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Composite materials are used for their excellent structural performance. Load-

bearing properties are traditionally the only aspects for which a composite structure is 

designed. Recent technological advances have made it possible to reach beyond this 

limited view. Inspired by biological systems, we seek to develop engineering materials 
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that exhibit multiple functionalities in addition to providing structural integrity. 

Composites are a natural host for embedding elements that can enhance their non-

structural response. The present work is focused on embedding periodic arrays of 

scattering elements within composites to modify and tune their overall 

electromagnetic properties. A number of techniques for numerical and analytical 

modeling of the periodic media are discussed. Based on these methods we have 

designed and fabricated composites with tuned electromagnetic properties. Examples 

include fiber-reinforced polymer composites with embedded arrays of straight wires or 

coils. In both cases, the overall dielectric constant of the medium is reduced and can 

even be rendered negative within microwave frequencies. The coil medium can 

exhibit chiral response. Solutions for eliminating this behavior as well as a method for 

calculation of the bianisotropic material parameters are presented. One can achieve 

similar response at higher frequencies by reducing the length scale. For example, we 

show that a polymer film with embedded nano-strips of gold can demonstrate negative 

dielectric constant in infrared regime. An example of a structural composite is 

presented for which the magnetic permeability is altered and is turned negative within 

a microwave band. Finally, a general method for homogenization of the 

electromagnetic properties of periodic media based on the microstructure is developed. 

 

Two independent chapters complete this dissertation. In Chapter 8 the response 

of a soft hypo-elastic material in a pressure – shear experiment is studied. A nonlinear 

pressure- and temperature-dependent viscoelastic material model for polyurea, an 
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elastomeric block copolymer, is presented in Chapter 9. It has been experimentally 

observed that a metal – elastomer bilayer may show improved resistance to failure 

under impulsive loadings. 
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Chapter 1 
 
Multifunctional composites   

 
Composite materials are traditionally designed and used for their mechanical 

properties such as strength and toughness as well as their environmental resistance. 

They serve mainly as structural load-bearing components. They are not required to 

have any other functionality and they affect the overall shape and requirements of a 

structure. Recent technological advances have made it possible to look beyond this 

definition and try to introduce synthetic multifunctional materials; structural 

composites that not only have minimal adverse effect on the function of the whole 

system, but also can be designed and tuned to desired conditions and requirements. 

Materials of this kind have tremendous potential to impact future structural 

performance by reducing size, weight, cost, power consumption and complexity while 

improving efficiency, safety, and versatility. 

 

1.1. Examples of multifunctional concepts 

It is very difficult, if not impossible, to find a biological system that does not 

serve multiple purposes (Nemat-Nasser et al., 2006). Human skin is an interesting 

example. It consists of many layers of cells, each of which contains oil and 
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perspiration glands, sensory receptors, hair follicles, blood vessels, and other 

components with functions other than providing the basic structure and protection for 

the internal organs. The natural evolution has integrated all these attributes with 

optimum inter-relation. The biological materials usually demonstrate 

multifunctionality at different spatial and temporal scales. 

 

Recent scientific advances has given way to a wide array of multifunctional 

material systems that integrate at least one other function into a material that is 

capable of bearing mechanical loads and serve as a structural element. For example by 

depositing various materials on individual fibers in a fiber-reinforced composite, they 

can be used as electrodes for batteries (Christodoulou and Venables, 2003). The use of 

the surface area of fibers as opposed to that of a foil in a thin film battery, allows 

greater energy outputs, measured on the order of 50 Wh/kg in a carbon fiber 

reinforced epoxy laminate. This research and many others, including our own research, 

have been supported by DARPA under the first generation of the Synthetic 

Multifunctional Materials Initiative.  

 

Another example that has been focus of intense research arises from the field 

of Structural Health Monitoring, or SHM.  Researchers seek to make a material sense 

its environment, feel internal damage, and alert users and engineers that repair is 

needed. This mimics some of the essential behaviors of biological organisms. For a 

comprehensive overview of the field see the recent review paper on the subject by Mal 
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(2004). Some of our research at UCSD, CEAM has been focused on adding 

information-based properties to multifunctional composites (Nemat-Nasser et al., 

2006). An intelligently-sensing composite has to be aware of its environment as well 

as its internal changes and must be able to selectively acquire, process, and 

communicate relevant information to an outside system or within its components. 

Some of the relevant issues in incorporating non-structural elements inside fiber-

reinforced composites have been addressed by Varadan and Varadan (2000) and Lin 

and Fu-Kuo (2002). 

 

There are a number of other active research areas, including healable materials 

(White et al., 2001, Chen et al., 2002) and integrated heating functionality (Santos et al. 

2004). The focus of the present work is adding electromagnetic functionalities to 

composites. In the next section an overview of the properties and behavior of such 

material systems is presented.  

 

1.2. Electromagnetic functionality 

A structural or protective wall made of conventional composite materials with 

a thickness of the order of cm is transparent to microwave frequencies. However, due 

to the mismatch in the electromagnetic impedance and refractive index between free 

space and the composite material reflections and refraction of the microwave signals 

are unavoidable. Most composites have much higher dielectric constants than that of 

air. If the dielectric constant of this material were equal to that of air, the presence of 



 4

the wall would not have any lens effect on the communication signals at these 

frequencies. It is possible to reduce the dielectric constant of the composite wall to 

match the free space by introducing a periodic array of small scattering elements in the 

composite. This array will create an artificial plasmon inside the composite and 

modify the overall dielectric constant of the composite material within a specified 

frequency band. Furthermore, this wall may be designed to filter a specific range of 

frequencies. 

 

The plasmonic behavior does not only make it possible to modify the overall 

electric permittivity of a composite to lower positive values, it also makes κ negative 

at lower frequency ranges. At these frequencies, the surface of the composite will act 

the same way a metallic surface responds to visible light. The electromagnetic waves 

are reflected or absorbed within a thin layer of material (compared to the wavelength). 
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Figure 1.1: (Top left) A flat panel of fiber reinforced composite with embedded wire array. 
(Bottom left) Unit cell. (Right) Dispersion of dielectric constant in a plasmonic composite. 
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The parameter that controls the behavior of an artificial dielectric is the 

inductance of the medium. As it will be explained in detail, the resonance frequency is 

a function of the inductance, in a similar manner to the microwave circuits.  

 

Other periodic structures are designed that have similar effects on the overall 

magnetic properties. The general asymptotic and dispersive characteristics of the 

overall magnetic permeability are slightly different than the electric permittivity, 

although there are many fundamental similarities. Permeability can become negative 

at a certain frequency band. It can also be designed to be a desired positive value 

(lower than the permeability of free space). In contrast to the electric properties of 

metals, there are no natural occurrences of negative magnetic permeability. Therefore 

the study of the behavior of such materials is quite novel. 
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Figure 1.2: Reflection and refraction in positive index (left) and negative index (right) media. 

 

The Russian physicist Veselago (1968) studied the theoretical implications of 

having simultaneously negative material properties. Specifically, he was interested in 
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the solutions of the Maxwell equations when both the permittivity and permeability 

are negative. He showed that novel phenomena could occur under these conditions. 

One of his more interesting results states that the refractive index of such a material is 

also negative. This has very surprising outcomes. For example, the light entering from 

a positive index medium to a negative index medium (or vice versa) refracts to the 

same side of the normal as the incoming ray; see Figure 1.2. The group velocity and 

phase velocity have opposite directions. In other words, the single frequency 

components of the wave travel opposite to the direction of the wave as a group or the 

direction of energy transfer. Smith et al. (2000) predicted that careful combination of 

structures that have negative electric permittivity and negative magnetic permeability 

in a frequency band can result in a medium with the properties discussed by Veselago. 

They experimentally verified this later (Shelby et al., 2001). Finally, Starr et al. (2004) 

fabricated the first structural composite with negative index of refraction. 

 

1.3. Outline 

Most of the chapters in this dissertation are prepared to be stand-alone 

publications. Therefore, some of the fundamentals are repeated for the sake of 

independence. Chapter 2 discusses the design, analysis, fabrication, and experimental 

characterization of structural composites with an embedded array of straight copper 

wires. Various samples of fiber-reinforced polymer composites were fabricated and 

their response was measured. The experimental results were in close agreement with 

numerical predictions. In Chapter 3 we present a composite with negative magnetic 
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permeability. The results of numerical simulations and experimental measurements on 

the folded-doubled-resonator (FDR) composite are discussed. Chapter 4 introduces 

another alternative for artificial dielectrics. It is possible to create a plasmonic 

composite by embedding an array of conductive coils. The advantage of this method 

lies in the ease of composite fabrication and possibility of using thicker wires 

compared to the straight wire composites. However, using only left-handed or right-

handed coils in a composite creates chirality in the medium. In chiral materials the 

left- and right-circularly polarized waves have different dispersive behaviors. Some 

methods to eliminate the chirality are suggested. For example an alternating array of 

left- and right-handed coils is non-chiral. We have made composite samples of 

alternating coils and their experimental responses are in very good agreement with 

numerical predictions. In Chapter 5, we develop an averaging method that can extract 

chiral constitutive parameters of a periodic medium as well as the permittivity and 

permeability based on numerical solutions of Maxwell equations for a unit cell. This 

method is based on original work by Pendry (1994, 1996), where he develops 

appropriate line and surface integrals for averaging macroscopic electromagnetic 

fields. Chapter 6 expands the techniques introduced in Chapter 2 to higher frequencies 

by scaling down the geometry of the straight wire medium. By embedding gold nano-

strips in a PDMS matrix, it is shown that the overall dielectric constant of the base 

polymer can be modified in IR regime. In Chapter 7 another method for 

homogenization of the electromagnetic properties of periodic media based on its 

microstructure is developed. This method is inspired by micromechanics (Nemat-
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Nasser and Hori, 1999). Contrary to other techniques presented in this work for 

extraction of the overall properties of composites, this microstructurally-based method 

does not require an explicit numerical solution of the Maxwell equations.  

 

Two stand-alone chapters complete this dissertation. These are reproductions 

of two archival publications which have been developed while I worked on a project 

involving use of elastomers to reinforce steel against fracture due to impulsive loads. 

In Chapter 8 (Nemat-Nasser and Amirkhizi, 2005) we study the response of a soft 

hypo-elastic material in a pressure-shear experiment. In Chapter 9 (Amirkhizi et al., 

2006) we develop a temperature- and pressure-dependent nonlinear viscoelastic model 

for polyurea that successfully reproduces the results of various high-strain-rate tests. 

The model is implemented in a Fortran subroutine and can be used with various 

commercially available finite-element solvers. 

 

1.4. References  

Amirkhizi, A. V., Isaacs, J., McGee, J., Nemat-Nasser, S., 2006. An 
experimentally-based viscoelastic constitutive model for polyurea, including pressure 
and temperature effects. Phil. Mag. 86, 5847-5866. 

 
Chen, X., Dam, M. A., Ono, K., Mal, A., Hongbin, S., Nutt, S. R., Sheran, K., 

Wudl, F., 2002.  A thermally re-mendable cross-linked polymeric material. Science 
295, 1698-1702. 

 
Christodoulou, L., Venables, J. D., 2003. Multifunctional material systems : 

The first generation. JOM 55, 39-45. 
 
Lin, M., Fu-Kuo, C., 2002. The manufacture of composite structures with a 

built-in network of piezoceramics. Composites Science and Technology 62, 919-939. 
 



 9

Mal, A., 2004. Structural health monitoring. Mechanics 33, No. 11-12, 6-16. 
 
Nemat-Nasser, S. and Amirkhizi, A. V., 2005. Finite-amplitude shear waves in 

pre-stressed thin elastomers. Wave Motion 43, 20-28. 
 
Nemat-Nasser, S., Hori, M., 1999. Micromechanics: Overall Properties of 

Heterogeneous Materials, second revised edition. Elsevier Science B. V., Amsterdam. 
 
Nemat-Nasser, S., Nemat-Nasser, S. C., Plaisted, T. A., Starr, A., Vakil 

Amirkhizi, A., 2006. Multifunctional Materials, in Bar Cohen, Y. (ed.), Biomimetics: 
Biologically Inspired Technologies. CRC Press, Boca Raton, FL. 

 
Pendry, J. B., 1994. Photonic band structures. J. Mod. Opt. 41, 209-229. 
 
Pendry, J. B., 1996. Calculating photonic band strucutre. J. Phys.: Condens. 

Matter 8, 1085-1108. 
 
Santos, C., Plasited, T. A., Arbelaez, D., Nemat-Nasser, S., 2004. Modeling 

and testing of temperature behavior and resistive behavior in a multi-functional 
composite. Proc. SPIE 5387, 24-26. 

 
Shelby, R. A., Smith, D. R., Schultz, S., 2001. Experimental verification of a 

negative index of refraction. Science 292, 77-79. 
 
Starr, A. F., Rye, P. M., Smith, D. R., Nemat-Nasser, S., 2004. Fabrication and 

characterization of a negative-refractive-index metamaterial. Phys. Rev. B 70, 113102. 
 
Smith, D. R., Padilla, W., Vier, D. C., Nemat-Nasser, S. C., Schultz, S., 2000. 

A composite medium with simultaneous negative permittivity and permeability. Phys. 
Rev. Lett. 84, 4184-4187. 

 
Varadan, V. K., Varadan, V. V., 2000. Microsensors, microelectromechanical 

systems (MEMS), and electronics for smart structures and systems. Smart Materials 
and Structures 9, 953-972.  

 
Veselago, V. G., 1968. The electrodynamics of substances with simultaneously 

negative values of ε and µ. Soviet Physics USPEKHI 10, 509-514. 
 
White, S. R., Sottos, N. R., Guebelle, P. H., Moore, J. S., Kessler, M. R., 

Sriram, S. R., Brown, E. N., Viswanathan, S., 2001. Autonomic healing of polymer 
composites. Nature 409, 794-797. 



10 

 
 
 
 
Chapter 2 
 
Composites with tuned effective dielectric 

constant  

 
We have developed methods for design, fabrication, and characterization of 

composites with tuned effective dielectric constant (Nemat-Nasser et al., 2002, 

Plaisted et al., 2003, Nemat-Nasser et al., 2006). Bracewell (1954) and Rotman (1962) 

first discussed the possibility of having an ionized medium, or a plasma, in artificial 

dielectrics by embedding arrays of thin conductive wires inside a host material. More 

recently, Pendry et al. (1996, 1998) revisited this concept and calculated the expected 

response of a thin wire array in vacuum. We have adapted this design for embedding 

inside structural composites. Radomes and other structures that enclose 

communication equipment can benefit from such composites. A composite with tuned 

electromagnetic properties can help reducing lensing effects as well as filtering certain 

unwanted frequency bands. The applications are more attractive for aircrafts and 

spacecrafts for which a multifunctional component, one which servers multiple 

purposes, is very desirable due to weight minimization considerations. We have tried 

to introduce multiple functionalities (Nemat-Nasser et al, 2006) without adversely 

effect the main properties of a composite, namely structural load-bearing.  
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The essential ingredient in composites with artificially tuned dielectric constant 

is an array of conductive scattering elements with tailored inductance. The conductors 

provide a pool of electric resonators. These resonators have a characteristic frequency, 

which is a function of their geometry and the host material. For bulk bodies of metals, 

the characteristic frequency is close to the optical regime. However, if the density of 

the oscillating charges is reduced and the scattering elements are arranged in a way 

that their inductance is increased adequately, the characteristic frequency can be 

reduced to the desired specification (Pendry et al, 1996, 1998). Around this frequency, 

the overall electromagnetic response of the composite is similar to a dilute plasma. 

The overall dielectric constant of the medium is reduced from that of the host material 

and can be rendered negative. By adjusting the inductance of the conductive element 

array and the characteristic frequency, one can approach a desired dielectric constant 

for a given frequency band. Our work on composites with an embedded array of 

straight wires is explained here. Use of other scattering elements (coil media) and 

miniaturization for similar results in IR regime are presented in other chapters. 

 

2.1. Introduction 

The theoretical characteristic resonance frequency of an array of perfectly-

conducting straight wires in vacuum can be calculated from its geometrical parameters 

 .
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In this formula c is the speed of light in vaccum, d is the spacing between wires 

and r is their radius. Pendry et al. (1996) gave this result without the constant 

πln2/1 +  in the denominator as they assumed that 1/ >>rd . However, for most 

engineering designs, this constant must be kept for better approximation. This can also 

be written in a more illuminating form by introducing the overall inductance of the 

medium: 
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Here 0ε  and 0µ  are the electric permittivity and magnetic permeability of the free 

space, respectively. The overall dielectric constant of this medium has the general 

form  

 .1
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We reserve the term plasmon frequency for the resonance frequency of a 

scattering array in vacuum. Above the plasmon frequency, the medium has a positive 

overall dielectric constant. Waves with freqeuncy in this range are dispersed but 

propagate through the medium. Below the plamon frequency the medium has a 

negative dielectric constant and therefore an imaginary index of refraction. Harmonic 

components in this band cannot propagate through the medium and are reflected. 
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It is easy to see how the plasmon frequency can be adjusted by varying the 

geometric parameters from Equations (2.2-3). It is inversely proportional to the lattice 

spacing. However, the diffraction limit, the frequency at which the wavelength is twice 

the lattice spacing, is quickly reduced when lattice spacing is increased. Therefore, to 

reduce the plasmon frequency, one has to increase L, the overall impedance of the 

medium. For a straight wire array, this is achieved by using thinner wires. Other 

methods of increasing the inductance, such as introduction of loops and coils in the 

wires, are discussed in next chapters.  

 

2.2. Plasmonic composites 

When a plasmonic array of conductive scattering elements is embedded in a 

structural composite, instead of vacuum, the dielectric constant of the composite is 

adjusted in a similar manner. From theoretical considerations (Jackson, 1999, Nemat-

Nasser et al., 2002) one can write 
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Note that the dielectric constant of the host composite, k, depends on the 

properties of its components. We have used a simple volume averaging for all our 

calculations. However a better approximation can be arrived using a microstructurally-

based mixing formula (Nemat-Nasser and Hori, 1999):  

 .
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In this formula k1 and k2 are the dielectric constants of the two components 

(matrix, fiber) and cV is the volumetric concentration of the second component. 

 

-4

-2

0

2

4

0 1 2 3

Frequency (Normalized to Plasmon 
Frequency)

D
ie

le
ct

ric
 C

on
st

an
t

k=1
k=2
k=3
k=4

κ=1

 
Figure 2.1: The dispersion curve of a single wire array embedded in different base dielectric 
constants. The slope of the curve at the matching frequency increases with the base dielectric 

constant. 
 

We define the turn-on frequency to be the frequency at which the overall 

dielectric constant of a plasmonic composite changes its sign. This is the same as the 

plasmon frequency when the array of conductive wires is placed in vacuum. When the 
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dielectric constant of the base composites is different than 1, the turn-on frequency is 

related to the plasmon frequency of the array through 

 .
k

f
f p

t =   (2.10) 

Below the turn-on frequency, the harmonic wave components are not able to 

propagate through the composite. We also define the matching frequency to be the 

frequency at which the dielectric constant of the composite is equal to 1. Around 

matching frequency, the response of the composite is most similar to free space and 

the lensing effects are minimized; see Figure 2.1. 

 

Table 2.1:  Geometrical parameters and material selection for the plasmonic composite 
samples. 

 
  Dimensions (in) Base 2r (in) d (in) Number of Layers Quantity

1 6x6x0.125 EG 0.003 0.125 1 2 
2 6x6x0.250 EG 0.003 0.125 2 1 
3 6x6x0.375 EG 0.003 0.125 3 1 
4 6x6x0.125 EG - - - 1 
5 6x6x0.375 EG - - - 1 
6 6x6x0.125 EG 0.002 0.125 1 1 
7 6x6x0.250 EG 0.002 0.125 2 1 
8 6x6x0.375 EG 0.002 0.125 3 1 
9 6x6x0.125 CEQ 0.002 0.125 1 1 

10 6x6x0.250 CEQ 0.002 0.125 2 1 
11 6x6x0.375 CEQ 0.002 0.125 3 1 
12 6x6x0.125 CEQ - - - 1 
13 6x6x0.250 EG - - - 1 
14 6x6x0.125 EG 0.003 0.125 1, uni-directional 1 
15 6x6x0.250 EG 0.003 0.125 2, uni-directional 1 
16 6x6x0.125 VES 0.002 0.125 1 1 
17 6x6x0.250 VES 0.002 0.125 2 1 
18 6x6x0.375 VES 0.002 0.125 3 1 
19 6x6x0.125 VES - - - 1 
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2.3. Composite processing 

The periodic nature of the laminate construction of fiber-reinforced polymer 

composites makes them a very good candidate to integrate periodic arrays of 

conductive wires. Each layer may contain elements with orientation in only one 

direction or the elements may be woven such that each layer has bi-directional 

elements (Nemat-Nasser et al., 2006). The spacing through the thickness dimension is 

controlled by the sequence in which laminates are stacked. 

 

 
 

Figure 2.2: Hand-layup of prepreg with embedded copper wire array. From left to right: A bi-
directional array of wires. The wire-arrangement jig. Hand-layup of wires. A finished 

epoxy/E-glass composite panel, with visible wire pattern. 
 

We have fabricated composite materials with various geometric designs and 

base composites; see Table 2.1. Composite panels were made by hand-layup of pre-

impregnated woven fabric (prepreg); see Figure 2.2. Host materials included E-glass 

fibers impregnated with epoxy resin, Spectra (Honeywell UHMW polyethylene) 

fibers impregnated with vinyl ester resin, and quartz fibers impregnated with cyanate 

ester resin, chosen for their mechanical attributes and favorable dielectric 

characteristics. The dielectric constant of epoxy/E-glass was 4.44 in microwave 

frequency with a loss tangent of 0.01, and that of vinyl ester/Spectra was 2.45 with a 
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loss tangent of 0.002.  Cyanate ester/quartz provided the best overall electromagnetic 

characteristics with a dielectric constant of 3.01 and a loss tangent of 0.001. A low 

dielectric constant and loss tangent are preferable for optimal microwave transmission. 

For a comparison among the base composites see Table 2.2. The fiber volume fraction 

for each material was about 60%.  Copper wires of 75µm or 50µm diameter were 

strung across a frame to form the desired pattern and were subsequently encased in 

layers of prepreg.  Panels were processed at elevated temperature and pressure to cure 

the resin and form the solid composite. 

 

Table 2.2: Material properties of the selected base composites. 
 

Composite Dielectric 
Constant 

Loss 
Tangent Comments 

Epoxy/ E-glass 4.44 0.01 Lowest Cost 

Vinyl ester/ Spectra 2.45 0.002 Highest Specific 
Strength 

Cyanate ester/ Quartz 3.01 0.001 Lowest Loss 

 

2.4. Numerical simulation and experimental calculation of the 

overall dielectric constant 

We have numerically simulated these composites using Ansoft-HFSS finite-

element electromagnetic software (Ansoft, 2001). We ran a frequency domain analysis 

of the unit cell with periodic boundary conditions on the side faces and a prescribed 

phase advance through the thickness:  

 ,),,(),,( ϕiezyxxzyxx −+ === FF  (2.11) 
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 ),,,(),,( zyyxzyyx −+ === FF  (2.12) 

 ),,,(),,( −+ === zzyxzzyx FF  (2.13) 
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λ
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=
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Here F represents any of the electromagnetic fields. The phase advance is related to 

the wavelength λ through Equation (2.14). The Maxwell equations are solved for the 

modeled unit cell and the assigned boundary conditions for different wavelengths. The 

outputs of this solution are the resonant frequency of this structure and the field values 

in the unit cell for each single wavelength. The functional dependence of the 

frequency of the traveling wave (resonance frequency of the model) and the 

wavelength is the overall dispersion relation of the composite and can be used to 

extract the overall index of refraction of the composite: 

 ,)(/)(1)()(
λλτ

λϕ fncfv
ff p

resonance ====   (2.15) 

 .
)(2)(
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ϕπ

ϕ
λλ df

c
f
cfn ==   (2.16) 

Here 00/ µεεµ=n  is the index of refraction and τ is the period of 

oscillation. Since the straight wire array is non-magnetic, 0µµ = , the electric 

permittivity and the dielectric constant can be calculated from the index of refraction. 
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Sample 

 
 

Figure 2.3: Anechoic chamber designed and constructed at UCSD Department of Physics by 
D. R. Smith, A. Starr, and S. C. Nemat-Nasser. 

 

The fabricated samples were tested in an anechoic chamber setup at 

Department of Physics, University of California, San Diego; see Figure 2.3. The 

transmission coefficient through each panel was measured using a microwave network 

analyzer. The overall dielectric constant of the panel was extracted using an iterative 

algorithm. In this algorithm the unknown dielectric constant κ of a material layer with 

total thickness T=md was adjusted until the expected theoretical value 
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approached the measured transmission coefficient. Here m is the number of layers 

through the sample and d is the lattice spacing in the thickness direction. Note that we 

have used an iterative algorithm since the direct inversion of Equation (2.17) results in 

a multi-valued answer. The correct branch of the solution is found by starting from the 

high frequency limit, where the dielectric constant is expected to be equal to that of 

the base composite. Then the algorithm marches towards lower frequency, using the 

last value found for the previous higher frequency as the starting point for iterative 
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search in the current step. The results of the experimental measurement and numerical 

and theoretical predictions are shown in Figure 2.4 for epoxy/E-glass panels and 

Figure 2.5 for cyanate ester/quartz and vinyl ester/Spectra panels. The numerical 

results are extended analytically to lower frequencies using Equation (2.5). The 

experimental data agrees very well with the numerical predictions. 
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Figure 2.4:  Epoxy/E-glass composite panels. The numerical prediction for the turn-on 
frequency is shown on each graph. (Left) 0.003” wires. (Right) 0.002” wires. Reproduced 

from Nemat-Nasser et al. (2006). 
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Figure 2.5:  (Left) Cyanate ester/Quartz composite panels. (Right) Vinyl ester/Spectra panels. 
The numerical prediction for each case is shown on the graphs. Reproduced from Nemat-

Nasser et al. (2006). 
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The negative values of the dielectric constant seem to move away from the 

theoretically expected values. This is partly due to the fact that at this regime, the 

composite is absorbing and reflecting most of the electromagnetic energy and 

therefore the signal to noise ratio of the transmitted pulse is considerably low.   

 

2.5. Summary  

We have shown that by embedding an array of thin straight copper wires in 

structural fiber-reinforced polymer composites, we can change the overall dielectric 

constant of a composite panel and even render it negative. We have developed 

methods for numerical prediction of the response of such structures. Various 

composite samples were fabricated at UCSD, CEAM and their electromagnetic 

properties were studied using an anechoic chamber at UCSD Department of Physics. 
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Chapter 3 
 
Composites with tuned effective magnetic 

permeability  

 
Pendry et al. (1999) and Smith et al. (2000) showed that the effective magnetic 

permeability, µ, can be rendered negative over a certain frequency range by suitably 

integrating the so called split-ring resonators. The structure, however, cannot be 

integrated into a thin composite panel. To remedy this fundamental barrier, we 

considered collapsing the rings into nested folded plates or folded-doubled-resonators 

(FDR).  Measurements, using a focused beam EM characterization system, combined 

with time-domain numerical simulation of the reflection and transmission coefficients 

of a composite slab revealed that indeed the composite had a negative µ over a 

frequency range of about 9.1-9.35GHz (Nemat-Nasser et al., 2006).  It is possible to 

construct a composite panel with negative index of refraction by simultaneously 

creating negative effective ε  and µ (Veselago, 1968, Shelby et al., 2001, Starr et al., 

2004). 
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3.1. Introduction 

The overall electric permittivity of composites is modified by inclusion of 

arrays of certain conductive components such as thin straight wires or coils. The 

influence of the scattering elements on the propagation of electromagnetic waves in a 

composite produces what is understood as a modified overall dielectric constant. In 

most cases, this is achieved by arrays of conductors that create electric dipoles in 

response to the oscillating electric fields; see Figure 3.1. The properties of the electric 

dipole array determine the overall behavior of the material. For example, the overall 

inductance of the medium dictates the characteristic resonance frequency of the unit 

cell and therefore dispersive behavior of the composite.  

 

Similarly, in order to modify the magnetic properties of a composite, one can 

embed scattering structures inside a composite such that an oscillating magnetic field 

would create current distributions of a magnetic dipole resonator. A simple example is 

a resonating current loop. Pendry et al. (1999) studied various examples of such 

structures in detail. They predicted that using certain designs, one can render the 

overall magnetic permeability of the composite negative. Smith et al. (2000) 

experimentally verified these predictions by fabricating one of the suggested structures 

and measuring its transmission spectrum.  

 

The following examples have the basic property of being based on resonating 

current loops. Another important shared aspect is that all of the current loops have a 
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gap. Notice that if a loop does not have a gap, the restraining force against the induced 

current (assuming perfect conductors) is very small. However by introducing a gap in 

the loop, the induced current charges a capacitor that in turn creates an opposing 

electromotive force. Pendry et al. (1999) studied simple loops and concluded that they 

have very small magnetic effect. 
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Figure 3.1: Electric and magnetic dipole resonators. (Left) Wave polarization. (Center) An 
electric dipole resonator induced in a straight conductor and the accompanying current 
density. (Right) A magnetic dipole resonator induced in a conductive split ring and the 

accompanying current density.  
 

In contrast to the electric dipoles where the effective inductance of the medium 

was the deciding factor, the effective capacitance is the most important attribute 

determining the magnetic properties of composites. The original design of split-ring 

resonators increased the capacitance of the medium by having two separate resonators. 

The two resonators were arranged such that they constitute the two surfaces of a 

capacitor. However as shown by Starr et al. (2004) it is not necessary to have the two 
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split rings and one ring can be adjusted to have adequate capacitance to reduce the 

effective magnetic permeability of the composite. 

 

3.2. Split-ring resonators 

The first structure that was extensively studied and showed considerable effect 

in overall magnetic properties was the split-ring resonator. It was introduced and 

analytically studied by Pendry et al. (1999) and later fabricated and tested by Smith et 

al. (2000) at UCSD Department of Physics. The basic element and typical dispersion 

curve of the normalized overall magnetic permeability is shown in Figure 3.2. Note 

that the real part of permeability becomes negative but the imaginary part is always 

positive, as expected from a passive medium. 

 

 
 

Figure 3.2: Split-ring resonators. (Left) Schematics of a split-ring resonator with the wave 
polarization that can excite it. (Right) A typical dispersion curve for effective magnetic 

permeability normalized with respect to µ0. Note that the real permeability becomes negative 
but the imaginary part is always positive as expected for a passive medium. (Drawing and 

graph courtesy of D. R. Smith) 
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Pendry et al. (1999) gave an analytical prediction for the effective magnetic 

permeability based on the line and surface integral averaging method (Pendry, 1994, 

1996). We present a slightly modified general formulation as used by Smith et al. 

(2000): 

 
ωωω

ω
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ωµ

Γi
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+−

−= 2
0

2

2
0

0

1)(   (3.1) 

In this formula F is a geometrical value that can be interpreted as the filling 

factor. Γ is a loss parameter that depends on the conductivity of the rings and ω0 is the 

resonance frequency which depends on the capacitance of the element. These 

parameters can be calculated based on the geometry of the unit cell and the material 

properties. For detail, see Smith et al. (2000). 

 

The index of refraction 00/ εµµε=n  becomes imaginary in the negative 

magnetic permeability frequency band. Therefore, there are no propagating modes 

inside the composite in this band. The only possible modes are the evanescent waves. 

All the energy of a wave in this frequency regime will be either reflected or absorbed 

within a thin layer of composite. Smith et al. (2000) verified the existence of this stop 

band using a microwave network analyzer by measuring the transmitted power in a 

waveguide filled with a split-ring resonator array. 
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3.3. Hand-made folded-doubled-resonators (FDR) 

The split-ring resonator design is easily tunable and demonstrates a relatively 

wide band with negative effective permeability. Consequently, the variation of )(ωµ  

with frequency is relatively slow. Therefore it is a desirable design when an 

application requires tuning in wide bands of frequency. However the split-ring 

resonators cannot be easily integrated into a composite. The plane of the split-rings 

has to be perpendicular to the plane of a composite slab and parallel to the wave vector 

to interact with incident waves that are normal to the plane of the sample. This is 

difficult to implement in any of the usual composite processing techniques. Ideally, 

one would like to be able to stack layers of magnetic resonators between prepreg 

layers or fiber bundles. 

 

 

 
 

Figure 3.3: (Left) Schematics of a folded-doubled-resonator (FDR). (Right) Samples made 
from adhesive copper tape. 

 

Therefore it is important from the manufacturing point of view to create 

elements that can be embedded in a fiber reinforced composite and are compatible 

with layered structures and fabrication methods. One such design is the folded-
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doubled-resonator (FDR). It consists of two folded conductive thin strips with one 

being tucked inside the other; see Figure 3.3. The platelet shape of this element makes 

it easy to embed it in the layer architecture of fiber reinforced composites. The 

capacitance is provided between the two folded strips and at the tips. 

 

To examine this idea we fabricated samples using thin adhesive copper tapes. 

First one tape of total width 6.4mm is folded and then placed inside another tape of 

total width 10mm. The outside tape is then folded over. The adhesive backing of the 

copper provides insulation. It also modifies the capacitance of the element. The copper 

thickness is about 0.1mm and the total thickness of the FDR is about 1mm; see Figure 

3.4. The rings are cut in length in 4.5mm sections, therefore giving planar cross 

sections of 4.5X4.5mm and 4.5X3mm to the outer and inner resonators, respectively. 

They are then glued on Styrofoam squares and arranged into an array such that the unit 

cell has 6X6X3mm dimensions. 
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Figure 3.4:  (Left) Cross section of a FDR made from adhesive copper tape with dimensions. 
(Right) Magnetic field pattern simulated by Ansoft-HFSS (Ansoft, 2001).  
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We have numerically simulated this structure using Ansoft-HFSS finite-

element electromagnetic software (Ansoft, 2001). We ran a frequency domain analysis 

of the unit cell with periodic boundary conditions on the y and z faces:  

 ,),,(),,( ϕiezyxxzyxx −+ === FF  (3.2) 

 ),,,(),,( zyyxzyyx −+ === FF  (3.3) 
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Here F represents any of the electromagnetic fields. The boundary condition 

for the x faces is periodic with a prescribed phase advance that is related to the 

wavelength through Equation (3.5). A stop band between 6.09 and 6.51GHz (negative 

permeability) was predicted.  

 

The fabricated samples were tested in an anechoic chamber setup at 

Department of Physics, University of California, San Diego. The transmission through 

1, 2, and 3 layers of this composite is measured between 3 to 12GHz. The predicted 

stop band is observed. The depth of the stop band increase with more layers. The 

width of this band is considerably larger than the numerical predictions. This is partly 

due to imperfect hand fabrication technique. The FDR’s in this sample are not uniform 

and the deviation in the geometrical parameters varies the resonance frequency of the 

unit cells; see Figure 3.5. Also shown in Figure 3.5, is the transmitted power when the 

incoming wave is polarized in such a way not to interact with the FDR’s. In this case, 
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the FDR is resonated when the incoming magnetic field is polarized along the y-axis 

and is inactive when the magnetic field is polarized parallel to the z-axis (see Figure 

3.4). 
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Figure 5:  The transmitted power through 1, 2, and 3 layers of the hand-fabricated FDR. Also 
shown, is the transmission when incident wave is polarized in such a way not to interact with 

the FDR’s.  
 

 

3.4. X-band FDR composites 

The samples described in the previous section have two shortcomings. First 

they are not structural composites. They have very low load-bearing strength or 

stiffness. Secondly, the samples are inherently non-uniform due to the hand-

fabrication process. To address these problems we employed conventional commercial 

printed circuit board fabrication technology; see Figure 3.6. 
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Figure 3.6:  X-band FDR. (Top left) Schematic and dimensions. (Bottom left) Cross section 
of the finished board. (Right) Planar view of the board. Samples fabricated at Hughes Circuits, 

San Marcos, CA. 
 

 In this method, the inside resonator is made out of a single board of FR-4 

material that is plated on both sides by copper. The copper is etched away into 

2.6X1.9mm rectangles to render the pattern of the platelets of the inside resonators. 

Then two vias of nominal diameter 160µm are drilled on one edge of the copper 

rectangles. The inside of the vias are plated with copper to provide electrical 

connection between the top and the bottom parts. The outside resonator is made out of 

two FR-4 boards that have copper on one face only. The outer resonators platelets are 

2.6X2.6mm copper squares and are created similar to the inner resonators. The 

finished inner board is sandwiched between the outer boards and treated under 

elevated pressure and temperature to make a single monolithic board. Finally, two vias 

are drilled and plated with copper to provide electrical connection between the outside 
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copper squares. The average measured thickness of the final board is 775 micron. The 

precise arrangement and spacing of the FDR’s is ensured in this method. 

 

SampleMicrowave Lenses SampleMicrowave Lenses SampleMicrowave Lenses

 
 

Figure 3.7:  Focused Beam Setup. Designed and built at UCSD/CEAM. 
 

To test this structure, we stacked the printed FDR boards with a total of 0.8mm 

thickness blank boards between the printed layers to fill up the designed thickness of 

the unit cell. The composite could be finalized to a monolithic sample by once again 

treating this stack under elevated temperature and pressure. However we opted for 

simply holding the layers together mechanically so that we can change the 

arrangement and the number of layers easily.  The resulting structure is tested in a 

focused beam setup for electromagnetic characterization of composites, developed at 

University of California, San Diego, CEAM; see Figure 3.7. The transmitted wave 

through the sample is measured using an Agilent 8510C vector network analyzer. The 

results are shown in Figures 3.8 and 3.9.  The curves shown represent the magnitude 

and phase of the transmitted wave through a slab of 5 layers of FDR’s. The difference 

between the experimental curves is in the polarization of incident wave. For the solid 
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curve the incident magnetic fields is polarized such that it creates a magnetic 

resonance in the FDR’s; see Figure 3.1. The dashed curve shows the transmission 

when the sample is rotated by 90° degrees, that is when the incident wave is in 

inactive polarization. In this configuration, the incident magnetic field does not excite 

resonance in the FDR’s. 
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Figure 3.8:  Comparison between measured transmission magnitude (|S21|) and simulated 
values of 5 layers of printed board X-band FDR. The solid red line is the simulations result 

when we assume that the entire composite (except for the conductors) has uniform dielectric 
constant 3.6. The solid gray line is the simulation result when layers of the printed board with 

dielectric constant 3.6 are sandwiched between FR-4 layers of dielectric constant 4.4. The 
solid and dashed blue lines are the measurements for the effective polarization and 90° 

degrees rotation, respectively. 
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Figure 3.9:  Transmission phase for 5 layers of printed board X-band FDR. Comparison 
between simulation and measurement. 

 

3.5. Numerical simulation and calculation of material 

parameters 

The results of the transmission measurement were also modeled numerically. 

We simulated two structures; see Figures 3.8 and 3.9. First we assumed that all the 

material in the composite, except for the copper resonators, has a uniform dielectric 

constant of 3.6. Second, since the material of the spacing boards is different in amount 

of resin and the processing history, we used a dielectric constant of 4.4 for the boards 

sandwiched between the FDR layers and 3.6 for the material of the FDR boards 
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(shown in Figure 3.6, bottom left). We simulated the reflection and transmission off a 

5 layer FDR as shown in Figure 3.10 and calculated the scattering parameters Sij:  
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Here +
iV  and −

iV  denote the voltage of the incident and scattered signals at the 

i-th port respectively. The results of the simulations are shown in Figures 3.8 and 3.9. 
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Figure 3.10:  Setup for time-domain simulation of a finite thickness plate of the FDR 
composite. Each cube represents a unit cell. 

 

To extract the overall material properties of the composite, we substitute the 

results of the simulation for S11 and S21 in the expected reflected and transmitted 

waves from a slab of homogeneous material; see Figure 3.11. Note that we chose to 

use the results of the numerical simulation with uniform dielectric constant 3.6 since it 

agrees with the experimental data very closely. Use of the simulated values has two 
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advantages. First we can avoid the noise of the measured data in a systematic way. 

The simulation results follow the experimental data closely but do not include various 

noise sources. Second, the reflection measurement S11 involves many internal 

reflections within the experimental setup. The reflection off of the slab can be very 

small compared to the rest of the system and therefore its measurement would be very 

unreliable in the present setup. Therefore we relied on the transmission and reflection 

calculations based on the simulation. For a slab of thickness d, refractive index n, and 

impedance z we have  
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A phase factor of ikde±  is omitted. Here ck /ω=  is the wave number for free space, t 

is the transmission coefficient, and r is the reflection coefficient; see Figure 3.11. The 

inversion of these equations gives the overall material properties of the FDR 

composite. Here we followed the method of Smith et al. (2002). We used a Matlab 

macro written originally by C. G. Parazzoli from Boeing Phantom Works, Seattle, WA 

and adjusted by D. R. Smith. We adapted the macro for the current application by 

applying it to the output of the Ansoft-HFSS solver and de-embedding the results 

appropriately.  
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Figure 3.11:  Transmission and reflection of a monochromatic wave with wave number k 
from a homogenous plate. 

 

The material parameters calculated based on this inversion are shown in Figure 

3.12. The results demonstrate a negative permeability band between 9.1 and 9.35GHz 

as well as increase in the overall dielectric constant to about 7. The minimum 

normalized magnetic permeability was calculated to be around -0.65.  
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Figure 3.12:  Extraction of material properties of X-band printed board FDR from S-
parameter simulation. Inversion macro courtesy of C. G. Parazzoli, Boeing Phantom Works, 

Seattle, WA. 
 

3.6. Summary  

We have designed a structural composite that exhibits negative overall 

magnetic permeability. Our work is distinguished from previous efforts in being the 

first to achieve structural integrity for a material with overall negative µ. We based our 

unit cell on the original idea of split-ring resonator by Pendry et al. (1999). However, 

by introducing the folded-doubled-resonator design, we were able to easily integrate 

this magnetic resonator into structural composites using conventional composite 

processing techniques. The folded-doubled-resonator (FDR) unit cell consists of two 
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nested resonators. The flat shape of FDR’s makes them a suitable candidate for 

embedding inside structural composites. The composite is fabricated from commercial 

lithography printed boards. The measured transmission through a slab of 5 layers of 

FDR indicates a stop band between 9.1 to 9.35GHz. The numerical predictions are in 

good agreement with experiments. We used the results of numerical simulation and 

calculated overall material properties by inverting the transmission and reflection 

coefficients, assuming of a slab of homogeneous material and comparable thickness. 

The calculated magnetic permeability shows a negative band between 9.1 and 

9.35GHz. This was the first fabrication and measurement of a structural composite 

with negative overall magnetic permeability. Similar fabrication methods were used 

by Starr et al. (2004) to produce a structural composite with negative index of 

refraction. 
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Chapter 4 
 
Metallic coil - polymer braid composites  

 
Incorporation of metallic inductive arrays into composites introduces a new 

opportunity to tune the overall electromagnetic (EM) properties of such materials over 

various frequency ranges. Such arrays include but are not limited to parallel straight 

wires, loop-wires, and conductive coils. They provide controlled response to EM 

radiation at wavelengths that depend on the geometry of the specimen and the 

microstructure. For example one can modify the overall refractive index of a 

composite to be in the vicinity of 1 for a prescribed frequency interval and therefore 

reduce the lensing effect that structural walls inflict on communications signals. Coils 

and loop-wires can use thicker wires than straight wire arrays to operate at the similar 

frequency range. Conductive coil arrays can be integrated into composites through 

braiding one or more metallic wires with the structural polymer or glass fibers. This 

and the natural periodicity of fiber composites render them as ideal hosts for 

integration of the conductive coil arrays. However, the loop-wire and coil elements 

introduce chirality in the EM response of the material. Although this may have 

potential applications, one can use various methods to eliminate or tune this effect. In 

this paper we discuss the design, manufacturing, and analysis of such composite 
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panels. We also study the chirality effect and show that it can be effectively eliminated 

either by alternating the sense of the coils in the composite, or by using double coils in 

a single braid with opposite helical sense. The latter approach also modifies the 

frequency response of the composite, while the former reduces the diffraction limit 

frequency. 

 

4.1. Introduction: The straight wire medium 

This work is concerned with design, analysis, and manufacturing of 

multifunctional composites. The objective is to develop materials that are not mere 

load-bearing elements, but also have other functionalities such as enhanced EM 

response and thermal management; see Nemat-Nasser et al. (2002, 2006). The main 

focus of this paper is to tune the index of refraction and the dielectric constant in 

bounded frequency ranges, specifically microwave band. Same principles can be 

applied to alter magnetic properties of a composite. We design the composites using 

electromagnetic scattering elements to modify the overall dielectric constant in the 

effective medium regime (Pendry et al., 1996, 1998, Smith et al. 1999). The effect of 

the scattering elements can be substantial enough to reduce the dielectric constant to 

negative values. Similarly, the magnetic permeability can be modified and reduced to 

negative values (Pendry et al., 1999). Furthermore when both the permittivity and 

permeability become simultaneously negative, the index of refraction will be real and 

negative. This class of artificial materials shows many interesting properties that are 

discussed elsewhere (Veselago, 1968, Smith et al., 2000). 
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A plasmonic medium by definition has an abundance of free electric charge 

carriers. These charges can freely vibrate with external excitations and resonance 

occurs depending on the properties of the medium. Electromagnetic waves below the 

resonance frequency do not propagate in this medium. We reserve the terms plasmon 

frequency for the resonance frequency when there is no background material (i.e. 

inductive elements are embedded in vacuum) and turn-on frequency when the charge 

carriers are embedded in a host material. The overall dielectric constant changes sign 

at the turn-on frequency. Below it, the index of refraction is imaginary as it is equal to 

00/ µεεµ  where ε and µ denote the permittivity and permeability of the medium, 

respectively, and the subscript 0 identifies those values of the free space. Note that the 

magnetic response of the material is not usually altered by the linearly vibrating 

charges. The plane waves of frequencies lower than the turn-on are attenuated as they 

travel through this medium or reflected at the surface. Above the turn-on frequency, 

the index of refraction becomes positive and a plane wave can propagate through the 

medium. The enhanced composites that show tuned dielectric constant have various 

electromagnetic scattering elements embedded in a periodic array to introduce the free 

charges. The inductance of these elements determines the resonance frequency of the 

charges. The simplest elements are straight conductive wires. Based on the unit cell 

geometry of the periodic structure and the material properties, the composite can be 

tuned to a desired value of the turn-on frequency. Note that if the embedded wires are 

unidirectional, only the component of the wave with electric field parallel to the wires 

would be affected since the free charges in the conductors can mainly vibrate in this 
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direction. This is also true for other designs such as loop-wires and coils. In-plane bi-

directional arrangements and tri-directional arrangements in space can be used to deal 

with this anisotropy (Nemat-Nasser et al., 2002). 
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Figure 4.1:  Straight wire medium. (Left) A slab of material with embedded straight wire 
array. (Right) Theoretical, numerical and experimental results for effective dielectric constant 
of an epoxy/E-glass composite with embedded 50µm thick wires in a 250µm lattice. The solid 
line is the simulations results from a frequency domain electromagnetic finite-element solver 

(Ansoft-HFSS, Ansoft, 2001) while the dashed line is the theoretical extension to lower 
frequencies. The other 3 data sets are extracted from transmission measurements taken from 
samples with 1, 2, and 3 layers of wires through the thickness. In the chart ft is the turn-on 
frequency of the medium, below which the medium is opaque to EM waves. The dielectric 
constant of the medium approaches that of the background composite without the wires for 

high frequencies. Reproduced from Nemat-Nasser et al. (2006).  
 

Pendry and his coworkers (Pendry et al., 1996, 1998) derived the following 

analytical result for the plasmon frequency of thin perfectly conducting straight wires 

in vacuum: 
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In this formula, c0 is the speed of light in vacuum and d and r are respectively 

the lattice spacing and the radius of the wires. In their paper, Pendry and his coworkers 

neglected the constant term in the denominator assuming that d/r>>1. However for all 

engineering purposes, the constant term should be kept. For a plasmonic medium, the 

effective dielectric constant takes the following dispersive form: 

 .1
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In this formula κ is the effective dielectric constant as a function of the 

frequency f and fp is the plasmon frequency. Moreover, if the wires are embedded in a 

matrix with a dielectric constant 10 ≠κ , this formula must be changed to (Nemat-

Nasser et al., 2002):  

 .
2

0 







−=

f
f pκκ  (6.3) 

See Figure 4.1. Note that this is equivalent to the turn-on frequency 
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We numerically establish the turn-on frequency and the frequency dependent 

dielectric constant in the following way. Consider an electromagnetic wave with 

wavelength λ propagating along the x-axis in a periodic medium with unit cell shown 

in Figure 4.2. We calculate the field solutions for this unit cell assuming the boundary 

conditions: 

 ,),,(),,( ϕiezyxxzyxx −+ === FF  (4.5) 
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  ),,,(),,( zyyxzyyx −+ === FF  (4.6) 

  ).,,(),,( −+ === zzyxzzyx FF  (4.7) 

Here F denotes any of the electromagnetic field vectors E, D, B, and H, and φ 

is the phase difference between the two sides of the unit cell for a wave with 

wavelength λ: 
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Figure 4.2:  A unit cell in a periodic medium with periodicity d along the x-axis, the wave 
propagation direction. The opposing faces are labeled.  

 

We calculate the numerical solutions for the eigenvalues and related 

eigenmodes of the Maxwell equations for this problem. The dispersion relation for the 

index of refraction is found through: 

 .)()(
f
cfnn
λ

λ ==  (4.9) 

Here )(ϕff =  is the characteristic frequency of the first eigenmode. The turn-

on frequency is calculated at 0=ϕ : 

 )0( == ϕfft  (4.10) 
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We have previously reported results on straight wire arrays embedded in 

polymer composites (Nemat-Nasser et al., 2002, Plaisted et al., 2003b). The diameter 

of the wires used in these composites were between 50-100µm and they were 

processed into the host composites by hand-lay-up. Wires were arranged in a grid 

pattern of desired spacing and held under tension within layers of pre-impregnated 

fibers (prepreg) while the polymer matrix was cured at elevated temperature and 

pressure. The delicate nature of such fine wire posed processing challenges in 

maintaining the spacing of the array and avoiding breakage of the wire. A special lay-

up jig was designed for this purpose, which along with careful assembly enabled 

production of numerous panels. However, to overcome some of the fabrication 

difficulties and to introduce other functionalities into the composite, it is desired to use 

thicker wires. To study other possible elements, note that Equation (4.1) can also be 

written as: 
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Here L is the specific inductance of the medium. For a straight wire array 
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For certain other structures the same inductance and plasmon frequency can be 

achieved using thicker wires. Two of such structures are mentioned here.  
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Figure 4.3:  Loop-wire unit cell, sample and measurements. (Top left) A unit cell of the loop-
wire structure. (Top right) Fabricated sample of threaded nylon wires and copper wires 

positioned in a plastic frame. (Bottom) Transmitted power in dBm scale through loop-wire 
array (solid) and free space (dashed). Predicted turn-on at 4.3GHz. Data courtesy of SPAWAR 

Systems Center, San Diego, CA. Samples fabricated at UCSD, CEAM.  
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4.2. Loop-wire and coil elements 

The wire radius r in the straight wire arrays must be small compared to the 

lattice spacing d so that the medium behaves like a dilute plasma. The thinner straight 

wires have higher specific inductance and therefore exhibit higher plasmon frequency. 

As λ/d becomes smaller, the effective medium approximation cannot be applied. 

Unless λ/d>>1, the small-scale structure cannot be neglected in favor of a 

homogenized description of the composite. With thicker wires, one needs to use other 

geometries to increase the inductance. Increasing the wire length per unit volume can 

be useful.  

 

4.2.1. Loop-wire array 

One method of increasing the specific inductance of the medium is introducing 

loops in the wires (Smith et al., 1999, Nemat-Nasser et al. 2002). The loops 

considerably increase the inductance and reduce the resonance frequency. A sample 

was designed and fabricated based on this idea at UCSD, CEAM and tested in an 

anechoic chamber in the SPAWARS Systems Center, San Diego by W. Massey and 

D. Hurdsman. We used 250µm diameter copper wires, which are substantially thicker 

than those used in straight wire composites of comparable frequency range. An array 

of 6-32 threaded nylon wires spaced 1cm apart in both directions was fabricated. The 

loops were separated by about 8.5mm in the vertical direction and had an inner 

diameter of 2.5mm; see Figure 4.3. This design has been simulated (Nemat-Nasser et 

al., 2002) using GdFidl a finite difference electromagnetic simulation program 
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developed by Dr. Warner Bruns (Bruns, 2002). For the sake of numerical simulation, 

the round loops were replaced by square loops of the same area. The expected turn-on 

frequency was calculated to be 4.3GHz. The results from the transmission experiment 

agree very closely to this prediction; see Figure 4.3. 

 

4.2.2. The coil medium 

A natural alternative to the loop-wire design is a coil; see Figure 4.4. The 

processing and fabrication methods used to incorporate coils in fiber-reinforced 

composites are discussed in detail in the next section. Experimental measurements and 

verifications along with numerical simulation results is also presented here; see also 

Amirkhizi et al. (2003) and Plaisted et al. (2003a).  
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Figure 4.4: (Left) Rendering of a single coil. Arranged in a 2D array, it will show plasmonic 
response. (Right) The axial electric field Ei creates a charge density in the coil and unit cell 

with two components: axial Ja and circumferential Jc. The axial component causes the 
plasmonic behavior and modifies the dielectric constant. The circumferential current density 
induces a magnetic dipole M which is out of phase with the incoming Hi. The total magnetic 

field Ht is not linearly polarized, but rather elliptically polarized. 
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In order to show the versatility of a coil array, a parametric analysis was 

conducted. The numerical model is composed of conductor wires in free space. There 

are four main geometric parameters: cell width w (assuming a square lattice), cell 

height h (for one full rotation of the coil; inverse of the pitch), inner diameter of the 

coil d, and wire thickness t. By assigning three different values for each parameter 

(w=2, 2.5, 3mm; h=0.5, 0.75, 1mm; d=1, 1.25, 1.5mm; t=0.1, 0.175, 0.25mm), a total 

of 81 designs were analyzed. These values were selected to achieve turn-on 

frequencies around 10GHz. The numerical simulations were conducted using Ansoft-

HFSS electromagnetic finite-element frequency domain solver (Ansoft, 2001). The 

turn-on frequency of the unit cell for each of the points in the parametric space was 

calculated. The results range between fp=6.23-21.81GHz. The design with the middle 

value for all parameters (w=2.5mm, h=0.75mm, d=1.25mm, t=0.175mm) has 

fp=12.4GHz. If all other parameters are kept constant the effect of each parameter can 

be summarized as follows (Figure 4.5):  

• Increase in cell width w reduces the plasmon frequency.  

• Increase in cell height h increases the plasmon frequency.  

• Increase in coil inner diameter d slightly reduces the plasmon 

frequency (compared to the more pronounced effect of w).  

• Increase in wire thickness t generally increases the plasmon frequency 

slightly unless the cell height h is considerably small. In this case the plasmon 

frequency is very slowly varying with the thickness t.  
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Figure 4.5:  Parametric study of conductive coils. The curves are parameterized for the cell 
height h and the lattice spacing w. The horizontal axis is the inner diameter d and the vertical 
axis is the plasmon frequency fp. The three graphs are for three different values of the wire 

thickness t. All the dimensions are in mm.  
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In all of these cases, the dependence can be closely approximated by a linear 

function. 

 

Introduction of the coils or loop-wires not only affects the inductance of the 

medium and consequently its overall dielectric constant, but also introduces different 

capacitative response than the straight wires. This capacitative response can 

potentially modify the overall magnetic properties of the medium. Part of this response 

is manifested in the chirality effect which is discussed presently.  

 

  
 

Figure 4.6:  Field patterns calculated for a unit cell of a coiled medium using Ansoft-
HFSS: (left) E The Electric field E, and (right) H the magnetic field H. The wave is 

propagating along the x-axis and the fields on the two yz-faces have 50° phase difference (the 
wavelength is 360/50 times the length of the cell in the x-direction). The electric field vector 

of the incoming wave on the far yz-face is at this time polarized parallel to the axis of the coil. 
However the effect of the coil adds an out of phase normal component. Therefore the field 

vectors of both electric and magnetic fields are rotated as the wave travels through the 
medium.  

 

The geometry of the coils (and also the loop-wires) requires that the current 

density in the conductors have a circumferential component in addition to the axial 

component; see Figure 4.4. The chirality effect can be intuitively explained as follows. 
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The oscillating circumferential component of the current creates a magnetic dipole M 

parallel to the axis of the coil. Note that when the electric field Ei is parallel to this 

axis, the accompanying magnetic field is normal to it. Therefore the locally induced 

dipole M is normal to the magnetic field Hi that accompanies Ei. Moreover, M is in 

phase with the current density and the external electric field, whereas the magnetic and 

electric fields are out of phase by a quarter of a cycle (π/2). If M were in phase with 

Hi, the overall magnetic field would be slightly skewed from the original field, but 

linearly polarized. However, the phase difference creates elliptically polarized 

magnetic and electric fields. In other words, the direction of the electric and magnetic 

field vectors rotate as wave travels through this medium; see Figure 4.4. This effect is 

known in the literature as chirality; see Lindell et al. (1994). Note that depending on 

the helical sense of the coil the elliptically polarized field can be clockwise or counter-

clockwise. We will study and utilize this fact for control or elimination of the chirality 

effect. 

 

4.3. Fabrication 

The loop-wire design is difficult to manufacture and its incorporation into a 

structural composite is not very promising as the core rod must be considerably thicker 

than what can usually be embedded in fiber composites without jeopardizing the 

mechanical integrity. A braid, however, directly integrates the coil into the fiber phase 

of the composite. Furthermore, it is easy to change the geometrical parameters for 

tuning EM properties in coil arrays. One can also introduce other functional elements 
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at the center of the coil such as sensors. This is an active research area for structural 

composites with in-situ health monitoring based on sensor-processor networks. A 

simple textile braiding machine has been utilized to integrate a conductive wire coil 

with multiple tows of reinforcing fibers into a single element. These braids can then be 

arranged into layers and infused with polymer matrix to produce composite plates. The 

textile braiding machine enables us to produce various coils with different pitches and 

diameters by adjusting the rotational speed of the fiber carriers, the take-up speed of 

the collecting spool, and the diameter of the core. 

 

Fiber-reinforced polymer composites facilitate arrangements of the coil 

elements due to the natural periodicity of their laminate construction. The arrangement 

of fibers and braids within each layer provides flexibility in orientation, spacing, and 

geometry of the electromagnetic elements. Each layer may contain elements with 

orientation in only one direction, as in a uni-directional laminate, or the elements may 

be woven such that each layer has bi-directional elements. Variation of the spacing of 

these elements through the thickness of the material is controlled by the sequence in 

which laminae are stacked to form the composite. 

 

4.3.1. Braiding 

Using thicker wire with coil geometry facilitates more robust processing of our 

electromagnetic designs. Therefore we have identified textile braiding as an ideal 

method to integrate the conductive wires with the reinforcing fibers of the structural 
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composite. The braiding process interlaces two or more yarns to form a unified 

structure. Our process uses a two-dimensional tubular braiding machine that operates 

in a maypole action, whereby half of the yarn carriers rotate in a clockwise direction, 

weaving in and out of the remaining counter-clockwise rotating carriers; see 

Figure 4.7. This action results in a two-under two-over braid pattern. Each yarn makes 

a helical path around the axis of the braid to create a uniform coil. To integrate the 

wire coil into such a structure we simply replace one of the fiber carriers with a wire 

carrier. A comprehensive description of the textile braiding process is given by Ko et 

al. (1989) and Ko (2001). 

 

   
 

Figure 4.7:  Textile braiding. (Left) Schematic of tubular braiding machine. Fibers and wire 
(indicated in orange) are spooled from carriers that rotate on a circular track. Fibers may be 

braided around a center mandrel or other fibers in the core of the braid. (Center) Arrow 
indicates path taken by one yarn carrier in Maypole braiding pattern. (Right) Process creates 

wire coil along axis of braid.  
 

Braiding the wire with the reinforcing fibers results in an electromagnetic 

element with uniform geometry that maintains its shape under considerable handling 
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and other processing conditions. The braid itself is a tough structure that protects 

elements woven into the outer sheath, as well as other elements in the core. Thus the 

functional elements (wires and sensors) are truly integrated into the fibers of the host 

composite, rather than acting as distinct inclusions in the matrix phase. Furthermore, 

braiding allows fine control of the pitch and diameter of the wire coil such that the 

electromagnetic properties may be tuned for desired performance. The helical sense of 

the coil may also be varied in this process to address issues of chirality. The braiding 

process allows production of coils of both senses by switching the direction of rotation 

of the wire carrier in the maypole rotation. Furthermore, one can over-braid a coil of 

one sense by using it as the core of a coil of the opposite sense. Otherwise, by 

including another wire carrier rotating in the opposite direction, a double coil braid 

consisting of two coils in the same plane may be created if insulated wire is used, such 

that when the wires cross they do not cause an electrical short at each intersection. 

These double coils also eliminate the chirality of the medium. 

 

4.3.2. Composites processing 

Complete fiber wet-out can be a difficult processing challenge in braided 

composite materials, due to the inherent tight-packing of fibers in the braiding process. 

We have initially addressed this issue by developing a commingled braid composite, 

which integrates the eventual matrix phase as a thermoplastic fiber that is braided 

along with the structural fibers. Selection of the core thickness allows control of the 

diameter of the coil that is braided around it. The braided elements take the form of a 
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laminate by weaving with other reinforcing fibers to form a cohesive fabric. The 

braids may be oriented in a single direction in each layer or may be woven together bi-

directionally. Due to the inherent stiffness of the dry braid, tight weaving patterns in a 

bi-directional weave, such as plain weave and satin weave, may be restricted since the 

braid cannot be woven over small intervals without kinking, which compromises the 

braid structure. This factor is dependent on the braid and wire diameter, where smaller 

diameters are not subject to such limitations. This limitation is avoided when braids 

are woven uni-directionally since the fill yarns (weft direction) are able to 

accommodate such undulation while allowing the braid elements (warp direction) to 

remain straight. To achieve the desired spacing of the coil array, while maintaining a 

uniform composite fabric, dummy braids may be woven into the layer or inserted 

between layers. The dummy braid is identical to the electromagnetic element braid, 

however the copper wire is replaced with an end of reinforcing fiber. Additionally, 

chiral effects of the coil geometry can be eliminated by alternate placement of a left-

handed coil next to a right-handed coil. Such an arrangement can be easily achieved in 

the braiding and weaving processes. Woven layers are stacked in accord with the 

electromagnetic design and processed with additional thermoplastic matrix at elevated 

temperature and pressure to form the consolidated composite. 

 

Note that the various lay-ups of the woven fabric sheets produce different 

patterns and spacings through the thickness. Therefore one can create different 
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composites from a single sheet of woven fabric. Three of such configurations for a 

typical braid and fabric are shown in Table 4.1.  

 

Table 4.1:  Various lay-ups made of a single braid geometry. The geometry of the braids is 
given lather in experimental verification in the description of the Kevlar-nylon-copper 
composite. Sheets are either blank (B), consisting only of dummy braids, or electromagnetic 
(EM), which have embedded conductive coils. All braids are positioned such that the axes of 
the braids are parallel, except for (EM90) laminae, for which braid axes are normal to the (B) 
and (EM) laminae. All frequencies are in GHz. The match frequency denotes the frequency at 
which the index of refraction matches that of the free space n =1. The diffraction limit is the 
frequency at which the wavelength is twice the spacing of the EM coils. 

 
Lay-up Turn-on 

Frequency 
Match Frequency Diffraction Limit 

EM/B/B/EM/B/B/EM 10 12 44 
B/EM90/B/B/B/EM90/B 12 14 23 

B/EM/B/B/EM/B 20 23 41 
 

 

4.4. Alternating arrays and double coils 

The effect of chirality can be used to benefit some applications. However in 

most cases it may introduce unwanted complexity. In order to eliminate this behavior 

two methods have been proposed. The first method is to use alternating coils in the 

array such that every right-handed coil is positioned adjacent to left-handed coils. We 

considered this solution for periodic arrays. For random media if the effective medium 

approximation is acceptable (that is if the wavelength is much longer than the spacing 

between the coils) a statistically uniform distribution of the right-handed and left-

handed coils should also behave similarly (Lindell et al., 1994).  
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Figure 4.8:  Unit cells with alternating arrays of left-handed and right-handed coils. Any of 
these designs can be used to cancel the polarization rotation effect. Suppose the x axis is 

normal to the plane of the composite (thickness direction). (Top left) Unit cell for layers of 
left- and right-handed coils stacked through the thickness. (Top right) Each layer through the 

thickness consists of alternating coils. (Bottom left) Checker-board pattern. (Bottom right) The 
effect of the field rotation is canceled. All the parameters are the same as in Figure 4.6. 

However the linear polarization of the electric field parallel to the axis of the coils is 
maintained through the structure. Note that the period of these structures is twice that of the 
non-alternating case, hence they have a smaller diffraction frequency limit. The dispersion 

relation and plasmon frequency for the principal propagating modes remain essentially 
unaltered. However, the field eigenmodes are dramatically different.  

 

Another way to eliminate the chirality effect is to use double coils instead of 

single coils. For two concentric coils with opposite helical sense the total 

circumferential current density is minimized and the dipole moment M will be 

negligible.  
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One can alternate the coils in three different basic arrays; see Figure 4.8. A 

propagating wave undergoes the opposite effects of two adjacent coils with opposite 

helical sense. Therefore the polarization rotation induced by one is effectively 

cancelled by the effect of the other. The first two designs, for which layers of left-

handed and right-handed coils are stacked are essentially the same and differ only 

when a wave vector direction is designated. All of these designs have similar behavior 

and furthermore exhibit the same dispersion relations as an array of non-alternating 

coils. However, due to the longer periodicity (twice that of a non-alternating array) the 

diffractive effects appear at lower frequencies. 

 

In the second method, double coils, the effect of clockwise or counter-

clockwise circumferential current is cancelled by concentric coils of the opposite 

helical sense. This method does not require any special ordering or arrangement at the 

time of manufacturing of the composite. The double coils can either be made by a 2-

stage braiding scheme (over-braiding) or by braiding insulated wires at the same time 

on tows that rotate in opposite directions. The double coils may have an advantage in 

mass production of composites, since at the time of composite processing less effort in 

ordering is required. However the additional inside loop pushes up the plasmon 

frequency and reduces the effective range of the pass band. Numerical studies show 

that higher pitch values can overcome this difficulty to some extent; see Figure 4.9.  
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Table 4.2:  Double coils geometrical parameters. O and I denote the outer and inner coils 
respectively.  

 

  Single double 1:1 double 1:2 double 2:3 

 coil spacing (mm) 6.35 

 cell height (mm) 1.1 

inner diameter (mm) 2.6 
O 

# turns in one cell 1 1 2 3 

inner diameter (mm) — 2.2 2.2 2.2 
I 

# turns in one cell — 1 1 2 

 wire diameter (mm) 0.1 

 fp (GHz) 3.26 7.59 6.73 5.35 
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Figure 4.9:  Double coils. (Left) A double 1:1 (the pitch ratio between the inner and outer 
coils) coil and the electric field vectors shown in a unit cell. The polarization rotation is 

eliminated. (Right) The dispersion curve for a single coil and 3 different double coils. The 
double coils vary in the pitch ratio, but all other dimensions are the same. The turn-on 

frequency is considerably higher than that of a single coil, but is reduced with increasing pitch.  
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4.5. Experimental verification 

We present here experimental verifications of the electromagnetic behavior of 

coil arrays and composites. Specifically, we show that the overall dielectric constant 

and refractive index of such composites and structures closely agrees with the 

predictions based on the numerical simulations. First, we used a plastic frame to 

assemble coils in a 2D array of three layers with 1cm lattice spacing. We used the 

textile braiding machine to fabricate braids with the following specifications. We have 

braided coil elements with para-aramid (DuPont Kevlar) reinforcing fiber and 

polyamide (DuPont nylon 6, 6) thermoplastic fiber. The outer braid consists of a single 

30 gauge (0.254 mm diameter) copper wire, four ends of 200 denier Kevlar fiber, and 

three ends of 210 denier nylon fiber. The core of the braid consists of one end of 1000 

denier Kevlar fiber and three ends of 420 denier nylon fibers. Nylon is included in the 

braiding process since it will serve as the polymer matrix of the final composite. 

However note that from a composite processing standpoint this is not an acceptable 

choice due to the properties of nylon and Kevlar. The braided elements had the 

following specifications: pitch of 65° to the axis, braid outer diameter of 1.55mm, and 

wire diameter of 0.254mm. The braids were placed in the frame with a checker-board 

pattern of left- and right-handed coils. The turn-on frequency of this sample was 

predicted at fp=6GHz using Ansoft-HFSS finite-element frequency-domain solver. 

Since the Kevlar and nylon fill a small fraction of the total volume and the rest is air, 

the dielectric constant is expected to approach 1 for higher frequencies. The frame was 

then placed in an anechoic chamber at UCSD Department of Physics. Using a vector 
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network analyzer (VNA), the magnitude and the phase of the transmitted wave were 

measured, from which the overall dielectric constant of the structure was extracted 

using an iterative algorithm. In this algorithm the unknown dielectric constant κ of a 

material layer with total thickness T=md was adjusted until the expected theoretical 

value 
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approached the measured transmission. Here m is the number of layers through the 

sample and d is the lattice spacing in this direction. Note that we have assumed that 

0µµ =  (transverse component of permeability) for this structure as the capacitative 

effects that can modify the overall magnetic permeability of the structure are 

negligible. Since we used an alternating pattern of left- and right-handed coils, the 

chirality effect is eliminated. Also, note that we have used an iterative algorithm since 

the direct inversion of Equation (4.13) results in a multi-valued answer. The correct 

branch of the solution is found by starting from the high frequency limit, where the 

dielectric constant is expected to be equal to that of the matrix (composite or air). 

Then the algorithm marches towards lower frequency, using the last value found for 

the previous higher frequency as the starting point for iterative search in the current 

step. The results of the experimental measurement and numerical and theoretical 

predictions are shown in Figure 4.10. There is a very close agreement between the 

predictions and the measurements. 
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κ=1

 
 

Figure 4.10:  (Left) The Kevlar-Nylon-Copper braids arranged in a 2D array using a plastic 
frame. The inset shows alternating orientation of the coils. This is to eliminate the chirality 
induced naturally by the coils. (Right) Comparison between the simulation results (solid), 

theoretical continuation to negative values (dashed) and experimentally measured value of the 
dielectric constant (circles).  

 

Next, a structurally sound composite sample was designed and fabricated. This 

was a solid plate of Kevlar-nylon composite with embedded coils. The panel has the 

following properties. The Kevlar fiber volume content was projected to be around 

50%. The plate dimensions were 152X152X12mm. The final achieved volume 

fractions of the various materials were: 45% Kevlar, 54% nylon 6, 6 and 1% copper 

wire. The dielectric constant of the Kevlar-nylon base was estimated at about 4.1 

around 10GHz. The coil angle from the axis was 60°. The average coil diameter was 

1mm. The average coil spacing was 4.2mm and 1mm,  in-plane and through the 

thickness, respectively; see Figure 4.11. Note that the 1mm through thickness spacing 

represents the spacing between layers and not single coils. The layers are shifted 

slightly with respect to each other to allow for maximal packing of the braids. The 

coils were alternated right-handed and left-handed in the in-plane direction. The 
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measurement of the transmitted wave was taken at CEAM’s focused beam setup. In 

this setup, microwave lenses are used to focus a microwave beam on a small spot on 

the panel surface. This reduces the amount of error-inducing reflections off of the 

walls and other laboratory objects as well as the scattering by the sample’s sharp 

corners. It must be noted here that in both experimental setups explained here 

(anechoic chamber and focused beam setup) the effect of internal reflections due to the 

impedance mismatch among various parts of the measurement system introduces large 

reflections which normally dominate the reflection off of the sample itself. Therefore 

we used the transmission data solely. The iterative algorithm explained previously was 

utilized to extract the overall dielectric constant. The results are shown in Figure 4.11. 

The sample was tested in two polarizations: electric field parallel and normal to the 

axis of the coils. As expected when the electric field vectors are normal to the axis of 

the coils, the plasmonic effect is absent and the dielectric constant of the full 

composite is that of the background. When the electric field is polarized parallel to the 

coils, the measured results and the predicted theoretical curve are in close agreement. 
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Figure 4.11:  Measurement results for the braided composite sample. The sample was tested 
in two directions. Empty circles denote the results when the electric field is polarized parallel 

to the coils axis. The dashed line is the analytical form based on Equations (4.3-4) for 
6.18=tf GHz and 40 =κ  from the measurements. The dots show the measurement for when 

the electric field is polarized normal to the coils axis. As expected the coils do not modify the 
base matrix properties by much in this polarization. The insets show the uni-directional 

composite and a magnified cross section. The coils and the interwoven fibers can be seen.  
 

4.6. Summary 

Incorporation of metallic scattering elements into composites provides the 

opportunity to design and manufacture structural materials with controlled and desired 

electromagnetic properties. Different schemes are being investigated for this purpose, 

including straight wire arrays and coiled media. The advantage of the coiled media lies 

in the possibility of using thick wires. However chirality effects caused by the coils 

arise naturally. Two different remedies are introduced here. One is to use alternating 
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arrays of left-handed and right-handed coils. Another method is to use concentric 

double coils of opposite helical sense instead of single coils. Based on the design 

objectives and the manufacturing limitations either method can be used. 

 

We have presented details on the processing and characterization of structural 

composites with integrated artificial plasmon media. Arrays of thick wire in coiled 

geometry were integrated into fiber reinforced composites by braiding and weaving 

and subsequently laminated to form a structural composite. We have characterized the 

electromagnetic response of a free-standing array of such braided elements and a solid 

composite slab. Results matched our predictions and were similar to thin straight wire 

arrays studied previously. Future research in this area will characterize the mechanical 

properties of the composite panels, which may show improved toughness and other 

mechanical attributes due to the novel braided-woven laminate construction. 
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Chapter 5 
 
Numerical calculation of electromagnetic 

properties including chirality parameters for 

uniaxial bianisotropic media 

 
The use of conductive coils in electromagnetic composites makes it possible to 

use thicker wires and more robust manufacturing techniques to tune the dielectric 

properties of multifunctional composites (Amirkhizi et al., 2003, Plaisted et al., 2003, 

Nemat-Nasser et al., 2006). However, the asymmetric geometry of coils causes the 

overall behavior of the medium to be chiral. The electric and magnetic field vectors 

rotate as a wave propagates through such a medium. This effect can be utilized for 

certain applications but may also create problems in other cases. Some ideas on how to 

eliminate the chirality effect was discussed previously (Amirkhizi et al., 2003). 

Ideally, one should be able to calculate the chirality of a medium prior to 

manufacturing. Here we propose a method to calculate all the material parameters 

including chirality for a general uniaxial bianisotropic structure based on numerical 

simulation of wave propagation in periodic media. We start by integrating the field 

solutions calculated by a finite-element solver of Maxwell equations over appropriate 
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lines and surfaces, following Pendry (1994, 1996). The average quantities derived in 

this manner are used as overall field quantities when the microscopic variation of the 

electromagnetic quantities in the scale of the unit cell is not important, that is when the 

wavelength of interest is longer than the maximum linear dimension of the unit cell by 

at least an order of magnitude. The overall constitutive law of the periodic structure is 

derived from the numerical relationships among the average quantities. We apply this 

method to various chiral and non-chiral structures. The results are in close agreement 

with previous works (Nemat-Nasser et al., 2006).  

 

5.1. Bianisotropic and chiral media  

A chiral medium is characterized by the property that it cannot be superposed 

on its own mirror image. This means that the microstructure has a left- or right-handed 

nature and the left- or right-circularly polarized waves interact differently with such a 

medium. Optical activity which is observed in many molecules and is the basis of 

distinction between enantiomers (stereoisomer which are mirror image of each other) 

is used extensively in physical chemistry and optics. One manifestation of optical 

activity is circular dichroism, the difference in absorption of left- and right-circularly 

polarized light in chiral media. Optical rotary dispersion is another related 

phenomenon where the plane of the polarization of the transmitted plane wave through 

a slab of chiral material is rotated with respect to that of the incident wave; See Figure 

5.1. For a history of the discovery of optical activity see Lakhtakia et al. (1989) and 

Lindell et al. (1994). 
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Lindman (1920, 1922) showed that similar phenomena can be created at 

microwave frequencies using artificial composites. He measured the rotation of the 

plane of polarization of a plane wave through a sample made of same-handed copper 

helices embedded in foam. The term optical activity is not suitable for these 

experiments and those done by Tinoco and Freeman (1957) which were performed at 

X band. Instead the term electromagnetic activity or chirality is widely used in 

literature. These works have a qualitative nature. A review of modern quantitative 

methods of measuring the chirality parameters at microwave frequencies can be found 

in Chapter 10 of Chen et al. (2004).  

 

  
 

Figure 5.1:  (Repeated from chapter 4) Field patterns calculated for a unit cell of a coiled 
medium using Ansoft-HFSS: (left) The electric field E, and (right) the magnetic field H. The 

wave is propagating along the x-axis and the fields on the two yz-faces have 50° phase 
difference (the wavelength is 360/50 times the length of the cell in the x-direction). The 

electric field vector of the incoming wave on the far yz-face is at this time polarized parallel to 
the axis of the coil. However the effect of the coil adds an out of phase normal component. 

Therefore the field vectors of both electric and magnetic fields are rotated as the wave travels 
through the medium.  

 

We are interested in chiro-electromagnetics or electromagnetic activity. A 

closely related phenomenon is the magneto-electric effect which was first postulated 
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by Tellegen (1948) and systematically predicted by Landau and Lifshitz (1984). This 

phenomenon was experimentally confirmed for chromium oxide by Astrov (1961). 

The difference between magneto-electric effect and the chirality or electromagnetic 

activity is clearly demonstrated when one studies the constitutive equations. In short, 

in a chiral material the electric field induces magnetic polarization with which it has 

π/2 phase difference and magnetic field induces electric polarization with similar 

phase difference. However in magneto-electric effect, the induced magnetic 

polarization is in phase with the electric field and the induced electric polarization is in 

phase with the magnetic field.  

 

The most general linear electromagnetic constitutive law can be written as 

(Lindell et al., 1994) 

 ,HED ⋅+⋅= ξε  (5.1) 

 .HEB ⋅+⋅= µζ  (5.2) 

Here, ε, µ, ξ, and ζ are general dyadics. The electrical permittivity, ε, and the 

magnetic permeability, µ, are true tensorial quantities, while the chirality parameters ξ 

and ζ are pseudo-tensors. For bi-isotropic media, the material parameters in (5.1-2) are 

scalars and pseudo-scalars instead of dyadic tensors and are usually written as 

 ,)( 00 HED εµκχε j−+=  (5.3) 

 .)( 00 HEB µεµκχ ++= j  (5.4) 

Here j is the imaginary unit. The distinction between the magneto-electric 

effect and chirality is clear here. When there is no chirality effect, κ=0. When there is 
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no magneto-electric effect χ=0. When the medium is lossless ε, µ, χ, and κ are real 

(Kong, 1972). More generally, for bianisotropic material (5.1-2) the media is lossless 

if  

 ,εε =+  (5.5) 

 ,µµ =+  (5.6) 

 .ξζ =+  (5.7) 

Here +  indicates the complex conjugate transpose. The medium is reciprocal if 

the following independent symmetry conditions are satisfied: 

 ,εε =T  (5.8) 

 ,µµ =T  (5.9) 

 .ξζ −=T  (5.10) 

For a material that is both lossless and reciprocal, the chirality dyadic pseudo-

tensors can be written as  

 .00εµκξζ j=−=  (5.11) 

Here κ is the real chirality dyadic. For bi-isotropic media, this would be a real 

pseudo-scalar. 

 

The notation used here in not the only one in the literature for chiral media. 

Most notably for bi-isotropic media Born (1912) introduced the non-reciprocal form 

 ),( EED ×∇+= ηε  (5.12) 

 .HB µ=  (5.13) 
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This was later modified by Fedorov (1959) to  

 ),( EED ×∇+= βε  (5.14) 

 ).( H×∇+= βµ HB  (5.15) 

Note the non-local nature of this formulation. Condon (1937) used a formulation 

which is equivalent for harmonic fields: 

 ,
t∂

∂
−=

HED χε  (5.16) 

 .
t∂

∂
+=

EHB χµ  (5.17) 

Other notable alternatives are those used by Post (1962) 

  ,BBED ψξε +−= j  (5.18) 

 .1 Ej ψξ
µ

−−= EBH  (5.19) 

and by Kong (1972) 

 ,BLEPD ⋅−⋅= cc  (5.20) 

 .BQEMH ⋅+⋅= c  (5.21) 

Here c is the speed of light in vacuum. The constitutive constants of these models are 

different but dependent. A collection of the relations among various representations 

can be found in Sihvola and Lindell (1991). We use the notation (5.1-2) in the present 

work.  
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5.2. Plane wave propagation in uniaxial media  

The coiled medium discussed here is a uniaxial medium; See Figure 5.2. The z-

axis, parallel to the axis of the coils, is the preferred axis in this case. A general 

uniaxial bianisotropic medium with preferred z-axis has the following electromagnetic 

dyadics: 

 ,)( zzzzzt eeee1 ⊗+⊗−= εεε  (5.22) 

 ,)( zzzzzt eeee1 ⊗+⊗−= µµµ  (5.23) 

 ,)( zzzzzt eeee1 ⊗+⊗−= ξξξ  (5.24) 

 .)( zzzzzt eeee1 ⊗+⊗−= ζζζ  (5.25) 

An array of parallel perfectly-conducting coils embedded in a lossless matrix 

constitutes a reciprocal and lossless composite. Therefore Equation (5.11) can be used. 

Furthermore, the chirality dyadics have a simpler form for such composite: 

 .zz ee ⊗−=−= ξξζ  (5.26) 

For more general uniaxial bianisotropic media, see Lindell et al. (1993). 
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Figure 5.2: A rectangular cubic unit cell of a uniaxial periodic coil array.  
 



79 

A harmonic plane wave traveling in such a medium can be represented by  

 .),( )( tjet ω−⋅= xkFxF  (5.27) 

Here F is any of the 4 electromagnetic field vectors. The Maxwell equations in a 

medium without external sources give 

 ,0=⋅Dk  (5.28) 

 ,0=⋅Bk  (5.29) 

 ,BEk ω=×  (5.30) 

 .DHk ω−=×  (5.31) 

 The field vector B is normal to E as is D to H. Substituting (5.22-23, 26) in 

(5.28-31) gives two values of the wave number as functions of frequency and material 

properties (for the left- and right- circularly polarized waves): 

 ,
±

± = β
αk  (5.32) 

 ),(2 22 ξµεµεωα += zztt  (5.33) 

 
).4)((sin       

)(cos2
222

22

ξµεµεµεµεµεθ

ξµεθβ

tttzzttzzt

zz

−−+

++=±

m
 (5.34) 

Here θ is the angle between the wave vector k and the z-axis, the axis of the coils. 

When the wave travels normal to the coils, (5.32-34) is simplified to  

 .
4)(

)(2
22

22

ξµεµεµεµεµε
ξµεµεω

tttzzttzzt

zzttk
−−+

+
=±

m
 (5.35) 

Furthermore, for this special direction one can show that the field vectors E 

and H are also normal to the wave vector k; See Lindell et al. (1994), page 285. The 
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electromagnetic wave traveling in this medium normal to the axis of the coils is a fully 

transverse wave: 

 ,0=⋅Ek  (5.36) 

 ,0=⋅Hk  (5.37) 

 

5.3. Average field quantities: Definition based on line and 

surface integrals 

In this section we expand the averaging method introduced by Pendry (1994, 

1996) for chiral media. This method is based on the integral form of the Maxwell 

equations (without free external sources): 

 ,0=⋅∫
∂V

dSD  (5.38) 

 ,0=⋅∫
∂V

dSB  (5.39) 

 ,∫∫ ⋅
∂
∂

−=⋅
∂ SS

dS
t

dl BE  (5.40) 

 .∫∫ ⋅
∂
∂

=⋅
∂ SS

dS
t

dl DH  (5.41) 

Here V and S are arbitrary volume and surface domains. Note that E and H 

only appear in line integrals, while D and B only appear in surface integrals. Therefore 

if we can discretize the space in any manner and replace the local field quantities with 

appropriate averages (line integrals over element edges for E and H, and surface 

integrals over element faces for B and D) the macroscopic Maxwell equations are 
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satisfied. This is the basis of the line and surface integral method for calculating 

overall constitutive properties. For a periodic composite, the natural discretization is 

the collection of the unit cells. 

 

Consider a rectangular cubic unit cell with faces at  

 ,
2
0xx ±=  (5.42) 

 ,
2

0yy ±=  (5.43) 

 .
2
0zz ±=  (5.44) 

When a wave of the form (5.27) travels in the positive x direction in a periodic 

medium of this unit cell, the following boundary conditions are satisfied: 

 ),,
2

,(),
2

,( 00 zyyxzyyx −=== ff  (5.45) 

 ),
2

,,()
2

,,( 00 zzyxzzyx −=== ff  (5.46) 

 .),,
2

(),,
2

( 00 ϕjezyxxzyxx −=== ff  (5.47) 

We denote the local microscopic field quantities by lower case letters e, b, h, 

and d. f denotes any of these 4 quantities. The phase advance is 

 .2
00 xkx

λ
πϕ ==  (5.48) 
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When the unit cell is heterogeneous Equation (5.27) is no longer applicable for 

microscopic fields. However, the harmonic time dependence is still maintained. The 

electromagnetic fields can be written in the form 

 .)(),( tjet ω−= xfxf  (5.49) 

The integral Maxwell equation (5.40) for the local fields on the face z=z0/2 

gives: 
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Using the periodic boundary conditions and defining  

 ,1

)
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,
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(),(0 00

∫
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zx
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E  (5.51) 
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yx
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Equation (5.50) is simplified to  

 .~)1( 0
0

zy
jkx BxjEe ω=−  (5.53) 

Further manipulation gives  

 .~
10

0
zjkxy B

e
jkxEk
−

=ω  (5.54) 

Define 

 .~
10

0
zjkxz B

e
jkxB
−

=  (5.55) 
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Then we will have 

 .zy BEk ω=  (5.56) 

Similar procedure on the face y=y0/2 gives 

 .yz BEk ω=−  (5.57) 

Equations (5.56) and (5.57) can be combined as  

 ).()()( zzyyzzyyx BBEEk eeeee +=+× ω  (5.58) 

Note that xE  can be defined in the similar manner. However, due to the 

periodicity of the medium, it is cancelled out of the Maxwell integral equations on any 

path over the surface the unit cell. Furthermore, for any arbitrary xE , 

.)()( 0ee =× xxx Ek  Therefore, exclusion of the longitudinal component of the electric 

field does not affect the rest of the quantities. In fact for a wave traveling normal to the 

axis of the coils in a uniaxial medium, we observed from numerical calculations that 

the value of xE , calculated based on numerical simulation, is very close to zero. The 

overall electric field has no longitudinal component in a uniaxial bianisotropic 

medium for this wave as seen from Equation (5.36).  

 

The same exact procedure can be implemented for D and H. This discussion 

gives us a rational basis for defining the average field quantities as follows: 
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A possible confusion may be clarified here. First, the fields E and H are 

integrated on a front of the plane wave. Therefore their phase xk ⋅  is constant along 

the integration domain. However the fields B and D are integrated on surfaces with 

variable phase. It can be seen that correction factor in (5.55) and (5.60-61), on average 

cancels this phase difference between B and D with respect to E and H. Note that in 

the effective medium limit where λ<<0x , 0→⋅ xk , and therefore 

1)1/( 0
0 →−jkxejkx . Also note that due to the periodicity, if we define the fields as 

integrals on y=-y0/2 and z=-z0/2 faces and the edges on these faces instead of the 

positive faces, we still arrive at the same values. More interestingly, if the fields E and 

H are defined on x=x0/2 edges instead of the ones on x=-x0/2, the resulting vectors 

have a phase difference of 0kx  with respect to the definitions in (5.59) and (5.62). The 

correction factor in (5.60-61) in this case is )1/()( )(
0

0 −− − xjkexjk . The ratio of the new 

correction to the one in (5.60-61) is 0jkxe , which amounts to the same phase difference 
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0kx  in the definition of E and H. For the purpose of the extraction of the material 

properties, this extra phase difference is obviously inconsequential. 

 

5.4. Extraction of the overall material properties 

The constitutive equations for the parallel coil uniaxial medium can be written 

as 

 ,zzzz HED ξε +=  (5.63) 

 ,zzzz EHB ξµ −=  (5.64) 

 ,yty ED ε=  (5.65) 

 .yty HB µ=  (5.66) 

ξζ −=  is deduced from the general reciprocity condition for the chirality 

dyadics Tξζ −= . Based on these equations, the values of transverse permittivity and 

permeability are easily calculated: 

 ,
y

y
t E

D
=ε  (5.67) 

 .
y

y
t H

B
=µ  (5.68) 

The remaining Equations (5.63-64) involve three remaining unknowns. We 

need one more equation. The resonant frequency of the unit cell with boundary 

conditions (5.45-48) can be found with appropriate numerical solver. For the purpose 

of this work we used Ansoft-HFSS frequency domain solver (Ansoft, 2001). In this 

finite-element solver we can create the geometry of the unit cell and prescribe the 
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boundary conditions (5.45-48). The solution to Maxwell equations for this geometry 

and boundary conditions is a wave traveling along the x-axis in an infinite periodic 

medium with the given unit cell and the wavelength λ from Equation (5.48). In 

addition to the field solutions, the finite-element solver also calculates the resonant 

frequency of this problem. Substitution of the wave number and the resonant 

frequency in the dispersion relation (5.35) gives a third equation. Now we can solve 

for the remaining unknowns. Rewrite these equations as follows. First we normalize 

Equations (5.63-64) with respect to the transverse permittivity and permeability: 

  ,
t

z
z ε

εε =  (5.69) 

 ,
t

z
z µ

µµ =  (5.70) 

 ,
ttεµ

ξξ =  (5.71) 

From (5.63-64) we get 

 ,ξε CAz −=  (5.72) 

 .1 ξµ
C

Bz +=  (5.73) 

Here, the parameters are defined as 

 ,
zt

z

E
DA
ε

=  (5.74) 

 ,
zt

z

H
BB
µ

=  (5.75) 
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 .
t

t

z

z

E
HC

ε
µ

=  (5.76) 

We also define 

 .2

2

tt

kD
µεω

=  (5.77) 

The dispersion relation (5.35) can now be written as  

 .
4)(

)(2
22

2

ξεµεµ
ξµε

−−+

+
=

zzzz

zzD
m

 (5.78) 

Substitution of (5.72-73) in (5.78) gives a second order equation for ξ  (the 

apparent fourth order terms are algebraically eliminated). The roots of this equation 

give two sets of possible parameters. The correct set can be found based on physical 

restrictions.  

 

5.5. Numerical examples 

In this section we solve a number of numerical examples. In all cases a basic 

unit cell with a left- or right-handed coil is used. The geometrical parameters of this 

unit cell are as follows. The spacing between the coils in the plane normal to their axis 

(cell width) is 6.35mm. The coil pitch is 1 turn per 1.1mm (cell height). The inner 

diameter of the coil is 2.6mm and the wire thickness is 0.1mm. The conductive coils 

are placed in vacuum.  

 

In the first two examples we consider single left- or right-handed perfectly 

conductive coils. The unit cell of a right-handed coil is depicted in Figure 5.2. We 
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have used Ansoft-HFSS (Ansoft, 2001) frequency-domain solver to calculate the 

electric and magnetic fields inside the unit cell for a given phase advances (see Figure 

5.1) as well as the resonant frequency. The software provides a calculator module that 

can integrate the field vectors on arbitrary line, surface, and volume domains. We have 

utilized it to evaluate the overall fields in (5.59-62). However, the software models a 

perfect conductor as a surface boundary condition and does not solve the Maxwell 

equations inside it. The perfect conductor is modeled by introducing necessary surface 

currents on its outside boundary. The integration scheme of the calculator module 

therefore neglects these significant currents. In our example, this affects the z-

component of the electric displacement D. Therefore, instead of the direct integral 

definition, we use the Maxwell equation (5.41) and calculate the average Dz from the 

integrated equation :DHk ω−=×  

 .yz HkD
ω

−=  (5.79) 

The real and imaginary parts of the overall material parameters for the left-

handed coils are shown in Figure 5.3. Note that as expected the overall composite is 

lossless; See Equations (5.5-7). The material properties for the right-handed coil 

medium are shown in Figure 5.4. In both these cases, the phase advance across a unit 

cell is π/3 at 8.72GHz, and π/2 at 12.4 GHz. This indicates that at these frequencies we 

are approaching the diffraction limit and the overall properties may not be well-

defined beyond this range. For example, the deviation of the correction factor 

)1/( 0
0 −jkxejkx  in the definition of B and D from 1 becomes significant. Nevertheless, 

our method calculates stable and reliable results.  
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Figure 5.3:  The overall material properties of the left-handed coil medium, the real part (left) 
and the imaginary part (right) of all 5 parameters. 
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Figure 5.4:  The overall material properties of the right-handed coil medium, the real part 
(left) and the imaginary part (right) of all 5 parameters. 

 

As seen from Figures 5.3 and 5.4, the only difference between the material 

properties of the left-handed and right-handed media is in the sign of Im(ξ). This is 

expected as the permittivity and permeability tensors have to be invariant with respect 

to spatial reflection. The only components of the constitutive law that changes with 

reflection are the chirality pseudo-tensors.  
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Figure 5.5:  The overall material properties of left-handed coil medium normalized with 
respect to the permittivity of the free space, the real part of the axial permittivity (left) and the 

imaginary part of the chirality parameter (right). 
 

It must also be noted here that the apparent reduction in tzz εεε /=  around 

12GHz is due to the increase in the transverse permittivity tε . When the axial 

permittivity zε  and the chirality parameter are normalized with respect to the 

permittivity of free space, the shapes of these curves are adjusted; See Figure 5.5. 
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Figure 5.6:  The overall material properties of the right-handed coil medium, the real part 
(left) and the imaginary part (right) of all 5 parameters. A unit cell consisting of two coils in 
the x direction is used for this calculation. The agreement with single unit cell (Figure 5.4) is 

apparent. 
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The next example validates these results. We recalculated the material 

properties of the right-handed coil medium by using a different unit cell. We used two 

consecutive coils in the x direction. The results are shown in Figure 6 and are in very 

good agreement with Figure 4. 

 

 
 

Figure 5.7:  Unit cell with arrays of left-handed and right-handed coils alternating in y 
direction (left). The effect of the field rotation is canceled (right). The linear polarization of 

the electric field parallel to the axis of the coils is maintained through the structure. The 
dispersion relation and plasmon frequency for the principal propagating modes remain 

essentially unaltered. However, the field eigenmodes are dramatically different.  
 

Finally we solve a case where alternating left- and right-handed coils cancel 

the effect of each other and the material is not chiral. Alternating the coils in either of 

the x or y directions (or both) cancels the effect of polarization rotation. Here we 

consider the case of alternating in y direction. The typical field solution for one 

eigenmode is shown in Figure 5.7. The electric field is clearly polarized along the coil 

axis.  
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The y component of the vectors E and D, as well as the z components of B and 

H in the integral definitions (5.59-62) are zero, indicating the composite is non-chiral. 

When this happens, the lengthy calculations involving the chirality constant are not 

necessary. One can use Pendry’s anisotropic definitions:  

 ,
z

z
z E

D
=ε  (5.80) 

 .
y

y
t H

B
=µ  (5.81) 
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Figure 5.8:  The overall material properties of a periodic array of alternating left- and right-
handed coils. The unit cell and an eigenmode solution for axial polarization are shown in 

Figure 5.6.  (Left) The axial permittivity and the transverse permeability related to the axial 
eigenmode. (Right) The transverse permittivity and axial permeability related to the transverse 

eigenmode. 
 

To calculate the transverse permittivity and axial permeability, we need to 

integrate the field solutions for a different eigenmode, for which the electric field is 

polarized normal to the coil axis. After proper integration 

 ,
y

y
t E

D
=ε  (5.82) 
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 .
z

z
z H

B
=µ  (5.83) 

Note that in either of the two cases, since 0=ξ , the dispersion relation (5.77) 

will have the simpler form 

 .or           zzD εµ=  (5.84) 

For example when the electric field is polarized along the coil axis,  

 .2

2

z
tt

tz

tt

kD µ
εµ
εµ

εµω
===  (5.85) 

The calculated constitutive parameters for the non-chiral alternating coil array 

are shown in Figure 5.8. The dispersion relations (5.84) are satisfied for the two 

modes.  

 

It is worth observing here that in all cases, the transverse permeability tµ  is 

very close to the permeability of the free space and the axial permittivity zε  shows a 

plasmonic response. In previous works (Amirkhizi, et al., 2003, Nemat-Nasser et al., 

2006) and Chapter 4 of this work, these assumptions were made based on physical 

arguments and were also shown to be compatible with experiments. The present work 

gives a numerical and theoretical verification of these assumptions.  

 

An interesting outcome of the present examples is the small value calculated 

for the axial permeability zµ . This value is consistent among all the chiral examples. 

On the other hand, when the medium is not chiral, although the overall axial 
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permeability is less than that of free space, the reduction is far less pronounced; See 

Figure 5.8. 

 

5.6. Summary and conclusions 

A method for calculation of the overall electromagnetic material properties of 

periodic composites is presented here. We expand the method of Pendry (1994, 1996) 

for the cases where the material is uniaxially bianisotropic. The average E and H 

fields are calculated along lines in the axial and transverse directions with respect to 

the coils. The other two electromagnetic fields, B and D, are averaged appropriately 

(with a correction factor for the phase advance along the unit cell) on the surfaces 

normal and parallel to the coils. These average fields are substituted in the constitutive 

equations, which can be solved along with the dispersion relation for the uniaxial 

medium to give the overall material constants for the periodic composites. 

 

A number of numerical examples are solved to demonstrate the power of this 

method. The method gives consistent results when it is applied to a single unit cell 

(Figures 5.3 and 5.4) and a double unit cell (Figure 5.6). Furthermore, comparison of 

the material properties of a left-handed coil medium (Figure 5.3) with a right-handed 

coil (Figure 5.4), shows that the only difference is the reversal of the sign of the 

chirality parameter. Finally, when an alternating left- and right-handed array (Figure 

5.7) is studied, it is proven by calculation that the effect of chirality is canceled out. 

 



95 

5.7. References 

Amirkhizi, A. V., Plaisted, T. A., Nemat-Nasser, S. C., Nemat-Nasser, S., 
2003. Metalic coil – polymer braid composites: I. The numerical modeling and 
chirality. 14th Annual International Conference on Composite Materials (ICCM), 
EM03-300, San Diego, CA. 

 
Ansoft, 2001. Ansfot HFSS 8.0 User Documentation. Ansoft Corporation, 

Pittsburgh, PA. 
 
Astrov, D. N., 1961. Magnetoelectric effect in chromium oxide. Soviet Physics 

JETP 13, 729-733. 
 
Born, M., 1915. Über die natürliche optische Aktivität von Flüssigkeiten und 

Gasen. Phys. Z. 16, 251-258. 
 
Chen, L. F., Ong, C. K., Neo, C. P., Varadan, V. V., Varadan, V. K., 2004. 

Microwave Electronics: Measurement and Materials Characterization. Wiley, 
Chichester, UK. 

 
Condon, E. U., 1937. Theories of optical rotatory power. Rev. Mod. Phys. 9, 

432-457. 
 
Fedorov, F. I., 1959. On the theory of optical activity of crystals. I. The law of 

conservation of energy and optical activity tensors. Optics and Spectroscopy 6, 85-93. 
 
Kong, J. A., 1972. Theorems of bianisotropic media. Proc. IEEE 60, 1036-

1046. 
 
Landau, L. D., Lifshitz, E. M., 1984. Electrodynamics of Continuous Media, 

second edition. Butterworth-Heinemann, Oxford, UK. 
 
Lakhtakia, A., Varadan, V. K., Varadan, V. V., 1989. Time-Harmonic 

Electromagnetic Fields in Chiral Media. Springer-Verlag, New York. 
 
Lindell, I. V., Viitanen, A. J., Koivisto, P. K., 1993. Plane-wave propagation in 

a transversely bianisotropic uniaxial medium. Microwave and Optics Technology 
Letters 6, 478-481. 

 
Lindell, I. V., Shivola, A. H., Tretyakov, S. A., Viitanen, A. J., 1994. 

Electromagnetic Waves in Chiral and Bi-Isotropic Media. Artech House, Boston. 
 
Lindman, K. F., 1920. Über eine durch ein isotropes System von 

spiralförmigen Resonatoren erzeugte Rotationspolarization der elektromagnetischen 



96 

Wellen. Ann. Phys. 63, 621-644. 
 
Lindman, K. F., 1924. Über eine durch ein aktives Raumgitter erzeugte 

Rotationspolarisation der elektromagnetischen Wellen. Ann. Phys. 69, 270-284. 
 
Nemat-Nasser, S., Nemat-Nasser, S. C., Plaisted, T. A., Starr, A., Vakil 

Amirkhizi, A., 2006. Multifunctional Materials, in Bar Cohen, Y. (ed.), Biomimetics: 
Biologically Inspired Technologies. CRC Press, Boca Raton, FL. 

 
Pendry, J. B., 1994. Photonic band structures. J. Mod. Opt. 41, 209-229. 
 
Pendry, J. B., 1996. Calculating photonic band strucutre. J. Phys.: Condens. 

Matter 8, 1085-1108. 
 
Plaisted, T. A., Amirkhizi, A. V., Arbelaez, D., Nemat-Nasser, S. C., Nemat-

Nasser, S., 2003. Metalic coil – polymer braid composites: II. Material processing and 
characterization. 14th Annual International Conference on Composite Materials 
(ICCM), EM03-301, San Diego, CA. 

 
Sihvola, A. H., Lindell, I. V., Bi-isotropic constitutive relations. Microwave 

and Optical Technology Letters 4, 295-297. 
 
Tinoco, I., Freeman, M. P., 1957. The optical activity of oriented copper 

helices: I. Experimental. J. Phys. Chem. 61, 1196-1200. 



97 

 
 
 
 
Chapter 6 
 
Numerical design and experimental 

measurement of dielectric constant in a 

terahertz plasmonic composite 

 
The dielectric response of a polymer matrix composite can be substantially 

modified and tuned within a broad frequency band by integrating within the material 

an artificial plasmon medium composed of periodically distributed, very thin, 

electrically conducting wires. In the microwave regime, such plasmon/polymer 

composites have been studied analytically, computationally, and experimentally. This 

work reports the design, fabrication, and characterization of similar composites for 

operation at terahertz frequencies. Such composites require significant reduction in the 

thickness and spacing of the wires. We used numerical modeling to design artificial 

plasmon media with turn-on frequencies in the terahertz range. Prototype samples 

were produced in Georege Whitesides’s lab at Harvard University by his graduate 

student Derek Bruzewicz by lithographically embedding very thin gold strips into a 

PDMS [poly(dimethylsiloxane)] matrix. These samples were characterized with a 

Fourier-transform infrared interferometer using the frequency-dependent transmission 
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and Kramers-Kronig relations to determine the electromagnetic properties. We report 

the characterization results for a sample, demonstrating excellent agreement between 

theory, computer design, and experiment. To our knowledge this is the first 

demonstration of the possibility of creating composites with tuned dielectric response 

at terahertz frequencies. 

 

6.1. Introduction 

Structured conducting media referred to as artificial dielectrics have been 

studied since the 1950’s, and perhaps earlier, for modeling RF propagation in the 

ionosphere.  Due to low intrinsic losses, these artificial media have also been 

considered for use as microwave lenses (Bracewell, 1954, Rotman, 1962). Many 

artificial dielectrics are plasma analogs that we refer to as artificial plasmon media. 

These media share an interesting characteristic: they dramatically affect 

electromagnetic radiation while occupying a small, often negligible volume fraction. 

Due to this characteristic, artificial plasmon media can be embedded into structural 

composites resulting in large-scale changes in the bulk electromagnetic response 

without significantly degrading structural integrity.  

 

Pendry et al. (1996) examined the electromagnetic properties of an artificial 

plasmon medium composed of a periodic arrangement of very thin, conducting wires, 

and predicted a plasma frequency in the microwave regime, below the diffraction limit. 

Following this work, it was experimentally established (Nemat-Nasser et al., 2002) 
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that embedding a regular array of very thin wires within an insulating host material 

alters the dielectric response to a suitably polarized electromagnetic radiation such that 

 2

2

)(
f
f

kf p−≅= κκ . (6.1) 

Here, κ  is the effective dielectric constant of the composite with the 

embedded wire array; f is the frequency of the electromagnetic radiation; k is the 

dielectric constant of the host material; and fp is a plasma frequency that depends only 

on the properties of the embedded wire array. For an ideal plasma, i.e. for 1=k  in 

Equation (6.1), the plasma frequency defines a threshold below which no 

electromagnetic radiation can propagate and above which the dielectric constant 

asymptotically approaches 1 as ∞→f . At microwave frequencies, an array of very 

thin copper wires simulates the response of an ideal plasma (Pendry et al., 1996, 

Nemat-Nasser, 2002).   

 

For an artificial plasmon medium embedded in a host material with dielectric 

constant k, we define a turn-on frequency ft as 

 
k

f
f p

t ≡ . (6.2) 

This frequency is the lowest at which non-evanescent electromagnetic waves 

can propagate through the composite. Pendry et al. (1996) showed that the plasma 

frequency fp for a regular three-dimensional cubic lattice of very-thin, very-long 

cylindrical wires can be estimated according to 
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where d is the lattice spacing, r is the wire radius, and c is the speed of light in vacuum. 

Equation (6.3) is valid for choices of d and r that result in a wavelength λp at the 

plasma frequency that is significantly larger than the lattice spacing, i.e.,  

 d
f
c

p
p >>=λ . (6.4) 

Equation (6.4) is a basic design constraint. Previous designs (Nemat-Nasser et 

al., 2002) of structural composites with modified dielectric constant at microwave 

frequencies required wires with diameters on the order of 510− m. Our present work 

demonstrates that, by scaling this dimension down to nanometers, one can achieve 

plasma frequencies in the terahertz regime. 

 

A great amount of work has been done previously on the interaction of metallic 

grids, meshes, and other periodic arrays with electromagnetic waves in the far infrared 

regime. Ulrich (1967a, b, 1968) extensively studied various designs that create low-

pass, high-pass, band-pass, and band-stop filters. Before these pioneering works, the 

only method to construct infrared filters was stacking of quarter-wavelength-spaced 

layers of various dielectrics which involved many processing and stability difficulties. 

More recently Smith et al. (2003) have also studies these stacked filter designs. 

Puscasu et al. (2000) measured the transmission and reflection from frequency 

selective surfaces consisting of a single layer of a 2D periodic array of isolated or 

coupled dipoles. Wu et al. (2003) have measured the reflectance of a multiple layer 
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thin wire array. In a later work Yen et al. (2004) measured the transmission of gold 

deposited PDMS layers and studied the change in the turn-on frequency as a function 

of the spacing as they stretched the elastomeric PDMS substrate. The present paper 

differs from these cited works in that we consider the composite samples as effective 

media and directly extract their overall material properties from experimental 

measurements. Moreover we present novel techniques for manufacturing of such 

composite samples as well as very good agreement between numerical predictions and 

experimental measurements. 

 

6.2. Numerical analysis and design 

Numerical simulations of Maxwell’s equations were used to design a 

heterogeneous microstructure for terahertz-frequency-range plasmon composites, 

subject to sample production constraints. We used two software packages for 

numerical simulation: (i) Ansoft-HFSS (Ansoft, 2001), a commercial finite-element 

electromagnetic solver, capable of modeling various boundary conditions in the 

complex-valued frequency domain; (ii) GdfidL (Bruns, 1996), an electromagnetic 

solver developed by Dr. Warner Bruns. These packages were used to calculate the 

resonance frequencies of unit cells of assumed periodic configurations. All terahertz-

regime simulations were conducted using HFSS. 

 

Consider a plane wave traveling in the x-direction in a three-dimensionally 

periodic structure. We are interested in an effective response that corresponds to 
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macroscopic plane-wave propagation. Electromagnetic field values are thus periodic 

in the y- and z-directions, having a period equal to the corresponding size of the unit 

cell: 

 ),,,(),,( zyyxzyyx −+ === FF  (6.5) 

 ).,,(),,( −+ === zzyxzzyx FF  (6.6) 

Here F is any of the electromagnetic field quantities, E, H, D, or B. The x-

direction period is defined by the wavelength of the traveling electromagnetic 

radiation. The effective medium assumption requires a wavelength significantly 

greater than the size of the unit cell in the x-dimension. A mono-frequency sinusoidal 

wave of such wavelength has a small phase advance across the cell. This prescribes 

the required boundary conditions for the unit cell as follows:  

 ,),,(),,( ϕiezyxxzyxx −+ === FF  (6.7) 

 .2 d
λ
πϕ =  (6.8) 

The phase advance ϕ  is determined by the wavelength λ and the cell size 

−+ −= xxd . A unit cell with these periodic boundary conditions is geometrically 

modeled using numerical simulations, and treated as a cavity with a resonance 

frequency )(ϕf  that can be calculated for different values of the phase advance ϕ . 

This frequency )(ϕff =  can be interpreted as the frequency at which a wave, with 

wavelength λ, travels through the medium. The corresponding dispersion relation is as 

follows: 
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Figure 6.1: Agreement between theory and numerical simulation in predicting the index of 
refraction versus frequency of a plasmon/polymer composite in the absence of electromagnetic 

losses. Symbols indicate the results of numerical simulations using GdfidL for a matrix 
dielectric constant k of 1, 2, and 4; solid lines indicate the Equation (6.1) model where the 
index n is computed as the square of the effective dielectric constant κ. Both the dielectric 
matrix and the artificial plasmon medium were treated as lossless, i.e. the loss tangent was 

zero for the dielectric, and all metals were treated as perfect conductors.  
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Here )( fvp  and )( fn  are the phase velocity and the index of refraction at f, 

respectively; and c is the speed of light in vacuum. Note that in the absence of any 

magnetic behavior, it can be assumed that the effective dielectric constant κ is related 

to the index of refraction by 2n=κ . 
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Table 6.1:  Comparison of the analytical prediction due to Pendry et al. (1996) and numerical 
simulation for the plasma frequency of an array of thin wires at very short wavelengths. 

 

Wire Spacing (µm) Analytical Prediction (GHz) HFSS Simulation (GHz)

10 8630 8940 

50 1275 1325 

75 804 833 

100 582 605 

 
 

We have used this method successfully to design a number of composites with 

tuned dielectric constants in the microwave regime. Figure 6.1 presents some 

simulation results using GdfidL to demonstrate the agreement between the analytical 

prediction of Equation (6.3) and direct numerical simulation. Table 6.1 compares the 

Equation (6.3) prediction for the plasma frequency with HFSS numerical calculations 

for an array of 1-µm diameter copper wires. The HFSS numerical simulations include 

finite electromagnetic skin-depth effects for copper, whereas the analytical formula 

and GdfidL simulations assume perfect conductors. The close agreement between 

analysis and simulation suggests that a plasmon response should be observed at 

terahertz frequencies. 

 

In general, the cross-sectional shape of the wires is not as important as their 

cross-sectional area. Therefore, the fabrication process can be simplified by using thin 
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strips instead of round wires. Geometric parameters are defined in Figure 6.2 and 

Table 6.2 for two sets of specimens, denoted as Set 1 and Set 2. The last three columns 

in Table 6.2 report the predicted turn-on, match, and diffraction-limit frequencies, 

respectively. The turn-on frequency, defined in Equation (6.2), was discussed 

previously. The match frequency is defined as the frequency at which the effective 

dielectric constant and the index of refraction are both equal to unity. One can define a 

band around the match frequency, in which the index of refraction deviates from 1 by 

a desired limit; say 10%. In this band the lensing effect of the composite is limited. 

Therefore the structure will minimally interfere with the transmission of the 

electromagnetic waves such as communication signals. The diffraction-limit frequency 

is the frequency at which the electromagnetic wavelength is equal to twice the array 

wire spacing. The frequency band between the turn-on frequency and the diffraction 

limit is where the composite can be homogenized and considered “transparent”; that is, 

EM waves can be transmitted through the thickness of the sample with small losses. 

Below the turn-on frequency, the imaginary part of the index of refraction becomes 

big the EM waves and the transmitted waves will be substantially weak, due to big 

impedance mismatch and very lossy medium. Above the diffraction limit, one cannot 

define homogenized material properties since the wavelength is of the same order as 

the microstructure length scale. Both sets of specimens consist of gold nano-strips 

plated on the surface of (Set 1) or embedded within (Set 2) poly(dimethylsiloxane) 

(PDMS) that has a dielectric constant of around 2.4 in the range of the frequencies 

studied here; see Figure 6.3. The samples were fabricated in Georege Whitesides’s lab 
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at Harvard University by his graduate student Derek Bruzewicz based on designs from 

UCSD. 
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Figure 6.2: The micron-scale thin strip array. Left: The slab of n rows of strips spaced r in-
plane and s through the thickness. Center: A single strip of width w and thickness t. Right: 

Optical micrograph of an array of thin gold strips in PDMS. The samples were fabricated in 
Georege Whitesides’s lab at Harvard University by his graduate student Derek Bruzewicz based on 

designs from UCSD. 
 

Table 6.2: Dimensions (all in µm) of the PDMS-Gold strip composites, and the corresponding 
turn-on, match, and diffraction limit frequencies entries (in THz). Only t=0.2 case simulated 

results are shown. 
 

Set r s w T n Turn-on Match Limit

1 50 100 5 0.1, 0.2, 0.3 1 0.67 0.80 0.95 

2 25 20 2.5 0.2 1, 2 2.37 3.10 4.74 
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Figure 6.3: Measured dielectric response of the PDMS matrix. From 1 to 6 THz, the dielectric 
constant is approximately equal to 2.4 with a loss tangent between 0.01 and 0.05. 

 
 

6.3. Measurement 

All measurements were carried out under vacuum using a commercially 

available Fourier transform interferometer. A silicon bolometer cooled to liquid 

helium temperatures was used as the detector; the light source for the measurements 

was a mercury arc lamp, and a germanium-coated Mylar beam splitter was used within 

the interferometer for the frequency range of interest. Measurements of the polymeric 

composites were performed with polarized light since the samples characterized were 

all uniaxial. 
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Figure 6.4: Measured normalized transmitted power for two polarizations of the electric field 
through the single-layer sample from Set 2. 

 

The wires are plated on the surface of (Set 1) or embedded within (Set 2) a 

PDMS matrix, and a characterization of the polymer matrix was carried out in order to 

determine its optical properties. The absolute values of both transmission and 

reflection were measured for 400-µm thick PDMS from about 1 to 20 THz as follows. 

We first measured the transmission through a PDMS sample via a 3-mm aperture 

normalized by the transmission through the open aperture. The reflectance of the same 

sample at near normal incidence was measured and then referenced by the reflectance 

from a perfectly reflecting material, i.e. a terahertz mirror. The measured coefficients, 

)( fT  and )( fR , were then inverted using a program written in Mathematica 

(Wolfram, 1999). The results for the real, )(1 fκ , and imaginary, )(2 fκ , parts of the 
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dielectric response for the PDMS sample are shown in Figure 6.3. Note that our 

analysis up to this point has ignored the imaginary, absorptive part of κ. The data 

presented in Figure 6.3 indicates a loss tangent between 0.01 and 0.05 in the frequency 

range depicted in Figure 6.5. 
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Figure 6.5: The extracted dielectric constant of the single-layer sample of Set 2 from 
Kramers-Kronig relations. The dashed arrow indicates the numerically predicted turn-on 

frequency of 2.37 THz, and the solid arrow indicates the predicted match frequency of 3.10 
THz; see Table 6.2. These can be compared visually to where the measured value of the 
normalized dielectric constant crosses zero (turn-on) and where it crosses one (match). 

 

With the complex dielectric function of the host material characterized, T f( )  

was measured for the polymeric composite materials. The samples were placed behind 

a 3-mm aperture. The power transmitted through the sample was measured. The ratio 
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of this value to the power transmitted through an open aperture is used in the 

calculations. The sample holder was attached to a piezoelectric rotational stage which 

is accurate to within 0.5º. Figures 6.4 and 6.5 present the absolute transmission and 

dielectric response for one of the samples, respectively. In the following section, we 

describe the method used to determine the dielectric response. 

 

6.4. Material parameters extraction 

In general, to evaluate the complex-valued electric permittivity, 

)()()(~
21 ωεωεωε i+=  and magnetic permeability, )()()(~

21 ωµωµωµ i+=  four real-

valued frequency-dependent measurements are required (here fπω 2=  is the angular 

frequency).  Alternatively, )(ωT  and )(ωR , the complex transmission and reflection 

coefficients, may be measured over all frequencies, and the phase for each may be 

calculated using the Kramers-Kronig integral relation. Then the complex transmission 

and reflection coefficients may be utilized to calculate the optical constants, i.e. 

)(~),(~ ωµωε (Maeda et al., 1963, Wooten, 1972). In the present study, the required 

measurement was simplified by taking the effective magnetic permeability of the 

polymeric composite to be equal to that of free space, since the magnetic activity of 

the thin wire array is negligibly small. Thus, two real-valued measurements are 

required to extract the complex-valued dielectric constant.  In the present analysis, this 

is achieved by utilizing an inversion technique previously detailed by Singley et al. 

(2003).   Since the membrane is asymmetric through its thickness, it is modeled as a 

symmetric composite (gold strips symmetrically embedded within a PDMS matrix) on 
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a layer of PDMS substrate. This substrate is located on the transmission side. The 

measured power includes the effect of the substrate. To extract the material properties 

of the composite alone, we need to calculate the corrected transmitted signal as it exits 

the composite. This can be achieved by a simple algebraic calculation, detailed by 

Singley et al. (2003), from the known material properties of the substrate. The 

Kramers-Kronig integral relations are then used for the corrected transmission to 

obtain the phase )(ωθ  of the transmitted wave (Maeda et al. 1963, Singley et al. 2003).  

The Kramers-Kronig method requires transmission over the full infinite frequency 

domain. Therefore, function )(ωT  is extrapolated based on physical assumptions and 

the existing constraints. For the high-frequency limit in the complex plane, ∞→ω , it 

is required that )()(ln αωω oT = , where 10 <<α , ensuring that 0)( →ωT   and that 

the Kramers-Kronig integral is bounded. For the low-frequency limit, 0→ω , we 

consider two cases. For plasmonic composites (low-frequency stop-band), we 

extrapolate so that 0)( →ωT . In the absence of a low-frequency stop-band, )(ωT  is 

extrapolated to the transmission limit of the matrix material. Note that the calculated 

)(ωθ  requires an additive correction, ωA , to correct for the extrapolations (Singley et 

al., 2003), where A is a slowly varying function of frequency that can be approximated 

by a constant. To find the value of A, we note that for frequencies close to the 

diffraction limit (away from the plasmon frequency), the optical properties of the 

composite must approach those of the matrix. This and the low-frequency assumption 

(in the absence of a stop-band) are justified, since the volume fraction of the conductor 
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is very small (10-3) and its effect is negligible away from the plasmonic resonance or 

in a non-plasmonic medium.  For more detail on the calculation of the Kramers-

Kronig integrals and the significance of these assumptions (smooth extrapolation of 

)(ωT  beyond the measurement range and the corrections to )(ωθ ) see the appendix. 

The dielectric function is now determined from )(ωT and )(ωθ , based on the 

impedance theory (Ramo and Whinnery, 1953). Note that since the transmission 

equations have multiple branches of solution for the dielectric function, direct 

inversion of these equations will not be useful. Instead, we use an iterative search 

method to find )(~ ωε  starting from its known value for the next higher frequency 

)(~ ωωε ∆+ , where ω∆  is the  frequency step size. For the highest frequency, we use 

the properties of the PDMS for the starting point, as one expects that the material 

properties of the composite approach that of the PDMS for this limit. 

 

6.5. Results 

The results of our measurements are shown in Figures 6.4 and 6.5. Two 

measurements were taken on the same single-layer sample from Set 2, one with the 

electric field polarized in the direction of the wires, and the other with the electric field 

polarized normal to the wires; see Figures 6.4 and 6.5. The plasmon effects are 

observable when the electric field is polarized parallel to the wires, resulting in a 

frequency-dependent dielectric response as predicted analytically and numerically; see 

Figure 6.2 and Table 6.2. When the electric field is polarized normal to the wires, the 

effective dielectric constant of the composite remains very close to that of the PDMS 
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matrix.  The agreement between the predicted turn-on frequency, 2.37 THz, and the 

measured value, approximately 2.4 THz, in this case is remarkable, as is the agreement 

between the predicted match frequency, 3.10 THz, and the measured value, 

approximately 3.0 THz. 
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Figure 6.6: Comparison of the material properties of a microwave regime plasmonic 
composite for single and multiple layers of wires. The solid line is the numerical prediction 

based on Ansoft-HFSS simulations. The dashed line is the extension of this simulation to the 
negative values of the dielectric constant based on Equation (6.1). The agreement for the 

positive dielectric constant values suggests that the results of the single layer experiment may 
be safely extended to the multiple layer cases. The deviation among the experimental and 
analytical results for negative values is due to the fact that the transmitted signal in this 

frequency range is very small, with noise introducing large errors. Reproduced from Nemat-
Nasser et al. (2006). 
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6.6. Discussion  

Multi-layer diffraction occurs when multiple layers of the gold strips are 

present. This may limit the application of the method used here to extract the optical 

properties, since the measurements were performed on a sample containing a single 

layer of gold strips.   We expect that our results also apply to samples containing 

multiple layers of gold strips, based on our previous results in the microwave regime.  

A typical result is shown in Figure 6.6.  This is a reproduction of Figure 12.4(d) from 

Nemat-Nasser et al. (2006). The samples consisted of an Epoxy/Glass Fiber composite 

matrix with embedded copper wires.  15-cm square panels of various thicknesses were 

manufactured, containing bidirectional arrays of embedded 0.05-mm copper wires, 

spaced 3.175 mm apart in the plane of the panel and through the thickness. The three 

experimental results are the extracted material properties for three panels that have 1, 

2, and 3, embedded copper wire arrays. The material properties were not extracted 

using the Kramers-Kronig relations, but rather by the direct measurement of the phase 

and magnitude of the transmitted wave. For each case (1, 2, or 3-layer samples) the 

transmission magnitude and phase were used to calculate the permittivity of the 

sample based on the iterative search procedure explained earlier. These are compared 

with the results from numerical simulation, based on frequency domain simulation of a 

single unit cell, and the theoretical continuation of the dielectric constant to negative 

values based on Equation (6.1). The observed agreement among the results for 

positive values of the dielectric constant is remarkable. The deviation in the range of 

the negative values of the dielectric constant is due to the presence of large absorption 
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and reflection, resulting in very small transmission, with the noise introducing large 

errors.  Specifically, as the permittivity approaches zero around the turn-on frequency, 

the measured transmission diminishes substantially. Therefore the extraction 

procedure will inherently have large errors due to the amplified effect of the noise. As 

discussed in the introduction, we expect that the micron-scale multiple layer samples 

show the same behavior at terahertz frequencies as similar millimeter-scale 

composites do in the microwave regime. The dimensionless ratio of the free space 

wavelength at the plasmon frequency to the layer thickness sp /λ  in the microwave 

regime composites is 9.9 compared to 6.25 in the terahertz regime samples. This 

indicates that the response of the two designs for multiple layer samples must be 

relatively the same. The agreement between the homogenized material properties from 

single and multiple layers at microwave frequencies suggests a similar agreement 

should exist at higher frequencies for geometrically similar structure of smaller scale.  

 

6.7. Conclusions  

This work demonstrates that thin wire arrays can be embedded in a host 

material to create artificial plasmon media in the far-infrared terahertz frequency 

regime. Both numerical design and analysis provide reliable predictions throughout 

this range. New methods of fabrication and measurement were developed to create and 

characterize the samples, and the effective electromagnetic properties of the composite 

were successfully extracted. 
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6.8. Appendix: Detail of the Kramers-Kronig integration for 

plasmonic media  

A causal transmission coefficient in any structure )()()( ωωω it ETE =  has no 

poles in the frequency upper half plane. Also one can prove from physical 

considerations that in this domain )(ωT  is real (and positive) only on the positive 

imaginary axis (Landau and Lifshitz, 1984a, b). Furthermore, )(ωT is nonzero except 

as ∞→ω  and possibly 0→ω .  

 

If the magnitude of )(ωT  is known on the entire positive real axis, the above 

conditions make it possible to calculate its complex argument on this axis as well. To 

do this, consider the integral ∫ −
=

C

dTI ω
ωω
ω

2
0

2

)(ln
 on the contour shown in Figure 6.7 

( ∞→→ R,0ε ). The integral is zero since the integrand has no poles inside the 

contour. Consider the real part of this integral on the 5 segments shown in Figure 6.7. 
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2 00
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On CI, 0))(Im( =′′ωiT  and 0))(Re( >′′ωiT  therefore 0)( =′′ωθ i  and 
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Figure 6.7: Integration contour used for derivation of the complex argument of the 
transmission coefficient from its magnitude. 
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As 0→ε the real part of this integral approaches to 
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The second term in the integrand is bounded and therefore its limit integral is 

zero. The first term limit also goes to zero if )() (ln αεε −=OeT ix with 1<α . When the 

material is not plasmonic, )1() (ln OeT ix =ε  or 0=α  as the transmission coefficient 

approaches a non-zero value. Consider a plasmonic medium where T approaches zero. 

A general plasmonic dispersion formula for the dielectric constant is 

 .
)(
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p
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When 0→ε the index of refraction can be approximately written as 
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One can show that with this form )() (ln αεε −=OeT ix with 1<α , therefore 

 .0)Re(lim
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=
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ε

  (6.17) 

With a similar argument one can show that the real part of the integral on C2 is 

simplified to  

 .sin)(Reln1lim)Re(
2/

0
2 ∫∞→
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π

xdxT
R

I ix

RC  (6.18) 

As  ,1 , →∞→ κR and .1→n Therefore )(2)(Reln ωωπγ ′−′′=−→ iddT fff
ix  

and  
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Adding all these segments and solving for )( 0ωθ  from 0)Re( =I  yields 
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where P denotes the Cauchy principal value. 

 

This integral, although bounded and well-defined, is difficult to evaluate 

numerically since the integrand is unbounded around 0ω . It can be modified in a more 

useful form noting that 
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The integrand in this case is bounded around 0ω . If the measurement interval 

is ],[ Mm ωω  then 
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where 0ωα >>  is a large arbitrary value. The first and third integrals can be 

approximated from extrapolation of the data (discussed earlier from physical 

considerations; See Landau and Lifshitz, 1984a, b) and are finite. The second integral 
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is on the measurement interval and is calculated based on experimental data. The last 

term can be approximated assuming that  

 ,)( )(2 fdkCeT ωπωω −=   (6.24) 

for αω > . The constant C is estimated assuming .)( )(2 fMM dk
M CeT ωπωω −=  To 

calculate this integral, suppose that there exists a positive number ε such that 

)()( εωωω ok = for high frequencies. Then 
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The first term is a simple function of 0ω . The second term can be 

approximated by ωA  if ∫
∞

−α

ω
ωω

ω do e

2
0

2

)(  is bounded. This requires that 1<ε . Also to 

ensure that 0)( →ωT  for high frequencies, it is required that 0>ε . The limits on ε 

are satisfied based on physical considerations. When 0ωα >> the integral is a slowly 

varying function of 0ω and therefore we approximately take A to be a constant, whose 

value can be found by requiring that the optical properties of the composite 
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approaches that of the matrix as Mωω → . This linear correction is then applied to the 

whole domain and the correct argument of the transmission coefficient can be 

calculated. 

 

Most elements of this method and its analysis have already been published 

elsewhere; For example, see Singley et al. (2003). The above discussion shows that it 

applies to the current problem of a plasmonic dielectric composite as well. 
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Chapter 7 
 
Microstructurally-based homogenization of 

electromagnetic properties of periodic media 

 
The mechanical behavior of heterogeneous solids is, by its nature, a 

complicated problem. It is usually difficult to solve static or dynamic problems 

involving heterogeneity analytically. In some cases, one can simplify the problem to a 

homogeneous case without losing any important physical effects in the solution. This 

is possible when the length scale of heterogeneity is much smaller than the other 

length scales of the problem, including the dimensions of the body, the minimum 

length scale of the spatial variation of the loading, and other problem-specific length 

scales. For example for the case of periodic solids and structures, the size of the 

periodic unit cell is the heterogeneity length scale; see Figure 7.1. If this is much 

smaller than the macroscopic size of the body or structure, the heterogeneous material 

properties can be replaced with a macroscopically equivalent homogenous material. 

We try to find such equivalent material properties for elasto-plastic problems in a 

rational way using micromechanics methods. Extension of such techniques to other 

problems such as piezoelectricity is already a broad field of research. We try to use the 

same rational principles in electromagnetism. 
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There are several established methods of calculating overall material properties 

in electromagnetism; see for example Bensoussan et al. (1978), Sihvola (1999), and 

Mliton (2002). Robinson (1973) demonstrated the difficulties involved in the 

derivation of macroscopic Maxwell equations from the principal microscopic fields. 

The averaging method required in definition of the fields D and H from atomistic 

considerations is critically examined. Similar care must be taken in electromagnetic 

homogenization schemes as well.  

 

Pendry (1994, 1996) developed a method for calculation of equivalent material 

properties based on line and surface integrals. The details of this method and its use 

for chiral media are shown elsewhere; see chapter 5. To apply it for specific problems, 

one needs to solve the full-field problem and calculate the appropriate integrals. This 

has the disadvantage for arbitrary any direction of wave propagation a new numerical 

solution must be obtained. Here we develop a method based on the volume average of 

electromagnetic fields. Moreover in this method, where applicable, the full 3-

dimensional material properties are derived for any wave propagation direction within 

the effective medium limit.  
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Figure 7.1: Homogenization. The largest heterogeneity length scale l should be orders of 
magnitude smaller than the smallest loading wavelength λ. For a periodic medium (left) l is 
the unit cell size while in a random medium (right) it should be the smallest size of a sphere 

which at any position is a statistical representative of the whole body. The macroscopic 
loading size λ depends on the problem. For wave problem (left) it is the smallest important 

wavelength. For a general loading (right) it must be defined as the smallest wavelength in the 
Fourier expansion of the loading. 

 

7.1. Description of the method for simple media 

We define the macroscopic field quantities as volume average of the point-

wise fields over a representative volume element (RVE). In contrast with Pendry’s 

method of line and surface integrals, the volume average is used here. Also note that 

we prescribe boundary conditions that are derived from simple wave propagation in 

the heterogeneous media. Moreover we do not explicitly solve Maxwell equations. 

Instead the equations, instead of their specific solutions, are directly involved in the 
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averaging scheme. This also distinguishes our method from others, where usually a 

known point-wise solution is used in calculations.  

 

The microstructurally-based method relies on the assumption that only average 

field variables are macroscopic physical quantities. The solution to the Maxwell 

equations can be written as the sum of this volume average and the local perturbations:  

 .p0 FFF +=  (7.1) 

Here F is any of the electromagnetic fields E, B, D, or H, which are the 

electric field, magnetic induction (or magnetic flux density), electric displacement, and 

magnetic field, respectively. We intend to derive a set of equations for only the 

averaged macroscopic quantities from the microscopic Maxwell equations that include 

both the average and the perturbation fields. The coefficients of this new set of 

equations will be the overall material properties. These material properties are 

homogeneous and uniform in space. This is a simple outline of the method. However 

its execution requires lengthy calculations.  

 

First we replace the heterogeneous unit cell with a homogenized cell. The 

replacement medium includes externally-imposed polarization fields such that the 

point-wise fields F coincide with the ones in the heterogeneous cell; see Figure 7.2.  
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Figure 7.2: A two-phase heterogeneous unit cell (left) and its equivalent homogenous unit cell 
with the Polarization fields P and M (right). 

 

Next we expand the fields in a spatial Fourier series (Nemat-Nasser and Hori, 

1999). Here we consider the problem of propagation of a single frequency wave in a 

periodic medium. We start with the Bloch form of the fields: 

 .)()(ˆ),(ˆ̂ )( titi eet ωω −⋅− == xkxFxFxF  (7.2) 

Here ),(ˆ̂ txF  represents any of the electromagnetic fields as functions of time 

and position. The Bloch representation (7.2) separates the harmonic time dependence 

tie ω−  and the macroscopic plane wave factor )( tie ω−⋅xk  from the microscopic fields in the 

unit cell. Equation (7.2) represents the complex form of a monochromatic wave 

traveling in the k direction. The Maxwell equations in the absence of external charge 

and current densities can be written as: 

 ,ˆ 0D =⋅∇  (7.3) 

 ,ˆ 0B =⋅∇  (7.4) 

 ,ˆˆ 0BE =−×∇ ωi  (7.5) 
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 .ˆˆ 0DH =+×∇ ωi  (7.6) 

Now as explained before, replace the heterogeneous problem with a 

homogeneous problem having uniform εC(ω) and µC(ω) material properties throughout 

the unit cell. We will drop the frequency dependence from now on with the 

understanding that the problem is being solved for a single frequency. In order to 

reproduce the same field solution, the polarization fields P(x) and M(x) are introduced 

everywhere the material properties differ from the selected uniform values and: 

 ),()()( xPxExD +⋅= Cε  (7.7) 

 ).()()( 1 xMxBxH −⋅= −
Cµ  (7.8) 

Obviously wherever the material properties are equal to the selected uniform 

values, the polarization fields vanish. For simplicity assume that the uniform material 

properties are isotropic. The wave equations for the fields E and B can now be re-

written by expanding the differentiation operator: 

 ,ki+∇→∇  (7.9) 
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 (7.11) 

Note that the fields in these equations would be uniform in space if it was not 

for the presence of heterogeneity. Based on the Bloch definition (7.2) the fields in 

these equations are periodic. So one can write them as spatial Fourier series over the 

unit cell: 
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The fields 
U

FF =0  denote the average fields over the unit cell and appear in 

the macroscopic description of the medium. The remainder x

0

FF ⋅

≠
∑= ξ

ξ

ξ ip e)(  

represents the local perturbation from average fields. In these equations U is the 

volume and ai are half edge lengths of the unit cell. Solving the wave equations gives 

the following results: 
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 ,k+= ξζ  (7.19) 

 .2
0 CCk εµω2=  (7.20) 
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Therefore the perturbation fields can be written as sums of certain integrals of 

the polarization fields over the unit cell, with the coefficient matrices calculated from 

the pervious equations: 
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At this stage we re-examine the conditions we used to define the appropriate 

polarization fields to make the homogenous unit cell equivalent with the 

heterogeneous unit cell. These are point-wise consistency conditions: 

 ),()()() 00 xPEEEEx ++=+⋅( p
C

p εε  (7.23) 

 ).()()() 010 xMBBBBx −+=+⋅( −−1 p
C

p µµ  (7.24) 

Now by replacing the perturbation fields from equations (7.21-22) with their 

expression based on the polarization fields, we reach two coupled integral equations in 

a series form for the polarization fields and the average fields. In general these 

equations should be solved for the polarizations in terms of the average fields. This 

gives the polarization fields that can fully replace the heterogeneity of the medium. 

However our primary objective is to find the average fields and the point-wise solution 

is not necessary for this purpose. 
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Let us assume that the unit cell can be divided into a series of sub-regions Ωα 

that have constant material properties. One can average the perturbation fields over 

any such region: 
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Note that the g integral is a fully geometrical quantity. All of the discussion up 

to this point involves exact equations. Here we introduce an approximation. We 

assume that the integrals in (7.25-26) can be estimated by the following sum: 

 ,()(1 ∑∫ )−=⋅−

β
βββ

ξ ξ FxF y gfdVe
U U

y
i  (7.28) 
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Ω
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Now (7.25-26) can be written as linear equations:  
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βαβα MSPRE ⋅+⋅= ∑p  (7.31) 

 ).( βαβ
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βαβα MUPTB ⋅+⋅= ∑p  (7.32) 

Now we average the consistency conditions (7.23-24) over each sub-region. 

The result is a set of linear equations for the average polarization fields in each sub-

region in terms of the macroscopically averaged fields F0: 
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Here the coefficient tensors are:  
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R  (7.35) 

 ,((( ))−)= ∑
≠

ξξξ β
ξ

βααβ Lgfg
0

S  (7.36) 

 ,((( ))−)= ∑
≠

ξξξ β
ξ

βααβ Mgfg
0

T  (7.37) 

 .((( ))−)= ∑
≠

ξξξ β
ξ

βααβ Ngfg
0

U  (7.38) 

Each of the above equations is repeated for all α regions. They can be solved 

collectively to give Pβ and Mβ, from which one can calculate the average polarization 

fields over the whole unit cell:  

 ,000 BEPP ⋅+⋅==∑ PBPEf χχα
α

α  (7.39) 
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 .000 BEMM ⋅+⋅==∑ MBMEf χχα
α

α  (7.40) 

The coefficient tensors are calculated from solving (7.33-34). Now we are able 

to write down the equivalent material properties using these relations: 
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Using the relations: 

 ,0 0EkB ×=
ω

 (7.43) 

 .00 HkD ×−=
ω

 (7.44) 

The overall material properties, for simple (non-chiral) media, can be written 

as: 

 ),(1 ke1 ⋅⋅−+= PBPE
C χ

ω
χεε  (7.45) 

 ).())(1( 1 MB
C

ME χµεχ
ω

µ −⋅⋅⋅⋅+= −1−1− 1ke1  (7.46) 

Here e is the permutation symbol used to replace the cross products. It must be 

emphasized that all of the above calculation was for a single macroscopic sinusoidal 

wave with frequency ω and wave vector k. We did not impose any condition relating 

the two quantities. This condition which is the macroscopic dispersion relation can 

now be found by replacing the two overall quantities in the wave equation: 
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 ,)1( 00 0EEkk =⋅+×⋅× 1− εω
ω

µ i  (7.47) 

In order for this equation to have non-trivial solutions, the determinant of the 

coefficient matrix must vanish: 

 .0))(() =⋅⋅⋅⋅(+ −12 keke µεωDet  (7.48) 

The last equation involves 4 parameters: the frequency and the components of 

the wave vector. Given any 3 one can solve for the other. For example one can find the 

frequency for any wave vector, or one can calculate the wave number for a given 

frequency and direction. After the dispersion relation is established, the overall 

material properties for any direction of propagation are found by substituting in (7.45-

46). This completes the description of the method. 

 

7.2. Examples 

For the time being we have only considered very special cases. Note that for all 

non-magnetic materials, Equations (7.45-46) are simplified to:  

 ,0= µµ  (7.49) 

 .PE
C χεε += 1  (7.50)  

We have not yet developed an effective method to calculate the infinite sums 

that are needed. The series are symbolically evaluated using Mathematica (Wolfram, 

1999). To verify the method, we have solved the problem for 2 simple cases of two-

phase media and compared our results with static estimates (2 bounds, an approximate 

random model, and the Maxwell Garnett rule for the case of spheres) as well as 



136 

 

simulation results from Ansoft-HFSS (Ansoft, 2001). The static lower and upper 

bounds, respectively, are (Nemat-Nasser and Hori, 1999): 

 ,1
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 (7.51) 

 .)1( Cff εεε −+= Ω  (7.52) 

The static random model estimate is (Nemat-Nasser et al., 2002): 
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The examples are shown in Figure 7.3. For both cases the dielectric constant of 

the matrix was chosen to be 1 and that of the inclusion was 101 to amplify the effects. 

The volume fraction for the infinite cylinders and the spheres were respectively 9π/64 

and 9π/128 respectively. The effective wavelength (macroscopic, through the 

homogenized material) is taken to be 5π/2 for the values reported here. The results 

from Mathematica calculation show dispersive results. However the variations, in 

most cases, are very small and since we estimate the summations numerically, we 

cannot establish the accuracy of the frequency dependence. Hence we limit this report 

to single frequency solutions.  

 

For the infinite cylinders the upper bound, lower bound, and random model 

give dielectric constants of 45.18, 1.78, and 2.53, respectively. The simulation predicts 

48.11 and 2.55 for the electric polarizations parallel and normal to the cylinders 

respectively. Our method gives 48.105 and 2.555, respectively. Notice the close 
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agreement between the simulation and the present method. Also note that that the 

values for parallel polarization exceed the static upper bound. This is due to the fact 

that the upper bound is only applicable to infinite wavelength (static). In fact when the 

wavelength is taken to infinity (or equivalently when the frequency is taken to zero) 

the value of the dielectric constant calculated from our method converges to the static 

upper bound. Therefore our method estimates the dielectric constant successfully for 

both the limiting value (f=0, based on static upper bound) and a typical frequency 

value independently (based on simulation results). Our method predicts correct overall 

dispersive results from non-dispersive local material properties as expected from 

analytical solutions and simulations. 
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Figure 7.3: Examples for the microstructurally-based homogenization method. Left: 2D array 
of infinite cylinders. Right: 3D array of spheres.  

 

For the spheres, the upper bound, lower bound, and random model give 

dielectric constant values of 23.09, 1.28, and 1.55 respectively. The simulation 



138 

 

predicts 1.78 and our method calculates 1.834. The Maxwell Garnett rule for spherical 

inclusions and isotropic material (Maxwell Garnett, 1904)  
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gives 1.821. The close agreement between the simulation and our method compared 

with the other models is satisfactory. 

 

7.3. Magnetic moment due to electric current distribution 

The present method gives very good results for dielectric materials. However 

expansion to conductors and/or magnetic materials needs more work. The averaging 

for the properties of magnetically heterogeneous designs does not seem to pose any 

significant problems. The main issue is incorporating of conductors into the 

formulations. The problem is that introducing complex properties for the conductors 

can modify the overall magnetic properties, but the current microstructurally-based 

formalism does not introduce any effect. Equations (7.49-50) in their current form do 

not show any magnetic perturbations due to non-magnetic conductors. These 

complications and others involving conductors and lossy materials with complex 

dielectric constants introduce challenges that we try to partially address in this 

discussion. 

 

The overall magnetic response due to electrical currents is created when there 

are circular or solenoidal currents. However it seems that in the present formulation 

where the average quantities are calculated, such current densities are integrated to 
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zero. It is necessary to include such current distribution in our formulation in such a 

way that the integration does not eliminate them. 

 

To do this we propose a heuristic approach. The magnetic polarization of a 

current distribution is usually defined by (Jackson, 1999): 
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Let’s start by assuming that there are no magnetic materials in the unit cell. In 

other words 0)( µµ =x . Then (7.17-18) are simplified to 
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All the subsequent equations are simplified as well: 
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Now we define the overall magnetic moment of the unit cell using 
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Here xβ is the position vector of the center of mass of region β measured from 

the center of the unit cell. Similar to (7.59), using the solutions to (7.58), this can be 

written as 

 .00 EM ⋅= MEχ  (7.62) 

Note that PEχ  and MEχ  are functions of both k and ω independently. Their 

dependence (the dispersion relation) is found by requiring the wave equation and the 

Maxwell equations are satisfied 

 ,0000 HkEED ×−=⋅+=
ω

χε PE
C  (7.63) 

 ,1 00

0

00

0

0 EEkMBH ⋅−×=−= MEχ
ωµµ

 (7.64) 

 .)( 00
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0 0EkEkkE1 =⋅×−××+⋅+ MEPE
C χ

ωωωµ
χε  (7.65) 

The Equation (7.65) can be written in matrix form in terms of E0  

 .),( 0 0EkA =⋅ω  (7.66) 

For Equation (7.66) to have nontrivial solutions for E0, the determinant of the 

coefficient matrix has to vanish. This can be solved for the complex magnitude of k 

for a given frequency and direction of k. For each solution of this equation, the 

eigenvector solutions for E0 give the principal polarizations. The other field quantities 

can be calculated from (7.63-64).  

 

The overall material properties can be written as  

 ,)( 00 E1D ⋅+= PE
C χε  (7.67) 
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 .001
0

0 EBH ⋅−= − MEχµ  (7.68) 

Or equivalently  

 ).( 00
0

0 EHB ⋅+= MEχµ  (7.69) 

Since from this formulation all the field vector quantities can be directly 

calculated from only one, say E0, the representation in (7.67-69) is not unique. Ideally 

we would like to render this in a more orthodox way, such as (Lindell et al., 1994) 

 ,)ˆ,()ˆ,( HkEkD ⋅+⋅= ωξωε  (7.70) 

 .)ˆ,()ˆ,( HkEkB ⋅+⋅= ωµωζ  (7.71) 

Here ξ and ζ are dyadic tensor quantities and should not be confused with 

vector quantities used elsewhere. Also k̂  is the unit vector in the direction of 

propagation. The symmetry of the unit cell can be helpful in this regard. For example 

if it is known that the structure is not chiral or bi-anisotropic, then the overall material 

properties can be written as 

 ),ˆ,( k1 ωχεε PE
C +=  (7.72) 

 ).)ˆ,(( 1
0 ω

εωχµµ kek1 ⋅
⋅⋅+= −ME  (7.73) 

As before nlmlmnke eeke ⊗=⋅  is used to replace cross products.  

 

If the unit cell is chiral, that is if it cannot be superimposed on its mirror image, 

then the above discussion is not valid. However, note that the permittivity and 

permeability tensors should be invariant under spatial reflection (Lindell et al., 1994). 

Therefore one can solve the problem for the mirror-image unit cell and calculate the 
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polarization fields P0r and M0r. The difference between the polarization fields of the 

solutions gives the chirality tensors, while the average polarizations give the 

permittivity and permeability tensors: 

 ,)ˆ,(2 000 EkPP ⋅=+ ωεr  (7.74) 

 ,)ˆ,(2 000 HkPP ⋅=− ωξr  (7.75) 

 ,)ˆ,(2 000 HkMM ⋅=+ ωµr  (7.76) 

 .)ˆ,(2 000 EkMM ⋅=− ωζr  (7.77) 
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Chapter 8 
 
Finite-amplitude shear wave in pre-stressed thin 

elastomers 

 
We examine the elastic shear waves generated in a thin pre-stressed elastomer 

layer that is sandwiched between two relatively thick steel plates and is subjected to an 

elastic shear wave traveling in one of the steel plates. The elastomer layer has been 

deformed in uni-axial strain in advance, producing in the layer very large axial and 

lateral compressive stresses of the order of its bulk modulus. Deformations of this kind 

are produced in the thin layer when the sandwich structure is impacted by another 

steel plate at an oblique angle. Our results are thus relevant to the analysis of such 

pressure-shear plate impact experiments.   

 

8.1. Introduction 

Most polymers are elastomeric at temperatures above their glassy transition, Tg. 

They are solids with very small shear moduli at ordinary pressures and temperatures, 

but have relatively large bulk moduli. Commercially available polyurethane for 

example, is reported by Mott et al. (2002) to have a shear modulus of about 6MPa and 
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a bulk modulus of 2.4GPa. Similarly, polyurea which is closely related to 

polyurethane has a very small shear modulus at room temperature and ordinary 

pressures, but a relatively large bulk modulus.  Elastomers of this kind are soft solids, 

strong in tension and resistant to abrasion and impact.  They are commonly used for 

metal and concrete surface protection. Solids of this kind are fluid-like when they are 

impacted by high-velocity hard projectiles, but retain their solid-like integrity and 

regain their initial shape upon the completion of the impact event. 

 

The shear moduli of elastomers are pressure-dependent, and can reach and 

exceed 1GPa when the material is suitably pre-compressed. Confined compression 

Hopkinson bar and pressure-shear plate impact experiments have been performed to 

evaluate the pressure-dependence of the shear modulus of elastomers (Nemat-Nasser 

et al., 2003, Clifton and Jiao, 2004). Here we confine attention to the analysis of shear-

wave propagation in a thin layer of an elastomer that is sandwiched between two 

relatively thick steel plates (Figure 8.1), and is pre-deformed in uni-axial strain, 

producing very large axial and lateral compressive stresses in the thin elastomer.  

 

The problem of finite deformation elastic waves has been studied extensively 

in the literature, especially for hyper-elastic materials. Truesdell (1961a) has studied 

the propagation of small oscillation superposed on large deformations in hyper-elastic 

materials based on the work by Toupin and Bernstein (1961). Bland (1969) has 

addressed the problem of simple waves for which the propagation direction coincides 
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with one of the principal axes of the stress or deformation tensors. Chu (1964) has 

discussed wave propagation in incompressible materials. Truesdell (1952, 1953) has 

introduced the concept of hypo-elasticity and shortly afterwards Noll (1955) has 

shown that it encompasses the Cauchy elasticity. Bernstein (1960) found the necessary 

and sufficient conditions for a hypo-elastic material to be elastic in the sense of 

Cauchy and even furthermore in the sense of Green (hyper-elasticity). It is now well 

established that this general framework is a natural choice for most numerical routines 

and can be extended to plasticity and other material properties (Clifton, 1974). 

Truesdell (1952, 1953, 1961b) has solved a few simple problems using this model. 

More recently Lin et al. (2003) have studied uniform quasi-static deformation in a 

closed path, which includes uniform simple shearing, for several hypo-elastic material 

models. 

 

In the present work, we use a hypo-elastic model based on a linear relation 

between the Jaumann rate of the Cauchy stress and deformation rate tensors. As is 

known, models based on other objective stress rates and material strain rates can be 

rendered equivalent by proper selection of the tangential moduli; for a discussion of 

this equivalence see Nemat-Nasser (2004). 

 

8.2. Analysis 

The coordinate system is shown in Figure 8.1. We assume that the uni-axial 

pre-strain results in the following uniform strains and stresses in the layer: 
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Figure 8.1: A thin elastomer layer is sandwiched between two thick steel plates and uni-
axially pre-strained. A shear wave with particle velocity V0 traveling through plate I in the x–
direction, impacts the elastomer. The shear velocity at a typical point inside the rear plate is 

calculated based on the properties of the elastomer. 
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Here K and G are the bulk and shear moduli of the elastomer layer, 

respectively. For finite deformations, a linear relation between the strain and the 

Cauchy stress components does not generally hold.  However, the above results can be 
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derived from the hypo-elastic constitutive relation if one uses the logarithmic strain; 

see Appendix. Therefore, prior to the arrival of the shear wave, the stress components 

are assumed to be uniform, having the following values: 

 ,0 pxx −=σ  (8.5) 

 ,
43
2300 p
GK
GK

zzyy +
−

−==σσ  (8.6) 

where 0
xxσ  is the axial stress,  00  and zzyy σσ  are the confining stresses, and p is the axial 

pressure.  

 
The thin layer is now subjected to a simple shearing by an elastic shear wave 

that travels in the steel plate I in Figure 8.1, and transmits an initial particle velocity, 

V0, to the layer at its face in contact with the plate. With the pre-stressed configuration 

taken as the reference one (X, Y, Z), the shearing motion is expressed as 

 ,Xx =  (8.7) 

 ),,( XtvYy +=  (8.8) 

 ,Zz =  (8.9) 

 ,γ=
∂
∂
X
v  (8.10) 

 
where (x, y, z) define the current particle position. The deformation rate and spin 

tensors are 

 ),(
2 xyyx eeee ⊗+⊗=
γ&D  (8.11) 
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Now assume an incremental hypo-elastic constitutive model (see Appendix for 

details), where the Jaumann rate of the shear stress is given by 

 γστ &
oo

GGDxyxy === 2)(  (8.13) 

The stress rate is calculated from 

 TWW σσσσ ++=
o

&  (8.14) 

Since the shear component is the only nonzero element of the deformation rate 

tensor, the nonzero components of the stress rate tensor are 
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From equilibrium, the shear-wave speed and impedance then are 
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ρ
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The quantity ρ here is the mass density of the compressed elastomer layer. Define a 

new quantity, ξ, and eliminating γ, obtain 
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Replace in the differential equation for τ and solve for ξ: 

 ,))0(( 22 GG −−+= τξξ  (8.22) 

 .))0(( 22 γτξτ && −+= G  (8.23) 

The complete solution and the apparent tangential shear stiffness needed in 

wave propagation calculation can now be written down as follows: 
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Note that there is no restriction on the history of γ in this derivation. The 

equilibrium equation, 
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is rewritten in light of the above result as follows:  
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Equation (32) can be solved numerically by discretizing the layer through the 

thickness. The boundary conditions can be derived from the continuity of the 

displacement (or equivalently velocity) and the tractions at the interface between the 

steel plates and the layer. We consider both  no-slip and possible slip conditions at the 

front interface, but only a no-slip condition at the rear interface. For the rear plate II, 

therefore, these boundary conditions written at x=l are, 

 ),,(),( tlvtlv pm =  (8.33) 
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Here the superscript or subscript p denotes the plate and m denotes the elastomer layer.  

 

At the front end x=0 one needs to take into account the incoming wave and its 

reflection. The incoming wave has a particle velocity of V0.  For the no-slip case, we 

have, 
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Here the superscript r denotes the wave reflected back into the steel plate. 

 

The boundary conditions (33, 35, 36, and 40), imposed on the elastomer layer, 

implicitly exclude reflections from the free surfaces of the steel plates I and II. 

Multiple reflections from the interfaces between the elastomer and the steel plates are 

however included, as these are essential parts of the dynamic response of the 

elastomer. But, since the thicknesses of the steel plates are considerably larger than 

that of the elastomer layer, the reflections off their free surfaces can be safely 

neglected during the initial phases of the deformation of the elastomer. Note however 

that the particle velocity on the free surface of the rear plate II is given by 

ttlv p ∂∂ /),(2 .  

 

The above formulation is applicable when the material is strong enough to bear 

the stresses and strains produced at the interface with the steel plates. Various ad hoc 

and phenomenological failure conditions may be introduced in the numerical 

simulation to model potential interface and material degradation. In this work, in 

addition to the above-mentioned no-slip boundary conditions, we considered for 

illustration two cases. First, we study the effect of potential frictional slip that is 

idealized by an interface which can support only up to a constant critical shear stress.  

The results also apply to a case when the layer can only support up to a constant shear 
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stress, say, ,cτ  after which the transmitted shear stress through the elastomer remains 

constant at .cτ  Second, we use a progressively degrading material whose stiffness 

decays exponentially with the shear straining, 

 αγγ −= eCC )0()(  (8.41) 

Here α  is a dimensionless parameter that idealizes the intensity of the material 

degradation by, say, void nucleation and micro-shearbanding produced by shearing.  

 

8.3. Examples 

We now consider illustrative numerical examples. All the parameters are 

rendered dimensionless using the pre-existing axial pressure, p, initial particle velocity 

in steel, V0, and the elastomer layer thickness, l. The other parameters are selected in a 

way to reproduce an experiment for a thin layer of soft nearly incompressible rubber-

like material, sandwiched between two high-density and stiff steel plates.  We thus set,  
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Here G, K, and ρ are respectively the shear modulus, bulk modulus and the density of 

the elastomer in the pre-stressed condition, while Gp and ρp are the shear modulus and 

density of the front and rear plates. The value of the bulk modulus K is needed in order 

to calculate the stiffness parameter C. Three different values for the normalized shear 

stiffness are used to illustrate the effect of shear stiffness on the resulting wave 

propagation. Table 8.1 gives the values of the parameters used in the numerical 

examples. 

Table 8.1:  Dimensionless values used in numerical calculations. 
 

G  K ρ  pG pρ  

1/3, 1/2, 1 10 0.000125 30 0.001

 

A simple and straightforward dynamic finite-element method is used for the 

numerical calculations. The thickness of the elastomer is divided into N equal 

elements. The central-difference method is used for the time discretization. The time-

step is checked to ensure that it is smaller than the time required for the wave to travel 

through one element, i.e., smaller than the critical time-step (Hughes, 2000). The 

boundary conditions are enforced using (35) and (40), which require calculation of the 

stress only inside the elastomer. The steel plates are linearly elastic with small 

displacement and velocity. Hence, their velocities at any interior point are easily 

related to those at the interface with the elastomer. In fact, neglecting the dispersion, 

the displacement at an interior point of plate II is merely a time shift of that at its 

interface with the elastomer layer. The results of this scheme are also compared with 
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those obtained using a method that extends the finite-element calculation into 

boundary layers inside the steel plates and decomposes the wave into incoming and 

reflected components, arriving at essentially the same results to within the numerical 

errors; therefore, these results are not presented here.  Even though, in reality, release 

waves do reflect off the free surfaces of the steel plates and return back to the interface 

with the elastomer, affecting the subsequent response of the sandwich structure, for 

clarity, we do not include these in what follows, assuming that the steel plates are very 

thick relative to the thickness of the elastomer layer.  

 
 

Figure 8.2: Normalized particle velocity (velocity/V0) in the rear plate for indicated values of 
the shear modulus, G. In the absence of release waves reflecting off the free faces of the steel 
plates, the final velocity would approach V0 regardless of the value of the shear modulus, if 
there is no interface slip or other material failure.  Normalized Time = Actual Time/(l/V0 ). 
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8.4. Discussion 

The graphs in Figure 8.2 show the normalized particle velocity (divided by V0) 

versus normalized time (divided by l/V0), at a typical point near the interface inside the 

rear plate, II; the high frequency oscillation at the beginning of each step is an artifact 

of the numerical method used.  In the absence of release waves, this velocity should 

approach the initial particle velocity, V0, if there is no slip at the interfaces, or other 

material degradation. The time that it takes to achieve this final velocity, however, will 

depend on the magnitude of the effective shear modulus of the elastomer.  

 
 

Figure 8.3: Effect of correction in the value of C due to pre-stress. 
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To examine the effect of the pre-stress on the shear-wave propagation, we have 

given in Figure 8.3 the corresponding solution which uses the actual shear modulus, G 

= p/3, instead of the effective shear modulus, C, that reflects the presence of the axial 

and lateral stresses, as is detailed in the preceding sections. Therefore, even for a 

simple constitutive relation such as hypo-elasticity, the pre-stress effect can modify 

the wave propagation results. Hence, when extracting the material parameters from the 

results of this kind of impact experiment, it is necessary to include the effect of the 

pre-stresses in order to obtain relevant and unambiguous results. 

 
 

Figure 8.4: Effect of stiffness degradation or yielding (interface slip) on the rear plate particle 
velocity. 
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If interface or other failure occurs in the elastomer, the stress wave transmitted 

through the layer will be limited in magnitude and the maximum velocity observed 

inside of the plat II will be less than V0. Two ad hoc models are used to illustrate the 

effect of such failure on the wave propagation; see Figure 8.4. Perfect yielding (or 

slip) abruptly renders the transferred velocity a constant that can be related to the yield 

stress, ,cτ  through the impedance of the elastomer layer; this illustrated in Figure 8.4 

for / 0.1.=c pτ  The progressive failure does not show this abrupt behavior, as is seen 

from the results for 1/ 2,1.=α  

 

8.5. Appendix 

Here we show that equations (3, 4) are compatible with a hypo-elastic 

constitutive relation that also collapses to (13) for simple shearing. This constitutive 

equation is given by 
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)tr(( 21)( tr )2()2( DDD −+= GK
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σ  (8.47) 

where (2)1  is the second-order identity tensor. For uni-axial straining, as described in 

(1, 2), one has 
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Here λ is the principal stretch in the loading direction. Therefore, one may write, 
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and upon integration obtain, 
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This is equivalent to (3, 4) when we use the logarithmic strain. 
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Chapter 9 
 
An experimentally-based viscoelastic 

constitutive model for polyurea, including 

pressure and temperature effects 

 
Presented here are the results of a systematic study of the viscoelastic 

properties of polyurea over broad ranges of strain rates and temperatures, including the 

high-pressure effects on the material response. Based on a set of experiments and a 

master curve developed by Knauss (2003) for time-temperature equivalence, we have 

produced a model for the large deformation viscoelastic response of this elastomer.  

Higher strain-rate data are obtained using Hopkinson-bar experiments. The data 

suggest that the response of this class of polymers is strongly pressure dependent. We 

show that the inclusion of linear pressure sensitivity successfully reproduces the 

results of the Hopkinson-bar experiments.  In addition, we also present an equivalent 

but approximate model that involves only a finite number of internal state variables 

and is specifically tailored for implementation into explicit finite-element codes.  The 

model incorporates the classical Williams-Landel-Ferry (WLF) time-temperature 

transformation and pressure sensitivity (Williams et al, 1955), in addition to a 
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thermodynamically sound dissipation mechanism.  Finally we show that using this 

model for the shear behavior of polyurea along with the elastic bulk response, one can 

successfully reproduce the very high strain rate pressure-shear experimental results 

recently reported by Jiao et al. (2005).  

 

9.1. Introduction 

Polyurea and polyurethane are general names for a wide range of polymeric 

materials that have extensively been used in the coating industry in solid elastomeric 

or rigid form. Here we focus mainly on the properties and applications of polyurea in 

its solid elastomeric form. From truck bed abrasion protection to concrete elements 

surface enhancement, the material shows excellent characteristics, including but not 

limited to environmental and safety compliance, long-term stability, appearance and 

high mechanical performance (Guan, 2002).  Introduced in 1989 by Texaco Chemical 

Company, polyurea was regarded as a product that did not fulfill the exaggerated 

expectations initially advertised, especially in the coating industry. As a result many of 

its true benefits and advantages were not fully appreciated.  Recent studies, however, 

have shown promising mechanical responses for polyurea that are not limited to only 

the coating applications but venture into critical applications such as reinforcement of 

metal structures against blast and impact loads. 

 

Initially, manufacturers did not clearly differentiate between polyurethane and 

polyurea, identifying both classes of polymers as “polyurethanes”. More recently, 
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however, companies began to distinguish these products.  Polyurethane was first 

developed by Otto Bayer and coworkers in late 1930s and early 1940s (Bayer, 1947). 

The main components are di- or poly-isocyanate molecules (cyanate functional group 

–NCO) exothermically reacting with polyols (hydroxyl functional group –OH) and 

forming extended chains and networks bonded by urethane groups –O(CO)(NH)–. In 

polyurea, polyols are switched with amine molecules (functional group –NH2) 

resulting in polymers with urea bonding, –(NH)(CO)(NH)–. This generally involves 

faster reaction times than those associated with polyurethane. In fact the fast reaction 

time makes it possible to apply polyurea as spray in coating applications. 

 

The physical properties of polyurea vary with the composition. The service 

temperature typically ranges between -50 to 150oC. The elongation at tearing can be as 

high as 800%. The specific material discussed in the present paper is based on 

Isonate® 2143L (The Dow Chemical Company, 2001) and Versalink® P1000 (Air 

Products and Chemicals, Inc., 2003). A five percent excess of Isonate® 2143L is used 

to produce a lightly cross-linked polymer (Lee, 2004). The glass transition temperature, 

Tg, is below -50oC (Knauss, 2003, Lee, 2004). In addition, polyurea exhibits a very 

stiff nearly-elastic response to volumetric deformations, while its (above Tg) shearing 

response at moderate pressures and strain rates is soft and viscoelastic, so that its 

laterally unconfined axial deformation is nearly incompressible.  

 



 164

Recent studies show that applying a layer of polyurea backing to steel plates 

significantly enhances the resistance of the composite structure to impact and blast 

loading. Various tests show that this improvement can change the response from full 

penetration of a projectile to fully eliminating fracturing (Mock and Balizer, 2005). 

The real mechanism underlying this effect is not fully understood and formulated yet. 

The objective of the present paper and related research on modeling and impact testing 

of and fracturing such composites is to understand and illuminate this underlying 

mechanism and develop physics-based constitutive models for the high strain rate 

response of the elastomer. In doing so, we have learned that the linear viscoelasticity 

with the Williams-Landel-Ferry time-temperature transformation and linear pressure 

sensitivity seem to account for the material response with reasonable accuracy 

(Willamis et al., 1955). Here we show that this model successfully reproduces many of 

the observed high strain-rate test results for polyurea. 

 

9.2. Time-temperature superposition 

To formulate the temperature- and pressure-dependent response of polymers 

such as polyurea, tentatively consider the possibility of using linear viscoelasticity 

(Bland, 1960) and then seek to modify this if necessary.  For small strains, linear 

viscoelasticity defines the stress at time t in terms of the history of the strain rate by  

 ( ) ( ) ( ) .: τττ dtt
t

εχσ &−= ∫
∞−

 (9.1) 
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Here ε&  is the (small strain) strain-rate tensor, σ  is the Cauchy stress tensor, and χ  is 

the fourth-order relaxation modulus tensor. This relation may be generalized to finite 

strains and small rotations using 

 ( ) ( ) ( ) ,: τττ dtt
t

D−= ∫
∞−

χσ  (9.2) 

where D is the deformation-rate tensor, i.e., the symmetric part of the velocity gradient. 

To ensure objectivity for large rotations, this equation will have to be properly 

modified. The necessary modification is only geometrical and can be implemented in 

various ways; see, for example, (Christensen, 1982, ABAQUS Inc., 2005).  In the 

present work, we focus on the material description, and this is not affected by such 

required geometric transformations. We also assume that )(tχ  does not have a 

singularity at .0=t  The inclusion of a delta function singularity at 0=t  eliminates the 

possibility of an instantaneous deformation under finite force. Although this may be 

physically appropriate, it is ignored for linearly elastic materials. We simplify our 

discussion of viscoelasticity by including the assumption of instantaneous elasticity, 

i.e., regularity of the relaxation moduli at .0=t  

 

We limit attention to the isotropic case, and set 

 ( ) ( ) ( ) ,23 21 EE tGtKt +=χ  (9.3) 

where K and G are respectively the bulk and shear moduli, and the fourth-order 

tensors E1 and E2, have the following rectangular Cartesian components:   

 ,3/1
klijijklE δδ=  (9.4) 
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klijjkiljlikijkl

s
ijklijkl EE δδδδδδ −+=−=  (9.5) 

where ijδ is the Kronecker delta.  This representation separates the deviatoric and the 

dilatational components of the deformation, and is suitable for our analysis, since the 

deviatoric response of most polymers is significantly different from their dilatational 

response. At ordinary pressures, the bulk modulus of this class of materials is usually 

orders of magnitude larger than their shear modulus. Furthermore, in most cases, the 

dilatational response of polymers, including that of polyurea, can be effectively 

modeled as elastic, since the dissipative mechanisms that are activated in dilatational 

deformations of most polymers are usually different, especially in their time scales, 

from the ones that are activated during their volume-preserving deformations.  

 

Due to its high bulk modulus, measurement of the relaxation modulus of 

polyurea in uni-axial stress tests effectively produces its shear relaxation modulus. To 

see this, note that the Young modulus of an isotropic linearly elastic material is given 

by 

 .
3
9

GK
KGE
+

=  (9.6) 

When KG <<  this simplifies to GE 3≈ .  For isotropic viscoelastic materials, one can 

also argue that a high bulk modulus effectively keeps the volume preserved in a uni-

axial stress test. Therefore, the instantaneous Poisson’s ratio, defined as the ratio of the 

transverse to the longitudinal strain at instant t, is very close to 0.5, which means that 

 ( ) ( )
( ).12 .inst

tEtG
ν+

=  (9.7) 
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In the present paper, we use 486.0. =instν  and . 0.484=instν  for polyurea. The former 

value has been obtained using confined Hopkinson-bar tests that allow for the 

measurement of the transverse strain along with the corresponding axial strain and 

stress; for details see Amirkhizi (2005).  The latter value is reported by Clifton and 

Jiao (2004).  

 

The linear elastic response for the bulk deformation usually yields stress-strain 

curves that are concave down. In other words, the tangential stiffness decreases with 

increasing deformation. This in not what we have observed in our tests of polyurea. 

Therefore, for modeling of the Hopkinson-bar tests we use a physically-based model 

proposed by Anand (1996). This model is an isotropic thermodynamics-based 

constitutive representation appropriate for compressible elastomeric solids; it 

generalizes the well-known Arruda-Boyce model (Arruda and Boyce, 1993). For bulk 

deformations, the model assumes  

 ,ln3)(
J
Jtr κ=σ  (9.8) 

where κ  is a modified bulk modulus that depends linearly on the temperature, and J is 

the Jacobian of the deformation, respectively given by 

 ),()()( refref TTmTT −+=κκ  (9.9) 

 .det F=J  (9.10) 
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Equations (9.1-5) pertain to the isothermal deformations. For polymers, the 

temperature modifies the response in two ways, as discussed by Pipkin (1972). First, 

the long-time moduli change essentially in proportion to the absolute temperature, 

 ( )
( )

,
lim .

,→∞
=

′ ′t

G t T T
G t T T

 (9.11) 

Second, due to the higher thermal energy at higher temperatures, the molecular 

relaxation processes are more easily and frequently activated. This translates into a 

shift to a smaller time parameter. Williams et al. (1955) implemented these two effects 

empirically using the following expression: 

 ( ) ( ) ., 







=

Ta
tG

T
TTtG ref
ref

 (9.12) 

Here refG  is the relaxation modulus measured at the reference temperature, ,refT  and 

( )Ta  is the time-temperature shift function that depends on the current temperature 

and the glass transition temperature, gT , of the material. The range of the applicability 

of this formula is usually limited to that between the glass transition temperature, gT , 

and .100KTg +  Williams et al. (1955) give an empirical expression for ( )Ta  that has 

only one material parameter, ,gT  namely 

 ( ) ( )
.

6.51
44.17

ln
g

g

TT
TT

Ta
−+

−
−=  (9.13) 

Recently, Rahouadj et al. (2003) have used a theoretical approach to arrive at this 

result starting from a thermodynamic framework of relaxation processes.  
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The values of the numerical constants in Equation (9.13) may also be extracted 

directly from the experimental data for each specific material. This of course 

introduces small variations from the original values used by Williams et al. (1955). 

Knauss (2003) has obtained the following values for polyurea ( KTg 223≈ ): 

 ( ) ( ) ( )( ),10 / refref TTBTTATa −+−=  (9.14) 

 ,10−=A  (9.15) 

 ,54.107 KB =  (9.16) 

 .27350 KKTT gref =+=  (9.17) 

In the above results, the relaxation-time constants are measured isothermally at 

various temperatures, and the resulting relaxation curves are shifted accordingly and 

collected in one single master curve.  Thus, the assumed linear hereditary relation, 

defined by Equations (9.1-2), is actually a reasonably good approximation for 

polyurea.  In this manner, the short-time relaxation of the material at higher 

temperatures is predicted using its relaxation data obtained at low temperatures. This 

master curve can be fitted using various explicit functional forms. A good power-law 

form for the shear relaxation modulus is 

 
( ) ,

)(
,






















+=

−

∞

c

Ta
tGG

T
TTtG
ref

θ

∆
 (9.18) 

 ,24.22 MPaG =∞  (9.19) 

 ,42.8 MPaG =∆  (9.20) 

 .146.0=cθ  (9.21) 
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However, this compact form has two basic shortcomings that make it 

unsuitable for explicit numerical calculations. First, it has a singularity at the origin. 

Second, to calculate the stress for a general strain-rate history, the hereditary integral 

must be evaluated for each instant separately. To remedy this, one may construct a 

reasonably good representation using a series of simple exponentials, i.e., a discrete 

set of internal state variables that represent the material's internal relaxation times. 

Depending on the specific problem, one can then select the number of the relaxation 

times for a specific time interval to fit the experimental data and thereby to calculate 

the values of the relaxation times and the coefficient of the associated exponential, i.e., 

two material constants for each internal state variable.  The general form of such a 

representation then is,  

 ( ) .1
1

/ 







+= ∑

=

−
∞

n

i

qt
iref

iepGtG  (9.22) 

This description applies directly to the isothermal deformations. When the 

temperature changes during a deformation (e.g., because of dissipation), we introduce 

a new time scale, 

 ( ) ( )( )0

,= ∫
t dt

a T
τξ
τ

 (9.23) 

to replace the reduced time, ( )Tat / , in the expression for the isothermal deformation.  

In Equation (9.23), the integral is evaluated between 0 and t, to ensure that 0=ξ  at no 

deformation, when 0=t ; see Schapery (1969). The linear hereditary integral for the 

deviatoric part of the deformation is now replaced by  



 171

 ( ) ( ) ( ) ,,2
0

τττ dtGt
t

D′=′ ∫σ  (9.24) 

where  

 ( ) ( ) ( )( )., τξξτ −
′

= tG
T
TtG ref
ref

 (9.25) 

Note that here a new temperature, T ′ , is introduced, which, as pointed out by Pipkin 

(1972) involves a certain  ambiguity, since there is no non-isothermal experimental 

evidence to suggest how T ′  should be evaluated. In the present work, we have chosen 

to set  

 ( ),τTT =′  (9.26) 

since this choice leads to stable numerical calculations. In what follows, the 

temperature history is incorporated in the deformation rate history by replacing ( )tD′  

with ( ) ( ) refTtTt /D′ . 

 

At high strain rates, the deformation is essentially locally adiabatic. When the 

only available heat source is that from the dissipated mechanical energy and the 

conductive and convective heat losses are slow relative to the strain rates, then the 

local temperature can be calculated using 

 ,1
t

W
Ct

T d

V ∂
∂

=
∂
∂  (9.27) 

where VC  is the heat capacity at constant volume (per unit original volume), and dW  

is the dissipated work per unit original volume.  
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In a cyclic loading, the dissipated work can be calculated for a complete cycle 

of deformation. The instantaneous rate of dissipation will of course depend on the 

specific model used to represent the material. Care is needed to ensure that the second 

law of thermodynamics is not violated by allowing the transformation of heat into 

stored elastic energy. Here, we follow Fung (1965) and represent the full response of 

the material at constant temperature by 6+n  coupled first-order differential equations 

relating n  thermodynamic internal state variables and 6 strain components to their 

conjugate thermodynamic forces and the conjugate stress components. The n  hidden 

internal variables are then eliminated from the differential equations, using linear 

force-flux relations. The resulting stress-strain relations have the hereditary integral 

form. With n internal variables, we retrieve Equation (9.22).  

 

The significance of this approach is that the stored energy can be easily 

calculated at each instant. Therefore, the amount of dissipated energy over a given 

time interval can be calculated without ambiguity. The rate of energy dissipation 

associated with the ith  internal variable then is 

 ( ) ,1 2i
i

i
d F

t
W

η
=

∂
∂  (9.28) 

where iη  and iF  are, respectively, the viscosity and the force associated with the ith 

internal variable. Using this expression, (9.22) now gives 

 ( ) ( ),:2
1
∑
=

∞=
∂
∂ n

i

i
d

i
d

i

id tt
q
pG

t
W

εε  (9.29) 
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where we have set 

 ( ) ( ) ( )( ) ( ) .
0

/∫ ′= −−
t

qti
d det i τττξξ Dε  (9.30) 

We must emphasize here that this formula is based on a discrete set of internal 

variables with linear force-flux relations, as discussed by Fung (1965) and others (Biot, 

1954, Meixner, 1954, Coleman and Gurtin, 1967, Schapery, 1968). For every 

relaxation function (9.22), one can conceive a structure of springs and dashpots that 

will have this response. Fung (1965) shows that all such functions can be arrived at 

using a spring paralleled with n dashpot-springs put serially. This structure is not 

unique. For example, the properties of a spring put serially with n paralleled dashpot-

springs can be adjusted such that it has the same relaxation function. For these two 

cases one can show by directly calculating the dissipated energy that Equation (9.29) 

is the final result when the p’s and q’s are calculated accordingly. This is not 

surprising as the strains associated with viscous energy dissipation in Equation (9.30) 

are attributed to the normal modes of the deformation resulting from the linear force-

flux relations and not to the specific representation of springs and dashpots. In short, 

(9.29) relies only on (9.22) and the linearity assumptions and it does not depend on 

specific representation of springs and dashpots model. 

 

It is of theoretical interest to note here again that Equation (9.22) is a special 

function with a discrete set of relaxation times. For a general relaxation function 

(continuous spectrum) one can show that the dissipated power in Equation (9.29) can 

be written as   
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 .)()()2(2 122121∫ ∫
∞− ∞−

−−′−=
∂
∂ t t

d ddtG
t

W
τττετεττ &&  (9.31) 

 

9.3. Pressure effects 

Experimental and theoretical considerations suggest that the viscoelastic 

properties of polymers are pressure dependent. For the cases considered in the present 

paper, this is a significant effect.  The well-established explanation for this 

phenomenon is found in works of Ferry (1970), Knauss and Emri (1981, 1987), and 

Losi and Knauss (1992).  It is based on the free-volume content of a polymer:  the less 

available free volume the harder it becomes for the chains to move. Therefore, one can 

associate the lower free volume due to the high pressure to greater constraint of the 

thermally activated chain motion.  In other words, the higher pressure makes the 

response of a rubbery polymer closer to that at the glass transition temperature. To 

incorporate this in our model, we may simply reduce the ambient temperature of the 

polymer by a quantity proportional to the pressure, i.e., we may set 

 ( , )( , ) ( ),= = − tp
ref

T Pa T P a T C Pτ
τ

 (9.32) 

where P is the pressure and Ctp is a time-pressure coefficient that must be established 

experimentally. In other words, the characteristic relaxation time and the time-shift 

associated with it are modified again through the reduced temperature. This is 

however a simple approach and must be modified to give appropriate results if a wide 

range of pressures occurs during a deformation history. 
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9.4. Split Hopkinson-bar experiments 

We have performed a series of split Hopkinson-bar experiments on polyurea 

under various conditions. For the general setup and implementation of these tests, see 

(Nemat-Nasser et al., 1991). To verify the model discussed in the previous section, a 

selected set of these experiments is presented here. The complete experimental work 

performed for characterization of polyurea at various conditions will appear in a 

different publication. The tests presented here were all performed at an effective 

engineering strain rate of 3000±400/s. The summary of the experimental parameters is 

given in Table 9.1.  

 

All 4 tests are performed using a 12.7mm (half inch) split Hopkinson-bar 

(maraging steel bars). The sample diameter in the unconfined test is substantially 

smaller than that of the bars to accommodate the large radial deformations that occur 

during the test. For the confined tests, the sample is fitted inside a cylindrical tube of 

17.8mm outside diameter and 26mm length, machined from VascoMax® C-350 

maraging steel. The strains in the transmitted bar can be as low as 10-4 (unconfined 

test).  Using a Nicolet MultiPro Digitizer Model 140 with a full range of scale of 15 

millivolts, these signals are recorded without difficulty. For all the tests, a ramped 

incident pulse is used which allows dynamic equilibrium to be established early in the 

test. The signals are recorded at every 0.2µs. In the confined tests, the Cauchy stress 

and the nominal stress recorded directly are equal.  But since the diameter of the 

sample changes during the unconfined tests, the Cauchy stress must then be estimated. 
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Since under the low pressures observed in the unconfined tests, polyurea is nearly 

incompressible, we calculated the diameter and the Cauchy stress assuming isochoric 

deformation. The resulting loading stress-strain curves are shown in Figures 9.1 and 

9.2.  

 

Table 9.1:  Values of Experimental Parameters. 
 

Name Confinement Diameter 
(mm) 

Length(mm) Effective Strain Rate 
(/s) 

Temperature 
(K) 

UC No 6.17 1.78 3400 294 
CL Yes 12.7 5.08 2600 273 
CR Yes 12.7 5.08 2800 294 
CH Yes 12.7 5.08 2800 333 

 

Upon unloading the dynamics of the test changes from being loaded by a 

pressure pulse in the incident bar to the soft polyurea releasing the applied stress. 

Therefore, the time scale of the unloading portion is significantly different from that of 

the loading portion and the elastic pulses that reflect off the far ends of the Hopkinson-

bars reach the strain gauges and thus interfere with the measurement of the unloading 

signals. From the initial part of the unloading curves one observes that, for confined 

tests, the unloading follows essentially the same stress-strain curve as that of the 

loading. However, for the unconfined tests, the stress is released much faster than the 

accumulated strain. This strain is not permanent though and, in all cases, the sample 

regained its initial length after the test was completed. Another characteristic of the 

stress-strain curves in the confined tests is a rather soft initial segment. In these tests, 

this segment is limited to 1% to 2% strain and occurs at a low rate. In some 
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preliminary tests, this segment was longer and more pronounced. We believe that this 

is partially due to the fact that the confinement is not perfect at the start of the 

experiment where there may be some clearance between the sample and the bars. For 

the experiments discussed here, we manually pre-loaded the samples slightly, resulting 

in the disappearance of a major part of the soft segment. However, we believe that the 

remaining effect is due to a combination of this incomplete contact between the 

sample and the bars and possibly the material response. 
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Figure 9.1: The Cauchy stress – logarithmic strain curve for unconfined polyurea at room 
temperature, calculated from the nominal stress assuming incompressibility. 

 



 178

0.000

0.100

0.200

0.300

0.400

0.500

0.600

0 0.02 0.04 0.06 0.08 0.1 0.12

Logarithmic Strain

C
a
u

c
h

y
 S

tr
e
s
s
 (

G
P

a
)

CL (Confined, T=273K)

CR (Confined, T=294K)

CH (Confined, T=333K)

 
 

Figure 9.2: The stress-strain data obtained from confined polyurea Hopkinson-bar 
experiments at indicated temperatures. 

 

9.5. Model results and comparison with experimental data 

The results of our Hopkinson experiments appear to be in general qualitative 

agreement with the predictions of the model discussed in the previous sections. To 

verify this, we have developed a numerical subroutine that incorporates all of the 

components of the model, and is written to be compatible with the explicit finite-

element code, LS-DYNA, which is widely used in research and industry for various 

applications such as automotive crash-safety design (Hallquist, 1998). Some of 

quantities that are not usually used in normal structural applications, such as 

temperature and the reduced time, (9.23), are calculated explicitly and stored. 
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Moreover, the strains associated with viscous flow, (9.30), are also calculated and 

stored at each step for all terms in the Prony series (9.22). The significance of this 

representation in numerical calculations is now evident. If a general relaxation 

expression is used, the entire integral in (9.30) will have to be evaluated at each time 

step. However, the exponential forms in (9.22) make it possible to calculate the 

increment of the creep strains  

 ( ) ( ) ( ),)()1(
0

/))()(( ttdet i
d

t
qti

c
i εεε −′=′−= ∫ −− τττξξ D  (9.33) 

recursively using the current step loading and the information that is stored from the 

last step (ABAQUS Inc., 2005, Taylor et al., 1970, Henriksen, 1984, Simo and 

Hughes, 1988): 
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 (9.34) 

The derivation of the stress tensor and the correct form of the dissipated power, 

(9.29), using the inelastic strains is straightforward now.  

 ( ) ( ) ( ) .2
1









+′=′ ∑

=
∞

n

i

i
di tptGt εεσ  (9.35) 

As explained before the temperature history is stored together with strain rate 

history based on Equation (9.26). The simplification resulting from the finite spectrum 

and the ability to incrementally calculate various parameters at each instant, based on 

the deformation at the current step and the stored values of the variables, are crucial in 

most real applications.  
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The values of the model parameters, (i.e., A, B, refT , and ∞G ,  as given in 

(9.15-17)  and (9.19), and CTE, the coefficient of thermal expansion), are listed in 

Table 9.2.  These values, as well as the values of the  dissipation time scales, q’s, and 

their relative stiffnesses, p’s, are all based on the results reported by Knauss (2003), 

where, here we have used a least-square fit to the experimental data within a limited 

range of interest with n = 4. The heat capacity at constant volume per unit of original 

volume, VC , is measured directly. This value is also verified using an accurate DSC 

test result; see Amirkhizi (2005). The bulk stiffness parameters, )( 0Tκ  and m, are 

based on the results of the three confined tests, discussed earlier in this paper. Finally 

the value of tpC , Equation (9.32), is also estimated from the pressure–shear 

experimental results presented in the next section.  

 

Table 9.2: Values of constitutive parameters used in the numerical model. 
 

Tref(K) A B(K) Ctp(K/GPa) CV(J/mm3/K) CTE(/K) m(GPa/K) n refκ (GPa) ∞G (GPa)
273 -10 107.54 7.2 1.977×10-3 2×10-4 -0.015 4 4.948 0.0224 
 

p1 p2 p3 p4 q1(ms) q2(ms) q3(ms) q4(ms) 
0.8458 1.686 3.594 4.342 463.4 0.06407 1.163×10-4 7.321×10-7

 

The final results are shown in Figures 9.3 to 9.6. Further mechanical 

measurements (using a Dynamic Mechanical Analyzer (DMA) and confined 

Hopkinson-bar tests with measured hoop strain of the confining cylinder) give values 

close to those in Table 9.2; see Amirkhizi (2005). For the unconfined test the model 
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closely predicts the initial slope of the stress-strain curve before the onset of a reduced 

instantaneous stiffness at about 8% strain. The model does not account for this 

reduced-stiffness behavior, generally observed in the unconfined uniaxial response of 

elastomers. One may approach this shortcoming by using a more elaborate elastic 

component such as the 8-chain network model of Arruda and Boyce (1993). Note that 

the effect of the soft initial segment of the confined experiments is more pronounced 

here. If we remove this segment and assume that the loading starts when full 

confinement is established, then the modeled results agree closely with the corrected 

experimental results. We do not intend to find the best fitting parameters here. Rather, 

we propose that the model discussed in the previous section can reproduce the main 

qualitative attributes of various independent test results.  
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Figure 9.3: The unconfined polyurea Hopkinson-bar test results obtained at T=273K, and the 
constitutive-model result. The instantaneous stiffness of the material reduces at around 8% 
which is not considered in the model. The Cauchy stress is estimated based on the lateral 

expansion predicted by the model. 
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Figure 9.4: The confined polyurea Hopkinson-bar test data obtained at T=273K, and the 
constitutive-model results. The Corrected Data (CL) curve is obtained by slightly time-shifting 

and re-centering. 
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Figure 9.5: The confined polyurea Hopkinson-bar test data obtained at T=294K, and the 
constitutive-model results. The Corrected Data (CR) curve is obtained by slightly time-

shifting and re-centering. 
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Figure 9.6: The confined polyurea Hopkinson-bar test data obtained at T=333K, and the 
constitutive-model results. The Corrected Data (CH) curve is obtained by slightly time-

shifting and re-centering. 
 

9.6. Application: FEM model of a pressure-shear experiment 

The model discussed in previous sections has been used to simulate a pressure-

shear test performed at Brown University and documented by Jiao et al. (2005). The 

associated data are given in Table 9.3.  

 

A steel flyer plate impacts at a velocity V0 a sandwich structure that consists of 

a front steel plate, a thin layer of elastomer, and a rear steel plate. All of the plates are 

aligned at a constant given angle θ with respect to the velocity direction; see Figure 

9.7. Upon impact, two elastic waves are created that travel normal to the surface of the 
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impact at two different velocities. These are: a longitudinal compression wave (high 

velocity) and a shear wave (low velocity). The impact parameters are set such that the 

steel plates remain elastic. The longitudinal pressure wave reaches the elastomer layer 

first and loads it to a maximum stress after a few reverberations. The late arrival of the 

shear wave to this pre-strained layer makes it possible to study the shear behavior of 

highly-compressed materials. Both normal and transverse particle velocities are 

measured on the back surface of the rear plate using optical methods; see Clifton 

(1974) for a discussion of pressure-shear plate impact experiments.  

 

Table 9.3: Values of geometrical parameters of the pressure – shear test TJ0404; Courtesy of 
R. Clifton, Brown University. 

 
 

Diameter 
(mm) 

Flyer Plate 
Thickness 

(mm) 

Front Plate 
Thickness 

(mm) 

Rear Plate 
Thickness 

(mm) 

Polyurea 
Thickness 

(mm) 

V0  

(m/s) 

θ  

(deg) 

60 6.991 2.896 7.041 0.11 112.6 18 
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Figure 9.7: Schematics of the pressure–shear experiment and the FEM model. Top: Flyer 
plate impacts the front plate at velocity V0, creating normal and transverse waves that travel 
and load the polyurea layer and eventually the back plate. Middle: The elements along the 

center line passing through the plates and polyurea layer are modeled using LS-DYNA. 
Bottom: The displacement field of these elements is constrained to produce appropriate lateral 

confinement while allowing shearing. 
 

The propagation of a finite amplitude elastic shear wave in a uniaxially pre-

strained layer of elastomer has been discussed before by Nemat-Nasser and Amirkhizi 

(2005). The observable particle velocity on the back surface of the rear plate consists 

of stepped rises that finally converge to the impact transverse velocity regardless of 

the stiffness of the elastomer; see Figure 9.8. Neither of these two properties is 

observed in the measured transverse velocity by Clifton and Jiao (2004). Instead, there 

is a single jump at the beginning, followed by a gradual rise in the velocity. The 
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measured value falls considerably short of such predicted final values, as can be seen 

from data of Figure 9.10. 
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Figure 9.8: The profile of the normalized transverse particle velocity (divided by V0 sinθ) on 
the back surface of the rear plate for a fully elastic material. The time is normalized through 

dividing by (l/(V0 sinθ)), where l is the thickness of elastomer. 
 

Full modeling of the pressure–shear test described in Table 9.3 requires a very 

large number of elements due to the existing high aspect ratios (T:D:D ~ 1:600:600). 

Even a two-dimensional plane-strain (T:D ~ 1:600) approximation requires far too 

many elements. However, one can easily retrieve most relevant information by a 

quasi-one-dimensional model of the elements along the center line of the structure; see 

Figure 9.7. The center of the whole structure, consisting of the flyer, front, and rear 
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plates and the elastomer layer is modeled with three-dimensional elements using the 

elastic properties of steel and a nonlinear viscoelastic user-defined constitutive 

subroutine for polyurea. Boundary conditions are imposed such that the material is 

confined laterally but allow for shear deformation. However, the free surface boundary 

condition violates the former and the fixed surface, contradicts the latter. Therefore, 

we constrained the top and bottom nodes to have the same displacement degrees of 

freedom; see Figure 9.7. This maintains a fixed lateral dimension and hence the 

confining pressure is applied automatically by the finite-element solver. At the same 

time the element can be sheared laterally. This scheme enables us to study the full 

impact test (until the boundary waves arrive) with a very low number of elements 

compared to what is required for a full three-dimensional simulation.   

 



 190

0

2

4

6

8

10

12

14

3 3.5 4 4.5 5 5.5 6

Time (µs) [Shifted for simultaneous arrival]

T
ra

n
s

v
e

rs
e

 V
e

lo
c

it
y

 (
m

/s
)

Experimental Data

Ginf=22, Ctp=7.2 

Ginf=22, Ctp=6

Ginf=30, Ctp=6

Ginf=40, Ctp=5

Ginf=60, Ctp=5

Ginf=60, Ctp=5.5

 
 

Figure 9.9: The profile of the transverse particle velocity as measured and calculated on the 
back surface of the rear plate. The solid curve depicts the experimental results (Clifton and 

Jiao, 2004) and other curves show the various possible responses by varying two parameters: 
the equilibrium shear modulus G∞ (in MPa) and the pressure sensitivity parameter Ctp (in 

K/GPa). 
 

The results of the numerical simulations for the transverse particle velocity are 

shown in Figure 9.10.  The bulk properties are modeled as linearly elastic with a 

constant bulk modulus, GPa5.22=K . The curves in Figure 9.10 depict the rich 

spectrum of responses that can result under these conditions by varying only two 

material parameters, the equilibrium shear modulus, ∞G , and the pressure-sensitivity 

parameter, tpC . The other parameters are the same as those discussed earlier in this 

paper. 
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9.7. Discussion 

The calculated normal velocity of the particles at the back face of the rear plate 

agrees very closely with the experiment up until the unloading; see Figure 9.9. This 

includes the rise time to the maximum velocity (~0.6µs) and the time when the 

unloading waves arrive (~2.2µs). The numerical results predict a full drop of the 

velocity at the unloading. This is because the unloading waves from both sides, the 

flyer plate face and the rear plate face, arrive at the same time at the two faces of the 

elastomer layer. However, the experimental data do not show a complete drop, 

possibly due to a slight difference in the arrival times of these two release waves. 

After this unloading, the elastomer undergoes normal tension. The response of 

polyurea under tension and compression is asymmetric. The numerical model does not 

incorporate this fact and therefore the results are not valid after the unloading waves 

have arrived. The timing of the events up to this point is predicted remarkably 

accurately. If the nonlinearly elastic bulk model discussed before is used in the 

simulations, the general responses in the normal and shear waves do not change 

significantly. However, the event timing will not be similar to the experiment, namely 

the rise time will be much longer than that observed. It must be mentioned here that 

the significantly higher bulk stiffness observed in this test relative to the Hopkinson 

data, occurs at about twice the corresponding normal strain, i.e., 21.3% for the 

pressure-shear test as compared with about 12% for the Hopkinson tests. This amount 

of volumetric deformation can significantly change the response of the material. It 

must be noted here that alternative models have been suggested for the elastic bulk 
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response that relate the results of the lower strain levels, such as the ones observed in 

Hopkinson-bar experiments, to the higher level of volumetric strain that is observed in 

the pressure–shear test; see, for example Jiao et al. (2005). 
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Figure 9.10: The calculated profile of normal particle velocity. The times shown represent the 
elapsed time between the arrival of the wave, reaching the maximum velocity/stress, and the 
arrival of the release wave. The experimental values for these time intervals reported by Jiao 
et al. (2005) are respectively 0.6 and 2.2 microseconds which is in good agreement with the 

numerically calculated values 0.6 and 2.4 microseconds. 
 

The transverse velocity of the particles has complex characteristics. It was 

previously mentioned that the profile of the measured results does not show step-wise 

rise except at the beginning of the loading. The flattening of the step-wise profile as 

observed in the experiment can easily be captured by an appropriate choice of the 
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parameters in the viscoelastic model. This and the fact that the measured transverse 

velocity rises much more slowly than can be calculated through elasticity 

considerations are most likely due to the relaxation of the shear stress in the 

viscoelastic material. The latter phenomenon is readily captured by the viscoelastic 

model. Finally, the abrupt drop in the measured transverse particle velocity observed 

at the final stage of the experiment is attributed to the loss of the shear stiffness due to 

the release of the normal pressure. This release of the normal pressure and the 

associated particle velocity travel at the longitudinal wave speed. However, the 

resulting effect on the shear stiffness and transverse particle velocity travels at the 

transverse wave speed. Therefore, this effect is seen later than the arrival of the normal 

unloading which is observed in the normal velocity measurement. If the measured 

velocity pulses are shifted back by the time of travel of the normal and shear waves in 

steel, the unloading of the elastomer and its effect on the shear stiffness will be 

simultaneous, both in numerical and experimental results. This is confirmed by 

considering the stresses in the elastomer; see Figure 9.11. This loss of shear stiffness 

due to the drop in the pressure can be attributed directly to the pressure sensitivity of 

the viscoelastic relaxation in polyurea; see Equation (9.32). 
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Figure 9.11: The time history of the normal and shear stress in a typical element in elastomer. 
The stress scales are different. As the normal stress is released and the elastomer undergoes 

tension, the shear stiffness immediately drops. 
 

9.8. Summary 

A complete temperature, pressure, and strain-rate dependent nonlinearly 

viscoelastic constitutive model is developed for the viscoelastic response of polyurea 

under various conditions. The model parameters are extracted from the experimental 

results. A Fortran code is developed in order to apply the model to predict the 

experimental results. This code is compatible for use as a user-defined material 

constitutive subroutine with LS-DYNA, a general purpose large-scale finite-element 

program. Finally the model is used to reproduce the results of various independent 

tests, such as confined and unconfined split Hopkinson-bar pressure tests and a 
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pressure–shear test. The predictions of the model are in good agreement with the 

experimental results under a very wide range of conditions. 
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