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Abstract

The accuracy of certain internal consistency estimators have been questioned in
recent years. The present study tests the accuracy of six reliability estimators
(Cronbach’s alpha, omega, omega hierarchical, Revelle’s omega, and greatest lower
bound) in 140 simulated conditions of unidimensional continuous data with uncorre-
lated errors with varying sample sizes, number of items, population reliabilities, and
factor loadings. Estimators that have been proposed to replace alpha were compared
with the performance of alpha as well as to each other. Estimates of reliability were
shown to be affected by sample size, degree of violation of tau equivalence, popula-
tion reliability, and number of items in a scale. Under the conditions simulated here,
estimates quantified by alpha and omega yielded the most accurate reflection of pop-
ulation reliability values. A follow-up regression comparing alpha and omega revealed
alpha to be more sensitive to degree of violation of tau equivalence, whereas omega
was affected greater by sample size and number of items, especially when population
reliability was low.
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Introduction

Psychological sciences have long been interested in the psychometric properties of

tests and scales. While it is certainly true that not enough attention is paid in practice

to psychometrics (e.g., Sijtsma, 2012), it is the bedrock of psychological science.

One aspect of psychometrics concerns the reliability of scales—that is, the degree to

which a scale or composite is consistent, internally or temporally, in measuring varia-

tion in a sample of subjects. The main reason reliability is critically important is that

it is a necessary condition for validity (Downing, 2003; Feldt & Brennan, 1989). The

ceiling on the meaningful associations between two variables is also determined by

the reliability of the individual scales. However, there are now myriad estimation

methods to choose from to estimate internal consistency, and different situations

affect the estimates yielded by each of them (Green & Yang, 2009; McNeish, 2018).

Thus, accurate estimation of reliability is an integral part of the foundation of psycho-

logical sciences. The current work presents a simulation study to understand the

effects different relevant factors (e.g., sample size, number of items, differential load-

ings) have on accurately estimating internal consistency using Cronbach’s alpha, and

the composite reliability estimators omega, omega hierarchical, Revelle’s omega,

and greatest lower bound.

Since Cronbach (1951) popularized alpha, there has been a long-standing reliance

on Cronbach’s alpha for estimation of internal consistency (Hogan et al., 2000). One

reason for this is that alpha is very practical to compute—it does not use factor ana-

lytic techniques, which were relatively inaccessible until more modern computing

became widely available. Despite early (Jackson & Agunwamba, 1977; McDonald,

1970) and continued (Crutzen & Peters, 2015; Dunn et al., 2014; Geldhof et al.,

2014; Green & Yang, 2009; Teo & Fan, 2013) challenges to the use of alpha, its use

has remained undeterred in psychological science (McNeish, 2018).

However, when key factors affecting the estimation of alpha are violated, the esti-

mate produced is purported to reflect an underestimate of the true population value.

Some of the most commonly encountered factors affecting estimates produced by

alpha are outlined by McNeish (2018). First, the alpha estimate can suffer if tau

equivalence is not met—that is, if the loadings for all items in the scale are not equal.

The impact of tau nonequivalence on alpha was demonstrated mathematically by

Raykov (1997). In the article, Raykov had suggested that there may be times where

the use of latent variable modeling and factor loadings to estimate reliability might be

warranted. Second, items should be continuously distributed, and all have normal dis-

tributions; if not, the interitem Pearson correlations that alpha is based on will be

biased downward. Third, alpha does not model the error term covariances (e.g., great-

est lower bound), and therefore, may be affected if items have correlated errors. This

can actually upward bias the alpha estimate. Last, if the scale is not truly unidimen-

sional, the alpha estimate will be downward biased. However, others have argued that

these factors do not affect alpha to the degree that it should become obsolete (Raykov

& Marcoulides, 2019). These authors mainly argue that the factors cited above are

actually testable, and when met, alpha provides a good estimation of the lower bound
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of reliability of a unidimensional measure (consistent with early work by Novick &

Lewis, 1967).

If these factors affecting accuracy of internal consistency are commonly encoun-

tered, several alternatives for this purpose exist. While there are more than 30 differ-

ent methods for estimating internal consistency (Hattie, 1985), we will be focusing

on omega, omega hierarchical, Revelle’s omega, and greatest lower bound in the cur-

rent work (see Table 1 for formulas). Omega (McDonald, 1970, 1999) is calculated

through variance decomposition, that is, by comparing the amount of variance

explained by items in a scale versus the total amount of variance in the scale. Omega

hierarchical (Zinbarg et al., 2006) is an extension of this process that is designed for

scales that may include subfactors in addition to a general factor and attempts to cap-

ture the reliability of the higher order general factor. Revelle’s omega (Revelle,

2019) treats the scale as unidimensional, but computes subfactors that explain resi-

dual covariance and uses the Schimd–Leiman rotation (Schmid & Leiman, 1957) to

force orthogonality between these subfactors with the general factor, and then esti-

mates reliability from the loadings onto the general factor. Greatest lower bound

(GLB; Jackson & Agunwamba, 1977) is meant to create a lower bound of reliability

by computing reliability through computing the covariance of true score estimates

and also covariance of the error terms, and finding the maximal values for the error

term, thereby showing the lowest reliability estimate.

While these estimators (e.g., the mathematical equation that is applied to data to

produce a reliability estimate in a given sample) have fewer common factors that

have consequences for the accuracy of estimation compared with alpha in their calcu-

lation of the same intended estimand (e.g., the quantity representing internal consis-

tency), they are more computationally intensive than alpha, requiring factor analytic

techniques to compute. Despite the comparatively fewer factors that can produce bias

in the calculation of omega and GLB, it is unclear if the estimates produced are sub-

stantially better than those produced by alpha to offset the computational cost (mani-

fested as lack of widespread availability in commonly used statistics programs in

applied settings). The goal of the current work was to explore the degree to which

internal consistency estimates produced by these composite reliability estimators are

an improvement over alpha under conditions where tau equivalency is not met and

how much the difference between alpha and the composite reliabilities is affected by

sample size.

Factors That Affect Reliability Estimates

While there appears to be disagreement about the degree of impact on the estimate

by degree of violation of the above-referenced factors that affect the accuracy of the

estimate produced by alpha, extant simulation work tested some of these empirically

(Green & Yang, 2009). The first of these, tau equivalence, refers to items in the scale

or composite having equivalent loadings. Green and Yang demonstrated this bias

through varying the factor loadings for their simulation, and this bias indeed did
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increase based on how unbalanced the loadings were. However, with twice as many

items (12), this bias was somewhat reduced compared with the shorter scale (6),

though still present overall. Thus, it can also be concluded that the number of items

within a scale also affects reliability estimates and protects against downward biasing

for coefficient alpha.

Additionally, it has long been known that the sample size affects the precision of

the reliability estimate (Charter, 1999), such that larger sample sizes allow for more

precise estimates of reliability. For methods relying on factor analytic techniques,

sample size becomes particularly important. In the same way that alpha is based on

correlational techniques, and anything affecting the estimation of the correlation also

affects the alpha estimate, conditions that affect factor analytic solutions (e.g., sample

size) also are likely to bias reliability estimates based on factor analytic techniques.

Extant work on this topic demonstrates that sample size alone does not tend to bias

factor analytic solutions (MacCallum et al., 1999; MacCallum et al., 2001); however,

smaller samples sizes strongly interact with low variable communality in recovering

population factors (de Winter et al., 2009; MacCallum et al., 2001). Thus, reliability

estimates produced by omega and GLB may demonstrate bias when sample sizes are

small and item loadings are unequal simultaneously (e.g., violation of tau equiva-

lence). There are some suggestions in the extant literature that alternative measures

of reliability beyond alpha may show bias under certain conditions. As discussed in

Sijtsma (2009a, 2009b), GLB and omega estimates may be biased upward under con-

ditions of small samples sizes due to increased likelihood of high sample variability

affecting the covariance matrix used to compute these metrics. Indeed, ten Berge and

Sočan (2004) commented that GLB ‘‘has a reputation for overestimating the popula-

tion value when the sample size is small’’ (p. 613) and further suggest that overesti-

mation is most accentuated when the true population reliability is low. Notably, a

recent simulation testing a closed-form expression of omega (Hancock & An, 2020)

did not test any sample sizes lower than n = 250, which unfortunately is substantially

larger than those common in many applied areas of psychology and education

research. Even among the larger sample sizes examined by these authors, estimation

failures for omega were not uncommon, which leads to a question about how preva-

lence of estimation failures change for omega as the sample size decreases. Thus, the

current work will investigate how omega estimators perform under smaller sample

sizes that tend to be more widespread in these applied settings.

Current Study

While coefficient alpha has been thoroughly critiqued in the literature and simulation

studies have quantified the bias introduced by deviation from optimal conditions

(e.g., Green & Yang, 2009), the degree to which these same conditions affect bias in

other methods of estimating reliability have yet to be empirically investigated. In the

current work, we sought to test the ability of different methods of estimating

reliability—using Cronbach’s alpha, omega, omega hierarchical, Revelle’s omega,

Edwards et al. 1093



and greatest lower bound—under different common conditions affecting reliability

via simulation. Our work is an extension of the work of Green and Yang (2009)

through extending these simulation conditions to estimators other than alpha; as

such, all of their simulation conditions will be repeated here. We varied relevant

components of a unidimensional scale, including the number of items in the scale (6

vs. 12), the sample size (from 30 to 1,000), population reliabilities, and varying

degrees of violation of tau equivalence. Given the exploratory nature of the current

simulation work, we did not make specific a priori hypotheses about the performance

of different reliability metrics under these various conditions. However, based on the

previous literature reviewed above, it was likely to be observed that (a) coefficient

alpha would be downward biased when tau equivalence was not met, (b) larger sam-

ple sizes would increase accuracy of all reliability estimates, (c) more items would

increase the accuracy of all reliability estimates, and (d) small sample sizes would

produce positive bias in factor analytically derived indices of reliability when tau

equivalence was not met.

Method

Data were simulated using the simulateData function from the lavaan package in R

(Rosseel, 2012). This function generates multivariate normal data based on a given

factor structure and sample size. Factor loadings were varied in accordance with

those used in Green and Yang (2009) for both a six-item and 12-item scale. These

factor loadings allow for the examination of conditions in which factor loadings are

not all equal violating tau equivalence. For each set of factor loadings, data were

simulated with samples sizes of 30, 50, 100, 500, and 1,000. All conditions simulated

here were unidimensional without correlated errors. These conditions represent only

a small subset of possible conditions but provide insight for common conditions

observed in psychology and education sciences that may affect internal consistency

(i.e., sample size, number of items, population reliability, degree of violation of tau

equivalence). Reliability measures were calculated using the scaleStructure function

from the ‘‘userfriendlyscience’’ package in R (Peters, 2014). Reliability measures

investigated here included Cronbach’s alpha, omega, greatest lower bound, Revelle’s

omega, and omega hierarchical. Data were simulated 1,000 times and reliability esti-

mates were averaged across the 1,000 runs. Runs that obtained omega values greater

than 1 were removed from the average of all measures (the percentage of simulations

that obtained impossible omega values can be found in Tables 2 and 3). The reason

for the impossible omega values have to do with the computation of the denominator

in the equation for omega:
Pk

i = 1 l
i

� �2

+
Pk

i = 1 uii, where li is the factor loading for

the ith item on the scale, uii is the error variance for the ith item, and k is the number

of items on the scale (see Table 1 for full equation). Thus, if the derived factor load-

ings produce either (a) a nonpositive-definite implied covariance matrix (affecting

the first half of the above-noted part of the denominator) or (b) negative residual var-

iances (i.e., Heywood cases; affecting the second half of the above-noted part of the
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denominator), the formula for omega will then produce an imaginary or negative

number and cause these failures. A comparison of performance for the estimation of

reliability is shown in Tables 2 and 3.

Results and Discussion

Results showed significant variability in estimation accuracy across the five reliabil-

ity measures investigated here. Surprisingly, alpha and omega performed similarly

well, whereas the rest of the measures were often consistently poor estimators.

However, omega presents a problem of estimation failure in which the value returned

is outside the range of possible values (i.e., greater than 1). An estimation failure can

occur due to (a) a nonpositive-definite implied covariance matrix or (b) negative resi-

dual variances (e.g., ‘‘Heywood cases’’), when the sum of the covariance terms is

negative within a square root. This occurred for as much as 21.53% of the simula-

tions in a given condition. Failures occurred most when sample size and population

reliability were low. The estimation failures observed here align with the results of

Hancock and An (2020) who reported greater failure rates when factor loadings and

sample sizes are lower. Hancock and An proposed a closed-form expression of

omega that does avoid these reasons for estimation failure; however, estimation fail-

ure can occur using this expression when the sum of the covariance terms is negative

within a square root. Thus, there is a legitimate practical concern about using omega

in smaller samples with uneven loadings, despite the lack of consequences for viola-

tion of tau equivalence.

Cronbach’s alpha appears to slightly underestimate reliability especially with

smaller sample sizes. Replicating the simulation-based findings of Green and Yang

(2009), alpha did have a negative bias that is more pronounced when tau equivalence

is not met. However, this negative bias was small (2.02 on average) and even when

tau equivalence was not met, alpha outperformed all measures except omega in terms

of absolute distance from the population reliability value. One of the major criticisms

of Cronbach’s alpha is the consequences of violating tau equivalence (Green &

Yang, 2009; McNeish, 2018; Sijtsma, 2009a). Although more accurate estimations

were obtained when all the factor loadings were equal, when tau equivalence was

violated, Cronbach’s alpha provided an estimate smaller than the population value in

all cases, which is consistent with arguments favoring its legitimacy as a lower

bound.1 Raykov and Marcoulides (2015) demonstrate that the underestimation by

alpha is practically negligible when the average loading is above .7 and the differ-

ence between the individual loading and average loading is less than .2. Here, we

expand this significantly by showing that even when these guidelines are not met,

when continuous data are unidimensional with uncorrelated errors, alpha provides a

reasonable estimate of internal consistency. Here, we present multiple conditions in

which these two criteria are both violated and the resulting estimate is relatively

accurate. Even when sample size was 30, population reliability was low, and these

two criteria were not upheld, the largest underestimation provided by alpha was .07.
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Alpha outperformed omega when population reliability, sample size, and number of

items were low. Whereas, conditions under which omega provided more accurate

estimations included when there was a large difference between factor loadings and

multiple loadings that were different from the others (e.g., .8 .8 .8 .2 .2 .2). When tau

equivalence was met, alpha and omega preformed equally well, with a slight favor-

ing toward alpha when the population reliability was low. Overall, both alpha and

omega provided largely accurate estimates of reliability under the conditions simu-

lated here; however, the estimation failure presented by omega suggests additional

challenges for the use of omega as a complete replacement for alpha.

Accuracy in estimation of reliability was influenced by not only sample size and

degree of violation of tau equivalence but also the magnitude of the population relia-

bility itself. Across metrics, more accurate predictions were estimated for larger pop-

ulation reliabilities. The lack of precision in estimation can also be observed in the

95% confidence intervals shown in Tables 4 and 5, in which greater variability in

estimates are observed for lower population reliabilities, particularly, accentuated by

smaller sample sizes. Practically, this quality of omega is difficult to assess, as one is

unable to determine the observed reliability without using an estimator, but the esti-

mate produced by that estimator may be producing a biased estimate when the true

population reliability is lower. This presents another reason why it may be immature

to completely abandon the common use of alpha for omega in applied psychological

sciences; one may need to use alpha to first know if observed reliability is low

enough to cause concern about the accuracy of the omega estimate. As such, the

ideal scenario may not be to replace one with the other, but rather use alpha and

omega as complementary estimators in tandem.

The results of the present study are consistent with those of ten Berge and Sočan

(2004) who found greatest lower bound to overestimate reliability when sample size

and reliability are low. Ironically, greatest lower bound consistently overestimated

reliability despite the idea that it is supposed to be a lower bound as suggested by its

name. On average, GLB overestimated reliability on all but seven of the 140 condi-

tions simulated here. Although the probability of GLB to overestimate reliability in

small samples has been previously discussed, no study to date has defined what a

‘‘small sample’’ means for this bias. Here, we show that GLB overestimates reliabil-

ity even when the sample size is 1,000. Similarly, Shapiro and ten Berge (2000)

show GLB to overestimate reliability in samples of 100, 500, and 2,000 on five- and

10-item scales. Consistent with what was observed here, greater overestimations

were observed at smaller samples sizes, but even at larger sample sizes, GLB rarely

resulted in underestimation of the true population reliability.

Revelle’s omega performed differentially well between the six-item and 12-item

scales, such that Revelle’s omega overestimated reliability more on the six-item

scales than the 12-item scales. This may be due to a tendency of this metric to more

often overestimate smaller reliabilities than larger ones, and this intersected with the

fact that population reliabilities in the six-item scales were smaller on average than

the 12-item scales.
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Zinbarg et al. (2005) suggest that when data are unidimensional (as simulated

here), whether tau equivalence is met or not, omega and omega hierarchical will be

equal. However, that is not what was observed here. Under the conditions simulated

here, omega hierarchical was often smaller than omega. Furthermore, according to

Zinbarg et al. (2005), when the general factor loadings are unequal, omega hierarchi-

cal should be larger than alpha, however, this pattern was not observed under the

conditions simulated here. In fact, in many cases simulated here omega hierarchical

was actually smaller than alpha. Future work needs to critically evaluate the reason

for the divergence between omega and omega hierarchical for unidimensional data,

and furthermore, why a formulaic account of omega hierarchical does not hold under

simulated conditions.

Results showed alpha and omega to be the most accurate estimators. Performance

under the 140 conditions for these two estimators is visualized in Figure 1. To further

investigate the impact of various conditions on their estimation, a regression was

Figure 1. Observed estimation error (difference between estimate and expected reliability)
for alpha and omega under the 140 conditions of varying number of items, sample size, and
degree of violation of tau equivalence.
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performed predicting the estimation error (absolute distance between estimate and

population reliability) from the estimator (alpha or omega), number of items, sample

size, population reliability, and degree of violation of tau equivalence (operationa-

lized as the mean squared deviation from the mean loading). All continuous measures

were grand mean centered to aid in interpretation such that the intercept can be inter-

preted as the absolute distance between the estimated and expected value at the mean

of all continuous measures for alpha when the number of items is six. Results of the

regression are reported in Table 6. Results showed alpha to be affected greater by

Table 6. Results of Regression Comparing Distance Between Estimated and Expected
Reliability for Alpha and Omega.

Coefficient Estimate t Value p Value

Intercept 0.02798 23.62 \.001*

Omega vs. alpha 20.01794 210.71 \.001*

12 vs. 6 items 20.00271 21.57 .118
Population reliability 20.04028 26.27 \.001*

Sample size 20.00001 23.96 \.001*

Degree of violation of tau
equivalence

0.54387 17.82 \.001*

Omega vs. alpha 3 12 vs. 6 items 20.00137 20.56 .574
Omega vs. alpha 3 population

reliability
20.02683 22.95 .003*

12 vs. 6 items 3 population
reliability

20.00346 20.41 .680

Omega vs. alpha 3 sample size 20.00001 21.24 .218
12 vs. 6 items 3 sample size 0.00000 20.73 .466
Population reliability 3 sample size 0.00002 1.32 .188
Omega vs. alpha 3 degree of

violation of tau equivalence
20.60916 214.11 \.001*

Population reliability 3 degree of
violation of tau equivalence

20.85579 25.15 \.001*

Omega vs. alpha 3 12 vs. 6
items 3 population reliability

0.06582 5.56 \.001*

Omega vs. alpha 3 12 vs. 6
items 3 sample size

0.00001 1.74 .083

Omega vs. alpha 3 population
reliability 3 sample size

0.00011 5.48 \.001*

12 vs. 6 items 3 population
reliability 3 sample size

0.00001 0.60 .549

Omega vs. alpha 3 population
reliability 3 degree of violation
of tau equivalence

1.26106 5.37 \.001*

Omega vs. alpha 3 12 vs. 6
items 3 population reliability
3 sample size

20.00011 23.43 \.001*

Note. The p values presented here are a factor of the specific 140 conditions simulated.
*p \ .05.
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degree of violation of tau equivalence (see Figure 2) especially when population

reliability was low (see Figure 3). Omega, however, showed a greater impact of sam-

ple size especially when population reliability was low (see Figure 4). Additionally,

omega was affected greater by the number of items when reliability was low (see

Figure 5).

Regression estimated interaction between estimator and degree of violation of tau

equivalence predicting the distance between estimate and expected reliability.

Limitations and Conclusions

While the current work simulated 140 different conditions that may affect reliability

estimation, there were some conditions the current work did not seek to examine,

and thus, the current results almost certainly will not generalize to those conditions.

Specifically, lack of unidimensionality, correlated errors/residuals, and deviations
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Figure 2. Regression estimated interaction between estimator, population reliability, and
degree of violation of tau equivalence predicting the distance between estimate and expected
reliability.
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from normal distributions are all conditions that have been argued to affect alpha’s

reliability estimate (e.g., McNeish, 2018) that we did not include in the current work.

Thus, our results cannot speak to how various reliability estimators will perform

under those conditions. Furthermore, it may be the case that those conditions interact

with the conditions tested here. For example, the effects of deviations from tau

equivalence on the alpha estimate may be most pronounced when items also are not

normally distributed. However, our current results tested several conditions under

which alpha purportedly suffers most, and while the alpha estimate did show a nega-

tive bias in each case, it was actually a smaller bias than shown by omega hierarchi-

cal, Revelle’s omega, and GLB estimators. Thus, future work should also test the

performance of the internal consistency metrics estimated here under conditions of

multidimensionality, correlated errors/residuals, and deviations from normal distribu-

tions. Additionally, while there are many scales constructed using continuous

alpha omega
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Figure 3. Regression estimated interaction between estimator, population reliability, and
degree of violation of tau equivalence predicting the distance between estimate and expected
reliability.
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indicators, it is also common in the psychological sciences to construct scales using

ordinal items (e.g., Likert-type scales). Future work should thoroughly examine the

effect that the ordinal nature of indicators has on reliability estimation.

Despite these limitations, the results of these simulations suggest that Cronbach’s

alpha estimates reliability fairly accurately under the condition of unidimensionality

investigated here, in contrast with the significant criticism toward Cronbach’s alpha

in recent years (Crutzen & Peters, 2015; Dunn et al., 2014; Geldhof et al., 2014;

Green & Yang, 2009; McNeish, 2018; Teo & Fan, 2013). While there are some con-

ditions that may affect reliability estimation that were not examined here, the current

results showed that under the conditions examined, alpha and omega deliver more

accurate estimations of reliability than GLB, Revelle’s omega, and omega hierarchi-

cal. Based on the results of this simulation, it is our recommendation that these alter-

natives to alpha and omega be limited until empirical work demonstrates conditions

under which they perform adequately, and potentially discourage their widespread

alpha omega
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Figure 4. Regression estimated interaction between estimator, population reliability, and
sample size predicting the distance between estimate and expected reliability.
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adoption. The follow-up regression comparing alpha and omega revealed alpha to be

sensitive to the degree of violation of tau equivalence, consistent with previous liter-

ature (Green & Yang, 2009). Novel to this investigation, however, was the discovery

of the extent to which population reliability affects omega particularly when sample

size and number of items are low.

Given that the computational demands of omega are higher, omega showed more

estimation failures and greater distance between estimated and expected reliability

when sample size, number of items, and population reliability were low. Thus, omega

is not quite fit to completely replace alpha, contrary to recent arguments. In addition

to conditions in which alpha provided a more accurate estimate than omega, alpha

also provided a consistent underestimate in all conditions ensuring alpha to provide a

lower bound estimate of internal consistency, whereas omega did not consistently

have error in the same direction (sometimes overestimating and sometimes underesti-

mating). Alpha still provides a useful estimate of internal consistency particularly

alpha omega
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Figure 5. Regression estimated interaction between estimator, population reliability, and
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when omega fails to provide an estimate or when sample size, number of items, and

reliability is low under conditional of unidimensionality and uncorrelated errors.
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