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'ABSTRACT: -The exactly soluble R(8) model of,Krume
linde and Szymaﬁski ié used as a testihg ground
for three many-body methods applied to thé yraét
band: (i) the éélf—consistent cranking model,
(ii)self-consistent cranking plus RPA, and
(iii)variation after prqjection of particlé
number.‘ All three methods agree very well With
rexact results outside of the critical region.
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I. iNTRODUQTIOﬁ

The peéﬁlia: behavior of the nuclear moment of inertia
at hiéh spin-has elicited considerabie'experimenfal.and
theoretical efforté in fecent years. 1 Amohg microécopi¢
theories, Hart;ee—BogoliubOv self-consistent éranking (sCC)
c&lculationé;z (and approximations to such caicuiations})
have been especially successful in accounting for.the sharp
increase in the moment of inertia, "backbending" and
"gépless supérconductivity"4 in realistic cases.k The SCC
- method has‘the‘virtues of greater simplicity and speed in
comparison witﬁ shell-model calculations with the same
Hamiltonian, and yet is rich enough to'encompass all the-
‘possible meéhahisms which méy contribute to the behavior
of the moment'of‘inertia at high spin, such as Coriolis
antipairing and realignment (decoupling), gapless‘supercon— - N ' |
dﬁctivity, band mixing, and changes in‘shape.,_Névertheiess, ) :
this technique has somé potentially serious deficienciés.
First, it is basically a classical approximétion, and, second,
the cranked wave functions violate symmetries (eg., conser- |
Vation Qf.ahgular,momenium and particle number),'the two
aSpeété beingﬁrelatéd, as is well known.v‘ | - L

The ClaésicaliaSpect should not be a shortcoming at
sufficiently high spin, but it must be kept in mind that
this is only_so in regions well removed from "phase t:ansi—
tions", since in critical.regions quantum fluctuations may
become very-large, Actually, there exist pfbofé of the vali--

s

dity of SCC both at low and very high spiné; but these make
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use of 1nf1nlte power—serles expan31ons in the angular momen—
tum, whlch cannot be expected to converge in cr1t1cal reglons.5
The violation of symmetries in the wave functlons renders
dlfflcult the calculation of tran51tlon amplltudes.‘
Pro;ectlon of partlcle number and angular momentum
before_varlatlon is one possible remedy for the above diffi-

culties. Another, recently proposed remedy, is the inclusion

- of random-phase approximation (RPA) correlations as the next

improvement to the SCC model (SCC + RPA).6 As is well known,

the RPA maintains the conservation laws to the order of the

approximation. Both methods introduce quantal correlation
effects.
Our first aim in this paper is to shed. llght on these

questlons by testlng the three approximations: SCC SCC +

'RPA and variation after projection of particle number

(VAPN), on the "exactly soluble" R(8) model of Krumlinde

7’8 The SCC + RPA method has been prev1ously

and Szymanskl.'
successfully tested on the R(5) model, 6 but that is only

a two-dimensional model, whereas the R(8) model is three-

~dimensional.  Our second aim is to illustrate how transi-

tion probabilities can be simply calculated in the SCC +

' RPA framework, a procedure which can be easily extended

to realistic cases.
IT. “Q%§CRIPTION'OF THE MODELS
ey .

"'A. The R(8) Model

The R(8) model consists of 2 identical fermions interacting

via a pairing force, distributed among two 2Q-~fold degenerate single-
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particle levels separated by the energy 2€'énd'coupled to

-1

an external rotor with fixed moment of inertia a . The
Hamiltonian is
.1 a2 o ' o
H=(5a) |T-3° + Ho p. * Hy . o | (2.

where T is the total angular momentum of the system, and
> . .
j is the particle angular momentum. The single-particle

' »

Hamiltonian HS p is given by

ot t

_ | | o N S |
H = € (a a + a as bv bv bv b-) , _(2.

s.p. v oV v v

whiie H is the pa1r1ng 1nteract10n of strength G:

p

The operator ai creates a fermion in the upper level and
¥ | -

time-reversal conjugate operators: ag-= T az T—l,
bg = T b: Tul. The particle angular'momenta_as defined by
Krumlinde and Szymafski are o
: : Q
= 5 +i 3 =~(3)%Zgj-(a*b cbfay +2 ¥ bbe 3
I Ix Jy,v — v oV AV — v ou -
- v=1 v=1 )
3 t 1 T T
EZ a, - ag ag) +3 L (b, b, - b5 by
v=1 v=1

This corresponds to éssigning the z-projéction K£3/2 for
the upper  levels and K=1/2 for the lower levels.

As discussed in Ref. 8, H is composed of generators

of the group R(8). Exact eigenvalues and eigenfunctions can

Q v '
H = -G g_ (a: a% + b b ) }E:(a— a, + b— b ). S (2.

1)

2)

3) .

ot

bv in the lower level, while a% and b% are the corresponding

(2.4a)

(2.4b)
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be found by dlagonallzlng a ﬁatrlx‘ln the Gelfand bas1s,
' so that the exact solution corresponds to a prototype
Shell-model calculation.

We néte that the particlé Hamiltonian,.Hs.p; + Hp; in
this model does not commute with 3. The total angular
momentum I‘is conserved only because the barticles are-
coupled to ah.external rotor (which simulates a core ).
For this reason, it is not meaningful to teét angular
momentum~p;ojection on ﬁhé R(8) model. |

As a finai point,'we shall restrict the space of the
model to the répresentation of R(8) containihg the grbund
staté.

| B. The Self-Consistent Crénking Model

R Before deriving the SCC model, it is cdnvénient to
perform a simple uni£ary transformation due to‘Goodmang.
'The purpose is to eliminate matrix elements of j between
tlme—reverse conjugate states, whlch, in turn; halves the
:diménsion of the Hartrée—Bogoliubov_matrix. We'introdﬁce

new fermion operators (&, 5+, b, BT) defined by

st oy E et oty st o oy H it 4t
a, = () (a; - ay), ag = (2) “(a + ag),
o e e bl B - c@F el - b,
by = (2)7*(by + bg), by = =(2) 7(b) - by). (2.5)

This transformation leaves HS p and Hp invariant:
1. “(,_ it ’
H (a, a, b, b) = H (a', a, b, b),

H (a', a, b, b =H @G, & b, B. (2.6
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The angular mbmenta take the following form 3

' jx=%-(3);5 2 : (éi b, - b% 5; + H.c.) + 2 : (bl b —-bg bs),
Q Q
_ 5 st - ot - _ e I
j -—15(3) E (av bv a, bv, H.c.) -1i Z : (bv b b= bv)’
v=1 v=1
j_ =5 =t~ ~t 1 R .
z 2 E (a;, ag + a5 a)) -5 (b, b_v + bs b ). (2.7)

v=]1 v=1

Matrix elemehts of jx between time-reverse c@ﬁjﬁgate stateéf
are now replaced by diagonal matrix elements,’which is
suffiéient to reduce the dimension. | §
In the case of a seif;contained many—ferﬁipn system with
Hamiltonian H , the SCC model is usually derived by'épplying'
_Hartree—Bogoiiubov factorization tb the operator H - u)jx.
With the R(8) model, there is no need to subtract wjx since
the rotor élready cranks the system. Instead, we assume- in
vthé first ébprqximation that the total angula:'momentum is
alignéd in the x-direction and has the classicél c-number
value I: | |

I~I, I=0, I=0 . | C (2.8)

Subsequently, Hartree-Bogoliubov-factorization of H yields -

the SCC Hamiltonian H,:
9]

v _ . _ ~t ~T ~t oo s . :
Hy= G lw) + 1 =0 E (38, & + b bs + H.c.) = wi . (2.9)

v=1

The terms embraced by the symbol : : are to be regarded as
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normalfordered‘with respect'to’the.vaeuum stateIOvaw, the
energy being given by

L
2

S.p. W

where < > denotes the expectatlon value w1th respect to the

- vacuum of,ngq'The gap parameter A and the angular frequency

w are determined by the self-consistency conditions .

A =G E (f ag av>w+ <b=- b > ) , ' , (2.11)

and

g = 109y o - | (2°12).

/

Therefare also the requirements

<jo> o= <j.> =0 , ' . o (2.13)

v‘Wthh are fulfllled automatically.

The form of the SCC model derlved above; whlch shall be
spec1flcally referred to as SCCl is purely cla351cal and
as such, valld mainly for high values of I. For low‘values
cf I, the rotational energy goes as 12 rather than’I(I+].).l0

However,  the addition of quantum fluctuatlons arlslng from

- the RPA, to be dlscussed later, gives the correct I (I+1)

dependence. If RPA .corrections are not included;uthe cranf
king energy may be improved for low I by directly modifying

(2.12) as follows:



§_= "[I(I+;).];? - gj_x.> w . o ' , (2.‘1v4v) |
Thie versioﬁ of self-consistent cranking, whiehAcorreeponds_
to the usual procedure, shall be ealledISCCZ. | |

Let us briefly coﬁsider the problem‘of'diageﬁelizing_
the fermion"quadratic ferm Hw' .This is simélified, firét
of ali, by the fact Ehat H, is the sum of 9 identical quedratic
forms, and, second, by the fact that the chemicai' potential
vanishes independently of w, which 'is a consequence Qfﬂthe-.

- fact that the»number of particles is half the available

number of levels. can be brought into the diagonal form :
d?(w) + E E a, (1) a, (1) , o (2.15)

where the a:(i) are independent quasiparticle creation opera-

tors related to therparticle operators by the Bogoliubov.

transformation
ooy o o 2T ~+ - o iq
o, (1) =Up; 8, * Uy b, + V3 b5+ Vyy a5+ i=L,2,
(1) = v.. a@ +.v' Bl o+ UL, B + ﬁ a-, i=3,4, (2.16)
it = 4 T Y21 Py 3i OV 4i Ay ¢ TR0 y

1i “v

where tﬁe U's‘and,V;s,are independent of.the‘index.g, and
correspond to the eigenvectors of a 4x4 matrix with eigehvalues>
E;, i=1,2, ehd “E . i=3,4; If it were not fer-the Goodman
transformation (2.5), one would have to deal with an.8x8 maerix.

The quasiparticle energies explicitly are

E) =-3w +E_, . Ey= 5w+ E_
E. = 14 + E , E. = Ly+E | (2.17)
= wtE.. L Ey 3 o | 2.l
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where

E =_(€2+A2 + u)zth)L5 o

H+

and

(€2 +a0?)¥

Y

The coefficients of the Bogoliubov transformation

explicitly the following. Define

Po(eow) o |LrrE) (20 + 3e 2 4 e )7
g ' ‘ ‘ t 16Y e({w) ’
where
e‘w) = E+
.Then
Ull= Vy3 = F_(-g, -w) , Uy =V, = 0+ P, (<c, _w)‘
V3l= "'U43= —F+‘- (e, -w) R V41 = U33 — _q_ Fv_ (.e’ o)
Y12 7 Vaq T TRy (ee0) e Uy = Ty S EL (E0)
Vip T Uyg = “F_ (me,0) , V5 = -Us, =F_ (-c,0) ,

in which 0+'is‘a phase factor given by

o, = sign (y-2m * e(~w) ) .

" (2.18) -

(2.19)

are

(2.20)

(2.21)

(2.22)

(2.23)

With the aid of the Bogoliubov transformation (2.16), and

(2.22), one obtains from (2.11l) the simple gap equation

GR [y + 2w Y -2w _
2Y ( E, + E_ ) =1,

(2.24)
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which determines A as a function of w.

;Similarly,'(2.12) or (2.14) determine the relation be-.

tween I and w:

(y + 2w _ y- 2w)

J = g + <j#>wv= g + % E+ E_ ! (2'25)
where J is defined as follows: |
'J‘= 1 (sccl), o -  (2.26a)
3= [1(+1) 1% (scc2) . o | i.(_2.26b)
- The moment of inertia is defined as usuai by
P (2.27)

The total cranking energy (2.10) has the explicit value

l €

: 2 2 2
o _ = 2Y +w 2Y - w _ AT _
é%(w) = oy ( E+ + T E_ ) 7?-+ P : (2.28)

N
o1}

With w related to I through (2.25) and (2.26).

Finally, we call attention to the feature of "gapless
superconducﬁivity" in this model. For |uw]| gréa£er than a
critical‘value wléé [Yl - (Ai—Z 82)% 1, the'quasiparﬁicle,
energy Elkmay turn negative (this qanvonly.happen for El),, ‘

while the order parameter A#0. At a_larger value w 5=

: . |
%[yz + (Ag - 2 52)2], E2 may again turn_positive. (It is

necessary of course that A2 - 2 52>0 at thesé two points‘fof
the behavior to occur.) The name of the phenomenon derives -

from the conseQuent disappearance of the gap‘in the eXcitation

spectrum. = In realistic calculations, it seems that only one
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quasiparticle energy turns'negative. Sihce'the.Spectrum ef.
an.gven-fermion system requifes creation of,et least twov
quasiparticles in different stetes, the'excitetidn‘energies
remain‘positive. The artificial degeneracy of,the R(B)
model{»however, poses a special problem, sinee a state

+(l)cx j(lf |w>, v#v', (|w> is the qua51part1c1e vacuum) can
be created w1th energy 2El<0, etc. The restrlctlon of the
space,of'the model to a single'representatlonsof R(8) con-
taining»the'gfound state, however, rules out the troublesome
qu&sipaftidle states and the behavior is mofe.like that of
the realistic cases. We ndﬁe that the gaplessvSupercehductiQ_

v1ty arises from the K—%-+K=-% matrix elements of 3 , i.e.,

the term 2 2:13 b— in Eq. (2.4a). Omission of_thls term would

leave all quasiparticle energies nonnegative.
C. Self-Consistent Cranking + RPA )
" We now consider the corrections to SCCl described by the

RPA,>_The boson¥expansion technique provides a convenient

way to introduce the additional correlations. Boson ex--

pansions to all orders for the group R(2n) have been given in -

Ref.,ll. In the present problem, H must first be expreSSed

" in terms of the quasiparticles (2.16). Then; the quasipartiele

pair operators are expanded in bosons to the RPA order as

follows:.
_ Q
E + Tty oM T _ -
V=luv(1) a, (J)fv Q Bij ’ : | ,(2.29a)
Q ! .
o S _ T . o
g=; (1) avil) = . 13 Bij ' o (2.29Db)
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where the Bij’ B:j are boson operatofs'obeying the usual

commutation rules

R . L T S _ o
[Bijr Byl = 0 v [Byyr Bygld = 85y 047 = 857 Syke (2.30)

and ﬁhé anfisymmetry condition Bjithij' |

Eq. (2.29a) omits terms of order'Q_% (ahhafmonic cor-
rections); while the finite expression (2;29b)'is exaét.
Note that only those boson dégreeé of freédpm afe included -
whichiafe reievant to the single'reéresentation of R(8) with
whichvwé are concerned.

It turns out to be convenient to make the following

change of phase:

By,>i By,- , By, > i B, |, : N (2.3l

as will be sééﬁ‘later;

In addition to the particleé, the cére~mUSt also be
‘ekpanded in bOséns, which physically corresponds to its
wobbling motion about thé steady rotation.;-A,full descriptionuf
of the boson répresentétion of a quantized rotor, with ex-
Vpressiohs valid to all.orders, is given in ﬁef. 12', We
follow here the lowest-order treatment'origipaily applied
by Bohr and Mottelson to the asymmetric rotor13, which is
appligable to the symmetrié rotor as well. The bodyéfi#ed

components of the total angular momentum are given by

I =1 + i1 z(ZI)% bT
+ Ty z B
, E L . A
- —_3 ~ 2 . . .
I = Iy i Iz- (ZI)v'b, ' | R (2 32§)
S o -
I, =I-b b . o o (2.32b).



"Eq. (2.32a) omits terms of order If% » while (2.32b) is exact.

We see thét'thése include the small—oscillatibn correction”
to the classical ansatz (2.8). The core bosoné;commute, of

course, with the particle bosons:
[b, B,.] = [b, BI.] =0 (2‘ 33)   

"3 B 5 ) S N

In the boson representation, the Hartree-Bogoliubov

Hamiltonian H exactly takes the form

Hy =& (0) + 5 E (B, + E5) By By, . | (2.34)
| o | - | |

' Upon adding the RPA correlations, one finds that the total

. Hamiltonian breaks'up into two disjoint quad:atic'bosoh .

forms:
HHppa =€o(w) +Hy + H . o (2.35)
H, ié'given by
ﬁ = - b+b + (E, + E -w).BT B + (E ; E_ + w) B+ B '
3 + - "w) By, By + ¥ E_ 34 P34
L1 (_ . (1,2 1 (1) _, (1,2 -
+35a (IY:; Iy )T+ za (1,773 )T, (2.36)
where )
: (1) _ 1 % , + o
Iy = (7 I) (b" + b) ’
1P -ig % e-0h - (2.37a)
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URNET R | TR
j, =] = k [(E_ + E_~w)(E_ + E_ + 2w)(B12‘+ B),)

y y
. ' oo
- (E, + E; + w) (B + E_ -20) (B, + By,) J‘- e
. . (l) _ . 'i' _ .
J,=3, —.1kw [(E+ + E_ +2w)(B12 B12)
B .t_ .v
- (Ef + BE_ -2w) (B34 - B34) I {(2.37b).
and the factor.k is given by
| -3 |
1 L 2 : L | , .
k=3 (B, +E) (<G> /) 7 (2.38)

Note that <jx>w/w = - a'_l is just the particle contribution
to the moment of inertia and remains finite as w-»0.

The three-boson quadratic form H3 takes into account the

wobbling of the rotor and its coupling to the parfiCles ahd
also the fluctuations of jy and jz away from the values X2.13).

The four-boson quadratic form H4 is given by
vey)@ B +8l.B.) + 28 B, B, + 22 BB
4 + -7 714 714 23 723 + 24 T24 "7~ 713 713

+

+ 1a (jx‘l?)z —cp@M pb) - L (2.39)

where

1
E(B

+
137 Bp3)]

L st 4+ g

= ) -
E 24 24

o () 1 y
Ix T’ Ix -2 (39)_6[

(1)

and P is the fluctuation of the pair-transfer operator

about the value.A/G given by

;, .
(1) _ 32 en | 1 t 1 t
P [ E, Pag " Bag) * £ (By3 +,513)]

Q(E+ + E_) Y + 2w | y-2wlk _ o _ U T .
_+[ '( + ﬂz[(Y €) (B, 4 Bl4)+(Y+€)(Bl4 Bz3ﬂ. (2.4;)

1673 B E-

, (2.40)
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It is useful to note from (2.24) that

% s B B
Q(E+ + E_) - ,Y +2w Y-2w ] _ Ey + E

( + ) = ( —s ) . (2.42)
[ 16Y3 . E, E_ 8Gy 2 ’

(for A f 0) .

H4'describes pair vibrations and rbtations and the fluctuations

in jx éboﬁt £he value <jx>w.

- We shall‘éonsider briefly the diagonalization of the
vquadratic forms in terms of normalfmodes, Fﬁrther detaiis
are given ih.an appendix. In the case of H3( one finds tyé
nonzero—frequenCy modes and one zero—frequency mode. Th¢  
latter ariées from the fact that szjz is a cdnbtant of the
motion:

(1, I,-3,3=0. \ B (2.43)
' Cofrespdndingly, in the RPA, one must have

' Ly (1) _ g | | | _

[Hy, (I,-3,)° 771 =0, | o (2.44)

“where - _

i (D) DL (D) Iyt (L) ~
(Iz_Jz)' =1, ""-13, = -i (2 (b -b) 3, . (2.45)

The technique of Ref. 14 for treating zero-frequency normal

modes leads to the quadratic form

+ 1 (D) 2
Y30 @30 @30 t 3 (I,73))
1

H,= ég (z.p.) + /My, (2.46)

i

where M, is an "inertial parameter" associated with the zero-

3
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frequency mode. The operator 6720 is a boson'creatioﬁ opera-

~tor for a' vibrational normal mode with frequénCy Wy It

can be expressed as a linear combination of  the original

bosons:

il

+ , ' ot -
] (030__x(30) b '+ Y(30) b + X12(30) By, + 3{12(30)1312

. .
R x34(3o) B34 + Y34(3,O), 834_, _ (2.47)

where the X'svand Y'é are RPA amplitudés. The energy of.the
zero-point osbillations is é%(z.p.). |

In the case of H4, one must distinguish between the.two
situations A#0 and A=0. If A#0, Eq. (2.42) applies ahd there

are three nonzero-frequency modes and one zero-frequency mode,

- which is the so-called pairing rotation, arising from conser-

vation of particle number N:

[H, 8] =0 . . _ - (2.48)
Correspondingly, in the RPA, we have

(a,, 83 =0, ' (2.49)
where.ﬁ(l) is the linear boson approximation to N. The Hamil-
tonian can then be written in the form
o 3 ‘
0 _ + 5 1 4(1)2
Hy —(5‘4(z.p.) +_z : W,y ﬁ% Oy, + 5 N - /My (2.50)
where M, is the pairing-rotational inertial parameter. The

vibrational normal-mode boson creation operators corresponding

to the frequéncy W4 have the form:



sccl. Thus,'at low_spin, d?o goes as %digllz , where ng=a—

17

O 4o = ¥13149) Byg + Y13 (409) Byy + X, (40) By, + ¥, (40)By

. + S ot o
X23(4o) B + Y23(40) B + X24(40) B + 224(40)-32

23 23 24

and the total zero-point'energyvis é&(z.p.)
If A=0, there is no pairinq rotation, but instead there
are péiring'vibrations. H4 then takes the form'

4

H,= é%(z.p.) + 3 Wy é&; O,, - o (2.52)

- o=1

Letting 0=3,4 denote the pairing vibrations} one finds'that
w43=(%4; corresponding to a degeneracy of the two-particle
and two-hole transfer modes.

The total yrast energy is the sum of the cranklng

energy and the RPA zero-point energy:

-8 w +8& z.p) + & (zp) . O (2.53)

Both zero-point contributions provide corrections to the cran-

king model of the order Q_l, but tgs(z.p.)~also provides

corrections of the order of I—l. It is important to note

that in thié'way, the RPA improves the low-spin behavior of

<j > /w. It is readlly checked that d? (z.p.) provides a

l

correctlon 2470 to glve the proper I(I + 1) dependence.

It therefore follows that SCC2 must not be used w1th the RPA,

~since this correctlon would then be counted twice.

The special case when e=o is a very interesting limit,

(2.51)

1 + lim

w>0
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for one finds that SCCl + RPA is then e#act. In thiS'liﬁit,
the "phase transition" 1is completely disconﬁinﬁous. The |
A#0 solution as obtained from the gap equation.(2.24)vis
just A=2GQ, forwu<2GQ, while A=0 fof w>2GQ;- Méking use of
the results in the Appendix, the total energy'k2.53) for

A#0 is found to be

S-farax+1) -6 @+, - (2.54)

in complete agreement with the energy of the fully paired

band as given in Ref. 8. The cranking model contributes

la 12 - GQZ while the correction %al, of relative'order I—l,

2 .
is just d§3(z.p.), and the correction -G{i, of relative order

-1 . : .
Q -, is é&(z.p.). For A=0, one obtains
E=-2a(x-200(1-20+1 , . (2.55)-

in complete agreement with the energy of the fuily aligned -

band -as given in Ref. 8. The cranking model contributes

%a (1 - 20)°2 and é%(z.p.) = % (I - 2Q). éﬂ(z.p;) vanishes

‘in this case.

Let us now consider therenormalizathmudf.the rotational
frequency in.the RPA. One begins with the u;ual relations
Wepa = add& /a [1 (I + 1)];5 and JRPA = I[(1 + l)]%/wRPA',
However, it shouid be kept in mind that the eﬁergy éaomits
corrections of relative order I_l (highef RPA COrrections);
so that for consistency the above definitions should be

expanded inval. One then finds that

Weppp = W +v6w , ' ‘, | (2.56)
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where ‘w ié“the cranking frequéncy'and Sw is o

bw=a (&z.p.) + & (z.p.1)ar . (2.57)

The moment of inertia J’ﬁPA'tQ this” order becomes

| I 7P TR - |
JRPA— J(l St | |  (2.59)
where & is the SCC1 moment of inertia.

As a final point in this section, we caillattention;to
the fact that H3’and H4 are not 'necessarily positive quadratic
forms as is obvious from (2.36) and (2.39). Therefore, there
is always the possibility of an onset ¢f instability and the
consequent breakdown of the cranking approximation. In par-
ticular, this can occur in the backbending region if the

parameter a is sufficiently small. We return to this point

'later.

_D.' Variatidn After Projection of Particle Number
~ Since self-consistent cranking, or any Hartree-Bogoliubov

approximation, in general violates symmetries of the exact

‘Hamiltonian, one may hope to improve the situation by projec-

ting out from such wave functions the_components'With the
correct symmetry. As ﬁoted previdusly;.thé ﬁ(é)'modei is nof
suitable for testing angular‘momentum projection, since the
particle angulér momentum is not a chstant of.motion of the
exact>Hamiltonian. On the other hand, particlelnumbér is
cénserved by H, but not by HQ, and we may theréfore apply
particle-number projectféh, which has been used by several

authors in thé‘baCkbending region 15. It is of interest to
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compare fhe'erojection method with the RPA, since both introf
duce cerrelatiOns, ahd the RPA,ConserVes particle humber
approximateiy'(to order Q-l) through the pairiﬁg—rotation term..
For Optimuh results, the varietion.is perfdrmed efter |
projection (VAPN). To improve the cranking model, the projected

wave function y with particle number N, is given by

Vo= HPy 0(0,8) o o (2:59)
where ¢ (w,A) is the ground state of H (2.9), for arbitrary
w and A,gdfis a normalization factor, and pris the usual
projection operator to the subspace with N particles:

L 1 96 i¢ (N-N) o | :
Py = 7T d¢e | o . : (2.60)

The parameters w and A are then determined by the con-
dition ‘
9 - [I'?I + l):ll5 - <pli fu> | S "(2.61)
a . ’ X ! . . . ) v
analogous td (2.14), and by the variational.condition
Y o . -. L. o
B g?proj.(w,A) /38 =0 , (fixed w), (2.62)
, o
where d?proj. is defined by
g/ ' ’ . ) . o o .
proj. = <y Hs.p. f.PJx +_Hp + Hjlw? ' (2.63)
Hj being given by
1

) N 2 2 L2 . -
By =32 G - «wlidw? e e 57 (2.64)

The terms (2.64) areAnegiected in'the cranking model, but
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are taken into account by-thé RPA, and“héVe therefore been

included in (2.63) ih order to provide a moré valid compari-

son of VAPN and SCCl + RPA. |

, , _ o
-The actual energy is not rd?proj.iibut dgoproj.,~g~iven by

d?proj. = %aw? + dgéroj. + w<w|jx]¢> . _  A | - (2.65)
We note that if ¢ is replaced_by the unprojected Hartree-
Bogoliubov stéte and the usuai factorization of -the interac-
tionlférms_is used, then'thé.aboye pro¢edure'reauces to selfj
consistent érahking.

»The statiohary points of d?;roj. ére found numerigally
as a function Qf A for fixed we. ¢g;roj. is evaluated using_
the method of'"regiduum_integrals" first proposed by Dietrich;

le

Mang and Pradal . This method is applicable when projec-

ting from a wave function having the BCS form

= I1 (U + vV c+ c

) {o> ' (2.66)

=i+

: B . . . CL
- where cu, Cﬁ are fermion. creation operators, with vacuum |0>,

and Uu, _Vu are dccupation amplitudes satisfying Ui + Vﬁ =1.

' The vacuum of Hw has exactly this form, but the single-particle

basis |u> =-c£ |0> is the basis in which the:oﬁe-particle

density matrix and pairing tensor are in the "canonical form." .

The canonical basis is related to the ai, bI basis by a uni-
tary transformation. The states CZ' cE"which_are paired in

(2.66) are not time-reverse conjugate states since the term

wjx violates time-reversal invariance.  The pairing is defined
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dynamically_by the canonical form. The methqd of Ref. 1l¢6,
however, depends only on the form (2;66) and not on pairing
qf time-reverée‘conjugate states. Fu:ther details on thev
calculation 6f expectation values of one  and two-body operators
may be found in Ref. 16. |
It can be shown that in the limit é=0,lVAPN reproduces
the éxact eneréies, as is the case for SCC1+4RPA.
| ' IIit E2 MATRIX 'ELEMENTS‘ WITH SCCl + RPA
‘In this section, the calculation of quadrupole matrix
elements within the framework of SCCl + RPA is illustrated.
Although the R(8) modél serves as a paradigm, the technique
is obviously apﬁlicable to more realistic models, and since
it is somewhat novel, it seems worthwhile to'go into sbme
detail. |
The electric quadrupole operators‘have the form
: o f w . ‘a2 A
ME2, M) = %{j Dy M(E2, K) = % by <M (E2, K) , (3.1)

- where the operators D2 are usually realized as representation

MK
' matrix elements of the three~dimensional rotation group, and

2
MK

[} ) . . A

the Q4U(E2, K) are intrinsic gquadrupole operators. The D
A r) ’

and o‘?kEZ,fK) are the corresponding operators, but defined

relative to quantization along the x-~axis in accord with the
classical»diredtion of the angular momentum. Following

Krumlinde and Szymafski, we write

’ .
ME2, R) = Q_ 8,0+ n Qyp (3.2)

where Qc is the core quadrupole moment, QZK are the particle
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quadrupole operators, and nis a parameter. The ok have

been constructed in Ref. 8 17. One can thénxwrite

M2, ®) = S, + nby A € I )

where the core contribution is given, by

c __1 c =0, o, =-1/3
Q0 =" 2%+ :1 70 9 =-3/7 2% - - 3.4

- The particle operators, which'satisfy‘the commutation
rulés

A

P . s . ~ L _ % ' . . .

can be easily constructed as linear combinations of the QZK’
The next task is to transcribe the operators into the
‘boson representation. First, consider the transcription of

the core operators. Egs. (2.32) express the total angular

- momentum operators projected on the intrinsic frame as

functions of bosons b,b+. These relations can be interpreted

as the leadingrorder of a Holstein-Primakoff representation

"given by
I.=1-b b ,
X
A ;’
I, = bl [2T - b bl?*
=1 . | - (3.6)

At high spin, these operators can be defined on a space of

functions



_ e:l.I<I> (b‘l')I—K

[21 (1-K)1]7

| TR> o) S (3.7)

where |0) is the boson vacuum, and then

T ' :
I = 1 a—(—b- . (3.8)

As shown in Ref. 12, the staﬁes | IK> may be intérpreted as
a’representaﬁion of the rotor eigenfunctibns IIMK>.having M=I ,
and then ¢ = ¢ + y, the sum of two Euler ahgles.  The bosoné
replace the 6 degree of freédom. : -
Correspohdingly, the core operators Bék ﬁay be realized
as functions of b, b+‘and $, which can be.obtained‘frdm the

" commutation rules

A2 4 _ L A2
[I,., Dygl = K Dyx

52 1 _rg - 5 o2 R |
[I., Dygl = [6 - K(K 3 DJ" Dypey  + (3.9)

and the unitarity condition
E A2 a2 | » o |
- Dyx Dm'x = Sum . o _ v(3,1q)

For the RPA, one only requires the linear boson approxi-

mation, and the result is

~2 ~2 _//z t

Doo =1+ Doy =/1 & o

~2  _ /3 -i¢ ~2 _ -1 a2 _//Z -i¢ _t
P_yo = //;‘e b Dy =e . D s/1e by
A2 _ /7 _-i20 £2  _ -i2e o
P_a-1 7 //; e b v Dpp=e ’ - D

with all other b2 with M<0 vanishing in the RPA order. The

MK
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ﬁﬁK with M5O can be obtained from thé-relation
"2 _ M-K A2+ | S .
D—M—K = (=) DMK . | (3.12)_

L}

Closed forms to all orders are given in Ref. 12.
The linear boson approximatibn to the intrinsic quad—

rupole operators is

P (0) 40 s
on = <Q20>w + dq3 (B + B13) + q, (B + B24)

(0) t

+ q14 (B 4 ¥ Byg ~ Byy = By3) (3.13;)
(1) ,t A _ _at ' - '
Q21'~ ql (312 + B34) ’ Qz_l - Q21 -vl . (3.13??
R A | 2) 4t 2 2) .t 2
* q( 5l + P13 B3 + G )_Bz4_+ p2(4)324_'-

Q2 ® Q2% * T3 Bi3 * P13’ Bi3z * dpy

~

- _ At
Q2_2 - Q22 . (3fl3C)

"The éxpectation values with respect to the vacuum of H,,

~ Pay .
<Q20>w and <Q22>w, are given by

=c(E, - E) [(E, +E_)°

2 , |
+ - 40°]/(8y E, E_ w) , (3.14a)

»<Q20>w

A _1/3 e |
<050, 'Z//f (E, + E_) . | (3.14Db)

' The remaining coefficients are explicitly as follows:

(9 - (39)%'e2/<4y E) . ayy

a3 a9 = a* /(v B
aty’ - -f*ﬂ_‘Ez'* _E-’f . +_L;_2“’ R
ajs) = <;;>% (2 - o), pl2 ='-(§%)%1(1%2£_+ 2) . (3.15)

+ v : 4+
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From the Egs. (3.1)-(3.5), (3.11) and (3.13), the

electric quadrupole operators in the RPA order are given by.

s -lo ens. o

-i20 1 3 N

c - .
o -id L /_ oty _/3 AL /Z ~ t

,/I{(Ez,-l).v e Lo (b -p) +n [-/F <Qyp>, b +/F <0y

where 620 andﬁaé_z are given by Eq. (3.13). The next step, of

course, is to express (3.16) in terms of the normal-mode ' |

bosons. In the following,.we ignoreg #lE2,-1) which is

responsible for AI=1 transitions. The other transition

operators have the form

U”(Ez 0) = o 3 Q +n<Q2O © +nz Z q(o) (X (40)— Y (40)) (ﬁ£0+ @0).1

o i>j 13

ME2,-2) = 120 (- ~fo #n<8yp>,)

4.

+ 129, 2: 2: {[p (2) X4 (40) - qig) Y;4 (400 ] @720
- i>j | | |
(2) _ o (2) " '
+ [q 13 Xiy (40) -p;y Y, (4001 O, ) - (3.17)

The first two constant terms of M (E2,0) give the static

electric quadrupole moment of the Yrast band, while the second
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(3.7) have a factor (27m) * e
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term is respoﬁsible for AI=0 transitionSiﬁQoiving'a change
of one bhonon; The operaﬁoro4VCE2,—2) is reéponsible for
I+I-2 transitions. The first term accoﬁnts for:the stretched
E2 transitions along the yrast cascade, while the second
accounts for transitions involving é change of one phonon;
The B(E2's),inVolving a change in the nﬁmber_of phonons are
weaker by a factor of the order of Q_l (the order of ﬁhe
RPA amplitudes squared) compared to the yrast cascade,
which is just the type of selection rule required to account
forrthe expefimental data. |

The AI=2»matrix elements require some additional dis- _f

cussion. In general, these have the form
<n' I' w(I')|M(E2,-2) | n I w(I)> .

wheré n ébiléctively denotés ﬁhe.phonon numbers} I the.
ﬁbtai.ahgﬁlaf momentum and w(I’, the cranking-model.angﬁlaf
velocity as a function of I. vSince the rotor wave funétiéﬁs
iI@, this factor occurs in the
wave function |n'I w>. We therefore see that states having
different values of I are automatically orthogonal. The
operator A(E2,-2) decreases I by two units in the exponen-
tial. However w(I-2)#w(I) so that the underlying crankihg-

model states are different. For example, the transition

matrix element along the yrast line is given by
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<n = 0 I-2 w(I-2)|  MM(E2,-2)] n=0 I w(I)>

_ 1 73 ~ -5 o
= (= 32/2 9 0 <07 gfa vl 2)| w{1)>gpa

+nZ T pf? x 0 - af? v o) ) g w2 @), e

+ . - | | | (3.18)

where lw(I)>§PA is the vacuum corresponding to a cranking
solution with frequency w(I). The states Iw(I)->RPA and
|w(I-2)>RPA'are not orthogonal. Also, we have that although

¢740 ]w(I)>RPA=0" < w(I-2) | Q?ZO # 0. In general, then,
: . _ RPA o

one must calculete overlap integrals, and not simply between
Hartree-Bogoiiubov states, but between the correspondiﬁg'
RPA vacuum states, which is still more,diffieult. However,
if I is sufficiently la;ge and outside of the neighborhoodv

of the phase transition, one may assume

|w(I—2)>RPA5= |w(I)>RPA (3f19)
Then (3.18) simplifies to
<n=0 I-2 w(I-2) kME2,-2)] n=0 I w(I)>
N_l//g » » B '.
5/ 3 Q% tn <0, | o (3.20)

which is determined by the SCC expectation value <622éw'e
The approximation (3.19) is fully consistent with the. expan-

sion in powers of 17! which led us to (3.17).

PA
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In the neighborhood of the phase transition, however,
the two vacuum states may have radically different character-

|w(I-2)>RP may correspond to an essentially paired state

A

and |w(I)>RP ~to the aligned state. In that case, the

A
approximation (3.19) can be expected to break down. Itbmay
still be a good approximation to simply multiply (3.20) by

_ < ) _ IR
the overlap .5, w(I 2) | w(I)>ppa, but sgch a calgu}atlgn is

beyond the scope of this paper.

‘ The static quadrupole moment along the yrast line is
given by

_ _ _ 1 A - o
<n=0 I w| M(E2,0)| n=0 Iw>= -3 0, + n <Q,0> - (3.21)

Here, theré is'no problem with overlap integrals and every-
tﬁing is deﬁefmiﬁed by the cranking model.
IV. NUMERICAL CALCULATIONS
A. Choice of Parameters
"Bééause of the size of the matrices to be diagonaiized,
the maximum vaiue of @ for which exact solutions could be
| | | 18
This means we were limited to not more than 8 particles,
a number significantly smaller than that occurring in realis-
tic calculations. Since the many-body methods against which
the exact solutions are to be compared become more accurate
as increases,.we cannot display these methdds'in the most
favorable light. Just for this reason, one is all the more

impressed by the favorable comparison which emerges.
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The degfee of backbending is controlled mainly by
the ratio e/ (GQ): the smaller the ratio, thé weaker the
band mixiné and the greater the tendency to bend back.- We
have followed the procedure of keeping G fixed and varying
€ to control the degree of back-bending. Exact solutions’
were obtained for 0N=3, G=.1, a=.02, ané e=.05, .10, .15, and
.20, and 9=4, G=.075, a=.019736, and ¢=.05, .10, and .15,
which covers the range from sharp backbending to no backben—‘
ding and a smboth transition.

As shown in Ref. 8, the critical angular momen tum IC
is given by |

' 1 1

I, =0-35+ 35 (6G/a)(q + 1). (4.1)

The ratio G/a was fixed by the requirement that the phase
transition occur between I=12-14, in rough accord with ex-
periment. The values of G were arbitrarily chosen to main-
tain about the same magnitude of ground-state pair correlations
as in Ref. 8. |

The salient features emerging from the calculations are
summarized in some representative figures and tables.

B. Results of Calculations
1. Regions of Stability and Instability

It is seen from the figures that the yraét trajectories
can have several regions of interest. The éimplest_picture
is provided by the cranking model, in which thé trajectories
are composed of two segments, one with A#0, which may Or may

not have a backbending region (depending on the value of
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e/GR)) , alond_which A decreases and d7increases continuously
with increasing w2 until the intersection with the A=0 seg-

* : . 2 *2
, corresponding to a cusp. For w <w 7,

ment at éome w=w
the A=0 solutibn is unstable and is omitted. The situation
becomes moré complicated after adding the corrections due
to the RPA, which tests the:stabiliﬁy of the self-consistent
crankihgvsolutions. |

The A=0 segmeﬁt is always stable for'@2>w*2, but as
w+w*, the doubly—degenerate pairihg vibration (Eqg. (A. 35))

drops to zero frequency, signaling the onéet of the tran-

sition from a pair-vibrational to a pair-rotational scheme..

*
As w 1is approached along the A#0 segment, one of the RPA

frequencies approaches zero, in addition to the already-

present Zero-frequency solution corresponding to the pair
v . v _

rotation. Also, as w 1is approached along either segment,

(idg(z.p.)/dl, the derivative of the zero-point energy with

‘respect to angular momentum, becomes infinite and therefore

so does 6w defined by (2.57). Therefore, the RPA correction
breaks down completely at the cusp, accounting for the |
hiatus in the RPA curves.

The A#0 segment can show instabilities since the RPA

quadratic form is not necessarily positive. In our calcula-

3

tions, instability was indicated by an eigenfrequency of
H4 passing through zero and turning imaginary.  An unstable
region occurs only along a portion of a backbending part,

and only if the parameter a is sufficiently small compared
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to GR/e. That is, the rotor must be suffiéiéntiy massive
and the pairing correlations sufficiently Stfohg._ The un-
stable region ié indicated by a dotted line in the figﬁres.
Fig. 1, for example, shows quite clearly that as £ is in-
‘creased for fixed a and GQ, the ﬁnstable'reéion decreases in
size. This instability in the backbending region is the |
result of'competition between the'partiéles, which favor
increasing i With decreasing le'(fhé effect is proportional
to GR/¢e), . and the rotor, which favors decreasihg I with
- decreasing |w| (the effect is proportional to a_l). Fig;‘é,
which is a plot of I vs. Iw[ , shows that in-thélunstable
' regioﬁ the rotbf wins out, producing the peculiar "down
bending“. This is to be contrasted with Fig. 3, with anothér
set of parameters, such that the yrast trajectories are |
stable everywhere. 1In this case, I increasesvwith decreasing
angular velocity in the backbending region. - FOrtunatély,
in realistic calculations an external rotor iﬁtroduced té
simulate a cofe would normally be small enough to avoid
instability problems of this kind. 1In fact, in an ideal
calculation utilizing a rotationally invariant particle
Hamiltonian and a sufficiently large single—parﬁicle space
no rotor need be introduced.

It has been seen that backbending per se doés not
neceséarily imply instability (the criterion for which is
the existence.of an imaginary RPA ffequency) as illustrated
by Fig. 3. This is a counterexample to some élaims made

. . ' 19 .
in previous work . It is easy to see how one can be
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| easily misled on this point'by'considering a.contour map

. o []
of the cranking energy é%(w,A) defined by

d%#w,A) = j%(w,A) - [<jx>w + w/al . | : (4.2)

The quantity in square brackets is the total angular momen-—

tum (Eq.,(2,25)), and é%(w}A) is given by .

2

| e
(%(w,-A) =zaws + g o>
! 2y E, E_

| which reduces to (2.10) at éelf—consistency.r It ié clear

% _  that (4.2) is independent of whether ScCC1 orvSCC2 is chosen.
| Actﬁally, Fig. 4 is a.plot of | é%hu;A)-+ wz/a,‘which..
is topologicallfvequivalent to ¢§b', but shows the interes-
ting features more cleafly than the latter. . We see from the
plot that.the_self—consistent solution along. the bgckbendingv
region corresponds to a maximum in d?o' as a function of A
for fixed w. The nonbackbending regions, on the other hand,
B do correspond tQ a minimum. This illustrates iﬁ essence

the basis of ﬁhé claim that the backbending région corres—
'éonds to an unstable self-consistent cranking solution.

In fact, howeveéer, the apparent instability is.a mis-
leading'a;tefact resulting from (i), ﬁsing é%' rather than
é%, and (ii),rusing variations for fixed angular velocity
rather than fixed angular momentum. Similar situations

have been recongnized in the classical theory of rotating
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fluids 20.v To pfoperly assess the stabiiity bne should study
variations of the énergy d?o, relative to.the'labbratory
frame, for fixed I. Fig. 5 is a contour plof of 7(5“0(1,A)
which shows that the instability in fact disébpears. It
can be shown that the correct stability criterion is in
accord with the RPA criterion as used in the present work.

For good measure, we empﬁaéize that the spﬁrious
instability itself is not due to the cranking model, but
is an inherenﬁ property of backbending. It would occur
with any variational wave function, such as the particle-
number projected wave function, or, for that matter, with an
exact eigenstate of H. Although the stability aspects were
discussed for the R(8) model, we believe the features hold
for more general cases, but we have no general proof$ at this
‘time.

2; Comparision of Approximate and Exact Energies

Since,‘as was already noted, the VAPN and the:SCCl + RPA
venergies are both exact in the limit é=0, it is clear that
these two methods will bé superior for very smali € (very
sharp backbendiﬁg), exéept that the second method breaks
down in a small neighborhood of the cusp. A more realistic
comparison is provided by the intermediate case with (=4,
e=.l( given in Table 1, which also presents an enumeration
of SCCl + RPA contributions. From this, onevcan see that

the zero-point contributions of the zero-frequency modes play

a very important role. Fig. 6 is a plot of the yrast
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excitation'energies vSs. I.for this case, while Fig. 7 is
a similar plot for .the case Q=4, cé.ls, in which the back-
bending disappears. .

It is seen that all three methods, SCC2, SCCl + RPA,.
and VAPN are‘éleasingly accurate on the uppérvand lbwer'
braﬁches outside of the transition region. The least‘em—
bellishedvmetﬁod, SCC2, 1is also 1eést accurate, eépecially
'invthe transition region, aithough it is asymptotically
exact in the classical limit of large I, where all the
methods eveﬁtually converge. The transition region, how-
ever, only éncompasses three states or so. Clearly, SCCl +
RPA'provides a nice improvement with only a bit more expen-
diture of time, except for the failure in the neighbofhood
.of I=12, due partly to the pernicious influence of the‘
cusp and partly to the large amplifude of the pair‘fluctua—
tions. These effects, however, present no problem for the
. VAPN method,vhhich is quite good all the way through. It
’ turns.out‘to-bé very important to include the contributién
(2.64) in the VAPN to achieve good results. For large I,
the absolute énergies given by SCC1 + RPA are better than

those given by VAPN.

-

As ¢ increases so that the backbending disappears,
the VAPN method emerges as the best. SCC is also signifi-
cantly less accurate with no backbending than with sharp

backbending,-which may be a general rule since this result
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is a consequence of the enlargement of the transition region
in which the two bands are,stréngly mixed and zero-point
oscillations become important. |

The reéults may also be presented in'thé popular way as
a plot of the moment of inertia vs. angular speed. But then
some ambiguity enters. In one type of plo£; exemplified by
ﬁig. 8, the "theoretical" values of I are plotted as continuous
functions 6f'the corresponding value of w, whilefthe."éx_

perimental” values are obtained from the finite difference .

formulas

&1 - &u-2)

2
2 2 -
w = 4 ;(I "‘ I+ 1) [ aT-2 ] ,

~41-2

v %[ i &1_2)]-1 ' | | (4.4)7

In actuality, then, one is comparing somewhat different
quantities. The alternative is to apply the formulas (4.4)
to both the theoretical and experimental data. As cén'be
éeen from Fig. 9, the comparison is slightly better. The
disadvantage is that one is presenting an approximation to
the theoretical fvs. w curve when the full continuous
curve is known. Perhaps the beét way to avoid such problems
is to simply'plot the excitation energies vs._éngular momen-
tum for all cases.

As a final point connected with energies, Fig, 10 is a
plot of the gquasiparticle energies defined by Eq. (2.17)

as a self-consistent function of the angular velocity. The
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plot shows thét the lowést guasiparticle ene;gy E1 can turn
negative for certain values of w,'corresponding to gapless
superconductivity. Moreover,.ﬁhe curve displays an intriguing
knot when plotted in this way. The occurrenée of this pheno-
menon is a funétion of the chéice of'pafameters.' We haVe
found that backbending is strongly co;related with gapless
supe:conductivity, as has been suggested elsewhere, but
the correspondence is by no means one-one? In particular,
we have found instances of backbending concomitant with
entirely positive values for all quasiparticle'energies. This
is no surprisé; since the R(S) model exhibitsvbackbending”
thlé compleﬁély exéluding gapless superconductivity.
| ‘3. Comparison of Transition Matrix Elements

Because of computing limitations, it was possible for
us to calculate exact transition matrix elements onlyvalong‘
tﬁe yrast line, and then only for cases with Q=3. Table 2
is a'compariéén 6f the exact and approximate matrix elements,
cqrresponding to (3.20) and (3.21), with n=1 and Qc=0. The
approximate-ﬁatrix elements are not as accurate as the
cérrespondiné énergies; The breakdown of SCC in the transi-
tion region is clearly evidént, but the transition quadrupole
moment suffers more than the static quadrupoie moment.
. This is just what was expectedras a conséquence of the negiec—
ted overlap inﬁegrals in the former case. The»improvement of
the appioximate stati¢ moment wifh increasing I is clearly evident,

and expected from the nature of the approximations. Considering
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the small number of particles (6), the coﬁpérison is really
quite good. We expect that with the large number of particles
in a realistic calculation, the cranking model;should pro-
vide a reliable and simple method for calculating static
moments of the yrast band, outside:of the transition region
and for calculating the yrast cascade, which is a topic of
great current interest. | | |

| V. SUMMARY

Of the three many—bodY'methods tested oﬁ the.R(8)
mbdel, SCC2, the most simple, is also least éccuraté.
Nevertheless, it is still a very reasonable approximatibn
except in the transition region, but this only encompasses
two or three yrast states. In the classical limit, I»>x»,
SCC2 becomes exact. A significant improvement is provided
by SCC1l + RPA, which extends the usefulness of self-consistent.
cranking a 1i£t1e further into the transition region at
little extra cost. Howevex, the RPA correlations do break
down over part of the transition region, oWing mostly to
the Singularity at the cusp, but also in part to the large
magnitude of the pair fluctuétions. In realistic cases, it.
appears that the observed "phase transition" is due mainly
to the complete alignment of a single pair df nucleons in
high-j orbitals 2. While thé value of A is then attenuated,
it does not vanish, so that the cusp does not occur in this

region. Of course, at some higher value of w=w* for which
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additional nucleons align, the blocking effectvwill-cause‘
A to vanish and a cusp will occur. If the pair;fluctuations
are not too large, the validity of the RPA may extend beyond
the phase transition to w=w*, and fhen again for w beyond
this value. &

The VAPN results are quite comparable tovSCCl + RPA,
except in the transition region. Since a discontinuity in
A.does.not occur with projected wave functions} there is no
problem'with”a cusp. Thus, the projected energies saii rioht
through the transition region, although they are relatively -
less aoourate there than elsewhere. The prioe one paYs-is
additional difficulty in computation. 1In particular, realis-
tic calculations of transition probabilities would require

both angular-momentum and particle-number projection. The

'SCC1 + RPA method, on the other hand, provides a simple .

prescription for calculating transition probabilities at

-EEEE‘EEEE' not:only along the yrast line, buﬁ also between
.exoited states built on the yrast'iine. One can then cal-
. culate properties of the yrast casoade. The method cen

also be systematically improved by the boson-expansion tech-

nique.

Finally, it is perhaps worthwhile to point out that the
exact, that is, group-theory based shell model calculation is

of the order of 100 times slower than the approximate many-

- body methods. A comparison of the accuracy, to say nothing

of physical insight, makes the appropriate choice of technique

in this kind of situation clear-cut.
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APPENDIX

PA

The details of diagonalizing the quadratié forms de- -

Diagonalization of HR

fined by Egs. (2.35) - (2.42) are outlined below.
First consider Hj. The separation of the zero-enerqgy
mode, defined by (2.44),_can be achieved by the_method of

Ref. 14. One seeks a variable © canonically conjugatevto

.y (1)
(IZ .— JZ) ’

(o oy, -3)M=s " (a.1)

which commutes with the intrinsic bosons, é?kﬂ @%Z .

Taking note of (2.46), © must satisfy the ihhomogeneous

equation
. -1
[H3, O, 1= =i M3 (1

(1)

S | (a.2)

, 1t is obvious that © must

From the form of (Iz - jz)
\

havevthe form

N -+ , + o
0 =2 (b‘ + b) + Zy, (B12 + Blz) + z34 (B34 +_B34). (A.3)

The coefficients of M3(3 are obtained by solving (A.2),

while the inertial parameter M, is fixed by the normaliza-

[ ]
tion (A.l). (It is somewhat easier to work with H3 =

H, - ia (I(l) - j;l))2 rather than H3, as is seen from (2.36)).

3 2 z

In any case, one arrives at the result

1..% .2 2 -1
z = - (3% (B° - 0 DMy,
7. = ko (E + w) (E + 20) (D M.)~ 1
12 3 1
72.. = ko 2 (E - @) (E - 20) (D M)t (A.4)
34 © ' 3 ’ .
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E=E, +E ‘ _v : (A.5)
is used. The parameter M3'is given by

22 o : |
-1 Sow (BT - w9) '
M = a l - ’ ’ : ' o (A-6)
3 [ D + w(E? —w?)] R S

where

p=1¢E"-0) 2k P [E+wE+202+ E&-0)E - 2021 @.7

The vibrational frequencies w3 and the phonon opera-
tors (2.47) may be obtained with the usual RPA techniques.
' t_ooot ptopt  otogt |

With the notatlop bl= b, b2=B12, b3=B34, H3 may be written

in the form

o . > = 1Y @B f bf |
Hy = constent + o '-'dij b, bj + 5 & (Qij by bj + H.c. ) ,

where %and Q,are real symmetric matrices.  The equation

[H3, ﬁjg] = Wiy 632 - is equivalent to the usual RPA equations

X(30) ,

HAxcso - B Y30 = u,
e . beaand » o

W3y Y (30) .

Bx(30) -  SAlY(30)
The dimension of the eigenvalue problem can’be halved by the

well-known device of addingiand subtracting the pair of

equations leading to



42

) [ X(30) + ¥(30)] = w, [ X(30) - Y(30)],

zi x&

-B)

[

33) [ X(30) - ¥(30)] = wy, [ X(30) + Y¥(30)] , (a.8)
and finally

(Al +B) (A -B)( X(30) + ¥(30))
wy > "y [ o4 . .

2 ' ,
w30‘(1x(30) + Y(30)),

(A -B) (A +PB)( X(30) - ¥(30)) = wyZ ( x(30) + ¥(30)).(A.9)

Either one of the two eigenvalue equations (A.9), which ohly'
involve a 3 x 3 matrix, may be solved for the w36 and XtY,
while (A.8) can be used to prov1de the complementary combina-

tion XFY for w3 740.

In addition to the zero-frequency solution, one obtains

the roots

Q
Il

wl =2 rm?- 0%, | (.10)
with . _
b=2E%+wh) +4akie @ - 20 E- 0’ ,
' 2 . _ _ v
62 - w52 + 4 a k® E (B2 -0®) (2 + 20%) (% - 4% . (a.1D)

The corresponding eigenvectors are given by

- X(30) (w +@30) = ¥(30) (- uwy) = GDT A,

Xy, (30) (E -w-w 35) = K(E -w) (E+ 20,

30) = Y, (30 (E —w+ u

X34(30) (E + 0 —wy ) = =¥5,(30) (E + w + wy )=k(E + w) (E - 2wk,

30
(A.12)
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where 04; is é normalization factor obtained from £he éon—
dition
x2(30) + x2,(30) +x3,(30) - ¥?(30) - v2_(35) - ¥2,(30) =1
34 ‘ 12777 34
(A.13)
'The zero-point énergy ds3(z.p.) is obtained by expres--
sing Hy in the:nofmal-ordered diagonal form (2.46). The

result is

6’3(z.p_.) = %a" (I + X2(E + 2u)?2 [(E—w)2 + w2] +'k2(E+2w)2[(E+w)'2+w2]}

2 - _
- 2 _ 1 2 2,2 2 -1
Z_: w32 15 (30) | ZLI + 4 k% o (ET + 49) I M7 . (A.14)
0=1 i . , ;
 The last term in (A.14) is just e%-<(1él) (1)) /M3> ,

< ?w denoting'the éxpectation value with respect to the
HartreeQBogoliubov vacuum. It is é correction afising from
the.presence of the zero-frequency mode.

Y_Next, we take up the diagonalization of H4. "The two
cases,vA#O and A=0 must be cénsidered separately. If A#0,
the identity (2.42) holds and there is a zero-frequency méde,
the pairing rotation, corresponding to Eq. (2349). The

number operator in the RPA is given by

fimon + 81 = 20 - [ZA—];5 (BT +B.,, + B.. + B (A.15)

14 23 ¥ By3).

& (1)

The gauge angle ¢ canonically conjugate to N is found by

solving the equation
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[H,,¢] = -i M;” N ' (A.16)

and has the simple form

_i GE % ot _ ) | | |
¢ =305 17 (Byy =By * B3 - Byy) - (A.17)

The inertial parameter for pairing rotation, M4, then turns

out to be ‘ 2 _
M, = 5 . ' ' v (A.18)
G E

The genuine vibrational modes can be obtained by the
same technique applied to H3. However, it tu:ns out to be
more convenient to proceed in a different manner. First,
one observes that in the space of the Bl4’ B23.bosons there

exists an obvious canonical pair of variables commuting

with ﬁ(l) and ¢, givén by
_ 1 =% f _ ot
Qy =35 E 7 (Byy + Byy = Byg = By3)
_l ok ot '
Py =5 1 E® (Byy = Byy = By + Byy) . (A.19)

It is also convenient to introduce the followinq canonical

variables:

1 -kt . N
Qp =3 B, (Byy + Byy) .+ Py =i E, C(By, - By,
_1 -kt _ . R |
Q2 = 5 E_ (B13 + Bl3) ‘ P2 = 1 E_ (B13 Bl3) . (A.20)

This provides a complete set of commuting pairs, in terms of
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which H4 takes the form
| 3
o 15(1)2 1 2 1
Hy = -2 B+ 30 %/m, + 3 ) P+ 5 X K. 0 Q; . (a.21)

s 4 i=1

where K is a real symmetric matrix defined as follows:

Kyp = 4 Ef +‘3€2 Q_Ezl.(a - .260°% 7%

Ky, = -3¢ 9_(E+ E_)-%:(a + 2GA° Y-z) '

K3 = —A(GGQ)% 2y 27 E

Ky, = 4 B2 + 3¢? 2 B' (a - 260% ¥7?),

Kyq = -A(GGQ)_;5 e2 y72 E:!5 E ,

Kyy = 442 B2 (72, | A (A.22)

| The diagonalization of H4.reduces to the simple task
of diagonalizing the potential-energy quadratic form. This
is'accomplished by introducing a new set of cqbrdinates
ﬁ? and canoniqally conjugatevmomentaé;%, where

a
3
2 -3

cC, Q.
1 10 1

1

(A.23)

Mw
a
(=
Q
ae]
(=

3@ =

=-
i
.—J

in terms of which H, takes the diagonal form

4
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= (1)2 1 3
Hy = -2E + 2 8 2m, 4 2 i};l 926 + w2 @2 ). (A.24)
The-diagonalization oflthe potential energy leads to the
eigenvalue problem

K..C. =wl c.  ;i=l, 2,3 (A.24)
2: ij “jo “40 Tio ' roer _ .

and the'kinetic energy is automatically diagonal if the eigen-

vectors are normalized. Since the wio are roots’of a cubic |

equation, we shall not bother to write them out explicitly_.
The normal-mode bosons €64o’ Qﬁzg may then be defined in

the usual way: .

-k +
2, (20,0077 ( Oyg * g, .

o : - , i

_ . x gt _ o - ;
P =i (0, /) (O, - O - - (a.29) . ;
In terms of these, H4 takes the form
| 3 Z% | . |
CHy = t3 02;:1 T2 Yo Cis Oy - . (8.26)

The zero-point énergy is then explicitly‘given by

E 3 : .
_ v 1 ‘ -
& (z.p.) = -2 +§0§1 Wy | (A.27) :

The contribution of the pairing rotation is
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'The X's and Y's in Eq. (2.51) may be obtained in terms
of the Cio by combining the transformations (A.25), (A.23),

(A.20) and (A.19). The result is:

_ 1 -k
Xy, (40) =5 (2B, w, ) (gE+ +wg ) Cyooy
Y., (40) = -% (2B, w; )% (2B, - w, ) Cy_ .
24 2 7T+ 40 + 4o lc '
X (40),;= 1 (2E w )';i (2E + w,. ) C
13 -2 - 40 - 40 20 '
Y (40) =1 (2E i )'5(2E -w, ) C (A.28a)
13 2 - Y40 S 4c’ “20 ' .
X,,(40) = -X,,(40) = % [2E w, I7%(E + w, ) C
14 23 2 40 40’ “30 '
Y,,(40) = - Y..(40) = 1 [ZE w. ] %(E - w, ) C .(A 28b)
14 237 2 40 40 30 ,f )

4 breaks up into

Finally, tdke the case A=0. Then, H

two disjoint quadratic forms:

H4.; H4 (pp) + H4 (ph) ' (A.29)

. where H4(pp)'is'the pair-vibrational Hamiltonian describing

the transfer or removal of a pair of particles, and Hé(ph)
describes particle-hole excitations. Explicitly, these are

given by

o - (1)

R oy - ()t
Hy(pp) = E (By, Byy + By3 Byy) ~GP

and

P ’ (A.30) .



- _ t 1 .(1)2
Hy(ph) = 2 E 324 Byy + 2 E_ By Bj3 + 5 aj, | , (A.31)

in which P} is the A=0 limit of (2.41), and

E, = (62 + w2

b

*—‘,wE);i . - | I (A.32)'

First consider the pair-vibrational branch. Since

ﬁ(l)=0 when A=0, there is no zero-frequency mode. Neverthe-
less, it is useful to introduce the following canonical

variables analogous to (A.15), (A.17) and (A;19):

t t

Q3 = % BT (B], + By, - Byy - Byy)

Py =i E' (Bl, - By, - Bjy + By

Q = '% 1 E-% ‘B14 - Byg 323 - By3)

P, =2 E® (Bl, + B, + 323_+ B,y -  (a.33)

When expressed in terms of these variables, H4(pp) is

immediately in diagonal form:

e . lco2 2 2 2 2
Hy(pp) = -E + 5 [P + Py + wp (05 + Q3 )]

= t t . :
_-Epr‘*wp (ﬁ43 ﬁ43+ 044 ﬁ44)', (A.34)

where the pair-vibration excitation energy is given by

G ,e+ 2w €~ 2w v
e ( E, + E )] e (A.35)

= W =E [1 -

44
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It is clear frdm the gap equation (2.24)‘that wp+0 at the
transition point from £he‘normal to the superconducting
solution, signaling a switch from the pair-vibrational to
the pair—rotatidnal.scheme;_ The degeneracy in (A.35)
means that the excitation enefgy is equal forlfhe two-pafticle
and fhe two-hole transfer processes. Because of the degen-
eracy,;the operators d540,' g?zc are not uniquely defined,
but we shall not need thése in the present work.

To diagonélize H4(ph), it is convenient to again per—

form the canonical transformation (A.20). The result is

12 201 2 2 N '
(Hy(ph) = -E + 5 (Py + Py) + F(u, 0y +u_Q; + 2V Q; Q,) (A.36)
where
u, ='4_Ez +3ace?Q E:l -,
v =-3aelo (e, E)7F . (a.37)

The quadratic form is easily diagonalized by the'canonical

transformation
Ql = cose-Q.1 + sinb Q2 . "?1 = cosf P1 + sinQ P2 ’
522 = - siné Q +-cose Qy é;z = -sinb _Pl.+ cosf P2 ..,(A.38)

In terms of these variables,

» 1 2 2, 2 2 -
H4(ph) =-E +3 Y (P + w_4ogd> , : (A.39)
| = | ,
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where the frequencies are given by

w2 =2t vl s Ly -w)? el (2.40)
and v ’
COS26 = % {l + (u+ - u_) [(u+ - u_-)z + 4V2] —%} (A-4l)

The phonon operators may be defined by (A.25). Then

(A.39) takes the form

et

- 1 -t "
H,(ph) = E. + 5 Ogl weo F ggl Wy _640 Oy - (A.42)

The X and Y amplitudes have the form of Egq. (A.28a) with

= C = cos6, c12 = -c21 = sinf..

€11 22
From (A;34) and (A.42), we see that the total zero-
point energy for the A=0 case is given by

_ 4 . ,
- 1 :
éi(z.p.) = -2E + 3 gga\w40 - - (A.43)
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Table 1

Table 2

" Column 8 lists the projected energies &

53
TABLE CAPTIONS
Yrast.energies. The crahking energy ¢§é corresponds
to SCCl. The RPA zero-point corfectionS‘-é%(z.p.)
and éﬂ(z.p.).are listed separately, together with

the cohtribution‘to each of the zerb-frequency modes.

Column 7 lists the sum'ﬂgo +dg3(z.p.) + éﬁ(z.p.).

. and
proj.

the last column the exact energies.

Static and transition quadrupole moments along the

-yrast line. The transition quadrupole moment is

defined here as [B(E2; I+I-2)]?%. The approximate

values are defined by Egs. (3.21) and (3.20) and

completély determined by‘SCCl. The exact values

are defined in Ref. 8. 1In all cases, thé choice of

paraﬁeters is: Qc=0,.n=l, =3, G=.1, and a=.02.

Results are given for different values of e.
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&,(z.p.) &, (z.p.) i o

I SCC1 SCC1+RPA Projected | Exact

Zero Mode Total Zero Mode Total

0 -1.3333 ~0.0000 0.0065 -0.1500 -0.3107 -1.6375 -1.6392 -1.6399
2 -1.2955 -0.0004 0.0255 ~0.1498 -0.3106  -1.5806 ~-1.5822 -1.5830
4 —1.1825 -0.0009 0.0445 ~0.1491 -o.3idz- ~1.4482 “1.4496 ~1.4507
6  -0.9956 -0.0017 0.0635 —o.1475. ~0.3093 -1.2414‘ -1.2424  -1.2443
8 ~0.7380 -b70029. 0.0818 -o;i44o~-_ ~0.3069  -0.9632 0.9633  -0.9669
10 -b.4192v -0.0058 0.0974 -0.1338 -0.2992 ~0.6209 -0.6183 46,6266
12 -0.1332 -0.0291  0.0842 0 ~ -0.1410 -0.1900 ~0.2304 -0.2566
14  -0.1297 -0.0273 0.3518 0 ~ -0.0827 0.1394 0.1527  0.1132
16 0.4516 ~0.0233  0.1033 o -0.0540 0.5009 0.5397 0.4884
18 0.8389 -0.0188 0.1167 0 ~0.0374 0.9182 ,0.9705' 0.9112
20 1.2961  -0.0147 0.1320 0 ~0.0271 1.4010 _1;4613 1.3968
22 1.8264 ~0.0115  0.1486 0 | -b.ozo4 1.9546 : 2.02op | 1.9519
2.4316  -0.0090 0.1662° o -0.0159» 2.5819 2.6506 2.5800:

26 3.1130 -0.0072 0.1843 0 ©-0.0127 3.2846 3.3557 3.2833
28 3.8713 -0.0058 0.2029 4.1365 4.0623

0 -0.0104

Table 1

4.0638"

2



€=0.05

: €=0.10 v €=0.15 L €=0.20

I Static Transition ‘Aﬂ* - Static ' Transition Static - Transition _Static Transition
scCl exact scCl exact scc1' exact SCQl exact || sccl exact | SCCl exact S8CCl1 exact SCC1l exact

2 . O.ZSO 0.214 0.312  0.232 0.500 0.438‘ Q.623 0.475 0;750' 0.663 ‘0.933 0.720 1.000 -0.836 1.243 0.915
4 0.250 0.214 0.329 0.239 | 0.500 70.439;_ 0.656 0.488 | 0.750 0.661 | 0979 0.736 || ‘1.000 o0.826 | 1.299 o0.927
6 6.250 0.214‘. 6.364'>0.253 6.500 0.440 0.721 0.516 0.750 0.655 1.068 0.769 '1.600 0.805 1.407 0.951
8 0.250 '0.é15' 0.426 0.278 P 0.500 0.442 0.842 0.564 0.750 0.640 1.235 0.818 1.006 0.770 1.601 0.982
10 0.250 0.215. 0.554 .0.321 F 0.500 0.438 1.145 0.638 0.683 0.603 1.545 0.879 0.889 0.712 1.659 1.015
12 0.062 0.216 0.705 0.389 0.276 0.390 1.165 0.721 0.514 0.524 1.420 0.933 0.713 0.629 1.564 1.039
14 0.030 0.069 } 0.552 _0,261 0.168 0.254 0.986 0.772 0.364 0.407 1.274 0.954 0.556 b.526 1.454 1.042
16 0.016 0.027 0.449 0.483 L 0.104 0.145 0.839 0.765 ,0.255_ 0.291 1.134 0.925 0.425 .0.419 1.339 1.018
'lé 0.010 0.014 0.377 0.386 0.067 0.085 0.723 0.676 H6.179 .0.201 1.008 0.857 0.322 0.323 1.224 0.969
20 6;006"0.008> 0.325 0.316 0.045. 0.053 6.631 0.582 0.127 0.139 0.899 0.775 0.243 0.244 1.117 0.906
22 '0.004 0.005 0.285 0.266 0.051- 0.035 _0.558 0.504. 0.092 0.098 0.807 0.695 0.185 b.183 1.019 0.837
:24_ 0.003 0.003 0‘254' 0.229 0.022 0.024 _0;500 0.442 0.068 b:070 0.729 0.623 0.142 0.139 >0.933‘ 0.768
26‘ 0.002 0.003 0.22§ 0.201 0.017 0.017 0.452 0.§§2.’ 0.052' 0.052 0.664 0.562 0.110 0.106 0.857 6.705
28 0.002 0.002 0.208 0.179 .0.0i3 0.013 0.412 0.351 0.040 0.059 0.608 0.509 0.087 0.082 0.791 0.648

Table 2
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FIGURE CAPTIONS
Thevgap parameter A as a function of angular.speed w
for SCCZ.‘ The discrete pointsvcorrespond‘to integer
values of angﬁlar momentum. The cranking-model
‘solutions are unstable along the daéhed portions
of the curves.
The spin I‘as a function of angular spéed w for sSCC2.
The cranking—model solution is unstable alohg the
dashed part of the curve. |
The spin.I as a function of anéular speed w for
SCC2. The cranking-model solution is étable every-
where.
Contour plot of ¢§; + wz/a as a function of u and
A (SCC2). The self-consistent solution'A(w) is
given by the backbending curve with discrete points which
correspond to integer spins. |
Contour plot of the SCC2‘energy (90 as a function of'
w and I. The self-consistent solution‘A(I) is the
locus of points corresponding to the minimum of dﬁD(I,A)‘
for fixed I. |

Yrast excitation energies vs. spin I. =

‘Yrast excitation energies vs. spin I.

Moment of inertia vs. square of the angular speed.
The theoretical values are obtained by differentiating

the energy as a continous function of spin. The “exact"

"values are obtained by applying the finite—difference
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formulé-to the exact_energies as a fﬁnCtion of integer
values of spin. The dashed portion of the SCC2
curve ié unstable.

Fig. 9 Moment Qf inertia vs. square of the‘angular speed.
The;fihite difference formula is applied to both
theoretical and exact énergies as ahfunction of
integér values of spin. | |

Fig. 10. The quasiparticle energies vs. angular speed.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Energy Research and Development Administration, nor any of
their employees, nor any of their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
owned rights.




TECHNICAL INFORMATION DIVISION
LAWRENCE BERKELEY LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720





