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Abstract

New finite elements with embedded strong discontinuities

to model failure of three-dimensional continua

by

Jongheon Kim

Doctor of Philosophy in Engineering–Civil and Environmental Engineering

University of California, Berkeley

Professor Francisco Armero, Chair

This work addresses the developments of new finite elements with embedded

strong discontinuities for the modeling of three-dimensional solids at failure in the

infinitesimal small-strain or finite deformation regimes. Cracks and shear bands

involving the localized dissipative mechanism in a relatively narrow zone provide

typical examples to be modeled by this strong discontinuity approach. The narrow-

ness of such a localized region compared to the size of the overall mechanical problem

then reveals the multi-scale character of the physical phenomena, thus allowing the

given problem to be split into the typical global continua involving only smooth

displacement fields and a small-scale problem to represent localized solutions.

The direct consequence of the multi-scale approach is on the element-based en-

hancement for the associated singular field in the discrete setting, leading to the

very same number of global degrees of freedom and mesh connectivity as the origi-

nal problem without the discontinuity. This procedure is then achieved by the direct

identification of the discrete kinematics associated to the sought separation modes
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of the individual finite elements. In particular, we focus on the direct enhancement

of infinitesimal strains (for the infinitesimal case) or deformation gradients (for the

finite deformation case) rather than attempting to find the associated displacement

field in terms of discontinuous shape functions, also allowing the proposed formu-

lations to be more generally applicable to the strain-based high performance finite

elements.

Given the complex kinematics arising from discontinuities in three dimensions,

the new finite elements consider full linear interpolations of the displacement jumps

on both the normal and tangential components to the discontinuities in the interiors

of the respective finite elements. The incorporation of the high order separation

modes then allows a complete vanishing of stress locking, namely, over-stiff responses

of the approximated solutions due to the poor resolutions of discrete kinematics

associated to the discontinuities. A total of nine enhanced parameters for each

element are required to represent the linear displacement jumps, but being condensed

out at the element level in virtue of the proposed discrete multi-scale framework.

To illustrate the improved performance of the new three-dimensional finite ele-

ments with embedded strong discontinuities, several representative numerical exam-

ples such as a series of basic single element tests and a set of benchmark problems are

implemented. The elements involving only piecewise constant displacement jumps

are also considered there for comparison purposes, showing by design the overall im-

provement on the new elements in terms of the locking free properties and sharper

resolution of the discontinuities that propagate in arbitrary directions.



i

To my beloved father



Contents

List of Figures vi

Acknowledgements xiv

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.4 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2 Continuum mechanical problem (infinitesimal theory) 21

2.1 Large-scale problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Local variables in small scales . . . . . . . . . . . . . . . . . . . . . 24

2.3 Local equilibrium on the discontinuity . . . . . . . . . . . . . . . . 25

3 Finite-element approximation (infinitesimal theory) 29

3.1 Discrete large-scale problem . . . . . . . . . . . . . . . . . . . . . . 30

3.2 Approximation of local displacements in small scales . . . . . . . . 32

3.3 Discrete small-scale problem . . . . . . . . . . . . . . . . . . . . . . 34

3.4 Approximation of local strain in small scales . . . . . . . . . . . . . 35

ii



iii

4 Identification and characterization of discontinuity geometry (in-

finitesimal theory) 37

4.1 Tracking algorithm of discontinuity . . . . . . . . . . . . . . . . . . 38

4.1.1 Local tracking strategy . . . . . . . . . . . . . . . . . . . . 39

4.1.2 Modified global tracking strategy . . . . . . . . . . . . . . 41

4.2 Geometric characterization of discontinuity . . . . . . . . . . . . . . 46

5 Design of finite elements (infinitesimal theory) 49

5.1 Nodal displacements for the element separation . . . . . . . . . . . 50

5.2 Displacement jumps . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.3 Discrete strain with strong discontinuities . . . . . . . . . . . . . . 54

6 Implementation aspects (infinitesimal theory) 61

6.1 Evaluation of governing residuals . . . . . . . . . . . . . . . . . . . 62

6.2 Time integral and consistent linearization of governing residuals . . 68

6.3 Static condensation of local parameters . . . . . . . . . . . . . . . . 69

6.4 Stabilization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.5 Constitutive models . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

6.5.1 Large-scale material response . . . . . . . . . . . . . . . . 74

6.5.2 Cohesive law . . . . . . . . . . . . . . . . . . . . . . . . . 75

7 Representative numerical simulations (infinitesimal theory) 81

7.1 Element tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

7.1.1 Element uniform tension test . . . . . . . . . . . . . . . . 83

7.1.2 Element bending test . . . . . . . . . . . . . . . . . . . . . 87

7.1.3 Element partial tension test . . . . . . . . . . . . . . . . . 93

7.1.4 Element partial shear test . . . . . . . . . . . . . . . . . . 96



iv

7.1.5 Element partial rotation test . . . . . . . . . . . . . . . . . 98

7.2 Convergence test . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

7.3 Three-point bending test . . . . . . . . . . . . . . . . . . . . . . . . 103

7.4 Four-point bending test . . . . . . . . . . . . . . . . . . . . . . . . . 110

7.5 Steel anchor pullout test . . . . . . . . . . . . . . . . . . . . . . . . 115

7.6 Failure mode transition test . . . . . . . . . . . . . . . . . . . . . . 121

8 Continuum mechanical problem (finite deformation theory) 127

8.1 Large-scale problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

8.2 Local variables in small scales . . . . . . . . . . . . . . . . . . . . . 130

8.3 Local equilibrium on the discontinuity . . . . . . . . . . . . . . . . 132

9 Finite-element approximation (finite deformation theory) 136

9.1 Discrete large-scale problem . . . . . . . . . . . . . . . . . . . . . . 137

9.2 Approximation of local displacements in small scales . . . . . . . . 140

9.3 Discrete small-scale problem . . . . . . . . . . . . . . . . . . . . . . 142

9.4 Approximation of local deformation gradient in small scales . . . . . 145

9.5 Frame indifference in small scales . . . . . . . . . . . . . . . . . . . 147

10 Design of finite elements (finite deformation theory) 149

10.1 Nodal displacements for the element separation . . . . . . . . . . . 150

10.2 Displacement jumps . . . . . . . . . . . . . . . . . . . . . . . . . . 153

10.3 Discrete deformation gradient with strong discontinuities . . . . . . 155

11 Implementation aspects (finite deformation theory) 161

11.1 Evaluation of governing residuals . . . . . . . . . . . . . . . . . . . 162

11.2 Consistent linearization of governing residuals . . . . . . . . . . . . 167

11.3 Static condensation of local parameters . . . . . . . . . . . . . . . . 173



v

11.4 Constitutive models . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

11.4.1 Large-scale material response . . . . . . . . . . . . . . . . 175

11.4.2 Cohesive law . . . . . . . . . . . . . . . . . . . . . . . . . 176

12 Representative numerical simulations (finite deformation theory) 177

12.1 Element tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

12.1.1 Element uniform tension test . . . . . . . . . . . . . . . . 180

12.1.2 Element bending test . . . . . . . . . . . . . . . . . . . . . 182

12.1.3 Element partial tension test . . . . . . . . . . . . . . . . . 184

12.1.4 Element partial shear test . . . . . . . . . . . . . . . . . . 187

12.1.5 Element partial rotation test . . . . . . . . . . . . . . . . . 188

12.2 Convergence test . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

12.3 Wedge splitting test . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

12.4 Steel anchor pullout test . . . . . . . . . . . . . . . . . . . . . . . . 198

13 Closure 202

13.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

13.2 Directions for future research . . . . . . . . . . . . . . . . . . . . . 205

Bibliography 207



List of Figures

2.1 Illustration of the standard global mechanical boundary-value prob-

lem in large-scale domain Ω bounded by a smooth boundary ∂Ω

consisting of disjoint boundaries ∂Ωu and ∂Ωt (infinitesimal theory). 22

2.2 Illustration of small-scale problem defining displacement jumps [[uµ]]

as a new local variable defined on the discontinuity surface Γx in

the neighborhood Ωx of a localized material point x (infinitesimal

theory). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.1 Illustration of a discretized domain Ωh where each finite element Ωh
e

can be split into Ωh+

e and Ωh+

e when a certain localization criterion

is met (infinitesimal theory). . . . . . . . . . . . . . . . . . . . . . 33

4.1 Illustration of local tracking algorithm. . . . . . . . . . . . . . . . 39

4.2 Illustration of the global tracking concept. . . . . . . . . . . . . . 42

4.3 Illustration of generally nonplanar discontinuity segment Γhe inside

the eight-node brick element. . . . . . . . . . . . . . . . . . . . . . 45

5.1 Visualization of the conceptual separation of a single element Ωh
e (in-

finitesimal theory): the three constant separation modes correspond

to relative translations whereas the six linear separation modes con-

sist of three infinitesimal rotations, two in-plane stretches, and one

in-plane shear. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

vi



vii

6.1 Illustration of the triangulation scheme for the numerical integration

over the arbitrary shaped surface Γhe . . . . . . . . . . . . . . . . . 63

6.2 Schematic description of the equilibrium operator G(e) for the eight-

node hexahedral element. . . . . . . . . . . . . . . . . . . . . . . . 64

6.3 Possible configurations of the split nodes in the localized finite ele-

ment (eight-node hexahedron) crossed by the discontinuity segment. 71

6.4 Cohesive models in the normal direction n over the discontinuity

surface Γx employed for the modeling of brittle failure. . . . . . . 78

6.5 Cohesive models in the tangential directions m1 and m2 over the

discontinuity surface Γx employed for the modeling of ductile failure. 78

7.1 Element uniform tension test / Element bending test (infinitesi-

mal theory): geometry, boundary conditions, and finite-element dis-

cretizations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

7.2 Element uniform tension test (infinitesimal theory): computed re-

action p versus imposed displacement δtop = δmid = δbot. . . . . . . 86

7.3 Element bending test with a single element (infinitesimal theory):

considered configuration of four–four split nodes (left) and com-

puted reaction p versus imposed displacement δbot at bottom nodes

(right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

7.4 Element bending test with two elements (infinitesimal theory): con-

sidered configuration of one–seven split nodes (left) and computed

reaction p versus imposed displacement δbot at bottom nodes (right). 89

7.5 Element bending test with two elements (infinitesimal theory): con-

sidered configuration of two–six split nodes (left) and computed re-

action p versus imposed displacement δbot at bottom nodes (right). 90



viii

7.6 Element bending test with eight elements (infinitesimal theory): a

combination of different configurations of split nodes (left) and com-

puted reaction p versus imposed displacement δbot at bottom nodes

(right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

7.7 Element partial tension test (infinitesimal theory): geometry and

boundary conditions. . . . . . . . . . . . . . . . . . . . . . . . . . 93

7.8 Element partial tension test (infinitesimal theory): computed nor-

mal stress σ versus imposed displacement δ in both the lower and

upper parts for the Q1 element. . . . . . . . . . . . . . . . . . . . 94

7.9 Element partial shear test (infinitesimal theory): geometry and

boundary conditions. . . . . . . . . . . . . . . . . . . . . . . . . . 96

7.10 Element partial shear test (infinitesimal theory): computed shear

stress τ versus imposed shear strain γ in both the lower and upper

parts for the Q1 element. . . . . . . . . . . . . . . . . . . . . . . . 97

7.11 Element partial rotation test (infinitesimal theory): geometry and

boundary conditions. . . . . . . . . . . . . . . . . . . . . . . . . . 99

7.12 Element partial rotation test (infinitesimal theory): computed shear

stress τ versus imposed angle θ in both the lower and upper parts

of the block for the Q1 elements. . . . . . . . . . . . . . . . . . . . 100

7.13 Convergence test (infinitesimal theory): geometry and boundary

conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7.14 Convergence test (infinitesimal theory): five refinement levels of reg-

ular meshes (left) and distributions of normal stresses in the loading

direction at u = 1 mm (right). . . . . . . . . . . . . . . . . . . . . 102



ix

7.15 Convergence test (infinitesimal theory): computed reaction p versus

the number of elements crossed by discontinuity for both the Q1 and

Q1/E12 elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

7.16 Three-point bending test (infinitesimal theory): geometry and bound-

ary conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

7.17 Three-point bending test (infinitesimal theory): considered three

refinement levels of finite-element discretizations. . . . . . . . . . . 105

7.18 Three-point bending test (infinitesimal theory): propagated discon-

tinuity surfaces at an imposed displacement u = 0.8 mm in the

deformed configuration (scaled by 100). . . . . . . . . . . . . . . . 107

7.19 Three-point bending test (infinitesimal theory): distributions of

normal stresses (MPa) in the direction perpendicular to the notch

around the crack path. . . . . . . . . . . . . . . . . . . . . . . . . 108

7.20 Three-point bending test (infinitesimal theory): computed reaction

p versus imposed displacement u curves. . . . . . . . . . . . . . . 109

7.21 Four-point bending test (infinitesimal theory): geometry and bound-

ary conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

7.22 Four-point bending test (infinitesimal theory): two different levels

of finite-element discretizations. . . . . . . . . . . . . . . . . . . . 112

7.23 Four-point bending test (infinitesimal theory): propagated discon-

tinuity surfaces (left) and distributions of normal stresses (MPa) in

the direction perpendicular to the notch (right) around the crack

path at an imposed displacement u = 0.15 mm in deformed config-

urations (scaled by 100). . . . . . . . . . . . . . . . . . . . . . . . 114



x

7.24 Four-point bending test (infinitesimal theory): computed reaction

p versus crack mouse sliding displacement (CMSD) u curves for the

Q1/E12 elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

7.25 Steel anchor pullout test (infinitesimal theory): geometry and bound-

ary conditions (left) and finite element discretization of the concrete

specimen (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

7.26 Steel anchor pullout test (infinitesimal theory): propagated discon-

tinuity surfaces (left) and distributions of normal stresses (MPa) in

the loading direction (right) at an imposed displacement u = 0.4

mm in the deformed configuration (scaled by 100). . . . . . . . . . 119

7.27 Steel anchor pullout test (infinitesimal theory): computed reaction

p versus imposed displacement u curves. . . . . . . . . . . . . . . 120

7.28 Failure mode transition test (infinitesimal theory): geometry and

boundary conditions (left) and finite element discretization of the

considered specimen (right). . . . . . . . . . . . . . . . . . . . . . 123

7.29 Failure mode transition test (infinitesimal theory): propagated shear

bands for two different impact velocities v0 in the undeformed con-

figuration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

7.30 Failure mode transition test (infinitesimal theory): shear band lengths

in time after the load impact for two different impact speeds v0. . 125

8.1 Illustration of the overall mechanical boundary-value problem in-

volving strong discontinuities in the finite deformation regime. . . 131

9.1 Illustration of a generally irregular mesh Bh as a union of the re-

spective finite elements Bhe through the discretization over the entire

domain B (finite deformation theory). . . . . . . . . . . . . . . . . 140



xi

10.1 Visualization of the conceptual separation of a single eight-node

brick element Bhe into Bh+
e and Bh−e in the reference configuration

(finite deformation theory). . . . . . . . . . . . . . . . . . . . . . . 150

12.1 Element uniform tension test (finite deformation theory): geometry,

boundary conditions, and activated discontinuity surface (left) and

the computed normalized reaction R/(Ea2) versus imposed relative

displacement δ/a curves at each node (right). . . . . . . . . . . . . 180

12.2 Element bending test (finite deformation theory): geometry, bound-

ary conditions, and activated discontinuity surface (left) and the

computed normalized reaction R/(Ea2) versus imposed relative dis-

placement δtop/a curves at the top nodes (right). . . . . . . . . . . 183

12.3 Element partial tension test (finite deformation theory): geometry,

boundary conditions, and pre-existing horizontal discontinuity sur-

face (left) and the computed normalized (normal) Kirchhoff stress

τnn/E versus imposed relative displacement δ/a curves in both Bh+
e

and Bh−e (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

12.4 Element partial shear test (finite deformation theory): geometry,

boundary conditions, and pre-existing horizontal discontinuity sur-

face (left) and the computed normalized (shear) Kirchhoff stress

τnm/E versus imposed angle α curves in both Bh+
e and Bh−e (right). 187

12.5 Element partial rotation test (finite deformation theory): geome-

try, boundary conditions, and pre-existing horizontal discontinuity

surface (left) and the computed normalized (shear) Kirchhoff stress

τnm/E versus imposed angle α curves in Bh+
e (right). . . . . . . . 189



xii

12.6 Convergence test (finite deformation theory): geometry (left) and

finest level of regular mesh (right). . . . . . . . . . . . . . . . . . . 190

12.7 Convergence test (finite deformation theory): Mode I loading (left)

and computed reactions in terms of the number of elements crossed

by the discontinuity (right). . . . . . . . . . . . . . . . . . . . . . 191

12.8 Convergence test (finite deformation theory): Mode II loading (left)

and computed reactions in terms of the number of elements crossed

by the discontinuity (right). . . . . . . . . . . . . . . . . . . . . . 191

12.9 Convergence test (finite deformation theory): Mode III loading

(left) and computed reactions in terms of the number of elements

crossed by the discontinuity (right). . . . . . . . . . . . . . . . . . 192

12.10 Convergence test (finite deformation theory): distributions of Kirch-

hoff stresses for each fracture Mode for the elements with constant

or linear jumps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

12.11 Wedge splitting (finite deformation theory): geometry and bound-

ary conditions (left) and considered meshes (right). . . . . . . . . 195

12.12 Wedge splitting test (finite deformation theory): propagated dis-

continuities (left) and computed Kirchhoff stresses τ22 (right) at the

imposed displacement u = 4 mm. . . . . . . . . . . . . . . . . . . 196

12.13 Wedge splitting test (finite deformation theory): computed reaction

R versus imposed displacement u curves. . . . . . . . . . . . . . . 197

12.14 Steel anchor pullout test (finite deformation theory): geometry and

boundary conditions (left) and finite element discretization of the

concrete specimen (right). . . . . . . . . . . . . . . . . . . . . . . 199



xiii

12.15 Steel anchor pullout test (finite deformation theory): propagated

discontinuity surfaces (left) and computed Kirchhoff stresses τ33

(MPa) (right) at an imposed displacement u = 0.4 mm in the de-

formed configuration (scaled by 100) . . . . . . . . . . . . . . . . 200

12.16 Steel anchor pullout test (finite deformation theory): computed re-

action R versus imposed displacement u curves. . . . . . . . . . . 201



xiv

Acknowledgements

At this moment of accomplishment, first of all, I would like to express my heart-

felt gratitude to my advisor, Professor Francisco Armero, for the continuous support

of my Ph.D study and research throughout the stay here at Berkeley. As a role

model of the great scholar to me, he patiently provided the motivation, immense

knowledge, and valuable advice, while allowing me the room to explore in my own

way.

I would also like to thank my qualifying and dissertation committee members,

Professor Shaofan Li, Professor Tarek I. Zohdi, Professor Khalid M. Mosalam, and

Professor Per-Olof Persson, for their insightful comments and thought-provoking

questions in addition to their great lectures.

In addition, I express my sincerest thanks to my previous advisors, Professor

Hae Sung Lee and Professor Chong Yul Yoon in Korea, who introduced me to the

academic world, and whose enthusiasm for the research and teaching had lasting

effects.

The research presented in this dissertation was supported by the AFOSR un-

der grant number FA9550-08-1-0410 with UC Berkeley. This support is gratefully

appreciated.

One of the joys of completion is to look over the past journey and remember

friends with all the time we have shared. My friends here and in Korea were sources

of laughter and fun along this fulfilling road. I am thankful to all of them, but don’t

enumerate a long list of names here.



xv

I wish to thank my family for their constant support and driving force. Their

encouragement allowed me to finish this journey. Especially, I would like to dedicate

this work to my father, Sin Bae Kim, who left us too soon. I hope that this work

makes you proud. Lastly, I give my special thanks to my wife, So Young Hyun, for

her unconditional love, and for being my lifetime companion.



1

Chapter 1

Introduction

This chapter introduces theoretical issues behind the physical phenomena in-

volved in solids at failure accompanying material degradations, and outlines the

associated areas to be tackled in this work. The mathematical and practical mo-

tivations for this subject are presented in Section 1.1, followed by brief historical

review in Section 1.2. The goals and directions of this study are given in Section

1.3, with a brief overview of the manuscript in Section 1.4.

1.1 Motivation

The analysis of a final failure in the ultimate stages of a deforming material is a

challenging issue in many academic and industrial fields, such as civil, mechanical,

marine, and aeronautical engineering, given its practical applications to structural

and mechanical systems at the macroscopic level, which is the scale of interest in

this work. This failure in solids often accompanies strain localization, which is an

overall strain softening response in a relatively narrow zone, as observed in both
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nature and experiments on cracks of brittle materials (Read and Hegemier (1984))

and shear bands in metals (Dodd and Bai (1992)) or soils (Vardoulakis et al. (1978)),

to mention a few for an overview. In particular, those localized bands where the

strain concentrates are characterized by their narrowness with respect to the scale of

the overall problem, revealing the multi-scale character of the given problem. This

small thickness of the bands then verifies an internal length scale corresponding

to different materials, which defines a unit material volume where the energy can

be correctly dissipated during the process of material degradation. However, the

standard local rate-independent constitutive models lack this intrinsic characteristic

length, defining a challenging problem in the analysis of localized solutions. This is

especially the case for the general three-dimensional problem, which is the focus of

this work.

The fact that the classical constitutive models involve no information of the in-

ternal characteristic length naturally suggests a concept of an infinite strain along

a band of zero thickness, instead of a finite width of the band. That is, the highly

localized strain can be idealized to occur on the discontinuity surface in this limiting

process. The associated displacement field then involves jumps, or discontinuities,

which are commonly referred to as the so-called strong discontinuities in the liter-

ature. In particular, it is shown in Simo et al. (1993) that for continuum solutions

to make mathematical and physical sense, solutions exhibiting strain softening in

rate-independent plasticity must involve singular distributions in the strain field,

which is clearly consistent with strong discontinuities. One of the other important

results reported there is that the loss of the strong ellipticity condition with the

perfectly plastic acoustic tensor identifies a key criterion for the inception of strong

discontinuities in the rate-independent plasticity problem, which is in fact analo-
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gous to the localization condition first introduced in Hadamard (1903). A classical

example of strong discontinuities is the slip-line theory of rigid plasticity presented

in Hill (1950) and Lubliner (1990) where the slip-line is understood as a band of

zero thickness across which displacement jumps occur. In further results presented

therein, it is pointed out that the presence of strong discontinuities identifies a hy-

perbolic boundary-value problem for rate-independent inelastic materials, leading to

the change of the type of governing field equations from a mathematical standpoint.

In contrast to strong discontinuities, discontinuities in the strain field together

with continuous displacements are commonly called the weak discontinuities in the

literature. In the classical treatises of Thomas (1961), Hill (1962), and Mandel

(1966), the aforementioned strong ellipticity condition is suggested as a key con-

dition for the strain localization in rate-independent solids incorporating weak dis-

continuities in the quasi-static regime; see e.g., Needleman and Tvegaard (1992)

for a recent overview of this subject. In particular, it is shown there that strain

softening for local rate-independent continua leads to ill-posed solutions that are

discontinuously dependent on initial and boundary conditions.

Given the improvement in computer capability over the second half of the 20th

century, different numerical approaches for the modeling of physical responses re-

lated to material failure and strain softening beyond the theoretical attempts to find

exact solutions have received an enormous amount of attention recently. Among

other possibilities such as the meshless method (Rabczuk and Belytschko (2007),

Rabczuk et al. (2007)) and the boundary element method (Kolk and Kuhn (2005,

2006)), the finite element technique is nowadays widely accepted as one of the most

robust and applicable numerical tools to solve complicated engineering problems,

strengths that are exploited in this work. The development of the finite element
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method began with the work by Hrennikoff (1941), McHenry (1943), and Courant

(1943). The method was later elaborated by Levy (1947, 1953), Turner et al. (1956),

Argyris and Kelsey (1960), and Clough (1960), among many others. The more re-

cent review of the standard finite element method can also be found in Strang and

Fix (1973), Hughes (1987), Bathe (1996), Belytschko et al. (2001), Wriggers (2001),

Braess (2002), Ciarlet (2002), and Zienkiewicz and Taylor (2005), to mention just a

few references.

The finite element formulations are based on the expansion of solution spaces

through the consideration of weak equations that are to be obtained by multiply-

ing the original strong form of differential equations and the so-called kinematically

admissible test functions. The associated solutions (e.g., a displacement field in

solid mechanics) are assumed by interpolation functions, usually in terms of smooth

polynomials over a small subdivision, which is called the finite element. Since the

entire domain is initially split into several finite elements in the pre-processing pro-

cedure of the method (i.e., discretization), the solutions in each finite element also

need to be added through the so-called assembly operator. One of the limitations

of the standard finite element methods is then that the function spaces of assumed

solutions must be continuous across those finite elements, avoiding the unbounded-

ness of work done by the solid, thus verifying regularity requirements for solutions

to make mathematical and physical sense. Therefore, proper modifications are re-

quired to incorporate the discontinuous displacement field (i.e., the aforementioned

strong discontinuities) in the original finite element framework. Further, a lack of an

intrinsic characteristic length corresponding to the relative narrowness of localized

zones in the standard rate-independent constitutive model constitutes another main

difficulty in the applications of this technique for the modeling of material responses
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at the edges of the performance envelope, leading to the well-known pathological

dependence of final solutions on the size of individual finite elements in this discrete

setting; see, for example, Tvergaard et al. (1981) and Pietrszczak and Mróz (1981)

for details.

1.2 Background

Given the aforementioned difficulties in the direct incorporation of discontinuous

displacements into the standard finite element framework, different techniques have

been attempted in the literature in the context of finite element analysis. One of

these earlier approaches is based on the concept of the regularization of the governing

equations through the inclusion of an internal length scale in the constitutive model.

This class of finite element methods includes non-local continuum models where the

material response at a point depends on the deformation of not only the material

point, but also its finite neighborhood (Bazant et al. (1984)); higher-gradient models

by additionally considering higher order terms in the constitutive law (Coleman and

Hodgon (1985)); a concept of Cosserat continua improving classical elastic solid

through the incorporation of local rotational degrees of freedom as independent

kinematic variables in addition to translations of points (de Borst and Sluys (1991));

and smeared crack models where the energy dissipation associated to strain softening

can be objectively captured through the distributions of energy over the volume

of finite elements (Rashid (1968)), among others. These regularization techniques

make it possible to keep governing equations elliptic, avoiding the original ill-posed

problem with hyperbolic field equations arising from strain softening in stress-strain

constitutive models of the classical continuum. However, a proper determination of

artificial parameters associated with the internal length scales according to different
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materials is a main difficulty in directly tackling constitutive models within these

approaches.

Another methodology found in the literature is the so-called cohesive zone model

originally proposed in Needleman (1987, 1988) and later improved and applied by

Hillerborg (1991), Elices et al. (2002), Cirak et al. (2005), and Turon et al. (2007),

where the discontinuities are allowed to propagate along the element boundaries

by the use of cohesive elements instead of through the bulk of general finite el-

ements. In this approach, the localized dissipative mechanism is described by a

certain traction-separation law on the cohesive elements rather than the classical

stress-strain relations, for the proper definition of the amount of dissipated energy

without the need of additional parameters related to internal characteristic length.

However, this model exhibits final solutions dependent on the mesh alignment due to

the restricted discontinuity paths by construction, thus requiring adaptive remeshing

techniques; see, for example, Ortiz and Quigley (1991), Marusich and Ortiz (1995),

Bittencourt et al. (1996), and Carter et al. (2000) for detailed discussions of these

ideas.

The need for artificial parameters and special mesh alignments in the aforemen-

tioned earlier approaches motivates alternative numerical frameworks that directly

incorporate strong discontinuities into the interiors of finite elements. Two ma-

jor numerical methodologies to tackle this challenging problem have been found in

the literature. Among them, we adopt as a general finite element framework the

embedded finite element method (or E-FEM), which was originally introduced by

Dvorkin et al. (1990) and Simo et al. (1993) and intensively improved by Armero

and Garikipati (1996), Oliver (1996), Steinmann (1999), Jirásek (2000) and Mosler
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and Meschke (2003), to just quote a few references. This approach is based on the

concept of enhanced finite elements involving additional local parameters for the

explicit descriptions of displacement jumps in the interiors of individual finite ele-

ments. This element-based enhancement then allows very computationally efficient

methods in terms of the unchanged number and overall structure of global degrees

of freedom compared to the original mechanical problem without strong disconti-

nuities, thus requiring only minor modifications of the existing finite element codes

in the actual implementations. This advantage is in fact in virtue of static conden-

sations of the enhanced parameters at the element level, which clearly results from

the inherent local nature of the additional equations and parameters required to

describe localized motions.

Meanwhile, an alternative finite element technique commonly referred to as the

partition of unity method (also called as extended finite element method or X-FEM

in literature) has been more recently proposed and developed for the modeling of

strong discontinuities in Moës et al. (1999), Belytschko and Black (1999), Wells and

Sluys (2001), Wells et al. (2002), Hansbo and Hansbo (2004), and Areias and Be-

lytschko (2005), among many others. In this more recent approach, the classical

finite element formulations are nodally enriched based on the concept of partition

of unity, leading to the different structure of the global stiffness matrix in terms of

both the number and topology of global degrees of freedom from the underlying dis-

cretization of the original mechanical problem without the discontinuities. Whereas,

the main advantage of this approach is that the increase of polynomial orders of the

assumed functions for the interpolations of displacement jumps is possible in accor-

dance with the assumed accuracy of the global solution space associated to the base

elements, thus enabling the jump functions to keep continuous across the boundaries
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of finite elements. However, this is not the case for the E-FEM approach, hence mo-

tivating clear future directions for the substantial improvement on the methodology.

In this respect, one of the main issues in the embedded finite element methods is

how well an accuracy of kinematic approximations of the discontinuous displacement

field can be increased in contrast with the existing elements with low-order displace-

ment jumps only, as it is exactly the main focus of this study as well. We also quote

Oliver et al. (2006) for the comparison between the two different formulations of the

element-based and nodally-enriched finite elements.

In recent developments of the embedded finite element method presented in

Armero (1999, 2001), it is shown that, being motivated by the different length

scales in which the physical phenomena appear, the local character of the E-FEM

approach can be viewed as a direct consequence of multi-scale treatments of rela-

tively narrow localized regions. In particular, a given problem is to be decoupled into

large- and small-scale problems in this multi-scale framework; the original mechan-

ical boundary-value problem without strong discontinuities can be treated in large

scales by the classical finite element methods with the standard regularity require-

ments for the original global solutions, whereas the small-scale problem involving

localized dissipative mechanisms is defined in the neighborhood of a material point

of failure. The two different scale problems can then be interacted by imposing a lo-

cal equilibrium condition on the discontinuities in the limit of vanishing small scales,

that is, the so-called large-scale limit; see Armero (1999, 2001) for details. Indeed,

this limit condition can be understood as a robust and efficient numerical tool to

correctly capture the energy dissipations by, for example, the spatial discretization

in the process of the finite element mesh refinement.

In virtue of the aforementioned multi-scale approach, which defines a very ele-
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gant numerical framework to regularize effectively strong discontinuities, the finite

element analysis of the mechanical problem involving localized solutions can reduce

to the identification of proper kinematic approximations of the interpolated solu-

tion field to correctly capture discontinuity modes of a single finite element. In

this respect, most of the existing finite element codes for the analysis of continuum

problems and civil structures have considered piecewise constant interpolations of

the discontinuities through the kinematic identification of discrete displacements to

be captured in terms of the standard shape functions.

It is, however, observed that the use of constant interpolations of the discontinu-

ities which works well with the lower-order triangular or tetrahedral elements, leads

to stress locking with the higher order continuum, beam, and plate elements, due to

the more involved discrete kinematics assumed in such base elements as reported in

Borja and Regueiro (2001), Mosler and Meschke (2003), Ehrlich and Armero (2005),

Armero and Ehrlich (2005), and Armero and Ehrlich (2006), among many others.

Here, the stress locking can be understood as a spurious transfer of stresses across

the discontinuities due to, by design, a poor kinematic approximation of the discon-

tinuous displacements and associated singular strain fields in the discrete setting.

In fact, this stress locking can even result in over-stiff or locked numerical solutions

for the finite elements with constant displacement jumps, which naturally motivates

the use of higher order interpolations of the discontinuities. It is further shown there

that the displacement-based interpolation of the singular strain field has difficulties

in trying to find a correct kinematic description of displacement fields in terms of

discontinuous shape functions for the beam or plate elements in the structural anal-

ysis. That is, it is recognized that the strain field needs to be enhanced by the direct

identification of such desired discrete kinematics of strain modes rather than inter-
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polations of jumps in the displacement field, avoiding poor resolutions of stresses

arising from too-rich kinematic constraints.

The strain-based approach also provides an opportunity to improve on the higher

order finite element formulations for the continuum problems. After observing a pos-

sibility that two blocks of a single quadrilateral element crossed by the discontinuity

can possess two nodes respectively and that the associated discontinuous displace-

ment field is to be represented by linear distributions, linear displacement jumps

on normal components of the discontinuities are considered in Manzoli and Shing

(2006). However, this approach again needs to revert to the consideration of only

constant displacement jumps in the case of a single-node separation mode, as such a

configuration of an element separation causes a singularity of the associated element

stiffness matrix.

Finite elements with fully linear displacement jumps on both the normal and

tangential components to the discontinuities have been recently developed in Linder

and Armero (2007), including especially numerical treatments of singularity for the

local stiffness matrix in particular configurations of split nodes. The paper mainly

focuses on the improvement on higher-order plane continuum finite elements like

linear quadrilateral elements within the infinitesimal small-strain regime. The con-

cept of the direct identification of correct discrete kinematics for the sought strains,

rather than discontinuous displacement fields, is later extended to the finite defor-

mation range in Armero and Linder (2008). Similarly, the dynamic fracture such

as failure mode transitions and crack branchings can be equally modeled in this

framework, as the small-scale problem involves no dynamic effects in the proposed

multi-scale approach; see Armero and Linder (2009) and Linder and Armero (2009)

for details.
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In the series of above developments, the incorporation of higher order interpola-

tion of the discontinuities guarantees the overall improvement of the consideration of

only constant displacement jumps in terms of locking properties and resolutions of

computed stresses in virtue of, by construction, the more involved kinematic descrip-

tion for element separation modes. In addition, the strain-based approach defines

a more general and sophisticated strategy for the finite element design through the

direct identification of sought kinematics in accordance with the original interpola-

tion functions to describe the smooth solution fields, thus allowing the use of more

general finite elements like the assumed strain B-bar formulations beyond the under-

lying displacement-based elements for the optimal solutions in the analysis of strong

discontinuities as well; see e.g., Belytschko et al. (1984), Simo et al. (1985), Simo

and Rifai (1990), Simo et al. (1993), Wriggers and Korelc (1996), and Armero (2000)

for detailed discussions of these concepts in the infinitesimal or finite deformation

range.

One of the important ingredients for the numerical implementation of strong dis-

continuities is how to trace propagating discontinuity paths in the discrete setting.

Given the requirement of unique and smooth C-0 continuous paths, it is especially

critical for three-dimensional problems with generally a priori unknown nonplanar

discontinuity surfaces. The numerical technique to predict and capture disconti-

nuity paths is commonly termed as the tracking algorithm which can be basically

classified into local, non-local, and global tracking concepts. The case of predefined

paths or the discontinuities, for which the fixed tracking strategy is sufficient, is not

considered here.

The local tracking algorithm has been applied with success for the prediction

of a single discontinuity path with tetrahedral finite elements; see, for example,
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Park (2002) and Linder (2007), among many others. In this class of algorithm,

the discontinuity path is captured by means of an extension of the existing one,

thus emanating from neighboring discontinuity points along the element boundaries

in the direction determined by an unit normal vector which is computed based on

a proper localization criterion, requiring an information of connectivity array for

the underlying mesh of an entire domain. However, the algorithm not only loses

its robustness when dealing with multi discontinuity paths but also exhibits severe

topological problems for capturing the two-dimensional propagating surfaces in three

dimensions.

The local tracking strategy is later improved in Gasser (2007) and Gasser and

Holzapfel (2003, 2005a,b) through the modification of the unit normal vectors by av-

eraging them over non-local neighborhoods of the existing discontinuities for the as-

surance of a smooth discontinuity surface. However, this non-local averaging scheme

leads to a breakdown of the element-wise properties of the typical finite element

analysis for the actual implementation of the methodology. Another type of non-

local tracking algorithm found in literature is referred to as the level set method

(LSM). In LSM, the discontinuity path is given by an implicit scalar function which

is one dimension higher than the dimension of representation for the discontinuity

itself, leading to increasing computational effort, especially in the three-dimensional

analysis of interest here; see Sethian (1999) and Osher (2002) for overviews of this

methodology.

To circumvent nearly all of the drawbacks above, Oliver et al. (2002) or Oliver

et al. (2004) recently proposed the global tracking strategy which is later applied

by Cervera and Chiumenti (2006), Feist and Hofstetter (2007a,b), and Jäger (2009),

among many others. In this algorithm, all of the possible discontinuity paths can be
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immediately defined by level sets of a certain scalar field which is obtained by solving

a “heat-type” parabolic problem for the entire domain. This concept helps obtain

the insight into the generally nonplanar and multiple discontinuity surfaces in three

dimensions, thus allowing the straightforward application of this scheme even for

complex three-dimensional problems. A systematic comparison of different tracking

algorithms in terms of robustness, continuity, computational cost, and other features

can be found in Jäger et al. (2008).

1.3 Goals

The first goal in this study is the development of new three-dimensional finite

elements to model failure in solids in the infinitesimal small-strain regime through

the direct involvement of full linear interpolations of the discontinuities into the el-

ement interiors. Being motivated by the strain-based approach presented in Linder

and Armero (2007) and Armero and Linder (2008), especially for the developments

of the two-dimensional plane elements, the main focus is on the extension of the

improvement on the discrete kinematics of singular strain fields associated with the

strong discontinuities into the general three-dimensional framework. We especially

spotlight the developments of enhanced hexahedral elements, rather than under-

lying lower-order elements such as tetrahedrons, based on the observation that a

correct identification of sought discrete kinematics is more critical for those higher

order finite elements. Further, the sought philosophy for the element design (i.e.,

the strain-based approach) allows the developments of more general finite elements

formulations like the enhanced strain Q1/E12 elements as employed in several nu-

merical tests presented in Chapter 7; see e.g., Simo and Rifai (1990) for a general

overview of this class of finite elements. Again, we emphasize that all the additional
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equations required for the element enhancements are defined in the respective el-

ements independently within the proposed multi-scale framework, maintaining the

desired modular element-wise nature of the typical finite element analysis.

Extension into the three-dimensional setting requires the involvement of complex

modes for the element separation with the embedded discontinuity. For example, a

total of nine local parameters per each three-dimensional finite element are required

to represent full linear displacement jumps in both the normal and tangential di-

rections to the discontinuities. This situation is in contrast to the two-dimensional

case, where only a total of four local parameters are needed. Further, the three-

dimensional finite elements involve four different configurations of split nodes, lead-

ing to more diverse cases of singularity for the local stiffness matrix than in the

plane continuum elements. A proper stabilization procedure is to be considered, in

order to numerically circumvent such singularities whenever the linear separation

modes are activated during the numerical implementations. The additional imple-

mentation issues that needed to be tackled, especially for the three-dimensional case,

arise from the geometric characterization of two-dimensional discontinuity surfaces,

which is in contrast with the discontinuity segment assumed as a straight line in two

dimensions, also including numerical integrations on the nonplanar surfaces crossing

the general three-dimensional finite elements based on a proper definition of local

coordinates in those individual elements.

The finite element formulations within the infinitesimal small-strain regime are

extended to the finite deformation theory in the second part of this work. The new

elements in this geometrically nonlinear regime are designed by a direct construction

of the sought discrete field of the deformation gradient associated with higher order

element separation modes, rather than by an attempt to find associated deformation
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mapping incorporating the discontinuities. In fact, this procedure is similar to the

infinitesimal case in view of the underlying design philosophy (i.e., the strain-based

approach), but with a more challenging requirement like the frame indifference of the

final formulations under superimposed rigid body rotations, a fundamental principle

in the finite deformation theory. In this respect, similar to the original large-scale

variables having correct relations between reference and deformed configurations, the

element design is carried out in the reference configuration with the transformation

requirement fulfilled by a properly chosen deformation gradient in the small scales.

The new finite elements require sharp resolution of globally smooth discontinuity

paths propagating through the general unstructured meshes. In this respect, the cor-

rect prediction and geometric characterization of the discontinuities in the interiors

of the different underlying elements define a challenging problem, particularly when

two-dimensional arbitrary shaped discontinuity surfaces are to be embedded in the

general three-dimensional finite elements. Such kinematic complexity results in not

only an increase of computational cost, but also severe topological problems, requir-

ing the use of a sophisticated tracking algorithm. In this work, we propose a new

propagation strategy by firstly adopting the basic concepts of the global tracking

algorithm, but with additional treatments based on the local tracking scheme that

uses the connectivity graph of the underlying meshes to find new localized elements

only contiguous to the elements crossed by the existing discontinuities. In this way,

the added tracking problem needs to be solved only for those localized elements,

thus leading to a robust and, we think, numerically efficient tracking procedure.
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1.4 Overview

The outline of the remainder of this thesis is as follows. Chapter 2 presents the

underlying continuum framework for the analysis of strong discontinuities within

the infinitesimal small-strain regime. Following the multi-scale approach, the overall

problem is split into the original global mechanical boundary-value problem defined

in the large scales, and the small-scale problem defining a local equilibrium condi-

tion to describe localized motions. We show that the large-scale equations maintain

exactly the desired properties of the original global solutions, whereas the new vari-

ables introduced in the small-scale problem are defined only in the neighborhood of

failed material points.

In Chapter 3, the continuum setting is translated into the general finite element

framework. The overall problem is again divided into the large- and small-scale

problems. As a discrete version of the previous chapter, it is shown that the standard

finite element methods can resolve the large-scale problem through the original shape

functions used for the description of smooth global solutions, whereas the small-scale

problem defines the new local parameters in terms of the basic global variables in

the individual finite elements.

The treatments of nonplanar discontinuity surfaces propagating through the

general three-dimensional unstructured meshes yield several topological problems,

which are dealt with in Chapter 4. In particular, starting from the given nor-

mal vector field obtained from a proper localization criterion, a new tracking al-

gorithm is proposed to capture the discontinuities arbitrarily propagating in the

three-dimensional space. We modify the global tracking strategy by the consid-

eration of the extension of the existing discontinuity segments based on the basic
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ideas of the local tracking scheme. Additional issues concerning the geometry of

the underlying finite element crossed by the discontinuity include correct numerical

integrations of the small-scale residual given the complex topology in three dimen-

sions, which is achieved based on a proper definition of the local bulk or surface

coordinates.

Chapter 5 discusses the actual design of the new three-dimensional finite ele-

ments with strong discontinuities in the infinitesimal small-strain range. We first

conceptually consider a separation of a single finite element to accommodate higher

modes for the sought relative motions of the two split blocks. The measured amounts

of such considered motions then correspond to directly the newly introduced local

enhanced parameters. Next, the nodal displacements and displacement jumps are to

be expressed as a closed form in terms of the enhanced parameters, allowing finally

constructing the sought discrete strain field which match with perfectly the different

separation modes originally considered. This procedure is to be carried out in the

interiors of the individual finite elements where the discontinuity has been activated,

not touching the global structure of the standard finite element analysis.

Chapter 6 presents numerical aspects of implementing the governing equations

obtained in the previous chapters. We start with a detailed discussion on the correct

evaluation of the governing residuals through standard quadrature rules. In particu-

lar, the surface integral on the discontinuity together with integrands obtained at the

quadrature points of the element bulk is transformed to a volume integral through

a certain linear operator projecting the bulk quantities onto the surface. Next, the

residuals are discretized in time and linearized to obtain the corresponding stiffness

matrixes in the different scales. It is further shown that the final algebraic equations

left to be solved involve only basic global variables through the static condensation of
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the enhanced parameters in the respective finite elements. The chapter closes with a

brief overview of the constitutive models employed in the actual implementations in

Chapter 7, with an emphasis that the proposed numerical framework is independent

of a particular choice of material models in the bulk or on the discontinuity.

The proposed finite element formulations within the infinitesimal small-strain

regime are illustrated in Chapter 7. The main focus is on the evaluation of nu-

merical consistency, stability, convergence and stress locking properties of the linear

separation modes newly incorporated in this study, with implementations of finite

elements involving only constant displacement jumps for comparison purposes. To

this end, a series of element tests are designed for each separation mode, allowing

exploration of the performance of the new finite elements for those respective modes.

Next, the basic convergence tests are also performed as the meshes are refined. Fi-

nally, the numerical results obtained from more involved examples are examined,

which include the three-point bending, four-point bending, and steel anchor pullout

tests for the brittle material and the failure mode transition test involving dynamic

effects and ductile failure. It is shown in these more realistic problems that the ar-

bitrarily propagating discontinuities can be sharply resolved through the proposed

tracking algorithm.

The developments of the new finite elements within the finite deformation range

are considered in Chapter 8 and what follows. As for the infinitesimal theory, we

define a continuum framework through a split of the overall mechanical boundary-

value problem into the large- and small-scale parts now in the geometrically nonlin-

ear regime, with an emphasis that this procedure is not a simple extension due to

the inherent nonlinearity of the completely different kinematics. Again, the global

solution characterizes the macroscopic behavior of the large-scale continua, whereas
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the small-scale governing equation imposes a local equilibrium condition only on the

discontinuity.

Chapter 9 addresses a discrete version of the continuum governing equations

defined in the previous chapter. As for the infinitesimal setting, the large-scale

continuum equation can be solved by the standard finite element method, whereas

the continuum local equilibrium condition is imposed in the individual localized finite

elements, which are now viewed as a discrete counterpart of the neighborhood of the

failed material particle, thus being equipped with a possibility of the discontinuity

segment. It is shown that all these locally defined formulations satisfy the frame

indifference of final formulations under superimposed rigid body rotations through

a correct transformation between the reference and deformed configurations, as the

large-scale motions fulfill the basic requirement within the geometrically nonlinear

range as well.

Chapter 10 presents a detailed procedure of the actual design of the new three-

dimensional finite elements with strong discontinuities in the finite deformation

range. As for the infinitesimal case, we find a closed form of the (global) nodal

displacements and (local) displacement jumps in terms of the enhanced parameters

which are directly related to the respective physical measurements for the sought

modes of the element separation, revealing nonlinearity of those quantities in the

local parameters by design. The deformation gradient characterizing the small-scale

motions associated to the strong discontinuities is then to be constructed based on

those considered discontinuous displacements. It is shown that this procedure is

to be carried out in the reference element with the frame indifference requirement

fulfilled through a proper transformation operator defined in the small scales.

Chapter 11 deals with several implementation issues of solving the final governing
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residuals developed for the finite deformation theory. It is shown that the typical

quadrature rules can again be used for the numerical evaluation of the residuals,

with the replacement of the infinitesimal quantities such as local coordinates and

element normals to the discontinuity by the corresponding material descriptions in

the reference elements. Those residuals are consistently linearized to obtain the

final algebraic equations to be solved, equations that involve only global variables in

virtue of the static condensation of the local parameters in the respective localized

elements. Chapter 11 closes with a brief overview of the constitutive models used

in the numerical examples presented in the forthcoming chapter.

In Chapter 12, the developments of the new three-dimensional finite elements

with strong discontinuities in the finite deformation range are concluded by pre-

senting the main numerical results obtained from a series of single element tests

and a set of benchmark problems. Each element test is designed to illustrate a

particular separation mode independently, for the elements incorporating the higher

order interpolations of the displacement jumps in comparison with consideration of

only constant jumps, showing an overall improvement on the computed numerical

solutions for the new finite elements. After the convergence tests are performed

for the classical fracture Modes I, II, and III, respectively, the results obtained from

more realistic problems such as wedge splitting and steel anchor pullout tests further

show versatility of the proposed numerical framework, also verifying the efficiency

and robustness of the proposed tracking algorithm in the geometrically nonlinear

range.

This work finishes in Chapter 13 with an overall review and concluding remarks.

Directions for future research are also discussed.
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Chapter 2

Continuum mechanical problem

(infinitesimal theory)

This chapter summarizes a continuum framework within the infinitesimal small-

strain regime for the analysis of the strong discontinuities accompanying localized

dissipative mechanisms on discontinuities. Motivated by the multi-scale treatments

for the physical phenomena observed in small scales as discussed in Armero (1999,

2001), the overall mechanical boundary-value problem is split into the original global

problem involving the smooth solution field and the locally defined problem imposing

equilibrium conditions in the neighborhoods of failed material points. We refer to

the different scale problems as large- and small-scale problems presented in Sections

2.1 and 2.3, respectively, with required local variables defined in Section 2.2. The

main advantage of this multi-scale approach is that the global structure of the large-

scale problem remains unchanged through the condensation of the locally introduced

variables in small scales. In fact, this is exactly our sought situation, especially

in view of its direct translation into the finite element setting developed in the
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Figure 2.1: Illustration of the standard global mechanical boundary-value problem

in large-scale domain Ω bounded by a smooth boundary ∂Ω consisting of disjoint

boundaries ∂Ωu and ∂Ωt. The given body is loaded by a volumetric body force ρb

in Ω and traction t̄ on ∂Ωt. A smooth displacement field is assumed unless the

material failure occurs at arbitrary points x.

forthcoming chapters, because the resolution of the global large-scale behavior is

our main interest in this work.

2.1 Large-scale problem

We briefly summarize the standard form of a mechanical boundary-value problem

as a large-scale problem defined over the entire domain globally with no displace-

ment jumps. As illustrated in Figure 2.1, we consider a given domain Ω ⊂ Rndim ,

with ndim = 3 for the considered three-dimensional space occupied by a solid to

be open and bounded by a smooth boundary ∂Ω. The solid is characterized by a

displacement vector field u : Ω× [0, T ]→ Rndim which satisfies the equilibrium con-

dition under the assumption of the infinitesimal deformations in time t ∈ [0, T ]
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for a given time interval T > 0. The corresponding velocity and acceleration

fields for the material particle labeled by a position x ∈ Ω are defined by taking

(material) time derivatives of the displacement u as v(x, t) = u̇ = ∂
∂t
u(x, t) and

a(x, t) = ü = ∂2

∂t2
u(x, t), respectively. After introducing the symmetric infinitesimal

strain tensor ε := ∇su = 1
2
(∇u + (∇u)T ) : Ω × [0, T ] → Rndim×ndim

sym and the ad-

missible displacement variation V = {δu : Ω× [0, T ]→ Rndim | δu = 0 on ∂Ωu}, the

weak form of the global mechanical boundary-value problem is written as

Find u : Ω× [0, T ]→ Rndim such that u = ū on ∂Ωu and that satisfies∫
Ω

δu · ρa dV +

∫
Ω

∇sδu : σ dV =

∫
Ω

δu · ρb dV +

∫
∂Ωu

δu · t̄ dA ∀δu ∈ V
(2.1)

for the external loading consisting of the volumetric body force ρb in Ω and the

prescribed traction t̄ acting on ∂Ωu, imposing the linear momentum balance. The

symmetric Cauchy stress tensor σ : Ω × [0, T ] → Rndim×ndim
sym in (2.1) is obtained

from the strain tensor ε based on a certain constitutive law in the bulk Ω after

imposing balance of angular momentum with the assumption of no body moments

in solids. The disjoint boundary condition of ∂Ωu∩∂Ωt = ∅ and ∂Ωu ∪ ∂Ωt = ∂Ω for

each component of displacements and traction vectors on the entire boundary ∂Ω is

required to define a well-posed problem. Furthermore, initial conditions u(x, 0) = u0

and v(x, 0) = v0 need to be additionally specified when considering dynamic effects

through the inertia forces.

It is emphasized that all the integrals in the global weak equation (2.1) must be

bounded in order for the continuum solutions to make mathematical and physical

sense. However, the typical regularity conditions (e.g., u in H1(Ω)) can no longer

be guaranteed if strong discontinuities are directly introduced in this large-scale
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Figure 2.2: Illustration of small-scale problem defining displacement jumps [[uµ]] as

a new local variable defined on the discontinuity surface Γx in the neighborhood

Ωx of a localized material point x. The localization criterion provides not only

information about the initiation condition of failure but also a specific direction of

the discontinuity surface given by a unit normal n and associated unit tangents m1

and m2.

problem, indicating a need of separate treatments of the small-scale effects. In

particular, the continuity of traction vectors even across the discontinuity is required

in the standard arguments for the weak form, identifying a local statement of the

equilibrium condition on the discontinuity to add the displacement jumps to the

basic global displacements as a new local field.

2.2 Local variables in small scales

In Section 2.1, the large-scale weak form (2.1) always requires continuity of stress

tensors regardless of assumed function spaces for a displacement field, thus moti-

vating an introduction of a new small-scale problem to incorporate the localization
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effects. In this context, this section employs the continuity requirement for the stress

σ as the means to define the small-scale problem by weakly imposing the equilib-

rium on the discontinuity surface Γx. In particular, we consider a material point x

at which a certain localization criterion is fulfilled with its neighborhood Ωx ⊂ Ω,

creating a discontinuity surface Γx ⊂ Rndim−1 with its unit normal vector n; see

Figure 2.2 for an illustration. In this setting, a small-scale displacement vector uµ

reads

uµ = u + ũ([[uµ]]) in Ωx (2.2)

by adding a discontinuous part ũ as a function of displacement jumps [[uµ]] : Γx →

Rndim to the global smooth field u. A regular part of the corresponding small-scale

infinitesimal strain tensor εµ can then defined as

εµ = ε(u) + ε̃([[uµ]]) in Ωx\Γx (2.3)

for the large-scale strain ε and an added generic part ε̃ depending on the displace-

ment jumps [[uµ]] along the discontinuity Γx. Note that this small-scale strain tensor

εµ can hold only in Ωx\Γx as the jumps [[uµ]] result in singular distributions of the

associated strain field on the discontinuity Γx.

2.3 Local equilibrium on the discontinuity

With the newly introduced local field [[uµ]], the weak form of equilibrium condi-

tion along the discontinuity surface Γx reads∫
Γx

δ[[uµ]] · (σn− tΓ) dA = 0 ∀ δ[[uµ]] (2.4)

for the variation δ[[uµ]] of the displacement jumps [[uµ]]. Contrary to the globally

defined equation (2.1), the local weak form (2.4) is valid only on the discontinuity
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Γx in small scales. Equation (2.4) indicates that a trace of the stress tensor σ (i.e.,

a traction vector σn) is in equilibrium with a driving traction tΓ depending on the

displacement jumps [[uµ]] through a certain constitutive relation (or a cohesive law)

on the discontinuity Γx. In particular, we observe that both the equations (2.1)

and (2.4) involve no small-scale displacement uµ; the variations δu or δ[[uµ]] are not

directly related to uµ, and the stress tensor σ is computed not based on the dis-

placement field uµ but based on the strain tensor εµ for the active localization. This

situation allows a dropping of an explicit expression of the small-scale displacement

uµ from the actual formulations, allowing also solving the local equation (2.4) for the

local variable [[uµ]] in terms of the original large-scale field u on the discontinuity Γx,

finally recovering the clear advantage of the considered strain-based approach. Note

again that at the failed material points the stress tensor σ in both weak equations

(2.1) and (2.4) is not computed from the large-scale strain ε but from the small-

scale stain εµ through a certain constitutive relation in the bulk Ωx\Γx, leading to

the interaction of the original large-scale problem (2.1) with the new locally defined

problem (2.4) in the considered multi-scale approach.

The existence of a unique solution to the small-scale equation (2.4), which defines

the local parameter [[uµ]] in terms of the large-scale variable u, is guaranteed in the

so-called large-scale limit

hx =:
VΩx

AΓx

→ 0 for VΩx =:

∫
Ωx

dV and AΓx =:

∫
Γx

dA, (2.5)

that is, vanishing small scales Ωx; see Armero (1999, 2001) for a discussion of these

matters. The general and straightforward derivations based on Taylor’s expansions

show that the local weak equation (2.4) is equivalent to the local continuity condition

of traction vectors on the discontinuity Γx in the aforementioned large-scale limit.

This situation naturally makes it possible to focus on the large-scale continuum
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problem of original interest, but with the correct scaling of the associated energy

dissipation per unit area rather than per unit volume at the local level of vanishing

small scales.

Remark 2.3.1. We observe that no transient term is involved in the local weak

equation (2.4). Accordingly, the dynamic phenomena are not directly affected by

the small-scale problem, which naturally results from the decoupling of the overall

problem in the considered multi-scale framework.

Remark 2.3.2. So far, all the arguments behind the developed formulations are

completely general. That is, the considered continuum framework is capable of

accommodating any constitutive model as no explicit expression of the material

models appear in the equations (2.1) or (2.4), allowing focussing on the kinematic

approximation of those equations in the development of finite element formulations

in the subsequent chapters. Especially, we leave to Section 6.5 the consideration of

the constitutive law used in the actual numerical simulations in Chapter 7.

Remark 2.3.3. We need a proper localization criterion to detect the initiation of

the discontinuity Γx and its particular direction in terms of the associated unit nor-

mal n. To this end, the condition of loss of strong ellipticity for the bulk model is

employed in the continuum context, as originally introduced in Hadamard (1903)

and later studied in Thomas (1961), Hill (1962), Mandel (1966), and Rice (1976)

in the context of the weak discontinuity approach. The condition is characterized

by the singularity of the associated acoustic tensor in accordance with ill-posedness

of the associated solutions. We also refer to Ottosen and Runesson (1991), Needle-

man and Tvegaard (1992), Neilsen and Schreyer (1993), and Bigoni and Zaccaria

(1994) for recent contributions on this subject. The Rankine criterion used here
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is then a particular case of the aforementioned localization condition for mode I

fracture of brittle materials. The theory proposes that a material fails when a max-

imum principal stress (i.e., the largest positive eigenvalue of the stress tensor σ)

exceeds a tensile strength. The specific orientation of propagating discontinuities Γx

is also determined by the associated principal direction in terms of a unit normal n

orthogonal to those surfaces Γx; see Figure 2.2 for an illustration.
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Chapter 3

Finite-element approximation

(infinitesimal theory)

This chapter presents a general finite element framework as a discrete counterpart

of the continuum problem outlined in the previous chapter. The entire problem can

again be split into the large- and small-scale problems now in the discrete setting.

The basic governing equation (2.1) is approximated in a global manner through the

standard finite element method, with the usual shape functions, assembly opera-

tor, regularity conditions for the solution field, and other typical features remaining

unchanged (Section 3.1), whereas Section 3.3 discusses a discrete version of the clo-

sure local equation (2.4), based on the interpolations of the local variables such as

displacement jumps and small-scale strains presented in Sections 3.2 and 3.4, respec-

tively, which is sought to be locally solved, where “locally” refers to the individual

elements with the active discontinuity in the discrete setting.
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3.1 Discrete large-scale problem

This section briefly summarizes a classical finite element framework as a numer-

ical tool to approximate the global weak equation (2.1), leaving the similar discrete

treatments of the small-scale problem associated with strong discontinuities to the

following section. No modification of the standard finite element method is needed

in this section to analyze the global mechanical boundary-value problem involving

only a smooth solution field. In this way, we consider a discretization of the given

continuum domain Ω into a subset Ωh ⊂ Ω by several finite elements Ωh
e ⊂ Ωh in

which smooth interpolation functions for the global variable u need to be assumed;

see Figure 3.1 for an illustration. Thus, the displacement u and its admissible vari-

ation δu in the large-scale weak form (2.1) are interpolated in the entire discretized

domain Ωh as

u(x, t) ≈ uh(x, t) =

nnode∑
A=1

NA(x)dA(t) := Nd (3.1)

δu(x, t) ≈ δuh(x, t) =

nnode∑
A=1

NA(x)δdA(t) := Nδd (3.2)

for the nodal displacements dA and shape functions NA based on the node A for a

total of nnode nodes at a given material point x ∈ Ωh and time t ∈ [0, T ], with δd

vanishing at the specified degrees of freedom for d as usual. Similarly, the associated

velocity v and acceleration a at x and t are capable of using the same interpolation

functions N for a consistent approximation as

v(x, t) ≈ vh(x, t) =

nnode∑
A=1

NA(x)vA(t) := Nv (3.3)

a(x, t) ≈ ah(x, t) =

nnode∑
A=1

NA(x)aA(t) := Na (3.4)
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for the nodal velocities vA and nodal accelerations aA, respectively.

In this study, we consider general strain-based finite elements for the optimal

solutions of different approximation formulations. The main idea behind these more

general formulae such as the so-called assumed, mixed, and enhanced strain ele-

ments beyond the basic displacement-based elements is the direct identification and

enhancement of sought discrete strains to avoid too many constraints in the original

kinematic approximations; see Simo and Rifai (1990) for a discussion of this subject.

We especially employ the Q1/E12 enhanced strain elements, with embedded strong

discontinuities, in the numerical simulations in Chapter 7. In fact, this generaliza-

tion is straightforward in the analysis of strong discontinuities as well in virtue of the

considered strain-based finite element formulations as shown in the following chap-

ters. Having in mind this generality, the discrete large-scale (infinitesimal) strain

tensor εh and its admissible variation δεh can be written as

ε(x, t) ≈ εh(x, t) =

nnode∑
A=1

B̄
A

(x)dA(t) = B̄d (3.5)

δε(x, t) ≈ δεh(x, t) =

nnode∑
A=1

B̄
A

(x)δdA(t) = B̄δd (3.6)

in terms of a generic “B-bar” discrete strain operator B̄ associated with underlying

different elements under consideration, rather than the original operator B directly

obtained through the symmetric gradient of the interpolated displacements (3.1).

Inserting the above interpolations into the continuum equation (2.1), the discrete

version of the global weak equation to impose the linear moment balance is given in

residual form by

R = fext − Anelem
e=1

(∫
Ωhe

B̄
T
σ dV

)
−Ma = 0 (3.7)
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after applying the arbitrariness of the displacement variations. Here, we denote by

fext the nodal external forces written as

fext =

∫
Ωh

NTρb dV +

∫
∂Ωt

NT t̄ dA (3.8)

associated with the external loading terms in (2.1). Further, we introduce a symbol

A to refer to the standard assembly operator over nelem elements Ωh
e . Note that this

global operator A maintains its original structure even after including the small-scale

effects as shown in later developments, partially in virtue of the type of interpolation

functions considered here (i.e., the so-called Bubnov-Galerkin approximation for the

large-scale weak equation (3.7)).

The dynamic effects can be easily included by considering, for example, a con-

sistent mass matrix in (3.7) written as

M = Anelem
e=1 Me = Anelem

e=1

∫
Ωhe

ρNTN dV (3.9)

for the individual element contribution Me in terms of the shape functions N. How-

ever, this choice is just one of several variants (e.g., the lumped mass matrix is also

widely employed in the literature); see Hughes (1987) for an overview of this subject.

3.2 Approximation of local displacements in small

scales

In the previous section, strong discontinuities are not directly taken into account

in the large-scale residual equation (3.7), preserving the original structure of the

global problem in terms of the very same assembly operator A. It is a discrete

small-scale problem at the element level that includes the displacement jumps on
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Figure 3.1: Illustration of a discretized domain Ωh where each finite element Ωh
e can

be split into Ωh+

e and Ωh+

e when a certain localization criterion is met. The two-

dimensional discontinuity surface Γhe is embedded in the localized element Ωh
e , and

its geometric description is characterized by a unit normal vector n and associated

unit tangent vectors m1 and m2. The displacement jumps [[uµ]] are to be defined

on the general surface Γhe based on the origin xΓ and frame {n,m1,m2}.

the discontinuities through the approximation of the local weak equilibrium equation

(2.4). To this end, a neighborhood Ωx ⊂ Ω of the localized material point in

the continuum can be understood as a domain Ωh
e ⊂ Ωh of the individual finite

elements, that is, each finite element Ωh
e is now equipped with the possibility of strong

discontinuities. Hence, the localized finite element Ωh
e can be split into two parts

Ωh−
e and Ωh+

e , crossed by the two-dimensional discontinuity surface Γhe ⊂ Rndim−1

whose specific orientation is characterized by a unit normal vector n and associated

unit tangent vectors m1 and m2; see Figure 3.1 for an illustration.

We proceed with interpolating the local variables in the weak equation (2.4)

over the discontinuity Γhe . The displacement jump [[uµ]] and its variation δ[[uµ]] are
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approximated as

[[uµ]](s1, s2) ≈ [[uhµ]](s1, s2) = D(s1, s2)ξ (3.10)

δ[[uµ]](s1, s2) ≈ δ[[uhµ]](s1, s2) = Dδ(s1, s2)δξ (3.11)

for local interpolation function D associated with local enhanced parameters ξ and

another local operator Dδ for the interpolation of the variations δ[[uµ]]. We observe

that the interpolation functions D and Dδ depend on certain coordinates s1 and s2

along the discontinuity surface Γhe , thus requiring their proper definition through a

local frame {m1,m2} and an origin of the surface Γhe . These issues will be addressed

in the next chapter. Once the surface coordinate system {s1, s2} is defined, the

explicit expressions of these linear operators D and Dδ are to be obtained. In

particular, the operator D is to be consistent with the assumed interpolation of

actual discrete deformation fields whereas we can directly specify Dδ based on the

defined coordinates {s1, s2}. Note that D is not necessarily the same as Dδ generally

though the final result shows that they are identical based on the linear interpolation

of the displacement jumps [[uµ]], especially assumed in the infinitesimal small-strain

setting.

3.3 Discrete small-scale problem

Inserting (3.11) into (2.4), we arrive at the discrete local equilibrium equation in

residual form as

reenh =

∫
Γhe

DT
δ σn dA−

∫
Γhe

DT
δ tΓ dA = 0 (3.12)

after applying the arbitrariness of the variations δξ. No assembly operator is needed

here contrary to the large-scale residual (3.7).
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Similar to the argument in the continuum equation (2.4), a unique solution of

its discrete version (3.12) exists in the large-scale limit

he :=
VΩhe

AΓhe

→ 0 for VΩhe
:=

∫
Ωhe

dV and AΓhe
:=

∫
Γhe

dA. (3.13)

Note that this condition is consistent with the limit process of the finite element

analysis. Accordingly, the internal length scale defining a unit material volume

where the dissipated energy is captured during the material degradation can be

correctly resolved by the finite element discretizations as the meshes are refined.

No artificial parameter in the constitutive model is required to regularize the finite

element solutions.

3.4 Approximation of local strain in small scales

In the local residual (3.12), the stress tensor σ is computed from the small-scale

strain through a certain constitutive relation, not from the small-scale displacement

uµ. Further, uµ is not involved in the two governing equations (3.7) and (3.12).

Therefore, rather than through an explicit expression of the discontinuous displace-

ment field uµ, we directly define a discrete small-scale strain εhµ following the same

structure of the continuum expression (2.3) as

εhµ = εh(d) + ε̃h(ξ) = B̄d + G(c)ξ (3.14)

by adding a (discrete) generic part ε̃h(ξ) consisting of a certain linear operator G(c)

and the enhanced parameters ξ to the large-scale (discrete) strain εh(d) in terms

of the general operator B̄ and global degrees of freedom d. Note that following the

way the large-scale strain field is approximated, we assume the added part ε̃h(ξ) is

also linear about the local parameter ξ. Here, the operator G(c) is to be constructed
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based on sought discrete strain modes for the split element in terms of the assumed

interpolation functions B̄ and D used in the large-scale strain (3.5) and the local

displacement jumps (3.10), respectively. In this respect, we refer to G(c) as the

enhanced strain operator. In view of the expression (3.10), the dependence of G(c)

on B̄ is clear. We leave the construction of this operator to Chapter 5 for the actual

design of the new three-dimensional finite elements with strong discontinuities of

main interest in this work.

In view of the dependency of the discrete small-scale strain (3.14) on both the

global and local parameters d and ξ, the local residual (3.12) defines ξ in terms

of d independently from element to element. Thus, the local variable ξ can be

condensed out in the individual finite elements, leading to the final global system

involving the basic global parameters d only as desired. We have included details of

these implementation aspects in Section 6.2.
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Chapter 4

Identification and characterization

of discontinuity geometry

(infinitesimal theory)

This chapter presents all aspects of geometry and topology related to the dis-

continuities propagating through the general irregular meshes. Our focus is on the

case of the two-dimensional discontinuity surfaces embedded in the underlying three-

dimensional finite elements. Section 4.1 discusses the tracking algorithm employed

to explicitly locate those discontinuity surfaces. In particular, we employ the ba-

sic ideas of the global tracking strategy, but the associated propagation problem

is solved for the elements with active discontinuities. Section 4.2 addresses several

geometric quantities of the nonplanar surface Γhe , which is required to develop dif-

ferent formulations of the discrete operators, and to correctly evaluate them in later

chapters.
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4.1 Tracking algorithm of discontinuity

The goal of this study is to sharply resolve the discontinuity propagating over the

general irregular mesh. The importance of correct prediction of the discontinuities,

in particular the identification of a specific location of its segment in the element

interior, is then clear in the numerical framework considered here. In this work, the

basic concept of the global tracking algorithm is adopted for the proper description

of the discontinuity geometry. However, the method is modified by implementing

the propagation procedure only for the element where the discontinuity has been

activated.

In this study, the initiation of strong discontinuities is detected based on the

state of stresses. A direct consequence of the considered stress-based criterion is

then its simplicity in the actual finite element implementations. The stress tensors

are usually obtained at each integration point in the bulk of the finite element Ωh
e

in the numerical evaluation of the large-scale residual (3.7) in the standard finite

element analysis. Thus, the localization criterion is to be applied at the given

integration points, allowing several choices for the determination of element failure

and the associated orientation of the (single) discontinuity segment Γhe . In the actual

implementations here, we allow the discontinuity Γhe to be embedded in the element

Ωh
e when failure is detected at one of the integration points of the element, and

the associated (single) element normal n is defined as an average vector over the

integration points. We again emphasize that other possibilities are to be equally

considered, as the stress tensor is defined at every point of the element domain

Ωh
e ; the based stresses can be computed instead at centroid, first, or last detected

integration points in the usual finite element implementations. Having those options

in mind, we shall next present a particular tracking algorithm employed in this study.
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Figure 4.1: Illustration of local tracking algorithm: the discontinuity propagates as

many finite elements at each time step as the localization criterion is met for the

front elements in the connectivity graph of the mesh. The discontinuity segment

Γhe is determined in the direction perpendicular to the element normal n from the

corner points of the existing discontinuity on sharing edges with the front element.

In this process, it is assumed that the segment Γhe is not arrested by the element Ωh
e .

4.1.1 Local tracking strategy

We start our discussion on the tracking algorithm with the assumption that at

every time step and every material point (or finite element in the discrete setting of

interest here), the initiation condition and the unit normal n to the discontinuity

segment Γhe of the associated element Ωh
e are immediately given based on the local-

ization criterion discussed in the previous section. Further, here and in what follows,
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the element normal n stays unchanged once it is computed for each localized ele-

ment. The basic concept of the tracking algorithm in this work is then written as a

geometric extension of the existing discontinuities. In particular, the new discontinu-

ity starts from a front element, where “front element” refers to the element adjacent

to elements crossed by the existing discontinuities or a known location (e.g., at a

notch as employed in some of numerical simulations in Chapter 7). Note that this

idea is basically following the local tracking algorithm employed in Park (2002) and

Linder (2007), among many others. In the methodology, the discontinuity segment

Γhe is located by starting from the corner points of the existing discontinuity on the

sharing edges with the front element, and by propagating in the direction perpen-

dicular to the associated element normal n, with an assumption that the segment

Γhe is not arrested by the element Ωh
e . This procedure is then carried out in as many

finite elements at each time step as the front elements satisfy the initiation condition

through the connectivity array of the mesh used for the finite element discretization

of the domain at hand; see Figure 4.1 for an illustration of these ideas. In the actual

implementations, the tracking step is then implemented after a converged state of

stresses is obtained by solving the original mechanical problem, which is being used

for the particular criterion for material failure and the associated orientation of the

discontinuity in terms of the normal n.

The local tracking strategy has been successfully applied to the prediction of a

single discontinuity for two-dimensional plane problems. The modification of this

approach using nonlocal information of the neighboring elements to the front element

is also found in Areias and Belytschko (2005), which is basically applicable for

planar or slightly curved discontinuity surfaces, as the discontinuity surface can be

overdetermined only by some of the corner points of the existing discontinuities.



41

This method ceases though to be valid when trying to trace multiple discontinuity

paths or general two-dimensional discontinuities due to a loss of the C-0 continuity

of the paths for the generally twisted surfaces. Thus, more general understanding is

required to deal with the topology of the arbitrary shaped discontinuity of interest

in this study.

4.1.2 Modified global tracking strategy

The topological problems arising from the direct attempt to describe the discon-

tinuity geometry through the element normal n can be circumvented with the help

of global tracking concepts presented in Oliver et al. (2002) or Oliver et al. (2004).

The main idea of this methodology is that level sets of a certain scalar function, say,

θ(x) = θ̄ for the given constant θ̄, immediately define all the possible discontinuity

paths. Such scalar field is constructed based on the observation that the directional

derivative of the field θ(x) in the directions of the associated unit tangent vectors

m1 and m2 must vanish as the envelopes of those vectors directly correspond to the

discontinuities. Thus, the scalar variable θ(x) satisfies the differential equations

∇θ ·m1 = ∇θ ·m2 = 0 (4.1)

for the usual gradient operator ∇ and the inner product · of two vectors. Applying

m1 and m2 for (4.1) and using the orthogonality properties of the unit vectors n,

m1, and m2, we arrive at the strong form of the “heat-type” problem in the case of

no internal sources of “heat” and “heat flux” on the boundary as

∇ · kθ∇θ = 0 (4.2)

for the “thermal conductivity” tensor

kθ = 1− n⊗ n (4.3)
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Mechanical problem                                                       “Heat-type” problem
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Figure 4.2: Illustration of the global tracking concept: all the possible discontinuity

paths are immediately identified as level sets of a certain scalar field θ(x). The field

is defined as a “heat-type” problem that can be solved by the finite element method

with proper boundary conditions imposed at the nodes in the discrete setting. The

element stiffness matrix in the linear system for the nodal “temperatures” θ is

constructed by the associated element normal n for all elements Ωh
e .

for θ : Ω → R. Here, we denote by ⊗ the standard tensor product of two vectors

and by 1 the second-order identity tensor.

Equation (4.2) can be solved by the finite element method, which is consistent

with the numerical methodology used in this work. Following then the standard

arguments in the finite element formulations, we obtain a final system of linear



43

algebraic equations left to be solved as

Kθθ = 0 for Kθ = Anelem
e=1

∫
Ωhe

BTkθB dV (4.4)

for the nodal “temperatures” θ. Note that the finite element assembly operator A

can be constructed over the same nelem elements Ωh
e used for the discretization of the

given domain at hand in the original mechanical problem. Similarly, the operator

B can be obtained through the symmetric gradients of the same shape function N

as used for the interpolation of the original displacement field in (3.1).

Remark 4.1.1. We observe that the “thermal conductivity” kθ is rank deficient

by construction. To break down the singularity and obtain practical numerical

solutions, the conductivity tensor needs to be modified as

kε = (1 + ε) 1− n⊗ n (4.5)

after adding a small perturbation constant ε to the original expression (4.3). For

practical purposes, a value of ε = 10−6 is considered here. Further, arbitrary unit

normals n need to be generated for the elements where the initiation condition is

not met as well to construct the complete stiffness matrix Kθ in the global algebraic

equation (4.4).

Remark 4.1.2. To avoid instability or constant solutions for the linear system (4.4),

proper boundary conditions need to be prescribed. To this end, first, the essential

boundary condition is to be imposed at least at two points. Second, the points

should not lie on the same “isothermal” path. Third, the points are to be crossed

by the “isothermal” path.

In the original proposal presented in Oliver et al. (2002) or Oliver et al. (2004),

the “heat-type” problem (4.4) is defined globally, thus it is to be solved over the
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entire domain at hand at each time step, which appears to considerably increase

the computational cost. In addition, to ensure the continuity of the discontinuity

paths, the existing essential boundary condition (i.e., nodal “temperatures” for the

existing localized elements) needs to be updated over the time steps by adding the

nodal “temperatures” for the elements with new active discontinuities. In this re-

spect, we propose to modify the global tracking algorithm by partially mimicking

the basic idea used in the local tracking strategy; in contrast to the standard global

tracking strategy, the “heat-type” equation (4.4) is solved locally only for new lo-

calized elements contiguous to the elements with the exiting discontinuities with

boundary conditions imposed on the sharing edges between the elements with the

existing and new discontinuities. Thus, only a small-sized element stiffness needs

to be computed with some nodal “temperatures” being transmitted from the ex-

isting localized elements. In this way, the proposed algorithm not only minimizes

the additional computational cost in the actual implementation but also avoids the

topological problems associated with the geometry of the general two-dimensional

surfaces (i.e., continuity across the element edges) for the local tracking algorithm.

Note also that this procedure is implemented purely at the element level, not touch-

ing the structure of the original mechanical problem, thus being easily incorporated

into existing finite element codes through its strong modularity.

The remaining part of the tracking procedure is to locate the specific positions

of the discontinuity segments Γhe inside the finite elements based on the nodal “tem-

peratures” θ. To this end, the new localized element (and adjacent to the existing

discontinuities) is checked whether it is crossed by the existing discontinuity through

a condition

min(θA) < θ̄ < max(θA) ∀A ∈ {1, . . . , nnode} (4.6)
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Figure 4.3: Illustration of generally nonplanar discontinuity segment Γhe inside the

eight-node brick element: the corner points xmΓ are computed through a linear in-

terpolation of the nodal coordinates based on the nodal “temperatures” θ on the

edges between two nodes Ai and Ai+1 where the given constant θ̄ corresponding

to the discontinuity level is included in the region defined by the associated nodal

“temperatures” θAi and θAi+1
.

for a nodal “temperature” θA at a node A and the number nnode of nodes for the

associated underlying element. If the condition (4.6) is satisfied (i.e., one of the ex-

isting discontinuities corresponding to the constant θ̄ crosses the element domain),

the location of the associated discontinuity segment Γhe is determined based on the

corresponding constant θ̄. In particular, for the element edges between two nodes

Ai and Ai+1, a condition θ̄ ∈ [θAi , θAi+1
] is checked (i.e., inclusion of θ̄ in the region

defined by θAi and θAi+1
). Along those edges, a corner point xmΓ

eh
of the disconti-

nuity segment Γhe is computed by the linear interpolation of the associated nodal

coordinates xAi and xAi+1
based on the nodal “temperatures” θAi and θAi+1

as

xmΓ =
θ̄ − θAi+1

θAi − θAi+1

xAi +
θAi − θ̄

θAi − θAi+1

xAi+1
. (4.7)

An illustration of these ideas is given in Figure 4.3 especially for the eight-node

brick element; this procedure is completely general, being also applicable for, for
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example, the tetrahedrons. The discontinuity segment Γhe then has as many corner

points as the condition (4.6) is satisfied within the actual way the segment crosses

the element edges. Note that the corner points generally form an arbitrary shaped

surface, making possible some options to define some geometric quantities on Γhe as

discussed next.

4.2 Geometric characterization of discontinuity

For further developments such as a construction of different discrete operators

(e.g., G(c) in (3.14)) and their numerical evaluation, a proper reference system needs

to be defined both in the bulk Ωh
e and on the surface Γhe of the individual finite

elements, allowing several options. These local coordinates are in fact to be set up

based on only the computed corner points xmΓ given by (4.7) as shown below.

One basic ingredient required to describe the element geometry is a proper defi-

nition of the local frame in the individual elements. Obviously, one option is to use

the element normal n obtained from the localization criterion and employed during

the tracking procedure in the previous sections. We use in this study the notation

Q := [n,m1,m2] (with m0 ≡ n) for the associated rotation matrix with the order-

ing shown. Further, the local frame is constructed among other choices by rotating

drill-free a fixed direction to the already computed element normal n for a chosen

fixed unit vector e as

Q = (n · e)1 + ̂(e× n) +
1

1 + n · e
(e× n)⊗ (e× n) (4.8)

for the skew tensor •̂ of the associated axial vector • as long as n · e > −1.
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We proceed with defining simply the origin of the surface Γhe as

xΓ =

nΓ
edge∑
m=1

xmΓ (4.9)

for the number of discontinuity edges nΓ
edge, that is, a centroid of the set {xmΓ }. Note

that this point does not necessarily coincide with the centroid of the associated

element. The surface origin xΓ can then be used to determine alternatively the

element normal n based on the triangulation concept, that is,

n :=
ñ

‖ñ‖
for ñ =

nΓ
edge−1∑
m=1

(xmΓ − xΓ)× (xm+1
Γ − xΓ) (4.10)

for the Euclidean norm ‖•‖ and cross product ×. Indeed, this alternative definition

for n is to be understood as the (regularized) average of the normals perpendicular

to the lines connecting the origin xΓ and the corner points xmΓ (with m = 1, nΓ
edge).

Note that each finite element is capable of having the numberless normals obtained

at every material point of the element bulk Ωh
e , allowing different possibilities to

determine the element normal.

Finally, we define the surface coordinates s1 and s2 on the discontinuity Γhe

by considering a consistent approximation of the generally nonplanar surface Γhe

through the projection onto the plane defined by the element basis m1 and m2, that

is,

s1 = x̄ ·m1, s2 = x̄ ·m2 (4.11)

for a coordinate x̄ := x− xΓ in the bulk Ωh
e . We observe that in this geometrically

intuitive concept, the surface coordinate system {s1, s2} identifies a plane defined

by the local frame {m1,m2}, that is, this plane coincides with the actual surface Γhe

when the latter is a plane. Clearly, the coordinate x̄ reads

x̄ = s1m1 + s2m2 (4.12)
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in terms of the surface coordinates s1 and s2 on the approximated plane. This simple

definition of local surface coordinates is to be employed for the construction of the

enhanced strain operator G(c) in Chapter 5 and the evaluation of the small-scale

residual in Chapter 6, respectively.
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Chapter 5

Design of finite elements

(infinitesimal theory)

In Chapter 3, it has remained to find the explicit expression of the enhanced

strain operator G(c), which constitutes a main challenge in the design of the new

three-dimensional finite elements with embedded strong discontinuities. In this re-

spect, this chapter presents in detail a construction of the linear operator G(c) based

on the assumed discrete kinematics of discontinuity segment Γhe embedded in the un-

derlying finite element Ωh
e . In particular, we first focus on the sought separation of a

single finite element through the relative motions of the two split parts. By doing so,

the associated nodal displacements d (in Section 5.1) and assumed interpolations of

the displacement jumps [[uµ]] (in Section 5.2) are to be expressed as a closed form in

terms of the local enhanced parameters ξ based on the considered separation modes.

The operator G(c) is then to be obtained by identifying directly the sought strain

modes rather than trying to find the associated discontinuous displacement field

(Section 5.3). We emphasize that all discrete equations in this chapter are devel-
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oped through the local treatments at the element level, being actually implemented

only for the elements where the discontinuity has been activated.

5.1 Nodal displacements for the element separa-

tion

The main goal of this chapter is to find an explicit expression of the enhanced

strain operator G(c). In view of the expression (3.14) for the discrete small-scale

strain εhµ, its correct construction clearly depends on the way both the large-scale

strain ε and the local displacement jumps [[uµ]] are approximated in terms of the as-

sociated interpolation functions in (3.5) and (3.10), respectively, requiring a proper

definition of the global nodal displacements d for the considered element separation

modes and the interpolated displacement jumps [[uhµ]] in (3.10) for the small-scale

problem. However, we emphasize that the term “element separation” should be un-

derstood only conceptually, not in the actual manner; the only reason to consider—

or, for example, visualize a split of the finite element in the following developments—

is to correctly capture and enhance the associated (discrete) local kinematics over

the bulk of the individual element. In this way, we still focus on the solution of the

large-scale problem, with the effects of strong discontinuities and strain localization

being only locally involved through the proper enhancements of deformation field

only in the small scales. In fact, this idea is consistent with the aforementioned

multi-scale finite element framework considered in this work.

As mentioned above, our starting point is an identification of the nodal displace-

ments d based on a separation of a single finite element Ωh
e with one block Ωh

e
−

fixed

and the other part Ωh
e

+
moved. In particular, we accommodate up to linear inter-
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Figure 5.1: Visualization of the conceptual separation of a single element Ωh
e : the

three constant separation modes correspond to relative translations in directions n,

m1, and m2, respectively, with corresponding local parameters ξ<0n>, ξ<0m1>, and

ξ<0m2>, whereas the six linear separation modes consist of two infinitesimal rotations

around m1 and m2 (ξ<1n> and ξ<2n>), two in-plane stretches in m1 and m2 (ξ<1m1>

and ξ<2m2>), one in-plane shear in m1 and m2, and one infinitesimal rotation around

n (ξ<1m2> and ξ<2m1>). The figure is depicted for the eight-node brick elements,

though the considered modes can be embedded in the general three-dimensional

finite elements.

polations of the displacement field associated with the discontinuity, corresponding

to the following physical meanings in the local frame {n,m1,m2}:

• three relative translations in n, m1, and m2 (constant jumps)

• two infinitesimal rotations around m1 and m2 (linear normal jumps)

• two in-plane stretches in m1 and m2 (linear in-line tangential jumps)

• one in-plane shear in m1 and m2 and one infinitesimal rotation around n

(linear crossed tangential jumps).

We have included a visualization of these ideas in Figure 5.1 for the eight-node brick

elements, although the considered separation modes can be equally included in the
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general three-dimensional finite elements. We have considered here a total of nine

local degrees of freedom for each finite element where the discontinuity Γhe has been

activated. Among them, the relative motions associated with the rotations or trans-

lations have to generate, by definition, no (infinitesimal) straining, thus motivating

the inclusion of those separation modes to preclude the stress locking on the fully

softened discontinuity. We will confirm in the numerical simulations presented in

Chapter 7 these locking-free properties of the new finite elements involving those

higher order displacement jumps for each separation mode, respectively.

The nodal displacements to represent the aforementioned separation modes can

be written for a node A ∈ J + as

dA,mode(ξ) =

ξ<0n>n + ξ<0m1>m1 + ξ<0m2>m2︸ ︷︷ ︸
three translations

+
{
ξ<1n>(n⊗m1)a + ξ<2n>(n⊗m2)a

+
1

2
(ξ<1m2> − ξ<2m1>)(m2 ⊗m1)a

}
x̄A︸ ︷︷ ︸

three infinitesimal rotations

+
{
ξ<1m1>(m1 ⊗m1) + ξ<2m2>(m2 ⊗m2)

}
x̄A︸ ︷︷ ︸

two in-plane stretchings

+ (ξ<1m2> + ξ<2m1>)(m1 ⊗m2)sx̄A︸ ︷︷ ︸
one in-plane shear

(5.1)

for x̄A := xA− xΓ, that is, a coordinate of a node A with respect to the origin xΓ of

the discontinuity Γhe . Here, we denote by J + and J − a set of nodes in Ωh
e

+
and Ωh

e
−

,

respectively. Note that this mode nodal displacements dA,mode vanishes at a node

A ∈ J − as they are fixed in the considered relative motions. Further, we have intro-

duced notations (•)s = ((•) + (•)T )/2 and (•)a := (•)− (•)T for the symmetric and

skew part of the given tensor, respectively, with (•)T denoting the matrix transpose.

For next developments, we also introduce notations ξt := [ξ<tn>ξ<tm1>ξ<tm2>]
T ∈ R3

(with t = 0, 1, 2), denoting by ξ0 constant jump components and by ξt (with t = 1, 2)
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jump parameters linear in st on the surface Γhe . Equation (5.1) then leads after some

straightforward algebraic manipulations to the following compact expression

dA,mode(ξ) =

 Q{ξ0 +
∑2

t=1 x̄A,tξt} for nodes A ∈ J +

0 for nodes A ∈ J −
(5.2)

for the rotation matrix Q defined in Section 4.2. Here, we have introduced a notation

x̄A,t := x̄A · mt (with t = 1, 2) for a node A for the special case of the surface

coordinates given by (4.11).

5.2 Displacement jumps

The other ingredient needed in the developments here is a proper approximation

of the displacement jumps [[uhµ]] in (3.10). This is to be carried out based on the

mode nodal displacements dA,mode, which are consistent with the element separation

modes considered in the previous section. We further observe that the interpolation

operator D involves the local surface coordinates s1 and s2 defined by (4.11) on the

discontinuity surface Γhe . Thus, replacing x̄A for a node A in the nodal displacements

(5.1) by a general point x̄ ∈ Ωh
e with the relation x̄ = s1m1 + s2m2 based on the

chosen surface coordinates defined in (4.12), we identify the assumed jumps [[uhµ]] in

(3.10) in terms of the interpolation functions D as

D(s1, s2) = Q


1 0 0 s1 0 0 s2 0 0

0 1 0 0 s1 0 0 s2 0

0 0 1 0 0 s1 0 0 s2

 ∈ R6×9, (5.3)

and the corresponding ordering of the jump components ξ as

ξ =
[
ξ<0n>ξ<0m1>ξ<0m2>ξ<1n>ξ<1m1>ξ<1m2>ξ<2n>ξ<2m1>ξ<2m2>

]T
. (5.4)
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Note the appearance of the rotation matrix Q in (5.3). Here, we denote by ξ<0mi>

the three constant jump components and by ξ<tmi> the six linear jump parameters

in st (with t = 1, 2) in the directions mi (with i = 1, 2). Thus, we observe that a

total of nine local degrees of freedom are recovered for each localized finite element

(i.e., ξ ∈ R9). Clearly, the left 3×3 block in (5.3) corresponds to the three constant

jumps ξ<0mi> while the six linear jumps ξ<1mi> and ξ<2mi> are associated with the

right remaining part (with i = 1, 2). We again emphasize that the interpolation

(5.3) fits perfectly the discrete displacement field interpolated through the nodal

displacements given by (5.2).

It is convenient to define the displacement jumps [[uhµ]] in terms of local normal

and tangential components to the discontinuity Γhe , as the usual cohesive laws for

the constitutive relations between the jumps [[uhµ]] and traction tΓ are modeled in

the mutually perpendicular directions n,m1 and m2. In this respect, we write

components of the jumps in (3.10) in the local frame {n,m1,m2} as

[[uhµ]] ·mi = ξ<0mi> + ξ<1mi>s1 + ξ<2mi>s2 for i = 0, 1, 2 (with m0 ≡ n). (5.5)

The linearity of the assumed jump components in (5.5) is thus clear. In fact, this

situation stems from the chosen linear interpolation functions for the particular

separation modes considered above (i.e., considered infinitesimal rotations in accor-

dance with the infinitesimal small-strain assumption here). The components (5.5)

are then used in the cohesive law routine to compute the associated components of

the traction tΓ in the local frame.

5.3 Discrete strain with strong discontinuities

As shown in Chapter 3, and in view of the assumed interpolation functions
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involved in the residual equations (3.7) and (3.12), the small-scale displacement uµ

is not involved in the developments of the finite element formulations here. This

situation naturally allows a construction of the enhanced strain operator G(c) to be

carried out through the direct identification of the sought strain field based on the

proper interpolations of large-scale strain (3.5) and the local displacement jumps

(3.10). In this respect, we account for the direct construction of the discrete small-

scale strain tensor εhµ of underlying elements based on the element separation modes

discussed in the previous section. The operator G(c) should then be defined to satisfy

the particular form (3.14) for those separation modes as

εhµ,mode = εhmode + ε̃h = B̄dmode + G(c)ξ (5.6)

in terms of the large-scale strain εhmode and an added generic part ε̃h consisting of

the operator G(c) and the local enhanced parameters ξ.

The mode large-scale strain εhmode in (5.6) is immediately given based on the

nodal displacement dA,mode(ξ) represented in the previous section. In particular,

using the general strain operator B̄, it has a form of

εhmode =
∑
A∈J+

B̄
A
dA,mode (5.7)

through the large-scale finite element interpolations for the nodes A ∈ J +. Note

the dependency of the global parameter dA,mode on the local variable ξ in view of

(5.1). Similarly, based on the mode displacements dA,mode in (5.1), and by letting

the small-scale strain be consistent with the infinitesimal strain concept of interest

in this chapter, the mode small-scale strain εhµ,mode is directly postulated as

εhµ,mode =
[
ξ<1m1>(m1⊗m1)+ξ<2m2>(m2⊗m2)+(ξ<2m1>+ξ<1m2>)(m1⊗m2)s

]
HΓhe

(5.8)



56

for the Heaviside function HΓhe
across the discontinuity Γhe

HΓhe
(x) =

 1 for x ∈ Ωh
e

+

0 for x ∈ Ωh
e
−
.

(5.9)

Thus, we can see in (5.8) that the three in-plane motions such as stretching and

shear generate the small-scale strain εhµ,mode up to the Heaviside function HΓhe
.

After plugging (5.7) and (5.8) into (5.6), and imposing that this equation holds

for all local parameters ξ ∈ R9, we finally obtain the explicit expression of the

enhanced strain operator G(c) in the Voigt notation as

G(c) =
[
G<0n>

(c) G<0m1>
(c) G<0m2>

(c) G<1n>
(c) G<1m1>

(c) G<1m2>
(c) G<2n>

(c) G<2m1>
(c) G<2m2>

(c)

]
∈ R6×9

(5.10)

for the individual contributions of the corresponding nine components as

G<0mi>
(c) = −

∑
A∈J+

B̄
A
mi for i = 0, 1, 2 (with m0 ≡ n) (5.11)

G<in>
(c) = −

∑
A∈J+

B̄
A

(n⊗mi)
ax̄A for i = 1, 2 (5.12)

G
<imj>

(c) = (mi ⊗mj)
sHΓhe

−
∑
A∈J+

B̄
A

(mj ⊗mi)x̄A for i = 1, 2 (5.13)

for the ordering of jump components ξ in (5.4). Here, the Voigt notation is used to

take advantage of the symmetric properties of the (infinitesimal) strain and stress

tensors in the actual implementation of these formulae, that is, six entries of each

column in (5.8) correspond to the different separation modes. Among them, the

first three columns are associated with the three constant separation modes while

the six linear separation modes are captured by the remaining six columns of the
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right block. Note that the operator G(c) directly depends on the (large-scale) generic

strain operator B̄ in virtue of the strain-driven approach considered in this chapter.

The new finite elements developed here then involve piecewise linear interpola-

tions of the displacement jumps as considered in Linder and Armero (2007), Armero

and Linder (2009) for the two-dimensional plane problems in contrast to the existing

elements with only the piecewise constant jumps presented in Borja and Regueiro

(2001) and Mosler and Meschke (2003), among many others. Note again that all

the considerations presented in this chapter are locally treated at the element level,

preserving the element-wise properties of the standard finite element method for the

solution of the large-scale problems, thus requiring only minor modifications of the

existing finite element codes at the element level to implement the new embedded

finite elements.

Remark 5.3.1. Especially, by considering only the first 3 × 3 block corresponding

to the constant separation modes, we can implement the embedded finite elements

that can capture only those constant displacement jumps as considered in the nu-

merical simulations presented in Chapter 7 for comparison purposes. As shown and

confirmed by the numerical results there, the incorporation of the linear separation

modes allows for no spurious transfer of stresses across the discontinuity Γhe for the

considered higher order separation modes, verifying clearly a consideration of the

more involved kinematics of the discrete strain field in terms of the enhanced strain

operator G(c).

Remark 5.3.2. In an attempt to numerically integrate the enhanced strain operator

G(c), it is seen that the standard Gauss quadrature rules underestimate it for some

special separation modes involving the Heaviside function HΓhe
due to the inherent
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discontinuous character. This situation then results in the same stress state with

different nodal reactions according to the change of locations of the discontinuity

Γhe . That is, the numerical evaluation of those terms involving the discontinuous

function HΓhe
can jump according to whether or not the integration points belong to

either split part Ωh
e

+
or Ωh

e
−

. However, the standard Gauss quadrature still remains

applicable in view of the main motivation that these linear separation modes are

originally accommodated; the spurious transfer of stresses across the discontinuity

Γhe can vanish through the incorporation of such linear separation modes involving

the function HΓhe
with the standard Gauss quadrature rules, as illustrated through

the numerical results presented in Chapter 7.

Remark 5.3.3. The final results of G(c) are not affected by the change of sides of

Ωh
e

+
and Ωh

e
−

. We observe that the quantities (•)− on Ωh
e
−

under the reversal of the

original local frame {n,m1,m2} have following relations with the original variables

as

{n−,m−1 ,m−2 } = {−n,−m1,m2} (5.14)

H−
Γhe

= 1−HΓhe
. (5.15)

The corresponding enhanced parameters for the new local frame (5.14) are defined

by

ξ<0n>− = ξ<0n>, ξ<0m1>− = ξ<0m1>, ξ<0m2>− = −ξ<0m2>

ξ<1n>− = −ξ<1n>, ξ<2n>− = ξ<2n>, ξ<1m1>− = −ξ<1m1>

ξ<2m2>− = −ξ<2m2>, ξ<1m2>− = ξ<1m2>, ξ<2m1>− = ξ<2m1>.

(5.16)

The invariance of G(c) can then be verified by the argument that a constant strain

field should be exactly captured by the finite element approximations as usually
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checked by the numerical patch test. In this context, we consider constant dis-

placement fields with nodal values of n, m1, m2, (n ⊗m1)ax̄A, and (n ⊗m2)ax̄A,

respectively, for all nodes A = 1, nnode, which results in the complete vanishing of

the corresponding strain fields. Hence, we have the following relations[
−
∑
A∈J+

B̄
A
mi

]
ξ<0mi> =

[ ∑
A∈J−

B̄
A
mi

]
ξ<0mi> (5.17)

for i = 0, 1, 2 (with m0 ≡ n) and[
−
∑
A∈J+

B̄
A

(n⊗mi)
ax̄A

]
ξ<1mi> =

[ ∑
A∈J−

B̄
A

(n⊗mi)
ax̄A

]
ξ<1mi> (5.18)

for i = 1, 2. Equations (5.17) and (5.18) are satisfied by replacing the associated

variables on the left-hand sides by (5.14) and (5.16) for J −, indicating that the sep-

aration modes measured by the local parameters ξ<0n>− , ξ<0m1>− , ξ<0m2>− , ξ<1n>− ,

and ξ<2n>− are equally represented in the new local frame defined by (5.14).

A similar argument holds on the invariance of the other separation modes involv-

ing the Heaviside function HΓhe
across the discontinuity Γhe . In these cases, constant

strain fields of m1 ⊗m1, m2 ⊗m2, and (m1 ⊗m2)s are considered. Thus, we have

relations with the aid of (5.15) as[
(mi ⊗mi)HΓhe

−
∑

A∈J+

B̄
A

(mi ⊗mi)x̄A

]
ξ<imi>

=

[
−(mi ⊗mi)H−Γhe +

∑
A∈J−

B̄
A

(mi ⊗mi)x̄A

]
ξ<imi>

(5.19)

for i = 1, 2, and[
(mi ⊗mj)

sHΓhe
−
∑

A∈J+

B̄
A

(mi ⊗mj)x̄A

]
ξ<imj>

=

[
−(mi ⊗mj)

sH−
Γhe

+
∑

A∈J−
B̄
A

(mi ⊗mj)x̄A

]
ξ<imj>

(5.20)
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for i, j = 1, 2. Again, equations (5.19) and (5.20) are satisfied by the use of (5.14)–

(5.16) on the left-hand sides for J − instead of the original quantities, confirming

the invariance of G
<imj>

(c) for i = 1, 2 under the change of sides of Ωh
e

+
and Ωh

e
−

.
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Chapter 6

Implementation aspects

(infinitesimal theory)

It has remained in the previous chapters the evaluating and solving of the two

discrete governing equations (3.7) and (3.12) finally obtained from the overall me-

chanical boundary-value problem, which is presented in this chapter. Section 6.1

discusses the main issues in the numerical evaluation of the large-scale residual (3.7)

in the bulk of the elements Ωh
e and the local residual (3.12) defined on the disconti-

nuity Γhe . Some additional implementation aspects such as the time integral scheme

and linearization of the two residual equations are presented in Section 6.2. We fur-

ther show in Section 6.3 that the final algebraic equations left to solve involve only

the global variable d through the static condensation of the enhanced parameter ξ

at the element level. In Section 6.4, an efficient and simple stabilization technique is

described in detail, based on the observation that the intrinsic singularity properties

arise in some special configurations of split nodes, especially for the linear separation

modes of particular interest in this work. We close this chapter in Section 6.5 with
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a brief overview of different constitutive models in the bulk Ω or on the surface Γx

employed in the numerical simulations presented in Chapter 7.

6.1 Evaluation of governing residuals

We consider the standard quadrature rules for the numerical integration of the

bulk equation (3.7) over the volume domain Ωh
e , that is,

∫
Ωhe

B̄
T
σ dV ≈

l
Ωhe
int∑
l=1

B̄
T
l σl (dVe)l (6.1)

for the integrand quantities B̄
T
l σl and the associated volume element (dVe)l evalu-

ated at l
Ωhe
int integration points xquadl in the bulk of the element Ωh

e . In particular, the

standard 2× 2× 2 Gaussian quadrature rule is employed in the numerical examples

presented in Chapter 7.

Similarly, the quadrature rules can be used for the numerical evaluation of the

small-scale residual (3.12). In fact, this equation includes a surface integral on the

generally nonplanar surface Γhe , thus requiring a proper definition of the local surface

coordinates {s1, s2} as given by (4.11) in Section 4.2. Hence, the driving traction tΓ

is well defined on the surface Γhe through the local constitutive relation tΓ([[uhµ]]) in

terms of displacement jumps [[uhµ]](s1, s2) defined at a point (s1, s2) on Γhe . Thus, we

write the second term of the small-scale residual (3.12) as

∫
Γhe

DT tΓ dA ≈
l
Γhe
int∑
l=1

DT
l tΓl (dAe)l (6.2)

for the integrand DT
ltΓl and associated surface element (dAe)l evaluated at l

Γhe
int

integration points si
quad
l (with i = 1, 2) on the discontinuity segment Γhe .
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Figure 6.1: Illustration of the triangulation scheme for the numerical integration

over the arbitrary shaped surface Γhe : the whole segment Γhe is split into several

triangles having the shared points at the segment origin xΓ and the other points at

the edge points xmΓ . Once the domain is determined by such triangles, the standard

quadrature rules can be employed for the evaluation of the surface integral on Γhe .

The proposed scheme is applicable for any three-dimensional finite element, though

this concept has been illustrated for the eight-node hexahedron here.

We observe that the segment Γhe forms different shapes having, for example,

three, four, and five corner points xmΓ given by (4.7) in the case of the eight-node

brick element; see Figure 6.3 for an illustration of the possibility of the discontinuity

shapes. This situation therefore requires an efficient and robust scheme to deal with

such two-dimensional arbitrary shaped surfaces Γhe . Motivated by the triangulation,

we propose the method by which the discontinuity Γhe is split into several triangles

having the shared point at the segment origin xΓ and the other points at the cor-

ner points xmΓ ; see Figure 6.1 for an illustration of these ideas. This procedure is

then carried out even in case of a shape of the whole triangle though the resulting

surface coincides with a plane. Note that the proposed concept is not restricted to

a special type of three-dimensional finite element, though of main interest here is
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h
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eΩ

h
eΩ

σ σ

Figure 6.2: Schematic description of the equilibrium operator G(e) for the eight-

node hexahedral element: the operator G(e) projects stresses σh computed at the

quadrature points • in the bulk Ωh
e onto the traction σn defined at the integration

points × on the surface Γhe .

the geometric characterization of the eight-node brick element. In this way, once

the integral domain is defined by such several triangles, the usual quadrature rules

given by (6.2) are easily employed for the surface integral over the various shapes

Γhe .

Finally, it remains to evaluate the first term in the small-scale residual (3.12),

which also represents a surface integral on the discontinuity segment Γhe . However,

we observe that the stress tensor σ is already obtained at the quadrature points

xquadl in the bulk of the element Ωh
e . In view of this inconsistency, we approximate

this term through a replacement by a volume integral over Ωh
e in terms of a certain

operator G(e), thus alternatively writing the term as∫
Ωhe

GT
(e)σ

h dV = −
∫

Γhe

DT
δ σ

hn dA+ AΓhe
O(hp+1

e ) (6.3)

for the high-order error O(hp+1
e ) dependent on a measure of the element size he given

by (3.13) with p ≥ 0 (for consistency). Here, we introduce a new linear operator G(e),
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and call it the equilibrium operator as it can be understood as a certain function to

impose physically a local equilibrium condition on the discontinuity Γhe . That is, the

operator G(e) projects the stress σ computed in the bulk Ωh
e onto the corresponding

traction σn defined on the surface Γhe to a desired order of accuracy p; see Figure 6.2

for an illustration of these ideas for the eight-node brick element. Here, the minus

sign in (6.3) is just for convenience in the notation below. Based on the relation

(6.3), the approximation (3.12) is alternatively written up to the high-order error

O(hp+1
e ) as

reenh = −
∫

Ωhe

GT
(e)σ

h dV −
∫

Γhe

DT
δ tΓ dA = 0 (6.4)

after replacing the original interpolation function Dδ by the equilibrium operator

G(e) in the first term. Note that the operator G(e) is in general not necessarily the

same as the enhanced strain operator G(c) introduced in Chapter 3.

To obtain a closed-form expression of the equilibrium operator G(e), the jump

variation δ[[uµ]] is to be specified. Based on the chosen surface coordinate {s1, s2}

given by (4.11), the components of the variation δ[[uµ]] in the direction mi are directly

defined as

δ[[uhµ]] ·mi = δξ<0mi> + δξ<1mi>s1 + δξ<2mi>s2 for i = 0, 1, 2 (with m0 ≡ n),(6.5)

that is, linear in s1 and s2 as a particular choice. Thus, we write the jump variation

δ[[uµ]] as

δ[[uhµ]](s1, s2) = Dδξ = Q
2∑
t=0

stδξt (with s0 ≡ 1) (6.6)

for the same interpolation function Dδ = D and a set of local variation parameters

δξ with the same ordering as the original jump components ξ in (5.4), respectively.

Note that the equality Dδ = D is just a special case in virtue of the linearity of the
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chosen separation modes in s1 and s2 for the infinitesimal theory here. In view of

(6.6), p = 1 can be chosen for the order of accuracy. Based on this particular choice,

the expression (6.3) reads∫
Ωhe

G<tmi>
T

(e) σh dV = −mT
i

∫
Γhe

stσ
hn dA+ AΓhe

O(h2
e) for i = 0, 1, 2 (6.7)

for the constant (with t = 0) and linear separation modes (with t = 1, 2), respec-

tively.

The key aspect to constructing the operator G(e) is then that the stress σh can

be understood as certain polynomials (in particular, linear functions in the local

coordinates in Ωh
e ) based on the polynomial character of the assumed interpolation

functions used for the approximation of the displacement and strain fields. In this

respect, and to be consistent with (6.6) (i.e., linear in s1 and s2), a certain scalar

function to represent the equilibrium operator G<t>
(e) is to be defined by

g<t>e (x̄, ȳ, z̄) = a<t>(0,0,0) + a<t>(1,0,0)x̄+ a<t>(0,1,0)ȳ + a<t>(0,0,1)z̄ for t = 0, 1, 2 (6.8)

with coefficients given by

a<t>(0,0,0)

a<t>(1,0,0)

a<t>(0,1,0)

a<t>(0,1,0)


=


1

VΩhe

∫
Ωhe


1 x̄ ȳ z̄

x̄ x̄2 x̄ȳ x̄z̄

ȳ x̄ȳ ȳ2 ȳz̄

z̄ x̄z̄ ȳz̄ z̄2


dV



−1



1

AΓhe

∫
Γhe



st

stx̄

stȳ

stz̄


dA


(6.9)

for g<t>e (x̄, ȳ, z̄) in terms of the chosen local coordinates {x̄, ȳ, z̄} := x − xΓ in the

element bulk Ωh
e . Equation (6.8) with the coefficients (6.9) is immediately equivalent
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to the following equality

1

VΩhe

∫
Ωhe

g<t>e (x̄, ȳ, z̄)x̄lȳmz̄n dV =
1

AΓhe

∫
Γhe

stx̄
lȳmz̄n dA for t = 0, 1, 2 (6.10)

for all l,m, n = 0, 1 with l + m + n ≤ 1. Using this relation, we finally arrive after

some straightforward manipulations at the following closed-form expression of the

components for the equilibrium operator G(e).

G<tmi>
(e) = − 1

he
g<t>e (x̄, ȳ, z̄) (n⊗mi)

s for i = 0, 1, 2 (6.11)

for t = 0, 1, 2 corresponding to displacement jumps of constant, linear in s1, and

linear in s2, respectively. Equation (6.11) is verified by plugging it into (11.7) as

follows.∫
Ωhe

G<tmi>
T

(e) σh dV = − 1

he

∫
Ωhe

g<t>e (x̄, ȳ, z̄) (n⊗mi)
s : σ dV

= −mT
i

[
1

VΩhe

∫
Ωhe

g<t>e (x̄, ȳ, z̄)σn dV

]
AΓhe

= −mT
i

[
1

VΩhe

∫
Ωhe

g<t>e (x̄, ȳ, z̄)x̄lȳmz̄n dV

]
AΓhe

+ AΓhe
O(h2

e)

= −mT
i

[
1

AΓhe

∫
Γhe

stx̄
lȳmz̄n dA

]
AΓhe

+ AΓhe
O(h2

e)

= −mT
i

∫
Γhe

stσn dA+ AΓhe
O(h2

e).

In the actual finite element implementation, the Voigt matrix notation is usually

employed to reduce computation cost. Thus, as for the enhanced strain operator

(5.10), it is clearly useful to write the expression (6.11) in Voigt notation as

G(e) =
[
G<0n>

(e) G<0m1>
(e) G<0m2>

(e) G<1n>
(e) G<1m1>

(e) G<1m2>
(e) G<2n>

(e) G<2m1>
(e) G<2m2>

(e)

]
∈ R6×9.

(6.12)

In this way, the expression (6.11) actually represents each column in (6.12), which

involves six components corresponding to the independent six stress components in
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the three-dimensional setting of interest here. Similar to the case of the enhanced

operator G(c), the first 6 × 3 block in (6.12) is associated with the constant dis-

placement jumps with the remaining part corresponding to the linear separation

modes. We note that the coefficients of G(e) in (6.12) are computed only once for

each localized element as the element normals n are supposed to be fixed once they

have been computed in the applied tracking procedure here.

6.2 Time integral and consistent linearization of

governing residuals

The residual equations (3.7) and (6.4) represent evolutions of the solution fields

in time, thus requiring to be discretized in time as

R(dn+1, ξn+1) = fextn+1
− Anelem

e=1

(∫
Ωhe

B̄
T
σhn+1 dV

)
−Man+1 = 0

reenh(d
e
n+1, ξ

e
n+1) = −

∫
Ωhe

GT
(e)σ

h
n+1 dV −

∫
Γhe

DT tΓn+1 dA = 0
(6.13)

for a current time step n+1. To integrate these differential equations, the Newmark

family of time-stepping scheme originally proposed in Newmark (1956) is employed

here. This method is characterized by the Newmark update equations as

dn+1 = dn + ∆tvn +
(∆t)2

2
[(1− 2β)an + 2βan+1]

vn+1 = vn + ∆t[(1− γ)an + γan+1]

(6.14)

for a time interval ∆t = tn+1 − tn and algorithmic parameters β and γ controlling

stability and numerical dissipations.

We consider the Newton-Raphson scheme to solve the coupled nonlinear sys-

tem (6.13) together with the dynamic update equation (6.14), which requires the
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linearization of them with respect to the two main variables d and ξ as

Anelem
e=1

(
Kei

dd∆di+1
en+1

+ Kei

dξ∆ξ
i+1
en+1

)
= Anelem

e=1 Rei

Kei

ξd∆di+1
en+1

+ Kei

ξξ∆ξ
i+1
en+1

= re
i

enh

(6.15)

for an iteration number i. Equation (6.15) is then solved for ∆di+1
en+1

and ∆ξi+1
en+1

and

updated by di+1
n+1 = din + ∆di+1

n+1 globally and ξi+1
en+1

= ξien + ∆ξi+1
en+1

locally at the

element level. The corresponding tangent stiffness matrixes read

Ke
dd =

∫
Ωhe

B̄
TCB̄ dV +

1

β(∆t)2M
e (6.16)

Ke
dξ =

∫
Ωhe

B̄
TCG(c) dV (6.17)

Ke
ξd =

∫
Ωhe

GT
(e)CB̄ dV (6.18)

Ke
ξξ =

∫
Ωhe

GT
(e)CG(c) dV +

∫
Γhe

DTCΓD dA (6.19)

for the material tangents C in the bulk Ωh
e and CΓ characterizing the cohesive

response of the driving traction tΓ in terms of displacement jumps [[uhµ]] on the

discontinuity Γhe .

6.3 Static condensation of local parameters

As mentioned earlier, the second equation in (6.15) and the local enhanced pa-

rameters ∆ξe hold only in each localized element. This situation then allows the

local variable ∆ξe to be condensed out at the element level, leading to a numeri-

cally very efficient scheme in terms of the final computational cost and the result-

ing overall structure of the global assembly operator. In particular, the expression
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∆ξi+1
en+1

= (Kei

ξξ)
−1
[
re
i

enh −Kei

ξd∆di+1
en+1

]
from the small-scale equation in (6.15) is

substituted into the first linearized equation, leading to a condensed global system

as [
Anelem
e=1 Kei

∗

]
∆di+1

n+1 = Anelem
e=1 Rei

∗ (6.20)

for the modified global stiffness matrix Ke
∗ = Ke

dd − Ke
dξK

e−1

ξξ Ke
ξd and the associ-

ated residual Re
∗ = Re −Ke

dξK
e−1

ξξ reenh. Clearly, we observe that only global nodal

displacements ∆de remain in the final system left to solve, and it is only the lo-

cal modification of the standard finite element codes at the element level that is

required to implement the new three-dimensional finite elements with embedded

strong discontinuities.

Remark 6.3.1. The enhanced strain operator G(c) is in general not necessarily the

same as the equilibrium operator G(e). Thus, in view of the final condensed system

(6.20), and more precisely from equations (6.17) to (6.19), the desired symmetric

properties of the global stiffness are generally not preserved.

6.4 Stabilization

As mentioned in the previous section, the static condensation of the local parameters

ξ at the element level defines a very efficient numerical scheme in view of the very

same global structure as the original mechanical problem without strong disconti-

nuities. However, in view of (6.20), this process requires the local stiffness matrix

Ke
ξξ in (6.19) to be invertible. In particular, the first term in (6.19), which is in fact

a small 9× 9 matrix corresponding to a total of nine local degrees of freedom ξ for

the embedment of up to the linear separation modes, is to be nonsingular as the
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1-7 node separation 2-6 node separation 4-4 node separation 3-5 node separation 

Figure 6.3: Possible configurations of the split nodes in the localized finite element

(eight-node hexahedron) crossed by the discontinuity segment: the singularity of

the element stiffness matrix appears in the different configurations of split nodes

according to the assumed kinematics for the displacement jumps and underlying

finite element.

other term vanishes due to no appearance of the driving traction (i.e., CΓ = 0) after

a full softening of the discontinuity. In this respect, both theoretical analysis and

numerical results reported in Linder and Armero (2007) for the plane quadrilateral

elements reveal that the invertibility is not guaranteed for certain kinds of configu-

rations of the element separation when trying to incorporate the linear displacement

jumps.

In the case of three-dimensional finite elements such as the Q1 or Q1/E12 hexa-

hedron of particular interest here, possible configurations of separated nodes across

the discontinuity Γhe are illustrated in Figure 6.3. In the actual implementations,

the singularity of the first part arises in different configurations of the split nodes,

which can be detected by the appearance of zero entries in the associated eigenval-

ues. From the mathematical standpoint, the invertibility of the first part crucially

depends on the properties of the enhanced strain operator G(c). To analyze the

singularity of G(c), we proceed with a consideration of the case of the one–seven
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node separation, with G(c) written as

G<0n>
(c) = −B̄I

n

G<0m1>
(c) = −B̄I

m1

G<0m2>
(c) = −B̄I

m2

G<1n>
(c) = (m1 · x̄I)G<0n>

(c) + (n · x̄I)G<0m1>
(c)

G<1m1>
(c) = (m1 ⊗m1)HΓhe

+ (m1 · x̄I)G<0m1>
(c)

G<1m2>
(c) = (m1 ⊗m2)sHΓhe

+ (m1 · x̄I)G<0m2>
(c)

G<2n>
(c) = (m2 · x̄I)G<0n>

(c) + (n · x̄I)G<0m2>
(c)

G<2m1>
(c) = (m1 ⊗m2)sHΓhe

+ (m2 · x̄I)G<0m1>
(c)

G<2m2>
(c) = (m2 ⊗m2)HΓhe

+ (m2 · x̄I)G<0m2>
(c)

(6.21)

for I denoting a separated node. We observe that G<1n>
(c) and G<2n>

(c) can be ob-

tained by linear combinations of G<0n>
(c) , G<0m1>

(c) , and G<0m2>
(c) . Thus, they are

linearly dependent in this special configuration of split nodes. We further observe

that G<1m1>
(c) , G<1m2>

(c) , G<2m1>
(c) , and G<2m2>

(c) are linearly dependent on the terms

associated with the constant separation modes up to the Heaviside function HΓhe
for

this way the discontinuity Γhe crosses an element.

To avoid such singularity, the method of Lagrange multipliers with a relaxation

of constraints is employed in this work. Rather than implementing the original

equation (6.4), we consider a modified residual for the local enhanced parameters ξi

(with i = 1, 2) associated with the linear separation modes as

reenh,k = −
∫

Ωhe

GT
(e)σ

h dV −
∫

Γhe

DT
δ tΓ dA− kIlinξ = 0 (6.22)

for the identity matrix Ilin corresponding to the linear separation modes and a scalar

stabilization parameter k > 0. The corresponding local stiffness Ke
ξξ,k then reads

Ke
ξξ,k =

∫
Ωhe

GT
(e)CG(c) dV +

∫
Γhe

DT
δ CΓD dA+ kIlin. (6.23)
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It is illustrated in Chapter 7 that the newly developed finite elements incorporat-

ing the linear separation modes with the proposed stabilization procedure improve

on the overall performance of the elements with only constant displacement jumps.

A proper value of the stabilization parameter k can then be estimated as a minimum

value to break down the singularity to machine precision. It is important to note

that this procedure does not affect the constant separation modes, thus preserving

the numerical consistency of the proposed method. We further note that the el-

ements with constant jumps can be recovered for large values of the stabilization

parameter k.

Remark 6.4.1. We observe that the second term in (6.19) also affects the invert-

ibility of the local matrix Ke
ξξ. In fact, this term reflect the cohesive response on

Γhe , leading to a negative contribution on the entire matrix Ke
ξξ. This negative effect

can then be restricted in the context of the aforementioned large-scale limit of the

finite element size given by (3.13).

6.5 Constitutive models

It has remained so far to specify the constitutive law in the bulk Ω or over the

discontinuity Γx. In this respect, this section presents a brief overview of constitutive

models employed in the actual numerical simulations in Chapter 7. We emphasize, in

view of the governing residuals (6.13) involving no explicit expressions of those mod-

els, that the choice of the constitutive models is completely general, not restricted

to rate dependent elasticity or plasticity for the bulk responses and a special type

of cohesive law on the discontinuity Γx, respectively. Further, it is an additional ad-

vantage of the multi-scale framework considered in this work that the constitutive
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responses are to be modeled independently in the two different scales, without the

need to introduce a priori defined artificial parameters in the constitutive models

for the regularization of the inherent ill-posedness.

6.5.1 Large-scale material response

The large-scale material response is characterized by a state of the stresses in

terms of the strain tensor at each point x of the bulk Ω. Further, the material

tangent C needs to be specified to compute the stiffness matrixes (6.16)–(6.19) in

the actual implementations. As mentioned above, the overall continuum or discrete

framework developed in this study has no dependency on the particular choice of the

constitutive models in the bulk Ω. To emphasize this, we consider both elastic and

plastic materials in the numerical simulations presented in Chapter 7. In particular,

we assume the linear elastic isotropic response in the bulk Ω for the numerical

modeling of the quasi-static problems in Sections 7.1–7.5. The linear elastic material

is characterized by the existence of the stored energy function W as a form of

W (ε) =
1

2
ε : C : ε (6.24)

in terms of the infinitesimal strain ε and the fourth-order material tangent tensor C.

The corresponding stress tensor σ is obtained from the definition of the hyperelastic

material as

σ =
∂W

∂ε
= C : ε. (6.25)

In case of the isotropic material in the sense that the material responses are in-

dependent of a chosen direction, only two independent parameters are required to

define the material tangent C. The explicit expression of the material tangent C in
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terms of the usual Lamé constants λ and µ reads

C = λ1⊗ 1 + 2µI (6.26)

for the second-order identity tensor 1 and the fourth-order (symmetric) identity

tensor I, respectively.

In Section 7.6, the J2-flow von Mises plasticity model within the infinitesimal

regime is considered to model bulk responses of a metal plate subjected to dynamic

mode II loading. In this model, it is assumed that the infinitesimal strain tensor ε

can be decomposed into the elastic part εe and plastic part εp, allowing the stress

tensor σ to be computed in terms of only the elastic part εe based on the chosen

elastic response. The J2-flow theory is then characterized by a von Mises yield

function

f(σ, α, σ0) = ‖s‖ −
√

2

3
y(α, σ0) (6.27)

for the deviatoric stress s := σ − 1
3
tr[σ], an internal variable α associated with

the plastic hardening, and an initial yield strength σ0. Based on this assumed

smooth function for the yield criterion, the additional relations such as the associated

plastic evolution equations, Kuhn-Tucker loading/unloading condition, and plastic

consistency condition make it possible to completely determine a state of the stresses

σ, the internal variable α, and the material tangent C at each material point and

at each time step in terms of the given strain history and such known values at the

previous time step; see Simo (1998), Simo and Hughes (2000), and de Souza Neto

et al. (2008) for complete details including the numerical treatments.

6.5.2 Cohesive law

Once the discontinuity is activated based on the chosen localization criterion
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discussed in Remark 2.3.3, the incorporation of certain constitutive models on the

discontinuity surface Γx in addition to the bulk response is required to capture objec-

tively a dissipated energy in the localization process without the need of additional

considerations such as the adaptive remeshing or an introduction of the regular-

ization parameters. This response is obtained from the so-call traction-separation

cohesive law, which is characterized by relations between the driving traction tΓ and

the displacement jumps [[uµ]] on the discontinuity Γx. The cohesive concept goes

back to Barenblatt (1962) and Frost and Dugdale (1958), and has been widely em-

ployed and developed among many others in Hillerborg (1976), Reinhardt (1984),

and Hillerborg (1991) for the modeling of brittle failure or in Dugdale (1960) to

account for the plastic cohesive zone around the discontinuity tip. The key assump-

tion of the cohesive concept is that a discontinuity surface Γx exclusively forms a

small cohesive zone during material degradations and a certain traction driving its

cohesive response can be transferred across the process zone of the discontinuity Γx,

leaving the other region nonlocalized. Based on experimental observations, the typ-

ical aspect of the cohesive law is that the traction tΓ decreases as the displacement

jump [[uµ]] increases and eventually vanishes after reaching a zero value. To measure

objectively material parameters for the cohesive law in experiments, the concept of

the path independence of the J-integral is to be employed; see, for example, Olsson

and Stigh (1989), Suo et al. (1991), Alfredsson (2003), Nilsson (2006), and Högberg

et al. (2007) for details of this methodology.

A modeling of the cohesive law is required in this work for the evaluation of

the local residual in (6.13) or the corresponding stiffness matrix (6.19) (or more

precisely, the small-scale material tangents CΓ). This cohesive response is to be

modeled with respect to the local Cartesian reference system defined by the unit
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normal vector n and the associated unit tangent vectors m1 and m2 on the surface

Γx in the three-dimensional setting of particular interest here; see Figure 2.2 for an

illustration of the local basis. Hence, it is convenient to represent the components

of the jumps [[uµ]] and the traction vectors tΓ in the local coordinates as

[[uµ]] = [[u<n>µ ]]n + [[u<m1>
µ ]]m1 + [[u<m2>

µ ]]m2 (6.28)

tΓ = t<n>Γ n + t<m1>
Γ m1 + t<m2>

Γ m2. (6.29)

Further, it is typically assumed that the cohesive responses are modeled indepen-

dently between the orthogonal directions n, m1, and m2, that is, any coupled re-

sponse between each direction can be neglected. In this way, the corresponding

constitutive law on Γx reads

∆tΓ = QC̃ΓQ
T∆[[uµ]] (6.30)

for the matrix C̃Γ given by

C̃Γ =


C̃Γn 0 0

0 C̃Γm1
0

0 0 C̃Γm2

 , (6.31)

that is, in the diagonal form. Here, the diagonal components are obtained by lin-

earization of each component as

C̃Γn =
∂t<n>Γ

∂[[u<n>µ ]]
, C̃Γm1

=
∂t<m1>

Γ

∂[[u<m1>
µ ]]

, C̃Γm2
=

∂t<m2>
Γ

∂[[u<m2>
µ ]]

. (6.32)

In the normal direction n, we consider three types of softening responses for

the numerical simulations presented in Chapter 7. They include piecewise linear,

exponential, and power laws, which are written as

t<n>Γ = max
(
0, ft + Sn[[u<n>µ ]]

)
(6.33)
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Figure 6.4: Cohesive models in the normal direction n over the discontinuity surface

Γx employed for the modeling of brittle failure.
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Figure 6.5: Cohesive models in the tangential directions m1 and m2 over the dis-

continuity surface Γx employed for the modeling of ductile failure.

t<n>Γ = max
(
0, ft · exp(−an[[u<n>µ ]])

)
(6.34)

t<n>Γ =


ft

(
1−

(
δ0
δa

)k [[u<n>µ ]]

δa

)
for [[u<n>µ ]] < δa

ft
1−(δa/δ0)k

(
1−

(
[[u<n>µ ]]

δ0

)k)2

for [[u<n>µ ]] ≥ δa

(6.35)

as illustrated in Figure 6.4, respectively. Here, a symbol ft denotes the material

strength, whereas the other scalar parameters Sn, an, δa, δ0, and k are associated

with the shape of the softening responses. However, based on the physical phenom-

ena observed in both nature and experiments, the cohesive response is to be com-
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pletely determined by two independent parameters such as the material strength

ft and the fracture energy Gf , which is computed by the area under the softening

curve.

In contrast to the normal softening response, simple linear increasing responses

with a reduced stiffness km are assumed to model the softening response in the

tangential directions m1 and m2 as

t<mi>Γ = km[[u<mi>µ ]] for i = 1, 2 (6.36)

for a small value of the coefficient km. This concept is referred to as a method of

the so-called shear retention factor as proposed in Suidan and Schnobrich (1984),

and has been widely employed in an enormous amount of literature for the analysis

of the crack initiation and propagation of concrete. We employ this equation in

particular for the modeling of brittle fracture presented in Chapter 7.

To model the ductile failure like shear banding, piecewise linear and exponential

softening laws are considered, which read

t<mi>Γ =
[[u<mi>µ ]]

|[[u<mi>µ ]]|
·max

(
0, fs + Sm|[[u<mi>µ ]]|

)
for i = 1, 2 (6.37)

t<mi>Γ =
[[u<mi>µ ]]

|[[u<mi>µ ]]|
·max

(
0, fs · exp(−am|[[u<mi>µ ]]|)

)
for i = 1, 2 (6.38)

for the stress threshold fs and scalar parameters Sm and am as illustrated in Figure

6.5. In contrast to the normal softening response, the traction components in the

tangential directions m1 and m2 need to be defined for negative values of the dis-

placement jumps [[u<m1>
µ ]] and [[u<m2>

µ ]] as well in order to consider slips in both the

directions. These relations are employed in particular to model tangential softening

responses for shear banding as presented in Section 7.6.
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Remark 6.5.1. The localized dissipative mechanism accompanying physical phe-

nomena of strain softening involves simultaneous unloading/reloading of adjacent

material points. This localization response is then to be properly resolved by in-

cluding the damage model in the cohesive law. A phenomenological approach on

this subject is traced back to Kachanov (1958) and more rigorous derivations in

the context of continuum damage model are also found in Simo and Ju (1987a,b),

Armero and Oller (2000), Gasser and Holzapfel (2003), and Cervera et al. (2004),

to mention a few. Especially, the unloading/reloading process is modeled here by

introducing a simple secant branch in the cohesive softening curve following the

discussions in Rots and de Borst (1987), Marfia and Sacco (2003), and Areias and

Rabczuk (2008), among many others; the driving traction follows linearly to zero

upon unloading/reloading and recovers the softening branch otherwise. In order to

detect unloading/reloading, a certain internal variable needs to be defined in the

cohesive law as

δdmax := max(δd, δdmax) (6.39)

for general displacement jumps δd := |[[u<n>µ ]]| or |[[u<mi>µ ]]| (with i = 1, 2) in normal

or tangential directions, that is, the largest displacement jump in the history of

deformations. With this definition, a scalar function fd := δd − δdmax is capable of

detecting unloading/reloading through the condition of softening for fd = 0

loading/reloading for fd < 0
(6.40)

Hence, a residual traction naturally arises upon unloading/reloading through the

considered damage model.
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Chapter 7

Representative numerical

simulations (infinitesimal theory)

This chapter presents the main results obtained from representative numerical

simulations within the infinitesimal small-strain regime. A series of numerical tests

are appropriately designed and implemented to illustrate the versatility of the new

three-dimensional finite elements developed in this study. The main objective of

these examples is to evaluate the numerical consistency, stability, convergence and

stress locking properties, especially for the newly incorporated linear separation

modes with the stabilization procedure described in Section 6.4. In particular, we

compare the new finite elements involving piecewise linear interpolations of the

displacement jumps to the elements with constant jumps only. In virtue of the multi-

scale framework proposed in this work, all the actual numerical implementations

require only slight and minor modifications of the existing finite-element codes at

the element level, leading to the very same structure of the overall problem from the

original problem without the discontinuity in terms of, for example, global degrees
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of freedom and connectivity graph of underlying meshes.

All the numerical tests are carefully designed. Section 7.1 presents a series of

element tests, in which the performance of each incorporated separation mode is

evaluated in the separate manner. The convergence properties are investigated in

Section 7.2 as the finite-element meshes are refined. In order to explore overall im-

provements on the new finite elements in more involved examples, we implement the

classical benchmark problems such as the three-point bending, four-point bending,

and steel anchor pullout tests in Sections 7.3, 7.4, and 7.5 as examples of brittle

materials, and a failure mode transition test in Section 7.6 involving dynamic effects

and ductile failure. The proposed tracking algorithm discussed in Section 4.1 is

applied for these more realistic problems to capture arbitrary propagations of the

discontinuities through the general three-dimensional finite elements.

In view of the fact that the accuracy of discrete kinematics for the strong dis-

continuities is more critical for the higher order base elements, we consider the im-

provement of the eight-node hexahedral elements in this work. It should be noted,

however, that the overall framework and corresponding numerical treatments pro-

posed in the previous chapters are not restricted to a particular finite element, but

applicable for any other type of three-dimensional elements including, for example,

the tetrahedrons as found in a large number of references. In particular, we take

account of the modification of both the displacement-based Q1 hexahedron and

the Q1/E12 enhanced strain element to accommodate the localization effects. Note

that the Q1/E12 element proposed in Simo and Rifai (1990) can be straightforwardly

implemented in the strain-based approach, particularly in view of the closed-form

expressions (5.11)–(5.13) for G(c) involving immediately the general discrete strain

operator B̄.
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7.1 Element tests

Element tests are designed to investigate the numerical consistency and locking-

free properties for the newly developed finite-element formulations involving full

linear interpolations of the displacement jumps on the discontinuity surface Γhe .

In each test, the loadings are applied such that a given domain is subjected to a

particular separation mode, thus allowing the observation of the element behavior

independently for the respective modes presented in Section 5.1. They include a

uniform tension test for the relative translation in n (in Section 7.1.1), a bending

test for the infinitesimal rotation around m1 or m2 (in Section 7.1.2), a partial

tension test for the in-plane stretches in m1 or m2 (in Section 7.1.3), a partial shear

test for the in-plane shear on Γhe (in Section 7.1.4), and a partial rotation test for the

infinitesimal rotation around n (in Section 7.1.5), respectively; see Figure 5.1 for the

detailed graphical representations of these motions. Different configurations of split

nodes are taken into account to explore the validity of the stabilization procedure

given by (6.22) and (6.23) for the linear separation modes. We note that all these

element tests are considered within the quasi-static regime as the dynamic effects

are not involved in the local governing residual (6.4) in the proposed multi-scale

framework.

7.1.1 Element uniform tension test

We first consider an element test in which a given domain is subjected to uniform

tension. This test is aimed at a confirmation of the numerical consistency as the

typical patch tests are employed in a similar way. That is, the new finite elements

involving the higher order interpolations of displacement jumps have to exactly

reproduce constant separation modes as such modes appear only in the constant
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stress fields. In particular, we consider the tests presented in Figure 7.1 in which a

regular hexahedron with dimensions 200 × 200 × 200 mm3 is in a state of constant

tensile stress. To this end, the block is pulled under displacement control by imposed

displacements δtop, δmid, and δbot at top, bottom, and middle nodes with the same

rates among them. Once the tensile stress reaches a given threshold, the elements

activate constant displacement jumps in the normal direction to the discontinuity

surface (or plane in this case) that forms through the block’s height as illustrated

in Figure 7.1.

Four kinds of finite-element discretizations are considered for different configura-

tions of split nodes; we suitably design the tests with a single element for four–four

split nodes, two elements for one–seven or two–six split nodes, and eight elements

involving all of these three configurations. As mentioned earlier, the singularity of

the stiffness Ke
ξξ in the condensed system (6.20) is observed for the linear separation

modes in different configurations of split nodes across the discontinuity segment for

both the Q1 and Q1/E12 elements. Accordingly, the stabilization procedure is re-

quired for the new finite elements with linear interpolations of displacement jumps,

which can by implemented by the consideration of the modified versions of the small-

scale residual reenh,k and the stiffness Ke
ξξ,k given by (6.22) and (6.23), respectively.

In particular, a small value of 100 for the stabilization parameter k > 0 is employed.

We further consider rotated configurations of the underlying elements with respect

to the global Cartesian reference system.

We assume the linear elastic and isotropic constitutive law given by (6.25) to

model the bulk responses, with Young’s modulus E = 30,000 MPa and Poisson’s

ratio ν = 0.2 (i.e., λ = 8330 MPa, µ = 12,500 MPa in terms of the Lamé constants).

The material failure is detected based on the Rankine criterion discussed in Remark



85

200 mm  

topδ topδ

botδ botδ

200 mm  

200 mm  

topδ topδ

botδ botδ

200 mm  

200 mm  

200 mm  

topδ topδ

botδ botδ

200 mm  

200 mm  

200 mm  

topδ topδ

botδ botδ

midδ midδ

200 mm  

200 mm  

200 mm  

Horizontal 

Rotated 

4 
3 

Figure 7.1: Element uniform tension test / Element bending test: geometry, bound-

ary conditions, and finite-element discretizations. A regular hexahedral block is

pulled by imposed displacements δtop, δmid, and δbot under displacement control. A

single element for four–four split nodes (top left), two elements for one–seven split

nodes (top right), two elements for two–six split nodes (bottom left), and eight ele-

ments for a combination of different configurations of split nodes (bottom right) are

considered. In addition to the originally horizontal elements, rotated configurations

with respect to the global Cartesian reference system are also considered.

(2.3.3); once the maximum principal stress reaches the material strength ft = 3 MPa,

the discontinuity surface forms with the element normal in the associated maximum

principal direction. The softening responses are then activated and modeled by the

piecewise linear cohesive law given in (6.33) with a value of the softening modulus

S = −45 MPa/mm, which defines the driving traction in the normal direction of

the discontinuity surface in terms of the corresponding displacement jumps. The

tangential displacement jumps are also allowed by the linearly increasing relation
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Figure 7.2: Element uniform tension test: computed reaction p versus imposed

displacement δtop = δmid = δbot. The analytical solution is exactly recovered by all

types of finite elements in all configurations of split nodes for the original or rotated

elements.

given by (6.37) with a small value of the reduced stiffness, though no tangential

component develops in this test.

Figure 7.2 shows the computed reaction p versus the imposed displacement

δtop = δmid = δbot in the loading direction for all the different kinds of elements

and all configurations of split nodes together with the exact solution, which can

be easily obtained in a closed form for the constant opening of the discontinuity

considered in this test as reported in Linder and Armero (2007). The same results

are obtained in both the original and rotated configurations of the base elements,

confirming the invariance of the developed formulae for this constant separation

mode under the change of the chosen frame. Note that particular local frames for

the respective elements need to be chosen to obtain a closed-form expression of the

equilibrium operator G(e) as presented in Section 6.1. These numerical results also
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confirm the expectation that the constant stress state has to be exactly recovered

for all the different cases, including the instance that the stabilization is required to

avoid the aforementioned singularity arising from the incorporation of higher order

interpolations of the displacement jumps. Thus, it is evident that the constant sepa-

ration modes are not affected by the newly incorporated higher order interpolations

of the jumps.

7.1.2 Element bending test

As outlined earlier, the next element test is designed such that the new finite

elements undergo only the linear normal separation mode. To this end, we make a

given domain be subjected to pure bending, allowing the linear opening along the

discontinuity surface once the localization criterion is met. It is anticipated that the

bending response can be adequately reproduced by the newly incorporated interpo-

lations of the displacement jumps, particularly through, by design, the possibility of

the infinitesimal rotations around the tangential direction of the discontinuity, which

is the only relative motion of the two split blocks considered in this test; see Figure

5.1 for an illustration in which the enhanced parameters ξ<1n> or ξ<2n> correspond

to this separation mode.

We slightly modify the uniform tension test presented in the previous section.

The same geometry, material properties, and meshes (i.e. four kinds of configura-

tions of split nodes for both the original and rotated elements) are again considered,

whereas the loading conditions are changed to activate only the sought mode. We

impose displacements δtop, δmid, and δbot at the top, middle, and bottom nodes

with the same rates until tensile stresses reach a given threshold, which enables the

discontinuity surface to form through the block’s height again. These loadings are
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Figure 7.3: Element bending test with a single element: considered configuration of

four–four split nodes (left) and computed reaction p versus imposed displacement

δbot at bottom nodes (right). The analytical solution is also included for comparison

purposes. Rotated configurations of the underlying elements with respect to the

global Cartesian reference system are further considered, and the same results are

obtained.

followed by linearly varied rates between them, in particular, with δbot imposed at

the double rate of δtop.

An analytical solution can be obtained in a closed form for the considered piece-

wise linear cohesive law and loading conditions; see Linder and Armero (2007) for

details. The resulting softening response features an initial linear decrease followed

by a short nonlinear softening right before a complete vanishing in the stage of

the full opening of the discontinuity (i.e., no driving traction in the cohesive model

(6.33)). No tangential displacement jump is explicitly included in the analytical

solution. However, we allow the tangential components to be activated during nu-

merical simulations by the linearly increasing relation given in (6.37) with a small
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Figure 7.4: Element bending test with two elements: considered configuration of

one–seven split nodes (left) and computed reaction p versus imposed displacement

δbot at bottom nodes (right). The analytical solution is also included for compari-

son. The same results are obtained in the rotated configurations of the underlying

elements with respect to the global Cartesian reference system.

value of the reduced stiffness km = 0.3 MPa/mm. This numerical treatment pre-

vents the elements from any singularity in the full openings due to the minimum

number of fixed nodes in the transversal direction of the applied loadings.

Figure 7.3 plots the computed reaction p versus the imposed displacement δbot at

the bottom nodes for the single element case as sketched on the left. It contains the

numerical results obtained from the finite elements with constant and linear jumps,

respectively, as well as the analytical solution for the sake of comparison, with the

same results shown in the rotated configurations, verifying again the invariance of the

developed formulae for this linear separation mode under the change of the chosen

frame. Especially, the stabilization procedure is needed for the Q1/E12 element

with linear jumps as this enhanced strain element exhibits the singularity even in
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Figure 7.5: Element bending test with two elements: considered configuration of

two–six split nodes (left) and computed reaction p versus imposed displacement δbot

at bottom nodes (right). The analytical solution is also included for comparison.

The test is further implemented in rotated configurations of the originally horizontal

elements with respect to the global Cartesian frame, yielding the same results.

the configuration of the four–four split nodes. A small value of 100 is employed for

the stabilization parameter k > 0.

Marked discrepancies are observed between the responses obtained from the el-

ements with only constant jumps and the exact solution. The elements exhibit not

only poor resolutions of the softening branch but also severe increases in the final

stage. These over-stiff responses originate in, by construction, a lacuna of the linear

normal separation mode for those elements. It could be inferred therefore that stress

locking—namely, a spurious transfer of stresses through the discontinuity—appears

in the elements involving only constant jumps due to poor resolutions of the sought

discrete strains.

On the other hand, we observe substantial improvements on the elements with
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Figure 7.6: Element bending test with eight elements: a combination of different

configurations of split nodes (left) and computed reaction p versus imposed dis-

placement δbot at bottom nodes (right). The analytical solution is also included

for comparison purposes. Rotated configurations of the underlying elements with

respect to the global Cartesian reference system are also considered, and the same

results are obtained.

linear jumps, which incorporate, by construction, the linear normal separation mode

considered in this test. The results obtained from both the Q1 and Q1/E12 elements

are in good agreement with the exact solution over the entire range of deformation,

especially maintaining a vanishing of reactions and stresses for the full opening of the

discontinuity. This situation can be traced back to the fact that those elements in-

volve, by design, higher order interpolations in the assumed deformation field. More

precisely, the enhanced strain operator G(c) and small-scale strain εhµ are constructed

to perfectly match with the assumed field of the large-scale strain εh for the under-

lying elements in the element design presented in Chapter 5, in particular, to allow

the two split blocks of the localized element to accommodate the (relative) infinites-

imal rotation around the tangential direction of the discontinuity. Furthermore, we
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observe that the Q1/E12 element exactly capture the initial linear softening branch

in this undistorted configuration, which results from the exact capture of the linear

stress field of the pure bending in virtue of the optimal bending properties of this

element. However, these desired aspects break down in the distorted configurations

of the element.

We further consider different configurations of split nodes under the same loading

condition (i.e., pure bending). The computed reaction p versus imposed displace-

ment δbot curves at the bottom nodes are depicted in Figures 7.4 and 7.5 for the

configurations of one–seven and two–six split nodes, and in Figure 7.6 for a com-

bination of the different configurations, respectively, as illustrated on the left. We

have also included the analytical solution for comparison purposes.

It appears that the responses obtained from these distorted elements are similar

to the results for the previous single undistorted element, though the new elements

with linear jumps are originally prone for the singularity, thus requiring the sta-

bilization procedure. For the elements with constant jumps except in the case of

the two–six split nodes, the difference between the numerical results and analytical

solution gradually increases in both the linear and nonlinear softening ranges, and

severe over-stiff responses appear in the final stage of deformation where the driving

traction must vanish.

This bad situation can be avoided with the new elements involving linear dis-

placement jumps. Both the Q1 and Q1/E12 elements give satisfactory results in

all the configurations of split nodes. The reactions obtained from the new elements

always remain nearly a zero value in the final stage, which is numerically acceptable

within machine precision. However, we observe that the results obtained from the

new elements are somewhat inconsistent with the analytical solution in the soft-
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Figure 7.7: Element partial tension test: geometry and boundary conditions. The

lower part of a single brick element that is crossed by a horizontal discontinuity

surface is pulled by imposed displacements δ at bottom nodes while the upper part

is constrained. The pre-existing discontinuity at the center is assumed to be fully

softened at the beginning of the analysis. The test is implemented in both the

horizontal (original) and rotated configurations.

ening branch. This is to be traced back to the fact that a linear distribution of

the given stress field can not be exactly captured by the distorted elements, thus

motivating finer levels of refinement in the finite-element discretization. Indeed, it

is observed that such poor resolutions of stresses and breakdowns of the pure bend-

ing activate even tangential components of the displacement jumps. Nevertheless,

all the numerical results apparently illustrate the improved performance of the new

three-dimensional embedded finite elements when resolving the localization effects

associated with the linear normal separation mode.

7.1.3 Element partial tension test

The next element test considers a single element whose half part is in simple ten-

sion. The aim of this test is to illustrate the performance and properties of the new

finite elements when they undergo an in-plane stretch in the tangential directions
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Figure 7.8: Element partial tension test: computed normal stress σ versus imposed

displacement δ in both the lower and upper parts for the Q1 element. The analytical

solution is also included for comparison. The same results are obtained in the rotated

configurations of the block with respect to the global Cartesian frame.

to the discontinuity; see Figure 5.1 for an illustration in which the enhanced param-

eters ξ<1m1> and ξ<2m2> measure the amounts of the stretching in the linear in-line

tangential separation mode. This mode can be modeled by considering the same

block consisting of a single element as for the previous tests. We, however, apply

different loading conditions to make the element become subjected to the separation

mode considered in this test as illustrated on the left of Figure 7.7; the lower part

is pulled by imposed displacements δ at the bottom nodes while the upper part is

constrained. Further, a pre-existing horizontal discontinuity surface at the center of

the block is assumed to be fully softened from the very beginning of the analysis so

that no driving traction is developed, thus preventing development of the driving

traction on the discontinuity. Rotated configurations of the element with respect to

the global Cartesian reference system are also considered as sketched on the right
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of Figure 7.7.

As for the previous tests, the linear elastic and isotropic constitutive law is

assumed in the bulk with Young’s modulus E = 30,000 MPa, but Poisson’s ratio

ν = 0 (or λ = 0, µ = 15,000 MPa in terms of the Lamé constants). This special

consideration of a zero value of the Poisson’s ratio enables the element to exhibit

no normal component of the displacement jumps to the discontinuity surface, thus

not allowing any deformation in the upper part. Accordingly, it is predicted that

the only activated component of stresses is a normal stress in the loading direction

in the lower part.

We have plotted in Figure 7.8 the computed normal stress σ versus imposed

displacement δ curves for the Q1 element for both the lower and upper parts. An

exact solution is also included for comparison purposes. The same results are ob-

tained in the rotated configurations with respect to the global Cartesian reference

system, again confirming the invariance of the developed formulae related to this

particular linear separation mode under the change of the local frame. In compar-

ison with the exact solution, the elements with constant jumps exhibit the same

amount of reduced stresses in the lower part as increased stresses in the upper part.

It appears that parasitic stresses transfer between the two split parts that have been

fully opened. This bad situation clearly stems from poor kinematic approximations

of the linear displacement jumps, particularly in the attempt to describe the linear

in-line tangential separation mode that is the only activated relative motion of the

split element in this test.

This stress locking motivates the need of embedment of the higher order sepa-

ration mode into the new three-dimensional finite elements as we consider in the

construction of the enhanced strain operator G(c) in Chapter 5. By doing so, the
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Figure 7.9: Element partial shear test: geometry and boundary conditions. Infinites-

imal shear strains γ are imposed in the lower part of a regular hexahedral block,

which consists of a single brick element crossed by a horizontal discontinuity surface

at the center, whereas the upper part is constrained. The pre-existing discontinuity

is assumed to be fully softened at the beginning of the analysis. Both the horizontal

(original) and rotated configurations are considered.

exact solution in both the lower and upper parts of the block can be recovered;

the new elements generate no stresses in the upper part and linearly increasing

stresses in the lower part, which match with the aforementioned prediction for the

given loading conditions and assumed material properties. Obviously, we observe

no spurious transfer of stresses across the fully softened discontinuity.

7.1.4 Element partial shear test

This section presents an element test in which a half part of a single element is

subjected to simple shear. The aim of this test is to evaluate the performance of

the new finite elements for the relative in-plane shear motion on the discontinuity

surface; see Figure 5.1 for an illustration in which the enhanced parameters ξ<1m2>

and ξ<2m1> correspond to this linear separation mode. To this end, we slightly

modify the element partial tension test presented in the previous section, including
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Figure 7.10: Element partial shear test: computed shear stress τ versus imposed

shear strain γ in both the lower and upper parts for the Q1 element. The analytical

solution is also included for comparison. The same results are obtained in the

rotated configurations of the originally horizontal element with respect to the global

Cartesian frame.

a consideration of the rotated configurations as illustrated in Figure 7.9; the same

material properties in the cube crossed by the fully softened discontinuity surface

are again assumed, whereas different loading conditions are applied to yield only the

particular separation mode. That is, shear strains γ are imposed for the lower part

of the block while the upper part is fixed. In this way, it is expected that the only

activated component of stresses is a shear stress in the lower part.

Figure 7.10 shows the computed shear stress τ versus the imposed shear strain

γ for the Q1 element in both the lower and upper parts of the block, together with

the analytical solution for comparison purposes. The same results are obtained in

the rotated configurations, again confirming the invariance of the developed formu-

lae related to this particular linear separation mode under the change of the local
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frame. The spurious transfer of stresses across the discontinuity again appears in

the elements with constant jumps with respect to the analytical solution; we ob-

serve the same amount of increased shear stress in the upper part of the block as

decreased shear stress in the lower part. Clearly, this bad situation results from, by

construction, too-rich kinematic assumptions in those elements due to the lack of

the linear crossed tangential separation mode in the enhanced operator G(c), which

is the only activated motion for this particular element separation.

The stress locking can be completely avoided by incorporating the sought sepa-

ration mode in the new finite elements with linear jumps. The computed stress field

obtained from those new elements is identical to the exact solution in the lower part

of the block, and vanishes in the upper part. Indeed, these numerical responses are

consistent with the aforementioned expectation, indicating a complete vanishing of

a spurious transfer of stresses between two split parts as desired.

7.1.5 Element partial rotation test

To conclude the element tests in which each separation mode is separately as-

sessed, we consider the element partial rotation test. The aim of this test is to

illustrate the performance of the new finite elements whose half part is subjected

to an infinitesimal rotation around the normal direction to the discontinuity sur-

face; see Figure 5.1 for an illustration in which the enhanced parameters ξ<1m2> and

ξ<2m1> correspond to this linear crossed tangential separation mode. In particular,

the element partial tension test is again slightly modified by changing the loading

conditions as illustrated in Figure 7.11. We impose the infinitesimal rotation on the

lower part below the pre-existing horizontal discontinuity by angles θ while all nodes

of the upper part are fixed. Clearly, it is plausible that the entire domain has to be
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Figure 7.11: Element partial rotation test: geometry and boundary conditions. The

angles θ of the infinitesimal rotation are imposed in the lower part of a single brick

element crossed by a horizontal discontinuity surface at the center, whereas the

upper part is constrained. The pre-existing discontinuity is assumed to be fully

softened at the beginning of the analysis. Both the horizontal (original) and rotated

configurations are considered.

subjected to a completely stress-free state as no stress can be transferred through

the fully softened discontinuity.

We have plotted in Figure 7.12 the computed shear stress τ versus the imposed

angle θ for the Q1 element, obtaining the same results in the rotated configurations

sketched on the right of Figure 7.11, again verifying the invariance of the final

formulations associated with this particular linear separation mode under the change

of the local coordinates. In view of the overall test setting, and thus a resulting

complete vanishing of stresses in the new finite elements, severe stress locking is

again observed in both the lower and upper parts of the cube for the element with

only constant jumps. Apparently, this bad situation is due to too-rich constraints in

the kinematic assumptions of the displacement jumps for those elements, verifying

the embedment of this particular higher order separation mode into the new three-

dimensional finite elements.
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Figure 7.12: Element partial rotation test: computed shear stress τ versus imposed

angle θ in both the lower and upper parts of the block for the Q1 elements. The

elements with linear jumps exhibit a complete vanishing of stresses in the entire

domain. The same results are obtained in the rotated configurations of the originally

horizontal element with respect to the global Cartesian frame.

7.2 Convergence test

We next seek to evaluate convergence properties according to different levels of

discretizations as the finite-element meshes become finer. To this end, we consider

a block with dimensions of 20 × 10 × 1 mm3 sketched in Figure 7.13 involving a

pre-existing vertical discontinuity surface with a length of 5 mm through the half

of the block’s height at the bottom center. The hexahedral block is pulled by an

imposed displacement u = 1 mm at the very far right under the quasi-static loading

condition. A reaction p is computed at the very same points. The discontinuity is

assumed not to propagate further, and to be fully softened at the very beginning of

the analysis so that no driving traction develops on it. The material responses in the

bulk are assumed as linear elastic and isotropic with Young’s modulus E = 206,900
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Figure 7.13: Convergence test: geometry and boundary conditions. A hexahedron

with a pre-existing vertical discontinuity surface at the bottom center is pulled by

an imposed displacement u = 1 mm at the very far right of the block under the

quasi-static loading condition. A reaction p is computed at the same points. The

discontinuity is assumed to be fully softened at the beginning of the analysis, and

not to propagate further.

MPa and Poisson’s ratio ν = 0.29 (or λ = 110,740, µ = 80,190 MPa in terms of

the Lamé constants). Five levels of structured meshes are generated to investigate

the convergence rates as shown on the left of Figure 7.14, in which the pre-existing

discontinuity surface is also depicted in the deformed configurations (scaled by 100).

Note that more elements are crossed by the discontinuity as the meshes are refined.

The distributions of normal stresses in the loading direction are illustrated on

the right of Figure 7.14 for the Q1 element. It is seen that the stress concentrations

at the tip of the discontinuity can be reproduced more accurately through the finer

meshes. We have obtained similar results with the Q1/E12 element though they are

not reported here for brevity. Figure 7.15 plots the computed reaction p versus the

number of elements crossed by the discontinuity for both the Q1 and Q1/E12 ele-

ments. Especially, both the elements can not capture exactly the material responses
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Figure 7.14: Convergence test: five refinement levels of regular meshes (left) and

distributions of normal stresses in the loading direction at u = 1 mm (right). All

figures are depicted in the deformed configuration.
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Figure 7.15: Convergence test: computed reaction p versus the number of elements

crossed by discontinuity for both the Q1 and Q1/E12 elements.

associated with the higher order separation modes involved in this test if only con-

stant interpolations of the jumps are considered in the element design, though the

Q1/E12 element exhibits the better performance including faster convergence rates

than the basic Q1 element. This situation is to be contrasted with the new three-

dimensional finite elements as the stress locking disappears in those elements. In

particular, we observe an overall improvement on the resolution of reactions and

convergence rates with the new elements for both the Q1 and Q1/E12.

7.3 Three-point bending test

We next consider the classical benchmark problem of the three-point bending test

with a single edge notched concrete beam, as an example of more involved problems

according to brittle failure in dominant mode I fracture. This kind of specimen

has been widely used in estimating the fracture toughness or stress intensity factor
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Figure 7.16: Three-point bending test: geometry and boundary conditions. A spec-

imen with a notch at the mid-span is pushed downwards on the top center line

under the quasi-static loading condition. Displacements u are imposed with con-

stant increments of 0.01 mm up to 0.8 mm, and reactions p are computed at the

same points.

in fracture mechanics. Especially, we refer among many others to experimental

results reported in Petersson (1981). The aim of the simulation of this actual test

is to explore the performance of the new finite elements in the resolution of the

discontinuity, which generally propagates along the a priori unknown paths in the

three-dimensional meshes. The evaluation of the locking properties and stability is

of main importance. Due to bending dominant aspects of the considered problem

here, it is predicted that the resolution of the linear normal separation mode plays

a crucial role in the substantial improvement on the new finite elements; see Figure

5.1 for an illustration of this linear mode measured by the enhanced parameters

ξ<1n> or ξ<2n>.

We consider a 2000 × 200 × 50 mm3 hexahedral block sketched in Figure 7.16,

which is simply supported and involves a 20 × 100 × 50 mm3 notch at the mid-

span. The specimen is pushed downwards on the top center line until imposed

displacements u reach 0.8 mm by fixed increments of 0.01 mm. The reactions p

are computed on the same points. Based on the experimental observation, the



105

Figure 7.17: Three-point bending test: considered three refinement levels of finite-

element discretizations. A structured mesh with 1926 elements (top) and two un-

structured meshes with 2308 (middle) and 4064 (bottom) elements are generated

with finer meshes around the expected crack path.

discontinuity initiates from the notch tip and propagates vertically through the

block’s height, which is consistent with a distribution of the computed stresses as

shown next.

We consider three levels of discretizations illustrated in Figure 7.17, in which

the eight-node hexahedral elements such as the Q1 and Q1/E12 elements are used;

a structured mesh with 1926 elements and two unstructured meshes with 2308 and

4064 elements are generated with smaller elements around the expected discontinuity

path. This special mesh treatment enables higher resolution of stresses in those

regions, which crucially affects correct predictions of crack paths in the problem

at hand. Note that a particular formation of the discontinuity is determined by

the localization criterion, which is based on the computed stresses in this work.

However, we emphasize that the discontinuity paths are a priori unknown in the

actual numerical simulations.
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The material properties are chosen from the values reported in Petersson (1981)

for comparison. We assume the linear elastic and isotropic constitutive law in the

bulk with Young’s modulus E = 30,000 MPa and Poisson’s ratio ν = 0.2. Once

the propagation condition (i.e., the Rankine criterion discussed in Remark 2.3.3) is

reached at one of the quadrature points in the bulk of the element, the discontinuity

is embedded in the element interior. Afterwards, softening responses in the normal

direction to the discontinuity surface are to be modeled by the so-called cohesive

law, which defines a driving traction in terms of the displacement jump for the

associated component. In particular, we assume the power law given by (6.35)

with tensile strength ft = 3.33 MPa and softening parameters k = 0.5, δa = 0.015

mm, and δ0 = 0.16 mm, corresponding to the fracture energy Gf = 0.124 N/mm,

which defines the area under the softening curve in Figure 6.4. It is assumed that

the damage response is such that the driving traction follows linearly to the origin

upon unloading as discussed in Remark 6.5.1. The tangential components are also

activated, which are modeled by the simple linear increasing relation given by (6.37)

with a reduced stiffness km = 30 MPa/mm.

Figure 7.18 illustrates propagating discontinuity surfaces at the imposed dis-

placement u = 0.8 mm in the deformed configurations (scaled by 100) after zooming

the region around them. These crack paths are obtained from the Q1 element, but

similar results are gained by the Q1/E12 element. All the simulations are run after

the experimentally well-passed envelope reported in Petersson (1981), thus prevent-

ing the crack from propagating through the entire height of the beam. The proposed

tracking algorithm is employed to capture the crack paths propagating in the three-

dimensional space without any topological problem, which is easily incorporated in

the existing finite element codes due to its strong modularity as discussed in Section
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Figure 7.18: Three-point bending test: propagated discontinuity surfaces at an

imposed displacement u = 0.8 mm in the deformed configuration (scaled by 100).

The region around the discontinuities is zoomed, which shows almost identical crack

paths on the whole. The results are obtained with the Q1 elements but similar crack

propagations are observed with the Q1/E12.

4.1. It is seen that the discontinuity formations are almost identical on the whole,

though no a priori information on the crack paths is involved in the propagation

procedure.

Figure 7.19 illustrates the distributions of normal stresses in the direction per-

pendicular to the notch around the crack path in the deformed configurations (scaled

by 100). These results are shown for the structured mesh, but similar patters are

obtained from the irregular meshes though they are not included here for brevity.

We observe that the sign of stresses changes at the crack tip at each load step; the

(tensile) stress concentrations appear in the very upper part of the overall propagat-
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Figure 7.19: Three-point bending test: distributions of normal stresses (MPa) in

the direction perpendicular to the notch around the crack path.

ing discontinuity, whereas compressive stresses develop in front of it. However, such

high levels of tension can be released in the elements with the active discontinuities,

which in turn enables the front compressions to be switched into tensions, and even-

tually allows the crack to continuously propagate as the applied loading increases. It

is, therefore, speculated that sufficient release of the tensions through the localized

elements plays a crucial role not only in the resolutions of stresses but also in the

correct crack propagations. In this respect, the incorporation of the higher order

separation modes guarantees a substantial improvement on the new finite elements

for both the Q1 and Q1E12, as we observe a rapid release of the high tensions in

the new elements crossed by the discontinuities in this figure. Furthermore, the

elements with constant jumps exhibit high levels of tension around the notch tip,

though the elements are fully softened there at this final step of the loadings. It

could be inferred, therefore, that parasitic stresses transfer across the discontinuities
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Figure 7.20: Three-point bending test: computed reaction p versus imposed dis-

placement u curves. The figures correspond to results obtained from Q1 elements for

different refinement levels of discretizations (top left) and both the Q1 and Q1/E12

elements for structured (top right), coarse (bottom left), and fine (bottom right)

meshes. The experimental envelope reported in Petersson (1981) is also included for

comparison.

due to a lack of the linear normal separation mode in those elements, which is a

prevailing motion in this test.
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The accuracy in the computed stresses naturally affects the resulting reactions.

The computed reaction p versus imposed displacement u curves are plotted in Figure

7.20, for the Q1 elements with different discretizations and for the considered three

meshes with both the Q1 and Q1/E12 elements, respectively. The experimental

envelope is also included for comparison. The results obtained from the new finite

elements are in good agreement with the experimental data reported in Petersson

(1981) over all the load steps, though those elements require the stabilization proce-

dure described in Section 6.4 to avoid the singularity related to the linear separation

modes. On the contrary, stiffer responses in the post-peck region are observed only

for the elements with constant jumps, especially showing more marked discrepancies

for the structured mesh. Indeed, this is consistent with the results obtained from

the element bending test presented in Section 7.1.2, as those elements reveal severe

stress locking in the configurations of four–four split nodes in the test. Altogether,

we strongly argue the validity of the incorporation of the higher order separation

modes together with the stabilization. More precisely, the strain-localization and

related softening responses in the bending dominant problems can be effectively re-

solved by the embedment of the linear normal separation mode in the individual

elements in the proposed numerical framework.

7.4 Four-point bending test

The three-point bending test represents the Mode I dominant fracture associ-

ated with the linear normal separation mode. In this context, we next consider a

more involved example representing a mixed-mode fracture through the benchmark

problem of the four-point bending test with a single edge notched beam. This test

was originally presented in Arrea and Ingraffea (1982) and later reconsidered ex-
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Figure 7.21: Four-point bending test: geometry and boundary conditions. A con-

crete specimen with a notch at the bottom center and four steel bumpers on the

bottom and top surfaces is pushed downward by an eccentric load p and 0.13p on the

top bumps. The arc-length solution procedure is used with a crack mouse sliding

displacement (CMSD) u as a control parameter.

perimentally or numerically in Reinhardt et al. (1987), Rots and de Borst (1987),

Carpinteri et al. (1993), Ožbolt and Reinhardt (2000), to mention a few. Based on

the experimental or numerical results there, a mixed-mode stress field appears at

the beginning of the discontinuity formation, but the Mode I fracture eventually

prevails as the discontinuity propagates further.

The particular geometry and boundary conditions considered in this test are il-

lustrated in Figure 7.21. We consider a 1322 × 306 × 156 mm3 concrete beam with

a 14 × 82 × 156 mm3 notch at the bottom center of the specimen. Four steel bumps

are attached to the specimen at the top and bottom surfaces, on which the loadings

and displacements are imposed, rather than applying directly the boundary condi-

tions to the concrete. In particular, the nonsymmetric loads p and 0.13p are imposed

on the top surfaces of the two bumps under the arc-length control scheme with a

crack mouse sliding displacement (CMSD) u as a control parameter. The quasi-
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Figure 7.22: Four-point bending test: two different levels of finite-element discretiza-

tions. Two unstructured meshes with 3283 and 5764 elements are generated with

smaller elements around the expected crack path.

static loading condition is again considered until the CMSD u reaches 0.15 mm.

Based on the experimental observations, the discontinuity initiates on the top right

corner of the notch and starts propagating to the right and upwards. As the load

increases, the normals to the discontinuities, which directly correspond to the max-

imum principal directions of the stresses, are supposed to rotate due to the imposed

eccentric loading condition, and the discontinuity eventually evolves in the nearly

upward direction. Thus, we use smaller finite elements in the expected crack path

for the higher resolutions of stresses as illustrated in Figure 7.22, in which two dif-

ferent levels of discretizations considered here is shown. These unstructured meshes

consist of the 3283 and 5764 Q1/E12 eight-node hexahedral elements, respectively.

We assume the concrete specimen as the linear elastic and isotropic material

in the bulk with Young’s modulus E = 28,800 MPa and Poisson’s ratio ν = 0.18.

The bumps are assumed as 10 times the Young’s modulus and the same Poisson’s
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ratio as the concrete. After the material failure is detected based on the Rankine

criterion discussed in Remark 2.3.3 with a tensile strength ft = 2.8 MPa, a softening

parameter S = -39.2 MPa/mm is considered for the piecewise linear cohesive law

given by (6.33) for the normal component of the displacement jumps, leading to

the fracture energy Gf = 0.1 N/mm. For the unloading/reloading responses, the

driving traction is assumed to follow linearly to zero as discussed in Remark 6.5.1.

The tangential components of the displacement jumps are also allowed by the linear

increasing relation given by (6.37) with a reduced stiffness km = 2.88 MPa/mm to

capture the dominant mixed-mode fracture involved in this particular example.

Figure 7.23 shows propagated discontinuity surfaces (left) and distributions of

normal stresses in the direction perpendicular to the notch (right) at the final load

step (u = 0.15 mm) in the deformed configuration (scaled by 100). The proposed

tracking algorithm discussed in Section 4.1 is employed to trace the twisted disconti-

nuity surface in this example. It is seen that the crack patterns are similar in all the

cases, though no information on the discontinuity paths is provided a priori in the

simulations. We have further included the computed reaction p versus crack mouse

sliding displacement u curves in Figure 7.24. Almost the same curves are observed

right before u = 0.08 mm, whereas the finer meshes show slightly stiffer responses

in the final stage of loadings. However, the difference between the refinement levels

of finite element discretizations is not so marked. More striking difference is ob-

served in the computed stress fields, especially between the different finite elements

with constant and linear jumps; a release of stresses is more apparent for the new

elements involving the more enriched separation modes. Stress concentrations are

again observed around the crack tips, in particular with higher levels of tensions for

the elements with only constant jumps.
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Figure 7.23: Four-point bending test: propagated discontinuity surfaces (left) and

distributions of normal stresses (MPa) in the direction perpendicular to the notch

(right) around the crack path at an imposed displacement u = 0.15 mm in deformed

configurations (scaled by 100).
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Figure 7.24: Four-point bending test: computed reaction p versus crack mouse

sliding displacement (CMSD) u curves for the Q1/E12 elements.

7.5 Steel anchor pullout test

We next employ the new three-dimensional finite elements for the analysis of the

steel anchor pullout test. This test and its variant, the so-called LOK-test, have been

considered to estimate a compressive strength of concrete by measuring a pullout

force; see Yener (1994) for an overview. An enormous amount of literature on the

numerical simulations of this problem is found, and we refer to particular numerical

results reported in Gasser and Holzapfel (2005a), Jäger (2009), Feist and Hofstetter

(2007a). Among them, the first two references deal with this problem in the context

of the unity of partition FEM, whereas the technique of the embedded FEM is

employed in the last one, which is parallel to our work. In this test, a steel anchor is

embedded in a constrained concrete cylinder, and pulled out centrically, thus defining

an axisymmetric problem. Accordingly, the axisymmetric two-dimensional finite

elements can be used to analyze this problem; see Elfgren et al. (2001). However, this

study focuss on illustrating applicability of the new finite elements for the numerical
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Figure 7.25: Steel anchor pullout test: geometry and boundary conditions (left) and

finite element discretization of the concrete specimen (right). The steel anchor in a

massive concrete cylinder is pulled out upwards with a top perimeter of the cylinder

(the shaded area) constrained in the loading direction. Only a quarter of the whole

structure is modeled with axisymmetric boundary conditions prescribed (i.e., ux = 0

at x = 0 and uy = 0 at y = 0). Based on the assumption that the steel anchor is rigid

without any interaction between the concrete cylinder, displacements u are directly

imposed on the upper contact surface between the steel and the concrete under the

quasi-static loading condition. Reactions p are also computed at the same points.

The unstructured meshes consisting of 4580 Q1 or Q1/E12 elements are generated

with smaller elements around the expected crack path based on the experimental

results.

simulations of the general three-dimensional problems, which involve more complex

kinematics of the strong discontinuities than the two-dimensional settings.

The particular geometry and boundary conditions are illustrated on the left of

Figure 7.25. To minimize the computational cost, only a quarter of the whole struc-

ture is modeled with axisymmetric boundary conditions prescribed (i.e., ux = 0 at
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x = 0 and uy = 0 at y = 0). We consider a massive concrete cylinder with 700

mm radius and 600 mm thickness, and a steel anchor consisting of a steel disc with

200 mm radius and 40 mm thickness and an anchor shaft with 84 mm radius and

542.5 mm length. The steel anchor is pulled out upwards with the top perimeter of

the concrete cylinder (the shaded area) constrained in the loading direction. Fur-

ther, the steel anchor is assumed to be rigid, and all the interaction effects between

the steel and concrete are neglected for simplicity. Thus, the steel anchor is not

explicitly modeled, and displacements u are instead imposed on the upper contact

surface between the steel disc and concrete, which are increased by constant incre-

ments of 0.01 mm up to 0.4 mm under the quasi-static loading. The finite element

discretization of the specimen is further illustrated on the right of Figure 7.25, in

which the 4580 irregular Q1 and Q1/E12 brick elements are used. A finer level of

finite element discretization is considered around the expected discontinuity path to

obtain higher resolutions of stresses there, based on the experimental observation

that the discontinuity starts propagating from the upper edge of the steel disc, and

forms a conical surface eventually. Note, however, that the discontinuity is allowed

to arbitrarily propagate without any a priori information on the paths during the

simulations.

The material properties are chosen from Feist and Hofstetter (2007a) for direct

comparison. The linear elastic and isotropic constitutive model is assumed for the

bulk responses with Young’s modulus E = 30,000 MPa and Poisson’s ratio ν = 0.2.

The discontinuity segment is activated based on the Rankine criterion discussed in

Remark 2.3.3 if the condition is fulfilled at one of the quadrature points. The asso-

ciated (single) element normal corresponds to the average of the maximum principal

directions of computed stresses over the integration points. This condition is checked
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only in neighboring finite elements to the elements where the discontinuities have

been already activated, which are recognized by the connectivity graph of the un-

derlying mesh of the global domain at hand; see Section 4.1 for detailed discussions

of the tracking procedure employed in this study. The softening response for the

normal component to the discontinuity is modeled by the piecewise linear cohesive

law given by (6.33) with a tensile strength ft = 3 MPa and a softening modulus

S = −42.4528 MPa/mm, leading to the fracture energy Gf = 0.106 N/mm. The

damage response is assumed to be linear to zero in unloading/reloading as discussed

in Remark 6.5.1. The boundary conditions imposed in this example allow the tan-

gential components of driving traction to be activated as well. We again assume the

simple linear increasing relation given by (6.37), assuming no limit of the driving

traction in the tangential directions. A small value of the reduced stiffness km = 30

MPa/mm is employed.

The propagated discontinuity surfaces and computed normal stress fields in the

loading direction at an imposed displacement u = 0.4 mm are illustrated on the left

and right of Figure 7.26, respectively, for both the Q1 and Q1/E12 elements. A

striking aspect of the left figures is that the evolving discontinuities form smooth

surfaces, though the finite element formulations have no a priori information of the

particular crack path. The difference between the Q1 and Q1/E12 with constant or

linear displacement jumps is not so marked. On the contrary, it is clearly seen that

the stress fields exhibit a pronounced difference between the two different levels of

kinematic enhancements for the sought displacement jumps. We observe high levels

of tensile stresses around the upper edge of the steel disc for the elements with

constant jumps. In fact, those elements in the region are to be fully softened at this

load step so that no traction can be transferred across the discontinuity. It could
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Figure 7.26: Steel anchor pullout test: propagated discontinuity surfaces (left) and

distributions of normal stresses (MPa) in the loading direction (right) at an imposed

displacement u = 0.4 mm in the deformed configuration (scaled by 100).
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Figure 7.27: Steel anchor pullout test: computed reaction p versus imposed displace-

ment u curves. The numerical results reported in Gasser and Holzapfel (2005a) and

Feist and Hofstetter (2007a) are also included for comparison.

be therefore inferred that spurious stresses are transferred between two split parts

of those elements due to lack of the sought discrete kinematics through the higher

order interpolations of the displacement jumps. This situation is completely avoided

by the new three-dimensional finite elements as those elements exactly capture the

linear separation modes without singularity, which can be numerically dealt with by

the stabilization procedure discussed in Section 6.4. In fact, different configurations

of split nodes are observed in this test, requiring the stabilization of the new elements

with the linear jumps.

Figure 7.27 plots the computed reaction p versus the imposed displacement u

curves for both the Q1 and Q1/E12 elements with constant or linear jumps. We

have further included the numerical results reported in Gasser and Holzapfel (2005a)

and Feist and Hofstetter (2007a) for comparison. The resulting curves feature three

stages, which consist of an almost linear increase initially, a short decrease after a



121

peak point, and a re-increase eventually. The observed response of the re-increase is

mostly ascribed to the fact that the considered Rankine criterion detects only ten-

sile failure, thus preventing the localized finite elements from capturing correctly a

failure mode transition from tension/shear to compression/shear observed in the ex-

periments. It is likely that the initial slopes are almost identical between our results

and the one reported in Feist and Hofstetter (2007a), whereas the peak points in

our results are somewhat lower than the ones reported in those references. Further,

our results exhibit more marked snap-back in this load-displacement curve. These

results could stem from slightly different formations of the evolving discontinuity

surfaces between the different numerical frameworks. It could be seen, therefore,

that the correct prediction and capture of the discontinuity paths significantly af-

fect the final results in the numerical modeling of failure in solids.

7.6 Failure mode transition test

We finally employ the new three-dimensional finite elements for the simulations

of dynamically propagating shear bands. The consideration of this more involved

example is aimed at illustrating the versatility of the developed numerical frame-

work in capturing a failure mode transition between the brittle and ductile failures

of materials that are being subjected to dynamic loading. In 1980s, a series of ex-

perimental works presented in Kalthoff (1987) and Kalthoff and Winkler (1987) was

carried out on a thin metal plate in which a double-notched specimen is impacted by

a high-speed cylindrical projectile, allowing the propagation of shear bands from the

notch tips. They observed a brittle-to-ductile transition of failure modes according

to the impact velocity of the projectile. After this pioneering work, similar experi-

ments presented in Zhou et al. (1996a) considered a single notched plate consisting
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of a C-300 high-strength maraging steel subjected to dynamic mode II loading. In

contrast to the original configuration of the double-notched specimen, the main

advantage of the consideration of this single notch is then that interacting effects

between the notches can be avoided, allowing the clear and uninterrupted obser-

vation of the evolution of the single shear band. In this respect, we are interested

in the experimental results of the latter. Optical and microscopic investigations in

those experiments again reveal the coexistence of shear banding and crack through a

transition of such failure modes in the same specimen according to the different im-

pact velocities. A large number of numerical results on this problem have also been

reported in Zhou et al. (1996b), Li et al. (2002), Belytschko et al. (2003), Huespe et

al. (2006), and Armero and Linder (2009), to mention a few. The main objective of

this test is then not only to replicate the phenomena of the failure mode transition

depending on the speed of shear bands and the rate of impact loading, but also to

predict the critical value of the impact velocity at which such a transition appears.

Figure 7.28 presents a particular configuration analyzed here. A pre-notched

metal plate with dimensions of 101.6× 203.2× 6.35 mm3 is impacted by a cylindrical

projectile right below the pre-existing notch along the impact zone with a length of

50.8 mm. The asymmetric loading is applied by imposing velocities following the

diagram in Figure 7.28; a constant velocity v0 after a small rise time t0 = 0.5 µs

is imposed until the projectile is detached from the specimen at td = 47 µs. The

considered structured mesh is also illustrated on the right of Figure 7.28, in which a

finer level of finite element discretization is employed around the expected region of

the shear band propagations to resolve more involved states of stress in the localized

elements. We particularly consider a thicker notch with a thickness of 2 mm than

0.3 mm in the experiments to prevent the notch faces from contacting each other
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Figure 7.28: Failure mode transition test: geometry and boundary conditions (left)

and finite element discretization of the considered specimen (right). The pre-notched

metal plate is impacted by a cylindrical projectile right below the notch. A constant

velocity v0 after a small rise time t0 is imposed on the impact region until the

projectile is detached from the specimen at a time step td. The structured mesh

is generated with a finer level of finite element discretization around the expected

paths of the propagating shear band.

during the simulations.

To account for the active plastic zone around the tip of the shear band based

on the experimental observations, a von Mises plasticity model discussed in Section

6.5.1 is used for the bulk responses with Young’s modulus E = 200,000 MPa, Pois-

son’s ratio ν = 0.3, initial yield strength σ0 = 2000 MPa, and density ρ = 7830

kg/m3. Especially, the Q1/E12 enhanced strain formulations incorporating linear

interpolations of the displacement jumps are used to avoid the volumetric locking

for the displacement-based finite elements in the analysis of the von Mises plasticity.

The determination of the initiation and direction of the shear band is based on the
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condition of loss of strong ellipticity; the shear band is activated when one of the

principal stresses reaches a zero value, which corresponds to a particular case of the

aforementioned localization condition for the considered bulk model. The disconti-

nuity surface forms in the direction bisecting the other principal directions except

the one according to the zero principal value. After this condition is satisfied, the

softening responses of the tangential components to the discontinuity are modeled

by the exponential law given by (6.38) with a stress threshold fs = σ0/
√

3 and a

softening exponent am = 1.0 × 10−2 mm−1. To allow the crack growth at the tip of

the shear band as reported in the experiments, the Rankine criterion with a com-

bination of the exponential softening law given by (6.34) is employed to allow the

normal components of the displacement jumps to be activated with a threshold ft

= 3σ0 to account for the stress triaxiality observed at the band tip. The softening

exponent of an = 3.0 × 102 mm−1 is considered, corresponding to the fracture en-

ergy of Gf = 20 kJ/m2, which is a typical value for the C-300 maraging steel as

reported in Belytschko et al. (2003). The damage responses are assumed to follow

a straight line back to the origin as discussed in Remark 6.5.1. The effects of the

thermal deformation and viscosity are not considered in this study for simplicity.

Figure 7.29 illustrates the propagated shear bands for two different impact ve-

locities. The shear band starts propagating at the notch tip in the nearly horizontal

direction following the direction of the impact load, but it eventually curves slightly

to the loading side. For the impact velocity v0 = 25 m/s, the shear band is arrested

at approximately 74 µs after the load impact, and suddenly kinks at an angle at ap-

proximately 100 µs. On the contrary, the shear band for the impact velocity v0 = 30

m/s propagates through the entire specimen at about 68 µs. These numerical results

match well with the experimental observations reported in Zhou et al. (1996a); the



125

v0 = 30 m/sv0 = 25 m/s

Figure 7.29: Failure mode transition test: propagated shear bands for two different

impact velocities v0 in the undeformed configuration. The shear band is arrested or

penetrates through the entire specimen according to the imposed impact velocity.
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Figure 7.30: Failure mode transition test: shear band lengths in time after the load

impact for two different impact speeds v0. The experimental results reported in

Zhou et al. (1996a) are also included for comparison.
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shear band penetrates through the entire specimen for the condition v0 ≥ vcr(= 29

m/s), whereas for v0 ≤ vcr(= 29 m/s) it is arrested by a brittle fracture starting

at the end of the shear band at an angle. We note that these experimental ob-

servations are inconsistent with the conventional theory that a higher loading rate

causes dominance of the ductile type of failure by suppressing brittle cracks. We

have further plotted in Figure 7.30 the lengths of the shear band in time for the

different impact speeds, together with the experimental results for comparison. The

shear band in the simulations starts propagating slightly earlier by approximately 9

µs as extremely fine shear bands are not measured in the experiments. Nevertheless,

the average velocities of the propagated shear bands, which can be computed by the

slopes of the curves, appear to match well between the numerical and experimental

results.
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Chapter 8

Continuum mechanical problem

(finite deformation theory)

The new three-dimensional finite elements for the modeling of failure in solids

have been so far developed by the embedment of linear separation modes in the

individual finite elements within the infinitesimal small-strain regime. Following

the infinitesimal theory for the large-scale deformation field, linearity of the dis-

placement jumps in the local enhanced parameters has been assumed there. In this

context, in this chapter and in what follows, these considerations are extended to the

finite deformation range. However, this is not a simple extension, due to the inher-

ent nonlinearity of the completely different kinematics involving the geometrically

nonlinear range of large deformations.

As for the infinitesimal theory, the overall mechanical boundary-value problem is

to be split into the two different scale fields, given the local nature of the singularity

arising from the localized dissipative mechanisms in the neighborhoods of failed
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material points. We again refer to the global problem involving a smooth solution

field as the large-scale problem (in Section 8.1), whereas the small-scale problem is

defined by imposing local equilibrium on the discontinuity (in Section 8.3), which

is solved for local variables introduced in Section 8.2. The attractive aspect of

this multi-scale approach is then that the strong discontinuities are locally treated

in the neighborhoods of the localized material points so that such local variables

associated with the discontinuity can be condensed out. Thus, a desired structure

of the original mechanical boundary-value problem is recovered with only global

variables remaining in the final equations left to solve, with the localization effects

effectively involved in the macroscopic responses of final interest.

8.1 Large-scale problem

This section briefly summarizes the classical mechanical boundary-value problem

in the finite deformation range. As mentioned above, this global problem is referred

to as the large-scale problem in comparison to the small scales the localization

appears in. The starting point is a consideration of a given body B occupying

a place in the Euclidean space Rndim with ndim = 3 for the three dimensions of

interest in this work. The body B can then be chosen as a reference configuration

with X denoting the position vectors of its material particles P at the initial time

t0 ≡ 0. Since we are interested in properties of the particles P at a time t ∈ [0, T ] for

a given time interval T > 0, we denote their current positions by x in the deformed

configuration D, thus defining a motion of the particle P , that is, the deformation

mapping ϕ : B × [0, T ]→ Rndim as

x = ϕ(X, t) and X = ϕ−1(x, t) (8.1)
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for the different position vectors X and x for the fixed material particle P . Here, we

assume an invertible function ϕ. The associated displacement field u : B× [0, T ]→

Rndim relative to B is written as

u(X, t) = x(X, t)−X. (8.2)

For further developments of, for example, different constitutive models to specify the

stress field, it is especially useful to define the deformation gradient F : B× [0, T ]→

Rndim×ndim as

F = GRAD(ϕ) (8.3)

in terms of the material gradient GRAD(•) with respect to the reference coordinates

X.

To obtain the weak form of the global equilibrium equation, we further introduce

a vector space of admissible variations δϕ as

V :=
{
δϕ : B → Rndim | δϕ = 0 on ∂ϕB

}
, (8.4)

that is, vanishing on the boundary ∂ϕB ⊂ ∂B where the deformation ϕ is imposed.

The associated affine space of deformation mapping ϕ is written as

S := {ϕ : B → Rndim | ϕ = v + g for v ∈ V} , (8.5)

with a smooth function g = ϕ̄ for the imposed deformation ϕ̄ on the boundary

∂ϕB ⊂ ∂B. With these function spaces at hand, the equilibrium configuration is

then characterized for the quasi-static case of interest here by the weak equation as∫
B
P : GRAD(δϕ) dV =

∫
B
ρ0B · δϕ dV +

∫
∂TB

T̄ · δϕ dA ∀δϕ ∈ V (8.6)

for the (nominal) first Piola–Kirchhoff stress P, the material density ρ0, the specific

body force B, and the imposed surface loading T̄ on the boundary ∂TB ⊂ ∂B. The
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disjoint condition of ∂ϕB ∩ ∂TB = ∅ and ∂ϕB ∪ ∂TB = ∂B for each component of

the deformations and traction on the entire boundary ∂B is assumed for the well-

posedness. We note that the large-scale weak form (8.6) is written in the reference

configuration for later convenience on the developments of different finite element

formulations. We also refer to the upper part of Figure 8.1 for an illustration of this

large-scale problem in this section.

It is emphasized that all the terms in the global weak form (8.6) must be bounded

in order for those integrations to make mathematical sense, requiring appropriate

regularity conditions for the different variables there. Note that we assume smooth

functions g for the solution space S. However, such a requirement can no longer be

guaranteed if the strong discontinuities are directly incorporated in this large-scale

problem, leading to a need of the local account for the material responses induced

by the discontinuity and associated singularity as presented in the next section.

8.2 Local variables in small scales

The standard arguments involved in (8.6) reveal a continuity requirement for

the stress field to obtain mathematically and physically meaningful solutions. This

requirement is then to be fulfilled by imposing a local equilibrium condition along

the discontinuities, defining the small-scale problem in the local neighborhoods of

the failed material points. In this way, we consider a material particle X ∈ B

where a certain localization criterion is reached. A discontinuity ΓX ⊂ Rndim−1

is then created with a (reference) unit normal N to the surface ΓX in the local

neighborhood BX ⊂ B of X; see the left of Figure 8.1 for an illustration where these

concepts are depicted in the reference configuration.
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Figure 8.1: Illustration of the overall mechanical boundary-value problem involving

strong discontinuities in the finite deformation regime: the given problem is split into

the global problem involving only smooth solutions ϕ and F (large-scale problem)

and the local problem defined only in the neighborhood BX of the failed material

points at X (small-scale problem). Once a certain localization criterion is met,

the discontinuity surface ΓX forms with the associated (reference) unit normal N.

Afterwards, the local equilibrium condition holds on ΓX , and defines the (material)

displacement jumps J or its spatial counterpart j in terms of the large-scale field

ϕ. To confirm the frame indifference requirement in the finite deformation range,

the spatial small-scale displacement jumps j and the associated local fields are to be

correctly transformed as for the large-scale variable ϕ.

To describe physical motions and other useful properties of the material particles

during the localization process, we further define a new local field, namely, the small-
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scale deformation mapping ϕµ : BX → Rndim as

ϕµ = ϕ+ ϕ̃µ(ϕ, j) in BX (8.7)

by adding a generic part ϕ̃µ to the original large-scale deformation ϕ. Note that this

local variable is defined only in BX . Here, we have denoted the (spatial) displacement

jumps by j : ΓX → Rndim defined on the discontinuity ΓX . In particular, the

enhanced deformation ϕ̃µ in (8.7) depends on both the large-scale field ϕ and the

local jump j. This situation is to be contrasted with the infinitesimal case where

the added part ũ in (2.3) depends only on displacement jumps [[uµ]]. The global

variable ϕ in ϕ̃µ is then required to incorporate the nonlinear geometric effects

into the small scales, as in the developments of the small-scale formulations as well,

the material frame indifference of final formulations under superimposed rigid body

motions constitutes a basic requirement in the finite deformation range of particular

interest in the second part of this study. The corresponding small-scale deformation

gradient Fµ is defined by

Fµ = GRAD(ϕµ) = F(ϕ) + F̃µ(ϕ, j) in BX\ΓX (8.8)

in terms of the locally defined variable j in addition to the regular global field ϕ.

Note that this local variable Fµ is defined only in BX\ΓX due to the appearance of

its singular distributions along ΓX .

8.3 Local equilibrium on the discontinuity

The newly introduced variable j in (8.7) and (8.8) is to be determined in terms

of the large-scale main field ϕ by imposing weakly the local equilibrium along the
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discontinuity ΓX as ∫
ΓX

δj · (PN− tΓ)) dA = 0 ∀δj (8.9)

for δj : ΓX → Rndim denoting the variations of the jumps j. Similar to the large-scale

weak form (8.6), we again write this small-scale governing equation in the reference

configuration for future developments. Equation (8.9) implies that a (reference)

traction vector PN associated with the first Piola–Kirchhoff stress tensor P in the

bulk BX\ΓX is in equilibrium with a (nominal) spatial traction tΓ driving certain

constitutive responses on the discontinuity ΓX . This equation is then valid only on

the discontinuity ΓX in contrast to the large-scale weak form (8.6) defined over the

entire domain at hand.

In both the governing equations (8.6) and (8.9), the stress tensor P needs to

be computed based on the small-scale deformation gradient Fµ through certain

bulk constitutive models for the localized material particles. Further, in view of

no appearance of the small-scale displacement jumps ϕµ or their variations in (8.6)

and (8.9) by design, we indicate no need for the explicit expression of ϕµ in the

following developments. In fact, this situation are consistent with a philosophy of

the strain-based finite elements beyond the classical displacements-based elements

as shown in the direct translation of the continuum equations (8.6) and (8.9) into

the discrete setting in the forthcoming chapters. That is, as for the enhanced stain

finite elements originally presented in Simo and Rifai (1990), the focus even for the

modeling of strong discontinuities is on the direct identification of the sought strain

field rather than trying to obtain it through a family of the derivative process of the

main filed ϕµ.

The existence of a solution of the small-scale weak equation (8.9) is guaranteed
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in the so-called large-scale limit, that is, vanishing small scales of

hX :=
measure(BX)

measure(ΓX)
→ 0 (8.10)

as discussed in Armero (1999, 2001) in detail. It is shown there based on Taylor’s

expansion that equation (8.9) is equivalent to the local continuity condition of the

traction on the discontinuity ΓX in condition (8.10). In this respect, we can argue

that the considered multi-scale continuum framework is consistent with the mesh

refining process in the typical finite element analysis.

Remark 8.3.1. We need a proper localization criterion to detect the initiation of

the strong discontinuities and associated directions in terms of an unit normal vector

to the discontinuity surface ΓX . The loss of the strong ellipticity condition originally

introduced in Hadamard (1903) is again employed through the identification of the

singularity of the associated acoustic tensor; see e.g., Armero and Garikipati (1996)

for details of this subject in the general finite deformation range of interest here.

As for the infinitesimal case, the condition coincides with the Rankine criterion

based on the maximum principal stress for mode I fracture of brittle materials. This

procedure is then to be carried out for the (spatial) Kirchhoff stress τ, which is

a preferred form in the actual finite element implementations of the geometrically

nonlinear regime of deformations as discussed in Section 9.1, thus requiring to solve

a eigenvalue problem as

τn = τnn (8.11)

for the maximum eigenvalue τn corresponding to the material strength and the

associated spatial direction n normal to the surface ΓX . The associated reference

unit normal N is then to be preferred in the theoretical developments of different
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formulations in the forthcoming chapters, which is given by

N =
F−1n

‖F−1n‖
(8.12)

for the Euclidean norm ‖ • ‖.

Remark 8.3.2. So far, an explicit expression of the constitutive law is not involved

in (8.6) or (8.9). Thus, the proposed continuum framework based on the multi-scale

approach is independent of a particular choice of the constitutive models.
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Chapter 9

Finite-element approximation

(finite deformation theory)

This section presents a general numerical framework in the context of the finite

element method to model solids at failure and the associated strong discontinuities in

the finite deformation range. To this end, the continuum framework presented in the

previous chapter is directly carried over to its discrete version through the multi-

scale treatments of the overall problem involving the two different scale physical

phenomena. The large-scale continuum equation (8.6) is approximated through

the standard finite element method with an assumption of the smooth solution

field for (8.5) in Section 9.1, whereas the local enhanced parameters required to

describe the discontinuities, which are introduced in Sections 9.2 and 9.4, are sought

to be computed by solving the discrete counterpart of the small-scale equilibrium

condition (8.9) in the individual finite elements with the active discontinuities as

shown in Section 9.3. As for the large-scale problem, the small-scale formulations

then have to satisfy the frame indifference under superimposed rigid body rotations



137

as discussed in Section 9.5.

9.1 Discrete large-scale problem

The discrete considerations of the strong discontinuities follow the same arguments

for the continuum framework developed in Chapter 8. We again split the overall

structure into the large- and small-scale problems. The consequence of this direct

translation is then that only element-level modifications of the standard finite el-

ement formulations are required for the accounting for the strong discontinuities,

preserving the sought structure of the classical finite element analysis in terms of

the smooth polynomials for the shape functions, the original connectivity graph of

the global assembly operator, the final computational cost, and other desired global

features. In this context, the finite element technique is to be understood as an

efficient numerical tool to resolve the global mechanical boundary-value problem

involving the localization effects in the discrete setting of interest in this chapter. In

fact, this situation allows considering the usual irregular finite element discretization

Bh of the given body B in the reference configuration, in which Bh denotes the union

of the individual finite elements Bhe .

The standard finite element formulations proceed with the approximation of the

deformation mapping ϕ and its (admissible) variation δϕ as

ϕ(X) ≈ ϕh(X) =

nnode∑
A=1

NA(X)(XA + dA) for X ∈ Bh (9.1)

δϕ(X) ≈ δϕh(X) =

nnode∑
A=1

NA(X)δdA for X ∈ Bh (9.2)
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in terms of a set of the shape functions NA, the nodal coordinates XA, and the

nodal displacements dA associated with node A for a total of nnode nodes. Note

that the isoparametric concept is used here to interpolate the coordinate X and the

displacement field u through the standard shape functions NA defined on the parent

domain [−1, 1]ndim ; see e.g., Hughes (1987) for complete details of these ideas.

We emphasize that the proposed finite element formulations in this study are

completely general in the sense that the so-called mixed, assumed, and enhanced

strain elements beyond the standard displacement-based formulations can be equally

incorporated in virtue of the strain-based treatments of the discontinuities as shown

in the forthcoming chapters. We refer to Simo et al. (1985) for the detailed discus-

sions of those strain-based finite elements especially in the finite deformation range

of interest here. Having in mind this generality, the developments here proceed with

the approximation of the large-scale deformation gradient F as

F ≈ Fh = GRAD(ϕh) = 1 +

nnode∑
A=1

dA ⊗GRAD(NA) for X ∈ Bh (9.3)

for the material gradient GRAD(•) with respect to the reference coordinates X, the

tensor product⊗ of two vectors, and the second-order identity tensor 1 ∈ Rndim×ndim .

The discrete version of the large-scale weak equation (8.6) in its residual form is

obtained by inserting above interpolations (9.2) and (9.3) into (8.6) as

R = fext − Anelem
e=1

(∫
Bhe

bTULτ dV

)
= 0 (9.4)

for the standard assembly operator A over nelem elements. Here, we denote by fext

the nodal forces associated with the external loading terms in (8.6), and by τ the

symmetric (spatial) Kirchhoff stress tensor in relation with the original (material)

bulk stress P in (8.6) as

τ = PFhT . (9.5)
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We further introduce the standard linearized strain operator bUL in (9.4) in its

updated Lagrangian form as

bUL =
[
b1
UL b2

UL · · · b
nnode
UL

]
for bAUL =



NA
,1 0 0

0 NA
,2 0

0 0 NA
,3

NA
,2 NA

,1 0

NA
,3 0 NA

,1

0 NA
,3 NA

,2


(9.6)

for the spatial gradient of the shape function defined by

∇NA :=


NA
,1

NA
,2

NA
,3

 = Fh−TGRAD(NA) (9.7)

for each nodal contribution at a node A. The main advantage of the use of the oper-

ator bUL in its updated Lagrangian form is then its sparsity, leading to numerically

more efficient formulations through the multiple zero entries there. The updated

Lagrangian formulation (9.6) is also to be understood in the usual Voigt notation

as a conjugate to the symmetric Kirchhoff stress

τ = [τ11 τ22 τ33 τ12 τ13 τ23]T (9.8)

for the three-dimensional continuum problem of interest here. Accordingly, the con-

sidered notations make it possible to reduce the double contraction of the tensors

in (9.2) to the simple vector manipulations in the actual implementations of those

equations. Finally, we again emphasize that the global operator A remains un-

changed from its original structure in virtue of the chosen interpolation functions in

(9.1) and (9.2) here.
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Figure 9.1: Illustration of a generally irregular mesh Bh as a union of the respective

finite elements Bhe through the discretization over the entire domain B: once the

localization criterion has been reached, each element Bhe is capable of being split

into two blocks Bh−e and Bh+

e crossed by the discontinuity Γhe whose direction is

to be represented by the element normal N orthogonal to the surface Γhe . The

material displacement jumps Jh are defined in terms of certain surface coordinates

on Γhe based on the local frame {N,M1,M2} and the origin XΓ. Here, all figures are

depicted in the reference configuration.

9.2 Approximation of local displacements in small

scales

The large-scale residual (9.4) assumes smooth solution fields ϕh through the use of

regular shape functions as for the classical finite element analysis (i.e., no jumps in

ϕh). For this reason, and as motivated by the appropriateness of the continuum

small-scale weak equation (8.9) in the aforementioned large-scale limit discussed in

Section 8.3, the local effects of strong discontinuities are now incorporated through

the approximation of the local governing equation (8.9). In this context, the in-
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dividual (reference) finite element Bhe of the underlying mesh Bh can be viewed as

a discrete counterpart of the localized neighborhood BX in the usual limit process

of the refining meshes in the finite element analysis. In particular, each element

Bhe is now equipped with the possibility of the discontinuity segment Γhe ⊂ Rndim−1

crossing two split parts Bh+

e and Bh+

e . The direction characterized by a (material)

unit normal N to the surface Γhe is then to be computed by a certain localization

criterion; see Figure 9.1 for an illustration where all considerations are depicted in

the reference configuration. We assume in this study that the geometry of Γhe in the

reference configuration does not change over the time steps once it has propagated

through the finite elements.

To approximate the continuum equilibrium (8.9), the local variables such as the

spatial displacement jump j and its variation δj in (8.9) need to be specified. In

fact, they are defined on the discontinuity segment Γhe in terms of certain surface

coordinates with respect to the origin of Γhe based on the local frame {N,M1,M2}.

Thus, we write linearization of those local fields together with their material versions

J and δJ as

j ≈ jh(s1, s2, ξ)
Linearization−−−−−−−→ ∆jh = h(s1, s2, ξ)∆ξ (9.9)

δj ≈ δjh(s1, s2, δξ)
Linearization−−−−−−−→ ∆(δjh) = hδ(s1, s2)∆(δξ) (9.10)

J ≈ Jh(s1, s2, ξ)
Linearization−−−−−−−→ ∆Jh = H(s1, s2, ξ)∆ξ (9.11)

δJ ≈ δJh(s1, s2, δξ)
Linearization−−−−−−−→ ∆(δJh) = Hδ(s1, s2)∆(δξ) (9.12)

for the proper assumed functions h, hδ, H, and Hδ in terms of certain local sur-

face coordinates {s1, s2} and corresponding local enhanced parameters ξ and their

variations δξ, respectively.
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We can see in the above approximations that the local fields are to be determined

in terms of the coordinates {s1, s2} on Γhe , indicating the need of a proper definition

of {s1, s2}. In fact, those local variables have to fulfill the basic principle in the finite

deformation regime of interest here, that is, the frame indifference of the final small-

scale formulations under the superposed rigid body motions as discussed in detail in

Section 9.5, which is a new challenging requirement in contrast to the infinitesimal

small-strain case.

Once the surface coordinate system {s1, s2} is defined on Γhe , the above expres-

sions (9.9)–(9.12) are to be specified. Generally, the functions h or H, arising from

the linearization of the displacement jumps jh or Jh, do not necessarily have the

same form as the interpolation operators hδ or Hδ for the corresponding variations

δjh or δJh as shown in their derivations in Sections 10.1 and 11.1, respectively. In

particular, we can choose linear interpolation functions for hδ in Hδ based on the

defined surface coordinate system {s1, s2}, whereas the displacement jumps jh or

Jh are to match with the incorporated separation modes for the underlying finite

elements. In the second part of this work, we consider the incorporation of the

higher order displacement jumps including (relative) finite rotations between the

split blocks Bh−e and Bh+

e in the finite deformation range, thus revealing nonlinearity

of jh or Jh in ξ or δξ, hence verifying the inclusion of ξ or δξ in the operators h

or H. Note that this situation is to be contrasted with the chosen interpolation

functions in (3.10) for the infinitesimal case.

9.3 Discrete small-scale problem

Substituting the above interpolations into the continuum local equilibrium con-
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dition (8.9), we arrive at the discrete counterpart of the small-scale weak form (8.9)

as

reenh =

∫
Γhe

hTδ PN dA−
∫

Γhe

hTδ tΓ dA = 0 (9.13)

in its residual form. This small-scale residual then holds only in the individual finite

elements with the active discontinuities. As mentioned in Section 8.3, a solution of

(9.13) is guaranteed in the large-scale limit, but now in its discrete version with the

measure of the element size he as

he :=
VBhe
AΓhe

→ 0 for VBhe :=

∫
Bhe
dV and AΓhe

:=

∫
Γhe

dA (9.14)

for the element volume VBhe and the surface area AΓhe
of the discontinuity segment Γhe .

In this way, the condition (9.14) allows the correct scaling of the localized dissipa-

tive energy through the mesh refinement process of the finite element discretization

without the need of any artificial parameters in the constitutive models.

Remark 9.3.1. The tracking algorithm presented in Section 4.1 is again to be em-

ployed to locate the discontinuity segment Γhe within the geometrically nonlinear

range of interest here, now with the normal n used in the infinitesimal theory re-

placed by the reference normal N. Further, the associated corner points in (4.7) for

the infinitesimal case are now computed based on the reference coordinates {X} as

Xm
Γ =

θ̄ − θAi+1

θAi − θAi+1

XAi +
θAi − θ̄

θAi − θAi+1

XAi+1
. (9.15)

on the edge between nodal coordinates XAi and XAi+1
based on the nodal “temper-

atures” θAi and θAi+1
now constructed based on N.

Remark 9.3.2. The material normal N and coordinates {X} can also be used for

the developments of different geometric quantities on Γhe in the finite deformation
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range, instead of the infinitesimal quantities n and {x} used in Section 4.2. In this

respect, a finite deformation version of equations (4.8), (4.9), (4.11), and (4.12) are

especially useful for future developments of finite deformation formulations, which

are written as

Q =


(N ·E3)1 + ̂(E3 ×N) +

(E3 ×N)⊗ (E3 ×N)

1 + N ·E3

if N ·E3 > −1

[−E3 E2 E1] if N ·E3 = −1

(9.16)

for the local rotation matrix Q with respect to the global Cartesian reference system

{E1,E2,E3}, and

XΓ =

nΓ
edge∑
m=1

Xm
Γ (9.17)

for the origin of the reference discontinuity XΓ, and

s1 = X̄ ·M1, s2 = X̄ ·M2 (9.18)

for the definition of reference surface coordinates {s1, s2} in terms of chosen local

bulk coordinates defined by X̄ := X − XΓ in the reference bulk Bhe and reference

unit tangents M1 and M2, and

X̄ = s1M1 + s2M2 (9.19)

for the associated local bulk coordinate X̄ in terms of the surface coordinates s1

and s2 on the approximated reference plane. That is, the treatments developed

in Section 4.2 are equally available for the characterization of the discontinuity Γhe

in the finite deformation regime through the use of the reference configuration to

describe the geometric quantities.
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9.4 Approximation of local deformation gradient

in small scales

We observe no appearance of the small-scale deformation mapping ϕµ in the

two governing residuals (9.4) or (9.13) as the integrands P and tΓ are obtained

based on the small-scale deformation gradient Fh
µ and the displacement jumps jh,

respectively. This situation then has no need to find an explicit expression of the

small-scale deformation mapping ϕµ. Thus, we directly write the discrete version

of the small-scale deformation gradient Fµ as

Fµ ≈ Fh
µ(d, ξ) = Fh(d) + F̃

h

µ(d, ξ) in Bhe \Γhe (9.20)

following the same structure of the original continuum expression (8.8). Note that

the stress tensor P is to be computed based on this small-scale field in the elements

crossed by the active discontinuities, that is,

τ = PFh
µ

T
(9.21)

rather than based on the large-scale variable Fh given in (9.5). Similarly, the spatial

gradient in the linearized strain operator (9.6) is now defined in terms of Fh
µ as

∇µN
A :=


NA

;1

NA
;2

NA
;3

 = Fh
µ

−T
GRAD(NA) (9.22)

for those localized elements.

The enhanced part F̃
h

µ in (9.20) is to be constructed to fit perfectly the sought

element separation modes in terms of the (global) nodal displacements d of the in-

dividual elements and the locally defined displacement jumps jh or Jh, respectively.
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Further, F̃
h

µ defines a nonlinear function in d or ξ as for the nonlinear large-scale de-

formation gradient Fh in d due to the considered higher order displacement jumps

in the finite deformation regime of interest here. In fact, this situation is to be

contrasted with the interpolation of the infinitesimal small-scale strain in (3.14).

Finally, we also have a basic requirement for the finite deformation theory even

when developing the small-scale quantities, that is, the confirmation of the frame

indifference for the proposed formulations. Altogether, a correct approximation of

the small-scale deformation gradient Fh
µ constitutes a main challenge in the devel-

opment of the new three-dimensional finite elements with strong discontinuities as

described in detail in Chapter 10.

Following the same arguments for the continuum, and especially in view of the

expression of the discrete small-scale deformation gradient (9.20), it can be argued

that the small-scale residual (9.13) defines the local enhanced parameter ξ in terms

of the basic global unknown d independently from element to element, not neces-

sarily holding in the entire domain Bh. Similarly, the same argument holds for the

large-scale residual (9.4), but over the whole domain Bh through the global assembly

operator A. The direct consequence of this situation is then that the local param-

eters ξ can be condensed out at the element level. That is, we finally have the

global system left to solve with only the main variable d even after including the

discontinuity effects through the local equation (9.13), leading to a computationally

more efficient scheme in terms of both the number and topology of global degrees

of freedom as shown in Section 11.2.
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9.5 Frame indifference in small scales

As mentioned earlier, the frame indifference of the final formulations in the large

scales constitutes a basic requirement in the finite deformation theory even when

considering the incorporation of the small-scale quantities. More specifically, the

relations between the material and spatial variables Jh (or δJh) and jh (or δjh) are

to be determined through the correct transformation under the superimposed rigid

body rotations in the geometrically nonlinear range. We here consider the usual

push forward relation as employed in the large-scale problem given by

jh = F̄
h
µJ

h and δjh = F̄
h
µδJ

h (9.23)

for the transformation operator given by

F̄
h
µ =

1

VBhe

∫
Bhe

Fh
µ dV (9.24)

for the measure of the element volume VBhe , that is, an average of the small-scale

deformation gradients Fh
µ over the element bulk Bhe . We note, however, that dif-

ferent possibilities can be considered for the small-scale transformations as long as

the aforementioned frame indifference requirement is satisfied. With the particular

choice (9.24), it can be then argued that the proposed operator F̄
h
µ can capture the

localized responses better, for example, than the pointwise large-scale deformation

gradient Fh
µ, which is also another option.

The (material) local quantities such as displacement jumps Jh, their variations

δJh, and driving traction TΓ are to be represented with respect to the orthonor-

mal reference basis {M0,M1,M2} (with M0 ≡ N), as the usual cohesive models

define the traction in terms of the jumps for their respective normal and tangential

components to the discontinuity Γhe . In this respect, the choice (9.24) suggests dif-

ferent convected local bases, namely, (contra-) frame for the spatial jumps jh and
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associated variations δjh defined by

Q] = {n],m]
1,m

]
2} for m]

i = F̄
h
µMi (with m]

0 ≡ n]), (9.25)

and (cova-) frame for the spatial traction tΓ defined by

Q[ = {n[,m[
1,m

[
2} for m[

i = F̄
h
µMi (with m[

0 ≡ n[), (9.26)

constituting a dual basis for those spatial small-scale variables. These convected

bases are then not necessarily orthonormal, but have the properties

m]
i ·m[

j =

 1 for i = j

0 for i 6= j
(i, j = 0, 1, 2), (9.27)

that is, orthonormal each other. Accordingly, we have a duality relation as

jh · tΓ = Jh ·TΓ and hTδ tΓ = HT
δ TΓ, (9.28)

thus verifying the use of these different bases for the representation of the local

quantities.
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Chapter 10

Design of finite elements (finite

deformation theory)

In the previous chapter, the enhanced part F̃
h

µ of the small-scale deformation

gradient Fh
µ is not explicitly specified, which constitutes a main challenge in the

geometrically nonlinear range of interest here. This chapter then discusses a de-

tailed procedure of the element design carried out based on the identification of

the correct discrete kinematics for a series of relative motions of two split blocks

of a single finite element. To this end, we first find the explicit expression of the

nodal displacements d (in Section 10.1) and the corresponding displacement jumps

field Jh (in Section 10.2) in terms of the local enhanced parameters ξ, showing that

those quantities are nonlinear in ξ due to the separation modes considered in the

finite deformation regime. The small-scale deformation gradient Fh
µ is then to be

constructed to fit perfectly the assumed interpolation functions of those discontin-

uous displacements in accordance with the considered element separation modes as

described in Section 10.3. We emphasize that this procedure is to be performed in
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Figure 10.1: Visualization of the conceptual separation of a single eight-node brick

element Bhe into Bh+
e and Bh−e in the reference configuration: the constant separation

modes include three relative translations in N, M1, and M2 measured by local

parameters ξ<0n>, ξ<0m1>, and ξ<0m2>, respectively. The linear separation modes

include two finite rotations around M1 and M2 (measured by ξ<1n> and ξ<2n>),

two in-plane stretches in M1 and M2 (measured by ξ<1m1> and ξ<2m2>), and one

in-plane shear in M1 and M2 and one infinitesimal rotation around N (measured

by ξ<1m2> and ξ<2m1>).

the reference configuration with the frame indifference requirement fulfilled through

a proper transformation operator. Further, all the developments presented in this

chapter are treated only at the element level, not affecting the global structure of

the typical finite element analysis.

10.1 Nodal displacements for the element separa-

tion

As noted above, we focus on a correct interpolation of the small-scale deforma-
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tion gradient Fµ in this chapter. Clearly, in view of the continuum expressions (8.7)

and (8.8), the approximation of this local variable is to be carried out based on the

assumed interpolation functions for both the large-scale deformation gradient Fh in

(9.3) and displacement jumps Jh in (9.11) for the considered modes of the element

separation. However, as for the infinitesimal case, we consider the “element separa-

tion” only conceptually, though its visualization is especially useful to describe the

discrete kinematics of the element separation in the finite element design presented

in this chapter.

In this way, we consider a conceptual separation of a single finite element in the

reference configuration with one part Bh−e fixed and the other Bh+
e moved. Since

we accommodate higher order interpolations of the displacement jumps beyond the

constant separation mode, the considered relative motions of the two split parts Bh−e
and Bh+

e in the material local frame {N,M1,M2} include

• three relative translations in N, M1, and M2 (constant jumps)

• two finite rotations around M1 and M2 (linear normal jumps)

• two in-plane stretches in M1 and M2 (linear in-line tangential jumps)

• one in-plane shear in M1 and M2 and one infinitesimal rotation around N

(linear crossed tangential jumps).

Figure 10.1 illustrates these motions for the eight-node hexahedron as the kinematic

enhancement of the higher order elements is a main interest in this study based

on the dominant stress locking observed in those finite elements. It is, however,

emphasized that all considerations in this chapter are not restricted to a particular

type of the three-dimensional finite elements, allowing, for example, the use of the

tetrahedron as well.

A total of nine local degrees of freedom are considered here for each finite element
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with the active discontinuity segment Γhe . We can argue in these relative motions

that the separation modes according to translations or rotations have to generate no

deformation, that is, they define the rigid body motions of the two split blocks Bh−e
and Bh+

e . This situation then allows the element involving such separation modes

to have a fully softened discontinuity with a complete vanishing of the deformation

gradient field in the problems at hand, thus motivating the chosen modes for the

developments of the new locking-free embedded finite elements in this study.

Based on the considered separation modes, the nodal displacement for a node

A ∈ J + reads

dA,mode(ξ) =

ξ<0n>N + ξ<0m1>M1 + ξ<0m2>M2︸ ︷︷ ︸
constant jumps

+ Llin(ξ1n, ξ2n, ξ1m1 , ξ2m2 , ξ1m2 , ξ2m1)X̄A︸ ︷︷ ︸
linear jumps

(10.1)

for the operator Llin corresponding to the linear separation modes given by

Llin = EXP

[
2∑
i=1

ξ<in>M̂i

][
1 +

2∑
i,j=1

ξ<imj>Mj ⊗Mi

]
− 1 (10.2)

for X̄A := XA−XΓ denoting the coordinate of a node A measured from the discon-

tinuity origin XΓ. We further denote by J − and J + a set of nodes in Bh−e and Bh+
e ,

respectively. Note that dA,mode vanishes at the fixed nodes A ∈ J − in the considered

relative motions. We can see here that the amounts of the relative translations in

each direction N, M1, and M2 are represented by the three enhanced parameters

ξ<0n>, ξ<0m1>, and ξ<0m2>, respectively, whereas a total of six local parameters

are used for the linear separation modes. The physical implications according to

such higher order modes correspond to different amounts of finite rotations around

the axial vectors Mi (with ξ<in>), in-plane stretches in Mi (with ξ<imi>), and a

combination of in-plane shear and infinitesimal rotation around N (with ξ<imj>)
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for i = 1, 2. The exponential mapping involved in (10.2) is employed to represent

the finite rotations around the axial axis Mi associated with the skew tensors M̂i

for i = 1, 2. A further observation in (10.1) is that, by design, the linear normal

separation modes measured by ξ<in> (for i = 1, 2) are coupled with the other linear

jump modes. Altogether, the chosen separation modes based on (10.1)—in particu-

lar, the considerations of the (relative) finite rotations of the split blocks—result in

nonlinearity of the associated displacements in the enhanced parameters ξ. Clearly,

this situation is to be contrasted with the infinitesimal separation modes based on

(5.1).

We emphasize that the nodal displacements (10.1) are a particular choice among

other possibilities. It can be then argued that the chosen modes here can better

describe the discrete kinematics of the strong discontinuities than, for example, the

consideration of the (relative) infinitesimal rotations of the split blocks, though the

aforementioned nonlinearity reveals a clear disadvantage. For future developments,

we introduce an additional useful notation ξt := [ξ<tn>ξ<tm1>ξ<tm2>]
T ∈ R3 for

t = 0, 1, 2. Here, we denote by ξ0 constant jump components, and by ξt jump

parameters linear in st on Γhe (for t = 1, 2).

10.2 Displacement jumps

In the small-scale residual (9.13), the driving traction tΓ is computed based on

the displacement jumps Jh through a certain cohesive law in the discrete setting. A

correct interpolation of the (material) jumps J is then to be carried out based on

the sought element separation modes discussed in the previous section. More specif-

ically, the mode nodal displacements (10.1) immediately provide the interpolation
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Jh, rather than a consideration of the bulk coordinates X̄A for a particular node

A, through the chosen definition of the surface coordinates for the general material

point X̄ ∈ Bhe given by (9.19) as

Jh(s1, s2) = Qξ0 + Llin(ξ1, ξ2)(s1M1 + s2M2) (10.3)

for the local surface coordinates {s1, s2} on Γhe . Equation (10.3) leads after straight-

forward algebraic manipulations to

Jh = Q[j<n> j<m1> j<m2>]T (10.4)

for each component given by

j<n> = ξ<0n> + s1 [−sin(ξ<2n>)− ξ<1m1>sin(ξ<2n>) + ξ<1m2>sin(ξ<1n>)]

+ s2 [+sin(ξ<1n>) + ξ<2m2>sin(ξ<1n>)− ξ<2m1>sin(ξ<2n>)]

j<m1> = ξ<0m1> + s1 [cos(ξ<2n>) + ξ<1m1>cos(ξ<2n>)− 1] + s2ξ
<2m1>cos(ξ<2n>)

j<m2> = ξ<0m2> + s1ξ
<1m2>cos(ξ<1n>) + s2 [cos(ξ<1n>) + ξ<2m2>cos(ξ<1n>)− 1] .

(10.5)

Here and in what follows, we use a notation

ξ =
[
ξ<0n>ξ<0m1>ξ<0m2>ξ<1n>ξ<1m1>ξ<1m2>ξ<2n>ξ<2m1>ξ<2m2>

]T
(10.6)

for the ordering of the jump components ξ, which is consistent with the infinitesimal

case given in (5.4). The jump components in the local frame {N,M1,M2} are clearly

written as

Jh ·Mi = j<mi> for i = 0, 1, 2 (with M0 ≡ N and m0 ≡ n). (10.7)

The driving traction TΓ in the respective directions is then obtained based on each

jump component given by (10.7). We shall also use a notation for the representation

of TΓ conjugate to (10.4)

TΓ = Q[t<n>Γ t<m1>
Γ t<m2>

Γ ]T (10.8)
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for the reference rotation matrix Q and traction components t<mi>Γ (for i = 0, 1, 2

with m0 ≡ n) in the local frame {N,M1,M2}.

The interpolation (10.3) of the (material) jumps Jh is to be consistent with the

mode nodal displacements dA,mode given in (10.1) based on the surface coordinates

{s1, s2} defined by (9.18). Clearly, and as expected, Jh is nonlinear in the enhanced

parameters ξ due to the consideration of the (relative) finite rotations for the two

split blocks Bh−e and Bh+
e in terms of the exponential mapping involved in (10.2).

This situation is to be contrasted with the infinitesimal case as the linear interpo-

lation functions are used to describe the infinitesimal motions of the jumps [[uhµ]] in

(5.3).

10.3 Discrete deformation gradient with strong

discontinuities

As mentioned earlier, the absence of the small-scale deformation mapping ϕµ in

the governing residuals (9.4) and (9.13) allows the direct identification of the small-

scale deformation gradient Fh
µ in the discrete setting. In view of the continuum

expression (8.8) for Fµ, its approximation Fh
µ clearly depends on the considered

interpolation functions for the large-scale deformation gradient Fh given in (9.3)

and the displacement jumps Jh given in (10.3), respectively, based on the mode

nodal displacements (10.1) representing the element separation modes discussed in

Section 10.1. Further, to confirm the aforementioned frame indifference requirement

for the small-scale variables as for the global finite deformation motions such as ϕh,

u, Fh, and so on, the enhanced part F̃
h

µ is to be correctly transformed through

the chosen operator F̄
h
µ given by (9.24). Altogether, we alternatively write (9.20)
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without loss of generality as

Fh
µ(d, ξ) = Fh(d) + F̄

h
µ(d, ξ)F(ξ) (10.9)

for the enhanced part F̃
h

µ replaced by F̄
h
µ and a certain sought deformation gradient

F. We can see in this particular form that the sought part F depends on the local

enhanced parameters ξ only with the transformation requirement achieved by F̄
h
µ.

Clearly, this form allows, by design, the identification of Fh
µ in the reference config-

uration Bhe of a single finite element, finally guaranteeing the frame indifference of

this local variable.

The expression (10.9) can be written for the sought part F as

F(ξ) =
(
F̄
h
µmode

)−1 [
Fh
µmode

(ξ)− Fh
mode(ξ)

]
(10.10)

in terms of a set of the local parameters ξ. We can see here that (10.10) depends

only on ξ, as the nodal displacements given in (10.1) or displacement jumps given in

(10.3) have been expressed in terms of ξ as well for the considered element separation

modes, that is, we are now considering relative small-scale motions of the split blocks

Bh−e and Bh+
e as noted earlier. Here, the mode large-scale deformation gradient is

written based on the mode nodal displacements given in (10.1) as

Fh
mode = 1− (Qξ0)⊗G(0) − LlinG(1) (10.11)

for the new quantities given by

G(0) = −
∑
A∈Bh+

e

GRAD(NA) (10.12)

and

G(1) = −
∑
A∈Bh+

e

X̄A ⊗GRAD(NA) (10.13)
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similar to the use of the material gradient GRAD(•) for the general large-scale

deformation gradient Fh given in (9.3). Note that these quantities are evaluated

only in Bh+
e under the considered relative motions. The explicit expression (10.1)

also allows direct postulation of the mode small-scale deformation gradient as

Fh
µmode

= 1 +HΓhe
(X)Llin (10.14)

for the Heaviside function defined by

HΓhe
(X) =

 1 for X ∈ Bhe
+

0 for X ∈ Bhe
−

(10.15)

across the discontinuity segment Γhe . The average of the mode small-scale defor-

mation gradient F̄
h
µmode

is easily obtained by taking an average on (10.14) over the

element bulk Bhe as

F̄
h
µmode

=
1

VBhe

∫
Bhe

Fh
µmode

dV = 1 +
VBh+

e

VBhe
Llin (10.16)

for the measure of material element volumes

VBhe =

∫
VBhe

dV and VBh+
e

=

∫
V
Bh+
e

dV. (10.17)

Altogether, we finally arrive after plugging above equations (10.11), (10.14), and

(10.16) into the original form (10.10) at the explicit expression of the sought part

in (10.9) as

F =

[
1 +

VBh+
e

VBhe
Llin

]−1 [
HΓhe

Llin + (Qξ0)⊗G(0) + LlinG(1)

]
. (10.18)

Remark 10.3.1. The discontinuous feature of the sought part F of the small-scale

deformation gradient can result in its underestimation in the standard quadrature

rules according to the inclusion of the integration points in Bhe
+

. For example, in
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the limiting case that all quadrature points fall within Bhe
−

, the terms Bhe
+

and HΓhe

in (10.18) vanish. However, this numerical error can be reduced through the mesh

refinement process of the finite element analysis, which allows the correct capture

of the sought deformation field and resulting stresses within the proposed numerical

framework.

Once the sought part F in (10.9) is computed by (10.18), the implicit relation

(10.9) can be used to obtain the chosen transformation operator F̄
h
µ. In particular,

we take an average on (10.9), thus having a relation

F̄
h
µ = F̄

h [
1− F̄

]−1
. (10.19)

Here, the new quantities F̄
h

and F̄ are defined by

F̄
h

=
1

VBhe

∫
Bhe

Fh dV (10.20)

and

F̄ =
1

VBhe

∫
Bhe

F dV =

[
1 +

VBh+
e

VBhe
Llin

]−1 [
(Qξ0)⊗G(0)0 + LlinG(1)0 +

VBh+
e

VBhe
Llin

]
(10.21)

for G(0)0 and G(1)0 given by

G(0)0 =
1

VBhe

∫
VBhe

G(0) dV and G(1)0 =
1

VBhe

∫
VBhe

G(1) dV, (10.22)

that is, average values over the element bulk Bhe . In (10.19), the averages of the

large-scale deformation gradient F̄
h

and the sought part F̄ are expressed in terms

of the basic parameters d and the local parameters ξ, respectively, thus recovering

a dependency of F̄
h
µ on both d and ξ. Note that (10.19) defines F̄

h
µ not based

on the mode equation (10.10) but based on the general expression (10.9). With

the expressions (9.3), (10.18), and (10.19), a correct construction of the (discrete)
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small-scale deformation gradient Fh
µ is then completed. Clearly, Fh

µ directly depends

on the way the large-scale deformation gradient Fh is assumed, thus verifying the

proposed strain-based approach in the applications of more general formulations

such as the assumed, mixed, and enhanced strain finite elements.

In view of expressions of the jump components given in (10.5) being linear in the

surface coordinates s1 and s2 on Γhe , the computation of the small-scale deformation

gradient Fh
µ through the equation (10.9) allows the new three-dimensional finite ele-

ments with strong discontinuities to capture piecewise linear displacement jumps in

the geometrically nonlinear range of interest here. The incorporation of such higher

order interpolations for the displacement jumps J then precludes, by design, a spuri-

ous transfer of stresses across the discontinuity Γhe for the sought separation modes,

as the more involved (relative) rigid body motions of the two split blocks Bh−e and

Bh+
e can be described by the new finite elements. For comparison purposes, we have

included the numerical results obtained from the elements with only constant jumps

in Chapter 12. Those elements are easily implemented by dropping the operator

Llin used for the description of the linear separation modes in the enhanced part

(10.18) and (10.19) in the small-scale deformation gradient. We again emphasize

that all developments presented in this chapter are to be carried out at the element

level, thus revealing the appropriateness of the name “element design” in this study.

Remark 10.3.2. The sought part F of the small-scale deformation gradient is in-

variant under the change of sides of Bh+
e and Bh−e . The quantities (•)− in Bh−e can

be defined under the reversal of the original local frame {N,M1,M2} as

{N−,M−
1 ,M

−
2 } = {−N,−M1,M2} (10.23)

VBh−e = VBhe − VBh+
e

and H−
Γhe

= 1−HΓhe
(10.24)
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G−(0) = −G(0) and G−(1) = −1−G(1). (10.25)

In view of (10.23) and (5.16), we have a relation for the constant separation modes

as

Q−ξ−0 = −Qξ0. (10.26)

Further, the mode large-scale deformation gradient (10.11) is written on Bh−e through

the replacement of the original variables by (10.25) and (10.26) as

Fh−

mode = 1− + Llin
− −Qξ0 ⊗G(0) + Llin

−
G(1). (10.27)

This expression then has to be identical with the original equation (10.11), directly

verifying following relations:

1− = 1 + Llin and Llin
−

= −Llin. (10.28)

The sought deformation gradient F− in Bh−e can then be recovered by replacing the

original variables in (10.18) by (10.24), (10.25), (10.26), and (10.28), thus being

equally represented in the reversed local frame given by (10.23).
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Chapter 11

Implementation aspects (finite

deformation theory)

This chapter presents implementation aspects for the evaluation and solving

of the governing residuals (9.4) and (9.13) obtained in Chapter 9. We start with

detailed discussions in Section 11.1 on how the residuals can be correctly evaluated

by the typical quadrature rules based on the chosen local coordinate system in the

bulk Bhe or on the surface Γhe , showing that the considerations discussed in Section

6.1 for the infinitesimal case are to be available, now with the geometric quantities

in the reference configuration. The consistent linearization of the residuals is carried

out in Section 11.2, showing in Section 11.3 that the final algebraic equations left

to solve involve only the global variable d through static condensations of the local

enhanced parameters ξ at the element level. We close this chapter in Section 11.4

with a brief overview of the constitutive models in the bulk Bhe or on the discontinuity

Γhe employed for the numerical simulations presented in Chapter 12.
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11.1 Evaluation of governing residuals

The two governing residuals (9.4) and (9.13) defined in the different scales include

volume integrals over the element bulk Bhe or surface integrals on the discontinuity

segment Γhe . The numerical evaluations of those terms can be easily performed by

the standard quadrature rules as

∫
Bhe

(•) dV ≈
l
Bhe
int∑
l=1

(•)l (dVe)l (11.1)

for the volume integral over the (reference) bulk Bhe , and

∫
Γhe

(•) dA ≈
l
Γhe
int∑
l=1

(•)l (dAe)l (11.2)

for the surface integral over the (reference) surface Γhe . Here, the respective inte-

grand quantities (•)l with the corresponding volume and area elements (dVe)l and

(dAe)l are evaluated at l
Bhe
int integration points Xquad

l in Bhe and l
Γhe
int integration points

si
quad
l (for i = 1, 2) on Γhe , respectively. As usual, (dVe)l and (dAe)l correspond to

integration weights normalized by the pointwise Jacobian of the isoparametric map

for Bhe and Γhe , respectively. To define the integral domain in the different shapes

of the discontinuity segment Γhe , the triangulation scheme proposed in Section 6.1

for the infinitesimal case is again useful to us, through the replacement of the co-

ordinates defined within the infinitesimal small-strain assumption by the material

quantities in the finite deformation theory such as the surface origin XΓ and corner

points {Xm
Γ }. Note that all the integrals here are to be carried out in the reference

configuration based on the well-defined reference coordinates {X} or {s1, s2} in the

actual implementations.

It remains to evaluate the surface integral on Γhe with the integrand involving

the stress P obtained at the quadrature points in the bulk Bhe . To deal with this
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inconsistency, we again introduce a new (linear) operator G(e), where “(e)” denotes

equilibrium, which makes it possible to convert the surface integral to the volume

integral as for the infinitesimal case presented in Section 6.1. Thus, we alternatively

write the first term of the small-scale residual (9.13) as∫
Bhe

GT
(e)P dV = −

∫
Γhe

hTδ PN dA+ AΓhe
O(hp+1

e ) (11.3)

for the high-order error O(hp+1
e ) in the measure of the element size he defined in

(9.14) with p ≥ 0 (for consistency). Here, the minus sign is put just for convenience

in the developments below. Clearly, the equilibrium operator G(e) recovers the

traction PN corresponding to the bulk stress P onto the discontinuity Γhe to a

considered order of accuracy p. Note that this replaced term is written in its material

form for convenience in the developments of associated formulations below. Based

on the approximation (11.3) up to the error O(hp+1
e ), the original small-scale residual

(9.13) reads

reenh = −
∫
Bhe

GT
(e)P dV −

∫
Γhe

HT
δ TΓ dA = 0. (11.4)

for the first term replaced by the bulk integral over Bhe with the associated new

discrete operator G(e), rather than the spatial interpolation function hδ of the jump

variation δJh. Here, the second term in (11.4) is also written in the material form

based on the relation (9.28).

The polynomial character of the stress tensor P allows the equilibrium operator

G(e) to be obtained in closed form. Clearly, this situation stems from the fact that

polynomial functions are used for the interpolations of the deformation fields. In

this respect, we proceed with a particular choice of polynomials for the interpolation

of the jump variations δj as well, defining its convected component in the direction
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m[
i as

δjh ·m[
i = δξ<0mi> + δξ<1mi>s1 + δξ<2mi>s2 for i = 0, 1, 2 (with m[

0 ≡ n[),(11.5)

that is, linear in s1 and s2. The variations δjh in the local (contra-) frame Q] defined

in (9.25) then read

δjh = hδ(s1, s2)δξ = Q]
2∑
t=0

stδξt with s0 := 1 (11.6)

for the linear discrete operator hδ and a set of local variation parameters δξ with

the same ordering as the original jump components ξ given in (10.6). Note that δjh

is linear in s1 and s2, which is to be contrasted to jh given in (10.3) representing

nonlinear jumps based on the chosen separation modes involving the relative finite

rotations of the split blocks in accordance with the finite deformation theory of

interest here. In view of (11.6), the original replacement (11.3) is then written for

the chosen order of accuracy p = 1 as∫
Bhe

G<tmi>
T

(e) P dV = −m]
i

T
∫

Γhe

stPN dA+ AΓhe
O(h2

e) for i = 0, 1, 2 (11.7)

for the constant (with t = 0) and linear separation modes (with t = 1, 2), respec-

tively.

As for the infinitesimal case, we proceed with a closed-form expression of the

equilibrium operator G(e) as

G<tmi>
(e) = − 1

he
g<t>e (X̄, Ȳ , Z̄)

(
m]

i ⊗N
)

for i = 0, 1, 2 (11.8)

for a certain linear scalar function g<t>e given by

g<t>e (X̄, Ȳ , Z̄) = a<t>(0,0,0) + a<t>(1,0,0)X̄ + a<t>(0,1,0)Ȳ + a<t>(0,0,1)Z̄ for t = 0, 1, 2 (11.9)

in terms of chosen (reference) local coordinates {X̄, Ȳ , Z̄} := X −XΓ in the bulk

of the reference element Bhe . Here, t = 0, 1, 2 again denotes separation modes of



165

constant, linear in s1, and linear in s2, respectively. The equality (11.7) is then

verified by plugging the definition (11.8) into (11.7) as∫
Bhe

G<tmi>
T

(e) P dV = − 1

he

∫
Bhe
g<t>e (X̄, Ȳ , Z̄)

(
m]

i ⊗N
)

: P dV

= −m]
i

T
[

1

VBhe

∫
Bhe
g<t>e (X̄, Ȳ , Z̄)PN dV

]
AΓhe

= −m]
i

T
[

1

VBhe

∫
Bhe
g<t>e (X̄, Ȳ , Z̄)X̄ lȲ mZ̄n dV

]
AΓhe

+ AΓhe
O(h2

e)

= −m]
i

T
[

1

AΓhe

∫
Γhe

stX̄
lȲ mZ̄n dA

]
AΓhe

+ AΓhe
O(h2

e)

= −m]
i

T
∫

Γhe

stPN dA+ AΓhe
O(h2

e)

after using the relations (6.9) and (6.10) for all l,m, n = 0, 1 with l + m + n ≤ 1,

now in terms of the reference bulk coordinates {X̄, Ȳ , Z̄} and surface coordinates

{s1, s2} defined by (9.18).

As presented in Section 9.1, the global residual (9.4) is to be expressed in terms

of the symmetric Kirchhoff stress τ rather than original first Piola–Kirchhoff stress

P for the numerically more efficient implementations. This situation motivates the

use of τ in the local residual (11.4) as well. Hence, we alternatively write the first

term of (11.4) as ∫
Bhe

GT
(e)P dV =

∫
Bhe

gs
T

(e)τ dV (11.10)

in terms of a spatial equilibrium operator gs(e) conjugate to τ. Here, we have used

the notation for (double) the symmetric part (•)s = (•) + (•)T of the given tensor

(•). This spatial counterpart is given by

g<tmi>(e) = − 1

he
g<t>e (X̄, Ȳ , Z̄)(m]

i ⊗ Fh−T

µ N) for i = 0, 1, 2 (11.11)

through the relation (9.21) for the localized elements. Clearly, in the cost of the com-

putations of the pointwise small-scale deformation gradients Fh
µ, the use of only the
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symmetric part of g(e) in (11.11) leads to more efficient implementations, motivating

the use of the Voigt notation for g(e) as

gs(e) =
[
g<0n>

(e) g<0m1>
(e) g<0m2>

(e) g<1n>
(e) g<1m1>

(e) g<1m2>
(e) g<2n>

(e) g<2m1>
(e) g<2m2>

(e)

]s
∈ R6×9

(11.12)

for each column involving six independent components in accordance with the sym-

metric stress tensor τ in the three-dimensional case of interest here. The ordering

in (11.12) follows the local enhanced parameters ξ given by (10.6). Hence, the left

6 × 3 block corresponds to the constant separation modes, whereas the additional

linear displacement jumps are associated with the remaining right part.

We can see that the coefficients of g<t>e in (11.11) are to be computed by the

integrals in the reference configuration. Further, it is assumed in the proposed track-

ing procedure here that the geometric quantities of the discontinuity Γhe such as the

element normal N and resulting surface corner points given by (9.15) remain un-

changed once they have been computed. This situation then allows the calculations

of those coefficients to be carried out only once for each localized element in the

actual numerical implementations. Finally, it is important to note that the local co-

ordinates {X̄, Ȳ , Z̄} are to be set up independently from element to element, that is,

they have nothing to do with the global reference system. In fact, numerical results

presented in Chapter 12 confirm that the final results of the equilibrium operator

here are invariant with respect to the choice of the local reference system.

Remark 11.1.1. In (11.4), the interpolation function Hδ for the approximation of

the (material) jump variations δJh can be written in the linear form analogous to

(11.6), now with the replacement of Q] by Q for this material variable as

Hδ = QH̃δ (11.13)
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for the new matrix H̃δ ∈ R3×9 given by

H̃δ =


1 0 0 s1 0 0 s2 0 0

0 1 0 0 s1 0 0 s2 0

0 0 1 0 0 s1 0 0 s2

 , (11.14)

taking full advantage of the multiple zero entries in the actual implementations.

11.2 Consistent linearization of governing residu-

als

The governing residuals (9.4) and (11.4) define coupled nonlinear algebraic equa-

tions left to solve for the two main variables d and ξ. The classical Newton-Raphson

scheme is employed to solve this nonlinear system, which requires consistent lin-

earization of the governing equations about the last known equilibrium position

{di, ξi} as

Anelem
e=1

[(
Kei

dd,mat + Kei

dd,geom

)
∆di+1

e +
(
Kei

dξ,mat + Kei

dξ,geom

)
∆ξi+1

e

]
= Anelem

e=1 Rei(
Kei

ξd,mat + Kei

ξd,geom

)
∆di+1

e +
(
Kei

ξξ,mat + Kei

ξξ,geom

)
∆ξi+1

e = re
i

enh

(11.15)

through the usual decomposition of the stiffness matrix into the material and ge-

ometric parts. The algebraic equations (11.15) are then solved for ∆di+1
e globally

and ∆ξi+1
e locally, and updated by di+1 = di + ∆di+1 and ξi+1

e = ξie + ∆ξi+1
e . Note

that the second equation in (11.15) is defined in the respective elements with only

the active discontinuities, thus being not necessarily involved in the global assembly

procedure of the finite element implementations.

To obtain explicit expressions of the element stiffness matrixes in (11.15), we pro-

ceed with writing the two governing variational equations for the individual element,



168

which are written for the large-scale residual (9.4) as∫
Bhe
δFhFh−1

µ : τ dV − δΠh
ext = 0 ∀δde ∈ V (11.16)

for the virtual work on the external loadings δΠh
ext. Taking the variation of (11.16)

in ∆de and ∆ξe, we arrive after straightforward tensor manipulations at∫
Bhe
δFhFh−1

µ : ∆
(
Fh
µS
)
FhT

µ +
��

���
���

���
��:0

∆
(
δFhFh−1

µ Fµ

)
: FµS dV =∫

Bhe
δFhFh−1

µ : a : ∆Fh
µF

h−1

µ dV︸ ︷︷ ︸
material stiffness

+

∫
Bhe
δFhFh−1

µ : ∆Fh
µF

h−1

µ τ dV︸ ︷︷ ︸
geometric stiffness

(11.17)

for the spatial tangent a employed to compute τ in terms of Fh or Fh
µ (and internal

variables for the plasticity models) in the bulk Bhe and the symmetric second Pilola–

Kirchhoff stress S having a relation

S = Fh−1

µ P. (11.18)

In (11.17), the variation on the small-scale deformation gradient Fh
µ in ∆de and ∆ξe

arises, which is derived as

∆Fh
µF

h−1

µ =

nnode∑
A=1

∆dA ⊗
(
∇µN

A + ∇̃µN
A
)

+
9∑
I=1

gI(c)∆ξI

=
(
bUL + b̃UL

)
∆de + g(c)∆ξe

(11.19)

after multiplying by Fh−1

µ . In (11.19), the modified strain operator b̃UL is given for

each node A by

b̃
A

UL =



NA
;̃1 0 0

0 NA
;̃2 0

0 0 NA
;̃3

NA
;̃2 NA

;̃1 0

NA
;̃3 0 NA

;̃1

0 NA
;̃3 NA

;̃2


(11.20)
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for the modified gradient ∇̃µN defined by

∇̃µN
A :=


NA

;̃1

NA
;̃2

NA
;̃3

 = Fh
µ

−TFT (1− F̄)−TGRAD0(NA). (11.21)

In (11.21), we have introduced an average material gradient GRAD0(NA) over the

bulk of the reference element Bhe , which is written as

GRAD0(NA) =
1

VBhe

∫
VBhe

GRAD(NA) dV. (11.22)

The new operator g(c) in (11.19) arises from the linearization of the enhanced part

F̃
h

µ of the small-scale deformation gradient in δξe, thus naturally motivating the

symbol “(c)” denoting compatibility. A closed-form expression of the compatibility

operator g(c) is written as

g<0mi>
(c) = F̄

h
µ

(
1 +

VBh+
e

VBhe
Llin

)−1

Mi ⊗ Fh−T

µ

(
G(0) + FT (1− F̄)−TG(0)0

)
(11.23)

g<jmi>(c) = F̄
h
µ

(
1 +

VBh+
e

VBhe
Llin

)−1

L<jmi>
(
HΓhe

1 + G(1) + G(1)0(1− F̄)−1F
)
Fh−1

µ

(11.24)

for L<jmi> obtained by linearization of Llin with respect to the local variable ξ<jmi>

for i = 0, 1, 2 and j = 1, 2 (with m0 ≡ n and M0 ≡ N). Plugging (11.19) into

(11.17), we finally obtain explicit expressions of the element stiffness associated

with the large-scale residual (9.4) as

KAB
dd,mat =

∫
Bhe

bA
T

ULa

(
bBUL + b̃

B

UL

)
dV (11.25)

KAJ
dξ,mat =

∫
Bhe

bA
T

ULag
sJ

(c) dV (11.26)
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KAB
dd,geom =

∫
Bhe
∇µN

A · τ
(
∇µN

B + ∇̃µN
B
)
dV 1 (11.27)

KAJ
dξ,geom =

∫
Bhe

gJ(c)τ∇µN
A dV (11.28)

for the nodes A or B and separation mode J . We observe a lack of symmetry of

these stiffness matrixes. In particular, the nonsymmetry of Kdd,mat arises from the

modified gradient ∇̃µN given in (11.21).

Remark 11.2.1. In the evaluation of the material stiffness (11.26), only (double)

the symmetric part of g(c) is required similar to the equilibrium operator g(e), again

allowing the efficient implementations of g(c) through the use of the Voigt notation.

Thus, we write g(c) as

gs(c) =
[
g<0n>

(c) g<0m1>
(c) g<0m2>

(c) g<1n>
(c) g<1m1>

(c) g<1m2>
(c) g<2n>

(c) g<2m1>
(c) g<2m2>

(c)

]s
∈ R6×9

(11.29)

for the nine individual contributions of each separation mode that has six inde-

pendent components in the case of three-dimensional setting of interest here. Here,

each mode follows the ordering of the local enhanced parameters ξ defined by (10.6).

Note, however, that these desired symmetric properties drop in the geometric stiff-

ness (11.28).

The small-scale variational equation for the individual element reads∫
Bhe

gs(e)δξe : τ dV −
∫

Γhe

(Hδδξe) ·TΓ dA = 0 ∀δξe. (11.30)

Here, the surface integral is written in the material form based on the invariance

relation (9.28). Taking the variation of (11.30) in ∆de and δξe leads after straight-
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forward tensor manipulations to∫
Bhe

gs(e)δξe : ∆
(
Fh
µS
)
FhT

µ + ∆
(
g(e)δξeF

h
µ

)
: P dV +

∫
Γhe

(Hδδξe) ·∆TΓ dA =∫
Bhe

gs(e)δξe : a : ∆Fh
µF

h−1

µ dV +

∫
Γhe

(Hδδξe) ·
(
CΓH∆Jh

)
dA︸ ︷︷ ︸

material stiffness

+

∫
Bhe

g(e)δξe : ∆Fh
µF

h−1

µ τ +
(

∆g(e)δξe + g(e)δξe∆Fh
µF

h−1

µ

)
: τ dV︸ ︷︷ ︸

geometric stiffness

(11.31)

for the material tangent CΓ associated with the cohesive relation between TΓ and Jh

on the discontinuity Γhe . In (11.31), the variation on g(e) in ∆de and ∆ξe is written

after straightforward tensor manipulations as

∆g(e) =

(
nnode∑
A=1

∆dA ⊗ ∇̄µN
A +

9∑
I=1

ḡI(c)∆ξI

)
g(e) − g(e)∆Fh

µF
h−1

µ . (11.32)

Here, we introduce the new modified gradient ∇̄µN defined by

∇̄µN
A :=


NA

;̄1

NA
;̄2

NA
;̄3

 = F̄
h−T

µ (1− F̄)−TGRAD0(NA) (11.33)

for a node A, and the modified compatibility operator ḡ(c) given by

ḡ<0mi>
(c) = F̄

h
µ

(
1 +

VBh+
e

VBhe
Llin

)−1

Mi ⊗ F̄
h−T

µ (1− F̄)−TG(0)0 (11.34)

ḡ<jmi>(c) = F̄
h
µ

(
1 +

VBh+
e

VBhe
Llin

)−1

L<jmi>
(
VBh+

e

VBhe
1 + G(1)0(1− F̄)−1

)
F̄
h−1

µ (11.35)

for i = 0, 1, 2 and j = 1, 2 (with m0 ≡ n and M0 ≡ N), which differ from the original

compatibility operator given in (11.23) and (11.24). In (11.31), ∆Jh is written after

linearizing the jump components ξ<n>, ξ<m1>, and ξ<m2> given in (10.5) about the

local parameters ξ as
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∆Jh = H∆ξ = QΦT∆ξ (11.36)

for the new operator Φ ∈ R9×3 given by

Φ =



1 0 0

0 1 0

0 0 1

s1ξ
<1m2>cos(ξ<1n>) −s1ξ

<1m2>sin(ξ<1n>)

+ s2(1 + ξ<2m2>)cos(ξ<1n>) 0 − s2(1 + ξ<2m2>)sin(ξ<1n>)

−s1sin(ξ<2n>) s1cos(ξ<2n>) 0

s1sin(ξ<1n>) 0 s1cos(ξ<1n>)

−s2ξ
<2m1>cos(ξ<2n>) −s2ξ

<2m1>sin(ξ<2n>)

− s1(1 + ξ<1m1>)cos(ξ<2n>) − s1(1 + ξ<1m1>)sin(ξ<2n>) 0

−s2sin(ξ<1n>) s2cos(ξ<2n>) 0

s2sin(ξ<1n>) 0 s2cos(ξ<1n>)



.

Substituting (11.19), (11.32), (11.14), and (11.36) into (11.31), we finally obtain the

element stiffness matrixes corresponding to the small-scale residual (11.4) as

KIB
ξd,mat =

∫
Bhe

gs
I

(e)

T
a

(
bB

T

UL + b̃
B

UL

)
dV (11.37)

KIJ
ξξ,mat =

∫
Bhe

gs
I

(e)

T
ags

J

(c) dV +

∫
Γhe

H̃
I

δC̃ΓΦ
JT dA (11.38)
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KIB
ξd,geom =

∫
Bhe

gI(e)τ
(
∇µN

B + ∇̃µN
B
)

+ τgI
T

(e)∇̄µN
B dV (11.39)

KIJ
ξξ,geom =

∫
Bhe

gI(e)τ :
(
gJ(c) + ḡJ

T

(c)

)
dV (11.40)

for the node B and separation modes I or J . A lack of symmetry of these stiffness

matrixes is clear similar to (11.25)–(11.28) for the large-scale residual. In particular,

the nonsymmetry of Kξξ,mat stems from the nonidentity of g(e) and g(c) for the first

term, and Hδ and H for the second term as shown earlier. Again, the material

stiffness matrixes (11.37) and (11.38) are written in the Voigt notation to employ

the symmetric properties of the tangent a with only the symmetric parts of g(e)

and g(c) , whereas the whole part is required to evaluate the geometric contributions

(11.39) and (11.40).

Remark 11.2.2. The nonlinear geometric effects on the discontinuity Γhe are not

involved in (11.40). This is clearly with the aid of the frame indifference feature

(9.28) of the small-scale variables based on the use of the convected bases defined in

(9.25) and (9.26) for the spatial jumps jh (or their variations δjh) and traction tΓ,

respectively.

11.3 Static condensation of local parameters

As mentioned earlier, the local enhanced parameters ∆ξe in (11.15) can be con-

densed out at the element level in virtue of the inherent locality of the small-scale

problem defined by (9.13) within the considered multi-scale framework. This situ-

ation then results in a numerically efficient scheme in view of the very same global
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structure of the finite element assembly operator. The final condensed global system

left to solve is then given by[
Anelem
e=1 Kei

∗

]
∆di+1 = Anelem

e=1 Rei

∗ (11.41)

for a modified global stiffness matrix Ke
∗ = Ke

dd − Ke
dξK

e−1

ξξ Ke
ξd and a modified

global residual Re
∗ = Re − Ke

dξK
e−1

ξξ reenh, after using the expression ∆ξi+1
en+1

=

(Kei

ξξ)
−1
[
re
i

enh −Kei

ξd∆di+1
en+1

]
in the second equation in (11.15). Accordingly, only

global variables ∆de remain in the final system, allowing only local changes of

the standard finite element codes for the actual implementation of the new three-

dimensional embedded finite elements. Note, however, that the symmetry properties

of the global stiffness Ke
∗ break down in general.

Remark 11.3.1. In view of the condensed system (11.41), the static condensation

procedure described above requires invertibility of the local stiffness Ke
ξξ. In fact,

this is a small 9×9 matrix for each element involving up to the linear interpolations

of the displacement jumps. The inversion of the first term in (11.38) or (11.40)

then relies on the linear independency of components of the operator g(c) as for

the infinitesimal case discussed in Section 6.4. Thus, we again adopt the same

stabilization procedure as employed in the infinitesimal small-strain problems, that

is, numerical treatments of such instability through the Lagrange multipliers with

the relaxation of the constraints. The linear separation modes are then effectively

to be incorporated in the new three-dimensional finite deformation elements while

avoiding the instability as illustrated in the several numerical results presented in

Chapter 12.

Remark 11.3.2. In general, the invertibility of the matrix Ke
ξξ relies on the second

terms in (11.38) as well. That is, the second term, which generally makes a negative
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contribution on the stiffness due to the softening response on the discontinuity Γhe ,

needs to be controlled compared in comparison to the first terms so that the entire

matrix Ke
ξξ remains invertible. This negative effect is then to be controlled by an

upper limit of the element size given by (9.14). We refer to Armero (2001) for a

detailed discussion on this issue.

11.4 Constitutive models

It remains to specify particular constitutive models used for the actual imple-

mentations presented in Chapter 12. More precisely, the state of stresses τ and

spatial tangents a are to be determined based on the deformation gradient Fh or

Fh
µ (and internal variables for the plasticity) in the bulk, whereas the driving trac-

tion TΓ and the associated tangents CΓ are obtained in terms of jumps Jh on the

discontinuity, defining the large- and small-scale material properties, respectively.

The advantage of the multi-scale framework considered in this work is then that its

applications are not restricted to a particular choice of the constitutive models in

the bulk B or over the discontinuity ΓX .

11.4.1 Large-scale material response

We particulary assume the nonregularized neo-Hookean material for the bulk

responses in combination with the finite deformation theory. This model is charac-

terized by a scalar stored energy function

W (C) =
λ

2
(ln(J))2 +

µ

2
(C : 1− 3)− µ ln(J) (11.42)

for the right Cauchy–Green tensor C = FTF, the Jacobian J = detF, and Lamé
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constants λ and µ. The corresponding Kirchhoff stress is given by

τ = λ ln(J)1 + µ(b− 1) (11.43)

for the left Cauchy–Green tensor b = FFT , and the associated spatial tangent is

given by

a = λ1⊗ 1 + 2(µ− λ ln(J))I (11.44)

for the second-order identity tensor 1 and the fourth-order (symmetric) identity

tensor I, respectively.

11.4.2 Cohesive law

Once the local frame {N,M1,M2} is determined based on the localization cri-

terion, it is assumed that the cohesive responses are independent in the respective

orthonormal directions to the discontinuity Γhe . More precisely, each component of

the traction TΓ given in (10.8) and associated diagonal entries of the tangent C̃Γ in

(6.31) is computed only in terms of the corresponding component of the jumps Jh

given in (10.7). Thus, the equation (6.30) is applicable for the modeling of the co-

hesive responses within the finite deformation regime, again taking advantage of the

diagonal matrix C̃Γ in the fully nonlinear geometric region. We refer to equations

(6.33)–(6.38) for the particular cohesive models employed in the numerical tests in

Chapter 12, now with the finite deformation version of components j<mi> and t<mi>Γ

for i = 0, 1, 2 (with m0 ≡ n).
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Chapter 12

Representative numerical

simulations (finite deformation

theory)

This chapter presents the main results obtained from representative numerical

simulations within the finite deformation regime. Of main importance is to illus-

trate and confirm the numerical consistency, stability, convergence and stress locking

properties for the newly proposed three-dimensional finite elements for the modeling

of failure in solids. We further seek to investigate the frame indifference nature of

the proposed finite element formulations, which is a basic requirement in the geo-

metrically nonlinear region of interest here. In view of the noticeable stress locking

in combination with the higher order interpolations of the global deformation fields,

the eight-node brick elements are employed as the underlying finite elements, though

the other elements can be equally developed in the proposed numerical framework.

We emphasize that only element-level modifications of the existing finite element
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codes are required to implement the new elements, preserving the global structure

of the original problem before the material failure has occurred.

In Section 12.1, the effects of higher order interpolations of the displacement

jumps discussed in Chapter 10 are illustrated for each separation mode indepen-

dently in a series of element tests. Next, the convergence properties are evaluated

in Section 12.2 for the classical fracture Modes I, II, and III, respectively. Finally,

more involved examples such as wedge splitting and steel anchor pullout tests are

presented in Sections 12.3 and 12.4, respectively. Especially, these realistic prob-

lems are implemented to investigate and verify the applicability of the proposed

tracking algorithm discussed in Remark 9.3.1 in the resolution of the discontinuities

arbitrarily propagating through the generally irregular mesh, which experiences a

large amount of deformation in the geometrically nonlinear range of interest here.

In particular, we focus on the comparison between the different levels of embed-

ded separation modes for the kinematic description of strong discontinuities, that

is, the overall improvement on the performance of the new three-dimensional finite

elements with piecewise linear interpolations of the displacement jumps on both

the normal and tangential components to the discontinuities in comparison to the

elements involving only constant jumps.

12.1 Element tests

This section presents the main results obtained from a series of element tests,

which are designed to evaluate the performance of the new three-dimensional finite

elements independently for a particular separation mode. They include an uniform

tension test for the relative translation in N (in Section 12.1.1), a bending test for
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the finite rotation around M1 or M2 (in Section 12.1.2), a partial tension test for

the in-plane stretches in M1 or M2 (in Section 12.1.3), a partial shear test for the

in-plane shear in M1 and M2 (in Section 12.1.4), and a partial rotation test for the

infinitesimal rotation around N (in Section 12.1.5), respectively; see Figure 10.1 for

an illustration of these relative motions of the split element.

As mentioned earlier, the frame indifference of the final equations constitutes a

basic requirement in the finite deformation theory. To confirm this feature of the

developed finite element formulations related to the strong discontinuities, all the

element tests further consider the superimposed rigid rotations θ around a generic

point X0 in addition to the original displacements dA for a node A. With these

notations, the total displacements dA,θ representing the involvement of the rigid

rotations are written as

dA,θ = EXP
[
θV̂
]

(XA + dA −X0)− (XA −X0) for a node A (12.1)

for the reference coordinates XA and the exponential mapping of the skew tensor

V̂ associated with the rotation axis V. Here, without loss of generality, we denote

by X0 the centroid of the reference element. The numerical implementation is then

performed, in particular, with equal increments under the displacement control.

Accordingly, the rigid rotations also need to be imposed incrementally in view of

the path dependence of the inelastic cohesive responses associated with the strong

discontinuities. In particular, we consider equal incremental rigid rotations, that is,

θ =

ninc∑
i=1

θi for θi =
θ

ninc
(12.2)

for each rotation θi and a total of ninc increments for the original displacements

dA. The responses obtained by adding these rigid rotations then have to remain the
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Figure 12.1: Element uniform tension test: geometry, boundary conditions, and ac-

tivated discontinuity surface (left) and the computed normalized reaction R/(Ea2)

versus imposed relative displacement δ/a curves at each node, including the ana-

lytical solution for comparison (right). A 2a × 2a × 2a cube consisting of a single

eight-node brick element is uniformly pulled by imposed displacements δ in the hor-

izontal direction, allowing the formation of the discontinuity through the block’s

height. The exact solution for the reaction–displacement curve is recovered by both

the kinematic levels of elements with constant or linear jumps. The same results are

obtained by the consideration of the superimposed rigid rotations of the underlying

element around the axis V for all θ.

same as the considerations of the original displacements dA for all θ, to confirm the

frame indifference requirement of the proposed finite element formulations.

12.1.1 Element uniform tension test

We first consider an element test in which a given domain is subjected to a

homogenous tension. Of main importance is the evaluation of the numerical con-
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sistency of the new three-dimensional finite elements with linear separation modes.

We consider a 2a × 2a × 2a cube consisting of the single eight-node brick element,

which is uniformly pulled by imposed displacements δ in the horizontal direction.

Further, the degrees of freedom in the vertical direction are fixed, whereas we con-

sider the minimum number of the constraints in the transversal direction; see the

left of Figure 12.1 for an illustration. The bulk model is assumed as the nonregu-

larized neo-Hookean material characterized by (11.43) and (11.44) with λ = 0 (or

equivalently a zero value of the Poisson’s ratio). The considered loading condition

with the assumed material properties then leads to no deformations and stresses in

the other directions. The material failure is assumed to appear when the maximum

principal stress of the Kirchhoff stress τ reaches the tensile strength ft as discussed

in Remark 8.3.1. The corresponding discontinuity segment then forms in the di-

rection perpendicular to the loading direction. Afterwards, the softening responses

in the normal direction to the discontinuities are modeled by the piecewise linear

cohesive law given by (6.33). The tangential components of the jumps do not de-

velop in this test. The particular (normalized) material properties employed here

are f̄t := ft/E = 0.105 and ᾱ := −2Ha/E = 0.2. Altogether, the only activated

separation mode in this test corresponds to the constant displacement jumps in the

normal direction to the discontinuity, with a state of homogeneous stress field in the

bulk.

The right of Figure 12.1 shows the computed normalized reaction R/(Ea2) versus

imposed relative displacement δ/a curves at each node for the elements with constant

or linear jumps. We have also included the analytical solution, which can be easily

obtained for this test; see Armero and Linder (2008) for details. We observe that all

the numerical or analytical results coincide, confirming the numerical consistency in
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view of a correct representation of the constant stress field through the developed

finite elements with embedded strong discontinuities. We can further argue that the

consideration of the linear interpolations of the displacement jumps does not affect

a correct description of the constant separation modes. The same results are also

obtained with a consideration of the superimposed rigid rotations around the axis V

perpendicular to the loading direction for all θ, confirming the frame indifference of

the proposed formulations associated with the particular separation mode activated

in this test.

12.1.2 Element bending test

We next illustrate the performance of the new three-dimensional finite elements

that are subjected to the linear normal separation mode. To this end, the uniform

tension test presented in the previous section is slightly modified. We consider the

same geometry, material properties, and mesh, whereas different loading conditions

are applied. Equal rates of the displacements for all the nodes are again imposed

until the localization criterion is met at one of the quadrature points, leading to

again the formation of the discontinuity segment through the block’s height. This

is followed by linearly varying rates between the top and bottom nodes, especially

with δbot twice as fast as δtop; see the left of Figure 12.2 for an illustration. We also

impose the vertical displacements after the elastic response as

δvert = 1−

√
1−

(
δbot − δtop

2

)2

(12.3)

upwards for the bottom nodes and downwards for the top nodes. This particular

consideration is used for no stretching in the vertical direction so that only the

particular separation mode of interest in this test is activated. That is, we here focus
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Figure 12.2: Element bending test: geometry, boundary conditions, and activated

discontinuity surface (left) and the computed normalized reaction R/(Ea2) versus

imposed relative displacement δtop/a curves at the top nodes (right). A 2a × 2a ×

2a cube consisting of a single eight-node brick element is pulled in the horizontal

direction with equal rates for all the nodes until the localization criterion is met

at one of the quadrature points, allowing the formation of the vertical discontinu-

ity segment. Afterwards, δbot increases twice as fast as δtop with linearly varying

rates between them. Proper vertical displacements δvert are further imposed so that

no stretch appears in the corresponding direction. As for the previous test, the

minimum constraints are considered in the other transversal direction. The same

reaction–displacement curves are obtained by a consideration of the superimposed

rigid rotations around the axis V for all θ.

on the mode corresponding to the relative finite rotations of the split blocks around

the tangential axis to the discontinuity. As for the previous test, the minimum

constraints are considered in the other transversal direction.

The curves of the computed normalized reaction R/(Ea2) versus the imposed
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relative displacement δtop/a at the top nodes are plotted on the right of Figure 12.2.

They involve the results obtained from both the kinematic levels of elements with

constant or linear jumps. We observe that the elements with only constant jumps

exhibit not only poor resolutions of the softening branch but also severe increases in

the stage of full softening of the discontinuity at both the top and bottom nodes. It

could be inferred, therefore, that spurious stresses transfer through the discontinuity

segment due to a lack of the sought separation mode in the discrete description of

the displacement jumps, that is, the linear normal separation mode activated in this

test.

This severe stress locking motivates the embedment of such a higher order mode

into the new three-dimensional finite elements. We observe a complete vanishing of

both the reactions and stresses after those elements are fully softened, which corre-

sponds exactly to the desired responses to be captured in the final stage of loadings.

Indeed, this overall improvement on the new elements can be traced back to the fact

that the discrete small-scale deformation gradient F̄
h
µ is constructed, by design, to

represent linear interpolations of the displacement jumps, in particular, associated

with the linear normal separation mode, thus better resolving the corresponding

stress fields. Finally, it is important to note that the same reaction–displacement

curves are obtained by a consideration of the superimposed rigid rotations around

the axis V for all θ, confirming the frame indifference of the final formulations

associated with the particular separation mode considered in this test.

12.1.3 Element partial tension test

We next illustrate the performance of the new three-dimensional finite elements

that are subjected to the linear in-line tangential separation mode. To this end, the
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Figure 12.3: Element partial tension test: geometry, boundary conditions, and pre-

existing horizontal discontinuity surface (left) and the computed normalized (nor-

mal) Kirchhoff stress τnn/E versus imposed relative displacement δ/a curves in both

Bh+
e and Bh−e , including the analytical solution for comparison (right). The lower

part Bh+
e of the 2a × 2a × 2a regular eight-node hexahedral element is uniformly

pulled in the horizontal direction through the imposed displacements δ at the bottom

nodes, whereas the upper part Bh−e is constrained by fixing all degrees of freedom

at the top nodes. The discontinuity segment at the center is assumed to be fully

softened so that no driving traction can develop on the discontinuity. The same

stress–displacement curves are obtained by consideration of the superimposed rigid

rotations around the axis V for all θ.

previous tests are slightly modified. We again consider the same cube consisting

of the single element and the same bulk model. Instead, a pre-existing horizontal

discontinuity segment at the center of the block is assumed to be fully softened

at the beginning of the analysis so that no stresses can be transferred through it.

This condition can be modeled by employing the linear increasing relation (6.36)

with km = 0 for all the components of the deformation jumps. That is, no driving
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traction develops along the discontinuity segment in this test. To make the two split

parts become in relative motions of the in-plane stretches in the tangential direction

to the discontinuity, the lower part Bh+
e is uniformly pulled in the horizontal direction

by the imposed displacements δ at the bottom nodes, whereas the other half part

Bh−e is constrained by fixing all degrees of freedom at the top nodes; see the left of

Figure 12.3 for an illustration of this test. Altogether, it is predicted that only the

normal Kirchhoff stresses τnn in the loading direction (denoted by n here) develop

in the bottom part of the block.

The computed normalized (normal) Kirchhoff stress τnn/E versus imposed rel-

ative displacement δ/a curves are plotted for both the kinematic levels of elements

with constant or linear jumps on the right of Figure 12.3. The analytic solution is

also included for comparison. It is observed that the elements with only constant

jumps exhibit an incorrect stress field with respect to the analytic solutions in both

Bh+
e and Bh−e . In particular, we can see that spurious stresses transfer from Bh+

e to

Bh−e in which no stresses have to develop.

This severe stress locking can be completely avoided by the new three-dimensional

finite elements involving the possibility of the linear separation modes. We observe

that the resulting curves obtained from those elements perfectly match with the

analytic solutions in the entire domain, including no development of the stresses in

the top parts, thus verifying no stress locking of the new elements for the particular

separation mode activated in this test. Finally, in view of the same numerical results

obtained from a consideration of the superimposed rigid rotations around the axis

V for all θ, we can argue that the aforementioned frame indifference requirement is

further satisfied for the considered separation mode here.
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Figure 12.4: Element partial shear test: geometry, boundary conditions, and pre-

existing horizontal discontinuity surface (left) and the computed normalized (shear)

Kirchhoff stress τnm/E versus imposed angle α curves in both Bh+
e and Bh−e , includ-

ing the analytical solution for comparison (right). The lower part Bh+
e of the 2a

× 2a × 2a regular eight-node hexahedral element is subjected to the simple shear

by the imposed angle α at the two bottom nodes, whereas the upper part Bh−e is

constrained by fixing all degrees of freedom at the top nodes. The discontinuity

segment at the center is assumed to be fully softened so that no driving traction

can develop on the discontinuity. The same stress–angle curves are obtained by a

consideration of the superimposed rigid rotations around the axis V for all θ.

12.1.4 Element partial shear test

We next focus on the evaluation of the performance of the new three-dimensional

finite elements for the (relative) in-plane shear motions of the two split blocks of

the single element, which corresponds to the linear crossed tangential separation

mode. This mode can be activated by considering the same conditions assumed in

the element partial tension test, except the loading condition imposed in the bottom
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part; see the left of Figure 12.4 for an illustration of this test. We impose the shear

strains γnm = tan−1(α) on the bottom part through the prescribed angles α at the

two bottom nodes. We here denote the two orthogonal directions defining the in-

plane surface of the discontinuity segment by n and m. The predicted responses are

then that the in-plane shear Kirchhoff stresses τnm develop in Bh+
e with no stresses

being transferred to the upper part through the fully softened discontinuity.

The computed normalized (shear) Kirchhoff stress τnm/E versus imposed angle

α curves are plotted for both the kinematic levels of elements with constant or linear

jumps on the right of Figure 12.4. The statements argued in the previous section

are again available based on the comparison with the analytic solution included

in this figure. A spurious transfer of stresses is observed for the elements involv-

ing only constant jumps due to a lack of linear interpolations of the displacement

jumps. More precisely, the improper kinematic approximation of the small-scale

deformation gradient Fh
µ, in particular, associated with the linear crossed tangential

separation mode plays a crucial role in the overall improvement on the locking prop-

erties in this test. We observe that such a stress locking is completely avoided by the

consideration of the embedded linear separation modes in the new elements. The

stress field for those elements perfectly matches with the analytic solution, including

the stress-free top part. We finally note that the responses with the superimposed

rigid rotations around the axis V remain unchanged for all θ with respect to the

original results plotted in Figure 12.4, thus confirming the frame indifference of the

proposed formulations for the particular separation mode activated in this test.

12.1.5 Element partial rotation test

To conclude a series of the element tests, we consider an element partial rota-
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Figure 12.5: Element partial rotation test: geometry, boundary conditions, and

pre-existing horizontal discontinuity surface (left) and the computed normalized

(shear) Kirchhoff stress τnm/E versus imposed angle α curves in Bh+
e , including the

analytical solution for comparison (right). The lower part Bh+
e of the 2a × 2a ×

2a regular eight-node hexahedral element is subjected to rigid rotation around the

axis V by angles α, whereas the upper part Bh−e is constrained by fixing all degrees

of freedom at the top nodes. The discontinuity segment at the center is assumed to

be fully softened so that no driving traction can develop on the discontinuity. The

same stress–angle curves are obtained by a consideration of the superimposed rigid

rotations around the axis V for all θ.

tion test. The aim of this test is to illustrate the performance of the new three-

dimensional finite elements whose split parts undergo a relative motion of the in-

finitesimal rotation around the normal axis to the discontinuity. To this end, the

element partial tension test is again modified by applying slightly different loadings

on Bh+
e . We impose rigid rotations around V through the imposed angles α at the

bottom nodes; see the left of Figure 12.5 for an illustration of this test. Clearly, it

is plausible that no stresses should develop in the entire domain in this test.
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Figure 12.6: Convergence test: geometry (left) and finest level of regular mesh

(right). A 125 × 260 × 500 mm3 cantilever hexahedral block involves a pre-existing

discontinuity through the block’s half part from the free end in the axial direction.

No propagation of a fully softened discontinuity is assumed. Different levels of finite

element discretizations are considered to investigate the convergence properties as

the meshes are refined.

The right of Figure 12.5 plots the computed normalized (shear) Kirchhoff stresses

τnm/E versus the imposed angles α in Bh+
e for both the kinematic levels of finite

elements with constant or linear jumps. The frame indifference requirement for the

considered separation mode is again confirmed by obtaining the same stress–angle

curves through a consideration of the superimposed rigid rotations around the axis

V for all θ as the results plotted in Figure 12.5. However, we again observe the

appearance of the spurious stresses for the elements with only constant jumps for

this relative motion. Apparently, this severe stress locking stems from a lack of the

higher order separation modes, in particular, the possibility of the linear crossed

tangential jumps activated in this test. On the contrary, a complete vanishing of

stresses in Bh+
e for the new three-dimensional finite elements verifies the locking-free

properties of those elements for this particular separation mode.
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Figure 12.7: Convergence test: Mode I loading (left) and computed reactions in

terms of the number of elements crossed by the discontinuity (right). The displace-

ment u = 1 mm is imposed at the free end, and the corresponding reactions R are

computed. The result obtained from the finest mesh is used for the reference value.
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Figure 12.8: Convergence test: Mode II loading (left) and computed reactions in

terms of the number of elements crossed by the discontinuity (right). The displace-

ment u = 1 mm is imposed at the free end, and the corresponding reactions R are

computed. The result obtained from the finest mesh is used for the reference value.
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Figure 12.9: Convergence test: Mode III loading (left) and computed reactions in

terms of the number of elements crossed by the discontinuity (right). The displace-

ment u = 1 mm is imposed at the free end, and the corresponding reactions R are

computed. The result obtained from the finest mesh is used for the reference value.

12.2 Convergence test

In this section, the convergence properties of the new three-dimensional finite

elements are investigated in accordance with different levels of finite element dis-

cretizations. To this end, we consider a cantilever hexahedral block whose half part

involves a pre-existing discontinuity in the axial direction from the free end. Es-

pecially, it is assumed that the discontinuity does not propagate any more with no

transfer of stresses across it, which can be easily implemented by letting km = 0 in

(6.36) in the respective directions on the discontinuity; see also the left of Figure

12.6 for an illustration. Clearly, this special treatment can highlight the locking na-

ture, that is, a spurious transfer of stresses through the fully softened discontinuity,

as of main interest of this test is how any incorrect discrete kinematics of strong

discontinuities affects the convergence rates, or even consistency. We have also de-
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Figure 12.10: Convergence test: distributions of Kirchhoff stresses for each fracture

Mode for the elements with constant or linear jumps. The distributions of stresses

are computed at the imposed displacement u = 1 mm for the finest level of mesh.

All figures are depicted in the deformed configuration (scaled by 50).

picted on the right of Figure 12.6 the finest discretization among the different levels

of generated regular meshes, with the pre-existing discontinuity as well. Note that

more elements can resolve the discontinuity as the meshes are refined. The consid-
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ered loading condition is illustrated on the left of Figures 12.7–12.9; we impose three

kinds of displacements at the free end (surface), allowing the discontinuity to expe-

rience the classical fracture Modes I, II, and III, respectively (i.e., opening, in-plane

shear, and out-of-plane shear to the discontinuity). It is assumed that the bulk

responses follow the nonregularized neo-Hookean material characterized by (11.43)

and (11.44) with Young’s modulus E = 210,000 MPa and Poisson’s ratio ν = 0.3

(i.e., λ = 121,154 MPa, µ = 80,769 MPa in terms of the Lamé constants).

On the right of Figures 12.7–12.9, the computed reactions R at the imposed

displacements u = 1 mm are plotted in terms of the number of elements crossed

by the discontinuity for the considered three fracture Modes, respectively. The re-

sults obtained from the finest mesh are used for the reference values. We observe

the overall improvement on the convergence rates for all loading cases, through

the incorporation of linear displacement jumps on both the normal and tangential

components to the discontinuities. Such more involved small-scale motions also,

by construction, improve the accuracy in computed reactions in comparison to the

elements with only constant jumps. These features are more striking in the com-

puted stress fields (Kirchhoff stresses) as shown in Figure 12.10. In all the fracture

Modes, a high level of tensions appears at the free end for the elements with only

constant separation modes, where no stress has to be transmitted through the fully

softened discontinuity, thus completely vanishing, as it is exactly the case with the

new three-dimensional finite elements with more involved kinematic descriptions of

strong discontinuities.



195

1600 

1600 
400 

400 

775 

775 

100 

100 

u, R  u, R  

400 

All lengths in [mm] 

Figure 12.11: Wedge splitting: geometry and boundary conditions (left) and consid-

ered meshes (right). The wedge is opened by imposing the displacement u = 4 mm

near the top of the notch where the reactions R are also computed. The two kinds

of meshes with 3664 structured or 1588 unstructured elements are generated with

finer levels of refinement around the expected crack path based on the experimental

results.

12.3 Wedge splitting test

We next consider a more involved numerical example to investigate the propa-

gation properties of the discontinuity through the general three-dimensional finite

elements. The wedge splitting test constitutes a classical benchmark problem, which

is sketched on the left of Figure 12.11 with particular geometry and boundary condi-

tions chosen from experiments reported in Trunk (2000). The large-scale responses

are assumed as the nonregularized neo-Hookean described by (11.43) and (11.44)

with Young’s modulus E = 28,300 MPa and Poisson’s ratio ν = 0.18 (i.e., λ = 6,745

MPa, µ = 11,992 MPa in terms of the Lamé constants). It is assumed that the

material is localized based on the criterion discussed in Remark 8.3.1 with a tensile
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Figure 12.12: Wedge splitting test: propagated discontinuities (left) and computed

Kirchhoff stresses τ22 (right) at the imposed displacement u = 4 mm. All figures are

depicted in the deformed configuration (scale by 50).

strength ft = 2.11 MPa. After this threshold, the cohesive responses for the normal

component of the displacement jumps are modeled by the piecewise linear relation

given by (6.33) with a softening slope S = -4.62 MPa/mm, leading to the fracture

energy Gf = 0.482 N/mm, while the reduced shear stiffness km = 0.3 MPa/mm in

(6.37) is considered in the tangential directions to the discontinuity. We consider

two kinds of finite element discretizations with 3664 structured or 1588 unstructured

elements as depicted on the right of Figure 12.11. The smaller elements are con-

sidered around the expected crack paths based on the experimental results of this

test.
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Figure 12.13: Wedge splitting test: computed reaction R versus imposed displace-

ment u curves. The experimental result reported in Trunk (2000) is also included

for comparison.

The propagated discontinuities at the imposed displacement u = 4 mm are il-

lustrated on the left of Figure 12.12, where all figures are depicted in the deformed

configuration (scaled by 50). Based on the experiments, the crack initiates on the

bottom of the notch and starts propagating vertically. Clearly, our numerical results

match well with those experimental observations even in the irregular mesh, though

no a priori information on the crack path is included in the proposed finite element

formulations, thus verifying the applicability of the proposed tracking algorithm

discussed in 9.3.1 in the geometrically nonlinear region of interest here. The distri-

butions of the corresponding Kirchhoff stresses are also shown on the right of Figure

12.12. We again observe that the stress locking for the elements with only constant

jumps, which is severer around the notch the discontinuity starts from. In fact, a

relatively large amount of deformation appears in this region, which indicates that

the discontinuity has to be fully softened without any transfer of stresses. In this
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respect, the sought response can be better described by the new three-dimensional

finite elements with fully linear separation modes as illustrated in the bottom right

of Figure 12.12. We observe no spurious transfer of stresses as well as sufficient

release of tensions with those elements. These different stress distributions also af-

fect the computed reactions as plotted in Figure 12.13. Both the peak point and

softening curves reported in the experimental results are better resolved by the new

elements. The difference of numerical results obtained from the different meshes is

not so marked. Thus, we argue that in the cost of generating the unstructured mesh,

the same accuracy in the resolution of localization effects can be achieved with lower

refinement levels of finite element discretizations.

12.4 Steel anchor pullout test

In this section, the steel anchor pullout test outlined in Section 7.5 within the

infinitesimal small-strain regime is revised to account for the geometrically nonlinear

effects of interest in the second part of this work. In Section 7.5, relatively lower

levels of reactions are obtained from the proposed finite elements with respect to the

reference results reported in Feist and Hofstetter (2007a) or Gasser and Holzapfel

(2005a). In this respect, it is the aim of this section to compare the different numer-

ical results again, with the new elements developed within the finite deformation

range. The geometry, boundary conditions, and generated meshes are again illus-

trated in Figure 12.14. For comparison purposes, the same material properties for

both the bulk and cohesive responses are considered, except the nonregularized neo-

Hookean material characterized by (11.43) and (11.44) to be consistent with the

finite deformation kinematics here. It is again assumed that the material localiza-

tion occurs based on the criterion discussed in Remark 8.3.1.
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Figure 12.14: Steel anchor pullout test: geometry and boundary conditions (left) and

finite element discretization of the concrete specimen (right). The steel anchor in a

massive concrete cylinder is pulled out upwards with a top perimeter of the cylinder

(the shaded area) constrained in the loading direction. Only a quarter of the whole

structure is modeled with axisymmetric boundary conditions prescribed (i.e., ux = 0

at x = 0 and uy = 0 at y = 0). Based on the assumption that the steel anchor is

rigid without any interaction between the concrete cylinder, displacements u are

directly imposed on the upper contact surface between the steel and the concrete

under the quasi-static loading condition. Reactions R are also computed at the

same points. The unstructured meshes consisting of 4580 elements are generated

with finer refinement around the expected crack path based on the experimental

results.

The propagated discontinuities and computed stresses in the pulled direction of

the steel anchor are illustrated in Figure 12.15. The discontinuities appear to form

the conical surfaces observed in the experiments, illustrating the robustness of the

proposed propagation procedure discussed in Remark 9.3.1 in the finite deformation

range. The difference between the incorporation of two different levels of kinematics
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Figure 12.15: Steel anchor pullout test: propagated discontinuity surfaces (left) and

computed Kirchhoff stresses τ33 (MPa) (right) at an imposed displacement u = 0.4

mm in the deformed configuration (scaled by 100).

(i.e., constant or linear separation modes) is not so marked. However, with the sim-

ilar pattern of propagated discontinuity shapes, it is observed in the right of Figure

12.15 that high levels of tensions observed for the elements with only constant jumps

can be effectively released by the new elements embedding fully linear separation

modes, in particular, around the region experiencing a large amount of deformation,

thus verifying the incorporation of those higher modes in the localized elements.

Figure 12.16 plots the computed reactions R in terms of the imposed displace-

ments u, which includes results obtained from the elements developed based on the

infinitesimal small-strain and finite deformation theories, respectively. We also in-
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Figure 12.16: Steel anchor pullout test: computed reaction R versus imposed dis-

placement u curves. For comparison, the results computed based on the infinitesimal

theory are further included, together with reference responses reported in Gasser and

Holzapfel (2005a) and Feist and Hofstetter (2007a).

clude the reference responses reported in Gasser and Holzapfel (2005a) and Feist

and Hofstetter (2007a) for comparison. The advantage of the consideration of the

geometrically nonlinear effects is more prominent in the resolution of the reactions.

Our results obtained from the new elements with linear jumps appear to be in a

good agreement with the reference result reported in Feist and Hofstetter (2007a),

especially, in the expectation of the peak point, with respect to the elements devel-

oped within the infinitesimal small-strain range. Obviously, this is in virtue of the

more involved kinematic functions to describe mainly the localized solutions, rather

than to represent globally smooth motions for the finite deformation theory, as we

observe a relatively slight improvement on the elements with only constant jumps.

Note the same discrete kinematics of discontinuities for those elements though more

sophisticated kinematic assumptions are used to approximate the bulk motions.
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Chapter 13

Closure

This final chapter provides a summary of this study with concluding remarks,

and outline the overall directions for the future research on the numerical analyses

of strong discontinuities.

13.1 Summary

Within this work, we have presented the new three-dimensional finite elements to

resolve the strong discontinuities propagating arbitrarily through a general irregular

mesh. Material failure such as cracks or shear bands constitutes typical examples

to be modeled within the proposed framework. The methodology has been de-

veloped based on the multi-scale framework, in which the overall problem is to be

treated by two essential parts, one of which represents the original global mechanical

boundary-value problem resolved by the standard finite element method, while the

local responses of strain softening are described within the other small-scale prob-

lem, thus allowing only global variables to remain in the final algebraic equations
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left to solve through the static condensation of the local parameters to describe the

discontinuous deformation field at the element level. The dynamic fracture can be

equally modeled by adding the transient term to the global equilibrium equations, as

the small-scale problem involves no dynamic effects within the multi-scale approach.

The proposed numerical framework then allows a correct and efficient regularization

of the dissipated energy associated with the failure and post-peak behavior of mate-

rial degradation through the process of mesh refinement in the typical finite element

analysis without the need of artificial parameters in the constitutive equations.

The strong discontinuities are embedded, by design, in the element bulk rather

than along the element boundaries, recognizing a correct capture of the discrete

kinematics in the single split finite element as a main issue in this study, espe-

cially in an attempt to accommodate higher order interpolations of the displacement

jumps as achieved by a class of the partition of unity methods. In this respect, the

local enhancements of the higher order underlying elements (i.e., eight-node hexahe-

drons) are carried out by incorporating full linear interpolations of the displacement

jumps on both the normal and tangential components to the discontinuities, first

in the infinitesimal small-strain regime and later extended to the finite deformation

range. The frame indifference nature of the small-scale formulations in the finite

deformation theory is guaranteed through the construction of the sought small-scale

deformation gradient for the reference element, and transforming correctly into the

current configuration.

Given the complex kinematics of the general three-dimensional finite elements

crossed by the discontinuity surfaces, the element design is performed by the direct

identification of the sought strain or deformation gradient fields rather than trying

to find the overall displacement field in terms of the discontinuous shape functions,
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thus allowing the developments of the more general strain-based finite elements

within the proposed numerical framework. This straightforward procedure further

allows the new elements to avoid stress locking for the newly incorporated separation

modes generating the strains or deformation gradients beyond rigid body motions

of the two split parts of a single element.

To overcome the topological problems of the two-dimensional discontinuities,

a proper tracking algorithm is proposed based on the modification of the global

tracking strategy by solving the propagation problem only in the elements with

the active discontinuity. The other geometric problems arising from the complex

topology of the generally nonplanar discontinuity surface are further dealt with,

which include various shapes of the discontinuity segment and a proper definition

of the local coordinates required to develop different discrete operators and their

numerical evaluations.

The proposed formulations can be implemented by slightly modifying the stan-

dard finite element codes at the element level in virtue of the completely local treat-

ments for the element enhancements. A series of element tests and convergence tests

designed for the evaluation of each separation mode demonstrate overall improve-

ments on the new finite elements with full linear separation modes in comparison to

the elements involving only constant jumps in terms of the numerical consistency,

stability, convergence and stress locking properties. More involved examples fur-

ther validate the robustness of the proposed methodology in the resolution of the

propagating discontinuities and associated localization effects.
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13.2 Directions for future research

The main contribution of this work is to improve the numerical accuracy in

the kinematic description of fully three-dimensional small-scale motions related to

material failure through the direct identification of sought (discrete) strain or de-

formation gradient fields in conjunction with the smooth interpolation functions of

the original global solution fields.

• In this context, more complex kinematics can be accommodated within the

strain-based approach, for example, in the analysis of crack branching in three

dimensions, as the current focus of our work in this area. Further, the global

continuity of the displacement jumps can be imposed by pure element-level

treatments, which is in parallel with multi-scale characterization of those lo-

calized solutions, as also shown in the preliminary results in Armero and Linder

(2007).

• The dynamic fracture have been modeled by adding the transient term in

the large-scale governing equation and employing the Newmark time-stepping

scheme, based on the infinitesimal small-scale theory. The extension of the

inclusion of the dynamic effects into the finite deformation theory is possible,

in the cost of the use of more precise time integration method to control the

intrinsic nonlinear dissipations of high frequency responses.

• The small-scale responses have been modeled by the cohesive law on the discon-

tinuity segments of the individual finite elements through the proposed multi-

scale treatments of the overall mechanical problem. Clearly, these micro-scale

effects can be modeled instead by the developments of microscopic constitu-

tive relations in conjunction of the homogenization technique in the context of



206

micromechanics, improving finally the accuracy in the resolution of localized

dissipative mechanisms in the macroscopic responses.

• Besides the analysis of failure in solids, we currently investigate applications of

the mathematical concept of strong discontinuities in the area of biomechanics.
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Sukumar N, Moës N, Moran B, Belytschko T, (2000). “Extended finite element

method for three-dimensional crack modelling,” International Journal for Nu-

merical Methods in Engineering, 48:1549–1570.

Suo Z, Bao G, Fan B, (1991). “Delamination R-curve phenomena due to damage,”

Journal of the Mechanics and Physics of Solids, 40:1–16.

Thomas TY, (1961). Plastic Flow and Fracture in Solids, Academic Press, New

York.

Trunk B, (2000). Einfluss der Bauteilgrösse auf die Bruchenergie von Beton, Aedi-

ficatio Publishers, Freiburg (in German).

Turner MJ, Clough RW, Martin HC, Topp LJ, (1956). “Stiffness and Deflection

Analysis of Complex Structures,” Journal of Aeronautical Sciences, 23(9):805–

824.

Turon A, Dávila CG, Camanho PP, Costa J, (2007). “An engineering solution for

mesh size effects in the simulation of delamination using cohesive zone models,”

Engineering Fracture Mechanics, 74:1665–1682.

Tvergaard V, Needleman A, Lo K, (1981). “Flow localization in the plane strain

tensile test,” Journal of the Mechanics and Physics of Solids, 29:115–142.

Vardoulakis I, Goldscheider M, Gudehus G, (1978). “Formation of shear bands in

sand bodies as a bifurcation problem,” International Journal for Numerical and

Analytical Methods in Geomechanics, 2:99–128.



225

Ventura G, Budyn E, Belytschko T, (2003). “Vector level sets for description of prop-

agating cracks in finite elements,” International Journal for Numerical Methods

in Engineering, 58:1571–1592.

Ventura G, Xu JX, Belytschko T, (2002). “A vector level set method and new

discontinuity approximations for crack growth by EFG,” International Journal

for Numerical Methods in Engineering, 54:923–944.

Vervuurt A, van Mier JGM, Schlangen E, (1994). “Analyses of Anchor Pull-Out in

concrete,” Materials and Structures, 27(169):251–259.

Wells GN, (2001). Discontinuous modelling of strain localisation and failure, Ph.D.

thesis, Delft University of Technology.

Wells GN, de Borst R, Sluys LJ, (2002). “consistent geometrically non-linear ap-

proach for delamination,” International Journal for Numerical Methods in Engi-

neering, 54:1333–1355.

Wells GN, Sluys LJ, (2000). “Application of embedded discontinuities for softening

solids,” Engineering Fracture Mechanics, 65:263–281.

Wells GN, Sluys LJ, (2001). “A new method for modelling cohesive cracks using

finite elements,” International Journal for Numerical Methods in Engineering,

50:2667–2682.

Wells GN, Sluys LJ, de Borst R, (2002). “Simulating the propagation of displacement

discontinuities in a regularized strain-softening medium,” International Journal

for Numerical Methods in Engineering, 53:1235–1256.

Wriggers P, (2001). Nichtlineare Finite-Element-Methoden, Springer-Verlag, Berlin.



226

Wriggers J, Korelc P, (1996). “On enhanced strain methods for small and finite

deformations of solids,” Computational Mechanics, 18:413–428.

Xu XP, Needleman A, (1994). “Numerical simulation of fast crack-growth in brittle

solids,” Journal of the Mechanics and Physics of Solids, 42(9):1397–1405.

Xu XP, Needleman A, (1996a). “Numerical simulations of dynamic crack growth

along an interface,” International Journal of Fracture, 74(4):289–324.

Xu XP, Needleman A, (1996b). “Numerical simulations of dynamic interfacial crack

growth allowing for crack growth away from the bond line,” International Journal

of Fracture, 74(3):253–275.

Yener M, (1994). “Overview and progressive finite element analysis of pullout force,”

ACI Structural Journal, 91(1):49–58.

Zhou F, Molinari JF, (2004). “Dynamic crack propagation with cohesive elements: a

methodology to address mesh dependency,” International Journal for Numerical

Methods in Engineering, 59:1–24.

Zhou F, Molinari JF, Shioya T, (2005). “A rate-dependent cohesive model for

simulating dynamic crack propagation in brittle materials,” Engineering Fracture

Mechanics, 72:1383–1420.

Zhou M, Rosakis AJ, Ravichandran G, (1996a). “Dynamically propagating shear

bands in impact-loaded prenotched plates—I. Experimental investigations of tem-

perature signatures and propagating speed,” Journal of the Mechanics and

Physics of Solids, 44:981–1006.

Zhou M, Ravichandran G, Rosakis AJ, (1996b). “Dynamically propagating shear



227

bands in impact-loaded prenotched plates—II. Numerical simulations,” Journal

of the Mechanics and Physics of Solids, 44:1007–1032.

Zi G, Belytschko T, (2003). “New crack-tip elements for XFEM and applications to

cohesive cracks,” International Journal for Numerical Methods in Engineering,

57:2221–2240.

Zi G, Rabczuk T, Wall W, (2007). “Extended meshfree methods without branch

enrichment for cohesive cracks,” Computational Mechanics, 40:367–382.

Zi G, Song JH, Budyn E, Lee SH, Belytschko T, (2004). “A method for growing

multiple cracks without remeshing and its application to fatigue crack growth,”

Modelling and simulation in materials science and engeneering, 12(5):901–915.

Zienkiewicz OC, Taylor RL, (2005). The Finite Element Method, 6th ed, Elsevier,

Oxford.




