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ABSTRACT OF THE DISSERTATION

Milnor K-Invariants of Groups of Multiplicative Type

by

Alexander Joseph Wertheim

Doctor of Philosophy in Mathematics
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Professor Alexander Merkurjev, Chair

Let G be an algebraic group over a �eld F of arbitrary characteristic. A type-i degree

n Milnor K-invariant of G is an element of Invi(G,KM
n ⊗Z Q/Z). This goal of this thesis is

to compute the group of degree n Milnor K-invariants for certain algebraic groups G when

n = 1, 2. The main results are divided among two chapters. In Chapter 2, we compute the type-

one (homomorphic) degree one Milnor K-invariants for algebraic groups of multiplicative type.

We also compute the type-zero (homomorphic) degree one Milnor K-invariants for reductive

groups. In Chapter 3, we compute the type-one degree two Milnor K-invariants for algebraic

tori; this is joint work with Alexander Merkurjev.
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Chapter 1

Background Material
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In this chapter, we introduce some of the core notions from the theory of invariants of

algebraic groups which arise in this thesis. Our goal is not to reinvent the wheel; indeed, there

are many great books and papers which discuss the subject in far more detail and clarity than we

could hope to replicate. Below, we have listed a few particular resources which were essential in

the preparation of this thesis, and whose presentation we largely follow in the next few sections;

the interested reader will surely �nd them useful in their own study of invariants and algebraic

groups.

(a) Milne's Algebraic Group Schemes of Finite Type Over a Field [Mil17] gives a comprehensive

account of the basic theory of algebraic groups.

(b) The Book of Involutions [KMRT98] by Knus, Merkurjev, Rost, and Tignol gives a clear

introduction to, among other things, algebraic groups and Galois cohomology. At the end

of the chapter on Galois cohomology, invariants are brie�y discussed.

(c) Cohomological Invariants in Galois Cohomology [GMS03] by Garibaldi, Merkurjev and Serre

is a beautiful exposition of the theory of invariants of algebraic groups.

We will rely heavily on each of these books in our own exposition, giving precise citations

where they are used below.

1.1 Notation and Conventions

Throughout all ensuing sections, let F denote a �eld, let Fsep denote a �xed separable closure,

and let Γ = Gal(Fsep/F ). All group schemes are a�ne unless otherwise indicated. If G is a group

scheme over F , we write Gsep to denote the base change of G to Fsep. We write G∗ to denote

the character group of G, i.e. the group of F -group scheme homomorphisms G → Gm,F . For

an abelian group A and a positive integer n, we write A[n] to denote the subgroup of n-torsion

elements of A. If A is a torsion abelian group and p is a prime, we write A{p} to denote the

p-primary component of A. For any morphism f : X → Y of a�ne F -schemes, the dual map of

F -algebras is denoted f ] : F [Y ] → F [X]. All cohomology groups are étale cohomology groups

unless otherwise indicated.
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1.2 Groups of Multiplicative Type

The group schemes which feature most centrally in this thesis are the groups of multiplicative

type; it is only natural, therefore, that we spend time to discuss their important properties.

LetH be an abelian group written multiplicatively. The group algebra F 〈H〉 can be equipped

with the structure of a Hopf F -algebra via the co-multiplication, co-inversion, and co-unit mor-

phisms de�ned on basis elements h ∈ H as follows:

c : F 〈H〉 → F 〈H〉 ⊗F F 〈H〉, h 7→ h⊗ h;

i : F 〈H〉 → F 〈H〉, h 7→ h−1;

i : F 〈H〉 → F, h 7→ 1.

Following [KMRT98], let Hdiag denote the group scheme represented by F 〈H〉. As a functor of

points,

Hdiag(R) = HomZ(H,R×)

for any F -algebra R by the universal property of the group algebra. We note that the group-like

elements of Hdiag are precisely the basis elements H ⊂ F 〈H〉.

De�nition 1.2.1. Let G be an algebraic group over F . We say that G is diagonalizable if

the natural map F 〈G∗〉 → F [G] induced by the embedding G∗ → F [G]× is an isomorphism of

Hopf F -algebras.

Remark 1.2.2. In [Mil17], the de�nition of diagonalizable is given as follows: a group G is

diagonalizable if the group-like elements of G span F [G] as an F -vector space. The proof of

[Mil17, Theorem 12.8] shows that this de�nition coincides with the de�nition given above.

The class of diagonalizable group schemes includes some of the most fundamental examples

of algebraic groups. Indeed, the group scheme Gm,F is diagonalizable; the natural isomorphism

F [Z]→ F [t, t−1]

sending 1 to t induces an isomorphism of Hopf F -algebras, which corresponds to the isomorphism

of F -group schemes

(Z)diag
∼= Gm,F .
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Likewise, an identical argument shows that there is a natural isomorphism

(Z/nZ)diag
∼= µn,F .

As Milne shows in [Mil17, Theorem 12.3], for any diagonalizable group G of �nite type, the

choice of a minimal generating set for G∗ ⊂ F [G]× determines an isomorphism with a �nite

product of copies of Gm,F and various µn,F . Moreover, we have the following fundamental

result.

Theorem 1.2.3. [Mil17, Theorem 12.9] The functors

G 7−→ G∗, H 7−→ Hdiag

de�ne an equivalence of categories between the category of diagonalizable (algebraic) group schemes

over F and the category of (�nitely-generated) abelian groups. Moreover, this equivalence of cat-

egories preserves short exact sequences.

Groups of multiplicative type are exactly the twisted forms of diagonalizable group schemes.

Precisely, we have the following de�nition.

De�nition 1.2.4. Let G be a group scheme over F . We say G is a group of multiplicative

type if Gsep is diagonalizable.

Clearly, any diagonalizable group scheme is a group of multiplicative type. For any group

scheme G over F , the character group G∗sep is equipped with a natural continuous Γ-action. On

the other hand, given an abelian group H with continuous Γ-action, the group algebra Fsep〈H〉

inherits a continuous semi-linear action of Γ. The Hopf Fsep-algebra structure on Fsep〈H〉

restricts to a Hopf F -algebra structure on the subring (Fsep〈H〉)Γ of Γ-invariant elements. Fol-

lowing [KMRT98], we denote the corresponding group scheme by Hmult; we note that Hmult is

of multiplicative type, and

Hmult(R) = HomΓ(H, (R⊗F Fsep)×)

for any F -algebra R. Using Galois descent, one may then establish the following generalization

of Theorem 1.2.3.
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Theorem 1.2.5. [Mil17, Theorem 12.23] The functors

G 7−→ G∗sep, H 7−→ Hmult

de�ne an equivalence of categories between the category of (algebraic) groups of multiplicative

type over F and the category of (�nitely-generated) abelian groups with continuous Γ-action.

Moreover, this equivalence of categories preserves short exact sequences.

An important subclass of groups of multiplicative type are tori.

De�nition 1.2.6. [KMRT98] A group T of multiplicative type over F is a torus if T ∗sep is a

free abelian group of �nite rank. A torus T is said to be split if it is diagonalizable.

We note that every torus is split over Fsep.

1.3 Invariants of Algebraic Groups

Before discussing invariants of algebraic groups, we �rst discuss a very general notion of invariant.

Let FieldsF denote the category of �eld extensions of F , and let

A : FieldsF −→ Sets,

H : FieldsF −→ AbGrps

be a functors.

De�nition 1.3.1. An H-invariant of A is a natural transformation of functors I : A → H,

where we view H (forgetfully) as a functor valued in sets.

One may view the data of an invariant as a collection of maps I(K) : A(K)→ H(K) for each

�eld extension K/F such that, if i : K → L is a morphism of �elds over F , then the diagram

A(K) H(K)

A(L) H(L)

I(K)

A(i) H(i)

I(L)
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commutes. As [GMS03, Remark 1.2] indicates, for our choices of functor A, there are no set-

theoretic di�culties which arise from considering the �set� of all �eld extensions of F . Since

H is valued in AbGrps, one may add two invariants I1 and I2 by adding the maps I1(L) and

I2(L) for each �eld extension L/F . One then easily sees that the set of H-invariants of A forms

an abelian group with this addition, which we will denote Inv(A,H). For any �xed element

u ∈ H(F ), one may de�ne an H-invariant of A by setting

cu(K) : A(K)→ H(K), a 7→ H(i)(u)

for any �eld extension i : F → K. The invariant cu ∈ Inv(A,H) is called the constant invariant

at u. There is a morphism of abelian groups

Φ(A) : H(F )→ Inv(A,H)

sending u ∈ H(F ) to cu. The image of Φ(A) is called the constant H-invariants of A, and

we denote this subgroup of Inv(A,H) by Invconst(A,H).

Suppose that the functor A is valued in the category of pointed sets. Then one may consider

invariants I which are basepoint-preserving, i.e. invariants such that I(K) is a morphism of

pointed sets for each �eld extension K/F . We call such invariants normalized, and we denote

the subgroup of Inv(A,H) of normalized invariants by Invnm(A,H). Moreover, the map Φ(A)

is split by the map ev∗ : Inv(A,H) → H(F ) which sends I to the evaluation of I(F ) at the

basepoint of A(F ). It is easy to check that the kernel of ev∗ is precisely Invnm(A,H), and so we

have a (split) exact sequence

0 Invnm(A,H) Inv(A,H) H(F ) 0
ev∗

Φ(A)

In particular, we have Inv(A,H) ∼= Invnm(A,H)⊕H(F ), so computing normalized invariants is

no di�erent from computing all invariants. In this thesis, we will mostly concern ourselves with

normalized invariants.

The study of invariants of an algebraic group G could be informally de�ned as study of the

groups Inv(A,H) for certain functors A related to G. In order to give precise de�nitions, we

will need to introduce the functors A which we will care about.

De�nition 1.3.2. Let G be an algebraic group over F . A G-torsor over X is a morphism of
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G-schemes E → X satisfying the following properties:

(a) f is faithfully �at;

(b) the G-action on X is trivial, so that G acts on the �bers of f ;

(c) for any F -algebra R and any x ∈ X(R), either f(R)−1(x) is empty, or G(R) acts simply

transitively on f(R)−1(x).

A morphism of G-torsors over X between E → X,E′ → X is de�ned to be a G-equivariant

morphism E → E′ over X.

It is a basic result in the theory of G-torsors that any morphism of G-torsors is an iso-

morphism. In particular, for any �xed base scheme X, the category of G-torsors over X is a

groupoid. Moreover, for any base scheme X, there is a distinguished torsor called the trivial

G-torsor over X: it is the projection map X × G → X. We denote the set of isomorphism

classes of G-torsors over X by Tors(X,G); it is a pointed set with basepoint given by the class

of the trivial G-torsors. If X = Spec(R) is a�ne, we will sometimes write Tors(R,G) to indicate

Tors(X,G).

G-torsors are the algebro-geometric analogues principal G-bundles in topology. But in fact,

the notion of a G-torsor appears in several distinct contexts under di�erent guises, and many

interesting algebraic objects can be viewed as G-torsors over �elds; we will give some examples

below. To explain this relationship, we note that if G is a smooth algebraic group over F ,

then the pointed sets H1
ét(F,G) and Tors(F,G) are isomorphic. (More generally, even if G is

not smooth, we nevertheless have a pointed bijection between H1
fppf(F,G) and Tors(F,G); see

[Mil80, III.4] for details.) On the other hand, if A is an F -algebra (not necessarily commutative)

and G is the F -group scheme of algebra automorphisms of A, then there is a (pointed) bijection

between H1(F,G) and the (isomorphism classes of) twisted forms of A, i.e. those F -algebras

A′ such that (A′)Fsep is isomorphic as an Fsep-algebra to AFsep . These correspondences are

described in great detail in the following sources: [Vos98, Chapter 1, �3]; [Ser02, I.5.2 and III.1];

[KMRT98, VI.28D-VI.29B]; [Mil80, III.4].

Example 1.3.3. (a) Take G = PGLn,F . In this case, G is the group scheme of algebra auto-

morphisms of A = Mn(F ) by Skolem-Noether. The twisted forms of A are those F -algebras

which become isomorphic to Mn(Fsep) as an Fsep-algebra after base change to Fsep. These

are exactly the central simple F -algebras of rank n.
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(b) Take G = Sn, the constant group scheme over F associated to the symmetric group Sn, so

that G is the group scheme of algebra automorphisms of A = Fn. The twisted forms of A

are those F -algebras which become isomorphic to Fnsep as an Fsep-algebra after base change

to Fsep; these are the étale F -algebras of rank n.

For any morphism g : Y → X of F -schemes and any G-torsor f : E → X, the pullback of f

along g is aG-torsor over Y . The morphism g thus induces a pullback morphism Tors∗(g) : Tors(X,G)→

Tors(Y,G) sending a G-torsor over X to its pullback along g. It is straightforward to check that

this pullback operation is functorial, i.e. if we have a composition of morphisms

Z
h−−→ Y

g−−→ X

of F -schemes, then Tors∗(g ◦ h) = Tors∗(h) ◦ Tors∗(g). Let Tors(−, G) denote the functor from

FieldsF to Sets taking a �eld extension L/F to Tors(L,GL), where a morphism i : L → K of

�elds over F induces the morphism Tors∗(i) : Tors(L,GL)→ Tors(K,GK).

De�nition 1.3.4. Let G be an algebraic group over F . A type-one H-invariant of G is an

element of Inv(Tors(−, G), H). We set

Inv1(G,H) := Inv(Tors(−, G), H).

Likewise, viewing G as a functor from FieldsF to Grp, a type-zero G invariant of G is an

element of Inv(G,H), and we set

Inv0(G,H) := Inv(G,H)

Remark 1.3.5. Type-one invariants are so-named because we can view the functor L 7→ Tors(L,GL)

as the cohomological functor L 7→ H1
fppf(L,GL). Likewise, the restriction of G to FieldsF coin-

cides with the functor L 7→ H0(L,GL).

We note that for any algebraic group G, the restriction of G to FieldsF can be viewed as

a group-valued functor. If G is commutative, then for any a�ne F -scheme X, the pointed set

Tors(X,G) can be given the structure of an abelian group, and the functor Tors(−, G) may

likewise be viewed as group-valued.

De�nition 1.3.6. A type-zero invariant I ∈ Inv0(G,H) is said to be homomorphic if it is a

8



morphism of group-valued functors. We denote the subgroup of homomorphic invariants by

Inv0
hom(G,H) ⊆ Inv0(G,H).

Likewise, if G is commutative, then we denote the subgroup of homomorphic type-one invariants

by

Inv1
hom(G,H) ⊆ Inv1(G,H).

Remark 1.3.7. Homomorphic invariants are also called linear in the literature; see, e.g., [BM13,

�4b].

If G is a topological group, a powerful tool for understanding (isomorphism classes of) prin-

cipal G-bundles is the notion of a characteristic class. If bG is the functor taking a paracompact

topological space Y to the set of isomorphism classes of principal G-bundles over Y , a char-

acteristic class is a natural transformation between bG and some singular cohomology functor

H.

In the same way, if G is an algebraic group, then one can study invariants when H is a Galois

cohomological functor; that is, when H = H i(−,M) [GMS03, I.4.1] for some �xed discrete

Γ-module M . Such invariants were �rst introduced by J.-P. Serre in [Ser95] and are called

cohomological invariants. In the next section, we will introduce the class of cohomological

functors most commonly considered.

Remark 1.3.8. Let M be a discrete Γ-module. In the literature, one often sees the notation

Invi(G,M) to denote the group Inv(Tors(−, G), H i(−,M)). This is because many papers only

consider type-one invariants. We avoid this notation because we use the superscript to refer to

the type of invariant.

1.4 Cohomology Groups with Values in Q/Z(j)

Let X be an F -scheme, and �x integers m, j > 0. We now need to de�ne the cohomology

groups Hm(X,Q/Z(j)). The de�nitions are technical, owing in part to some complications in

positive characteristic, but in many important cases, the functor FieldsF → Grp given by

L 7→ Hm(L,Q/Z(j)) can be identi�ed with certain well-known functors.

Following [BM13, 3b] nearly identically, we de�ne the étale (hyper)cohomology groupsHm(X,Q/Z(j))

as follows.

9



De�nition 1.4.1. For any prime p 6= char(F ) and any positive integer n, let Z/pnZ(j) be the

sheaf of abelian groups on the big étale site of Spec(F ) given by

Z/pnZ(j) = µ⊗jpn ,

where µpn is the sheaf of (pn)th roots of unity. If p = char(F ) > 0, we set

Z/pnZ(j) = WnΩj
log[−j],

where WnΩj
log is the sheaf of logarithmic de Rham-Witt di�erentials (see [Ill79, I.5.7], [Kah96]).

Finally, for any prime p, set

Qp/Zp(j) = colim
n∈N

Z/pnZ(j),

Q/Z(j) :=
∐

p prime

Qp/Zp(j),

where all colimits are taken in the derived category of sheaves of abelian groups on the big étale

site of Spec(F ).

With the de�nitions above, we have

Hm(X,Q/Z(j)){p} = colim
n∈N

Hm(X,µ⊗jpn )

for p 6= char(F ), and

Hm(X,Q/Z(j)){p} = colim
n∈N

Hm−j(X,WnΩj
log)

for p = char(F ) > 0.

We now investigate the case whenX = Spec(F ), andm = j orm = j+1. LetKM
i denote the

functor Fields→ AbGrps sending a �eld L to the ith Milnor K-group of L (see [Mil70]). Sup-

pose that p = char(F ) > 0. There is a canonical isomorphism KM
j (F )/pnKM

j (F )→WnΩj
log(F )

by [BK86, Cor 2.8]. Since KM
j (Fsep) has no p-torsion by [Izh91, Theorem A], the sequence of

Γ-modules

0→ KM
j (Fsep)

·pn−−−→ KM
j (Fsep)→ KM

j (Fsep)/pnKM
j (Fsep)→ 0

is exact. Moreover, H1(F,KM
j (Fsep)) = 0 by [Izh91, Lemma 6.6], so the associated long exact
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sequence in Galois cohomology gives

H0(F,KM
j (Fsep)/pnKM

j (Fsep)) = KM
j (F )/pnKM

j (F );

H1(F,KM
j (Fsep)/pnKM

j (Fsep)) = H2(F,KM
j (Fsep))[pn]

Taking colimits as n varies, we therefore compute

Hm(F,Q/Z(j)){p} =


KM
j (F )⊗Z Qp/Zp if m = j

H2(F,KM
j (Fsep)){p} if m = j + 1

if p = char(F ) > 0. By the norm residue isomorphism theorem [Voe11], there is a natural

isomorphism

KM
j (F )/pnKM

j (F )
∼−−→ Hj(F,µ⊗jpn )

for p 6= char(F ) and any n. Therefore, taking colimits as n varies and summing over all primes

p, there is a natural isomorphism

Hj(F,Q/Z(j))
∼−−→ KM

j (F )⊗Z Q/Z. (1.1)

De�nition 1.4.2. Let G be an algebraic group over F . A type i degree n Milnor K-

invariant of G is an element of the group Invi(G,Hn(−,Q/Z(n))) for i = 0, 1. In light of

the canonical isomorphism 1.1, we will switch between the groups Invi(G,Hn(−,Q/Z(n))) and

Invi(G,KM
n ⊗Z Q/Z) freely.

Example 1.4.3. Consider the case when m = 2, j = 1. I claim that there is a canonical

identi�cation of H2(F,Q/Z(1)) with Br(F ). Indeed, every element of Br(F ) is torsion, so it

su�ces to show that H2(F,Q/Z(1)){p} = Br(F ){p} for each prime p. If p 6= char(F ), then the

Kummer sequence

1→ µpn(Fsep)→ F×sep
·pn−−−→ F×sep → 1

is exact for any n. Since H1(F, F×sep) = 0 by Hilbert's Theorem 90, we get that H2(F,µpn) =

H2(F, F×sep)[pn] by examining the long exact sequence on Galois cohomology. On the other hand,

if p = char(F ) > 0, then the Kummer sequence is no longer exact, but the sequence

1→ F×sep
·pn−−−→ F×sep → F×sep/(F

×
sep)p

n → 1

11



is exact; this is exactly the exact sequence on K-theory described above when j = 1. Just as

before, we then obtain that H1(F, F×sep/(F
×
sep)p

n
) = H2(F, F×sep)[pn].

1.5 Residue Maps

Let X be a smooth variety over F , let Z ⊂ X be a closed subscheme, and let U = X \ Z. The

functor sending an étale sheaf F on X to ker(F(X)→ F(U)) is left exact; we write Hn
Z(X,−) to

denote its right derived functors. The groups Hn
Z(X,F) are called the étale cohomology groups

of X with support in Z and values in F ; see [Mil80, III.1] for further details. For any x ∈ X(1),

set

Hn
x (X,Q/Z(j)) := colim

x∈U
Hn
{x}∩U (U,Q/Z(j))

where the colimit is taken over all open subsets U ⊂ X which contain x. The coniveau spectral

sequence [CTHK97, 1.2]

Ep,q1 =
∐

x∈X(p)

Hp+q
x (X,Q/Z(j)) =⇒ Hp+q(X,Q/Z(j))

gives rise to residue homomorphisms

∂x : H∗(F (X),Q/Z(j))→ H∗+1
x (X,Q/Z(j))

for any x ∈ X(1).

Now, letHn(Q/Z(j)) be the Zariski sheaf onX associated to the presheaf U 7→ Hn
ét(U,Q/Z(j)).

By [CTHK97, Corollary 2.1.3], H0
Zar(X,Hn(Q/Z(j))) is the E0,n

2 -term of the coniveau spectral

sequence. Setting ∂ =
∐
x∈X(1) ∂x, we have the following result.

Proposition 1.5.1. [BM13, Proposition A.10] Let X be a smooth variety over F . The sequence

0→ H0
Zar(X,Hn(Q/Z(j)))→ Hn(F (X),Q/Z(j))

∂−−→
∐

x∈X(1)

Hn+1
x (X,Q/Z(j))

is exact.

Let s be a prime not equal to the characteristic of F . In this case, a cohomological purity

argument [CTHK97, 1.4] shows that the Ep,q1 -terms of the coniveau spectral sequence for the

12



sheaf Qs/Zs(j) are given by

Ep,q1 =
∐

x∈X(p)

Hq−p(F (x),Qs/Zs(j − p)),

where F (x) denotes the residue �eld of X at x. In this case, we may rewrite Proposition 1.5.1

as follows:

Proposition 1.5.2. Let X be a smooth variety over F . The sequence

0→ H0
Zar(X,Hn(Qs/Zs(j)))→ Hn(F (X),Qs/Zs(j))

∂−−→
∐

x∈X(1)

Hn−1(F (x),Qs/Zs(j − 1))

is exact.

1.6 Classifying Spaces

If G is a topological group, then an extremely useful construction for understanding principal

G-bundles is the notion of a classifying space. Brie�y, the classifying space of G, denoted BG, is

the quotient of a weakly contractible topological space EG by a proper free action of G; note that

BG is not itself unique, but it is unique up to homotopy type. The quotient map π : EG→ BG is

a principal G-bundle which is universal in the following sense: if X is a paracompact topological

space, then the map

[X,BG]→ {isomorphism classes of principal G-bundles over X}

sending the class of f : X → BG to the pull-back of π along X is a bijection, where [X,BG]

denotes the pointed set of homotopy classes of continuous maps X → BG. Moreover, the

cohomology of groups of BG are rich algebraic objects which encode important topological

information about G and related G-structures.

For an algebraic group G, there is no analogous notion of BG in the category of schemes, but

there is nevertheless a good class of torsors called versal torsors which approximate the property

of BG as a universal bundle.

De�nition 1.6.1. [BM13, �2.2b] Let G be an algebraic group over a �eld F . A G-torsor E → X

over a smooth variety X over F is said to be versal if every G-torsor over an in�nite �eld L/F
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is isomorphic to the pull-back of E → X along a point Spec(L) → X, and the set of images of

such morphisms is dense in X.

De�nition 1.6.2. [BM13, �2.2b] Let G be an algebraic group over a �eld F , and let E → X be

a versal G-torsor. The generic �ber of E → X, i.e. the pull-back of E → X along the generic

point Spec(F (X))→ X of X, is called a generic G-torsor, denoted Egen → Spec(F (X)).

We note that versal torsors always exist. Indeed, every a�ne algebraic group scheme G

over F can be embedded as a closed subgroup of GLN,F for some N [Mil17, Corollary 4.10].

Fix one such embedding G ↪→ GLN,F . By [Mil17, Pages 104-105], there is a quasi-projective

F -scheme X which one might reasonably call GLN,F /G, equipped with a natural faithfully �at

F -morphism π : GLN,F → X which is a G-torsor [Mil17, Corollary 5.27]. As [GMS03, I.5.3]

explains, π is versal by Hilbert's Theorem 90. Since π is faithfully �at, X is a smooth variety,

and X(F ) 6= ∅ because GLN,F (F ) 6= ∅.

More generally, let V be a generically free representation of G. If the scheme theoretic

stabilizer in G of the generic point of V is trivial, then there exists a G-equivariant open subset

U ⊂ V such that the quotient scheme X := U/G exists, and the projection map π : U → X

is a versal G-torsor by [GMS03, I.5.4]. Once again, we note that X is a smooth F -variety by

faithfully �at descent, and X(F ) 6= ∅. We say that π is a standard versal G-torsor. The

above example shows that standard versal G-torsors exist, and by [Tot99, Remark 1.4], it can

always be arranged so that V \ U has arbitrarily large codimension in V .

There is a deep connection between the cohomology of versal torsors and invariants. To

make this precise, we need to introduce the notion of a balanced element. Let E → X be a

G-torsor with E(F ) 6= ∅. Let πi : E ×F E → X denote the composition of projection onto the

ith factor with the morphism E → X for i = 1, 2. Each πi is a G×F G-torsor over X; if we view

G as acting on E×F E with the diagonal action, then the quotient (E×F E)/G exists, and both

projections π1, π2 factor uniquely through morphisms p1, p2 : (E ×F E)/G → X respectively.

Both p1 and p2 are G-torsors over X.

De�nition 1.6.3. Let H be a (contravariant) functor from the category of schemes over F to

AbGrps. An element h ∈ H(X) is said to be balanced if

H(p1)(h) = H(p2)(h).

We write H(X)bal to denote the subgroup of balanced elements of H(X).

14



Lemma 1.6.4. [BM13, Lemma 3.3] Let H be as in De�nition 1.6.3, and let h ∈ H(X)bal. Let

L/F be a �eld extension, and let W → Spec(L) be a GL-torsor over L. Suppose x, y ∈ X(L)

such that the pullback E → X along each point is isomorphic to W as GL-torsors over L. Then

H(x)(h) = H(y)(h).

Suppose now that G is connected. For any such functor H, and any versal G torsor E → X,

we have the following construction. Fix an element h ∈ H(X)bal. Let L/F be a �eld extension,

and let W → Spec(L) be a GL-torsor. Then there is a point y ∈ X(L) such that the pull-back

of E → X along y is isomorphic to W . Indeed, if L is in�nite, this follows by the de�nition of

versal. If L is �nite, then every TL-torsor over Spec(L) is trivial by [Lan56, Theorem 2], since

G is connected, and so any point of X(L) su�ces. The assignment W 7→ H(y)(h) ∈ H(L) does

not depend on the choice of y by Lemma 1.6.4, and so de�nes an invariant Ih ∈ Inv1(G,H).

For any scheme Y over F , let Hn(Q/Z(j)) be the Zariski sheaf on Y associated to the

presheaf U 7→ Hn
ét(U,Q/Z(j)). The association Y 7→ H0

Zar(Y,Hn(Q/Z(j))) de�nes a contravari-

ant functor from schemes over F to AbGrps. We note that for any �eld extension L/F ,

H0
Zar(Spec(L),Hn(Q/Z(j))) = Hn(L,Q/Z(j)).

Let ϕ(G) : H0
Zar(X,Hn(Q/Z(j)))bal → Inv(G,Hn(−,Q/Z(j))) be the morphism sending u ∈

H0
Zar(X,Hn(Q/Z(j)))bal to the invariant Iu de�ned above. We note that the cohomology group

H0
Zar(X,Hn(Q/Z(j)))bal does not depend on the choice of versal torsor; see [Mer17, �5].

The next two results show that ϕ(G) is an isomorphism. These results will be essential in

our determination of degree two Milnor K-invariants for tori.

Proposition 1.6.5. Let π : E → X be a versal G-torsor, and let Egen → F (X) be the generic

�ber of π. Let evEgen : Invn(G,H1(−,Q/Z(j))) → Hn(F (X),Q/Z(j)) denote the morphism

given by evaluation at Egen.

(a) ([Mer17, Proposition 6.1]) The map evEgen is injective.

(b) ([BM13, Theorem 3.4, Proposition A.9]), The image of evEgen is contained in the subgroup

H0
Zar(X,Hn(Q/Z(j)))bal ⊂ Hn(F (X),Q/Z(j)).

Theorem 1.6.6. [Mer17, Theorem 6.3] With the notation Proposition 1.6.5, the map

evEgen : Inv1(G,Hn(−,Q/Z(j)))→ H0
Zar(X,Hn(Q/Z(j)))bal
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is an isomorphism with inverse ϕ(G).

We conclude our discussion of classifying spaces with the following two results. They show

that certain algebraic invariants of the base X of a standard versal torsor U → X do not depend

on the choice of representation V or on the open subset U , so long as the codimension of V \U

in V is su�ciently large. [BM13, Appendix A-IV] is also a good reference for this material.

Proposition 1.6.7. Let V be a generically free G-representation, and let U ⊂ V be a G-

equivariant open subset such that the quotient U/G exists as a scheme, and the codimension of

V \ U in V is at least 2. Provided at these conditions are met, F [U/G]× is independent of the

choice of V , the choice of U , and F [U/G]× ∼= F×.

Proof. Note that U is irreducible because it is an open subset of V , which is itself irreducible.

Moreover, the morphism U → U/G is faithfully �at, hence surjective, which means it is also

dominant. Therefore, the comorphism F [U/G]→ F [U ] is injective, and so F [U/G]× injects into

F [U ]×. It therefore su�ces to show that F [U ]× ∼= F×.

The coordinate ring F [V ] is isomorphic to a polynomial ring in �nitely many variables, and

so F [V ]× ∼= F×. I claim that the the natural map F [V ]× → F [U ]× induced by the inclusion

U ↪→ V is an isomorphism, which completes the proof. Indeed, we have a commutative diagram

0 F [U ]× F (U)× Div(U)

0 F [V ]× F (V )× Div(V )

with exact rows. But the natural map F (V )× → F (U)× is an isomorphism, since U and V have

isomorphic rational functions, and the map Div(V )→ Div(U) is an isomorphism as well, since

the the codimension of V \ U in V is at least 2. Hence, a diagram chase shows that the map

F [V ]× → F [U ]× is an isomorphism.

Proposition 1.6.8. Let V be a generically free G-representation, and let U ⊂ V be a G-

equivariant open subset such that the quotient U/G exists as a scheme, and the codimension of

V \ U in V is at least 2. Provided at these conditions are met,

(a) Pic(U/G) is independent of the choice of V and the choice of U ;

(b) For any such U , the projection maps p1, p2 : (U × U)/G→ U/G induce equal isomorphisms

Pic(p1),Pic(p2) : Pic(U/G)→ Pic((U × U)/G);
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(c) if G is reductive, then Pic(U/G) ∼= G∗.

Proof. (a) Since U/G is a smooth variety, Pic(U/G) is (canonically) isomorphic to CH1(U/G),

and so this follows by [Tot99, Theorem 1.1]. Since we will use the details of the proof later,

however, we reproduce Totaro's argument below.

First, recall that if X is an (irreducible) variety over F , then for any closed subvariety Z

of X of codimension i, the �at pull-back map CHr(X)→ CHr(X \ Z) induced by the open

embedding X \ Z ↪→ X is an isomorphism for r < i. Informally speaking, the point is that

the codimension-r points of X are not changed by removing a closed subset of codimension

i, and the relation of rational equivalence is unchanged by shrinking to an open subset of

X.

Now, let V1, V2 be two generically free G-representations, and let U1 ⊂ V1, U2 ⊂ V2 be

open subsets satisfying the conditions given in the statement of the proposition. By a

faithfully �at descent argument, the quotients (U1×V2)/G and (V1×U2)/G exist as varieties,

since they are vector bundles over U1/G and U2/G respectively. Moreover, the natural

map i1 : (U1 × U2)/G → (U1 × V2)/G is an open embedding, and the complement of the

image of f1 in (U1 × V2)/G has codimension equal to the codimension of V2 \ U2 in V2; an

analogous statement holds for the embedding i2 : (U1 × U2)/G → (V1 × U2)/G. Consider

the commutative diagram

(U1 × V2)/G (U1 × U2)/G (V1 × U2)/G

U1/G U2/G

π1

i1

p1

i2

p2
π2

where the maps pi, πi maps are induced by the respective projections. We get a dual diagram

on Picard groups:

Pic((U1 × V2)/G) Pic((U1 × U2)/G) Pic((V1 × U2)/G)

Pic(U1/G) Pic(U2/G)

Pic(i1) Pic(i2)

Pic(p1)
Pic(π1) Pic(π2)

Pic(p2)

The maps Pic(i1),Pic(i2) are isomorphisms by the codimension argument given above, since

Pic = CH1 in the our case. Moreover, by homotopy invariance for CH1 [Tot14, Lemma 2.2],

17



Pic(π1) and Pic(π2) are also isomorphisms. We therefore conclude that Pic(π1),Pic(π2) are

isomorphisms, which completes the proof.

(b) The argument used in part (a) shows that the maps Pic(p1),Pic(p2) are isomorphisms. To

see that they are equal, note that if d : U/G→ (U × U)/G denotes the diagonal map, then

d is split by p1 and p2. By functoriality, this means that Pic(d) is a left-inverse to Pic(p1)

and Pic(p2). But Pic(p1),Pic(p2) are isomorphisms, and so it follows that each has inverse

Pic(d), whence they must be equal.

(c) By Proposition 1.6.7, the map F [U/G]× → F [U ]× induced by the projection U → U/G is

an isomorphism. Moreover, since U is smooth, we have Pic(U) ∼= Cl(U). As noted in the

proof of Propostion 1.6.7, since U is an open subset of V such that codimension of V \U in

V is at least 2, the natural maps Div(V )→ Div(U) and F (V )× → F (U)× are isomorphisms.

It follows that the natural map Cl(V ) → Cl(U) is an isomorphism, and so Cl(U) = 0. By

[San81, Proposition 6.10], we have an exact sequence

0→ F [U/G]×/F× → F [U ]×/F× → G∗ → Pic(U/G)→ Pic(U).

where the mapG∗ → Pic(U/G) sends a character χ to the line bundle (U×Gm,F )/G→ U/G,

where G acts diagonally on U ×Gm,F via χ. Exactness of this sequence then implies that

the map G∗ → Pic(U/G) is an isomorphism.
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Chapter 2

Degree One Milnor K-Invariants of

Groups of Multiplicative Type
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2.1 Overview of Results

In this chapter1, we study type-one invariants when G is an algebraic group of multiplicative

type, i.e. when G is a twisted form of a diagonalizable group. For any n ∈ N, let KM
1 /n denote

the functor KM
1 ⊗Z Z/nZ. The embedding Z/nZ ↪→ Q/Z induces a morphism of functors

ιn : KM
1 /n → KM

1 ⊗Z Q/Z; likewise, if n and m are positive integers such that n divides m,

then the embedding Z/nZ → Z/mZ sending [1]n to [m/n]m induces a morphism of functors

βn,m : KM
1 /n→ KM

1 /m. One may check that the collection of functors {KM
n ⊗ZQ/Z}n∈N de�nes

the data of a cycle module in the sense of Rost (see [Ros96]), as does {KM
n ⊗ZZ/mZ}n∈N for any

m ∈ N. The functors KM
1 ⊗Z Q/Z and KM

1 /m respectively form the �rst graded components of

these cycle modules.

Our goal is to determine Inv1
hom(G,KM

1 ⊗ZQ/Z). As we will explain in Section 2.3.1, a clas-

sical Kummer theory argument shows that there is an isomorphism Σn : KM
1 /n→ Tors(−,µn,F )

of group-valued functors. On the other hand, any χ ∈ Hom(G,µn,F ) = G∗[n] gives rise to a

morphism of group-valued functors Tors∗(χ) : Tors(−, G) → Tors(−,µn,F ). Thus, we may as-

sociate to any element χ ∈ G∗[n] a homomorphic invariant Iχ ∈ Inv1
hom(G,KM

1 /n) which is the

composition of Tors∗(χ) with Σ−1
n . This leads us to our �rst main theorem.

Theorem A (2.5.4). Let G be a group of multiplicative type over a �eld F . The map Φ(G,n) : G∗[n]→

Inv1
hom(G,KM

1 /n) sending χ to Iχ is a group isomorphism.

The composition of any such Iχ with ιn produces an element of Inv1
hom(G,KM

1 ⊗Z Q/Z),

and so de�nes a group homomorphism Φ̃(G,n) : G∗[n] → Inv1
hom(G,KM

1 ⊗Z Q/Z) for each

n ∈ N. Passing to the colimit as n varies, we obtain a universally induced group morphism

Φ(G) : G∗tors → Inv1
hom(G,KM

1 ⊗Z Q/Z).

Theorem B (2.5.6). The map Φ(G) : G∗tors → Inv1
hom(G,KM

1 ⊗ZQ/Z) is a group isomorphism.

Our proofs of Theorems 2.5.4 and 2.5.6 depend critically on the determination of homomor-

phic type-zero invariants for tori with values in KM
1 /n for each n ∈ N. The following result was

proven by Merkurjev (cf. [Mer99, Corollary 3.7]) in the case when the characteristic of F does

not divide n; we give a proof in this paper which holds independent of the characteristic of F .

Theorem C (2.4.5). If T is an algebraic torus, then Inv0
hom(T,KM

1 /n) ∼= H0(F, T ∗sep/(T
∗
sep)n).

1The majority of this chapter appeared (with minor modi�cations) as an article, reproduced here with per-
mission. This article was published in Journal of Algebra, Vol 577, Alexander Wertheim, Degree One Milnor

K-Invariants of Groups of Multiplicative Type, 149-174, Copyright Elsevier (2021). See [Wer21].
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The results we have obtained above follow a rich history of work on cohomological invariants:

here are a few related recent examples. In [Tot], Totaro computed all mod p cohomological

invariants for many important a�ne group schemes in characteristic p; in particular, under the

assumption that char(F ) = p > 0, Totaro independently computed Inv1(G,KM
1 /p) for any a�ne

group scheme ([Tot, Theorem 15.2]). The computation of invariants for smooth linear algebraic

groups with values in H2(−,Q/Z(1)) was carried out by Alexandre Lourdeaux in [Lou20].

2.1.1 Notation and Conventions

Throughout, F denotes a �xed base �eld of arbitrary characteristic, and Fsep denotes a �xed

separable closure. We put Γ = Gal(Fsep/F ). If G is a group scheme over F , we write Gsep

to denote the base change of G to Fsep, and G∗ to denote the character group of G. For an

abelian group A and a positive integer n, we write A[n] to denote the subgroup of n-torsion

elements of A. All group schemes are a�ne unless otherwise indicated. For any morphism

f : X → Y of a�ne F -schemes, the dual map of F -algebras is denoted f ] : F [Y ] → F [X]. For

any group scheme G over F and any F -algebra R, we write εR to denote the identity element

of G(R). If ϕ : Q→ Q′ is a morphism of commutative F -group schemes, we write Qϕ to denote

the image of the embedding Q → Q × Q′ induced by IdQ and the composition of ϕ with the

inversion map Q′ → Q′. For an F -scheme X, we write Tors∗(ϕ)(X) to denote the morphism

Tors(X,Q) → Tors(X,Q′) induced by ϕ. Likewise, if f : Y → X is a morphism of F -schemes,

we write Tors∗(f)(Q) to denote the pullback morphism Tors(X,Q) → Tors(Y,Q). All torsors

are considered with respect to the fppf topology. Finally, we take all reductive group schemes

to be connected by convention.

2.2 An Outline of the Argument

In this section, we give a structural overview of our argument.

2.2.1 Resolution by Tori

Recall that a group scheme G over F is said to be diagonalizable if the natural embedding

G∗ → F [G]× induces an isomorphism of Hopf F -algebras F 〈G∗〉 → F [G], where F 〈G∗〉 denotes

the group algebra of G∗ over F . As noted in the introduction, a group scheme G over F is a
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group of multiplicative type if Gsep is diagonalizable over Fsep. The functors

G 7−→ G∗sep, M 7−→ Spec
(
(Fsep〈M〉)Γ

)
de�ne a short exact sequence-preserving equivalence between the category of (algebraic) groups

of multiplicative type over F and the category of (�nitely generated) Γ-modules ([Mil17, Theo-

rem 12.23]). Under this equivalence, the full subcategory of diagonalizable F -group schemes is

equivalent to the subcategory of Γ-modules with trivial Γ-action.

When G is an algebraic group of multiplicative type, Gmay be embedded in a quasisplit torus

P such that every GL torsor over a �eld L/F is the pullback of the G-torsor P → P/G along

an L-point of P/G. Indeed, since G∗sep is �nitely generated, it admits a surjective morphism of

Γ-modules W → G∗sep from a permutation Γ-module W . If S denotes the kernel of this map,

then let P, T be the groups of multiplicative type respectively associated to W,S. Note that P

is a quasisplit torus, T is a torus, and the exact sequence

1→ S →W → G∗sep → 1

of Γ-modules yields an exact sequence

1→ G
f−−→ P

g−−→ T → 1 (2.1)

of F -group schemes. We will call such an exact sequence 2.1 a resolution of G by tori.

For every �eld extension L/F , the exact sequence on points 1→ G(L)→ P (L)→ T (L) may

be continued as follows. Let ρ(L) : T (L) → Tors(L,GL) be the group homomorphism sending

a point α ∈ T (L) to the pullback of the G-torsor P → T along α. One may check that the

sequence

1→ G(L)
f(L)−−−−→ P (L)

g(L)−−−−→ T (L)
ρ(L)−−−−→ Tors(L,GL)

Tors∗(fL)−−−−−−−→ Tors(L,PL) (2.2)

is exact; we note that this does not depend on the fact that G,P, T are of multiplicative type,

and can be proven for any exact sequence of commutative group schemes. Since PL is a quasisplit

torus, every PL-torsor over Spec(L) is trivial. Therefore, the map ρ(L) : T (L)→ Tors(L,GL) is

surjective, and so the G-torsor P → T is versal.
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The surjectivity of ρ(L) allows us to relate type-one invariants for G to type-zero invariants

for tori, which are well understood for certain functors H. As L varies over all �eld extensions

of F , the morphisms ρ(L) de�ne a morphism of functors ρ : T → Tors(−, G), which gives rise

to a map Inv(ρ,H) : Inv1
hom(G,H) → Inv0

hom(T,H) given by composition with ρ. Likewise,

the group homomorphism g : P → T is a natural transformation of group-valued functors, and

so induces a map Inv(g,H) : Inv0
hom(T,H) → Inv0

hom(P,H) given by composition with g. The

exactness of 2.2 shows that the resulting sequence

1→ Inv1
hom(G,H)

Inv(ρ,H)−−−−−−−→ Inv0
hom(T,H)

Inv(g,H)−−−−−−−→ Inv0
hom(P,H) (2.3)

is exact. To describe Inv1
hom(G,H), it therefore su�ces to determine the image of Inv(ρ,H) in

Inv0
hom(T,H).

2.2.2 The Argument

Fix a positive integer n, let G,P, T be as in the exact sequence 2.1, and let H = KM
1 /n. For

any group scheme Q over F , we say that a class V ∈ Tors(Q,G) is normalized if the pullback

of V along εF ∈ Q(F ) represents the trivial class in Tors(F,G). Let Torsnm(Q,G) denote the

subgroup of normalized G-torsors over Q.

Consider the map υn(G) : G∗[n] → Torsnm(T,µn,F ) which sends a character χ ∈ G∗[n]

to (Tors∗(χ)(T ))(P → T ). We note that υn(G) is a group homomorphism. Indeed, for any F -

scheme X, the map Tors(X,G)×Tors(X,G)→ Tors(X,G×G) sending a pair of representatives

E1 → X,E2 → X to the universal map E1×E2 → X is a group isomorphism. If ∆G : G→ G×G

denotes the diagonal map, and mG : G × G → G denotes the group multiplication, then up to

the preceding identi�cation, Tors∗(mG)(X) is the group operation, and Tors∗(∆G)(X) is the

diagonal embedding. Hence, if χ, χ′ ∈ G∗[n], then we have Tors∗(χχ
′)(X) = Tors∗(χ)(X) +

Tors∗(χ
′)(X), since χχ′ factors as mµn,F ◦ (χ × χ′) ◦ ∆G. This argument also explains why

Φ(G,n) is a group homomorphism.

Suppose we were armed with the following facts:

(1) The sequence

1→ G∗[n]
υn(G)−−−−−→ Torsnm(T,µn,F )

Tors∗(g)(µn,F )
−−−−−−−−−−−→ Torsnm(P,µn,F ) (2.4)
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is exact.

(2) For any reductive group R over F , there is a group isomorphism

Λ̃n(R) : Torsnm(R,µn,F )→ Inv0
hom(R,KM

1 /n).

(3) The diagram

G∗[n] Torsnm(T,µn,F ) Torsnm(P,µn,F )

Inv1
hom(G,KM

1 /n) Inv0
hom(T,KM

1 /n) Inv0
hom(P,KM

1 /n)

υn(G)

Φ(G,n)

Tors∗(g)(µn,F )

Λ̃n(T ) Λ̃n(P )

Inv(ρ,KM
1 /n) Inv(g,KM

1 /n)

commutes.

If these three statements hold, then an easy diagram chase using the exactness of 2.4 and

2.3 shows that Φ(G,n) is an isomorphism. The remainder of this paper is dedicated to proving

these three facts, and carefully explaining why the induced map Φ(G) is an isomorphism. The

remaining sections are organized as follows.

Section 2.3 gives a thorough treatment of µn,F -torsors, laying the ground work for facts (1)

and (2). We will provide a Galois theoretic-interpretation of the group Torsnm(T,µn,F ) which

will allow us to interpret sequence 2.4 as an exact sequence arising in Galois cohomology in

section 2.5. We will also prove a pullback formula for µn,F -torsors over a reductive group R

which shows that normalized µn,F -torsors over R give rise to homomorphic type-zero invariants

of R.

Section 2.4 is devoted to constructing the map Λ̃n(R) for any reductive group R, and proving

it is a group isomorphism. We also give a description of type-zero invariants for R with values

in KM
1 ⊗Z Q/Z.

The �nal section (2.5) will prove facts (1) and (3), yielding Theorem A. As noted, we will

then deduce Theorem B from Theorem A via a detailed examination of Φ(G).

2.3 µn,F -Torsors

Throughout this section, let n denote a �xed positive integer. As indicated in the previous

section, an essential ingredient in the proof of Theorem 2.5.4 is a robust understanding µn,F -
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torsors over an F -scheme X. In this section, we recall several well-known characterizations of

µn,F -torsors. Our main results are Theorems 2.3.9, 2.3.11 and 2.3.14. Theorem 2.3.9 explains

that when G is a smooth, connected group, Tors(G,µn,F ) may be identi�ed with the kernel of the

divisor map ∂n(G) : F (G)×/(F (G)×)n → Div(G)/nDiv(G). Under the further assumption that

G is reductive, Theorem 2.3.11 proves a formula relating the pullbacks of a class in Tors(G,µn,F )

along points α, β ∈ G(M) to its pullback along the product αβ ∈ G(M), where M is a �eld

extension of F . Theorem 2.3.14 computes the Galois �xed points of Torsnm(Gsep,µn,Fsep) when

G is geometrically integral, G∗sep is torsion-free, and Gsep has trivial divisor class group.

2.3.1 The Group Ψ(A, n)

De�nition 2.3.1. For any commutative ring A, let Ψ(A,n) denote the set of equivalence classes

of pairs (L, ϕ), where L ∈ Pic(A)[n], ϕ is an A-module isomorphism L⊗n → A, and two pairs

(L, ϕ), (L′, ϕ′) are equivalent if and only if there is an isomorphism of A-modules ρ : L → L′

such that ϕ′ ◦ ρ⊗n = ϕ.

We record the following observations about Ψ(A,n), which are straightforward to check:

(1) The tensor product induces a group operation on Ψ(A,n): one de�nes the product of classes

[(L, ϕ)], [(L′, ϕ′)] ∈ Ψ(A,n) to be [(L ⊗A L′, ϕ ⊗A ϕ′)], where ϕ ⊗A ϕ′ really refers to the

composition

(L ⊗A L′)⊗n
∼−−→ (L⊗n)⊗A (L′)⊗n ϕ⊗Aϕ′−−−−−→ A⊗A A

∼−−→ A.

The identity class is represented by the pair (A,m), wherem : A⊗n → A is the multiplication

map, and the inverse of a class [(L, ϕ)] is given by [(L∗, (ϕ−1)∗)], where L∗ is the dual bundle

to L, and (ϕ−1)∗ is the composition

(L∗)⊗n ∼−−→ (L⊗n)∗
(ϕ−1)∗−−−−−→ A∗

∼−−→ A.

(2) For any ring morphism f : A→ B, extension of scalars induces a group morphism Ψ(−, n)(f) : Ψ(A,n)→

Ψ(B,n) sending [(L, ϕ)] to [(L ⊗A B,ϕ ⊗A IdB)], where ϕ ⊗A IdB really denotes the com-

position

(L ⊗A B)⊗n
∼−−→ L⊗n ⊗A B

ϕ⊗AIdB−−−−−→ A⊗A B
∼−−→ B.
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In this way, the association A 7→ Ψ(A,n) de�nes a functor Ψ(−, n) from CommRings to

AbGrps.

(3) For any positive integerm with n dividingm, there is a morphism of functors ωn,m : Ψ(−, n)→

Ψ(−,m) de�ned for a commutative ring A by ωn,m(A)[(L, ϕ)] = [(L, ϕ⊗m/n)], where by ϕm/n

we mean the composition of isomorphisms

L⊗m ∼−−→ (L⊗n)⊗m/n
ϕ⊗m/n−−−−−→ A⊗m/n

∼−−→ A.

There is a convenient way to produce elements of Ψ(A,n) which can be described as follows.

Fix an element y ∈ A×, and consider the A-algebra Ry := A[X]/〈Xn−y〉; we denote the residue

class of X in Ry by y1/n. If Ly denotes the free A-submodule of Ry generated by y1/n, one

immediately sees that the �multiplication� map ϕy : L⊗ny → A sending x1y
1/n ⊗ · · · ⊗ xny1/n to

yx1x2 · · ·xn is an isomorphism of A-modules, and the pair (Ly, ϕy) represents a class in Ψ(A,n).

One readily checks that the map A× → Ψ(A,n) sending y ∈ A× to [(Ly, ϕy)] is a group

homomorphism whose kernel is exactly (A×)n, and so we obtain a well-de�ned injective group

morphism ∆n(A) : A×/(A×)n → Ψ(A,n). Moreover, this collection of maps is functorial in A: in

other words, if Kn denotes the functor from CommRings to AbGrps sending a commutative

ring A to A×/(A×)n, the collection of maps ∆n(A) as A varies de�nes a natural transformation

∆n : Kn → Ψ(−, n).

On the other hand, for any commutative ring A, there is a well-de�ned surjective group

homomorphism Θn(A) : Ψ(A,n) → Pic(A)[n] which sends a class [(L, ϕ)] ∈ Ψ(A,n) to [L],

and the collection of such Θn(A) as A varies likewise determines a natural transformation

Θn : Ψ(−, n) → Pic(−)[n]. The relationship between ∆n and Θn is explained by the follow-

ing proposition.

Proposition 2.3.2. For any commutative ring A, the sequence

1→ A×/(A×)n
∆n(A)−−−−−→ Ψ(A,n)

Θn(A)−−−−−→ Pic(A)[n]→ 0

is exact.

Proof. The inclusion Im(∆n(A)) ⊂ ker(Θn(A)) is immediate, since Ly is a free A-module for any

y ∈ A× by construction. Suppose that (L, ϕ) ∈ ker(Θn(A)), i.e. that L is free. Let ψ : L → A
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be an isomorphism of A-modules. Consider the composition of isomorphisms

A
ϕ−1

−−−−→ L⊗n ψ⊗n−−−→ A⊗n
∼−−→ A.

Every A-module isomorphism A → A is given by multiplication by some invertible element of

A, so the composition above is multiplication by x for some x ∈ A×. Put y = x−1, and let

α : A → Ly be the isomorphism sending a to ay1/n. Then one easily checks that α ◦ ψ is an

isomorphism between (L, ϕ) and (Ly, ϕy).

Corollary 2.3.3. If Pic(A)[n] = 0, then ∆n(A) is an isomorphism.

Suppose now that A is an F -algebra. To any element [(L, ϕ)] of Ψ(A,n), one may associate

a Z/nZ-graded A-algebra Tw(L, ϕ). As an A-module, we set

Tw(L, ϕ) := A⊕ L⊕ L⊗2 ⊕ · · · ⊕ L⊗n−1.

The multiplicative structure on Tw(L, ϕ) is induced by the isomorphisms L⊗i ⊗A L⊗j → L⊗i+j

for i + j < n, and L⊗i ⊗A L⊗j → L⊗n ⊗A L⊗(n−(i+j)) ϕ⊗Id−−−→ A ⊗A L⊗(n−(i+j)) → Ln−(i+j)

for i + j > n. Note that the inclusion morphism A → Tw(L, ϕ) is faithfully �at, because

Tw(L, ϕ) is �nitely generated and projective as an A-module. In fact, the dual morphism

Spec(Tw(L, ϕ))→ Spec(A) is a µn,F -torsor over Spec(A), and we can say yet more, as the next

theorem explains. Let λn(A) : Ψ(A,n) → Tors(Spec(A),µn,F ) be the set map sending [(L, ϕ)]

to the µn,F -torsor class represented by the map Spec(Tw(L, ϕ))→ Spec(A).

Theorem 2.3.4. The map λn(A) is a well-de�ned group isomorphism. Moreover, as A varies

over all F -algebras, the collection of maps λn(A) de�nes a natural isomorphism λn : Ψ(−, n)→

Tors(−,µn,F ).

Proof. See [Sta20, Tag 03PK]. Alternatively, see [Mil80, page 125].

We note that for any y ∈ A×, the universal map A[X]/〈Xn − y〉 → Tw(Ly, ϕy) sending

X to y1/n ∈ Ly is an isomorphism of (Z/nZ)-graded A-algebras. Hence, the composition

λn(A) ◦∆n(A) takes y ∈ A× to the class of the µn,F -torsor Spec(A[X]/〈Xn − y〉) → Spec(A).

We put Σn := λn ◦∆n.
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2.3.2 Divisors

When A is a domain, there is another description of Ψ(A,n) in terms of divisors. Let K denote

the �eld of fractions of A, and let Cart(A) denote the group of invertible fractional ideals of

A. Likewise, if A is a Krull domain, let Div(A) be the free abelian group generated by the

codimension 1 points of Spec(A). We write div(A) : Cart(A) → Div(A) to denote the usual

valuation homomorphism which sends a fractional ideal I to the formal sum of its valuations at

each height one prime of A. We let ∂(A) : K× → Div(A) denote the group morphism sending

x ∈ K× to div(xA), and we write Cl(A) to denote the cokernel of ∂(A).

Consider the set C(A,n) consisting of pairs (I, f) where I ∈ Cart(A), and f ∈ K× such

that In = fA. The binary operation on C(A,n) de�ned by (I, f) · (I ′, f ′) = (II ′, ff ′) gives

C(A,n) the structure of a group with identity element (A, 1). There is a group homomorphism

K× → C(A,n) sending x ∈ K× to (xA, xn), and we set Cart(A,n) to be the cokernel of this

morphism.

If we further assume that A is a Krull domain, then there is an analogous construction

Div(A,n). If D(A,n) denotes the group of pairs (D, g) where D ∈ Div(A) and g ∈ K× such

that ∂(A)(g) = nD, then Div(A,n) is de�ned to be the cokernel of group homomorphism

K× → D(A,n) which sends x ∈ K× to the pair (∂(A)(x), xn). One may check that the map

div(A) : Cart(A)→ Div(A) described above descends to a group morphism divn(A) : Cart(A,n)→

Div(A,n), and this map is an isomorphism if A is regular.

For any element I ∈ Cart(A), the multiplication map I⊗n → In is an isomorphism of A-

modules, since I is projective of rank 1. Given a pair (I, f) in C(A,n), we may produce a pair

(I,mf ) which represents a class in Ψ(A,n), where mf is the composition of A-isomorphisms

I⊗n
∼−−→ In

·f−1

−−−−→ A. One may check that the resulting set map Ω(A) : C(A,n) → Ψ(A,n)

sending a pair (I, f) to [(I,mf )] is a group homomorphism.

Proposition 2.3.5. The morphism Ω(A) : C(A,n) → Ψ(A,n) is surjective, and the kernel

is precisely the image of the group morphism K× → C(A,n) sending x ∈ K× to (xA, xn).

Therefore, Ω(A) descends to a well-de�ned group isomorphism Ωn(A) : Cart(A,n)→ Ψ(A,n).

Proof. Letm : A⊗n → A denote the multiplication map. If (I, f) ∈ C(A,n) belongs to ker(Ω(A)),

then there is an isomorphism ρ : A→ I such that mf ◦ ρ⊗n = m. Then I is principal, generated
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by ρ(1) =: x ∈ K×, and

1 = m(1⊗ · · · ⊗ 1) = mf (x⊗ · · · ⊗ x) = xn/f,

so xn = f , and (I, f) = (xA, xn). On the other hand, for any x ∈ K×, the class [(xA,mxn)] in

Ψ(A,n) is trivial, via the isomorphism A→ xA sending 1 to x.

Now, let the pair (L, ϕ) represent a class in Ψ(A,n). Let I ⊂ K denote the image of L under the

composition of the A-embedding L → L⊗AK with a �xedK-module isomorphism L⊗AK → K.

After clearing denominators, we may assume that I ⊂ A ⊂ K, so that I is an ideal of A. Since

L is projective of rank 1, I is an invertible ideal of A.

Let α : L → I denote our A-module isomorphism of L onto I. If f denotes the image of 1 under

the sequence of isomorphisms A
ϕ−1

−−−−→ L⊗n α⊗n−−−−→ I⊗n
∼−−→ In, then one sees that In = fA,

and α is an isomorphism between (L, ϕ) and (I,mf ).

The above proof shows that every element of Ψ(A,n) admits a representative of the form

(I,mf ) where I ⊂ A is an invertible fractional ideal of A satisfying In = fA for some nonzero

f ∈ A. We will call such a representative an ideal representative of a class in Ψ(A,n).

Corollary 2.3.6. Let A be a normal domain with �eld of fractions K, and let X be a class in

Ψ(A,n). Let M be a domain, and let α1, . . . , αn : A → M be ring morphisms. Then one can

choose an ideal representative (Ĩ ,mf̃ ) for X such that αi(f̃) ∈M \ {0} for each 1 6 i 6 n.

Proof. For each 1 6 i 6 n, put pi = ker(αi) ∈ Spec(A). Let S be the multiplicative subset of

A de�ned by S = A \
⋃n
i=1 pi; then B := S−1A is a semi-local ring whose maximal ideals are

a subset of {piB}ni=1. Let (I,mf ) be an ideal representative for X, and put J = S−1I. Since

J is a B-module of constant rank 1 and B is semi-local, J is a free B-module of rank 1, hence

principal. Say J is generated by 0 6= y/z ∈ B. Since In = fA, we have Jn = fB, whence

(y
z

)n
= f · u

for some unit u ∈ B×. If u = v/w for v ∈ A,w ∈ S, we must have v ∈ S as well. Put

g = vz/y ∈ K×, so that

vn−1w = gnf,

and let Ĩ = gI, f̃ = vn−1w ∈ S ⊂ A. Then Ĩn = gn(In) = gnfA = vn−1wA, and the map
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I → Ĩ given by multiplication by g is an isomorphism between (I,mf ) and (Ĩ ,mf̃ ) in Ψ(A,n).

Moreover, f̃ ∈ S, and so αi(f̃) ∈M \ {0} for each i. It remains to show that Ĩ ⊂ A. Let x ∈ I;

then (gx)n ∈ Ĩn ⊂ A. But then gx is a root of Xn − (gx)n ∈ A[X], and so is integral over A,

and therefore belongs to A.

Notice that if M is a �eld, then Pic(M) is trivial, so ∆n(M) is an isomorphism by Corollary

2.3.3.

Proposition 2.3.7. Let A be a normal domain, and let M be a �eld. Let α : A → M be a

ring morphism. Let X ∈ Ψ(A,n), and let (I,mf ) ∈ Ψ(A,n) be an ideal representative for X

satisfying α(f) 6= 0. Then (∆n(M)−1 ◦Ψ(−, n)(α))(X) = [α(f)−1].

Proof. Consider the morphism ofM -vector spaces τ : I⊗AM → Lα(f)−1 given on simple tensors

by τ(x⊗z) = α(x)zα(f)−1/n. Since I⊗AM and Lα(f)−1 are bothM -vector spaces of dimension

1, the map τ is an isomorphism provided it is nonzero. Indeed, this is the case, since f ∈ I, and

so τ(f ⊗ 1) = α(f)α(f)−1/n is nonzero. It is straightforward to check that τ is an isomorphism

between Ψ(−, n)(α)(X) and Lα(f)−1 .

Corollary 2.3.8. Let A be a normal domain with �eld of fractions K, let M be a �eld, and let

α : A → M be a morphism of rings. Let x ∈ A×, and let (I,mf ) be an ideal representative for

∆n(A)(x). Then there is a nonzero element y ∈ A such that I = yA and yn/f = x in K, and

[α(x)] = [α(f)−1] in M×/(M×)n. We deduce Kn(α) = ∆n(M)−1 ◦Ψ(−, n)(α) ◦∆n(A).

Proof. Since [(I,mf )] and [(Lx, ϕx)] are equal as classes in Ψ(A,n), there is an isomorphism of

A-modules ρ : Lx → I such that mf ◦ ρ⊗n = ϕx. As Lx is free, I is a (nonzero) principal ideal,

generated by y := ρ(1 · x1/n) ∈ A. We thus have

x = ϕx(x1/n ⊗ · · · ⊗ x1/n) = mf (ρn(x1/n ⊗ · · · ⊗ x1/n)) = mf (y ⊗ · · · ⊗ y) = yn/f

as claimed. Moreover, since xf = yn and α(x), α(f) ∈ M×, this forces α(y) ∈ M×, and so

[α(x)] · [α(f)] = [α(y)n] = [1] ∈M×/(M×)n.

Suppose A is a normal domain, let K be its �eld of fractions, and let ξ : A → K be the

canonical localization map. Fix X ∈ Ψ(A,n), and let (I,mf ) be an ideal representative for X.

By Proposition 2.3.7, ∆n(K)−1(Ψ(−, n)(ξ)(X)) = [ξ(f)−1] = [1/f ]. If ∂n(A) : K×/(K×)n →
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Div(A)/nDiv(A) denotes the map induced by ∂(A), then

∂n(A)([1/f ]) = −[∂(A)(f)] = −[div(fA)] = −[n div(I)] = 0 ∈ Div(A)/nDiv(A)

Hence, the map ∆n(K)−1 ◦ Ψ(−, n)(ξ) takes image in ker(∂n(A)) ⊂ K×/(K×)n. If we further

assume A is regular, then Theorem 2.3.9 shows ∆n(K)−1 ◦ Ψ(−, n)(ξ) (viewed by abuse of

notation as a map Ψ(A,n)→ ker(∂n(A))) is an isomorphism.

Theorem 2.3.9. Let A be a regular domain, let K be its �eld of fractions, and let ξ : A → K

be the canonical localization map. Then the map ∆n(K)−1 ◦Ψ(−, n)(ξ) : Ψ(A,n)→ ker(∂n(A))

is an isomorphism.

Proof. First, consider the morphism ζ(A) : ker(∂n(A)) → Cl(A)[n] de�ned as follows: if [x] ∈

K×/(K×)n belongs to the kernel of ∂n(A), then ∂(A)(x) ∈ nDiv(A). De�ne ζ(A) by sending

[x] to [D], where D satis�es nD = ∂(A)(x); note that D must be unique, since Div(A) is free.

This map is well-de�ned, because if x′ = xyn for y ∈ K×, then ∂(A)(xyn) = n(D + ∂(A)(y)),

and [D] = [D + ∂(A)(y)] in Cl(A). We claim that the sequence

1→ A×/(A×)n
Kn(ξ)−−−−−→ ker(∂n(A))

ζ(A)−−−−→ Cl(A)[n]→ 0

is exact. Indeed, Kn(ξ) is an injection because A is integrally closed in K. Moreover, if [D] ∈

Cl(A)[n], then nD = ∂(A)(x) for some x ∈ K×, and so ζ(A)([x]) = [D]. Hence, ζ(A) is

surjective.

It remains to check exactness at ker(∂n(A)). Clearly, Im(Kn(ξ)) ⊂ ker(ζ(A)), so suppose that

[x] ∈ ker(ζ(A)). Then ∂(A)(x) = n∂(A)(y) = ∂(A)(yn) for some y ∈ K×, whence x = yn ·x′ for

some x′ ∈ A×, and so [x] = [x′] in K×/(K×)n.

Now, since A is regular, div(A) : Cart(A) → Div(A) is an isomorphism, and so induces an

isomorphism Pic(A)[n] → Cl(A)[n]. Let ν(A) : Pic(A)[n] → Cl(A)[n] be the composition of

this isomorphism with the inversion automorphism Cl(A)[n] → Cl(A)[n]. I claim that ζ(A) ◦

∆n(K)−1 ◦Ψ(−, n)(ξ) = ν(A) ◦Θn(A). Indeed, let X be a class in Ψ(A,n), and let (I,mf ) be

an ideal representative for X. Then

(ν(A) ◦Θn(A))(X) = ν(A)([I]) = −[div(I)].

31



On the other hand,

(ζ(A) ◦∆n(K)−1 ◦Ψ(−, n)(ξ))(X) = ζ(A)([1/f ])

by Proposition 2.3.7. But In = fA, so ∂(A)(1/f) = −div(In) = −n div(I), and thus ζ(A)(1/f) =

−[div(I)]. By Proposition 2.3.8, Kn(ξ) = ∆n(K)−1 ◦Ψ(−, n)(ξ) ◦∆n(A), so we have a commu-

tative diagram of abelian groups

1 A×/(A×)n Ψ(A,n) Pic(A)[n] 0

1 A×/(A×)n ker(∂n(A)) Cl(A)[n] 0

IdA×/(A×)n

∆n(A)

∆n(K)−1◦Ψ(−,n)(ξ)

Θn(A)

ν(A)

Kn(ξ) ζ(A)

whose rows are exact. Since IdA×/(A×)n and ν(A) are isomorphisms, ∆n(K)−1 ◦Ψ(−, n)(ξ) must

be an isomorphism as well.

2.3.3 Pulling Back Torsors Along Products of Points

De�nition 2.3.10. LetG be an algebraic group over a �eld F , and let A = F [G]. Let εF ∈ G(F )

denote the identity element. We say a classX ∈ Ψ(A,n) is normalized ifX ∈ ker(Ψ(−, n)(εF )).

We denote the subgroup of Ψ(A,n) consisting of normalized elements by Ψnm(A,n). Likewise,

we set Cartnm(A,n) = Ωn(A)−1(Ψnm(A,n))), and if G is smooth, then we set Divnm(A,n) =

divn(A)(Cartnm(A,n)).

We note the following properties of the subgroup Ψnm(A,n):

(1) By Theorem 2.3.4, one sees that Ψnm(A,n) = λn(A)−1(Torsnm(G,µn,F )).

(2) The assignment A 7→ Ψnm(A,n) de�nes a functor from the category of Hopf F -algebras to

AbGrps. Moreover, if M/F is a �eld extension, and α : A → AM denotes the canonical

base change morphism, then the restriction of Ψ(−, n)(α) to Ψnm(A,n) takes image in

Ψnm(AM , n).

(3) If G is a smooth, connected group, then ∆n(A)−1(Ψnm(A,n)) = G∗/(G∗)n ⊂ A×/(A×)n.

This follows from Rosenlicht's theorem ([Ros61, Theorem 3]).

Normalized elements play a key role in the following situation. LetM/F be a �eld extension,

and �x a class X ∈ Ψ(A,n). Consider the map G(M) → Ψ(M,n) which sends α ∈ G(M) to
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Ψ(−, n)(α)(X). Under what conditions is this map a group homomorphism? As the following

theorem shows, this is the case precisely when X is normalized, provided that G is reductive.

Theorem 2.3.11. Let G be a reductive algebraic group over a �eld F . Put A = F [G], and let

M be a �eld extension of F . For any α, β ∈ G(M), and any class X ∈ Ψ(A,n), we have

Ψ(−, n)(α)(X) ·Ψ(−, n)(β)(X) = Ψ(−, n)(αβ)(X) ·Ψ(−, n)(εM )(X)

Proof. Let (I,mf ) be an ideal representative for X such that α(f), β(f), (αβ)(f), εM (f) ∈M×;

this is possible by Corollary 2.3.6. By Proposition 2.3.7, it su�ces to show that

[(αβ)(f)εM (f)] = [α(f)β(f)]

as classes inM×/(M×)n. Let B = F [G×F G] = A⊗F A, and let E be the �eld of fractions of B.

Let c, p1, p2 : A→ B be the F -algebra morphisms corresponding respectively to the morphisms

G×G→ G given by multiplication and projection onto each component. We note that c, p1, p2

are each �at, hence injective.

By [Mil17, Theorems 16.56 and 21.84], any reductive algebraic group over a separably closed �eld

is rational, and so the natural map Pic(A) ⊕ Pic(A) → Pic(B) is an isomorphism by [San81,

Lemma 6.6]. Moreover, up to this identi�cation, Pic(c) : Pic(A) → Pic(B) is the diagonal

embedding, and Pic(pi) : Pic(A) → Pic(B) is the embedding onto the ith component. Let

Jc = c(I)B, Ji = pi(I)B; since c, p1, p2 are �at, Jc, J1, J2 ∈ Cart(B), and we have [Jc] = [J1]+[J2]

as classes in Pic(B). In light of the classical exact sequence

1→ B× → E× → Cart(B)→ Pic(B)→ 0 (2.5)

there exists h ∈ E× such that Jc = hB · J1 · J2. Raising each side of this equation to the nth

power and using the relation In = fA gives the equation c(f)B = hnB · (f ⊗ f)B. Appealing

again to 2.5, there exists b ∈ B× such that bc(f) = hn(f ⊗ f). Let x, y ∈ B such that h = x/y,

so that our equation reads bc(f)yn = xn(f ⊗ f).

Let ω : B → M be the composition of α ⊗F β : B → M ⊗F M and the multiplication map

M ⊗F M → M . Then ω(c(f)) = (αβ)(f), and ω(f ⊗ f) = α(f)β(f), so applying ω to the

equation above gives

(αβ)(f)ω(b)ω(y)n = α(f)β(f)ω(x)n
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Since M is a �eld, p := ker(ω) is a prime ideal of B. We know that α(f), β(f) ∈M×, so f ⊗ f

belongs to B \ p. Hence, hn = bc(f)/(f ⊗ f) ∈ Bp. Since B is regular, it follows that Bp is

integrally closed in E, so hn ∈ Bp implies h ∈ Bp; in particular, we have ω(y) 6= 0. This also

forces ω(x) 6= 0, since (αβ)(f), ω(b) ∈M×, so we have

[(αβ)(f)ω(b)] = [α(f)β(f)]

as classes in M×/(M×)n. It remains to show that ω(b) and εM (f) belong to the same class in

M×/(M×)n. By Rosenlicht's theorem ([Ros61, Theorem 3]), the map F× ⊕ G∗ ⊕ G∗ → B×

sending (z, χ, ρ) to z(χ](t)⊗ρ](t)) is an isomorphism, so b can be written as z(g⊗g′) for g, g′ ∈ A×

group-like elements, z ∈ F×. Then ω(b) = zα(g)β(g′), and our equation inM×/(M×)n therefore

reads

[(αβ)(f) · z · α(g)β(g′)] = [α(f)β(f)]

Our derivation of this equation did not depend on our choice of α, β ∈ G(M), only on the

fact that α(f), β(f), (αβ)(f) ∈ M×. In particular, since we arranged that εM (f) 6= 0, we can

substitute εM for α or β in our equation. Plugging in α = εM and using εM (g) = 1 gives

[εM (f)] = [zβ(g′)], and likewise, plugging in β = εM yields [εM (f)] = [zα(g)]. Substituting

both α = εM , β = εM simultaneously gives us [z] = [εM (f)], whence [α(g)] = [β(g′)] = 1, and

so [zα(g)β(g′)] = [εM (f)], completing the proof.

Corollary 2.3.12. Let G,A,M be as in the statement of Theorem 2.3.12. If X ∈ Ψnm(A,n),

then the map G(M)→ Ψ(M,n) sending α ∈ G(M) to Ψ(−, n)(α)(X) is a group homomorphism.

2.3.4 The Galois Action on Torsors

Suppose that our group G is smooth and connected, and Pic(Gsep)[n] = 0. Then putting

A = F [G], ∆n(Asep) is an isomorphism by Corollary 2.3.3, and the subgroup of Ψnm(Asep, n)

of Ψ(Asep, n) is the image of G∗sep/(G
∗
sep)n. Via the embedding Γ → AutF−alg(Asep), Γ acts

functorially on A×sep/(A
×
sep)n and Ψ(Asep, n), and the map ∆n(Asep) is Γ-equivariant. Since the

action of Γ on A×sep/(A
×
sep)n preserves the summand G∗sep/(G

∗
sep)n ⊂ A×sep/(A

×
sep)n, this shows

that the action of Γ on Ψ(Asep, n) restricts to an action on Ψnm(Asep, n).

Throughout this section, let α : A → Asep denote the canonical base change morphism.
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The associated map Ψ(−, n)(α) : Ψnm(A,n)→ Ψnm(Asep, n) has image in H0(F,Ψnm(Asep, n)).

If we assume that G is geometrically integral, then Ψ(−, n)(α) is an embedding with image

H0(F,Ψnm(Asep, n)); this is the content of Theorem 2.3.14. First, we require a lemma.

Lemma 2.3.13. Let G be a smooth, geometrically integral group variety over F , and let A =

F [G]. If Cl(Asep) = 0, then there is an isomorphism Z(A) : H1(F,G∗sep)→ Cl(A).

Proof. Let Ks = Frac(Asep); since G is geometrically integral, Ks = KFsep. Since Cl(Asep) = 0,

we have an exact sequence of Γ-modules

1→ (Asep)× → (Ks)
× ∂(Asep)−−−−−→ Div(Asep)→ 0

and therefore obtain the following long exact sequence in Galois cohomology:

H0(F, (Asep)×)→ H0(F,K×s )→ H0(F,Div(Asep))
δ−−→ H1(F, (Asep)×)→ H1(F,K×s )→ · · ·

Since Γ ∼= Gal(KFsep/K) = Gal(Ks/K), we have H1(F,K×s ) = 0 by Hilbert Theorem 90.

As A is regular and geometrically integral, Div(α) embeds Div(A) onto H0(F,Div(Asep)). By

Rosenlicht's Theorem ([Ros61, Theorem 3]), the map F×sep⊕G∗sep → A×sep sending (z, χ) to zχ](t)

is an isomorphism of Γ-modules. Hence, H1(F, (Asep)×) ∼= H1(F,G∗sep) ⊕ H1(F, (Fsep)×) =

H1(F,G∗sep). We thus have a commutative diagram

A× K× Div(A) Cl(A) 0

H0(F, (Asep)×) H0(F,K×s ) H0(F,Div(Asep)) H1(F,G∗sep) 0

∂(A)

Div(α)

div(A)

∂(Asep) δ

with exact rows and vertical arrows isomorphisms. By the universal property of the cokernel,

Div(α) descends to a well-de�ned map Z(A) : Cl(A)→ H1(F,G∗sep) which sends the [D] ∈ Cl(A)

to δ(Div(α)(D)). By (e.g.) the Five Lemma, Z(A) is an isomorphism.

Note that we can be more explicit in describing Z(A). Let [D] ∈ Cl(A), and set D′ =

Div(α)(D). Since the map ∂(Asep) : K×s → Div(Asep) is surjective, there exists x ∈ K×s such that

D′ = ∂(Asep)(x). One can accordingly de�ne a cocycle σx : Γ→ A×sep by setting σx(γ) = γ(x)/x

for γ ∈ Γ, and the class of σx in H1(F,A×sep) = H1(F,G∗sep) does not depend on the choice of x.

The map Z(A) then takes [D] to [σx] in H1(F,G∗sep).
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Theorem 2.3.14. Let G be a geometrically integral, smooth group scheme over F . Put A =

F [G],K = Frac(A), and Ks = Frac(Asep). Suppose that Cl(Asep) = 0, and G∗sep[n] = 0. Then

the natural map Ψ(−, n)(α) : Ψnm(A,n) → Ψnm(Asep, n) is an embedding of Ψnm(A,n) onto

H0(F,Ψnm(Asep, n)).

Proof. Put η(A) = divn(A)◦Ωn(A)−1 ◦∆n(A). By Proposition 2.3.2, we have an exact sequence

1→ G∗/(G∗)n
η(A)−−−−→ Divnm(A,n) −→ Cl(A)

·n−−→ Cl(A)→ 0.

Because G∗sep[n] = 0, there is an exact sequence of Γ-modules

1→ G∗sep
·n−−→ G∗sep → G∗sep/(G

∗
sep)n → 1

which yields the following long exact sequence in Galois cohomology:

1→ H0(F,G∗sep)
·n−−→ H0(F,G∗sep)→ H0(F,G∗sep/(G

∗
sep)n)

δ−−→ H1(F,G∗sep)
·n−−→ H1(F,G∗sep)→ · · ·

We can rewrite the above (truncated) long exact sequence as

1→ G∗/(G∗)n → H0(F,G∗sep/(G
∗
sep)n)

δ−−→ H1(F,G∗sep)
·n−−→ H1(F,G∗sep).

The boundary map δ can be described as follows: let [u] ∈ H0(F,G∗sep/(G
∗
sep)n). Then γ(u)/u ∈

(G∗sep)n for any γ ∈ Γ, so let xγ be the unique element of G∗sep such that xnγ = γ(u)/u. Then

δ([u]) is the class of the cocycle σu : Γ→ G∗sep which sends γ to xγ .

Note that Cl(Asep) ∼= Pic(Asep) = 0, and so ∆n(Asep) is an isomorphism by Corollary 2.3.3. Let

τ(A) denote the composition

Divnm(A,n)
Ωn(A)◦divn(A)−1

−−−−−−−−−−−−→ Ψnm(A,n)
Ψ(−,n)(α)−−−−−−−→ Ψnm(Asep, n)

∆n(Asep)−1

−−−−−−−−−→ G∗sep/(G
∗
sep)n.

Explicitly, given the class of a pair (D, g) in Divnm(A,n), D′ := Div(α)(D) is principal, since

Cl(Asep) = 0, so there exists x ∈ K×s such that ∂(Asep)(x) = D′; τ(A) sends [(D, g)] to

[xn/g] ∈ G∗sep/(G
∗
sep)n. If the diagram
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1 G∗/(G∗)n Divnm(A,n) Cl(A) Cl(A) 0

1 G∗/(G∗)n H0(F,G∗sep/(G
∗
sep)n) H1(F,G∗sep) H1(F,G∗sep) 0

IdG∗/(G∗)n

η(A)

τ(A) Z(A)

·n

Z(A)

δ ·n

commutes, then τ(A) must be an isomorphism, so Ψ(−, n)(α) must be one as well. The last

square is manifestly commutative. We have τ(A) ◦ η(A) = ∆n(Asep)−1 ◦ Ψ(−, n)(α) ◦ ∆n(A),

which is easily seen to be the inclusion G∗/(G∗)n → G∗sep/(G
∗
sep)n. It remains to show that the

middle square commutes.

Let the pair (D, g) represent a class in Divnm(A,n), and put D′ = Div(α)(D). Let x ∈ K×s such

that D′ = ∂(Asep)(x), so that xn = gu for some u ∈ A×sep. As explained above, τ(A)([(D, g)]) =

[u] ∈ G∗sep/(G
∗
sep)n. For any γ ∈ Γ,

γ(u)

u
=
γ(xng−1)

xng−1
=
γ(xn)

xn
=

(
γ(x)

x

)n

because g−1 is Γ-invariant. Therefore, δ takes [u] to the class of the cocycle σu : Γ → G∗sep

de�ned by γ 7→ γ(x)/x. On the other hand, as explained in paragraph immediately following

Theorem 2.3.13, Z(A) takes [D] to the very same cocycle class, so we're done.

2.4 Type-Zero Invariants for Reductive Groups

Throughout this section, let G be a reductive algebraic group over F . Let A = F [G],K = F (G),

and let ξ : A→ K denote the generic point of G.

We are now equipped to determine the groups Inv0
hom(G,H) for H = KM

1 ⊗Z Q/Z and

H = KM
1 /n for all n ∈ N; this is the content of Theorems 2.4.7 and 2.4.4 respectively. A key step

is the observation that, under suitable conditions, a type-zero H-invariant of G is determined

by its value at ξ; precisely, the evaluation homomorphism evξ(H) : Inv0
hom(G,H) → H(K)

sending an invariant I to I(K)(ξ) is injective. Before proving this in Proposition 2.4.2, we need

a technical lemma. For any positive integer n, let pn : G→ G denote the nth power map, which

sends x to xn for any F -algebra R and any x ∈ G(R).

Lemma 2.4.1. The map pn is dominant.

Proof. Since the property of dominance descends under faithfully �at base change, we may

assume that our base �eld F is algebraically closed. By (e.g.) [Mil17, Theorem 17.44], the union
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of the Cartan subgroups of G contains a dense open subset of G. Since G is reductive, the

Cartan subgroups of G are precisely the maximal tori in G. But the restriction of pn to any

torus in G is surjective, and so the image of pn contains every torus in G.

Proposition 2.4.2. Suppose H is the dth graded component of a torsion cycle module. Let

I ∈ Inv0(G,H), and suppose I(K)(ξ) = 1H(K). Suppose that for any �eld extension L/F and

any α, β ∈ G(L), I satis�es

I(L)(α)I(L)(β) = I(L)(αβ)I(L)(εL).

Then I is trivial.

Proof. Let L/F be a �eld extension, and �x t ∈ G(L). Put S := GL, and let g : S → G be

the canonical base change morphism, with comorphism f : A → AL. Let E = L(S), and let

ξ′ : AL → E be the generic point of S. Since f is injective, the composition ξ′ ◦ f extends to a

morphism u : K → E of F -algebras such that u ◦ ξ = ξ′ ◦ f . Put ξE := u ◦ ξ, and let n be a

positive integer such that I(E)(ξE)n = I(E)(εE)n = 1.

Suppose that there exist morphisms i : K → E, j : L→ E satisfying the following two properties:

(a) H(j) : H(L)→ H(E) is injective;

(b) G(i)(ξ) = (ξE)n · tE , where tE := j ◦ t.

Then we have

H(j)(I(L)(t)) = I(E)(tE) = I(E)(ξE)nI(E)(tE)I(E)(εE)−n = I(E)((ξE)n · tE),

whence we conclude

H(j)(I(L)(t)) = I(E)(G(i)(ξ)) = H(i)(I(K)(ξ)) = 1H(E).

We therefore devote the remainder of the proof to constructing such a pair (i, j). Let j : L→ E

denote the composition of the structural map L → AL with ξ′. Since S is a smooth algebraic

L-variety such that S(L) 6= ∅, H(j) is injective by [Mer99, Lemma 1.3].

To construct i, let s : AL → L be the unique L-algebra morphism such that t = s ◦ f = g(L)(t),

and put sE = j ◦ s, so that tE = sE ◦ f . Let pn,s : S → S be the morphism of L-schemes given
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by the composition of the nth power map pn with right translation by s. By Corollary 2.4.1,

pn,s is dominant, and so the associated comorphism h : AL → AL is injective. In particular, the

composition ξ′ ◦ h extends to a morphism v : E → E of L-algebras such that v ◦ ξ′ = ξ′ ◦ h.

Putting i = v ◦ u, we claim that i satis�es (b).

On the one hand, we have pn,s(E)(ξ′) = ξ′◦h, but by de�nition of pn,s, we also have pn,s(E)(ξ′) =

(ξ′)n · sE . Accordingly, this yields

G(i)(ξ) = v ◦ u ◦ ξ = ξ′ ◦ h ◦ f = g(E)(pn,s(E)(ξ′)).

But we compute

g(E)(pn,s(ξ
′)) = g(E)((ξ′)n · sE) = g(E)(ξ′)n · g(E)(sE) = (ξE)n · tE ,

which establishes (b).

Corollary 2.4.3. The morphism evξ(H) : Inv0
hom(G,H)→ H(K) is injective.

For any �xed �eld extension L/F , there is a map Ψ(A,n) × G(L) → L×/(L×)n which

sends the pair (X, y) to ∆n(L)−1(Ψ(−, n)(y)(X)). If we �x a class X ∈ Ψ(A,n) in the �rst

argument, we obtain a set map IX(L) : G(L) → L×/(L×)n. As L varies, the collection of

maps IX determines an invariant in Inv0(G,KM
1 /n). If X is normalized, then Corollary 2.3.12

shows that IX is homomorphic. We thus obtain a group homomorphism Λn(G) : Ψnm(A,n) →

Inv0
hom(G,KM

1 /n). As the next theorem shows, Λn(G) is in fact an isomorphism.

Theorem 2.4.4. The map

Λn(G) : Ψnm(A,n)→ Inv0
hom(G,KM

1 /n)

sending a class X ∈ Ψnm(A,n) to the invariant IX is an isomorphism.

Proof. By Lemma 2.3.9, the map ∆n(K)−1 ◦ Ψ(−, n)(ξ) : Ψ(A,n) → ker(∂n(A)) is an isomor-

phism. Thus, since evξ(K
M
1 /n) ◦ Λn(G) coincides with the restriction of ∆n(K)−1 ◦Ψ(−, n)(ξ)

to Ψnm(A,n), Λn(G) must be injective.

Now, �x an invariant I ∈ Inv0
hom(G,KM

1 /n). By Corollary 2.4.3, evξ(K
M
1 /n) is injective. The
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sequence

Inv0
hom(G,KM

1 /n)
evξ(K

M
1 /n)

−−−−−−−−−→ K×/(K×)n
∂n(A)−−−−−→ Div(A)/nDiv(A)

is a complex by [Mer99, Lemma 2.1], so evξ(K
M
1 /n) has image contained in ker(∂n(A)). Letting

X ∈ Ψ(A,n) be a class such that ∆n(K)−1(Ψ(−, n)(ξ)(X)) = I(K)(ξ), we have IX(K)(ξ) =

I(K)(ξ) by construction. We must therefore have IX = I by Theorem 2.3.11 and Proposition

2.4.2. But as I is homomorphic, it must be the case that IX(F )(εF ) = I(F )(εF ) is the trivial

class in F×/(F×)n, whence X is normalized, and Λn(G)(X) = I.

Corollary 2.4.5. Suppose that G is a torus, and let α : A→ Asep be the canonical base change

morphism. Then the map

(∆(Asep) ◦Ψ(−, n)(α))−1 ◦ Λn(G) : H0(F,G∗sep/(G
∗
sep)n)→ Inv0

hom(G,KM
1 /n)

is an isomorphism.

For any natural number n, let Inv0(G, ιn) denote the group morphism Inv0
hom(G,KM

1 /n)→

Inv0
hom(G,KM

1 ⊗ZQ/Z) given by composition with ιn. Likewise, if n and m are positive integers

such that n divides m, let Inv0(G, βn,m) denote the group morphism Inv0
hom(G,KM

1 /n) →

Inv0
hom(G,KM

1 /m) given by composition with βn,m. Since ιn = ιm ◦ βn,m, we obtain a universal

induced map

colim
n∈N

Inv0(G, ιn) : colim
n∈N

Inv0
hom(G,KM

1 /n)→ Inv0
hom(G,KM

1 ⊗Z Q/Z).

Proposition 2.4.6. The map colim
n∈N

Inv0(G, ιn) is an isomorphism.

Proof. We have the following commutative diagram:

colim
n∈N

Inv0
hom(G,KM

1 /n) colim
n∈N

ker(∂n(A))

Inv0
hom(G,KM

1 ⊗Z Q/Z) ker(∂(A)⊗Z IdQ/Z)

colim
n∈N

evξ(K
M
1 /n)

colim
n∈N

Inv0(G,ιn) colim
n∈N

ιn(K)

evξ(K
M
1 ⊗ZQ/Z)

The rightmost arrow is an isomorphism, and the lower and upper horizontal arrows are injective

by Corollary 2.4.3, so it follows that colim
n∈N

Inv0(G, ιn) is injective. To see that colim
n∈N

Inv0(G, ιn) is
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surjective, �x an invariant I ∈ Inv0
hom(G,KM

1 ⊗ZQ/Z) and let x = I(K)(ξ) ∈ ker(∂(A)⊗ZIdQ/Z).

There exists some positive integer n and y ∈ ker(∂n(A)) such that ιn(K)(y) = x. Let Y ∈

Ψ(A,n) with Ψ(−, n)(ξ)(Y ) = ∆n(K)(y). Then the associated invariant IY ∈ Inv0(G,KM
1 /n)

satis�es (ιn ◦ IY )(K)(ξ) = x = I(K)(ξ), and so ιn ◦ IY = I by Theorem 2.3.11 and Proposition

2.4.2. In particular, ((ιn ◦ IY )(F ))(εF ) is the trivial class in F× ⊗Z Q/Z, which means that

z := IY (F )(εF ) belongs to the kernel of ιn(F ) : F×/(F×)n → F× ⊗Z Q/Z.

This can only be the case if z ∈ ker(βn,nd(F )) for some d ∈ N, so �x such a d. For any �eld

extension M/F , the diagram

M×/(M×)n Ψ(M,n)

M×/(M×)nd Ψ(M,nd)

βn,nd(M)

∆n(M)

ωn,nd(M)

∆nd(M)

commutes, and so putting Y ′ = ωn,nd(A)(Y ), Ψ(−, nd)(εF )(Y ′) = ∆nd(F )(βn,nd(F )(z)), whence

Y ′ is normalized. Thus, IY ′ = Λnd(G)(Y ′) is homomorphic, and

((ιnd ◦ IY ′)(K))(ξ)) = ιnd(K)(βn,nd(K)(y)) = ιn(K)(y) = x,

so ιnd ◦ IY ′ = I by Corollary 2.4.3.

Corollary 2.4.7. If G is a torus, then Inv0
hom(G,KM

1 ⊗Z Q/Z) ∼= H0(F,G∗sep ⊗Q/Z).

Proof. If α : A→ Asep denotes the canonical base change morphism, this follows from Proposi-

tion 2.4.6, Theorem 2.3.14, and the fact that the diagram

H0(F,G∗sep/(G
∗
sep)n) Ψnm(A,n) Inv0

hom(G,KM
1 /n)

H0(F,G∗sep/(G
∗
sep)m) Ψnm(A,m) Inv0

hom(G,KM
1 /m)

·m/n

∆n(Asep)−1◦Ψ(−,n)(α) Λn(G)

ωn,m(A) Inv0(G,βn,m)

∆m(Asep)−1◦Ψ(−,m)(α) Λm(G)

commutes for all n,m ∈ N with n dividing m.
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2.5 Computation of Degree One Milnor K-invariants of Groups

of Multiplicative Type

In this section, we determine the degree one Milnor K-invariants of an algebraic group G of

multiplicative type. To begin, �x a resolution 2.1 of G by tori. Applying the snake lemma to

the diagram

1 T ∗sep P ∗sep G∗sep 1

1 T ∗sep P ∗sep G∗sep 1

·n

g∗sep

·n

f∗sep

·n

g∗sep f∗sep

yields the exact sequence of Γ-modules

1→ G∗sep[n] −→ T ∗sep/(T
∗
sep)n −→ P ∗sep/(P

∗
sep)n,

and after taking Γ-�xed points we obtain the exact sequence

1→ H0(F,G∗sep[n]) −→ H0(F, T ∗sep/(T
∗
sep)n) −→ H0(F, P ∗sep/(P

∗
sep)n)

of abelian groups. Let A = F [G], B = F [P ], C = F [T ], let g] : C → B, f ] : B → A be the

associated comorphisms, and let αX : X → Xsep denote the canonical base change morphism for

X = A,B,C. For Y = B,C, let `n(Y ) := ∆n(Ysep)−1 ◦Ψ(−, n)(αY ) ◦ λn(Y )−1.

Proposition 2.5.1. The diagram

G∗[n] Torsnm(T,µn,F ) Torsnm(P,µn,F )

H0(F,G∗sep[n]) H0(F, T ∗sep/(T
∗
sep)n) H0(F, P ∗sep/(P

∗
sep)n)

υn(G) Tors∗(g)(µn,F )

`n(C) `n(B)

Kn(g]sep)

commutes.

Proof. The right square commutes because ∆n and λn are natural transformations. To see that

the left square commutes, �x χ ∈ G∗[n]. Consider the commutative diagram
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1 T ∗sep P ∗sep ×G∗sep Z/nZ Z/nZ 1

1 T ∗sep P ∗sep G∗sep 1

j∗sep

IdT∗sep

(πn)∗sep

(πP )∗sep χ∗sep

g∗sep f∗sep

of Γ-modules with exact rows, and letH denote the group of multiplicative type dual to P ∗sep×G∗sep
Z/nZ. The F -group morphism j : H → T dual to j∗sep is a µn,F -torsor over T , and we claim

that j represents the class υn(G)(χ). Indeed, let πn : µn,F → H,πP : P → H be the morphisms

dual to (πn)∗sep and (πP )∗sep respectively. The morphism of T -schemes P ×µn,F → H de�ned on

R-points by (x, y) 7→ πP (R)(x)πn(R)(y) for any F -algebra R and any x ∈ P (R), y ∈ µm,F (R)

is constant on Gχ-orbits. It therefore descends to a universal map (P ×µn,F )/Gχ → H over T ,

which one may check is µn,F -equivariant.

Now, let y ∈ P ∗sep be such that f∗sep(y) = χ, and let z ∈ T ∗sep be such that g∗sep(z) = yn.

We must show that Spec(Csep[X]/〈Xn − z〉) → Spec(Csep) and jsep are isomorphic as µn,Fsep-

torsors over Tsep. Equivalently, we must exhibit an isomorphism of Z/nZ-graded Csep-algebras

s : Csep[X]/〈Xn− z〉 → Fsep[Hsep]. The condition that s respect the Z/nZ-grading ensures that

the dual morphism of schemes H → Spec(Csep[X]/〈Xn − z〉) is µn,Fsep-equivariant, hence an

isomorphism of µn,Fsep-torsors.

By construction, Fsep[Hsep] is the group algebra of H∗sep = P ∗sep ×G∗sep Z/nZ over Fsep, and Csep

is likewise the group algebra Fsep〈T ∗sep〉. The comorphism j]sep corresponds to the Γ-module

embedding j∗sep : T ∗sep ↪→ H∗sep. For each v ∈ Z/nZ, put Qv := ((πn)∗sep)−1(v). Note that

QvQv′ ⊂ Qv+v′ , and Qv = (y, [1]n)kvj∗(T ∗sep), where kv ∈ N is the unique representative for v

between 0 and n− 1. The (Z/nZ)-grading on Hsep arises from the partition

H∗sep =
∐

v∈Z/nZ

Qv

by settingRv to be the Fsep-subspace of Fsep[Hsep] generated byQv. We clearly have Fsep[Hsep] =⊕
v∈Z/nZRv, and RvRv′ ⊂ Rv+v′ follows from QvQv′ ⊂ Qv+v′ . Furthermore, Rv is the Csep-

submodule of Fsep[Hsep] generated by (y, [1]n)kv . With this in mind, let s : Csep[X]/〈Xn− z〉 →

Fsep[Hsep] be the universal morphism of Csep-algebras sending the class of X to (y, [1]n). This

respects the (Z/nZ)-grading on each Csep-algebra, since (y, [1]n) belongs to the [1]n-graded

component of Hsep, and Csep embeds into each algebra as the [0]n-graded component.

Since all vertical arrows of the diagram in Proposition 2.5.1 are isomorphisms, this proves:
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Corollary 2.5.2. The sequence

1→ G∗[n]
υn(G)−−−−−→ Torsnm(T,µn,F )

Tors∗(g)(µn,F )
−−−−−−−−−−−→ Torsnm(P,µn,F )

is exact.

For any reductive group R over F , de�ne Λ̃n(R) : Torsnm(R,µn,F )→ Inv0
hom(R,KM

1 /n) by

Λ̃n(R) = Λn(R)◦λn(F [R])−1. As noted in section 2.2.2, the last crucial detail in our computation

of Inv1
hom(G,KM

1 /n) is the following lemma.

Lemma 2.5.3. The diagram

G∗[n] Torsnm(T,µn,F ) Torsnm(P,µn,F )

Inv1
hom(G,KM

1 /n) Inv0
hom(T,KM

1 /n) Inv0
hom(P,KM

1 /n)

υn(G)

Φ(G,n)

Tors∗(g)(µn,F )

Λ̃n(T ) Λ̃n(P )

Inv(ρ,KM
1 /n) Inv(g,KM

1 /n)

commutes.

Proof. Unwinding the de�nitions of Λ̃n(T ) and Λ̃n(P ), one sees that the commutativity of the

right square is a consequence of the functoriality of the pullback map on torsors. To be precise,

if α : Y → X,β : Z → Y are morphisms of F -schemes, then Tors∗(α ◦ β) = Tors∗(β) ◦Tors∗(α).

The left square commutes because pullback operation on torsors commutes with changing the

group.

As noted at the end of section 2.2.2, after a diagram chase, this proves:

Theorem 2.5.4. The map Φ(G,n) : G∗[n]→ Inv1
hom(G,KM

1 /n) is an isomorphism.

As was the case for type-zero invariants, for any natural number n, there is a group morphism

Inv1(G, ιn) : Inv1
hom(G,KM

1 /n) → Inv1
hom(G,KM

1 ⊗Z Q/Z) given by composition with ιn. For

positive integers n,m with n dividing m, the maps Inv1(G, ιn), Inv1(G, ιm) are compatible with

the map Inv1(G, βn,m) : Inv1
hom(G,KM

1 /n) → Inv1
hom(G,KM

1 /m) given by composition with

βn,m, and so we obtain a universal induced map

colim
n∈N

Inv1(G, ιn) : colim
n∈N

Inv1
hom(G,KM

1 /n)→ Inv1
hom(G,KM

1 ⊗Z Q/Z).

Proposition 2.5.5. The map colim
n∈N

Inv1(G, ιn) is an isomorphism.
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Proof. Set

u = colim
n∈N

Inv(ρ,KM
1 /n), v = colim

n∈N
Inv(g,KM

1 /n),

u′ = Inv(ρ,KM
1 ⊗Z Q/Z), v′ = Inv(g,KM

1 ⊗Z Q/Z).

We have a commutative diagram

colim
n∈N

Inv1
hom(G,KM

1 /n) colim
n∈N

Inv0
hom(T,KM

1 /n) colim
n∈N

Inv0
hom(P,KM

1 /n)

Inv1
hom(G,KM

1 ⊗Z Q/Z) Inv0
hom(T,KM

1 ⊗Z Q/Z) Inv0
hom(P,KM

1 ⊗Z Q/Z)

u

colim
n∈N

Inv1(G,ιn)

v

colim
n∈N

Inv0(T,ιn) colim
n∈N

Inv0(P,ιn)

u′ v′

whose rows are exact. Since colim
n∈N

Inv0(T, ιn) and colim
n∈N

Inv0(P, ιn) are isomorphisms by Propo-

sition 2.4.6, and u, u′ are injective, colim
n∈N

Inv1(G, ιn) is an isomorphism.

Theorem 2.5.6. The map Φ(G) : G∗tors → Inv1
hom(G,KM

1 ⊗Z Q/Z) is a group isomorphism.

Proof. Let n,m be positive integers with n dividing m, and let τn,m : µn,F → µm,F be the

canonical embedding. We claim that the diagram

G∗[n] G∗[m]

Inv1
hom(G,KM

1 /n) Inv1
hom(G,KM

1 /m)

Φ(G,n)

σn,m

Φ(G,m)

Inv1(G,βn,m)

commutes, where σn,m is the group morphism given by composition with τn,m. Indeed, it is

su�cient to show that Σm(L) ◦ βn,m(L) = Tors∗(τn,m)(L) ◦ Σn(L) for any �eld extension L/F .

Fixing [y] ∈ L, put U = Spec(L[X]/〈Xn − y〉), V = Spec(L[X]/〈Xm − ym/n〉). The morphism

of L-schemes U × µm,L → V de�ned functorially by

U(R)× µm,L(R)→ V (R), (u, z) 7→ uz

for any L-algebra R is constant on µ
τn,m
n,L -orbits, and so descends to a morphism of L-schemes

(U × µm,L)/(µ
τn,m
n,L ) → V , which one may check is µm,L-equivariant. This establishes that

Tors∗(τn,m)(L)(U) = V .

The universally induced map colim
n∈N

Φ(G,n) : G∗tors → colim
n∈N

Inv1(G,KM
1 /n) is an isomorphism,
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as Φ(G,n) is an isomorphism for each n. Since Φ(G) is just the composition of colim
n∈N

Φ(G,n)

with the colim
n∈N

Inv1(G, ιn), it is an isomorphism by Proposition 2.5.5.
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Chapter 3

Degree Two Milnor K-Invariants of

Algebraic Tori
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Throughout this chapter, let T denote an algebraic torus over our base �eld F . The goal

of this chapter is to determine the group Inv1
nm(T,KM

2 ⊗Z Q/Z). Here, we provide a structural

overview of the proof, giving details in the sections below.

In our analysis of degree one invariants, an important step was to work �one integer at a

time�: that is, more precisely, we reduced our computation to understanding invariants with

values in KM
1 /n for a positive integer n, and then patched these computations together to

compute invariants with values in KM
1 ⊗Z Q/Z.

Our computation of degree two invariants will require a similar but more subtle reduction

step. Unlike our approach in the degree one case, which was not sensitive to the characteristic of

the �eld, our degree two methods will require separate considerations for the �good� and �bad�

characteristic situations. The group Inv1
nm(T,KM

2 ⊗ZQ/Z) is torsion, and so can be decomposed

into the direct sum of each of its p-components as p varies over all primes:

Inv1
nm(T,KM

2 ⊗Z Q/Z) =
∐

p prime

Inv1
nm(T,KM

2 ⊗Z Q/Z){p} ∼=
∐

p prime

Inv1
nm(T,KM

2 ⊗Z Qp/Zp).

If F has characteristic p > 0, then care must be taken to understand the p-component of

Inv1
nm(T,KM

2 ⊗Z Q/Z). In this case, the group Inv1
nm(T,KM

2 ⊗Z Q/Z){p} is quite simple: it is

trivial. The proof is identical to Totaro's proof ([Tot, Theorem 5.1]) that Inv1
nm(G,KM

j /p) is

trivial for any smooth a�ne group scheme over a �eld of characteristic p > 0; for completeness,

we reproduce Totaro's proof in the �rst two sections below with the necessary changes made.

We may then reduce to understanding invariants in �good� characteristic, which allows for the

introduction of powerful cohomological methods, namely the Hochschild-Serre spectral sequence

and the Bloch-Ogus spectral sequence.

Let U → X be a standard versal T -torsor (1.6) such that V \ U has codimension at least 2

in V . Fix a prime p not dividing the characteristic of F , and let H2(Qp/Zp(2)) be the Zariski

shea��cation of the presheaf on X given by U 7→ H2
ét(U,Qp/Zp(2)). By [BM13, Theorem 3.4]

(see Theorem 1.6.6, Section 1.6), there is an isomorphism

ϕp∞(T ) : H0
Zar(X,H2(Qp/Zp(2)))bal → Inv1(T,KM

2 ⊗Z Qp/Zp).

By [GMS03, Part 1, Appendix C], every element of H0
Zar(X,H2(Qp/Zp(2))) is balanced, and so
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we can ignore this subscript in our computations. In section 3.5, we will give an independent

proof of this fact.

One inroad towards understanding the group H0
Zar(X,H2(Qp/Zp(2))) is via the Bloch-Ogus

spectral sequence [BO74]. A careful study in section 3.5 will show that there is an exact sequence

∐
x∈X(1)

H0(F (x),Qp/Zp(1))→ H2(X,Qp/Zp(2))→ H0
Zar(X,H2(Qp/Zp(2)))→ 0.

On the other hand, using the Hochschild-Serre spectral sequence [Mil80, Theorem III.2.20],

we will show in section 3.4 that there is a split exact sequence

0→ H2(F,Qp/Zp(2))→ H2(X,Qp/Zp(2))→ T ◦(F ){p} → 0. (3.1)

We can combine these two exact sequences and the isomorphism ϕp∞(T ) to form the following

diagram:

0

H2(F,Qp/Zp(2)))

∐
x∈X(1) H0(X,Qp/Zp(1)) H2(X,Qp/Zp(2)) Inv1(T,KM

2 ⊗Z Qp/Zp) 0

T ◦(F ){p}

0

A basic diagram chase will show that the cokernels of the dashed arrows are isomorphic.

The cokernel of the top dashed arrow is the group Inv1
nm(T,KM

2 ⊗Z Qp/Zp), so this calculation,

together with our previous observations, determines Inv1
nm(T,KM

2 ⊗Z Q/Z). In particular, our

main result is:
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Theorem D (3.5.7). There is an exact sequence of abelian groups

∐
x∈X(1)

µ(F (x))→ T ◦(F )tors → Inv1
nm(T,KM

2 ⊗Z Q/Z)→ 0.

In section 3.6, we will examine the (surjective) map

Ωp∞(T ) : T ◦(F ){p} → Inv1
nm(T,KM

2 ⊗Z Qp/Zp)

by making the splitting T ◦(F ){p} → H2(X,Qp/Zp(2)) in exact sequence 3.1 explicit. We will

use this to give another description of the kernel of Ωp∞(T ).

3.1 Notation and Conventions

Throughout this chapter, in addition to the conventions already speci�ed in Chapter 2, we

establish the following conventions/notation:

(1) If A is an abelian group, then A◦ := HomZ(A,Z).

(2) If T is a torus, then T∗ denotes the cocharacters of T , which is to say T∗ := (T ∗)◦ =

HomZ(T ∗,Z).

(3) If T is a torus, then T ◦ denotes the dual torus to T , which is the torus corresponding to the

Γ-module (Tsep)∗.

(4) If L/F is a �nite separable �eld extension and G is an algebraic group over L, then RL/F (G)

denotes the Weil restriction of G to F .

(5) If F is a sheaf on the étale site of Spec(F ), and X is an F -scheme via j : X → Spec(F ), we

will sometimes write H i(X,F) to mean H i(X, j∗F).

(6) If A is a torsion abelian group, and p ∈ Z is a prime, we will write A{p} to denote the

p-component of A.

(7) In light of the isomorphism of functors

H2(−,Q/Z(2))
∼−−→ KM

2 ⊗Z Q/Z
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we do not distinguish between invariants with values in H2(−,Q/Z(2)) and invariants with

values in KM
2 ⊗Z Q/Z, and freely switch between the two whenever convenient.

(8) If g : X → Y is a morphism of F schemes, F is a sheaf on the étale site of Y , and u

is a cohomology class in H i(Y,F), we will sometimes write g∗u to denote the element

H i(g)(u) ∈ H i(X, g∗F).

3.2 An Important K-Theory Lemma for Characteristic p

As noted above, the following lemmas are essential in understanding invariants in positive char-

acteristic, so we record them here accordingly. Let j be a non-negative integer.

Lemma 3.2.1. [Izh91, Corollary 6.5] Suppose F has characteristic p > 0, and let L/F be

a separable �eld extension. Then the natural map KM
j (F )/pKM

j (F ) → KM
j (L)/pKM

j (L) is

injective.

Corollary 3.2.2. Let L, p be as in Lemma 3.2.1. For any positive integer n, the natural map

KM
j (F )/pnKM

j (F )→ KM
j (L)/pnKM

j (L) is injective.

Proof. We proceed by induction on n. The case of n = 1 is Lemma 3.2.1, so suppose n > 1.

I claim that the multiplication by p map KM
j (F )/pKM

j (F ) → KM
j (F )/pKM

j (F ) is injective.

Indeed, if x ∈ KM
j (F ) such that px = pny for some y ∈ KM

j (F ), then p(x − pn−1y) = 0,

i.e. x − pn−1y is p-torsion. But KM
j (F ) has no nontrivial p-torsion by [Izh91, Theorem A],

so x = pn−1y, in which case x represents the trivial class in KM
j (F )/pKM

j (F ). Therefore, the

commutative diagram

0 KM
j (F )/p KM

j (F )/pn KM
j (F )/pn−1 0

0 KM
j (L)/p KM

j (L)/pn KM
j (L)/pn−1 0

·p

·p

has exact rows, and the �rst and third vertical arrows are injective by induction. A straightfor-

ward diagram chase shows that the middle vertical arrow must also be injective, which completes

the induction step.

Lemma 3.2.3. Let F be a �eld of characteristic p > 0. Then T ◦(F )[p] = 1.
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Proof. We have

T ◦(F )[p] = HomΓ((Tsep)∗, F
×
sep)[p] = HomΓ((Tsep)∗,µp(Fsep)) = 1

since Fsep has no nontrivial pth roots of unity.

3.3 Invariants in Characteristic p Have No p-Component

Let j be a non-negative integer. We show in this section that if G is a smooth group scheme over

a �eld F of characteristic p > 0, then Inv1
nm(G,KM

j ⊗ZQ/Z) has trivial p-component. First, we

need an elementary proposition from homological algebra.

Proposition 3.3.1. Let A be an abelian group such that A has trivial p-torsion subgroup. Then

(A⊗Z Q/Z)[pk] ∼= A/pkA

for any k ∈ N.

Proof. For notational convenience, we take k = 1, but the proof is identical for any k. Consider

the exact sequence

0→ Z/pZ→ Q/Z ·p−−→ Q/Z→ 0

of abelian groups. After tensoring with A, we get the extended exact sequence

Tor(A,Q/Z)→ A⊗Z Z/pZ→ A⊗Z Q/Z ·p−−→ A⊗Z Q/Z→ 0

Up to the well-known identi�cations Tor(A,Q/Z) ∼= Ators, A ⊗Z Z/pZ ∼= A/pA, the map

Tor(A,Q/Z)→ A⊗Z Z/pZ is just the composition of the inclusion Ators ↪→ A with the projec-

tion map A → A/pA. I claim that this map is the zero map, whence the proposition follows.

Indeed, let a ∈ Ators, and let n ∈ N be such that na = 0 and n is coprime to p; this is possible

because A has trivial p-component. If x, y ∈ Z such that nx+ py = 1, then

a = (nx+ py)a = p(ya),

and so the class of a in A/pA is trivial.
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Lemma 3.3.2. Suppose that F has characteristic p > 0. Then the group Inv1
nm(G,KM

j ⊗ZQ/Z)

has trivial p-component.

Proof. Let I ∈ Inv1
nm(G,KM

j ⊗Z Q/Z)[pn] for some n ∈ N. By Proposition 3.3.1 and [Izh91,

Theorem A], this means that I(L) takes image in KM
j (L)/pnKM

j (L) for any �eld extension L/F .

For any �xed L/F , we have a commutative square

H1(L,GL) KM
j (L)/pnKM

j (L)

H1(Lsep, GLsep) KM
j (Lsep)/pnKM

j (Lsep)

I(L)

I(Lsep)

and since GLsep is smooth, H1(Lsep, GLsep) is trivial. Therefore, the composition of I(Lsep)

with the natural map H1(L,GL) → H1(Lsep, GLsep) is the zero map. Since the natural map

KM
j (L)/pnKM

j (L)→ KM
j (Lsep)/pnKM

j (Lsep) is injective by Corollary 3.2.2, it follows that I(L)

is the zero map.

3.4 A Crucial Split Exact Sequence

Throughout this section, let n denote a �xed positive integer coprime to the characteristic of F ,

and let U → X be a standard versal T -torsor such that the codimension of V \U in V is at least

2. The goal of this section is to understand the groups H2(X,µ⊗2
n ) as n varies. In principle, the

group H2(X,µ⊗2
n ) is a �weight-two� cohomology group, which is more di�cult to understand

than its weight-one counterpart H2(X,µn) by virtue of the Kummer exact sequence

1→ µn,X → Gm,X
·n−−→ Gm,X → 1.

If we pass to Fsep, however, we may reduce our weight-two computation to a weight-one calcula-

tion, as we will explain below. We will then use the Hochschild-Serre spectral sequence to relate

our target group H2(X,µ⊗2
n ) to the groups H i(Xsep,µ

⊗2
n ) for i = 0, 1, 2.

We start with the weight reduction step. Since Fsep[Xsep]× = F×sep by Proposition 1.6.7, we

have

H0(Xsep,µn) = {x ∈ Fsep[Xsep]× | xn = 1} = µn(Fsep).
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Lemma 3.4.1. For any non-negative integer i, the cup product map

H i(Xsep,µn)⊗Z µn(Fsep)
∪−−→ H i(Xsep,µ

⊗2
n )

is an isomorphism of Γ-modules.

Proof. Since Fsep is separably closed and n is coprime to the characteristic of F , F×sep contains

a primitive nth root of unity ζ. Therefore, there exists an isomorphism of abelian groups

α : Z/nZ→ µn(Fsep)

sending [1]n to ζ. The isomorphism α yields a commutative diagram

H i(Xsep,µn)⊗Z µn(Fsep) H i(Xsep,µ
⊗2
n )

H i(Xsep,Z/nZ)⊗Z Z/nZ H i(Xsep,Z/nZ⊗2)

∪

∼= ∼=

∪

where the vertical arrows are the isomorphisms induced by α. It hence su�ces to show that the

lower cup product is an isomorphism.

The cup product map H i(Xsep,Z/nZ) ⊗Z Z/nZ ∪−−→ H i(Xsep,Z/nZ⊗2) can be described as

follows: let u be a cohomology class in H i(Xsep,Z/nZ), and let x ∈ Z/nZ. The group morphism

fx : Z/nZ→ Z/nZ⊗2 sending y to x⊗ y induces a map

H i(fx) : H i(Xsep,Z/nZ)→ H i(Xsep,Z/nZ⊗2),

and the cup product map sends u ⊗ x to H i(fx)(u). The group H i(Xsep,Z/nZ) is naturally a

Z/nZ-module, so let l : H i(Xsep,Z/nZ)⊗Z Z/nZ→ H i(Xsep,Z/nZ) denote the product map. I

then claim that the diagram

H i(Xsep,Z/nZ⊗2)

H i(Xsep,Z/nZ)⊗Z Z/nZ

H i(Xsep,Z/nZ)

Hi(m)

∪

l
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commutes, where m : Z/nZ⊗2 → Z/nZ is the multiplication isomorphism. Indeed, the compo-

sition of the upper two maps sends u⊗ x to H i(m)(H i(fx)(u)) = H i(m ◦ fx)(u). But m ◦ fx is

just multiplication by x, so this completes the proof.

With the help of Lemma 3.4.1, we may now compute the cohomology groups H i(Xsep,µ
⊗2
n )

for i = 0, 1, 2.

Proposition 3.4.2. We have the following isomorphisms of Γ-modules:

(a) H1(Xsep,µn) = 0,

(b) H2(Xsep,µn) ∼= T ∗sep/(T
∗
sep)n.

Proof. (a) Consider the Kummer exact sequence

1→ µn,X → Gm,X
·n−−→ Gm,X → 1,

which gives rise to a long exact sequence of cohomology groups

· · · → H0(Xsep,Gm)
·n−→ H0(Xsep,Gm)→ H1(Xsep,µn)→ H1(Xsep,Gm)

·n−→ H1(Xsep,Gm)→ · · ·

By Propositions 1.6.7 and 1.6.8 respectively, we have isomorphisms

H0(Xsep,Gm) = Fsep[Xsep]× = F×sep

and

H1(Xsep,Gm) ∼= Pic(Xsep) ∼= T ∗sep.

But T ∗sep is free, and so multiplication by n is injective; likewise, since n is coprime to the

characteristic of F , the nth power map F×sep → F×sep is surjective. We therefore conclude that

H1(Xsep,µn) = 0 by exactness.

(b) The long exact sequence we noted above continues

· · · → H1(Xsep,Gm)
·n−→ H1(Xsep,Gm)→ H2(Xsep,µn)→ H2(Xsep,Gm)→ · · ·

I claim that H2(Xsep,Gm)[n] = 0; the result then follows from the exactness of the sequence

immediately above. Indeed, if U → X is a standard versal T -torsor such that the codimen-
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sion of V \ U in V is at least 2, then Usep → Xsep is likewise a standard versal Tsep-torsor,

and the codimension of Vsep \ Usep in Vsep is again at least 2. Since Tsep is a split torus,

Pic(Tsep) = 0. By [San81, Theorem 6.10], the natural map H2(Xsep,Gm)→ H2(Usep,Gm)

is injective, so it su�ces to show that H2(Usep,Gm)[n] = 0.

By [Gro68, Theorem 6.1], the natural map H2(Vsep,Gm) → H2(Usep,Gm) induces an iso-

morphism on the n-torsion component, so it is enough to show that H2(Vsep,Gm)[n] = 0.

By examining the long exact sequence associated to the Kummer sequence, one may see

that H2(Vsep,Gm)[n] ∼= H2(Vsep,µn), since Pic(Vsep) = 0. By [Mil80, Corollary VI.4.20],

the map Vsep → Fsep is acyclic, and so

H2(Vsep,µn) ∼= H2(Fsep,µn) = 0

since n is coprime to the characteristic of F by assumption.

Corollary 3.4.3. We have the following isomorphisms of Γ-modules:

(a) H0(Xsep,µ
⊗2
n ) ∼= µn(Fsep)⊗2,

(b) H1(Xsep,µ
⊗2
n ) = 0,

(c) H2(Xsep,µ
⊗2
n ) ∼= T ∗sep ⊗Z µn(Fsep).

Proof. All isomorphisms follow immediately from Lemma 3.4.1 and Proposition 3.4.2.

We now consider the Hochschild-Serre spectral sequence ([Mil80, Theorem III.2.20])

Hp(F,Hq(Xsep,µ
⊗2
n )) =⇒ Hp+q(X,µ⊗2

n ).

There is a classical eight term exact sequence whose relevant portion we display below:

· · · → E0,1
2 → E2,0

2 → ker(H2 → E0,2
2 )→ E1,1

2 → · · · .

Thanks to Corollary 3.4.3, we see that

E0,1
2 = H0(F,H1(Xsep,µ

⊗2
n )) = 0,
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E1,1
2 = H1(F,H1(Xsep,µ

⊗2
n )) = 0,

whence the exact sequence above yields an isomorphism

H2(F,µ⊗2
n )

∼−−→ ker
[
H2(X,µ⊗2

n )→ H0(F,H2(Xsep,µ
⊗2
n ))

]
where the map H2(F,µ⊗2

n ) → H2(X,µ⊗2
n ) is the pull-back along the map X → Spec(F ), and

likewise, the map H2(X,µ⊗2
n ) → H0(F,H2(Xsep,µ

⊗2
n )) is induced by the map Xsep → X. We

further claim that the edge map H2 → E0,2
2 is surjective, which will show that the sequence

0→ H2(F,µ⊗2
n )→ H2(X,µ⊗2

n )→ H2(Xsep,µ
⊗2
n )Γ → 0

is exact, where the maps have been speci�ed above.

Indeed, the E0,2
r -term does not have any nonzero incoming or outgoing di�erentials for r > 3,

so the (0, 2)-term of the spectral sequence has converged by the fourth page. In fact, the (0, 2)-

term converges on the second page, whence E0,2
2 = E0,2

∞ , and the claim follows. Note that the

incoming di�erential into the E0,2
r term is zero for all r > 2, and the di�erential E0,2

2 → E2,1
2 is

zero because E1,1
2 = 0. It therefore su�ces to show that the di�erential E0,2

3 → E3,0
3 is also zero.

First, we note that the (3, 0)-term converges by the fourth page, because all di�erentials into

and out of E3,0
r on the Er page extend outside the �rst quadrant for r > 4. Also, E3,0

2
∼= E3,0

3

because E1,1
2 = 0. Since E3,0

4 = E3,0
3 / Im(d0,2

3 ), we must demonstrate that the (3, 0)-term of the

spectral sequence stabilizes on the second page. The composition

E3,0
2

∼−−→ E3,0
3 � E3,0

∞

is surjective, so it remains to show that it is injective as well. We can do so by showing that the

composition

E3,0
2

∼−−→ E3,0
3 � E3,0

∞ ↪→ H3

is injective, where E3,0
∞ ↪→ H3 is the inclusion of E3,0

∞ in the �ltration of H3. By Corollary

3.4.3, we have

E3,0
2 = H3(F,µ⊗2

n ),

and the composition E3,0
2 → H3 above is nothing more than the pull-back map H3(F,µ⊗2

n ) →
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H3(X,µ⊗2
n ) induced by the morphism X → Spec(F ). But this map is injective, because X(F ) 6=

∅, and choosing a point y : Spec(F )→ X gives a splitting

H3(F,µ⊗2
n )→ H3(X,µ⊗2

n )
H3(y)−−−−−→ H3(F,µ⊗2

n )

as the composition

Spec(F )
y−−→ X → Spec(F )

is necessarily the identity on Spec(F ). Note that the same argument applied to the pull-back

map H2(F,µ⊗2
n )→ H2(X,µ⊗2

n ) shows that it is likewise split. We have therefore just proved:

Theorem 3.4.4. The sequence

0→ H2(F,µ⊗2
n )→ H2(X,µ⊗2

n )→ H2(Xsep,µ
⊗2
n )Γ → 0

is split exact.

Corollary 3.4.5. (a) The group H2(X,µ⊗2
n ) does not depend on the choice of the standard

versal T -torsor U → X.

(b) Every element of H2(X,µ⊗2
n ) is balanced.

Proof. (a) Let V1, V2 be two generically free T -representations, and let U1 ⊂ V1, U2 ⊂ V2 be

G-equivariant open subsets such that the quotients X1 := U1/G,X2 := U2/G exist, and the

codimensions of V1 \ U1 in V1 and V2 \ U2 in V2 are at least 2. Put W := (U1 × U2)/G, and

let pi : W → Xi be the map induced by the canonical projection U1 × U2 → Ui for i = 1, 2.

Further, set

W̃ = Wsep, X̃i = (Xi)sep, p̃i = (pi)sep

for i = 1, 2. By Proposition 1.6.8(a), the maps

Pic(p̃i) : Pic(X̃i)→ Pic(W̃ )

are isomorphisms for i = 1, 2. By Theorem 3.4.4 and Proposition 3.4.2, we have a commu-

tative diagram
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0 H2(F,µ⊗2
n ) H2(X1,µ

⊗2
n )

(
Pic(X̃1)⊗Z µn(Fsep)

)Γ
0

0 H2(F,µ⊗2
n ) H2(W,µ⊗2

n )
(

Pic(W̃ )⊗Z µn(Fsep)
)Γ

0

0 H2(F,µ⊗2
n ) H2(X2,µ

⊗2
n )

(
Pic(X̃2)⊗Z µn(Fsep)

)Γ
0

Id
H2(F,µ⊗2

n ) H2(p1) Pic(p̃1)

Id
H2(F,µ⊗2

n ) H2(p2) Pic(p̃2)

with exact rows. Since the �rst and third vertical maps in each row are isomorphisms, so

too are the middle arrows.

(b) The proof is identical to the proof of Proposition 1.6.8(b), with H2(−,µ⊗2
n ) in place of

Pic(−).

It will be useful for us to give a description of H2(Xsep,µ
⊗2
n )Γ which more concretely relates

to the torus T . We will do so by using the computation in Corollary 3.4.3. Recall that (Tsep)∗

denotes the co-characters of T , i.e. (Tsep)∗ = HomZ(T ∗sep,Z). The dual torus T ◦ is the torus

corresponding to the Γ-module (Tsep)∗.

Proposition 3.4.6. There is an isomorphism (T ∗sep ⊗Z µn(Fsep))Γ ∼−−→ T ◦(F )[n].

Proof. For any free Z-module Λ of �nite rank and any abelian group A, there is an isomorphism

Λ◦ ⊗Z A
∼−−→ HomZ(Λ, A)

sending χ ⊗ a ∈ Λ◦ ⊗Z A to (λ 7→ χ(λ)a). Moreover, if Λ and A are Γ-modules, then this

isomorphism is Γ-equivariant, and so restricts to an isomorphism on Γ-invariants

(Λ◦ ⊗Z A)Γ ∼−−→ HomZ(Λ, A)Γ = HomΓ(Λ, A).

Applying this with Λ = T ∗sep and A = µn(Fsep), we get an isomorphism

(
T ∗sep ⊗Z µn(Fsep)

)Γ ∼−−→ HomΓ((Tsep)∗,µn(Fsep)) = HomΓ((Tsep)∗, F
×
sep)[n] = T ◦(F )[n].
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Corollary 3.4.7. The sequence

0→ H2(F,µ⊗2
n )→ H2(X,µ⊗2

n )→ T ◦(F )[n]→ 0

is exact.

If m is a positive integer which is divisible by n, then it is straightforward to check that the

diagram

0 H2(F,µ⊗2
n ) H2(X,µ⊗2

n ) T ◦(F )[n] 0

0 H2(F,µ⊗2
m ) H2(X,µ⊗2

m ) T ◦(F )[m] 0

commutes, where the vertical arrows are the natural maps. In particular, if p is a prime di�erent

from the characteristic of F , then taking n to vary over the powers of p and passing to the

colimit, we obtain:

Corollary 3.4.8. The sequence

0→ H2(F,Qp/Zp(2))→ H2(X,Qp/Zp(2))→ T ◦(F ){p} → 0 (3.1)

is split exact.

3.5 The Map ψp∞(T ) : H2(X,Qp/Zp(2))→ Inv1(T,KM
2 ⊗Z Qp/Zp)

Throughout this section, let p be a �xed prime not dividing the characteristic of F , and let

π : U → X be a standard versal T -torsor such that the codimension of V \U in V is at least 2. Let

j : X → Spec(F ) denote the structural map. For any non-negative integer q, let Hq(Qp/Zp(2))

be the Zariski shea��cation of the presheaf onX given byW 7→ Hq
ét(W,Qp/Zp(2)). As promised,

we now consider the so-called coniveau spectral sequence on X: more details can be found in

[BO74] and [CTHK97]. The Ep,q2 -term of the spectral sequence is given by

Ep,q2 = Hp
Zar(X,H

q(Qp/Zp(2)));
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we note that Ep,q2 = 0 if p > q. Since p does not divide the characteristic of F , the Ep,q1 -term of

the sequence is given by

Ep,q1 =
∐

x∈X(p)

Hq−p(F (x),Qp/Zp(2− p)).

In particular, since E0,2
2 is the kernel of the di�erential E0,2

1 → E1,2
1 , we have

H0
Zar(X,H2(Qp/Zp(2))) = ker

H2(F (X),Qp/Zp(2))→
∐

x∈X(1)

H1(F (x),Qp/Zp(1))

 ,

where the map

H0
Zar(X,H2(Qp/Zp(2)))→ H2(F (X),Qp/Zp(2))

which realizes this equality is given by pull-back along the generic point ξ : Spec(F (X)) → X.

Moreover, up to the identi�cations

H2(F (X),Qp/Zp(2)) ∼= KM
2 (F (X))⊗Z Qp/Zp, H1(F (x),Qp/Zp(2)) ∼= F (x)× ⊗Z Qp/Zp,

the di�erential E0,2
1 → E1,2

1 is the (coproduct of the) residue map(s) for Milnor K-theory.

We further note that the (0, 2)-term of the spectral sequence converges on the E2-page.

Indeed, the incoming di�erential into E0,2
2 is zero, so we have

E0,3
2
∼= ker(E0,2

2 → E2,1
2 ) = E0,2

2 ,

where the last equality follows because E2,1
2 = 0. Moreover, since E3,0

2 = 0, it follows that

E3,0
3 = 0, and as the incoming di�erential into E0,2

3 is zero, we have

E0,3
4
∼= ker(E0,2

3 → E3,0
3 ) = E0,2

3 .

Since all di�erentials into and out of E0,2
r extend outside the �rst quadrant for r > 4, it follows

that E0,2
2 = E0,2

∞ , and so the natural edge map H2 → E0,2
2 is surjective. As we did in section

3.4, we now consider the classical eight term exact sequence arising from our spectral sequence,

whose relevant terms we display below:

· · · → E2,0
2 → ker(H2 → E0,2

2 )→ E1,1
2 → E3,0

2 .
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In this case, we haveE2,0
2 = 0 = E3,0

2 , and so the kernel of the natural mapH2(X,Qp/Zp(2))→

H0
Zar(X,H2(Qp/Zp(2))) is isomorphic to E1,1

2 = H1
Zar(X,H

1(Qp/Zp(2))). This term is di�cult

to understand, but we can replace it with something more concrete, since

E1,1
2 = ker(E1,1

1 → E2,1
1 )/ Im(E0,1

1 → E1,1
1 ) = E1,1

1 / Im(E0,1
1 → E1,1

1 )

where the last equality follows because E2,1
1 = 0. Thus, E1,1

2 is a quotient of E1,1
1 , and so at the

cost of exactness on the left of the sequence

0→ H1
Zar(X,H

1(Qp/Zp(2)))→ H2(X,Qp/Zp(2))→ H0
Zar(X,H2(Qp/Zp(2)))→ 0,

we can replace E1,1
2 by E1,1

1 , yielding the following result.

Lemma 3.5.1. The sequence

∐
x∈X(1)

H0(F (x),Qp/Zp(1))→ H2(X,Qp/Zp(2))→ H0
Zar(X,H2(Qp/Zp(2)))→ 0

described above is exact.

Corollary 3.5.2. Every element of H0
Zar(X,H2(Qp/Zp(2))) is balanced.

Proof. By Lemma 3.5.1, the map H2(X,Qp/Zp(2)) → H0
Zar(X,H2(Qp/Zp(2))) is surjective.

Since it takes balanced elements to balanced elements, we are done by Proposition 3.4.5(b).

Let us now recall the key details about the isomorphism

ϕp∞(T ) : H0
Zar(X,H2(Qp/Zp(2)))→ Inv1(T,H2(−,Qp/Zp(2)))

from Theorem 1.6.6. Let Ugen → F (X) denote the generic �ber of π. By Proposition 1.6.5,

there is an injective map

evUgen : Inv1(T,H2(−,Qp/Zp(2)))→ H2(F (X),Qp/Zp(2))

given by evaluation at Ugen whose image is contained in the subgroup of balanced elements of
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H2(F (X),Qp/Zp(2)) which vanish along the residue map

∂ : H2(F (X),Qp/Z2(2))→
∐

x∈X(1)

H1(F (x),Qp/Zp(1)).

As we have already noted, the map

H0
Zar(X,H2(Qp/Zp(2)))→ H2(F (X),Qp/Zp(2))

given by pull-back along the generic point ξ : Spec(F (X))→ X identi�esH0
Zar(X,H2(Qp/Zp(2)))

with ker(∂). The map ϕp∞(T ) which is inverse to evUgen is constructed as follows: �x a cohomol-

ogy class u in H0
Zar(X,H2(Qp/Zp(2)))bal. Let L/F be a �eld extension, and let W → Spec(L)

be a TL-torsor. Then there is a point y ∈ X(L) such that the pull-back of U → X along y is

isomorphic to W . Indeed, if L is in�nite, this follows by the de�nition of versal. If L is �nite,

then every TL-torsor over Spec(L) is trivial by [Lan56, Theorem 2], since T is connected, and so

any point of X(L) su�ces. The assignment W 7→ H2(y)(u) ∈ H2(L,Qp/Zp) does not depend

on the choice of y by Lemma 1.6.4, and so de�nes an invariant Iu ∈ Inv1(T,H2(−,Qp/Zp(2)));

ϕp∞(T ) sends u to Iu.

In our case, by Corollary 3.5.2, every element of H0
Zar(X,H2(Qp/Zp(2))) is balanced. In

particular, we have a commutative diagram

H2(X,Qp/Zp(2))

H0
Zar(X,H2(Qp/Zp(2))) H2(F (X),Qp/Zp(2))

Inv1(T,H2(−,Qp/Zp(2)))

H2(ξ)

ϕp∞ (T )

H0(ξ)

evUgen

Let ψp∞(T ) : H2(X,Qp/Zp(2) → Inv1(T,H2(−,Qp/Zp(2))) denote the composition of the

left vertical two arrows. Explicitly, for a cohomology class u ∈ H2(X,Qp/Zp), ψp∞(T ) sends u

to the invariant Iu constructed with the same procedure described above. Since ϕp∞(T ) is an

isomorphism, we arrive at the following exact sequence.
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Lemma 3.5.3. The sequence

∐
x∈X(1)

H0(F (x),Qp/Zp(1))→ H2(X,Qp/Zp(2))
ψp∞ (T )
−−−−−−→ Inv1(T,H2(−,Qp/Zp(2)))→ 0

described above is exact.

Using Lemma 3.5.3 and Corollary 3.4.8, we may now construct the following diamond shaped

diagram:

0

H2(F,Qp/Zp(2))

∐
x∈X(1) H0(F (x),Qp/Zp(1)) H2(X,Qp/Zp(2)) Inv1(T,H2(−,Qp/Zp(2))) 0

T ◦(F ){p}

0

H2(j)
Φp∞ (T )

Θp∞ (T )

ψp∞ (T )

Here, Φp∞(T ) and Θp∞(T ) are de�ned to be the respective compositions of the arrows in

the diagram which we have already de�ned. We have the following easy observation:

Proposition 3.5.4. The map Φp∞(T ) sends a cohomology class u ∈ H2(F,Qp/Zp(2)) to the

constant invariant at u.

Proof. Fix a �eld extension L/F , and let i : Spec(L) → Spec(F ) denote the structural map.

Any y ∈ X(L) is a morphism of F -schemes, i.e. the diagram

Spec(L) X

Spec(F )

i

y

j

commutes for any y ∈ X(L). Hence, we have

H2(y) ◦H2(j) = H2(j ◦ y) = H2(i).
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Comparing the two de�nitions of ψp∞(T )(u) and the constant invariant at u, the above equality

proves the claim.

As promised, we will now use Diagram 3.5 to obtain a map

Ωp∞(T ) : T ◦(F ){p} → Inv1
nm(T,KM

2 ⊗Z Qp/Zp).

First, we need the following elementary lemma from homological algebra.

Lemma 3.5.5. Suppose the following diagram of abelian groups

0

A

A′ B C ′ 0

C

0

f

f ′

g

g′

is commutative such that the row is exact, and the column is split exact. Let

π′ : C → coker(g ◦ f ′), π : C ′ → coker(g′ ◦ f)

be the canonical projection maps. Then there is an isomorphism h : coker(π′)→ coker(π) which

makes the diagram commute.

Proof. Let l : C → B be a splitting of g. For [x] ∈ coker(g ◦ f ′), set

h([x]) = π(g′(l(x))).

The commutativity of the diagram with h included is evident from the de�nition of h. I claim

that h is well-de�ned, independent of the choice of splitting l, and an isomorphism.

First, suppose x′ ∈ C such that [x′] = [x]. Then there exists a′ ∈ A′ such that x′ − x =

g(f ′(a′)). Then l(x′)− l(x) = f ′(a′) by the de�nition of l, and so

g′(l(x′))− g′(l(x)) = g′(f ′(a)) = 0,
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whence h([x]) = h([x′]).

Next, suppose l′ : C → B is another splitting of g, and let x ∈ C. Then g(l(x)) = g(l′(x)) = x,

so there exists a ∈ A such that l′(x)− l(x) = f(a). Therefore, we have

g′(l′(x))− g′(l(x)) = g′(f(a)),

from which it follows that π(g′(l(x))) = π(g′(l′(x))).

Finally, we show that h is an isomorphism. Note that h is surjective because π ◦ g′ is

surjective; indeed, if z ∈ C ′ and y ∈ B such that π(g′(y)) = [z], then putting x = g(y), we see

h([x]) = [z]. To see that h is injective, suppose that x, x′ ∈ C such that h([x]) = h([x′]). Then

g′(l(x)) = g′(l(x′)) = g′(f(a))

for some a ∈ A. By exactness, there must be some a′ ∈ A′ such that

l(x)− l(x′)− f(a) = f ′(a′).

Applying g to both sides yields x− x′ = g(f ′(a′)), and so [x] = [x′], completing the proof.

By construction, Diagram 3.5 meets the conditions of Lemma 3.5.5. By Proposition 3.5.4,

the cokernel of Φp∞(T ) is the group Inv1
nm(T,H2(−,Qp/Zp(2))) of normalized invariants. De�ne

Ωp∞(T ) : T ◦(F ){p} → Inv1
nm(T,H2(−,Qp/Zp(2)))

to be the composition of the canonical projection T ◦(F ){p} → coker(Θp∞(T )) with the isomor-

phism coker(Θp∞(T ))→ Inv1
nm(T,H2(−,Qp/Zp(2))) furnished by Lemma 3.5.5. The preceding

discussion then yields:

Proposition 3.5.6. The sequence

∐
x∈X(1)

H0(F (x),Qp/Zp(1))
Θp∞ (T )
−−−−−→ T ◦(F ){p}

Ωp∞ (T )
−−−−−−→ Inv1

nm(T,H2(−,Qp/Zp(2)))→ 0

described above is exact.
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At last, we may now describe all invariants. If q = char(F ), then we have

T ◦(F ){q} = 1, Inv1
nm(T,H2(−,Qq/Zq(2))) = 1

by Lemmas 3.2.3 and 3.3.2 respectively. Moreover, for any �xed x ∈ X(1), F (x) has no nontrivial

qth-power roots of unity for any x ∈ X(1), so

∐
p prime,p 6=q

H0(F (x),Qp/Zp(1)) = µ(F (x)),

where µ(F (x)) denotes the group of all roots of unity in F (x). Setting

Ω(T ) :=
∐

p prime,p 6=q
Ωp∞(T ),

Θ(T ) :=
∐

p prime,p 6=q
Θp∞(T ),

we then obtain the following result:

Theorem 3.5.7. The sequence

∐
x∈X(1)

µ(F (x))
Θ(T )−−−−→ T ◦(F )tors

Ω(T )−−−−→ Inv1
nm(T,KM

2 ⊗Z Q/Z)→ 0

is exact.

3.6 Understanding ker(Ωp∞(T ))

Throughout this section, we keep the notation of the preceding section, and let n be some pos-

itive power of p. To ease notation, we will let j∗ denote the pull-back map on cohomology (in

any degree) induced by the map j : X → Spec(F ). Proposition 3.5.6 is a powerful tool for un-

derstanding the group Inv1
nm(T,H2(−,Qp/Zp(2))), but the group

∐
x∈X(1) H0(F (x),Qp/Zp(1))

is complicated, and the maps in the sequence are intricate and abstract.

It turns out that we can improve Proposition 3.5.6 by making the map Ωp∞(T ) considerably

more explicit. We will accomplish this by constructing a particular splitting

T ◦(F ){p} → H2(X,Qp/Zp(2))
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which will make the map Ωp∞(T ) much easier to understand using the proof of Lemma 3.5.5.

We will also compute the image of Θp∞(T ) inside of T ◦(F ){p} more straightforwardly.

We begin with the most technical step, which is constructing the aforementioned splitting,

and showing that it indeed splits the map H2(X,µ⊗2
n ) → T ◦(F )[n]. In Proposition 3.4.6, we

exhibited an isomorphism T ◦(F )[n]→ H0(F, T ∗sep⊗Zµn). In the same proposition, we saw that

T (Fsep) ∼= (Tsep)∗ ⊗Z F
×
sep as Γ-modules, and so we have a natural isomorphism H1(X,T ) ∼=

H1(X, (Tsep)∗ ⊗Z F
×
sep); in particular, we can view the class of the versal torsor U → X as an

element of H1(X, (Tsep)∗ ⊗Z F
×
sep). By considering the long exact sequence associated to the

exact sequence of Γ-modules

1→ (Tsep)∗ ⊗Z µn(Fsep)→ (Tsep)∗ ⊗Z F
×
sep

·n−−→ (Tsep)∗ ⊗Z F
×
sep → 1,

we obtain a boundary map

δn(X) : H1(X, (Tsep)∗ ⊗Z F
×
sep)→ H2(X, (Tsep)∗ ⊗Z µn).

Suppressing the subscript Z for all tensor products, let αn(X) denote the composition

H0(X,T ∗sep ⊗ µn)⊗H2(X, (Tsep)∗ ⊗ µn)
∪−−→ H2(X,T ∗sep ⊗ µn ⊗ (Tsep)∗ ⊗ µn)→ H2(X,µ⊗2

n )

where the �rst map is the cup product, and the second map is induced by the morphism of

Γ-modules T ∗sep ⊗Z (Tsep)∗ → Z. De�ne

∆n(T ) : T ◦(F )[n]→ H2(X,µ⊗2
n )

to be the composition of the isomorphism T ◦(F )[n] → H0(F, T ∗sep ⊗Z µn) with the map which

sends a class u ∈ H0(F, T ∗sep ⊗Z µn) to αn(X) (j∗ ⊗ δn(X)([U → X])).

Proposition 3.6.1. The map ∆n(T ) : T ◦(F )[n]→ H2(X,µ⊗2
n ) splits the surjection H2(X,µ⊗2

n )→

T ◦(F )[n] referenced in Corollary 3.4.7.

Proof. We have a commutative diagram
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T ◦(F )[n] H2(X,µ⊗2
n ) T ◦(F )[n]

T ◦sep(Fsep)[n] H2(Xsep,µ
⊗2
n ) T ◦sep(Fsep)[n]

∆n(T )

∆n(Tsep)

where the vertical maps are induced by base change. The map T ◦(F )[n] → T ◦sep(Fsep)[n] is

injective, and a diagram chase shows that if the composition of the lower horizontal maps is the

identity, then the composition of the upper horizontal maps must be the identity as well. Hence,

we may reduce to the case where F = Fsep.

In this case, T must be a split torus, so T = Gk
m,F for some k ∈ N. We then have T ◦(F )[n] =

µn(F )⊕k, and we then have H2(X,µ⊗2
n ) ∼= T ∗ ⊗ µn(F ) by Proposition 3.4.3. Since T ∗ ∼= Zk, I

claim that, up to the above identi�cations, the sequence

T ◦(F )[n]
∆n(T )−−−−−→ H2(X,µ⊗2

n )→ T ◦(F )[n]

becomes the usual sequence of isomorphisms

µn(F )⊕k
∼−−→ Zk ⊗Z µn(F )

∼−−→ µn(F )⊕k

which are inverse to one another. This is mainly an exercise in unwinding all of the isomor-

phisms above, and can be safely skipped by the uninterested reader, but we include it below for

completeness. The case k > 1 is not more di�cult than the case k = 1, but it is signi�cantly

more tedious notationally, so we restrict our attention to the latter case.

Suppose k = 1. Then T ∗ ∼= T∗ ∼= Z, and via the isomorphisms of abelian groups

T ∗ ⊗Z µn(F ) ∼= µn(F ), T∗ ⊗Z µn(F ) ∼= µn(F ),

the diagram

H0(X,T ∗ ⊗ µn)⊗H2(X,T∗ ⊗ µn) H2(X,T ∗ ⊗ µn ⊗ T∗ ⊗ µn)

H0(X,µn)⊗H2(X,µn) H2(X,µ⊗2
n )

∼=

∪

∼=

∪
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commutes. Moreover, by Proposition 1.6.7, the natural map

H0(F,µn)
j∗−−→ H0(X,µn)

is an isomorphism, and since T ◦(F ) = F×, we see that the diagram

T ◦(F )[n] H0(F, T ∗ ⊗ µn)

µn(F ) H0(F,µn)

=

∼=

∼=

=

commutes as well. We therefore may reduce to showing that the diagram

H0(X,µn)⊗H2(X,µn) H2(X,µ⊗2
n ) H0(F, T ∗ ⊗ µn)

H0(F,µn) H0(F,µn)

∪

∼=

IdH0(F,µn)

commutes, where the map

H0(F,µn)→ H0(X,µn)⊗H2(X,µn)

sends x to j∗(x) ⊗ δn(X)([U → X]), and δn(X) : H1(X,F×) → H1(X,µn) is the boundary

map induced by the Kummer sequence. Now, up to the identi�cation H1(X,F×) ∼= Pic(X),

the boundary map δn(X) is just the canonical projection map Pic(X) → Pic(X)/nPic(X) by

Proposition 3.4.2(c). The isomorphism T ∗ → Pic(X) explained in Proposition 1.6.8(c) sends a

character χ to the line bundle (U ×G)/T → X, where T acts diagonally on U ×G via χ. In

this case, T = G, and we see that the line bundle U → X corresponds to the identity character.

In particular, since the isomorphism Z→ T ∗ sends 1 to the identity character, the isomorphism

Z/nZ→ Pic(X)/nPic(X) sends [1]n to the class of U → X.

Tracing through the de�nition of the map H2(X,µ⊗2
n ) → H0(F, T ∗ ⊗ µn) = T ∗ ⊗ µn(F ),

we see that it is the inverse to the cup product isomorphism described in Lemma 3.4.1, together

with the identi�cations already noted. Thus, the map

H0(F,µn)→ H0(µn)⊗H2(X,µn)
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in the diagram above is just the map

µn(F )→ µn(F )⊗ Z/nZ

sending x to x⊗ [1]n, and the map

H0(µn)⊗H2(X,µn)→ H0(F,µn)

is just the map

µn(F )⊗ Z/nZ→ µn(F )

which sends x⊗ [1]n to x1 = x, as claimed.

In spite of how technical the setup for Proposition 3.6.1 is, we can now describe the map

Ωp∞(T ) much more simply. Indeed, �x a �eld extension L/F , and let i : Spec(L) → Spec(F )

denote the structural map. As before, the exact sequence of Gal(Lsep/L)-modules

1→ (TLsep)∗ ⊗Z µn(Lsep)→ (TLsep)∗ ⊗Z L
×
sep

·n−−→ (TLsep)∗ ⊗Z L
×
sep → 1,

gives rise to a boundary map

δn(L) : H1(L, (TLsep)∗ ⊗Z L
×
sep)→ H2(L, (TLsep)∗ ⊗Z µn).

Suppressing the subscript Z for all tensor products, let αn(L) denote the composition

H0(L, T ∗Lsep
⊗µn)⊗H2(L, (TLsep)∗⊗µn)

∪−−→ H2(L, T ∗Lsep
⊗µn⊗ (TLsep)∗⊗µn)→ H2(L,µ⊗2

n ).

For any x ∈ H0(F, T ∗sep ⊗Z µn), let Ix(L) : H1(L, TL)→ H2(L,Qp/Zp(2)) be the map

[W → Spec(L)] 7→ αn(L)(i∗(x)⊗ δn(L)([W → Spec(L)])).

Varying L, we obtain an invariant Ix ∈ Inv1
nm(T,H2(−,Qp/Zp(2))).

Lemma 3.6.2. Viewing x as an element of T ◦(F )[n], the invariant Ix coincides with Ωp∞(x).

Proof. This follows by functoriality of the cup product. Explicitly, �x a �eld extension L/F

with structural map i : Spec(L)→ Spec(F ), and let W → Spec(L) be a TL-torsor over Spec(L).
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Let y ∈ X(L) such that the pullback of U → X along y is isomorphic to W . As in Proposition

3.5.4, we have a commutative diagram

Spec(L) X

Spec(F )

i

y

j

Since ∆n(T ) : T ◦(F )[n] → H2(X,µ⊗2
n ) splits the surjection H2(X,µ⊗2

n ) → T ◦(F )[n], the proof

of Lemma 3.5.5 shows that the invariant Ωp∞(x) sends [W → Spec(L)] to y∗(αn(X)(j∗x ⊗

δn(X)([U → X]))). But we have

y∗ (αn(X)(j∗x⊗ δn(X)([U → X]))) = αn(L) (y∗j∗x⊗ δn(L)(y∗[U → X]))

= αn(L) (i∗x⊗ δn(L)([W → Spec(L)])) .

By de�nition, the last term is just Ix(L)([W → Spec(L)]), so we're done.

Now that we have a better description of Ωp∞(T ), we will give a useful reinterpretation of

its kernel. Recall that a resolution of T by tori is an exact sequence

1→ T → P → Q→ 1

where P,Q are tori, and P is quasisplit. We call such a resolution co�asque if Q is co�asque, i.e.

Q∗sep is a co�asque Γ-module. See [CTS77, Lemma 1] for many equivalent de�nitions of co�asque,

which we will use interchangeably; by [CTS77, Lemma 3], co�asque resolutions always exist. For

any resolution

1→ T
g−−→ P

h−−→ Q→ 1

of T by tori, we get a dual exact sequence

1→ Q◦
h◦−−→ P ◦

g◦−−→ T ◦ → 1.

It is straightforward to check that the diagram
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P ◦(F ){p} T ◦(F ){p}

Inv1
nm(P,H2(−,Qp/Zp(2))) Inv1

nm(T,H2(−,Qp/Zp(2)))

g◦(F )

Ωp∞ (P ) Ωp∞ (T )

Inv1(g)

commutes. Since P has no nontrivial torsors over any �eld extension L/F , the group of invariants

Inv1
nm(P,H2(−,Qp/Zp(2))) is trivial. In particular, the map g◦(F ) has image in ker(Ωp∞(T )).

If the resolution of T by tori above is co�asque, then the image of g◦(F ) in T ◦(F ){p} is

maximal among images generated by resolutions of T by tori. More precisely, we have the

following result.

Lemma 3.6.3. Let

1→ T
g−−→ P

h−−→ Q→ 1

be a co�asque resolution of T , and let

1→ T
u−−→ P ′

v−−→ S → 1

be a resolution of T by tori. Then the image of u◦(F ) in T ◦(F ){p} is contained in the image of

g◦(F ).

Proof. Let V ∗sep be the �ber product of P ∗sep and (P ′sep)∗ over T ∗sep. We have a commutative

diagram of Γ-modules

1 1

S∗sep S∗sep

1 Q∗sep V ∗sep (P ′sep)∗ 1

1 Q∗sep P ∗sep T ∗sep 1

1 1

=

v∗sep

= u∗sep

h∗sep g∗sep

with exact rows and columns which dualizes to an commutative diagram of groups of multiplica-

tive type
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1 1

1 T P Q 1

1 P ′ V Q 1

S S

1 1

g

u

h

=

v

=

whose rows and columns are likewise exact. By [CTS77, Lemme 1], Ext1
Γ((P ′sep)∗, Q∗sep) = 0, so

the sequence

1→ Q∗sep

q∗sep−−−→ V ∗sep → (P ′sep)∗ → 1

is split. Let w∗sep : (P ′sep)∗ → V ∗sep be a splitting. Setting w′ : P → P ′ to be the composition of

the dual map w : V → P ′ with the map P → V , we have that u = w′ ◦ g, and so the diagram

(P ′)◦(F ){p} P ◦(F ){p} T ◦(F ){p}(w′)◦(F )

u◦(F )

g◦(F )

commutes. This completes the proof.

Corollary 3.6.4. The image in T ◦(F )[p] of a co�asque resolution does not depend on the choice

of resolution.

We now precisely relate co�asque resolutions of T and the kernel of Ωp∞(T ). First, we need

a technical lemma.

Lemma 3.6.5. Let Y be an F -variety, and let x ∈ Y . Let L/F be a �eld extension such that

L is an F -sub�eld of the residue �eld F (x). If i : YL → Y denotes the canonical base change

morphism, then there is a point y ∈ i−1(x) such that the natural map F (x) → L(y) is an

isomorphism.

Proof. Consider the canonical morphism u : Spec(F (x)) → Y whose image is x. By the uni-

versal property of the �ber product, there is a unique map v : Spec(F (x)) → YF (x) induced by

IdSpec(F (x)) and u; let z ∈ YF (x) denote the image of v, and let y ∈ YL denote the image of z

under the canonical base change morphism YF (x) → YL. We have a commutative diagram
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YF (x)

Spec(F (x)) YL

Y

v

u i

and since the canonical morphism YF (x) → Y sends z to y, we have that i(y) = x. We therefore

have a sequence of residue �eld morphisms

F (x)→ L(y)→ (F (x))(z)→ F (x)

whose composition is the residue �eld morphism F (x)→ F (x) induced by u, which is IdF (x), so

the natural map F (x)→ L(y) has degree 1 and therefore is an isomorphism.

Proposition 3.6.6. Let

1→ T
g−−→ P

h−−→ Q→ 1

be a co�asque resolution of T . Then

ker(Ωp∞(T )) = Im(g◦(F )).

Proof. We have already established the inclusion ker(Ωp∞(T )) ⊇ Im(g◦(F )), so we must now

demonstrate that ker(Ωp∞(T )) ⊆ Im(g◦(F )). By Proposition 3.5.6, the kernel is precisely the

image of the map

Θp∞(T ) :
∐

x∈X(1)

H0(F (x),Qp/Zp(1))→ T ◦(F ){p},

so it is su�cient to show that for any �xed x ∈ X(1), the image of the map

H0(F (x),Qp/Zp(1))→ T ◦(F ){p}

is contained in the image of g◦(F ). First, note that H0(F (x),Qp/Zp(1)) = µp∞(F (x)), where

the latter group denotes the group of pth-power roots of unity of F (x).

Fix x ∈ X(1) and let L be the separable extension of F obtained by adjoining all pth-power

roots of unity to F ; we may view L as a sub�eld of Fsep. Since F (x) has �nite transcendence
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degree over F , L is a �nitely generated algebraic �eld extension of F , hence �nite over F . By

Lemma 3.6.5, there exists y ∈ XL lying over x such that the natural map F (x) → L(y) is an

isomorphism. Moreover, by construction, we have

µp∞(L(y)) = µp∞(F (x)) = µp∞(L).

Since L/F is �nite, there is a norm map

NL/F : (L⊗F F×sep)→ F×sep

which is Γ-equivariant, and post-composing with NL/F yields morphisms

T ◦(L){p} → T ◦(F ){p}, P ◦(L){p} → P ◦(F ){p}.

IfNL(y)/F (x) denotes the corresponding norm map for the extension L(y)/F (x), then the diagram

µp∞(L(y)) T ◦(L){p} P ◦(L){p}

µp∞(F (x)) T ◦(F ){p} P ◦(F ){p}

NL(y)/F (x) ◦NL/F

g◦(L)

◦NL/F

g◦(F )

commutes. But L(y)/F (x) is a trivial extension, so the norm map is an isomorphism. Therefore,

if the images of the upper two horizontal maps coincide, then an easy diagram chase completes

the proof.

Since XL is smooth, Pic(XL) ∼= Cl(XL), and so we may identify the element [y] ∈ Cl(XL)

as an element of Pic(XL). By Proposition 1.6.8(c), Pic(XL) ∼= T ∗L, and so regarding [y] as an

element of T ∗L, there is a map

ρy : µp∞(L(y))→ T ∗L ⊗Z µp∞(L), z 7→ [y]⊗ z.

For any positive integer k and n = pk, consider the composition

Z/nZ→ H2(XL,µn)→ H2(Xsep,µn)
∼−−→ T ∗sep/(T

∗
sep)n

where the �rst map is the edge map E1,1
1 → H2 of the Bloch-Ogus spectral sequence for the

sheaf µn on XL, and the last isomorphism is described in Proposition 3.4.2. By [Mil80, Chapter
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VI, �6], the image of this composition is contained in the subgroup of T ∗sep/(T
∗
sep)n generated by

[y]. Thus, the image of the map µp∞(L(y)) → T ◦(L){p} corresponding to the y-component of

the map Θp∞(TL) is contained in the image of the composition

µp∞(L(y))
ρy−−→ T ∗L ⊗Z µp∞(L)→

(
T ∗Lsep

⊗Z µp∞(Lsep)
)ΓL ∼−−→ T ◦(L){p}

where the last isomorphism is described in Proposition 3.4.6. Now, the exact sequence

1→ Q∗sep → P ∗sep → T ∗sep → 1

of Γ-modules yields a long exact sequence in Galois cohomology

1→ Q∗L → P ∗L
g∗L−−−→ T ∗L → H1(L,Q∗sep)→ · · · .

Since Q∗sep is co�asque, H1(L,Q∗sep) = 0 by [CTS77, Lemme 1], and therefore g∗L is surjective.

Since the diagram

P ∗L ⊗Z µp∞(L) P ◦(L){p}

µp∞(L(y)) T ∗L ⊗Z µp∞(L) T ◦(L){p}

g∗L⊗Idµp∞ (L) g◦(L)

ρy

commutes and g∗L is surjective, a diagram chase proves the claim.

3.7 An Example

Throughout this section, let L/F be a �nite separable �eld extension of degree r, and let

NL/F : L× → F× denote the usual norm homomorphism. There is a surjective homomorphism

of algebraic groups

NL/F : RL/F (Gm,L)→ Gm,F

de�ned on M -points by the composition

(M ⊗F L)× → AutM (M ⊗F L)
det−−−→M×

for any F -algebra M ; we note that NL/F (L) = NL/F . As we shall see shortly, the kernel
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of NL/F is a torus, which we will denote by R(1)Gm,L. For any F -algebra M , the M -points of

R(1)Gm,L are given by

R(1)Gm,L(M) = {u ∈ (M ⊗F L)× | NL/F (M)(u) = 1},

and we have an exact sequence of group schemes

1→ R(1)Gm,L(M)→ RL/F (Gm,L)
NL/F−−−−−→ Gm,F → 1. (3.2)

Let X := HomF (L,Fsep), and let Z[X ] denote the free Z-module on X , endowed with

the structure of a Γ-module via the Γ-action on X . I claim that RL/F (Gm,L) is the torus

corresponding to Γ-module Z[X ]; one may check that for any F -algebra M , the map

HomΓ(Z[X ], (M ⊗F Fsep)×)
∼−−→ (M ⊗F L)×, f 7→

∏
σ∈X

f(σ)

is an isomorphism natural inM . In fact, RL/F (Gm,L) is a quasisplit torus, since X and Γ/Γ0

are isomorphic as �nite Γ-sets, where Γ0 = Gal(Fsep/L). Moreover, the morphism of Γ-modules

d : Z→ Z[X ] corresponding to NL/F is the diagonal map sending 1 to
∑

σ∈X σ. The characters

of (R(1)Gm,L)sep are given by the cokernel of d, which is a free abelian group of rank r−1. This

con�rms that R(1)Gm,L is a torus.

Now, consider the so-called augmentation map a : Z[X ] → Z de�ned on basis elements by

σ 7→ 1 for each σ ∈ X . The kernel of a is a free Z-module, and hence de�nes a torus. In fact,

the map of group schemes dual to a is the embedding

i : Gm,F → RL/F (Gm,L)

given on M -points by

i(M) : M× → (M ⊗F L)×, x 7→ x⊗ 1

for any F -algebra M , and so the kernel of a corresponds to the quotient group scheme

RL/F (Gm,L)/Gm,F . I claim that RL/F (Gm,L)/Gm,F and R(1)Gm,L are duals, i.e.

RL/F (Gm,L)/Gm,F =
(
R(1)Gm,L

)◦
.
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Indeed, there is a bijection between elements of HomZ(coker(d),Z) and morphisms f : Z[X ]→

Z such that
∑

σ∈X f(σ) = 0. One readily checks, then, that the map

α : HomZ(coker(d),Z)→ ker(a)

given by f 7→
∑

σ∈X f(σ)σ is an isomorphism of Γ-modules. One may further verify that

Gm,F and RL/F (Gm,L) are self-dual, and so the exact sequence of tori

1→ Gm,F
i−→ RL/F (Gm,L)

π−−→ RL/F (Gm,L)/Gm,F → 1. (3.3)

is dual to exact sequence 3.2.

For the remainder of this section, put T := R(1)Gm,L, so that T ∗sep = coker(d), and T ◦ =

RL/F (Gm,L)/Gm,F . Our goal will be to give a more concrete description of the map T ◦(F )tors →

Inv1
nm(T,KM

2 ⊗Z Q/Z). On account of exact sequence 3.2, we have a long exact sequence

· · · → RL/F (Gm,L)(E)
NL/F (E)
−−−−−−→ Gm,F (E)→ H1(E, TE)→ H1(E, (RL/F (Gm,L))E)→ · · ·

for any �eld extension E/F . Since RL/F (Gm,L) is quasisplit, H1(E, (RL/F (Gm,L))E) = 1,

and so we have

H1(E, TE) ∼= E×/ Im(NL/F (E)).

On the other hand, we have

T ◦(F )tors =
(
(RL/F (Gm,L)/Gm,F )(F )

)
tors

= (L×/F×)tors.

Let n be a power of a prime di�erent from char(F ). For any class [x] ∈ T ◦(F )[n], put

Ix := Ω(T )([x]). I claim that for any �eld extension E/F and any class [a] ∈ E×/ Im(NL/F (E)),

we have

Ix(E)([a]) = {xn, a} ⊗ 1

n
∈ KM

2 (E)⊗Q/Z.

Let us assume that this is the case for a moment, and make the following observation.

The exact sequence 3.2 is a co�asque resolution of T , and so Proposition 3.6.6 tells us that
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the kernel of Ω(T ) is equal to the image of π(F ) : L×tors → (L×/F×)tors, namely the classes in

(L×/F×)tors which are represented by roots of unity. And indeed, we may check that this is the

case independently. If [x] ∈ (L×/F×)tors is such that x is a root of unity, then we must have

xsn = 1 for some s ∈ N, and so

{xn, a} ⊗ 1

n
= {1, a} ⊗ 1

sn
= 0

for any a ∈ E×. On the other hand, suppose the invariant is Ix is trivial. It then must

be the case that Ix(F (t)) is trivial, and so in particular must evaluate to zero on the class

[t] ∈ F (t)×/ Im(NL/F (F (t))). The class {xn, t}⊗ 1/n ∈ KM
2 (F (t))⊗Z Q/Z is trivial if and only

if xn ⊗ 1/n is the trivial class in F× ⊗Z Q/Z; a straightforward calculation shows that this is

only possible if the class [x] is represented by a root of unity.

We devote the remainder of this section to explaining why the invariant Ix satis�es the

formula claimed. To ease notation, we will show the formula is satis�ed for E = F ; the proof

is not any di�erent for E 6= F , but we can then dispense with extra subscripts to indicate base

change. Consider the commutative diagram of Γ-modules

1 1 1

1 (Tsep)∗ ⊗ µn(Fsep) (Tsep)∗ ⊗ F×sep (Tsep)∗ ⊗ F×sep 1

1 Z[X ]⊗ µn(Fsep) Z[X ]⊗ F×sep Z[X ]⊗ F×sep 1

1 µn(Fsep) F×sep F×sep 1

1 1 1

·n

·n

·n

with exact rows and columns. Each of the rows can be seen as arising from the classical Kummer

sequence tensored with one of the free modules (Tsep)∗,Z[X ],Z, while each of the columns arises

by tensoring the character sequence associated to 3.3 with one of µn(Fsep), F×sep. We note that

Ix(F ) takes [x] to αn(F )(x ⊗ δn(F )([W → Spec(F )])), where the maps αn(F ), δn(F ) were

de�ned in Section 3.6; in particular, δn(F ) is the boundary map H1(F, (Tsep)∗ ⊗Z F
×
sep) →

H2(F, (Tsep)∗ ⊗Z µn) associated to the �rst row of the diagram above.
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The �rst column of the diagram likewise gives rise to a boundary map

δ′n(F ) : H1(F,µn)→ H2(F, (Tsep)∗ ⊗Z µn),

and by considering the right-most column and bottom row, we likewise obtain boundary maps

H0(F, F×sep)→ H1(F, (Tsep)∗ ⊗ F×sep),

H0(F, F×sep)→ H1(F,µn).

By [CE56, Proposition 4.1], the diagram

H1(F, (Tsep)∗ ⊗ F×sep)

H0(F, F×sep) H2(F, T ∗sep ⊗ µn)

H1(F,µn)

δn(F )

δ′n(F )

anti-commutes, where the �rst two diagonal maps are the boundary maps mentioned above. In

particular, up to the identi�cations

H0(F, F×sep) = F×, H1(F,µn) ∼= F×/(F×)n, H1(F, T ) ∼= F×/NL/F (L×),

we have δn(F )([a]) = −δ′n(F )([a]) for any a ∈ F×. On the other hand, if we tensor the character

sequence associated to 3.2 with µn(Fsep), we get the exact sequence of Γ-modules

1→ µn(Fsep)→ Z[X ]⊗ µn(Fsep)→ T ∗sep ⊗ µn(Fsep)→ 1.

This yields a long exact sequence

1→ H0(F,µn)→ H0(F,Z[X ]⊗ µn)→ H0(F, T ∗sep ⊗ µn)
δ′′n(F )−−−−−→ H1(F,µn)→ · · · .

Up to the Kummer isomorphism H1(F,µn) ∼= F×/(F×)n and the identi�cations furnished by

Proposition 3.4.6, this sequence can be rewritten as

1→ µn(F×)→ µn(L×)→ (L×/F×)[n]
·n−−→ F×/(F×)n → · · · .
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One may check that for any u ∈ H0(F, T ∗sep ⊗ µn), a ∈ F× the map αn(F ) satis�es the �anti-

commutativity� relation

αn(F )(u⊗ δ′n(F )([a])) = −(δ′′n(F )(u) ∪ [a]),

where the latter cup product is the map

∪ : H1(F,µn)⊗H1(F,µn)→ H2(F,µ⊗2
n ).

Hence, given [x] ∈ T ◦(F )[n] = (L×/F×)n and [a] ∈ H1(F, T ) = F×/(NL/F (L×), we have

αn(F )(x⊗ δn(F )([a])) =− αn(F )(x⊗ δ′n(F )([a]))

=δ′′n(F )([x]) ∪ [a]

=[xn] ∪ [a]

Up to the identi�cations

H1(F,µn) ∼= F×/(F×)n, H2(F,µ⊗2
n ) ∼= KM

2 (F )/nKM
2 (F ),

the cup product of the classes [xn], [a] corresponds to the class of the symbol {xn, a}. This

completes the proof of the formula for Ix(F ) claimed earlier.
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