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Abstract

Stochastic Differential Games and Systemic Risk Measures
by

Yichen Feng

In the first part of this thesis, we study linear-quadratic stochastic differential games
on directed chains inspired by the directed chain stochastic differential equations intro-
duced by Detering, Fouque and Ichiba [I]. We solve explicitly for Nash equilibria with a
finite number of players and we study more general finite-player games with a mixture
of both directed chain interaction and mean field interaction. We investigate and com-
pare the corresponding games in the limit when the number of players tends to infinity.
The limit is characterized by Catalan functions and the dynamics under equilibrium is
an infinite-dimensional Gaussian process described by a Catalan Markov chain, with or
without the presence of mean field interaction. We then continue the analysis through
developing a random directed chain structure by assuming the interaction between ev-
ery two neighbors is random. We solve explicitly for an open-loop Nash equilibrium for
the system and we find that the dynamics under equilibrium is an infinite-dimensional
Gaussian process described by a Catalan Markov chain. The discussion about stochas-
tic differential games is extended to a random two-sided directed chain and a random
directed tree structure.

The second part is about systemic risk measures introduced by Biagini, Fouque,
Frittelli, and Meyer-Brandis [2]. We first analyze the systemic risk measures for disjoint
and overlapping groups (e.g., central clearing counterparties (CCP)) by proposing new
models with realistic game features. Specifically, we generalize the systemic risk measure

proposed in [2] by allowing individual banks to choose their preferred groups instead

viil



of being assigned to certain groups. We introduce the concept of Nash equilibrium for
these new models, and analyze the optimal solution under Gaussian distribution of the
risk factor. We also provide an explicit solution for the risk allocation of the individual
banks, and study the existence and uniqueness of Nash equilibrium both theoretically and
numerically. The developed numerical algorithm can simulate scenarios of equilibrium,
and we apply it to study the bank-CCP structure with real data and show the validity
of the proposed model.

Under the framework in Biagini, Fouque, Frittelli, and Meyer-Brandis [2], systemic
risk measures can be interpreted as the minimal amount of cash that secures the ag-
gregated system by allocating capital to the single institutions before aggregating the
individual risks. This problem has no explicit solution except in very limited situations.
We then apply the deep learning method as a tool to compute the optimal strategy of
capital allocations for the risk measures. Deep learning is increasingly receiving atten-
tion in financial modelings and risk management and we propose our deep learning based
algorithms to solve both the primal and dual problems of the risk measures, and thus to
learn the fair risk allocations. In particular, our method for the dual problem involves the
training philosophy inspired by the well-known Generative Adversarial Networks (GAN)
approach and a newly designed direct estimation of Radon-Nikodym derivative. In the
end, we show substantial numerical studies of the subject and provide interpretations of
the risk allocations associated with the systemic risk measures. In the particular case of
exponential preferences, numerical experiments demonstrate excellent performance of the

proposed algorithm, when compared with the optimal explicit solution as a benchmark.
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Chapter 1

Introduction

1.1 Linear-Quadratic Stochastic Differential Games

The study of stochastic differential games on networks is a broad area. In a stochastic
differential game on a network, the state process of each player is associated with a vertex
of the network graph and each player minimizes the individual cost function by controlling
its state, where the state processes are described by a stochastic differential system. The
interactions among the players through the network is encoded in the individual cost
functions. Roughly speaking, if player i (vertex ) is connected to player j (vertex j) in
the network, then the cost function of player ¢ depends on the state process of player j,
and the cost function of player j depends on the state process of player . If the graph is
directed, and if there is an arrow from j to ¢, then the cost function of player ¢ depends
on the state process of player j. The goal of study of stochastic differential game problem
on networks is to determine and analyze the Nash equilibrium of the game for different
types of networks. There are the following two extreme situations of the networks.

On one hand, we can consider a fully connected network (complete graph), described

in fig. [1.1] (a), with interaction of mean-field type. When the number N of players goes to

1



Introduction Chapter 1

infinity, i.e., N — oo, with appropriate scalings, this kind of game can be approximated
by a mean field game. The approximation problem of mean field games has been discussed
widely, for instance in Lacker [3]. Stochastic games on infinite random networks have
been proposed and studied. Delarue [4] investigated an example of a game with a large
number of players in mean-field interaction when the graph connection between them
is of Erdés-Rényi type. More recently, Caines and Huang [5] [6] explored stochastic
differential games under dense graphs.

On the other hand, we can consider a very sparse, structured network such as a
directed, torus chain of N vertices in fig. (b), where there are arrows from i + 1 to i
fori=1,...,N — 1 and an arrow from 1 to N. There are only N directed edges in the
network in contrast to the fully connected graph, where there are (g) undirected edges.
It is a complete opposite to the mean field games, since, on a directed chain network,
each player interacts only with its neighbor in a given direction. The finite directed chain
of N vertices in fig. (c) is obtained as a graph with even a fewer number of directed
edges, by removing the directed edge from 1 to N in the directed, torus chain of fig.
(b). The difference between them is how to deal with the boundary vertices (vertices 1
and N).

In chapter [2, we introduce a stochastic differential game aspect of the directed chain
structures and identify Nash equilibria. We consider the limit, when the number of
players goes to infinity as in fig. (d), and generalize the results to the stochastic
differential games on a directed tree structure.

Recently, the stochastic processes on one-dimensional, infinite directed chain have
been studied in Detering, Fouque and Ichiba [I] without the game aspect. Similarly,
Lacker, Ramanan and Wu [7] studied the limit of an interacting diffusive particle system
on a large sparse interaction graph with finite average degree. Interestingly, the equi-

librium dynamics on the network discussed in this paper turns out to be different from

2



Introduction Chapter 1

(a) Fully connected complete graph  (b) Directed chain torus graph

13 N 1 3 N
2 N-1 2 N-1

(c) Finite directed chain graph (d) Infinite directed chain graph

Figure 1.1: (a) Fully connected graph, (b) Directed torus chain graph, (c) Finite
directed chain, (d) Infinite directed chain.

the dynamics suggested in [I]. Particularly, the long time variance behavior is different.
The equilibrium dynamics for the infinite-player game is described by a Catalan Markov

chain introduced in chapter [2|

1.2 Systemic Risk Measures

Financial institutions are increasingly and tightly connected together at an unprecedented
scale, and the complex dynamics of the inter-connectedness aggregate their idiosyncratic
risks within the financial system. Consequently, failures of individual institutions due
to excessive risk-taking may quickly propagate throughout the entire financial network
and systemically cause cascading disasters. Such financial crises (e.g., [8, 9, [10]) have
dramatically demonstrated the importance of understanding the nature of systemic risk
and designing models and methods to capture and analyze it. A large part of the current
literature on systemic financial risk is concerned with the modeling structure of financial

networks and the analysis of the contagion and the spread of a potential exogenous shock



Introduction Chapter 1

into the system, e.g., [11], 12} 13|, 14, [15]. We refer interested readers to the book [16] for
an exhaustive review. For a given financial network and a given random shock, one then
determines the “cascade” mechanism, which generates many defaults. This mechanism
often requires a detailed description of the balance sheet of each institution; assumptions
on the interbank network and exposures, on the recovery rate at default, on the liqui-
dation policy; the analysis of direct liabilities, bankruptcy costs, cross-holdings, leverage
structures, fire sales, and liquidity freezes. Meanwhile, central clearing counterparties
(CCPs) are introduced to the financial markets to mitigate the cascade defaults. They
require default funds from their members to absorb the cost of clearing member’s defauls,
and several mechanisms of default funds have been designed by Albanese et al. [17].
The study of the contagion can help to reduce the risk of a complete system when
breaking down and is valuable from the point of view of a policy maker. However, one
may also be interested in measuring the risk embedded in the financial system, which is
defined as the capital requirements to regulate the risk assumed by market participants
and to allocate existing capital. Our approach is closely related to the classical conceptual
framework of univariate monetary risk measures which was first introduced by the seminal
paper of Artzner et al. [I8]. Over the last few years, the literature on systemic risk has
been growing fast taking in account different points of view on the subject. Properties
of measures and duality were emphasized in the studies of Féllmer and Schied [19] and
Frittelli and Rosazza Gianin [20]. Systemic risks characterized by interbank lending has
been studied via mean field approach in Fouque and Sun [21], Fouque and Ichiba [22],
Carmona et al. [23]. We refer the reader to Armenti and Crépey [24] for deterministic
systemic risk allocations and the solutions to the classical optimization problem. For
empirical studies on the default fund of Central Counterparty Clearing houses, we refer
for example to Feng et al. [25], Armenti et al. [26], and Ben-Tal and Teboulle [27]. See

also the volume of Fouque and Langsam [28] for an exhaustive overview on the literature

4



Introduction Chapter 1

on systemic risk.

Methodological frameworks based on acceptable allocations have been proposed by
several studies. In the previous works |29 2], the authors introduced a general class
of systemic risk measures that allow for random allocations to individual banks before
aggregation of their risks. They also proved the dual representation of a particular
subclass of such systemic risk measures and the existence and uniqueness of the optimal
allocation. They interpreted the systemic risk measures as the minimal amount of cash
that secures the aggregated system by allocating capital to the single institutions before
aggregating the individual risks, which allows for a possible ranking of the institutions in
terms of systemic risk measured by the optimal allocations. While they mainly conduct
systematic studies of the properties of the proposed measures in terms of set valued
functions, diversification and monotonicity, the explicit solution can be found only in
very limited cases. Armenti et al. [26] developed an approach in a similar spirit, covering

allocation first followed by aggregation frameworks.

1.3 Originality

Statement The content of this thesis is either my original work with collaborators, or

relevant prior or concurrent work included for reference.

1. The content of chapter and appendix [A] is the result of a collaboration with
Jean-Pierre Fouque and Tomoyuki Ichiba, and has previously appeared in [30] and [31].
2. The content of section and appendix [B| is the result of a collaboration with Jean-
Pierre Fouque, Ruimeng Hu and Tomoyuki Ichiba, and has previously appeared in [25].
3. The content of section is the result of a collaboration with Ming Min and Jean-

Pierre Fouque, and has previously appeared in [32].
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Chapter 2

Linear-Quadratic Stochastic
Differential Games on Directed

Networks

The organization of this chapter is as follows. In section [2.I we consider tractable
stochastic differential games on directed chain networks and find their Nash equilibria
explicitly in a similar spirit of the work by Carmona, Fouque and Sun [23]. We focus on
open-loop Nash equilibria, discuss briefly closed loop Nash equilibria and examine how the
structure of the network affects this Nash equilibrium. We propose three directed chain
networks shown in fig. (b)-(d) first. In these considerations, all these graphs are not
considered as geometric graphs. In other words, the graph represents interactions among
players through the cost functions but not necessarily reflects physical (spatial) distance
among players. In section [2.2| we investigate linear-quadratic stochastic differential games
on random directed networks and their open-loop Nash equilibria. We propose first a
stochastic game on a random directed chain network shown in Figure 2.2 Then, we

generalize the result to a stochastic differential game on a random two-sided directed

6



Linear-Quadratic Stochastic Differential Games on Directed Networks Chapter 2

chain structure as an extension of random directed chain graphs. Section [2.3|is devoted
to the analysis of another extension of section [2.1] and section [2.2] which considers a
directed tree structure with deterministic or random interactions between players in the
neighboring generations. We conclude in section section [2.4] and appendix [A] includes

some technical proofs and discussions.

2.1 Deterministic Directed Chain Game

The section is organized as follows. In section [2.1.1, we propose a finite-player game
model on a directed chain of fig. (c), and construct an open-loop Nash equilibrium.
We discuss general boundary conditions on the boundary vertex of the network graph
as well as two special cases to illustrate that the boundary condition actually affects
weakly the Nash equilibrium. We also observe that for this type of games open-loop and
closed-loop Nash equilibria coincide.

Section [2.1.2)is devoted to the analysis of an infinite-player stochastic differential game
on a directed chain of fig. (d). We find an open-loop Nash equilibrium from a similar
Riccati system to that of the finite-player game. The solutions of the infinite-dimensional
Riccati system are called Catalan functions. We use them to build a Catalan Markov
chain and introduce an infinite-dimensional Ornstein-Uhlenbeck process in section[2.1.2.2]
We find that its long-time asymptotic variance and covariance are finite.

In section [2.1.3] we shall incorporate the mean-field interactions to the stochastic
differential games on the directed chain. We call it a mixed system of directed chain and
mean-field interactions. We discuss both finite-player and infinite-player games for the
mixed system. By choosing a tuning parameter u € [0, 1], we may adjust the model to be
a purely mean field game (studied in [23]), or a purely directed chain game, or a mixture

of the two interactions. For it, we repeat the same steps as in section [2.1.1], section [2.1.2)]

7
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and section to find the Nash equilibria and we construct a generalized Catalan
Markov chain describing the two effects. We find that the long-time asymptotic variance
of the process with the purely directed chain interaction is finite, which is different from
the case with mean-field interaction as it was shown in Table 1 in [1].

In section[2.1.4] we propose an N player stochastic differential game under the directed
chain torus graph fig. (b). It corresponds to the periodic boundary condition. We
construct an open-loop Nash equilibrium. We conjecture that as N — oo, its infinite-
player limit is the same as the one found for other boundary condition. This conjecture

is supported by numerical results.

2.1.1 N-Player Directed Chain Game

2.1.1.1 Setup and Assumptions

In fig. (c), we consider a stochastic differential game in continuous time, involving
N players indexed from 1 to N. Each player i is controlling its own, real-valued private
state X by taking a real-valued action ! at time ¢ € [0, T]. The dynamics of the states

of the N individual players are given by N stochastic differential equations of the form:

dX} = aidt + odW/, i=1,---,N, (2.1)

where 0 < t < T and (W})o<i<r,? = 1,---, N are independent standard Brownian
motions on a filtered probability space (€2, F,P) with filtration (F;)o<i<r generated by
the noises and augmented with an initial o-algebra Fy, independent of the Brownian
motions.

Here and throughout the paper, the argument in the superscript represents index or

label but not the power. For simplicity, we assume that the diffusion is one-dimensional
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and the diffusion coefficients are constant and identical denoted by o > 0. The drift
coefficients a’’s are progressively measurable with respect to the filtration (F;)o<;<7 and
satisfy the square integrability E| fOT |ai|?dt] < oo for i = 1,...,N. The system starts
at time ¢ = 0 from 7.7.d. square-integrable, Fop-measurable random variables X} = ¢&; for
i=1,..., N, independent of the Brownian motions. For simplicity, we assume E(&;) = 0
fori=1,...,N.

In this model, among the first N — 1 players, each player ¢ chooses its own strategy

o', in order to minimize its objective function given by: for 1 <i < N — 1

i Tl i €y i C i i
Fatee ) =B [ (Gl + ST - X ST - X @2

for some constants € > 0 and ¢ > 0. The running cost and the terminal cost functions

are defined by

fi(‘rv Oéi) = _(a{i)2 + _(xi+1 - xi)Qa and gl(x) = g(IH_l - xi)27 (23)
respectively for z := (2!,...,2) € RY and o € R, i = 1,...,N. This is a Linear-
Quadratic game on a directed chain network in fig. (c), since the state X' of each
player i interacts only with X**! through the quadratic cost functions fori =1,..., N—1.
The system is completed by describing the behavior of player N, which will be done in

the following section, when we discuss it as the boundary condition of the system.

2.1.1.2 Open-Loop Nash Equilibrium

In this section, we search for an open-loop Nash equilibrium of the system of N players
among the admissible strategies {ai,i = 1,--- , N, t € [0,T]} by the Pontryagin stochastic

maximum principle (see the monograph [33] for stochastic controls, and also see [34] for
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stochastic maximum principle in the mean-field games) and study the effect of boundary

conditions induced by the behavior of player N.

Definition 2.1.1 (Open-loop Nash equilibrium). We call {a’,1 <4 < N} an open-loop
Nash equilibrium if for every player ¢ and for any other (F;)o<:<r adapted and square-

integrable control 8. we have
Jit, . o Battt e > T et e ek et L e, (2.4)

We discuss a general boundary condition first and then show two particular choices

in the next discussion.

General Boundary Condition We consider a setup with a general boundary condi-
tion for the directed chain where the last player N does not depend on the other players.

The expected cost functional for player N is defined by:

Py = e f [ (3 o) a e 25)

where  gp() 1= %(a: —m)? +ay, and Qy(z):= %(a: —m)>+c;, xER (2.6)

are non-degenerate convex quadratic functions in x, where ay, as, m, ¢y, ¢y are some con-
stants with a; > 0 and ¢; > 0. The running cost and terminal cost functions are
¥ (x,a) = 3(a™)? + g2(x) and g™ (z) := Qa(x), respectively. This can be seen as a
control problem for the player N and we assume its state is attracted to some constant
level m € R. We define the Hamiltonian for each player. The Hamiltonian for player
1 < N —1is given by:

3

5 (Z‘H—l . (ﬂi)Q,

N
Hz(l'l,"' ,ZEN7yZ’17"' ,yz’N,Oél,"' ,O[N> — E akyz,k+§(az)2+
k=1

10
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while the Hamiltonian for player NN is:

HN(:LJ) o axNayi71a"' 7yi7N7a17' aaN)
a 1 a
=Y akyth 4 @)+ é(:rN —m)? + ay

for z% y"* of € R, i,k = 1,...,N. For i = 1,..., N the value of &’ minimizing the
Hamiltonian H'(-) with respect to af, when all the other variables including o’ for j # i

are fixed, is given by the first order condition
0, H =y +a' =0 leading to the choice: &' = —y

The adjoint processes Yy = (Y;/;j < N) and Z/ = (Z/"*,j,k < N)fori=1,--- |N

are defined as the solutions of the system of backward stochastic differential equations

(BSDEs): for j=1,...,N

N
AV} = —0u H'(X,, Yy ap)dt + Y Z07Rdwp
k=1

N
= (X = X]) (61415 — Oig)dt + > ZP7RAWE, 0<t < T,

k=1

V! = 8,9/ Xr) = (X5 = Xp) (01 — i), i< N -1

N
A" = —ay (X —m)onydt + Y ZRAWE, 0<t<T,

k=1

Y = e (X3 —m)dn,

11
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where 6; ; := 1, if ¢ = 7, and 0, otherwise. Particularly, for j =14, j =4+ 1, it becomes:

N
AV = (X = XA+ Y ZRAWE, Vi = (X - X,
k=1

N
A = (X - XA+ Y 2 RawE, v = (X - XG), (2.8)
k=1

N
AV = —a (XY —m)de+ Y 20 AWE VY = e (X - m)

k=1
fori < N—1,0 <t <T. Thus, because of YT” = —YT"”'Jrl and of the form of dynamics,
it is reduced to

th _ _Ytz‘,z'+17 Zzzk _ _Zti,z'+1,k (2.9)

fori < N—1, k< N, 0<t<T. Forj#4i,i+1, i< N —1, it becomes: dYti’j =

Zivzl Zti’j’detk, Y;;’j = 0, and hence, the solution is
V=0, ZMhh=0, 0<t<T. (2.10)
Considering the BSDE (2.8) and its terminal condition, we make the ansatz:

N-1 N
Y=ol X+ (o XN ) =) e X (2.11)
j=i

j=i

for some deterministic scalar functions ¢; (depending on NV) satisfying the terminal con-

ditions: for 1 <i < N —1, qﬁg“ =c, ﬁ’““ = —c, qﬁg’i’j =0for j >i+42, wJTV’i = 0; and

N,N.N N,N
T = (1, ¢T

forward equation for X. in (2.1)) become, for i < N

= —cym. With this ansatz, the optimal strategy &. and the controlled

N
ap ==Y, dX] == ()¢ X ) dt + odW], t > 0. (2.12)

k=i

12
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Differentiating the ansatz (2.11)) and substituting (2.12) leads to: dY;** has drifts

N k N
{D @ =D o er I XE 4 [ =D el bt (2.13)
Jj=t

k=i j=i

and martingale terms Ozzkv:i qbiv ’i’det’“. Here gbt represents the time derivative of ¢;.

Comparing the martingale terms of two It6’s decompositions (2.8]) and ( of V"', we

obtain the deterministic (and therefore adapted) processes ZZ’Z’k:

ZHF =0 for k<i, and  ZIF =gt for k> (2.14)

Moreover, the drift terms show that the functions <biv ™" and w,fv " must satisfy the system

of Riccati equations : éiV’N’N = gbiV’N’N . gbiv’N’N — ap, qbg’N’N =c; and
N7 2 N7 7e Z? j N7‘7 j
¥ Z(b Yoy e(=0iy + 0ing), o = 0y — digay) (2.15)

fori < N—1,j <N, and N7, j < N are determined by )" = "N N 4 aym,

Q/JJJY’N =—cmandfori<N -1
N
N’ j N7 '7 j N7 ]

:Zwt ](bt ”7 wTZ:O? (2'16)

j=i
From the equations above, the functions gbiv “foralli =1,---, N—1 are identical; the
functions QSNZ Hforalli=1,---,N —2 are identical ;- - - ; and the functions gbiv’i’N_Q =
iv LN The functions gbiv N for all i depend on (biv NN o the last player which is
determined by the boundary condition. However, the functions ¢N“, cee iv AN are

independent of gzﬁiv N and the boundary condition. The functions 1" depend on the ¢

functions and have no effect on ¢™ (j < N) as well.

13
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In conclusion, these ¢™'% (j < N) are solvable, identical and independent of the
boundary condition as long as the boundary condition defines the last player as a self-

controlled problem. The preceding argument is summarized as the following.

Proposition 2.1.1. An open-loop Nash equilibrium for the linear quadratic stochastic

game with cost functionals (2.2)-(2.3) for the first N — 1 players and (2.5)-(2.6|) for the
Nth player is given by (2.12)), where ™49 and ™7 are uniquely determined by the system

(2.15)-(2.16) of Riccati equations.

As the number of players goes to infinity, we can get rid of the boundary condition
and get a sequence of functions {¢7,7 = 1,2,---}, defined by ¢? = ¢ """ ¢l = g+,
e gb{ = ¢iv LT for large N and so on. It indicates that the Nash equilibrium converges
to a limit independent of the boundary condition. Therefore, it is natural to study a
similar game with infinite players. We conjecture that in general, as the number N of
players goes to infinity, the limit of the Nash equilibrium of the finite-player, linear-
quadratic stochastic differential game under the directed chain graphs gives us the Nash
equilibrium of the infinite-player game, and moreover, {(b{,z' € N} is the solution to the
Riccati equation system of the infinite-player game. This will be discussed in section(2.1.2]
Next, two particular examples are discussed to better illustrate the effect of the special

boundary.

Boundary Condition 1: X% is attracted to 0 Here, we discuss the case when XV
is attracted to 0 which is also the common mean E[{;] = 0 of the initial condition. It
is equivalent to the general boundary condition ([2.5)-(2.6) with m = 0. Without loss

of generality, we can take constants: a; = €, ¢; = ¢ and as = ¢ = 0. Then the cost

14
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functional for player N is given by:
T € c
)= e { [ (Gl o) are e
0

The running cost function is defined by fN(z,aN) = 1(a™V)? + $z? and the terminal cost
function is defined by ¢"(x) = £a®. Then, X" is independent of the other players and is
the solution of a self-controlled problem. We then make the same ansatz as with
fv’i =0foralli 0<t<T. As a result, Z""* and ¢"'*/ are as and ,
respectively.
Consequently, we have the same conclusion: the functions gbiv itk gbiv IR for all
t,j>1,k>1landi+k < N,j+ k < N; and functions gbiv’i’j(j < N) are independent of

the boundary condition.

Remark 2.1.1 (Shift invariance). Notice that in this case ™M has the same solution

as ¢;""" (i < N). Thus, in the ansatz (2.11)), we can actually assume the solution N

depends only on the difference 7 — i for j > 1.

Boundary Condition 2: o =0 We study the case when there is no control for the

last player X%, i.e. the dynamics of the state is given by:
dX) =odW), 0<t<T; XY =¢y, E(éy)=0.

Player i chooses the strategy a! (i < N) to minimize J* given in (2.2)) and the last player
does not control, i.e., ¥ = 0. We make the same ansatz as in (2.11]) with Yt =0 for
all i. Then Z»* are the same as in (2.14)) for i < N, k < N, 0 <t < T, and ¢V,
i < N —1,j < N satisfy (2.15]), however, for i = N, NN — e for 0 < t < T with
GNNN

A =

C.

Thus, it is demonstrated again that the boundary condition does not affect the so-
15



Linear-Quadratic Stochastic Differential Games on Directed Networks Chapter 2

lutions ¢™49 (j < N), however, the functions ¢™*V for all i are different from those in

section |2.1.1.2] which depends on the boundary.

2.1.1.3 Closed-loop Nash Equilibrium

In search for closed-loop Nash equilibria, the controls are of the form o*(¢,z). When
computing 9,; H® in the derivation of the BSDE for Y%/, one needs to pay attention
in taking derivatives with respect to 27 in &* for k # i, using &* = —y** and the
ansatz ([2.22). This is a tedious but straightforward computation which leads to the
fact that the obtained closed-loop equilibrium coincides with the open-loop equilibrium
identified before. We omit the details here as well as repeating this remark in the following
sections. The only place where closed-loop and open-loop equilibria will be different is in
section 2.1.3 when we will look at a mixture of directed chain and mean field interactions
for finite player games, as it is already the case for pure mean field interaction studied in

[23]. However, they will coincide again for the infinite-player games in section [2.1.3.2,

2.1.2 Infinite-Player Game Model

Motivated by the limit of the finite-player game discussed in section 2.1.1, we define
the game with infinite players on a directed chain structure as shown in fig. In
remark in section [2.1.2.1] we will see that the Hamiltonian only depends on finite
players, which will make it well-defined. We assume that the state dynamics of all players

are given by the stochastic differential equations of the form: for ¢ > 1,

dX; = aldt + odW/, 0<t<T, (2.17)

where (W})o<i<T, ¢ > 1 are one-dimensional, independent Brownian motions on a filtered

probability space (€2, F,P) with filtration (F;)o<t<r. Similar to the setup for the finite-
16
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player games in section , we assume that the drift coefficients o' are adapted to
the filtration of the Brownian motions and satisfy K| fOT |at|?dt] < co. We also assume
that the diffusion coefficients are constant and identically denoted by ¢ > 0. The system
starts at time ¢ = 0 from 4.i.d. square-integrable random variables X! = &; with E(&;) = 0,
independent of the Brownian motions. In this model, player ¢ chooses its own strategy

o' in order to minimize its expected cost function of the form:

T
J(a) = IE[/ fH(Xs, al)ds + gi(XT)], (2.18)
0
where the running and terminal cost functions f*(z,a’), ¢'(x) are the same as in ([2.3)).

2.1.2.1 Open-Loop Nash Equilibrium

We search for an open-loop Nash equilibrium of the infinite system (2.17)) among admis-

sible strategies {al,i =1,2,--- ,0 <t < T}.

Definition 2.1.2 (Open-loop Nash equilibrium). We call a := {a’,i > 1} an open-
loop Nash equilibrium if for every player ¢ and for any other (F;)o<:<r adapted and

square-integrable control 8. we have
Jiat, . .o B et ) > Tt e el et ). (2.19)

First, we define the Hamiltonian H* of the form:

Hi(xlu 1'2, T 7yi717 e 7yi7ni7 Oél, 062, T )
— Zakyz,k + §<&z)2 + g(mwrl _ 161)2,
k=1

assuming it is defined on real numbers z*, y** a’, i > 1, k > 1, where only finitely many

17
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y“F are non-zero for every given i. Here, n; is a finite number depending on i with n; > 1.
This assumption is checked in remark below. Thus, the Hamiltonian H? is well
defined for ¢ > 1.

The adjoint processes Yy = (Y;/;j < n;) and Z! = (Z/7%: j < n; k > 1) for i > 1 are

the solutions of the following BSDEs for 0 <t <T,¢>1,1< 75 < n;,

A7 = —e(X{ = X)) (Gi1y — 0i)dt + > ZPPRAWE,
(2.21)

sz;,j = 0,3 9i(Xr) = C(X;rl — X7)(Bi1,5 — dig)-

Remark 2.1.2. For every j # i or i + 1, dY;” = 3272, Z/”"dW} and Y} = 0 implies
Zb% — 0 for all k. This observation is consistent with (2.10) in the finite player game
case. Note also that Y1 = Y% There must be finitely many non-zero Y*/’s for every

i. Hence, the Hamiltonian H* in (2.20)) can be rewritten as

Hz(,l‘l,.’L’Q, . ,yz’l,yZ’H_l,OZl,O!Q, . ) — azyz,z + az+1yz,z+1 + 5(0/)2 + 5(1,1—1-1 o ZL‘Z)Z.

Since each H* is minimized at &' = —y%*, inspired by the conclusion from the finite-

player game (see also remark [2.1.1]), we then make the ansatz of the form:

o
V=Y "elx], 0<t<T (2.22)
j=i
for some deterministic scalar functions ¢! satisfying the terminal conditions: ¢% = ¢, ¢} =

—c, ¢l = 0 for ¢+ > 2. Substituting the ansatz (2.22)), the optimal strategy &' and the
forward equation for X' in (2.17)) are

ap ==Y == "¢l X], dX] ==Y ¢l ' X{dt + odW] (2.23)

j=i j=i

18
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for i > 1, 0 <t < T. Differentiating the ansatz (2.22)), we obtain

00 y4 o)
Ay = Z HxHat -y ( Y o f’j>X§”dt +o Y eridwy. (2.24)
=0  j=0 (=i

Now by comparing the two It6’s decompositions and of Y;”, we obtain
Zt”k =0 for k<i and Zt”k —opF for k>
and the system of Riccati equations: for ¢ > 0,0 <t < T
Z o 00+ 0140), B = (0 — 014)- (2.25)

The solutions to this Riccati system coincide with the limit of the solutions to the ODE

system (2.15)) of the N-player directed chain game in section [2.1.1} i.e., ¢! = lim @N4it+i

N—o0

in the supremum norm. The Riccati system ([2.25]) is solvable.

Proposition 2.1.2 (Catalan functions). With ¢ > 0, ¢ > 0, the solution to (2.25)

satisfies
=~ (—& — cy/fE)e2Vel- t)—i-e—c\/_
Z¢t = Oa gb? = (_\/E_ c)ez\[(T t) _ \/_—f-C 7 (226)

for 0 <t < T. Moreover, the functions ¢*’s are obtained by a series expansion of the

generating function Sy(z) =Y o0 2" ¢F, 2 <1 of {¢*} given by Sy(1) =0, and

Sy(2) = (—e(l—2)—cy/e(l—2)(1—2)) 2VEU=T=D 4 (1 — 2) — ¢y /e(1 - 2)(1 - 2)
(= Vel —2)—c(l—2))e*V s1=2)T=1) _ fe(1—2) + (1 — 2)

(2.27)

for0<t<T, z<1. We call $*’s Catalan functions.

Proof: Given in appendix [A.1.1]
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Remark 2.1.3. It follows from (2.1.2)) that the forward dynamics (2.23)) can be written

as:

dX; = =Y ¢l X;Pdt + cdW) = ¢ - (Z d)—otXZ“ - XZ)dt +odW; (2.28)
t

=0 j=1

fori > 1,0 <t < T. This is a mean-reverting type process with ¢? > 0. We also see
that this system is invariant under the shift of indices of individuals, i.e., the law of X*

is the same as that of X! for every ¢ and also X’ is independent of (W* ... W)

We end with a summary of this section on the infinite player game.

Proposition 2.1.3. An open-loop Nash equilibrium for the infinite-player stochastic

game with cost functionals ([2.18)) with (2.3)) is determined by (2.28)), where {¢?,7 > 0}
are the unique solution to the infinite system (2.25) of Riccati equations.

2.1.2.2 Catalan Markov Chain

In order to simplify our analysis, we look at the stationary solution {¢’,j > 0} of ([2.25)
and the corresponding dynamics of (2.28)), as T'— oo. For simplicity, we assume € = 1.
By taking T' — oo, we obtain the stationary long-time behavior satisfying ¢ =0 for all

j. Then, (2.25)) gives the recurrence relation for the stationary solution {¢’,j > 0}:

=1 and Y ¢¢"7 =0, — 01 n>0. (2.29)

J=0

This is closely related to the recurrence relation of Catalan numbers. By using a moment

generating function method as in appendix [A.1.1] we get the stationary solutions

1

0._ 1. _ = Jo.— _
¢ '_17 ¢ T 2a ¢ L

(2j — 3)!
(j — 251222

for 7> 2. (2.30)
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We consider the continuous-time Markov chain M (-) with state space N and generator
matrix Q = (g;;), where (4,7) element ¢;; of Q is given by ¢;; := p;—; - 1{j>; with
pp = —¢F, k >0,1,7 > 1. Note that the transition probabilities of the continuous-time
Markov chain M(-), called a Catalan Markov chain, are p; ;(t) = P(M(t) = j|M(0) =
i) = (e");;,4,j > 1,t > 0. Then with replacement of #!, t > 0 by the stationary
solution ¢’ in , the infinite particle system (X', ¢ > 1) in ([2.28)) can be represented

formally as a linear stochastic evolution equation:
dX; = QX,dt +dW,; ¢ >0, (2.31)
where X = (X% i > 1) with Xy = xg and W_ = (W* k > 1). Its solution is
t
X, = e'Qxq + / W, t > 0. (2.32)
0

Without loss of generality, let us assume Xy = 0. Then,

t oo
X! = /Zp”t—deJ— Z M(t —s) = j|M(0) = i)dW?
0

= (2.33)

t oo

:EM[ > 1(M(t—s>=j>dW§|M(0)=i]; t>0,
0 =i

where the expectation is taken with respect to the probability induced by the Catalan
Markov chain M(-), independent of the Brownian motions (W7, j € Ny). This is a
Feynman—Kac representation formula for the infinite particle system X. in associ-
ated with the continuous-time Markov chain M (-) with the generator Q. Interestingly,

we may compute quite explicitly the corresponding transition probability.

Proposition 2.1.4. With xo = 0, the Gaussian process X}, i > 1, t > 0 in (2.33),
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corresponding to the Catalan Markov chain with the generator Q, is

(t — 5)20—7)

Xi = Z / it — 52 e AW, (2.34)

(j —1)!

where W7, j € N are independent standard Brownian motions and p;(-) is defined by

13 (i —1)! i
pilr) = o Z Gi—ane - Y (2:35)

fori>1, and po(z) = 1 for x <0.
Proof: Given in appendix [A.1.2]

Remark 2.1.4. To evaluate the asymptotic properties, it can be shown that

1 2
W

2ipd T J

pi(—v?) = wp); j=1, (2.36)
where K, (z) is the modified Bessel function of the second kind defined by

K,(x) = / et cosh(nt)dt (> 0); n>—1,2>0.
0

The asymptotic behaviors of X in (2.34]) are derived rather straightforwardly from

its explicit expression and are summarized in the following with proofs in appendix

- appendix [A.1.5
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Asymptotic Behavior of the Variances as t — oo It follows from (2.34) that for

t > 0, the variance of the Gaussian process X?, i > 1, in (2.33)) is given by

Vr() = Vi) = 3 [ e e
(2.37)

[e.9]

t 2 V2k+1 9 1— €f2t
= /0 ——(Kk_(l/g)(y)) dV+ T
k=1

Proposition 2.1.5. The asymptotic variance is lim;_,o, Var(X}) = 1/v/2.

Asymptotic Independence The auto-covariance and cross-covariance are given re-

spectively by: for s <t

1)222j-1

((t—s —i— w)u) /2
X X E / ) Kj—l/Q(t — S+ U)Kj_l/g(U)du,
(2.38)

Sj+2£+1

XIXH] = Z/ TR K ya(s) Ko 1ja(s)ds, > 0.

The following propositions give two results about these covariances and the details of

the proofs are given in Appendix appendix [A.1.5

Proposition 2.1.6 (Ergodicity). The auto-covariance E[XX]}] is positive. For every

s >0, ast — oo, it converges to 0, i.e., the process is ergodic.

Proposition 2.1.7 (Asymptotic behavior of the cross-covariance). Similarly, for ev-
ery k > 0 and for any t > 0 the cross-covariance E[X}!XF™] is positive, and 0 <
limy oo B[X} XM < 1/3/2. The asymptotic cross-covariance is positive and bounded

above, which means the states are asymptotically dependent.
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2.1.3 Mixture of Directed Chain and Mean Field Interaction

In the spirit of the paper, we shall look at the game on a mixed system, including the
directed chain interaction and the mean field interaction for finite players. This section
repeats the same steps as before to analyze the mixed system game. The state dynamics

of all the payers are of the form: dX; = a!dt+odW] for i > 1 as in the previous sections.

2.1.3.1 Finite-Player Game

In this N-player model, player i chooses its own strategy o in order to minimize its

objective function of the mixed form: 1 < N

T
Jiat, o) = IE{/ fi(Xt,o/)dtJrgi(XT)}, (2.39)
0
where the running cost and terminal cost functions are defined by
i i L v € i+l i\2 € - i\2
f(x,oz):zi(oz)—i-zw—(x —z') —l—(l—u)'é(x—x), (2.40)

g'(z) =u- g(xiJrl — ')+ (1 —u) - g(f — ') (2.41)

for some positive constants ¢,¢ and a weight u € [0,1]. Here, T is defined by = =

N+1 = 0 for notational simplicity.

(1 + -+ +2xx)/N and we use the convention x

Each player optimizes the cost determined by the mixture of two criteria: distance
from the neighbor in the directed chain with weight v and distance from the empirical
mean X. with weight 1 —u. The system is again completed by describing the behavior of
player N. For simplicity, we consider the boundary condition of the system where XV is

attracted to 0 (cf. section [2.1.1.2)).

If u =1, the system becomes the directed chain system discussed before. If u = 0, it
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becomes a mean-field system where each player is attracted towards the mean.

Open-Loop Nash Equilibrium As before, we find an open-loop Nash equilibrium
of the system among strategies {ai,i = 1,---, N} by reiterating the previous procedure

and solving the corresponding BSDE system. It is desribed by
dXi = [ _u Z SN XE 4 (1 — u)(X, — XD, | dt + od W, (2.42)
where X. := (X! +---+ XV)/N, ¢V%7 and 6. are determined by the ODE system

)4
I NLi b Nyij Nt N,i
ug, " —u? E T T 2u(1 — u)bpg;” z
j=i

+ue(8ip — ipr0) + [(1 — w)by — (1 — u)?0%)6,,

| . Lo oty (2.43)
+W(l—u)[—@t—l—(l—u)@f—i-u@(zl@’7 +Z¢ ") =0,
p
uetngMk +(1— u)f? — (1—%):0

with terminal condition (bgﬁ (=00 + 0iy14), Or =c(1—=NHfor £>4,0<t<T

and for fixed u € (0,1).

The Hamiltonian is denoted by H'(x!, -+ o™ ybl oo BN ol ... o) =
Ryisk y )2 E i+l 02 oNEs e
Zoz +u§(m ')+ (1 u)i(a: z')?,
for player i < N — 1, and HY (2!, --- 2, ybt o oV ol oo o) =

Zawu @) +us (@) 4 (1 - u)(7 - a')?
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for player N. Minimizing the Hamiltonian with respect to o,
OpiH' =y + o' =0 leading to the choice: &' = —y™.

The adjoint processes Y;! = (Yti’j;j =1,---,N) and Z; = (Zti’j’k;j =1,---, N,k =
1,--+,N)fori=1,---, N are defined as the solutions of the backward stochastic differ-

ential equations (BSDEs):

( N
AY;Y = =0, H'(X, Vi, en)dt + > Zp7Edwrf
k=0
= — lue(X;™ = X7) (01415 — 0ij)

i< N: (2.44)

N
(1 —w)e(X, — X7 (% - 5i,j)] dt + 3" Zp kA,
k=0

YTi’j = 0,5 0i(X7) = UC(XF}H - X%)(‘SHLJ' - 5ivj)

+ (1= w)e(Xr — Xp) (5 — diy)-

( .
M = = usXow,
1

i=N: +(1—u)5()_(t—XtN)<N

N
5N,j)] dt + 3 ZNkaw,
k=0

| _ 1
Y7 =ueXN o+ (1 —w)e(Xr — XN) (N - 5N»J’)-

“ (2.45)

When j =i, it becomes:

) § A ' _ A 1
dY;M — [us(XZH _ th) + (1 — U)E(Xt — XZ)(l - N)] dt
N

k=0
Y;}i = —uc()(%Jrl — X%) — (11— U)C<XT - X%> <1 -

), 1< N

\
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(

dyNN = [— ueXN 4+ (1 — w)e(X, — XtN)(l - i)]dt

N N
4 +Y 0z (2.47)
k=0 )
YN = e XN — (1 —w)e(Xp — Xg)(l - N)
\

Considering the BSDE system and the initial condition, we then make the following

ansatz with function parameters depending on NV:
.. N .. .
Vi =) X — (1 —u)(Xe - X))y, (2.48)
j=i

for some deterministic scalar functions ¢, 0; satisfying the terminal condition: when
i < N, =, ¢ " = —c, ¢l = 0for N > j > i+2; 93" = cand 0 = c(1-1).
For simplicity of notation, we denote §; = 6. Using the ansatz (2.48), the optimal

strategy and forward equation become:

é[i:— t :—UZ¢N1JX'7 1—u)(Xt—XZ)9t,
(2.49)
ax7 = [—quSNijk (1 —u)(X, — X7)6, | dt + odW7.

By taking the averages, we obtain

N
dX, = —u- %ZZngijdea-%;de

Jlk—J
1 & 1 &
- - — NJka’dt L de
PR RIS S
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and then

-1

d(X, — Xi) = —u- %Z quN]kadtJru Z (¢i“’“——Z¢iV”“)X’“dt

k=1 j=1 k=i+1

ii 1 i i o
+ <u M ;gbiv’] F(1- u)9t>Xtdt — (1 —w)X,dt (2.50)
L
+ ‘7<N S awy - udwg>.
k=1
Differentiating the ansatz eq. (2.48) and using eq. (2.50]), we obtain

N
AV =u- > [X{ g At + ¢ d X
Jj=t

o . _ . 2.51
— (=) (8% - X))t + 0,d(X, - X)) (251)
o I—(1—w)-1I
For the first term, we have
N
I=> [X]édt + ¢ 7 d x|
j=t
N . .
=y (6" - ZM%N” (1 —w)b,y ") Xfdt
k=i Jj=t
+(L—w)b Yy ¢ Xydt + 0 ot AWE
k=i k=i
Then, for the second term, we have
Il = 6,(X, — X))dt + 6,d(X, — X}) (2.52)
N
= —ub— Z Z&W Xfdt +ufy, > (¢ - —Zgbivf’“ XFdt
k 1 j=1 k=i+1
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— [0, — uby () — — Z NIy — (1 — w)0?| X dt

N
. _ 1 )
+ (0, — (1 —w)0?) X, dt + a(ﬁ > dWE —dwy).
k=1

Thus dY;”" = u -1 — (1 —w) - 1L in (2.51)) can be written as:

i—1

k
(u1 — )6 Z G ) X
k=1 j=1
N . . .. .
I Z |:u¢i\f,z,k 2 Zqﬁiv’z’]d)ivm (2.53)
k=i+1 j=i

k
— (1 — )BT (1 — )l (N — Z PN ]det

+{udy) " = u¥(¢)? = 2u(l — )by

+(1 — )by + u(l — u)f— ZQSN“ —(1— u)zeﬂ X/dt

j=1

[ (1—w) 9t2¢N2k (1 —u)b, + (1—u)29ﬂX’tdt

N
+uo S @M RAWE — (1 - u) 09t< Z AWk — dWZ>

k=i k=1
Now we compare the two [t6’s decompositions (2.46) and (2.53). The martingale

terms give the processes Z,7":

ZhR = (1 — u)ol~ for k<,

N,ik

Z0 = w4 (1 — u)ob,(1 — ~) and ZP = uogl” for k>i.

And from the drift terms, we get the following system of ordinary differential equations

for ¢k
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whent < N, k=1

udy " —u? (¢ ) = 2u(l — u)by

+(1- u)9t<1 - %) —(1- u)29$<1 - %)

i (2.54)

+u(l - u) et;(g;wmrzcﬁw)

112 y
=—ue —(1— u)g(l — —> . et =,

N
fork=1+1
ugNH 2 (NG N+ | Nl g NitLitly
-1 1
— 2u(1 — u)fypp " — (1 — u)@tﬁ + (1 — u)@fw
i+1 (255)
4+ u(1l — u)f Z¢Nyz+1+z¢mz
1 1 N,i,i+1
:u€+(1—u)5<1—ﬁ>ﬁ, =
fork>i+2

l
iN,ik Nyij Nk N.ik
ug; " — u? E ¢y 2u(1 — u)f;y g

j=i

—(1—u)9't%+( )92—+u 1—u) Qt—(z Njk+Z¢N2€> (2.56)

1\1 ;
=(1- U)5<1 - N)N’ ot =0,

and

(2.57)
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When i =k = N,

W RGN (1 — )

+(1- u)9t<1 - %) —(1- u)293<1 - %)

1 - N,j,N N,N,N (2.58)
+u(l = (> o + ™)
j=1
e (1 — 1y N,N,N _
=—ue — (1 u)g(l N) . Op =c,
and
u(l —u)0,N"N — (1 — w)b, + (1 — u)?6?
(2.59)

1 1
—(—we(1-5), or=c(1-%).
(1 —wu)e N r=c N
Proposition 2.1.8. An open-loop Nash equilibrium for the finite-player stochastic game

with cost functionals (2.39) with ([2.40)-([2.41)) is determined by ([2.49)), where {¢™4 6}

are the unique solution to the finite system (2.54)-(2.57) of Riccati equations with (2.58))-
@2.59).

When u = 1, the systems are exactly what we obtained for finite-player directed chain
game in section We have the similar conclusion that the boundary condition does
not affect the functions ¢p "/ (j < N) for all i < N. We can also compare the system
with the system we introduce later. Under suitable assumptions, the system may

converge, as the number N of players goes to infinity.

2.1.3.2 Infinite-Player Game Model with Mean-Field Interaction

Motivated by section [2.1.3.1] and following section [2.1.2] we can define a game with
infinite players on a mixed system, including the directed chain interaction and the mean

field interaction. This section searches for an open-loop Nash equilibrium and repeats
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the same steps as before to analyse the infinite mixed system game. We have a more
general Catalan Markov chain and table [2.1| below shows the asymptotic behaviors of the
variances and covariances as t — oo for the process with different types of interactions.
Comparing it with Table 1 in [I], we have similar conclusions except that our asymptotic
variance of purely directed chain does not explode.
We assume the same drift and diffusion coefficients and the initial conditions for X*
as the finite-player game. By choosing !, player i tries to minimize:
‘ r .1 e _
Ji(al,a?, ) ::]E{ /0 (5(eh? +u- S(x = X})?
(1—u)- g(mt . X;‘)?)dt (2.60)

C . . C .
b SO = XY+ (1= ) Somr = X521,

for some positive constants €, ¢ and u € [0, 1]. Here, there is an issue in the choice of m;.
Intuitively, it should come from the finite-player mixed game described in section
as the limit of X as N — oo. Combined with the fact that we had E{X}} independent
of 4, it is natural to set m; = E{X/} and check afterwards that this mean value does not
depend on i de facto after solving the fixed point step. Note that the case u = 0 is very
particular, and consists in solving the same mean field game problem for every i. The
case u = 1 has already been studied in section and therefore, in what follows, we

concentrate on the case u € (0,1).

Open-Loop Nash Equilibrium We search for a Nash equilibria of the system among

strategies {a!,i > 1}. For i > 1, minimizing the Hamiltonian

- 1 : , .
§ :akyz,k: + 5(0/)2 + u%(xH—l _ ZL’Z)Q =+ (1 _ u)g(mt o .’I?Z)Q, (2.61)
k=1
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with respect to o', and following closely to Carmona, Fouque, and Sun [23], we obtain
dX} = (—u) ¢l "X + (1 —u)(m, — X])iy)dt + od W], (2.62)
j=i
where ¢* and 1). are determined by the following system of Riccati equation: k& > 0

k
¢f =u Z ¢i fij + 2(1 - u)wt¢f + 6(—(507]{ + 51’]6)7
7=0
O = c(bok — O1k), (2.63)

de=uy Y o+ (1—u)(tn)’ —c, dr=c
Jj=0

In appendix we show the following result which simplifies it considerably.

Proposition 2.1.9. ¢/ satisfies Z;io gb{ =0 for 0 <t <T and thus, 1. is the unique

solution to Y, = (1 —u) ()2 —e, 0 <t < T, Y = c in eq. (2.63).

Proposition 2.1.10. An open-loop Nash equilibrium for the infinite-player stochastic
game with cost functionals ([2.60)) is determined by (2.62)), where {¢™47 4.} are the unique

solution to the infinite system (2.63|) of Riccati equations.

Looking at the stationary solution in the limit (7" — 00), and without loss of generality
assuming € = 1 again, the recurrence relation can be solved by the method of moment

generating function to obtain:

)= 1 ¢ = 1-vi-u
1—u’ u ?
2k — 3 (2.64)
ﬁblz_%a ¢k:_(k(_2)lk132)2k—2uk_l’ fork =2.

Catalan Markov Chain for the Mixed Model Asin section[2.1.2.2] letting T" — oo,

with replacement of ¢/ by the stationary solution ¢/ in (2.64), X?, i > 1 defined by
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eq. can be represented by the form of eq. but now with a new matrix Q®
where its (i, j) element ¢;; is given by ¢;; = —1, ¢;j = —u¢’ ™" - 154 with ¢/ in ([2.64)
for 4,7 > 1. Since u? Y1~ ¢'¢* " = —2u¢”, we have (Q™)? = [ —uB with B having
1’s on the upper second diagonal and 0’s elsewhere.

With a smooth function F(z) := exp(—v/—z), = € C, the matrix exponential of
Q¢ can be written formally exp(QWt) = F((—I +uB)t?). With a slight modification

of proof of proposition in appendix we may compute it explicitly.

We can summarize our finding on the limiting process as T" — oo:

Proposition 2.1.11. With xo = 0, the Gaussian process X}, i € N, t > 0, corre-

sponding to the (Catalan) general Markov chain with generator Q™

j—1 t— 2(] i) j
R [T e 2 s

(7 —1)
where p;(-) is defined in eq. (2.35).

Asymptotic Behavior Table exhibits the asymptotic behaviors of their variances
and covariances as t — oo. The calculation is given in appendix [A.1.7, We find that
only when v = 0 (i.e., pure mean field game), the asymptotic cross-covariance is zero,
which means the states are asymptotically independent. Otherwise, they are dependent
and their covariance is finite. Note in the purely nearest neighbor interaction studied in
Detering, Fouque, and Ichiba [I], i.e., in the case u = 0, the variance is not stabilized as

in our “Catalan” interaction equilibrium dynamics.

2.1.4 Periodic Directed Chain Game

We consider a stochastic game with finite players on a periodic ring structure in fig.

(b). Assume the dynamics of the states of the individual players are given by N stochastic
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" Interaction Type Asymptotic Asymptotic Independence
Variance between two players
u = Purely mean-field Stabilized Independent
uwe (0,1) |  Mixed interaction Stabilized Dependent
u=1 Purely directed chain Stabilized Dependent

Table 2.1: Asymptotic behaviors as t — oo

differential equations of the form:
dX! = aldt + odW}, i=1,--- N, 0<t<T, (2.66)

where (W} )o<i<r, @ =1, , N are one-dimensional independent standard Brownian mo-
tions. The drift coefficient function, the diffusion coefficient and the initial conditions
are assumed to be the same as those in section [2.1.1] In this model, player i chooses its
own strategy o in order to minimize its objective function of the form:

i 1 i €/ i i C /i i
T, e o) :_IE{/O S0+ S(X = XD+ S(XFT - X5} (267)

with some constants ¢ > 0, ¢ > 0, where we define XV*! = X! or more generally,

X9 = x () med N pocause of the periodic ring structure, for 4,5 = 1,..., N.

2.1.4.1 Construction of an Open-Loop Nash Equilibrium

We construct an open-loop Nash equilibria of the system among strategies {a!,1 < i <
N} by the Pontryagin stochastic maximum principle. The Hamiltonian H* for player i
is

€

N
. 1 . ; ;
Do aky g S (el 4 @ -l (2.68)
k=1
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The adjoint processes Y} = (Yf’j;j =1,---,N)and Z = (ZZ’j’k;j,k: =1,---,N) for
1=1,---, N are defined as the solutions of the system of BSDEs:

A = —e(X{T = X]) (G — Gi)dt + X0 ZpHAWE,
k=1 (2.69)

V= oXH = X B — 0)

Based on the sufficiency part of the Pontryagin stochastic maximum principle, we
can get an open-loop Nash equilibrium by minimizing the Hamiltonian H® with respect
to a': Oy H' = 9" + o' = 0 leadings to the choice &' = —y** for each i.

With this choice for the controls a'’s, the forward equation becomes coupled
with the backward equation . We make the ansatz: for t >0, ¢ > 1,

N-1
V= 3 o 270)
=0

for some deterministic scalar functions (biv 7 satisfying the terminal conditions: ¢¥’° =
¢, ot = —c,¢F =0 for k> 2 and XH.=xH9) md N Uging the ansatz, the optimal

strategy &' and the forward equation (2.66)) become:

N—-1 N-1
& ==Y ==X dX] == eI X At + od W (2.71)
j=0 Jj=0

Using the equations ([2.71]), we can differentiate the ansatz (2.70)): for 1 <i < N, ¢t <0,

N-1 N-1 N-1 N-1
R DRI AT D DS LN Sr A EE
=0 =0 k=0 7=0
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Now comparing the two Itd’s decompositions ([2.72)) and ([2.69) of Y;"*, we obtain

N—1
pN = Z G NN 2805 — 014),  ONUT) = (b0 — 01.),
=0

(2.73)
Zhk — goNNTE= 0 <4< T, 1<i< N
(cf. ([2.25))), where we use a convention ¢p™VNFi=I = ¢N:i=i if § — j > 0.
It can be written as a matrix Ricatti equation:
V() =dN)eN(t) - E, ON(T):=C, (2.74)

where we denote by ®V(-) the N x N matrix-valued function with (i, j) element being
qﬁfV’N“'*j for 1 < 4,7 < N by using the convention ¢iV’N+Fj = (biv’i*j, if ¢ > 7, and by
C = (¢;) and E = (g;), respectively the N x N matrices with (7,7) element being

Ci,j = C<5i7j — 5i,j+1) and 81‘,]' = 6((51'7]' — 52"]'4_1) fOI‘ 1 S Z,j S N.

Proposition 2.1.12. The solution V¥, k =1,..., N to the system of Riccati equations

(2.73|) satisfies the relation ij:_ol in =0for0<t<T.

Proof: Given in appendix [A.1.§

Proposition 2.1.13. An open-loop Nash equilibrium for the linear quadratic stochastic
game with cost functionals for the N players with a periodic boundary condition
XNt = X s given by (2.71)), where {¢™*} are uniquely determined by the system
of Riccati equations.

With finite N, these equations (2.73]) are not easy to solve explicitely. If we let
N — 00, we expect that the system converges to the Riccati system of the infinite-player

game studied in section [2.1.2]
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Conjecture 2.1.1. The limit of each element in ®V () in (2.74) exists as N — oo, i.e.,
PN (t) — ®>°(t) and the limit ®>°(¢) is an infinite dimensional, lower triangular, matrix-
valued function of ¢ > 0 given by ®>®(t) = (P (t)); jey with @I (1) = 0 if i < j;
®oi(.) = ¢'7 if § > 7, where ¢*'s are given in proposition [2.1.2]

N-1 Nk N, N+j—k
1P

Remark 2.1.5. Proving this conjecture is equivalent to verify that for every j, >, ; .

— 0 as N — oo. As of now, this remains an open problem.

Our conjecture is substantiated by numerical evidences presented below.

2.1.4.2 Numerical Results

By the methods given in [35], we get the numerical solution of the matrix Riccati equation
(2.74). Taking e = 2, ¢ = 1, T = 10 (large terminal time), fig. (a)-(b) shows the
behaviors of the ¢ functions defined by the system for N =4 and N = 100. They
converge to the constant solutions of the infinite game given in section [2.1.2.2] except
in the tail close to maturity as 7T is large but not infinite. This result confirms our
conjecture stated in the previous section. fig. (c) shows the behavior of the function

ivz_ll iv’kqﬁiV’N*k for different values of N = 5,10,20,50,100. As we can see, the sum
converges to 0 when N becomes larger, which supports the statement with j = 0 in
remark [2.1.5] Although these numerical results give us strong evidence and confidence

that the conjecture is true, a mathematical proof is still needed.

2.2 Random Directed Chain Game

In this section, first we study a stochastic game with infinite players on a directed chain
structure and construct an open-loop Nash equilibrium of the system. We assume that
the interaction between two neighbor is random but frozen in time and i.i.d. among all

the successive pairs of neighbors. Then as an extension of random one-sided directed
38



Linear-Quadratic Stochastic Differential Games on Directed Networks Chapter 2

L O with (N, £, ¢) = (4,1.0,2.0) #1 with (N, €, ) = (100,1.0,2.0) =

2 /c 2 //

N P

0 — 0

-1 -1

-2 -2 o -

-3 -3

0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0 01— T —TF 3535353540
t t t
_ _ N-1 Nk NN—k
(a) N =4 (b) N =100 (€) 2ok=r O "

Figure 2.1: The blue line (top) is ¢ and the orange line (bottom) is ¢! in (a)-(b).
Ziv:_ll ¢£V’k¢iV’N7k for different values of N = 5,10, 20, 50, 100 from top to bottom in
().

chain, we consider a game for countably many players with random double-sided inter-

actions and studies the effect of random double-sided interactions on the open-loop Nash

equilibrium.

2.2.1 Random One-sided Directed Chain Game

2.2.1.1 Setup and Assumptions

In section [2.1} we have studied a stochastic game with infinite players on a directed chain
structure and found an open-loop Nash equilibrium of the system. In this section, we
are still looking at an infinite-player system but assuming the interaction between every
two neighbors is random as follows. We introduce a binary random variable R, which
represents the random interaction between player n and n + 1. The {R,, n > 1} are
independent and identically distributed random variables taking values in {0,1} with
probabilities pg and p; = 1 —pg. When R, is zero, we assume player n has no interaction

with player n 4+ 1. An example of the chain structure is shown in Figure

1 2 3 4 5 O e

Figure 2.2: Example of a Random Directed Chain: R1 = Ro=R3=R5=1; R4 =0
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We assume the dynamics of the states of all players are given by the stochastic

differential equations of the form: for i > 1
dX} = aldt + odW/, 0<t<T, (2.75)

where (W})o<i<7, @ > 1 are one-dimensional independent standard Brownian motions.
Here and throughout the paper, the argument in the superscript represents index or label
but not the power. For simplicity, we assume that the diffusion is one-dimensional and the
diffusion coefficients are constant and identical denoted by ¢ > 0. The drift coefficients
a’s are adapted to the filtration of the Brownian motions and satisfy E[ fOT |ad|dt] < oo
for i > 1. The system starts at time ¢t = 0 from ¢.7.d. square-integrable random variables
X} =&, independent of the Brownian motions and, without loss of generality, we assume
E(&) =0 fori > 1.

In this model, each player i chooses its own strategy of, in order to minimize its
objective function given by:

i T i € yritR; i €/ yit+R; i
7t@) <Bxnf [ (ad? + SO0 = Xip)ar+ S - X

T
1 . € . . c . .
“Ex] [ (3ol + SO0 - X0 )+ SR - X2

for some constants € > 0, ¢ > 0 and a = (a!,a?,...) with o' € R. According to the

objective function, if a player is not in interaction with its right neighbor, then we assume
she has no incentive to do anything. This is a Linear-Quadratic differential game on a
directed chain network, since the state X? of each player i interacts only with X! of

player ¢ + 1 through the quadratic cost function for i > 1.

Remark 2.2.1. When every player is connected with the next one, i.e. p; = 1, we get

back to the stochastic game on a directed chain structure, studied in Feng, Fouque &
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Ichiba [30].

2.2.1.2 Open-Loop Nash Equilibrium

In this section, we search for an open-loop Nash equilibrium of the system among the
admissible strategies {af,i > 1,¢ € [0,7]}. We construct the equilibrium by using the
Pontryagin stochastic maximum principle (see [34] for stochastic maximum principle in
the context of mean-field games).

The corresponding Hamiltonian for player ¢ is given by:

H1<I1,.§L’2, L ’yz,I’ L ’yz,m’al?aZ’ . ) _ Zakyz,k + 5(0&1)2 + %<x1+1 _ I’Z)Q Cpy,
k=1

(2.76)

assuming it is defined on real numbers z!, y**, a?,i > 1,k > 1, where only finitely many
y"* are non-zero for every given i. Here, n; is a finite number depending on ¢ with n; > 1.
This assumption is checked in Remark below. Thus, the Hamiltonian H* is well
defined for 7 > 1.

The value of & minimizing the Hamiltonian H*® with respect to o, when all the other

variables including o’ for j # i are fixed, is given by the first order condition
Oy H' = y"" +a' =0 leading to the choice: &' = —y

The adjoint processes Y = (Y;7;5 =1,...,n;) and Z! = (Z"% 1 < j < nj,k > 1)

for ¢ > 1 are defined as the solutions of the system of backward stochastic differential
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equations (BSDEs): fori>1,1<j<mn;

( ee}
AV = =0, H'(X,, Y, op)dt + Y Zp " awf
k=1
= —pr-e(XT = X)) (G, — Gig)dt + Y 2 AW, (2.77)
k=1

sz;,j = 0,9:(X1) =p1 - C(X’fr’Jrl - X%)(éiﬂ,j —0ij);

\

for 0 <t < T. Particularly, for j =4 and j =i+ 1, it becomes:

AV =pr-e (X = X)) de+ ) Z0 ), Vit = —pr-e (X7 = X7,
k=1
A = _py . e(X — XT)dt + Z ZETURQWE YRt — (X X,

k=1

(2.78)

Remark 2.2.2. When j # 4,i + 1, dY;”7 = S ZM*dW} and v}/ = 0, which gives
k=1
ZR =0,0<t<T forall k. Thus Y, =0,0<¢<T for all j #4,i+ 1. There must

be finitely many non-zero Y*7’s for every i. Hence, the Hamiltonian H’ in (2.76]) can be

rewritten as

HZ(ZEI,JI2, . ,yl’z,yZ’H_l,O./l,(l?, . ) — azyz,z +az+1yz,z+1 + 5(0/)2 +

e . .
£ (a1 o o
We also note that ¥;""*! = —Y;"* and ZZ’Hl’k = —Z""* 0 that it’s enough to find VA

Considering the BSDE system and its terminal condition, we make an ansatz of the

form:
Y= "elX], 0<t<T (2.79)
j=i
for some deterministic scalar functions ¢, satisfying the terminal conditions: ¢4 =
pic, o5 = —pic, and ¢ =0 for j > i + 2.
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Substituting the ansatz, the optimal strategy &' and the controlled forward equation

for X* in (2.75)) become

— Y = - Yo,

| o . (2.80)
AdX] = = 3 PP XFdt 4+ odW .
k=j
Differentiating the ansatz (2.79) and substituting (2.80) leads to:
A" =S [X{d)7dt + ¢ dX]]
= (2.81)
=3 (¢ Z¢»ﬂ¢”)xkdt+az¢;’“dwk

e
Il
=

j =1

Here ét represents the time derivative of ¢;. Comparing the martingale terms and drift
terms of the two It6’s decompositions 1. and |D of Y;”, the martingale terms give

the deterministic (and therefore adapted) processes Zk.
ZR =0 for k<i, and Z'""=og¢" for k> (2.82)

Moreover, the drift terms show that the functions ¢, must satisfy the system of Ric-

cati equations :

o= e e = o =m
T =y T T e e 0T = —pie (2.83)
l
' i "y i 0
627)_’—2: i :Zgbijqbi’ ¢§ﬂ:07
Jj=i

The Riccati system is solvable and the solutions only depend on the “distance” ¢ —1

Thus, if we define gb{_i = gbf;’j for all i > 1,7 > 7 and p := p;, we can rewrite the system
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[2.83)
& =Y —pe, % =pc,
OF =200t +pe, ¢p = —pe, (2.84)
bx2i 6 = dh-o
=

Lemma 1. With ¢ > 0, and € > 0, the solution to the Riccati system satisfies

~ 0 .(8—6\/_) VPE(T=Y) 4 ¢ ¢, /pE
’;@_o, IR A ey Sy v oy Sy

>0 when p # 0,

(2.85)

for 0 <t < T. Moreover, the functions ¢F’s are obtained by a series expansion of the
generating function Sy(z) = Y oo 2" ¢F, 2 < 1 of the sequence {¢'} given by Sy(1) = 0,

and if z <1,

Si(2) = /b
(—5(1—2)—0(1—2) p@( )) 2v/pe(l= ZTt—{—e(l—z)—c(l—z) pe(l —2)
(= Vel—7) - 2)) VEAT0 ST =2 + Jpe(l — 2)

(2.86)
for every 0 <t <T.

Proof:  Define the generating function Sy(z) = Y ;2 2" ¢§k)where 0<z<1and
(b,&k) = ¢F in (2.84) to avoid confusion with derivation. Then substituting (2.84), we

obtain
=Y A0 = (Su)’ —pe(l—2), 0SU<Ti  Sp(=) =pe(l—=2). (287)

e For z = 1, we get the ODE: S,(1) = (S,(1))?, Sr(1) = 0. The solution is S;(1) = 0 for
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all t. Because the series defining S;(1) may not converge, we take a sequence {z,} — 1.
The limit of S;(z,) converges to the ODE above, and we can get the conclusion. Then

we deduce:
k . 0 k
Zgbg)zoa v.e., l(f):_qul(f )
k=0 k=1

e For z # 1, the solution to the Riccati equation (2.87)) satisfies:

Si(z) =

(—pe(l = 2) — pey/pe(l = 2)(1 — 2)) VP20 4 pe(1 — 2) — pey/pe(l — 2)(1 — 2)
(= V/oe(l=2) el = 2) VT ol —2) + pef1 - )

P pa’f(l - Z)?
T—o00

which gives (2.86|).

Remark 2.2.3. It follows from Lemmal[I] that the forward dynamics (2.80)) can be formally

written as:
dxXi = — Z HIXTH At + odWi = ¢ - (Z — X — Xg)dt + odW; (2.88)
2 =

for i > 1,0 <t < T. This is a mean-reverting type process, since ¢? > 0. We also see
that this system is invariant under the shift of indices of individuals. In particular, the

law of X is the same as the law of X! for every i.

Here is a a summary of this section on the random infinite player game.

Proposition 2.2.1. An open-loop Nash equilibrium for the random infinite-player game
with cost functionals J* is determined by , where {qb{, 0<t<T;j>0} are the

unique solution to the infinite system of Riccati equations.
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2.2.1.3 Stationary Solution and Catalan Markov Chain

By taking 7' — oo, we look at the stationary solution of the Riccati system ([2.84])
satisfying ¢/ = 0 for all j. Without loss of generality, we assume ¢ = 1. Otherwise
the solution should be multiplied by +/ for all {¢*, k& > 1}. Then the system gives the

solutions and the recurrence relation:

¢0 _ \/]—97 ¢1 _ _g} and Z(bkqbnfk —0.
k=0

This is closely related to the recurrence relation of Catalan numbers. By using a moment

generating function method as in Appendix [A.2.1] we obtain the stationary solution:

0_ 1P K (2k — 3)!
¢ ! g (@k-3)
Let gy = —% =—-1Lq = _ﬁ =5 and ¢ = v (e — 21l 222 for k > 2.
By lemma , we have the relation: qr = 0. Then we consider the continuous-time
k=0

Markov chain M (-) with state space N and Catalan generator matrix

9 ¢ 492 g3

0 @ @ ¢ -
Q = 0 4 _ (2.89)
0 0 @ @

Note that the transition probabilities of the continuous-time Markov chain M (-), called
a Catalan Markov chain, are p; ;(t) = P(M(t) = jIM(0) =4) = (e'Q),,,4,7 > 1,t > 0.
With replacement of ¢{ .t > 0 by the stationary solution ¢’ in 1' and assuming o = 1,

the infinite particle system (X’ 4 > 1) can be represented formally as a linear stochastic
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evolution equation:

dX, = /pQX,dt +dW,; >0, (2.90)

where X = (X* k > 1) with Xy = x¢g and W= (W* k > 1). Its solution is:

t
X, = e'VPQx, +/ e(t’s)\/ﬁQdWs; t>0.
0

Without loss of generality, let us assume Xg = 0. Then,

¢ oo t oo
Xi = / S (exp((t = $)yB Qi dWI = [ 3 pis(t — s)dw?
j 0 j=i

e
-/ ZP(M@—S):ﬂM(O):i)dWﬁ

t oo

Z L(as(t—s)=dWI[M(0) = 0]; t>0,

:]EM[
0 j=i

where the expectation is taken with respect to the probability induced by the Markov
chain M(-), independent of the Brownian motions (W7, j € Ny). This is a Feynman—
Kac representation formula for the infinite particle system X. in (2.90)) associated with
the continuous-time Markov chain M (). We can compute explicitly the corresponding

transition probability (p;;(+)).

Proposition 2.2.2. The Gaussian process X;, i > 1, t > 0 in (2.90), corresponding
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to the Catalan Markov chain, is given by

Xi = Z / exp(FQ(t Z / v ]jl LUl — )W

2(j %) .
B Z/ - - pj-i(=p(t = 5)%) e VP AW,

(2.91)

where W7, j € N are independent standard Brownian motions and p;(+) is defined by

= S 1) »
pile) = 5 g (2) - Zi()!!(Zi)—j Ty 0 (2:92)

fori>1, and po(x) = 1 for x < 0. Moreover, when p # 0, the asymptotic variance of

X i >1 is finite, i.e.

lim Var(X}) = tlim Var(X}) =
—00

t—o00

3
’U.

Proof: Given in Appendix [A.2.2]

2.2.2 Random Two-sided Directed Chain Game

To extend the investigation of random directed chain in Section we will consider a
linear-quadratic stochastic game for countably many players with random double-sided
interactions over a finite time horizon [0,7"]. We shall study the effect of random double-
sided interactions on the open-loop Nash equilibrium and compare it with the random
one-sided (directed) chain interaction in Section [2.2.1] To represent the random inter-
actions of player n in two directions, we introduce the binary random variables R, and

L,. The R,’s for n € Z are independent and identically distributed random variables
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taking values in {0, 1} with probabilities py and p; = 1 — pg. The L,’s for n € Z are also
independent and identically distributed random variables taking values in {0, 1} with
probabilities g = 1 — ¢; and ¢1. {R,,n € Z} is independent of {L,,n € Z}. When R,
is one, we assume player n is interacting with player n 4+ 1. When L,, is one, we assume
player n is interacting with player n — 1. The random variable R,, affects the left arrow
on the right of site n and the random variable L,, affects the right arrow on the left of

site n. Examples of the chain structure are shown in Figure [2.3]

—--- 1 0 R ~1 0 1----
L():Ll:O;R_lzRO:l LOZR_lzo;ROZlel

Figure 2.3: Examples of Two-sided Directed Chain

We assume the dynamics of the states of all players are given by the one-dimensional

stochastic differential equations of the form: for i € Z
dX} = aldt + odW;, 0<t<T, (2.93)

where (W")o<i<r, i € Z are independent, standard Brownian motions, independent of
the initial values X := &', i € Z, the initial values &' are i.i.d. with finite second
moments for i € Z, a positive constant o > 0 is fixed and o' is a control of player ¢
adapted to the filtration of the Brownian motions with E| f0T|af;|2dt] < oo for i €Z.

In order to take into account the two-sided feature of the model, we introduce the
parameter p € (0,1), which will measure the strength of the asymmetry between the
right and left interactions. Notice that if p = 0 or 1, the chain is one-sided as already
treated in Section 2.2.1 We shall see how this parameter p and the weighted average
pp1 + (1 — p)g1 appear in the Nash equilibrium.

In the model, player i controls its own strategy o' in order to minimizes the objective
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function defined by

. T 1 . g i . . 9 . i—L:
7e) = Bxond [ (ol + Sp 06 X0+ 50— p) (6 - X 7)at
0

2 2
c % ; i C i i—L;
+ PO - Xp 4 50— p) 06 - X5 (2.09)
T
L, € i i € i i—
= ]EX{ / (5D +5p - (X = X2+ S(1=p) - qu(X] = X))t
0

. . C . -
b 50 mOGE = X024 S0 p) - (X - X2,
T . . .
- EX[/ F(Xad)dt + g (X))
0

. . 1 . £ . B £ : i
where fi(z,0') = (") + Sp - pu(e 2+ S0 - p) - (el 2

. . . cC . o
g’(x) = —p - pl(xz—i-l . Iz)2 4 5(1 _p) . ql(xz . CL’Z 1)2’

for some constants € > 0, ¢ > 0, and =z = (2,1 € Z), a = (' : i € Z) with o' € R.
Each player optimizes the cost determined by the mixture of two criteria: distance from
the right neighbor in the directed chain with weight p and distance from the left neighbor
with weight 1 — p. Here, the superscript ¢ indicates the index but not the power. The
functions f* and ¢' denote the running cost and terminal cost of player i, respectively.

To simplify some notations, let us write S := R? and S? := R?*Z,

2.2.2.1 Open-Loop Nash Equilibrium

We search for Nash equilibrium of the system among strategies {a', i € Z}. We construct

an open-loop Nash equilibrium by the Pontryagin stochastic maximum principle. The
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corresponding Hamiltonian for player ¢ is defined by

Hi(z,y, o Zak Y 4 fi(x,al); (2.95)
k=—o00
% koak . Lo e £ i+l 2 4 S ) i i—1\2
D oty () op e pi =2+ S (L= p) (e =),
k=—n;

for z,a € S, y € 8%, i € Z, where only finitely many 3** are non-zero for every given

i. Here, n; is a finite positive number depending on i with n; > |i|. This assumption is

checked in Remark below. Thus, the Hamiltonian H* is well defined for every .
The value of & minimizing the Hamiltonian H* with respect to a, when all the other

variables including o for j # i are fixed, is given by the first order condition
OpiH' = 9" +a' =0 leading to the choice: &' = —y"".

The adjoint processes Y = (Y;"/; —n; < j < n;) and Z! = (Z/7" —n; < j < ny, k €
Z) for i € Z are defined as the solutions of the system of backward stochastic differential

equations (BSDEs): fori € Z, —n; < j <n;

( o0 ..
AV = -9, H(X,, Vi, ap)dt + > ZPFaw)

k=—o00
__ (629291 (XI = XY (83001 — 832+ 2(1— p)ar (Xi — X)) (B0 6j,z-_1>)dt
+ Z Zti’j’detk?
k=—00
sz;,j = 0,3 9:(X71)
= pp1(X5T = X5) (8141 — 650) + (1 — p) qu(X§ — X5 ") (075 — 61-1);

(2.96)
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for 0 <t < T. Particularly, for j = ¢, it becomes:

r . A ] ] ) 0 -
AY = [eppi (X = X)) —e(1—p) (X} — X, D] dt + > Zp"rawp

k=—o00

= [ (ppr + (1 = p)a) X] +eppr X + (1 = p) X1 de+ 3o Zp" AW,

k=—o0

Yt =c(pp+ (1L=p)ar) Xp — eppr Xp — (1 = p)as Xg,

\

(2.97)

Claim 2.2.1. In the case of a deterministic two-sided directed chain, i.e. py = qo = 0,

p1=¢q =1and 0 <p <1, we have for i € Z,
YU LY YRR 2 Zu g i g i =g (2.98)

This is quite different from the one-sided directed chain case where the effect of player
1 — 1 does not appear.

Proof:  First, for the relation among player ¢ and players ¢ + 1, note from ([2.95])

that for each i € Z,

ol | | o
OH = T (r,y0) = —epla™ —at) (1 - p)(a' — o),
O H' = = (g, ) = ep(a™™ =),

 oH i
ai—lHl = W(xa Y, Oé) = _6(1 - p)(‘rl —a 1)7

and hence,

&H’ = —(8i+1Hi + ai_lHi) s and @gz = —(8Z-+1gi + 6i_1gi) .
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Thus, (according to (2.96])), we claim that for i € Z,
Yiilpyii 4 ysitl = giicl 4 gid g giitl =

Remark 2.2.4. We can also see from (2.96) that Y = 0, Z%* = 0 whenever j #

i —1,4,7+ 1. Thus there must be finitely many non-zero Y*/’s for every i.

For each i € Z , we make the ansatz

Y= > 4t Xf 4 i€Z, 0<t<T, (2.99)

k=—oc0
where (¢™7,i,j € Z), (¢',1 € Z) are some differentiable deterministic functions sat-
isfying terminal conditions: ¢%' = ¢ (pp1 + (1 = p)ar), Y = —eppy, O = —c(1 —
P)qi, ¢ = Ootherwise and 9% = 0 for i € Z; and ¢** is assumed to be shift invariant,
that is, it depends only on the difference & — ¢ but not on the values 7, k themselves.

Substituting the ansatz, the optimal strategy &* and the forward equation for X? in (2.93)

become ,
=Y == 2 X -
| o | (2.100)
dX] = (= 3 ¢ XF —y))dt + od Wy,
k=—oc0

Using the “dot” notation for derivatives with respect to ¢ and differentiating the ansatz

(2.99) and substituting (2.100) leads to:

AV = N optaXF 4 () + Y o XY )dt

k=—0o0 Jj=—00
= [ = X ookt + Xt + i - > “uflae+o 3 oitaw.
f=—00 k=—o00 k=—o00 k=—00

(2.101)
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Comparing the finite variation and local martingale parts of the semimartingale decom-

positions ((2.97) and (2.101))), we derive
ZHk = gt 0<t<T,iel; (2.102)

and the following system of ordinary differential equations of Riccati type:

g = ) o,
k=—o00
S = > 6 + S eppr — Gji - (ppr+ (L= p)ar) + 01 - e(1— p)
k=—o00

(2.103)

for 0<t<T, i,j €Z with the terminal conditions

of = clom+(1=p)a), 677 =—cppr, o7 = —c(l-p)a, ¢7 =0,j #i—Lii+1,
(2.104)
and Y5 =0 for i € Z.

2.2.2.2 Discussion of the Riccati System ([2.103)

Since we make the ansatz (2.99)) shift invariant, that is, ¢** depends only on the difference
k — i, we may write ¢"* = ¢"¢ for some function ¢!, j € Z, 0 <t < T. Here, note
that the superscript j is the index but not the power. Then we may rewrite (2.103)) for

"% as the following ordinary differential equation for ¢/, j € Z:

ol = Z ool F 40, 1-eppr—0j0e (ppr1+(1=p)q1) +0j,1e(1—p) ;s JE€Z,0<t<T,
k=—o00

(2.105)
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1.e.
( o0
@) = kZ ok o F = (ppr + (L= p)ar),
o= > of o Ftepp,
= (2.106)
ot = kZ oF o7 M el -p) i,
Gl = 3 @F@l™ otherwise,
\ k=—oc0
with ¢% = c(ppr+ (L —p)a), vt = —c(l=p)qr, ¢3' = —pp1, @ =0, j #
~1,0,1.

Remark 2.2.5. According to equation (2.106]), the sum > ¢! satisfies

j=—00
% Sl =(> ¢ Y ¢h=o0. (2.107)
j=—o00 Jj=—00 j=—00

This ordinary differential equation has a unique solution

dpl=0; 0<t<T (2.108)
j=—00
The generating function S;(z) := > zFpF, 2z € C\ {0}, if it is well defined (and
k=—00

the superscript j of 27 is the power), satisfies the one-dimensional Riccati equation

Si(z) = Y ek = > ol kZ“r;-6(1—p)ql+z-€pp1—e(pp1+(1—p)ql)

j:foo J,k=—00

=Y e (1 D) pa - (- e

S
= 15 ~ [(1 = 2 ) el ~ phar + (1 — ) o]
= [Si(2))? —eT(2); 2z€C,0<t<T
(2.109)
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with Sp(z) = ¢T(z2), where T(z) = (1 - 1) (1 —p)g + (1 — 2) pp1 .

z

I (pp1+(1*p)q1> + \/(pp1+(lfp)q1)274pp1 (1-pq
- 2pp1

e For 2

(1 —p)a
) o1
we get the ODE: S;(2%) = (S¢(2%))?, Sr(2%) = 0. The solution is S;(2*) = 0. Then we

=1or T(2*) = 0. Then

can conclude:

Sk =0

k=—o0

1_—
e For € C\ {0} and z# 1 or (—p)%, the solution S;(z) is given by
pPp1

(6(2) + q(2)) - £OT=D _ (b(z) — q(2)) - e PT=D
(b(2) +q(2)) - e¢ET=0 4+ (b(2) — q(z)) - e T

Si(z) = ) el = b(z)-

k=—00

— b(2);

b(2) = VET(G) = [(1- 2)ell—pav + (1= 2)epm]
a(z) = eT(2) = (1= ) (1~ phar + (1~ =) eppr

(2.110)

2.2.2.3 Stationary Solution for Two-sided Directed Chain Game

In this section, we want to see how the values p, p1, q; affect the game. For our analysis
let us consider the limits ¢ := limp_oo @) of @l for t >0, j€Z,as T — oo and take

them as a stationary solution of (2.106|). As T"— oo, we have obtained from (2.110))

o0 o0

:/11—{20 Z Aol = le_{l(r)loSt(z) =b(z) = Z Al >0, ze€{z:b(z) €R,b(2) >0},
j=—o00 j=—o00

where b(-) does not depend on t. Hence, the limit ¢! does not depend on ¢, and we
write it as constant ¢’ for every j € Z. Also, substituting this observation into (2.103))

with % = 0, we observe ! = 0, and hence, we obtain a dynamics for the stationary
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equilibrium:

dX; = = > ¢ FXfdt+odW); Xi=¢; i€, t>0. (2.111)
k=—o00
We shall identify the values ¢’ , j € Z and behaviors of X, i € Z.

The function b(z) can be rewritten as

b(z) =ve [(1 - %) (I-=p)a+ (11— Z)ppl} v

ppi 1 (1-pa 1/2
=Ve v+ (1-pa [1 B <pr1 TU—pa =t —p)qlﬂ

:\/5 (pp1+(1—p)q1) [1_ <2w+%>]1/2

(2.112)

—4wv 1—
for z € C\ {0} N{*422} and define w = e V= m,whereo <p<

ppi(1 —p)@
(o1 + (1= p)an)”

1,0<p; <1land 0 < q < 1. First, by inequalities, we have wv =
0.4

e When wv =0, i.e. p; =0 or ¢; = 0, we get back to Section [2.2.1] one direction random
chain game. For example, when ¢; = 0, each player is interacted with her/his neighbor
with a probability of pp;.

e In the case when wv = pp; (1 — p)g € (0, }l], ie. 0<pp<land0<q <1, we

expand formally

o) =m0 - (1) (e )

=0
_\/ pp1—|— 1—p q1 i(l/Q) -i:(li)wkvi—kzzk—i _ io: P
=0 k=0 Jj=—00
(2.113)
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and hence, comparing the coefficients of 27 and letting B = pp; + (1 — p)q; , we obtain

—VeB Z (1/2)< )( 12w’ = 3F(—=1/4,1/4,1, 4wv) (2.114)

e 2\ (20 )2
J o B +3,,0+75,,L
v v Z(%ﬂ)(fﬂ) v
1/2 1 ]
=Ve Juﬂ( / ) 2 1 —_ — i ——i—i,1+j,4wv>,
2 4 2
. 1/2 50 (2.115)
- +7 2£+ 045, 0
I —v/eRB J J
: Z(2€+J)( ) v

1/ 1
e B(—1)w/vT o ) cosh j - 5) tanh_l(\/wv)>

for j > 1, where tanh™'(-) is the inverse hyperbolic tangent function and 5F(-) is the

hypergeometric function defined by
g L (al)n ) <a2)n n.
2F1(a1,a2,b17z) = Zoﬁz ; zeC
with the rising factorial (a)y = 1, (a), = ala+1)---(a+n—1) for ac C, n>1.

2.2.2.4 Special Case: Catalan Markov Chain of the Deterministic Two-sided

Chain Game

When the chain is deterministic, i.e., p; = ¢ = 1, the stationary solution is give in

: — _ — _(0-p — —
(2.114) - (2.115) by taking w = i = Py v = IWP—(;I)@ =1—p and B =

pp1+ (1 —p)gr = 1.

Remark 2.2.6. When the chain is deterministic and the interaction is symmetric, i.e.

pr = i = landp = 3, solutions (2.114) - (2.115)) suggest to take w = # =1/2
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(1-p)q1
pp1+(1-p)q1

0o V2 gy )22 (V2 _ T +))
=2 - (D) e

and v = = 1/2, and we obtain simpler forms:

o3 >1.

60 = (-ay YEIEVD ()

2230 J

Coming back to general p € (0,1), we have by numerical evaluation,
¢’ >0, ¢ <0, jEZ,

and hence, (2.111)) can be seen as a linear evolution equation. Without loss of generality,

o0
we assume € = 1 and o0 = 1. Since we have the relation: > @" = 0in Remark [2.2.5 we
k=—0o0
can consider a continuous-time Markov chain M(+) in the state space Z with generator

d)_l ¢0 d)l
matrix Q = — | . o F ... ¢t ¢° ¢! -. -. |. The infinite particle
o D o et @) B!

system ([2.111)) can be represented as a stochastic evolution equation:
dX; = QX,dt + dWy, (2.117)

where X. = (X* k € Z) with Xo =€ = (¢,i € Z), W. := (Wi, i € Z). The solution
1s:

t
X, = &e!Q + / =W, t>0, (2.118)

0
where €“Q, u > 0 forms the semigroup induced by the continuous-time Markov chain

99



Linear-Quadratic Stochastic Differential Games on Directed Networks Chapter 2

with the generator QQ and the transition probability matrix function p;;(t), i,j € Z,
t > 0 in the state space Z. Without loss of generality, let us assume Xy, = 0. With

these transition probability matrix function, we may write the solution of (2.111)) as

/ Zp”t—deJ i€Z,t>0. (2.119)

]_700

The variance of X is given by

Var(X}) / Z pi(t J2ds < 0. (2.120)

j—foo

Proposition 2.2.3. The Gaussian process X, t > 0 in ([2.117)), corresponding to the

(Catalan) Markov chain, is given by

X = Z / exp(Q(t — 5)))o ;dW?

4€F2£ t—SQ 20 . o
L [ (2 )

(t — )42 Q@D (_ (¢ — 5)2 20+1 m —m m
+Z Z / ( ( ))( )p£+1+ (1—p)£ de +1’

par i (2¢+1)! (+14+m

(2.121)

where W7, j € Z, are independent standard Brownian motions and F®)(z) = pp(z)e V=2,
with
2k—1

1 —1)! i
Pk(ff):?z:; (2]'—2/{()‘7!!(214;)—‘7'—1)!(_35) 2, for k>1.

and po(z) = 1 for x <O0.

Proof: Given in Appendix [A.2.3]
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2.3 Directed Infinite Tree Game

In this section we first extend our results to a deterministic tree structure (fig. [2.4))
with fixed finite number of descendants. We then discuss our results on a directed tree

structure with random interactions between players in the neighboring generations in

Section 2.3.2

2.3.1 Deterministic Directed Tree Game

(3,d%) «— (4,d%)

i
|

(27d) .
(3,d(d—1)4+1) «—:
Infinite
. < —— 4— 4—— -
/ : : *  generations

Root (1,1)

v\ (3,2d) «——
(2,2) : s

(3,d) :

(2,1) :

(3,1) «—— (4,1)

i
1

i
|

Figure 2.4: Directed Tree Network

We describe a stochastic game on a directed tree structure with N > 2 genera-
tions first. Starting with one player in the root node denoted by (1,1) in the first
generation, recursively each parent has a fixed, common number of descendants, de-

noted by d > 1, and there are d"~! players in the n-th generation for n > 1. For
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1 <n < N,1 <k <dv!, X"k represents the state of the k-th individual of the
n-th generation, and its direct descendants in the (n 4 1)st generation are labelled as
{ XAl k=Dd1 ndl (k=1)d+2 . xn+Lkdl We consider the stochastic differential game
of players in the N generations and then we generalize to a stochastic differential game
in a directed infinite tree by considering its limit as N — oo. The network is shown in
fig. 2.4

We assume the dynamics of the states of the players are given by the stochastic

differential equations of the form:
AX]F = afFdt + cdW™F, 0<t<T, (2.122)

where (th’k)ogtg’]‘, 1<n<N,1<k<d"! are one-dimensional independent standard
Brownian motions. Similarly, we assume that the diffusion is one-dimensional and the
diffusion coefficients are constant and identical denoted by o > 0. The drift coefficients
a™*’s are adapted to the filtration of the Brownian motions and satisfy [ fOT laf*2dt] <
0o. The system starts at time ¢ = 0 from i.i.d. square-integrable random variables
Xy i &nk independent of the Brownian motions and, without loss of generality, we
assume E(&, ;) = 0 for every pair of (n, k).

In this model, among the first N — 1 generations, each player (n, k) chooses its own

strategy o/ in order to minimize its objective function of the form: for 1 <n < N

JVF (™1 <m < N, 1 <{<dm)

TN i € —n+lk k) 2 C [~n+1k kN 2 (2.123)
= E{/ (5(&?’ )2+§(Xt ’ _th’ ) )dt+§<XT ’ _X;’) }7
0

—nk .
where X = Zfi(kfl)dﬂ X™'/d for some constants € > 0 and ¢ > 0 and for n,k >

1. The running cost and the terminal cost functions are defined by f™*(x,a™*) =
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$(amF)? 4 L(znthk — k)2 and g™F(z) = (TR — a™F)2) respectively with 7 =
Zfi(k—l) P 2™ /d. For simplicity, the behaviours of the N-th generation are described
by the boundary condition where all the players {XV*F 1 < k < dV~!} are attracted to

0. The cost functional for player (NN, k) is given by:

JNF (VY = IE{/O (l(ai“’“)2+g(x ))dt+2(XNk)2} (2.124)

for k = 1,...,dY¥~!'. Since players of the last generation do not depend on the other
players, the boundary condition defines a self-controlled problem.

Now, inspired by the conclusion in section [2.1.1] as the number N of generations
goes to infinity, i.e., N — o0, the effect of the boundary condition should vanish. Thus
it is natural and reasonable that we decide to pass the N-generation finite tree to an
infinite tree with infinite number of generations, and study the Nash equilibrium of the

infinite-tree game. We still assume each parent has d direct descendants. The dynamics

of the states and the costs are the same as (2.122)) and (2.123)) with n > 1.

2.3.1.1 Open-Loop Nash Equilibria

We search for an open-loop Nash equilibrium of the directed infinite-tree system among
strategies {a™*;n > 1,1 < k < d"'}. The Hamiltonian H™k (™! ymhkml qmlom e
N,1 <1< d™1) for player (n, k) is

ndml

1 €
Z Z aml nkml §(an,k)2 + 5(fn-l—l,k: _:L,n,k;)Q’

m=1 [=1

Yn Jkymuls
s are non-zero for every

assuming it is defined on Y} ks where only finitely many
given (n, k). Here, M,, € N represents a depth of this finite dependence depending on n

with M, > n for n > 1. This assumption is checked in remark below. Thus, the
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Hamiltonian H™* for player (n, k) is well defined for n, k > 1.
The adjoint processes Y,* = (Y/"*™!:m € N1 <1 < d™ ') and Z]"* = (z;-F"hPa,
m,p € N1 <1 <d™11<qg<dt)forneN1<k <d"! are defined as the

solutions of BSDEs

oo dP~1
dy;mk;m,l _ _€<7?+1 ok Xn k><5”+1 k . 571 k dt + Z Z Zn Jkm,lip, fIdWPq
p=1 ¢=1 (2125)
n,k:m n+1,k n —n+1,k n
Y™ = Qg Xp) = (X5 = XpR) (@, — 08,

where 5;2’7'2 =1, if (n, k) = (m, £); 0, otherwise, and 5me = Zfd(k D1 mf/d.

Remark 2.3.1. For every (m,l) # (n,k) or (n+ 1,i) where (k —1)d+1 < i < kd,
dY”kml = Zp ) de ' Z"kml’p 1dWP? and Y”kml = 0 implies Zt"’k;m’l;p’q = 0 for all
(p,q). Thus, there must be finitely many non-zero Y™*™Us for every (n, k). Hence, the

Hamiltonian can be rewritten as

Hn,k(xm,l7yn,k;n,k7yn,k;n+1,i7am,l;m c N,l < l < dmflj (k? . 1)d+1 < i < kd)

. ) ] €
o™ kyn Kk + Z an+1,zyn,k,n+1,z + §<an,k>2 + §<fn+1,k . xn,k)Q.
—(k—1)d+1
By minimizing the Hamiltonian H™* at a™* = —y™*"* with respect to a™* for all

(n, k), we can get an open-loop Nash equilibrium. We make the ansatz:

00 di—1 ) 9] dm—n—1
n,kin,k i nti,d'k—j m—n m,d"™  "k—j
Y; = oy X, =Y ¢ > X, 7 (2.126)
=0 7=0 m=n 7=0

for some deterministic scalar function ¢* satisfying the terminal conditions: ¢9. = ¢, 3. =

—g,gb’% = 0 for k > 2. Using the ansatz, the optimal strategy @™* and the forward
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equation for X™* in (2.122)) for an open-loop Nash equilibrium become:

o0 dam—n—1
&?7k — _}/Z’l,.lﬂ;n,k —_ _ Z gb:n/_n Z in’dmink_j’
= 7= (2.127)
00 dm—n—1 .
dXME == " Y XA 4 od W
m=n 7=0

Now comparing the two Itd’s decompositions of dY™*™* from (2.125)) and (2.126])-
(2.127]), we obtain from the martingale terms:

fen ke _ - kin,k; -
ZmEd — g forp >nand 1 < ¢ < dP7";  ZMMPT =0, otherwise,

for 0 <t < T, and we obtain from the drift terms: £ > 0,0 <t <T

k
o = j;o dloy 7 —e <5o,k - % : (51,k)7 o = c <5o,k - % . 51,k)- (2.128)

This Riccati system is closely related to the one in (2.25|) for the infinite-player di-

rected chain game and we can have a similar result.

Proposition 2.3.1. Let gb.(k) = ¢F in [2.128) to avoid confusion from the power. We

have > -, dk(b.(k) =0, and the functions ¢*’s can be obtained by a series expansion.

Proof: Given in appendix [A.1.9
Proposition 2.3.2. An open-loop Nash equilibrium for the linear quadratic stochastic

game with cost functionals (2.123|) for the infinite players on the directed tree in fig.
is given by ([2.127)), where {¢'} are uniquely determined by the system (2.128)) of Riccati

equations.

Without loss of generality, we assume ¢ = 1 and ¢ = 1. Following section [2.1.2.2]

by taking T" — oo, we look at the stationary long-time behavior of the Riccati system
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(2.128)) satisfying ¢* = 0 for all k. Then the system gives the recurrence relation: ¢° = 1,
¢! = —1/(2d) and 3¢ ¢/¢*~I = 0 for k > 0.
By using a moment generating function method as in appendix|A.1.10, we obtain the

stationary solution (cf. ([2.30))):

(2k-3)! 1
(k — 2)lk122—2 " gk

P =1, ¢'=—o) and ¢F—-

> 2. .
o for k>2  (2.129)

2.3.1.2 Catalan Markov Chain for the Directed Tree Model

As T — oo, the limit of average of the infinite particle system (2.127) can be rewritten
as

dX; = Qg tree Xedt +dW,, t >0 (2.130)

a linear stochastic evolution equation of Ornstein-Uhlenbeck type, where X. := (Yk =
S Xk /R | € N) with X = X, and W, := (W, = 30 Whi/d"1 k € N) is a
vector of averaged Brownian motions with mean 0 and variance ¢/d* in each generation

k € N, and Qg.tree i exactly the same as Q in section [2.1.2.2] Its solution is
— t —
Xt = eth-treeio + / 6(t_5)Qd—treedWs; t Z 0 (2131)
0

Similarly to proposition we can find the following formulas for X! = 71 and

its asymptotic variance. Proof is in appendix [A.1.11]

Proposition 2.3.3. With xo = 0, the formula for the root node th’l i ([2.130]) s:

1,1 = [*(t—s)?UD =
Dl I (o (S S P [ S N CRe™)
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where p;(+) is in (2.35)). Moreover, the asymptotic variance of th’l s finite, i.e.,

; (2.133)

lim Var(X}) = ﬁ <1+ (d—1>1/2>1/2 . <%7§]

t—o00 2

Remark 2.3.2 (Connection to the mean-field game). When d goes to infinity, we are in
the regime of the mean field game. The asymptotic variance is % which is consistent with
the variance of an Ornstein—Uhlenbeck process where the particle is attracted to 0 and

the volatility and the mean reversion constant are both 1.

2.3.2 Random Directed Tree Game

Motivated by the discussion about the deterministic directed infinite tree game in sec-
tion [2.3.1] we now look at a random tree structure. The connection and similarity between

random and non-random cases is illustrated in remark 2.3.6l

2.3.2.1 Setup and Assumptions

We describe a stochastic game on a directed tree where the interaction between every
two players in the neighboring generation is random. All players have a fixed number
of potential players in the next generation to interact with, denoted by a finite positive
integer M. That is, for n, k > 1, player (n, k) is the k-th individual of the n-th generation
and she can interact with the players in the (n + 1)-th generation labelled as {(n +
LM(k—1)+j):1<j < M} We introduce the i.i.d. binary random variables
N7RME=1+5 " yvalued in {0,1}, which represent the random interaction between player
(n, k) and player (n+ 1, M(k—1) +j) for 1 < j < M, present with probability p, where
0 < p < 1. When N™FME=1+ i zero, we assume player (n, k) has no interaction with

player (n+ 1, M(k — 1) + j) for 1 < j < M. We assume the dynamics of the states of
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the players are given by the stochastic differential equations of the form:
AX7F = o Fdt + odW™, 0<t< T, (2.134)

where (th’k)ogth,n,k > 1 are one-dimensional independent standard Brownian mo-
tions. We assume that the diffusion is one-dimensional and the diffusion coefficients are
constant and identical denoted by o > 0. The drift coefficients a™*’s are adapted to the
filtration of the Brownian motions and satisfy ]E[fOT laj"*|2dt] < co. The system starts
at time ¢ = 0 from i.i.d. square-integrable random variables X k— &nk independent of
the Brownian motions and, without loss of generality, we assume E(, ;) = 0 for every
pair of (n, k).

In this model, each player (n, k) chooses its own strategy a™* in order to minimize

its objective function of the form:

Jﬂ,k(a) —
T 1 .
EN,X{/ (5(05? )? (2.135)
0
€ 1 l ok, M (k—1)4j 1ok, M(k—1)+j k) 2
+o( O Nk M) — X)Ly at
2\ M 4 SO Nk M(k=1)+52£0
Z NmkME-1)+j5 =1 j=1
j=1
n E( 1 f: Nk M (k=1)+j ka,M(k’—l)Jrj N X”’k>2 1
5\ 2 T T S Nm kM (=140 |
2 Nk MEk-1)+j j=1 j=1
j=1

for some constants € > 0, ¢ > 0 and a = (™" : n > 1,1 < k < M"1) with a™* € R.
When the player has no connection with any player in the next generation, her insentive

is to choose a™* = 0.
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M
Conditioning on NkME=1)+5 — dy r where 0 < d,, < M, and denoting pg, , =
j=1

M : M
P(Z NmkM(E=1)+5 — dn,k:) — ( >pdn,k (1 _ p>M—dn,k’ we get

j=1 dn,k

J””“(a):]EX{/OT(l Z pdnk. Z ( ZX”“’] X”k> >dt

nk =1 nk Iesd & ]GI

(2.136)

5 S gy B (o))

nk 1 dnk Iesd K 7’L ]EI

where Sy, , = {(i1, " ,4a,,) : M(k—=1)+1 <y < -+ <ig,, < Mk} denotes the
set of all possible combinations of d,, ; elements between M(k — 1) + 1 and Mk with an

increasing order.

2.3.2.2 Open-Loop Nash Equilibrium

We search for an open-loop Nash equilibrium of the directed random tree system among

strategies {a™*;n > 1,k > 1}. The Hamiltonian for player (n, k) is of the form:

Ny, M'mfl

Hn,k<xm,l7yn,k;m,l’ am,l;m > 171 < l < Mm—l) _ Z Z am,lyn,k;m,l + _(an,k>2
=1

N | =

m=1

+ Z Pa,, m Z (ﬁ an-i-l,j _ k)2,
n,k g

nk 1 Iesdn,k

m
~

assuming it is defined on Yt 's where only finitely many Y;"" i

s are non-zero for every
given (n,k). Here, N, represents a depth of this finite dependence, a finite number
depending on n with N,, > n for n > 1. This assumption is checked in Remark
below. Thus, the Hamiltonian H™* for player (n, k) is well defined for n > 1.

The adjoint processes Y;"* = (Y"¥™\m > 1,1 <1< M™ 1) and Z"" = (Z]-Fmhra.
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myp>1,1 <1< M ™11 <qg< MPY)forn>1,1<k< M1 are defined as the

solutions of the backward stochastic differential equations (BSDEs):

oo MpP—1
AY/ M = 0  HYH (X, Y o) dt + Y Sz deaquype (2.137)

p=1 q=1
M

= —¢ : : pdn,k.
dp k=1

1

1 4
(M Z (d_ZthHJ—ka k25(ml ) (nt1,5) = O(my0),(nike))dE

dnk/ T1€Sq, . mk er dn jeI

oo MP—1
n,k;m,lip, ,
+Y 0 zphmtraqype,
p=1 ¢=1

with terminal condition:

Ynkml — Z pdnk

nk: 1

1 o1y _ ]
() Z . Z XpHH — XR) d_ Z O(ma),(n+1,5) — O(mil),(nik))-

k! I€Sq, ” jeI .k jel

Remark 2.3.3. For every (m,l) # (n,k) or (n+ 1,i) for M(k — 1) +1 < i < Mk,
oo MP~1

Ayl = s st gk Epaqpa and YRR ™ = 0 implies 25 = 0 for all (p, q).
p=1 ¢=1

Thus there are finitely many non-zero Y™*ms for every (n, k) and the Hamiltonian can

be rewritten as
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Hn’k(l'

=

Mk

n,k n,k;n,k+ 2 OénJrl,iyn,k;nJrl,i_'_l(an,k)Q

2

i=M(k—1)+1

+ = Zpdnk'(d—) Z (—Zx"“’] "2,

Remark 2.3.4. For every (n, k), we will solve (2.137) when (m,[) =

nk:l

IESdn & n.k jel

oy R g m > 1,1 < U< M M (k= 1) +1 <0 < Mk)

(2.138)

(n, k) in the following

discussion. Other non-zero Y™*™!s in (2.137)) are solvable with the similar method.

When (m,l) = (n, k), becomes:
(
n,k;n,k n+1,j n,k
dY; EZPdM'm Z <%2X T X{)dt
dp k=1 dn,k IESdmk jelI
oo MP—1
+Z Z Zf,k;mk;nqutp,q’
p=1 q 1
n,k;n,k n+1, n,k
Yr —_Czpdnk'—) Z (%2X+J Xy )
dp =1 dn k Iesdn,k jer

(2.139)

To simplify the equation system, we use the result: for all d,,, € [M(k — 1) + 1, Mk]

n+1,j
Py 2 T DL
k Iesq, , e 57
— 1 n+1,41 nt+liq, .
b T 7 (@ hi g g )

(dn,k) I=(i1, i, 1 )€Sa,,

I (M - 1) (P HEM=D+L L MRy

Pd, . 7
g dn,k: (d],:{g) dn,k -1
1 Mk
n+1,j
Paugp 2L °
M j=M(k—1)+1
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which gives:

Mk

1 , 1 .
L - n+l,7 __ - _ n+1,j
T (e D DI
dn k=1 n,k IeSq, , 7" jel J=M(k—1)+1
Then we can rewrite system ([2.139)) as:
( 1 oo MP~1
dyvtn,k;n,k _ €<1 i pO)(M Z Xn—l—l,] th,k) dt + Z Z Z:,k;n,k;p,qutp,q’
) j=M(k—1)+1 p=1 ¢=1
n,k;n,k 1 — n+1,j n,k
Y, = —c(1— po)(M > XpTW - Xph),
\ j=M(k—1)+1

(2.140)

By minimizing the Hamiltonian with respect to a™*, we can get an open-loop Nash

equilibrium: a™*F = —y™*n* for all (n, k). Considering the BSDE system, we make the

ansatz of the form:
Mi—ng

Ytn,k;n k Z Z ¢?J€% i,jXZ}j’ (2.141)

1=n j=Mi="(k—1)+1
for some deterministic scalar function ¢; depending on (n, k). According to (2.140)), the

functions satisfy the terminal conditions:

o " = ¢(1 — po);
k] 1

G = o1 - o)

.¢nk int+l,j 07 fOerQ,MZ(k—l)"i‘lS]SMEk

for M(k—1)+1<j < Mk;

Using the ansatz, the optimal strategy &™* and the forward equation for X™* in
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(2.134]) become:

( ML nle
~n,k o n,k;n,k n,k; 1,5 i,
Qy ==Y, E E o8 X,
i=n j= Mi— "(k: 1)+1
P (2.142)
Xt = - "”WX”dt + odW
t t t [
t=n j=Mi—"(k—1)+

which gives: for 0 <t < T

MT ’L
dX;7 = - Z Z ¢y XAt + odWY

r=t s=M"(j—1)+1

Define a set S"" = {i: M"(v—1)+1 <i < M"v, i € N}. Differentiating the ansatz

(2.141)) and substituting ([2.142f), we obtain:

) A Z > (G HIX AL+ ¢ X

1= nJGSz n,k

Sy g

1=n jeSifn,k

+Y N =Y N @ XA+ od W]

=n jesifn,k r=1 Sesr—i,j (2143)
(o] o0 o0
_ E E i1,k 4,5 3 isg E E E E n,k; 6,5 14,557,8 37158
- ¢t Xt dt - ¢t ¢t Xt dt
i=n jesi—n,k i=n r=1 jeSi—n,k s€Sr—i,J
o)
+ 0o E E (bzl, ,l,]thl,]
i=n jesi—n,k
def
=1—1I+1IL
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For the first and third terms, we have

M™—"Ek
1= Z > ermrXdt = Z > ephrrxTdt
i=n jeSi—nk r=n s=M"—"(k—1)+1
M"™ "k
I = UZ > ertaw) = UZ > gptrrawy,
i=n jeSi—n.k r=n s=M"—"(k—1)+1

Then, for the second term, we have

o0 [e.o]
=YY > > ¢pPhtgrinxpadt
=n r=1t jeSi*n,k sEST—1J
Mk

— Z Z (Z(bnk’l’ ]\/17‘ 1 I_]\/[T 1-|’ ™ )erdt

r=n s=M"""(k—1)+

where [2] denotes here the smallest integer greater than or equal to .

Thus equation (2.143|) can be written as:

1S D ZURLLEL N [ § Y § | 2.144
t

M "k

— Z Z ( n,k;r,s Z¢nk1 M:i]QSiv’Vﬂ/[fi]%TvS))XZ,Sdt
r=n s=M"""(k—1)+1
MT— "k

to Z Z ¢?,k;r,sdmr,s.

r=n s=M"""(k—1)+

Now comparing the two [t6’s decompositions ([2.140) and ([2.144]), we obtain first the

n,k;n,k;
Zt

processes P4 from the martingale terms :

Zt"»k’;n,k;lhq — 0¢?,k§P7q for p>n and Mp—n(k_1)+1 <g< Mp_nk; Ztn,k;n,k;p,q = 0, otherwise.
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Then we obtain from the drift terms:

nkink o nkink nkink

t = ¢ t £(1 = po), ;’km’k =c(1 —po); (2.145)

g1 = G for any pairs (n, k), (i, );

efor M(k—1)+1</{< Mk,

t,k, +1,4 _ t,k, k t,k, +1,Z+¢t,k, +1,4 t+1,£, +1,Z+8(1 _pO)M
(2.145) n,k;n n,k;n 1 n,k;n 1
g e po) gy T = e - o)y
(2.146)
efor m>n+2 M™"k—-1)+1<(< M™ "k,
ok LY T [ A I Y S [ ke
¢?,k,m,€ — Z ¢t [ij 'L—I(ﬁt |>Mm ’L—| , ¢T,k:, ,E — O (2147)

i=n

2.3.2.3 Discussion about the Solution

Remark 2.3.5. Since by definition, py = (1 — p)M = E[]l ] for any (n, k),

M
Z Nn,k,lw(kfl)ij?gO

J=1
the above equation system ([2.145))-(2.147) depends on p and M.

Theorem 2.3.1. The solution of the system (2.145)-(2.147)) are independent of n, k and

depend on the "depth” 1, i.e.

n,k;m,l

for suitable pairs (n, k), (m, j) and integeri > 0. Thus the system is closed for {¢; ,m >

n, 1 << M™"(k—1)4+1<¢< M™ "k} and the solutions ezist.
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Proof: First, the equation (2.145)) is a Riccati equation and independent of (n, k).

n,k;n,k n,k;n,k

Thus the solution exists for every ¢;" and we have ¢," = /"™ for any suitable

pairs (n, k), (m,j).
Since the equation (2.146) only depends on py and M and functions ¢”*™* are identical,

we conclude that the solution of {g;"F "™ ME=D 1 < ¢ < M} for any pair (n, k) exists

and are also identical, i.e.

o~

n,k; n+1,04+M(k—1) :¢m,j;m+1,2+M(j—1) for 1</
= ¢, </,

: (2.148)

Form =n+2and 1 < /¢ < M?, the equation (2.147) gives:

12
ki M2 (k—1) nzngn s, | b=y |+ M (k- 1)¢z [t [+ M7 (k=1 meb 24 M2 (1)
t t t
=n

o nk;nk n,k;n+2,l7+M2(k—1)
= o

nk;nt1, | L |+ M(k=1) n+1,| & |+ M(k—=1);n+2,04+M?(k—1)
wgphmthu oy e [

n,k; n42,0+M2(k—1)  n+2,0+M?(k—1); n+2,0+M?2(k—1)
+ ¢ ¢
2¢nk n,k nk n+2,0+M?2(k—1)
n kst [ M (k=1) 01, [ 5]+ M(k=1); 042,04 M2 (k1)

+ ¢ &,

Here,
et [ [ M =D 2 i M2 -1) nt, [ [ M - n+2,(7’+MHAL-‘+M(k 1)-1]
t - Yt

= :L’ka’ZIJrM(k_I) according to equation ([2.148)),

where ¢/ = ( + M — M [%-‘ satisfies 1 < ¢/ < M. Then the differential equation of

n,k; n+2,l7+M2(k71)

)’ is reduced to a first order linear differential equation depending on
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Jknk ey n+1,0+ M (k—1 . . . . .
Y and ¢ (k=1) functions, whose solutions exist and are identical. Thus we

conclude the solutions exist for functions {qﬁ?’k; "+2’€+M2(k71), 1</<M 21 and identical.

When m > n+2, we proceed the discussion recursively by using a similar method, we

can reduce the differential equation of ¢?’k; m MRS o a first order linear differential

equation depending on functions {qﬁ?’k;i’HMFn(k_l), n<i<m,1<0< M=} Then we

can conclude that the solutions exist for functions {qb?’k; m’“Mm_n(k_l), 1</i<M m-n}
and identical for every given m.
From above, we can conclude the solutions for ¢ functions exist, only depending on

the "depth” m — n. Thus the system for ¢ functions can be reduced to a closed system

for {g7 5™, m > n, MMk — 1) +1 < £ < M™"}

Remark 2.3.6. If we assume that each individual (n, k) is in interaction with its all
potential players in the (n + 1)-th generation, i.e. p =1, py = 0, the model becomes the
same as the system of the deterministic tree model in in Feng, Fouque & Ichiba [30].

Proof: =~ When N, , = M(> 0), the functions only depend on the depth. Thus
equations ([2.145))-(2.147)) above become

n+m m

T in,k; n+m i—n n+m—i 1 7 m—i
\I’;n = t,k, +m,l _ Z \Ijt . \I/t+ — 5m,0€ + 6m’1€M = Z \I]t . \Dt — 5m,08 + 5m,1€

i=n i=0

S
M’

m
T = 5m,OC — 5m,10_'

M

It is the same as the Riccati systme in Feng, Fouque & Ichiba [30] with M = d.

Proposition 2.3.4. An open-loop Nash equilibrium for the infinite-player stochastic
game on the random tree with cost functionals (2.135)) is determined by (2.142)), where
{omktd i > n, M (k — 1)+ 1 < j < Mk} are the unique solution to the infinite

system (2.145()-(2.147)) of Riccati equations.
7
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2.4 Conclusion

In this chapter, we first studied a linear-quadratic stochastic differential game on a di-
rected chain network. We were able to identify Nash equilibrium in the case of finite chain
with various boundary conditions and in the case of an infinite chain. This last case al-
lows for more explicit computation in terms of Catalan functions and Catalan Markov
chain. The Catalan open-loop Nash equilibrium that we obtained is characterized by
interactions with all the neighbors in one direction of the chain weighted by Catalan
functions, even though the interaction in the objective functions is only with the nearest
neighbor. Under equilibrium the variance of a state converges in the infinite time limit
as opposed to the diverging behavior observed in the nearest neighbor dynamics studied
in Detering, Fouque & Ichiba [I]. Our analysis is extended to mixed games with directed
chain and mean field interaction so that our game model includes the two extreme net-
work interactions, fully connected and only one neighbor connection. It is also extended
to game on a deterministic tree structure in section [2.3.1]

In the second part, we studied a linear-quadratic stochastic differential game on a
random directed chain network by assuming the interaction between every two neighbors
exists with a probability p. We constructed an open-loop Nash equilibrium in the case of
infinite chain and computed the stationary solution explicitly, named Catalan functions.
The equilibrium is characterized by interactions with all the players in one direction
of the chain weighted by Catalan functions and the probability of interaction p. The
asymptotic variance of a player’s state converges to a finite limit depending on p in the
infinite time limit, which is different from the behavior of the nearest neighbor dynamics
discussed in Detering, Fouque & Ichiba [I]. The random directed game model is extended

to games on a random two-sided directed chain structure and a random tree structure.
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Chapter 3

Systemic Risk Measures and

Machine Learning Computation

3.1 Systemic Risk Measure Review

A concept of systemic risk measure was proposed by Biagini et al. [29, 2], where the
authors considered the following problem of risk allocations of N individuals labelled
as {1,...,N}. Given a joint distribution of an N -dimensional, real-valued random
vector X := (X1, ..., X") on a probability space (€, F,P), the risk sensitivity vector
a = (al,...;a) € (0,00)", the risk tolerance value B < 0 and the partition set
{I, = {npm1+1,....n,},m = 1,...,h} (indexed by a vector n := (ny,...,ny)
with 0 = ng <ny <--- <mnp = N for some h > 1) of the N elements {1,...,N},

one defines the aggregate risk

p(X) = inf{iY”:Y — (YL, YY) ecg“),E[iun(XuY")} - B} (3.1)
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where if we take u, = —aie*a” ¥ as exponential utility functions, «a,, could be interpreted

n

as the risk aversion of individual n. The random allocation Cén) of partition index vector

n and the associated partition {/,,,m = 1,...,h} is given by

Cén) = {Y € L°%(RY) : there exists a real vector d := (dy,...,d;) € R"

| (3.2)
such that Z Y' = d,, for every m = 1,...,h}.
i€Im
The partition set {I,,,,m = 1,...,h} represents the grouping among the individuals

and determined by the vector n. Here C™ is a subfamily of random vectors LO(RY)
associated with n such that all the partial sums of elements divided by the partition are

deterministic real numbers.

Theorem 6.2 in Biagini et al. [2] shows that the infimum of (3.1)) is attained by

i yi, Omtdm .: k — RS
Tx o= oA @ B o keZIX’ o kel a
o " (3:3)
g S 1
dm = ﬁmlog<_§E|:eXp<_B_m)]>a B = ;a_n = mzlﬁrrw
for m =1,...,h and 7 € I,,,; and
N h
pX) = 3V = D dn (34)
n=1 m=1

Moreover, the systemic risk allocation p»™ (X) of individual i is given by

p(X) = By [Vi] = (E[exp ( - g—:)D_lE[Y)Q exp ( . Z—:)} L iel,, (35)

for m = 1,...,h, where QY is a tilted probability measure, absolutely continuous with
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respect to PP, determined by the Radon-Nikodym derivative

d(?;ﬁgé = (E[exp<—g—:>]>lexp<—g—:>, m=1,...,h. (3.6)

By the construction, one has

h h N
pX) =D dm =3 D pX) = R X). (3.7)

3.2 Systemic Risk Models for Disjoint and Overlap-
ping Groups with Equilibrium Strategies

In this section, we generalize the systemic risk measure under exponential utility func-
tions proposed by Biagini et al. [29, 2] by allowing individual banks to choose their
allocations of the risks into different groups instead of being assigned to specific groups.
This brings game features into modeling, making it more realistic and providing base-
lines for a CCP to design its default fund mechanism from rational banks. To solve the
new models with game features, we first define the concept of Nash equilibrium based
on banks’ fair systemic risk allocation, a concept introduced in Biagini et al. [2], and
discuss the existence and uniqueness of equilibrium strategies. Then some explicit for-
mulas are derived under the Gaussian distribution of the risk factor. In the overlapping
group case, we still focus on the risk measure produced by exponential utility functions
and first provide explicit expressions for the systemic risk measure and fair risk alloca-
tion of each bank under general risk factor. Sensitivity and monotonicity properties are
also established. The concept of Nash equilibrium is then extended to the overlapping

group case, whose existence and uniqueness are discussed theoretically and numerically
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under Gaussian assumptions and with two groups. In particular, we propose a numerical
algorithm based on fictitious play to identify the Nash equilibrium, and use it to study
synthetic examples and the bank-CCP structure with real data, showing the validity of
the proposed model.

The rest of the section is organized as follows. Based on the disjoint group model
review in section [3.1], we first describe the systemic risk models with game features for
disjoint groups. We then introduce the concept of group formation and Nash equilibrium,
and analyze the optimal solution under Gaussian distribution of the risk factor. In
section [3.2.4] we generalize the model and concept of Nash equilibrium to the overlapping
group case. We propose numerical methods for computing Nash equilibrium, and give

several examples in section [3.2.5 We make conclusive remarks in section |3.2.6|

3.2.1 Groups formation and Nash equilibrium

In this section, we generalize the systemic risk measure in section to a game setup.
For a game with N individuals, we assume there are N buckets (B, ..., By) for each
individual to choose which one she belongs to. The choice of individual n, n=1,... N,
is denoted by a, and a,, = j means individual n chooses the bucket j. We call &/ the
set of all strategies. A set of strategies a := (ay,...,ay) € & generates m groups by
considering only the non-empty buckets for some 1 < m < N. Different sets of strategies
may generate the same groups denoted by C(a). We say two strategies a® and a®
are equivalent, if the partitions C(a®)) and C(al®) are equivalent. With the individual
systemic risk allocation in , the objective function of individual n under the partition
C(a) is defined by

p"(C(a)) = p"(X;C(a)) = Eqg[¥x], (3.8)
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where n € I,,, for some m € {1,...,h}, Y and Q% depend on the partition C(a).

Let a = (a1,...,ay) € & and (a~",a") = (ay,...,a4,_1,a",Gpi1,...,0N) € .

Definition 3.2.1. With the systemic risk allocation map C +— p(X;C) in (3.5)) and the
above definitions, the configuration C(a) is a Nash Equilibrium if for every n = 1,..., N

and a”,

p"(X;C(@) < pM(X;C@@™, a")), (3.9)

i.e., the systemic risk allocation of individual n is minimized under grouping C(a), given

other individuals’ choices are a™".

If there are multiple Nash equilibrium strategies
satisfying (3.9) and all the partitions associated with these Nash equilibrium strategies

are equivalent, we say the Nash equilibrium strategy is unique up to equivalence relation.
In this paper, we shall consider the following questions:

e Does a Nash equilibrium exist?
o If it exists, is it unique?

We view the equilibrium as a network of risk-sharing. It is easy to show that a single
group with all the individuals, called full risk-sharing, is a Nash equilibrium. We call this
the trivial Nash equilibrium. This follows from the fact that a configuration with a group
having only one individual is never a Nash equilibrium; see Section 6.2 “Monotonicity”
in [2]. For simplicity, we take Gaussian distribution for the risk factors and discuss the

proposed model in detail with some examples.

3.2.2 Extreme examples

Here we discuss some extreme cases. Let |[,,|(> 1) be the number of elements in I,

for m > 1. Under the exchangeability assumption on the joint distribution of X and
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the identical exponential utility functions with ay = --- = ay = a > 0, the marginal

distributions of X'e=Sm/fm < I are identical with the same expectation, that is,

E —Xie*Sm/ﬁm} - T]—@TE[g—meSm/ﬁm]; iel,, (3.10)

and hence, with 8, = a ' |I,|, 8 = a™' N for m = 1,...,h,

E[Yf(e‘sm/ﬁm} — E[(—X“r Ofg + jg )e—sm/ﬂm] - ld—m|E[e_Sm/6m].

Then substituting it into (3.5]) gives the systemic risk allocation of individual i

FX (1)) = %log (—% — )E[e—asm/“m'D; icl,.

Under the i.i.d. Gaussian distribution assumptions for X, i.e., X*, i = 1,...,N
are independent, identically distributed Gaussian random variables with mean p € R

and variance o? > 0, S,, = >.._., X' is distributed in normal with mean u|I,,| and

i€Im
variance o2 |I,,| for m > 1. Direct calculation yields the systemic risk allocation of

individual 7

040'2

PXALY) = %log (ﬁ) s 1€, (3.11)

is a decreasing function of the size |I,,| of the group I,, which individual i belongs to.

Example 3.2.1 (I.I.D. Gaussian with the same exponential utility function). The strat-
egy a := (1,...,1) that everyone chooses the same group is a unique Nash equilibrium.

In this case C(a) = {I, = {1,...,N}} with || = N, h = 1. Every individual k
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belongs to the same group I; and by (3.11)),

R 1 N ao? .
PH(X;C(@) = —log (m) —p+ 5 <A@ ) aed

To see its uniqueness, if a* were a Nash equilibrium strategy with C(a*) = {[},m =
1,...,h*} which is not equivalent to C(a), then h* > 2 and all the sets I, m =
L,...,h" satisfy 1 < |I}| < N — 1. Take the group number ¢, := argmin,<;<|l/|,
of its smallest size. For a fixed individual k& € I , there exists a € o/ with a = 7o

such that in the new partition C(a*~* a;) = {I,,} the individual k belongs to another

group I, with || > |I,|, and hence by (3.11)),
PF(X;C(a") = pF (XK {I5,m = 1,...,h"}) > p"(X;C(a*7*, jo)) .

This contradicts with the definition of Nash equilibrium. Thus, a is a unique Nash

equilibrium up to equivalence relation.

Example 3.2.2 (Non-random, equal outcomes with the same exponential utility func-
tion). Instead, if X is a deterministic constant vector of u(€ R)’s with o2 = 0, that is,
X? = p for every i = 1,..., N, then there is no contribution from I,, in the systemic

risk allocation

P L)) = %log (%) s i€l (3.12)

and hence, the risk sharing is arbitrary and undetermined.

Next, we shall relax the condition on «’s. We still assume X' are i.i.d. Gaussians

with mean g € R and variance ¢? > 0. In this case, S,,/3, is normally distributed
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with mean p|l,,|/Bm and variance |I,,|0?/32 . Then direct calculations produces

- _ log <i> +log]E[e*S’"/B’"} = 10%( g )— i + o™ ,

S —Sm/B 1 Sm _s /B ] L |]m|02 '
Bop | 5] = (Ble/]) E|gmesin] = £ - 2
B Bm Bim O
where Q% is the tilted measure defined by (3.6)). Also by ({3.10),
S, —p 1 S,
E[—X’“ ~Sm/Bm . _Om_ *Sm/ﬁm] _ <_m —)E[—m *Sm/ﬁm}, 3.14
T B IR (314
for k € I,,,. Hence, substituting (3.13))-(3.14)) into (3.5) brings, for k € I, ,
— 1 S, d
(X {1 —(ﬂJr—)Em[ m]+ m
] 3 2 L, (3.15)
Z—M—f——log( )—I— (1— = )
(67> (_B) Bm 2ak¢ﬁm
In order to find a Nash equilibrium, we evaluate the quantity
1 Im ; . (07 ]m . . o
nk({[}) = (1_ ‘ ’ ) = H{]efmdik} J (1_' | H{]ejm-.ﬁék} J )’ k, c -[m
Brm 20 Bm, Zje[m & 2 Zjelm ;
(3.16)

Note that #*({L.}) is an increasing function of ay, and thus if arg maxer, o = ko,
then

n({L}) >n*({1}); forevery k€ I,. (3.17)

However, it is not necessarily true that p"(X;{L}) > p*(X;{L}) for every k > 0,
because of the term (1/az)log(B/(—B)). Note that n*({I.}) is a decreasing function of
|I,n]/Bm and is a decreasing function of S, .

If N =2 and 0 < a3 < g, then a := (1,1) is a unique Nash equilibrium. This is
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directly verified by the inequalities

7(CQA)) = ap - — 1% o M Ok

Girof S 1 < S 7A@ k=12 (319

and hence, pF(X;C(a)) < p*(X;C(a "% a)) for every k = 1,2, and a € & which is not
equivalent to a.
If N>2 and 0 <a; <ag--- < ay, then a := (1,...,1) is a Nash equilibrium for a

similar calculation to (3.18)),

Fe@) = ap bz Npa

Hi;ékai Hi;ékai

i
ar -t ay (g + -+ an)

(673 (6773
< 7:nk({{k},{l,...,N}\{k;}}); k=1,..N.
There is no reason to move out of the alliance of {1,..., N} and to become an outcast.

This observation can be generalized: under this setup, there is no reason to move out
of the alliance of a group I, of size greater than or equal to 2, i.e., |I,,| > 2 and to

become an outcast.

We conjecture that a is unique Nash equilibrium under a wide range of configurations
of a’s. For each C(a) = {[,,m = 1,...,h}, let us consider the group heads k,,,

m = 1,...,h and the head of the group heads k* by
kp := argmaxay; m = 1,....h, k* := argmax 7"(C(a)). (3.19)

el ke{ki,....km}

Let us denote by m* the group name of £*, i.e., k* € I« . By setting the group heads
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and the head of the group heads, we see from the observation made in (3.17)) that
n*(C(a)) > n'(C(a)); foreveryl€l,, m=1,...,h, (3.20)
and
n* (C(a)) > n"(C(a)); foreverym = 1,...,h. (3.21)

Lemma 3.2.1. If there is a group head k. € {ki,...,kn} \ {k*} in a group m., i.e.,
k. € L,, from C(a) = {I,,m = 1,...,h} such that
Qo 1

<14+ —- 3.22
g, * |]m*| 7 ( )

then n*"(C(a)) > n* (C(A)), where C(A) = {In,,m = 1,....h} is obtained only by

removing k* from group m* and adding k* into group m, , that is,

I = Ly \{k*}, I := I, U{k*}.

In addition, either if the inequality in (3.22) is strict or if the strict inequality n* (C(a)) >

n*(C(a)) holds, then C(a) is not a Nash equilibrium.

Proof:

We rewrite n*({I.}) = f(1/Bm;|In]/(2ax)) in with a quadratic function
f(z;a) = z(1 —ax), > 0. Note that f(0) = 0 = f(1/a) and f(z;a) is increasing
in the interval (0,1/(2a)). For each group head ki, ..., ks, we have

(0775 )
L

|| 1 1
< — =0, or — < m=1,...,h.
Z Qg ﬁm

Shm e,
Thus, with a = |I,,|/(2a%,,) , we have 1/, < 1/(2a), and hence, = — f(x; |I,n]/(20%))

88



Systemic Risk Measures and Machine Learning Computation Chapter 3

is increasing in the interval (0,1/3,,) for m = 1,... h.

By the definition of £* in (3.19)) and (3.21)), we have

T

> 5 ~ () = e

/(2a,)) in the interval (0,1/8,,,), we have

(3.23)

Then by the monotonicity of x +— f(z; |,

1 |1, 1 |1,
- —) > f( ; )
Bm* 2ak* Bm* + (1/0519*) 2ak*

L | L.
B, + (L age) (1- S G (o) ) (3.24)
1

I | + 1 s
= Bm. + (1/cu) (1 B 20 (B, + (1/0%*))) =7 (C(a)),

1 (@) = £(

where we used (3.22)) in the last inequality and C(a) is obtained only by removing k*
from the group m* and adding k* into the group m, . Thus, for k* it is better to move

from m* to m,, and hence, C(a) is not a Nash equilibrium.
Example 3.2.3. Suppose that we have C(a) = {ln}m=123, 1 = {1,2}, L =
(3,4,5}, I = {6,7,8,9,10} with

ap =0y =2, a3 =4 =05 =3, Q=07 =ag =0ay =4, g =09.

The condition (3.22]) holds with a strictly inequality, and C(a) is not a Nash equilibrium.

Example 3.2.4. Suppose that we have C(a) = {I,}m=12, L = {1,2,3}, I, =
{4,5,6} with

Oé12052:2, 063:4, 06420652066:3.

The condition (3.22) does not hold, however, C(a) is not a Nash equilibrium.
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3.2.3 Case discussion: correlated Gaussian distribution

In a system with N individuals, we assume the joint distribution of X = (X% i =
1,...,N)T follows a multivariate Gaussian distribution, that is, X ~ N(u,X) where
€ RN and ¥ € RY*¥ is positive semi-definite. The exponential utility functions for N
individuals have positive parameters a = (ay, ..., ay).

For every partition set I,,, m = 1,...,h, define a group vector 4,, € R which
consists of only 0’s and 1’s. For all the 5 € [,,,, the j-th element in A, is 1, otherwise 0.
For example, in a 4-player system, if individuals 1 and 4 in group 1, and individuals 2
and 3 in group 2, the corresponding vectors for the two groups are A; = (1,0,0,1) and

Ay =(0,1,1,0). Then, following (3.3]), we have

Sm= X' = A X ~ N(Aui, AnSAL) N (s, (03)7). (3.25)

1€1m

The results in Appendix produce that, for m =1,...,h and for k € I,,,,

dpm = B log ( — gE[exp(—Sm/ﬁm)D = B, log (%) — My +

(75,)*
2Bm

and the systemic risk allocation of individual £ is given by

m _ vk 1 1 . —Sm/Bm
Eqg [Yx] —E[Yk‘dQX] _E[X S5 St G de) e ]
Qx tx] — X dP o E(e*sm/ﬂm)
1 B\ 1 (0 )2
SR S i 2
Mk+ak °\Zp)* . K282 (3:26)

Remark 3.2.1 (Effect of Mean). From the above formula of the systemic risk allocation
for individual &, we find that the mean of individual k& has no effect on her risk allocation

no matter which group she belongs to. So in the following discussion, without loss of
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generality, we take all means to be the constant zero.

Remark 3.2.2 (Comparison between Trivial Grouping and Multi-Groups). The total risk
allocation for multiple groups (h > 2) is always greater than the total risk allocation for
the trivial grouping (h = 1). The proof of this statement will be given in Appendix ,
and we refer interested readers to read “Monotonicity” in [2] for general proof free of the

distribution of risk factors.

In the following, we present three concrete examples to help better understand on

banks’ rational choices under this fair risk allocation.

Claim 3.2.1. If X = (X% i = 1,...,N)T has the same standard deviation ¢ > 0 and
correlation coefficient p € [—1,1), and the utility parameters are identical, denoted by
a(> 0). Then there is only one trivial Nash equilibrium, that is, all individuals being in

the same group.

Claim 3.2.2. In the case of N = 4, we assume all the utility parameter a;s are the same
and equal to 1, and all individuals have the same standard deviation denoted by o > 0.

If the correlation matrix is a block matrix with uniform correlation coefficient, i.e., the

1 p 0 0
p 1 0 O
correlation matrix is given by , we have the following conclusion about
0 0 1 p
0 0 p 1

Nash equilibrium.
o Ifpc [—13—3, %], there is no nontrivial Nash equilibrium.

o If p € [—1, —%), grouping "{1,2}-{3,4}”, i.e., the first two and the second two

individuals are in two different groups, is a nontrivial Nash equilibrium.

o If p € (2,1], grouping ”{1,3}-{2,4}” and ”{1,4}-{2,3}” are both nontrivial Nash

equilibriums for the system..
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According to the claim, when the correlation is not strong, all individuals tend to be
together to form a trivial Nash equilibrium. Otherwise, negatively correlated individuals

tend to be in the same group while positively correlated individuals tend to be separate

Claim 3.2.3. In the case of N = 5, we assume the standard deviation are uniform and the
a2 po? 0 0 0
po?  o? 0 0 0

«;’s are 1. If the covariance matrix is X = 0 0 o? po* po? |, which is of

0 0 po? po* o3

block form with positive standard deviation o and the correlation coefficient p € (—1,1).
o If p € (—1,—-2/7], grouping “{1,2} — {3,4,5}” is a Nash equilibrium.
o If p € (—2/7,1), there is no nontrivial Nash equilibrium.

e Grouping “{1,2,3} — {4,5}” can not be a non-trivial Nash for any value of p.

We give derivations of Claims [3.2.1] [3.2.2] and [3.2.3] in Appendix and

B.1.4] respectively. The result further shows that individuals tend to stay with highly
negatively correlated individuals to minimize the systemic risk if they exist. It is im-
possible for individuals to stay with correlated and uncorrelated individuals at the same

time except for the trivial case when all individuals are together.

3.2.4 Systemic Risk Measure on Overlapping Groups

To further study the systemic risk measure under exponential utility functions, we gen-
eralize the systemic risk allocation for N individuals on disjoint groups in section sec-
tion to the risk allocation for them on overlapping groups where they can choose mul-

tiple groups to allocate their risks. Assuming there are at most h groups, the weighted
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risk factors for the n'"-individual assigned to multiple groups are labelled as w;, X",
k=1,...,h with 22:1 Wy = 1. In the weight w, ;, the index k refers to the group
number the individual n joins and the weight can be of any value between 0 and 1. If
Wy = 0 for some k, then we say the individual is not in the k-th group. Therefore, we

can extend the systemic risk measure given by (3.1)) to a general measure p defined by

N N
p(X) :=inf {Z ZY”’k Y e Gy, E Z Zun(wka" + YR

h h
n=1 k=1 n=1 k=1

:B},@W)

where we take u,(x) = —aie_a"x as exponential utility functions; h is the maximum
number of groups individuals can contribute to in total and it is a finite integer; and the

random allocations C§*" is given by

G ={Y=("1<i<N 1<j<h)eL'®RY") :3d=(d,....d) €R",

N
> Vi =dy, for j=1,...,h}. (3.28)

i=1

Remark 3.2.3. Here h is an integer fixed a priori, to eliminate the situation that an
individual wants to split the risk X* into infinitely many groups. An alternative way is

to impose a minimum value requirement for non-zero weights to avoid too many groups

for an individual to participate in, denoted by w™®. Then, naturally h = | =] - N.

Remark 3.2.4. The generalized system — still meets the assumptions made in
[2]. Because the measure on overlapping groups can be seen as the measure on
disjoint groups with more individuals with weighted risk factors. Thus the existence and
uniqueness of optimal allocation solution Yx of the primal problem is guaranteed,

according to the the discussion in Section 4 of [2].
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Given the grouping for all individuals, we define the family of sets
{l; ;:={ieN:w;>0,i=1,...,N},j=1,...,h}. (3.29)

Theorem 3.2.1. The optimal value of p(X) in (3.27)) is attained by

B _5
d; = Bjlog (_EE [e Bﬂ}) , (3.30)
o : 1
Y;(’J = —wi’le + — (S] + d]) ]‘wi >0 (331)
a;B; i
N N
where S; = Y w; ; X' = > wi; XY, 8 = E o Llu >0 = > i, for j =1,--- h and
i=1 zeI i=1 iel; "
h
>N7ﬁ:Zﬁ]_ZZ 1w”>07 and
7j=1 j=li=
h N h
=) Y v = Zdj (3.32)
7=1 =1
h

The systemic risk allocation for individual i is Z EQJ [Y”] with the density
j=

) _5i
dQ% el

- s J=L1....h
dP E[e_ﬂf}

The proof of Theorem is left to Appendix [B.1.5 According to the theorem, we

define
h h

P(X) = Box [Yx] = D _Eg %] = D_E

dP

o do?
vyl —@X] : (3.33)

as the total fair systemic risk allocation for individual .

Remark 3.2.5. Compared with the disjoint group case well discussed in Biagini et al.

94



Systemic Risk Measures and Machine Learning Computation Chapter 3

[2], the model here can be seen as an extended disjoint group case, where we consider
that one individual can be divided into several sub-individuals and join different groups.
Thus, for the measures {Q%,1 < i < N,1 < j < h}, we have Q¥ = Q¥ = Q% if

1,k € L, for groupm =1,..., h.

3.2.4.1 Sensitivity analysis

Based on the main theorem |3.2.1 we perform a sensitivity analysis by adding a pertur-
bation on the risk factors. Consider the risk factors are given by X + ¢Z where € € R
and X = (X1,...,XN), Z := (Z',...,Z") on a probability space (€2, F,P), we have

for w; ; > 0,

1 Z 1 X+eZ
. 2\ § —_gX+e 34
ai/@j(SjJraSJ)Jraiﬁj] , (3.34)

_sj+est
e % D (3.35)

where S; = 3 w; ; X', SZ = 3" w;;Z" and ST = S 4 252

iEIj iEIj

Y)i(ﬂ-ez = —U}Z‘,j(Xi + €ZZ) -+

e 8
dX+% = B;log (—EE

Proposition 3.2.1. Let p be the systemic risk measure in (3.27)).

e Marginal risk contribution of group j:

0 dX+eZ

Oe 7/

=Egy [-S%], j=1,...,h (3.36)

j
e=0
e Local causal responsibility for indiwvidual i in group j:

9 0, i ;
52 Ba, Y¥iez] | =Eg [~wiyZ'], i€l (3.37)

e=0
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e Marginal risk allocation for individual © in group j:

0

i.j i 1 i.j
ek, s [Yx oz =Eqy [-wi;2'] - B_jCOV@; (Y%, S7)

J
e=0
Wi j

. , 1
= EQ& [_injZZ] + COVQj (XZ, SJZ) — WOOVQg( (Sj, S]Z) .

j X ;i 0;

(3.38)

We leave the proof of Proposition to Appendix Note that if we replace Q)
with P, none of the results above hold. To interpret these formulas, first we look at the
first term in ((3.38]), EQ;-( [—w; jZ"]. This term contains only the increment Z* in individual
7 and thus is not a systemic contribution. Summing this term over all individuals in group
j gives
> g, Yzl | =Eg [-S%] = 0 sz (3.39)
88 Q%(-!—EZ XJFEZ - Q%{ J - 85 ] : :
icl; e=0 e=0
This shows the first term contributes to the marginal risk allocation of individual 2
without any systemic influence. When Z° is positive, which means an increment is added,
it results in a risk deduction, regardless of the relation to other individuals. When Z is
deterministic, we can see, in (3.38)), the marginal risk allocation to individual ¢ in group
Jis EQ; [—w; ;2" = —w; ;Z" and the covariance terms don’t exist anymore.
To better study the effect of other terms in (3.38)), we take Z = Z*e; where k # i.

Then from (|3.38]) we obtain:

O, Y st

k
Oe @x+52ke,C X+eZtey

= Wi Covy (Xi, Zk) - %COVQQ (Sj7 Zk) - (340)

e=0 /Bj x & J

Supposing that ug’_jConj (Xi, Zk) < 0, we look at the first term which relates to the
J X
covariance between (X?, Z¥). When they have a negative correlation under the systemic

risk probability ng the increase in individual k£ will result in a decrease of the risk
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allocation for individual 7. That means, individual ¢ takes advantage of the decrease of
others. Since the overall marginal risk allocation of group j doesn’t change according to
, some other individuals in the group would pay for this advantage. This is related
to the last term.

The last term in or contains the systemic contribution —ﬁi?Cong( (Sj, Zk)
which only depends on the group S;, and the the systemic relevance part 1/q; of individ-
ual i. The systemic component is distributed among the individuals based on 1/a;. In
addition, this term compensates for possible risk decrease in the second term of ,

since the overall marginal risk allocation of group j is fixed.

Proposition 3.2.2. (Sensitivity with respect to weights). For any i,j such that w; ; > 0,

OEq [Yx'] . 1 , - ,
Q X ; ; w, ;
gw‘j =-Ey [X] ——aﬂzcov% (X', S;) + ﬁévar(@g( (X7); (3.41)
b ig J
L1 1 ‘
=—Eqy [X] - Ecov@g( (X@,—Sj —wi,le>

Oézﬂj

J
We give the proof in Appendix [B.1.7]

3.2.4.2 Monotonicity

In a grouping set sequence {Iy,..., I}, for some set I,,, assume there is a non-empty
subset I, of I,, and for every k € I,,/, assume the weight for risk factor X* is Wi €
(0, wgm]. Then define I,y = {k € L, © Wi m — Wk > 0} and the corresponding weights
are Wy, = Wgm — Wy for all k& € I,». Then there will be h + 1 groups and the
new grouping set sequence is {I1,..., Iy, Iy, ..., I} while the weights structure are
the same as before except those of groups I, and I,~. The optimal risk allocations

under the new grouping of the primal problem coincide with Y*" k € I, for r # m.
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For r =m, k € I,y or I,», we first know wy, py < Wi, Wimr < Wi and we have the

following.

Proposition 3.2.3. Under the above setup, define Y*™, k € I,,,, the optimal allocation
of group m to the primal problem given h groups. Define Y*™'  k € I, and Y*™",
k € I,,» the optimal allocations of groups m' and m” to the primal problem given h + 1

groups, where I, € I, and I,» € I,,. Then

W, m! k.m / B/ 1 k
Eqp Z my < 1y, log _EE exp —Tm Z W,y X 3 (3.42)
kel ’ kel
m’ 1
where 1), = kgt 2

kel,, Wkm g
Particularly, if both > wimX* and Y wg . X* are nonnegative, it holds that
kGIm/ kEIm//

Wh,m' -k Wk,m" -
Bog | 3 LY*"| Sdw, Eog | 30 MEVH"| < du,

w
kel i k;m

thus

Z My’f»m —+ Z —wk’m” Yk’m = Z Yk’m =d,, <d, + dm//,

kel,, —Bm kel Ckm kElm
/8/
where d,,y = Bl log _EE exp _,3+ > wk,m/X"“ and d,,» are the total risks of
m k‘EIm/

groups m’ and m”. It points out that each indiwvidual profits from this decrease (of groups)
by avoiding being (group) alone (L, ~ Iy U Ly ).
Also, when the system allows only disjoint grouping, i.e., each individual joins groups

with weight 1, the inequality (3.42)) implies the monotonicity result in [2].

The proof is left to the Appendix [B.1.8
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3.2.4.3 Generalized group formation and Nash equilibrium

For a game with NV individuals and h groups, similar as before, we assume there are h
buckets for each individual to choose which ones she belongs to and how much she puts.

Therefore it induces a corresponding weight matrix for all individuals

W = (wm) = w; € RNXh,

wN

defined as their strategies to distribute their risks, in order to minimize the individual
total risk allocation. Fach vector w; contains values of weights showing which groups
individual ¢ belongs to and how much she wants to distribute the risk. So there is a
natural constraint: Z?Zl w;; = 1 for every ¢ = 1,...,N. Recall that the weight of
individual ¢ in group j is denoted by w; ; € [0, 1], and w;; = 0 means individual ¢ is not
in group j, w; ; = 1 means individual 7 only joins group j. The case w;; € (0, 1) means,
besides group 7, individual 7 joins some other groups at the same time. Different sets of
strategies may generate the same groups denoted by C(W).

The objective function of individual ¢ is defined by:

h
P(C(W)) = Eqyl¥i] = 3 Eqy [V&]. (3.43)

j=1
where i = 1,..., N and p’ is the total fair systemic risk allocation for individual i defined

in (533).
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(O wq
Let W = (i) = @; | and (W=, wi) = | w | bethe weight matrix W with
@N @N

the weight vector for individual 4, i.e., the i-th row, is replaced by a new vector w’ whose

elements sum up to 1.

Definition 3.2.2. The grouping C (\/K\/') defined by the weight matrix W is a Nash equi-

librium if for every ¢ and any w?,

o~

PCX;W)) < pC(X; W),

i.e., the systemic risk allocation of individual 7 is minimized under grouping C(W), given

other individuals’ strategies are W,

According the definition of Nash equilibrium, it is to be determined that when the group-
ing, determined by the matrix W, is optimized and how individuals distribute their risks

under Nash equilibrium.

Remark 3.2.6. One can not claim that in this overlapping group case, it is still true that
a single group with all the individuals is a (trivial) Nash equilibrium. It follows from
the proof in Appendix. When B, the minimal level of expected utility, is small,
it means the system has a high tolerance with respect to risks. Then individuals tend
to split into different groups so there is no trivial Nash equilibrium. It can help explain
why banks tend to join multiple central clearing counterparties (CCPs) to allocate their

risks.
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3.2.4.4 Case discussion: correlated Gaussian distribution

In this section, we take Gaussian distribution for the risk factors for simplicity and
discuss in detail. Similar to section , assume the joint distribution of X = (X* i =
1,...,N)T follows a multivariate Gaussian distribution, that is, X ~ N(u,X) where
€ RY and ¥ € RV*N is positive semi-definite. And define the column vector of W as
a group vector given by

0, i ¢ 1

Aj = e RN, forj=1,...,h.
W; 5, iE]j, 221,,N

Then the group sum follows

i def s s
Sj= wigX' = AX ~ N(Ajp, A;BAT) = N(i5, (0)%),

ie[j

where

s s\2 __
pe= Y wigtk, (092 =D Wi WOk

kel; m,kel;

Using the results in Appendix [B.1.10| we have for j = 1,...,h and for i € I;:

()

208,

d; = B;jlog ( — gE[eXp(_Sj//Bj>]> = B, log (%) — i+
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and the systemic risk allocation of individual 7 in group j is given by
ij i dQl E[(—wi,; X'+ ﬁgjsj + ﬁgjdﬂ - e/
By 1x' :E[YX ' d]P’} - E(e=5/%)
1 (05)”
o)l - )
I ) g T
B (07)?
o n () -+ )
zﬁ] ! B / 2ﬁ]
:llo (i> Wy i + ’]AE ﬂ (3.44)
;8\=p) T T T S T g, |

where A;3 ;) = > w0k
kJEIj

Optimal Weights in a General System Continuing with the Gaussian distribution

assumption, we use the formula (3.44) to first find the optimal weight vector w* for a

given individual assuming the weight structure for other individuals is known. Then we

search for Nash equilibrium numerically using an algorithm in section |3.2.5l That is, we

minimize the total fair systemic risk allocation of individual ¢ defined in (3.33]) over the

weight distributions w; = (w; ;,7 =1,...,N),

h
min Eq, [YI] = minZEQJ)'( [Yi’j }
h

1 B Wi
i 1, -0 |—1 (_)_ 4 A
min >~ 1o | -tog (L) — v+ 24,3y

subject to

h
E wi,jlwi7j>0 = 1.
=1

(o]

)2
2@2% 7

For simplicity, we consider the problem when individual ¢ joins at most two groups to

discuss the optimal weights.
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Risk Allocation under at most Two Groups When individual ¢ joins at most 2
groups, there are three cases to discuss about the weights. Without loss of generality, we
assume the weights are denoted by (w; 1, w; 2) for individual 4, the weights for others are

fixed and there is at least one other individual in group 1 and 2. Given that

7 1 B wz (08)2
]EQX [Y } :]‘wi,1>0 {EZ log(—B) — Wi 1 + 6 1A12[ 251&1’
1 ﬁ Wi,2 (UT)Q
1 —1 ; AXY
+ wi, 2>0 |:a Og( B) w2721u’1 /B 2 [ 2/82061 )

where 3; = Zie{k:wkj>0} a% and [ = 2?21 B;, we discuss the following two boundary

cases and one non-boundary case.

e Boundary case 1: (w;1,w;2) = (1,0), then

1~ Lig (. ! (01"
Eox [Y'] = = log () = i+ A5, 3.45
N
1 3 1
= —log<—> — Wi + = ( Z wk10k1+0u)
i -5 B\
1 al al
1% m,k=1,7#1 k=1,k#i
e Boundary case 2: (w; 1, w;2) = (0,1), then
: 1 16 1 (O.s>2
Eox [V7] = —log () = i+ - 5y — 522 y
o [V = 5 s ()~ A B — o (3.46)
1
- Lo (L) - (3 e
! 2 \h=1ki
1 N
T 2%a, ( DWW aOkm +2 Y W20k +Uii) :
2%\ k=1 i k=1,k+i
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In the above formulas, 8; = > ai + i, Bo= % aL + aL and
ki w10 " ! kiwg >0 ‘
1 1 1
= — + —+ =
B= >, ot

O
k#i, w1 >0 k#i , wy 2>0

e Non-boundary case: (w;1,w;2) = (w,1 —w), while 0 < w < 1. Then

/

; 2 1— \2 Y2
Egx [Y7] = —log ( 63) — i+ %A’lz[,i] SRV U i Vil i )

Q; By TPTM 282, 2B2ay
(3.47)
= 2 1og F ) -
A=B)
1—w N
Z W10k + woy; | + Z Wy 20k + (1 —w)oy;
/81 k=1 ki Ba k=1 ki
1 N N
— QT ( Z Wi 1Wm, 10km + 2w Z Wk 10k; + wZO'Z-Z)
bioi \,, ;= 4 k=1 ki
1
- QT ( Z Wi 2Wm 20 km + 2 1-— Z Wi, 20']gz w)2aii> ,
Bzas k=171 k=1,k#i

where 3, 35 are the same as before but 8/ = 5 + B2 = 5 + ai

Risk Allocation Comparison between Boundary and Non-boundary Cases
Here we compare the minimal risk allocation of non-boundary case ([3.47) with the risks
of boundary cases (3.45)) and (3.46]). First, we investigate the non-boundary case and

prove Eq, [Y7] in (3.47) is a quadratic function of w and the minimal point is w* given
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by (3.48)). Taking partial derivative of (3.47) gives

- — Wk 10k; + O Z Wg20ki — —5  Oii
8w U et ki 5 B k=1 ki Pa
1 N 1 N
" Ba, ( Z W10k +waii> + B, < Z Wy 205 + (1 —w)a“)
1% k=1, 2 k=1,
N w w N w w
k1 k,2> k1 k2
S () X (Fe )
k=1 ki ( A Pa =1,k Btei P
2 1 1 2 1
+w (5 + 5 —— )| 0 — (5 — 55— )ou =0,
{ B 52 51042 5%%)1 <52 %Oéi)
and hence,
Al k,1 k,2 al k k 2 1
w w Wk 1 W, 2
k:%;ﬁi <B2al  Ba > ki k:;c;éi <T B w) ki (52 B3a )oi
Wt = — ’ (3.48)

is a minimizer, since

GQEQX \d [ 2 2 1 1 ]
= 5 = — + =) (= + = Tii > 0.
ow? (51 52) (5120% 55%‘)
Here, note that 21 ﬁQQZ >0, 2 52 - > 0, it is clear that the denominator of (| - is

positive. If

N w w N w w 2 1
k,1 k,2 k,1 k2
E — — = | Ok — E —= - —= >—(———>0,
<5%04i 53041‘) g i(ﬂl 52) Ba 53%‘ “

k=1,k#i k=1 k+
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we have w* > 0; and if

i (wk,l wm) 5 i (wk,l wk,z) o < ( 2 1 )0
— ki — —= = | Ok — — —— | 0ui,
512061‘ 522061‘ % B B B 5%0%

k=1,k#i =1,k#i

we have w* < 1.

In conclusion, let

N N
A (wk,l wkz,2>0 <wk,1 wm)a
=3 _ T I )
Brai  frog) T A B Ba v

k=1,k#£i
2 1 2 1
B = <— — _)O-z'ia B = (— — —>O'“
' b 5% Q; ? B2 53041‘
In non-boundary case, the local optimal weights for individual ¢ joining two groups are

non-zero, i.e.,
* A + B2

w'=———¢€(0,1) and 1—w*€ (0,1
S e (0.1

if and only if —By < A < By, i.e.,

2 £ (5 ) £ (5 TG

—— 725 )0ii - ki~ —— == o < |- i

By Bia My Biai  Bia; e \ D1 o B Bia
(3.49)

In Appendix we investigate the condition further by reducing it to a simplified

sufficient condition.
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Then given w*, the minimal risk of (3.47)) is

Eqy Y] - (3.50)
2 p - Wg,1  Wg2 Wg1 — Wk2
=—log( )— ;4w [( 1 Whk2) L Wk2 )|
% -B : kgk:#i B B2 Bia;  Bray b
N *\2 *\2 *\2 12
1-— 1-—
. (w_@)gkﬁ((w)_(wQ))UH(( w) Qw))%
k=1,k#i pr Pz 5 20{ Ba 2850
1 N 1 N
- WE1Wm10km — S5 Wk, 2Wm 20 km -

e When the condition (3.49) holds, i.e., w* € (0,1), we compare the minimal risk

of non-boundary case (3.47)) with that of boundary cases (3.45]) and (3.46) in Ap-

pendix [B.1.12] We conclude that when it holds that

, A — By)? N
Zlog(L5) — Llog(L) < 2( 5 g +aga 2 Wk2Wn20km,
(B1 + By) 2% k=1,
/ (A+ Bsy)? N (3.51)
O%_log(_ﬂB) - aiilog(%) < 2B, + By) + 25%(1_ Y. W1 Wi 10km,
1 2 P m k=1,#i

the minimal risk for individual 7 is achieved at (w;1,ws) = (w*, 1 — w*) with non-
zero weights. This is a necessary and sufficient condition to determine which one

is superior when the condition (3.49) is true.

e When the condition ([3.49) doesn’t hold, if w* < 0 and
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the minimal risk is achieved at the boundary case (w;1, w;2) = (0,1). If w* > 1 and

N
310g< g > — ailog(i) > i ' Z Wi 2 Wi 20 km,

m,k=1,7#1

the minimal risk is achieved at (w1, w;2) = (1,0).

3.2.5 Numerical Algorithm for Nash Equilibrium

For a game of (large) N individuals, it is hard to find the risk allocation of each indi-
vidual associated with the grouping system. Instead, using the discussion introduced in
section and section under the assumption of Gaussian distribution for risk
factors, we can do numerical analysis of some examples via Python to search for Nash
equilibrium for the system, such that no individual could achieve a smaller fair risk allo-
cation by changing grouping or weights under the equilibrium. We conclude that, for the
disjoint group case, non-trivial Nash equilibrium does not always exist and, neither does
the overlapping group case. If we apply the overlapping group setup to the real world,
that is, interpreting ZnNzl Y™ as the default fund of the CCP j that is liable for any
participating institution/bank, the numerical results indicate that big banks tend to join

multiple CCPs while small banks tend to choose one.

3.2.5.1 Numerical algorithm

In this section, we introduce numerical algorithms based on fictitious play. For the

disjoint group case discussed in section [3.1}

1. Let N individuals be in N different groups, i.e., a,, = n for 1 < n < N, as the

initial state;

2. At each stage, one individual is randomly picked with equal probability and it
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chooses to join the group which gives the minimal risk allocation.

3. Step 2 is repeated until the grouping is stabilized, and no individual has the incen-

tive to move anymore.

For the overlapping group case in section [3.2.4] the algorithm is similar. We take

the number of groups h fixed and the initial weights for every individual in groups are

randomly generated. The optimal weights at each stage are determined based on the

discussion in section B3.2.4.4l

3.2.5.2 Numerical examples

Example 3.2.5. Nearly-Block correlation matrix with positive, uniform p.

In the case of N = 4, assuming the means and standard deviations are the same and «;’s

are 1, i.e., o = [1,1,1,1], p = [10,10, 10, 10], 0; = o for all i. The correlation matrix is

1.
0.4
0

0

0.4
1.
0.05
0

0 0
0.05 0
1. 0.4
04 1.

, then for the disjoint group case, there exists one non trivial

Nash equilibrium ”{1,3}-{2,4}” .

Example 3.2.6. N=10. When we take p;; = 0.8 for all i # j, 4,5 = 1,..., N except

p19 = —0.3. The values for other parameters are listed below:

pn=1[1,1,1,2,2,3,6,6,6,7]

o =1[4.,28,1.6,1.,3.8,2.8,0.9,1.1,4.2,1.8]

(3.52)

a=[04,1.2,18,2.2,0.4,0.9,2.8,2.2,0.4, 1.9]

B = =8,

The initial weights: (w; 1, w;2) = (0.3,0.7) for all i.

By the algorithm presented in Section [3.2.5.1] we find the optimal weights for each in-
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dividual one by one and it turns out there exists a non-trivial Nash equilibrium in the

system:

0.51

0.48
w1 W12

)

0.44

0.49
0.44

Wi10,1 W10,2

0.45
1.

0.49

0.49
0.52
0.56

0.51
0.56
0.55
0.
0.51

(3.53)

We can see for some individuals which seek risks, i.e., with extremely small risk aversion

parameters, they prefer being alone instead of separated.

As mentioned at the beginning of the section, the setup of systemic risks in the individual-

group structure can be applied to the bank-CCP structure in real-life, where individuals

are banks and groups are CCPs. Then an individual with a large utility parameter alpha

represents a core bank which is very risk-averse.

Example 3.2.7. N=10 (less risk-averse individuals). In this example, the utility param-

eters are modified to compare with the previous example and we interpret the results

using the “bank-CCP” language. Assuming there are two core banks (4,7) and eight

peripheral banks, the correlation matrix is given in table

110



Systemic Risk Measures and Machine Learning Computation Chapter 3

12 3 4 5 16 7 8 9 10
1 | |
| |
2 | ppp=—25 : Ppe Ppc’ : Pppr =05
| |
3 P12 —09
0.12 I [ |- === === - -
4 Ppc = —.12 : Pecr =T : Pep’ = —-.09
1 1
()= o+ S =20 =T Py =12
6 l l
0.12 : :
7 | |
| |
8 | pp =05 L Py = Pep = | Py = — 25
9 C 09 | a2
10 | l

Table 3.1: Correlation structure in Example The left diagram shows partial
correlations for 10 banks, where 4 and 5 are core banks and coefficients are labelled
for each bank pair. The correlation table on the right shows the correlations matrix
where diagonals are all 1 and p_. represents the correlation between two distinct
banks. Subscripts ¢, ¢ stand for core bank 4 and core bank 5 respectively; p stands
for peripheral banks 1,2,3 and p’ stands for peripheral banks 6,7,8,9,10.

The values for other parameters are listed below:

pn=1[1,1,2,2,3,4,5,5,6,7]
o=1[4.,2822171.4,3.2,3.8,1.9,4.2,2.5]
a=1[04,1.,1.1,2.2,2.8,0.9,0.8,1.4,0.6,1.3]
B=-8,

and the initial weights are randomly generated based on uniform distribution between 0
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and 1 for every i. There exists a non-trivial Nash equilibrium in the system:
1. 0.
1. 0.
1. 0.
Wi1 W12
0.46 0.54
0.32 0.68
Wi1  Wi2 - (3.54)
0. 1.
0. 1.
Wi10,1 W10,2
0. 1.
0. 1.
0. 1.

We can see banks tend to stay with negatively correlated banks to mitigate the systemic

risks. And risk-averse banks prefer splitting their risks by joining more CCPs.

The analysis of the systemic risk and grouping formation can be applied to the reality,

and it turns out our numerical results are consistent with the choices of CCPs for banks

and financial institutions. One example is shown below using real data.

Example 3.2.8. Real-life Example. We take two CCPs who are clearing the same

products but in different region. One is the Chicago Mercantile Exchange Inc. (CME),

which operates two separate clearing services, one for commodity and financial futures

and options, and one for interest rate swaps and swaptions. The other one is the European

Commodity Clearing (ECC), which is a central clearing house in Europe specialising in

energy and commodity products. We select 6 clearing members and list them in order:

J.P. Morgan(JPM), Goldman Sachs(GS), BNP Paribas(BNP), StoneX Group(SNEX),

Banco Santander(SAN) and Interactive Brokers Group(IBKR). Among these firms, JPM,
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JPM GS BNP SNEX SAN IBKR
1. 0.82 0.61 087 -0.27  0.86
0.82 1. 086 083 0.04 0.79
0.61 0.86 1. 0.656 0.25 0.60
087 083 0.65 1. -0.35  0.89
-0.27 004 025 -0.35 1. -0.24
0.8 0.79 0.60 089 -0.24 1.
o 10262 0.245 0.235 0.264 0.236 0.233

Table 3.2: Correlation matrix and standard deviation for 6 banks in Example [3.2.8

GS, SNEX and BNP are members of both CCPs. SAN is only in ECC while IBKR is
only in CME.

We estimate the bank correlation matrix and standard deviation o from banks’ stock
prices and list them in table Without lost of generality, we assume the expected
values of their risks are all 0 since they have no effect on Nash equilibria according to the

formula (3.44)). The values for B is the same as the previous example. The risk-aversion

parameters are chosen according clearing members’ “sizes”:

a=[2.,1.8,1.7,1.9,1.2,0.85),

and we list them in the following order: [JPM, GS, BNP, SNEX, SAN, IBKR].

The numerical results show that there exists a non-trivial Nash equilibrium

0.73 0.27
w11 W12 0.61 0.39
0.56 0.44

= . (3.55)
0.54 0.46

We,1 We,2 1. 0.

0. 1.
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This is consistent with the fact that the first four firms JPM, GS, BNP, SNEX are spitted
and join in both CCP groups while SAN and IBKR belong to different CCPs. However,
the distribution of weights cannot be verified here since related data of banks are not

revealed in CCP documents.

3.2.6 Conclusion

In this section, we generalize the systemic risk measure proposed in [29, 2] by allowing
individual banks to choose their preferred groups instead of being assigned to certain
groups. This introduces realistic game features in the proposed models, and allows us to
analyze the systemic risk for disjoint and overlapping groups (e.g., central clearing coun-
terparties (CCP)). We introduce the concept of Nash equilibrium for these new models,
and analyze the optimal solution under the Gaussian distribution of the risk factor. We
also provide an explicit solution for the individual banks’ risk allocation and study the
existence and uniqueness of Nash equilibrium both theoretically and numerically. The
developed numerical algorithm can simulate scenarios of equilibrium, and we apply it
to study the bank-CCP structure with real data and show the validity of the proposed
model. Further research includes obtaining more actual data on bank balances and bank
interconnections to conduct more in-depth research and analysis. The participation per-
centage of financial institutions is left to be validated and explained with more data.
It is also valuable to consider CCP clearing fee charge as in [36] and its effect on the

equilibrium.

3.3 Deep Learning for Systemic Risk Measures

Deep Learning Deep learning has been a hot topic in many fields that aims to estab-

lish an automatic algorithm to improve performance of tasks. The architectures of deep
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learning are conceptually inspired by the structure of the brain and have been applied to
fields including computer vision, natural language processing and scientific computing.
The financial sector is adopting deep learning techniques and thus entering a new era of
rapidly developing. Deep learning shows great power and enables significant opportuni-
ties in financial modeling and risk management; see for instance Heaton et al. [37] for
financial prediction, Min and Hu [38], Hu [39] and Cao et al. [40] for solving stochastic
differential games, Wise et al. [41] for deep hedging, to list a few. A very popular sub-
class of deep neural networks is generative adversarial network (GAN) [42] that contains
two neural networks contesting with each other in a game. We refer the reader to Ni et
al. [43] for an alternative GAN method with application of sequential data generation.
The optimization of GAN is to solve a min-max problem, which sheds some lights on our
algorithm design in this paper.

More precisely, our dual problem [2| is indeed a min-max problem that can be solved
by finding two optima, the optimal probability measure Q and the optimal random
vector Z. We hence use the same optimization procedures as GAN. However, our model
is not exactly GAN. Classical GAN consists of a discriminator and a generator, where
the generator takes random input, e.g. Gaussian random variables, and produces some
distributed objects. On the other hand, we take an w-by-w approach, and our input to
the neural networks are the risk factors X.

We design deep learning algorithms to study the systemic risk measures proposed
in Biagini et al. [2] and improve it to a more realistic situation of scenario-dependent
cash distribution without cross-subsidization. In our algorithms, we first learn the overall
risk allocation of the system and the allocations to the individual financial components
based on the primal problem. Then using a structure inspired by GAN, we solve an
optimization problem over risk measures with a min-max objective function based on the

dual representation of such systemic risk measures. One novelty of our paper is that,
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given input samples, we output Radon-Nikodym densities of new measure with respect
to the original measure as random variables. It serves as a direct method to optimize
over measure space and can be of independent interest as a pure data-driven approach
for the financial math community. The optimizer in the dual formulation provides a risk
allocation which is fair from the point of view of the individual financial institutions. In
Biagini et al. [2], it turns out only in the case with exponential utilities, explicit solutions
of overall risk allocations and fair individual allocations of the proposed measures can
be provided. However, to this end, our proposed algorithm can handle any utilities and
is efficient for more realistic systemic risk measures.

The structure of the section is the following. In section [3.3.1] starting from the
multivariate risk measures, developed via multivariate acceptance sets in Biagini et al.
[29, 2], we gradually introduce the dual representation of the measures and generalize the
measures to be more realistic by adding nonnegativity to risk allocations. In section 3.3.2]
we focus on explaining the deep learning algorithms designed for the dual and primal

problems. Section [3.3.3] contains numerical examples and interpretations.

3.3.1 Problem Setup

To be self-contained, we provide a brief review of risk measures in this section. See
section and Biagini et al. [29] 2] for detailed definitions and more theoretical founda-
tions.

Let LO(RY) := L%, F; RY) denote the space of R¥-valued random variables on
the probability space (€2, F,P), and let E be the expectation under P. In what follows,
all needed integrability and regularity assumptions are taken for granted. In the case of
a system with N interacting financial institutions, we assume a configuration of risky

factors at a future time T for this system is denoted by X := (X!, ..., XV) € LOY(RY).
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Some systemic risk measures proposed in the literature (for example, [I8] [44]) are of
the form

p(X) = inf{m € R|A(X) +m € A}, (3.56)

where A : RY — R is an aggregation function applied to the risk factor X in order to
obtain a univariate random variable A(X), and A € £°(R") is an acceptance set. When
the univariate random variable A(X) is interpreted as some monetary loss, the classical
scalar risk measure p quantifies the minimal cash amount, that is needed today, to secure
the system after aggregating individual risks of the system, i.e. A(X), possibly after a
crisis has occurred. There are many choices for the aggregation function A. In some
literature such as Systemic Expected Shortfall by Acharya et al. [45], the risk factors
are simply summed up as a way to aggregate multivariate risk, i.e. A(X) = vazl X
However, the aggregation rule of summing up both profits and losses is not appropriate
in a financial system where cross-subsidization between individual institutions is not
realistic. Another choice of the aggregation rule that would deal with the situation is to
just sum up losses. It is used in Huang et al. [46], for example. We will propose a new
systemic risk measure later to take into account the no cross-subsidization scenario and
discuss in detail.

In contrast to the form , to preventing crisis, another systemic risk measure can
be defined of the form

p(X) ::inf{Zmn|m:(m1,...,mN)ERN,A(X—l—m)EA},

where allocations of additional capital m are added to X before aggregating risk compo-
nents. Furthermore, replacing the deterministic cash m with a random vector Y € C

for some given class C, choosing the aggregation function A(x) = 25:1 Uy (z,) based on
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utility functions u,, n = 1,..., N of all financial institutions and taking the acceptance
set A = {Z € L'(Q, F;R"),E[Z] > B} for a given constant B < 0 , we define our risk

measure as follows.

Problem 1 (Primal). The primal formulation of the systemic risk measure is given by

N
D un (X" Y™
n=1

p(X) = ‘i}g:{iwm > B}. (3.57)

Here, C C Cgx N M®, where

N

Cr := {YGLO(RNH ZY”GR}, M® = M x - x M,
n=1

and M? is the Orlicz heart, see Cheridito and Li [47], corresponding to ¢,(z) :=

—up(—|x|) + u,(0) for all n.

Note that each Y, n = 1,..., N is random and depends on the scenario w realized
at terminal time 7T, but the sum of random allocations is deterministic and known at the
beginning, i.e. 27]:7:1 Y™ € R. Thus the overall systemic risk p(X) can be interpreted
as the minimal total cash amount needed today to secure the system by distributing the
cash at the future time T" among the components of the risk vector X.

However, it is also important to know how much each financial institution of the
system contributes to the overall systemic risk. We denote the fair risk allocation of each
financial institution by p"(X) € R and it should satisfy the ”Full Allocation” property, see
Brunnermeier and Cheridito [48] for example, which is X% p*(X) = p(X). According

to Biagini et al. [2], the solution is given by

p"(X) = Eqqp Y] for n=1,...,N, (3.58)
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where Qx = (Q%,...,Q¥) is the optimizer of the dual problem stated below and the

subscript X in (3.58)) shows the dependence of Q,Y on the risk vector.

Problem 2 (Dual). The dual representation of the systemic risk measure in Problem
is given by

QeD

p(X) = max {Z Egn[-X"] - aB<Q>} , (3.59)
where

ZeA | 5

i@ - (St ).

with A = {Z e M®| SN Elu,(Z27)] > B}. D is the domain where the probability

measures Q" << P for all n and the densities satisfy:

{@ Q"(Q) = 1,Vn and ﬁ:(E YY" —-Y") <0
dP - v =

n=1

bmﬂYe%mMﬂ. (3.60)

The uniqueness and existence of both the individual optimal risk allocation vector
Y in the primal Problem [l| and the measure optimizer Q in the dual Problem [2| are
established in Biagini et al. [2]. Thus the optimal fair risk allocation, defined as p"(X) =
Eqz [Yx] € R for all n in (3-58)), also exists and it can be used as reference to collect cash
at the beginning from each financial institution. Only in exponential utility case, there
are explicit formulas for Y, Q.

In the primal Problem [I] the choice of set C can affect the distributions of cash Y.
For example, choosing C = R lead to the result that Y™ € R for all n, i.e. the allocation
to each institution is determined today; for C = Cg, the distribution can be chosen freely
depending on the scenario w. But the latter case may result in negative cash allocations

in some situations, which mean withdrawals of cash from certain components, and we call
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this phenomenon as cross-subsidization between financial institutions. We then propose
a more realistic systemic risk measure by requiring the individual risk allocation being

nonnegative, based on the primal Problem [1| without cross-subsidization.

Problem 3 (No Cross-subsidization Systemic Risk Measure). We add nonnegativity on

the risk allocation Y, and the new measure becomes

N
D (X" Y™
n=1

N
p(X) = x}&i {ZY”HE > B}, (3.61)
n=1

where C, C Cf N M?® and

N
Ci = {Y cL'®M)|) Y"eR, Y" > OVn} .
n=1
The definition of M? is the same as the primal Problem [1] and the dual formulation of
the new measure is the same as defined in Problem [2] except that we need to add the
condition Z > X in the admissible set A and restrict the domain of Y in (3.60)) to be

nonnegative, i.e. Cg N M?.

The solutions of the no cross-subsidization setup, denoted by Y, and Q.,, doesn’t
have explicit solutions in any cases yet. We will present numerical solutions with inter-
pretations in section to show the feasibility and superiority of our deep learning

algorithm.

3.3.2 Algorithms

We state our deep learning algorithms for both primal problem and dual problem in
this section. In particular, the dual problem involves optimization over the space of

probability measures, we solve this problem by using a neural network to represent the
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Radon-Nikodym derivative. This idea may be of independent interest to mathematical
finance community since it can be applied to achieve the change of measure from physical

measure to risk neutral measure.

3.3.2.1 Primal Problem

Denote by ¢ : RY — R¥ the fully connected neural networks parametrized by weights and
biases (w,b), that take the risk factor X(w) € RY as input and generate cash allocation
Y (w) € RY as output for any scenario w € §2. To ease the notation, we will omit w in

the rest of the paper when the context is clear. More precisely,
Y=Y YY) = (01(X),...,on(X)) = 9(X).

The primal Problem [l|requires the total cash added to the system to be deterministic,
we thus add a penalty for the variance of total cash allocation to the loss function. To
deal with the acceptance set restriction in the objective, we add a second penalty for the
failure cases.

For the primal problem, the objective function for our deep learning task becomes

Tyrimal(9) 1= 3_pi(X) + - Var (3 i(X))

+ A (B=E[Y u (X" +Y™)])", (3.62)

n=1

where p, A are hyperparameters and we write

p(X) = lul?g Jprimal(90)~

In (3.62)), the second term is the penalty for the variance and the third term is the
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penalty for failure of falling into the acceptance set. With the proper choice of p and
A, the two penalties are very close to 0 at optimum, which renders p(X) ~ p(X). In
practice, we will compute the empirical estimation of Jyima(p) by using Monte Carlo
algorithm to estimate the variance and expectation in . The detailed description

is provided in Algorithm [1]

Algorithm 1 Primal problem.

Input: Data {X(w;)}?2® neural net ¢, functions {u,})_, and hyperparameters p, \,
B, learning rate v, Epochs
for e =1 to Epochs do
compute empirical estimation J of Jprimal (©)
compute gradients Vo and VyJ
update p: w=w — 'vaj and b=10— nybj
end for
compute empirical estimation: p = jprimal(gp)
Output: Updated neural net ¢, p

3.3.2.2 Dual Problem

Without loss of generality, while the reason and discussion on general case will be post-
poned to Remark[3.3.1] we can just consider the single group case where all measures Q™’s
are the same by [2], and we will simply write @ instead of Q™ for all n in the following
discussion. That is, the restriction in (3.60)) can be automatically ignored because we are
able to interchange the order of expectation and summation. We estimate the measure
Q by using neural network © : RY — R*, parameterized by (wy,bg), to represent its
Radon-Nikodym derivative % with respect to the physical measure. © takes X as input
and generates nonnegative output with unit mean, which can be realized by using a final

Softplud| layer and dividing the outputs by their average. Since © has w-by-w output,

we shall construct another neural network U : RY — RY | parameterized by (wy,by),

1Softplus(z) = log(1 + exp(x)).
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taking X as arguments to generate random variables
Z:=(Z"...,Z") = (1 (X),..., Uy(X)) = ¥(X)

in evaluating ap(Q). That is

a(Q) = ap(¥,0) = sup {ZE[-%(X)@(X)}}.

wysby | =1

Similar to the primal case, we have constraint imposed by the acceptance set A and thus

include penalty when the random variable Z falls outside of A. Denote by

Jo(2,0) = Y E[-0,(X)O(X)] — Ao (B — Y E[un(,(X))]) "

the objective function to be optimized for ag(Q), and we write

ap(¥,0) = sup Jo(V,0).

Wy by

Therefore, the objective function for dual representation is given by

Jawal(¥,0) =) E[ - X"-O(X)] — ap(¥,0)

n=1

and we write

p(X) = sup Jaua (¥, O).

wg by
At optimal, &g and p can approximate real ag and p very well in the dual Problem
since the penalty terms are almost 0. Note that the first part in Jg,. does not depend

on the parameters wy, by, of neural network W. Our model is trained in the same fashion
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of training GANs and we provide a detailed descriptionf]in Algorithm [2|

Algorithm 2 Dual problem.

Input: Data {X(w;) 2", neural nets ¥, O, functions {u, })_, and hyperparameters \,,
B, learning rates 71, v2, Epochs
for e = 1 to Epochs do
compute empirical estimations J, of Jo(¥,0) and Jial OF Jaual (¥, ©) by

N
jdual = ZE[ - X" @(X>] - joz
n=1

compute gradients V,, »Jdual; Vi, Jdual and V, Jaual, Vi, Jdual

update W: A )
Wy = Wy — Y1 Vg Jdual, by = by — 11V, Jaual
update ©: A )
wp = Wy + Y2 Ve Jaual, 0o = bo + 72V, Jaual
end for

compute empirical: ap(Q) = ja(\IJ, ©) and p = jdual(\I/, 0)
Output: Neural nets ¥,0,45(Q), p

Remark 3.3.1. For simplicity of description, we first consider only one group in an N-
institution system and the optimal risk allocation strategy from the primal and dual
problem. In this way, we are able to get rid of the restriction described in (3.60|) and it
is very convenient to construct our algorithm.

In general case with A non-overlapping groups for N financial institutions, assuming
the index sets are Iy,...,I,, the set of admissible random allocations should be C¢ =

Cd N M? where
Cg—{YeLO(RN)HdmeR: Zyi—dm,vm—L...,h}.
1€Lm

It implies that the sum of components of Y in each group must be a deterministic real

number. The group sums (dy,...,d;) may change but the elements in each group are

2We use E to represent empirical expectation in this algorithm.
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fixed. Thus C?is a linear space containing R and the dual representation [2| also applies.
Biagini et al. [2] concludes that for institutions 4,j in the same group, the measures
Q", Q7 of the dual elements are the same. Thus in a multi-group system, we can use h
neural networks (©!,..., ©") to represent h different Radon-Nikodym derivatives. Then

the objective function for ap(Q) becomes

h
Jo(U,01,...,0)) = Y E[-1;(X)0/ (X)]

j=1 i€l

and again, the restriction in (3.60]) is satisfied automatically. The experiment of the
general case is shown in section [3.3.3.2| with h = 3 and flowcharts of the algorithms are

illustrated in Figure (3.1}

In this section, we construct algorithms that provide an approximation to risk allo-
cations ¢(X), p and Radon-Nikodym derivative ©(X). Our algorithms are implemented
in the context of the numerical examples that are presented in section We con-
clude this section by providing the solution to fair risk allocations of each financial

institution which combines Algorithm

3.3.3 Experiments

We justify Algorithm with two experiments. First, we employ exponential utilities
for financial institutions with Gaussian distributed risk factors and compare experiment
results with explicit results shown in [2]. Secondly, we apply the same setup to Problem

and present numerical results as solutions. We conclude that given a financial system,
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Primal:
} Group1 —> Var(ZYi) —_

Group 1

Y } Group2 —> Var(ZYi)

} Group3 —>| Var() Y') |— —> Jprimal

Group 3

| =

Dual:

qj—) Z ap(Q) + penalty }—

—> J, dual

© [(dQ, dQ, dQs
X ’( dP’ dP’ dP )

S E[X" dQ”/dP]}_

Figure 3.1: Tllustration of multi-group algorithms. Flowcharts for algorithms to solve

primal and dual problems for multi-group case.
we can predict the overall risk allocation and the distribution of risk allocations for all
individual banks at terminal time 7', as well as the fair risk allocations for institutions at
time 0. The algorithms can be used to help decide, in order to secure a system in terms of
the systemic risk measures defined in Problem [I] or Problem [3| how much cash from each
individual institution n should be collected, i.e. Eg[Y™], and how much to distribute, i.e.
Y"(w) under the scenario w, at the beginning and end of the period, respectively.

Both of our training and testing data consist of 50000 samples. Each sample is a

realization of the N (= 10) dimensional vector X (w), representing risk factors of 10 pos-
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itively correlated financial institutions who are jointly normally distributed. We choose

—anT
e n

exponential utility functions w, = — 5 >0,n=1.. ,IN. We vary the utility
parameters for all financial institutions and we select B < 0. We use SGD as our deep
learning optimizer for all experiments. For the hyperparameters in both algorithms, we
take small values for them at the beginning of training and increase them by multiplying
a fixed amount after every a few epochs. We also decrease the learning rate to 1/10
of it every a few epochs to further guarantee the stability and reproducibility of our

algorithms. To assess the quality of our algorithm, we consider the following evaluation

metrics:

e Absolute difference. Absolute value of the difference between estimation and

theoretical solution.

e Overall relative difference (ORD). Let E be an estimation of E, we define the

ORD by
: 1E — B
R(E, E)=12"~l1
1]
with || - |1 as the [; metric when E' is a deterministic vector, and || - ||; as the Ly

metric when F is a random variable.

Small values of evaluation metrics imply better performance.

3.3.3.1 Single-group Exponential Utility

We focus on the case under section 6 of [2]. Under the same assumptions, the optimal
total risk allocation p(X), the optimal penalty, the optimal allocation Y and the optimal

measure optimizer () of the corresponding dual Problem [2| are explicitly given by, for
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each scenario w,

p(X) = plog ~ B [exp(-5/0)] ) (3.63)
an(Q) = B {2—%1 @gﬂ + 8 (-%), (3.64)
V") = =X"(0) + 5 S) + 5 (3.65)
)= Bl (515 (360
where 8 = Y2 L and S(w) = Y0, X"(w). And the optimal fair individual risk
allocation is given by
(%) = Eqly"] = [y 2.

We compare with the optimal solutions ([3.63))-(3.66|) generated by Monte Carlo method

to show the accuracy of our proposed Algorithms [T}2]

Evaluation. First, to assess the goodness of estimation of Radon-Nikodym derivatives
of the optimizer, we use overall relative difference to measure how one derivative function

is different from the reference derivative function, i.e.

dQ dQ

It turns out the ORD of estimated Radon-Nikodym derivative is 4.55% and the behavior
of the estimated measure derivative m in terms of the sum of risk factors S(w) for
each scenario w is shown in Figure 3.2 The results both show it fits optimal Radon-
Nikodym derivative very well.

We show performance of numerical results for the estimated overall risk allocation of

p and the estimated penalty of a in Table 3.3 along with the expected optimal results.
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» Estimated

121 « Theoretical

10 1

dQ
dp

Figure 3.2: Behavior of ‘é—%(w) against S(w). Scatter plot of estimated measure den-
sities in terms of total sum of risk factors under each scenario.

The absolute differences (Abs. Difference) are quite small which indicates the estimation
for the overall risk is successful.

Table [3.4] shows the estimated fair risk allocations for all institutions

Rl = (Bg) <E

.....

and their theoretical optimal values. The overall relative difference (ORD) for them is

defined as
R(EqlY], Eq[Y]).

The ORD is 2.52% which shows great approximation of our algorithms to the theoretical
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Table 3.3: Values of p and «

p o
Estimated -3.84 -8.66
Theoretical -3.97 -8.64

Abs. Difference 0.13 0.02

Table 3.4: Estimated and theoretical optimal values of Eg[Y™] in one-group.

n 1 2 3 4 > 6 7 8 9 10  ORD

Estimated 1.11 0.88 0.75 0.22 -045 -1.09 -0.12 -0.66 -2.37 -2.11

Theoretical 1.12 0.89 0.74 0.18 -0.47 -1.08 -0.16 -0.75 -2.34 -2.11 2.52%

optimal fair allocation. In conclusion, every optimal value we estimated shows excellent
fitness with respect to the theoretical optimal value given by explicit formulas. Thus our

algorithms provide reliable and accurate results.

3.3.3.2 Multi-group Exponential Utility

We verify our algorithm in the multi-group setup following the procedures described in
Remark [(3.3.1] Similar to last section, the explicit solutions exist and the formulae are
shown in detail in [2].

We consider separating 10 institutions into 3 groups with sizes (3,4,3) and we will
have one fair risk measure () for each group. By solving the dual problem, we get our
estimated Radon-Nikodym derivatives for each ) measure. Evaluating the estimated
derivatives fli—%’s on testing data and comparing to the theoretical solutions, we have over-
all relative differences are (3.42%,6.31%,5.12%) and we show the plots of behaviors of
derivatives in terms of sums of group risk factors in Figure [3.3, The Radon-Nikodym
derivative of each group is fitted very well and the distance between the estimated and
the true functions is quite small. We then solve the primal problem to get estimated in-

dividual risk allocations Y, which renders us the estimate the fair risk allocations EolY].
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Table 3.5: Estimated and theoretical optimal values of Eq[Y "] in multi-group.

n 1 2 3 4 5 6 7 8 9 10  ORD

Estimated 1.19 1.11 0.73 0.18 -0.55 -1.41 0.86 0.09 -2.87 -2.09

Theoretical 1.25 1.16 0.77 0.17 -0.56 -1.42 0.77 0.01 -291 -2.13 3.9%

We compare our estimations with theoretical solutions in Table [3.5] The estimated and
optimal values in each pair are close to each other and the ORD is 3.9% which demon-
strates success of our algorithm in predicting individual fair systemic risk allocations in
the multi-group case. Comparing with Table [3.4] the group sums of multi-group case
are (3.03,—0.92, —4.87) and the systemic risk measure is —2.76. The relative increase
from —3.84 to —2.76 shows that the systemic risk measure increases when the system is
separated into smaller subsystems, which is correct both intuitively and mathematically,

since it is optimized over a smaller set in multi-group case.

4 50 50
. o Estimated
.: . e Theoretical
3 40 40
20 30 30
Sk 1 s . 120 20 -
0
10 10 A
-1
0 -1 o0 -
-2 0.50 0.75 1.00 1.25 150 1.75 -5 0 5 10 15 4 6 8 10 12
S S, S3

Figure 3.3: Behavior of dﬁi (w) against S;(w), ¢ = 1,2,3. Scatter plot of estimated

measure densities in terms of total sum of risk factors under each scenario for each
group.

3.3.3.3 No Cross-subsidization Measure

Recall that in Problem |3, we proposed a the more realistic risk measure without cross-
subsidization. We assume the risk allocations for all institutions are nonnegative which
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avoids withdrawing cash from some components. This is called no cross-subsidization
between financial institutions. However there is no explicit solution under this setup. So
we will implement it with our algorithms and interpret the results with knowledge from
experiment in section [3.3.3.1]

The estimated overall risk allocation p = 6.26; and the estimated fair risk allocations

for all institutions are

Bl Eq[Y ]

—[0.69,0.55,0.43, 0.01, 0.,0.,2.61,1.97,0.,0.].

Comparing with the values in Table[3.4] of section [3.3.3.1 which allows cross-subsidization,
we can see the overall risk allocation for the system gets larger when we add constraints,
which implies more cash is needed to secure the system. However the individual fair
risk allocation moves in no clear direction for every component, since it can be affected
by many factors in the system, like individual risk factor distribution and correlations.
Based on the fact that the utility parameters are in an increasing order in our exper-
iment, we might reach a possible conclusion that more risk-averse institutions tend to
contribute less when the system does not allow cross-subsidization. Future research will
consist in studying the relation between risk allocation and factors by allowing control

of parameters.

3.3.3.4 Scalability

Our algorithm is also scalable. We compare the training time for different size of financial
system (V) and groups in Table . The accuracy of all cases is at the same level. In the
case with 100 financial institutions and 3 groups, our overall relative differences on the
Radon-Nikodym derivative % is (3.5%,4.7%,5.3%). Due to the fact all operations are
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realized via GPU in parallel, increasing the size of system only has subtle influence on
training time. Increasing group size affects the calculation of our loss functions as well

as the gradients of weights in neural networks, but the time increments are still small.

Table 3.6: Training time.
(N,groups)  (10,1) (10,3) (100,1) (100,3)
Time (hours) 0.38  0.43 0.42 0.47

3.3.4 Conclusion

In this work, we study systemic risk measures introduced in Problem [I] and [3| Combined
with dual problems, these measures can provide both the individual risk allocation Y™
and the individual fair risk allocation Egn[Y™] for each institution n. When applied to a
real-life financial system that aims to secure the system from potential systemic risks, the
latter can be set as a benchmark for collecting cash from institutions and the former can
provide an accurate scenario-dependent estimation of cash distribution at the terminal
time. In general there is no explicit solutions to these problems especially for the case
where we propose a more realistic measure requiring no-subsidization between financial
institutions. We show that the deep learning framework proposed in section [3.3.2] based
on the delicately tailored objective functions and newly designed direct estimation of
Radon-Nikodym derivative, yields excellent performance on estimating both the overall
systemic risk allocation and individual fair risk allocations. The algorithm is also efficient
in two ways. Firstly in a financial system with a fixed number of institutions, solving the
problem with more groups does not take more time than the problem with less groups.
Secondly, when the dimension of the system being large (IV), the processing time with
our algorithm to compute optimal risk allocations has subtle difference. Moreover, the

neural network based estimation of Radon-Nikodym derivative has broader applications
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in financial math, such as robust utility maximization and derivative pricing.
In summary, given the very large amount of institutions in the financial system,
such techniques provide the suggestion/possibility of securing the system while keeping

efficiency and therefore, mitigate the systemic risk faced by regulators nowadays.
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Appendix A

Appendix: Stochastic Differential

Games

A.1 Appendix: Deterministic Directed Chain Game

A.1.1 Proof of Proposition |2.1.2

Define Sy(z) := > 1y 2" o™ where 0 < z < 1 with ¢\ = ¢¥ in (2.25) to avoid confusion
for ¢t > 0, k > 0. Then substituting (2.25)) into S;(z), we obtain the one-dimensional

Riccati equation
Si(z) =DM = (Si(2)? —e(1—2), Sr(z) =c(1 - 2) (A1)

and its solution is given by (2.27)). One needs to be careful when taking z = 1 because
the series defining S;(1) may not converge a priori. Instead, we take a sequence {z,}
converging to 1, the limit of S(z,) converges to the ODE Sy(1) = (S;(1))?, Sp(1) = 0,

and hence, solving this limiting ODE, we obtain ([2.26)).
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A.1.2 Catalan Markov Chain and Proposition [2.1.4

We have the Catalan probabilities {py > 0,k > 1}: 32 pp, = 1 and pp = 5 22 | PiDk—i-
It is easily seen then that —Q? = —I+B is an infinite Jordan block matrix with diagonal
components —1, where B having 1’s on the upper second diagonal and 0’s elsewhere.
Then as a smooth function F(z) := exp(—+/—z), € C of Jordan block matrix, we have

_ _ 2y _ k

exp(Q) = F(~1 4+ B)) = 3 =

k=0

where the k-th derivative F*) is given by F®)(z) = p(2)F(x), z € C with p; in (2.35))

from direct calculations and mathematical induction. Therefore, substituting them into

(2.34)), we obtain proposition m

A.1.3 Proof of Remark [2.1.4

By px’s formulae in ([2.35)), we have for v > 0, k > 1,

iy (j — 1)! 1 2v

— N B
ka; @ —aiEh— =101~ awr ¢ Bean )

where K,(z) is the modified Bessel function of the second kind, i.e.,
K,(x) = / e bt cosh(nt)dt; n>—1, 2>0.
0

Then, by the change of variables, we obtain

Var(X}) = kz_%/o %Mﬁ(—(t— §)2)[2e=20-9) g
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2 V2k+1 9 1— 67215
Z/o k'24k Ki-yp () dv + ———: 120.

A.1.4 Proof of Proposition [2.1.5

Using the following identities from the special functions

[ i GG -G +).

\/a:? m_z(> Ll ez,

o + 1 4k’

based on remark [2.1.4] we obtain the limit of variance of X}, as t — oo, i.e.,

1 X roo o 2kt )
lim Var(X;) = 5 T kZ/D TR [Kk—(1/2)(s)]"ds
1

t—o00

B l+ = D(k+1)T(2k + (1/2))

C 2 & (R 8T'(k+ (3/2))
I 1K /4k\ 101 I /4 1 1

_§+§;<2k>2k+1ﬁ_§;<2k>2k+1ﬁ
1 V2 1

= — . T2oV22 0= —.
> 1 0=7%
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A.1.5 Proofs of Propositions [2.1.652.1.7

From the expression (2.34]) for X!, the auto-covariance E[X! X!] and the cross covariance

E[X]! X/ are

> ) 222z 1 / (t =) "2 (s — o) T2KG o (t — 0) K 1ya(s — 0)do
0

A

[e.9] 1 s ,L
= Z m(il)222%-1 /0 ((t—s+wv)v) +1/2Ki_1/2(t — s+ U)Ki—l/Q(U)dU > 0;
=0
(A.2)
% (t — y)2iil
BT Z/o mil(i — j)! 2251 Kiayo(t = V)Kijoap(t = v)dv
i=j
S R LA
(j +4)l5l 22 1/0 ST K i1 2(8) Kim12(s)ds (A.3)
=0
o0 1 0o
J+2i+1 '
t—00 ; T ] + Z '2j+27, 1 /0 § K]'H 1/2( )Kl_l/Q(s)dS >0.

By the Cauchy-Schwarz inequality, as ¢ — oo, the asymptotic cross covariance be-

tween X and X7™! is bounded by

lim BLX X7 < Jim (B[(X,)?)Y? - (BI(X7T)2)"

t—o00 t—o00
) (A.4)

1 e —
tliréloVar(X ) = 7

for j > 0, because X! and X7*! have the same distribution.
To compute the asymptotic auto-covariance, fix s > 0 and let ¢ — oco. By the
asymptotic expansion of the modified Bessel function K,(z), z > 0, there exists a positive

constant ¢ > 0 such that for every sufficiently large t(> s)

1 | o
SUP —r /0 ((t — s +v)0) 2K ot — 5+ 0)Ki_qja(v)dv < c-e 7).

i>0
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Then combining this estimate with (A.2), we obtain

4etitle=(t=s) 4t
< < —(t—s)+(t/4) )
E[X!X/] Z — < —0

A.1.6 Proof of Proposition |2.1.9

Define S(z) == >, ¢ for 0< 2 < 1 and ¢ = #F again to avoid confusion from

the power. Then

uSt z%u 2wl — ) Sy(2) —u(l — 2)e,
Z o Si(2))” + u(l — u)hpSi(2) —u(l — z) 45)

uSr(z) = u(l —2)c

as in appendix For z — 1, we obtain the ODE: uS,(1) = u2(S;(1))? 4+ u(1 —
w)S(1), uS7(1) = 0, and hence, S.(1) = 0 and conclude the proof.

A.1.7 Some Details on Table |2.1

It follows from Proposition [2.1.11] that

Var(X}) = Var( Z/ (=) ()(—(t—s)Q)de(s)> (A.6)

e Qk t - S
= > [ - e
k=0

i UK ()2 4 2
k' w(k!)24k b2 2
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for t > 0. As t — oo, we obtain

lim Var(X})

t—o0
1 oo ') 2u2k52k+1
= — - K. 2
2 +;/0 7 (k1)24F i1z (s)]"ds
R — L2k + (1/2 11X 2k uk
BRI o e LR CY") M WS o 0 Wi
2 & 4R+LENT (K + (3/2)) 2 24\k) 8

1 u?, 1 1 u\~2

A.1.8 Proof of Proposition [2.1.12

Define SN (2) = o0y 286", then, by ([2.73),

S = SEPHa- N[ Y @R s (A

for 0 <t < T with SN(2) = (1—-2)cfor0 < z < 1. Asz — 1, SN(1) = (SN(1))?, SN(1) =
0, and hence, SN (1) = Z,]f:_ol ot =0.

A.1.9 Proof of Proposition |2.3.1

Similar to the proof of lemma proposition in appendix [A.1.1] define S;(z) =
S 2 w,gk)where 0 <z<1and z/z,gk) = d’“gbﬁk) in (2.128]). The Riccati system for
w(k) functions is now the same as (A.1)). The conclusion follows directly from the Riccati

equation.

A.1.10 Stationary Solution of (2.128))

Define Ry(z) = Y0, 28 o) where 0 < z < 1 and ¢ := ¢F in (2.128) to avoid

confusion. Without loss of generality, we assume € = 1. Then Ry(z) = ¢(1 —d'z) and
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for0<t<T
00 00 k
) =Y P =Sy gl - % = (Ri(2))? — (1 - 2) (A.8)
k=0 k=0 7=0

Thus, the stationary solution ¢*) of ([2.12§), as T — oo, is obtained by the Taylor

expansion of y/1 — (z/d).

A.1.11 Proof of Proposition [2.3.3

(2.132) follows directly from ([2.131)) and proposition [2.1.4]

Taking the limit ¢ — oo in the variance formula

2k+1 1 1— 672t

2
Var(X Z/o T (k) TEN2 4k Kk—(l/Q)(S)) 'ﬁds—FTa

we obtain (2.133)):

9 g2kt o
/0 woeEa - He-a ()] gpds
1

(4K 1 1 _li 4k\ 1 1
— \2k 2%k + 12%dk — 2 2k ) 2k + 1 (2d1/4)%k

Do | =
+
NE

lim Var(Xl) =

t—o00

I

Do | =
+

DN | —

1
=5 %2&/4 \/4d1/2 V16d — 16
2 2 d'/*
= 2 i Va— va—1= V2
2 2 VVd+Vd-1
B ﬁ /d vzl f}
B T

The limit is monotone in d with maximum of 1/+/2 at d = 1.
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A.2 Appendix: Random Directed Chain Game

A.2.1 Stationary Solution of the Riccati System ([2.84)

By taking T — oo and assuming € = 1, the constant solution of the moment generating
function ([2.87)) satisfying St(z) =01is S(z p(1 —z). We can then find constant
solutions for ¢ functions by taking Taylor expansion and comparing it with S(z) =

St o 28 o™ because

o0 1 0o

S(Z)=\/m=\/ﬁm=\/z3;<,i)(—2)k=\/' v Y )L

A.2.2 Proof of Proposition [2.2.2

k
We have the results: ¢o = —1, ¢ = > qiqr—j = 0 for kK > 2. Then, it is easily seen
=0

DN | —

J_
that (,/pQ)* = p(I — B) with B having 1’s on the upper second diagonal and 0’s

elsewhere, i.e.,

WPQ* =10 p —p " = pJo(=1), J(N) =10 X 1

Here, J.(\) is the infinite Jordan block matrix with diagonal components .

The matrix exponential of \/pQt, ¢t > 0, is written formally as

exp(v/pQt) = F(—pQ*?) = F(Jo(=1)-pt?), t >0, F(x) = exp(—v/—z), 7€ C.
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Since a smooth function of a Jordan block matrix can be expressed as

F(\) FOO) % F":!(A)
— FO )
F(Jw(\) = F(N[+B) = ZTB =
k=0 ’

we get

exp(y/pQt) = F(J(—00) - pt?) = F((—=I + B) - pt?) =

k!
k=0
> thkF(k) _ t2
_ ZP (=p )Bk'
k!
k=0
The (j, k)-element of exp(,/pQt) is formally given by
k=j $2(k=3) . p(k=3) (_ 2
piTIt F pt )
(e (P = N EYS

(k= J)] 7

where ) (z) = %(m), x>0, keN,and (exp(\/pQt))jx = 0, j >k for t > 0.
Here the k-th derivative F®)(z) of F(-) can be written as F®(z) = pp(z)e V7,

where py(x) satisfies the recursive equation

pk-i-l(x) = p;::(x)_‘_ 2\/—_1’ ; k>0,

with po(z) = 1, x € C. By mathematical induction, we may verify

1 (j— 1)
pr(z) = ok ; (25 = 2k)1(2k — 5 — 1)!

ofe.

(—2)~%, k>1. (A.9)

Therefore, substituting them into (2.91)), we obtain the formula of Gaussian process.

Next, it follows from (2.91)) that for ¢ > 0, the variance of the Gaussian process X?,
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1 > 1 is given by

Var(X}) = Var(X}) = Var(i/

1 v, .
pi(—V) = 5\ ¢ Kiapv); G211, (A.11)

where K, (z) is the modified Bessel function of the second kind defined by
K,(z) = / e bt cosh(nt)dt; n > —1,2 > 0.
0

Then substituting (A.11]) into (A.10)) and using the change of variables, we obtain

1 . VBt 9 2kl

1 — e 2vPt
Ve w (K24

X} _
Va’r( t) 2\/]—9 )

(Kk_(l/g) (V))Qdy + t Z 0.

Using the following identities from the special functions

Te 0P = e Y ()E(G ) (5 40)

S—

ol

= (4 1 1
x\/xz—\/x4—16:z<2:> for z > 2,
k=

- 2% + 1 g4k’
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we obtain the limit of variance of X}, as t — oo, i.e.,

© 9 82k+1

tliglovar(Xl) :# % ;/O 2R [Kk—1y2(s)]*ds
1

1 . 2 = G2+ 2
= —— _— K d
e
1 N 1 ié 2 mT(k+1)T(2k + (1/2))
2 VP ﬂ(kﬂ)24k 8T (k+ (3/2))
= 1 1 V2 1
= — - = . _2 22 _ = .
A k)T 5 T
A.2.3 Proof of Proposition [2.2.3
We assume ¢ = 1, pp = —¢F = limp o ©F. According to the equations (2.106]),
for the fully directed two-sided chain and , we have: > prp—r =1, >, prDi—k =
k=—o0 k=—0o0
—p, >, peP-1-k = —(1 —p), > prpj—r = 0 for other j. Then it is easily seen that

k=—00 k=—00

Q? = I — (pB*+ (1 —p)B,) with B* having 1’s on the upper second diagonal and 0’s

elsewhere, and B, having 1’s on the lower second diagonal and 0’s elsewhere i.e.,

—(1—-p) 1 -p 0
Q= . 0 —(1-p) 1 —p 0 .|
0 ~(1-p) 1 -p
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0 0 1 0 1 0 0 0
B = . 0 0 0 1 0 .|, Bs=| . 0 1 0 0 0
0 0 0 1 0 1 0 0

pB*+(1-p)B.=| . 0 1—-p 0 p 0 . |;
(PB"+(L=p)B. = | . (1=p? 0 2p(l=p) 0 p* " |:
B +(1=p)B.)>=| . (1-p? 0 3p(l—p? 0 3p*(1-p) 0 p°

(pB*+ (1 —p)B.)*

=1 . (1=p* 0 4p(1—p)?* 0 6p*(1—p)?* 0 4p*(1—p) 0 p* - |

We find the diagonal increases following the binomial expansion and we have formulas
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to generalize the result:

e keven: (pB* + (1 —p)B,)F

1.e.

e keven: ((pB* + (1 —p)B.)")i;

|

k +m> PPt (L= p)iT", =i+ 2m, —
2

<m<

[N

0, otherwise.

( k kil k—1
M1l —p)z ™ j=14+2m+ 1,
(%Hn)p (1-p) J
_ _k—|—1<m<k:—1,
2 - = 2
0, otherwise.
\

The matrix exponential of Qt, ¢t > 0 is written formally by

exp(Qt) = F(-Q**),t >0,

F(z) == exp(—v—2x), v € C.
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Since a smooth function can be expressed as

F(M + B) = i ki) (:!(A) B =%" ki) UZ!W Bf+ ) —FUZ!W

Bk
k=0 k odd

k even

So
2 p(k) (g2
exp(Qt) = F((—=I + pB* + (1 — p)B)t?) = Z—F V(=)

o0 t2kF(k) —t2 .
+(p3 +(1—p)B.)~.

k=0

The (7, 7)-element of exp(Qt), is formally given by

(eXP(Qt))i,j
4
tZkF(k)(_tQ) k £y .
e fem() _pybom g g2
.y kzn k! (§+m>p (1-7) ~k<msky ] =l 2m,
— t2kF(k) —t2 k - . |
\ k odd : ;. tm

(0 40 (20) (42
tFEO (1) 2( (4 o— o
—a M= p) T L, =4 2m,
(20)! <€+m)p (1-7) (<m<e, J=1H+2m
t4€+2F(2€+1)(_t2) 2£_|_ 1 s
miy] Z_m"_ﬂ_, et . 9 1’
(204 1)! (€+1+m) (1-p) ((+1)<m<e, ] =1+ 2m+

=0

(e o]

N

where m € Z and F®)(z) = LL(g),

dxk

xr > 0, k € N. Here the k-th derivative
F®)(z) of F(:) can be written as F®)(z) = pp(z)e~vV~", where

2k—1

—x)"3 k> 1
% £ 2 ok —j - ) for k2L

and po(x) = 1 for 2 <0.
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Thus the Gaussian process X7, t > 0, corresponding to the Markov chain, is

XY = Z/exp (t —s)))o ;dW?

]——oo
= Z / exp(Q(t — s)) onWJ + Z/ exp(Q(t — s) ))OJdWJ
J even J odd
4eF(2Z)( ( _ 5)2) 9/ o
= mi] — l—m 1. . dWQm
mz_:oo/o =0 (20)! (g+m)p (1—p) e<m<e AW
e} (t )4€+2F(2€+1)< (t _ 8)2)
cx
mz_:oo 0 Ez:; (2€+ 1).
20+ 1 . . -
' (f +14 m)pZ+1+ (1=p)"™" Iy <meedWIm
0 l
el @—$%< 2 )g+

o0 £ _ 4£+2 (20+1) _ )2
(t — s)*F (—(t—s)%)
22 /0 201 1)

=0 m=—(4+1)

20 + 1 (+1+4 l— 2
: (1= p) AW
(20w,

(A.12)

where W*(.), k € Z are independent standard Brownian motions.

Thus, the variance is given by

5)* (20) _ )2
Var(X?) = Var( Z Z / F (, (£ =s)) (z _me) P = p) T AW ™)

=0 m=—/
4€+2F 2£+1)( (t—8)2)
+Var Z Z /
=0 m=—(0+1) 26—{_1)
20+1 (14 - om41
. (1 awe),
<£+1+m>p (1=p) s

(A.13)
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Appendix: Systemic Risk Measures

B.1 Appendix: Systemic Risk Measure on Overlap-

ping Groups

B.1.1 Comparison between Trivial Grouping and Multi-Groups

We first look at the trivial grouping, i.e. m =h =1and all k € [; = {1,2,...,N}. The

group parameter and group vectors are

Then following (3.26)), the systemic risk allocation of individual 4 is:

N
By = ot o)+ > e S

v k,j=1
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The total systemic risk allocation for the system is
Z EQl [Vy] Z i + 3 log Qﬁ ”ZI 0ji (B.1)

Then for the multi-group case, assuming m = 1,...,h (h > 2) and for k,, € I,,, # 0,

the systemic risk allocation of individual k,, is:
. 1 3 1 1
Eqp[YX™] = — ik, + e 103;(3) + —]Z Ojkm — 53— Z aji-

The total risk allocation is:

h N h
> Y B = - Y w4Alos(p+3Y - Yo (B

m=1ky€lmn =1 m=1

We need to compare the total risk of trivial grouping (B.1]) and the total risk of nontrivial
grouping (B.2). For simplicity, we take h = 2 in the nontrivial grouping case and compare.
Assume a N-individual system is divided into two subgroups with sizes Ny = |I1],

Ny = |I5|, respectively. Given all risk factors define
N
S:ZXZ, 5122Xi, SQZZXZ.

=1 1€l ISP

Note that S = S; +.55. Therefore

Var(S Z oij, Var(S)) = Z oij, Var(S;) = Z Tij.

4,j=1 i,j€lh 1,j€I>
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Then we compare the last term in (B.1]), (B.2):

N
1 1
BD): > o= Var(s) (B3)

B2):

DN | —
/N
S
D
o
+
S
Q
B
N——
[\DI»—t

( 5, Var(S) + o Var(Sg)) (B.4)

p

Since

Var(S) = Var(S;) + Var(Sz) 4+ 2Cov (S, Ss),

261528 - (BA-B.3) = 182 Var(Sy) + 53 Var(Sy) + i Var(Sz) 4 162 Var(S,)
- 5152 (Var(Sl) + Var(Sg) + 2COV<81, SQ))
= B3Var(S;) + BiVar(S,) — 28, 8,Cov(Sy, Ss)

= Var(ﬁgSl — 5152> Z 0.

Thus (B.3) < (B.4), which is equivalent to (B.1) < (B.2). (The equality holds only if

S1 =Sy = S, which we can exclude.)

We can conclude the trivial grouping has a smaller total systemic risk allocation
for the N-player system compared with two-group case. It can be extended to general
grouping case and show the advantage of trivial grouping or fewer groups in terms of the

total risk. And it is consistent with the monotonicity property proved in [2].
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B.1.2 Proof of Claim |3.2.1

Under the assumption, £, = |I,,| é, equation ((3.26) becomes:

1 15} Q
Equ([Y%] = —p + o 10%(3) + (0" + (1] — 1)po?)

| Im]
s ot + (M )20
= —pu + élog(%) + 2|%m|02 - (ozuT}m_’ L &‘IZL.;’ 1)p02
= —pk + §10g(_BB) + 042|}m|02 + a%poj
=+ S lox( L) + S (=P )

First, when p # 1, the function is monotonically decreasing in |I,,,|. So the risk allo-
cation for every individual/individual is maximized when |[,,|] = n, i.e. all individu-
als/individuals are in the same group.

If we assume individuals are separated in several groups which makes it a Nash for
all. For some individual ¢ in the second largest group, moving to the largest group
makes it achieve a smaller risk allocation which is better. If there are only two equal
size groups, i.e. "n/2 —n/2” one individual i in group 1 joining the other one gives
"(n/2—1) = (n/2+1)" and Eqy [Yx] > Eqz [Yx]. So "(n/2 —1) — (n/2+1)" cannot be
Nash neither.

In conclusion, nontrivial grouping strategy cannot be Nash and only |7,,| = n is Nash
under the case that all standard deviation and utility parameters are the same, and the
correlation coefficient p € [—1,1).

When p = 1, risks for every individual is constant and grouping has no effect.
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B.1.3 Proof of Claim |3.2.2

First we look at the grouping ”{1,2} — {3,4}” and find the equivalent condition to make

it a Nash equilibrium. We compare risks for individual 1 under two cases, according to

(3.26),
9 . 11 5 1 2 2 1 2 2\.
under "{1,2} — {3,4}" :  Eq [Yx] = —m + log(ﬁ) + 5(0 + po’) — g(?O‘ +2p0”);
9 9 . 171 6 ]‘ 2 ]‘ 2 2
under {2} — {1,3,4}" 1 Eg [Yx| = —m + log(ﬁ) + 37~ 1—8(30 + 2po”).

For individual 1, to make the risk allocation under 7{1,2} —{3,4}” < that under "{2} —

{1,3,4)":

1 1
—0? — —(30% + 2po?) >

1
3 13 (02 + po?) — §(202 +2p0%) & p<——.

DN | —

3

For individuals 2,3,4, we repeat similar discussion and the condition is the same: p < —3.

e So in conclusion, if p < —-%, grouping "{1,2} — {3,4}" is a Nash equilibrium.
In the grouping "{1,3} — {2,4}”, we follow the same discussion about comparing risk

allocations for all individuals. For example, for individual 1:

2 ” /8 1 1
under "{1,3} — {2,4}7:  Eq Vx| = —p1 + log(ﬁ) + 502 - §202;
1 1
under {3} — {1,2,4}7:  Eg [Yg] = —p1 + log(%) + 5(02 + po?) — E(?)UQ +2pa?).

For individual 1, to make the risk allocation under "{1,3} — {2,4}” < that under " {3} —
(1,2,4)":

—_
w

1, ., 9 1 9 9 1, 9
z - (3 2 > g2 29 Py > 2
3(0 + po”) 18( 0% 4 2po*) 50 T 320 PZ3
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For individuals 2,3,4, we repeat similar discussion and the condition is the same: p > g.
e As a result, grouping ”{1,3} — {2,4}” is a Nash equilibrium if p > 2. Tt is also the

equivalent condition for grouping ”{1,4} — {2,3}” to be a Nash equilibrium

B.1.4 Proof of Claim (3.2.3

Similar to the proof of claim [3.2.2) we look at the grouping "{1,2} — {3,4,5}” and find
the equivalent condition to make it a Nash equilibrium. Under the assumptions, we first

compare risks for individual 1 under two cases, according to (3.26)),

1 1
under "{1,2} — {3,4,5}" 1 Eq [Yx] = —pm + log(%) + 5(0—2 + po?) — §(202 + 2p0®);
1 1
under 7 {2} — {1,3,4,5}" 1 Eg [Yx] = —u + log(%) + 102 - @(402 +6p0”).

For individual 1, to make the risk allocation under ”{1,2} — {3,4,5}” < that under

{2} —{1,3,4,5}":

1 1
~0% — —(40% + 6po®) >

1
1 3 (02 + po?) — §<202 +2p0%) & p<—-.

DO | —

For individual 2, this is the same condition to have a smaller risk allocation. We then

compare risks for individual 3 under two cases:

1 1
under "{1,2} —{3,4,5}” 1 Eqz Y] = —pusz + log(i) + =(0? +2p0?) — —(30% + 6p0?);

—-B 3 18
1 1
under "{1,2,3} — {4,5}” :  Eq Y] = —pusz + log(%) + 502 — 1—8(302 +2pa?).

To make the risk allocation for individual 3 under "{1,2} — {3,4,5}” < that under
7{1,2,3} — {4,5}”, we get the equivalent condition p < 0. This is true for individuals

4,5 as well.

155



Appendix: Systemic Risk Measures Chapter B

In conclusion, when p < —2/7, 7{1,2} — {3,4,5}” is a Nash equilibrium for all
individuals.

In the grouping ”"{1,3} — {2,4,5}", we follow the same discussion about comparing
risk allocations for all individuals. Individual 1 will stay with individual 3 instead of
joining the other group if p = 1. Individual 2 will stay if p > 0. Individual 3 will stay
with individual 1 if p > % and individuals 4,5 won’t move for any p. As a result, grouping
7{1,3} —{2,4,5}” is not a Nash equilibrium for any p € (—1,1).

For the grouping "{1,2,3} — {4,5}”, after discussion about the condition for every
individual not moving, we find a contradiction which proves for any value of p, this

grouping cannot be a Nash.

B.1.5 Proof of Theorem (3.2.1

We can rewrite the systemic risk measure p as:

h
= inf { Yl rd=(dy,....d) ERNY =" icl, 1<j<h)e LO(REm=1 |mlxh),

m=1
Z Z ——exp [—ag (W X"+ Y™ =B,
m=1 kel,,
ZYi’j:dj,forjzl,Q,...,h}, (B.5)
iEIj
where (Iy,...,I;) are the group index sets given. For any group m, we define the

smallest element as m® € I,, and fix another element m* € I,, and m* # m°.
(When there is only one element in the group, m* = m° and the discussion will be
similar.) In the following proof we assume |I,,,| > 2 for all m = 1,..., h. We also assume
Y is defined on a finite space: Y*™ € {y™ . 45" for all k,m and y;-c’m € R. Then

* k
we have: yi" " =d, — Y oy form=1,... h.
k€ L im*
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We show the results with the Lagrange’s method with the function defined by

h M h
CRSIED SARRD 311 o} I o N S )
m=1 1
+a_ml exp (‘O‘m* (wm*,me* (W) +dm— > yfm>) - B }

k€l k#m*
(B.6)

We compute partial derivatives of £ with respect to all variables and get all equivalent

condition in the following.

1. Given m, for j=1,...,M, k €I, and k # m*: =25 =0

k,m
Oy;

if and only if for every fixed 7,

— Q¥ (wm*,me* (wj)+dm7 Z y?,m)

kEIm k#m*

0 = % g )\p] eiak(wk,mxk(w]’)ﬁ»y;"m)
oy

—e
< exp <—0zk (wthk(wj) + yfm>>

— exp <—ozm* (wm*7me* (W) +dm— > yf’m)> (B.7)

k€I ktm*

It implies

exp (_Oék (wk,ka(wj) + yfm)) = exp <_04m0 (wmo’meo (wj) n y;»no’m>> '

Then for k # m*,
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and by (B.7)) and (B.8]), we obtain that (details are shown below):

0

mOm 1 e
yp = o B, (Z wk,kaWj)) = W0 n X (wj) +

kelm

d

QAo ﬁm "

1 0 1
= Sm(Wj) — Wo y X™ (wj) + ———d (B.9)

amo/ﬁm O5moﬂm "

where (3, = > aik, Sp= > wpm X
kElm kElm

Proof: By (B.8),

1 0 0
k,m m me,m
§ Y, = E Oé_amo (wmo,mX (wj) +Y; ) - E wk,ka(wj)

k€ Ly Jom* ke L Jom* k€ L Jitm*
1 0 0
= (B — - *)Ozmo (wmome (wj) + " m) — Z Wi m X (w;),
" k€Im k#m*

k€L k£m*

1
) Qo (wmoﬁmeO (w;) + y;nOm> + S (wj).

Ay *

Thus using (B.7)),

— Qp* (wm*’me* (Wy) + dm — Z yf’m>

k€I ktm*
= —Qpedpy + (B — 1)aypo (wmomemo (wj) + y;»no’m> — Qe Sy (W5)
mO mO,m
by = —a,. (wmo,mx (@) + 9 )
— am*ﬁmamo (wmo,meo (CL)]) + ym07m> = Qpy» dm + Qi S’m(w])

J
= (B.9).
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2. For m =1,..., h, the derivative with respect to d = 0 if and only if

mad

aﬁ m* k,m
0= od.. —1+/\ij exp( (wm*’mX (wj) +dm — Z Yj ))

7j=1 kE€lm k#m*
By (B.7),

0=1+ /\ij exp <—ak (wk,ka(wj) + yfm)) for all k € I,,,, and k # m”™,

j=1

-1
Zp] exp( ak wkak(wj) +yf’m)> = (B.11)

3. The derivative with respect to A: g—‘)\: = 0 if and only if

-1
B=E|>" > — expl-ap(wpm X"+ YH™)]
m=1 k€l,, QO
M h 1
=2 [ 2. o &P <_ak(wk,ka(wj) + yf’m)>
j=1 m=1 Lkeln k%m* k
-1 . -
G G )|
Qe o
M h 1
> [ > o e (S XHw) + i)
j=1 m=1 Lkel, k#m* k
-1 ) .
+ "Pj €Xp (—am* (wm*7me (wj) + dpm, — Z yjk ))]
o k€I kAm*
" -1 -1 -1 -1
by BI0), (B1) =Y [ D T]
m=1 [keln, ktm* k m*
1 o 11
SN IETLY
m=1ke&l,, k
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Hence,

A= % (B.12)

e We then compute d,, by inserting (B.12]) and ( in ) for k = m° € I, and

mY #m*:
exp( QU0 (wmo Xm (wj) —|—y;" m)>

by exp (— o (Sul) +,))

S (@ )) —c I E (7).

Ql sy
I

i

m

. M
“ Bm Zp] exp (
j=1

So
dmzﬁmlog( 531@(6 SIZ)) (B.13)
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Then back to (B.8]) and , for k,m°, m* € I, and k # m° # m*:

0 1 1

m%m m0 .
W G ) Tt K)o
"= O b X (1) = W X ()
Qp
1 1 0 1
+ — | =5 (W) — oW 1, X™ (wj) + —dm]
1
= - ka j —a Sm j dm 3
W, (wj) + B (Sm(w;) + dm)
g = d = Yy
k€L, k£m*
1
=dnt 3 wnXM@) = Y o (Swlwy) +dn)
k€I ktm* k€I km* O™
. 1 1
= (Ss) = e X7 3)) = (B = 25 ) 5 (S + o

— —wm*vam* (w;) + (S (wy) + do) -

Qypyx ﬁm

So for given m, for all k£ € I,,,, we have:

YR = g XF 4 (S + dy)

akﬁm
where d,,, = (,, log <%E (e_gvnnl>) .

In addition, the systemic risk measure is given by:
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B.1.6 Proof of Proposition |3.2.1

First, we prove the marginal risk allocation for individual ¢ in group j.

By theorem [3.2.1} for ¢ € I;

J
X+eZ

J
QX+EZ

) . 1
=F | —wi,;(X'+eZ") + — (S; + 52
( wi (X' +e )+ai5j( i +e J)Jra,ﬂj ’

SX+€Z
exp (— Jﬁj )
dX+€Z) . =
o (-57))
. . gX+ez gX+e7
IE((X“rle)eXp (— v )) . E((Sj+55jz)exp (— w ))
+

()] ()
+ & <log(—ﬂ/B) + log <E (e_j‘%‘)))

=1+11+1I1.

- _wivj

Since S¥T% = S. + £S%, and assuming everything is well-defined so that we can use
J J 7 g y g

Leibniz integral rule, then we have the following results

X+eZ X+eZ
) _5 SZ 5

a SJ)_(+EZ SJX+8Z VA SJ)‘(+EZ
—E ((Sj +eSh)e 7 > =E |S?e¢ % —(S;+eS%)Le T
Oe B
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Compute the derivatives,

E XZ Zl SX+EZ
or o (B(xremen (-57))
de " oe ( ( SX“Z))

exp

X+€Z Sx+€Z
__J
— . - Bj

+E<(XZ+6ZZ)(—ﬂ—J)e_ % )E(e_ 7 )
J
. SJ)_(JrEZ Sz S])_(JrsZ
_E(<Xi+ezz>e )E< = )}
B

= —w;; [E ;20— g, (X' +e2")S7] + = (X' +eZ'| By _[SH]

X +eZ ﬁj X +eZ 5 X +eZ X +eZ

X4+ 5ZZ,SJ-Z) :

=E

wi’qu + Z Covj

Q;{+EZ [_ Bj Qxtez (
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7 SX+5Z
oI 1 0 ((S + €57 )exp( 5 ))
- A3 A X+eZ
Je ;B3 Oe o (exp (_Sjﬁt ))
1 1 s

J

SZ S]X+EZ S;(+EZ
E|[(S;+ ES]-Z)(——])E_ B Ele %
B
SJ)_(+EZ SZ SX+EZ
—]E((SjJraSjZ)@_ b )E( 5 5 )}
J

~ LBy (87—~ Covg, (8 +eS%8):

;3 Oxeez L Oézﬂ? 7

OITT 1 1 O e
= <X> A e n S
Ele %

As a result

a E J [Y)ZéiEZ] (9

X+4eZ _
o =5 (I+11+11I)
7 2 % % 1
_’LU,L‘J']E@]' [Z] 5]] Cov . (X +eZ ,sz) b, ]EQx+gz [S]Z}

1
- BQCOV , (85 +e57,57) — o7 Bk [57]

i1, Wi i i 1
=E - [—w;; Z'] + 5; Cov Lo (X'+eZ ,sz) — mConj . (S —|—€SJZ,S]Z)
=By, [—w; ;2] — 5 Cov (YQiEZ,S]Z) .

Then when ¢ = 0, we have the formula for marginal risk allocation for individual ¢ in

group j in proposition [3.2.1]

The marginal risk contribution of group j is trivial and for the conclusion on local
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causal responsibility, we have:

. ‘ ‘ .
EQ%@ [Y)Zgi—aZ] = EQg( |:<_wi,j (X' +e2") + (Sj + 5sz) + _dX+aZ)} .

Qi a7
Then according to the previous proof,

a 2, _ 7 1 Z 1 ) Z
5oy [Yxiez] = Egy (—wz;jZ e Sj> ~ s Py 57

and thus,

0 y
%EQQ [Y)iiaZ] =E

e=0

Qg( [—me’} .

B.1.7 Proof of Proposition 3.2.2

By theorem [3.2.1] for ¢ € I;

5

e P

_5
E{e 5]}

s(ect) | m(se) |
= —W;; 5 + — + — (log(—ﬁ/B) + log (E (eﬁj)>)
E <€_6§) il E (e_ﬁj> @i

=1+I11+1I1.

dQ%
dPp

By [Y¥]=E Y.

L1

Assuming everything is well-defined so that we can use Leibniz integral rule, then we

have the following results
0 _5 Xt 5 0 _5 5 X' _5%
E i) =E(——-e€ % ;. —E|(Sje i | =E|X'e % —Sj—e i

dwi (e ) ( B ) L Owyy ( i ) [ ’ B
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Compute the derivatives,

= : + S
()T
i1, Wiy iy .
= —]EQ%'( [X} + Bj VarQ%-( (X ) ;
_5
. B
oIrr 19 E(Sﬂe >
awm Oéiﬁj 8’11]@'0‘ E (62)
1 1 S X

Sj
1 . By
VB xi—
1 i 1

E <—£e_ B
Bi
s
T B
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oIl 0 1 1 _5 1 1 Xt %
= ~ log(— “log (E(e P - E(-Z-¢F
S, = B (Oﬁ log(—B/B) + o og( (e >>) aiE( _SJ:) ( 7 e )

e P
- _iﬁj% X7
As a result
OFq V] _ (I + 1T+ I11)
Dw, D,
~Eq [X] + %Var(@g( (X7) + %@E@Q X7]
— 5200v (Xi, 5) - By (X
Eq (X - /32 s Covyy (X'.8)) + %Var% (X7), i€l

B.1.8 Proof of Proposition [3.2.3

Define

By theorem [3.2.1] for k € I,

Z Wk, m! Ykm: S 5+dm Z wkm’i_ Z wk,m’wk’ka

w w w
kel k,m kel, kom Ok kel k,m

S +dm / Z'Uka’X

kEI ’
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Then

/ s Sm
Eqp |exp 5m 77 Zwkm/X +nmlog{ B]E exp

m kel,,

Efe~ 5]

=7 log —%E exp | —— Zwkm/X (B.14)

T]m k’EI ’

1
< B! log _EE exp | ——- Z wk,m/Xk , if Z wkm/Xk is nonnegative,

m k:EIm/ k:EIm/

m m 1
e e o exp —— Y W X"
’ nm ke[’rn/ / 5 Sm
=1,,log ¢ E o +n,, log _EE exp | ——

= dm/.

In conclusion, if both 7wy, X* and > wy v X* are nonnegative, the inequality
kel kel i

holds for the risk allocations of subgroup I,,, as well as I,,». Otherwise, we have the

inequality given by (B.14)).

B.1.9 Necessary and Sufficient Condition for B in Remark |3.2.6

Here we show a necessary and sufficient condition for B to have trivial Nash through an

example. We assume all risk factors are i.i.d. Gaussian random variables where o;; = 0,
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1 # j and oy = o for all 4, j.

N
When all banks in one group, i.e. h=1, 3= i,
i=1 "

1 3 1 1
Eox [Yx] = Equ [Yx'] = —log(——) —pa + =0

— ——No. B.15
aq -B &5} 2/3%041 ( )

When bank 1 decides to split and put some weights in another group, e.g. w1, w12 >0

and wy ) +wyo =1, then ' = + a% and 51 = 3, By = ail,

Eqy [Yx] = Eqy [Yx'] + Eqgg [Yx]

I8 w%l w%z
- Zlo g Dl2,
aq g<—B) H 51 52
1 1
——((N =1 —w?, 0. B.16
2% (( )o + wy 10) Zﬂgalwma ( )

To have trivial Nash, for bank 1, it should hold that (B.16))>(B.15)), which gives:

e () [ (8 B9 4
A B)Sall‘)g(ﬁ 5\ e\ ) R

(B.17)

Then by extending (B.17) to all banks, we can get the necessary and sufficient condition

on B to have trivial Nash: for all i =1,..., N, B satisfies

b= ( @) (- Bl 95
o 8l B)Sailog<ﬁ i Gl | Gl | & o -1 K

(B.18)

N
where (3 = f, Br=73 aL and (' = 1 + 5.
1 1/:1 2
Recall that B is negative and stands for the minimal level of expected utility. Intu-

itively, when B is small, log(—B) is large, then some of inequalities tend to be violated
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so that there would be no trivial Nash in the system. On the other hand, when B is
large (close to 0), log(—B) will be extremely small so that trivial Nash may exist in the

system.

B.1.10 Remark for Equation (|3.25)

Remark B.1.1. Some results about S,,:
o B(eSn/m) = oxp (— o+ 2l (03)?):
e For i € I, (proof see below)

| 1 1 1
E(XieSn/0m) = (1; — == A Spy) exp (- i o W(afﬁ)?);

o B(Sme /o) = (5, = 5 (03)) exp (= 5 mdy + 53z (03)°);

Proof: Define tT = (t1,--+ ,ty)

E(XetX) = a]\g’;gt) = % exp (p't + %tTEt) (B.19)
= (ui +t"2y) exp ('t + %tTEt) (B.20)
So
E(X'e 9m/fm) = E(X e~ Am/fmXY) = (1, — iAmz:M) exp (— Bi [y, + #(0;;)2).

B.1.11 Sufficient Condition for Local Optimal Weights

To investigate the condition ({3.49) further, we make some reasonable assumptions on

estimates and introduce some situations when they hold.
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e assuming: all wy 1, wio # 0, for all k # 4, then §; = fo =) aik

Then (3.49) is equivalent to

N
2 1 1 1 2 1
N5 5 )0 < | 55— — 5 Wi — Wk 2)0ki < (5 — —5—)0i. (B.21
(51 5%061‘) (512042‘ 51),6:17,#2.( ol k2)% (51 ﬁ%%) ( )
Since
! L o I( Vors| < |ow:|  for all ki
- — , Wg1 — We2)Oki| < |Ok; or all k,1,
2o, B k,1 k2)0k k

we can deduce a sufficient condition for w(;) € (0,1) for individual i

N

1 1
(1_61041-) > |aki|<(2—ﬁlai)aii. (B.22)

k=1k#i

Remark B.1.2. From above, we can have a rough estimation: if o; ~ o, p > 0 and
a=[1,1,1,1] (or say, no extremely large o and no extremely small «), the
inequality is true when p < 7/9, according to

(1-— i) (4—1)po* < (2— 3)02.

This explains why in numerical experiments, when we apply reasonable values
of parameters, the optimal weights are often located between (0,1). And when
(w1, wy2) are close for most k # i, the weights for individual ¢ are around 0.5

because of small A ~ 0 and B; ~ By in this case.
If for individual 7, o; is small and o; << 0,0 for some i°, then the sufficient condition
doesn’t hold and by numerical results, we found wg;) is not in (0,1) anymore.

e assuming: for some k(’s), wy 1, wx2 can be 0 or 1. Then £ # B, but it is still true
that —1 < w1 —wgo < 1 for all k.
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(3.49) can be rewritten as

LIRS (wk,m L Ly el 1>)am<<3 Ly

52 522@1 Ry 5120@ ﬁl 5%041 52 ﬁl ﬁ%az
(B.23)
A sufficient condition for w(;) € (0,1) for individual i:
1 1 S 2 1
<E N Bfai> kﬂz]:#i |owil < (55 — @)Um
N (B.24)
1 1 2 1
<E B ﬁ%m) k:%;si |owi| < (E - %)Uun

This is a generalization of (B.22)).
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B.1.12 Necessary and Sufficient Condition for Optimal Weights

First, we compare the minimal risk over non-zero weights (3.50) with the corner case

(wil, wiz) = (0, 1)

Eoe V]| —(B409) (B.25)
2 s 1 p al W1 W2 W1 Wi,2
=—1 — —log(—= * —— —= ) — — — i
o loa(=p) — los(p) +u kﬂzk# 5 T~ T )|
(w*)? (w*)g) "2 ( 1 1 )
—+ — O + 1—w —1 — — —— | 04
< B 287 ( ) ) Ba 263
N
1 .
m m;# Wk,1Wm,10km (use the notation of A, By, Bs)
2 By 1 B (w*)? w(w* —2)
o, 08 —p) Tl r - (CA) + B 2
N
1
- 232a; m;# Wg,1Wm,10km
2 g p . w* w* — 2
= —log(—5) — —log(—5) —w' - (A= —-Bi — ——D3)
—A
1 N
- 25%041 mkzliz W1 Wm,10km,
2 g . 1 3 (A+ B,)? 1 al
= - ! - - m10km. (B.26
w o CE) ) T am a2 s (B2

Since w* = FE52 we get A = A — “-(By + By) 4+ By = 4482,

Then we compare the minimal risk of non-boundary case (3.50) with the boundary
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case (w1, w;2) = (1,0):

Eox [Y'] — (3.45)
2 5, 1 B al W1 Wk,2 Wi,1 Wy,2
= —1 ——1 . *—1 e e ) e )
Q; Og(—B) Q; Og(—B) * (w )kgl;#l 51 52 5126%‘ 522%‘ ki
1 1 1 1
-1 - =—=— it 1—w)? = — =—=— i
* ((w ) ) B 25%041‘ ’ +< v ) Bo 23%041‘ ?
1 N
- 253041 mJ;L#l Wi 2Wim 20 km

Q; -B i —-B 2 2
1 N
QB%C% mvkzl:ﬁéi Wk, 2Wm 20 km
2 B 3 (A— B;)? R
| — — — m.20 km - B.27
a5 Og(—B) 4 Og(-B) 2(B1 + BQ) 2&22041 Z wk72w 720% ( )

m,k=1,#1

If both (B.27) and (B.26)) are less than 0, we get conditions (3.51)), which are the
necessary and sufficient conditions to conclude non-zero weights (w*,1 — w*) are the

optimal weights to minimize the total risk.
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