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ABSTRACT OF THE THESIS 

 

Peridynamics modeling of glass mechanics 

 

by  

 

Yuzhe Cao 

 

Master of Science in Civil Engineering  

University of California, Los Angeles, 2021 

 Professor Mathieu Bauchy, Chair 

 

Indentation is a widely used method to probe the mechanical properties of glasses. However, 

interpreting glasses’ response to indentation can be challenging due to the complex nature of the 

stress field under the indenter tip and the lack of in situ characterization techniques. Here, we 

present a numerical model describing the indentation of an archetypical soda-lime silicate window 

glass by means of peridynamic simulations. We show that, although it does not capture shear flow 

and permanent densification, peridynamics exhibits a good agreement with experimental 

indentation data and offers a direct access to the stress field forming under the indenter tip. 
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Chapter 1. Modeling the Nanoindentation Response of Silicate Glasses by 

Peridynamic Simulations 
 

1.1 Introduction 
 

      Over the past several decades, indentation has been extensively used to characterize the 

mechanical behaviors of materials [1]–[6]. The analysis of the load-displacement curves yields the 

indentation hardness and stiffness of the tested material [7], [8]. However, the nature of the 

mechanical response of materials upon indentation is complex and depends on (i) the spatial scale 

of the probed region (e.g., microindentation, nanoindentation, etc.), (ii) the intensity of the load, 

(iii) the rate of loading/unloading, (iv) the geometry of the indenter tip (e.g., spherical or Hertzian 

indenter, square pyramidal Vicker’s indenter, elongated pyramidal Knoop indenter, triangular 

Berkovich indenter, etc.), and (v) environmental effects, such as temperature and humidity [9]–

[15]. Given the brittle fracture behavior of oxide glasses, it is of particular interest to test their 

resistance to surface damage by indentation [16]. Glasses exhibit several behaviors under 

indentation, including reversible elastic deformation, fracture, volume-conservative shear flow, 

and permanent densification [17], [18]. Understanding the mechanism, magnitude, and 

localization of these deformation processes requires an accurate knowledge of the stress field that 

is generated under the tip upon indentation, which is challenging to access experimentally, 

especially in real time [19], [20]. These difficulties have inhibited a deep understanding of the 

behavior of glasses during indentation. 

      Clearly, numerical modeling offers an ideal complement to experiments to decipher the local 

response of glasses under the tip. In particular, molecular dynamics (MD) simulations have been 

applied to model the effect of indentation on various materials [21]–[23]. However, due to their 

computational cost, MD simulations are usually unable to capture the spatial and temporal scales 
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associated with indentation tests. The indentation of a variety of materials has also been 

investigated by simulation methods based on continuum mechanics, such as the finite element 

method (FEM) [24]–[27]. However, based on its differential formation of mechanics, classical 

FEM is unable to properly handle difficulties associated with stress discontinuities, interfaces, and 

crack initiation and propagation—which may arise upon indentation. Various refinements have 

been proposed to handle these difficulties within the framework of FEM [28]–[30]. 

      Peridynamics offers a convenient, alternative pathway, since, by relying on a non-local, 

integral formulation of mechanics, peridynamic simulations intrinsically address the difficulties 

facing FEM. Specifically, crack initiation and propagation can directly be simulated without 

additional treatments in peridynamics, which makes this approach more flexible to investigate 

multiple-crack problems [31]–[35]. As a result, peridynamic simulations offer a promising route 

to model the mechanical response of glasses subjected to indentation. Although peridynamics has 

been extensively used to model the mechanical response of materials under several load conditions 

[36]–[38], its application to indentation modeling has remained limited to a few studies [39]–[43]. 

However, to the best of our knowledge, the ability of peridynamics to properly describe the 

response to indentation of oxide glasses is yet to be demonstrated. 

      Here, to address this issue, we combine nanoindentation testing and peridynamic simulations 

to model the indentation response of a soda-lime silicate (window) glass, which is by far the most 

widely produced glass in the world [44]. Here, as a stepping stone toward a more complete, 

realistic description of glass indentation within the peridynamic framework, we adopt the linear 

peridynamic solid (LPS) constitutive model to describe the deformation of the soda-lime silicate 

glass, wherein the solid is assumed to deform in a linear-elastic fashion until failure. This 

constitutive model solely captures reversible elastic deformations and fracture, without explicitly 
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accounting for shear and permanent densification—two behaviors that are typically observed 

during glass indentation [17], [18]. Despite the simplicity of this constitutive model, we show that 

peridynamics yields a good agreement with experiments, both in terms of load-displacement curve 

and resulting indentation stiffness/hardness. These simulations offer a direct access to the stress 

field experienced by the glass under indentation.  

1.2 Methods   
 

1.2.1 Nanoindentation experiments 
 

      The nanoindentation tests are performed with a diamond Berkovich tip using an ultrahigh-

resolution-nanoindenter (UNHT3) from Anton Paar [45]. We select as an archetypical brittle 

material a commercial soda-lime silicate glass manufactured by VWR Scientific Inc. (typical 

microscope slide 75 × 25 × 1 mm3) [46]. The glass sample surfaces are smooth and free of 

imperfections from the manufacturer. All the glass samples are annealed prior to indentation—

wherein the thermal profile consists of heating the samples at a rate of 300 K/h up to the annealing 

temperature (taken here as 0.9·Tg, where Tg is the glass transition temperature). In this study, all 

tests are performed at ambient temperature (~ 20 °C) and relative humidity (from 10-to-15%) [46]. 

It has been shown in previous studies that the hardness of a glass does not solely depends on its 

composition, but also on the maximum indentation load exerted on the indenter’s tip—a 

phenomenon known as the “indentation size effect” (ISE) [46]. Here, to filter out any spurious 

effect arising from the ISE, we fix the maximum penetration depth at 400 nm for both experiments 

and simulations. The loading and unloading rate for each indent is fixed at 1.33  10-8 m/s and the 

maximum penetration depth was held constant for a duration time of 10 seconds. For statistical 

averaging purposes, 50 experimental indents are performed. Figure 1 shows a typical indentation 

load-displacement curve. After the indentation cycle, we measure the topography of the indented 
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surface by means of atomic force microscopy (AFM) by measuring the vertical height of the 

residual indentation imprints. The scan is conducted in contact mode at room temperature with an 

aluminum cantilever tip. We use surface correction and flattening modifications included in the 

open source software Gwyddion to prepare the AFM images [46]. 

1.2.2 Mechanical properties extracted from nanoindentation 
 

      We use the Oliver and Pharr [7] methodology to calculate the hardness (H) and modulus (M) 

from the load-displacement curves. Hardness is first defined as the ratio of the maximum load 

(Pmax) and the projected contact area (Ac): 

 𝐻 =
𝑃max

𝐴c(ℎc)
    (1) 

where Ac = 24.56·hc
2 is the projected area shape function for an ideal Berkovich tip and hc is the 

contact depth (see Fig. 1). The nanoindentation modulus (M) is then defined in terms of the contact 

stiffness (S) as: 

 𝑀 =
√𝜋

2

𝑆

√𝐴𝑐(ℎ𝑐)
    (2) 

where S = dP/dh is the initial slope of the load-displacement curve upon unloading, calculated at 

the maximum penetration depth. 
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Fig. 1: Schematic representation of a typical nanoindentation load-displacement curve and of the 

Oliver and Pharr analysis [7]. 

1.2.3 Peridynamics theory  
 

      Rather than using the classical FEM approach (based on a local theory), we herein adopt 

peridynamics to model the nanoindentation process. Indeed, rather than relying on partial 

differential equations as in classical FEM [47], peridynamics is based on a non-local, integral 

formulation of mechanics (i.e., integral equations). Such integral formulations can conveniently 

handle difficulties related to stress discontinuities [48]. Furthermore, the initiation and propagation 

of cracks can naturally be taken into consideration, without additional treatments. This makes 

peridynamics a promising method to model indentation. 

      In peridynamics, the simulated material is discretized into a series of points x. Each point x 

then interacts with neighboring points 𝐱’ within a specific region, which is known as the horizon 
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of x (Hx), i.e., is a sphere centered around x and of radius 𝛿. The equation of motion can be written 

as: 

 𝜌ü(𝐱;  t) = ∫ 𝐓[𝐮(𝐱’, 𝑡)  −  𝐮(𝐱, 𝑡), 𝐱’ −  𝐱]𝐝𝐱’ + 𝒃(𝐱, 𝑡)
 

𝐻𝑥

    (3) 

where 𝐮 is the displacement vector, 𝜌 is the local density, ü denotes the second derivative with 

respect to time of 𝐮, T is the peridynamic force vector state that describes the interaction between 

pairs of points 𝐱 and 𝐱’, and b is the total body force density. The relative position 𝝃 of two material 

points is defined as: 

 𝝃 =  𝐱’ −  𝐱    (4) 

and the corresponding relative displacement η is defined as:  

 η = u(x’, t) − u(x, t)    (5) 

The force vector state can be expressed as: 

 T = C M    (6) 

where C is the scalar force state and M is the deformed direction vector state. For ordinary 

materials, M is given by [49]:  

 𝐌 = {

𝝃+𝜼

∥𝝃+𝜼∥
  if ∥ 𝝃 + 𝜼 ∥≠ 0     

0    if ∥ 𝝃 + 𝜼 ∥= 0
    (7) 

      In this paper, we adopt the linear peridynamic solid (LPS) constitutive model introduced by 

Silling et al. [49]. This stated-based peridynamic method has advantage over the previously 

developed bond-based method in that the Poisson’s ratio is not restricted to 0.25. In this model, 
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the force between pairs of points is assumed to be proportional to the deformation (i.e., linear 

elastic response) until the fracture point has been reached. The LPS force scalar state is defined as: 

 C = 
3𝐾𝜃

𝑚
𝜔𝑥  +

15𝐺

𝑚
𝜔𝑒𝑑    (8) 

where m is the weighted volume, 𝜔 is a spherical influence function, K is the bulk modulus, G is 

the shear modulus, 𝜃 is the dilatation, and 𝑒𝑑 is the deviatoric part of the extension scalar state e. 

As such, this constitutive model does not account for the effect of permanent densification and 

shear flow. 

      In peridynamics, fracture is modeled in terms of the formation of damage, wherein damage is 

defined at the particle level. In detail, the level of damage of a given particle increases when the 

bonds it forms with other particles located in its neighborhood start to break. The state (i.e., broken 

or not) as a given bond depends on its magnitude of stress s, which is defined as: 

 𝑠 =
∥ 𝝃 + 𝜼 ∥ −∥ 𝝃 ∥

∥ 𝝃 ∥
    (9) 

Based on this formalism, a given bond breaks when its magnitude of stretch s exceeds a critical 

stretch value sc. At this point, the interaction (bond) between these points is permanently removed. 

For three-dimensional systems governed by the LPS constitutive model, sc is given by [31]: 

 
𝑠𝑐 =

√

𝐺𝑐

(3𝐺 + (
3
4)

4

(𝐾 −
5𝐺
3 )) 𝛿

    

(10) 

where 𝐺𝑐  is the fracture energy of the modeled material and 𝛿 is the horizon.  

1.2.4 Nanoindentation simulation 
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      We use peridynamics to explicitly simulate the whole nanoindentation process by gradually 

displacing downward and upward the indenter tip so as to mimic the experimental procedure. All 

simulations are conducted using the Large-scale Atomic/Molecular Massively Parallel Simulator 

(LAMMPS) package [50]. The details of the simulation are as follows. We consider a cubic glass 

substrate with dimensions of 4 × 4 × 4 μm3 (see Fig. 2a). We then model a Berkovich tip as a 

rigid body (see Fig. 2). The indenter tip and glass substrate domains are both discretized into small 

lattice points with a fixed grid spacing of 37.5 nm, which is small enough to observe a convergence 

of the load-displacement curve.  

      We parameterize the LPS constitutive model used herein based on available experimental data 

obtained for soda-lime silicate glasses. In detail, we fix the density at 2.50 g/cm3 [51], the 

Poisson’s ratio at 0.23 [52], and the fracture energy at 3.5 J/m2 [53]. Regarding the value of the 

Young’s modulus used herein, we deliberately chose to use as input the indentation modulus 

obtained the present nanoindentation test to estimate the Young’s modulus of the glass (rather than 

using previously reported Young’s modulus values obtained with alternative methods). This aims 

to ensure a meaningful comparison between simulations and experiments. This allows us to ensure 

that the Young’s modulus value used as input for the present constitutive model (i) is compatible 

with the composition of the glass that is experimentally tested herein (since the composition of a 

soda-lime silicate glass is not universal), (ii) matches the degree of annealing of the glass 

considered herein (since annealing and fictive temperature can affect the Young’s modulus), and 

(iii) that the present Young’s modulus is compatible with nanoindentation data (since different 

techniques, e.g., ultrasonic resonance, fiber bending, or indentation may yield different stiffness 

values). Here, in detail, we determine the Young’s modulus E of the glass (79 GPa) based on the 

following formula [54]: 
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1

𝑀
=  

(1 − 𝜈i
2)

𝐸i
+

(1 − 𝜈2)

𝐸
  (11) 

where M is the glass’s indentation modulus that is experimentally measured herein by 

nanoindentation (77.9 GPa), 𝜈  is the glass’s Poisson’s ratio (0.23), while 𝐸i  (1141 GPa) and 

𝜈i (0.07) represent the Young’s modulus and Poisson’s ratio of the indenter, respectively. 

      This constitutive model yields a bulk modulus K = 48.8 GPa, a shear modulus G = 32.1 GPa, 

and a critical stretch sc = 0.0181. In line with previous studies, the horizon distance is set to be 

three times the grid spacing [55]. Periodic boundary conditions are applied in the X- and Z- 

directions while the Y direction (i.e., loading direction) is set to be non-periodic. The bottom three 

layers are fixed in space to serve as the boundary to anchor the glass substrate. 

       Nanoindentation is then modeled by vertically displacing the indenter tip toward the glass 

substrate. The load is computed as the resultant force applied by the indenter on the glass substrate 

(or vice versa). In detail, we record all the individual force components imposed on the indenter at 

a given time and sum them up to calculate the resultant force. The tip is first displaced downward 

with a fixed velocity of 0.25 m/s (loading) until the maximum penetration depth (400 nm) is 

reached, and subsequently displaced upward with the same fixed velocity (unloading). Artificial 

damping is introduced by using a Nosé–Hoover thermostat [56]. The timestep is fixed at 0.75 ps, 

which is small enough to ensure the stability of the simulation based on a von Neumann stability 

analysis [57]. Figure 2b shows the topography of the surface of the indented glass at maximum 

loading. 
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Fig. 2: Geometry of the modelled system (a) before loading and (b) for a penetration depth of 

400 nm (i.e., maximum loading). The material points are colors based on their vertical 

displacement along the Y-axis. 

1.2.5 Uniaxial compression simulation 
 

      To further validate our constitutive model, we conduct a uniaxial compression simulation of 

the same soda-lime silicate glass and compare our simulated data with available experimental 

results from Ref. [58]. To this end, we simulate an 800 × 800 × 800 nm cubic system and subject 

it to a uniaxial compression along the Y-axis. This system size is found to be large enough to 

ensure a convergence of the obtained stress-strain curve. To ensure consistency, all simulation 

details (e.g., timestep, lattice size, constitutive model, etc.) are kept identical to those used in the 

indentation simulations. The deformation is conducted by gradually deforming the simulation box 

along the Y-axis, with a deformation rate of 2 × 104 s-1, which is found to be low enough to yield 

a convergence of the computed stress-strain curve. Stress is maintained at zero along the lateral 

directions (X- and Z-axis). 
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1.3 Results 

 

1.3.1 Effects of indenter velocity and system size  
 

      We first focus on the effect of the indenter displacement velocity on the load-displacement 

curves obtained in simulations. Indeed, although using the experimental displacement velocity in 

the peridynamic simulations would be ideal, this timescale would far exceed the timescale that is 

accessible to peridynamic simulations with the timestep considered herein. Here, we assess the 

influence of the displacement velocity of the indenter on the computed load-displacement curve to 

ensure that the selected velocity is small enough to avoid resulting in any spurious effects. To this 

end, we gradually decrease the displacement velocity from 1.5 down to 0.15 m/s while maintaining 

constant all the other parameters (including the maximum penetration depth). Figure 3a shows the 

computed load-displacement curves associated with varying displacement velocities. We first note 

that, as expected, the obtained load-displacement curve exhibits a convex shape and is non-

reversible, in agreement with typical experimental nanoindentation results (see Fig. 1). We then 

observe that the vertical displacement velocity of the indenter tip has a notable influence of the 

resulting load-displacement curve. In detail, we find that larger displacement velocities result in 

lower loads (see Fig. 3b). Notably, the maximum indentation load decreases by about 35 % as the 

displacement velocity increases from 0.15 to 1.5 m/s. Based on this observation, we fix the velocity 

of the indenter tip at 0.25 m/s in the following simulations to achieve the best balance between 

accuracy and computational efficiency. 
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Fig. 3: Computed (a) load-displacement curve and (b) maximum indentation load for varying 

indenter tip vertical displacement velocities. System size is fixed at 4 μm. 

 

      Next, we focus on the effect of the system size on the simulated load-displacement curves, so 

as to ensure that the simulated system is large enough to avoid any spurious effects of the boundary 

domain. To this end, we simulate the indentation of a series of cubic glass substrates with varying 

length ranging from 2.5 to 4.5 μm. Figure 4a shows the resulting load-displacement curves. As 

expected, we observe that the resulting load-displacement curve is notably affected by the size of 

the system, which further motivates the need to conduct large-scale peridynamic simulation rather 

than smaller scale MD simulations to study the mechanical response of glasses upon indentation. 

In detail, we find that, at fixed displacement, the computed load tends to drop as the simulated 

system becomes smaller (see Fig. 4b). This can be understood from the fact that, in the case of 

very small systems, the dimension of the glass domain that is affected by indentation (that is, 

wherein stress and strain develop) eventually exceeds the size of the sample itself. Furthermore, 

the assumption of plane strain, which the Oliver and Pharr model is based on, is not valid for 
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domains with small dimensions. In addition, we observe that smaller systems tend to exhibit larger 

load fluctuations during indentation (see Fig. 3a). 

      Nevertheless, we observe that, when the system becomes large enough (i.e., with a dimension 

equal or larger than 4 μm), the computed load-displacement curve remains largely constant. This 

indicates that, in this regime, the simulated glass is large enough to avoid any finite-size effect. 

Based on this observation, we fix the dimensions of the glass substrate at 4 μm in the following 

simulations to ensure maximum computational efficiency. 

 

Fig. 4: Computed (a) load-displacement curves and (b) maximum indentation load for varying 

glass substrate system sizes. Indenter tip vertical displacement velocity is fixed at 0.25 m/s. 

1.3.2 Comparison between peridynamic and experimental results 

 
      Having ensured that the simulation parameters are properly optimized to achieve satisfactory 

accuracy and computational efficiency, we now compare the computed load-displacement curve 

with the experimental nanoindentation data obtained herein (see Fig. 5). Overall, we observe a 

good agreement between simulated and experimental data, both during the loading and unloading 
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phases. Note that the computed results are not based on any fitting parameters and simply depend 

on the constitutive model parameters (i.e., Young’s modulus, Poisson’s ratio, and fracture energy). 

      In detail, we find that the computed load is largely similar to the experimental data during the 

loading phase. In this phase, we note that the system exhibits fairly large load fluctuations, 

especially at high penetration depth. Such fluctuations likely arise from sudden releases in kinetic 

energy when bonds break and, hence, become notably smaller upon unloading. We note that the 

simulation slightly overestimates the load at the maximum penetration depth. This may arise from 

the fact that the constitutive model used herein is purely linear elastic until fracture initiates and, 

hence, does not comprise any plastic or viscous behaviors (which would be needed to model shear 

flow and densification [59]). Nevertheless, the overall harmony between simulated and 

experimental results suggest that the irreversible deformation that controls the load-displacement 

curve can be modeled in terms of bond breaking. We then note that the slope of the load-

displacement curve upon unloading is properly reproduced, which suggests that the peridynamic 

simulation properly describes the stiffness of the glass (which governs its elastic recovery upon 

unloading). 

      Importantly, we observe that the overall degree of irreversibility of the indentation process (i.e., 

as captured by the residual penetration depth under zero load after unloading) is fairly well 

reproduced (although slightly underestimated) by the peridynamic simulation. This denotes that, 

despite solely relying on a simple LPS constitutive model, the peridynamic simulation properly 

describes the magnitude of energy dissipation during the loading/unloading process, which is 

captured by the area under the load-displacement curve [60]. In turn, this suggests that, in this case, 

the main irreversible, inelastic behaviors that govern the load-displacement curve can simply be 
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modeled in terms of the existence of a certain number of interparticle bonds that irreversibly and 

instantly break once the magnitude of their stretch exceeds the critical stretch value. 

      Altogether, due to the overall harmony between the simulated and experimental load-

displacement curves, the values of the indentation hardness and modulus extracted by the Oliver 

and Pharr method from the simulation data are comparable to the experimental values (see Fig. 

5)—although the fact that the computed indentation stiffness agrees with the experimental data is 

not surprising since this property is used to inform the LPS constitutive model. This overall 

agreement denotes that, despite the simplicity of the constitutive model used herein, peridynamics 

offers an attractive pathway to simulate the mechanical response of silicate glasses to 

nanoindentation. 

 

Fig. 5: Load-displacement curves calculated from the peridynamics simulation and experimental 

nanoindentation test. The resulting indentation modulus (M) and hardness (H) obtained from the 

Oliver and Pharr analysis [7] are indicated for comparison. 
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      As an additional assessment of our peridynamic simulation, we then compare the topography 

of the permanently deformed indented glass surface (i.e., after loading and unloading) with 

experimental data obtained by AFM (see Fig. 6a). As shown in Fig. 6b, we observe a good 

agreement between simulated and experimental surface topography, both in terms of deformed 

surface shape and vertical displacement magnitude. Nevertheless, we note that our simulation 

slightly underestimates the maximum depth of the deformed surface, which echoes the fact that 

the residual penetration depth is underestimated in the simulation (see Fig. 5). This likely arises 

from the fact that permanent densifications are not accounted for in the present LPS constitutive 

model. In addition, experiments suggest the existence of some small indentation pile-ups on both 

edges of the indent, which are not reproduced by our simulation. This is not surprising, as such 

pile-ups form through volume-conserving shear flow, which is not accounted for by the LPS 

constitutive model. 

 

Fig. 6: (a) Topography of the surface post indentation, as experimentally measured by atomic 

force microscopy (AFM). (b) Simulated elevation of the permanently deformed surface after 

indentation along the axis indicated by a black line in panel (a). The data are compared to the 
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experimental data obtained by AFM shown in panel (a). The horizontal dashed line indicates the 

position of the initial, undeformed surface. 

1.3.3 Observation of stress and damage field under the indenter tip 

 
      Having ensured that our peridynamic simulation yields a satisfactory agreement with 

experimental data, we further analyze the simulation to access some information that is challenging 

to experimentally measured, e.g., the stress field that is generated in the glass under the indenter 

tip—which is a direct outcome of the simulation. In this study, the stress is calculated based on the 

formalism introduced in Ref. [61]. In the following, we focus on the spatial distribution of various 

stress components observed at the maximum penetration depth (i.e., 400 nm), both along the 

horizontal X-Z plane (i.e., normal to indenter displacement to assess the stress field along the plane 

of the contact surface) and Y-Z plane (i.e., orthogonal to the contact surface to assess the stress 

field generated within the bulk of the glass). These axes are illustrated in Fig. 2. We note that no 

significant velocity wave propagation that would affect the results is observed herein (not shown 

here). 

      Figure 7 shows the radial and tangential stress components in the X-Z horizontal plane, that is, 

the plane along which the indenter tip enters in contact with the glass substrate. As expected, we 

observe that the resulting stress is localized at the vicinity of the indenter. We also note that the 

stress distribution in the central contact region is fairly heterogeneous, due to the existence of some 

localized damage (see below). Based on the analysis of the radial component of stress (Fig. 7a), 

indentation results in the formation of a state of local radial compression (negative stress) near the 

edges of the indenter and, in turn, a localized state of radial tension (positive stress) at the vicinity 

of the three corners. In contrast, the tensile and compressive nature of the tangential local stress is 

reversed, as compared to the radial stress (Fig. 7b). These results match with previous simulation 
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data [62]. In addition, the butterfly-like shape of the stress distribution is similar to the elastic stress 

distribution obtained by micro-Raman mapping analysis in silicon [19]. 

      Further, Figure 8 shows the hydrostatic and von Mises stress components in the Y-Z vertical 

plane (i.e., within the bulk of the glass). Again, we observe that the generated stress is primarily 

localized at the vicinity of the points of contact with the indenter, wherein structural changes have 

been shown to be the most pronounced [63]. This observation is in agreement with previous 

simulation results [16], [64], [65]. As expected, we observe that indentation induces a state of 

hydrostatic compression (negative stress) within the bulk of the glass. The compressive nature of 

the hydrostatic stress is consistent with previous FEM findings [66]. Such hydrostatic compressive 

stress is likely to result in the appearance of permanent densification in glasses featuring an open 

structure (e.g., SiO2), albeit to a lower extent in glasses exhibiting a compact atomic network [20]. 

Moreover, we observe the existence of some localized region exhibiting high von Mises shear 

stress. Such stress could initiate some volume-conservative shear flow within the glass. A more 

elaborated constitutive model capturing plastic yield and viscous effects would be needed to 

specifically account for these behaviors. 
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Fig. 7: Spatial distribution of the (a) radial and (b) tangential component of stress in the X-Z 

horizontal plane at the maximum penetration depth (penetration depth of 400 nm). The black 

triangle indicates the extent of the projected contact area with the inden 
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Fig. 8: Spatial distribution of the (a) hydrostatic and (b) Von Mises component of stress in the 

Y-Z vertical plane at the maximum penetration depth (penetration depth of 400 nm). The black 

area indicates the extent of the indenter. 

      Finally, we analyze the level of damage forming in the glass during indentation, which is 

another direct outcome of peridynamics simulations. Figure 9 shows the computed damage 

contours on the glass surface (in the X-Z plane) for a load of mN, 12.5 mN, and 17 mN (i.e., during 

loading), as well as for a load of 10 mN, 5 mN, and 0 mN (i.e., during unloading). Note that a 

damage value of 1 is indicative of a particle wherein all bonds with neighboring particles are 

broken, while a damage value of 0.5 corresponds to a particle for which half of the bonds are 

broken, which is typically considered as a threshold that is indicative of the existence of a crack). 

Overall, we observe that indentation results in the formation of some localized damage, especially 

at the center of the indent and at the three corners of the Berkovich tip. Such damage arises from 

the local stress concentration resulting from the contact with the Berkovich tip (see Fig. 7). We 

note that the high damage forming at the center of the indent is responsible for the fairly 

heterogeneous stress field that is obtained within the surface of contact with the indenter (see Fig. 

7). 
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      The formation of such damage is here not surprising, since damage (i.e., bond breaking) is the 

only form of non-linearity in the present LPS model that can explain the non-reversibility of the 

load-displacement curve. Nevertheless, this damage remains highly localized (limited to the near 

vicinity of the contact point with the indenter tip) and does not result in the formation of a 

macroscopic crack. It should be noted that, here, damage may act as a proxy that indirectly captures 

the non-linear deformation of the glass under indentation, which would otherwise occur through 

shear flow or permanent densification in real glasses. As such, the damage that is observed herein 

may not directly translate into a clear physical reality in actual glasses subjected to indentation. 

 

Fig. 9: Damage contours on the glass substrate surface (in the X-Z plane) during loading for a 

load of (a) 10 mN, (b) 12.5 mN, and (c) 17 mN (i.e., at maximun load), and unloading for a load 

of (d) 10 mN, (e) 5 mN, and (f) 0 mN (i.e., permanent damage post indentation). The orange 

triangle indicates the extent of the projected contact area with the indenter. 
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1.4 Discussion 
 

      Finally, we discuss the limitations of the present constitutive model, as well as the origin of 

the satisfactory agreement with experimental data. Indeed, as mentioned above, plastic 

deformations are not considered in the LPS constitutive model used herein. As such, it is notable 

that our simulations can offer a good prediction of the load-displacement curve, indentation 

modulus, and hardness as compared with experimental data despite the fact that shear flow and 

permanent densification are not accounted for in the present LPS constitutive model. In the 

following, we further explore the reasons according to which we nevertheless obtain a satisfactory 

agreement with experimental data while relying on an incomplete description of the behavior of 

the glass under load. 

      We first focus on shear flow, which manifests itself by a volume-conserving displacement of 

matter [67]. Shear flow is expected to play an important role in governing the response to 

indentation of soda lime silicate glasses [17] and, indeed, its existence is supported by the present 

nanoindentation experiment, which shows the formation of pile-ups on each edges of the indent 

(see Fig. 6). However, we note that the height of such pile-ups remains small as compared to those 

that, for instance, are observed in bulk metallic glasses [68]. The limited extent of such pile-ups 

likely explains why our simulation is able to predict a post-indentation surface topography that 

matches fairly well with experimental data without explicitly accounting for shear flow 

deformations. Although including shear flow effects in the constitutive model would be desirable, 

this is a fairly complex task due to the lack of available glass rheology data under such high stress. 

      Next, we focus on permanent densification. To assess whether the stress that is forming within 

the glass during indentation (see Fig. 8) is intense enough to induce permanent densification, we 

consider, as a reference, some experimental data obtained by subjecting a soda-lime silicate glass 
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to uniaxial compression [58]. We then replicate this deformation by peridynamic simulation (see 

Methods), which allows us to a posteriori assess the reliability of our LPS constitutive model. In 

particular, this allows us to determine at which stress our constitutive model starts to deviate from 

experimental data, that is, when permanent densification becomes activated within the compressed 

glass. 

      Figure 10 shows a comparison between the simulated and experimental stress as a function of 

the relative volume of the glass upon uniaxial loading. First, we observe a very good agreement 

between simulation and experiments at moderate stress (< 6 GPa). This indicates that, in this 

regime, our LPS constitutive model properly reproduces the linear elastic response of soda-lime 

silicate glasses. This also a posteriori supports the choice of the Young’s modulus value that is 

adopted herein. However, upon higher stress (> 6 GPa), we observe a clear deviation between 

simulation and experimental results, wherein the experimental data exhibit a deviation from 

linearity that is not captured by the present simulation. This indicates that, at this point, the glass 

starts to exhibit some non-linear, irreversible permanent densification, which is not accounted for 

by the LPS constitutive model. Although this is a clear limitation of the LPS model, we note that 

this critical stress at which the onset of permanent densification is observed remains high as 

compared to the magnitude of the stress generated within the glass by indentation (see Fig. 8). 

Specifically, we observe that, for the range of indentation loads considered herein, the local stress 

resulting from indentation mostly remains below 6 GPa (except at the immediate vicinity of the 

contact point with indenter). This indicates that, based on the stress contours predicted herein by 

peridynamics (see Fig. 8), permanent densification is expected to remain very localized and 

concentrated near the contact surface with the indenter. This echoes the fact that, unlike pure silica, 

soda-lime silicate glasses exhibit a highly-packed atomic structure, since Na and Ca network 
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formers occupy the interatomic spacing between the network formers that is otherwise left empty 

in pure silica [69]. Consequently, the packed atomic structure of soda-lime silicate exhibits a lower 

propensity for permanent densification than silica [69]. This a posteriori explains why our model 

predicts a fairly realistic load-displacement curve without explicitly accounting for permanent 

densification. Nevertheless, incorporating permanent densification in the constitutive model will 

ultimately certainly be desirable to offer a more complete, realistic description of glass indentation. 

 

Fig. 10: Computed stress experienced by a soda-lime silicate glass subjected to uniaxial 

compression as a function of the relative volume V/V0 (where V0 is the initial volume). 

Simulated data are compared with experimental data from Ref. [58]. 

1.5 Conclusions 
 

      Altogether, this study demonstrates that, based on the sole knowledge of the constitutive model 

parameters (Young’s modulus, shear modulus, and fracture energy), peridynamic simulations 

offers a good match with nanoindentation experimental data, both in terms of load-displacement 

curve and indentation stiffness/hardness. It is notable that peridynamics properly captures the 
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irreversible nature of indentation-induced deformations while relying on a simple linear-elastic 

constitutive model, wherein damage is the only form of non-linearity. Nevertheless, further 

investigation of the influence of shear flow and densification, based on more complex and realistic 

constitutive models, will be extremely valuable. Overall, this study establishes peridynamics as a 

promising method to simulate the mechanical response of oxide glasses upon indentation and, in 

turn, can be used to revel some details (e.g., the stress field at a given state of stress, size of 

activated elastic volume, individual contribution of elastic and inelastic deformation, etc.) that are 

otherwise challenging to access experimentally. This knowledge is required to further decipher the 

underlying physics governing the response of glasses to indentation and, more generally, to inform 

the discovery of novel glasses with improved mechanical resistance when subjected to 

concentrated loads. 
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Chapter 2. Peridynamic investigation on the Vickers indentation cracking of silicate 

glass 

 

2.1 Introduction to the Vickers indentation and cracking response 
 

      In recent years, glass has been extensively used in numerous applications such as smart phone 

screens.[70] However, glasses are always exposed to serious external sharp-contact damages 

during their service life. It may result in glass cracking, which is one of the most serious failure 

phenomena in cover glasses.[16] Sharp contact is defined by the response of the glass, where a 

local contact exceeds the elastic limit and results in a permanent impression on the glass 

surface.[71] When a mobile device is dropped on irregular and rough surfaces, the contacting area 

between the glass and other objects becomes the origin of the glass cracking. Thus, indentation 

technique using a sharp diamond indenter is the most applicable method in the glass industry to 

investigate glass resistance to permanent deformation, and to sharp contact crack initiation.  

      Glass undergoes permanent deformations under a sharp diamond indenter, which leads in a 

permanent imprint on the glass surface following indentation. Previous experimental observations 

indicate that indentation-induced cracks are not only generated during the loading process of the 

indentation, but also occur during the unloading process.[72], [73] However, two main difficulties 

act to impede the understanding of the cracking mechanism during indentation, especially during 

the unloading process. One lies in the fact that contact cracking happens within microseconds. In 

addition, the crack usually nucleates in the interior of the glass.[74] 

      Here, to address this issue, we combine Vickers indentation testing and peridynamic 

simulations to model the microindentation response of a soda-lime silicate glass. Here, we adopt 

the linear peridynamic solid (LPS) constitutive model to describe the deformation of the soda-lime 

silicate glass, wherein the solid is assumed to deform in a linear-elastic fashion until failure. 
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Despite the simplicity of this constitutive model, we first show that peridynamics yields a good 

agreement with microindentation experiments in terms of load-displacement curve, the resulting 

indentation stiffness/hardness and the shape of the post indentation cracking map. Then, a Mohr-

Coulomb failure envelope is developed to understand the origin of the damages that are 

accumulated during the unloading process.  

2.2 Methods 

 

2.2.1 Microindentation experiment 
 

      The microindentation tests are performed with a diamond Vickers tip. We select the same soda-

lime silicate glass as introduced in section 1.2.1. The glass sample surfaces are smooth and free of 

imperfections from the manufacturer. All the glass samples are annealed prior to indentation—

wherein the thermal profile consists of heating the samples at a rate of 300 K/h up to the annealing 

temperature (taken here as 0.9·Tg, where Tg is the glass transition temperature). In this study, all 

tests are performed at ambient temperature (~ 20 °C) and relative humidity (from 10-to-15%). 

Here, to filter out any spurious effect arising from the ISE phenomenon as introduced in section 

1.2.1, we fix the maximum penetration depth at 3500 nm for both experiments and simulations. 

The loading and unloading rate for each indent is fixed at 1.33  10-8 m/s and the maximum 

penetration depth was held constant for a duration time of 10 seconds. After the indentation circle, 

we measure the topography of the indented surface by means of atomic force microscopy (AFM). 

2.2.2 Simulation detail and methodology 
 

      We use peridynamics to explicitly simulate the whole microindentation process by gradually 

displacing downward and upward the indenter tip so as to mimic the experimental procedure. All 

simulations are conducted using the Large-scale Atomic/Molecular Massively Parallel Simulator 
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(LAMMPS) package.[50] The details of the simulation are as follows. We consider a cubic glass 

substrate with dimensions of 42 × 42 × 42 μm3 (see Fig. 11a). The total number of particles that 

are used to describe the glass substrate is 1,710,000. The glass substrate is modeled as being 

perfectly homogeneous. We then model a Vickers tip as a rigid body that consists of 22,864 

particles (see Fig. 11a). The indenter tip and glass substrate domains are both discretized into small 

lattice points with a fixed grid spacing of 300 nm, which is small enough to observe a convergence 

of the load-displacement curve.  

      We parameterize the LPS constitutive model used herein based on available experimental data 

obtained for soda-lime silicate glasses. All the simulation inputting parameters for glass substrate 

and indenter keep consistent with those in Chapter 1. Periodic boundary conditions are applied in 

the X- and Z- directions while the Y direction (i.e., loading direction) is set to be non-periodic. 

The bottom three layers are fixed in space to serve as the boundary to anchor the glass substrate. 

       Microindentation is then modeled by vertically displacing the indenter tip toward the glass 

substrate. The load is computed as the resultant force applied by the indenter on the glass substrate 

(or vice versa). In detail, we record all the individual force components imposed on the indenter at 

a given time and sum them up to calculate the resultant force. The tip is first displaced downward 

with a fixed velocity of 0.2 m/s (loading) until the maximum penetration depth (3500 nm) is 

reached, and subsequently displaced upward with the same fixed velocity (unloading). Artificial 

damping is introduced by using a Nosé–Hoover thermostat.[56] The timestep is fixed at 20 ps, 

which is small enough to ensure the stability of the simulation based on a von Neumann stability 

analysis.[57] Figure 11b shows the topography of the surface of the indented glass at maximum 

loading. 
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Fig. 11: Geometry of the modelled system (a) before loading and (b) for a penetration depth of 

2500 nm (i.e., maximum loading). The material points are colors based on their vertical 

displacement along the Y-axis 

2.2.3 Mohr-Coulomb failure theory 
 

      We use Mohr–Coulomb (MC) failure theory to analyze the damages and fractures that occurred 

during the unloading process of the indentation. MC failure criterion is the equation that describes 

the conditions represents the linear envelope that is obtained from a plot of the shear strength of a 

material versus the applied normal stress, which can be generally written as[68], [75]:  

𝜏𝑐 = 𝑐 + 𝜎𝑛tan 𝜑                                                        (12) 

where 𝜎𝑛 is the stress component in the direction normal to the slip plane; 𝜏𝑐 is the shear stress on 

the slip plane; 𝑐 is the cohesion (also called the inherent shear strength); 𝜑 is the angle of internal 

friction. The Mohr-Coulomb failure criterion can be described by the Mohr circles diagram. Figure 

12 shows the Mohr circles and the failure envelope. Failure will not occur if the values of a point 

lie below the failure envelope.  
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Fig. 12: Mohr circles and the linear shear failure envelope (tangent line of the Mohr circles). 

2.3 Results 

 

2.3.1 Comparison between Peridynamic and experiments 
 

      We first focus on the load-displacement of microindentation that we can obtain from the 

peridynamic simulations. We use the same analysis method that introduced in section 1.3.1 ensure 

that the simulation parameters are properly optimized, we now compare the computed load-

displacement curve with the experimental nanoindentation data obtained herein (see Fig. 13). 

Overall, we observe a good agreement between simulated and experimental data, both during the 

loading and unloading phases.  

      In detail, we find that the computed load is largely similar to the experimental data during the 

loading phase. We note that the simulation slightly overestimates the load after the penetration 

depth of 2500 nm. This may arise from the fact that the constitutive model used herein is purely 

linear elastic until fracture initiates and, hence, does not comprise any plastic or viscous behaviors 
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(which would be needed to model shear flow and densification). Nevertheless, the overall harmony 

between simulated and experimental results suggests that the irreversible deformation that controls 

the load-displacement curve can be modeled in terms of bond breaking. We then note that the slope 

of the load-displacement curve upon unloading is properly reproduced, which suggests that the 

peridynamic simulation properly describes the stiffness of the glass (which governs its elastic 

recovery upon unloading). 

      Altogether, due to the overall harmony between the simulated and experimental load-

displacement curves, the values of the indentation hardness and modulus extracted by the Oliver 

and Pharr method from the simulation data are comparable to the experimental values (see Fig. 5). 

 

Fig. 13: Load-displacement curves calculated from the peridynamics simulation and 

experimental microindentation test. 

      We then use peridynamics to observe the topography of the permanently deformed indented 

glass surface and the permanent damage and cracks contour after unloading. We compare the 

peridynamic observations with experimental data obtained by AFM (see Fig. 14a). As shown in 
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Fig. 14b, we observe a good agreement between simulated and experimental surface topography, 

both in terms of deformed surface shape and cracking lines magnitude. We also note that our 

simulation slightly underestimates the contact-damage deformed surface (the center red area) and 

the crack line on the right bottom corner, which echoes the fact that the residual penetration depth 

is underestimated in the simulation. This likely arises from the fact that permanent densifications 

are not accounted for in the present LPS constitutive model. 

 

Fig. 14: (a) Topography of the cracked surface post indentation. (b) Contour of the permanent 

damage post indentation on the glass substrate surface (in the X-Z plane). 

      Having ensured that our peridynamic simulation yields a satisfactory agreement with 

experimental data, we then observe the damages accumulation distribution. Figure 15 shows the 

accumulation process of the total amount of damages that are accumulated during the 

microindentation as a function of penetration depth. The arrows are used to distinguish the loading 

and unloading process by indicating the penetration depth changing directions. We can observe 

that above fifty percent of the damages are accumulated during the unloading process and the 
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amount of damages is significant increasing after a penetration depth of around 1750 nm. We are 

analyzing this phenomenon in the following sections.  

 

Fig. 15: Variation of the amount of damage as a function of penetration depth. 

2.3.2 Determination of the Mohr-Coulomb failure envelope 
 

      To further analyze the origin of the significant increase of the damages during the unloading 

process, we conduct a series of tension, compression shear and their combination simulations of 

the same soda-lime silicate glass. We use the simulation results to firstly locate the yield point of 

the system and then build up the Mohr circles that are needed to locate the failure envelope. The 

simulation method keeps consistent with section 1.2.5.  

      We use tension test simulation as an example to illustrate the yield point identification. Figure 

16a shows the stress-strain curves of the tension test simulation and the corresponding number of 

damages induced from loading is shown in Fig 16b. We identify the yield point as the simulation 

timestep, at which the loading-induced microfracturing begins and the amount of damage starts to 

increase from zero, which is illustrated at Fig 16c. We then record the yield strain on the x axis 
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and locate the yield point on the stress strain curve. The specific stress conditions on the yield 

point are finally extracted from simulation and draw the Mohr circle.  

 

Fig 16: The (a) stress-strain and (b) damage-strain curves from the tension test. The damage 

values of the damage-strain curve are zoomed in (c). 

      When a series of uniaxial and triaxial simulation tests are conducted, the failure envelope can 

be determined by fitting a line that tangent to all the circles. To ensure the accuracy of the envelope, 

we conducted five different types of simulations to locate the failure envelope line. The black line 

on Fig 17 is the best fitting line of the circles. Although we are unable to locate a line that can be 

perfectly tangent to all the circles due to the limitation of our constitutive model, we show that this 

fitted envelope is already sufficient to analyze the damages that are accumulated during the 

unloading process, which is discussed during the following section. 
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Fig. 17: The linear Mohr Coulomb failure envelope obtained from the various uniaxial and 

triaxial simulation tests. 

2.3.3 Driving force for crack nucleation 
 

      As discussed in section 2.3.1, significant number of damages are accumulated during the 

unloading process (after the penetration depth decreases below 1750 nm) of the microindentation 

and they are randomly distributed at the indented area. Here, we focus on the damages that are 

distributed at the crack tip and are accumulated after the penetration depth of 1750 nm. We locate 

the particles that are distributed around the crack tip. Then, 21 particles are observed to gather 

together and have damage values increase from zero to certain values when the indenter shows a 

penetration depth of 1544 nm. We use these 21 particles as the target particles to conduct the origin 

of damage analysis. The positions of the targeted particles are indicated in Fig 18 by the orange 

circle. 
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Fig. 18: Damage distribution contour on the glass substrate surface after the unloading process. 

The orange circle indicates the area that contains the target damaged particles. 

      Figure 19 shows the summation of the values of damages on the targeted particles during the 

penetration depth between 1560 nm to 1520 nm (we use Pd to illustrate penetration depth in Fig 

19 and Fig 20). As we can see from Fig 19, the values of damages keep zero before the penetration 

depth of 1545 nm, and then the damage values suddenly jump from zero to 4.2 after one nanometer, 

which is difficult to observe experimentally.  
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Fig. 19: Average damage as a function of the located penetration depth, ranging from 1560 nm 

to 1520 nm. 

      We finally draw Mohr circles based on the stress conditions of targeted particles group at 

various penetration depth to observe the revolution of stress when the particles start to accumulate 

damages. Mohr circles are drawn at different penetration depth before the initiation of the damages. 

As we can see from Fig 20, Mohr circles gradually increase as penetration depth decrease from 

1560 nm to 1545 nm. The stress at the penetration depth of 1560 nm yields a smallest circle. The 

radius of the circle increases by eight percent as the penetration depth decrease to 1550 nm. The 

blue circle has the closest distance to the failure envelope as it is only 1 nm from the occurrence 

of the damages, but still hasn’t touched the envelope yet. Finally, circle with the penetration depth 

of 1544 nm exceeds above the failure envelope, which illustrates the initiation of the damages on 

the targeted particles.  
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Fig. 20: The revolution of the Mohr circles before the initiation of damages. 

2.4 Conclusion 
 

      Overall, this study shows that, based on the sole knowledge of the constitutive model 

parameters (Young’s modulus, shear modulus, and fracture energy), peridynamic simulations can 

offer a good match with Vickers microindentation experimental data, both in terms of load-

displacement curve and indentation stiffness/hardness. Peridynamics can also depict the post-

indentation damage and crack map that is comparable to the experimental observation, both in 

terms of deformed surface shape and the length of cracking line. Moreover, Peridynamics can be 

used to revel the origin of damages that are accumulated during the unloading process that are 

otherwise challenging to access experimentally. 
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