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Abstract

Topics in Multiplicative Number Theory
by

David Tuan Nguyen

We investigate several topics in multiplicative number theory on the distributions of
the k-fold divisor function in arithmetic progressions, divisor sums, and gaps between
zeros of L-functions. Applications of these topics to the distribution of prime numbers,
zeros of the derivative of the Riemann zeta function near the critical line, the generalized
de Bruijn-Newman constant, and connections to moments of L-functions and random

matrix theory are also discussed.
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Chapter 1

Introduction

1.1 Overview and summary of statement of results

We summarize in this first chapter statement of results of this dissertation. The
expositions here are brief and we refer to the Introduction sections in subsequent chapters

for more background and discussions.

1.1.1 Distribution of the k-fold divisor function in arithmetic
progressions

For a fixed natural number k, let 7(n) denote the k-fold divisor function: the number
of ways to write a natural number n as an ordered product of k positive integers. The

distribution of 75 (n)
> mil(n)
n<X

and over arithmetic progressions

> 7ln) (1.1)

n<X
n=a(mod d)

are an important topic and has many applications in analytic number theory. In partic-

ular, understanding the distribution (1.1) for the 3-fold divisor function 73(n) was one of
1



Introduction Chapter 1

the crucial steps in the striking proof of bounded gaps between primes of Y. Zhang [87].
Further understanding of the 4-fold divisor function, which is rather poor at the present,
will undoubtedly have application in reducing the current gap of 246 between consecutive
pairs of primes to a smaller number. In our first result, we prove a distribution estimate
for 7x(n), k > 4, in arithmetic progressions to a special set of moduli d that exceeds the

square-root of the length X of the sum.

Theorem 1 Let

B 1
“ 71168
and
0, = mi L 2
= min 12<k+2),w
Fora #0, let

D={d>1:(d,a) =1, [u(d)] =1, (d, H p) < X7, and (d, H p) > XTI/

p<X=? p<X =

where 1 1s the Mébius function. Then for each k > 4 we have

)3 > Tk(n)—ﬁ > mln)| < X0 (1.2)

deD n<X n<X
d< X293/584 |n=a(mod d) (n,d)=1

The implied constant is effective, and depends at most on a and k.

See Remark 2 for a possible application of this theorem to prime numbers and Section
1.2 below for notation. Conditionally, if we assume the Generalized Lindelof Hypothesis

for Dirichlet L-functions we can obtain a stronger result.

Theorem 2 On the Generalized Lindeldf Hypothesis, the estimate (1.2) holds with the

right side replaced by

2
Y

lew

where the 0y, power saving is replaced by a positive constant independent of k.
2



Introduction Chapter 1

In our next result, we prove a distribution estimate for 7 (n) similar to that of Barban-
Davenport-Halberstam type theorems for the von Mangoldt function A(n) averaging over

both a and d to moduli d as large as X.

Theorem 3 For k > 4 we have

2

d
S| Y am-— Y am| < (D X)X (log X)L,

d<D a=1 n<X SO(d) n<X
(a,d)=1 |n=a(mod d) (n,d)=1

Motivated by the recent work [42] of Heath-Brown and Li in 2017, we also prove
analogous estimates for pairs of 7(n)’s and 7(n)A(n) to moduli d that can taken to be

almost as large as X2

Theorem 4 For k > 4 and any € > 0 there holds

2\ 2
d
1 _
22| X atne-gg| 3 ae]| | exoe
d<D a=1 mn<X ¥ n<X
(a,d)=1 \ m=an(mod d) (n,d)=1

for any D < X~ 1/3042),
In particular, the above estimate is valid if one of the 1, is replaced by the von Man-

goldt function A. We have

Z Z Z Tr(m)A(n) — % Z n(n) | < x40+

d<D a=1 mn<X
(a,d)=1 \ m=an(mod d) (n,d)=1

for any D < X~ 1/3042),

We replace the upper bound in Theorem 3 for the 3-fold divisor function by an

asymptotic with the condition (a,d) = 1 removed.
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Theorem 5 We have the following asymptotic equality, with effectively computable nu-
merical constants
2

8
Z Z Z m3(n) — NPy(log N)| = N? Z S log® 7 N + O (N599/300) 7

1<U<N 1<b<t| 1<n<N =0
n=b(mod ¢)

where

Tg(n) Ns—l
P =
(log N) =Res ¢ 37 B
n=b(mod £)

Motivated by the recent work of Banks, Heath-Brown, and Shparlinski [2] in 2005
on the distribution of the divisor function 7(n) on average, we prove an analogous result

for 73(n), in particular, slightly extending the range of the modulus from the well-known

result [31] of Friedlander and Iwaniec in 1985.

Theorem 6 For any € > 0, we have

(

X5/6+6q1/47 ZfX1/2 <q< )(2/37

X
Sl Y mn) - —=Pyllog X)| < § XT/0tegl2 i XA < g < XY

1<a<q n<X SO(Q)

(a,q)=1 |n=a(mod q)

)(11/124“57 Zfl < q < )(1/47
\
where Py(log X) is a polynomial of degree 2 in log X with coefficients depending on q,

and the implied constant depends only on e.

We obtain an asymptotic for a modified additive divisor sum for 73(n) averaged over

the shift A up to X — 1.

Theorem 7 There are numerical constants cg, ¢1, co, c3 such that

> Y m(n)ms(n+h)

1<h<X -1 1<n<X-—h

2 108;4X 3 2 3/2+¢
=X 1 +c3log” X + colog” X + c1log X 4+ ¢ | + O(X ),

4



Introduction Chapter 1

for any e > 0.

This result is closely connected to the sixth power moment of the Riemann zeta function.

For any € > 0, it is known that the Lindelof hypothesis

C(%Jrit) =0(l°) <~ /OT C(%Jrit)

is equivalent to good bounds on moments of zeta. Understanding moments of zeta

2k
dt < T Vk

requires a good handling on the so-called correlation sum

Z Tx(n)T(n + h), h < X.

n<X

In fact, even an asymptotic formula for

Z m3(n)73(n + 1) (1.3)

n<X
is not known. In Remark 8, we comment on the intractability of obtaining an asymptotic

for the correlation (1.3).

1.1.2 Gaps between zeros of L-functions

We give a quantitative lower bound for the positive proportion of zeros of (’(s) near

the critical line, complementing the result of Zhang [86, Theorem 1].
Theorem 8 For v > 10*2, we have

m~(v) > 107,
where the function m~(v) is defined in (7.1).

We extend this result to gaps between zeros of quadratic Dirichlet L-functions L(s, x).
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Theorem 9 There exist computable constants ¢ > 0 and A\ > 1 such that for T large, we

have

> 1=eN(T,x),

In+1—In
27w/ log T >A

where N (T, x) is the number of zeros 1/2+i~y, of L(s, x), X a quadratic Dirichlet character

modulo D, with imaginary parts at most T'.

This result, together with the recent work of Rodgers and Tao [72] in 2020 on the New-
man conjecture for ((s), has possible application to the generalized Newman conjecture
introduced by Stopple in [75]; see Section 9.1 in Chapter 9 Future projects for more

discussions.

1.2 Notation

N={1,2,3,...}.

p—a prime number.

a, b, c—integers.

d,n,m,k,q,r,s,Q, R—positive integers.

A(g)-the von Mangoldt function.

Tr(n)—the k-fold divisor function: the number of ways to write a natural number n as
an ordered product of k positive integers.

7(n) = 19(n)—the usual divisor function.

(n)-the Euler’s totient function.

s=o0+1t

X—a large real number.

L =log X.

x(n)—a Dirichlet character.
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e(y)-the additive character exp{2miy}.

ea(y) = exp{2miy/d}.

¢,(b): Ramanujan’s sum

ffthe Fourier transform of f, i.e.,

f(z) = / " fw)ely2)dy.

m = a(q) means m = a(mod q).

q ~ @ means @ < q < 2Q.

e—any sufficiently small, positive constant, not necessarily the same in each occurrence.
B-some positive constant, not necessarily the same in each occurrence.

|||-means the L? norm of a = (a(m)), i.e.,

1/2
| = (Z Ia(m)!2) :

xn—the characteristic function of the subset [N, (14 p)N) C R.

/
E —means a summation over nonprincipal characters y(mod d).
x(mod d)

*
g —means a summation over primitive characters y(mod d).

x(mod d)
q

['(s): Gamma function.

~v: Euler’s constant = 0.5722.. ..
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Yo(): O-th generalized Stieltjes constant

(m,n): the greatest common divisor of m and n.
[m,n]: the least common divisor of m and n.
P.(log N): a polynomial of degree r in log N, not necessarily the same in each occur-

rence.

We follow standard notations and write f(X) = O(g(X)) or f(X) < ¢g(X) to mean
that |f(X)] < Cg(X) for some fixed constant C, and f(X) = o(g(X)) if |f(X)] <
c(X)g(X) for some function ¢(X) that goes to zero as X goes to infinity. The sequences
a(n) and (n) we consider are all real; in particular, the absolute value sign is not needed

in several expressions.

1.3 Permissions and Attributions

1. Theorems 1-4 of this dissertation are based on the author’s article titled “Gener-
alized divisor functions in arithmetic progressions: 1”7 [68], published in Journal of
Number Theory, doi.org/10.1016/j.jnt.2021.03.021, Copyright (©) 2021 Else-

vier.


https://doi.org/10.1016/j.jnt.2021.03.021

Chapter 2

The k-fold divisor function in
arithmetic progressions to large
moduli

2.1 Introduction and statement of results

Let n > 1 and k > 1 be integers. Let 74(n) denote the k-fold divisor function
Tk<n) = Z 1,
ning - NEp=n
where the sum runs over ordered k-tuples (ny, no,...,ng) of positive integers for which

ning - - -n = n. Thus 7¢(n) is the coefficient of n=° in the Dirichlet series

C(s)F = Z Te(n)n=>.

We investigate the distribution of 74 (n) in arithmetic progressions to moduli d that exceed
the square-root of length of the sum, in particular, provides a sharpening of the result in

[82]. We begin by giving background of the problem.
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2.1.1 Distribution of arithmetic functions

C. F. Gauss, towards the end of the 18th century, conjectured the celebrated Prime
Number Theorem concerning the sum
21
p<X

as X approaches infinity, where p denotes a prime. It is more convenience to count primes
with weight log p instead of weight 1, c.f. Chebyshev; this leads to consideration of the

sum

Z log p.

p<X

To access the Riemann zeta function more conveniently we also count powers of primes,

leading to the sum

> logp,

pY<X
a>1

which is equal to the unconstrained sum over n

> AW

n<X

where A(n) is the von Mangoldt function—the coefficient of n=* in the series —(’(s)/((s).
In 1837, P. G. L. Dirichlet considered the deep question of primes in arithmetic progres-
sion, leading him to consider sums of the form

> Al

n<X
n=a(mod d)

for (d,a) = 1. More generally, the function A(n) is replaced by an arithmetic function
f(n), satisfying certain growth conditions, and we arrive at the study of the congruence

sum

>t (2.1)

n<X
n=a(mod d)

10



The k-fold divisor function in arithmetic progressions to large moduli Chapter 2

This sum (2.1) is our main object of study.
For most function f appearing in applications, it is expected that f is distributed
equally among the reduced residue classes a(mod d) with (a,d) = 1, e.g., that the sum

(2.1) is well approximated by the average

;%Zﬂm (2:2)

n<X

(n,d)=1
since there are ¢(d) reduced residue classes modulo d, where ¢(n) is the Euler’s totient
function. The quantity (2.2) is often thought of as the ‘main term’. Different main terms

are also considered. Thus, the study of (2.1) is reduced to studying the ‘error term’

AfiXda)= 3 ) - —— 3 ), for (a,d) =1, (2:3)
n<X (p(d) n<X
n=a(mod d) (n,d)=1

measuring the discrepancy between the the sum (2.1) and the expected value (2.2). If f
satisfies

f(n) < Cr8(n)log? X
for some constants B,C' > 0, which is often the case for most f in applications, then a

trivial bound for the discrepancy A(f; X, d,a) is
A(f; X, d,a) < C'X log? X,

for some constants B’,C” > 0. The objective is then to obtain an upper bound for
A(f; X,d,a) as small as possible for d as large as possible-the smaller the discrepancy
and the larger the range of d, the better the distribution estimates for f is.

For us we consider the k-fold divisor function

f(n) = mi(n)
introduced in the beginning. It is well known that the function 7, is closely related to

prime numbers; see Remark 1 below. Let us next survey known results on the distribution

of 1x(n).
11



The k-fold divisor function in arithmetic progressions to large moduli Chapter 2

2.1.2 Individual estimates for each modulus d

For (a,d) =1 define
To(X.da)= > 7(n).

n<X
n=a(mod d)

For k = 1 we have

Ti(X,da)= > 1=

n<X
n=a(mod d)

X
—+0(1

~+0(),
and this is valid for all d < X. We wish to find real numbers 8, > 0, as large as possible,

such that the following statement holds.

(S1) For each € > 0 there exists 6 > 0 such that

1-6

¢(d)

X
——P(log X) <«

Tk<X, d, CL) — 90<d)

(2.4)

uniformly for all d < X%~

Here Py(log X) is a polynomial in log X of degree k — 1 given by Cauchy’s theorem as
P(log X) = Res(s ' L*(s, x0) X1 s = 1),

where yg is the principal character of modulus d; for instance, see [30] and [65]. The
number 6, is called the level of distribution for 7. It is widely believed that (S1) is valid
for all 6, < 1 for each £ > 1; though, the only known case is for £ = 1. For ease of

referencing, we record this as
Conjecture 1 For each k > 2 statement (S1) holds for any 0y < 1.

The Generalized Riemann Hypothesis implies that statement (S1) holds for all 6 <
1/2 for any k. In Table 2.1 we summarize known unconditional results towards Conjecture

1. We now give a brief survey of the known results.

12



The k-fold divisor function in arithmetic progressions to large moduli Chapter 2

Table 2.1: Known results towards Conjecture 1 for individual estimates and references.
Only for k = 1,2, 3 is the exponent of distribution 6, for 7, known to hold for a value
larger than 1/2.

k 0, References

k=2 0,=2/3 Selberg, Linnik, Hooley (independently, unpublished, 1950’s);
Heath-Brown (1979) [39, Corollary 1, p. 409].
k=3 63=1/2+1/230 Friedlander and Iwaniec (1985) [31, Theorem 5, p. 338].
03 =1/2+1/82  Heath-Brown (1986) [40, Theorem 1, p. 31].

63 =1/2+1/46  Fouvry, Kowalski, and Michel (2015) [27, Theorem 1.1, p. 122],

(for prime moduli, polylog saving).

k=4 0,=1/2 Linnik (1961) [56, Lemma 5, p. 197].

k>4 6,=8/(3k+4) Lavrik (1965) [55, Teopema 1, p. 1232].

k=5 0;=9/20 Friedlander and Iwaniec (1985) [30, Theorem I, p. 273].
k=6 6s=>5/12 Friedlander and Iwaniec (1985) [30, Theorem II, p. 273].
k>7 6,=28/3k Friedlander and Iwaniec (1985) [30, Theorem II, p. 273].
k>5 6,>1/2 Open.

The classical result for k = 2 giving 6, = 2/3 depends crucially on the Weil bound
for Kloosterman’s sum S(a, b; d):

d
S(a,byd) == Y eq(an +bm) < v(d)(a,b,d)"/?d">. (2.5)

n=1

(n,d)=1
This important result for 6, is an unpublished result of Selberg, Hooley, and Linnik
obtained independently in the 1950’s, though none of them seem to have formally written

it down. They discovered that Weil bound (2.5) for Kloosterman sums implies that for

every € > 0, there exists § > 0 such that

X X1—6
To(X,d,a) = X Pyflog X) + O (—) |

(d) (d)

uniformly for all d < X?/3=¢ where P, is the linear polynomial given by

Py(log X) = Res { (*(s) H(l —p° ps=1 (2.6)
pld
— @E;) (log X +2y—1) — 2906560 % ,u(é)(slogé'

13
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(Note that the main term here is differed from that in (2.3) by an admissible quantity

> 7(n) = XPy(log X) < X'/2d5;
(:ﬁ)}il

see, e.g., [2, Lemma 2.5, p. 7].) As noted in [40], the work [43] of Hooley in 1957
essentially gives this result for 6,. A formal proof of this result can be found in [39,
Corollary 1, p. 409], the work of Heath-Brown in 1979.

The divisor problem for arithmetic progressions (c.f. [30]) then amounts to extending
0, beyond 2/3. This difficult question has seen no improvement since the 1950’s. In
one aspect, the problem is asking for a better uniform estimates for Kloosterman sums
beyond those that are immediately available from the Weil bound (2.5); see, e.g., the
discussion in [2]. The next, and only known, case where 65, > 1/2 is for k = 3.

Friedlander and Iwaniec’s spectacular breakthrough work [31] in 1985 yields, in par-
ticular, 63 = 58/115 > 1/2 for k = 3. More precisely, they proved in [31, Theorem 5, p.
338] that, for any € > 0, X°%/18 < d < X°%/115 (g, d) = 1, we have

T5(X,d,a) = iP(log X) + O(XAtq=5),
(d)

where A = 271/300, B = 97/120, and P is the quadratic polynomial for which P(log X) is
the residue at s = 1 of (][], ,(1 —p5((5))*(X*7!/s). The proof uses multiple exponential
sums which rests on Deligne’s deep work on the Riemann Hypothesis over finite fields
together with Burgess’ bounds [10] on character sums.

Heath-Brown’s improvement [40, Theorem 1, p. 31] in 1986 of this exponent of

distribution 63 to 1/2+ 1/82 gives a different proof and removes the condition (a,d) = 1.

Consequently, he replaced the expected main term in (2.4) by

My(X,d,a) = R ( E Tr(m)m™?) o =1
cS m)m S
k y &y ( Z/CS) P k s )
(m,d)=46
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where 0 = (a,d). Heath-Brown showed in [40, Theorem 1, p. 31] that for any ¢ > 0, if

q < X241 then
T3(X,d,a) = M3(X,d,a) + O(X86/107+ed—66/107).

His proof uses deep estimates for multiple Kloosterman sums also powered by Deligne’s
Riemann Hypothesis.

Most recently, in 2015, Fouvry, Kowalski, and Michel’s result [27] for k = 3 to prime
moduli uses the spectral theory of modular forms and estimates for exponential sums
using Frobenius trace functions. They showed in [27, Theorem 1.1, p. 122] that for every

non-zero integer a, every €, A > 0, every X > 2, and every prime ¢, coprime with a,

satisfying
g < X116+
we have
X
A(r3; X, q,0) < ———,
qlog”™ X

where the implied constant depends on € and A and not on a. The estimates for k = 1,2,
and 3 are the only known cases where (S1) holds with 6, > 1/2.

The exponent of distribution 6, = 1/2 for k = 4 is explicit in Linnik’s work [56] of
1961. Lavrik’s result [55] in 1965 for & > 4 uses Burgess’ estimates for character sums
and the fourth power moment estimate for L(s,y) averaged over characters y modulo
q. Friedlander and Iwaniec’s improvement [30] in 1985 of Lavrik’s result for k£ > 5 uses
Burgess’ estimates for character sums and Heath-Brown and Iwaniec’s work [41] on the

difference between consecutive primes.

Remark 1 The k-fold divisor problem for arithmetic progressions, which asks whether
the range of d for which statement (S1) holds can be extended beyond X'/? for k > 4, has

important implications to the distribution of prime numbers. For instance, the estimate
15
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(2.4) has application to the asymptotic for the divisor problem

Z Tr(n)1e(n + h).

n<X
See, for instance, the recent works [58, 59], or [85, p. 4] for discussion towards application
to power moments of the Riemann zeta function.

More concretely, the distribution of the ternary divisor function 13(n) in arithmetic
progression [31] has shown to play an important réle in the sensational work of Y. Zhang
[87] towards the problem of bounded gaps between primes, bringing the gap from infinity
to a finite number. The distribution of T4 to large moduli will undoubtedly have important
consequence to prime numbers. See also [23, Théoréme 4] for precise connection between

distribution of T, and distribution of prime numbers.

2.1.3 Average estimates over d

To obtain further progress on Conjecture 1, a larger range for d can be obtained by
averaging over d. This type of result is of Bombieri-Vinogradov type. More precisely, let

(S2) be the following statement.

(S2) For each € > 0 there exists 6 > 0 such that

2, max

d< X%

Tw(X,d, a) — Pi(log X)| < X7, (2.7)

X
p(d)
provided that d < X% ¢,
We have an analogous conjecture for 6.
Conjecture 2 For each k > 2 statement (S2) holds for any 0 < 1.

Of course, Conjecture 1 implies Conjecture 2. In Table 2.2 we list known results

towards Conjecture 2.
16
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Table 2.2: Known results towards Conjecture 2 for average over all moduli d, and references.

k 0, References

k=2 0,=1 Fouvry (1985) [24, Corollaire 5, p. 74] (exponential saving);
Fouvry and Iwaniec (1992) [26, Theorem 1, p. 272].

k=3 63=1/2+1/42 Heath-Brown (1986) [40, Theorem 2, p. 32].
63 =1/2+1/34 Fouvry, Kowalski, and Michel (2015) [27, Theorem 1.2, p. 123],
(for prime moduli, polylog saving).

k>4 0,<1/2 Follows from the general version of Bombieri-Vinogradov theorem,
see, e.g., [65] or [83], (polylog saving).
k>4 0,>1/2 Open.

Averaging over d, Fouvry in 1985 was able to break through the X?/3-barrier for
0, and showed in [24, Corollaire 5, p. 74] that for any € > 0, there exists a constant

¢ = c(e) > 0 such that

Z |A(79; X, d, a)| < X exp(—clog!? z)

(g,a)=1
d§X175
d¢[x2/3—€’x2/3+5}

uniformly for all |a| < exp(clog??z). His proof uses estimates for Kloosterman sums
together with Poisson’s formula and the dispersion method.

The gap X%37¢ < d < X?/3%¢ is closed by Fouvry and Iwaniec [26] for the case of
squarefree moduli d which have a square-free factor r of a certain size. They showed in
[26, Theorem 1, p. 272] that if r is square-free with (a,7) = 1, 7 < X*/®  then we have

> JA( X doa)| <X
rs?<X10e
(s,ar)=1
where the implied constant depends on € alone. The proof depends on an estimate for
sums of Kloosterman sums [26, Theorem 2, p. 272]. In the proof of Theorem 2, some
estimates of sums of Laurent polynomials in five variables over a finite field were required;
an estimate for these sums is proved in the appendix of [26] by Katz.

A larger range for 65 obtained by Heath-Brown [40] is a result of a sharper average

17
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bound for
#{ni,na,n3,ng: 1 <n; <N, (n;,d) =1,n1 + ny =nz +ny (mod d)}.
He proved in [40, Theorem 2, p. 32] that for any € > 0, we have

max max |Ts(x,d,a) — Ms(z,d, a)| < X*0/51+< D77
<D <X a(mod d)

and this is non-trivial for D < X11/21-3¢
With a fixed, Fouvry, Kowalski, and Michel’s second result in [27] shows that for

every non-zero integer a, for every € > 0, and every A > 0, we have,

X
> A X da)| €« —5—.
q§X9/177€ 1Og X
q prime,ql4

where the implied constant depends on €, A, and a. This is the best result on the nu-
merical value of the exponent of distribution 6 for 7, presently. Their proof combines
estimates for divisor twists of trace functions together with “Kloostermaniac” techniques
through the seminal work of Deshouillers and Iwaniec in [20].

Notably, in this type, the statement (S2) holds for any 6, < 1/2 for all £ > 5. This
follows from the general version of the Bombieri-Vinogradov theorem; see, e.g., [65] or

[33)].

2.1.4 Average estimates over smooth moduli

Recently progress has been made breaking the X?/3-barrier towards the divisor prob-
lem for arithmetic progression for special moduli. It has been discovered that if, in
addition to averaging over moduli d, we also restrict d to those that have good factor-
ization properties, we can obtain results for 6, > 1/2 beyond the 1/2-barrier. A natural
number m is called X°-smooth if all proper prime divisors of m are less than or equal to

X9 for some 6 > 0. Let (S3) be the following statement.
18
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(S3) For each € > 0 there exists § > 0 such that

ST T(X dya) — Mi(X,q)] < X1

d< Xk
d is X"-smooth

for some 7 > 0, provided that d < X%~

Conjecture 3 For each k > 2 statement (S3) holds for any 0y < 1.

Table 2.3: Known results towards Conjecture 3 for average over smooth moduli d,
and references.

k 0, References
k=2 6,=2/3+1/246 Irving (2015) [45, Theorem 1.2, p. 6677] (square-free moduli).
Oy =2/3+¢ Khan (2016) [51, Theorem 1.1, p. 899] (prime powers moludi).

k=3 0;=1/2+1/34 Xi (2018) [34, Theorem 1.1, p. 702],
(square-free moduli, polylog saving).

k>4 6,=1/2+1/584 Wei, Xue, and Y. Zhang (2016) [82, Theorem 1.1, p. 1664]
(square-free moduli, exponential saving).

In 2015, Irving [45] succeeded in broken through the Weil bound for smooth moduli
and obtained sharp individual estimate for each d for d almost as large as X°%/52, thus
showing 6, > 2/3. More precisely, Irving proved in [45, Theorem 1.2, p. 6677] that for
any w,n > 0 satisfying 246w + 181 < 1, there exists a 6 > 0, depending on w and 7,

such that for any X7-smooth, squarefree d < X2/3*% and any (a,d) = 1, we have
A(ry; X, dya) < d7 ' X0 (2.8)

The proof is based on a g-analog of van der Corput’s method and bounds on complete
Kloosterman sums of Fouvry, Kowalski, and Michel [28, Corollary 3.3].

Khan [51] in 2016 considered an important case of prime power moduli d = p™ and
proved in [51, Theorem 1.1, p. 899] that for a fixed integer m > 7, there exists some
constants 6 > 0 and p > 0, depending only on m, such that (2.8) holds uniformly for

X?23-r < d < X?/3tr_ Khan’s method is different from that of Irving. The proof uses
19
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cancellation of a sum of Kloosterman sums to prime power moduli via the method of
Weyl differencing. Khan’s result is made uniform in m in [57].

For the ternary divisor function, in an extension of the work of Fouvry, Kowalski,
and Michel [27] on 63 for prime moduli, Xi [84] in 2018 obtained individual estimates for
smooth, square-free d to the same level of distribution 65 = 9/17. More precisely, for
each € > 0 and A > 0, there exists a constant 1 > 0 such that if X9/17-¢ <« d < X177,

d is X"-smooth and square-free, then

X
A(rg; X, d,a) < E(log X))

holds uniformly for (a,d) = 1.

In [82], F. Wei, B. Xue, and Y. Zhang showed that the methods of Zhang in [87] in the
problem of bounded gaps between primes applies not only to the von Mangoldt function
A, but also equally to the k-fold divisor function 7. They proved in [82, Theorem 1.1,

p. 1664] that for any k& > 4 and a # 0, we have

> uld)? 1A X, da)] < X exp(~log"? X), (2.9
deD
d<X1/2+1/584
where
D={d>1:(da)=1,(d [] »p) >X""™} (2.10)
p<X1/1168

and the implied constant depends on k£ and a. The condition on the moduli d in (2.10)
slightly relaxes the constraint on d being smooth, allowing for d to have some, but not
too many, prime factors larger than X'/1168  The error term and, more importantly,
the exponent of distribution 6, = 293/584 = 1/2 + 1/548 in (2.9) hold uniformly in k.
The proof uses the Cauchy-Schwartz inequality, combinatorial arguments, the dispersion
method, the Weil bound on Kloosterman sums, together with an estimate of Birch and

Bombieri for a variant of a three-variable Kloosterman sum proved in the Appendix to
20
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[31] powered by Deligne’s Riemann Hypothesis, and, crucially, the factorization
d=qr

to Weyl shift a certain incomplete Kloosterman sum to the modulus r, thus gaining over
Deligne’s Riemann Hypothesis by a power of r, hence saving a power of d, since d is a
multiple of r.

In the main result of this chapter, we provide a sharpening of the error term in (2.9),
saving a power of X from the trivial bound, with a constraint on the moduli d not
having too many very small prime factors. Actually, our arguments follow closely those
of [87] in treating contribution coming from large moduli; see Section 2.2 below for more

discussion.

Theorem 1 Let

w=— (2.11)

and

Gk:min{m,w2}. (2.12)

Fora #0, let

D={d>1:(da)=1, |u(d)] =1, (d, H p) < X%, and (d, H p) > XTI/

p<X=? p<X =

where 1 1s the Mébius function. Then for each k > 4 we have

2 2 Tk(m—ﬁ Y )| < X (2.13)

deD n<X n<X
d< X293/584 In=qa(mod d) (n,d)=1

The implied constant is effective, and depends at most on a and k.

Remark 2 As remarked by M. R. Murty, Theorem 1, in conjunction with a result of
Fouvry [23, Théoréme 4], can be used to possibly give another proof of bounded gaps

between primes.
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Remark 3 Theorem 1 admits several refinements. The particular choice of w = 1/1168
comes from the condition (2.4.3) and, while being uniform in k, it is not optimal. There
are certain ways to improve the numerics in Theorem 1, for instance using the extensive
work [70] of the Polymath 8 project. Though we do not focus on this aspect here, it is an
open problem to replace w and Oy on the right side of (2.13) by values that are as large

as possible.

Remark 4 Fouvry has informed us of recent paper with Radziwitt [29], to appear in
Annales Scientifiques de [’Ecole Normale Supérieure, in which the authors proved in

Corollary 1.2 that for fixed integer k > 1 and € > 0, one has

1 X
Z Z Tk(n)—<— Z Tk(n> <<W

Q<q¢<2Q | X<n<2X ¥ q) X<n<2X
(g,a)=1 |n=a(mod q) (n,q)=1

uniformly for X > 2, Q < X% and 1< la| < X/12.

Conditionally, if we assume the Generalized Riemann Hypothesis, or the weaker Gen-
eralized Lindelof Hypothesis, for Dirichlet L-functions we can obtain a stronger result

than (2.13).

Theorem 2 On the Generalized Lindelof Hypothesis, the estimate (2.13) holds with the
right side replaced by
Xl—w

where the O, power saving is replaced by a positive constant independent of k.

This uniform power saving is the result of sharper estimates of L(s,x)* on the critical
line that are independent of k. We next present two results when we are allowed to take

an extra averaging over the residue classes a(mod d).

22
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2.2 QOutline of the proof of Theorem 1

Here, and in the rest of the chapter, we fix an integer k£ > 4, unless specified otherwise.

To prove (2.13) we follow standard practice and split the summation over moduli
d in into two sums: one over d < Xz which are called small moduli and the other
over X279 <d< X 3+2% which are called large moduli. For small moduli, we estimate
(2.13) directly using the large sieve inequality together with a direct substitute for the
Siegel-Walfisz condition. For the von Mangoldt function A(n), the Mobius function p(n)
is involved and, hence, the Siegel-Walfisz theorem is needed to handle very small moduli.
For us, fortunately, 74 is simpler than A in that p is absent-this feature of 7 allows us
to get a sharper bound in place of the Siegel-Walfisz theorem; see Lemma 8 below. The
constant here is effective.

For large moduli, we adapt the methods of Zhang in [87] to bound the error term
which goes as follows. After applying suitable combinatorial arguments, we split 7 into
appropriate convolutions as Type I, II, and III, as modeled in [87]. We treat the Type I
and II in our Case (b), Type III in our Case (c), and Case (a) corresponds to a trivial case
which we treat directly. The main ingredients in Case (b) are the dispersion method and
Weil bound on Kloosterman sums. The Case (c¢) depends crucially on the factorization
d = qr of the moduli to Weil shift a certain incomplete Kloosterman sum to the modulus
r. The shift modulo this 7 then induces a Ramanujan sum, which is known to have better
than square-root cancellation. This allows for a saving of a power of r, and since d is a

multiple of r, and d is less than X, this saves a small power of X from the trivial bound.
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Table 2.4: Table of parameters and their first appearance.

Parameters First apprearance
w =1/1168 (2.11)
Qk :min{m,WQ} (212)
Qo = X /12(k+1) (2.44)
Dy = X="" (2.137)
D, = X% (2.41)
Dy = X1/271/12(k+1) (245)
D3 = X1/2+2= (9.18)
7)1 = Hpng p (238)
X, = X3/8+8= (2.105)
X, = X1/2-4= (2.105)

2.3 Preliminary lemmas

We collect here lemmas that shall be used to prove our theorems. Some lemmas are

standard and we quote directly from the literature.
Lemma 1 For any € > 0 we have
7j(n) < nf. (2.14)
Proof: See [47, Equation (1.81)]. |

Lemma 2 Let v be an arithmetic function. If x(mod d) is nonprincipal, then there exists

a unique q|d, ¢ > 1, and a unique primitive character x*(mod q), such that, with r = d/q,

Y )xn) = Y A(n)x*(n).

Proof: See, e.g., [18, Section 5] for definition of characters and proofs. [ |
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In reducing nonprincipal characters, which may have not too small moduli, to prim-
itive characters for the application of large sieve inequality, very small moduli of the
primitive characters may occur. We treat contributions from those small moduli via the

following lemma.

Lemma 3 Let x be a primitive character (mod d). For d < X'/3¢+1) we have

3" m(n)x(n) < X', (2.15)

n<X
Proof:  Decompose the interval [1, X] in to dyadic intervals of the form [N,2N).

Denote by

Y(x) =Y m(n)x(n).

n~N
Let 0 < n < 1 be a parameter to be specified latter (see (2.27) below). Let f(z) be a

function of C'*°(—o00, 00) class such that 0 < f(y) <1,
flyy=1 if N <y<2N,

fly)=0 if y¢&[N—-N"2N+ N"|,

and obeying the derivative bound
FOy) < N7 G =1, (2.16)
where the implied constant depends on 7 and j at most. Let
500 = 3 m(m)x(m) ). (217)
n=1

By (2.14), we have

VH(x) —v(x) = Z Te(n)x(n) + Z 7e(n)x(n) < Nt

N—-N1<n<N 2N<n<2N+N7"
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for any € > 0. Let

F(s) = /000 f(x)z* tdx

be the Mellin transform of f(z). The function F'(s) is absolutely convergent for o > 0

with inverse Mellin transform

F@) = — [ F(s)a—ds, (2.18)

a 211 (2)

where | © denotes the integration f;:t;o over the vertical line ¢ 4 ¢t where ¢ runs from
—00 to 0o. Substituting (2.18) into (2.17) and changing the order of summation and

integration, we get

P (x) = ém(n)x(n) (2%2 /( . F(s)n—Sds)

1 . s
= 5= (2)F(S) (; T(n)x(n)n > ds

b F(s)L(s,x)"ds, (2.19)

2w J g
where L(s,x) = >~ x(n)n™* is the Dirichlet series for x. Since the function L(s, x),
and thus, F(s)L(s,x)* has no poles in ¢ > 0, we may move the line of integration in
(2.19) from 0 = 2 to 0 = 1/2 and obtain

V) = —— / F(s)L(s, )" ds. (2.20)
(

271 )

NI

We next estimate this integral by bounding the integrand and splitting the line of
integration into two parts, over |t| < T and |t| > T, then choosing T suitably (see (2.26)

below). For 0 = 1/2, we have the convexity bound; see, e.g., [47, Theorem 5.23],
|L(s,x)|F < d*4|s|". (2.21)

We next obtain upper bound for F(s). On the line 0 = 1/2, we have, by definitions of
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F(s) and f(x),

2N+N" 2N+N"
F(s) = / flz)a* e < / a2y < N2, (2.22)

N—N7 N—Nn
This bound is sufficient for bounding small |¢| in (2.20), but too large for |¢| large. To

bound contribution from large [¢| we fix an
(>k+1 (2.23)

and apply integration by parts ¢ times to F'(s):

1
(5+1) - (s+0+1

F(s) = (—1)€s ] /000 fO(z)zda.

Hence, by the derivative bound (2.16), F(s) is bounded by

1 1
’F(S)’ < W]\[7677+1/2+€ < WN(lfn)éJrl/Q' (2'24)
S S

This bound allows us to save an arbitrary negative power of |s|; we will use this bound
for large |t|.

We now split the integral in (2.20) into two and estimate each part individually. Let
s =1/2+it. For T > 2, we can write ¢*(x) in (2.20) as

00 = —= [ Ps)Ls0fds +—= [ F(s)L(s,x)ds.

27 Jiyer 211 Jjy =1
By (2.21) and (2.22), the first term on the right side is

1 T
— F(s)L(s, x)*ds < N2/ / 11/2 +it|Fdt < NY2dFATHL, (2.25)
2m t|<T T

while by (2.21), (2.24), and (2.23), the second term on the right side is

L F(S)L(S,X)kds < N(l—n)é+1/2dk/4 /OO tk—fdt < N(l_n)g+l/2dk/4Tk_Z+l.

271 [t|>T T

Hence we choose

T=N"" (2.26)
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so that the contributions in (2.25) and (2.3 are of the same order. With this choice of T,
we get
w*(X) < N(l_n)(k+1)+l/2dk/4.
It remains to specify n. Let

1

n=1- 30 +1) (2.27)
so that (1 —n)(k+ 1) = 1/3. Thus
D (x) < N6k
and
b(x) < NP6 4 N,
Summing over N = X27% we find that the left side of (2.15) is bounded by
« XOIe g |y
Thus, if d < X'/3*+1 then the above estimate is
< X'TaEm e« X'
for small enough e. This gives the estimate (2.15). [ |

Lemma 4 Let y be an arithmetic function. For (a,d) =1 we have
1 /
e = L 5 w0 (a6t 229
Y x(mod d) n<X

Proof: By the orthogonality condition

1, ifn=a(d),

ﬁ S Xa)x(n) =

~—
=

=

o

o
&

0, otherwise,
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we may write

PORIGED BRI Pl SESTOND =ﬁ S ) (an)x(n)).
x(mod d)

n<X

(2.29)

x(a) =1,
> x() = Y A(n).

(n,d)=1
Hence the contribution from the principal character gives the main term in (2.29) and
the discrepancy A(y; X, d, a) is given by a sum over nonprincipal characters. This gives

(2.28). u

The next lemma is the well-known multiplicative large sieve inequality.

Lemma 5 Let x be a primitive character mod q. For a(n) a sequence of complex num-

bers, we have

2
SN Y amxm)| < (@ +N) S Ja(n). (2.30)
a<Q x(mod q) In<N n<N

Proof: See [47, Theorem 7.13]. |

The next lemma is a truncated Poisson formula.

Lemma 6 Suppose that n* > 1 and X'* < M < X*3. Let f be a function of

C*®(—00,00) class such that 0 < f(y) <1,
fly)=1 of M<y<n"M,
fly)=0 of y&[(1—-M )M, (1+M 9 )M],

and

fOy) < M09 5> 1,
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with the implied constant depending on € and j at most. Then we have
1 ; _
> flm)= p Y f(h/d)e(—ah) +O(d™)
m=a(d) |h|<H

for any H > dM~'%2 where f is the Fourier transform of f.
Proof: See [8, Lemma 2]. |

Lemma 7 Suppose that 1 < N < N' < 2z, N' = N > X, and (¢,d) = 1. Then for
7,v > 1 we have

> ) < (N =N (2.31)
N<n<N’

and

N/ - N 2
E Tj(ﬂ)y < d L7 71.
Nt o(d)
n=c(d)

The implied constants depending on €, j, and v at most.

Proof:  See [73, Theorem 2]. |

In the next lemma we verify a substitute for the “Siegel-Walfisz” condition.

Lemma 8 Let 8 = i - * [, 1 < i1 <ip < -+ < iy < k, and B; = xn,, with
N := N; N,, ---N;, > X" for some constant k > 0. For x a primitive character modulo

r < X", we have

> Bn)x(n) < XN, (2.32)

Proof:  We first verify (2.32) for a single 8 = ;. For the general case, it suffices to
check that if 8; and 3; satisfy (2.32), then so does their convolution 3; * ;.
Let 8 = xn, N = N; > X". We proceed analogously as to the proof of Lemma 3.
Let f(x) be a function of C*°(—o0,00) class such that 0 < f(y) <1,

fly)=1 if N<y<(L+p)N,
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Jp)=0 i yg[N—NY2 (14N + N,

and obeying the derivative bound

fO(y) < N7HI20 5>

where the implied constant depends on j. Let

F(s) = /O " F ) e

denote the Mellin transform of f(x). Let

Y(x) = Bn)x(n)

and
Y (x) =Y Bn)x(n)f(n).

Analogously, we have

v (x) —v(x) = Z x(n) + Z x(n) < N11/12

N—-N11/12<p<N (14p)N<n<(1+p) N+ N11/12
and

|L(1/2 +it, x)| < r/4|s].
Thus,

000 = g7, FOIL0ds

1
== F(1/2+it)L(1/2 +it, x)ds
2mi |t|<N1/12

1
+— F(1/2+it)L(1/2 4 it, x)ds

27 [t|>N1/12

<« NV2RUANLGS L N2 /ANL6 o N2/3,1/4
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Assume r < X", We deduce

1/4 K/4

1 X
b(y) < N2 L N2/3.1/4 N N r < NX #1241 N

—Kk/12
N1/12 N1/3 Xr/3 <NX ’

Now assume f; and f; satisfy (2.32) with N := N;N; > X*. Write N; = X" and

N; = X" so that k; + k; > k. Since f§; and f; satisfy (2.32), we have

Z/Bz << NX Ki/12

and

Zﬁ] << NX n]/12

Thus, writing n as mn and separate variables, we get

Zﬁz BJ Zﬁz Zﬁz <<NX Hz/12]\7‘)( HJ/12<<NX 5/12

This completes the proof of Lemma 8. [ |

Lemma 9 Let § be given as in (2.102), with N given in (2.103) satisfying (2.104). As-

sume R < X~%/SN. Then for any q > 1 and (r,£), we have

2

* 1 o
XD ) - ) Y Bn) | <7(g)P N X", (2.33)
r~R L(mod r) \ n=L(r) ¥ (n,qr)=1
(n,q)=1
Proof: By Maobius inversion, the condition (n,q) = 1 may be removed at the cost

of removing the 7(q)® factor on the right side of (2.33); see, e.g., [32, p. 21-22]. Thus it

suffices to show

> Z A(B; X, r,0)* < N2 X —=/12, (2.34)

r~R {(mod r)
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By (2.28), we have

2

A X1, ()" = Sp(i)z > @ (Z ﬁ(n)x(n))

x(mod ) n<X
- 2 ZI Xi(a) (Z B(n)xl(n)> Z' Xg(a)(z B(n)xg(n)),
(,0(7’) x1(mod ) n<X x2(mod 7) n<X

Summing over primitive /(mod r) and changing the order of summation, we get

Z A(B; X7, 0)? Z Z <Z n)xi(n )) (Z Tk(”))@(”)) Z* Xi(a)xz(a).
(

£(mod ) x1(mod ) x2(mod r) \n<X n<X a(mod r)

By the orthogonality relation

1 . L if x1 = xe,
o) > xila)x(a) = (2.35)
a(mod r) O, if X1 7£ X2,

this becomes

2
Z AB; X, r 0)? = Z (Z B(n )
£(mod ) (‘0( ) x(mod r) \n<X

We now reduce to primitive characters as in the proof of Proposition 1. By Lemma 2,

we have
2
Z Z A(B; X, r,()? <log£2— Z E Z* (Zﬁ(n)X(n)>
r~R ¢(mod r) s<R 1<¢<R/s x(mod q) \n<X

We apply the Siegel-Walfisz condition to bound contribution coming from tiny moduli.

By Lemma 8, we get, for 1 < g < X@/6,

2

oL Z*)(Zﬁ(n)x(n)> -3

1<g<X=/12 x(mod q) \n<X 1<g<X@/6

(gp(q)X"g/%’zw/gN)Q < N2X~1/16

=
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Assume X¥/% < Q < R. By the large sieve inequality (2.30) and the bound (2.31), we

have

2

x| X (mexm)) < @) (Zﬁ ) < (X )nee

9~Q | x(mod q) \n<X n<X

For R < X~®/6N| this leads to (2.34). u

The next lemma restricts d to moduli that have ‘well-factorable’ property.

Lemma 10 (Factorization lemma) Write

Dy = X1/*2= (2.36)
Suppose d is square-free such that
Dy <d< D3,
(d,Po) < X%, w=1/1168, (2.37)
and
(d,P)) > XV/8-4= (2.38)
Then, for any R* satisfying
X¥ < R < XH® (2.39)
or
X3/8+7w < R* < X1/2—2w7 (240)

there is a factorization d = qr such that X" R* <r < R* and (q,Pp) =1

Proof:  Since d is square-free, we may write d as d = dyd;ds with

do = (d, Po)

34



The k-fold divisor function in arithmetic progressions to large moduli Chapter 2

=
hS!

)

:Hpj, Dy<pr<pa<--<p, <Dy, n>2, (241)
j=1

and

dgz Hp

pld
p>D1

We have dy < X@. By the first inequality in (2.39), R* > X?%, and there is an n’ < n

such that

n’ n'+1

do Hp] < R* and do H Dj > R

j=1 j=1

Similarly, by (2.37), we have
d
do = < X3/8+6w.
? (dv Pl)

By the first inequality in (2.40), R* > X387 and there is an n” < n such that

n// n//+1
ds Hpj < R* and ds H Dj > R*.
=1 j=1

The assertion follows by choosing
r= don, 1= ]_,2,

where

!

ledOHpj and 7’2:d0d2Hpj
j=1

j=1
and noting that r; > R*/p,.1. [ |

Lemma 11 (/87, Lemma 9] ) Suppose that H,N > 2 and (¢,d) = 1. Then we have

> min{H, |len/d|| "'} < (dN)*(H + N),

n<N
(n,d)=1

where /d means a/d(mod 1) with an = 1(mod d).
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We quote a crucial bound on an incomplete Kloosterman sum obtained in [87, Lemma

11].

Lemma 12 ([87, Lemma 11]) Suppose that N > 1, dydy > 10, and |p(dy)| = |u(da)| =

1. Then for any ci, co, and £, we have

- TR d dy)(dy, dy)* N
Z o cntl & (dydo)*7(dydy) + (1, da)(cz, do)(ch, do) . (242)
n<N dl d2 d1d2

(nydl)::l
(n+€,d2):1

In the case dy = 1, (2.42) becomes a Ramanujan sum

dy)N
Y ea(em) < dy*r(dh) + %; (2.43)
n<N 1

(n’dl)zl

see, e.g., [8, Lemma 6] for a proof.
This next lemma is the Birch-Bombieri bound.

Lemma 13 (/87, Lemma 12] ) Let

T(k;my,mo;q) = Z Z* Z* €y (Ztl — (04 k)ty +mqt; — mgfg) )

£(q) t1(q) t2(q)
(€(t+k),q)=1

Suppose that q is square-free. Then we have

T(k;my, ma; q) < (k,q)"*¢*?7(q).

2.4 Proof of the main result Theorem 1

We start with the proof of Theorem 1 which is the longest of the four. We begin by

making some preliminary reductions. Writing

Qo = X 2051 (2.44)
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and
X1/2
Qo

we first show that contributions coming from moduli d < D5, which we call small moduli,

1

= X%’m(km, (2.45)

D2:

are acceptable. (See Remark 5 below for a discussion on the dependency of Dy on k.)
The main ingredients in this first step are the multiplicative large sieve inequality (2.30)
in conjunction with Lemma 3 to control contributions from primitive characters with

very small moduli.

Proposition 1 Let

T = To % Ts (2.46)

with k = { + s, 1, supported on [M,2M), 7, supported on [N,2N), M, N > X'/6k+1)

and MN = X. For D < Dy we have

max |A(ry; X, d,a)| < X' ECol (2.47)
i<p (@D=1

Proof:  As mentioned above, we estimate each |A(7y; X, d, a)| directly using the large
sieve inequality (2.30). By Lemma 4, we first reduce the task of estimating |A(7; X, d, a)|

to a sum over nonprincipal characters, then, with Lemmas 2 and 3 and the factorization
d=qr,

we further reduce this sum to one involving only primitive characters, to which, we apply
the large sieve inequality (2.30) to obtain (2.47).
By Lemma 4, the left side of (2.47) is

<5 X

d<D x(mod d)

> m(n)x(n)

n<X
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By the bound ﬁ < 10§£ and Lemma 2, this is

<log Y23 3| S )

d<D d qr x*(mod ¢q) | n<X

q>1 (n,r)=
7SS EDSEED Dl D DR AN
r<D " 1<q<D/r X (mod q) | n<X

(n,r)=1
The sum ) _p, + contributes a factor of log D. Thus, to show (2.47), it suffices to show

that, for each fixed r < D,

> - Z S m(n)x(n)| < X112, (2.48)

1<q<D/r X (mod q) | n<X
(n,r)=1

Fix an r < D. Recall Qg given as in (2.44). We split the range of primitive conductors
q € (1,D/r] into two, one over ¢ < )y and the other over Qy < ¢ < D/r, with the
intention of applying Lemma 3 to the former and large sieve inequality (2.30) to the
latter.
By Lemma 3, we have, for ¢ < @),
> m(n)x(n) < X1,
n<X

And since the number of characters with modulus less than @ is at most Q3, we get

_ 1 _
Z Z Z Tk(n)x(n) <<Q(2)X1 1/3(k+1) Z - <<X1 1/6(k+2)'

1<q<Qo x(mod q) |(n,r)=1 1<g<Dog q

Thus, to prove (2.48) it is sufficient to show

Z SIS mm)x(n)| < xR0 (2.49)

Q<q<2Q x(mod q) |(n,r)=1
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for any Qo < @ < D. By (2.46), we have

Z Te(n)x(n) = Z mo(m)x(m) Z s(n)x(n) | . (2.50)

(n,r)=1 (m,r)=1 (n,r)=1
By (2.50) and Cauchy’s inequality, the left side of (2.49) is

2\ 1/2 2\ 1/2

g% SO S am)xim) DN 7, (n)x(n)

Q<q<2Q x(mod q) |(m,r)=1 Q=q=2Q x(mod g) |(n,r)=1

By the large sieve inequality (2.30), the above quantity is

22 ((Q2 +M>M26)1/2 ((Qz +N)N2€)1/2

By the inequality /= +y < v/ + /¥, the above is bounded by

= %(Qz +M)1/2(Q2 + N)1/2X1/2+e.

< %(Q +VM)(Q+ VN) X2 = %(cf L OVM + QVN + XV/2) X1/

:(Q+wW+¢N+§;)wa (251)

Since Qy < Q < Dy and N, M > XV/6¢:+1) e have

(

Q < Dy = X1/2-1/12(k+1)

/ |2 x1/2-1/12(k+1)
X1/6 (k+1) ’
VN = /XI/G = < X1/2-1/1206+1)

X2 < X1/2 — X1/2-1/12(k+1)

L Q Qo
Combining the above estimates, (2.51) is

< X1-V12(ktte o x1-1/12(k+2)

This leads to (2.47). |
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Thus, by Proposition 1, Theorem 1 holds for 1 < d < D,. From this, to prove (2.13),
it suffices to show that
> |Am X d )] < X% (2.52)

deD
Do<d<Ds3

The rest of this section is devoted to proving the estimate (2.52).

Remark 5 The cutoff parameter Dy introduced in (2.45) separating small and large mod-
uli unfortunately has a dependence on k. We are unable to resolve this dependency without
appealing to GRH or the Lindelof Hypothesis. This dependency on k is the result of the
convezity bound (2.21) of L(s,x)* on the critical line which depends on k. On GRH, the

bound on L(1/2 +it,x)* can be made uniform in k; see Section 2.5 below for more.

2.4.1 Combinatorial argument

The goal of this subsection is to apply combinatorial arguments to reduce the proof
of (2.52) to showing that

> IA( X da)| < X0, (2.53)

deD
Do<d<Ds3

for suitable v. Combinatorial arguments amount to estimating . ,<x 7x(n) by a
n=a(mod d)

sum of > _ ) 7(n), where each v is of the form

v=PrxBoxx By,

a convolution of simpler arithmetic functions §;.

Following the fundamental work of Friedlander and Iwaniec in their treatment of the
ternary divisor function 73(n) in [31, Section 3], after decomposing the interval [1, X] to
O(LB) dyadic intervals of the form [N, 2N), we perform a finner-than-dyadic subdivision
of the interval [N,2N) as follows. Let

p=X"7. (2.54)
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Let R be the largest positive integer r for which (1 + p)” < 2z. We have the following

bound for R:
log 2z _1
— < log X.
“log(ltp) P
For n ~ N, we have 7(n) = T1(n) where
Ti(n) = Z XNe % XNey % % XNy - (2.55)

N=(N1,Nz,,Nyg)

Here Ny, Ny, ..., N > 1 run over the powers of 1 + p satisfying
[Ny - Ny, (14 p)*Ny -~ N) N[N, 2N) # 0. (2.56)
Let T have the same expression as T} but with the constraint (2.56) replaced by
[Ny Ny, (14 p)*Ny---Ny) C [N, 2N). (2.57)

Since Ty — T is supported on [(1+ p) *N, (1 + p)*N] and (T} — T3)(n) < 7&, by Lemma
7 we have

Z |A(T1—T2,X,d,a)\ <<X1_WQ.

deD
Do<d<Ds

Let v be of the form
Y= XN ¥F XNy ¥ R XN

with Ng, ..., Ny satisfying (2.57) and Ny, < --- < N;. Write N; = X*. We have

0<y, <---<uy, (2.58)
and
1

OSVk_|_..-—|—y1<1—k’0§p. (2.59)
We deduce the proof of (2.52) from the following
Proposition 2 With the same notation as above, we have

S A X da) < X (2.60)

deD

Do<d<Ds

41



The k-fold divisor function in arithmetic progressions to large moduli Chapter 2

In view of (7), the proof of (2.60) is divided into three cases:

Case (a):
v > 3~ 8w.
Case (b):
)
and

E v ¢ F + 8w, > SW] (2.62)
. 8 8
i€l
for any subset I of {1,2,...,k}.
Case (c):

< -—8w

8
and there is a subset I of {1,2,...,k} such that

3 5
Zl/i € |- +8w,-— —8w]| .
, 8 8
icl
By Lemma 8, all the choices of 3; = xn, above satisfy the Siegel-Walfisz condition
(2.32). Noting that the sum in (2.55) contains R < p~'log X < X="""* terms, by the
above discussion, we conclude that (2.60) implies (2.52).

We start with the proof of Case (a), the simplest of the three.

2.4.2 Proof of Case (a)

This is the simplest case of the three. Let

6:517 N:Nla

and
a =Pk x P, M= Ny--- N,
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so that v = a * 8. Since v; > 5/8 — 8w in this case, by Lemma 8 with k = X*/%78% we
have

A(B; X, d,a) < XY= N,

By definition of A(v; X, d, a) and bounding

Z a(m) < Z (m) < MLP

m~M m~M

trivially, we get

Ay X,da) < >

(m,d)=1

> a(m)

m~M

|A(B; X, d, am)| < MLP (%?EIA(Q; X, d,a) < X5/16-5%

Thus,

Z A(’}/,X, d, (Z) < X5/16—5wD3 < X13/16—3w.
d<Ds3

This leads to (2.53).

2.4.3 Proof of Case (b)

This case corresponds to the Type III estimate in [87, §§13, 14], which we will follow
closely. The main tool we need is the Birch-Bombieri bound from Lemma 13. We will
reduce A(7; X, d, a) into an exponential sum of that form; see (2.95). Write o« = [y - =%y,
so that

Y = a* b1 % Py * P
Let
M = Ny--- Ng.

Note that a * (8 is supported on [M Ny,2M N;). We have the following lemma.

Lemma 14 Suppose that
v < - —8w (2.63)
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and, for any subset I C {1,2,---  k},

3 )
Z v & {g + 8w, 3 8@] . (2.64)
icl

Then we have

)
vz + g > — — 8.

8
Proof: By virtue of (2.64) with I = {2, 3}, it suffices to show that

3
V3+V2>§+8w.

By (2.63) and (2.64) we have

v < -+ 8w.

By (7),

3
V2§V1<§+8w.

By the first inequality in (8),
3 5
Vot tuvpy=Wp+- -+ —1rn>1- §+8w :§—8w.
Hence, by (8), there is an 3 < ¢ < k such that

3
vo+ -1 < -+ 8w

8
and
5
1/2+---+1/g>§—8w,
so that
1
Vg>1—16w

Thus, by (7) and (2.64), we conclude

1 3
1/3+1/2221/g>§—32w>§+8w.
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We have
X\ 2
Ny > N, > > X5/1674w’
MN;
and
Ny > > x1/4-16w
P = MN,Ny =

By Lemma 14 we have

5)
1/3—1—1/2>§—8w.

Hence,

MN, < < XB/8+8w,

Ny N3

(2.65)

(2.66)

(2.67)

Let f be as in Lemma 6 with n* =7, ¢ = w, and with N; in place of M. Note that

the function 8, — f is supported on [Ny, Ni] U [pNy,nN;"] with Nt

Letting
V= Bk Bk f,
we have
(%:Zl(v -7 ) < (m%ﬂa ¥ By * Ba(n)B1(m) — o % Ba % Bs(n) F(m)
= 2 ashanBaln) 3 (Balm) — f(m)
=1 (m.d)=1

< @M%%Me(ﬁfﬁ‘w +NI)
« D e

and

2(7—7*)<”)<< Z Z Te(0) + Z Z 7k(£)

n=a(d) N <q<Ny 1<4<3z/q nN1<q<nN;" 1<€<3z/q
(¢.d)=1 ‘ta=a(d) (¢,d)=1
d 1-w/2
< WCEQ)MNQNgN}—WﬁB <«

45
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It therefore suffices to prove (2.53) with v replaced by v*. We shall prove the bound

Xl—w/3

A(y*;d,c) < g (2.68)
We remove the condition (n,d) = 1 by means of M&bius inversion formula
1, if (n,d) =1,
5 nio) = (2.69)
8|(n,d) 0, otherwise.
By (2.69) we have
ST Fm) =D )Y o ud)=> @) Y fn
(n,d)=1 n dln o|d n=0(d)
5\d
For 6 > N'~2¢ the inner sum on the right side is
2e
Z f(n N1 5 S<NT
This yields
€ H 0) 7 €
S =Y we) Y smrowg = 3 e o
n,d)= old n=0(9) old
6<N1 2e 6<N1 2e
Since
ud)  ld)
) d ’
5\d
the above becomes
d) -
> ) =D (o) + o), (2.10)

By (2.65), this yields

Lo =@ RPE
qp 2 W=l 2 S 5 am o

(m,d)=1 n3~N3 n2NN2
(n3,d)=1 (n2,d)=
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Here n ~ N stands for N <n < nN. On the other hand, we have

> Z Yo D «a > flm).
n=a(d) =1 TL3"‘N3 TL2"N2 mngngnlza(d)

(n3,d)=1 (n2,d)=

The innermost sum is, by Lemma 6, equal to

é 3" f(h/d)ea(—akmmznz) + O(d ™)

|h|<H*

where

H* = dN; 12

It follows that the left side of (2.68) is

Y Y Yo Z F(h/d)eq(—ahmmzis) + O(d X314).

m~M n3~N3 no ~N2 <|hl<
(m,d)=1 (ns d)= (nz d)=

Hence the proof of (2.68) is reduced to showing that

SN N f/d)ealahmng) < XM (2.71)
1<h<H* n3~N3 n2~N2
(n3,d)=1 (n2,d)=1
for any a with (a,d) = 1. Substituting d; = d/(h,d) and applying Mobius inversion, the

left side of (2.71) can be written as

Z Z Z Z f(h/dy)eq, (ahTizms)

di|d 1<h<H n3~N3 7'L2NN2
(h,d1)=1 (n3,d)=1 (n2,d)=

= Z Z Zﬂ(bz)ﬂ(bﬁ Z Z Z f(h/dl)@dl(ahbngngng),

dido=d b3|d2 b2|d2 1<h<H TL32N3/b3 ng:Ng/bQ
(hd1)=1 (ng,d1)=1 (n2,d1)=1

where

H = d; N, 12 (2.72)

It therefore suffices to show that

S DD f(h/dy)ea, (bhimgmz) < XM (2.73)

1<h<H  n3~N} na~NJ
(h,d1)=1 (n3,d1):1 (ng,dl):l
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for any dy, b, Ni, and N} satisfying

d1N3 leQ

dlyd, (b, dl) == 1, S Né S NQ, (274)

SN{QSN&

which are henceforth assumed. By the lower bound (2.65) we have
H < X3/16+6w+e' (275)

By (2.72), the left side of (2.73) is void if d; < N{ ™%, so we may assume that d; > N; %,

By the trivial bound

A

f(z) <N (2.76)

and the bound (2.43), we find that the left side of (2.73) is
< HN3Ny(d/* + d7'Ny) < d2/* T NP N,

If d; < X%/'276% then the right side of the above is < X'~%%3¢ by (2.67) and (2.105),

and this leads to (2.73). Thus we may further assume that
dy > X126 (2.77)

We appeal to the Weyl shift and the factorization dy = rq. By Lemma 10, with d; in

place of d, we can choose a factor r of d; such that
XH7 < p < X7, (2.78)

Write
N k)= Y > > f(h/dy)eq,(bh(ny + hkr)ng),

1<h<H TLgﬁNé TLQ:Né
(h,d1)=l (ng,d1)=1 (n2+hkr,d1)=1

so that N (dy,0) corresponds to the left side of (2.73). Assume k > 0. We have

N (dy, k) — N (dy,0) = Q1(dy, k) — Qa(dy, k), (2.79)
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where
Qi(di, k)= Y > Z f(h/dy)eq, (bhlng), i=1,2,
1<h<H nz~Ni  LET;(
(hyd1)=1 (ngz,d1)=1 (édl)
with

Ty (h) = [nNg,nNy + hkr), Iy(h) =[N3, Ny + hkr).

By Mobius inversion, we have

Qudik) =Y uls) >, > Y f(h/t)e(bhing).

st=dy 1§h<H/s ’I’LgﬁNé ZEZZ‘(Sh)
(n3,d1)=1 (£,d1)=1

The h sum is empty unless s < H. Since H? = o(dy) by (2.75) and (2.77), it follows, by

changing the order of summation, that

Qi B <> Y Y| D f(h/t)ebhtng))|

st=dy ng"“N/ LET;(H) |heJ;i(s,0)
t>H  (ng,dy)=1 (¢,d1)=1

where J;(s, £) is some interval of length at most H depending on s and ¢. By integration

by parts, we have

d _ e
Ef(z)<<m1n{]\712,|z| 2]\]1}7

and by partial summation and (2.76) we obtain
S Fh/t)en(bhlig) < N min{H, [67s /).
heJi(s,0)

Thus,
Qi(di, k) < Ny Y > > min{H,[|blnsy/t] '}

t‘dl EEIi(H) n3<2N3
t>H (4,d1)=1 (n3,d1)=1

Since H = o(N3) by (2.66) and (2.75), the inner most sum is < N3+, by Lemma 11. By
(2.72), this leads to
Q,(dy, k) < di*krNs. (2.80)
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We now introduce the parameter

K = [X_1/2_48wN1N2],

which is > X/8756% by (2.65). By the second inequality in (2.78), the right side of
(2.80) is < X*=t M1 if k < 2K. Hence, by (2.79), the proof of (2.73) is reduced to

showing that
1
= D N(di k) < XU (2.81)

k~K

We now prove (2.81). By the relation

h(ng + hkr) = €+ kr (mod d;)
for (h,dy) = (ny + hkr,d,) = 1, where £ = hny (mod d;), we may rewrite N'(dy, k) as

N(dh k) = Z V(g; dl) Z €d1(bm)’
V4 (Inod d1) ng:Né
(t+kr,d1)=1 (n3,d1)=1

where

v(td) = Y fh/dy).

EngEf((h)
Here ZI is the restriction to 1 < h < H, (h,d;) = 1, and ny ~ Nj. It follows by

Cauchy’s inequality that
2

> N(di, k)| < PP, (2.82)

k~K

where

Pi= > |(td)) and Pr= ) Y > ea(b(l+kr)n)

¢ (mod d ¢ (mod d k~K ~N}
mod 4 Od ) | ki =1 ()

By (2.76) we have

P, < NZNy,
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where

Ny = #{(h1, ha;n1,m2) : hany = hing (mod dy),1 < h; < H,n; ~ N}

2

< Z Z T(m)

¢ (mod dy) | 1<m<2HN;
mEé(dﬂ
Since HN, < d;™ by (2.72), we get
P < dj TN} (2.83)

We claim that

Py < dy X362 ke 2. (2.84)

With this, the estimate (2.81) follows from (2.82), (2.83), and (2.84) immediately since
]\[1 S X3/8+8wM_1, dl < X1/2+2w’

and

31
s _1__
32—|—36w 5

It remains to prove (2.84). Write d; = rq. Note that
N/
By X166 (2.85)
,

by (2.74), (2.77), (2.66), and the second inequality in (2.78). Since

Z ea, (b0 + kr)n Z Z eq, (b( + kr)(nr +s)) + O(r),

n~NJ 0<s<r  n~N}/r
(ndy)=1 (1)=1 (nrts,q)=1

we get

> > ea,(b(L+ kr)n) = U(L) + O(Kr),
k~K n~NY
(E-‘rk‘?”,ch) 1 (n dl) 1

o1
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where
=Y % > eq, (0(+kr)(rn+s)).
0<s<r k~K n=Ny/r
(s,r)=1 (EHkrdi)=1 (s 0)—1
Hence,

P< Y U@ +di(Er).
£ (mod dy)

By the second inequality in (2.78), the second term on the right side of the above is
admissible for (2.84). On the other hand, we have

Sw@r=>"3 > > V(b —kisi,s), (2.86)

¢ (mod dy) ki~K ko~vK 0<si<r 0<so<r
(s1,7)=1 (s2,r)=1

where

V(k;s1,82) = Z Z Z/ eq, (bl(nyr + s1) — b(l + kr)(nar + sq)).

ni~N}/r na~N§/r £ (mod dy)
(n1r+s1,9)=1 (n2r+s2,q)=1
(2.87)
Here Z, is the restriction to (¢, dy) = (¢+kr,d;) = 1. Note that if ¢ = ¢1r+/leq (mod dy),
then the condition (¢(¢+ kr),d;) = 1 is equivalent to (¢1(¢; +k),q) = (¢2,7) = 1. In this

case, by the relation

< | 3

1 q
— = (mod 1
o=ty (mod 1),

we have

C(nyr + s1) — (€ + kr)(ngr + sq)

dy
_ 7’2€1(n1r + 81) — 7’2<€1 + ]f)(ngT + 52) 4 q28182£2(82 — 51) (
= p .

mod 1).

Thus, by the Chinese remainder theorem, the innermost sum in (2.87) is equal to

Cr(s9 — s1) Z eq(br2l(nyr + s1) — br2(€ + k)(nar + s2)),

£ (mod q)
(€(L+k),q)=1
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and, thus,

V(l{?, 51,82) = W(k;Sl,Sg)Cr(SQ - Sl), (288)

where

W (k, s1,82) = Z Z Z (br20(nqar + s1) — br2(0 + k) (nor + s2)).

n1~Ng/r na~Ng/r £ (mod q)
(nir+s1,9)=1 (n2r+s2,9)=1

Here Z, is the restriction to (((¢ + k), q) =
We first estimate the contribution from terms with k; = ks on the right side of (2.86)

as follows. For (nir + s1,q) = (nar + s2,q) = 1, we have

S eo(0r2lnir + s1) — br(nar + 52)) = Cyl(n1 — na)r + 51 — s2).

£ (mod q)

Since Nj < X'/3, by (2.77) and the second inequality in (2.78), we have

N}
d— < XTV12H67 L (2.89)
1

This implies N3/r = o(q), giving
Z |Cy(nr +m)| < ¢'t
n~NL/r
for any m. Thus

W(0; 51, 89) < ¢ Tr ' N3,

Substituting the above into (2.88) and using the simple estimate

Z Z (89— 51)] < r*Te

0<s51<r 0<s2<r

we get that

D) V(05s1,5) < djTNa.

0<s1<r 0<so<r
(s1,7)=1 (s2,r)=1
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Hence the contribution from the terms with k; = ko on the right side of (2.86) is <
dit K N3; this reduces to showing that

YN YT Y Vb —kiysi,s) < d XFIERER2 (2.90)

ki~K ko~vK 0<s1<r 0<so<r
ko#k1 (s1,r)=1 (s2,r)=1

By (2.85) and (2.89), letting
n’ =min{n:n~ N3/r}, n" =max{n:n~ Nj/r},

we may rewrite W (k; sy, s2) as

> > Z ( ) (@) € (br%(nlr ¥ s1) — br2(C+ k) (nar + 32)> ,

n1<q na<q (mod q) q
(nir+s1,9)=1 (n2r+s2,q)=1

where F'(y) is a function of C?[0,1] class such that

satisfies

K(m) < K*(m )—mln{l ! q} (2.91)

[m]" m?
Here we have used (2.89). Fourier expand F(y) we obtain

oo o0

W (k; s1, $2) Z Z k(my)k(me)Y (k;my, ma; s1, S2), (2.92)

mi;=—00 mo=—00
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where

/
Y (k;ma, mo; s1,89) = Z Z Z eq(6(€, k;my, ma;na, ng; s1, 82)),

n1<q n2<g £ (mod q)
(nir+s1,9)=1 (nor+s2,q)=1

with

d(l, k;my, mo;ny,ng; S1,89) = br2l(ngr + s1) — br2(0 + k) (naor + s2) + myng + mans.
Moreover, if n;r + s; = t; (mod ¢), then n; = 7(t; — s;) (mod ¢) so that
ming + mong = T(myty + mate) — 7(mysy + masse) (mod q).
Hence, on substituting n;r + s; = t;, we may write Y (k;mq, mo; 51, S2) as
Y (k;ma,ma; s1, s2) = Z(k;my, ma)ey (—T(mysy + massa)) , (2.93)

where

Z(k;my, ms) Z Z Z (br20ty — b(r2(0 + k)ty) + F(maty + maty)).

t1 (mod q) t2 (mod ¢q) ¢ (mod q)

By (2.88), (2.92), and (2.93) we get

[e.o] o0

Z Z V(k; s1, $2) Z Z k(mq)k(me)Z(k;my, me)J (my, my)(2.94)

0<s1<r 0<so2<r m1=—00 Mmp=—00
(s1,7)=1 (s2,r)=1

where

J(my,ms) Z Z eq(—T(mys1 + masy))Cr(s2 — s1).
0<s1<r 0<so<r
(s1,7)=1 (s2,r)=1
We now appeal to Lemma 13.

By simple substitution we have
Z(k‘7 my, m2> = T(k? bmﬂ” —bmgT’ ) q)

so Lemma 13 gives

Z(k;a my, m?) < (k7 Q)1/2q3/2+57 (295)
%)
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the right side does not depend on m; and my. We claim the following estimate

Z Z K" (mo)|J(my,ma)| < r'T (2.96)

mp=—00 M2=—00

Combining the above two estimates together with (2.94) we obtain

Z Z V (ks s1,50) < (K, q)'/2g¥ > r*e,

0<s1<r 0<sgo<r
(81,7“):1 (327T):1

This leads to (2.90), since
g2 = (dy[r)V? < XA X316+

by the first inequality in (2.78) and

Z Z (kl o k17Q)1/2 < quQ’

ki~K ko~ K
ka#k1

whence (2.84) follows.

We now prove (2.96). We rewrite the left side of (2.96) as

Z Z Z K*(my)&"(mg + k)| J(my, mq + k).

ml—foo mo=—o00 0<k<r

By (2.91), we have

o0

Z K*(m) < L,

m=—0oQ

and k*(m + k) < k*(m) for 0 < k < r, since r < g by (2.77) and the second inequality
n (2.78). Thus, to prove (2.96), it suffices to show that

> T (my,my + k)| < ¥ (2.97)

0<k<r

for any m, and my. Substituting s, — s; =t and applying Mobius inversion we obtain

J(mi,ma) =Y Co(t) Y eg(=T(mat + (my + my)s)) (2.98)
[t|<r sely

(s(s+t),r)=1

< E |C(1)] E eq(T(my1 +ma)s)|,
[t]<r sely
s(s+t)=0(r1)
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where I; is some interval of length less than r depending on t. For any fixed ¢ and any

square-free 71, there are exactly 7(r1/(t,r1)) distinct residue classes modulo 7 such that

s(s+t)=0 (mod ry)

if and only if s belongs to one of these classes. On the other hand, if r = ryry, then

> eq (F(my +ma)s) < min{ry, ||[Fa(my +ma)/ql| 7'}
)
s=al(ry

for any a. Hence the inner sum on the right side of (2.98) is

< 7(r) Z min{ry, ||[T2(ma +m2)/ql| '},

ro|r
which does not depend on ¢. This, together with the simple estimate
> IC#)] < T (r)r,
[t|<r
yields

J(m1,ma) K 7(r szm{rm |72 (my +ma)/q|| '}

ro|r

Thus the left side of (2.97) is
<<T Z Z Z mln{TQa ||r2(m1 +m2+k1r2+k‘g)/qH 1}.
riro=r 0<ki1<r; 0<ka<rs

Assume ry|r. By the relation

we have

Z min{ry, |[Fz2(m + k)/q|| '} < roL

0<k<ry

for any m. Hence the estimate (2.97) follows at once from (2.99) and (2.100).
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2.4.4 Proof of Case (c)

We finish the proof of Theorem 1 with the last and most involved case. This case
corresponds to the Type I and II estimates in [87, §§7-12]. Without loss of generality,

assume there is a subset I of {1,2,... &k} such that

1 2
3 + 8w < Z v, < Og . (2.101)
Let J be the complement of I in {1,2,...,k}. Write

@:le*ﬁjz*"'*ﬁjma J:{jlaj%"'ajm}a

and
B =By % Biy*--xBi,, I ={i1,i0,... 0}, (2.102)

so that v = ax 8. We have a supported on [M,2M) and 8 supported on [N,2N), where

M=]]n;, N=]]M. (2.103)
jeJ iel
By (2.101), we have
X388% o N« X1/2, (2.104)

We now treat (2.107) via the methods in [31] and [8, §§3-7], following [87]. Write
X, = X387 and X, = X1/, (2.105)
We apply Lemma 10 with
XN, if X; < N < Xo,

R = (2.106)
X3=N,  if X, < N <2X1Y2

Hence, by Lemma 10, the proof of Case (c) is reduced to showing that

Z Z wlgr)?|A(y; X, qr,a)| < X7 (2.107)
T
(¢,7Po)=1
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subject to the conditions
1
XFR <R<R and 5Dy <QR< X1/,

Therefore, it suffices to prove that

B(v;Q, R) Z ) > A X gra)| < X7 (2.108)
q~Q
(ra) 1 qlP
(Q7T7DO):1

subject to the constraints

X “R*<R<R (2.109)

and

Dy € QR <« XV/*2% (2.110)

which are henceforth assumed.

In what follows we assume that
r~R, |u(r) =1, and (r,a)=1. (2.111)
Let ¢(q,r) denote

signA(v; X, qr,a), if ¢~ Q,q|P,and (q,7Py) =
c(q,r) =

0, otherwise.

Splitting v = « * [, writing n as mn, and changing the order of summation, the inner

sum over ¢ in (2.108) becomes

> 1AM X, qa) = Y a(m)D(r,m), (2.112)
~Q (m,r)=1

P
(q,T"Po):l

where
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Substituting (2.112) into (2.108) and applying Cauchy’s inequality to the m variable, we
get

B(y:Q R)* < MRLP ) |u(r)] ) f(m (2.113)
r~R (m,r)=1
where f(y) is as in Lemma 6. Squaring out D(r, m) and summing over m, we have

> flm)

Sl( ) — 282(7“) + 83(7"), (2114)
(m,r)=1
where S;(r,a), j = 1,2, 3, are defined by
2
Z GON I E Z 7
(g;m)=1 n=q
q ) q Y
iy i)y S o) T
q q2 2 (n2,q21)= mni=a(qir)
(m,g2)=1
(q1,7)c(q
ZZ 1 Z Y BB D fm).
o(qr)e(ger)
@ a2 (n1,q17)=1 (n2,q27)=1 (m,q1g2m)=1
By (2.113) and (2.114), the proof of (2.108) is reduced to showing that
S (Si(r) = 285(r) + Ss(r)) < NRTIX'TF (2.115)

where r is constrained as in (2.111)

We begin with the evaluation of S3(r) which is the simplest of the three sums. We
make frequent use of the trivial bound

flz) < M. (2.116)
Similar to the proof of (2.70), we have, for ¢; ~ Q, j = 1,2,
S fm) = 21 o) 1 o),
(m,q1g27)=1 0

This yields

2 (q1,7)c(g2,7) p(q1ger) € AT2
N0 ZZ; o(qr)e CI27") q192T Z Z Blna) +OXN"R” )

(n1,q17)=1 (n2,qar)=1
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If (q1g2,Po) = 1, then either (¢1,92) = 1 or (q1,q2) > Dy. Thus, on the right side of the

above, the contribution from terms with (g1, g2) > 1is, by (2.116) and trivial estimation,
< XND;'R2LP.

It follows that
Ss(r) = f(0)X(r) + O(XNDy'R™2LP), (2.117)

where

=D > clan el 1) QQ’ Z > B (2.118)

C]1€I27“<,0

a1 (q2,q1)=1 (n1,q17)=1 (n2,q27)=1

The value of X(r) is not essential, since it will cancel out, with acceptable error (see
(2.142) below), when we insert it back into the left side of (2.115). We next evaluate
82 (7’ )

Our next goal is to show that
Sy(r) = f(0)X(r) + O(XND;'R™2LF) (2.119)

with X (r) given as in (2.118). The main tool we need is the Ramanujan bound (2.43).
Assume ¢(q1,7)c(q2,7) # 0. On substituting mn; = n and applying Lemma 7 we have

S Y fm< Y min) < 2

r
mni=a(qir) n<2X T
(m,q2)=1 n=a(qr)

It follows that contributions from terms with (¢, ¢g2) > 1 in Sa(r) is
< XNDy'R™2LP,

so that

=> > “anr TQQ’ Y> Bm)Be) Y. f(m)+O(XNDG'RLP).
@ (g2,q1)=1 q2 n1 (n2,q2r)=1 mni=a(q17)

(m,g2)=1

(2.120)
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Note that the innermost sum over m in (2.120) is empty unless (ny,q17) = 1. For

l(qrger)| = 1 and (go, Py) = 1 we have

=1+ 0(r(22) Dy ")

©(q2)

and, by Lemma 7,

Z B(n1) Z f(m) < Z Tk(n)<<M,

rD
(n1,q17m)=1 mni=a(qir) n<2X gl 0
(m,g2)>1 n=a(qr)
(n7q2 ) >1

Thus (2.120) still holds with the constraint (m, ¢») = 1 removed and with ¢(gor) replaced

by ga¢o(r). That is, we have

= Z clan 1)t ) %’ SO GBS fm)+O(XNDy R 2LP)

CI2%0

a1 (g2,q1)=1 n1 (na,qar)=1 mni=a(q1r)
(2.121)
By Lemma 6, for (ny,qr) = 1, we have
S )= 3 F () et + 0,
mni=a(qr) |h\<H
where
Hy = 4QRM 2,

Substituting this into (2.121) we deduce that

So(r) = f(0)X(r) + Ra(r) + O(XNDy'R™2LP), (2.122)

where

=¥ ¥ A i) (5~ gy,

@ (g2,q1)=1 qquQD ) (n2,g2r)=1

[ h
DS OID SINE €y PRE)
(n1,q1m)=1 1<|h|<H2 «
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The proof of (2.119) is now reduced to estimating Ro(r). Note that, by the second

inequality in (2.110), we have
H2 < X71/2+2w+26N (2123)

since M~! < X~!N. This implies that Ro(r) = 0 if X; < N < Xy, since Hy < 1 in this
case.

Now assume that Xy < N < 2X'/2. By the ‘reciprocity’ relation

o dam + arm (mod 1),
q r T
we get
Ra(r) < N'WR™2 Y [R*(r,n), (2.124)
n~N
(n,r)=1
where
. c(q —ahgqn  ahrn
w50 5(2)- ()
“.4q r q
(g,n)=1 1<|h|<H>

Expanding |R*(r,n)|* out, we have

|R*(r,n)|? Z Z cla,r)eld’r)

(g,n)=1(

I a(h'q — hgqn  ahtn  ah'Th
P f(qr) (qr)e( r Ty Ty )

1<|h|<Hy 1<|W|<H,

Changing the order of summation and applying (2.116), we obtain

M2 R (rn)? < ZZ letg,r)eld’, )l Z Y. Wlar;q, hR.125)

n~N 1<|h|<H2 lS‘h’|<H2
(n,r)=1

where

hq — hqn hrn h'rn
Wig,rid K)= Y e (a( ) _ahm ,m) .
N r q q
(n,qq'r)=1

Since M~! < N~ by the second inequality in (2.109) we have

HyQ ' < X 3%, (2.126)
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It follows that, on the right side of (2.125), the contribution from terms with h'q = hq' is

<NQ”? Y > r(hg) < XPTHN. (2.127)
1<|h|<H2 ¢<2Q

Now assume that c(q,7)c(¢’,r) # 0, 1 < |h| < Ha, 1 < |W/| < Hy, and h'q # hq'.

Letting d = [q, ¢']r, we have

a(Wq —hq) ah? ah'T ¢
( " —q+q/za (mod 1)
for some ¢ with
(e,r) = (WG — hg,r).
By the estimate (2.43) it follows that
d)N
Wiq, 74 h') < d*Te + %. (2.128)
Since N > X, by the first inequality in (2.109), (2.106), and (2.105), we have
R < XN < X128 (2.129)
This and the second inequality in (2.110) imply that
Q< X", (2.130)
Thus we have
d1/2 < (QZR)I/Q < X1/4+6w.
Note that
W'g —hg= (Wq—hqg')qd (mod 7).
This implies
(c,d) < (e,r)la,q] < [g,q'1H2Q. (2.131)

This together with (2.123), (2.129), and (2.130), give

(c,d)N

y < HZNQRfl < X16w+e.
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Combining these estimates with (2.128) we deduce that
Wig,r;q h') < X147

This together with (2.123) imply that the contribution from terms with h’'q # hq' on
the right side of (2.125) is < X/4+12% hich is sharper than the right side of (2.127).
Combining these estimates with (2.125) we conclude that

D IR (rn)| < X1

n~N
(n,r)=1

Substituting this into (2.124) we obtain
Ro(r) < NR2X'7, (2.132)

which is sharper than the big-Oh term in (2.122).

The relation (2.119) follows from the bounds (2.122) and (2.132) immediately. It
remains to deal with S;(r). The evaluation of the last sum Si(r) is the most difficult.
The main tool we need is Lemma 12.

We shall instead establish an averaged bound on S;(r) of the form

5/3

D> Si(r) =) (f(0)X(r) + Ra(r)) + OXNRX =) (2.133)

T

with Rq(r) to be specified below in (2.139). By the estimates (2.119) for Sy(r) and
(2.117) for S3(r), the proof of (2.115) will be reduced to estimating Ry(r).
By definition of S (r), expanding out the square, we have

S =" car,elenY S Bm)sm) Y fm).  (2.134)
)

q g2 ni ng=ny(r mni=a(qir)
mna=a(g2)

Let U(r, qo) denote the sum of terms on the right side of the above with (¢1,¢2) = qo-

The sum U(r, qp) vanishes unless

Q0 <2Q, q|P, and (q,7Py) =1,
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which we will assume. We first show that the contribution

> U(r,q0) < XN(DoR)™'LP (2.135)

r qo>1

coming from terms with gy > 1 is admissible. Assume that, for j = 1,2,

q; ~ Q, C_Ij\R (%’J"Po) =1, and (C]1,C]2) = qo-

Writing ¢; = ¢1/q0, 43 = ¢2/qo, we get

ZZU(MIO ZZZZ c(qoq's m)c(q0q”, TZ Z ﬂnl Z f(m)

T qo>1 T q>1 (¢ ,¢")=1 ™ np=m(r m=p(a1gar)
(aqq’ )=1

where p(mod ¢1¢or) is a common solution to
uny = a(mod ¢1r) and pns = a(mod ¢or). (2.136)

Since ¢; and ¢» have no prime factor less than Dg, we have either gy = 1 or ¢y > Dy. By
Cauchy’s inequality we have
22 Ul < 3 ) fm)), Z By 3 L
r go>1 Dp<qo<2Q r m q" ni=am(q'r) g2 na=am(qar)
By Lemma 7 the two inner sums of the above is
< Z (mn — a)78(q0) < N(DoR)™*L5.
n=am(qor)
This and Lemma 7 imply

Z ZL{(T, Q) < N(DoR)™L" Z ZTB(mn —a) < NR'LEX Dy

T qo>1 m n

This bound is admissible provided
Dy = X=" (2.137)

which we henceforth assume.
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We now turn to U(r,1). Assume |u(q1ger)| = 1. In the case (ny, 17) = (n2, qor) =1,

the innermost sum in (2.134) is, by Lemma 6, equal to

1 f h _
DR (—) o (—ph) +O(d ™),
4192 \h|<H 4192

where

H, = 8Q*RM T2

It follows that

U(r, 1) = f0)X*(r) + Ru(r) + O(1), (2.138)
where
qlv q2a
Yy delten 5y
a1 (q2,q1)=1 (n1,q17)=1 na=ni(r)
(n2,q2)=1
and
c(qi, r)e(qa, r .
Ri(r) = Z Z clar,r)elee 1) Z (n1)B(n) Z f ( ) Eqrgar(— 1)
a qi14q2T = q14aT
a1 (g2,q1)=1 TLQ:TLl() <|h|<
(n2,q2)=
(2.139)
By (2.134), (2.135), and (2.138) we conclude that
D Si(r) =) (f0)X*(r) + Ra(r)) + O(XN(DoR) ™ L)
In view of (2.116), the proof of (2.133) is thus reduced to showing that
Y (X(r) = X(r) < N?RTIXF (2.140)
We have
X =2 2> clan,r)elgy )V(T;ql,qQ),
q1927T
a1 (g2,91)=1
with

Vi1, 2) = Z N —ﬁ S Y B)Bn).

(n1,q17)=1 na=n1(r) (n1,q17)=1 (n2,q27)=1
(n2,q2)=1
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It follows that

d (X)) = X(r) < % Z Z > Vi) (2.141)

r Q1NQ q2~Q g2 r~R
(r,q192)=1

Noting that

Virane) = 3| S s > oA || X - X )

£(mod ) n=L(r) SO(T) (n,q1r)=1 n=L(r) ¥ (n,q2r)=1
(n,q1)=1 (n,q2)=1

and by Cauchy’s inequality and Lemma 9, we find that the innermost sum in (2.141) is

< @) NI,

which leads to (2.140).
Combining (2.117), (2.119), and (2.133) leads to

Z(Sl(r)_282( +83 ZRl +O XNR 1X wo/3>'
Note that
B _ a9gem N aqaTmy N D (mod 1)
q14q27 r ¢ 0

by (2.136). Hence, on substituting ny = ny + kr, we may write Rq(r) as

> Ri(rk),

|k|<N/R

where

EE R 2 ()

0 (g2.q1)= oae 1<|h|<H,
X Z ﬂ(n)ﬁ(n + kT')E(—h,g(?“, q1,492; M, k))?
(n,q1m)=1
(n+kr,g2)=1
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with

a n agorn  agr(n + kr
E(ryqr, gy, k) = “R | QRTR ar( )
r q1 q2

Thus, the proof of (2.115) will follow from the bound

Ri(r, k) < X1==/2 (2.142)

which we shall prove in the next two subsections. We note that the bound (2.142)
amounts to saving a power of X from the trivial estimate; indeed, it trivially follows
from (2.116) that

Ri(r k) < X'H,.

On the other hand, in view of (2.105), since
H; < X(QR*(MN)'NR™,
and, by the first inequality in (2.109) and (2.106),

Xw—&—e’ if X1 <N <X,
NR' < (2.143)
X4 if Xy < N < 2X1/2,

it follows from the second inequality in (2.110) that

Xowt2e if Xi<N<L X27
Hy < (2.144)

X8=te  if X, < N < 2X1/2

is bounded by a small power of X.

Estimation of R,(r,k): The Type I case

In this and the next subsection we assume that |k| < NR™!, and we write

Ri, C(Ql), C(Q2)7 and ’S(Q17Q2§n)
69



The k-fold divisor function in arithmetic progressions to large moduli Chapter 2

for
Rl(r7 k)u C(Q17T>7 C(q27r)7 and é(ru q1,492; M, k)?

respectively, with the goal of proving (2.142). The variables r and k& may also be omitted
for notational simplicity. The proof is analogous to the estimation of Ry(r); the main
ingredient is Lemma 12.

Assume that X; < N < X, and R* is as in (2.106). We have

R1<<N€Z@ > 1 F (@), (2.145)

q1

where

Fla,n)= Y > C(QQ)f( " )6(—h§(qhq2;n))~

1927
0<|h|<H1 (g2,91(n+kr))=1 N9

We assume ¢(q;) # 0. To bound the sum of |F(g;,n)| we observe that, similar to (2.125),

M2 | Fan)P < Y Z Z Y 1G5 ar g5 00,

(nZTr];Ll (g2,91)=1 (¢},q1)=1 0<|h|<H1 0<|h'|<H;

C_I2QQ
(2.146)

where

G(h, W5 q1,q2; 45) = E e(W&(qu, qasm) — hé(qr, g23m)).
n~N
(migar)=1
(n+kr,g2q5)=1

The condition N < X is essential for bounding the diagonal terms h'qy = hgb in (2.146).
By (2.110) we have

HQ'< X(QR)(MN)™'N <« X%+,

It follows that, on the right side of (2.146), the contribution from terms with h'qgs = hq}
is

<NQ? > D r(hg)® < XTFFHN. (2.147)

1<|h|<H1 ¢~Q
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Now assume that c¢(g2)c(q5) # 0, (¢2¢5,¢1) = 1, and h'qe # hqy. We have

W', — haqm
WE(qr, dhin) — he(qr, qun) = 2 — 18200

r
Wgy — hggatn I k h
| ey — hparm aqlr(7:b—|— r)  hagir(ngr) (mod 1).
q1 qs q2
Letting dy = g1 and ds = [ge, ¢], we may write
W, — hpaqs | h'qh — higar
P 2041 4 qs q2ar — 2_1 (mod 1)
r a1 1
for some ¢; with
(Clv T) - (h/q_é - h%a T’),
and
Naqr  hagr
thr — aqq;r = CCZ_Z (mod 1)
2
for some ¢, so that
can - co(n+kr
WE(q, go;n) — hé(qr, g2sn) = —— + ol t br) (mod 1).
dy do
Since (dy,ds) = 1, it follows by Lemma 12 that
d)N
Gl s a1, s ) < (dyda)/2+e 4 N 2.148
2 dl
By the condition N > Xj, this gives, by (2.143),
R < XFHNT! < XT3/ 5mhe N, (2.149)

Together with (2.110), this yields
(didy)? < (QPR)V? < X3/AH3= Rl « X~ 12ty

A sharper bound for the second term on the right side of (2.148) can be obtained as

follows. In a way similar to the proof of (2.131), we find that

(c1,dr) < (c1,m)qn < HIQ
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It follows by (2.144), (2.110), and the first inequality in (2.149) that

d
(Clc,l 1) <<H1(QR)R_2 <<X1/2+9w+4eN—2 <<X—1/4—6w.
1

Here the condition N > X; is used again. Combining these estimates with (2.148) we
deduce that

G(h 15 q1, g ) < X127 HEN.

Together with (2.144), this implies that, on the right side of (2.146), the contribution

from terms with h'qy # hdqj is
< X—l2w+eH12N < X—2w+5€N’

which has the same order of magnitude as the right side of (2.147) essentially. Combining

these estimates with (2.146) we obtain

> 1Flam < X

n~N
(n,q1r)=1

This yields, by Cauchy’s inequality,

1/2 1/2
Y Fan)<| D1 ST 1 Fan)? (2.150)
n~N n~N n~N
(miar)=1 (nianr)=1 (nagir)=1

< Nl/?(Xl—Qw—i-SeM)l/Q < Xl—w-‘r?)e‘

The estimate (2.142) follows from (2.145) and (2.150) immediately.

Estimation of R,(r, k): The Type II case

We now assume that Xy < N < 2X1/2 and R* is as in (2.106). We have

Ri < N > |K(n)], (2.151)

n~N
(n,r)=1
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where

Z Z M Z f( 0 )e(—hf(QhQQ;n))-

r
(q1.,n)=1 (q2,q1 (n+kr)) Dz gy, D2

# . .
Let Z stands for a summation over the tuples (q1, ¢o2; ¢}, ¢5) with

(1,92) = (41, ¢5) = 1.

To estimate the sum of K(n) we observe that, similar to (2.125),

M2 Y Km)P< 37 Z D MK, 4010 05)],

o ‘hqwl% 1<|h|<H; 1<|0|<Hy
n,r)=

(2.152)

where

/
M(h 5 q1, 4505, 45) = D e(W'€(qr, qa;m) — hé (a1, g2; ).

n~N

/
Here Z denote a sum is restricted to (n,¢1¢r) = (n + kr, q2q5) = 1.
Similar to (2.126), we have

HlQ—Q < X—3w+e.
Hence, on the right side of (2.152), the contribution from terms with h'q1q2 = hq)q) is

<NQ™ > > 7(hgd)? < XN, (2.153)

1<|h|<Hy ¢~Q ¢'~Q

Note that the bounds (2.129) and (2.130) are valid in this present situation. Since R
is slightly smaller than X /2 and @ is small, by Lemma 12, contribution from terms with

h'q1q2 # hqiq) on the right side of (2.152) is small compare to (2.153). Assume that

c(q)e(g)e(g)e(gs) 0, (g1, ¢2) = (¢1,45) =1, and W qige # hqigb.

We have

t t'n t +k t! +k
WE(dh dyim) — hé(qr, quim) = S04 B T fa(n k) | fy(n T k)
r q1 a1 g2 Q2
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with
s =a(Wq¢,¢y, — higz) (mod 7),
t1 = —ahger (mod ¢),
t) = ah'gyr (mod qj),
to = —ahqT (mod ¢3),
th = ah'qir (mod ¢b).
Letting d; = [q1, ¢}]r and dy = [qq, ¢5], we may rewrite (2.154) as
can - co(ngr
WE(dhdsim) — héar, ausm) = 22 + 20 (oq 1)
dy do
for some ¢; and ¢y with
(Cla T) = (hlm - hM7 T)'
It follows by Lemma 12 that
di)(dy,ds)*N
M < (dydy) ¥ + (e, dy)(dr, d) "N (2.155)

di
By (2.110) and (2.130) we have

<d1d2)1/2 < (Q4R)l/2 <<Xl/4+l6w.

On the other hand, we have (dy,ds) < (14}, ¢2q5) < Q?, since (qagh, ) = 1, and, similar

to (2.131),
(er,d) < (er,n)lqn @] < [ar, GHHLQP.
It follows by (2.143), (2.130), and the first inequality in (2.129) that

(61, d1)(d1; d2)2N

d < HlNQGRfl < X?Qw.
1

Combining these estimates with (2.155) we deduce that

M(h, B qu, o3 41, gh) < XH/ATI6= e
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Together with (2.143), this implies that, on the right side of (2.152), the contribution

from terms with h'q1q2 # hq\q) is
XVAtI6m e 2 o x1/4483%

which is sharper than the right side of (2.153). Combining these estimates with (2.152)
we obtain

> KM < X, (2.156)

n~N
(n,r)=1

The estimate (2.142) follows from (2.151) and (2.156) immediately. This completes the

proof of Theorem 1.

2.5 Proof of uniform power savings Theorem 2

Let x be a primitive character (mod d) and L(s,x) denote its Dirichlet L-function.

On the Generalized Lindel6f Hypothesis, we have, for o > 1/2,
L(s,x)" < (d|s))* (2.157)

for any € > 0; see, e.g., [12]. This bound will allow us to significantly improve the estimate
in (2.15).

This Lemma is a truncated Perron’s formula.

Lemma 15 Let
0, if 0 < X <1,

0(X)=191/2, ifX =1,

1,  ifX>1

\

c+iT s
I(X,T):L/ X s,

2mt Jo_ir S
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Then

1 c+i00 Xs
0(X) = — d
(X) 2mi /c s 4%

—100

and, for X >0, ¢ >0, and R > 0, we have

Xemin{1,T Y log X|7}, if X #1,
(X, T) = 6(X)] <

c/T, if X = 1.
Proof: See [66, Theorem 4.1.4]. |

With (2.157) we can strengthen Lemma 3, which was used in the proof of Theorem

1, to

Proposition 3 Assume the Generalized Lindelof Hypothesis. For x a primitive charac-

ter (mod d) we have

> m(n)x(n) < X842, (2.158)

n<X
Proof: The proof of this proposition is in principal very similar to that of Lemma 3.
Indedd, we estimate directly the left side of (2.158) using the truncated Perron’s formula,

getting

> m(m)x(n) = - /QQ/SHT L(s. )" 2ds + O (Xg/g) . (2.159)

=  2mi J8—iT 5 T
Since Y is nonprincipal, the function L(s, x)* is analytic and has no poles in o > 1/2. We
move the line of integration to 0 = 1/2 and apply Cauchy’s theorem. On the generalized

Lindeléf Hypothesis, we apply (2.157) with ¢ = 1/2k giving
L(s, x)* < (d|s)'*, 0 >1/2.
The contribution from horizontal segments is

1 1/24iT 1/2—iT X
— / + / L(s, x)*—ds
2mi 9/8+iT 9/8—iT S
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and contribution from the vertical segment o = 1/2 is

1 1/2+iT XS
— / L(s,x)*—ds
1 s

: < dV2xVere,
21 J1j9—ir

Hence, by Cauchy’s theorem, (2.159) becomes

X9/8 X9/8
Z Tk(n)x(n) < dlﬂm + d1/2X1/2T1/2 + ———
n<X
We choose T = X'/2. Thus, the error term of the above is
< d1/2X7/8.
This leads to the right side of (2.158). |
Proof of Theorem 2. By Proposition 2, we have
> AT X dya)| < X (2.160)
deD
Do<d<Ds

By Proposition 3 above together with the large sieve inequality (2.30), in a way similar

to the proof of Proposition 1, for D < D5, we get

max |A(r; X, d, a)| < X'~
i=D (a,d)=1

This, together with (2.160), give the desired estimate

Z AT X, d,a)| < X'

deD
d<X1/2+1/584

7



Chapter 3

Upper bounds for
bilinear estimates

the variance and
for 7,.(n) in

arithmetic progressions

3.1 Introduction

3.1.1 Average estimates over a

Instead of averaging over the modulus d, a different average over the reduced residue

classes a(mod d) has also been considered by several authors. For instance, in 2005,

Banks, Heath-Brown, and Shparlinski showed in [2, Theorem 3.1, p. 9] that for every

€ > 0, we have the mean value estimate

——Py(log X)| <

where P;(log X) is given as in (2.6), and

(

d1/5X4/5+e’ if d > X1/2’
d2/5X7/10+e’ if X1/3 <d< )(1/27
(3.1)
d1/2X2/3+e’ if X1/6 <d< X1/3,
X3/4+s’ if d < Xl/G,
\

the implied constant depends only on €. In

particular, their result shows that the left side of the above is <« X~¢/6 uniformly for all

d < X'7¢. Their method relies on average bounds for incomplete Kloosterman sums-they
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showed and crucially used that the Weil-type bound for certain incomplete Kloosterman
sums can be sharpened when averaged over all reduced residue classes modulo d.

The upper bounds in (3.1) are substantially sharpened by Blomer [6] in 2008 where
the condition (a,d) = 1 is removed and the summand is squared instead. More precisely,

letting

Pi(logX) =Y ’"5;“) (P(log X) + 2y — 1 — 2log ), (3.2)
5d
Blomer showed in [6, Theorem 1.1, p. 277] that for X a large real number and d < X a

positive integer, then for any ¢ > 0, we have

> (TQ(X, d,a) — %ﬁd(log X))2 < X1, (3.3)

a=1

where 7.(h) is the Ramanujan’s sum. When (a,d) = 1, the above main term matches

that of (3.1). In particular, by Cauchy’s inequality, (3.3) gives, for all d > X'/3

d

D

a=1

X -~
Ty(X,d,a) — EPd(logX)’ < (dX)V?te,

The proof of (3.3) uses Voronoi summation (the functional equation of twists of the
corresponding L-function). Blomer’s proof also works for other arithmetic functions such
as Fourier coefficients of primitive (eigenform of all Hecke operators) holomorphic cusp
forms [6, Theorem 1.2] and the square-free numbers p? [6, Theorem 1.3]. Even though
7(n) > 0 for all n while Hecke eigenvalues can be negative, it is well known that their
mean values share analogous oscillatory properties; see, e.g., the detailed exposition [48]
of Jutila.

Lau and Zhao [53] in 2012 obtained asymptotic results for the variance of 7(n) for d
and X going to infinity at different rates. Fouvry, Ganguly, Kowalski, and Michel [25] in
2014 show, in a restricted range, that the divisor function 7(n) in residue classes modulo
a prime follows a Gaussian distribution, and a similar result for Hecke eigenvalues of

classical holomorphic cusp forms.
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There is also a conjecture for general k. In a function field variant, the work of
Keating, Rodgers, Roditty-Gershon, and Rudnick in [50] leads to the following conjecture

over the integers for the variance of 7, (c.f. [71, Conjecture 1]).

Conjecture 4 (Keating—Rodgers—Roditty-Gershon—Rudnick [50]) For X,d — oo

such that log X/logd — ¢ € (0, k), we have

> A(m X, da)? ~ ag(d)y(c) X (log d)*, (3.4)

a=1
(a,d)=1

where ag(d) is the arithmetic constant

ar(d) = lim (s — 1) Y (1) |

s—1+
1

n
(TL,

Sy

)=1

and yx(c) is a piecewise polynomial of degree k* — 1 defined by

1

-~ | s ) A(w)2d”
f)/k(c> k'G(k—l—l)2 /[0,1]’“ (U}1—|— wk) (w) w,

where 6.(x) = 6(x — ¢) is a Dirac delta function centered at ¢, A(w) = [[;_;(wi — wy)

is a Vandermonde determinant, and G is the Barnes G-function, so that in particular

Gli+1) = (k—1Dl(k—2)!---11.

This conjecture is closely related to the problem of moments of Dirichlet L-functions;
see, e.g, the works [14, 15, 16, 17] of Conrey and Keating on moments of the Riemann

zeta function and correlations of divisor sums.

3.1.2 Average estimates over both a and d

The estimate of the form (2.7) in (S2) is of Bombieri-Vinogradov type where an
average over moduli d is taken. In addition to this average, taking an additional average

over all primitive residue classes a in each modulus d yields better result for the range
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for d. These results are of Barban-Davenport-Halberstam type (see, e.g., [18, §29] and
have a long history, starting from the initial works [4, 5] of Barban in 1963 on primes in
arithmetic progressions, and of Davenport and Halberstam [19] a few years latter. Hooley
has written a series of papers on the Barban-Davenport-Halberstam sums, dating from
1975, which numbers nineteen, as of currently.

In 1976 Motohashi [65] obtained an asymptotic formula for 7(n) averaged over both
a and d. More specifically, there are explicit numerical constants &;, 0 < 5 < 3, such
that

i (T2 (X,d,a) Pd(logX))Q

d<X a=1

= X%(S3l0g® X + 651082 X + S, log X + &) + O(X /8 log? X),

where Py(log X) is as in (3.2)
Very recently, Rodgers and Soundararajan [71] in 2018 consider smoothed sums of
T averaging over both a and d, and confirm an averaged version of Conjecture 5 for a

restricted range. More precisely, for k£ > 2, let

X) = S vid X0 (5)-

where

d
)= 30 | 3wl () - 7 o o (5) ] -
(ad)=1 "¢
with ® and ¥ fixed smooth non-negative functions compactly supported in the positive
reals normalized so that [® =1 and [ W? = 1. Then letting ¢ = logz/log D, Rodgers
and Soundararajan in [71, Theorem 1] obtained asymptotics for Agx(D; X) as X, D — oo
uniformly in ¢ for all 6 < ¢ < (k+2)/k — § for some § > 0 sufficiently small. Under

GRH, a larger range § < ¢ < 2 — § independent of k is obtained in [71, Theorem 2].
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Their results are closely related to moments of Dirichlet L-functions as discussed above,
and their proof relies on the asymptotic large sieve.

The latter work of de la Breteche and Fiorilli in [9] considers a related variance in
the range 1 < ¢ < 1+ O(1/k) using an arithmetic approximation motivated by work of
Vaughan. Interestingly, the asymptotic for their arithmetic variance in [9, Theorem 1.2]
matches those in [71, Theorem 1].

In our first result, we prove a distribution estimate for 75, averaging over both a and d
to moduli d as large as X, c.f. Lemma 9, similar to that of Barban-Davenport-Halberstam

type theorems for A.
Theorem 3 For k > 4 we have

d
S Y Alm X doa)? < (D + X'V X (log X)L (3.5)
d<D a=1
~ (a,d)=1

Motivated by the recent work [42] of Heath-Brown and Li in 2017, we also prove
analogous estimates for pairs of 7(n)’s and 7, (n)A(n) to moduli d that can taken to be

almost as large as X2

Theorem 4 For k > 4 and any € > 0 there holds

2\ 2
d 1
> Yo mmmn) = — | > m(n) < XD (3.6)
d<D a=1 mn<X @(d) n<X
(a,d)=1 \ m=an(mod d) (n,d)=1

for any D < X?> 1/3(k+2),
In particular, the above estimate is valid if one of the 1 is replaced by the von Man-

goldt function A. We have

> 2 > Tk(m)/\(n)—i > mn) [ < XY (3.7)

d<D a=1 mn<X gO(d) n<X
(a,d)=1 \ m=an(mod d) (n,d)=1

for any D < X2~ 1/30k42),
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It might look surprising at first that the moduli in Theorems 4 can be taken almost as
large as X2, but proof is in fact rather simple; the proof of Theorem 4 follows essentially

from the multiplicative large sieve inequality.

3.2 Proof of Theorem 3

We proceed analogously as in the proof of Lemma 9 and Proposition 1. By (2.28),

we have

Alm; X, d, a)* = 90(11)2 Z/ X1(a) (Z Tk(”)Xl(n)>

x1(mod d) n<X
/
XY xaa) (Z Tk<n)x2(n)> .
x2(mod d) n<X

Summing over primitive a(mod d) and changing the order of summation, we get

S A X, dya)? ;Y Y (Z Tk(’@Xl(W)(Z Tk(n)m(n))
a(mod d) x1(mod d) xz2(mod d) \n<X n<X
x Z Xt1(a)xz2(a)
a(mod d)

By the orthogonality relation (2.35) this becomes

. , 1 /
> A X, d,a) = 2@ > (Zn(@x(@)

a(mod d) x(mod d) \n<X

We now reduce to primitive characters. By Lemma 2, we have

Z Z* A(Tk;X,d,a)2<<log/JZ% Z ! Z* (ZTk(n)X(”>>

d<D a(mod d) r<D 1<q<D/r * | x(mod q) \n<X

2

By Lemma 3, we get, for 1 < ¢ < X1/3(:+2)
2

>y (Zw)x(m) >

1<q§X1/3(k+2>q x(mod q) \n<X 1<q<X1/3(k+2)

<<P(Q)X 2*ﬁ)

=

< X¥ w0,
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Assume X342 <« ) < D. By the large sieve inequality (2.30) and the bound (2.31),
we have
1 1 2 X
g2| X (Z mmx(n)) < 5@ +X) (Z rk<n>> < (Q + 5) XL
q~Q | x(mod q) \n<X

This leads to (3.5).

3.3 Proof of Theorem 4

Denote

B(fifaXoda) = S fmbm - ——| 3 A || 3 fm)
m,n<X gO(d) m<X n<X
m=an(d) (m,d)=1 (n,d)=1

We start by writing
Yi(x) = Y film)x(m) and tha(x) =Y _ fa(n)x(n).

m<X n<X

We first prove the estimate (3.6). Let fi = fy = 7. By (2.28), we have

E(r, 7 X, d, a) = WX%/@ (@)t (x) P2 (x).

Taking the square of the modulus of both sides yields

1
p(d)?

B(r,m: X, d, a)’ = S X@uia)ia(a) Y. xe(@)i(e)a(x):

x1(mod d) x2(mod d)

Summing over primitive a(mod d) and changing the order of summation, we get

1 Z/ Z, V1 (x1) P2 (x1) 1 (x2)¥2(X2)

2
So(d) x1(mod d) x2(mod d)

< Y xla)xe(a).
( )

a(mod d

Z* E<Tk7 Tk, X7 da CL)2 =
a(mod d)
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By the orthogonality relation (2.35) we get

2

Z* E(Tk,m;X,d,a)z:L Z/ 1 (x)2(x)

d
a(mod d) SD( ) x(mod d)

We now reduce to primitive characters. By Lemma 2, we have

2

Z Z* E(Tk,Tk§X,d,CL)2<<lOg,CZ% Z 1 Z* V() (x)

d<D a(mod d) r<D 1<q<D/r x(mod q)

By Lemma 3, we get, for 1 < ¢ < X1/3(:+2)

2

S MY wwmm| <« ¥ L(eoxreia)

1<q<X1/3(k+2) x(mod q) 1<q< X 1/3(k+2)

L

< X, (3.8)

Assume X3 +2) « ) < D. Tt suffices then to show, for each fixed r < D,

2

%Z Z D) a(x) | < XA1/30+3),

9~@Q | x(mod q)
By the large sieve inequality (2.30) and the bound (2.31), the left-side of the above is
1 1 2 X2
<= [P < =@+ X)) [ D wn) | < (Q + —) X202,
@ q~Q Q Q
x(mod q) n<X
(3.9)

For D < X 1/3,+2) the above is
< X2130e42) | y2-1/3(642) X2 p2h o yA-1/3(k+3)

This, together with (3.8), lead to the right side of (3.6). Note also that, for X2~1/3(:+2) <

D < X2 (3.9) becomes

X2 2 p2k—2 2 p2k—2

This gives an estimate for (3.6) in this range.
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We next prove (3.7). Let f; = 7 and fo = A. The proof of (3.7) is analogous to that

of (3.6), except that in (3.8) and (3.9) we estimate the sum over A by

=) An)x(n) <X and > An) < X.

n<X n<X

Thus (3.8) becomes

Z 1 Z* %(X)m < X' 3<k+2

1<q< X 1/3(k+2) x(mod q)
and (3.9) becomes

BY S IR @t ) (S i) ()

q~Q x(mod q) n<X n<X

_ AN 2 ph-1
‘(Q+ @)Xﬁ ’

both of which are admissible for (3.7). This concludes the proof of Theorem 4.
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Chapter 4

Variance of the ternary divisor
function in arithmetic progressions

4.1 Introduction

One form of the celebrated Bombieri-Vinogradov Theorem [7] [79] (1965) asserts that

max max A(n —Z | <« N(log N)™4 4.1
> maxmax | 37 Am) - | < N(log ) (@)
1<g<N'/2(log N)~F l<n (<?»§

n=a(q

where A(n) is the von Mangoldt function and B = 4A + 40 with A > 0 arbitrary.
Analogues of (4.1) has been found for all 7,(n) and 75(n)? [63, Lemma 8], where 74(n) is
the k-fold divisor function: > 7 7x(n)n=* = ¢*(s).

Around the same time, Barban [3] [4] (1963-1964), Davenport-Halberstam [19] (1966),
and Gallagher [36] (1967) found the following related inequality in which the absolute

value is being squared:

> Do | 2 Al —) < N*(log N)™, (4.2)

1<g<N(log N)=B 1<a<q |1<n<N
(a,q)=1 | n=a(q)

giving a much wider range for ¢. In fact, Davenport and Halberstam proved a slightly

stronger result than Barban’s, while Gallagher gave a simplified elegant proof. For this
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reason, this type of inequalities are often referred to as Barban-Davenport-Halberstram
type inequalities.

Barban-Davenport-Halberstram type inequalities have many applications in number
theory. For instance, a version of this inequality (with A(n) replaced by related convolu-
tions over primes) was skillfully used by Zhang [87, Lemma 10] (2014) in his spectacular
work on bounded gaps between primes.

Shortly after, in 1970 Montgomery [60] succeeded in replacing the inequality in (4.2)

by an asymptotic equality. One of his results is

2

S Y Y A - - | = QNlogN + O(QN log(2N/Q)) + O (N*(log N)~4)

1<¢<Q 1<a<q [1<n<N ()
(a,q)=1 | n=a(q)

(4.3)
for @ < N and A > 0 arbitrary. A few years latter, Hooley [44] (1975), by introducing
new ideas in treatment of the off-diagonal terms specific to primes, sharpened the right
side of (4.3) to

QNlog N + O(QN) + O(N*(log N)™))

with A(n) replaced by the Chebyshev function 6(n).

Motohashi [64] (1973), by using an approach similar to Montgomery, elaborately es-
tablished a more precise asymptotic with lower order and power saving error terms for the
divisor function 7(n). Recently, by function field analogues, Rodgers and Soundararajan
[71] (2018) were led to the following conjecture for the variance of the k-fold divisor

function 7 over the integers.

Conjecture 5 For X,d — oo such that log X/logd — ¢ € (0, k), we have

2

S 1Y n- s S n)| ~aldueX(ogd)* T, (44)

a=1 1<n<X SO( ) 1<n<X
(a,d)=1 |n=a(mod d) (n,d)=1
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where ay(d) is the arithmetic constant

(n)*

ns

M8
=

ar(d) = lim (s — 1)

s—1+

?

n

1
(n7 =

Sy

)=1

and v (c) is a piecewise polynomial of degree k* — 1 defined by

1

e — A(w)2d*
/Yk(c) k'G(k+ 1)2 4),1]’“ 6C(w1 + wk) (w) d*w,

where 0.(x) = 6(x — ¢) is a Dirac delta function centered at ¢, A(w) = [[;_;(wi — wy)

1s a Vandermonde determinant, and G is the Barnes G-function, so that in particular

Glk+1) = (k—1)!(k—2)!---11.

This conjecture is closely related to the problem of moments of Dirichlet L-functions
[13] and correlations of divisor sums [14]. In the same paper [71], Rodgers and Soundarara-
jan confirmed an averaged version of this conjecture in a restricted range over smooth
cutoffs. Harper and Soundararajan [38] obtained a lower bound of the right order of mag-
nitude for the average of this variance. By using the large sieve inequality, we obtained
an upper bound of the same order of magnitude for this averaged variance in Theorem
3.

In this chapter, we replace the upper bound in Theorem 3 by an asymptotic equality
for the ternary divisor function 73(n) averaged over moduli up to the length of the sum.
Our approach is based on Motohashi’s treatment for the case of 75, with appropriate

modifications; see Sections 4.2.1 and 4.2.2 below for discussions and possible extensions.

4.2 Statement of result

Our main result is the following
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Theorem 5 We have the following asymptotic equality, with effectively computable nu-
merical constants

2

8
Z Z Z m3(n) — NPy(logN)| = N2268,j log® I N + 0O (N599/300I4-5)

1<P<N 1<b<t | 1<n<N §=0
n=b(mod £)
where
Tg(n) Ns_l
BPy(log N) =R ) 4.6
2(log N) = Res MZM S (4.6)

4.2.1 Remarks

The function P;(log N), which can be thought of as the expected main term (EMT),
is a certain second degree polynomial in log N whose coefficients can be determined

explicitly. In fact, one has (c.f. Lemma 21)

Py(log N) = %AlogZN — (A= B)logN + (A - B+ 0),

where
q

A=A@b) =07 g%, () D eglaapy),
ql? a,B,y=1

q

B=B,b) =0 q %) Y elaaBy)(3r0(a/q) - 3loga),
qlt a,B,y=1

-~ _ _ 9

C=C,0) =0 g %(b) D eqlaapy)(Bro(a/g)v(B/a)=90(a/q) logq+§10g2 a),
qlt a,B,v=1

7 is Euler’s constant, vo(«) is the 0-th Stieltjes constant, and c,(b) is the Ramanujan

sum. Different main terms are also considered by other authors. Our choice of EMT

(4.6) differs from that of (4.4) by an admissible amount which can be shown to be at

most O(X?2/3€). This has the harmless effect of changing lower order terms coefficients
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S, in the asymptotic; see the discussion proceeding Lemma 32 below. Since our average
over b(mod /) is over all residue classes not necessarily coprime to ¢, the expression (4.6)
is the natural EMT to consider, as can readily be seen from its shape. When coprime
condition is imposed on b(mod ¢), the corresponding EMT is the one appearing in (5);
this EMT comes from the contribution of the principal character y mod ¢.

The constants &;,0 < j < 8, have complicated expressions but can be explicitly

determined from our proof. We give here the value of the leading constant Sg:
1 _ _ _ _ _
68:§H(1—9p 2416p° —9p +p %) =1.223 .- x 107°.
p

We note that it is possible to obtain asymptotics for (4.5) with ¢ averaged over the
range 1 < ¢ < L for L < N and L > N. A phase transition in the coefficient of the
leading asymptotic might begin to occur. It is also plausible to use this method, in
conjunction with subconvexity bounds for ((s), to treat the variance of 74(n). On the
generalized Riemann hypothesis, it might also be possible to treat all 7(n). We hope to

return to these ideas in a future article.

4.2.2 Outline of the proof

We follow the approach of Motohashi [64] in his treatment of the divisor function
7(n), which in turn was based on Montgomery’s adaptation [60] of a result of Lavrik [54]
on twin primes on average.

To control the error term, we prove an analog of Lavrik’s result for 73, using a simpler
version of Vinogradov’s method of trigonometric sums, as in Motohashi. The standard
convexity bound for ((s) in the critical strip suffices for our purpose. We remark here

that our analogue of Lavrik’s result can be seen as an average result concerning the mean
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square error of the following modified additive divisor sum

> mn)ms(n+ h) (4.7)

1<n<N-—h

of length N — h averaged over h up to h < N — 1. The advantage of considering (4.7) is
that the length of this sum becomes shorter the larger the shift h is, making contribution
from large shifts small, so a power saving is possible when an average over h is taken.
This idea might also have application to the sixth power moment of {(s), which we plan
to revisit in the near future.

To evaluate the main term, we proceed slightly different from Motohashi due to
some complications involving an exponential sum in three variables. We show that the
resulting sum can be evaluated, on average, thanks to the orthogonality property of the

Ramanujan’s sum.

4.3 Preparatory lemmas

For 0 > 1 and (a,q) =1, let

E (s; g) — By (s; g) - iﬁ)(n)eq(a e (4.8)

n=1

The case for the usual divisor function 7(n) was considered by Estermann (1930) who
obtained analytic continuation and the functional equation for the corresponding gener-
ating function. Smith (1982) extended the result to all 7. We specialize to a special case

his results.

Lemma 16 [7/, Theorem 1, pg. 258] The function Es(s;a/q) has a meromorphic con-
tinuation to the whole complex plane where it is everywhere holomorphic except for a pole

of order 3 at s = 1. Moreover, E(s;a/q) satisfies the functional equation

E(s;a/q) = (%)_2(28_1) %(%T;)EJFO —s;a/q)+1i (%) Ay %E(l —s;a/q),
(4.9)
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where

E*(s;a/q) = Z G*(my, mg, ms; a/q)(mimams) ™, (o > 1),

mi,mgz,mg>1

1

G*(my, ma, m3;a/q) = 2

{G(ml, Mo, M3; @/Q) + G(m17m2>m3; —G/Q)}>

and

G(my,me, ms;a/q) = Z eq(amimaoms + myxy + Moy + msxs).

z1,22,23(q)

We rewrite the functional equation (4.9) as follows (c.f. Ivic [46]). Let

1
(n,a/q) = Z Z ) eq axr1ToTs + 1Ty + NoTs + nzrs)

ninan3=n ri,r2,r3=1

+ e (—az1x9w3 + nyxy + Noxo + TLgZL'g)).

We have that
|A%(n,a/q)| < ¢*r3(n).

Then from Lemma 16 we obtain the following form of the functional equation.

Lemma 17 [0, Lemma 2, pg. 1007] For o <0 and (a,q) = 1, we have

B(s;a/q) = (g)%(zsl){F ZA+ n,a/q)n*" 1+ZF (Z ZA n,a/q)n },
(4.10)

where the two series on the right-side are absolutely convergent.

We also need the Laurent expansion of E(s;a/q) at s = 1 for residue calculations.

We first recall a lemma from Motohashi [64].

Lemma 18 We have, uniformly for any integer d,

Z (dm) —yZCP (log dy + 2y — 1 — 2log q) + O(7*(d)y"*log? y).

1<m<y qld
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Proof: See [64, Lemma 4.6.1, p. 193]. |

Lemma 19 For (a,q) =1, we have

1 A B -
E(S’G/Q):g((s—l)3+(s—1) 8_1)+;cnaq )(s—1)" (4.11)

where

q

A=Alq)=q7 ) ellaapy),

afrel
B=B(q)=q" Bi 1 eq(acy)(30(a/q) — 3logq),
afe
C=Clg)=q" ;q:_l eq(aaBy)(3vo(a/q)v0(B/q) — 9v0(e/q) log g + glogg q),
with b
Jo(e) = lim <kzjo . i ~ — log(m + a)) . (4.12)

The coefficients A, B,C" are independent of a and satisfy

A(q) = log®q, B(q) =<log’q, C(q)=log'q, (4.13)
uniformly in a.

Proof:  See Ivié¢ [22, pp. 1007-1008] for the Laurent expansion (4.11). In fact, Ivié

also gave upper bound of the form ¢¢ for A, B, and C' which came from the bound

q

Z eq(aafy) < q Z T(aq) < ¢*.

a,By=1 1<a<q

We can sharpened this upper bound by applying Lemma 18 and bounding > by

qld q

log(q), giving
q

D eglaaBy) <q > T(ag) < ¢*log’q.

a,B,y=1 1<a<q
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On the other hand, we have
q
> eglaaBy) > q Y mla) = ¢*log’ ¢+ O(¢’ log q).

a,B,7=1 1<a<q
Thus, noting that vo(a) < 1 by (4.12), the bounds (4.13) follow. |
Lemma 20 Forn > 1 and (a,q) = 1, we have

a\ n’ 4 (A

Res B S;E S =an Elog n—(A—DB)logn+(A-B+C) |, (4.14)

where A, B,C are given in Lemma 19.

Proof: We have, by (4.11),

a\ n® 1. d? 5 a\ ns
EEEE(%)::ﬁii%@((S—”E<8>g>;)

=g m s ((A+ B(s—1)+C(s — 1)*+ O((s — 1)3))“_8)

s
4 (A
=q n(glog n—(A—B)logn+(A—B+C)).

Lemma 21 Foro > 1, let

R(s;(,b)

= Z T3(n)n"°.

n=b(mod £)
We have

NS

Rels R(s;0,b)— = N (élogzj\/— (fl—é)logN—l—(fl—B—i—C’)) :
5= $

where

A=A(Lb) =07 g7, (b)Alq),

qle

B(e,b) =07 " q e, (b)B(q),

qle

C=C,b) =0 g e, (b)C(q),

ale
with A(q), B(q),C(q) given in Lemma 19.

B
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Proof: We can write R(s;/(,b) as

R(s;{,b) = ZZeq ab( )

ql¢ 1<a<q
(a,9)=1

~7 Z Cq ( — 1))3 + B + C’(q)) + 2 % %cq(b)cn(a,q)(s —-1)"

—1)2 _
7 (s —1) s—1 iy

A(,b)  B(L,b)  CUb) =11
= - —cq(b)ey(a, —1)".
(3—1)3+(s—1)2+s—1+20€ - qu()C(GQ)(S )
n= q
The lemma follows as in the previous one. [ |
For a € R, let
D(a,N)= Y ms(n)e(an) (4.15)
1<n<N

Using (4.8) we first estimate D(a, N) for a = a/q with (a,q) = 1.
Lemma 22 For (a,q) =1, we have

D (g,n) = g (glogfn —(A=B)logn+ (A— B+ C)) + O {(ng+ q2)3/5+€} ,
with A, B,C given in Lemma 19.

Proof: We have

s s 1 —0+iT
D(gn) ResE(s;g)n—+ReSE(s;g)n—+—, E(s 9) " d.16)
q 1 q) s = s=0 q) s 2m ) s 7 q
1+e 1 1+9
—l—O{nT +nE+T/_6 E(a+iT;g> n”da},

where § = (log(ng +1))~! and T is to be determined latter. By expressing the residue

as an integral around the origin,

Res F (s; ﬁ) n
s=0 q S
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By the functional equation (7.12) and the convexity argument,
’E (O’ + T E) ‘ < (qT)%(lf") (log ¢T)°
q

uniformly for —6 < o <1+ 4. Hence we get

Y s

—/ E (3; Q) n—ds

21 ) s it qa) s

E (a T 9)
q

< (Tq)* (log qT)’ (4.18)

and

3(1-0)

146
o n 6 Tq
n’do < T(log qT) /5 (m) do. (4.19)

1 1446
T /5

Taking

T =q (ng+¢*)*°

it follows from (4.14), (4.16), (4.17), (4.18) and (4.19) that

A
D (g,n) = g (Elogzn—(A—B)IOgn+(A—B+C)) +O{(nq+q2)3/5+e}.

Lemma 23 For a € R, we have

D(a, N) = 3 (éloan— (A—B)logn+(A—B+C)) e ((a— 9) an.zo)

qlgngN q
+O{(NQ+Q2)3/5+E <1+ a— E'N)},
q

with A, B, C' given in Lemma 19.

Proof: 'We have
D(a,N)= > {D(a/g,n) = D(a/g,n — 1)} e((a —a/g)n).

This, together with Lemma 22 and partial summation, gives (4.20). [
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Let
1
F (a,—,N) = - Z (—loan— (A—B)logn+(A—B+C)) e ((@— g) n)
q 1<n<N q
(4.21)
and
q 2
Gale,N)= > > |F (a, - N) , (4.22)
1<g<A  a=1
(a,9)=1
where A satisfies
AN < Q (4.23)

and A is to be determined more precisely latter; see (4.37) below. By Lemma 23 and

equation (9.11),

Dl ) = Flawa/a. V) < (Vg + ¥ (14 |- 5\ V).
Now, by (9.11) and (4.22),
1 q
Galo, N) = > elak) [ Y Wk, N) > eg(—ak) |, (4.25)
[k|<N—1 1<q=n 1 ( a:)l )
a,q)=
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where

1
Wy(k,N) = ZAQ Z log? nlog?(n + |k|) (4.26)

1<n<N—|k|

1
— §A(A — B) Z log nlog(n + |k|) log n(n + |k|)

1<n<N—|k|

+(A=B)> > lognlog(n+|k|)

1<n<N—|k|

N %A(A ~B+0) Y (log?n + log¥(n + [k]))

1<n<N-—|k|

—(A=B)(A-=B+C) > logn(n+|k|)

1<n<N—|k|
+(A— B+ O)*N — |k|)

= w1 (q)T1(k, N) + - +we(q)Ts(k, N),

say. For the innermost sum in (4.25) we have

S eol-ak) = (%) : E”(? y =l

()= (@l

Thus we write (4.25) as

1

Galo,N)= >~ <Z q2cq<\ky>wq(k,zv)> e(ak)= > Sa(k,N)e(ak), (4.27)

lk|<N—-1 \1<¢<A |k|<N—1

say. Now, by (4.15), we have

ID(a, N)P = Y V(k,N)e(ak),

k|<N-1
where
V(E,N) = Y m(n)ms(n+ k). (4.28)
1<n<N—|k|
Thus,

[D(a, N)[* = Gala, N) = > (V(k,N) = Sa(k, N))e(ak).
k|<N—1
and we obtain
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Lemma 24

> (V(EN) = Salk,N))* = 0 |D(a, N)[2 = Gala, N)|* da, (4.29)

with D(ca, N), Ga(a, N), V(k,N), and Sa(k,N) given by (4.15), (4.22), (4.28), and

(4.27), respectively.

This integral will be estimated in Section 4.4 below.
Lemma 25 With

Ti(k,N)= > log’nlog*(n+ k), (4.30)

1<n<N—|k|

Ty(k,N) = Z log nlog(n + |k|) log(n(n + |k|)),

1<n<N—|k|

Ts(k,N)= > lognlog(n+|k|),

1<n<N—|k|

Ty(k,N) = Z (log®n + log?(n + |k])),

1<n<N—|k|

T5(k,N)= > log(n(n+[k])).

1<n<N—|k|

given from (4.26), we have
Ti(k, N) = (N — |k|)log® N log*(N — |k|) + O(N log® N),
To(k,N) = (N — |k|)(log> Nlog(N — |k|) + log Nlog*(N — |k|)) + O(N log® N),
T5(k,N) = (N — |k|) log N'log(N — |k]) + O(N log N),
Ty(k, N) = (N — [K|)(log? N + 1og(N — [k])) + O(N log N),
Ts5(k,N) = (N — |k|)(log N + log(N — |k|)) + O(N).
Proof: For k > 0, by partial summation, we have
Ts(k,N) = (N — k)log(N — k) + Nlog N — klogk —2(N — k) + O(log N).

Similarly, we obtain the other T;’s. [ |
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Lemma 26 For positive integer 6 and q > 1, we have

Z c,(0m) = O(g6~ 2 X *10g? X).
1<m<X
Proof: Let us consider the function

OOcqém
-y

m=1

We have

ZZ (dYdm™ =06"° Zm_sz,u< >d15—5SC(s)ZM<%>d1_S.
m=1 d|ém dlq dlq
dd'=q

Hence we have

s 1/2+4T s
Y c(dm) =Res $07°C(s) Y p (%) dl‘sX? + %/ 57¢(s) > (%) dl_sX?ds

1<m<X dlq 1/2—iT

) XHG+X€+£/1 (o +4T) Y ()dl‘”T X°d
1 o

Since we have

/T|C(1/2—|—it)| dt < log>T
L UES

S| X e <a

dlg dlq
and
(o +4T)| < T3 1og® T;
taking T'= X we complete the proof. [ |

We will apply Perron’s formula in the following form.

Lemma 27 Let f(s) = > 2 a,n"° be a Dirichlet series converges absolutely for o > 1.

Suppose a,, = O(n¢) for any ¢ > 0 and f(s) = ((s)°F(s) for some natural number ¢
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and some Dirichlet series F(s) absolutely converges in R(s) > 1/2. Then for X not an

integer, we have

> a, = (KF_(ll))XPg 1(1ogX)+0( +z),

where Py_1(log X) is the polynomial in log X of degree ¢ — 1 with leading coefficient 1

gien explicitly by

Xs—l

S

Pr_1(log X) = (£ — 1) Res,—1((s) F(5s)

Proof: See [66, Problems 4.4.16, 4.4.17]. |
Lemma 28 We have
ZT??( ) = 8'XPg(logX)%—O(Xlo/n)

where

ay =[] (1 -9 2 +16p~> — 9p~* +p~¢) = 0.04932. .

p

and Py(log X) is a polynomial of degree 8 in log X and leading coefficient 1.

Proof: 'We have

> > (v +2)\?
2 -5 _ 1 —Vvs
>t =T 3 (5) )
n=1 P v=1
where both members of this equation are absolutely convergent if ¢ > 1. Hence, if 0 > 1,
9{2732(71 } H{1— "1+ 9~ +36p 2 +---)}
n=1
=[I{t+ap ™ +ap™®+---} = F(s),

p
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(Y

r=0

say, where

We adpot the convention for the binomial coefficients that (:1) = 0 if m > n. The

coefficient a,, satisfies

la,| < Kv?,
where K is independent of v. Hence
o
Z ’al/’p—us < K/p—Qs’
v=2

where K’ is independent of p. Hence, if o > 1/2, then Zp p~2% is absolutely convergent,

and thus is also

F(s) = H {1 +Za,,p_”s} :

p v=2

Hence we obtain that

> mn)n ={¢(s)}Y F(s),

n=1
where F(s) is absolutely convergent for o > 1/2. It follows at once, by Lemma 27, that

a
> mn) = 8—?"XP8(log X) 40 (X111

n<X )

where

as=F1)=][(1 -9 +16p> —9p~* +p ).

p

Lemma 29 We have

N-—1 2
tlog t
/ %8 gt = N (log? N —log N — = + 1) + O(log N)
. N—1¢ 6

and

N=1tlog?t ) w2 )
/ N tdtzN(log?’N—ﬂog N—(3—2)logN+2C(3)—2)+O(log N).
) _
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Proof: Expanding into a geometric series and integrate by parts, we have

N-1 0 N-1
tlogt 1
=3 — ™ log tdt
/1 N —t mlem/l o8

= Nlog(N—l)g: mil (NA_[ 1)m+1 —Ni (mil)Q (N]; 1>m+1+0(1)

1 m=1

2

=N <log2N—1ogN— %—I— 1) + O(log N).

This gives the first integral. The second integral is computed in a similar way. |

4.4 An analogue to a result of Lavrik

In this section we estimate the integral in (4.29) by trigonometric method of I.M.
Vinogradov along the line of Lavrik, following Motohashi (section 3).

Let a/q be a term of the Farey series of order €2, which is to be determined latter.

Let
al a a//
77 q
be consecutive terms of the Farey series and let C'(a/q) be the interval [‘;ﬁig, Zig:’l] . The

interval C'(a/q) contains the fraction a/q with length bounded by

Q)=

Let
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denote the integral in (4.29). We proceed to estimate U(N). We have
. 2
vy =Y Y / [D(er, N)[2 = Ga(or, )| dax (4.32)

q 2|2
<2y ) / |D(a, N)|* — ‘F (a,—,N) do
1<¢<Q a=1 “C(a/a)
(a,9)=1
q 2|2
+2 > Y / GA(a,N)—’F (@,—,N) dov
1<q§Q( a:)l Ca/q)

say. For Uy (N), we have, from (4.24),

22
o — —

'|D(a,N)|2 - ’F (a,g,N>

< (Nq+q2)g+2€ (1 +

Thus, for a € C(a/q), we have, by (4.31), that the above is bounded by

$ 426 12 1 4e NE+ 2 a
(NQ)st* 4 Q5T + RE |D(a, N)|* + |F oz,a,N

and we get

1<g<Q  a=1
(a,q)=1

16
?+25

N
< ((NQ)§+2€+§2152+4€+ o0 )NloggN.

105

Z 2N2) <|D(a,N)|2 + ’F (a, SN)

6 12 N%'ﬂe ! a !
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(4.33)

F (a,g,N>
q

)
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Chapter 4
For Uy(N), we have, by (4.22),
2
q 7 a 2
(N) < > Z/ > 'F (a,—,N> dov (4.34)
1<¢<Q a=1 “YC@/0) |1<g<n 4=1
o W
a’'q#aq’
4
.S z / ( N) do
A<q<Q a= 1 C(a/q)

say. By (9.11), we have
(N log® N)* 1 N'log®N
Us(N —_ — <L —. 4.35
1(N) < Q Z 7 S TTOAS (4.35)
A<g<
It remains to estimate Us(N). By partial summation, we can write F' (a,d’/¢', N) as

1
?(A(a', q) log® N + (B(d',q') — 2A(d’,¢')) log N +2A(d,¢") — B(d', ¢')

—I—C( 7Q))1S§§:N (( q/) ) q,/l ( 6 + 6 1;{ df

Thus,

/ re 3N
’F (a,a—/,N)’ < 708 ~7-
q q Sinﬂ'(a—%)‘

) has period 1 in o, and |a/q—(a'/¢'£1)| < 1/2. Thus, U3(N)

The function F (o, a’/q', N

is at most

< MlgPN Y Y / i Z - do
(@/a) 1<q'< a

1
1<q<Q a=1 a'= ¢ |sinT <a — “:)
a,q _1 (a/7q/)71 q
o<|z—4]<h
By (4.23), we have, for a € C(a/q),
1la o a’ 3
22 < la- 2| <2
2 |q ah T4
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for N sufficiently large. Hence,

Us(N) < Q*A?log” N Z Z Z Z Tod — <<92+EA210g12NZ u4 7

1<g<Q a=1 1<q¢’<A a'= u=1
(a,9)=1 (a’, q') 1
a’q#aq’

where ¢(u) is the number of integer solutions to |ag’ — ga’| = w in the range of summation.
We have
t(u) < A*Q

which yields
Us(N) < Q¥A*log'? N, (4.36)

From (4.29), (4.32), (4.33), (4.34), (4.35) and (4.36), we get the inequality

21/5 "
S V(e N) Sl M) < N (N5 ey + 2 a0
1<k<N-1

We now take, for example,

Q=N and A= NV (4.37)
Then the requirement (4.23) is satisfied, and we have proved
Lemma 30 The inequality

Z <V(ka N) — SA(/{?, N))2 < N299/100

1<kE<N-1

holds for sufficiently large N.
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4.5 Proof of Theorem 5

Let Q(N) denote the sum on the left side of (4.5). We have
(4.38)

T3 (n1)7'3<n2)

2. 2

1<U<N 1<n3,n2<N
ni=nz(mod £)

—i—iNQlog‘lN > Ay

1<U<N 1<b<Y

—N’log’ N Y ) (4 A(C,b)B((, b))

1<l<N 1<b</
1(¢,b)B + B(¢,b)?)

+N?log® N > ) (A(6,b)* = 2A(4,b)

1<l<N 1<b</
+N’log N Y ) (4 A(L,b)B(L,b) + A(€,b)C(£,b))
—2A(0,0)B(£,b) — B(£,b)C(£,b) + A(¢,b)C (¢, 1))

1<U<N 1<b<e

+2N?1og® N > Y (A

1<U<N 1<b<Yl

)2+ B(0,b)>?

24 B(6,b)* 4+ C(4,0)? — 2A(L,b) B(£,b) + 2A(L,b)C(¢,b) — 2B(£,0)C(L,b

+N2 Y ) (4

1<U<N 1<b<Y

—Nlog® N > Y A(e,b) Z
n<N
n=b(0)

1<U<N 1<b<e

||| i

+2N1log N Y > (A(4,b) — ) D T
1<l<N 1<b</t ng %I)\f
B(L,b) + C(L,b)) > 7s(n)

+2NZ Z 1<n<N
n=b(0)

1<USN 1564

= Q1(N) + -+ Quo(N),
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say. We start with evaluating Q)1 (/N), which is the longest of the ten. We have

=N > mm+2 > > > m(n)ms(n+ul) (4.39)

1<n<N 1<U<N-1 1<u<(N-1)/f 1<n<N-ul
=N > mm+2 > V(kN)(k),
1<n<N 1<k<N-1

where V' (k, N) is given by (4.28). Here we have, by Lemma 53,
3w n) = %NPg(log N)+ 0 (NY/M) (4.40)
n<N ’

with az and Ps(log N) given in that lemma. Now, by Lemma 30,

S VI N)r(k)= > Salk,N)r(k) (4.41)

1<k<N-1 1<kE<N-1

1/2 1/2
+0 ( 3 ﬂk)) < 3 (V(k,N)—SA(kr,N))Z)

= 3 Salk,N)r(k) + O (N¥/30) = Q1y(N) + O (N¥9/30)

1<k<N-1

say. We now calculate Q11(NV). By (4.27), (4.26), and (4.30), we have

Qu(N Z ST wila) Y (ke (k)T (k, N).

=1 1<g<A 1<k<N-1

If g =1, then
ci(k) =1, A(1) =1, B(1) =3y, C(1) = 342,
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and, hence,
wy (1) = i, (4.42)
wi(1) = (37~ 1),
w(1) = (1= 37)%
wi(1) = =5 (1 =3y +379%),
ws(1) = (37 = 1)(1 = 3y = 3+?),
we(1) = (1 -3y +39%).
Thus,
Qu(N) = iju) > r(k)Ty(k, N) (4.43)
30 auila) Y TR)e (T (k. N).
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To calculate the k-summations, we need to compute the following sums.

Hi(N) = K’;V 17<k) log(N — k), (4.44)
Hy(N) = 1<k;ZN 1 7(k)log*(N — k),
Hy(X) = ;%;:XT(k')cq(kr)
Hy(N) = ;;V 1 7(k)cy(k) log(N — k),
hﬁs(N)szZ;V 1T(kr) (k)log™(N — k),
= Y kr(k)log(N — k),
1<h<N-1
= Y kr(k)log’(N — k),
1<h<N-1
= > kr(k)e,
l;gv 1 kr(k)cy (k) log(N — k),
Hyo(N) = 1<§v 1 kr(k)cy(k) log? (N — k).

Assume ¢ > 1. We now compute the first sum in (4.44). By partial summation, we have

=[5

By the first part of Lemma 29, this is equal to

N-1
t
: logtdt 4+ (2y — 1) / N—dt + O(NY21og N).
) _

2
N (10g2 N —log N — % + 1) +(2y —1)(Nlog N — N) + O(N"*1og N).

Thus,

2
H{(N)= Nlog® N + (2y —2)Nlog N + (% — 2fy> N + O(NY?1og N).
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Similar, by both parts of Lemma 29, we get

N1 g 2
Hy(N) = / N _: (t log?t + (2y — 2)tlogt + (% - 27) t+O(t/? logt)> dt
. _

2

= Nlog® N + (2 — 4)Nlog? N + (4—47— %) Nlog N

+ (24(3)—2—(27—2) <%2—1> —%2+27>N—|—O(N1/210g2]\7).

We now estimate H3(X). We have

H3(X) = Z Zcq(k): Z Z Cq(dm).

1<k<X d|k 1<d<X 1<m<X/d

By Lemma 26, the inner sum is < ¢d—'X'/?1log? X. Thus,

Hy(X) < ¢X'?log? X >~ d™' < gX'?log” X.
1<d<X

Using this we get, by partial summation,

H,(N) = O(qN"/log" N)
and

H5(N) = O(gN'?1og® N).
By partial summation we can easily obtain

Lemma 31

Hg(N) = %(N —1)%1og®(N — 1) + M\ (N = 1)%log(N — 1) + Xa(N — 1)> + O(N?*/?1log N),

H;(N) = %(N —1)%log®(N — 1) + A3(N — 1)%log*(N — 1) + Ay (N — 1)?log(N — 1)
+ As(N — 1)2 + O(N*?10g® N),

Hg(N) = O(N*?1log® N),

Ho(N) = O(N*?log* N),

Hio(N) = O(N*?log* N),
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with numerical constants \;’s.

Here we have

A =7v—1/2,

w2 1 3
M= T
>\3:7_5/4)

ete.
Collecting the w;(1)’s from (4.42) and the H,’s above, we deduce the following

Lemma 32 There is an explicit polynomial Ps(log N) of degree 5 in log N such that the
q =1 contribution in Q11(N) from (4.43) is given by

Y wi(l) Y T(k)T(k, N) = N*Ps(log X) + O(N*?log? N).

1<k<N—1
Moreover, the ¢ > 1 contributions in Q11(N) from (4.43) is at most O(N®?), and,

consequently, from (4.39), (4.40), (4.41), and (4.43), we obtain that
Ql(N) = N2P8(10g N) + O(N599/300).

With more effort, though tedious in details, one can calculate similar asymptotic
expansions for Qa(N) to Q10(N) in (4.38). However, for our purpose, it suffices to bound
the sums Q,-Q1o and show that they are smaller than the leading term N2 log® N. Indeed,

by (4.13) and orthogonality of the Ramanujan sum ¢,(b), we have that
Q2(N), -+, Q1o(N) < N?log® N. (4.45)

We demonstrate one such bound for Q2(N)-the other bounds can be obtained similarly.
Suppose first that ¢ = 1. We have, in this case, A(¢,b) = ¢! for any b, and hence

ST A= > > P <logN. (4.46)

1< N 1<b<t 1<U<N 1<b<t
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Assume next ¢1,q2 > 1. Suppose (¢1,¢2) = 1. Then
Z Cq1 <b>CCI2 (b) = Z Cq1q2 (b) < Q142
1<b<t 1<b<t

From this and (4.13), we get

DAL =Y > o'yt ) cqy(b)eg, (b) log? gr log® g

1<b<t @l gt 1<b<e

= (2 Z log® ¢1 Z log? ¢s < (™% log* ¢

Q1|£ qg‘f

and, hence,

A(0,b)? < Z (~?log" ¢ < log N. (4.47)

1<<N 1<b</ 1<¢<N

It remains to consider the case where (q1,¢2) > 1. Let go = [q1, ¢2]. By orthogonality of

cq(b) we have that

QOSO((JO)7 if g1 = g2,
D" g (D), (b) =

1<b<qo 0, otherwise.
Thus,
lo(qo), if @1 = g,

1<b<t G192, otherwise,

which gives

Zlgzgjv (7'7(0) < log® N, if g1 = go,

1<6<N 1<b<t E1gegN (! < log N, if ¢1 # qo.

This, together with (4.46) and (4.47), give that Q2(N) is at most O(N?1og® N), verifying
(4.45) for Q2(N).
As mentioned before, the estimates in (4.45) are crude simply for the purpose of show-

ing they do not contribute to the leading term. It is possible, by procedures analogous
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to the computations for Q1(N) and >, W, (k, N) demonstrated in the proof, to compute

explicitly a polynomial Ps(log V) of degree 6 in log N such that
Q2(N) + -+ + Q1o(N) = N?Ps(log N) + O(N9/300),
We conclude, therefore, that Q(V), which is the left-hand side of (4.5), is given by
N?Py(log N) + O(N*71/300)

which gives the right-hand side of (4.5). This completes the proof of the theorem.
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Distribution of the ternary divisor
function in arithmetic progressions
on average

5.1 Introduction and statement of result

Theorem 6 For any € > 0, we have

(

X5/6+eq1/47 ifX1/2 <q< X2/3,

X
Z Z T3(n) — gO(q)Pg(logX) K Q XT/Hegl/2 jf XVA < g < x40, (5.1)

1<a<q n<X
(@.q)=1 |n=a(mod ) X11/12+€7 if1<q< X1/4,

\

where Py(log X) is a polynomial of degree 2 in log X with coefficients depending on q,

and the implied constant depends only on €.

5.2 Lemmas

Lemma 33 (/2, Lemma 2.1]) For any Y < Z and § € Z,

S =2 s e () o (o0 (V) v (220,

Y<m<Z q 1<|h|<H
m=L(mod q)
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o0 (5) () -5

Lemma 34 (/2, Lemma 2.2]) Let (r,q) =1, 0< H < g, and z € R. Then

where

> O (z — m) < H g™+ Hq ™.
1<a<q q
(a,9)=1

We use the following result of Cochrane and Shi [11].

Lemma 35 [11, Theorem 2] Let H; be intervals of length H;, i = 1,2,3,4. Then we

have, for any q > 1,

#{(x1,m9, 23, 24) € H1 X Ha X Hz X Hy, x1292314 = 0(mod q) : x1209 = 2324(M0d )}

H H,HsH.
— 1 2 3444 + O ((H1H2H3H4)1/2q6)

for any € > 0.
We apply Lemma 35 above to generalize [2, Lemma 2.3].

Lemma 36 Let

Q=q]]r™"

plg

Then for all Y1 < Zy, Yo < Zs, and d,h > 1 with d|q and (h,q) = 1, we have

2.

1<a<q |Y1<0<Z;
(a}q):l Y2<C§Z2
(be,q)=1

where Vi = q[(Z1 — Y1) /q], Vo = q[(Z2 = Y2)/q], L1 = q{(Z1 —Y1)/q}, and Ly = q{(Z2 —
Ya)/q}-

Z (adh%) ViVad + Ly Log*/?d"/? + (L1L2)1/2q +4q, ifQld
e <
1 LiLyq"?dY? + (L1 Ly)"%q + q, otherwise,
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Proof:  The proof of this lemma follows the proof of Lemma 2.2 in [2], except that
in [2, (2.17) pg. 6] we apply Lemma 35 to estimate the sum

Z . (@h(@f— m))

Y14+V1<b1,c1<2,
Yo+Va<ba,c2<Z2
(b1bacic2,q)=1

Y14+Vi<b1,e1<2,
Yo+ Va<ba,c2<Z>
b1 b2 =cC1C2 (mod f)

5.3 Proof of Theorem 6

We follow the proof of Banks, Heath-Brown, and Shparlinski [2, Theorem 3.1]. Put

X = Y | Y nm -8

el et »(q)
(a,q)=1 |n=a(mod q)

where

S*(X,q) = Z 73(n).

n<X
(n,q)=1

For arbitrary A in the range 0 < A < 1/2, let

1 .
M:{-(1+A)J|0§j§3},

2
where
log(2X) 1
= | — 7 A7 log X.
[log(l n A)] <8 s
Then
Z T3(n) - Z 1= Z Da(A7B7C)7
n<X abe<X A,B,CeM
n=a(mod q) abc=a(mod q)
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where

D,(A,B,.C)= > 1 (5.2)
A<a<A(14+A)
B<b<B(1+A)
C<e<C(1+A)
abe<X
abc=a(mod q)

Similarly,
S*(X,q)= Y, D'(AB,C)
A,B,CeM
where
D*(A,B,C)= > 1 (5.3)
A<a<A(1+A)
B<b<B(1+A)
C<e<C(14A)
abe<X
(abe,q)=1

Following [31], we call a triple (A, B, C) good if ABC' < X(1+ A)™3, and bad otherwise.
Note that, for good triples (A, B,C), the condition abc < X in (5.2) and (5.3) are

redundant. We have

Y Du(AB,C) < (AXq 4+ 1)X,

(A,B,C) bad
Y DY(ABC) < (AX +1)X.
(A,B,C) bad
Consequently,
D*(A, B,C
T(X,q) < (AX + )X+ > > |Du(A,B,C)— % : (5.4)

(A,B,C) good 1<a<q
A>B>C (a,q)=

For any good triple (A, B,C) with A > B > C, we have, by Lemma 33 implies that

D.(A,B,C)~ > AAq' < Ei(A B,C,a)+ Ey(A, B,C,a),

B<b<B(1+A)
C<e<C(1+A)
(bcv‘Z)zl
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where

Ey\(A,B,Ca)=| Y > ca(n < hbm),

B<b<B(1+A) 1<|h|<H
C<c<C(1+A)
(bC7Q):1

BABCG)= T )(QH <A—%a> o (A(1+A)—%a>)’

B<b<B(1+A
C<c<C(1+A)
(be,g)=1

0= (252 (2) - [ ()

We have the trivial bound

and

ca(§) < min{|¢|™t, AAg ). (5.5)

Put H =¢q¢— 1 and J = [log(AA)] — 1. We have

J+1
El(A7B7 07 CL) S ZEl,j(Av B,C, (Z),
=0

where

ELj(A,B,C,CL) = Z Z CA ( hbca) 3

B<b<B(1+A) heH,
C<c<C(14A)
(be,g)=1

and the h summation is over the sets
(

{ht<|nl < 5}, if j =0,

o= | (bl < Wl < g}, it =1,

{hle/T' &L < |h| <q—1} ifj=J+1.
\

By Cauchy’s inequality, we have
2

J+1
> Ei(A,B.Coa)| <qlogX» > Eij(A B,Ca)
1<a<gq j=0 1<a<q
(a,q)=1 (a,q)=1
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Distribution of the ternary divisor function in arithmetic progressions on average Chapter 5

For each j, we have

Y B(ABCa?= > Y S calha)ealha)e (“(hlﬁq—hzﬁg

1<a<q 1<a<q B<b1,bo<B(14A) h1,ho€H;
(a,q)=1 (a,q9)=1 C<c1,e2<C(14A)
(brbzcicz,q)=1

<q Z Z ca(hi)ca(hs).

B<bl,b2§B(1+A) h1,h2€7‘lj
C<er 702§C(1+A) hibicy EthQCQ(mOd q)
(b1bacica,q)=1

By (5.5), ca(h) < e 7AA/q for each h € H;. Therefore

,AQ 2
Z ElJ(A’ B>Oa CL)2 < e T](B,O),
1<a<q q
(a,9)=1

where T;(B, C) is the number of solutions (hy, ha, by, ba, ¢1, ¢2) of the congruence
hibic; = habaca(mod q)

with B < bl,bg S B(l + A), C < C1,Co S C(l + A), (blbgclcg,q) = 1, and hl,hg € Hj.
We have that

Ty(B,C) < (1 + M) (1+ AB)(1+ AC) <1 + ejABAC) X¢

and we derive that

> Eij(A,B,C.a)’ <q '(1+AB)(1+AC) (e 7AA+q)(e /AA+ BC)X
1<a<q
(a,q)=1

< ¢ {1+ AB)(1+ AC)(AA+ ¢)(AA+ BC)X
Hence,

Y Ei(A,B,C.a) < (1+AB)2(1+ AC)'*(AA+q)'*(AA+ BC)'/?X°. (5.6)
1<a<q
(a,q)=1
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On the other hand, with H = ¢ — 1, we have

SREERES DI SR SE D DI G- |

1<a<gq d|lq 1<|h|<q/d 1<a<q | B<b<B(1+A)
(a,9)=1 d<g (h,q)=1 (a,9)=1 | C<e<C(14A)
(be,g)=1)
thus, by Lemma 36 and the bound (5.5), we derive that
(
(ABACqG'? + ABV2C'2q + q) X°, if AB,AC < q,
Y Ei(A,B,C,a) < S (ABAC + ACG2 + AV2CV2g32 4 ) X<, if AB > ¢ > AC,
1<a<q
(o=t (ABAC + ABg + ¢*/2) X°, it AB,AC > q.
(5.7)

We now estimate contributions from Es(A, B,C,a). By Lemma 34 with H = ¢ — 1,

we get

> Ey(A,B,C.a) < (1+ABAC)X".
1<a<q
(a7Q):1

Suppose first that ¢ > X'/3. We have, by (5.6) and (5.7),

> DA B.C)- Y AAg'| < E(A B,C0)X, (5.8)
1<a<gq B<b<B(1+A)
(a,q)=1 C<c<C(1+A)

(bcv‘Z):l

where

(

(14 AV2ZBI2)(1 4 AV2CV2)(AV2AV? 4 BI2CV2)@12, if max{AA,C} < g,

E(A,B,C) < { ABACGY? + AV2BY2AY20V 2 + ¢, if AB < ¢,

ABAC + AC@? + AV2CV2¢3% ¢, otherwise.
\
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We also have that

1<a<q ¥ Q) B<b<B(1+A)
(a,q)=1 C<c<C(1+A)
(be,q)=1

This, together with (5.8), substituted into (5.4) yields

T(X,q) < (AX +¢)X°+ >  E(A B,C)X"

(A,B,C) good
A>B>C
We have
> E(A,B,C)<U +Us+Us+ Uy,
(A,B,C) good
A>B>C
where

> (LD*(A,B,(J)— > AAgT'| < E(A, B,C)X°.

(5.9)

U, = Z Z (1+Al/zBl/2Al/zCl/2)(A1/2A1/2—1—Bl/QCl/Z)ql/Q,

BC<AX/q A<A—1lq

U= Y. > (ABAC+ABAC)q"”,

BC<AX/q A~1q<A<X/BC

Us = Z Z (1 +ABI/2C'1/2)(A1/2A1/2 +Bl/2Cl/2)q1/2,

AX/q<BC<X2/3 A<X/BC

U= > > > ABACq'”.

C<X1/3 X1/3<B<X1/2 A<KX/BC

Using that M is a geometric series, we have the trivial estimates

Y e ATY, Y V< ATYI2 Y 1< ATIXE

ceM ceM CceM
CY 1029% C<Y
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Thus, we derive that

Ul < (A71/2q71/2X+A73/2X1/2)X6’
Uy < (AqY2X + Aqg V2 X)X,
U3 < A_1q1/2X2/3+€,

Uy, < A gX13Xe,

Choosing
q1/4X71/67 if X1/2 <q< X2/3,
A =
G2X 29 i XA < g < X0,

we obtain, via (5.9), the estimate

X5/6+eq1/4’ if X2 < q< X2/3,
T(X,q) < (5.10)

q1/2X7/9+67 if X1/4 <q< X4/9.

Similarly, we derive, for ¢ < X'/3, that

E E(A,B,C)
(A,B,C) good
A>B>C

XE(X5/6 L ATLGU2X/6 A2 X164 A2 X5/12 +A3g), ifq> AX2,

< Xe(A—1X5/6_|_A—2q3/2X1/3+A—5/2q3/2X1/6+A—3q)’ i AXLB < q< AXl/Q,

X(ATIXP6 4 A72q X2 4 A—3¢5/6), if ¢ < AXY3,

\

Thus, choosing A = X~12 we obtain
T(X, q) < Xll/l?-‘re
valid for ¢ < X1/4.

Hence, recalling Lemma 51, with this estimate and (5.10), the desired estimate (5.1)

follows immediately.
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Chapter 6

On correlations of divisor sums

6.1 Averaged correlations

Let
Ds(X,h)= > w5(n)ms(n+h).

1<n<X—h

In this chapter, we derive an asymptotic for the average correlation sum

> Dy(X,h).
h<X—1
Theorem 7 There are numerical constants cg, ¢1, co, c3 such that

Z Z 73(n)T3(n + h)

1<h<X—1 1<n<X-h

, (log' X 3 2 3/2+e
=X 1 +c3log” X + colog” X + c1log X 4+ ¢y | + O(X ),

for any e > 0.

6.2 Lemmas

We start with some lemmas.
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Lemma 37 (Voronoi) We have

log” X
Z m3(n) =X ( ng +alog X + b) + O(X /2ty

n<X
where

a=3y—1

and

b=3v*—3y4+ 3y + 1.
By partial summations, we can derive the following variants.
Lemma 38 We have

1 -
Z TB(n)n = X2 (Z IngX + dlogX + b) + O(X3/2+e)’

n<X

where
N a+1
a=—-+-
2 4

and
~ a b 1
b=—-4+—-——.
17273

Lemma 39 We have

n<X

4 O (X3/2+e) '

Lemma 40 We have

log® 1 = a 1 b 1
_ y2 [ o8 ~ 1 2 a1 a o 1
E T3(n)nlogn = X ( 1 +(a 8)10g X+<b 2+8>10gX+4 16)
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6.3 Proof of Theorem 7

Proof: 'We have

> Y mmnth)= Y wn) D w(h)

1<h<X-1 1<n<X-h 1<n<X-—1 n+1<h<X

By Lemma 37, the most inner sum of the above is equal to

Y mh) = m(h) =X (bg;X +alog X + b) +O(X V2

h<X h<n

1 2
-n < og2 n +alogn+b) + O(nt/?re).

Plugging this in, we see that we need estimates for the following sums

Z m3(n)nlog?n,

n<X-—1

Z T3(n)nlogn,

n<X—-1

Z T3(n)n.

n<X-1

and

These can be derived straightfowardly using partial summations and Lemma 37. This

gives the main term, after some algebra. The error term is bounded by

O <X1/2+e Z 7'3(71)) _ O(X3/2+6).

n<X-1

The € in the error term can be made more precise if needed, and X¢ is probably of the

form log® X for some C. |

Remark 6 If we only average h up to H < X — 1, then the appropriate modification is

Z Z 7'5 n + h) Z 7'3(71) Z Tg(h)

1<h<H 1<n<X—h 1<n<X-1 n+1<h<min{H+n,X}
= E 73(n) E m3(h) + § 3(n) E 3(h),
1<n<X-H n+1<h<H+4n X—H+1<n<X-1 n+1<h<X

which can be treated similarly as with the case H = X — 1.
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Chapter 7

On the zeros of the derivative of the
Riemann zeta function near the
critical line

7.1 Introduction

Let p) = ' + i7" denote the zeros of ('(s), s = o + it. The distribution of zeros of
¢'(s) is intimately related to those of ((s). For v € R, Soundararajan defined
_ . 1
m~ (v) = lim inf Z 1, (7.1)

T
e NI(T) B'<1/2+v/logT
0<y'<T

where Ny (7') is the number of zeros of zeta prime with 0 < 4" < T'. The behavior of the
function m~(v) determines the horizontal distribution of the zeros of zeta prime near the
critical line. On RH, Soundararajan showed that m~(v) > 0 for v > 2.6. In 2001 Zhang
[86] showed, unconditionally, that m~(v) > 0 for v sufficiently large. In this chapter, we

give a quantitative lower bound, complementing the result in [86, Theorem 1].

Theorem 8 For v > 102, we have

m~(v) > 107%.
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7.2 Proof of Theorem 8

We give a sketch of proof. We follow Heath-Brown’s note 9.26 in Titchmarsh [76].

Let 0<h<1, X=Te>0keN,

Q) =St -~ % 79)
P =183 p - ), (73)

and
Ut) =Q(t+h) — Q(t),

so that S(t +h) — S(t) = U(t) + P(t).
By Montgomery, Vaughan, and Vaaler’s generalization [61, Corollary, page 36] of

Hilbert’s inequality, we deduce that

T+H ‘
/ E a,r— "
T T

for some 0, —1 < # < 1. It follows from this that

2

dt < HZ la,|* + 33692r|ar|2,

/T o (; annit> (; bnn”> - H;aﬁ < 336 (me?) " (Z”\bn\2> 1/2.

n n

From the above inequality, it can be shown that

T+H 1
JRRVIOIRTE D ST

T

<6723 play? (7.4)
p

and
2
)

(7.5)

e 4 3 2 < 2
| v = 5H 3 lomf!| < 1032 Yol

where f(t) denotes either the real or imaginary part of Zp a,p . For the derivation, see

the proofs of Lemmas 1 and 2 of Tsang [78].
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In a way analogous to the proof of Theorem 4 of Tsang [78], we get by applying (7.4)

and (7.5) to f(t) = P(t) that

T+H
/ {P(t)}th‘ <7 ?Hlog(2+ hlogT)
T

and

T+H
/ {P(t)}*dt — %H log?(2 + hlog T)’ < 672H log(2 + hlogT).
t 7-(_

From Lemma 7 on page 440 of Karatsuba and Korolév [49], we deduce that

T+H 637
/ |Q(t)dt < (—) H < 10¥H

. 10-1272

and

T+H e374 2
/ 1Q(t)|*dt < <—) H < 10°*H.

- 10-1272

Hence, by (7.6) and (7.8),

T+H T+H
/ {S(t+h)—S(t)}2dt:/ {U(t) + P(t)}?dt

T T

< [ woras [ wopae ([ wepa) " ([

T T T T

< 10%H + 7~ Hlog(2 + hlog T) + 2 (=~ Hlog(2 + hlog T)) "/ (10 H)

< H(10* 4+ 77 21log(2 + hlog T)) + 10" H log'/*(2 + hlog T).
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Similarly, by (7.7) and (7.9) and Hélder inequality, we get

/ﬂH{S(t +h) — S(t) Y dt = /T+H{U(t) + P(t)}*dt

T T

= / ey / Py 4 ( / T+H{U(t)}4) " ( / T+H{P(t)}4)3/4

T T T T

+4 ( /T T+H{U (t)}4)3/4 ( /T T+H{P(t)}4> " +6 ( /T T+H{U (t)}4> " ( /T T+H{P(t)}4> 1/2

3
<H (1060 + = log?(2 + hlog T)) + 10" H log®*(2 + hlog T).
s
For 2nM < hlogT < 4w M, the inequalities

T+H
/ {S(t+h)—S@t)ydt — H(10* + 772 1log(2 + hlog T))' < 10 H log'/?(2+hlog T)
T

(7.10)

and

T+H
/ {S{t+h)—S@t)}dt — H (1060 + 34 log?(2 + hlog T)) ‘ < 10'°H log®*(2+hlogT)
T T

(7.11)
hold if

M > 10%

which we henceforth assume. With this value of M and taking H =T, (7.10) and (7.11)
yield

2T
/ |S(t+ h) — S(t)|?dt > T

T

and

2T
/ |S(t+ h) — S(t)|*dt < 10T

T

for T large. By Holder inequality we have

/QT |S(t+h)—S(t)]dt < (/TZT |S(t+h) — S(t)|dt)g (/2T |S(t+h)— S(t)]‘*dt) 3 :

T T
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so that
3/2
27 (f |S(t+h) — (t)|2dt> 73/2
—18
/ IS(t+ B — S(8)|dt > 72 s — 10T
T (f S(t+h) — (t)\4dt) (10%)

We have that
N(t)=L(t)+S(t) (t>to)
with

t+-+0
21 —{—SjL

t 1+log2m, 7 (1)
t )

we obtain

1 t+h 1+ log 2 hlogT 1
L(t+h>—L(t):%(tlog%+hlog(t+h)>—wh+0(1/t): °8 +o( )

2 2 logT
and hence
hlogT 1
— =N — N(t) — 1
S(t+h) — S(t) (t+h) (t) o + O (logT) ) (7.12)

for T' <t < 2T, whence
hlogT

27
/T 2m

We proceed to write h = 2w\ /logT, 1 < A < 2, and

N(t+h) — N(t) —

T T 19
p— —_— _— > - .
‘dt / S(t+R) — SO)|dt+ O (logT) > 10-197

5(t,\) = N <t+ 2“) CN() = A,

logT’
so that
M-1
hlogT 2rmA
N(t+h) = N(t) = — = = Zé(H— logT,/\) .
Thus,
= hlogT
107197 < / N(t+h) — N(t) — =25 ‘dt
T 2T

2mmA

2rmA M-l 2T+ log T
) (t+ og T A)‘ = Z/ﬂzm |0(¢, \)|dt

m=0 log T

M-1 .or
X/
2T
_ / 5t N,
T
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and hence
2T

/ 16(8, \)|dt > 10-1°T (7.13)
T

uniformly for 1 < A < 2. Let I denote the subset of [T, 27] on which N (t + 13?%)

N(t), then
S(t, \) + 2, (tel),

0(¢, M) <
S(tA) +2)—2, (te|T,27] - 1),

so that (8.7) yields

2T
107197 < / 16(, \)|dt =
T

2T
S(t, \)dt + (2A — 2)T + 2m(I),

T

where m(I) is the measure of I. However,

2T A 21 A 1
=N —N({t)= )= —
o(t, N (ﬁ+kgT) (t) — A S<t+h%7) S@)+()<bgT>
and hence
2T 2T 27TA T
_ _ = O(logT
/T o(t, A)dt /T <S (t + 10gT) S(t)) dt + O (logT) O(logT),
whence
10797 < (2A — 2)T + 2m(I)
and
m(I) > % (107" —=2X+2) T > 1077,

if we choose A =1+ 1072° > 1. Thus, if

2T
S:Slz{nTS’ynSQT,’yn+1—’yn2 il },
log T

then

nes

B 2w
107207 <m(I) <> e T < > (s — ) + O(D),
t
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so that

(1072)° 77 < {Z<7n+1 - %)} < (#5) (Z(%H - %)2) : (7.14)

nes nes
By Theorem 1 of Fujii [35], we have

2nT
) <9
Z (’yn-‘rl ’Yn) — 10g T/27T

Y <T

Inserting this into (7.14), we get
#S > 107¥N(T)

showing that

Tnd+1 — Un —20
——— >1+10
or/logm —

holds for a positive proportion of n.

Let ¢ = 1073, ¢o = 1072! and v = 10?2, Then ¢; > 0 and ¢, and v satisfy

O<ep<A—1

and
v 20\ +1
_— > —.
v+ 21 2\
We choose
c=5-10"%
so that

O<c<<1+i) (01—40——0)
TA Coy

in [86, equation (3.15)] is satisfied. By the proof of Theorem 1 in [86], we conclude that

Z 1>cT'logT

B'<1/2+v/logT
0<v'<T
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holds for sufficiently large T', and, consequently,
m~(v) > 107%

for all v > 10%2.
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Chapter 8

Large gaps between critical zeros of
L(s, x)

8.1 Introduction and lemmas

Let

1
S(t,x) = %argL(1/2 +it, x),

where the argument is determined by continuous variation on the half-line o +it, o > 1/2.

If ¢ is the ordinate of a zero, then we put

1
St x) = 5 (S(E+0,x) + 5(t = 0,x)).
We start our investigation of large gaps of critical zeros of L(s, x) by citing a special

case of Fujii’s Main Theorem in [33].

Lemma 41 [33, Main Theorem] Let x(mod D) be a primitive character of a fized mod-

ulus D. Suppose h > 0 is bounded. Then we have

2T |
/ 1S(t+ h,x) — S(t,x)[** dt = %T(Zlog(?—i—hlog T))*4+O(T log(2+hlog T)"~1/?).
T .
(8.1)

The following is an analogous result to Littlewood [76, Theorem 9.12].
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Lemma 42 For every large positive T, L(s,x) has a zero B + iy satisfying

|y — T| < (logloglog T')~".

Abbreviate 7, = 7,(x). Using (8.1), we shall prove

Lemma 43 Suppose that T > Ty, h > (logT)~!. We have

T'log(2+ hlogT)

2

(g:q (Va1 — )% < e T (8.2)
'Yn+1f'Y_nzh

Proof:  'We follow the proof of Fujii [34, Theorem 2|. By Lemma 42, for every large

positive T' (T > e is enough), L(s, x) has a zero § + i7 satisfying

A

< logloglog T (83)

[y =T

and % < [ < 1. Hence,
A

< —————— 4
T < log log log T’ (8.4)

Tn+1 —

for T1/2 < 5, < T. Between v, < t < Yn41, L(1/24it, x) has no zero and N (v, +t,x) =

N(Yn+1, x); hence,

h /
- = log —.
|S(t+h,x) —S(t,x)| > 5 108 5

Assume v,41 — ¥, => h. Then

Yni1—3h
/ (S(t+ 1/2,x) = S(E X))t > = (s — 1) (B log T

. (2m)?
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This, together with (8.5), give

3 (st —m) < % 3 / TS+ hy2) — S()dt

0<y <T 0<yn <T Tn
'Yn+1*'}/n2h 'Yn-&-lf’YnZh
(27T)2 /T 2
< S(t+ h/2)— S(t))"dt
< Ghiog T J, (54 h/2) = S()
< T
(hlogT)*

Using Vn41 — Yo > h and rewriting v,41 — 7, — h/2 as ff;;“_% du, we have
2

Y =W < D (s — ) 20ns1 — 9 — h/2))

0<vn<T 0<yn <T
Ynt1—Yn=h Tnt1=In2h
Tn+1—Tn
S 2 Z (/Yn-‘rl - Vn)[ du
0<yn <T §h
Tnt1—Yn>h
16(log log log T) 1
<2 / 2 O = u)du
'Y'n+1_’77l2u
16(logloglog T') 1 1 2 log T
<<T/ o +UO§ )“’
o (ulogT)

by (8.4). The integrand is monotone decreasing, and we obtain the bound

T'log(2+ hlogT)
logT '

Z (7n+1 - 7n)2 <

0<yn <T
Yn+1—"Tn Zh

This gives (8.2). |
Using Lemma 43 we shall prove the following corollary with the condition 7,11 —~v, >

h removed.

Lemma 44 We have
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Proof: We follow the proof of Fujii [34, Corolary 1]. Choosing h = 27(logT)™!, we

get, by Lemma 43,

Z (’771-1—1 - 771)2 = Z (’7n+1 - 771)2 + Z ('Yn—i—l - '7n)2

0<yn <T 0<yn <T 0<yn <T
Yrt1—Yn>2m(log T) ™t Yr1—Yn>2m(log T) ™1

T log(2 + 2m) or \?
——+ N(T
< logT TN (T <logT)
N(T, x)
(log T)?"

<

This gives the lemma. |
We now adapt Heath-Brown’s note 9.26 in Titchmarsh [76] as in Chapter 7 to derive

the following large gaps result.

8.2 Statement and proof of Theorem 9

Theorem 9 There exist computable constants ¢ > 0 and X\ > 1 such that for T large, we

have

Z 1> eN(T, ).

0<’Yn<71

In+1—In
2m/log T >A

Remark 7 As in Theorem 8, the constants ¢ and A can be made explicit by replacing

Q(t) and P(t) in (7.2) and (7.3) by

Q(t,x) = S(t,x) — % 3 Sin(“(i%?)x(p)

and

1 .
P(t,x)Z;gzp 2" = 1)x(p),
p<X

for some suitable X .
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Proof: By Lemma 41, we deduce

/QT(S(t +h,x) = S(t,x))dt > T (8.5)

T

and

/QT(S(t +h,x) = S(t,x)*dt < T

T

uniformly for

2rM < hlogT < 4mwM,

for a sufficiently large integer M. Hence, by Holder inequality, we have

|S(t+h,x) — S(t,x)|dt > > T (8.6)
! (J27 IS+ hox) = S(t ) l1dt

/w (JE 150+ o) — ()

By Riemann-von Mangoldt formula,

hlog DT 1
S(t+h,x) =St x)=N{E+h,x) =Nt x) — - Qgﬁ +0 <logDT)

for T' <t < 2T, whence

)

= hlog DT 2
N({t+h,x)— N(t,x) — —|dt = S(t+h, x)—S(t, x)|dt+0O
[ o = ve0 = BEPE e = [ isterno-steno (i
We proceed to write h = 2rM\/log DT, 1 < A < 2 and
2T
=N — N(T, ) —
36, = 8 (#4250 x) = NTo0 = A
so that
M-1
hlog DT 2rmA
N ~ N(t,x) — - .
P MIGE=EY
It follows that
o
/ 6(EA)|dt > T (8.7)
T
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uniformly for 1 < X < 2.

Let I denote the subset of [T, 27] on which N (t -+ 102;37’7 X) = N(t, x), then

s < JTENFR (e,
s+ 2n—2 (e om -1,

so that (8.7) yields

2T 2T
T<</ |0(t, \)|dt :/ S(t, N)dt + (2X — 2)T + 2m(I),
T T

where m([) is the measure of I. However,

2w 2w 1
(S(t,)\) =N <t—|— W,X) —N(t,x)—)\ =5 (t—l— W,X) —S(t,X)—i-O (10gDT)

and hence

2T 2T 27_‘_)\ T
/T 5(t, \)dt = /T (S (t + g DT’X) - S(t,x)) dt +0 (log DT) — O(log DT),

whence

T < (2A = 2)T + 2m(I)

and

m(l) > T,

if A is chosen sufficiently close to 1. Thus, if

2T\
S:{n:T§7n§2T,7n+1— > =7 },

T = 10g DT
then
27 A
T el — Yn) + O(1),
<<m logDT ;S(’YH ’Y)+ ()
so that )
72 < {zm _ w} < (#9) S (s — )
nes nes
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From this and Lemma 44, it follows that
#5 > N(T, x),
showing that

Tn+1 — Tn >
2m/log v

holds for a positive proportion of n.
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Future projects

9.1 On the generalized de Bruijn-Newman constant

for quadratic Dirichlet L-functions

9.1.1 Introduction

Let —D < 0 be a fixed fundamental discriminant. Let y be the Kronecker symbol

and L(s, x) be its Dirichlet L-function. Define
Zi(z,x) = / exp(tu?)®(u, x) cos(uz)du,
0

where
= 3u  n’mexp(2u)
o =4 —_— .
(u,x) Zx<n>ne><p(2 i

n=1

The function Z;(z, x) is entire, even, and satisfies the backward heat equation

o= N 9’z 0
ot 022
For ¢t = 0, the function =Z;(z, x) reduces to
D (s+1)/2
20 =S = (2) T /DL

143
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Analogous to Newman’s theorem [67, Theorem 3] for the Riemann zeta function, there
is a real constant A_p € (—o00,1/2] such that (i) Z;(z, x) has only real zeros if and only

if t > A_p and (ii) Z4(z, x) has some complex zeros if t < A_p. In [75], Stopple defined
A, = {sup A_p| — D fundamental},

and conjectured, analogous to Newman’s conjecture for ((s), that Ax, > 0. The recent
work of Dobner [21] implies, in particular, that A_p > 0. In this section we outline a

different proof of this pointwise lower bound: One has
A_p>0. (9.2)

Our approach is closer to the original proof of Newman’s conjecture of Rodgers and
Tao [72] and makes use of arithmetic information on the distribution of gaps of zeros of

L(s, x) on the critical line from Theorem 9.

9.1.2 Outline of the proof of (9.2)

As in [72] we suppose for contradiction that A_p < 0. Since the function Z(z, x)
solves the backwards heat equation, this gives the same dynamics on the zeros z; of

Zi(z,x) as in [72, Theorem 4.1]. Consequently, c.f. [72, equation (93)],

. 47T—|— 0T~>oo<1)

2y (0) = a,(0) = T (93)

holds for a fraction 1 — or_s(1) of j € [T'logT, 2T logT], where the points x;(0) are
twice the imaginary part of the nontrivial zeros of L(x,x). This implies that almost all
zeros of L(x, x) are uniformly distributed close to the average spacing. But, by the result

of Theorem 9, there is A > 1 and a constant ¢(A) > 0 such that

4
logT

zj+1(0) — 2;(0) = A (9.4)
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for a positive proportion ¢(A) of j < T'log7T. This contradicts (9.3) and therefore the
assumption that A_p < 0.

In the next subsection, we summarize the main modifications from ((s) to L(s, x) in

order to apply Rodgers-Tao’s method of convergence to local equilibrium [72; Sections

4-8] to derive (9.3). Then, in the section 8, we prove the large gaps estimate (9.4) leading
to the desired contradiction.

9.1.3 Applying Rodgers-Tao’s method of convergence to local

equilibrium

Since D > 0 is fixed, we allow all O() terms and < symbols to depend on D. To

lighten up the notation, we omit this dependency in the notation and write O() for Op(),
and < for <p.

Asymptotic of Z;(z, x)

We establish some upper and lower bounds on the function =;(z)

= Zi(z, x) and its
logarithmic derivative Z)(z)/Z(z).

Lemma 45 Let z = v — iklog, x for some x > 0 and 0 < x < C, and let A <t < 0.
then one has

Zi(2) < exp <—% + Oc(log?. x)) : (7)

Furthermore, there is an absolute constant C' > 0 such that if kK > C', then on has the
refinement

_ T
Zi(z) = exp <—§ + Oc(logi 517)) )

(8)

as well as the additional estimate

—/

= 7 % log,
A il
= ) 4Og(47r)+00( z )
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using the standard branch of the complex log.

Proof: 'We begin by treating the easy case t = 0. We have the bound [18, (12.14),
page 82]
L(s,x) < 2D|s| = O(|s]) (10)

whenever o > 1/2. In this region, we also have the Stirling approximation

F(J—FiT):exp((a—i—iT—%) log(a+i7)—(a+i7)+log\/%+0( ! ))

lo + i7|
where we use the standard branch of the logarithm; in particular

1
['(o0 +i1) < exp ((0 — 5) log |0 + i7| — T arctan T a) :
o

As arctan = = Zsgn(7) + O (#), we have in particular that
: 7r
D(o +i7) < exp (=Zl7| + 0o log, (jo| + |7]) ) .

By these bounds we obtain the crude upper bound

7|x]

=~ i) < exp (<7514 01+ ) log. 1]+ 1)) (13

for x € R and y > 0. This gives the t = 0 case of (7).

When o > 2, say, we can improve the bound (10) to
L(s,x) <1
and so we obtain the improvement
mlz|

=o— ) = exp -T2+ 01 +) o (ol +))

when y > C"log, x. This gives the t = 0 case of (8).
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Finally, from taking logarithmic derivatives of (9.1) one has
= i 1 T 11" /1 L
“ ()= - [ —Zlog— + —— [ = 1 =
—0) =3 (—ploe 3 (5+0) + T
where s := 5 + . One has the well known asymptotic
1"/
1 O
F(3) =toeg+ <|s|)
for the digamma function . From the Dirichlet series expansion £ (s) = — 5°° | W <
Yo, 1252?, one can establish the bound
L 1

in the regime C"log, * <y < C'logz. Putting all this together, one obtains (9) in this
case.

We now address the t < 0 case. We begin with the proof of (7). For any ¢t < 0 we
have the classical heat equation identity

tu?

(& ex ZZU eX ya T 1/2
plisn) = —— / pli(z + r|t]Y2)u)dr

for any complex numbers z, u; replacing z,r by —z, —r and averaging we conclude that

1
e cos(zu) = —

47T/Re_’”Q/‘lcos((z~|—7’|t\1/2)u)d7“.

Multiplying by ®(u), integrating w from 0 to infinity, and using Fubini’s theorem, we
conclude that

—_ —r2/4r—~ 1/2
=i(2) z 4 r|t|*)dr
\/471'/

Applying (13), the triangle inequality, and the hypothesis A < ¢ < 0, we conclude that

Zi(x—iy) < exp (—% +O((1 +y)log, (x| + y))) /Rexp (—; +O0((1+y+|r|log, 7"))) dr.
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Using (1+|r|)log, r < er?+O(1) and ylog, r < er?+ O.(y?) for any absolute constant
e > 0, we have
2 2

— Ol + O((L +y + ) (1 +log, 1) < —= + O((L+)°),

thus arriving at the bound

]

= (o - in) < xp (=T 4 01+ ) log, ol + (14

Since y = O¢(log, x), this gives (7).

To prove the remaining two bounds (8) and (9), it is reduced to showing that

Et (z) = exp (Oc(logi z))

—0

and
E/ El
=(2) — 22 (2) <¢

=t =0

log, =

when k > C’. This is accomplished in the next subsection, via the oscillatory integral

I;(b, ¢) and the method of steepest descent. [

Modification of the oscillatory integral I,(b, ()

As the function

D(u, x) =4 Z x(n)nexp(3u/2 — n*m exp(2u)/D)

n=1

— 3 (m(m)e™ ) exp (_%>

n=1

is even, we may write the function =Z;(z, x) as

- 1 u Uz
=iz, x) = §/Ret “®(u, x)e" du.
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Hence, by Fubini’s theorem, we get that

(2 x) = % S dnx(n)L(rn? /D, 3/2 + y + i), (9.5)

where I;(b, () denotes the oscillatory integral

L;(b,¢) = /Rexp(th — be™ + (w)dw (9.6)

which is an absolutely convergent integral whenever Rb, R > 0. Comparing (9.6) with
the corresponding oscillatory integral for ((s) (c.f. [72, (19)]), the factor 4w is replaced
by 2w, and b now takes the value b = mn?/D which makes the O() term in [72, Lemma 7|
depends on D. More specifically, in [72, Lemma 7], the condition b > 1, which is in the
hypothesis of that lemma, is used thrice in pages 13 and 14 between equations (26) and
(29). Replacing b > 1 by b > 1/D produces extra term log, D which can be absorbed
into the O(1) term. Moreover, the factor y(n) in (9.5) will be estimated trivially by the
bound |x(n)| < 1. Thus, repeating the calculations of [72, Section 2], we obtain the

following analogous asymptotic to [72, Lemma 7].

Lemma 46 Let b be a complex number with Rb > 1/D. Then

I,(b, 2b) = \/gexp (—b) <% +0 <|b+3/2>)

using the standard branch of the square root.

9.1.4 Riemann-von Mangoldt type formulae

For any A_p < t < 0, the zeros of =;(z, x) are real and simple. For any interval
I C R, let N¢(I) denote the number of zeros of Z,(z, x) in I. The classical Riemann-von
Mangoldt formula for L(s,x) (see e.g., [18, (16.1), pg. 101]), together with (9.1), gives
the asymptotic

No([=T.,T]) = 2¢(T) + O(log, T),
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for T' > D, where

T T T
T) = —log — + (log D — 1)—.
(T gy og47r+(og )47T

Using Lemma 45, we can derive by analogous calculations as in [72, Section 3| the fol-

lowing.

Proposition 4 (Riemann-von Mangoldt type formulae) Let A p <t <0, T >

D, and let 0 < a < C for some C > 0. Then one has
N([0,T]) = ¢(T) + O(log?. T)

and

alogz T
NA[T, T + alog, T]) = % + o(log? T).

9.2 Variance of the ternary divisor function in arith-
metic progressions: II. ) < X

In Theorem 6 an analogous asymptotic was worked out for 73(n) but only for the
case D = X with a different expected main term and without the condition (a,d) = 1.
The proof of that estimate is based on an averaged additive correlation sum estimate
for 73 using a simpler version of the circle method. This approach does not work well
when the a average is over (a,d) = 1 since we are unable to treat correlation sums with
coprime conditions at the moment. Also, motivated by certain applications, we consider

the expected main term

1
@ 7;( T3(n) (9.7)
(n,q)=1

which is slightly different from that of (4.5). Hence, we use a different approach, that of
Hooley from [44] which was used to treat an analogous sum to (9.7) with 73(n) replaced
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by the Chebyshev function 6(n). This approach makes use of the estimate (3.5) which

uses the multiplicative large sieve inequality.

9.2.1 Lemmas

We begin our lemmas by noting the following identity.

Lemma 47 For any n < X, we have

m3(n) =3 > 1-3 > 1+ > L (9.8)

l14203=n l10263=n l14203=n
016<X2/3; <X/ 010<X2/3; 0y,03<X /3 01,02,05<X1/3

Proof:  The identity follows from inclusion-exclusion; see, e.g. Hooley [43, p. 406].

Lemma 48 We have

1 11 1
S g X ~ i o).
;(n BATITOox Toxe T (X3>

Proof: This is a standard estimate and can be derived, for example, from Euler-

Maclaurin summation; see, e.g., [66, Example 2.1.10, p. 21]. [ |

Lemma 49 For any k > 1, we have

loghn  log"™ X . logh X
= —1)"%k! @) 9.9
T =R s 0 (), (99)

where 7y, s the Stieltjes constant

) " log"k  log"tt'm
=1 — :
" mzf%o{Z TR

In particular, for k=1,

logn 1. , log X
= —log® X — 0
= e x 40 (),

with v, = —0.072815 - - -.
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Proof: Equation (9.9) is equation (1.68) on page 20 of [47]. |
Lemma 50 We have

1
 mn) =X (5 log? X + (3y — 1) 1log X +3(y* — v +m) + 1) +O0(X?*Plog X).
n<X
(9.10)
Proof: 'This is also a standard result. We apply the identity in Lemma 59 to give

another proof. By Lemma 59, we have

domm)=3 > > Y 13 ) Y 1 > 1+ Y 1| =38-304Y,

< 1/3 2/3 X 1/3 2/3 1/3 1/3
n<X O<xY EQSXZ( KBS@ 6<xY gZSXZI/ f3<XxY/ <X/

say. We first have
Sy = (X2 +0(1) = X + O(X*3),

Note that the O(1) can be made more precise by replacing it with the fractional part

{X'/3}, but we will not be needing that for our purpose. Next, we have, by Lemma 48

X2/3 1
2y = Z / +0(X') (X1/3+O(1)) =X<§10gX+7> +O0(X*3log X).

H<X1/3 !

Similarly, we obtain
1
Y1=X (glogQX + ylog X + 2 —|—71> + O(X?*2log X).

Combining the above three estimates leads to (9.10). |
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Lemma 51 For any g > 1 we have

> w(n)

n<X
(n,q)=1
_v@? (1 Slog? X 37_Z+gzlogp 10gX+372+371—37+3(7—1)Zlogp

e 6 p—1

p\q plg
logp 2/3
XZ logX—l—v—l—Z +0 (1(9)X*log X) .
plq p\q

Proof: In what follows we write Z to mean a sum over those n that are coprime

n
to q. By Mobius inversion, we can readily verify the following:

Z 1=7 X+O( (q)),

n<X
* 1
S0 - w”xﬂou>x
2 q
n<X
«1 (g log p 2(9)
Z—:— 10gX+7—|—Z + O ;
= n q plq -1 X
«logn  ¢(q) (1, , 1 < p(d)log*d log X
Z 0 g 2log X —-m —22 7 +0 ~ )
n<X dlq

where w(q) = >_,, 1. Thus, we have, by (9.16),

S mm =33 3 Y13y YUY | Y 1| =35m0y,

< 1/3 2/3 X 1/3 2/3 1/3 1/3
n<X 0<XY £2§XZ1/ ZSS@ 0 <XV EQSXQ/ f3<XxVY/ <x1/

say. We treat Y3 first. We have

T

q q

(T(q)X*7).

Next, we have

2/3
S ij D22 ot | (B2 o),
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which yields

3 1 1
S, = 90(‘? X | glogX 47+ = L) 1 0(r(q)X** log X).
1 plg
Similarly, we obtain that
3 1 1
21:@(%)X 610g X + 7——4— Z ng log X +7% + 7 &ﬁ—l—%
a p\q plq b
X Z logp 1 2/3
ogX+7+Z + 0 (1(¢)X*?log X) .
p\q plq
Combining the above three estimates yields the estimate in the lemma. [ |

Lemma 52 For { < X2 and (a,f) = 1, we have

1 14/15
Z 7-3(71):(’0—6) Z Tg(n)—i-O(X / )

n<X ( n<X
n=a(¢) (n,0)=1

Proof:  Instead of working with the generating function for 7(n) in arithmetic
progressions directly, we will use the orthogonality of Dirichlet characters to decompose

the condition n = a(d). By the orthogonality condition

1 B 1, ifn=a(d),
m Z X(a)x(n) =
x(mod d) 0, otherwise,
we have
_ 1
> ) = Yo mn) o Y X(@x(n) = el Z re(n)x ().
n<X n<X X(mod d) mod d nSX
n=a(¢)
If x (mod d) is principal, then
X(a) =1,
> mmxn) = Y m(n)
n<X n<X
(n,d)=1
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Thus,
;{ Te(n) = —@(1d) Z Te(n) + _go(ld) (Z’ )Y(a) Z (n)x(n),
n=a(f) (;%)51 x(mod <X

!/

where Z ( restricts to a sum over non-principal characters y(mod d). Decompos-
x(mo

ing into primitive characters and applying Lemma 3, the second term on the right side

of the above is at most < X4/15_ The lemma then follows. [ |
Lemma 53 We have

Z 2(n) = agng(logX) L0 (Xlo/n) ’

neX 8!
where
_ —1\4 —1 —2\
as=[JA-p ) A +4p~" +p?) =0.04932- -
p
and
Ps(log X) =log® X + crlog’ X + - + ¢y,
with
(1+3p)logp
=8[9y—-1+6 =86.6---
” (” i ;<p—1><1+4p+p2> ’
etc.

Proof: We have

g%(n)n‘s =1] {1 + i (V;LQ)Qp‘”} ,

D v=1

where both members of this equation are absolutely convergent if ¢ > 1. Hence, if 0 > 1,

{<s)™ {ZTf(n)n_s} =J[{Q-p)°(+9p" +36p7> +---)}

= H{1+a2p’25+a3p’35+--~} = F(s),

p
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(Y

r=0

say, where

We adpot the convention for the binomial coefficients that (::1) = 0if m > n. The
coeflicient a, satisfies

la,| < K12,

where K is independent of v. Hence
(o]
Z |aV|p—Vs < [(/p—Qs7
v=2

where K’ is independent of p. Hence, if o > 1/2, then Zp p~2 is absolutely convergent,

and thus is also

F(s) = H {1 + Z al,p_”s} = H (1—9p > +16p™* —9p~* +p~*). (9.11)
P v=2

p

Hence we obtain that
> = = {¢(s)} F(s),
n=1

where F(s) is absolutely convergent for o > 1/2. It follows, from Perron’s formula, that

Y i) = %XPg(log X)+0 (X0,

n<X
where
as=F1)=JJa-p )1 +4p" +p?)

p

and
s—1 F’(l)
(1)

R1og X) = s e ()

= log® X -1
F) ) og” X+8 (97 +

) log” X +cglog® X +- - 4c.

Taking the logarithmic derivative of (9.11) yields

F'(1 1+ 3p)l
1) _ Z (+p)0gp2 — 663
F(1) (p— 1D +4p+p?)
The other coefficients ¢y, ..., cg can be computed similarly. This proves the lemma. B
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Lemma 54 We have

> nn)’ =
Lemma 55 For any real number k > 0, we have

3 (@)H = ¢, X + O(log X),

q<X q

where
o=TI(1- 0= 0-)). 9.12
» p
Thus, by partial summation,

> e

q<X

log X
:c,{(logX—i-l)—i—O(Oi )

Proof: See, e.g., [62, Exercise 2.1.1.14, pg. 42]. [

Lemma 56 We have

0\ o(0)? logX Cs 1
;(1—E> €3 20210g5+01+02 X +Y+O<W>,

where ¢y is the constant given by (9.12) with k = 2, and Cy, Cy, C5 are other numerical

constants.

Proof: If we let

then we have

oI (452)(-4) )

p

—ctsrucn [T {1+ (1= ) (U)o cts + 20

p
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say, where h(s) is regular and bounded for ¢ > —2. Thus, for ¢ > 0, we have

9 -7 ell)” L S & s = —5/4
Z(l ) e 2m()f()s(5+1)(8+2)d Ro+ R_y + O(£7%/%),

where Ry and R_; are the residues of the integrand at s = 0 and s = —1, respectively.

Both are double poles and we find

o = 3020 loge + 5 (CO)RO) + COW(0) = J600)) = Fealogt + 56

and

R, = - SOACDIosE | COMD +QONO) __lost

§ § 286 2

where C4, Cy, C3 are constants. [ |

Lemma 57 We have, uniformly for any integer d,

d
Z 7(dn) = X Z #(log dX 42y — 1 —2log q) + O(7*(d) X/ log® X).
n<X qld

Proof: See [64, Lemma 4.6.1, pg. 193]. [

By Dirichlet’s hyperbola method and Lemma 57, we deduce

Lemma 58 We have, uniformly for an integer d,

log? X 1
3 mdn) =x Y FU au ( 08 glogXlogdnL (27 — 1 —2logq)log X + log®d + 51ogd)

n<X qld

+ O(7%(d) X**log? X).

Proof: 'We have
Z T3(dn) = Z 7(dn) Z 1+ Z Z 7(dm) — Z 7(dn) Z 1.
n<X n<Xx1/2 m<X/n n<X1/2m<X/n n<Xx1/2 n<Xx1/2

By Lemma 57 and after some calculations, we obtain the lemma. [ |
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9.2.2 Outline of proof
We adapt Hooley’s method in [44] to prove (9.7). Recall that
Dl — X11/12.

By the large sieve inequality, we have, by (3.5), for 1 < D < Dy,
2

d BN IS
Y ) o D mn)| < XL

d<D a=1 | n<X n<X
n=a(d) (n,d)=1

Thus, it suffices to treat the case D; < D < X, which we henceforth assume.

Expanding out the square, we have

Z Z Z m(n)—ﬁ Z m(n)| = A(D; X) — B(D; X),

Dlgng( a=1 | n<Xx

a,d)=1 |n=a(d) (n,d)=1
say, where
2
d
A(D; X) = Z Z 73(n)
D1<d<D a= n<X
(a,d)=1 \ n=a(d)
and

1
B(D; X) = S 73(n)
prsazn Pd) 7;
(n,d)=1

By Lemma 51, we can write

Z T3(n) = SOE;?SX (% log? X + a(d)log X + b(d)) +0 (T(d)X2/3 log X), (9.13)

(n,d)=1

with
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and

log p
p—1

1 1
08D —logX+4fy—3+Z

b(d) =37* +3v, — 3
(d) = 37" +3m 7+Zp_1 . |
plq

pld

Hence, we can write B(D; X) as

B(D;X) = Z L (QOE;)?)X (%logQX + a(d)log X + b(d)) +0 (T(d)X2/3 1ogX)>

L oo, 4 gp(d)5 21..3 ‘P(d>5
:ZngXZ +X%log’ X ) —aq

D1<d<D D1<d<D
d)® d)?
+ X?%log® X Z il 6) (a3 +bg) + X?log X Z (pii—(i)adbd + O(X*4/3%e),
D1<d<D D1<d<D

Next, we we decompose A(D, X) into a diagonal and non-diagonal sums as

AD.X)= > > w0+ Y. > mh)mi). (9.14)

D1<d<D n<X D1<d<D nn/<X
(n,d)=1 n#n'

n=n'(d)

(nn',d)=1

We use Lemma 54 for the first sum on the right side. For the second sum, let

D)= XY )
D<d<X nn/<X
n#n’
n=n'(d)
(nn/,d)=1

so that the second term on the right-side of (9.14) is
J(X,Dy) — J(X,D).
We now treat J(X, D). We have,

J(X,D)=2 > 7s(n)ms(n),

n—n'=0d
n'<n<X
D<d<X
(nn',d)=1
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where ¢ < X/D < X'/'2. Hence,

JX,D)=2)" Y m)m®)=2> > > m@) Y 7(n9.15)

t<X n=n'(f) <X a=1 n'<X—¢D {D+n'<n<X
Pon<x D (a0)=1 p/=q(e) n=a(?)
n—n/>(D
(nn’,0)=1

By Lemmas 52 and 51, we have, for d < X2,

Z Ts(n) = QOE;)QX (% log2 X + a(d) log X + b(d)> +0 (X14/15) .

n=a(d)

Substituting this into J(X, D), the most inner sum in (9.15) is equal to

w(gi)QX G log® X + a(f) log X + b(@)

o(0)?
63

1
(D +n') (5 log®(¢D +n') + a(€)log(¢D +n') + b(ﬁ)) + O(X /15,
Thus,

J(X,D)=Xlog? X 3~ 90({?2 Y )

(<X ¢ n'<X—£D
b (n',0)=1
g 2
+2X1log X Y %—Qa(f) Y m)
g<% n'<X—¢D
(n'0)=1
g 2
+2x ) “O(EQ ) S m)
< nE</)§)—_f1D

p(£)?
n Z /3

> @)D +n)log’(¢D + 1)

g
23 A S ) (D 4 ) og(ED 1 n)ale
3 73(n)(¢D + n') log(£D + n')a(()

g<?Df n'<X—¢D

(n',0)=1

_22 o(0)? Z T5(n')(£D + 1n)b(£) + O(X29/30).

g<% n'<X—¢D
(n',0)=1
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The first three (n',¢) = 1 sums can be treated as before by (9.13). For the last three

(n',£) = 1 sums, we remove the condition (n’,¢) = 1 by Mobius inversion. We have

> m()(UD +n)log? (UD +n') = Y m(n)(D +n')log*(¢D + ') Y~ pu(d)
n'<X—¢D n'<X—¢D d|n’
(n,0)=1 dle
=> pu(d) Y w(n)(D+n')log*(¢D + )
d|¢ n'g)‘c—eD
d|n’

=> p(d) Y 73(dn')((D + dn')log*((D + dn).

d‘é n/SX:lZD

By partial summation, the inner sum of the above is reduced to estimating the sum

> 7(dn)

n<X

to which we appeal to Lemma 58.

9.3 Zeros of the derivative of the Riemann zeta func-
tion

9.3.1 Distribution of the difference g’ — 1/2

It might be possible to work out an asymptotic for the distribution for the difference

p" — 1/2. More precisely, let

Fa)=Ny(T)™" Y TV —1/2).

0<~'<T
Subtracting
¢, . 1
£(5) = —— + 01
from
CH B 2
S(5) = = +0()
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gives
C// B CI 1
?(5) = Z(S> T 51

From this, an application of Perron’s formula should give an explicit formula for sum

+0(1).

over zeros of (’(s) in terms of sum over primes of the form L(T) = R(T), say. Then

evaluating each side directly, it is plausible that
F(a) =1+ 0(1)

for 0 < a < 2/3, as in Ozliikk and Snyder [69].

9.3.2 Zeros of L'(s,x) near the critical line

It is natural to generalize Zhang’s argument [86] for ('(s) to zeros of L'(s,x) by
applying the result on large gaps between critical zeros of L(s, x) from Theorem 9. The
proof should go through without major modifications. More specifically, define

_ . _ R TI -1
m~(v) =m~ (v, x) —hTHLLI.}le(T,X) Z 1.
B'<1/2+v/logT
0<~'<T
Suppose x is primitive with y(—1) = 1. Then L/(s,x) is regular with no poles. Let
n(s) = h(s)L'(s,x) and &(s) = h(s)L(s, x), where h(s) = (7/q)*/?I'(s/2). Define, as in

[36],
—RL (L pit),  ifp(1/2+it) £0,
F(t) _ n (2 )
lim, s F'(v), if n(1/2 +it) =0,
1 1
A=- Y Rt ad BO= Y R
=y 1/2+%t—p’ o<goL/2 1/2+%t—pl

Then F(t) = Fi(t) — F3(t)+0O(1) and fjn”“ F(t) = 0(modm) between simple critical zeros
of L(s,x). By the argument in the proof of [86, Theorem 1], m~(v) > 0 for sufficiently

large v.
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9.3.3 Bounds on the function m*(v)
The function m™*(v) is defined as

m*(v) = limsup Ny (T) " Z 1.
T=o0 8'<1/24v/L
0<+'<T

Can we get bounds on the proportion of simple zeros of (’(s) on the critical line by

mollifying ¢”(s)? Let m(p) denote the multiplicity of zero p of ((s). Then

> B"(p)= Y. B (p)

y<T y<T
m(p)=1,2

and, by Cauchy’s inequality,

¥ er 1B ()P

Nin(p)=1(T) + Nin(py=2(T') = 5
Z’YST B¢ (p)

9.4 Distribution of arithmetic functions in arithmetic

progressions to large smooth moduli

9.4.1 Removing the co-prime condition (a,d) =1

In [40] Heath-Brown removed the corpime condition (a,q) = 1 by defining the func-

tion, c.f. [40, equation (8.3)],

F(n,0) =Y plar)u(az)u(as)ds(B6)

ajagazfS=n

with the property that, c.f. [40, equation (8.5)],

> F(n,6)ds(m/n) = ds(ms).

nlm
This implies

> ds(n)= Y F(n,6)Ds(X(nd)"", q, am),

n<X n|6?
n=a(q) (n,q1)=1
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where (a,q) =6, ¢ = dq1, and a = da;.
So to remove the coprime condition (a,d) = 1, following Heath-Brown, define, e.g.
for k =4,
F(n,0)= Y plar)u(as)p(as)u(as)ds(89)

ajagazasff=n

and show that

> F(n,6)ma(m/n) = 74 (md).

nlm

9.4.2 Relaxing the condition (d,[[ . y=2p) < X®

For any X/?7¢ < D < XV?2% et

ED)={d~D| [] »>X"}.
pld
p<xX =
Trivially these exceptional moduli contribute X (log X)#* to the sum (2.13). But since
the prime factors of d are not too large, the “Siegel-Walfitz” substitute can be applied
to save a power of X from the trivial bound. Thus the condition (d, [[ < y=2 p) < X% in

(2.13) can probably be relaxed.

9.4.3 Sieving sparse sets

Can we design a sieve that takes in smooth numbers, e.g. analogous to Zhang’s
sieve, and prove a distribution result to large smooth moduli? This is really vague at
the moment, but the idea is that the extra level of distribution might help capture more

primes in some sequences.
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9.5 Quantitative future works

9.5.1 Proportion of zeros of L(s,x) near the critical line

Analogous to Chapter 7, it might be possible to compute an explicit lower bound for

the positive proportion of zeros of L(s,x) near the critical line.

9.5.2 Gaps between zeros of ((s)

Work out explicit bounds for D*(«) in [?] by working out the asymptotics for

a/2L
ffo/f/u ZT<7§2T |F(y + t;T7)[*dt
2T F (Tt

ho(F,m, o, T) =

and

2T
| ey,

T
where F(t;T7) =3, f(n)n and L = 1/2nlogT.

9.6 Explicit main term in divisor sums

Using the following combinatorial identity found in Hooley [43, p. 406]:

Lemma 59 [/3, p. 406] For any n < X, we have

m3(n) =3 > 1-3 > I+ > 1 (9.16)
010at3=n 010a03=n 1at3=n
06 <X?/3 0 <XV/3 00<XP3 0 Ls<XME by bs<XP
we can derive a (conditional) explicit expression for the main term of the divisor sum
Ds(X) =Y 73(n)7s(n + h) (9.17)

n<X

as follows. Fix an h, say h = 1. Substituting (9.16) in for 73(n) we can write

D3(X) = 3% — 35, + %, (9.18)
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where

ESXI/B qu2/3
q=0(¢)

= XVP YT N DX 5, h) + O(kX),

ngl/B qu2/3
q=0(¢)

and
Y3 =0(%,),
with

Ds3(X;q,a) = Z 73(n).

n<X
n=a(q)
The main term for D3(X; g, a) is explicit:
D3(X;q,a) = My(X;q) + O(X"q ™) (9.19)

for some d1,d2 > 0, and where M3(X;q) is given explicitly, e.g., by equation (9.2) (pg.
52) in Heath-Brown [40]. Equation (9.19) is known to hold uniformly for all ¢ < X?2!/41
[40, Theorem 1]. We need (9.19) to hold, on average, for ¢ < X?/3. So if we assume that
(9.19) holds on average for ¢ < X?/3 by plugging Ms(X;q) into (9.18), we can derive

another explicit main term for the divisor sum D3(X), ignoring all error terms.

Remark 8 In a sense, by (9.18), the problem of obtaining an asymptotic for the cor-
relation sum D3(X) (9.17) is more or less equivalent to showing that t5(n) has level of
distribution 2/3. In other words, if we could obtain an asymptotic for D3(X), we would

likely also obtain a level of distribution 2/3, on average, for t3(n).
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