the displacement and thereby exhibits an oscillatory profile; the imaginary part is
induced by the imposed magnetic field and varies almost linearly inside the domain, which is
determined by the fact that the domain size is on the order of several acoustic wavelength and
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Figure 4.3. E-field distribution along a diagonal of the cavity (solid lines: analytic solution; circular dots: LSFEM
solution).

Following Tiersten’s derivation for the piezoelectric case, we have come up with the
expression of the displacement of an infinite magnetoelastic plate vibrating at thickness-shear
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modes. Specifically, the mode is anti-symmetric when the middle layer of the plate remains static.
In this case, if the middle layer is set as z  0 , the displacement is of the following form:
u  q35 Htop

c

 cos  h   sin  z  ………………………… (4.22)
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where H top is the applied H-field magnitude on the top surface z  h and  is the acoustic
wavenumber. The resonance is thus indicated by maximum displacement magnitude. Table I lists
the first 5 anti-symmetric mode frequencies obtained by both Eq. (4.22) and the LSFEM model
(up to two decimal places of accuracy) for a 10 um-thick infinite plate with Terfenol-D
parameters used [Engdahl, 99]. The accordance between the two sets of data is obvious, with the
resonance frequencies linearly increasing with the mode order.
Table 4.1 Comparison of the first 5 anti-symmetric mode frequencies as obtained by LSFEM and
by closed-form calculation

Anti-symmetric mode
Analytical [MHz] LSFEM [MHz]
order
1st
2nd
3rd
4th
5th

48.06
144.20
240.34
336.48
432.62

48.06
144.20
240.34
336.48
432.62

4.3.3 A Prototype Magneto-electric Antenna
In essence, a magneto-electric device that emits EM fields based on the aforementioned
mechanism is still a transducer, which has been shown to achieve maximum magneto-electric
coupling at electromechanical resonance [Bichurin, 03]. Moreover, Wang observed [Wang, 12]
an enhanced magneto-electric coefficient in shear mode magneto-electric composites, largely
because of a higher d15 in PMN-PT single-crystal and PZT ceramics. Therefore, in our study, we
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have chosen to investigate the EM fields emanating from shear-mode magneto-electric
resonators of different thickness, as thickness is the main parameter that determines the
resonance behavior.
The bar resonator is composed of PZT as the piezoelectric phase and Terfenol-D as the
magnetoelastic phase, which are bound together. The length-to-width ratio is set to be 4.5 to
avoid any spurious lateral modes in the frequency range of interest. Three different thickness
ratios between PZT and Terfenol-D are examined, which are 1:1 (denoted as Resonator A), 1:2
(Resonator B) and 1:2.85 (Resonator C). The corresponding PZT thickness h values are 0.431
μm, 0.25 μm and 0.55 μm, respectively, such that the resonance frequency is around 406MHz. It
should be noted that both Resonator A and B vibrate at the fundamental mode, while Resonator
C is at 2nd order mode. The PZT is being excited at the anti-symmetric mode and thereby the
bottom surface can be imposed with a fixed constraint, i.e. displacement is zero in all 3
directions. As noted in the previous section, to capture the EM fields transmitting out of the
resonator, an enclosing domain is needed which has the shape of a sphere and the material
properties of free space in this model. The surface of the sphere is defined with PEC boundary
condition. Continuity conditions are defined at all the interfaces between the solid and the sphere.
The piezoelectric bar is excited by applying a time-harmonic E-field of 1105 V/m in magnitude
to the top surface, and the E-field at the bottom surface is determined accordingly (See
Appendix). This is equivalent to applying equal E-field to the top and bottom surfaces of a
piezoelectric bar which is 2h in thickness and that is vibrating at anti-symmetric shear mode.
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Figure 4.4. (a) The induced magnetic dipole moment ( m   MdV    B 0  dV ) in the
piezomagnetic phase around resonance. (b) Displacement profile of a cross-section in the middle of the
bar (from left to right: Resonator A, B and C)

Figure 4.4 (a) shows the radiation performance of the piezomagnetic phase of 3 different
thicknesses in the vicinity of the resonance frequency (~406 MHz). The magnetic dipole moment
is plotted because it directly relates to how much radiated power can be generated; since the
resonator is electrically very small, we can treat it as an infinitesimal dipole. Clearly, the
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maximum values occur at the resonance frequency. Among the three resonators, Resonator A
appears to be producing the strongest dipole. This might be due to the fact that the strain at the
interface transfers less efficiently from the piezoelectric to the piezomagnetic phase, when the
latter is thicker. While Resonator C may seem to be creating larger dipole moment than
Resonator B, this is actually a consequence of different input energy, as shown in the following
table, where the last column can be taken as ratio of the radiated energy which is proportional to
the square of magnetic dipole moment. Clearly, Resonator B is superior to Resonator C in terms
of radiation efficiency. This is in fact consistent with the conclusion in [Domann, 17] which says
that operating at the first mechanical resonance produces the most efficient strain powered
radiation.
Table 4.2 Comparison of the input energy and the dipole strength between Resonator B and C
Ratio of the square of
Ratio of input energy
magnetic dipole moment
Frequencies [MHz]

between Resonator C
between Resonator C and
and B
B

f r  0.04

49.9

8.64

f r  0.02

35.2

5.95

fr

1.46

0.272

f r  0.02

76.5

16.2

f r  0.04

38.6

9.09
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4.4. Conclusion
In this report, we have come up with a system of 1st-order PDEs that govern the EM and
elastic wave motion in the general magneto-electro-elastic materials, whose normalized form is
used to construct a least-squares functional. The corresponding weak form of the original PDEs
is then derived and approximated with Lagrange interpolations. For validation, this scheme is
first applied to simulate the forced vibration of a functionally-graded plate. We found that
higher-order shape functions have to be used to obtain accurate results, which is attributed by
others to the fact that the functional is not norm-equivalent. Subsequently, 6th-order and 2nd-order
Lagrange element are used for displacement and stress field, electric and magnetic field,
respectively. The scheme is further applied to simulate the anti-plane shear motion of a
piezoelectric cavity and solve for the anti-symmetric mode’s frequencies of an infinite
piezomagnetic plate. Finally, we apply this scheme to investigate shear-mode magneto-electric
resonators of different thickness. Above all, we have devised a numerical method that may find
applications in modeling the wave phenomena of the magnetoelectric composites. For the future
work, a better functional is needed in order for the lower-order Lagrange elements to yield higher
accuracy, while retaining the major advantages of LSFEM.

4.5 Appendix
Given an infinite plate of magneto-electric composites vibrating at thickness-shear mode, where
the thickness of the piezoelectric phase and that of the piezomagnetic phase are h and H,
respectively, the original governing equations reduce to1D PDEs:
T5,3pe   pe 2u1pe  0 , D3,3  0 ,
T5,3pm   pm 2u1pm  0 , B3,3  0 ,
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0  z  h …………….….…….. (A4.1)
h  z  h  H ………….…..…….. (A4.2)

Substituting the constitutive relation of the stress-charge form leads to:
pe
c55peu1,33
 e35 E3,3   pe 2u1pe  0 …………………………….. (A4.3)

pe
e35u1,33
  33S E3,3  0 ……..……………….………. (A4.4)

pm
c55pmu1,33
 m35 H3,3   pm 2u1pm  0 ………………..…………. (A4.5)

pm
m35u1,33
 33S H3,3  0 …………………...…………. (A4.6)

For anti-symmetric modes, the displacements in the solids are of the following form:
u1pe  A sin  z  ,

0  z  h ………..……….. (A4.7)

u1pm  C1 sin   z  h   C2 cos   z  h  ,

h  z  h  H …….... (A4.8)

2
where     pe c55pe ,     pm c55pm are the acoustic wavenumbers and c55pe  c55pe  e35
 33S ,

2
c55pm  c55pm  m35
33S are the stiffened shear moduli in the piezoelectric and the piezomagnetic

phase, respectively.
Integrating (A4.4) once, we have:

E3  

H3  

m35

33S

e35

 33S

A cos  z   F1 , 0  z  h ……………………………. (A4.9)

C  cos   z  h   C  sin   z  h    F
1

2

2

,

h  z  h  H …….. (A4.10)

Thus the unknown coefficients are A, C1, C2, F1 and F2 that are determined by the following
boundary conditions:
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Traction-free on the plate’s top surface: T5pm

z h H

 0 ………………..…... (A4.11)

Prescribed E-field on the piezoelectric’s top surface: E3 z h  E0 ………….……...…. (A4.12)
Displacement continuity at the interface: u1pe

Stress continuity at the interface: T5pe

z h

z h

 u1pm

 T5pm

z h

z h

pm
 33S H3
PEC at the interface: m35u1,3

z h

………….….….. (A4.13)

….……..……..…. (A4.14)

 0 ………..……. (A4.15)

Plugging (A4.7)-(A4.10) into (A4.11)-(A4.15), we solve for the above five unknowns:

A

E0 e35 33S cos  H  


E e  sin  h  sin  H  
C1  0 35

S
E e  sin  h  cos  H  
.
C2  0 35 33

2
2
E0  e35
 c55pe 33S 33S cos  h  cos  H     m35
 c55pm 33S   33S sin  h  sin  H   
F1 
 33S 
S
33

F2  0
2
S
where   c55pe33S cos  h  cos  H    m35
 c55pm 33
 sin  h  sin  H  .
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Chapter 5 Summary
Realizing the challenge of miniaturizing conventional antennas especially in implantable
biomedical applications, we are optimistic that the acoustically-driven antenna based on strainmediated magnetoelectric composites has great potentials. This calls for an accurate numerical
model which is capable of capturing the electrodynamics-elastodynamics interaction by solving
for Maxwell’s equations and the Navier-Lame equation concurrently.
In this dissertation, we start from deriving a coupled-field formulation with E-field and
displacement field as the dependent variables and make use of the Galerkin FEM to simulate the
electromagnetic radiation emanating from a shear-mode piezoelectric resonator, before which the
scheme is validated using the method of manufactured solutions (MMS). We further perform
parametric studies about the impact of material properties, i.e. piezoelectric coefficients and the
permittivity, on the radiation capability. While the model is able to produce meaningful results, it
does not seem robust enough to be applied to arbitrary materials and structure. The fact that two
different types of element are used in the model is not satisfying, either.
Hence, we proceed to investigate the feasibility of a first-order mixed finite element method. By
constructing a least-squares functional with the normalized Maxwell’s equations instead of the
original ones, we are successful in using 2nd-order Lagrange element to simulate the
electromagnetic problems. This will certainly serve as an excellent alternative to the mainstream
edge-element based FEM in EM modeling, due to its higher convergence rate and ease of using
node-elements. We further apply the scheme to simulate different types of bianisotropic media
and achieve accurate results in comparison with the referenced solution.
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Due to the unique advantage of LSFEM, we apply it to the first-order governing equations for
the wave motion in general magneto-electro-elastic media, where the electric, magnetic, stress
and displacement fields are all coupled together. However, as encountered by other researchers,
we found that when the elasticity comes into play, lower-order elements give rise to poor
accuracy and higher-order elements have to be used instead. This is not desirable in particular
because higher-order elements lead to a larger bandwidth of the stiffness matrix which will no
longer be a sparse one and increase the complexity computationally. As such, while we have had
a FEM model that tackles the problem of strain-mediated radiation, the current formulation is not
an optimum one and awaits further improvements.
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