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ABSTRACT OF THE DISSERTATION

Coding Techniques to Extend the Lifetime of Flash Memories

by

Yi Liu

Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)

University of California San Diego, 2020

Professor Paul H. Siegel, Chair

NAND flash memory has become a widely used data storage technology. It uses rect-
angular arrays, or blocks of floating-gate transistors (commonly referred to as cells) to store
information. The flash memory cells gradually wear out with repeated programing and erasing,
referred to as program/erase (P/E) cycling, but the damage caused by P/E cycling is dependent
on the programmed cell level [43], [44]. For example, in SLC flash memory, each cell has two
different states, erased and programmed, represented by 1 and 0, respectively. Storing 1 in a cell
causes less damage, or wear, than storing 0. More generally, in multilevel flash memories, the

cell wear is an increasing function of the programmed cell level. The main research goal of this
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dissertation is to design new coding techniques that can extend the lifetime of flash memories.

The damage caused by programming the cell is usually modeled as a cost, and increasing
the lifetime of flash memories can be converted to the problem of encoding information for use on
channels with a cost constraint. This type of code is often referred to as a shaping code. Therefore
in this dissertation we study rate-constrained shaping codes for noiseless costly channels. We
systematically investigate the fundamental performance limits of fixed-to-variable length shaping
codes from a rate and distribution perspective for a memoryless channel. Then, we study a
recently proposed rate-1 direct shaping code and study its error propagation property. In addition,
we consider shaping codes for finite-state channels.

One observation from the above analysis is that an optimal shaping code for a memoryless
channel generates a codeword sequence that approximates an i.i.d. process, and an optimal shaping
code for a finite-state channel generates a sequence that approximates a stationary Markov process.
In this dissertation, we study the connection between shaping codes and distribution matching
codes that map a sequence of i.i.d. source symbols into an output sequence that approximates an
i.i.d. or a stationary Markov process.

In the flash memory device, the bit error count (BEC) behavior varies significantly among
pages. Therefore we propose a bad page detector, which predicts whether a page will become a
“bad” page in the near future based on its current and previous BEC information. Two machine
learning algorithms, based upon time-dependent neural network and long-short term memory

architectures, are used to design the detector.
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Chapter 1

Introduction

1.1 Flash Memory Architecture

NAND flash memory has become a widely used data storage technology. It uses rect-
angular arrays, or blocks of floating-gate transistors (commonly referred to as cells) to store
information. The basic storage unit in a NAND flash memory is a floating-gate transistor, com-
monly referred to as a cell. The voltage levels of a cell can be adjusted by a program operation
and are used to represent the stored data. The cells can typically be programed to 2, 4, 8, and 16
voltage levels (1, 2, 3, and 4 bits/cell, respectively) and are referred to as single-level cell (SLC),
multi-level cell (MLC), triple-level cell (TLC), and quad-level cell (QLC). Cells are organized
into a rectangular array, interconnected by horizontal wordlines and vertical bitlines. A flash
memory chip comprises a collection of such blocks. Blocks are the basic units for an erase
operation.

In the TLC flash memory, the three bits in the cells connected along a wordline are
assigned to three separate pages (lower, middle, and upper pages), which represent the basic
unit for program and read operations. The cells gradually wear out with repeated programming

and erasing, referred to as program/erase (P/E) cycling, resulting in an increase in a page’s bit



error counts (BECs). The damage caused by P/E cycling is dependent on the programmed cell
level [43], [44], and the BEC performance of pages within a block varies significantly. In this
dissertation we propose two methods that can combat the limited-endurance in flash memory. The
first method models the damage caused by programming the cell as a cost. Therefore extending
the lifetime of flash memories can be converted to the problem of encoding information for use on
channels with a cost constraint. This type of code is often referred to as a shaping code, and can
trace its origins back to Shannon [66]. The second method improves the lifetime of a flash device
by identifying and retiring the pages that wear out and storing data in the remaining part of the

device. The algorithm that predicts a page’s BEC behavior is referred to as a bad page detector.

1.2 Dissertation Overview

In this dissertation, we first study shaping codes for noiseless costly channels. Then, we
propose two bad page detectors that are used to extend the lifetime of flash memory devices. The
dissertation is organized as follows

In Chapter 2, we provide a brief review of relevant work on shaping codes and distribution
matching codes.

In Chapter 3, we study rate-constrained fixed-to-variable length shaping codes for noise-
less, memoryless costly channels and arbitrary 1.i.d. sources. The analysis relies on the theory
of word-valued sources. We establish a relationship between the code expansion factor — the
ratio of the expected codeword length to the length of the input source word — and the minimum
average symbol cost. We then determine the expansion factor that minimizes the average cost per
source symbol (total cost), corresponding to a conventional optimal source code with cost. An
equivalence is established between codes minimizing average symbol cost and codes minimizing
total cost, and a separation theorem is proved, showing that optimal shaping can be achieved

by a concatenation of optimal compression and optimal shaping for a uniform i.i.d. source.



Shaping codes often incorporate, either explicitly or implicitly, some form of non-equiprobable
signaling. We use our results to further explore the connections between shaping codes and
codes that map a sequence of i.i.d. source symbols into an output sequence of symbols that
are approximately independent and distributed according to a specified target distribution, such
as distribution matching (DM) codes. Optimal DM codes are characterized in terms of a new
performance measure - generalized expansion factor (GEF) - motivated by the costly channel
perspective. The GEF is used to study DM codes that minimize informational divergence and
normalized informational divergence.

In Chapter 4, we study direct shaping codes for SLC flash memory. We describe an
adaptation of this coding algorithm that provides data shaping for MLC flash memory. It
makes use of a page-dependent cost model and is designed to be compatible with the standard
procedure of row-by-row, page-based, wordline programming. We also give experimental results
demonstrating the performance of MLC data shaping codes when applied to English and Chinese
language texts. We then study the potential error propagation properties of direct shaping codes
when used in a noisy flash device. In particular, we model the error propagation as a biased
random walk in a multidimensional space. We prove an upper bound on the error propagation
probability and propose an algorithm that can numerically approach a lower bound. Finally, we
study the asymptotic performance of direct shaping codes. We prove that the SLC direct shaping
code is suboptimal in the sense that it can only achieve the minimum average cost for a rate-1
code under certain conditions on the source distribution.

In Chapter 5, we study rate-constrained shaping codes for finite-state noiseless costly
channels and arbitrary i.i.d. sources. We establish a relationship between the code expansion
factor and minimum average symbol cost. We then determine the expansion factor that minimizes
the average cost per source symbol (total cost), corresponding to a conventional “optimal source
code with cost”. An equivalence is established between codes minimizing average symbol cost

and codes minimizing total cost, and a separation theorem is proved, showing that optimal shaping



can be achieved by a concatenation of optimal compression and optimal shaping for a uniform
1.i.d. source. Based on the separation theorem, we propose generalized Varn codes that can
be used to construct asymptotically optimal shaping codes. We then use our results to further
explore the connections between shaping codes and Markov distribution matching codes, which
map a sequence of i.i.d. source symbols into an output sequence of symbols that approximates a
finite-order Markov process with specified target transition probabilities.

In Chapter 6, we design the bad page detector, which predicts whether a page will become
a “bad” page in the near future based on its current and previous BEC information. Several
machine learning algorithms, including time-dependent neural network and long-short term
memory, are used to design the detector. The experimental results based on data generated from

our TLC flash test platform are also presented.



Chapter 2

Relevant Works on Shaping Codes and

Distribution Matching Codes

Shaping codes are used to encode information for use on channels with a cost constraint.
A prominent application is in data transmission with a power constraint, where constellation
shaping is achieved by addressing into a suitably designed multidimensional constellation or,
equivalently, by incorporating, either explicitly or implicitly, some form of non-equiprobable
signaling. An excellent reference on this topic is Fischer [16].

More recently, shaping codes have been proposed for use in data storage on flash memories
subject to a constraint on memory cell wear. In that application, storage system requirements
often impose a rate constraint, and the data source may be structured, rather than unconstrained.
Motivated by this scenario, this paper investigates information-theoretic properties and design of
rate-constrained fixed-to-variable length shaping codes for noiseless, memoryless costly channels
and general i.i.d. sources. The analysis relies on the theory of word-valued sources developed
in Nishiara and Morita [56]. Our primary interest is in the design of codes that minimize the
average cost per code symbol for a given expansion factor — the ratio of the expected codeword

length to the length of the input source word — which we refer to as the type-I shaping problem.



We also consider the well-studied problem of designing codes that minimize average cost per
code symbol, or total cost, which we refer to as the type-II shaping problem.

The word-valued source analysis provides a natural link between shaping codes and codes
that efficiently map a sequence of i.i.d. source symbols into an output sequence of symbols that
are approximately independent and distributed according to a specified target distribution. Such
codes have been studied in the context of random number generating source codes by Han and
Uchida [26] and as distribution matching (DM) codes by Bocherer and Mathar [8], Bocherer [5],
Amjad and Bocherer [3], Bocherer and Amjad [6], Schulte and Bocherer [64] and Schulte and
Steiner [65]. Our shaping code analysis suggests a new performance measure - generalized
expansion factor (GEF) - for fixed-to-variable length DM codes which we use to study codes
that minimize informational divergence and normalized informational divergence from a shaping
code perspective.

There is a substantial literature on shaping codes and, more recently, a body of work
relating to DM codes. Therefore, before summarizing our results in more detail, we provide a

brief review of relevant work in both of these areas as a framework for our contributions.

2.1 Shaping Codes

2.1.1 Codes Minimizing Total Cost

The problem of coding for noiseless costly channels, or source coding with unequal
symbol costs, traces its conceptual origins to Shannon’s 1948 paper that launched the study
of information theory [66]. In that paper, Shannon considered the problem of transmitting
information over a telegraph channel. The channel symbols — dots and dashes — have different
time durations, which can be interpreted as transmission costs. Shannon determined the symbol
probabilities that maximize the data transmission rate with integer symbol costs. This result was

then generalized to arbitrary positive symbol costs by Krause [38] and Csiszar [13]. In [35], a new



way to calculate the channel capacity was introduced. The ratio of entropy rate and average edge
cost of a stationary Markov process is defined as the probabilistic capacity of the channel, and the
symbol probabilities that maximize the probabilistic capacity was determined. The authors then
proved that the probabilistic capacity equals to the combinatorial capacity . In [5] and [9], the
graph that is dense was studied and the equivalence between the combinatorial and probabilistic
capacities was also established.

Several researchers have considered the problem of designing codes for memolyless costly
channels with an 1.i.d. source. Most of this work has emphasized construction of codes that
minimize average cost per source symbol, which we refer to as fotal cost, without an explicit rate
constraint. In Karp [34], costly channel coding was studied from an algebraic perspective, and the
problem of designing a shaping code to minimize total cost was recast as an integer programming
problem. However, this code design approach is not computationally practical, and the algorithm
proposed to reduce the complexity will result in sub-optimal results. In Golin et al. [21], a
dynamic programming solution for this integer programming problem was proposed, providing a
polynomial time bound on complexity. Other approaches using tree-based constructions were
proposed in [38], Melhorn [54], and Csiszar and Korner [14]. They all constructed asymptotically
optimal prefix-free variable-length shaping codes. A universal coding scheme based on types was
also introduced in [14].

A special case, corresponding to a uniform i.i.d. source in which all codewords are equally
likely to occur, was studied by Varn [78], who proposed a variable-length code construction that
minimizes the average codeword cost for a fixed codebook size. This coding technique was then
incorporated into a universal coding scheme in Iwata [30], which combines LZ78 compression
with Varn coding. Later in this paper, we generalize the Iwata scheme, which can be viewed as an
embodiment of a separation theorem proved in Section 3.3, and further explore properties and
applications of Varn codes.

A generalization of Huffman coding for unequal symbol costs was proposed in Gilbert



[20]. In Guazzo [23], practical arithmetic coding was introduced. This coding technique was then
generalized by Savari and Gallager [62] and its properties, such as optimality and coding delay,
were analyzed. However, the analysis is based on infinite precision arithmetic coding, which
cannot be realized in practice.

In Bocherer and Mathar [8] and Bocherer [5], a variable-to-fixed length code construction
called geometric Huffman coding was used to design codes for an i.i.d. uniform source that
asymptotically minimize the total cost of a noiseless channel with unequal symbol durations.
(This construction matches codeword probabilities to dyadic symbol distributions that optimally
approximate the optimal symbol distribution.)

Many works have considered the problem of designing codes for finite-state noiseless
costly channel. In [13], the modified Shannon-Fano code based on matching the probability of
source and codeword sequences was introduced. The author also proved that this type of codes are
asymptotically optimal. The same idea was used in [62], where an arithmetic coding technique
was introduced.

Several works extended shaping codes that are designed for memoryless channels to finite-
state channels. In [5], the author transformed a finite-state graph to its memoryless representation
M and designed an asymptotically capacity-achieving code on M using a normalized geometric
Huffman code. In [30], the author extended the dynamic programming algorithm introduced
in [21] to finite-state channels. The proposed algorithm constructs a local optimal code for each
starting state. Further, in [18], an iterative algorithm that can construct globally optimal codes
was proposed.

We emphasize that all of the codes mentioned above considered the problem of minimizing
cost per source symbol, i.e., total cost, with no explicit consideration of rate. The dependence of

total cost on code rate was not thoroughly investigated.



2.1.2 Rate-Constrained Codes Minimizing Average Cost

The problem of designing rate-constrained codes for costly channels has received less
attention. For a finite-state channel with associated symbol/transition costs and an average
cost constraint, the maximum entropy of a stationary Markov chain, along with the entropy-
maximizing symbol/transition probabilities, can be found in McEliece and Rodemich [52],
Justesen and Hgholdt [32], and Khandekar, McEliece, and Rodemich [35]. In McEliece [51], the
special case corresponding to a memoryless channel is addressed. Later in Bocherer [5], both
memoryless channels and generalizations to channels with memory were addressed. Getting
the entropy-maximizing distribution of the stationary Markov process is a convex optimization
problem. The result depends on the one-step cost-enumerator matrix D(B) = {d;;(B)}, where
dij(B) = 27 Buij] y; ; 1s the cost of edge from state i to j. The capacity depends on the analysis of
strictly log-convexity of the Perron root [49] of D(B), which is not well studied in those papers.

Bocherer and Mathar [8] and Bocherer [5] apply the geometric Huffman coding approach
to design variable-to-fixed length codes that match codeword probabilities to dyadic symbol
distributions that approximate the entropy-maximizing probability mass function for memoryless
costly channels subject to an average cost constraint, thereby asymptotically achieving the
maximum rate.

The state-splitting algorithm [2], which was developed to construct finite-state codes
for constrained channels, has been extended for application to construction of codes for costly
channels. Heegard, Marcus, and Siegel [27] studied a class of channels with average runlength
constraints, which represent a special case of noiseless channels with a cost constraint. They
constructed variable-to-variable length synchronous codes using state-splitting techniques adapted
for channels with variable-length symbols. Khayrallah and Neuhoff [36] and McLaughlin and
Khayrallah [53] construct fixed-to-fixed length and variable-to-fixed length codes based on state-
splitting methods for magnetic recording and constellation shaping applications. Krachkovsky

et al. [37] determine a costly channel model matched to a Markov source and construct corre-



sponding codes using enumerative techniques for application to transmission over an intersymbol-
interference channel. All of these works strive to construct codes that come close to the capacity-
cost functions originally presented in [51],[52], and [32]. Other constructions can be found
in [37], [68] and [69].

Other recent work relating to this problem has been motivated by non-volatile memory
applications, so we briefly describe the corresponding costly channel model. NAND flash memory
uses floating-gate transistors, commonly referred to as cells, to store information in the form of
different cell voltage levels. The flash memory cells gradually wear out with repeated writing and
erasing, referred to as program/erase cycling, and the damage caused by the cycling is dependent
on the programmed voltage levels [43], [44]. The costly channel model associates to each cell
voltage level a wear cost reflecting the extent of the damage induced by writing that level.

Recently, in [31], Jagmohan et al. proposed endurance coding, intended for shaping of
programmed data for flash memories. For a given cost model and a specified target code rate, the
optimal distribution of cell levels that minimizes the average cost was determined analytically,
reproducing the results in the references cited above. For single bit per cell (SLC) flash memory,
with associated level costs of 0 and 1, greedy enumerative codes that minimize the number of cells
with cost 1 were designed and evaluated in terms of the rate-cost trade-off. However, endurance
coding is intended for uniform i.i.d. source data. For structured source data, which would include
a general i.i.d. source, the idea of combining source compression with endurance coding was
proposed, but the relationship between the code performance and the code rate for arbitrary
sources was not thoroughly studied.

In Sharon et al. [67], low-complexity, rate-1, fixed-length direct shaping codes for struc-
tured data were proposed for use on SLC flash memory. The code construction used a greedy
approach based upon an adaptively-built encoding dictionary that does not require knowledge of
the source statistics. This construction was extended to a direct shaping code compatible with

two-bit per cell (MLC) flash memory operation by Liu et al. in [43], [44]. However, it was proved
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in Liu and Siegel [46] that direct shaping codes are in general suboptimal. (Our experimenal
results in Section 3.7 contain a comparison of a shaping scheme motivated by our analysis to a

direct shaping code on MLC flash memory.)

2.2 Distribution Matching (DM) Codes

2.2.1 Applications of DM Codes to Shaping

The application of non-equiprobable signaling in the context of coding with a cost
constraint reflects the interesting interplay between shaping codes and DM-type codes (in the
broad sense of codes that map an i.i.d. sequence of source symbols to an output sequence of
symbols that are approximately independent and distributed according to {P;}). Beginning with
the work on constellation shaping, there have been a number of applications of DM-type codes to
coding for a costly channel.

In [17], signal constellations with non-uniform symbol probabilities were used for efficient
modulation on band-limited channels. “Noting the conceptually dual nature of non-equiprobable
signaling and source coding, as articulated in [16, Chapter 4], several authors proposed the
use of “reverse” source codes derived from, for example, Huffman codes, Tunstall codes, and
arithmetic codes as approximate DM codes for shaping applications. See, for example, works by
Kschischang and Pasupathy [39], Ungerboeck [77], and Abrahams [1]. Limitations in trying to
establish a precise duality between source codes and DM codes are discussed in [8], [3], Baur
and Bocherer[4], Lempel et al. [40], and [5, Section 3].”

Gallager [19, p. 208] proposed a method of generating symbols with a biased distribution
to be combined with linear coding as an approach to achieving capacity of an asymmetric channel.
This idea was incorporated into a general scheme that can use capacity-achieving codes for
symmetric channels, such as polar codes, to achieve the capacity of arbitrary discrete memoryless

asymmetric channels in Mondelli et al. [55].
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In [10], Bocherer et al. propose a scheme that combines DM codes (such as constant
composition codes) with systematic error correction codes. This scheme can be regarded as a
simplification of the bootstrap scheme in Bocherer and Mathar [7], which concatenates the check
bits generated by the systematic ECC encoder with the following information bits and applies a
DM encoder to them. In [55], the authors also proved that the bootstrap scheme, which they refer
to as a chaining construction, can be used to achieve the capacity of any discrete memoryless

asymmetric channel.

2.2.2 DM Codes with Optimality Measures

In Han [25] and Visweswariah et al. [79], it was shown that an optimal variable-length
source code can be regarded as an optimal variable-length DM code for a uniform distribution.
The criterion for optimality was the vanishing of a form of normalized conditional Kullback-
Leibler (KL) divergence between a subset of codewords of fixed length and words generated 1.1.d.
with the target distribution, asymptotically in the block length. This result was further developed
in Han and Uchida [26], where an optimal variable-length source code with cost, meaning a code
that minimizes total cost, was shown to be an optimal DM code. The maximum achievable rate
of non-prefix-free DM codes was discussed in Uchida [76].

In [8], dyadic probability mass functions with some optimality properties were used to
match the capacity-achieving probability distribution of a discrete memoryless channel, and
variable-to-fixed length geometric Huffman codes, mentioned earlier, were used as DM codes.
Normalized informational divergence — defined as the KL-divergence between a codeword
probability distribution and the distribution of the codewords when generated i.i.d. by the target
distribution, normalized by the codeword length — was introduced as the DM code optimality
measure. It was then proved that geometric Huffman coding is asymptotically optimal, in the
sense that the normalized informational divergence converges to zero as the codeword length

increases. Other fixed-length DM codes with vanishing normalized informational divergence
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were presented in Ramabadran [58] and [64].

Constellation shaping techniques have also been adapted for use in DM coding. For
example, a divergence-optimal DM code based on shell mapping was presented in [65] and a
DM-like code using trellis-based enumerative amplitude shaping was presented by Giiltekin et
al. [24].

In [3], the notions of informational divergence and normalized information divergence
were extended to measure the performance of fixed-to-variable length codes. Optimality of
complete Tunstall code trees with respect to minimizing informational divergence was proved, a
result we extend in Section 3.6. An efficient algorithm for finding binary DM codes that minimize
the normalized informational divergence, based on an iterative adaptation of binary Tunstall
coding, was presented, and asymptotic optimality with increasing block length was established.
In [6] the relationship between normalized information divergence of a DM code and its rate was

studied, a topic that we further address in Section 3.6.
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Chapter 3

Rate-Constrained Shaping Codes for

Noiseless Costly Channel

3.1 Introduction

3.1.1 Shaping Codes

In this Chapter, our goal is to systematically study the fundamental performance limits of
fixed-to-variable length shaping codes from a rate and distribution perspective. We first use known
properties of word-valued sources to determine the symbol occurrence probability of shaping
code output sequences (Lemma 4). We then derive an upper bound on the code sequence entropy
rate (Lemma 5). Using these results, we are able to reduce the problem of minimizing average
code symbol cost subject to a constraint on the code rate to an optimization problem for an i.i.d.
process. This problem can be viewed as the dual problem to the entropy-maximization problem
considered in the prior literature. We refer to this minimization problem as the type-I shaping
problem, and we call shaping codes that achieve the minimum average cost for a given rate
optimal type-I shaping codes. We develop a theoretical bound on the trade-off between the rate —

or more precisely, the corresponding expansion factor — and the average cost of a type-I shaping

14



code (Theorem 6). We then study shaping codes that minimize total cost (minimum average cost
per source symbol). We refer to the problem of minimizing the total cost as the type-II shaping
problem and shaping codes that achieve the minimum total cost are referred to as optimal type-11
shaping codes. We derive the relationship between the code expansion factor and the total cost
and determine the optimal expansion factor (Theorem 7). We then prove an equivalence theorem
showing that an optimal type-I shaping code can be realized using an optimal type-II shaping
code for another suitably chosen costly channel model (Theorem 8). We can therefore solve
the type-1 shaping problem using known coding techniques such as generalized Shannon-Fano
codes [14] . A consequence of the analysis is a separation theorem for type-II shaping codes,
which states that optimal shaping can be achieved by a concatenation of lossless compression
and optimal shaping for a uniform i.i.d. source. This provides an alternative architecture for
implementing asymptotically optimal shaping codes using, for example, Varn codes. Finally, we
prove a separation theorem for type-I shaping codes with given expansion factor, using a careful

analysis of the behavior of the minimum average cost as a function of the expansion factor.

3.1.2 Distribution Matching Codes

We then systematically study the problem of designing optimal fixed-to-variable length,
prefix-free DM codes from the perspective of word-valued sources and shaping codes. The
degree of distribution matching is measured by the KL-divergence between the distribution on
word-valued source output sequences and the distribution on those sequences generated i.i.d.
according to the target distribution. Vanishing asymptotic normalized KL-divergence at the
sequence level, suggested by the approach in [56] and also studied by Soriaga [68], is used as the
criterion for optimality. We first characterize the expansion factor of an optimal DM code for
a general i.i.d. source (Theorem 12). We then show that an optimal type-II shaping code for a
cost model determined by the negative logarithm of a target distribution is an optimal DM code

for that distribution (Theorem 13). (This “self-information” cost model was also used in [65] to
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design information divergence optimal fixed-to-fixed DM codes using shell mapping.)

The connection between shaping codes and DM codes suggests another measure for
evaluating DM code performance, which we refer to as generalized expansion factor (GEF).
We establish a lower bound on the generalized expansion factor, and show that a code that
achieves the lower bound is an optimal DM code (Theorem 15). This implies that Varn codes are
asymptotically optimal DM codes for a uniform i.i.d. source. Using the GEF, we also extend the
separation theorem of shaping codes to DM codes (Theorem 16).

Finally, we discuss relationships between different DM code performance measures.
We show that for a DM code with fixed codebook size, minimizing the GEF is equivalent to
minimizing the informational divergence introduced in [3], leading to the conclusion that Varn
codes designed for the appropriate cost model minimize informational divergence (Theorem 17),
generalizing a result for binary Tunstall codes in [3]. We also give an explicit description of the
relationship between the normalized informational divergence of a DM code and its expansion

factor (Theorem 18 and Remark 3.6.3), refining a bound in [6].

3.2 Information-theoretic Preliminaries

3.2.1 Basic Model

First, we fix some notation. Let X = X1 X» ..., where X; ~ X for all i, be an i.i.d. source
with alphabet X = {a,...,0,}. We use |X| to denote the size of the alphabet and use P(x*) to
denote the probability of any finite sequence x*. Let 9" = {B;,...,B,} be an alphabet and 9™ be
the set of all finite sequences over 9, including the null string A of length 0. Each B; is associated
with a cost C;. Without loss of generality, we assume that 0 < C; < G, <...C,, and we also
assume that there exists at least one pair of costs, C; and C}, such that C; #£C . We use a cost
vector C = [C1,C3,...,Cy] to represent the cost associated with alphabet .

A general shaping code is defined as a prefix-free variable-length mapping ¢ : X9 — 9™
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which maps a length-¢ data word x{ to a variable-length codeword y*. We use Y to denote the

process 0(X9), where XY is the vector process X7, X4

4+1:--- The entropy rate of the process Y is

H@ﬁ:hmlHau@”n) (3.1)

n—oon

We denote the length of a codeword ¢(x7) by L(¢(x?)) and the expected length of code-

words generated by a sequence of length-g source words is given by

E(L)= ), P(LOKY). 3.2)
x‘feX‘I
The expansion factor is defined as the ratio of the expected codeword length to the length of the

input source word, namely

f=EI[L]l/q. (3.3)

Remark 3.2.1. Endurance codes and direct shaping codes can be treated as special cases of this
general class of shaping codes. Endurance codes are used when the source has a uniform i.i.d.
distribution, with entropy rate H(X) = log, | X|. A length-m direct shaping code is a shaping code

with ¢ =1, f = 1, where both X and Y have alphabet size 2™. ]

The pair X and ¢ form a word valued source, as defined in[56]. The following theorem,

proved in[56], gives the entropy rate of the shaping code ¢(X9).

Theorem 3.2.1. For a prefix-free variable-length code Y = ¢(X?) such that H(X?) < e and

E(L) < oo, the entropy rate of the encoder output satisfies

_H(XY) qH(X)
HW%‘MQ"MQ‘

(3.4)

17



3.2.2 Asymptotic Symbol Occurrence Probability

For simplicity and without loss of generality, we assume ¢ = 1. The mapping is ¢ : X —
Y*. Let yl1 denote the first / symbols of ¢(X). We assume the cost is independent and additive, so

the cost of sequence yll can be expressed as

=Y NOAG (3.5)
i=1

where N,-(yll) stands for the number of occurrences of [3; in sequence yll. The cost per code symbol

is therefore Y; N;(y})C;/1. Let

0(y)) = PriY =)} (3.6)

denote the probability distribution of Yll. The expected cost per symbol of a length-/ shaping code

sequence is

= Y 00w

yiey!

’ (3.7)
Z QG4 )N:(})Ci/1.
i=1 y eyl
The asymptotic expected cost per symbol, or average cost of a shaping code is
A(0(X)) = lim W,. (3.8)
[—oo
Let
E(N;(Y}
Z N;(y})/l = lim (Ni(11)) (3.9)

J [—oo
1

be the asymptotic probability of occurrence of 3;. Then the average cost of a shaping code can be

expressed as

A(9(X)) =) AC:. (3.10)

i
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In the rest of this subsection, we will show how to calculate P;. Define the prefix operator
masyin' =y} for0<i<nandyn = Afori>n. Let n{y*} denote the set of all the prefixes
of a sequence y*. We denote by G, (yll) the set of all sequences x* € X* such that yl1 is a prefix of

¢(x*) but not of ¢(x*m). That is,

Gov)) = {x" € X* D} € t{o(x")} Alo(x"m)| < 1} (31D

and the distribution of yl1 can be expressed as

o)=Y P (3.12)

X*€Go(yh)

We define by M; the minimum length of a sequence x/ such that |¢(x)| > [ and let Sy, be the
length of q)(x’l”l ). Note that
Su—1 <1< Sw,. (3.13)

According to [56], the random variable M, satisfies the property of being a stopping rule for the

sequence of i.i.d. random variables {¢(X*)}. Wald’s equality [80] then implies that

EN(0(X{")) = E(N{(0(X)))E(My). (3.14)

The following two lemmas were proved in [56].

Lemma 3.2.2. Given a nonnegative-valued function f, let F; = f(X;). If E(F) < o, then

lim M =0. (3.15)

[—yoo l

]

Remark 3.2.2. The previous lemma is not obvious, because even when E(F) < oo, E(Fy,) is not

necessarily equal to E(F). O
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Lemma 3.2.3. IfE[L] < o, then

lim —4 = — (3.16)
O

Using these results, we derive a lemma which tells us how to calculate the asymptotic

occurrence probability of the encoder output process Y.

Lemma 3.2.4. For a prefix-free variable-length code ¢ : X1 — 9 such that E(N;(¢(X?))) < o

for all symbols B; and E(L) < oo, the asymptotic probability of occurrence P; of B; is given by

P = ENOX) 5 (3.17)

Proof. In this proof, without loss of generality, we will assume g = 1. First, we evaluate the
expectation of the sequence of random variable {N,-(q)(xf”' ))}72 ;- Combining Lemma 3.2.3 with
equation (3.14), we have

fim TE(N(O(X}"))) = im 7 E(N(0(X)) M)

[—oo0

= EN(0(X))) fim 1 E(M) (3.18)

Similarly, we have

lim LE (N (0(xM)))

[—o0

— lim %E(Ni(q)(Xfwl)) — Ni(0(X,)))

[—oo

! 1 (3.19)
_ E(Ni(q)(x)))m — llgg TE(Ni(q)(XMl)))
— E0(000) 7
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where 1imy_,, 1E(N;(0(Xp,))) = 0 follows from Lemma 3.2.2.

By definition,

ENGOXM) =Y ¥ PEONGxR"). (3.20)

T M
Y1 x ' eGo())

Since Sy, > [, we have N,~(¢(x11”’ )) > N;(»}) and E(N;(y})) can be bounded as follows

EN() =Y. NOHooH) =Y NG Y PG
¥ v

0 €Gy(3h)
<Y N Y PE=Y Y PENOW)) (2D
" 0 eGoh) M X 1EGy()

= E(N:(0(X{"))).

Similarly, Ni(¢(x11w’71)) < Ni(0(y))) and E(N;(Y})) is lower bounded by

ENOD)) =Y NG Y P
yll xllul €Go (yl] )
>y Y PEMN(oY) (322)
yll xllwl €Goy (yll)

M;—1
= ENi(0(X,™" )))-
Equations (3.21) and (3.22) imply that

1 1
lim sup —E(Ni(Yll)) < liminf—E(N,-(q)(X{Wl)))
00 i [—oo [

1 (3.23)
:E(Ni((P(X)))m
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and

liminf%E(N,-(Yf)) > limsup %E(Ni(q)(XfW’_l)))

S Iyos | (3.24)
= E(Ni(q)(X)))m-
Thus we conclude that
1 1
; = lim ZE(N; (Y1) =E(Ni(¢(X)))m- (3.25)
l

It is easy to check that Ziﬁi =1, so this distribution is well defined.

3.2.3 Lower Bound on Symbol Distribution Entropy

Consider a prefix-free variable-length code ¢ as in Lemma 3.2.4. Let ¥, 11 denote an 1.1.d.
sequence of length / and with distribution {13} The probability of a length-/ sequence yl1 with
respect to this distribution is f’(yll) 1, 2 . The Kullback-Leibler (KL) divergence (also
known as the KL-distance or relative entropy) [12] is a measure of the inefficiency caused by an

approximation. The KL-divergence between Yll and f/ll is

oy,
D(Y{||¥]) = Z Oy P< ;). (3.26)
The following lemma provides a lower bound on the symbol distribution entropy.
Lemma 3.2.5. The asymptotic normalized KL-divergence satisfies
1 . .
lim -D(¥;||77) = H(Y) — H(Y), (3.27)
—>00
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~>

where H(Y) = —Y; P;log, P,. Specifically,

Proof. We rewrite the D(Y}||Y]) as

yl]Ele y]

= ). 00W)log; 001) — Y, O0v))log, P(Y)
Heo! ey

=—H(Y{)— Y 0(y})log, P(y!}).
)’169/1

The second term of the right-hand side of this equation is

Z Qy1 10g2 )’1 Z o( }’1 Ingan ")

ylef)/l yGD”

=Y o0 ZN i) log, £,

ylef)’l

= ZlogzP Z Oy

yey!
Combining equations (3.29) and (3.30), we have
1 A
lim —D(Y{||Y{)
[—oo [

= — i
Jim - HYI ZlogzP hm Z
et

= —H(Y) - Y Plog, i = H(¥) — H(Y).
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Using the fact that D(Y/||Y}) > 0, we have

H(Y)>H(Y). (3.32)

This completes the proof. [

Remark 3.2.3. We note that the entropy rate bound (3.32) also follows from applying the indepen-
dence bound for joint entropy of a random vector, invoking concavity of the entropy function,

and taking the limit in the length of the vector. 0

Remark 3.2.4. From the proof, we see that H(¥) = H(Y) implies lim;_., 1 D(Y'[|¥!) = 0. There-

fore, the codeword sequence Y;Y> - - - approximates an i.i.d. sequence generated by Y. 0

Example 3.2.1. Consider a uniform 1.i.d. binary source X and a prefix-free variable-length code
defined by the mapping {00 — 000,01 — 001,10 — 01,11 — 1}. The occurrence probabilities

of symbols 0 and 1 are 2/3 and 1/3, respectively. The symbol distribution entropy is

A 11 2 2
H(¥) = —3log, 5 — 3 logy 5 = 0.9183. (3.33)

The entropy rate of the shaping code sequence is

2
H(Y)= HX) _ is = 0.8889. (3.34)

=
=
(\)
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3.3 Optimal Shaping Codes

3.3.1 Cost Minimizing Probability Distribution

In this subsection, we discuss the properties of optimal shaping codes. We consider two
scenarios. First, we analyze shaping codes that minimize the average cost with a given expansion
factor. We then analyze shaping codes that minimize the expected cost per source symbol, or total
cost.

We refer to the first minimization problem as the type-I shaping problem, and we call
shaping codes that achieve the minimum average cost for a given expansion factor optimal
type-1 shaping codes. The following theorem gives a lower bound on the average cost and the

corresponding asymptotic symbol occurrence probabilities.

Theorem 3.3.1. Given the source X and cost vector C, the average cost of a type-I shaping code

O : X9 — 9" with expansion factor f is lower bounded by ¥ ; B,C;, with

.1
P = Nz—ﬂcf, (3.35)

where N is a normalization constant such that ¥; P, = 1 and u is a non-negative constant such

that ¥, —P,log P; = H(X)/f.

Proof. From Theorem 3.2.1 and Lemma 3.2.5, we see that, for a shaping code ¢ with expansion

factor f, the following inequality holds:

(3.36)
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To calculate the minimum possible average cost, we must solve the optimization problem:
minimize PC;
b i

subjectto H(Y) >

YA=1

i

(3.37)

We divide this optimization problem into two parts. First, we fix H(¥) and find the
optimal symbol occurrence probabilities. Then we find the optimal H(Y) to minimize the average
cost. The optimization problem then becomes

minimize minimize ZP,Ci
H(Y) P; i

H(X)
f
Y Ai=1.

i

subject to H(Y)> (3.38)

If we fix H(Y), we can solve the optimization problem by using the method of Lagrange multipli-

ers. The solution is

L1
P = Nz—uc,- (3.39)

where N = ¥;27#Ci is a normalization constant and y is a non-negative constant such that
H(Y)=Y —Plog,P. (3.40)
i

Note that g = 0 if and only if H(Y) = log,||. For simplicity, let & denote H(Y). Then u

and N are functions of 4, which we denote by N =Y (h) and u oo u(h), respectively. Let

C(h) = iWZ_“(h)G be the minimum cost, given that 4 > @ From (3.40), we see that
h—1log, N
C(h) = 82 Ghenp > 0. (3.41)
u

The optimization problem we have reduced to here, minimizing the average cost of a probability
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mass function subject to a lower bound on entropy, is dual to the problem considered in prior
work such as [51, Problem 1.8] and [5, Sec. 5.2], which is a special case of results in [52], [32],
and [35]. The relationship between entropy rate and average cost discussed in these papers has

the same functional form as (3.41). We can apply the analysis in [5, Sec. 5.2], to conclude that

dh dC
— =u=—>0 wh > 0. 3.42
ac M7 an When i (342)
Therefore, the minimum cost for a shaping code with expansion factor f is achieved when
h=H(¥) =29
Note that we have minimized average cost by optimizing the asymptotic symbol occur-

rence probability P; of a prefix-free variable-length mapping whose output entropy rate is fixed,

without consideration of whether the output sequence coincides with an i.i.d. sequence. O

Remark 3.3.1. If the source X has a uniform distribution, then u satisfies — ¥, P;log B, = log, | X|.
Thus, we recover the result in [31] characterizing endurance codes with minimum average

cost. O]

Remark 3.3.2. When the minimum average cost is achieved, we have H(Y) = H(Y). Thus,
the codeword sequence approximates an i.i.d. sequence generated by distribution {13,} (see

Remark 3.2.4). L]

Given a prefix-free variable-length shaping code ¢ : X9 — 9, assume that after ng source
symbols are encoded, the codeword sequence is (l)(xrfq). As in equations (3.7), (3.8), (3.9), we
formally define the expected cost per source symbol, or fotal cost of a shaping code as
_ LEN(OX™))C L EWN(9(X7)))Ci

nq

q
_EQ)LENQOXD)C _ x5
== Q) _fi;P,C,.

T(o(X7))
(3.43)

We refer to the problem of minimizing the total cost as the type-II shaping problem.
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Shaping codes that achieve the minimum total cost are referred to as optimal type-II shaping

codes. The corresponding optimization problem is as follows:
V A
minimize f Y AC;

P f i=1

subjectto H(Y) > H(Y) = HX) (3.44)

f
YA=1

Using Theorem 3.3.1, we can calculate the total cost as a function of the expansion
factor f. Fig. 3.1 shows the total cost curve for a quaternary source and code alphabet, a

uniformly distributed source X, and cost vector C = [1,2,3,4]. There is an optimal value of f

and corresponding minimum total cost.

34
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Figure 3.1: Total cost versus f for random source with C = [1,2,3,4].

We now determine the minimum achievable total cost of a shaping code.
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Theorem 3.3.2. Given the source X and cost vector C, if C1 # 0, then the minimum total cost
of a shaping code ¢ : X4 — ¥* is given by fY.; B,C;, where P; = 27"Ci_ 11 is a positive constant

selected such that ¥;27#C = 1. The corresponding expansion factor f is

H(X
f= —A( ) —. (3.45)
—Y;Pilog, P;

If C1 = 0, then the total cost is a decreasing function of f.
Proof. We solve the optimization problem:

lm%?R f;Ea

A H(X
subjectto H(Y) > (X) (3.46)

Y h=1

We divide this optimization problem into two parts. First we fix expansion factor f and find the
minimum achievable average cost using Theorem 3.3.1. Then we find the optimal f to minimize
the total cost. The optimization problem then becomes:
minifmize minimize Z fIS,-C,-
P; i

subject to H(Y) > (3.47)

For fixed f, the symbol occurrence probability corresponding to the minimum average cost is

1
szﬁzﬂ@, (3.48)

where u is a constant such that
1 —Y;Plog,P

i 3.49
F= 7 Tog | (549
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and N is the normalization factor

N=Y 274 (3.50)

Treating f as a function of y, and calculating df /du, we see that f(u) is a monotone

increasing function of u, with f(0) = H(X) Specifically, replacing the P! in (3.49) by (3.48)

~ log [
gives
NH(X)
- : 3.51
/ (Y, uC27HC) + Nlog, N (3.51)

The derivative of f with respect to u is

d In2H(X) Y. ;2 HC+C) (C;, — C;)?

o _ 2t By G C) (3.52)

du [(X;uCi27#C1) + Nlog, NJ*
which is easily seen to be positive for u > 0. The optimization problem is then equivalent to:

¥, G2
Zl“UCl‘Z_'UCi +N10g2N (353)

minimize 7T (u) = H(X)

subjectto u> 0.

Calculating dT' /du, we see that its sign is the negative of the sign of log, N. Specifically, we find

that
ar NY,;C?2HCG — (¥, C;27HC)?
o —In2H (X)log, N (T AC2HC + NIog,N)? (3.54)
Observe that
NY cia i — (Y ca )
i i
=Y 2o HGHC) Y 272G Y 2¢ic 2 M)
i,j i i<j
(3.55)
— ¥(CP+ G~ 26;)2 e
i<j
= Z(C,' —Cj)zz_“(ci+cj) > 0.
i<j
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Therefore,
dT - (Ci— C )22 H(CHC))
:_1n2H(X)1og2NZ’<J( ’ ,’) .
du (X;uC;27HC 4 Nlog, N)?

(3.56)

The claimed relationship between the sign of d7'/du and the sign of log, N is then evident.

It follows that if C; = 0, then N = ¥;,27#C > [, implying that T (u) is a monotone
decreasing function on [0, ). On the other hand, if C; > 0, then when u = 0, we have N = |9/,
so log, N > 0. Since dN/du < 0 for all u, we conclude that 7 will decrease as u increases,
reaching a minimum at N = 1. Beyond that point, dN/du > 0.

Thus, the corresponding expansion factor that achieves the minimum total cost is

H(X
fo HX) (3.57)
—Y.;Plog, P;
where P; = 27#Ci_and u is a positive constant satisfying ¥,27#Ci = 1. [
Remark 3.3.3. For a positive cost vector C, the minimum achievable total cost is
T(0(X9)) = fY PCi= iCi
; - —Z,P logz Z
H(X
_ Xy e = e, (3.58)
_ZzPIngz K5 ‘UZz iCi 5
H(X)

u

The capacity of a noiseless finite-state costly channel, which is essentially the inverse of the
minimum total cost, was considered in [52], [32], [35], [9], and [5, Sec 6] from combinatorial and
probabilistic perspectives. Equivalences between the combinatorial and probabilistic definitions
of capacity were established, extending the original results of Shannon.

In [14, Theorem 4.4] and [26, Theorem 1], the minimum total cost of a prefix-free variable-
length code was determined. In [5, Section 4], an asymptotically optimal variable-to-fixed length

code for binary uniform i.i.d. source that minimizes total cost was proposed. However, these
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works did not address the code expansion factor and asymptotic symbol occurrence probability
corresponding to the minimum total cost.

In [51, Problems 1.8], [49] and [5, Sec. 5.2], the relationship between the maximum
entropy of a probability mass function on an alphabet with cost subject to an average cost
constraint was discussed. However, these works did not explore the functional relationship
between the total cost and the expansion factor of a code. Here, using the word-valued source
perspective, we establish the relationship between the total cost of a rate-constrained prefix-free
code and its expansion factor. This relationship plays an important role in the proof of the
separation theorem (Theorem 3.3.6) in Appendix 3.3.6. We also address the special case of zero

lowest cost, i.e., C1 = 0, in which no global minimum can be reached. OJ

Remark 3.3.4. If we only apply optimal lossless compression to the source X, the code sequence
has a uniform distribution. Therefore, we have y = 0 and N = || > 1. This implies that simply

applying compression to the source data is not the best way to reduce the total cost. [

3.3.2 Optimal Data Shaping Code Design

Many previous works investigated type-II shaping code design. For example, see [34],
[78], and [14] . In this subsection, we consider the problem of designing an optimal type-I shaping
code by transforming this problem into a type-II shaping problem. Combining Theorems 3.3.1

and 3.3.2, we can prove the following equivalence theorem.

Theorem 3.3.3. A code that achieves the minimum total cost for cost vector C' also achieves

minimum average cost for cost vector C and expansion factor f if

Cl = —log, P, (3.59)

where {ﬁ,} are the probabilities minimizing average cost for the cost vector C and expansion

factor f.
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Proof. First we consider the optimal type-1I shaping code ¢ : X9 — 9* with cost vector C’. By
Theorem 3.3.2, this code generates codeword sequence with probability of occurrence P/ = 2HC,

where u satisfies the equation

Yo HG = 1. (3.60)
i

Since C; = —log, P, it is easy to check that the solution of equation (3.60) is 4 = 1. This means
when the minimum total cost is achieved, the probability of occurrence of codeword sequence is
P = 2-C = P, and the expansion factor of this code is

. H(X)

— B 3.61
Sy Plog, P (3.61)

Referring to Theorem 3.3.1, we see that ¢ is also optimal with respect to minimizing average cost

with cost vector C and expansion factor f. [

When designing a type-I shaping code with expansion factor f and cost vector C, we can
first calculate the desired distribution {#;}, then transform this problem into a type-II shaping
code problem for the channel with symbol cost {C! = — log, 2;}. Thus we can apply known

type-II shaping code algorithms to solve this problem.

Remark 3.3.5. For an arbitrary i.i.d. source and a positive cost vector C, generalized Shannon-
Fano codes [14, Theorem 4.4] are tree-based variable-length codes, ¢ : X9 — 9", whose total

cost is upper bounded by

T(6) < HEJX) n max;{C,-}
H(X) (3.62)

— ———= asq — oo,
u

This coding scheme includes dividing the [0, 1] interval based on P(x{) and calculating MW
where W is the cost of a codeword. This construction may become impractical when ¢ is

large. [

Remark 3.3.6. For a uniform i.i.d. source and a positive cost vector C, Varn codes [78] are
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tree-based, variable-length codes ¢k : XX _y 7% that minimize total cost for a specified
codebook size K. In [61], bounds were established on the average codeword cost for the Varn

code with codebook size K, denoted C(x). Specifically,

log, K

<C(¢x) <

log, K
9222 | max{C}. (3.63)
u 1

Dividing by log x| K, we see that the total cost of the Varn code with codebook size K is bounded

by
log, | X| < T(ox) < log, | X| +maxi{Ci}. (3.64)
u u log x| K
Therefore
log, | X
lim T (o) = 222X (3.65)
K—oo

which implies that Varn codes are asymptotically optimal type-1I shaping codes (see Remark 3.3.3).

]

We now present a separation theorem for type-II shaping codes. It states that minimum
total cost can be achieved by a concatenation of optimal lossless compression with an optimal
type-II shaping code for a uniform i.i.d. source. The proof uses a construction based on typical

sequences.

Theorem 3.3.4. Given the source X and cost vector C, the minimum total cost can be achieved
by a concatenation of an optimal lossless compression code with an optimal type-1I shaping code

for a uniform i.i.d. source.

Proof. Before proving the separation theorem, we first design a type-II shaping code for the
uniform source. The average codeword cost C(K) for a Varn code with codebook size K is
bounded by

log, K/u<C(K) < logzK/,u+miaxC,~ (3.66)
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where u is a constant such that

Y o<1 (3.67)

Even though the average codeword cost is bounded, it is not guaranteed that the cost of every
codeword satisfies the same bound. In order to ensure this, we instead use a modified design
which we refer to as a modified Varn code. Given the binary alphabets {0, 1} and 9, a tree-based

variable-length modified Varn code ¢ : XX — 9* is designed as follows:
o Letv=[(2K~1) mod (|| -1)].
e Ifv>0,letd=|Y|—1-v.Elseif v=0,let § = 0. Set M = 2K + 3.
e Design an exhaustive Varn code with codebook size M.
e Trim down the tree by getting rid of the d branches with largest cost.

We note that 8 < || —2.

The following lemma gives an upper bound on the codeword cost in a modified Varn code.

Lemma 3.3.5. Every codeword of the modified Varn code has cost upper bounded by
W; <log, M /u+ maxC;. (3.68)

]

Proof. Consider the internal node that was the last one to be expanded and suppose it has cost

Wo. The cost of any leaf node is larger than Wy, so
W > W. (3.69)

Since this internal node is the last one to be expanded, its cost is larger than that of any other
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internal node, implying

W; < Wy + max(;. (3.70)

Since the tree is full, it is easy to check that
Y o=, (3.71)
i

Combining equations (3.69) and (3.71), we have

1=Y 27 < pa=#, (3.72)
i
This implies
Wo < log, M /u (3.73)
and
W; < Wy + maxC; <log, M /u-+ maxC;. (3.74)
O

Now we are ready to prove the separation theorem. Let’s first define a constant

log,|X|+2
D=|—"2_——]|. 3.75
i G
For any given y > 0, define
: wy 1wy
_ ol 7
€=min{ S XID' D’ 16 (3.76)
(9)

and € = ’l‘—g . Consider the typical set A¢"’ with respect to an i.i.d. source with entropy H (X).
There exists positive integer Q1 such that when g > Qj, Pr{Aéq)} > 1 — €. There are < 24 (H(X)+e)
(q)

length-g sequences x7 in A¢"/, so we can use no more than [g(H + €) + 1] bits to index them. We

prefix all these sequences by a 0, giving a total length of [¢(H(X)+€) + 2] to represent each
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(9)

sequence in Ag

(9)

. Similarly, we can index each sequence not in Ag"’ by using [glog|X|] bits.

Prefixing these indices by 1, we have a prefix-free code y for all sequences in X9.

Now we construct a length-[¢(H (X) 4 &) 4 2] modified Varn code s, : X [4(HX)+e)+2] _,
*. We use this code to encode the codeword sequence generated by ;. For every codeword in
qu) , the cost is upper bounded by log, M /u+ max; C;. For every codeword in the complement of

Ag_ ), which we denote by B( 9) % ((ql(()%ﬁ‘;gfﬂ-‘ codewords in y; are needed. The total cost is

q(H
q10g|X|+1 W

X)1e)+7] (logy M /u+ max; C;), where

upper bounded by ( {

glogl | +1] ] _ [glog|X|+24] _
[M(H(X)jts)nﬂ = { gH(X) W =D. (3.77)

Consider the concatenation of y; and y», denoted ¥ = W, o ¥y, with W(X9) = y,(y;(X?)).

The total cost is

1
= C—I(;’P(xq)W x4

1

—( Y, POWE+ Y, POW(x?))
q xqu( 9 xqugDC

1

—[ Y, P(x?)(logyM/u+ maxC;)
qxquéq) l

+ Z P(x?)D logzM/y+maxC)]

depldC
reA! (3.78)

= L{Pe{al } (1og, M /u+ max ;)
q 1

+Pr{A}D(log, M /u+max C;)
1

< _[(log, M/u+-max ;)

+eD(logy M /u+ maxC;)]
l
log, M n max; C;
qu

= )(1+2D)
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where

M — 2laHX)+e)+2] g (3.79)

Since 8§ < || — 2, we can bound M by
M< 2q(HX)+e)+3 4 || (3.80)

and by L"Hopital’s rule, we have

q(H(X)+€)+3
lim log, (2 +191)
g—veo q

= H(X) +e. (3.81)

Therefore, there exists positive integer Q> such that, when g > Q»,

log, M

<HX)+e+¢. (3.82)

Thus, when g > max{Q;, 0»}, the total cost of ¥ is upper bounded by

H(X)+8+8/ n max; C;
u

T(¥) < ( )(1+¢D). (3.83)

Choose Q3 = | 3M%iG | When ¢ > max{Q;, 02,03}, we have
Y

H(X)+e+¢ N max; C;

T(¥) < ( ’ )(1+¢D)
:H'EJX)+(8:8/+maxici)(l+8D)+8¥D (3.84)
< I@—I—(%—i—%)(l—l—l)—l—%:@—#%

As shown in [12, Theorem 3.2.1], for any Y > 0, there exists a Q4 > 0 such that when g > Qu,
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the average codeword length per input symbol of W satisfies
1
aE[L(‘Pl)] <H(X)+Y. (3.85)

The total cost of W, for binary uniform i.i.d. source is upper bounded by

log, M max; C;

T'(¥,) < iTa(H(X) 18 £ 2] +Mq(H(X)+e)+2l.

(3.86)

By an argument similar to that used to derive the upper bound on 7' (¥) in (3.84), we conclude

that for any ¢’ > 0, there exists a Q5 > 0 such that when ¢ > Qs,
/ 1 !
T'(\P,) < ;4—\/. (3.87)

To summarize, given any v,Y,Y”’ > 0, for sufficiently large ¢, namely ¢ > max{Q1,Q0>,03, 04,05},

we can find a data compression encoder W such that
CEIL()] < HX)+7 (3.88)
and a code W, for binary uniform i.i.d. source such that
T'(¥;) < £+\/’. (3.89)

The concatenation of ¥; and W, will generate a code ¥ = ¥, oW, that has total cost upper
bounded by
(X)

T(W) < i +7. (3.90)

This finishes the proof of the separation theorem. 0

Remark 3.3.7. Besides modified Varn coding, any fixed-to-variable (or fixed-to-fixed) coding



scheme for a uniform source, such as the constant composition distribution matching codes
introduced in [64], can be used to prove the separation theorem, as long as the cost of the
codeword sequence is bounded from above and the ratio of the upper bound to input sequence

length is asymptotically optimal. [

An example of an optimal type-II shaping scheme that illustrates Theorem 3.3.4 was
described by Iwata in [30]. It uses a concatenation of an LZ78 code and a Varn code as outer and
inner codes, respectively.

There is also a separation theorem for type-I shaping codes, stating that minimum average
cost for a given expansion factor can be achieved by a concatenation of optimal lossless compres-
sion with an optimal type-I shaping code for a uniform i.i.d. source and suitable expansion factor.
The proof relies on the type-II separation theorem and the equivalence between type-II and type-I
shaping codes established in Theorem 3.3.3. It requires an analysis of the behavior of the total

cost function in the vicinity of the expansion factor that minimizes total cost.

Theorem 3.3.6. Given the source X, cost vector C and expansion factor f, the minimum average
cost can be achieved by a concatenation of an optimal lossless compression code with a binary
optimal type-I shaping code for uniform i.i.d. source and expansion factor

S

f = TS (3.91)

Proof. We know from Theorem 3.3.3 that the problem of designing an optimal type-I shaping
code for channel with cost C and expansion fj is related to designing an optimal type-II shaping
code for channel with cost C’. The minimum total cost for channel with cost ' is H(X) and the
expansion factor for an optimal type-II shaping code for channel with cost C’ is fj, = fo.

We first fix some notation. Given a code ¢, denote by T (¢) the total cost of this code
for channel with cost C’. Denote by f(0) its expansion factor and denote by A-(¢) and A~ (0)

the average cost of this code for channel with cost C and channel with cost (’, respectively. The
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Total Cost T (@)
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Figure 3.2: Achievable total cost vs. expansion factor

asymptotic symbol occurrence probability of ¢ is {P;} and P, = TTﬂc’ is the symbol occurrence

probability of the optimal type-I shaping code.

Before we prove the separation theorem for type-I shaping code, we analyze the behavior
of f(0),Ac(¢) and A~ (¢) when T (0) approaches H (X ). The proof of Theorem 3.3.2 determines
the achievable total cost on channel with cost ¢’. By combining equations (3.52) and (3.56), we

have

= ——log, N. (3.92)
u

This implies that function Tpni,(f) is continuous, strictly monotone decreasing on [%, fo)
and strictly monotone increasing on (fp,e0). This is shown schematically by the green curve
Thin(f) in Fig. 3.2. Thus for any { > 0, there exists a y such that if there exists a code such that
T~(0) < H(X) +Y, as indicated by the blue area in Fig. 3.2, then |f(¢) — fo| < €. Such a code
can always be found for ¢ sufficiently large, for example, by using the generalized Shannon-Fano

construction (see [14]).
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Now for any 1 > 0, { > 0, first choose {' = min{%,@ el }. Choose Y such that a type-

FH(X)

IT shaping code with total cost upper bounded by H(X) +7 has expansion factor | f — fo| < {'.

Choose Y= min{Y, ’mTf‘)} then A ~(¢) is bounded by

- Er T B
_HX) HX) ¢ Y
 fo * fo fo—C'+fo—C’
_HN) 12

—f fo o fo
H(X H(X
JHX) g m _HX)
fo 2 2 fo
Since the channel cost C! is calculated by
R 2HCi
Cl/ — —logZPl- — —logz :yCl'—l—lngN.

A (0) is upper bounded by

0) =Y PCi= ZPC log, N

H(X) logzN

<l Jou H

)+n.

(3.93)

(3.94)

(3.95)

To summarize, for any 1 > 0, { > 0, there exists a Y > 0 such that if there exists a code ¢ such

that T (¢) < H(X) +, this code has expansion factor

1f(9) = fol <G

and the average cost A () is upper bounded by

42
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Now we present the proof of Theorem 3.3.6. We consider the channel with cost C and equivalent
channel with cost ’. Given f,m,{,n’,{’, and Y > 0, for ¢ sufficiently large, there exists a data

compression encoder W such that the average codeword length
SEL(¥)] < HO)+ (3.98)
and a code ¥, for a binary uniform i.i.d. source and costly channel with cost ¢’ such that
T (W) < 1+7'. (3.99)

The expansion factor of an optimal type-II shaping code for binary uniform i.i.d. source and

costly channel (' is

fl=— (3.100)

So when Y’ is small enough, ¥, has expansion factor

f(¥2) — H—{X)! < (3.101)
and A (¥») is upper bounded by
1 log, N
Ac(¥) < (————25) +v
At (3.102)
H(X) log,N
:( ()_OgZ )_|_n/
fu u

The concatenation of ¥; and ¥, will generate a code ¥ = ¥, oW, that has total cost upper
bounded by
To(¥Y) <H(X)+Y. (3.103)
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When v is small enough, W has expansion factor

(W) —f1<C (3.104)
and A ('P) is upper bounded by
H(X) log,N
Ac(®) < +1. (3.105)
(W) <( o ” )
This completes the proof. 0

3.4 Distribution Matching Code Design

Given a target distribution {P;}, distribution matching (DM) considers the problem
of mapping an i.i.d. sequence of source symbols to an output sequence of symbols that are
approximately independent and distributed according to {P;}. An optimal DM code must satisfy
two conditions: the codeword sequence has symbol occurrence probabilities P, = P;, and the
output sequence looks like an i.i.d. sequence. We measure the latter property using the asymptotic
normalized KL-divergence defined in Lemma 3.2.5.

It has been shown in Theorems 3.3.1 and 3.3.2 that an optimal shaping code will generate
an output sequence such that lim;_, . %D(Yll 7, ll) = (. Thus the output sequence approximates
an i.i.d. sequence with symbol occurrence probability distribution {P;}. This implies that we
can solve the distribution matching problem by designing a corresponding shaping code. In this
section, we consider the problem of designing optimal DM codes. We first formulate the problem
of generating an i.i.d. sequence and then show the connection between DM codes and shaping
codes. We then propose a generalized expansion factor to measure the performance of a DM

code. A comparison of DM code performance measures is also presented.
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3.4.1 Problem Formulation

We use the asymptotic normalized Kullback-Leibler divergence [68] to formally define an

optimal DM code ¢ for distribution {P;}.

Definition 3.4.1. A variable-length mapping ¢ : X9 — 9" is an optimal DM code for distribution

[P} if
1 -
lim —D(Y{||¥{) =0, (3.106)
[—oo [
where Y is an i.i.d. process with distribution {P;}. O

By combining Theorem 3.2.1 and Lemma 3.2.5, we can prove the following theorem.

Theorem 3.4.1. The expansion factor of a mapping satisfies the lower bound

H(X) _ H(X)
= > ~ 3.107
T=HY) = H ) (G107
with equality if and only if lim;_, *D(Y]||¥]) = H(Y) — H(Y) = 0. When f = %, this code is
an optimal DM code for distribution {P;}. O

Remark 3.4.1. Assuming this mapping is an optimal compression, the compression ratio g is

H(X)
g= . (3.108)
log, ||
By Theorem 3.2.1 and Lemma 3.2.5, we have
N H(X)
HY)>H(Y)=——=1log,|Y]. (3.109)
8
Since H(Y) < log, ||, we know that H(Y) = H(Y) = log, || and
1 N
lim —D(Y!||¥{) = 0. (3.110)
[—oo |
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This implies the codeword sequence looks i.i.d. and has probability of occurrence

L1
P=_— foralli. (3.111)
7]

This proves the well-known fact that the output of an optimal compression approximates a uniform

i.i.d. sequence [79],[25],[26]. O

Let Y be the i.i.d. process with distribution {P;}. As in the derivation of (3.31) in

Lemma 3.2.5, we find
1 -
lim —D(Y!||7})
[—oo [

1 YN (v
:_lime(Yll)_Zlogzpilli_)H.}o Z Q0)Ni(v)

[—o0 169/1 l
. (3.112)
. . H(X)
=—H(Y)—)_Plog,P,=—Y Pilog, P, — —
_ —f¥iPilog, P — H(X)
f
From Theorem 3.3.2, we know that for a channel with cost {C; = —log, P;}, the total cost

—fY. P log, P; is lower bounded by H(X). The shaping code that achieves this lower bound has

the following two properties:
e The probability of occurrence of symbol B; satisfies P, = P, for all B;,

e The asymptotic normalized KL-divergence between Y and ¥ satisfies
1 -
lim —D(Y!||¥]) = 0. (3.113)
[—so0 [

This implies that this code generates a sequence that approximates an i.i.d. sequence with
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distribution {P;}. This analysis also implies that the expansion factor of an optimal DM code is

HX) HX)
—YiPlog, P, —Y;Plog,P;

fopt = (3.114)

We summarize in the following theorem the relationship between optimal shaping codes
and optimal DM codes, extending the result in [26] by explicitly showing the optimal expansion

factor.
Theorem 3.4.2. The optimal type-1I shaping code with cost vector C, or the equivalent type-1
shaping code from Theorem 3.3.3, is an optimal DM code for distribution {P;} if
Ci=—log, P (3.115)
for every symbol B, in the sense that
1 -
lim —D(Y}||¥]) = 0. (3.116)
[—eo [

The expansion factor of this optimal DM code is

H(X)

—_—_— 3.117
—Y.Plog, P; ( )

fopt =

O

Remark 3.4.2. Shell mapping was used in [65] to design fixed-length DM codes with uniformly
distributed input bits. The shell mapper that minimizes informational divergence (introduced
later in Section 3.6.1) uses the “self-information” weight function C; = —log, P; and the optimal
expansion factor is determined by a search. Theorem 3.4.2 considers a more general variable-
length DM code with arbitrary i.i.d. source and characterizes the optimal expansion factor. Codes

minimizing informational divergence are discussed further in Section 3.6.1. ]
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3.5 Generalized Expansion Factor

The relationship between optimal shaping codes and optimal DM codes was established
above. The total cost of the shaping code suggests an alternative performance measure for a
DM code which will be useful when analyzing the optimality of a shaping-based DM code
construction and in proving a separation theorem for DM codes. Specifically, we define the

generalized expansion factor (GEF) of a prefix-free variable-length code as follows.

Definition 3.5.1. Given a prefix-free variable-length code ¢ : X9 — 9* and a set of positive real
numbers {Py,P,,...,P,} such that } P, = 1, the generalized expansion factor of this code is

defined as
Y, ﬁz log, P;

F(9,Pr,....P) =—f log, ||

(3.118)

where f is the code expansion factor and {#;} is the asymptotic symbol occurrence probability

distribution. ]

For simplicity, we sometimes use F to represent F (¢, Py,...,P,). The following theorem
shows that F' can be used to evaluate an optimal DM code.
Theorem 3.5.1. Given a prefix-free variable-length code ¢ : X9 — ™ and a set of positive real

numbers {Py,P,...,P,} such that Y P; = 1, the generalized expansion factor of this mapping is

lower bounded by
H(X)
F(o,P,...,P) > . (3.119)
@1 B = hog o
IfF = l:g’fg,', this mapping is an optimal DM code for the target distribution {P;}, in the sense
that
1 -
lim -D(Y{||F]) =o0. (3.120)
[—oo [
O
Proof. Assume symbol 3; in the codeword sequence has cost C; = —log, P;. The total cost of
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this mapping is

T(9) =) BCi=—f) Plog,P. (3.121)

Comparing equations (3.118) and (3.121) we have

T(9)

F(q),Pl,...,Pv):w.

(3.122)

This indicates that the GEF of a DM code is equivalent to its total cost when applying it to a costly
channel with cost C; = —log, P;. From Theorem 3.3.2, we know the total cost of a prefix-free

mapping satisfies the lower bound

T(9) > HX) (3.123)
u
where y is a constant such that ¥ 27#C = 1. Since C; = —log, P,, it is easy to check that y = 1
and
F(0,Pr,...,P,) r(¢) > H(X) (3.124)

logy [ T logy [7]
When the minimum GEF is achieved, this code is also an optimal type-II shaping code with
Ci = —log, P;. Theorem 3.4.2 then implies that this code is an optimal DM code for the target

distribution {P;}, in the sense that
1 -
lim —D(Y{||7]) = 0. (3.125)
[—oo [

]

Remark 3.5.1. As shown in Remark 3.3.6, for a uniform i.i.d. source and a cost vector C, a Varn
code ¢g : X logix K _, " is an asymptotically optimal type-II shaping code. If the costs are given
by C; = —log, P;, where ) ; P, = 1, the total cost is bounded by

max;{C;}

1 X <T <1 X .
og: | £ T(0x) < logs x|+ 08 5

(3.126)
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Figure 3.3: Probability of occurrence P, of a Varn code for the target distribution {2/3,1/3}.

Equation (3.122) implies that for the target distribution {P;}, Varn codes minimize GEF
for a specified codebook size K. Thus, a Varn code can be regarded as a DM code with generalized

expansion factor bounded by

log [X] _ . _ log, | X| max;{—log, P;}

<F< (1+ ). (3.127)
log, |7 log, |7 log, K
Therefore, we have
. log, | X|
lim F P,... P)= 3.128
Kl—rgo (q)Ka 15 ’ V) 10g2 |9/| ( )

which implies that Varn codes are asymptotically optimal DM codes. Fig. 3.3 and Fig. 3.4 show
the probability of occurrence and generalized expansion factor of binary Varn codes (i.e., with
X =9 =1{0,1}) for a target distribution Py = 2/3, P; = 1/3. As the codebook size K increases,
we see that the probability of occurrence Py approaches the target distribution value Py = 2/3 and

the generalized expansion factor approaches the theoretical lower bound 1. [
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Figure 3.4: Generalized expansion factor of a Varn code for the target distribution {2/3,1/3}.

The separation theorem for shaping codes in Theorem 3.3.4 now extends naturally to DM

codes.

Theorem 3.5.2. An optimal DM code can be constructed by a concatenation of optimal lossless

compression with an optimal DM code for a uniform i.i.d. source, in the sense that the minimum

generalized expansion factor can be achieved by such a concatenation. 0
Remark 3.52. When P =P, =---=P, = o the generalized expansion factor reduces to
Pl
F :fM =f. (3.129)
log, ||
This provides the motivation for designating F' by this name. [

Remark 3.5.3. We use an example to illustrate the difference between the generalized expansion
factor and the normalized conditional divergence introduced in [26] and [25] when the encoder has

finite length. Given a ternary source with alphabet X = {0}, 02,03} and probability distribution
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{%, %, %}, consider two codes defined by the mappings

®;: {a; — 0,00 — 10,03 — 11},

(3.130)
D, : {a; — 00,00 — 10,003 — 11}.
Their generalized expansion factors for target distribution {1/2,1/2} are
3
F1:§<F2:2. (3.131)

This suggests that @1 is a better approximation of an optimal DM code for target distribution

{%, %} (in fact, @ is an optimal DM code). The normalized conditional divergences are

D(®(X)||V|I) =

1 Ly L 12, (3.132)
D(®; (X)||V|1)

B 12 1/4 /4 1 (3.133)

We find that D(P;(X)||V|I) > D(P2(X)||V|I), which suggests the opposite conclusion that &,

would be a better approximation of the optimal DM code. 0

3.6 Comparison of DM Performance Measures

In this section, we use a shaping code perspective to study DM codes whose performance

is measured using informational divergence and normalized informational divergence.
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3.6.1 Generalized Expansion Factor and Informational Divergence

In this subsection we study the relationship between the generalized expansion factor and
the informational divergence introduced in [3], which is also used as a performance measure for
DM codes.

Consider a variable-length code ¢ : X8 X s o with codebook size K. We use L to
denote the set of all codewords generated by this mapping. The leaf probability, or the probability

of a codeword yll, is defined as

PEGY) = PO)P(v2) ... P(y) = [P0V, (3.134)

This is also the probability of sequence yl1 generated by an i.i.d. source with distribution {P;}. The
true probability of codeword yl1 is the probability of the corresponding source sequence ¢! (yll)

The informational divergence (I-divergence) between these two distributions is defined as

1=y P07 (1)) log, 20_L1)) (3.135)

ylleL

Now we use the same code for type-1I shaping. We set the cost of each symbol to be C; = —log, P;.

The cost of codeword yl1 is

]\]l_ )
Wb =Y CNi(sh) = — ¥ log, POV

M) (3.136)
= —log, [TP"™"" = —log, PX(»})
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and the total cost of this shaping code, or equivalently the GEF, is

_ T(9)
log, ||

PO D)W

F(0,Py,....P)

1
— log‘x‘ KlOgZ |9/’ yllg[/
_ logy|X|
log, Klog, || Vier

The I-divergence of this code can then be expressed in terms of its GEF, namely

_ 1/ PO~ ()
I—yllz;,LP(q) (¥1))log, PG

=Y. P(0"' (1) loga PO~ (1))
ylleL

— Y P(o7'()))log, PA(3))
ylleL

:FlngKIngyy’ —H(XIOg‘X‘K)

log, | X|

H(X) | log,Klog, ||

— (F—
log, || log, | X|

(3.137)

(3.138)

Since log, K is a constant, minimizing / is equivalent to minimizing F. This equation shows

the relationship between I-divergence and GEF, and also highlights the duality between costly

channel coding and DM coding. As shown in Remark 3.5.1, Varn codes minimize GEF for a

uniform i.i.d. source. Therefore we can conclude the following optimality theorem for Varn

codes.

Theorem 3.6.1. Let {P,} be a target distribution. A code ¢ : XXX s o* for a uniform i.i.d.

source that minimizes I-divergence is given by a Varn code designed for costs C; = —log, P,. [

Remark 3.6.1. In [61], Savari showed that Varn codes and reverse Tunstall codes are identical

when finding exhaustive prefix-free codes (i.e., when (K —1)/(|9"| — 1) is an integer). Specifically,
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a Tunstall code designed to compress distribution {P;} and a Varn code designed for costly channel
{Ci = —log, P;} generate identical code trees. Therefore a reverse Tunstall code minimizes the
I-divergence when the target distribution is binary (i.e., when || = 2). This was also proved
in [3, Proposition 1] using a different method.

However, for non-exhaustive codes this equivalence does not exist, and it remains unknown
whether a reverse Tunstall code minimizes I-divergence when the target distribution is non-binary
(i.e., when || > 2). Therefore Theorem 3.6.1 can be viewed as a generalization of [3, Proposition

1]. [l

3.6.2 Type-I Shaping Problem and Normalized I-Divergence

Another measure for DM codes used in [3] is normalized I-divergence. In this subsection,
we study its properties using the perspective of the type-I shaping problem. Normalized I-
divergence is defined as

I = —. (3.139)

Using (3.138), we rewrite this as

_(p A JlogKlog, |7
log, |9]” E(L)log, | X|
Plog, P, H(X) .1

:(_f):, ilog, i H(X) >0g2|9f\ (3.140)
log, || log, |Y]” f

_ ch _ @

- 1~

: f
where C; = —log, P;. From equations (3.112) and (3.140) we see that asymptotic normalized

KL-divergence and normalized I-divergence are identical for i.i.d. distribution matching.
We divide the problem of finding the minimum .# into two parts. First we fix the
expansion factor f and find the minimum achievable .#, denoted by #in (f). Then we find the

optimal f to minimize Zin(f). The result is found by noting the similarity to the type-1 shaping
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problem and invoking Theorem 3.3.1.

Theorem 3.6.2. Let ¢ be a prefix-free variable-length mapping with expansion factor f. Let {P;}

be the target distribution and set C; = —1og, P;. The minimum normalized I-divergence Ipn(f)
with fixed f is
N H(X
Imin(f) :ZPiCi_%» (3.141)

where P; = ;;i’cl and H(f/) = —Zipilogzpi =H(X)/f.

Proof. We must solve the following optimization problem, which is closely related to the type-I

shaping problem.
o A H(X)
minimize PCi— ——=
h Z S
-~ H(X
subjectto H(Y) > (T) (3.142)
Y h=1
i
From Theorem 3.3.1, we immediately have
. H(X . .
Imin(f) =Y PCi— % =Y ACi—H(Y), (3.143)
i i
where P; = Zz;fjcj and H(Y) = —Y,;Plog, B, = H(X)/. O
j

The next proposition determines the derivative of %, (f) and finds the optimal expansion

factor, fop(, that minimizes i (f).

Proposition 3.6.3. The first derivative of Fyin(f) is

_ >0, (3.144)

Let fop = —H(X)/Y¥; Pilog, P.. Then Fyin(f) is continuous, strictly monotone decreasing on

[%, fopt) (or, for u € [0,1)) and continuous, strictly monotone increasing on ( fops,+o°) (or,
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forue (17°°))- When f = fopt, jmin(fopt) =0.

Proof. We have studied the behavior of minimum total cost with fixed f in Theorem 3.3.2
and 3.3.6. Here we use the same technique to study -Zpin(f). Note that Zpin(f) is a function of

u. The derivative df /du is already given in equation (3.52), and it is easy to check that

dfmin  (W—1)In2Y,; 27HEHE)(Ci - C))?

= . 3.145
au e ( )
Applying the chain rule along with (3.145) and (3.52), we have
d-Imi HX)u—1
un _ HX)p—1 (3.146)

df fFon

Let fopt = % (or, equivalently, let u = 1). Equations (3.145) and (3.146) imply that

Imin(f) is continuous, strictly monotone decreasing on [hgi—)';),‘, fopt) (or, for p € [0,1)) and

strictly monotone increasing on (fopt, +-o0) (or, for u € (1,00)). The minimum of Fyin(f) is

achieved when f = fo,.. We have

. H(X
jmin(fopt) = ZPiCi - ( )
i fopt
27G
:;mCi—l—zi:ElogzPi (3.147)

P;
:—Z log21-7i+ZPi10g213i:O.
i Zij i

This completes the proof. ]

Remark 3.6.2. In [5, Sec 5.1], the author studied the minimum KL-divergence between a pmf
{ﬁ,} and the target distribution {P;}, where each P; is associated with a cost w; and the average

cost of the pmf is upper bounded by C. The analysis is similar to the analysis in Proposition 3.6.3
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if we specialize to the case where w; = —log, P, = C;. The KL-divergence is

5 51 b
D=D(B||P) =Y Plog,—
(ZIF:) Z &p
=—) Pilog, Pi+) Pilog, F; (3.148)
i i

=Y PCi—H(P).
i

By combining equation (3.140) with Lemma 3.2.5, we have

J:ZP-C —I@ Y ACi—H(Y)
i (3.149)
H(P)

pe

=D,

with equality if and only if the output process generated by ¢ approximates an i.i.d. process
(Remark 3.2.4).
The minimum KL-divergence with average cost upper bounded by a specified average

cost C, denoted by D(C), was also studied in [5, Sec 5.1]. The pmf that achieves D(C) is

Y ACi=c, (3.150)

when C <Y P,Cj, or u > 1. When C >} P,C;, by setting u = 1, we have P =p, Z,-I%C,' < C, and
D(C)=) PCi—H(P)=0. (3.151)

By comparing equations (3.141) and (3.150), we conclude that

Zmin(f) = D(C), (3.152)
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where

. H(X L 27HG
C=) AC f:% Pi=——— (3.153)
i —Y,;Pilogy i Y2
when y > 1, or equivalently when C < } P,C; and f > fop. [

The derivative dD(C)/dC was found in [5, Sec. 5.1]. Using the chain rule, we know that

dﬂmind
4D (C) T% when C < Y PC; (u> 1),

~J — 154
dC (3.154)
0 when C > Y P,C;.
From (3.42) we have
an _ 4" df  uf?
= - = L __ ) 3.155
ac - dac " dic = HX) (3.155)
By combining this with (3.144), we have
dD(C l1—u whenC<YPC; (u>1),
L = (3.156)
dcC
0 when C > Y P,C;.
Therefore Proposition 3.6.3 allows us to recover the derivative of D(C). O]

Remark 3.6.3. In [6, Sec. V], a bound on the rate of a prefix-free variable-length DM code in the
vicinity of .¢ = (0 was given. Proposition 3.6.3 gives an explicit relationship between .# and the

code rate over a wider range of rates. [

Remark 3.6.4. In [68, Section 6.2.2], Soriaga considered the case where system requirements
dictate that the expansion factor of the DM code encoder can not exceed fy, where fo < for.
In such a case, the code cannot be an optimal DM code for target distribution {P;}. We may
try to approximate an optimal DM code by designing a code with f < fo that minimizes the
asymptotic normalized KL-divergence, lim;_,.. 1 D(Y/||¥}). We denote by Z(f;) the minimum
possible value of this divergence. The relationship between Z(fy) and fy for a finite-order

Markov target distribution was given in [68] and the result is also applicable to the i1.i.d. case
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considered here. Since the asymptotic normalized KL-divergence for a fixed f is lower bounded
by Fmin(f) (Theorem 3.6.2) and Zpin(f) is strictly monotone decreasing when f < fo < f,,r

(Proposition 3.6.3), we have

D(fo) = Fmin(fo) = Y PCi— H](C())()

i
_ ZP‘(_logzpi —log, N) _ H(X)
i H Jo
_ —YiPlog, b, _ZP‘logzN _H(X) (3.157)
- 1
u ; u fo

H(X) log,N H(X)
~ufo u fo

where u and N are constants such that N = ¥;27#C and ¥; —Plog P, = H(X)/ fo, with P, =
%2_“@ . Because the code that achieves this lower bound with expansion factor fj is an optimal
type-I shaping code, based on the equivalence theorem we can extend the result in [68, Section

6.2.2] by concluding that this code is an optimal DM code for target distribution {2;}. 0

Remark 3.6.5. In Theorem 3.6.2, we have shown that when .# — 0, then f — fope. This implies

that the GEF of the code satisfies

_[ISHHX) | HX)
log, | logy ||

(3.158)

Similarly, as shown in Appendix 3.3.6, when F — H(X)/log, || (or, equivalently, when total

cost T — H(X)), then [ — fop and

H(X)

F— 22X
= %’y' 0. (3.159)

In view of the equivalence between asymptotic normalized KL-divergence and .#, these observa-

tions extend Theorem 3.5.1 by providing bounds on asymptotic normalized KL-divergence in the
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vicinity of F = H(X)/log, |- O

3.7 Experimental Results

3.7.1 Optimal Data Shaping Code for MLC Flash Memory

We evaluated the performance of shaping codes on a multilevel-cell (MLC) NAND flash
memory. In MLC flash, the cells are arranged in a rectangular array (also called a block) and each
row of cells is called a wordline. The cells can be programmed to four different voltage levels,
denoted {0, 1,2,3}, so each cell can store two bits of information. It was shown in [44], [43] that
MLC flash memory can be modeled as a costly channel with alphabet {0, 1,2,3}, where the cost
of the erase level O can be taken to be Cyp = 0. Using the methodology described in [44], the cost

vector for the memory was found empirically to be
C =[0,0.58,0.87,1.29]. (3.160)

From Theorem 3.3.2, we know that the total cost is a decreasing function of the expansion factor.
To assess the performance of optimal shaping, and to permit a comparison to the direct-shaping
code in [44], [43], we applied a rate-1, type-I shaping code to the ASCII representation of the
English-language text of The Count of Monte Cristo. The “optimal” shaping scheme was designed
according to the principles suggested by the equivalence theorem and separation theorem. We first
compressed the file using the LZ77 algorithm. The observed compression rate was g = 1/2.740.
We then used Theorem 3.3.1 to compute the target symbol occurrence probabilities of a shaping
code that minimizes average cost for a uniform i.i.d. source, a cost vector C, and the expansion

factor f’ = f/g = 2.740. The resulting symbol occurrence probability distribution was given by

P = [0.8606,0.0989,0.0335,0.0070]. (3.161)
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Using Theorem 3.3.3, we computed the costs for the equivalent code that minimizes total cost,
yielding the cost vector

C' =[0.2167,3.3378,4.8983,7.1585]. (3.162)

We constructed a Varn code with codebook size K = 256 based on the cost vector ’. This code
is a length-8, type-II shaping code and the concatenation of the compression and the Varn code is
arate-1, type-I shaping code. The expansion factor of the Varn code is 2.768, which is close to
the expansion factor of the optimal type-II shaping code for cost vector ’, where f,,, = 2.737.

Its codeword length distribution is shown in Fig. 3.5.

30
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Figure 3.5: Codeword length distribution of Varn code with the codebook size K = 256 for
English-language text.

To characterize the performance of the designed shaping code, we performed a pro-
gram/erase (P/E) cycling experiment on the MLC flash memory by repeating the following steps,
which collectively represent one P/E cycle. The experiment was conducted with the uncoded

source data, and then with the output data from the shaping code.
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Erase the MLC flash memory block.

Program the MLC flash memory.

For each successive programming cycle, “rotate” the data, so the data that was written on

the ith wordline is written on the (i + 1)st wordline, wrapping around the last wordline to

the first wordline.

After every 100 P/E cycles, erase the block and program pseudo-random data. Then perform

a read operation, record bit errors, and calculate the bit error rate.

Fig. 3.6a shows the average bit error rates (BERs) for the uncoded source data, the direct shaping
code [44], and the optimal shaping code. The results indicate that the optimal shaping code

provides a significant increase in the memory lifetime compared to no shaping and direct shaping.
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Figure 3.6: BER performance for English-language text.

As a way of comparing the performance of optimal shaping to that of data compression

alone, we rescaled the P/E cycle count of the shaping code by the compression ratio 2.740
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and compared the result to P/E cycling of pseudo-random data. This corresponds to a BER
comparison based upon the total amount of source data stored in the memory. The results, shown
in Fig. 3.6b, indicate that the performance of optimal shaping is superior to data compression
alone as a function of total source data written.

A similar experiment was conducted for a Chinese-language text, Collected Works of Lu
Xun, Volumes 1-4, represented using UTF-16LE encoding. We constructed a Varn code with

codebook size K = 256 based on the cost vector

C' =[0.4222,2.6647,3.7860,5.4099]. (3.163)

The expansion factor of the the Varn code was 1.751, which is close to the expansion factor of the
optimal type-II shaping code, f,,; = 1.759. Its codeword length distribution is shown in Fig. 3.7.

The BER results are shown in Fig. 3.8a and Fig. 3.8b.

Codewords Count

8 10 12 14 16
Codeword Length

Figure 3.7: Codeword length distribution of Varn code with codebook size K = 256 for Chinese-
language text.
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Figure 3.8: BER performance for Chinese-language text.

3.7.2 Varn Codes for Distribution Matching

Remark 3.5.1 shows that the upper bound on the generalized expansion factor of Varn
codes decreases as the codebook size increases. This suggests that as the codebook size of a Varn
code increases, the approximation to an optimal DM code should improve. In this subsection, we
empirically tested this premise by constructing Varn codes with codebook size K = 100, 1000 and
10000, respectively, for a target distribution { Py, P; } = {%, %} The measure of goodness we used
here was similar to the serial test in [60, Section 2.11], namely KL-divergences for patterns of
increasing length. Codeword sequences with 10000 codewords were generated using the random
number sequence collected from [59]. The first 71514 bits in codeword sequences were used
for comparison (71514 was the length of the codeword sequence generated by the Varn code
with codebook size K = 100). The probability of occurrence of length 1, 2 and 3 patterns was

calculated. For example, we define the probability of occurrence of ‘10” (P}, and ‘101" (P{,,) in

codeword sequence yl1 as
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the number of subsequences y:t! =10’
q Yi

Pjy= 1

(3.164)

{the number of subsequences y:™ =“101"}
-2 '

21

The first-, second-, and third-order KL-divergences between P’ and distribution {P, P} = {35, 3

were calculated, using the following definitions:

P!
L= ) Pl-’logzﬁ (3.166)
ic{0,1} i
P
_ / ij
L= )3 Z PijlogZW (3.167)
i€{0,1} je{0,1} J
Pl
=Y Y Y Pjylog—" (3.168)
i€{0,1} je{0,1} ke{0,1} PiPjPy

The results are shown in Table I. The divergences decrease as K increases, indicating that the

approximation to an i.i.d. sequence with target distribution {Py, P} } = {%, %} is improving.

Table 3.1: First- , second-, and third-order KL-divergence

P; I b 2
K=100 06447 00015 0.0032 0.0055
K=1000 0.6498 0.00091 0.0018 0.0027
K = 10000 0.6602 0.00014 0.00027 0.00028

3.8 Conclusion

In this chapter, we studied information-theoretic properties and performance limits of a
general class of shaping codes. We determined the asymptotic symbol occurrence probability
distribution, and used it to determine the minimum achievable average cost for a type-I shaping

code. Using these results, we determined the minimum total cost and optimal expansion factor
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for a type-II shaping code. A consequence of this analysis is an equivalence theorem, stating
that a type-I shaping code with a given expansion factor and a cost vector can be realized by a
type-1I shaping code. We then proved a separation theorem stating that optimal shaping can be
achieved by a concatenation of optimal lossless compression and optimal shaping for a uniform
1.1.d. source. Experimental results showed that optimal shaping can provide a significant increase
in flash memory lifetime when applied to English-language and Chinese-language texts, providing
total data capacity greater than that achieved by data compression alone.

We also studied properties of prefix-free variable-length distribution matching (DM) codes
from the perspective of shaping. We characterized optimal DM codes in terms of the asymptotic
normalized divergence and showed that when the divergence equals zero, a DM code encoder
generates a codeword sequence that looks 1.i.d., with symbol occurrence probability equal to the
target distribution. We showed that optimal type-II shaping codes can be used to construct optimal
DM codes. This suggested the definition of the generalized expansion factor as a performance
measure for DM codes and implied a separation theorem for DM codes. We also established the
relationship between the generalized expansion factor and the informational divergence of a DM
code. The relationship between the type-1 shaping problem and the minimization of normalized
informational divergence was also studied. Simulation results showed an increase in distribution
matching performance of Varn codes designed for a Bernoulli distribution as the codebook size

increases.
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Chapter 4

Direct Shaping Codes for Multi-Level

Flash Memories

4.1 Shaping Codes for SLC Flash

4.1.1 Encoder and Decoder

In the context of SLC flash memory, direct shaping codes were first introduced in [67].
Their construction makes use of a rate-1, adaptive encoding dictionary D that is used to map
successive words of length m in the input sequence W into codewords of length m. Denote by
wi € {0,1}™ i=1,...2™ the input word and by P; its probability. Without loss of generality, we
assume that P > P, > ... > Pyn. The dictionary D comprises two lists, a dynamically ordered
list X and a fixed output codeword list . The output list 9" consists of codewords yx € {0,1}",
k=1,2,...,2™, ordered by non-decreasing cost, where the cost of a codeword yk in this context
means the number of 0 symbols in y.

At any given time during the encoding process, the list X consists of pairs {(xx,nx)},
k=1,2...,2™ where each pair represents a distinct length-m input word x; € {0,1}" and the

frequency count, or number of times, ny, that it has appeared up to that point in the input data
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sequence. The list of pairs is dynamically ordered such that the n; values are in non-increasing
order, i.e, n; > np > ... > npm. At the start of the encoding process, the ny are all initialized to the
value 0, and the words x;, are ordered lexicographically.

Encoding proceeds as follows. When a data word x of length m is encountered in the
input data sequence, its corresponding pair (X, n;) = (X,n) is found in the ordered list X. The
encoder then maps x to the length-m output word y that occupies the same position in output list
. The frequency count n of the word x is increased by 1 and the list X is reordered accordingly,

with the pair (x,n+ 1) moved above all pairs with counts less than or equal to n+ 1.

Example 4.1.1. Consider a direct shaping code with parsing length m = 2. In the encoding
dictionary D, the ordered output list 9" is {11,10,01,00}. Consider the length-14 data sequence
w =10.11.00.10.11.10.00. The first six length-2 input words contain three words x; = 10, two
words X, = 11 and one word x3 = 00. The state of the dictionary D after encoding these 6 words
is shown in Table 4.1a.

The final input word is x = 00. According to Table 4.1a, it is mapped to output codeword
y3 = 01. We then add 1 to the count n3 in the table and update the ordering of the entries in the

input list X. The updated dictionary D is shown in Table 4.1b. [

—— Original File
—— Parsing Length=2
0.8 —— Parsing Length=4

—— Parsing Length=8

102 10? 104 10° 10¢ 107
file size y (bits)

Figure 4.1: Direct shaping codes applied to The Count of Monte Cristo.
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Table 4.1: Length-2 dictionary when encoding x = 00.

(a) (b)
X n y X n y
10 3 11 10 3 11
11 2 10 00 2 10
00 1 01 11 2 01
01 0 00 01 0 00

The decoder dynamically reconstructs the table and inverts the encoder mapping. When
a codeword y is encountered in the encoded sequence, it is mapped to the binary length-m data
word x that occupies the same position in the input list X. Then the frequency count n of the
word x is increased by 1 and the ordering of the input list X is updated accordingly. This rate-1
shaping code incurs no rate penalty and both encoding and decoding can be implemented with

low complexity.

4.1.2 Simulation Results

We now present simulation results quantifying the endurance gain which can be achieved
by the use of SLC direct shaping codes. The structured data we used was the English-language
novel The Count of Monte Cristo (TCMC), represented in ASCII Code. We evaluated the shaping
code using encoder parsing length m equal to 2, 4 and 8. Fig. 4.1 shows the fraction of 0 symbols
in the first 7y bits in the original data file and in the corresponding encoded files. The fraction of
0’s in the entire original data file was approximately 0.55. With parsing length equals to 2 bits,
the fraction of 0’s dropped to about 0.41. With parsing length equal to 4 bits, the fraction of 0’s
dropped to about 0.29, and with parsing length of 8 bits, the fraction was further reduced to about

0.16.
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4.2 Data Shaping Codes for MLC Flash

4.2.1 Cost Model for MLC Flash

Every cell in an MLC flash memory can be charged to 4 different values of the threshold
voltage, V;;. Thus, each cell can represent 2 bits of information. The levels are denoted by
0,1,2,3, respectively, from lowest to highest, and the corresponding binary representations are
given by the Gray code {11,10,00,01}. In the binary representation of a level, the left-most bit
is called the lower bit and the right-most bit is called the upper bit. To program the MLC flash
cell, we assume the controller uses a two-step process. It first charges the cell to an intermediate
voltage level that reflects the value of the lower bit. Then, taking into account the value of the
upper bit, it completes charging of the cell to reach the appropriate final threshold voltage level.
This process is shown schematically in Fig. 4.2.

The rows of cells in a flash memory block are called wordlines, and the wordlines
are programmed sequentially, in a row-by-row manner. The lower bits of cells in a wordline
constitute the lower page, while the upper bits form the upper page. When programming a block,
information is programmed separately to lower pages and upper pages. During data retrieval,
pages are also retrieved independently, with lower bit values recovered by reference to read
threshold Vj, and upper bit values by reference to read thresholds V4 and V, also shown in Fig.
4.2.

To characterize and quantify the damage caused by different programmed levels in an
MLC flash memory, we performed an experiment on several blocks in which we repeatedly
programmed all the cells in the block to a specified, constant level, erasing the block (i.e.,
reducing voltage to level 0) after each programming cycle. The device we used was a 1Xx nm
MLC flash chip with the default read threshold positions. After every 100 of these P/E cycles, we
programmed the block with pseudo-random data, read it back, and recorded the cell error rate.

The error rates, averaged over the blocks used in the experiment, are shown in Fig. 4.3. We see
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Figure 4.2: Schematic of MLC flash cell programming.
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Figure 4.3: Cell error rate of MLC Flash for different programming levels, while repeatedly

programming a constant level.
that cell damage caused by the levels 0, 1,2, 3 increases monotonically. A cost model, in the form
of a vector of cell-level costs C = [co,c1,¢2,c3], is used to quantify the relative amount of device
wear associated with each of the cell levels. In practice, these costs will satisfy cp < c¢1 < ¢ <3,
reflecting the increased damage induced by higher programmed levels.

Given a length-m cell-level codeword z = [z, .. .,z,], We denote the cost associated with

the symbol z; by ¢(z;), and the total cost ¢(z) associated with programming z is assumed to be the

sum of the individual symbol costs; i.e., C =c(z) =Y c(z).

Remark 4.2.1. A method for determining physically meaningful values of ¢; was proposed by Li
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et al. in [42]. It is based upon measuring the number of cycles it takes for the error rate associated
with a certain programmed level to reach a prespecified maximum tolerable cell error rate. If
the design lifetime of the flash memory is Ty P/E cycles, the maximum tolerable cell error rate
CER,,, 1s defined as the cell error rate after the memory is programmed with random data for 7
P/E cycles. We view the damage caused by programming random data to the memory as being
proportional to 1/Tp.

We define ®(T') to be the cell error rate observed after T cycles of programming the

blocks to the level i, fori = 0,1,2,3. Let T, . denote the P/E cycle number at which ®/(T') equals

CER ax. We view the damage caused by programming to level i as proportional to 1/T,,., so we
define the cost associated with each level i, i =0,1,2,3, to be
Ty
€= 4.1

max

We calculate the cost model corresponding to the error rate results in Fig. 4.3, assuming a design
lifetime of 7y = 4000 cycles. The error rate associated with level 0 remains essentially constant,
so we set ¢g = 0. For the other levels, we find that 7} = 6900, 72 = 4600 and T,ﬁax = 3100,

max > “max

so the complete cost model is computed to be [0,0.58,0.87,1.29]. O

4.2.2 Shaping Codes for MLC Flash

Application of the SLC shaping code independently to lower and upper pages will not
be effective in reducing the average cost. This can be seen by referring to the schematic of
the MLC flash cell programming process in Fig. 4.2. As shown in the schematic, the cost
associated with an upper bit 1 or O depends on the value of the corresponding lower bit in the
cell. The proposed MLC shaping encoder achieves improved wear reduction by using lower-page
dependent dictionaries when encoding the upper pages, as we now describe.

First, fix a parsing length m. Encoding and programming of wordlines is done in a
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row-by-row, sequential manner. Suppose that we want to encode L data words to both lower and
upper pages. For the lower pages, the encoder simply uses the direct shaping code with parsing
length n. When programming an upper page, however, the encoder first reads the corresponding,
previously programmed lower page.

Now, suppose the lower page that has been programmed and presumably correctly recov-
ered consists of the sequence of length-m codewords v(¥), k = 0,..., L. Consider the sequence of
length-m data words wk) k=0,...,L that need to be encoded for the upper page. To encode the
kth data word w(¥), we encode using a direct shaping code that is based upon an adaptively-built
dictionary that depends on the corresponding lower page codeword v(¥). The only difference in
the operation of each lower-page dependent shaping encoder is that the ordering of the length-m
encoder output words in terms of increasing cost depends specifically on the lower page codeword
v and the cost model [co, ¢, c2,¢3].

To illustrate the design of the encoder, we will use the cost model [cp,c1,c¢2,¢3] =
[0,1,1,2]. This simple cost model is motivated as follows. Consider the standard lower-upper
page binary representation of the cell levels: 0=11, 1=10, 2=00, 3=01. We assign a cost of
0 to lower bit value 1, and a cost of 1 to lower bit value O, in accordance with the MLC cell
programming schematic. When the lower bit value is 1, we assign a cost of 0 to upper bit value 1,
and a cost of 1 to upper bit value 0. On the other hand, when the lower bit value is 0, we assign a
cost of 0 to upper bit value 0, and a cost of 1 to upper bit value 1. Again, these cost assignments
are consistent with the MLC cell programming schematic. The cost associated with a cell level is
then defined as the sum of the corresponding lower bit and upper bit costs.

Choose parsing length n = 4 and assume the lower page codeword is v = 1110. For the
first three bits, where the corresponding lower bit is a 1, programming the upper bit to 1 is better
than to 0. For the last bit, where the corresponding lower bit is a 0, programming the upper bit
to 0 is better than to 1. This implies that the lowest cost output word in the dictionary is 1110,

corresponding to cell level word 0002, which has total cost 1. Similar reasoning leads to the
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Table 4.2: Ordered list of upper page words for lower page codeword 1110.

index Output List index Output List

0 1110 8 1000
1 1111 9 0100
2 1100 10 0010
3 1010 11 1001
4 0110 12 0101
5 1101 13 0011
6 1011 14 0000
7 0111 15 0001

Table 4.3: Corresponding list of cell level words for lower page codeword 1110.

index Output List index Output List

0 0002 8 0112
1 0003 9 1012
2 0012 10 1102
3 0102 11 0113
4 1002 12 1013
5 0013 13 1103
6 0103 14 1112
7 1003 15 1113

ordered list of output words shown in Table 4.2. The corresponding list of cell level words is
given in Table 4.3.

It is easy to verify that the costs of the corresponding cell level words are non-decreasing:
cost 2 for words 1 to 4, cost 3 for words 5 to 10, cost 4 for words 11 to 14, and cost 5 for word 15.
In general, the encoder uses 2" direct shaping encoders operating in a sequence determined by

the sequence of lower page codewords v k=o0,... L.

4.2.3 Encoding Algorithm for ML.C Shaping Codes

The upper page encoder uses an encoding table in which the order of the output codewords

depends on the lower page codeword. The encoding table provides a mapping from an index / €
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{1,...,2™} to the corresponding upper page output word y in the ordered list. This mapping can
be implemented using enumerative coding, introduced by Cover [12]. To explain the algorithm,
we first introduce some notation. We denote the length-m lower page codeword by v and the
upper page word by y. They determine the cell level output word z = [z1,. .., 2y, where z; is the
cell level associated with the lower and upper bit pair v;y;.

Let n(v,C,y1,y2,...,yx) be the number of upper page words y that, together with lower
page codeword v, yield total cost C, and whose first k coordinates are equal to [y, y2,...,Vkl.
To determine n(v,C,y1,y2, - ,yk), we first calculate the polynomial gy ¢ (x) = (x4 x1)" (x2 4

x“3)" where np, b € {0, 1} is the number of bits equal to b in the last m — k bits of the lower page

codeword, [Vki1,...,Vm). The degrees of terms in gy x(x) represent the possible total costs of cell
level vectors [z, . ..,2,] with associated lower bit vector [vi 1, ..., V], and the corresponding
coefficients represent the number of such vectors. Then n(v,C,y1,y2,---,yx) is equal to the

coefficient of the term in gy (x) whose degree is equal to C — Z§:1 u;. 1If there is no such
term in the polynomial, we set n(v,C,y1,y2,--+,yx) = 0. In particular, the polynomial gy o(x)
corresponding to [vy,...,v,] tells us the costs C;, j = 1,...,J of all possible length-m cell level
vectors with associated lower bit vector v, along with the number of upper page words that
together with v produce these costs. From these we calculate n(v,C), the number of upper page
words that produce total cost less than or equal to U, given lower page codeword v. Example

4.2.1 illustrates how to calculate n(v,C,y1,y2, -, Vi)

Example 4.2.1. We want to calculate n(v,C, 1,1) where the lower page codeword is v = 1110
and the total cost is C = 2. The combined cost of the first two cells is 0, so the remaining cost is
2. We calculate the polynomial (x© + x1)™ (x2 4 x3)"0 = (1 +x)(x+x?) = x +2x> +x>. The
coefficient of x? is 2, meaning there are two possible codewords with total cost C = 2 and first

two bits [1, 1]. O

With enumerative coding, instead of storing the ordered upper page output word list,

we only need to store the values n(v,C,y1,y2, -+ ,y) and n(v,C). Algorithm 1 describes the
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encoding process.

Algorithm 1 Encoding upper page codewords

Require: Codeword length m, lower page codeword v, index /
Ensure: Upper page codeword y = (y1,y2,---,Vm)
1: Find j such that / > n(v,Cj_1) and [ < n(v Cj),setl=1—n(v,Cj_)
2: If I >n(v,Cj,0)sety; =1andset/ =1— n(v C;,0), otherwise set y; =0
3: For ith bit, if I > n(v,Cj,y1,---,yi-1,0) set y; = 1 and set I =1 —n(v,Cj,y1,--,yi-1,0),
otherwise set y; =0

4.2.4 Simulation Results

We assessed the performance of the MLC shaping encoder using TCMC. The data file
was divided into two consecutive subfiles of size 11,134,796 bits; the first was used for lower
page encoding and the second for upper page encoding.

Fig. 4.4 shows the respective fractions of the encoded cell levels 0, 1,2,3 appearing in the
cell level sequences produced when no shaping code was applied to the first ¥ bits of each subfile.
Fig. 4.5 shows the corresponding fractions when the proposed MLC shaping encoder is applied

using the empirical cost model derived in Remark. 4.2.1.
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Figure 4.4: Fractions of MLC cell levels for segments of The Count of Monte Cristo without a
shaping code.

From these figures, we see that for TCMC, the average cost when no coding is applied is
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Figure 4.5: Fractions of MLC cell levels for segments of The Count of Monte Cristo with MLC
shaping code.

0.66. When SLC shaping is applied independently to lower and upper pages, the average cost is

0.48 (not shown). In contrast, after MLC shaping, the average cost is reduced to 0.39.

4.2.5 Experimental Results on MLC Flash Memory

In this subsection, we present the experimental results that evaluate the performance of
MLC shaping codes. To characterize the performance of the shaping code, we performed a
program/erase (P/E) cycling experiment on the MLC flash memory by repeating the following

steps, which collectively represent one P/E cycle.
e Erase the MLC flash memory block.
e Program the MLC flash memory.

e For each successive programming cycle, “rotate” the data, so the data that was written on
the ith wordline is written on the i + 1st wordline, wrapping around the last wordline to the

first wordline.

e After every 100 P/E cycles, erase the block and program pseudo-random data. Then perform

a read operation, record bit errors, and calculate the bit error rate.
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The experiment was conducted with the uncoded source data, and then with the output data from
the MLC shaping code described in Section 4.2.4. The average bit error rates (BERs) are shown
in Fig. 4.6. The black dash line represents the maximum tolerable cell error rate introduced
in Remark 4.2.1 and the increased lifetime was measured at this rate. The results indicate that
applying MLC shaping codes to English text increases the lifetime of flash memory device by
900 P/E cycles. A similar experiment was done using the Chinese text Collected Works of Lu

Xun, Volumes 1-4. Fig. 4.7 shows that MLC shaping codes increase the lifetime of flash memory

device by 800 P/E cycles.
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Figure 4.6: BER performance of English-language text The Count of Monte Cristo.
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Figure 4.7: BER performance of Chinese-language text Collected Works of Lu Xun, Volumes
1-4.
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Figure 4.8: Error propagation examples.
4.3 Error Propagation Analysis

The direct shaping decoder reproduces the dynamic construction of the encoding list X.
Errors in reading the flash memory can lead to incorrect word frequency counts that, in turn, can
cause decoding errors if word counts are not sufficiently separated. In this section we introduce a
framework for analyzing potential error propagation properties of direct shaping codes, based

upon recurrence properties of random walks.

4.3.1 Recurrence Probability of a Two-Word Dictionary

We first consider the case when m = 1, where the input dictionary contains only two words
w; and wy. Suppose that, at time £y, the input word counts satisfy n;(ty) # na(tp). Since there
are only 2 words, the dictionary after time ¢ can be represented by the word that has the higher
count, denoted by s(¢) € {w;, w2}, and the distance, denoted simply by N(z) = n;(¢) — na(t). Let
s¢(t),N¢(t) represent the dictionary evolution during the encoding process, and let s¢(¢),N%(¢)
represent the dictionary evolution during decoding process. The distance behaves like a one-
dimensional random walk, as depicted in Fig. 4.8a. In the figure, the blue line represents the

encoding process, starting at time denoted as r = 0, with s¢(0) = w; and N¢(0) = 5.
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Table 4.4: Encoding and decoding processes in Fig. 4.8a.

t 0 1 2 3 4 5 6 7 8 9 10 11 12 13
(Se.Ne) (W],S) (W1.4) (W],S) (W1,6) (W175) (W],4) (W173) (W],Z) (W],l) (Wz,o) (Wz.—l) (W2,—2) (Wz,—l) <W170)
input — W2 Wi W] W2 W) W2 W) W2 W) W2 W2 W) Wi

output — 0 1 1 0 0 0 0 0 0 1 1 0 0
(LN (w5 (wi4) (wi,5) (wWi,6)  (wi,5) (Wi d)  (wi5) (wid) (wi,3) (wi,2)  (wi3)  (wid)  (wi3) (wi.2)
input — 0 1 1 0 0 1 0 0 0 1 1 0 0
output — wo w1 w1 W wo w1 wo W wo Wi w1 W) W

Assuming no read errors through time ¢ = 5, the decoder correctly reconstructs the
encoding dictionary, retracing the blue line. At time t = 5, we have s¢(5) = s°(5) = w; and
N¢(5) = N%(5) = 4. Att = 6, the input was w, implying s¢(6) = w; and N¢(6) = 3, producing
output codeword 0. This point is marked by A on the blue line. Now, suppose a read error occurs
at decoding time ¢t = 6. The codeword is incorrectly read as 1, which is decoded as input wy,
resulting in s¢(6) = wi and N¢(6) = 5. This deviation is marked by A’ on the red dashed line,
which represents the decoding process. Assume no further read errors occur. The decoder trace
remains separated from the encoder trace, but the following three codewords are nevertheless
decoded correctly. At time t =9, since N¢(9) = 0, the encoder changes to 5s¢(9) = w,, while
N?(9) = 2 implies that the decoder continues with s¢(9) = w;. These two points are indicated
by B and B’ on the encoding and decoding traces, respectively. The next input word was w;
and the encoder output was 1, but, even though it is read correctly, the decoded word is wy. In
fact, after this point, all codewords will be decoded incorrectly. This example shows that if the
encoding dictionary reaches a point where N¢(¢) = 0, there is the potential for error propagation.
Fig. 4.8b also shows the potential of error propagation if the decoding dictionary reaches a point
where N¥(t) = 0. The encoding and decoding processes in Fig. 4.8 are summarized in Tables 4.4
and 4.5.

In order to analyze the error propagation behavior of direct shaping codes, we make use of
a result about one-dimensional random walks. Here we use the encoding process as an example.
For a two-word dictionary with input words w; and w, and respective counts n{(¢) and n$(z),

suppose n{(tg) # n5(fo) at time to. We say a recurrence occurs if, at some future time ¢ > fo,
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Table 4.5: Encoding and decoding processes in Fig. 4.8b.

t 0 1 2 3 4 5 6 7 8 9 10 11 12 13
(s°,N¢)  (w1,5) (wi,4) (wi,5) (wi,6) (wi,5) (wi,4) (wi,3) (wi,2)  (w,3) (wy,4) (w1,5) (w1,4) (w1,5) (w1,4)
input — W2 W] W] W2 W) Wo W2 W] W] W] W) Wi W
output — 0 1 1 0 0 0 0 1 1 1 0 1 0
(s4, N (wy,5)  (wi,4)  (wi,5) (wi,4) (wi,3) (wW,2) (Wi, 1) (w2,0)  (wa,—1) (w2,—2) (w2,-3) (w2,~2) (w,—3) (w,~2)
input — 0 1 0 0 0 0 0 1 1 1 0 1 0
output — Wo w1 W2 Wy W2 A\ %) Wwo W2 W) Wo Wi W2 W

n{(t) = n5(t). The following theorem, stated in [15, Theorem 4.8.9], determines the recurrence
probability.

Theorem 4.3.1. Consider two input words w1, Wy, with probabilities Py, P, respectively (P; + P, =
1, Py > P5). Let N(t) = n{(t) —n5(t). At time to, the probability Q that a recurrence involving

W1, W2 will occur in the future is

0= 4.2)

]

Here we assume that the SLC flash memory is a binary symmetric channel with transition
probability p. The pair {N¢(t),N%(t)} acts like a two-dimensional random walk, as shown in

Fig. 4.9. The transition probabilities of this random walk are

PUNC().N ()} — {N() + LN (1) + 1)) = (1 p)P,
PONC().N(6)} — {N°() + 1N () — 1}) = pP. )
PUNC(),NY(0)} — {N°(0) — LNY(0)— 1)) = (1 - p) P, |

P({N(1),N“(1)} = {N°(t) = 1,N“(r) + 1}) = pP».

We say a recurrence occurs if, at future time ¢ > ¢y, either N¢(¢) or N%(t) equals to zero.
We denote by E° the event that the recurrence occurs during the encoding process (at future time

t > tg, N¢(¢) equals to zero) and E¢ the event that the recurrence occurs during the decoding
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(N—1,N"+1)  (N°+1,N"+1)

(N —1,N?—1) (N°+1,N?"—1)

N€
-

Figure 4.9: Two dimensional random walk on (N¢,N¢)-plane

process. The recurrence probability is
Q=Pr{E‘UE"}. (4.4)

Using Theorem 4.3.1, we can calculate Pr{E¢} and Pr{E?}. When p > 0.5, N“(¢) increases by 1
with probability
Py=(1—p)P1+pP
=1 =p)P+p(1-P) .5)
- %(1 —2p)(1=2P)) < %
This indicates that Pr{E} = 1 when N¢

~—

t) > 0. Similarly, when N°(¢) < 0, from Theorem 4.3.1
we have Pr{E¢} = 1. To avoid these situations, we assume that p < 0.5 and N*(to), N%(to) > 0 at
time 9. we say the pair {N°(t9),N%(to)} is stable if N°(ty),N(ty) > 0. The following theorem

provides an upper bound on Q.

Theorem 4.3.2. For a two-word dictionary with a stable pair {N¢(ty),N%(to)} at time to, the

probability Q that a recurrence will occur in the future is bounded by

(4.6)

o< (&)W . {ppl +(1 —P)Pzrd(m)
B (1-p)P1+pP> '
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Proof. A simple union bound yields

Q = Pr{E°UE®} < Pr{E¢} +Pr{E}. 4.7)

From Theorem 4.3.1, we have

Pr{E} = (%)N%) (48)

and - .
Pr{E?)} = [?1 l_p)(Pl_ngj . (4.9)
Combining equations (4.7), (4.8) and (4.9) completes the proof. ]

4.3.2 Recurrence Probability of a Pair of Words in a General Dictionary

In this subsection, we study the recurrence probability of a pair of words in the general
dictionary with 2™ entries. We first establish some notation. Assume ¢ data words have been
encoded. Let n®(¢) = {n§(r),n5(¢),n5(t),...,n5a(t)} be the word counts and let Nf (¢) = nf(t) —
e

n:

¢,1(t) denote the distance between the ith and (i + 1)st words. Similarly, for the decoding

process, let n?(1) = {n{(t),n%(t),...,n%. ()} be the word counts and let N (1) = nf (1) —n{,, (1)
denote the distance. We say the pair {n(t),n?(¢)} is stable if n$(t) > n$(t) > ... > n$,(t) and
n‘ll (1) > ng(t) >0 > ngm (). We sometimes use the term stable to describe a dictionary that has
a stable {n°(r),n(¢)}. When the dictionary is stable, the probability of reading word w; from
flash memory is

pl= Zpd{i,j} (1— p)m—d{i-j}Pj, (4.10)
J

where dy; ;1 1s the Hamming distance between w; and wj. Here we always assume that p is small
enough d d d
ghsothat P' > Py > ... > Pj,.
We assume that the dictionary is stable at some #y. We denote by {i,i+ 1} the event

that a recurrence occurs between the ith and (i + 1)st words during the encoding process and
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Figure 4.10: Two dimensional random walk in a general dictionary

by {i,i+ 1}¢ its complement. Similarly, we denote by {i,i + 1}¢ the event that a recurrence
occurs between the ith and (i + 1)st words during the decoding process and by {i,i+1}¢
its complement. In this subsection, we study the recurrence probability Q;(N¢(t),N%(t)) =
Pr{{i,i+1}U{i,i+1}¢}. We first note the following lemma which is a direct corollary of
Theorem 4.3.2.

Lemma 4.3.3. For a general dictionary with a stable pair {N¢(to),N¢ (to)} at time to, the proba-
bility Qi(N¢(to), N (o)) that a recurrence will occur in the future between W; and wi.1 is bounded

by

e (1)
Pi N; (IO) Pzd N
0i(N# (o), N%(19)) < ( “) + (P—;l , 4.11)

where {Pid} is given by equation (4.10). O

Here we provide a way to numerically approximate a lower bound of Q;(N¢(to),N¢ (19)).
Consider a closed region in the (Nl-e,Nl-d )-plane defined by four line segments, which are divided

into two groups BX and BL.

BL N =0,0<N? <L, andN? =0,0<Nf <L,
(4.12)
BL NS =L,0<NY!<L,andN' =L, 0<Nf<L,
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where L > max{N¢(ty),N%(t)}. As shown in Fig. 4.10, B is represented by the red line and B~
is represented by the blue dashed line. The interior region is denoted by 1.

Unlike the two-word dictionary, where the pair (Nf,Nid ) behaves like a two-dimensional
random walk with only 4 directions of movement, the pair (Nf,Nid ) in a general dictionary can
move in 8 directions or stand still. Denote the probability of going from (N¢,N¢) to (N¢ +x,N¢ +
y) by Pix,y}’ x,y € {—1,0,1}. The transition probabilities of this random walk are shown in
Table 4.6. Note that in the first four entries of the table, the summations actually include only
one term. They have been written as summations to highlight the similar form of the various
transition probabilities.

Table 4.6: Transition probability of a random walk in a general dictionary.

Direction Transition Probability

{1,1} {1 n= =YL= zpd{"’}( p)m_d{ij}l)i
L e AN
{1,-1} {1,,1} =Y j=ir1P i MH =)™ i py
(FL1} Py = g e (1 py P
{1,0} {10}_Zj7éll+lp {’j}(l_f))m Y Py
{—1,0} { 10} = =Y j#iit1P {'+l’}( —p)"" d{’+"}P+1
{0, 1} {0 1= =Y j4ii+1P 4 HL—p)™ d{"/}Pj
{0,-13 {0 -1} _ZJ#Z pe1 pAEL (1 P)mid{”]j}Pj
{0,0} {0,0} — Lye{-10.1}{x} {00} P {xy}

For any point (N¢,N?) in the closed region, denote by E; (N¢,N“) (or Ef, for convenience)
the event that a random walk starting at (N¢, N¢) will hit boundary group B~ before it hits B-
and denote by Qi(EL) its probability. Clearly E;, C Er, when Ly > L, because if a random walk

hits B! before hitting BL1 it also hits B before hitting B2 Therefore we have

Oi(EL) < Qi(EL1) < ... < O,

= 0;(N¢,N%) déflimsupéi(EL) < Q;(N°,N%).

L—oo

(4.13)
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Qi(EL(Ne,Nd )) has the following properties.

0i(EL(0,N%)) = Q;(EL(N°,0)) = 1, (4.14)

Oi(EL(L,N?)) = 0 when N > 0,
(4.15)

Qi(EL(Ne,L)) = 0 when N°¢ > 0,

Euy} 00} Pluyy Qi(EL (N +x,N +y))

I=Pio

Qi(EL(N¢,N?)) = (4.16)

To find Q;(Ey, (N¢(t0),NE (o)), we first define the recurrence probability vector QF by

Qf = [Qi(EL(0,0)),...,Qi(EL(1,1)),..., Qi(EL(1,1)).. T (4.17)

BL BL I

where, within each subvector, the ordering of the values corresponds to the lexicographical order-
ing of the locations (N¥(ty),N¢(to)). Updating QF based on equations (4.14), (4.15) and (4.16)

can then be represented by a matrix multiplication TQiL. The transition matrix T has the form

1,0
T=|----]. (4.18)
R S

It is easy to check that T satisfies the following properties.
e T is non-negative.
e The row sum ) ;#;; = 1 for all i.
e I is an identity matrix of size 4L, representing the boundary conditions.

e S is irreducible and there exists row i such that }';s;; < 1.
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e T’ can be represented as

. . (4.19)

Since S has rows with row sum strictly less than 1, we can always find an irreducible matrix S
such that S >, S = S and its row sum Y j sij = 1 for all rows. From [57, Lemma 1.2], the Perron

root A(S) of § is strictly less than that of S and

MS) <A(S)=1. (4.20)
Thus we have
lim S" =0, (4.21)
h—o0
limI+S+... +S8"1=1-8)"". (4.22)

h—yoo

By combining equations (4.19), (4.21) and (4.22), we have

| |

lim T = lim |-~ e = . (4.23)
| |
| |

Equation (4.23) indicates that Q;(EL(N¢,N%)) is determined solely by the boundary values
(equations (4.14) and (4.15)) and can be numerically approached by Algorithm 2. By increasing
L, Q;(EL(N¢,N“)) can be used to approach Q;(N¢,N¢), which is the lower bound on Q;(N¢,N%).

Remark 4.3.1. This method can also be applied to the two-word dictionary. However, since the
random walk moves in only four directions, as shown in Fig. 4.9, point (N¢, N%) is only connected
to other points (ﬁe N4 ) when N¢ +N¢ and N¢ + N4 are both even or odd. This implies that S is

not irreducible. To solve this problem, we can further divide S into two irreducible components,

89



Algorithm 2 Approximating Q;(Ey (N¢(t0), N (1))

Require: Area size L, index (N¢(ty),N%(to)), maximum iteration number J.
Ensure: Approximation of éi(EL(Nf(to),Nid (10))).
I: Initialize QF such that Q;(E;(0,N9)) = Qi(EL(N®,0)) = 1 and Q;(EL(N¢L)) =
Qi(EL(L,N)) = 0. The remaining Q;(ELN¢,N%)) are set to 0.
2: for each iteration j =1,...J do
3:  Update Q;(EL(N°,N%)) based on equations (4.14), (4.15) and (4.16).
4: end for

—— Upper Bound

ecurrence Probability
2 8 8 z =&
Probabilit;

R«
s
R

”””””

® % 0y o »
e e

(a) Qi(N¢,N%) (b) N¢ =3. (c)N?' =38

Figure 4.11: Recurrence probabilities of a two-word dictionary with distribution P = {0.6,0.4}
and transition probability p = 0.05.

based on the parity of N¢ + N¢. The transition matrix T can then be represented as

T
T=|R,!S, 0 (4.24)
R 0 S
and ‘
I 0 0
,,,,,,,,,,,,
lim T" = _§ ) ! 4.25
h1_r>1;10 Rl(I Sl) :0 0 ( )
RyI—-S2)"' 10 0

In Fig. 4.11, the numerical results on the recurrence probabilities of a two-word dictionary with
distribution P = {0.6,0.4} and transition probability p = 0.05 are presented. Both the upper
bound in Theorem 4.3.2 and the simulation result using Algorithm 2 are shown. We can see that

when N¢ or N¢ is large, the upper bound is tight.
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4.3.3 Recurrence Probability of a General Dictionary

In this subsection we discuss the recurrence probability of the whole dictionary. Let W be
the event that a recurrence occurs involving any two adjacent words in a stable dictionary, we

have
A | 2m=1-]

w=| U Gi+13|ul U {i+137]. (4.26)
i=1 i=1
Since a recurrence between words w; and w; always includes recurrence between adjacent words,
we know that the probability of a recurrence involving any two words in the dictionary, denoted
Py, is
Py =Pr{W}. (4.27)

Notice that {i,i+ 1}¢ and {i+ 1,i+ 2} are not independent, but {i,i+ 1}¢ and {i+2,i+3}€ are
independent. This is also true for the decoding process. We now derive an upper bound on Py .

We have the following lemma.

Lemma 4.3.4. The probability of recurrence Py satisfies

om—1 NS (1) om=1_1 _UNE(D) om—1 Jd Ngi—l(t) om—1_1 J Ngi(t)
Py M1 Py M P2< P2i+1
Py<4—T] (1- I ) - 11 [1- .
P Py palt) P < Pé P Py

Proof. From the union bound, we have

Py = Pr{ <2mgl{i,i+ 1}6) U <zngl{i,i+ 1}d> } < Pr{zmg_l{i,i—l— 1}6} —i—Pr{zmi__LlJl_]{i,i—i— 1}d}.

(4.29)
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Using the fact that {i,i+ 1}¢ and {i +2,i+ 3}¢ are independent, we have

Pr{z’Gl{i,i—H}e}:Pr{ 201{2i—1,2i}e U szIJ_l{Zi,ZiH}e }

i=1 i=1

2m71

Pr{ U {2i—1,2i}e}+Pr{2mL1J 1{2l 2i+1}° }

i=1

:2—Pr{ ZU{zl—l 2i}°) } { szlj 1{21 2i+1}°) } (4.30)
=2— Pr{ Zﬁl{Zl—l 2i}¢ } Pr{ 2mh 1{21 2i+1}° )}

Similarly, for the decoding process we have

2m—1 om-1 Pd Nai—1(t) a1 )24 Nait)
{U{”+1}d}<2 H( — 7 )— I1 (1 ;’;1 ) (4.31)
2i

2i—1 i=1

Combining equations (4.29), (4.30), and (4.31) completes the proof. ]

Here we assume that the first # data words are encoded and decoded correctly, i.e. n°(¢) =
n?(t). We denote by A(n(¢)) the right side of equation (4.28). Let P(n¢(¢)) denote the probability

that after ¢ steps the word counts are n°(¢). Then, we have

t (1) n5m (1)
P(n(t)) = ( . . )P LR (4.32)
”1(l)>--~»nzm(l) : 2
By combining Lemma 4.3.4 and the law of total probability, we have the following theorem.

Theorem 4.3.5. After t data words are encoded and decoded correctly, the probability P(t) that
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the dictionary will be unstable satisfies

P(r) < Z A(é(r))P(n°(t)) + eZ tP(ne(t)). (4.33)
s?ag}e ns(tlc)lgloe

O

The red dashed line in Fig. 4.12 shows the upper bound on P(¢) when we set m = 2,
P={0.4,0.3,0.2,0.1} and p = 0.05,0.1 and 0.2. Simulation results are also shown in the figure.

The simulation consists of repeating the following steps 2,000 times.

e Generate a length-20,000 sequence with alphabet {11,10,01,00} (40,000 symbols from
{0,1}) and corresponding probability distribution P = {0.4,0.3,0.2,0.1}.

e Apply SLC direct shaping code to the source sequence. After the first # words having been

encoded, if a recurrence occurs during the encoding process, stop and declare a recurrence.

e Transmit the encoded sequence through a binary symmetric channel BSC(p) with transition

probability p.

e Decode the received noisy sequence while making sure the first # symbols are decoded

correctly (noise free).

e After the first # symbols having been decoded, if a recurrence occurs during the decoding

process, stop and declare a recurrence.

The green line in Fig. 4.12 shows the fraction of experiments that stop because of recurrences.
We see that P(r) decreases rapidly as ¢ increases. Other distributions and transition probabilities
have also been simulated and they all produce qualitatively similar results. This indicates that
if we make sure the first # data words are decoded correctly for large enough ¢, for example by

combining shaping coding with error correction coding, we can significantly reduce the likelihood
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(a) p=0.05. (b)p=0.1. (c)p=0.2.
Figure 4.12: Upper bound and simulation result of P(¢) with different transition probability p.

of future error propagation. One possible approach is the bootstrap scheme in [10], which
essentially uses a reverse concatenation architecture that combines systematic error correction

codes and shaping codes, and has found application in optical data transmission.

Remark 43.2. (n¢(t),n%(t)) acts like a random walk in a (2"~! —1) x (2""~! — 1) space. Thus

Algorithm 2 can be used to numerically approximate a lower bound on Py . [

4.3.4 Recurrence Behavior of The Count of Monte Cristo

Here we study the sequence generated by applying length-2 and length-4 direct shaping
codes to TCMC. The fractions of input words for segments of TCMC are shown in Fig. 4.13. As
shown in Fig. 4.13b and 4.13c, some words in the length-4 dictionary are not fully separated.
This indicates that error propagation can happen throughout the entire encoding process.

We now examine the decoding recurrence probability of the length-2 direct shaping code.
As shown in Fig. 4.13a, the last encoding recurrence of a length-2 direct shaping code happens
between words 00 and 11 at Y = 40,346 bits. We did the following simulation, which consists of

repeating the following steps 2000 times.
e Encode the first 10,000 bytes of TCMC (80,000 bits, or 40,000 input words).

e Transmit the encoded sequence through a binary symmetric channel BSC(p) with transition

probability p.
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(a) Length-2 dictionary. (b) Length-4 dictionary. (c) Length-4 dictionary detail.
Figure 4.13: Fraction of words for segments of The Count of Monte Cristo.

e Decode the received noisy sequence while making sure the first ¢ symbols are decoded

correctly (noise free).

e After the first  symbols having been decoded, if a recurrence occurs during the decoding

process, stop and declare a recurrence.

The probability of decoding recurrence P;(t) with different p is shown in Fig. 4.14. As shown in
the figure, P;(¢) quickly converges to 0 when 7 > 40,346 and the rate of convergence increases as

p decreases.
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Figure 4.14: Probability of decoding recurrence when segments of The Count of Monte Cristo
are decoded correctly.
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4.4 Performance of Direct Shaping Codes

The performance of rate-constrained shaping codes was studied in Chapter 3. Given an
i.i.d. source X = X{,X;... with entropy H and a variable-length mapping ¢ : X9 — 9™ used
as a shaping code, the relationship between the code expansion factor f, which is the ratio of
the expected codeword length to the input word length, and the average cost was analyzed. In
particular, the minimum achievable average cost associated with a fixed expansion factor was
determined.

In Remark 3.2.1, it was shown that direct shaping codes are shaping codes with parameters
g =1 and f = 1, where both the input and output processes have alphabet size 2. The cost

process C = {C,} of a direct shaping code ¢ is

c(9(X1,X2)) C = (4.34)

C1:C<¢(X1)),C2: ) yeee P )

and the asymptotic expected average cost is defined as Coo = lim;_,o E(C;). In this section, we
discuss the performance of direct shaping codes under the assumption of no errors. The following

theorem indicates the asymptotic expected average cost achievable by a direct shaping code.

Theorem 4.4.1. Given the distribution P and cost vector C, the asymptotic expected average cost

Cw of a direct shaping code is }; Pic;/m.

Proof. We first assume that P| > P, > ... > Po». Consider a sequence of i.i.d. random variables
x/.xy, ... with P(X{/ =1) = P, (X = —1) = P; and P(X;’ = 0) = 1 — P, — P;. The random
variable X, ,ij corresponds to the change in distance between symbol i and j at time k. The expected
value of X fj is '/ = P; — P;. Define random variable Sfj =Y X,ij and note that Sﬁj > 0 means

n;(t) > nj(t). By the strong law of large numbers,

ST/t —ph T 0 as.. (4.35)
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For any & > 0, {8} /¢}5 is within € of u'/ = P, — P; > 0 for all but finitely many ¢. This means for
any two symbols i > j, n;(t) > n;(t) for all but finitely many ¢. In other words for any €,6 > 0,
there exists 77 such that the probability of event n;(t) —n;(t) > € for any P, > Pj and t > T} is
greater than 1 — 8. This indicates the dictionary is stable almost surely, i.e., after some time T,
with probability greater than 1 — 9, the dictionary is stable and a recurrence never occurs.

Here we define another i.i.d. process {¢(X;)} with ¢(X) = ¢; if X = wj. By the strong law

of large numbers, we know that

e X1, X2, .., X)) Xie(X:
= —
t t

), Y Pic; as. (4.36)

where we implicitly extend the definition of ¢ to vectors additively. If after symbols X{_l the

dictionary is stable, for the next input X; we have
(X)) =c(0(X1,X2,... X)) —c(0(X1,X2,... Xi—1))- (4.37)

Since the dictionary is stable almost surely, for any d,€ > 0, there exists 77 such that with
probability greater than 1 —3/2, the dictionary is stable for any ¢ > T} and there exists T;
such that with probability greater than 1 —3/2, ]é — Y Pici| < § for all r > T>. Therefore with

probability greater than 1 — 8, for any 7 > T’ = max{T},T>}, we have

c(0(X1,X2,... X))
t
c(0(X1,X2,... X77)) +c(0(X1, X2, .. X;)) — c(0(X1,X2,... X77))

P ' 4.38
C(¢<X17X27"-XT’))+C<XT/+]...Xt) ( )

t
c(0(X1,X,... X11)) —c(X1,Xa, .. . Xpv) + (X1, X0, ... X)
t 9

Ct:

and
(X1, X, ..
t

X
)Y pe < - (4.39)
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Since the cost is bounded by ¢ and com, for the first 7/ steps we have
le(0(X1,Xa,... X77)) — (X1, X2,... X77)| < T/(Cl —com). (4.40)
Combining equations (4.38), (4.39) and (4.40), we have

G =Y Pici| <1C— G| +|C = Y. Picil

< ‘C(Xl,Xz,...XT/);C(Xl,Xz,...XT/H +§ 4.41)

T ¢
<(c _sz)7+§'

Let T = max{T},T», 2(c1 — con)T'}, then with probability greater than 1 — 3,

C; — Y Pici| < ¢ for
any ¢t > 7. This indicates that

G — ) Pci as. (4.42)

Since C; is bounded by ¢ and ¢y, by the dominated convergence theorem we have

Co =limE(G) =Y Pic;. (4.43)

—>o0

When there exists some i such that P; = P;;1, equation (4.35) becomes
ST —0—=0 as. (4.44)

This means that the almost sure stability condition is not satisfied. However, this doesn’t
affect the conclusion, because almost surely the input words w; and w;j 1 are mapped to y; and
yir1 and P(yi) = P(yi+1) = P;. This implies that the expected value of average cost satisfies

Co = limy_,00 E(C;) = ¥ Pic;. This completes the proof. O

It was proved in Theorem 3.3.1 that the minimum average cost of a rate-1 shaping code
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for costly channels with cost vector C and an i.i.d. source with entropy H is ¥, Pic;, where

D —HC;

P,':W,

p>0and —) Plog, hi=H. (4.45)
i
This indicates that direct shaping codes are in general suboptimal. We have the following

corollary.

Corollary 4.4.1.1. For an i.i.d. source with entropy H, SLC direct shaping codes are optimal
with respect to average wear cost if and only if

2 THC

B:W>

pu>0and —) Plog,P,=H. (4.46)
i

4.5 Conclusion

In this paper, we studied shaping codes to reduce programming wear when writing
structured data to flash memory. We first reviewed so-called direct shaping codes for SLC flash
memory. Using a page-oriented, programming cost model, we then extended this technique
to MLC flash memory. The performance of these shaping codes was empirically evaluated on
English and Chinese language text. Then we examined the error propagation behavior of direct
shaping codes. We showed that by making sure the first # data words are decoded correctly for
large enough ¢, we can significantly reduce the likelihood of future error propagation. Finally,
we derived the asymptotic average cost of a direct shaping code. The results indicate that direct
shaping codes are in general suboptimal and can only achieve the minimum average cost for

rate-1 codes if the source distribution satisfies a specific condition.
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Chapter 5

Rate-Constrained Shaping Codes for

Noiseless Finite-State Costly Channels

5.1 Capacity of the Noiseless Finite-State Costly Channel

In this section, we introduce the noiseless finite-state costly channel and background
results on its capacity. Let H = (S, U) be a finite, directed graph, with state set S, and edge set
U, which is also irreducible. Denote by s; € S the state in H. A finite-state costly channel is
a noiseless channel associated with #, where each edge u € U is assigned a non-negative cost
w(u) > 0. We assume that between any states pair (s;,s;) € S x S, there is at most one edge. If
not, we can always convert it to another graph that satisfies this condition by using edge and state
splitting. This requirement implies that each edge can be fully defined by its initial and ending

state, denoted by u;;. An example of such channel is given in Example 5.1.1.

Example 5.1.1. In Chapter 3, NAND flash memory is modeled as a memoryless costly channel.
Since the cells are arranged in a block, programming a cell affects its neighbors. One example of
this phenomenon is inter-cell inference (ICI). In [72], the encoding errors caused by ICI were

characterized and constrained codes were used to mitigate ICI-susceptible data patterns. In this
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Figure 5.1: Flash memory channel

chapter, we consider single-level cell (SLC) flash memory. In SLC flash memory, cells have
two states: programmed, corresponding to bit 1, or erased, corresponding to bit 0. Due to ICI,
programming a cell will damage its neighbors cells. Here we assume that each length-3 sequence

has the cost shown in Table 5.1. We can convert this table into a directed graph with state set

Table 5.1: Flash memory channel Cost

w 000 001 010 OI1 100 101 110 111
Cw 1 2 4 4 2 3 4 4

S =1{00,01,10,11}, as shown in Fig. 5.1.

5.1.1 Channel Capacity with Average Cost Constraint

Given a length-n edge sequence uf, the cost of this sequence is defined as

Cluf) =Y w(w), 5.1
i=1
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and the average cost of this sequence is defined as
n 1 n

If we denote by K, (W) the number of sequences of length-n with average cost less than or equal

to W, then the combinatorial capacity for a given average cost constraint is [70]

of 1. 1
Cr.comb(W) = limsup —log, |K,(W)]. (5.3)

n—oo N

We also refer to this definition as type-I combinatorial capacity. Let U be a stationary Markov
process with entropy rate H(U) and average cost A(U). The probabilistic capacity for a given
average cost constraint W is

CI,prob(W) = sup H(U) (5.4)
UA(U)<wW

The maxentropic Markov chain for a given W was derived in [32] and [52]. The result relies on

the one-step cost-enumerator matrix D(B), where B > 0, with entries

2—Bw(u,-.,~)
dij(B) = (5.5)
0 if edge u;; doesn’t exist.

Denote by A(B) its Perron root and by vectors E;, = [P;,/v;] and Eg = [v;]" the corresponding
left and right eigenvectors such that ELEg = 1. Given an average cost constraint W(B) the
maxentropic Markov chain has transition probabilities

1 2—Bw(u,~j)
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such that

1 Vi
W(B) = — Y P, 27 Bwluj) L 5.7
( ) }\4<B) ; Si Vi ) ( )
and the type-I probabilistic capacity of this channel is
Crprob(W (B)) = log, M(B) + BW (B). (5.8)

It was shown in [70] that C; comb(W) = C1 prob(W).

5.1.2 Channel Capacity without Cost Constraint

Assuming that all edge costs are integers, denote by K(W) the number of distinct se-
quences u* with costs equal to W. The combinatorial capacity, or the type-I1I combinatorial

capacity of this channel is defined as

of 1. 1
Ci1.comb = limsup W log, K(W). (5.9)

W —oo

Similarly, the type-II probabilistic capacity of this channel is define as

w  H(U)

Ci1,prob = sup

—_—. 5.10
v A(U) 10

In [35], it was proved that the transition probability of the maxentropic Markov process is P;;(Bo)

in equation (5.6), where By satisfies A(Bg) = 1. It was also proved that

Cll,comb = Cll,prob = By. (51 D)

In [13], the author extended the definition of combinatorial capacity to channels with arbitrary
non-negative costs. In [5] and [9], the equivalence between Cyy comb and Cyj prop When the graph

is dense was proved.
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5.2 Finite-State Variable-Length Codes: A Word-Valued

Source Approach

5.2.1 Finite-State Variable-Length Codes

Let X=X X;..., where X; ~ X for all i, be an i.i.d. source with alphabet X = {a,..., 0, }.
We denote by P; the probability of symbol o; and without loss of generality we assume that
P> P, > ... > P,. We use | X| to denote the size of the alphabet and use P(x*) to denote the
probability of any finite sequence x*. A finite-state variable-length code on graph # is a mapping
0:S x X9 — U*. For simplicity and without loss of generality, here we assume ¢ = 1 and we
denote ¢(s;,x;) as yy; j3- The starting state of yy; ;1 is s; and is denoted by start (yy; ;1) Its ending
state is denoted by end (y{,v, j1)- Its length is denoted by L(y{i, j1+)- Throughout this chapter, we

assume this mapping has the following two properties.

e Its subcodebook set 5; = {y; ;, } is prefix-free for all states s;.

e [ <L(yg,j) <L foralls; and x;, where / and L are constants.

The encoding process associated with this mapping, as shown in Fig. 5.2, is defined as follows.
o Start: fixed state 5.
e Input words: sequence x1,x2,x3,. ...
e Output words: codeword sequence yi,y2,v3,... € U*.
e Encoding rules:

yi = O(si—1,%i),
(5.12)

si = end(y;).
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Figure 5.2: Encoding process.

From the encoding rules (5.12), we have

Yi = 0(i-1,%:) = ¢(end(yi-1),xi) = F(yi—1,%i),

si=end(y;) = end(Q(si—1,x:)) = G(si—1,Xi).

(5.13)

These equations suggest that we can define codeword graph o and state graph Gy, which are

closely related to the encoding process, as follows.
e Codeword graph %y = (Vg,,EFR,):
— Vertex set Vi, = {yy; j for all i and j}.
— Edge set ERy = {e = (y(i j1, Vi) Isk = end (ygi 1) }-
e State graph Go = (Vg,,Eq,):
— Vertex set Vg, = S.
— Edge set Ep, = {e = (si,s;)|3xx s.t. s = G(si,x%)) }-

We already assume that A is irreducible, but this does not guarantee that % and G are also
irreducible. Here we provide a way to generate an irreducible subgraph from %y and Gy.

We choose the irreducible component G C G that contains sp (we assume that so always
belongs to one of the irreducible components). Its state and edge sets are denoted by Vs and Eg

respectively. For convenience, we will re-index the elements in Vi as sg, 51,52, . ... The encoding
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process is a Markov process associated with G and transition probabilities
=Y  P. (5.14)

We denote by Tt (s;) the stationary distribution of state s;. Subgraph F C ¥ is built based on the

following rules. Its state set V¢ is
Vi = {y{ij1 = 0(si,x;)| for s; € Vi and all x;} (5.15)

and its edge set EF is

Er ={(gij1 Y)Yk € Ve and sp = end(yy; jy) = end (0(si,x;)) }- (5.16)

We can prove the following lemma, which shows that ¥ is irreducible.

Lemma 5.2.1. The graph F is irreducible. The encoding process is a Markov process associated

with F with transition probabilities

P(yienyyii ) = P(xr). (5.17)

The stationary distribution of states {y; j1 } is

Tr (v 1) = TG (si) P(x;). (5.13)

Proof. We first show that ¥ is irreducible. For any pair of vertices (y(; j1,Vq3) in F, by
definition the ending state of y(; ;1 is s, = end (y{,-’j}) and the starting state of y(; ;) is sx. Both
states are contained in G, which means there exists a path from s, to s;. This implies that there

exists paths from yg; 1 to yg ; and therefore ¥ is irreducible.
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We now calculate the stationary distribution of the encoding process associated with .

lF

The entries of the transition matrix 7r = {t, Y

} satisfy

P(x;) ifend(yg jy) = sk

F _
ty{i,,j}vy{k_,l} - (519)
0 elsewhere.
Consider the vector
Ep =[ng(s1)P(x1),mG(s1)P(x2),- .., WG (s1)P(xu),
(5.20)

76(52)P(x1) .. G(5)P(x;}),s - G (5) P ()],

It is easy to check that the sum of entries in Ef, is 1. Since {n(s;)} is the stationary distribution

of graph G, we have

) TG (si)P(x;) = TG(sk), (5.21)
i,j:end(yy; jy)=sk

and

Z P(xl>J'CG(Si)P(Xj) = TCG(Sk)P(xl) (5.22)
i,j:end(y(; jy)=sk

for any x;. By combining equations (5.19), (5.20) and (5.22), we have
E;Tr = E|. (5.23)

This implies that the stationary distribution of the encoding process is
Tr (v 1) = TG (si)P(x;). (5.24)

This finishes the proof. U

108



5.2.2 Asymptotic Performance

In this subsection, we study the codeword process U. The following theorem, stated

in [15, Exercise 5.5], shows the asymptotic performance of the encoding process associated with

graph F.

Theorem 5.2.2 (Law of large numbers for irreducible Markov chain). For an irreducible Markov

chain with stationary distribution Tg. Let A be a function that satisfies

Z ‘A(y{nj})‘nF(y{i,j}) < oo (5.25)
V(i jyEVF
Then we have
1 n
n Z )= Y AbumE(y) P as (5.26)
m=1 Y{i,jyEVF
for any initial distribution u, where Y1Y> ...Y, is the codeword process. 0

Since L(yy; jy) < L, from Theorem 5.2.2 we have

1 n
. Y L) — ZL Vi, j)F (Vi) ZL(y{i,j})TCG(Si)P(Xj) P,— as.. (5.27)
ij

m=1
By the dominated convergence theorem [15, p.15], we have

E(L) 2 lim ~E(Y (%) = ¥ L0y )T(5)Plx). (528)

n—oo 1
m=1

Given any edge u € U and codeword yy; ;;, we denote by N, (y{,} j}) the total number of occur-

rences of u in sequence yy; ;, 1..,

y{l ]})
y{ld} Z y{”} ],:H:u (529)

Similar to equations (5.27) and (5.28), from Theorem 5.2.2 and the dominated convergence
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theorem, we have

m=1

1 n
= 2 Nul¥n) = XN )T O ) = LNubrp )R () P(xj) - Pu— as., (5.30)
= ij ij

and

def . 1 &
E(N,) = lim ~E( Y, Nu(¥n)) = Y Nulyiijy) %6 (s P(x;)- (5.31)
m=1 Vi j}

5.2.3 Finite-State Word-Valued Source

Introduced in [56], a word-valued source is a discrete random process that is formed
by sequentially encoding the symbols of an i.i.d. random process X with codewords from a
one-to-one mapping. This work was extended to an ergodic and stationary process in [22], and
further to an asymptotically mean stationary process in [73]. In this chapter, the mapping ¢ is a
function of both input symbols and current states. Therefore we refer to the process U, which is
formed by an i.i.d. process and ¢, as the finite-state word-valued source. In this subsection, we
prove theorems regarding the properties of the finite-state word-valued source.

Given an encoded sequence U1 U ... from mapping 0, the probability of sequence u] is

denoted by Q(uf). We are interested in the following limits.

e The asymptotic symbol occurrence probability

N 1
Py = r}gl;lo ;E(Nu(Uln)) (5-32)
e The asymptotic average cost
1
A(9) = lim —E(C(e})) (5.33)
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e The entropy rate
1
H(U) = lim —H(UY}). (5.34)

n—e p

In the rest of this subsection, we will prove that these limits exist and calculate their values.
Define the prefix operator y as u/y =z} for 0 <i < n and u’y = A for i > n. Let y{z*}
denote the set of all the prefixes of a sequence z*. We denote by Gy (i) the set of all sequences

x* € X* such that uf is a prefix of ¢(x*) but not of ¢(x*y). That is,

Go(u7) = {x" € X |uf € {O(")} Alo(x™y)| <n} (5.35)

and the distribution of u} can be expressed as

oW = Y PK). (5.36)

x*€Gy(y))

We define by M,, the minimum length of a sequence x" such that |¢(x]")| > n. Note that

LYan—l <n< Lyan. (5.37)

M, is a stopping rule. Since L(yy; ;1) is upper bounded, we have

lim M,, = oo. (5.38)

n—oo

We can prove the following lemma.

Lemma 5.2.3. For a finite-state variable-length code ¢ : S x X1 — U* associated with graph

F and stationary distribution {Tryy; j = G (si)P(x;)} such that E(N,) < o for all u € U and
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E(L) < oo, the asymptotic probability of occurrence P, is given by

L™
ig of )—>E(L) a.s.,
M, = M,
Ly Ly m, -1
SN 0 ): W) My —E(L) as.
M, M, M,—1 M,
This implies that
i —E(L) as..
M,

Similarly, by combining equations (5.38) and (5.41), we have

— E(N,) as. forallue U.

From equations (5.44) and (5.45), we have

.1 o E(N)
Y}E)Tolo ZNM(UI) = M a.s.,
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(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)



and the dominated convergence theorem implies that

lim %E( Nu(U >>=I%(A,’j‘>)- (5.47)

This finishes the proof. [

Using Lemma 5.2.3, we can derive the asymptotic average cost A(0). We have

A(6) = lim “E(C(u})

n—oo p
. Yurean Qui)C(uf)
e n
) Zu neqn (” ) YueuNu (“1) w(u)
= Jim p (5.48)

Zu’fefun Q(“?)Nu(”’f)
m

The following lemma gives the entropy rate of a finite-state word valued source.

Lemma 5.2.4. For a finite-state variable-length code ¢ : S x X9 — U* associated with graph F

such that H(X) < oo and E(L) < oo, the entropy rate of the codeword process is

qH (X)
H(U) = : 4
]
Proof. For process Y we have
1 lH Y, 1 lH X H(X 5.50
Jim —H(Y") = lim —H(X{") = H(X). (5.50)
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From the definition of the stopping rule, we have
P(Yy™) < (Uf) < P(r™ 7).

Using the same technique as in the proof of Lemma 5.2.3, we have

1 My —log, P(Y™") H(X)
——log, P(Y,"") = — — .S.

1 M,—1—log, Py H(X
_Zlogzp(yllwnfl): n 08> (1 ) ( )

" M1 — E(L) a.s..
These equations imply that
. 1 H(X)
r}grolo—;logz o) = E@) as..

Since we assume L(y{,-J}) > [ >0, we have

1 o
—;long(Ul ) < —ZlogzP(YlM")
1
< ——log, P,
n

= —log, P,.
Therefore, by the dominated convergence theorem, we have

H(U) = lim — B(OUD) = G-

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

]

The expansion factor is defined as the ratio of the expected codeword length to the length

of the input source word, namely

f=E(L)/q.
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Remark 5.2.1. In [56, Proposition 2], the author proved that a finite-state word-valued source
can be regarded as a word-valued source by providing a method that transforms the finite-state
mapping into an one-to-one mapping. Here we give a brief introduction to this method. Given
a finite-state mapping ¢ and an i.i.d. source X, we define another mapping ¢’ : X* — U*. The

codebook 9 of this mapping satisfies the following properties.
e The codeword y' € 9 is the concatenation of codewords from ¢, i.e. y = y1ys...yn, yi €.

e The starting and ending states of y; satisfy start(y;11) = end(y;) # so when 1 < i < n, and

start(y1) = so, end(y,) = 0.

We denote by X’ the corresponding input source, i.e., X' = {x*|0(x*) € 9'}. Since the graph F

is irreducible, ¢’ has the following properties.
e ¢ is prefix-free.
e The codebook 9 is countable.

i Zy’GQ"’P(y/) = 1.

These indicate that the pair (X’,¢’) is a word-valued source with countable codewords. The idea
is also used for constructing shaping codes in [5], where the finite-state graph was transformed
to its memoryless representation. The normalized geometric Huffman code was applied to the
subset of 9 that consists of codewords with length less than N. Its optimality is guaranteed by

letting N — oo, [

5.2.4 Asymptotic Normalized KL-Divergence

Similar to the definition of P,, the asymptotic probability of occurrence of state s € S is

defined as
N 1
P = lim —E(N,(UY)). (5.58)

n—oon
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For every s; € S, let U(s;) C U be the set of edges starting from state s;. It is easy to prove that

Y M) SNg(uf) <Y Nu(uf) + 1 (5.59)
uel ((s;) uel((s;)
This implies that
P,="Y PA. (5.60)
uel(s;)

For the rest of this chapter, we write this equation as P, = ¥, j P, ; for convenience.

Now consider a finite-order Markov process U associated with graph # and transition

probabilities
P,
H __ " 4j
lij = B, (5.61)

Denote by ﬁ(u’f) the probability of a length-n sequence generated by this process. To measure

the difference between U and U, we define the asymptotic normalized KL-divergence as follows.

lim lD(U{l||01"): lim )’ Q(u?)longA(—bt;f). (5.62)
nreen n%mu'l‘e‘ll” P(yl)

The relationship between processes U and U is summarized in the following lemma.

Lemma 5.2.5. The asymptotic normalized KL-divergence between processes U and U satisfies

1 n .
h_I)n ZD(U{’HU{") =H(U)—H(U). (5.63)
Specifically,
H(U) > H(U). (5.64)
O
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Proof. We rewrite KL-divergence as

Q(u'f)
DU U
1|| 1 u;unQ (urll)
(5.65)
= 1Y 0l log, 0(u) — 0(u) ogs Plu).
ufeu"

The first term on the right side of this equation is the definition of the entropy rate of process U.

The second term can be rewritten as

A

P n
_ Z Q l/il 10g2p l/tl Z Q ul 10g2H<P )N”(ul)

no

u eur ule‘ll” ued *Si
P,
= ;l Z Q I/ll Z N I/ll logzp_ (566)
wleu” ueu
=) 10g2 2 Q )Ny (1)
ucU Y, u E‘U"
Combining Lemma 5.2.3 and equation (5.66), we have
1 N
lim —D(U{||UY) log, — lim uy H(U
n=eo 11 ooy = u;u &5 n—>°°n§’an Q(u)Nu(ui) —H(U)
. P,
=— Z P,log, = — H(U) (5.67)
ued Psi
=H(U)-H(U).
Since KL-divergence is non-negative, we have
H(U) > H(U). (5.68)
This finishes the proof. [

Remark 5.2.2. When H(U) = H(U), lim;_,., 1 :D(UT||07) = 0. Therefore, the codeword process

U approximates the stationary Markov process U. [l
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5.3 Optimal Shaping Codes for Finite-State Costly Channel

In Section 5.1.1, we introduced the type-I capacity of the noiseless finite-state costly
channel. In this section, we first analyze shaping codes that minimize the average cost with a
given expansion factor. We refer to this minimization problem as the type-I shaping problem, and
we call shaping codes that achieve the minimum average cost for a given expansion factor optimal
type-1I shaping codes. To calculate the minimum possible average cost, we solve the following
optimization problem.

minimize leuijw(uij)
P

ujj ij
P, H(X
subjectto  H(U) ZPMU log, o > ; )
g i P (5.69)
Z Wji — ZP”l/
J
Y P =1
ij
The Lagrange Multiplier of this optimization problem is (§ > 0)
P, H(X
LM = Z ul] uz] Z u,]10g2 - ( ))
Lifu S (5.70)
+Z:uj(2ﬁuji - Zpuij) + a’(zpuij —1),
J J J ij
and
LM
— = w(u;;) +Plog, —F2— +u; —u; + 0. 5.71
3 P, (ui5) + Blog, By, Mi — Mj ( )
The Karush-Kuhn-Tucker (KKT) conditions [11] require that
oOLM
=0 foralli,j, (5.72)
aPul]
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Py, H(X)
0 log ”’f ) =0, (5.73)
Z TR Y By, f
Y b= Zﬁuu for all j, (5.74)
J J
Y P =1 (5.75)
One special case is when w(u;;) = —p; +p; — o for all 7, j. Under this condition, we have § =0

and the average cost of this code is

A(¢) = Zﬁuu(_:ui +uj— O(')
ij
= Zﬁu,’j;uj _Zpu,‘j:ui -
ij ij
“TuLh,LaTA
J 1 l J

=Y wif, =Y b, —a=—o.
j i

(5.76)

The optimization problem (5.69) then becomes trivial. Later we will show this condition plays an
important role in the analysis of the type-II capacity. Here we assume that the set {w(u;;)} can’t

be represented by —u; + u; — o.. Then we have B # 0 and the KKT condition (5.73) becomes

A ﬁu H X A,
ij Y Pu; !

H(X)
f

=H(U). (5.77)

Given the one-step cost-enumerator matrix D(B) introduced in equation (5.5), we denote by
A(B) its Perron root and by E; = [P, /vi],Eg = [vi] the corresponding eigenvectors. Ej, and Eg
are normalized such that E;Eg = 1. Using the same technique that is used in the proof of [32,

Theorem 1], we know that the optimal distribution {f’uij} that minimizes the average cost is

N Ps,- 2—Bw(uij)

Py, = V_z A(B) Vjs (5.78)
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where B is the solution of the equation

H(X
Z i logz): 5 = H(U) :%. (5.79)
J 5 uij

The minimum average cost is

P,
) _ logyvj—log,vi —log, 5+ —log, M(B)
Amin(f) = Zpuijw(uij) = ZPMi./ B -
1] 12 (5.80)

N

_ ZiPulon 5t jog,nB)  H(D) logM(B) H(X) log,A(B)

B B B B Bf B

If u;j = —y; +pj — o, any setting of P that satisfies the constraints in (5.69) also satisfies
the KKT conditions. To summarize, we have the following theorem regarding the achievable

minimum average cost of a shaping codes on noiseless finite-state costly channel.

Theorem 5.3.1. When edge costs {w(u;;)} cannot be represented by w(u;;) = —u; +uj — 0, the

average cost of a type-1 shaping code ¢ : S x X1 — U* with expansion factor f is lower bounded

by
5 H(X) log, M(B)
Amzn(f):izj,Pu;jW(uij): B "B (5.81)
where
R ﬁ.2wa(u,~)
i = i (5.82)

Vi )\,(B)
M(B) is the Perron root of the matrix D(B) = {278%i)}, E; = [P, /vi] Eg = [vi]" are the
corresponding eigenvectors such that EfEg = 1, and B is the constant such that

Z 271022 P —H(U) = @ (5.83)

If w(uij) = —ui +uj — o for some {w(u;j)} and o, the average cost for any shaping code is a

constant —0L. L]
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Remark 5.3.1. When the minimum average cost is achieved, we have H(U) = H(U). As shown
in Remark 5.2.2, the codeword sequence approximates a finite-order stationary Markov process
with transition probabilities {P,, i/ Py}, in the sense that

1 A
lim —D(U||07) = 0. (5.84)

n—eoon

]

Using Theorem 5.3.1, we study shaping codes that minimize average cost per source
symbol, which are closely related to the type-II channel capacity introduced in Section 5.1.2. The

total cost of a shaping code is

T(6) = lim E(C(¢(X")))

n—oo nq
o Ry BN (Y1) W)
= 11im

n—oo nq A 5 85)
_ Xy BNy )wuij) Yy Py B(L)w(uij) ©

q q
:fzﬁuijw(”ij)-
ij

We refer to the problem of minimizing the total cost as the type-II shaping problem. Shaping
codes that achieve the minimum total cost are referred to as optimal type-1I shaping codes. The
corresponding optimization problem is as follows.
minimize f Zﬁuijw(u,- i)
Py f ij

subject to  H(U) > H(U) =
(5.86)
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We divide this optimization problem into two steps. First we fix the expansion factor. The
minimum achievable total cost of a shaping code with fixed expansion factor is Tiin(f) =
SfAmin(f). This is already solved in Theorem 5.3.1. Here we study Thn(f) and determine the
optimal expansion factor.

It was shown in [35] that the Perron root A(B) is continuous, monotone decreasing and
log-convex. However, a sufficient condition for A(B) to be strictly log-convex was not carefully
studied. For example, the Perron root of the following matrix

2—23 2—B

D(B) = (5.87)
2733 2723

is A(B) = 272B+! which is not strictly log-convex. The following lemma shows a sufficient
condition for A(B) to be strictly log-convex.

Lemma 5.3.2. If edge costs {w(u;;)} cannot be represented by w(u;;) = —u; +u; — o, A(B) is a

strictly log-convex function.

Proof. To prove Lemma 5.3.2, we need the following two lemmas.

Lemma 5.3.3. The following two statements are equivalent:
1) w(uij) = —pi+uj— o for some {y;} and a.

2) If two different paths from state s; to state s; have the same length, their costs are also the

same.

Proof. (=) The proof that 1) imples 2) is trivial. For any path s; = s, = s, — ... = 8k, — 5},
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its cost

C= uj, +tppy+ ..+, k, + Uk,
= M+ Mg — 0= Mgy gy — O — U, Mg, — O g, T — O (5.88)

= —pit+ui—(n+2)a

is a function of path length. (<) First consider a cycle £; that starts and ends at state s;. Assume

that this cycle has length m and has cost Cy, and define

oo S (5.89)

m

For any cycle £; that starts and ends at state s; with length m’, denote by C; its cost. Consider the

following two paths that start from s; and end at s;.
e Go through £; m' times, then go from s to s;.
e Go from s; to s; using the same path, then go through £; m times.

These two paths have the same number of steps, thus they have the same cost. Therefore we have

m'Cy =mC; = C; = —mi' O (5.90)

This implies that any lenghth-m cycle in the graph has cost —ma.
Assume that y; = 0. Now consider paths that start from state s and visit its neighboring

states Sq,,8q,,- - .. We can define

Ua; = w(u1g;) + 11 + O (5.91)

The paths then visit states sp,, 55, , . .., which are neighbors of s, and have not been visited before.
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Similarly, we can define

Mp; = w(uaibj) + Ug; + O (5.92)

Since this graph is irreducible, we will eventually visit all states. Denote by L{ the path that starts
from state 1 and ends at state i and assume the length of this path is n;. By definition, the cost of
this path is —uy +u; — n;o. For any edge u;;, denote by L} an arbitrary path from s; to sy with

length n;. L{ and L} form a cycle with length n; + n; Therefore the cost of L} is
—(nj+nl)ou— (—p +pj—njo) = —pj+p —njo. (5.93)
L, L} and u;; form a cycle with length n; +n',+ 1. Therefore its total cost is —(r; +n’;+ 1)a and

W(u,-j) = - (l’li+n/j+ ot — (—uy +ui — niot) — (—,Llj + —n}oc) (5.94)

= —Mitp;—O0.
This finishes the proof. [
The next lemma is stated in [71, Theorem 1.37].
Lemma 5.3.4. If an irreducible matrix D(B) = {d;;j(B)} satisfies the following two conditions:
e every entry d;j(B) is either a constant 0 or a non-negative log-convex function,
e at least one entry is a strictly log-convex function,

then its Perron root A(B) is strictly log-convex. O

Since {w(u;;)} can’t be represented by —u; +u; — o, by Lemma 5.3.3, there exists at least
two length-n paths from s; to s; that have distinct costs for some n. The (i, j)th entry of the matrix
D(B)" has the form

diy =278 4 278G 4 42780 (5.95)
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BC,

where 27 ”** represents a length-n path from s; to s; that has cost Cy. The second-order derivative

of log,(dj;) is
d2 logy(df;) 2%, \(Cy— C,)?2 - BCHC)
dB? - (L2 BC:)2

(5.96)

d*log, (t7)

Since Cy # C, for some x,y, we have i

> 0 and therefore d7; is strictly log-convex. Then
by Lemma 5.3.4, the Perron root of D(B)", which is A(B)", is strictly log convex. This implies

that A(B) is strictly log-convex. O

We first assume that {w(u;;)} can’t be represented by —u; + u; — o.. Equation (5.80) can

be written as
Amin(f) = E ﬁuijw(uij>
ij
ﬁsi w(uij)Z*BW(”ff)

=) — Vi 5.97
= Vi K(B) J ( )
L
A(B)In2 °
Since Ey is the left eigenvector, we have
E;D(B) =MB)EL,
(5.98)
dE; dD(B) dA(B) dE;
——D(B)+E = E; +AMB)—=.
ag PB) T EL =g ag L TMB) g
Multiply Er to both sides of the equation, we have
dE; dD(B) dA(B) dE;,
—DB)ErR +E,———Er = ——E;Er + AM(B)—E
a PBVER+EL—=3p=Ek = =35~ ELER + MB)- 35 Bk,
dE|, dD(B) dA(B) dE;,
—MBER+E,————FEgp = ——= B)—E 5.99
dB()R+LdBR dBJrM)dBR’ (5.99)
dD(B) dA(B)
Ej——LEg = —2,
dB dB
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Combine equations (5.97) and (5.99), we have

A
w5 __dlog)M(B)

(B)In2 dB

Amin(f) = 5 (5.100)

Therefore the first-order derivative of H(U) is

dH(0)  d(BAmin(f) +1og, M(B))
dB dB
A dAmin(f) | dlog, A(B)
- Amln (f) +B 4B —+ 1B
d’log, A(B)
dB?

(5.101)

= Amin(f) —B

d?log, M(B)
dB?

- Amin (f)

- B <0,

and
44X -
df _ Tu@ __ H(X) dH(U)
B dB  H(0)? dB
BH(X) d*1og, M(B)
H(0)?2  dB?

Combining equations (5.100), (5.101) and (5.102), we have

(5.102)

dTmin (f) _ df ) dAmin(f)
dB —ﬁAmm(f)"i_f dB
H(X) dH(U) dlog, M(B) H(X) d’log, A(B)

THO)? 4B dB  H(O) dB? (5.103)

)2
H(X) d*log, A(B
:‘H<(ﬁ>)2 e g, M(8).

Since A(B) is strictly log-convex, by combining equations (5.102) and (5.103) we have

dTwin(f) _ —logy M(B)
df B '

(5.104)

Starting with B = 0, since we assume graph # has positive capacity and D(0) is the adjacency
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matrix of #{, we have A(0) > 1 and Yt/ |, ;. < 0. The minimum of Tin(f) will be achieved

when A(B) = 1. Here we prove the following lemma, which shows the condition under which

A(B) = 1 is achievable.

Lemma 5.3.5. A(B) = 1 is achievable if and only if the graph # does not contain a cost-0 cycle.
If such a cycle exists, \(B) > 1 when B > 0.

Proof. 1f there is a cost-0 cycle, denote by S= {si,,Si,,--.si, } the set of states that are on the

cycle. Each edge on this cycle has cost w(u;,;,,,) = 0 and therefore d;,;,,, = 2 Butipiy = 1,

Consider the rows iy,i2,...,i, of D(B). From D(B)Egr = A(B)Eg we have

Y dijvj=MB)v;
7
= Vi, T Y, dijvi=MB)v;,
JFikg (5.105)
Vi Hiy = A(B)vi,

=
vil +Iin = 7\’(B>vin

Assume that except for u;,;,_, there is an edge that connects s;, with another state that is not
included in S. This edge always exists, otherwise, the graph is not irreducible or has capacity 0.

Then we have [;, > 0. By adding up equations (5.105) for all s;, € S, we have

Y i+ Y I, =MB) Y vi,. (5.106)
k k k

Since Y I;, > 0, A(B) > 1 for any B > 0.
If no cost-0 cycle exists, we consider the matrix D(B)|5 +1, which represents all length-
|S| + 1 paths in . Each path contains a cycle and therefore has a positive cost. This implies that

for B sufficiently large, every row sum of D(B)|5 +1 s strictly less than 1 and

MBI < 1= A(B) < 1. (5.107)
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Since A(B) is continuous, monotone decreasing and A(0) > 1, there exists a B > 0 such that

A(B) = L. O

Remark 5.3.2. From equation (5.104), we know that if there is a cost-0 cycle, Tin(f) is a

monotone decreasing function. Therefore no global minimum can be reached. [

Remark 5.3.3. [13] and [62] assumed that the cost of any sequence with length [ > |$| is strictly

positive. Since there is a cycle inside any sequence with length > | 5|, it is easy to check the above

requirement is equivalent to the no cost-0 cycle condition in Lemma 5.3.5. [

Suppose u;; = —u; + pj — o for some {y;} and 0. Since the average cost of the shaping

code is a constant, minimizing total cost is equivalent to minimizing the expansion factor. Since

> H(AX), (5.108)

/= U

_HX)
U

this is equivalent to maximizing H (fJ) without average cost constraint. This is solved in [32,
Theorem 1]. The results rely on matrix D(0) and the minimum total cost is

H(X)

Tmin -

Assume that A(By) = 1 for a given By. We will show that D(0) and D(By) deliver the
same result, so we don’t need to consider this special case separately. Entries of matrix D(By)

have the following forms:

dy(Bo) = 2-0) = % .110)
uj
where u; = 2B0%i and x = 280, The left and right eigenvectors of D(By) are
EL(B()) = [p;/vl] ER(B()) = [V,‘]T. (5.111)
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Construct vectors

Ep = [Piui/vi]  Ep=[vi/u]’ (5.112)

based on equations (5.110) and (5.111). It is easy to check that
/ 1 / !/ 1 /

This implies that E; and Ej are the left and right eigenvectors of D(0) and the Perron root

A(0) = % Thus the optimal occurrence probability and minimum total cost when B = 0 are

A A0 A
Ps,- 2 Vj_Psiu,'K

= L= Sy,
w MO uj — vi uj (5.114)
p*
— &2—30W(uij)vj7
Vi
and
H(X H(X
T(0) = X) ,_HX) (5.115)

— o=
log, A(0) By ’
respectively. To summarize, we have the following theorem that determines the minimum

achievable total cost of a shaping code.

Theorem 5.3.6. If the cost-0 cycle does not exist, the minimum total cost of a type-II shaping

code ¢ : § x X9 — U* is given by

5 H(X
Tonin = f* )P w(uij) = %, (5.116)
ij
where
R
i (5.117)

Vi

B* is a constant such that M(B*) = 1, and Ey, = [P} /v;] and Eg = [v;]" are the corresponding
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eigenvectors such that E; Eg = 1. The corresponding expansion factor f* is

H(X H(X
fr= (X) B A( ) ) (5.118)
- Fiy BBy wluij)
- Zl] Pu,-j logz pv* Y
If there is a cost-0 cycle in H, the total cost is a decreasing function of f. 0

Remark 5.3.4. Theorem 5.3.6 is an extension of results in [9], [13, Proposition 2.1.] and [35,
Theorem 5.1.]. In particular, we establish the relationship between the expansion factor of a
type-II shaping code and its minimum possible total cost. We study the one-step cost-enumerator
matrix D(B) and find a sufficient condition for its Perron root to be a strictly log-convex function
of B. We also study the special case when there is a cost-0 cycle in the graph, in which no global

minimum can be reached.

Example 5.3.1. The one-step cost-enumerator matrix for the SLC flash memory channel intro-

duced in Example 5.1.1 has the form:

2-B 2B 0

0 0 2—4B 2—4B
D(B) = . (5.119)
2728 273 0 0

0 0 24 4B

It is easy to check that A(0.3856) = 1, and the corresponding left and right eigenvectors are

E; =[0.7788,0.5961,0.3117,0.3117],
(5.120)

Eg =[0.7243,0.2899,0.5544,0.2899] .

The optimal symbol distributions that minimize the total cost are shown in Table 5.2. [

Example 5.3.2. Another application of shaping codes is in the area of DNA synthesis [41]. The

time of encoding a nitrogenous base (A, C, G, and N), which can be treated as cost, depends on

130



Table 5.2: Optimal symbol occurrence probabilities for flash memory channel.

u 000 001 010 011 100 101 110 111
P, 04318 0.1323 0.1135 0.0593 0.1323 0.0405 0.0593 0.0310

the last encoded nitrogenous base. The edge costs are shown in Table 5.3. Suppose the input is a

Table 5.3: Cost table of DNA synthesis.

Last Encoded DNA symbol
A C G N
Encodi A 4 1 2 3
neodng ¢ 3 4 1 2
DNA N 4
symbol G 3 1
N 1 2 3 4

uniform binary i.i.d. source. By Theorem 5.4.1, the minimum total cost is achieved when

AM(B) = 1= B=0.9468, (5.121)

and

B~ 09468 1.0562. (5.122)

Notice that the symbol costs in each column of Table 5.3 are the permutation of {1,2,3,4}. This
implies that we can design a code for this channel by using a shaping code for a memoryless
costly channel. Consider a size-4 alphabet Q with independent symbol costs 1, 2, 3, and 4. Given
a sequence generated by this alphabet and a starting nitrogenous base, we can define a mapping
that translates it into a DNA sequence by treating symbols as the differences. For example, if the
staring base is A and the first symbol has weight 3, then the next base is C. Similarly, if the next
symbol has weight 2, then it will be translated as base N. In [46], it is proved that Varn codes are
asymptotically optimal shaping codes for uniform i.i.d. sources. By combining a Varn code with

the above mapping, we construct an optimal shaping code for the DNA synthesis. [
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5.4 Optimal Shaping Code Design

The DNA synthesis channel in Example 5.3.2 is a special channel, in the sense that the
graph is fully connected and {w(u;;)|u;j € U(s;)} = {1,2,3,4} for all starting state s;. In this
section, we consider the general problem of designing optimal type-I and type-II shaping codes.
First of all, we prove a lemma stating that any type-II shaping problem can be converted to a
type-II problem on a modified costly channel, where the edge costs are the logarithm of some
probability distribution. We then prove the theorems that establish the equivalence between
type-I and type-II shaping codes. The rest of the section is on designing asymptotically optimal
shaping codes for noiseless finite-state costly channels and arbitrary i.i.d. sources. We propose
the generalized Varn code for a uniform i.i.d. source and prove its optimality. We then prove a

separation theorem that extends generalized Varn codes to arbitrary i.i.d. sources.

5.4.1 Equivalence Theorem

We consider the channel with modified edge costs

A

2.9
w (i) = —1og2§, (5.123)

Si

where p;ij,f’s*i are given in Theorem 5.3.6. Its one-step cost-enumerator matrix is D'(B) =
{d;(B)} = {27B"'()} Tt is easy to check that M'(1) = 1, Ef(1) = [1] and E] (1) = [P;]. This
implies that the optimal type-II shaping codes on the modified channel are also optimal on the
original channel, in the sense that the symbol occurrence probabilities {2, . j} are identical and the
minimum total cost is achieved. We can prove the following lemma, which show the equivalence

between type-II shaping codes for channels with different edge costs.

Lemma 5.4.1. Given a noiseless finite-state costly channel with edge costs {w(u;;)}, consider a
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modified channel with edge costs

A

*
lzll‘j
A

w'(u;j) = —log, = B*w(u;j) +logy vi —log, v, (5.124)

Si

where 13,21,,13;, vi and B* are calculated in Theorem 5.3.6. If there exists a shaping code ¢ :

S X X1 — U* such that

Y Puw (wij) —H(X) < 8 (5.125)
ij

for some & > 0, the total cost of this code on the original channel satisfies

. HX) &
fiZquijW(uij) — e <3 (5.126)

Proof. For the modified channel, we have

FY Puw (wij) = Y Pu;(Bw(uij) +logy vi—logy v;)
ij i
=B fY Py w(uij) + [ Py, (logyvi—log, v;) (5.127)
ij ij

= B*fzpu,-jw(uij)-

ij
Therefore the total cost on the original channel satisfies

H(X) _ SLijPuyw (uij) —H(X) 8

Y Pugwluif) = = I <o (5.128)

ij
This finishes the proof. [
Remark 5.4.1. The idea of creating a modified channel with edge costs {w'(u;;) = —log, P;;} was

also used in [26]. The authors showed that an optimal type-II shaping code generates a codeword
sequence that approximates a stationary Markov process with transition probabilities {P;;}. The

criterion for optimality was the vanishing of a form of normalized conditional Kullback-Leibler
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(KL) divergence between a subset of codewords of fixed length and words generated with the

target Markov process, asymptotically in the block length. [
The next two theorems establish the equivalence between type-I and type-II shaping

codes.

Theorem 5.4.2. Given a noiseless finite-state costly channel with edge costs {w(u;;)}, consider

a modified channel with edge costs

"U>

Ujj

P,

w(uij) = —logy —=~ = Bw(u;;) +1og, vi —log, v; +log, A(B), (5.129)

1

where ﬁui‘i,ﬁsi, vi and B are calculated in Theorem 5.3.1. For any y,m > 0, there exists a & > 0

such that if there exists a shaping code ¢ : S X X9 — U* with expansion factor f’ such that
Z W (i) — H(X) <8, (5.130)

the average cost of this code on the original channel is upper bounded by

N H(X | AMB
Y2 wluig) — ( B(f>— ngB( )y <y (5.131)
ij

and the expansion factor of this code f’ satisfies |f' — f| <.

Proof. The optimal type-II shaping code on the modified channel has expansion factor f* = f and
total cost Tinin = H(X). From equation (5.104), we know that Tnin (f') = f' Y5 ISI-/J-W/ (uij) is con-
tinuous, monotone decreasing on [H (X)/log, A(0), f*) and monotone increasing on [f*, o). This
is shown schematically by the green curve in Fig. 5.3. For any v, > 0, let 1 = mln{n, 57 B f(}z)}

Then there exists a & > 0 such that if there exists a code such that

Z o (i) —H(X) < 8, (5.132)
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Total Cost Te(¢)

Expansion Factor f

Figure 5.3: Achievable total cost vs. expansion factor.

as indicated by the blue area in Fig. 5.3, the expansion factor of this code |f' — f| <n’ <m. By

combining equations (5.127) and (5.132), the average cost of this code on the original channel

satisfies HX)
BZPI:,]W(MU) +10g2 7\«(3) — T < ?
ij
(5.133)
. H(X)+9d log,A(B)
= iZquijW(uij) < Bf' - B .

Let 8 = min{?/, BTfY }. If there exists a shaping code with total cost upper bounded by H (X) + 9§,

the average cost of this code on the original channel satisfies

lzj:ﬁbltijw(uij) < H(g}f o logzﬁ &)

- H(X)+8 log,A(B)

B(f—n') B

HX) HX) n 6  log,A(B) (5.134)
Bf ' Bf f-n B(f-7) B
HX) H(X)2n" 238 log,A(B)
‘Bf ' Bf f Bf B
H(X) log,A(B)
Bf B

135



This finishes the proof. [

Theorem 5.4.3. Given a noiseless finite-state costly channel that doesn’t contain a cost-0 cycle.
Denote by B* the constant such that A(B*) = 1 and by f* the expansion factor of an optimal type-
Il shaping code. For any y > 0, there exists 8,M > 0 such that if a shaping code ¢ : S x X1 — U*

with expansion factor f' satisfies
Y Piwluig) = Awin(f) <8, |f' = f*1 <, (5.135)
ij

the total cost of this code satisfies

N H(X
Y Puwluij) — zg*) <. (5.136)
ij
Proof. We first study the properties of
L () — A H(X) (5.137)
mll'l(f)_ mln(f)_BTf .
The first derivative of Iy (f) is
dhin( ) _ 8 B Toin(f) — H(X)
df f B*f?
__logyMB)  H(X) | logyMB)  H(X) (5.138)
Bf Bf? Bf B*f?
CHX), 11
= 5B

Therefore Inin(f) is continuous, monotone decreasing on [H(X)/log, A(0), f*) (or B € [0,B*)),

continuous, monotone increasing on [f*, o) (or B € [B*,)) and

H(X) logA(B*) H(X)
B*f* B B* B B*f* -

Inin(f)|B=p* = (5.139)
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This implies that for any 0 < &' < %, there exists an’ > 0 such that if | f/ — f*| <1, Inin(f') <
&. Let 6 =&, m =min{n/, f*/2}. If there exists a shaping code such that |f" — f*| <,

Zz/ uij (”ij) — Amin(f’) < 3, we have

H(X) 2y +H(X)

ZP/ w(uij) < 8+Amin(f') <8+8 + B < 3p g (5.140)
The total cost of this code satisfies
H(X
fZP/ ulj f +T])3Jl+%
(5.141)
HX) |
T Y.
This finishes the proof. [

5.4.2 Generalized Varn Code

In this subsection, we propose an asymptotically optimal type-II shaping code for uniform
i.i.d. source. Our scheme was inspired by Varn codes, which were proposed in [78] and were
used to construct shaping codes for memoryless costly channels in [48]. Given a uniform i.i.d.
input source X, a generalized Varn Code on the noiseless finite-state costly channel is a collection
of tree-based variable-length mappings ¢ : § x X7 — U*. Denote by 9} the set of codewords
starting from state sz, namely

= {O(sg,x?)|x? € X1} (5.142)
Codewords in 9} are generated according to the following steps.
e Set state s; € S as the root of the tree.

e Expand the root node. The edge costs {w'(uy)} are defined in Lemma 5.4.1. The cost of a

leaf node is the cost of the path from root node to the leaf node.
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e Expand the leaf node that has the lowest cost.

e Repeat the previous steps until the total number of leaf nodes M > |.X|4. Denoting by Uy
the largest outdegree in #, we have M < |X |7+ Uy. The cost of the leaf code is denoted
by C,’jl, 1 <m < M. Delete the leaf nodes that have the largest cost until the number of
leaf nodes equals to |.X|9. Each path from the root node s, to the leaf node represents one

codeword in 9.
The following lemma gives an upper bound on the total cost of the generalized Varn codes.

Lemma 5.4.4. The total cost of the generalized Varn code ¢ : S x X9 — U* is upper bounded by

l M 7 / 17
T(¢)§ ng +maX]{W (I/t])}
q q (5.143)
— log, | X| as q — oo.

Proof. For the tree that generates 9, we consider the internal node that was the last one to be

expanded and suppose it has cost Cikm. The cost of any leaf node is larger than Ci’;t, SO

ck >ck.. (5.144)

Since this internal node is the last one to be expanded, its cost is greater than that of any other
internal nodes, implying

Ck <k, +max{w(u;j)}. (5.145)
%)

By definition, }; 2= (uij) — 1 for all i, therefore we have

M k
Y 27 =1 (5.146)
m=1
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Combining equations (5.144) and (5.146), we have
1=Y 2% <m2 G =k <log,M. (5.147)
i

nt —

Equation (5.145) then implies that
ck < K, +max{w'(u;;} <log, M +max{w'(u;;)}. (5.148)
] 1

Since all codewords are upper bounded, we have

max{C,’;} < log, M N max; i {w'(u;;)}
a 4 q (5.149)
— log, | X| as g — oo.

T(0) <

]

Remark 5.4.2. By extending some leaf nodes to states that are not visited by the original code,
we can make graph Gy a complete graph. Then we can choose any state as the starting state.
This operation only adds a constant to the cost of a codeword and therefore doesn’t affect the

asymptotic performance of the generalized Varn codes.

Remark 5.4.3. In [61], the author showed that Varn codes and Tunstall codes [75] are identical
under certain conditions. This revealed the dual nature between shaping code for noiseless costly
channel and source coding. Tunstall codes have been extended to design variable to fixed-length

codes for Markov sources. For more details, see [63] and [74].

Example 5.4.1. For the SLC flash memory channel introduced in Example 5.1.1, the modified
edge costs are shown in Table 5.4. We construct generalized Varn codes with different codebook
sizes. The total cost for each 9% is shown in Fig. 5.4 and the total cost on the SLC flash channel

as a function of codebook size is shown in Fig. 5.5.
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Figure 5.4: The total cost of the subcodebooks of a generalized Varn code on the modified
channel with different starting state.
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Figure 5.5: The total cost of a generalized Varn code on the original SLC flash memory channel
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Table 5.4: Modified cost for flash memory channel.

u 000 001 010 011 100 101 110 111
C(u) 0.3805 2.0923 0.6068 1.5423 0.3855 2.0923 0.6068 1.5423

5.4.3 Separation Theorem

We now present a separation theorem for type-II shaping codes. It states that the minimum
total cost can be achieved by a concatenation of optimal lossless compression with an optimal

type-II shaping code for a uniform i.i.d. source.

Theorem 5.4.5. Given an i.i.d. source X and a noiseless finite-state costly channel with edge
costs {w(u;;)}, the minimum total cost can be achieved by a concatenation of an optimal lossless

compression code with an optimal type-II shaping code for a uniform i.i.d. source.

Proof. The proof is similar to the proof of Theorem 3.3.4. The only difference is that the inner
code of the concatenation, which was a modified Varn code, is replaced by the generalized Varn

code introduced in Section 5.4.2. O]

By combining Theorems 5.4.5, 5.4.2 and 5.4.3, we can conclude the separation theorem

for type-I shaping codes.

Theorem 5.4.6. Given the i.i.d. source X, the noiseless finite-state costly channel with edge
costs {w(u;;)}, and the expansion factor f, the minimum average cost can be achieved by a
concatenation of an optimal lossless compression code with a binary optimal type-I shaping code
for uniform i.i.d. source and expansion factor

S

f = TS (5.150)
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5.5 Markov Distribution Matching Code Design

Given the target transition probabilities {P;;}, Markov distribution matching (MDM)
considers the problem of mapping an i.i.d. sequence of source symbols to an output sequence of
symbols that approximates a finite-order Markov process with transition probabilities {P;;}. An
optimal MDM code must satisfy two conditions: the codeword sequence has symbol occurrence
probabilities {Isuij} such that ﬁuij /ﬁs,» = P, and the output sequence looks like a finite-order
Markov process. We measure the performance of MDM code using the asymptotic normalized
KL-divergence defined in Lemma 5.2.5.

It has been shown in Theorems 5.4.2 and 5.3.6 that an optimal shaping code generates an
output sequence that approximates a Markov process with transition probabilities {Pui i / I3S,. },in
the sense that lim,,_,c %D(U (|07 = 0. This implies that we can solve the distribution matching
problem by designing a corresponding shaping code. In this section, we consider the problem
of designing optimal MDM codes. We first formulate the problem of generating a finite-order
Markov process and then show the connection between MDM codes and shaping codes. We then

propose a generalized expansion factor to measure the performance of a MDM code.

5.5.1 Problem Formulation

We use the asymptotic normalized Kullback-Leibler divergence to formally define an

optimal MDM code ¢ for transition probabilities {P;;}.

Definition 5.5.1. A finite-state variable-length code ¢ : § x X? — U* is an optimal MDM code

for transition probabilities {P;;} if

1 ~
lim —D(U}||UT) =0, (5.151)
n—oo
where U is a finite-order Markov process with transition probabilities {P; it [l
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By combining equation (5.56) and Lemma 5.2.5, we can prove the following lemma.

Lemma 5.5.1. The expansion factor of a shaping code satisfies the lower bound

X)
- 5.152
0) ( )

with equality if and only if lim,_,. :D(U||U}) = H(U) — H(U) = 0. When f = H(X)/H(0),

this code is an optimal MDM code for transition probabilities {ﬁuij /B ) ]

As in the derivation of (5.67) in Lemma 5.2.5, we find

N NP ;
D(f) = lim —D(U!||U}) = —ZP,,,U. log, P;j — H(U)

n—oon ij
. 5.153
A H(X) _fZij Pblij log, Pij— H(X) ( )
:—ZPul.jlogzPU— = : .
ij f f
From Theorem 5.3.6, we know that for a channel with edge costs {w(u;;) = —log, P;;}, the

minimum total cost is Ty, = H(X). The shaping code that achieves this lower bound has the

following two properties.
e The probability of occurrence ISMU of symbol u;; satisfies ISMl. ; / Issi = P;; for all u;;,

e The normalized KL distance between U and U satisfies

1 N
lim —D(U{||UT") = 0. (5.154)
n—oo
This implies that this code generates a sequence that approximates a finite-order Markov process
with transition distribution {P;;}. This analysis also implies the expansion factor of an optimal
MDM code. We have thus established the following relationship between optimal shaping codes

and optimal Markov distribution matching codes, extending the result in [26].
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Theorem 5.5.2. The optimal type-1I shaping code with edge costs {w(u;;)}, or the equivalent

type-1 shaping code from Theorem 5.4.2, is an optimal MDM code for transition probabilities
P} if
w(uij) = —log, P;; (5.155)

for every symbol u;j, in the sense that

1
lim —~D(U}||07) = 0. (5.156)

n—oo 1
The expansion factor of this optimal MDM code is

H (X)
Zz uij log, P, ij '

= (5.157)

]

Remark 5.5.1. In [68, Section 6.2.2], Soriaga considered the case where system requirements
dictate that the expansion factor of the MDM code encoder cannot exceed fy, where fo < f*. In
such a case, the code cannot be an optimal MDM code for target probabilities {P;;}. We can try
to approximate an optimal MDM code by designing a code with f < fj that minimizes D(f).
Denote by Dpin(f) the minimum achievable normalized KL-divergence when the expansion

factor is upper bounded by f. By comparing equations (5.137) and (5.153), we have

rlglin{D(f)} = Inin (f), (5.158)

Lll‘j

where Inin(f) = Amin(f) — H(X)/f, Amin(f) is the minimum average cost of a type-I shaping
code with expansion factor f and edge costs {w(u;;) = —log, P;;} (B* = 1). Since Inin(f) is

monotone decreasing on [H(X)/log, A(0), f*), we can conclude that the minimum achievable
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normalized KL-divergence when f < fo < f*is

HX) logA(By) _H(X)
By fo By fo '

Drin(fo) = Imin(fo) = (5.159)

where By is associated with an optimal type-I shaping code with expansion factor fy. Based on
the equivalence theorem we can extend the result in [68, Section 6.2.2] by concluding that this

code is an optimal MDM code for transition probabilities {15,9”, / 133} [l

5.6 Generalized Expansion Factor

5.6.1 Motivation and Definition

The relationship between optimal shaping codes and optimal MDM codes was established
above. The total cost of the shaping code suggests an alternative performance measure for a
MDM code which will be useful when analyzing the optimality of a shaping-based MDM code
construction and in proving a separation theorem for MDM codes. Specifically, we define the

generalized expansion factor of a finite-state variable-length code as follows.

Definition 5.6.1. Given an irreducible graph #, a set of positive real numbers {P;;} that are
assigned to graph edges U that satisfy ). ; P;; = 1 for all / and a finite-state variable-length code
0 : S x X9 — U* on the graph, the generalized expansion factor of this code is defined as

Zij puij log, P;j

o2, 1(0) (5.160)

where f is the code’s expansion factor, {puij} is the asymptotic symbol occurrence distribution of

the codeword prosess, and A(0) is the Perron root of the adjacency matrix of graph #. [

For simplicity, we sometimes use F to represent F (¢, Py, ..., P,). The following theorem

shows that F' can be used to evaluate an optimal MDM code.
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Theorem 5.6.1. Given a variable-length code ¢ : S x X9 — U* and a set of positive real numbers

{Pij} such that Y, jPij =1 for all i, the generalized expansion factor of this mapping is lower

bounded by
H(X)
F(o.P::) > ) 5.161
If F = bgz(%, this mapping is an optimal MDM code for transition probabilities {P;;}. L]
Proof. Assume symbol u;; in the codeword sequence has cost {w(u;;) = —log, P;;}. The total
cost of this mapping is
T(0) = f Y Puywluij) = —f Y Pu;log, Pij. (5.162)
i i
Comparing equations (5.160) and (5.162), we have
T(9)
F(o,Pj) = ———. 5.163
(q)7 lj) 10g2 7\’(0) ( )

This indicates that GEF of a MDM code is equivalent to its total cost when applying it to a
finite-state channel with edge costs {w(u;;) = —log, P;;}. From Theorem 5.3.6, we know the

total cost of a type-II shaping code satisfies the lower bound by

H(X)

T(0) = — (5.164)
where B* is a constant such that A(B*) = 1. Since w(u;;) = —log, P}, it is easy to check that
B* =1 and

T(9) H(X)
F(0,P;) = > . 5.165
)= G0g,(0) = ToeaA(0) o169

When the minimum GEF is achieved, this code is also an optimal type-1I shaping code. Theo-
rem 5.5.2 then implies that this code is an optimal MDM code for the target transition probabilities

{Pij}- n
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Remark 5.6.1. As shown in Section 5.4.2, for a uniform i.i.d. source and a cost vector {w(u;;) =
—log, P;j} that satisfied }; P;j = 1 for all i, a generalized Varn code ¢ : § x X9 — U* with

codebook size M is an asymptotically optimal type-II shaping code and the total cost is bounded

by
.. / ..
T(6) < log, M N max; ;i {w'(u;;)}
q q (5.166)
— log, | X| as g — oo.

Equation (5.163) then implies that for the target distribution {P;;}, a generalized Varn code can

be regarded as a MDM code with generalized expansion factor bounded by

log, M max; i {w (u;;)}
~ qlogy A(0) qlog, M(0)

(5.167)
log, | X| as g — oo
log, A(0) |
This implies that generalized Varn codes are asymptotically optimal MDM codes. 0

The separation theorem for shaping codes in Theorem 5.4.5 now extends naturally to

MDM codes.

Theorem 5.6.2. An optimal MDM code can be constructed by a concatenation of optimal lossless
compression with an optimal MDM code for a uniform i.i.d. source, in the sense that the minimum

generalized expansion factor can be achieved by such a concatenation. [

Remark 5.6.2. One special case is when P;; can be represented by v{ﬁ As shown in Theo-

rem 5.3.6, the generalized expansion factor reduces to

F_ fZijﬁuij (log v —log, vi+log, M(0)) = f. (5.168)
log, A(0)

This provides the motivation for designating F by this name. [
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Chapter 6

Bad Page Detector for NAND Flash

Memories

6.1 Introduction

In the previous chapters, we discussed shaping codes that are used to extend the lifetime
of NAND flash memories. In this chapter, we take a different approach and develop a bad page
detector. It predicts pages behavior in the near future based on the current and previous BECs. If a
bad page is detected, it will be labeled and no future data will be written to it. The idea of bad page
detection was mentioned in [50] and a support-vector machine (SVM) was used as the detector.
In this chapter, we extend that work and propose two algorithms based on machine learning,

including time-dependent neural network (TDNN) and long-short term memory (LSTM).

6.2 Bad Page Detector

In this section, we discuss the bad page detector for NAND flash memory. We first intro-

duce the program and erase (P/E) cycling experiment, which is used to measure the performance

149



of TLC flash memory. We then define the training data set, which contains BEC information from

all P/E cycle of a page. An overview of the bad page detection system is then presented.

6.2.1 P/E Cycling Experiment

The P/E cycling experiment consists of repeating the following steps which collectively

represent one P/E cycle:

e Erase the block(s).
e Program the pages with pseudo-random data.

e Starting with the first cycle, perform a read operation on the the block(s) at intervals of

every 100 cycle. Record bit errors, their locations in the block(s).

The TLC flash memory blocks are P/E cycled up to 10,000 P/E cycles and the P/E cycling
experiments are performed at room temperature in a continuous manner with no wait time
between the erase/program/read operations. Figs. 6.1, 6.2 and 6.3 show the behavior of all pages
been measured in our experiment. Each line represents the BEC vs. P/E cycle count of one
page. As shown in the figures, the behavior of pages varies significantly. The data collected
consists of sequences of pages BECs, [N(T;),N(T»),...,N(T;)], associated with P/E cycle counts
N, T>,...,Tp].

6.2.2 (T, Tof,NTh)—Bad Page
We formally define a (7, Tof, Nh )-bad page as follows.

Definition 6.2.1. In a flash memory device, a certain physical page is called a (T, Tog, Nh )-bad

page if its BEC at some P/E cycle count less than 7'+ Topr is not less than Nry,.

For example, a (3000,500, 1200)-bad page has a BEC at some P/E cycle count before

3500 that is greater than 1200. Notice that this page is also a (7,500, 1200)-bad page for any
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Figure 6.1: Measured bit error counts vs. P/E cycle count of lower pages.
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Figure 6.2: Measured bit error counts vs. P/E cycle count of middle pages.
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Figure 6.3: Measured bit error counts vs. P/E cycle count of upper pages.

T > 3000. Based on this definition, we introduce the labeling function, which has 7', Tof, N1y,

and a BEC sequence N(7T') as input, and is defined as follows.

1, ifN(T’) > N, T' < T+ Tot
L(Ta TOf>N7NTh) = (61)
0, otherwise

The output 1 indicates that this page is a (T, Tog, Nth )-bad page. An example is shown schemati-
cally in Fig. 6.4.

In this chapter, we train the detector to predict (7',500, 1200)-bad page by making use
of the page’s information before 7. The input is the vector of BECs [N(T}),N(T2),...,N(T5)],

where Tjy) — T; = 100 and T5 = T. The training dataset X consists of pairs (x,7), where X is a

length-5 vector,

x=[N(T1),N(T2),...,N(T5)],
(6.2)

T:41—T; =100 and 4,000 <T7; <75<10,000,
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Figure 6.4: Example of an (T, Tof, N1y, )-bad page.

and ¢ is defined by resizing 75
15 — 4000

"= 10000 — 4000 6.3

such that ¢ ranges between [0, 1]. The P/E cycling experiment collects data from 12,855 pages, so
the dataset size is 12,855 x 52 = 668,460 (from P/E cycle count 4,000 —4,400 to 9,100 —9,500).

In [50], a bad page detector based on a support vector machine was proposed. The detector
is trained on a subset of X with fixed t. Given the BEC vector x, the detector calculates the

following function

f(x)= ZWixi +b. (6.4)

If f(x) <0, the page is labeled as a good page and if f(x) > 0, this page is labeled as a bad
page. The trade-off between accuracy and recall was also studied. The authors showed that the
detector can detect all bad pages (100% recall) and the overall accuracy is 97.6%. Even though

the detector is only trained at a fixed P/E cycle count, it also works well at other P/E cycle counts.
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Figure 6.5: Bad Page Detection System.

6.2.3 Bad Page Detector Overview

Given a sequence of BECs [N(T}),N(T2),...,N(T;)], the bad page detector predicts its per-
formance using a length-5 sliding window. For example, at P/E cycle count T, [N(T;),...,N(T;+4)]
is fed into the detector. If the detector determines that this page is a (74,500, 1200)-bad page, no
future data will be written to it. If not, we keep on using this page until 75 (75 — 74 = 100) and do

the test again. The procedure is illustrated in Fig. 6.5.

6.3 Time-Dependent Neural Network

In this section, we discuss the structure of a time dependent neural network (TDNN),
whose weights and biases are functions of 7. Its motivation comes from the fact that BEC behavior
varies as a function of P/E cycle count. In [29], this network was used to simulate character

walking.
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6.3.1 Network Structure

TDNN consists of three kinds of layers: time-dependent dense layer D(x,¢) (TDDL),

leaky ReLU layer £(x), and softmax layer S(x). The details of these layers are listed below.

e Time-dependent dense layer D(x,t) (TDDL) with input size m and output size n: given an

input vector x € R™, TDDL defines the following operation
y = D(x,t) = W(t)x+B(r) (6.5)

where y € R” is the output vector and W(t) = {w;;(t)} € R™™ B(t) = {B;(t)} " € R" are
functions of P/E cycle count to be determined during the training process. If the functions

are constant, the layer is a dense layer, denoted simply by D(x).

e Leaky rectifier linear unit (leaky ReLU) y = £(x): given a input vector x € R, the output

of the leaky ReLU layer y € R is

Xi, if Xi Z 0
y=2L(x):yi = (6.6)
0.01x;, otherwise.

e Softmax layer y = &(x): given an input vector x € R™, the output of softmax layer y € R”

is
ot

y =6(x) Vi=m (6.7)
i=1¢"

The TDNN @(x,7) contains two TDDLs D¢ (x,) and D (x,7) with input size 5 and output size
5; one dense layer ©,(x) with input size 5 and output size 2; two leaky ReLU layers £; and one

softmax layer . We build the network ®(x,7) as follows:

y = ®(x,1) = 6(D2(L(D1(L£(Do(x,1)),1))))- (6.8)
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Figure 6.6: The structure of TDNN.

The network structure is shown in Fig. 6.6.

6.3.2 Approximating the Time Dependent Dense Layer

Weight and bias functions in a TDDL can be approximated by degree-n polynomial
functions f(1) =Y}, ait', where {a;} are the control parameters that are determined during the

training process. The weight matrix W(z) in a TDDL can be represented as

W) = [ (1)} = {kioaﬁfﬂ'}

0 0 (6.9)
=Y {d/} =) Wi,
k=0 k=0
in which Wy = {a;;j } is a constant matrix. Therefore D(x,7) can be represented by
n
D(x,1) =Y De(x)t*. (6.10)
k=0

This indicates that a degree-n TDDL can be realized by connecting n + 1 dense layers in parallel,
multiplied by #;, 0 < i < n, respectively. An example of a degree-3 TDDL is shown in Fig. 6.7. In

general, higher degree polynomials would result in a more accurate approximation.
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Figure 6.7: The realization of time dependent dense layer. DLs represent dense layers.

6.3.3 Training the Network

The output of TDNN y = [py, p2] represents the probability of being a bad page (p; + p2 =
1). We predict the page is a bad page if, for a specified threshold probability pty, (usually set to
0.5), p1 > pth- The loss function used in the training process is cross entropy. Given a batch of
input data [(x1,11), (X2,22),. .., (Xs,15)] and labels [I1,1,. .., 1], denote by [p}, p5] = ®(x;,1;), we

solve the optimization problem that minimizes the following loss function
= ——ZE ;) log ' +qa (L) log p3)], (6.11)
where g (1) is the label (g1 (1) = ¢2(0) =1, ¢1(0) = g2(1) = 0). E(/;) is the loss function weights

1.3865 if ;=1
E(l;) = (6.12)

1 if [; =0.

We train the detector using Tensorflow. About 90 percent of the data is used as the training
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data and 10 percent is used as the testing data. The training is performed with batch size s = 2000,

learning rate 0.001 and for 400000 iterations.

6.4 Long-Short Term Memory

The LSTM detector predicts bad pages by solving a regression problem. The network
takes a sequence of /—consecutive BECs and predicts the the BEC at a future P/E cycle count.

The labeling function L sty 1S given by
List™ (X) = N(Ts + 500) (6.13)

for any x € X. The LSTM network consists of a standard LSTM layer [28] M : R’ — R* and a
dense layer D : R* — R, represented as y = D(M (x)). We predict the page is a bad page if, for

a specified threshold yty (usually set to Ntp), ¥ > yTh.

6.5 Experiment Results

In this section, we present experiment results of different bad page detectors. Since the
bad page detector is a “sliding window” detector, simply looking at the accuracy or recall of the
training result is not enough to measure the performance of the detector. We first define Q-bad
page, which is the difference between P/E cycle counts when the page is detected as bad page and
when the page actually become a bad page. We then compare performances between different

bad page detectors by looking at the distribution of Q-bad pages.

6.5.1 (-Bad Page

Given a page and its BEC vector N(T'), we denote by 7; the first time the page is labeled

as a bad page, which means L(7},Tof, N,Nty) = 1 and L(T,Tof,N,Nt) = 0 for any T < Tj.
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Similarly, we denote by 7; the first time the page is classified as a bad page by the detector.
Letting Q = T; — T;, we say this page is a Q-bad page. All pages in the dataset can be categorized

into three groups based on Q.

e Group-I: when Q < 0, the page is labeled before it actually becomes a bad page. Its storage

capacity is wasted.

e Group-II: when 0 < Q < 500, even though the detector fails to label this page correctly at
T; — 500, the offset Tor ensures that the detector still labels it bad before its BEC actually

surpasses Ntp.

e Group-III: when Q > 500, the detector fails to predict the bad page before it has become

bad. These pages are also referred to as mispredicted pages.
The goal of the bad page detector is to reduce the number of mispredicted bad pages (Group III)
while also controlling the size of wasted P/E cycles (Group I).

Remark 6.5.1. By adjusting the detection threshold (Pry, for TDNN and yty, for LSTM), we are
able to modify the ratio of each group. For example, if Py, decreases, the detector will predict a
page as a bad page at an earlier P/E cycle count. Therefore the size of group-III will decrease and
the size of group-I will increase. In other words, to reduce the total number of late prediction

(high recall), more storage capacity is wasted.

6.5.2 Analysis of Results

Experimental results are shown in Fig. 6.8 and Table 6.1. To compare the performances,
the detecting thresholds were tuned such that the numbers of the mispredicted pages in different

detectors are close to each other. We can draw the following conclusions.

e TDNN with higher degree has better performance.

e TDNNSs with input size 5 and 7 outperform TDNN with input size 3.
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Figure 6.8: Distribution of Q-bad pages under different input vector-length and network struc-
tures. (a) Degree-3 TDNN with input length 5. (b) Degree-3 TDNN with input length 7. (c)
Degree-3 TDNN with input length 3. (d) Linear TDNN with input length 5. (e) Constant TDNN
with input length 5. (f) Constant TDNN with input length 5. (g) SVM with input length 5. (h)
LSTM with input length 5. (i) LSTM with input length 5 and yr, = 1163.

e TDNN and LSTM have similar performance.
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Table 6.1: Performance of TDNN, LSTM and SVM.

Network Input length  Degree Phase function Number of mispredicted pages wasted P/E cycles(x 100)
Cubic TDNN with input length 5 5 3 f)y=aP+b3+et+d 375 15982
Cubic TDNN with input length 7 7 3 fO)=ad+bP +cr+d 378 16012
Cubic TDNN with input length 3 3 3 flty=ar? +bt> +-ct +d 378 17436
Linear TDNN with input length 5 5 1 ft)=at+b(1—1) 375 17196
Constant TDNN with input length 5 5 0 ft)=a 376 19064
Constant TDNN with input length 5 5 0 ft)=a 358 19519
Support vector machine with input length 5 5 0 ft)y=a 358 19761
Cubic TDNN with input length 5 5 3 f)=al+btet+d 72 37830
LSTM with yt, = 1200 5 1449 3888
LSTM with yry, = 1163 5 376 16084
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Figure 6.9: Functions in the cubic TDNN with input length 5.

We also looked at the trained functions in the cubic TDNN with input length 5 (Fig. 6.8a). The

weight function wy; (1) in D¢ (x,?) is

wii () = 0.2361° —0.0201> — 0.361¢ — 0.032. (6.14)

This function, together with wy,(¢) and b3(t), are shown in Fig. 6.9.
As mentioned in Remark 6.5.1, in real applications, sometimes we want the detector
to be able to detect almost all bad pages before their BECs surpass the threshold (high recall).

This can be done by decreasing the detecting threshold pty. Fig. 6.10a shows the distribution
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Figure 6.10: Error analysis

of Q-bad pages of a cubic TDNN with input length 5 when setting pt, = 0.2. Compared to
Fig. 6.8a, the total number of mispredicted pages decreases from 375 to 72. However the total
number of wasted P/E cycle counts increases from 15982 to 37830. There is a trade-off between
mispredicted pages and wasted P/E cycle counts. In order for a detector to be able to detect almost
all bad pages, the wasted P/E cycle counts will inevitably be large.

Another observation from Fig. 6.10a is that some pages still cannot be detected. The BEC
behavior of one of those pages is shown in Fig. 6.10b. We can see from the figure that its BEC
increases rapidly from 6000 to 6100 and the detector cannot predict its behavior. There are also
pages that are predicted as bad pages too early (Q < —1500). The BEC behavior of one of those
pages is shown in Fig. 6.10c. Its BEC oscillates between 1000 to 1200. This results in an early

prediction.
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