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Abstract

This dissertation studies interacting electron models for quantum matter from two perspectives

with different approaches respectively. The first part of this text focuses on rigorously proving

Lieb-Robinson bounds for continuous space integer quantum Hall systems perturbed by short range

two-body interactions. A Lieb-Robinson bound is an operator norm inequality that implies a finite

rate of information propagation in a quantum system, a low energy analogue to the relativistic

limit given by the speed of light. Many results of this nature have been obtained for lattice sys-

tems, but over the last several years, progress has been made in identifying classes of continuous

space models that admit propagation estimates. In this thesis, we prove Lieb-Robinson bounds for

two-dimensional continuum fermions in a constant, perpendicular magnetic field using the strategy

of Gebert et al. [31], and use this result to prove strong continuity of the Heisenberg dynamics

in the limit where inter-particle interactions occur in infinite volume. We then shift to a different

framework, namely that of lattice-localized frames, to represent a class of interacting quantum Hall

systems in continuous space, as introduced by Bachmann and De Nittis, [12]. With this frame-

work, we define a family of parametrized Hamiltonians and construct a continuum analogue of

the Hastings-Wen quasi-adiabatic evolution, i.e. dynamics in parameter space that satisfy Lieb-

Robinson bounds themselves. Moreover, we then directly apply this to prove quantization of Hall

conductance for these models. The new results of these sections are based on works in preparation,

[10, 47].

The second portion of this dissertation focuses on two specific materials and phases: magic angle

twisted bilayer graphene (MATBG) and superconducting lanthanum nickel gallium-2 (LaNiGa2).

MATBG has garnered a tremendous amount of attention since works such as [18] and [101], which

first suggested the existence of flat bands in the electronic band structure of twisted bilayer graphene:

bilayer graphene with a relative twist between the layers. Astonishingly, this phenomenon occurs

for specific twist angles dubbed magic angles. This quenching of kinetic energy sets the stage for

electron-electron interactions to dominate the behavior of the material. The onset of Mott insulat-

ing states at several carrier densities as seen through peaks in inverse compressibility [127] drew our

interest. In collaboration with Oitmaa and Singh, [48], we study the SU(4) Fermi-Hubbard model

ii



as a candidate effective model for describing the low energy behavior of MATBG, where we uncover

the onset of charge incompressibility and Mott gaps, indicating the existence of the insulating phase.

Additionally, we investigate the superconducting pairing mechanism of LaNiGa2, which has been

highlighted as a potential time-reversal symmetry breaking (TRSB) material below its critical tem-

perature due to experimental evidence for internal magnetization, [34], [46], [97]. In our recent

work, [92], we report the existence of a Hebel-Slichter (HS) peak in the nuclear-spin relaxation rate,

an effect attributed to the divergence in the electronic density of states as the superconducting gap

opens. Furthermore, we study models with triplet and singlet spin pairing respectively to ascertain

a mechanism that reproduces a HS peak. In doing so, we find that two distinct superconducting

gaps and TRSB may not coexist, which raises questions about whether LaNiGa2 really does break

time reversal symmetry or whether a different model is required to fully characterize this material

in its superconducting phase.
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1. Introduction

As we go about our day, we interact with and use objects that are nothing more than

solids, liquids, or gasses, be it a cup of coffee in the morning, a smartphone, or the very air

we breathe. The fact that matter like this is ordinary and stable is something we often take

for granted because at the microscopic level, matter is of course made up of order 1023 many

particles which all interact with each other via electromagnetic forces. Thus, it is quite spec-

tacular to think that matter is actually stable and not highly volatile, considering that its

constituent electrons and positive nuclei feel an attractive force. As it turns out, by zooming

in and studying the quantum mechanical picture of electrons interacting among each other

and with nuclei, the stability of matter has been rigorously proved by showing that the

lowest energy state of this system is bounded from below, [66, 67]. However, the behavior

of matter is considerably more complex than just a stable existence as a solid, liquid, or

gas. In the last hundred years, experimental and theoretical progress in quantum mechanics

have uncovered the existence of highly nontrivial electronic phases of matter, shattering our

conventional understanding of materials.

One of the most unusual states that was discovered, which is the focus of the first part of

this dissertation, occurs when an effectively two-dimensional sample of metal is subject to

a constant perpendicular magnetic field. The classical behavior of electrons in this environ-

ment was first discovered in 1897 by Edwin Hall [37], who put a gold leaf in a circuit which

drove current across the sample and supplied a perpendicular magnetic field at room temper-

ature. What Hall found was the existence of a transverse voltage measured perpendicular

to the direction of current driven by the circuit. This phenomenon can be explained by

classical electricity and magnetism, where the Lorentz force indicates that a moving charge

in a magnetic field experiences a force perpendicular to both the field and its velocity. This

net force drives a perpendicular current, and hence voltage, across the sample, which have

since been named the Hall current and voltage.
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Almost one hundred years later, once liquid helium-esque temperatures and stronger mag-

netic fields became experimentally accessible, the quantum setting for the Hall effect could

be studied, and this led to a remarkable finding. In 1980, Klaus von Klitzing published a

seminal paper based on his studies of silicon field-effect transistors, [108], which allowed him

to produce a two-dimensional electron gas more faithfully, where he discovered the quantum

Hall effect. At temperatures on the order of 1-4 kelvin, he found that in varying the magnetic

field strength, the Hall resistance formed quantized plateaus characterized by integer values,

and at these same points, the longitudinal resistance effectively drops to zero. In fact, as had

been solved in 1930 by Landau [64], the Hamiltonian describing a single charged particle in

a magnetic field yields a spectrum of equally spaced energy eigenvalues, known as Landau

levels. The integer quantization of Hall resistance is thus intimately linked to the filling of

an integer number of Landau levels in the many-body state. Then, two years later came the

discovery of a fractional quantization of Hall resistance, characterized by the specific fraction

of 1
3
, in Gallium Arsenide based materials by Tsui, Stormer, and Gossard, [106], and more

fractions have since been found in numerous studies. Notably, the seminal work of Laughlin

the following year, [65], established the pivotal role of electron-electron interactions in this

fractional setting, in contrast to the noninteracting integer case.

The theoretical investigation of this quantization of Hall resistance, arising from the so

called integer/fractional quantum Hall effect, respectively (I/F QHE), has been the subject

of heavy research. In 1982, [103], Thouless, Kohmoto, Nightingale, and den Nijs established

that the integer case is characterized by a topological invariant, precisely the Chern number

of Landau level bands. To do so, they considered the IQHE with a periodic potential and used

the Kubo formula to calculate the Hall conductance, which yields an integer. Then, in 1985,

[7], Avron and Seiler established that this topological invariant is robust under more gen-

eral forms of background potentials, including interactions. Quantum Hall systems are thus

widely considered to be the first discovered topological phase of matter, a state characterized

2



by a topological invariant that is robust under deformations and perturbations to the system.

Rigorously proving the stability of a phase under perturbation is a challenging task, es-

pecially for systems featuring multi-particle interactions. However, a tool has emerged from

studying the theory of operators, which physically translate to quantum mechanical observ-

ables. In their seminal 1972 paper, [69], Elliott Lieb and Derek Robinson proved the first

instance of what are now called Lieb-Robinson bounds. Concretely, they establish a finite

rate of information propagation in lattice spin systems governed by local, finite range inter-

actions, which can be thought of as a non-relativistic analogue to the speed of light. The

authors do so by considering two observables A and B that act on distant groups of sites,

meaning [A,B] = 0. They then show that the size of [A(t), B], with A(t) the time evolved

observable in the Heisenberg picture, decays in how far apart A and B initially act but grows

in time at a maximal rate v. This result and many more that have been published since

establish that for an initially local operator A, the predominant support of A(t) does not

suddenly grow to become all of space, but rather it gradually expands.

Due to the work of Bachmann, Michalakis, Nachtergaele, and Sims [11], inspired by the

construction of Hastings and Wen [39], it was shown that the same notion of locality can

hold for parameter space evolution U(s), which is what maps the ground state of an initial

Hamiltonian H(0) to that of a perturbed model H(s). In [58, 59] Tosio Kato rigorously

establishes the mechanism by which this parameter space evolution U(s) is generated, via

equations of parallel transport. In this formalism, however, there is no reason to believe

that U(s) is a locality preserving evolution as described in the previous paragraph. This is

precisely where the results of [11] show that there is a quasi-adiabatic evolution, as modeled

by Hastings, which satisfies Lieb-Robinson bounds and connects the gapped ground state

phases of lattice systems.
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In lattice systems, the conditions required for these mechanisms to work naturally arise

in physical systems, such as finite/short range interactions that have bounded energy per

finite volume/collection of particles. Moreover, in condensed matter physics, the crystalline

description of materials lends nicely to lattice-based Hamiltonians to describe electron be-

havior, such as the Heisenberg spin and Fermi-Hubbard models. However, these electrons

ultimately live in continuous space, a realm that has eluded profound study in terms of

Lieb-Robinson bounds until a result from 2020 by Gebert et al. [31]. Thus in Part 1 of

this dissertation, the objective is to further bridge the gap between continuum space models,

Lieb-Robinson bounds, and their applications. We do this by studying the dynamics in time

and parameter space of interacting quantum Hall systems in the continuum towards proving

quantization of Hall conductance (in finite and infinite volume).

The central point of emphasis until now has been the role of electron interactions in gen-

erating phases such as FQHE, propagating information, and supporting stability. Some of

the most groundbreaking progress in our understanding of materials has emerged from the

discovery of new interaction-driven phases of matter and materials that exhibit them, such as

phonon-mediated Cooper pair formation in conventional superconductors (Bardeen-Cooper-

Schrieffer BCS) [16]. Recently, multi-layer moiré materials have attracted a lot of research

effort due to their ability to host a variety of phases, from superconducting to anomalous Hall

insulating phases, but the story formally began with magic-angle twisted bilayer graphene

(MATBG). In 2011, Bistritzer and MacDonald theorized that when two layers of graphene

are stacked with a relative twist angle between them, specific twist angles give rise to nearly

flat bands in the electronic spectrum, [18]. Flat bands are a playground for electron interac-

tions to dominate and pave the way for different phases to emerge, such as Mott insulation

as seen by rigidity in the carrier density [127]. Thus, Part 2 begins with a study of the

onset of this Mott insulating phase through the SU(4) Hubbard model, which is a canonical

starting point for describing electrons that experience Coulomb repulsion at short distances
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and possess two spin-1
2

degrees of freedom.

Returning back to the story of superconductivity, while BCS theory provided the first

mechanism that explains the phenomenon, in time it became clear that it could not be the

only one. For example, in 1986 Bednorz and Müller observed a critical temperature (Tc) of

35K in lanthanum barium copper oxide [17], which earned them a Nobel prize the following

year and galvanized the physics community to pursue the discovery of high-Tc materials and

other unconventional superconductors. One that has garnered the efforts of several faculty

members at UC Davis is lanthanum nickel gallium-2 (LaNiGa2), which hosts a band struc-

ture with five Fermi surfaces that intersect to form Dirac lines and loops, [13]. Moreover,

it is believed to be a candidate triplet superconductor that breaks time reversal symmetry

below its critical temperature and has two superconducting gaps, as supported by some ex-

perimental evidence, [46, 97]. A theoretical explanation of this effect in LaNiGa2 has evaded

discovery; however, an effective model does exist which could shed some light, namely the

nonunitary triplet model, as defined in [80]. In Part 2 of this thesis, we also explore what

lessons can be taken from this model in relation to LaNiGa2’s superconducting state and

pairing mechanism.

1.1. Outline.

The presentation of results in this dissertation is written in two parts. Part 1 focuses on

the use of functional analysis and operator algebra theory to rigorously study the Heisen-

berg dynamics of interacting electron systems, and Part 2 contains studies of two specific

materials based on effective models that aim to describe experimentally observed features.

In Section 2, we begin with an introduction to quantum lattice systems, the setting in

which most progress has been achieved in proving properties of the dynamics generated by

interacting Hamiltonians. This involves building the local Hilbert spaces and algebras of
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observables needed to define many-body states and operators that act on these states for

spin and fermion systems. We then formally define time evolution in the Heisenberg picture

(dynamics) before stating theorems that establish Lieb-Robinson bounds. These have many

uses, including establishing continuity of dynamics in the thermodynamic limit, so we con-

clude this section with discussion of this result.

Section 3 introduces the well known Landau Hamiltonian, the single-particle model that

describes a charged particle in two-dimensions in the presence of a uniform, perpendicular

magnetic field, the simplest model to begin studying the quantum Hall effect. We take time

to work through the elegant solution of this Hamiltonian, stating the unique spectrum of

this operator, and we elaborate on different sets of functions which can be used to span the

associated eigenspaces.

With an understanding of the environment that underlies the behavior of electrons in

our system of interest, barring interactions, Section 4 builds the machinery needed to de-

fine a many-body Hamiltonian that features inter-particle interactions. This process begins

with a review of the Fock space construction and the requirement of antisymmetrization

for fermionic systems to ensure that accurate particle-exchange statistics are enforced. The

bounded observables that act on these states belong to a canonical anti-commutation rela-

tions (CAR) algebra, which is generated by creation and annihilation operators that create

and remove single particle states respectively. These are the building blocks of interactions

as we shall see in detail. We use these tools to define a many-body Hamiltonian, inspired by

[31], which features a bounded pairwise interaction in finite volume, a requirement of lattice

models ahead of proving Lieb-Robinson bounds in the discrete setting. The remainder of

this section then proceeds with an argument for how to prove these information propagation

bounds and apply these to prove strong continuity of the dynamics in the limit of infinite

volume interactions. The contents of this section are based on [47], which is joint work with
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Bruno Nachtergaele and Robert Sims (soon to be published).

Towards addressing questions concerning the stability of a phase of matter under perturba-

tion however, we employ Lieb-Robinson bounds as introduced in [12]. Thus to begin Section

5, we note the preliminaries needed to define a lattice-localized frame that can generate in-

teracting fermion systems in continuous space. We then show how to construct a generalized

notion of partial trace that can be used to write local approximations of quasi-local oper-

ators of the CAR algebra, namely the Heisenberg evolution of a local operator. Following

these preliminaries, we then define a family of parametrized Hamiltonians and prove that

the standard Hastings generator gives rise to quasi-local dynamics, meaning evolution in

parameter space that satisfies Lieb-Robinson bounds.

In Section 6, the results of Section 5 are directly applied towards the objective of proving

quantization of Hall conductance for continuum fermions in two dimensions with a con-

stant perpendicular magnetic field. We restrict the analysis to the lowest two Landau levels,

which are relevant for describing fractional quantum Hall physics with the possibility for

inter-Landau level interactions. The contents of both Sections 5 and 6 are based on joint

work in preparation with Sven Bachmann, Giuseppe De Nittis, and Bruno Nachtergaele, [10].

The results of this section conclude the first part focusing on the dynamics of continuum

fermion systems.

Part 2 dives into numerical studies of the fascinating materials: magic angle twisted bilayer

graphene and LaNiGa2. Section 7 is an article that discusses lessons we can learn about the

Mott insulating phase in magic angle graphene systems as seen via inverse electronic com-

pressibility, which indicates a locked in charge carrier density per site. The first portion of

the work discusses the strong coupling expansion that we use to study this phenomenon,

namely one where kinetic energy is treated perturbatively, and we then use this to generate

plots of thermodynamic quantities with the aim of diagnosing Mott insulation. Furthermore,
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in this insulating regime, we comment on how the expansions at high temperature are re-

lated to a generalized SU(4) spin model. The work of this study is based on a publication

in collaboration with Rajiv Singh and Jaan Oitmaa, [48].

In the second work of this part of the dissertation, we present novel findings regarding the

superconducting state of LaNiGa2. Namely, Section 8 is based on [92], a project spearheaded

by Phurba Sherpa from Curro’s NMR group at UC Davis. We begin with discussion of the

fundamental questions concerning the pairing mechanism and breaking of time reversal sym-

metry in the superconducting phase. We then transition into an explicit calculation of the

excitation spectrum and nuclear-spin relaxation rate (T−1
1 ), all taken from the supplemental

materials of the article. Then we show a plot of experimental data and best fit curves, from

spin triplet/singlet Hamiltonians, for T−1
1 versus temperature and a table with the super-

conducting gap values. These are the basis for discussion of future work that can elucidate

the competing descriptions of LaNiGa2’s behavior. This study is based on a publication in

collaboration with Phurba Sherpa, the Curro group at UC Davis, and the strongly correlated

electron group at Los Alamos National Laboratory.

We conclude the dissertation in Part 3, where we review the key results of each section

and outline directions for future work.
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Part 1. Dynamics of Interacting Fermions in the Continuum

2. Quantum Lattice Systems and Dynamics

In our daily lives, the changes of phase that occur between solid, liquid, and gaseous states

are phenomena that feel commonplace due to how established these are in our understanding

of day-to-day nature. If one breathes hot air onto a window, the air condenses to form

droplets on the glass surface. If left out at room temperature for long enough, the ice cubes

in a beverage melt away to become liquid water. Furthermore, it is common knowledge that

varying temperature and pressure allow materials to transition between these three phases.

Over the last hundred years since the inception of quantum mechanics, research has en-

hanced our understanding of materials such as metals, insulators, and semi-conductors and

elucidated the existence of a diverse variety of phases such as ferro/antiferro-magnetic, super-

conducting, and topological insulating states, for example. By modifying some parameter or

physical feature, which could be temperature, it is possible for a material to undergo a tran-

sition between these exotic phases as well. In addition to discovering such states of matter,

uncovering key features of these states at zero/very low temperatures has been the subject

of tremendous research in mathematical physics. Real materials themselves are extremely

difficult to study analytically due to their complexity, which poses the challenge of how to

construct models that can capture the physics of real materials while also being solvable.

The discovery of crystalline structures in materials, in which the atoms in a compound form

a periodic arrangement, motivated the use of a lattice-based picture to model the locations

and interactions of particles. In such a setting, the nuclei form a periodic lattice, and electrons

are free to localize and move between the sites of the lattice. This microscopic description has

paved the way for many precise models, with repulsive and attractive interactions between

nearest neighbor particles or particles occupying the same site to name examples.

One important feature of all these lattice descriptions is the locality of their constituent

interactions. In real materials, where electric and magnetic forces dictate the behaviors of

electrons, protons, and other quasiparticles, interactions between particles are strongest when
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they are close to each other, and the farther apart they grow, the weaker their interaction

becomes. Thus, in quantum lattice systems, interactions have either finite or short range,

meaning the strength decays sufficiently fast in separation distance. This is seen in the

fundamental Coulomb repulsion with r−1 decay in the particle separation or the Yukawa

potential arising from screening with e−ar/r decay, [118]. The absence of arbitrarily strong,

long range interactions allows for a rigorous notion of causality in low energy systems through

Lieb-Robinson bounds, which were first introduced by Elliott Lieb and Derek Robinson in

their seminal work published in 1972, [69]. If A,B are two distinct measurements/observables

that act on distant regions in space, their actions commute with each other. What this result

shows is that if A acts some time after B, this will no longer hold; however, the further apart

the actions of A and B, the longer it would take for this change to become noticeable.

As shall be made evident through the contents of this dissertation, the finite rate of

propagation of information that Lieb-Robinson bounds justify has a number of powerful

applications, and one we will concretely review is the extent to which Heisenberg dynamics

are continuous in the thermodynamic limit. Thus, in this chapter, we introduce the setting

in which these results have been predominantly studied, i.e. lattice systems, before defining

Lieb-Robinson bounds and showing how one can prove such an estimate.

2.1. Local Hilbert Spaces and Algebras of Observables.

Formally, the setting in which a collection of quantum particles exists is represented by the

metric space (Γ, d). Γ is the lattice which serves as a discretization of space; for 1-dimensional

systems, Γ = Z or any finite subset of the set of integers. In two dimensions, one could make

use of a square lattice Z2, the more general rectangular one given by a1Z × a2Z for some

a1, a2 > 0, or other more complex structures formed by linear combinations of pairs of the

so-called lattice vectors in Z2. In any case, Γ encodes the physical locations of particles, and

the metric d, which we can take to be the standard Euclidean distance, provides a measure

of the distance between sites of Γ. In general, a distance function d is a suitable metric if it
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satisfies the following properties for all x, y, z ∈ Γ.

i) d(x, y) ≥ 0 (Non-negativity)

ii) d(x, y) = 0 implies x = y (Non-degeneracy)

iii) d(x, y) = d(y, x) (Symmetry)

iv) d(x, y) ≤ d(x, z) + d(z, y) (Triangle inequality)

For a detailed discussion of metric spaces and their features, one may refer to Chapter 2 of

[87].

To each site x of the lattice, we ascribe a complex Hilbert space Hx, which encodes the

possible states ψ of the particle at site x, and an algebra of observables Ax := B (Hx), the

group of bounded operators that can act on states ψ ∈ Hx. By bounded operator on Hx, we

mean that for any A ∈ Ax,

sup
ψ∈Hx:
∥ψ∥=1

∥Aψ∥ <∞

I refrain from making these objects more precise now, but when we introduce example models,

specific Hilbert spaces and algebras of observables will be required. Denote by P0(Γ) the

collection of finite subsets of Γ. Then for any Λ ∈ P0(Γ), one forms the multi-site Hilbert

space HΛ and algebra AΛ via tensor products of the site-wise Hilbert spaces and algebras

respectively:

HΛ :=
⊗
x∈Λ

Hx; AΛ :=
⊗
x∈Λ

Ax = B (HΛ) .(1)

When the particles in question have exchange statistics, these definitions require slight mod-

ifications, but we shall return to this subtlety upon encountering the said case. This frame-

work establishes how to express the possible states and observables for finite collections of

sites; however, generalizing this notion to the infinite volume system requires caution. For

any two Λ1,Λ2 ∈ P0(Γ) such that Λ1 ⊂ Λ2, any operator A ∈ AΛ1 can be identified with
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A ∈ Aloc

B ∈ AΓ

Figure 1. A visual representation of the supports of local versus quasi-local
operators. A only acts nontrivially on the three underlined sites in blue,
whereas B acts on every site of the lattice. However, the action of B is most
pronounced on the three underlined sites in red, suggesting that B can be
approximated by a local operator acting on just those sites.

A ∈ AΛ2 using the tensor product structure of the finite volume spaces in 1. Since A only

acts on sites in Λ1, as an element of AΛ2 it can be written as A⊗1Λ2\Λ1 to explicitly encode

the absence of action on sites outside of Λ1. With respect to identifying A with A⊗1Λ2\Λ1 for

any Λ2 containing Λ1, the support of A is Λ1. Thus, the collection of all local observables,

i.e. those with finite sized support, is given by the following inductive limit:

Aloc =
⋃

Λ∈P0(Γ)

AΛ.(2)

There also exists a more general class of observables, named the quasi-local algebra, con-

sisting of those operators that can be written as the limits of sequences of local ones. Such

objects are especially pertinent in describing the Heisenberg dynamics of local operators,

and we define this general algebra as the completion with respect to the operator norm on

Aloc.

AΓ = Aloc
∥·∥(3)

The one-dimensional example in Figure 1 illustrates the difference between strictly local and

quasi-local operators in terms of their supports and norms. We now have the ingredients

needed to formally define interactions between sites and build finite volume Hamiltonians,
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which is the subject of the next section.

2.2. Interactions and Decay Classes.

An interaction Φ : P0(Γ) → Aloc is a map that takes in a finite subset Λ and outputs a local

operator whose support is given by Λ. It is important to add that Φ∗ = Φ (self-adjoint) and is

bounded in norm (i.e. finite energy). Physically, this defines an energy of interaction of all the

quantum particles situated in a subset, and in the following sections we will analyze specific

examples through models that are paramount to condensed matter physics. In general, these

interactions can also be time-dependent; however, for the purpose of constructing quantum

lattice models and presenting Lieb-Robinson bounds without additional details, we restrict

our present discussion to time-independent interactions.

In terms of these maps Φ, Hamiltonians in finite regions Λ ∈ P0(Γ) take the general form,

HΛ =
∑
X∈Λ

Φ(X).(4)

Since Φ is self-adjoint, the same holds for HΛ. With our general construction, Φ is a map

that can take in any finite region, regardless of size, and output an operator. However, we

can be more precise about how the norm of Φ(X) actually depends on the number of sites in

X and its spatial diameter, meaning the largest distance between a pair of sites in X. Thus,

we introduce the notion of the range of an interaction.

Definition 2.1. An interaction Φ is said to be finite range if there exists a constant R > 0

such that Φ(X) = 0 if diam(X) > R.

Thus, such an interaction only provides an energetic contribution to the Hamiltonian if

the support X is sufficiently small, meaning the particles are close together. Noting, for

example, that the Coulomb potential energy between electrons decays as 1
r
, beyond a certain

distance R, this energy becomes arbitrarily small. Hence, establishing a strict cutoff distance

between particles after which the interaction yields zero is a natural way to encode the spatial
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decay of Φ in the diameter of its support. Conversely, an alternate assumption on Φ would

be to permit its domain to include subsets of arbitrary size but impose decay conditions

on Φ. Coulomb decay in particular is longer range than what we will consider to be short

range, but this interaction still captures the feature of decreasing strength with particle

separation. Characterizing a useful notion of short range decay is then precisely the subject

of the subsequent portion of this section.

2.2.1. Short range interactions. When defining finite range interactions, it is straightforward

to introduce a cutoff distance R beyond which lattice sites cannot interact with each other. In

the case of short range the question becomes one of determining how rapidly the interaction

strength decays as the separation between sites increases. In a number of works that followed

the first result of a Lieb-Robinson bound in 1972, the decay of lattice-based interactions

has been described using the so-called F-functions. These have been discussed in detail in

multiple works pertaining to locality estimates in quantum lattice systems, e.g. [74].

An F-function on the metric space (Γ, d) is a positive, non-increasing function F : [0,∞) →
(0,∞) that satisfies the following two properties.

i) sup
x∈Γ

∑
y∈Γ

F (d(x, y)) =: ∥F∥ <∞(5)

ii) There exists a constant CF > 0 such that
∑
z∈Γ

F (d(x, z))F (d(z, y)) ≤ CFF (d(x, y))

The first feature is a statement regarding integrability of the function, which necessarily

implies that it decays fast enough and does not have any singular behavior. The second

establishes that F satisfies a convolution condition. As we shall see in the discussion of dy-

namics and Lieb-Robinson bounds, these properties play a crucial role in the rigorous proofs.

A standard example of such a function is F0(r) =
1

(1+r)ν
, where ν is a positive constant

larger than the lattice dimension, ν > 2 in the quantum Hall setting of Section 3 onward.

Its form has polynomial decay, and due to the form of the denominator, there is no r = 0

divergence as in the case of the Coulomb potential. More generally, F0(r) can also serve as
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the base for a class of F-functions of varying decay. Now, let g : [0,∞) → [0,∞) be any

non-decreasing function satisfying subadditivity: g(r+ r′) ≤ g(r)+g(r′). Then the family of

functions Fg(r) = e−g(r)F0(r) all satisfy 5. A couple of examples of functions g(r) that will

be relevant in future proofs are g(r) = arθ with a > 0, 0 ≤ θ ≤ 1 and g(r) = qln(1 + r) with

q > 0. There are of course other candidate functions satisfying these properties, and when

we shift to the setting of continuous space as opposed to the lattice, these will be presented.

With respect to F -functions, it is possible to introduce a norm on the space of bounded

operators that encodes the ability of an interaction Φ to decay sufficiently fast in the size of

its support.

The F -norm ∥·∥F : Aloc → R is defined by its action as shown,

∥Φ∥F = sup
x,y∈Γ

1

F (d(x, y))

∑
Z∈P0(Γ):
x,y∈Z

∥Φ(Z)∥,(6)

and the space of observables with finite F -norms is denoted by,

BF = {Φ : P0(Γ) → AΓ|Φ is an interaction and ∥Φ∥F <∞}.(7)

Ultimately for quantum lattice systems, interactions that are either finite range or have

bounded F -norm are conducive towards studying how interactions affect the propagation of

information over time. Before elaborating on this phenomenon, we present some well-studied

Hamiltonians in condensed matter physics that satisfy either the finite range or short range

conditions introduced in this section.

2.3. Example Models.

In the pursuit of studying systems of interacting electrons at a microscopic level inside various

materials, a number of simple yet tremendously influential models have been introduced.

Part of what renders them simple is the range of their interactions; the examples we present

here are all finite range, with short range extensions feasible for them all. In each case, we

construct the local Hilbert spaces and algebras of observables so that the domain and range

15



of the interaction maps are clear. We begin with arguably the most important description

of the spin-exchange interaction between electrons localized on atomic sites.

2.3.1. Heisenberg Model. Inspired by the progress of Heitler and London in showing the spin

dependence of the Pauli-exclusion induced exchange interaction in the Hydrogen atom, [44],

Werner Heisenberg realized that lifting such an interaction to a lattice of electron spins

could yield the ferromagnetic behavior that Weiss theorized, [43]. Furthermore, with the

contributions of Dirac in 1929 which made use of operator algebra theory of the so-called

Pauli matrices, [30], the precise form of the Heisenberg spin interaction was deduced in terms

of operators acting on spin-1
2

electron states. With this in mind, we now lay the foundation

for defining the Heisenberg spin model.

In this lattice system, each electron is localized about an atomic lattice site i ∈ Γ and

admits an on-site Hilbert space Hi = C2. Moreover, the algebra of observables Ai = B(Hi)

corresponds to the space of complex Hermitian 2 × 2 matrices. As defined in 1, the local

Hilbert spaces and algebras of observables are formed by taking tensor products over sites

of the on-site Hilbert spaces and algebras. For a finite Λ ∈ P0(Γ),

HΛ =
⊗
i∈Λ

C2 = C2|Λ|; AΛ = B (HΛ) (complex Hermitian 2|Λ| × 2|Λ| matrices).

The corresponding local and quasi-local algebras Aloc and AΓ are then constructed as in

equations 2-3. We may now introduce the finite volume Hamiltonian that is the Heisenberg

spin model.

Fix a finite volume Λ ∈ P0(Γ) and recall the well-known Pauli matrices:

σx =

0 1

1 0

 , σy =

0 −i
i 0

 , σz =

1 0

0 −1

 .(8)

In terms of these matrices, the vector valued spin operator S can be defined component-wise

as Sq = ℏ
2
σq, where q = x, y, z. Note that each such spin matrix is a 2×2 complex Hermitian

matrix and is thus an element of Ai. As previously explained, such an operator can be lifted
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to finite volume algebras via tensor products with the identity:

Sqi ∼ Sqi ⊗

 ⊗
j∈Λ\{i}

12

 ,

where the subscript i on Sqi indicates that the spin operator Sq acts on the site i. Additionally,

with this notation in hand denote by Si the vector valued spin operator associated with site i.

Then, letting J > 0, the Heisenberg interaction ΦH : P0(Γ) → AΓ is precisely the following.

ΦH(X) =


−J Si · Sj if X = {i, j} and d(i, j) = 1

0 otherwise
(9)

The Hamiltonian for this model is then given by HΛ =
∑

X∈ΛΦH(X). Evidently, this

interaction is finite range, with R = 1, and has bounded norm, given by J 3ℏ2
4

. Given how

influential this spin system has been in condensed matter physics, extensions of spin-spin

interacting models exist with longer range interactions.

2.3.2. Hubbard Model. Like the previous example, the Hubbard model was also conceived

to better understand the onset of ferromagnetism, in this case particularly within transition

metals. In the Heisenberg spin system, electrons were treated as particles that localized at

sites, and as Heitler and London considered f-electrons, this was an effective approach as

Hubbard notes, [52]. However, with the d-electrons of transition metals, dynamical motion

is also feasible. Furthermore, as Hubbard, Gutzwiller [36], and Kanamori [56] all remark, a

solely free electron based model is insufficient when it comes to describing the correlation

effects that lead to ferromagnetism in such metals. Thus, in the Hubbard model, which

each of these three authors describe in works published in 1963, electrons are modeled with

features that draw from both the tight-binding free electron and atomic pictures.

In order to construct the interactions that constitute the Hamiltonian in question, as in the

previous example we must carefully introduce the local algebra of observables. Precisely, the

relevant algebra is generated by the so called fermionic creation and annihilation operators

derived from second quantization. Towards the discussion of the dynamics generated by
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the Hubbard Hamiltonian, it is not essential here to define the Hilbert spaces in detail,

so we focus on the construction of the algebra of observables. The starting point is the

metric space (Γ, d) in two-dimensional space, which one can envision as a square lattice with

Euclidean metric, and restrict to a finite volume Λ ∈ P0(Γ). This model seeks to describe

electrons as spin-1
2

fermions, where fermions are particles that are antisymmetric under

exchange. This means that if, for example, ψ ∈ L2(R)⊗L2(R) is a two-particle wavefunction

describing two identical fermions, it must satisfy antisymmetry in its coordinates: ψ(x1, x2) =

−ψ(x2, x1). Algebraically, this can be encoded for many-fermion models via the canonical

anticommutation relations (CAR) algebra.

In the finite sized lattice Λ, each site admits four possible occupation states: 1) no fermion

present, 2) one up-spin fermion present, 3) one down-spin fermion present, and 4) two

fermions of opposite spin present, with no more allowed states because of the Pauli exclusion

principle. The on-site operators that create or remove a spinful fermion from a given lattice

site are denoted by c∗iσ and ciσ respectively for the site i ∈ Γ with z-component of spin either

σ =↑, ↓. Importantly, each of these are bounded operators with operator norm of 1. The

fermionic CAR algebra, associated with the entire lattice, AΓ := A (ℓ2(Γ)⊗ C2), is thus

generated by {ciσ, c∗iσ : i ∈ Γ, σ =↑, ↓}. Thus, this algebra includes linear combinations

of monomials in the operators c∗iσ and ciσ, with bounded operator norm. These individual

operators satisfy the following algebra defining relations, the CAR relations:

{ciσ, cjσ′} = {c∗iσ, c∗jσ′} = 0; {ciσ, c∗jσ′} = δijδσσ′1.(10)

Furthermore, for finite subsets Λ ∈ P0(Γ), local subalgebras of AΓ are simply generated by

those creation and annihilation operators with lattice sites contained in Λ. We refrain from

discussing the origins of these operators in too much detail here as this will be done more

carefully when discussing fermions in continuous space. Before constructing the Hubbard

Hamiltonian, it is important to introduce the local number operators. For a given site

i ∈ Γ, niσ := c∗iσciσ is the number operator associated with spin σ at site i with spectrum

{0, 1} denoting the possible number of fermions with spin σ at the site. More generally,
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ni :=
∑

σ∈{↑,↓} niσ counts the number of fermions at site i without specifying spin, and

nΛ :=
∑

i∈Λ ni is the local number operator associated with the finite region Λ. We are now

equipped to construct the Hubbard model. The interaction ΦHub : P0(Γ) → AΓ is defined as

follows.

ΦHub(X) =


U (ni↑ni↓)− µni X = {i}

−t∑σ∈{↑,↓} c
∗
iσcjσ + h.c. X = {i, j} and d(i, j) = 1

0 otherwise

(11)

The constants U and t are both positive, and µ ∈ R is the chemical potential. As described

previously, the Hubbard model is built with the goal of incorporating features of both an

atomic limit and a tight-binding free particle setting. This is achieved via an on-site electron-

electron repulsion, whereby there is an energy cost of U for double occupancy of a lattice site,

and a nearest-neighbor hopping with coefficient −t. In some cases, the on-site interaction is

written as U(ni↑ − 1/2)(ni↓ − 1/2)− µni to emphasize particle-hole symmetry, which is very

useful in numerical studies as discussed in [90]. The chemical potential µ is of course present

to set the ground-state fermion occupancy density over the lattice. The Hubbard model is

then just a sum over such subsets of the interaction: HΛ =
∑

X⊂ΛΦHub(X). Variations of

this model do exist, where for example a next-nearest-neighbor hopping term is also included,

and it is also possible to define a Hubbard model for lattice bosons as opposed to fermions.

The bosonic case differs drastically due to the absence of a bound on the on-site occupancy

number due to the symmetric exchange statistics of bosons.

There are plenty of other important lattice-based Hamiltonians that describe the inter-

actions of particles, and these can also be built using the language of local algebras of

observables. Towards analyzing the propagation of information in such quantum systems,

we proceed with defining the Heisenberg dynamics, which govern time evolution of quantum

operators, and considering how the support of local observables changes under these dynam-

ics.
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2.4. Heisenberg Dynamics and Lieb-Robinson Bounds.

Crucially, Hamiltonians as in equation 4 are the generators of Heisenberg dynamics,

τΛt : AΛ → AΛ, which act as automorphisms over the local algebra AΛ, meaning maps that

preserve the additive and multiplicative structure of the algebra. Letting t0 = 0 denote the

initial time without loss of generality, this map is implemented via conjugation by a unitary

operator UΛ(t) and its adjoint, and it has the precise form UΛ(t) = exp (−itHΛ) since the

Hamiltonian is time independent. More generally, this family of 1-parameter unitaries gives

the solution to the initial value problem:

d

dt
UΛ(t) = −iHΛUΛ(t); UΛ(0) = 1.(12)

For an operator A ∈ AΛ, its Heisenberg time evolution can be written as,

τΛt (A) = A(t) = UΛ(t)
∗AUΛ(t).(13)

A motivating question which underpins understanding of the propagation of information in

interacting lattice models concerns how the support of a local operator changes under time

evolution. Furthermore, how can this spread be concretely detected? Consider the setting

of a quantum spin system such as the Heisenberg model, subsection 2.3.1, and take two

elements A,B ∈ AΛ that act on disjoint clusters of lattice sites separated by a distance r.

It necessarily follows that their commutator [A,B] = 0; however, will the same hold true for[
τΛt (A), B

]
? By leaving B unevolved, it serves as a spatial probe for detecting the support

of A(t) and determining how rapidly it may grow. A Lieb-Robinson bound is an upper

bound on precisely the norm of this commutator:
∥∥[τΛt (A), B]∥∥. Note that this is a sensible

procedure for spin systems; however, Lieb-Robinson bounds for lattice fermion models take

on a different form due to the canonical anticommutation relations that define the algebras

of observables.

In any case, we begin with a statement of a Lieb-Robinson bound for quantum spin systems

as presented in the seminal paper by Elliott Lieb and Derek Robinson from 1972, using the

machinery we have introduced thus far in this section.
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Theorem 2.2 (Lieb-Robinson Bound, [69]). Let Φ be a finite-range interaction, 2.1, and

Λ ∈ P0(Γ) a finite lattice subset. Let HΛ be a finite volume Hamiltonian as constructed in

equation 4. Then there exist a constant vΦ > 0 and an increasing function µ such that for

any v > vΦ and A,B ∈ AΛ such that d(supp(A), supp(B)) = r, the following equality holds.

lim
|t|→∞
r>v|t|

eµ(v)|t|
∥∥[τΛt (A), B]∥∥ = 0(14)

At the core of this result is the notion that distant spins are communicating via the

finite range interactions taking place in between them, and this process occurs nontrivially

after finite time, with Lieb-Robinson velocity vΦ dictating how rapidly this occurs. This

first result does not provide an explicit bound on this commutator as a function of r, the

distance between supports of A and B. However, the limit suggests that so long as r is

outside the effective light cone v|t|, then
∥∥[τΛt (A), B]∥∥ decays to zero in the asymptotic

limit of large t faster than eµ(v)|t|. Furthermore, the timescale set by tr = r
v

is roughly how

long it would take for this commutator to possibly become nontrivial, and by taking this to

∞, the Lieb-Robinson bound establishes that this nontriviality is never achieved. Figure 2

illustrates this phenomenon whereby the local operators A and B have supports separated

by a distance r. Additionally, Heisenberg evolution of A effectively grows the support by a

distance vt, but so long as this is less than r, then
∥∥[τΛt (A), B]∥∥ remains negligible. The

constant vΦ in the statement of the theorem denotes the so called Lieb-Robinson velocity,

which indicates the maximum rate at which information travels, as seen via B as a probe for

detecting the support of A(t). Following this first result concerning information propagation

bounds, generalizations of Lieb-Robinson bounds have been proved which account for short

range interactions. Next, we present a statement of a Lieb-Robinson bound for quantum

spin systems as written by Nachtergaele, Sims, and Young in their review from 2019, which

makes use of the decaying F -functions. First, we introduce one useful piece of notation. Let

the Φ-boundary of a subset X be the following:

∂ΦX := {x ∈ X : ∃ Z ∈ P0(Γ) with x ∈ Z, Z ∩ (Γ\X) ̸= ∅, Φ(Z) ̸= 0} .(15)
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Figure 2. A finite lattice subset with two operators A and B that have
disjoint supports X and Y , enclosed in blue and red respectively, separated by
a distance r. Heisenberg evolution of A causes its support to spread, which is
seen most notably within a distance vt of the original support as indicated by
the dotted blue boundary line.

This is the set of points in X belonging to the supports of nontrivial interactions supported

on Γ\X. We now state the result.

Theorem 2.3 (Lieb-Robinson Bound, [74]). Let Φ ∈ BF , i.e. bounded F-norm 6, and

X, Y ∈ P0(Γ) such that X ∩ Y = ∅. Then, for any Λ ∈ P0(Γ) such that X, Y ⊂ Λ and

A ∈ AX and B ∈ AY , we have,

∥∥[τΛt (A), B]∥∥ ≤ 2∥A∥∥B∥
CF

(
e2CF ∥Φ∥F |t| − 1

)
D(X, Y ),(16)

where D(X, Y ) = min
{∑

x∈X
∑

y∈∂ΦY F (d(x, y)),
∑

x∈∂ΦX
∑

y∈Y F (d(x, y))
}
.

Notice two significant properties of this bound. First, it increases exponentially in time

from zero, which captures the feature that two initially commuting operators that act on
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distant spins commute less as time progresses, due to an increase in the effective support of

A(t). Additionally, the function D(X, Y ) in the bound decays in the distance between the

supports of A and B, and the rate of decay is governed by the decay class of the interaction

Φ. Therefore, the further apart the initial supports of these operators and the shorter the

range of the interaction, the smaller the bound and the longer it takes for it to become sig-

nificant. Precisely, the Lieb-Robinson velocity in this case is given by 2CF∥Φ∥, meaning that

the rate of information propagation as understood by the commutator [A(t), B], increases

as the interaction strength ∥Φ∥F grows stronger. This interpretation further validates the

picture shown in Figure 2.

One can also derive a nice interpretation of the bound 2.3 by refining this estimate when

the F -function is precisely of the form Fa(r) = e−ar(1 + r)−ν . Suppose that the set X is

smaller than Y . Then one has,

∑
x∈∂ΦX

∑
y∈Y

Fa(d(x, y)) =
∑
x∈∂ΦX

∑
y∈Y

e−ad(x,y)F0(d(x, y))(17)

≤ e−ad(X,Y )
∑
x∈∂ΦX

∑
y∈Y

F0(d(x, y))(18)

≤ e−ad(X,Y )|∂ΦX| sup
x∈∂ΦX

∑
y∈Y

F0(d(x, y))(19)

= |∂ΦX|∥F∥e−ad(X,Y )(20)

Then, returning to the Lieb-Robinson bound, one obtains,

∥∥[τΛt (A), B]∥∥ ≤ 2∥A∥∥B∥
CF

|∂ΦX|∥F∥e−a(d(X,Y )−va|t|),(21)

where va =
2CF ∥Φ∥F

a
, and the 1 subtracted from the exponential growth in time is estimated

away. Crucially, this bound establishes an effective light cone that indicates for what times

the upper bound will be exponentially small. This is illustrated concretely via the graph

in Figure 3, where the line va|t| is the threshold separation distance between the supports

X and Y that enables
∥∥[τΛt (A), B]∥∥ to be small. We now present one more statement of a
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d(X, Y )

d = va|t|

0

d > v|t|

d > v|t|

Figure 3. This graph features time t plotted against d(X,Y ), and the red
lines correspond to the function va|t|, i.e. the light cone. The shaded region
in blue defines the region where d(X,Y ) > va|t|, which is precisely the regime
where the Lieb-Robinson bound is exponentially small.

Lieb-Robinson bound that will be pertinent to our discussion of interacting fermions as we

transition from discretized to continuous space.

2.4.1. Lattice Fermion Lieb-Robinson Bounds. As introduced in our discussion of the Fermi-

Hubbard model 2.3.2, interactions and bounded observables belong to the fermionic CAR

algebra generated by creation and annihilation operators c(∗)iσ that satisfy the canonical an-

ticommutation relations, 10. Hence, it is not reasonable to consider general commutators of

observables when framing Lieb-Robinson bounds. In their 2018 paper, [73], Nachtergaele,

Sims, and Young provide a thorough setup to prove Lieb-Robinson bounds for the dynamics

generated by interactions such as the Hubbard model, 11. Before stating the bound as a

theorem, we discuss operator parity for fermion systems, and for the remainder of this section

we suppress spin degrees of freedom without loss of generality.
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Recall the local number operators associated with finite regions X ∈ P0(Γ): NX =∑
i∈X ni =

∑
i∈X c

∗
i ci. Let ΘX denote the parity automorphism over AX , which acts on

elements A ∈ A as,

ΘX(A) = (−1)NXA(−1)NX .(22)

This map can be extended to a unique limit Θ in the limit X ↑ Γ which behaves as ΘX

when restricted to elements of AX . Note that this map has eigenvalues of ±1 indicating

even (+1) and odd (−1) parity. We shall denote by A±
Γ the respective subalgebras consisting

of even and odd elements. Simple examples of odd elements are ci and c∗i whereas ni is

an even element. The following proposition proved by Nachtergaele and co. establishes the

(anti-)commutator structure needed to study even and odd elements respectively.

Proposition 2.4 (2.1 from [73]). Let X, Y ∈ P0 such that X ∩ Y = ∅.

i) If A ∈ A+
X and B ∈ AY , then [A,B] = 0. Additionally, if A ∈ AX , B ∈ AY

and [A,B] = 0, then either A ∈ A+
X or B ∈ A+

Y .

ii) If A ∈ A−
X , B ∈ A−

Y , then {A,B} = 0. Further, if A ∈ AX , B ∈ AY

and {A,B} = 0, then either A or B is identically zero or A ∈ A−
X and B ∈ B−

Y .

Any A ∈ AX can be written as A = A++A− where A± ∈ A±
X and is a linear combination of

even(+) and odd(-) degree monomials in a(∗)i respectively. We do not include a full proof, but

remark that these properties can be seen easily with monomials in ci and c∗i , from which the

general statements can be justified through linearity. Below we review sample calculations

justifying these claims with low degree monomials.

{c∗i cj, ck} = c∗i {cj, ck} − {c∗i , ck}cj = 0; k ̸= i, j

{c∗i c∗jck, cm} = c∗i [c
∗
jc

∗
k, cm] + {ci, cm}c∗jc∗k = 0; m ̸= i, j, k.
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(Anti-)Commutators of higher degree monomials simply reduce to calculations such as these

through the properties of (anti-)commutators.

The interactions introduced in this work take on a particular form, which will appear in

our continuum analysis later on as well. So we take some time to carefully construct these.

As we saw before, an interaction Φ takes a group of sites X and maps it to an operator.

In their work, Nachtergaele et al. write their interactions associated with X as sums of

operators of the following form.

h(Y, Z)c∗Y cZ + h.c. , c(∗)Y =
∏
y∈Y

c(∗)y(23)

The sets Y and Z together constitute X, meaning X = Y ∪Z, and a suitable ordering of sites

is chosen for the monomials. Additionally, these interactions are assumed to be even parity,

meaning that |Y |+ |Z| is even, which ensures that electrons can only be created/destroyed

in even multiples. This constraint allows them to capture physically relevant interactions,

which are present in Hamiltonians such as the Hubbard model, Bogoliubov-de-Gennes model

for BCS superconductors, and more. The finite volume Hamiltonians and their dynamics

are then written in the usual fashion,

HΛ =
∑
X⊂Λ

Φ(X), τΛt (A) = eitHΛAe−itHΛ = A(t) ∀ A ∈ AΛ.(24)

We may now state the lattice fermion Lieb-Robinson bound as in the work of Nachtergaele,

Sims, and Young.

Theorem 2.5 (3.1 from [73]). Fix Λ ∈ P0(Γ) and let the interaction Φ ∈ A+
Λ ∩ BF . Denote

by τΛt the dynamics associated with Φ and let X,Y ⊂ Λ such that X ∩ Y = ∅.
i) If A ∈ AX , B ∈ AY , and [A,B] = 0, then,

∥∥[τΛt (A), B]∥∥ ≤ 2∥A∥∥B∥
(
e2CF ∥Φ∥F |t| − 1

) ∑
x∈∂ΦX

∑
y∈Y

F (d(x, y))(25)
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for all finite t.

ii) If A ∈ AX , B ∈ AY , and {A,B} = 0, then for any finite t,

∥∥{τΛt (A), B}∥∥ ≤ 2∥A∥∥B∥
(
e2CF ∥Φ∥F |t| − 1

) ∑
x∈∂ΦX

∑
y∈Y

F (d(x, y)).(26)

Proving these bounds follows the same structure as the proof of lattice Lieb-Robinson

bounds for short range interactions. However, noting that operator parity determines whether

two operators with disjoint supports commute or anti-commute, it is important to empha-

size the existence of Lieb-Robinson estimates for both the norms of commutators and anti-

commutators of Heisenberg evolved observables. Nonetheless, the essence of the bound is

just as in the case of spin systems. The failure of ci(t) and c∗j to anticommute, for exam-

ple, notably depends on how far apart the sites i, j are, and there is a finite rate at which

the support of ci(t) grows. Moreover, just as derived in equation 21, the specific choice of

F -function Fa(r) = e−arF0(r) gives rise to the more explicit bound with exponential factor

e−a(d(X,Y )−va|t|).

For the complete proofs of lattice system Lieb-Robinson bounds, it is recommended to

review the cited sources for each stated theorem. With these results in hand, there are a

number of useful applications that can be achieved. In the following subsection, we explore

one such case, which involves proving the existence and quasi-locality of Heisenberg dynam-

ics in the infinite volume limit.

2.5. Thermodynamic Limit and Quasi-locality.

For both the lattice spin and fermion systems, the Lieb-Robinson bounds stated in Theorems

2.3 and 2.5 carry no dependence on the finite volume Λ. In fact, if we enlarge the spatial

region Λ to Λ′ such that Λ ⊂ Λ′, HΛ′ features additional interaction terms that are either

supported near the boundary of Λ′ or have supports whose diameters render their strengths

negligible. Consequently, this allows one to show that the infinite volume limit of the dy-

namics exists as an automorphism of AΓ, which means it is a quasi-local map. We state this

result as was proved for spin systems.
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Theorem 2.6 (3.5 in [74]). Let {Λn}n∈N be an exhaustive increasing sequence of subsets of

Γ. Then under the same assumptions as Theorem 2.3, the thermodynamic limit τt of the

Heisenberg dynamics exists,

lim
n→∞

τΛn
t (A) = τt(A)(27)

for all A ∈ Aloc and t in compact intervals.

Moreover, {τt}t∈R forms a strongly continuous 1-parameter group of automorphisms of

AΓ. Thus, the infinite volume dynamics exist as a well defined map over the algebra of

quasi-local observables and is itself a quasi-local map, as a result of Lieb-Robinson bounds.

What this entails is that for finite t and any choice of ϵ > 0, there exist Λϵ ⊂ Λ and Aϵ ∈ AΛϵ

such that the following holds,

∥∥τΛt (A)− Aϵ
∥∥ ≤ ϵ,(28)

and this holds in both lattice spin and fermion settings. The Lieb-Robinson bound implies

that any B supported at least a distance r, larger than v|t|, from X satisfies the bound∥∥[τΛt (A), B]∥∥ ≤ Ce−a(r−v|t|), with a, C, v > 0. Thus, one can construct a local approxima-

tion of τΛt (A) supported on Xr := {j ∈ Γ : d(j,X) ≤ r}, and it deviates in norm from τΛt (A)

by at most an error proportional to e−a(r−v|t|), which is what we denote by ϵ in equation

28. As we show in Section 5, such approximations can be made for local operators that are

Heisenberg evolved in time t or in a perturbation parameter describing a modification of an

initial Hamiltonian. In particular, we will discuss how to construct such local approximations

of quasi-local observables in the context of continuum fermion systems.

Having introduced quantum lattice systems, it is evident that bounded interactions with

finite/short range emerge as a requirement for Lieb-Robinson bounds to hold. As we move

into the continuous space setting, it will be important to ensure that this feature of our

model remains. However, before considering continuum dynamics, we first discuss in detail

the continuous space electron model that will be the focus of Part 1 of this dissertation.
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3. Integer Quantum Hall Effect

To establish the physical setting of the quantum Hall effect, we begin with a classical

perspective on the behavior of charged particles in the presence of uniform magnetic and

electric fields. Physically, we consider the following setup depicted in Figure 4. One has a

closed circuit with current I driven by a battery with voltage E , and a two-dimensional sheet

of metal is inserted midway with a voltmeter connected to the horizontal sides of the sample

as shown. The driven current in the longitudinal direction (red) gives rise to an electric

field in the same direction, which results in electrons moving rightwards in the sample. Due

to the magnetic field however, the charges feel a Lorentz force: FL = q
(
E⃗ + v⃗ × B⃗

)
, and

the electrons exhibit circular "cyclotron" orbits. This phenomenon gives rise to a transverse

"Hall" current and voltage across the metal sample and as derived in a number of references,

e.g. [35], the Hall voltage and resistivity are proportional to the magnetic field strength B.

Such is the classical description of charged particles moving in two dimensions in the

presence of a perpendicular magnetic field, which occurs at room temperature and small

magnetic fields. A quantum description of this setting at very low temperatures and higher

field strength uncovers a fascinating phenomenon by which the Hall resistivity is quantized

at integer/fractional plateaus as the magnetic field strength grows. In particular, the onset of

fractional versus integer plateaus is attributed to dominant electron-electron interactions. In

order to build the interacting setting, we first take time in this section to study the simplest

model that describes a charged particle in two dimensions in the presence of a constant mag-

netic field. This is the well known Landau Hamiltonian, which encodes the non-interacting

behavior of particles in this physical environment. This particular Hamiltonian has a rich

spectral structure and different methods for spanning its eigenspaces, which become very

useful as we later impose inter-particle interactions and study the dynamics of these sys-

tems.
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Metallic sample

J⃗

·

·

·

·
J⃗H

− +

E

I
VH

· B⃗

Figure 4. Experimental apparatus for detecting the Hall effect via a voltage
measured vertically across the metallic sample. The longitudinal and trans-
verse (Hall) currents are portrayed as red and green arrows inside the metallic
sample, and the Hall voltage VH is measured across the two horizontal edges
of the metal.

3.1. Landau Hamiltonian.

The starting point for understanding the Integer Quantum Hall effect quantum mechanically

is to consider the well known Landau Hamiltonian, which describes a single charged particle

in two dimensions with a constant perpendicular magnetic field. For a charge q with mass

m, this Hamiltonian is given by

HL =
1

2m

(
p− qA⃗(x)

)2
,(29)

where x = (x1, x2) is the vector valued position operator and p = −i∇ = −i
(

∂
∂x1
, ∂
∂x2

)
is the two-dimensional momentum operator. The coordinates x1 and x2 refer to Cartesian

coordinates. The vector potential A⃗(x) is an operator that acts by multiplication as a func-

tion of x and encodes the perpendicular magnetic field: ∇ × A⃗(x) = B⃗ = Bx̂3. There
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is of course freedom in how we choose to define this function A⃗ due to gauge invariance

of HL. In the analysis of the dynamics of interacting electrons to come, we find it most

suitable to work in the symmetric gauge where A⃗(x) = B
2
(−x2, x1), and a quick calculation

verifies that ∇ × A⃗(x) = Bx̂3. Henceforth, we also set m = 1
2

and q < 0, making the

identification qB ≡ B > 0 for convenience (convention used in [85]). We will now solve the

time-independent Schrödinger equation with HL using an elegant algebraic approach, which

introduces complex valued coordinates, and we also state the eigenfunctions of HL in terms

of two-dimensional polar coordinates. For the former, we follow the solution as presented in

the work of Rougerie and Yngvason. [85].

With our choice of units and gauge, the Landau Hamiltonian explicitly takes the form,

HL = (p− A⃗(x))2(30)

=

(
−i∂x1 +

B

2
x2

)2

+

(
−i∂x2 −

B

2
x1

)2

= Π2
1 +Π2

2,

where we denote by Πj := pj − A(x)j the gauge-invariant momenta operators. Notably, the

components of Π do not commute with one another.

[Π1,Π2] =

[
p1 +

B

2
x2, p2 −

B

2
x1

]
(31)

=
B

2
([p1,−x1] + [x2, p2])(32)

= iB(33)

In terms of the components Πj, we introduce the so called ladder operators, akin to those

which appear in the context of the quantum harmonic oscillator, which satisfy canonical

commutation relations.

a∗ =
1√
2B

(−Π2 − iΠ1) ; a =
1√
2B

(−Π2 + iΠ1)(34)
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[a, a∗] = 1(35)

The Landau Hamiltonian may then be written in terms of a, a∗ to give,

HL = 2B

(
a∗a+

1

2
1

)
.(36)

A lowest energy eigenfunction ψ0(r) of this Hamiltonian is thus one that is annihilated by

the operator a: aψ0(x) = 0, giving rise to an eigenvalue E0 = B. Higher energy states

are generated by acting on ψ0 with powers of a∗: ψn(r) = 1√
n!
(a∗)n ψ0(r), with eigenvalues

2B
(
n+ 1

2

)
. Below, we demonstrate this feature of the eigenstates of HL which will require

evaluating [a, (a∗)n].

[a, (a∗)n] = [a, a∗] (a∗)n−1 + a∗
[
a, (a∗)n−1]

= (a∗)n−1 + a∗ [a, a∗] (a∗)n−2 + (a∗)2
[
a, (a∗)n−2]

= 2 (a∗)n−1 + (a∗)2
[
a, (a∗)n−2]

.

.

.

[a, (a∗)n] = n (a∗)n−1

Thus, a∗a acting on ψn yields,

a∗aψn =
1√
n!
a∗a (a∗)n ψ0

=
1√
n!
a∗
(
n (a∗)n−1 + (a∗)n a

)
ψ0

=

(
n

1√
n!

(a∗)n + (a∗)n a

)
ψ0

= nψn.
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In the second equality, we make use of the evaluation of [a, (a∗)n], and the final equality

holds because aψ0 = 0 by definition of the ground state. Therefore, we explicitly show the

eigenvalues of HL to be of the form,

En = 2B

(
n+

1

2

)
.(37)

The factor of 2B with our choice of units is termed the cyclotron frequency ωc, and this is

actually in agreement with the orbit frequency of the classical cyclotron motion of charged

particles moving in a magnetic field. Moreover, by solving the differential equation given by

aψ0(x) = 0, the ground state eigenfunction ψ0 can be written explicitly. We also introduce

the length scale ℓB = 1√
B

called the magnetic length, and then one has,

ψ0(x) =
1

ℓB
√
2π
e−|x|2/4ℓ2B ; ψn(x) =

1

ℓB
√
2π

(x1 − ix2)
n

√
n!

e−|x|2/4ℓ2B .(38)

Each eigenspace with associated eigenvalue En will henceforth be termed a Landau level

as in literature. The operators a and a∗ thus map a state in the nth Landau level to the

(n−1)th and (n+1)th levels respectively. Notably, each Landau level is infinitely degenerate,

and this can be seen by introducing another pair of ladder operators b and b∗.

b∗ =
1√
2B

(πy − iπx +B(x+ iy)) ; b =
1√
2B

(πy + iπx +B(x− iy))(39)

[b, b∗] = 1(40)

Crucially, these also satisfy canonical commutation relations just like the Landau level raising

and lowering operators a(∗). Moreover, using equation 31 and [rj, pk] = iδjk1, one has,

[a(∗), b] =
1√
2B

[−πy ± iπx, πy + iπx +B(x− iy)](41)

=
1√
2B

(−B +B ∓B ±B)(42)

= 0,(43)
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and the same holds if one replaces b with b∗. As a result,
[
HL, b

(∗)] = 0, meaning that the

b operators can be used to generate additional eigenstates of HL with the same energy En.

In other words, they leave each Landau level invariant. The existence of an operator that

commutes with the Hamiltonian suggests that HL is invariant under some symmetry action.

This ends up being exactly the case, and to elucidate the identity of this symmetry, we study

the b operators more carefully. Acting on ψ0 with b and b∗, one obtains,

bψ0(x) =

(
−i∂x2 +

B

2
x1 + ∂x1 − i

B

2
x2

)
1

ℓB
√
2π
e−|x|2/4ℓ2B(44)

=

(
i
B

2
x2 +

B

2
x1 −

B

2
x1 − i

B

2
x2

)
1

ℓB
√
2π
e−|x|2/4ℓ2B(45)

= 0(46)

b∗ψ0(x) =

(
−i∂x2 +

B

2
x1 − ∂x1 + i

B

2
x2

)
1

ℓB
√
2π
e−|x|2/4ℓ2B(47)

= B(x1 + ix2)ψ0.(48)

Thus, b annihilates ψ0 just like a, whereas b∗ can be used to generate additional eigenstates

with energy E0. We may now introduce the more general eigenfunction of HL given by,

ψnm(x) :=
1√
n!m!

(a∗)n (b)m ψ0(x); n,m ∈ N0.(49)

Now consider the action of b∗b on ψnm. Since [b, b∗] = 1, it follows just as in the case of the

Landau level operators a(∗) that b∗bψnm = mψnm. So for each fixed n, ψnm is an eigenvector

of b∗b with eigenvalue m, and each Landau level is actually infinitely degenerate, unless we

specify finite volume boundary conditions. Furthermore, as mentioned previously, the fact

that
[
HL, b

(∗)] = 0 hints at the existence of a symmetry whose action leaves HL invariant.

To see this, we expand b∗b− a∗a in terms of position and momenta operators.

(b∗b− a∗a) =
1

2B

(
(π2 − iπ1 +B(x1 + ix2)) (π2 + iπ1 +B(x1 − ix2))

− (−π2 − iπ1) (−π2 + iπ1)
)

=
1

2B

(
2i [π2, π1] +B2(x21 + x22) + 2B (x1π2 − x2π1) + iB ([x2, π2] + [x1, π1])

)
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=
1

2B

(
2B +B2(x21 + x22) + 2B(x1p2 −

B

2
x21 − x2p1 −

B

2
x22)− 2B

)
= x1p2 − x2p1

= L3

The operator b∗b − a∗a is precisely the perpendicular component of angular momentum,

and [HL, L3] = 0 in the symmetric gauge. Therefore, the Landau Hamiltonian is invariant

under rotations in the x− y plane, a consequence that is visible due to our choice of gauge.

Furthermore, it is evident that angular momentum L3 is quantized with integer-valued spec-

trum bounded below by −n in the nth Landau level. The operators b and b∗ now carry the

physical interpretation of raising and lowering the angular momentum of a wavefunction.

Denoting by Hn the Hilbert space associated with the nth Landau level, {ψnm : m ∈ N0} is

then an orthonormal basis for Hn.

Moreover, it is clear that each Landau level is infinitely degenerate, but per unit area,

degeneracy is constant and proportional to the magnetic field. Importantly, this means that

at large magnetic fields, the lowest Landau level will be able to accommodate more electrons

due to an increase in number of states per unit area. Lastly, in the many-body picture, note

that with a chemical potential located in any gap between Landau levels, the ground state of

the system is precisely that associated with full occupancy of the Landau levels with energy

below the chemical potential. This number of filled levels, being an integer, is precisely what

sets the stage for the integer quantum Hall effect. Importantly as a many-body state, this is

a non-degenerate ground state with gapped particle/hole excitations consisting of particles

in higher Landau levels and holes in the occupied levels respectively.

This algebraic decomposition of the Landau Hamiltonian is an elegant procedure; one

observes that it simplifies to a quantum harmonic oscillator model, where each band gives

rise to infinitely many angular momentum states. For some of the future calculations in this

dissertation, we also write the eigenfunctions of HL in two dimensional polar coordinates. A
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detailed solution of the time-independent Schrödinger equation HLψ = Eψ is presented in

[24], and we summarize the key features of the result below, adopting the notation used in

this work.

For what follows, we parametrize solutions of the Schrödinger equation by the integers

nr and ml. In terms of the previously introduced labels n and m, ml = m − n and

nr = m+n−|m−n|
2

. The number ml is precisely the eigenvalue of the z-component of an-

gular momentum, and nr ∈ N0 is an integer that helps to characterize the Landau level

index (for all m ≥ 0, nr = n). One may then write En as in equation 37 as

Enrml
= 2B

(
1

2
+ nr +

|ml| −ml

2

)
,(50)

and the associated normalized eigenfunctions of HL with eigenvalue Enrml
are given by,

ψnrml
(r, ϕ) = Rnrml

(r)Φml
(ϕ)(51)

Φml
(ϕ) =

eimlϕ

√
2π

(52)

Rnrml
(r) = Nnrml

(
r

ℓB

)|ml|

e−r
2/4ℓ2BL|ml|

nr

(
r

2ℓ2B

)
,(53)

where the normalization constant Nnrml
is,

Nnrml
=

√
nr!

ℓ2B2
|ml|(nr + |ml|)!

.(54)

For any two integers a, b ≥ 0, Lba(x) are the generalized Laguerre polynomials which are

defined as shown in the following equation.

Lba(x) =
x−bex

a!

da

dxa
(
e−xxa+b

)
(55)
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We also note the orthogonality relations that the radial and angular functions Rnrml
and

Φml
respectively satisfy. ∫ ∞

0

dr R∗
nrml

(r)Rn′
rml

(r) = δnrn′
r

(56) ∫ 2π

0

dϕ Φml
(ϕ)∗Φm′

l
(ϕ) = δmlm

′
l

(57)

Of particular importance will be the (standard) Laguerre polynomials La(x) ≡ L0
a(x) =

1
a!
ex da

dxa
(e−xxa). One useful relation we will make use of in subsequent locality estimates is the

generating function involving these Laguerre polynomials, which one can find in references

such as Section 13.2 of [5]. For any t ∈ C such that |t| < 1, one has,

∞∑
j=0

tjLj(x) =
1

1− t
e−

tx
1−t .(58)

Having discussed the Landau Hamiltonian, its discrete spectrum, and different orthonormal

bases that span its eigenspaces, we now introduce an alternate perspective from which one

can express the state of a charged particle in a perpendicular magnetic field. Precisely, we in-

troduce an overcomplete coherent state decomposition of the Landau level Hilbert spaces Hn.

3.2. Magnetic Translation and Frame.

The domain of the Landau Hamiltonian,

DL = {f ∈ L2(R2) :
(
∂xj − Aj

)
f ∈ L2(R2, j = 1, 2)},

as written in references such as [68], is one that admits rapidly decaying functions, seen

with the Gaussian factor in ψnm(x). However, the topologically nontrivial nature of the

Landau levels prevents each Hn from possessing an orthonormal basis with each element

exponentially localized at discrete points in space. This fact is a crucial feature of electron

band structures with topological character that has been explored in works such as [22].

Nonetheless, such results do not prevent Hilbert spaces such as the Landau level spaces Hn
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from admitting spanning sets with elements that are exponentially localized at points in R2.

In order to properly construct the functions in this spanning set, we need to introduce the

so called magnetic translation operator.

While the physical setting of a charged particle in two dimensions with a uniform per-

pendicular magnetic field is translation invariant, the Landau Hamiltonian does not possess

this feature due to the position dependent vector potential A⃗(x). Therefore, the transla-

tion operator Sa = e−ia·p which translates functions in L2(R2) does not commute with HL.

Therefore, if f ∈ H0 is a lowest Landau level state, then Saf(x) = f(x− a) /∈ H0. There is,

however, a way to construct a modified translation operator that commutes with HL, and

this is precisely the magnetic translation.

Definition 3.1. Let Π± = p ± A; then, T±
a : L2(R2) → L2(R2) with a ∈ R2 is a magnetic

translation operator defined as T±
a = e∓ia·Π

± . The action of this operator on any f ∈ L2(R2)

is given by

T±
a h(x) = e∓ia·A(x)h(x− a).(59)

Recalling our choice of the symmetric gauge to define the vector potential,

T±
a = exp

[
−i
(
(p1 ∓

B

2
x2)a1 + (p2 ±

B

2
x1)a2

)]
= exp

[
−i
(
a1p1 ±

a2B

2
x1

)]
exp

[
−i
(
a2p2 ∓

a1B

2
x2

)]
where the second line is true as all operators relating to x1 commute with those relating

to x2. Now, as xi and pi have a commutator equal to a constant, we can use the Baker-

Campbell-Hausdorff formula to rewrite the terms of T±
a .

e∓i
a2B
2
x1e−ia1p1 = exp

(
−i(a1p1 ±

a2B

2
x1) +

1

2

[
∓ia2B

2
x1, −ia1p1

])
= exp

(
−i(a1p1 ±

a2B

2
x1)

)
e∓i

Ba1a2
4
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Similarly,

e±i
a1B
2
x2e−ia2p2 = exp

(
−i(a2p2 ∓

a1B

2
x2)

)
e±i

Ba1a2
4 .

Therefore, we finish the calculation as follows.

T±
a f(x) = e∓i

a2B
2
x1e−ia1p1e±i

a1B
2
x2e−ia2p2f(x)

= e∓i
a2B
2
x1±ia1B2 x2e−i(a1p1+a2p2)f(x)

= e∓ia·Af(x− a).

Going from the first to the second line, we utilize the trivial commutation relations between

x1-operators and x2-operators to rearrange terms. Then upon inspection, the second expo-

nential term simply defines the standard translation operator of an element in L2(R2) by

a ∈ R2, which yields f(x − a). Operators of this form have been introduced and carefully

studied by Joshua Zak, giving rise to the magnetic translation group and the Zak transform,

[119]-[120].

For our purposes, T−
(·) appears in some of the technical calculations to come, and T+

(·) will

be used to generate the spanning sets of Hn for each n ∈ N0. In particular, T+
(·) is effective

towards this end because it commutes with HL. To show this, we calculate the commutation

relations between the components of Π+ and Π−.

[
Π+

1 ,Π
−
1

]
=
[
Π+

2 ,Π
−
2

]
= 0(60) [

Π+
1 ,Π

−
2

]
=

[
p1 −

B

2
x2, p2 −

B

2
x1

]
= 0(61)

[
Π+

2 ,Π
−
1

]
=

[
p2 +

B

2
x1, p1 +

B

2
x2

]
= 0(62)

As a result of these relations, it follows that for any a ∈ R2, [T+
a , HL] = 0 in the symmetric

gauge. We will now use T+
(·) to construct an overcomplete frame for H0 and with the raising

operators a∗, we can lift this frame to any Landau level.
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First, we define a frame in a Hilbert space H and discuss some general properties, as can

be found in Chapter 5 of [23]. Let {fi}i∈I ⊂ H be a possibly infinite sequence of functions.

{fi}i∈I is said to be a frame if there exist constants 0 < c ≤ C such that for all ψ ∈ H, the

following bound holds,

c∥ψ∥2 ≤
∑
i∈I

|⟨fi, ψ⟩|2 ≤ C∥ψ∥2(63)

where the constants c, C are not unique and are called frame bounds. Moreover, {fi}i∈I is a

frame for H if span{fi : i ∈ I} = H. Let S : H → H denote the frame operator, which acts

on ψ ∈ H as,

Sψ =
∑
i∈I

⟨fi, ψ⟩fi.(64)

The frame operator S is positive, bounded, self-adjoint, and invertible and has an operator

norm which is bounded by the frame bounds:

c1 ≤ S ≤ C1.

If {fi}i∈I is a frame for H, then any ψ ∈ H admits the following decomposition in terms of

elements fi.

ψ = S ◦ S−1ψ =
∑
i∈I

⟨fi, S−1ψ⟩fi =
∑
i∈I

⟨S−1fi, ψ⟩fi(65)

The inner products si(ψ) := ⟨S−1fi, ψ⟩ are termed the frame coefficients. We will be in-

terested in the setting where {fi}i∈I actually forms an overcomplete frame for H, meaning

there exists at least one sequence of complex coefficients {ci}i∈I , with not all ci = 0, such

that
∑

i∈I cifi = 0. In this case, there does not exist a unique sequence of coefficients {ai}i∈I
such that for any ψ ∈ H, ψ =

∑
i∈I aifi. However, the frame coefficients have the minimum

ℓ2-norm of all sequences that can be used to express ψ ∈ H, i.e.

∑
i∈I

|si(ψ)|2 ≤
∑
i∈I

|ai|2.

40



We are now equipped to construct an overcomplete frame for H0. Let Γ := αZ × βZ, with

α, β > 0, be a rectangular lattice and let d : Γ × Γ → R be the metric associated with

Euclidean distance. The sites of this lattice will be used to index the elements of the frame

in question; such frames are called regular. Denote by χ
0(x) := ψ00(x), the lowest Landau

level state with zero angular momentum, and χa := T+
a
χ
0(x), the same function magnetically

translated to be centered at a. Since,
[
T+
(·), HL

]
= 0, χa(x) ∈ H0 ∀a ∈ R2. In [12], Bachmann

and De Nittis prove that under precise conditions, the set {χγ}γ∈Γ is a frame for H0.

Theorem 3.2 (Theorem 5.6 from [12]). Let Γ = αZ × βZ. If αβ < 2πℓ2B, then {χγ}γ∈Γ is

an overcomplete frame for H0.

The proof of this theorem and the process of deriving frame bounds for the associated

frame operator are rather technical, so we refer the reader to Section 5 of [12] for details on

these steps.

Importantly, this frame {χγ}γ∈Γ satisfies the following two properties that we will use to

define a localized subset of H0.

Definition 3.3. Let (I, d) be a metric space. A sequence of functions {{fi}i∈I} in a Hilbert

space H is called a localized set if,

i) ∃ σ1, G1 > 0 such that ∀ i ∈ I, |fi(x)| ≤ G1e
−σ1d(i,x).

ii) ∃ σ2, G2 > 0 such that ∀ i, j ∈ I, |⟨fi, fj⟩| ≤ G2e
−σ2d(i,j).

Thus, the set {χγ}γ∈Γ is a localized frame for H0 since |χγ(x)| = 1
ℓB

√
2π
e−|x−γ|2/4ℓ2B and

|⟨χγ, χγ′⟩| = e−d(γ,γ
′)2/4ℓ2B , which can be found through direct computation. As mentioned

before, we may now lift this frame to arbitrary Landau levels via the raising operator a∗.

Thus, denote by χ
γ,n := 1√

n!
(a∗)n χγ = 1√

n!
(a∗)n T+

γ
χ
0 = T+

γ
1√
n!
(a∗)n ψ00 = T+

γ ψn0. From

the form of ψn0 in equation 38, it is clear that each χγ,n will be exponentially localized about

γ ∈ Γ, with a slower decay rate than χ
γ. Moreover, the following inner product calculation
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confirms that for each n ∈ N0, {χγ,n}γ∈Γ is a localized frame.

⟨χγ,n, χγ′,n⟩ =
1

n!

〈
T+
γ (a∗)n χ0, T

+
γ′ (a

∗)n χ0

〉
(66)

=
1

n!

〈
(a∗)n T+

γ
χ
0, (a

∗)n T+
γ′
χ
0

〉
(67)

=
1

n!
⟨an (a∗)n χγ, χγ′⟩(68)

= ⟨χγ, χγ′⟩(69)

The inner product ⟨χγ,n, χγ′,n′⟩ features δnn′ , since functions from different Landau levels are

orthogonal. However, this may also be bounded from above by e−|n−n′|2/4ℓ2B , which then gives

the bound,

|⟨χγ,n, χγ′,n′⟩| ≤ 1

ℓB
√
2π
e−(d(γ,γ

′)2+|n−n′|2)/4ℓ2B(70)

We then consider the superlattice Θ := Γ× ZN , where sites θ := (γ, n) ∈ Θ correspond to a

spatial site γ and Landau level n. Furthermore, let ρ : Θ×Θ → R be a metric that is defined

as ρ(θ, θ′) = d(γ, γ′) + d0|n− n′|, where d0 > 0 is a constant with units of distance. (Θ, ρ)

is then a metric space. Denote by χθ := χ
γ,n. Then, {χθ}θ∈Θ is an overcomplete, localized

frame for HN :=
⊕N−1

n=0 Hn, a finite collection of Landau levels.

Before concluding this section, we present one locality estimate involving the frame operator

S associated with {χθ}θ∈Θ.

Lemma 3.4. [Proposition 2.2 from [12]] Let (Γ, d) be a metric space, with Γ a lattice, and

let {fγ}γ∈Γ be an overcomplete, exponentially localized frame for a separable Hilbert space

H with decay rate λ > 0, meaning |⟨fγ, fγ′⟩| ≤ Ce−λd(γ,γ
′), with C > 0. Denote by S the

associated frame operator. Then for every p ∈ N, there exist constants 0 < λp < λ and

ap > 0 such that,

∣∣⟨fγ, S−pfγ′⟩
∣∣ ≤ ape

−λpd(γ,γ′),(71)

for all γ, γ′ ∈ Γ, where S−p := (S−1)
p.
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Inner products of this form will appear frequently in later calculations, so establishing this

locality estimate is important. For the technical proof, we refer the reader to Section 6 of [12].

As we will see in the following few sections, functions of this form will be very useful

for constructing the Hamiltonians of many interacting charged particles in a perpendicular

magnetic field as we aim to bridge the gap between the integer and fractional quantum Hall

effects.
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4. Fermions in Continuous Space and Lieb-Robinson Bounds

In Section 2, we introduced the machinery that is required to construct quantum lattice

spin systems from an algebraic perspective, define finite/short-range interactions, and build

the associated dynamics. Under natural assumptions on these interactions, that we will re-

call shortly, it is possible to prove Lieb-Robinson bounds, which manifest as estimates on the

norm of the (anti-)commutator of Heisenberg evolved local operators with disjoint supports.

Notably, these decay in the distance between supports of the two operators in question but

grow exponentially in time.

Then in Section 3, we reviewed the model that describes non-interacting electrons in two

dimensions with a perpendicular magnetic field, i.e. the Landau Hamiltonian HL (equation

29). In the symmetric gauge, the eigenspace of HL is spanned by harmonic oscillator like

eigenfunctions that can be parametrized in terms of complex spatial coordinates, as with

ψnm in equation 49, or in terms of polar coordinates, ψnrml
as in equation 51. Moreover,

there exists a lattice-based frame for the Landau level eigenspaces consisting of exponentially

localized functions.

We now seek to study fermionic systems in R2 with short range interactions in the pres-

ence of a constant magnetic field. We obtain Lieb-Robinson type propagation bounds for

such systems and apply them to obtain a strongly continuous dynamics on the CAR algebra

of the infinite system, which is based on joint work in preparation with Bruno Nachtergaele

and Robert Sims [47]. To be able to do this we introduce a UV cut-off in the interaction by

considering smeared creation and annihilation operators. Without such regularization, the

dynamics are not expected to be given by a strongly continuous group of automorphisms on

the CAR algebra [89].

As we will discuss, proving strong continuity of the dynamics of interacting fermions in

the continuum has been achieved via a few different strategies, as in the works of Gebert
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et al. [31], Hinrichs et al. [49], Siebert [93], and Bachmann and De Nittis [12]. However,

these are not the only studies of the dynamics of fermions in the continuum. As far as

we are aware, Narnhofer and Thirring were the first to construct infinite volume dynamics

over the CAR algebra on L2(Rd) with the use of a regularized pair-wise interaction, [77],

that was motivated by the desire to preserve Galilean invariance of the dynamics. From our

point of view it is more natural to use Gaussian smearing of the point particles in the pair

interaction, as is done in [31]. This choice allows us to construct a finite volume interaction

that is a bounded operator, a crucial ingredient to proving strong continuity of the dynamics

via Lieb-Robinson bounds. In this section, we focus on employing the framework of [31] to

prove strong continuity of the Heisenberg dynamics for interacting fermions.

Towards this goal, we begin by constructing the CAR algebra of observables from fermionic

Fock space before then formally introducing the Heisenberg dynamics over this algebra.

Then, we will introduce the second quantized finite volume Hamiltonians, where the UV reg-

ularization procedure for the two-body interaction will be defined using a Gaussian smearing.

In the remainder of this section, we prove propagation estimates and bounds of Lieb-Robinson

type towards proving strong continuity of the dynamics in the thermodynamic limit.

4.1. Fock Space and Second Quantization.

When studying an individual particle whose state is governed by a Schrödinger Hamilton-

ian of the form H = p2

2m
+ V (x), it is insightful to describe this particle with a wavefunction

that depends on the position coordinate x ∈ R2 for example. This representation determines

the probability of the particle being located in some region Λ ⊂ R2, which can be used to

calculate the expectation values of observables such as momentum, energy, etc. Formulating

quantum mechanics in this fashion is termed first quantization. In the setting of N indis-

tinguishable particles that may be interacting, the wavefunctions describing the physically

relevant states of this collection of particles become cumbersome to work with. Moreover,
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learning the properties of one specific particle will not generally lend towards understanding

the behavior of the entire collection of particles. This is where the language of second quan-

tization becomes very useful in reformulating the description of states and operators, where

the number of occupied single particle states determines an N -particle state and operators

acting on such states involve combinations of removing or creating particles in these states.

We now make this construction very precise, following the general structure of Ola Bratteli

and Derek Robinson in Chapter 5 of Volume 2 of their seminal textbook Operator Algebras

and Quantum Statistical Mechanics ([21]).

To begin constructing this space of multi-particle states, we first define the single particle

Hilbert space of interest. In this dissertation, we will work with L2(R2) and direct sums of

the Landau level spaces Hn. Thus, for the purpose of this section we will let H refer to

either L2(R2) or
⊕NL

n=0 Hn, where NL is finite but arbitrarily large. Introducing additional

particles is achieved via the tensor product, where the general N -particle Hilbert space

is given by
⊗N

n=0H. The vacuum 0-particle space H(0) is just C. Electrons, which are

the particles of interest in this work, are fermions and thus have wavefunctions that are

antisymmetric under particle exchange, meaning that for a 2-electron wavefunction ψ, one

has ψ(x1, x2) = −ψ(x2, x1). Such a condition is not enforced by the tensor product, so

we use the antisymmetric wedge product ∧ to denote an antisymmetrized tensor product.

Explicitly for f, g ∈ H,

(f ∧ g) (x1, x2) = f(x1)g(x2)− f(x2)g(x1); x1, x2 ∈ R2

Hence, the N -particle fermionic Hilbert space is precisely H(N) =
∧N
n=0H. In terms of these

multi-particle Hilbert spaces, we now introduce fermionic Fock space, the space of sequences

of N -particle fermion states.

F(H) =
∞⊕
n=0

H(N)(72)
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An element ψ ∈ F is thus a sequence ψ = {ψn}n∈N0 with each ψn ∈ H(N). For example, the

sequences associated to systems of N -particles will be of the form fN = {0, 0, ..., f, 0, ...} with

zeros everywhere except the (N + 1)th entry. We will now introduce a set of operators that

add and remove particles, shifting a sequence fN to FN±1 for example. These are precisely

the so-called fermionic creation and annihilation operators, which we will now take time to

carefully define.

For f ∈ H, denote by a∗(f) and a(f) the creation and annihilation operators associated

with the single particle function f . For the particular function ψ(N) = ψ1 ∧ψ2 ... ∧ψN , a(f)

and a∗(f) act as,

a∗(f)ψ(N) =
√
N + 1 (f ∧ ψ1 ∧ ψ2 ... ∧ ψN)(73)

a(f)ψ(N) =
√
N⟨f, ψ1⟩ (ψ2 ∧ ... ∧ ψN)(74)

One clearly sees how these operators carry the physical interpretation of adding a particle,

via the wedge product, or removing a particle, with an inner product. More general functions

will involve linear combinations of ones such as ψ(N) as above. We thus write the action of

a(∗)(f) more explicitly:

(a(f)ϕ)(n) (x1, ..., xn) =
√
n+ 1

∫
R2

dx f(x)ϕ(n+1)(x, x1, ..., xn)(75)

(a∗(f)ϕ)(n) (x1, ..., xn) =
1√
n

n∑
i=1

(−1)i−1f(xi)ϕ
(n−1)(x1, ..., x̂i, ..., xn),

where the x̂i denotes an omitted coordinate. We shall more generally denote the algebra

generated by {a(f), a∗(f) : f ∈ H} as A(H). This is the fermionic algebra of observables

associated with the Hilbert space H known as the Canonical Anticommutation Relations

(CAR) algebra. Its properties as a C∗-algebra can be found described in great detail in

references such as Chapter 2 of Volume 1 of the textbook by Bratteli and Robinson, [20].
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Importantly, we now state the algebra defining canonical anticommutation relations.

{a(f), a(g)} = {a∗(f), a∗(g)} = 0; {a(f), a∗(g)} = ⟨f, g⟩1; ∀ f, g ∈ H(76)

Additionally, these can be used to show that the operator norm of a(∗)(f) is given by∥∥a(∗)(f)∥∥ = ∥f∥L2 . From the form of a(f) and a∗(f) in equation 75, there is an alter-

nate way to define these operators in terms of fermionic field operators c(∗)x that are operator

valued distributions.

a∗(f) =

∫
R2

dx f(x)c∗x, a(f) =

∫
R2

dx f(x)cx(77)

(cxϕ)
(n)(x1, ..., xn) =

√
n+ 1ϕ(n+1)(x, x1, ..., xn);(78)

(c∗xϕ)
(n)(x1, ..., xn) =

1√
n

n∑
i=1

(−1)i−1δ(x− xi)ϕ
(n−1)(x1, ..., x̂i, ..., xn)

These field operators can be thought of as creation/annihilation operators that add a fermion

at x ∈ R2 through a delta function centered at x. Moreover, these field operators satisfy the

following anticommutation relations:

{cx, cy} = {c∗x, c∗y} = 0; {cx, c∗y} = δ(x− y)1; ∀ x, y ∈ R2.(79)

Again note that we are using R2 in all of the definitions and properties here since this is the

space of interest in this work, so the formalism here holds in Rd more generally. We may

also define the total fermion number operator N̂ in terms of the field operators as,

N̂ =

∫
R2

dx c∗xcx,(80)

and the local number operator N̂X associated with X ⊂ R2,

N̂X =

∫
X

dx c∗xcx.(81)
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By the anticommutation relations in equation 79, it follows that for all X, Y ⊂ R2,[
N̂X , N̂Y

]
= 0.

Crucially, these field operators may be used to lift self-adjoint operators acting on H(N)

for a particular N to operators acting on sequences of states in F(H); this mapping is what

is known as second quantization. Of utmost importance for us is the second quantization

of single particle operators acting on H and two-body interactions acting on H ∧ H. For

example, if H1 = p2

2m
+ V (x) is a one-particle Hamiltonian, its second quantization H is

obtained as shown in the subsequent equation.

H =

∫
R2

dx c∗xH1cx(82)

For example, as we will need later in this section and in future ones, the following procedure

demonstrates how to second quantize the Landau Hamiltonian HL = (p− A(x))2.

HL =

∫
R2

dx c∗xHLcx(83)

=

∫
R2

dx c∗x

(
∞∑
n=0

2B

(
n+

1

2

) ∞∑
m=0

|ψnm⟩ ⟨ψnm|
)
cx(84)

= 2B
∞∑
n=0

(
n+

1

2

) ∞∑
m=0

∫
R2

dx

∫
R2

dy ψnm(x)c
∗
xψnm(y)cy(85)

= 2B
∞∑
n=0

(
n+

1

2

) ∞∑
m=0

a∗(ψnm)a(ψnm)(86)

=
∞∑
n=0

EnN̂n; N̂n =
∞∑
m=0

a∗(ψnm)a(ψnm)(87)

In the second equality we make use of a spectral resolution of HL, writing it as a sum over

Landau levels of the associated energy multiplied by the orthogonal projection onto the cor-

responding subspace. The third equality expresses these projections using an integral kernel,

which gives rise to a form where a(∗)(ψnm) becomes apparent by equation 77. In the final

equality, we introduce the Landau level number operator N̂n which counts the number of
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fermions occupying the nth Landau level.

Similarly, if W (x, y) is a two-body interaction operator that acts via multiplication by the

function W of the position operators x and y, then its second quantization is as shown in

the following equation.

W =
1

2

∫
R2

∫
R2

dxdy W (x, y)c∗xc
∗
ycycx.(88)

We defer stating assumptions on the function W (x, y) until the Hamiltonian of interest is

introduced. The second quantization HL of the Landau Hamiltonian and more generally

H, the second quantization of HL + V , as well as interactions such as 88 will appear in the

Hamiltonians generating the dynamics of interacting fermions. In the next subsection, we

introduce Heisenberg time evolution as an automorphism, a map from A(H) to itself that

preserves its algebraic structure, namely the canonical anticommutation relations. Specif-

ically, we introduce the free dynamics, which provides an algebraic means of defining the

second quantization of a self-adjoint operator such as HL or HL+V , and then we set up the

problem of studying the Heisenberg dynamics of interacting fermions.

4.2. CAR Algebra and Dynamics.

As Bratteli and Robinson note in Section 5.2.2 of [21], the preceding introduction of the

fermionic creation and annihilation operators involved deriving the space of sequences, i.e.

fermionic Fock space F(H), upon which they act to add or remove single particle states.

However, one may also directly consider A(H), generated by {a(f), a∗(f) : f ∈ H}, from

an algebraic perspective without having to represent its elements as operators on sequences

of the Fock space. More abstract properties of a∗(f) and a(f) can be found in the cited

reference.
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Towards proving propagation bounds and Lieb-Robinson type estimates, it is important

to define how the Heisenberg dynamics act on elements of A(H), and we begin with a

discussion of free dynamics, meaning time evolution generated by the second quantization of

single particle Hamiltonians. Denote by H1 the second quantization of a general Hamiltonian

H1 = HL + V , where the magnetic field in HL could even be taken to be zero to cover the

non-magnetic system. Then, the free dynamics τ ∅t : A(H) → A(H) generated by H1 behave

explicitly as shown in the following equation.

τ ∅t (a
#(f)) = a#

(
e−itH1f

)
.(89)

We will henceforth use a#(f) to denote either a∗(f) or a(f) in cases where either operator can

exist. This action of free time evolution can be derived via second quantization in the Fock

space picture or algebraically, as is done in 3.1.2 of [12]. Formally, the second quantization

of H1 is precisely the operator H1 that implements Heisenberg dynamics over A(H) as,

τ ∅t (a
#(f)) = eitH1a#(f)e−itH1 .

Towards considering the interacting dynamics, we first restrict the interaction W as in equa-

tion 88 to a finite volume Λ ⊂ R2.

WΛ =
1

2

∫
Λ

∫
Λ

dxdy W (x, y)c∗xc
∗
ycycx(90)

The finite volume interacting Hamiltonian is then formally written as,

HΛ = H1 +WΛ.(91)

Importantly, even with suitable assumptions on the function W (x, y) and the restriction to

finite volume, WΛ is not bounded, in the sense of an operator on sequences of F(H) as well

as in terms of C∗ operator norm, due to the fermion field operators c#x . As emphasized in

Section 2, the existence of a bounded interaction in finite volume is necessary to prove a

Lieb-Robinson bound. Thus, we will smear the pointwise field operators into creation and

annihilation operators that are elements of A(H). The focus of the next subsection is thus
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to introduce this regularization procedure and define a class of interacting Hamiltonians

with bounded finite volume interactions. Moreover, for the remainder of this section, we

concretely take H to be L2(R2).

4.3. Many-Body Quantum Hall Model.

We begin with a statement of the N -particle model of interest in the language of first

quantization. The Hamiltonian is precisely the following:

H(N) =
N∑
i=1

H1,i +
∑
i<j

W (xi − xj)(92)

=
N∑
i=1

(
(pi − A(xi))

2 + V (xi)
)
+
∑
i<j

W (xi − xj).(93)

Note that the first subscript on x and p refers to one of the N particles, meaning that xi1

and xi2 will refer to the Cartesian components of the ith particle’s position for example. We

now state general assumptions on the one-body potential V and provide an example of an

operator that satisfies the specified conditions.

Assumption 4.1. (On V ) Let V : R2 → C have the form

V (x) =

∫
R2

dµ(k)eik·x

where µ : Borel(R2) → R is a Borel measure on R2 satisfying

(i)µ has support contained in a ball of radius M centered at the origin.

(ii)µ = µ+ − µ− where µ+ and µ− are nonnegative finite measures on Borel(R2). Set

|µ| = µ+ + µ−.

(iii)µ is even on Borel(R2).
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As a consequence, we introduce the constants Cµ and M , which appear frequently in

subsequent calculations:∫
R2

d|µ|(x) ≤ Cµ, sup{|k||k ∈ supp(|µ|)} ≤M.(94)

Ultimately, V as a function of the position operator x is the Fourier transform of the measure

µ, where the Fourier transform is evaluated over a finite range of frequencies. Physically, V

is therefore a periodic function. Thus, a candidate potential function that is also relevant to

condensed matter systems is the following:

V (x) =
J∑
i=1

bi cos (ai · x) .

Physically, a potential of this form could represent a screened Coulomb interaction of elec-

trons with the periodic arrangement of metallic atoms in the two-dimensional metal. Im-

portantly, we must also require this potential to be bounded in energy. We now state

assumptions on the two-body potential function W (x, y).

Assumption 4.2. W : R2 → R satisfies,

(i) W is even and only depends on inter-particle distance: W (x, y) = W (x− y) = W (y− x)

for almost every x, y ∈ R2;

(ii) W is short range, meaning there exist a > 0, Cw > 0 ∈ R such that

|W (x, y)| ≤ Cwe
−a|x−y| for almost every x, y ∈ R2.

This condition establishes that this pointwise interaction is bounded in energy and decays

at most exponentially in the distance between interacting fermions. This is somewhat anal-

ogous to the construction of short-range lattice interactions where the range of interaction is

dictated by an F -function, as in 5. However, as alluded to before, bounding the maximum

value and decay of the potential function W is not sufficient in order to guarantee that WΛ

is a bounded operator. Therefore, we implement a UV regularization that resolves this issue,
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and this is the focus of the upcoming discussion.

4.3.1. UV Regularization.

Let σ > 0 be a fixed parameter and denote by φσ0 (x) := 1
2πσ2 e

−|x|2/2σ2 an L1-normalized

Gaussian function over R2. Moreover, let Ψσ
a(x) = T+

a φ
σ
0 (x) be the L1-normalized Gaussian

magnetically translated to be centered at a ∈ R2. In terms of these translates, we introduce

the regularized two-body interaction Wσ
Λ:

Wσ
Λ =

1

2

∫
R2

∫
R2

dxdy WΛ(x, y)a
∗(Ψσ

x)a
∗(Ψσ

y )a(Ψ
σ
y )a(Ψ

σ
x).(95)

The fermionic field operators c#x are replaced with bounded operators associated to the

Gaussians Ψσ
x, indicating that the pointwise interaction occurs in the vicinity of the points

x, y ∈ R2. The constant σ carries the physical interpretation of describing the effective width

of the interacting fermions. Since Ψσ
x ∈ L2(R2), each a#(Ψσ

x) has a bounded norm, and Wσ
Λ

has a finite operator norm for finite Λ.

It is natural to wonder whether the first quantization of Wσ
Λ corresponds to a suitable

two-body potential. If we restrict Wσ
Λ to the n-particle sector of fermionic Fock space, it

acts on n-fold antisymmetric tensor products of functions. However in doing so, it acts on

every pair of particles as it is a two-body interaction. Hence, to justify (88) as describing a

two-body interaction, we prove that in the limit σ ↓ 0, Wσ
Λ behaves as multiplication by the

potential function W restricted to the region Λ when acting on a 2-particle state. For this

reason, let WΛ(x1, x2) = 1Λ×Λ(x1, x2)W (x1, x2), where 1Λ×Λ(x1, x2) is the indicator function

that evaluates to 1 when x1, x2 ∈ Λ and 0 otherwise. We then prove the following limit.

Proposition 4.3. Let ϕ ∈ L2(R2 ×R2) be a two-particle state and W σ
Λ;2 the two-body inter-

action which is the restriction of Wσ
Λ to the 2-particle sector of F(L2(R2)). Then,

lim
σ↓0

(W σ
Λ;2ϕ)(x1, x2) =WΛ(x1, x2)ϕ(x1, x2).(96)
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This is a rather technical proof, so the inclined reader can proceed to view the details, but

it would also do no harm to skip over.

proof of Proposition 4.3. We step away from the second quantized notation and express the

action of W σ
Λ;2 on ϕ as follows.

(W σ
Λ;2ϕ)(x1, x2) =

∫
R8

dxdydz1dz2 WΛ(x, y)ϕ(z1, z2)Ψσ
z1
(x)Ψσ

z2
(y)Ψσ

x1
(x)Ψσ

x2
(y)

A magnetically translated function consists of translation by j ∈ R2 followed by multiplica-

tion of a complex phase Uj(x) = e−ij·A(x). Rewriting the expression above in terms of these

phases, we obtain

(W σ
Λ;2ϕ)(x1, x2) =

∫
R8

dxdydz1dz2 WΛ(x, y)ϕ(z1, z2)U−z1(x)U−z2(y)Ux1(x)Ux2(y)

× φσ0 (x− z1)φ
σ
0 (y − z2)φ

σ
0 (x1 − x)φσ0 (x2 − y).

This equality utilizes the symmetry of the Gaussian states as well as the fact that the trans-

lated Gaussian is equivalent to an origin-centered Gaussian evaluated at shifted coordinates.

Before proceeding, introduce the following function:

Φσ(x, y) := φσ0 (x)φ
σ
0 (y).

Thus, evaluating the z1 and z2 integrals followed by the x and y integrals, the previous

expression can be written in terms of convolutions.

(W σ
Λ;2ϕ)(x1, x2) =

∫
R8

dxdy (Φσ(z1, z2) ∗ U−z1(x)U−z2(y)ϕ(z1, z2)) (x, y)

×WΛ(x, y)Ux1(x)Ux2(y)Φσ(x− x1, y − x2)

=
[
Φσ(x, y) ∗

(
Ux1(x)Ux2(y)WΛ(x, y)

(
Φσ(z1, z2)∗

U−z1(x)U−z2(y)ϕ(z1, z2)
)
(x, y)

)]
(x1, x2)

= [Φσ(x, y) ∗ (Ux1(x)Ux2(y)WΛ(x, y)ϕ(x, y))] +
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[Φσ(x, y) ∗ Ux1(x)Ux2(y)WΛ(x, y)×

(Φσ(z1, z2) ∗ U−z1(x)U−z2(y)ϕ(z1, z2)− ϕ(x, y))]

The last equality arises plainly from adding and subtracting the term in the first line of the

last expression. Now consider the limit that σ ↓ 0 of each term separately. Start with the

first term.

Φσ(x, y) ∗ (Ux1(x)Ux2(y)WΛ(x, y)ϕ(x, y))

=

∫
R4

dxdy Φσ(x1 − x, x2 − y)Ux1(x)Ux2(y)WΛ(x, y)ϕ(x, y)

=

∫
R4

dxdy φσ0 (x1 − x)φσ0 (x2 − y)Ux1(x)Ux2(y)WΛ(x, y)ϕ(x, y)

In the limit σ ↓ 0, φ0(x − j) behaves as a Dirac Delta function; hence, integrating this

function over the variables x and y sends x → x1 and y → x2. Therefore, we obtain a first

result.

lim
σ↓0

[Φσ(x, y) ∗ (Ux1(x)Ux2(y)WΛ(x, y)ϕ(x, y))]

= Ux1(x1)Ux2(x2)WΛ(x1, x2)ϕ(x1, x2)

= WΛ(x1, x2)ϕ(x1, x2)

The last equality follows as each Uj(j) evaluates to 1 by construction. Next, we analyze the

L2 norm of the second term,

[Φσ(x, y) ∗ Ux1(x)Ux2(y)WΛ(x, y) (Φ
σ(z1, z2) ∗ U−z1(x)U−z2(y)ϕ(z1, z2)− ϕ(x, y))] .

Further, with the arguments of each function made clear in the previous sentence, for compact

notation, we remove these in the subsequent calculation.

∥Φσ ∗ Ux1Ux2WΛ (Φ
σ ∗ U−z1U−z2ϕ− ϕ)∥2 ≤ ∥Φσ∥1∥Ux1Ux2WΛ∥1∥Φσ ∗ U−z1U−z2ϕ− ϕ∥2
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= ∥Φσ∥1∥WΛ∥1∥Φσ ∗ U−z1U−z2ϕ− ϕ∥2

The convolution that remains in the last line behaves just like the x,y variable convolution

from before in the limit that σ ↓ 0; however here, z1 → x and z2 → y. Thus we finish the

calculation by taking this limit.

lim
σ↓0

∥Φσ ∗ Ux1Ux2WΛ (Φ
σ ∗ U−z1U−z2ϕ− ϕ)∥2 ≤ ∥Φσ∥1∥WΛ∥1∥U−xU−yϕ− ϕ∥2

= 0

Consequently, we conclude that limσ↓0(W
σ
Λ;2ϕ)(x1, x2) = WΛ(x1, x2)ϕ(x1, x2), thus the proof

is complete.

□

What this proof establishes is that in first quantization, when the regularization param-

eter σ is removed, we recover a bona fide two-body interaction. Therefore, our choice of

UV regularization is a suitable strategy for producing a bounded, finite volume interaction

consisting of elements of A(L2(R2)). We thus make use of the following interacting finite

volume Hamiltonians in our study of the dynamics of continuum fermions.

Hσ
Λ = H1 +Wσ

Λ(97)

As previously noted, the strategy of using Lieb-Robinson bounds to obtain strong continuity

of the dynamics with a UV-regularized interaction is inspired by the work of Gebert et al.,

[31], who consider interacting fermions in arbitrary dimension, Rd, without a magnetic field.

Regularization of their pairwise interaction is achieved with plainly translated Gaussians

φ0(x − a). As we will see in the upcoming subsection on single-particle propagation esti-

mates, our choice of magnetic translates is essential in showing that the dynamics generated

by the interaction Wσ
Λ do not result in non-local growth of operator supports. By support,

we mean the supports in R2 of functions f ∈ L2(R2) in operators involving a#(f).
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The dynamics of interacting fermions in two dimensions with a constant magnetic field

have also been studied before in [12], where the authors prove Lieb-Robinson bounds and

strong continuity of the infinite volume dynamics using a localized frame based resolution of

a Hamiltonian that is similar to Hσ
Λ. The UV regularization is effectively implemented via

localized functions, which in the case of fermions in a magnetic field are the functions χγ,n

introduced in 3.2. Here the smearing parameter σ is set to be
√
2ℓB, and the regularization

extends to the kinetic energy as well, i.e. the second quantization of the Landau Hamilton-

ian, HL. However, this comes at the cost of requiring HL to be restricted to finitely many

Landau levels, which is still very useful for many applications. In fact, the lattice localization

of the frames for the Landau level Hilbert spaces Hn provides a natural way to formulate

quasi-adiabatic evolution and prove quantization of Hall conductance for continuum fermion

systems. This is the subject of Sections 5 and 6.

4.4. Single-particle Propagation Estimates.

As in the case of lattice systems, we consider how the interaction between particles drives

the propagation of information in a quantum system. In the continuum model, this phe-

nomenon is dictated by the operators a#(Ψσ
x); the Gaussians centered at x, y ∈ R2 serve

as probes of fermion interactions in the vicinities of these points. As we will see in the

following subsection, it will be crucial to understand the locality of these states under time

evolution governed by HL and H1. Towards this end, we begin with a lemma concerning an

eigenfunction decomposition of φσ0 in the polar coordinate basis as in 51.

Lemma 4.4. Fix σ > 0 and let φσ0 the L1 normalized Gaussian centered at the origin. Then,

the following eigenfunction decomposition with respect to HL holds.

φσ0 (r) =
∞∑
n=0

cnRn0(r)(98)

cn =
ℓB
π

1

2ℓ2B + σ2

(
2ℓ2B − σ2

2ℓ2B + σ2

)n
;
ℓ2B
σ2

̸= 1

2
(99)
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cn =


1

4πℓB
n = 0

0 n ̸= 0

;
ℓ2B
σ2

=
1

2
(100)

Note that in the case where ℓ2B
σ2 = 1

2
, φσ0 is exactly the lowest Landau level radial wavefunc-

tion, up to normalization. Henceforth we will drop the subscript B in the magnetic length

ℓ ≡ ℓB for readability.

Proof. Recalling the orthogonality relation (56), we may express each cn as shown below.

cn =

∫ ∞

0

dr r Rn0(r)φ
σ
0 (r)(101)

=

∫ ∞

0

dr r
1

2πℓσ2
exp

(
−
(

1

4ℓ2
+

1

2σ2

)
r2
)
Ln

(
r2

2ℓ2

)
.(102)

One sees that this integral converges by noting that the integrand is the product of a Gaussian

and a finite degree polynomial. At this stage, perform a change of variables u = r2

2ℓ2
and

note the definition of the standard nth Laguerre polynomial: Ln(u) = eu

n!
dn

dun
(e−uun).

cn =

∫ ∞

0

du
ℓ

2πσ2
exp

((
1

2
− ℓ2

σ2

)
u

)
1

n!

dn

dun
(e−uun)(103)

We then use integration by parts n times to eliminate the n-fold differentiation with respect

to u in the integrand. The boundary terms vanish, and this is seen by recognizing that with

each successive integration of dn

dun
(e−uun), we obtain dm

dum
(e−uun) with m < n, meaning that

what remains will always be an expression of the form e−upn(u), where pn(u) is a degree-n

polynomial of u with no constant term. Letting δ = 1
2
− ℓ2

σ2 and δ′ = 1 − δ, we obtain the

following.

cn =
ℓ

2πσ2

(−δn)
n!

∫ ∞

0

du e−δ
′uun(104)

Another n-fold application of integration by parts will eliminate un and leave e−δ′u in the

integrand, which upon evaluation yields,

cn =
ℓ

2πσ2

1

δ′

(−δ
δ′

)n
.(105)
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A straightforward rewriting of the above expression in terms of ℓ and σ yields the result of

the lemma. □

With this lemma, we are now equipped to prove the following theorem concerning the

time evolution governed by HL.

Theorem 4.5. Non-interacting Dynamics Let HL be the Landau Hamiltonian in the

symmetric gauge. Define constants ησ = min(
√
2ℓ, σ) and ∆σ = max(2ℓ

2

σ
, σ) with σ > 0.

Then the following equality and inequality hold for all t ∈ R and f ∈ L2(R2).

∣∣e−itHLφσ0
∣∣(x) = 1

π

1√
8ℓ4
(
1− cos

(
2t
ℓ2

))
+ 2σ4

(
1 + cos

(
2t
ℓ2

))e− σ2x2

4ℓ4(1−cos( 2t
ℓ2
))+σ4(1+cos( 2t

ℓ2
))

(106)

∣∣⟨e−itHLf,Ψσ
y ⟩
∣∣ ≤ 1

2πη2σ

∫
R2

dx |f(x)|e−
|x−y|2

2∆2
σ

(107)

Proof. Time evolving φσ0 just involves a linear combination of the time evolved radial wave-

functions with associated eigenvalues En = 2
ℓ2

(
n+ 1

2

)
. We introduce the parameter γ ≡

2ℓ2−σ2

2ℓ2+σ2 . Then, using the expression for the spectrum of HL given ml = 0, (50),

(
e−iHLtφσ0

)
(x) =

∞∑
n=0

cne
−iEntRn0(x)(108)

=
1

π

e−
it
ℓ2 e−

x2

4ℓ2

2ℓ2 + σ2

∞∑
n=0

γne−
2int
ℓ2 Ln

(
x2

2ℓ2

)
(109)

=
1

π

e−
it
ℓ2 e−

x2

4ℓ2

2ℓ2 + σ2

∞∑
n=0

γ̃nLn

(
x2

2ℓ2

)
(110)

where we have now defined the complex parameter γ̃ ≡ γe−
2it
l2 . It is clear from the form of

γ that for all σ > 0, we have |γ̃| < 1. Consequently, the sum in the last equality is none

other than the generating function involving Laguerre polynomials (58):
∑∞

n=0 t
nLn(x) =

1
1−t exp

(−tx
1−t

)
for all t with |t| < 1. This leads to a closed form expression for the time evolved
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Gaussian.

(
e−iHLtφσ0

)
(x) =

1

π

e−
it
ℓ2 e−

x2

4ℓ2

2ℓ2 + σ2

1

1− γ̃
e

−γ̃x2

2ℓ2(1−γ̃)(111)

=
1

π

e−
it
ℓ2 e−

x2

4ℓ2

2ℓ2 + σ2

1

1− γe−
2it
ℓ2

e
− x2

2ℓ2

iγ sin( 2t
ℓ2
)

1+γ2−2γ cos( 2t
ℓ2
) e

− x2

2ℓ2

γ cos( 2t
ℓ2
)−γ2

1+γ2−2γ cos( 2t
ℓ2
)

Now we evaluate the absolute value of the last equality.

∣∣(e−iHLtφσ0
)∣∣(x) = 1

π

e−
x2

4ℓ2

2ℓ2 + σ2

1√
1 + γ2 − 2γ cos

(
2t
ℓ2

)e− x2

2ℓ2

γ cos( 2t
ℓ2
)−γ2

1+γ2−2γ cos( 2t
ℓ2
)

(112)

=
1

π

1√
8ℓ4
(
1− cos

(
2t
ℓ2

))
+ 2σ4

(
1 + cos

(
2t
ℓ2

))e− σ2x2

4ℓ4(1−cos( 2t
ℓ2
))+σ4(1+cos( 2t

ℓ2
))

This is the first statement of the theorem. To obtain the second result, we establish a

time independent inequality on the first result which arises from finding the supremum over

t ∈ R of the prefactor and the width of the Gaussian term. Let ησ = min
{√

2ℓ, σ
}

and

∆σ = max
{

2ℓ2

σ
, σ
}

. We can then compute a time-independent bound with the following

inequality.

∣∣e−iHLtφσ0
∣∣(x) ≤ 1

2πη2σ
e
− x2

2∆2
σ

Now we are equipped to time evolve the magnetically translated Gaussian Ψσ
y . From the

previous section, [T+
x , H] = 0 ∀x ∈ R2. Hence,

e−iHLtΨσ
y (x) = e−iHLtT+

y φ
σ
0 (x) = T+

y e
−iHLtφσ0 (x).

Then by Definition 3.1,

T+
y e

−iHLtφσ0 (x) = e−iy·A(x)
(
e−iHLtφσ0

)
(x− y).
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Taking the absolute value of the previous inequality guides us towards the end of this proof,

∣∣(e−iHLtΨσ
y

)∣∣(x) ≤ 1

2πη2σ
e
− |x−y|2

2∆2
σ ,

from which the second result of the theorem plainly follows. □

Importantly, these estimates illustrate that the functions Ψσ
x remain localized around their

magnetic centers x ∈ R2 even under time evolution by the Landau Hamiltonian, albeit with

a fluctuating width. It is also worth noting that in the zero-field limit, equation 106 is

consistent with the analogous result from [31], equation 2.18, where the time evolution of φσ0

governed by H = −∆ is calculated:

lim
B→0

∣∣e−itHLφσ0
∣∣(x) = 1

2π

e
− σ2|x|2

8t2+2σ4

√
4t2 + σ4

.

The next theorem establishes a similar locality estimate when the single particle dynamics

are generated by the more general Hamiltonian H1 with potential V satisfying the previously

stated assumptions, Assumption 4.1.

Theorem 4.6. Let H1 = HL + V where V satisfies Assumption 4.1. Then ∀t ∈ R and any

σ > 0, the following bounds hold for all finite t and f ∈ L2(R2).

∣∣e−itH1Ψσ
y

∣∣(x) ≤ 1

2πη2σ

(
e
− |x−y|2

2∆2
σ + e

− |x−y|2

8∆2
σ

(
eCµ|t| − 1

)
+

1√
2π
e
−B|x−y|

8M

(
ln

B|x−y|
8MCµ|t|−1

)
eCµ|t|

)(113)

∣∣⟨e−itH1f, Ψσ
y ⟩
∣∣ ≤ C1e

C2|t| ln |t|
∫
R2

dx e
− C3

Cµ|t|+1
|x−y||f(x)|

(114)

The constants C1, C2, and C3 are made precise in the proof of this theorem, but note that

they in general depend on σ and the magnetic field B. Cµ and M are as in 94. The key

features to highlight in the first inequality are the Gaussian and exponential factors, which

all enforce decay in the distance between the center y of Ψσ
y and the arbitrary point x. Even

with a periodic potential V added to the Landau Hamiltonian, the states Ψσ
x remain spatially
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localized. However, in Lieb-Robinson fashion, this upper bound grows exponentially in size

as time grows. Furthermore as illustrated by the time dependence in the third term inside

parentheses, the effective width of the localized particle grows in time, which is not sur-

prising considering the setting of evolving a Gaussian-type wavepacket in a non-interacting

Hamiltonian.

The second inequality effectively measures the amplitude of f in the vicinity of the point

y after time evolution governed by H1. This can be seen by noting that integrating f(x)

against a delta function δ(x−y) yields f(y); smearing out the delta function into a Gaussian

converts the integral into a convolution, which carries the weight of f near y. The upper

bound consists of a convolution of |f | with an exponentially decaying function, which still

outputs the weight of f in a neighborhood of y. Crucially, this neighborhood increases in

spatial extent linearly in time as the exponent indicates, and the overall bound itself in-

creases exponentially in time due to the prefactor.

Ultimately, the results of both Theorems 4.5 and 4.6 illustrate that the functions Ψσ
x re-

main spatially localized about x after time evolution generated by either HL or HL+ V . As

inequalities such as equation 114 emphasize, the states Ψσ
x also serve as effective probes for

measuring the spatial spread of other arbitrary single particle states f ∈ L2(R2) under time

evolution. This consequence will play a very important role in characterizing the effect of

Wσ
Λ on the supports of many-body observables.

The proof of Theorem 4.6 requires a handful of lemmas, so we state and prove a few of

these first, delegating the purely technical results to the appendix section A. An early step

in this proof requires the Heisenberg time evolution, governed by the Landau Hamiltonian,

of the operator eik·x which acts by multiplication. So the first lemma here states the form of

this time evolved operator.
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Lemma 4.7. Let HL denote the Landau Hamiltonian with magnetic field strength B, where

the vector potential is defined according to the symmetric gauge, and τ ∅1,t the single-particle

Heisenberg dynamics governed by HL. Then for all k ∈ R2, one has,

τ ∅1,t
(
eik·x

)
= e

i
2B
k·bk(t)eik·xT−

1
B
bk(t)

,(115)

where bk(t) = (−k1(sin(2Bt)) + k2(cos(2Bt)− 1), k1(1− cos(2Bt)) + k2 sin(2Bt)).

The reader does not lose the meaning of this section by skipping this proof, but the inclined

reader will find that this evolved operator illustrates why a plainly translated Gaussian

becomes non-local under Landau Hamiltonian time evolution. This is apparent by noting

the following attempt at calculating this state.

φσ0 (x− a) = eia·A(x)Ψσ
a(x)

= e−iA(a)·xΨσ
a(x)

e−itHLφσ0 (x− a) = e−itHLe−iA(a)·xΨσ
a(x)

= τ ∅1,t
(
e−iA(a)·x

)
e−itHLΨσ

a(x)

From Theorem 4.5, e−itHLΨσ
a remains localized about the point a, but from this lemma, it

follows that τ ∅1,t
(
e−iA(a)·x

)
shifts this point of localization in a time dependent manner that

depends on how far a is from the origin. We now proceed with a proof of the lemma at hand.

proof of Lemma 4.7. To start, we consider the Heisenberg dynamics of Π−
1 and Π−

2 . For

brevity of notation in the rest of this proof, we drop the − superscript. Towards this

end, recall that HL = Π2
1 + Π2

2 and that [Π1, Π2] = iB1. Further, define the function

f : R → B(L2(R2))× B(L2(R2)) by

f(t) =

τ ∅1,t(Π1)

τ ∅1,t(Π2)

 .
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Then, it follows that f(t) satisfies the differential equation,

f ′(t) = i

τ ∅1,t([HL,Π1])

τ ∅1,t([HL,Π2])

(116)

= i

−2iBτ ∅1,t(Π2)

2iBτ ∅1,t(Π1)


= βf(t)

where β is the constant matrix given by 0 2B

−2B 0

 .

The unique solution of (116) is given by

f(t) = eβtf(0)(117)

=

 cos(2Bt) sin(2Bt)

− sin(2Bt) cos(2Bt)

Π1

Π2


The form of eβt in (117) can be obtained by noting that β = 2iBσy where σy is a Pauli

matrix. Now, define the function g : R → B(L2(R2)) × B(L2(R2)) and compute its first

derivative as shown below.

g(t) = τ ∅1,t(k · x)(118)

g′(t) = iτ ∅1,t ([HL, k · x]) = i
(
τ ∅1,t
(
[Π2

1, k · x]
)
+ τ ∅1,t

(
[Π2

2, k · x]
))(119)

= 2k1τ
∅
1,t(Π1) + 2k2τ

∅
1,t(Π2)

= 2 (k1 cos(2Bt)− k2 sin(2Bt))Π1 + 2 (k1 sin(2Bt) + k2 cos(2Bt))Π2
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The last equality follows from (117), and noting that g(0) = k · x and

bk(t) = (k1(sin(2Bt)) + k2(cos(2Bt)− 1), k1(1− cos(2Bt)) + k2 sin(2Bt)), one has the solu-

tion,

g(t) = τ ∅1,t(k · x) = k · x+ 1

B
bk(t) · Π(120)

Exponentiating ig(t) yields τ ∅1,t(eik·x) and an application of the Baker-Campbell-Hausdorff

formula gives the desired result. □

Remark that the time dependent translation bk(t) has an orbit frequency equal to the

cyclotron frequency we found earlier. The next lemma concerns the commutation of the

magnetic translation operators T±
a and the operator eik·x

Lemma 4.8. Let T±
(·) denote the aforementioned magnetic translation operators. Then for

any a, k ∈ R2,

T±
a e

ik·xf = e−ik·aeik·xT±
a f(121)

holds for all f ∈ L2(R2).

This equality follows from the behavior of the magnetic translation operators shown in

Definition 3.1. We now proceed with proving the Theorem in question.

proof of Theorem 4.6. Start with a Dyson series expansion for the dynamics generated by

H = HL + V .

e−iHt = e−itHL +
∞∑
n=1

(−i)n
∫ t

0

dtn...

∫ t2

0

dt1e
−i(t−tn)HLV e−i(tn−tn−1)HLV(122)

...V e−it1HL

∣∣(e−itH − e−itHL
)
Ψσ
y (x)

∣∣ = ∣∣∣∣∣
∞∑
n=1

∫ t

0

dtn...

∫ t2

0

dt1

∫
R2

dµ(kn)...

∫
R2

dµ(k1)In ({ki}ni=1, y, x)

∣∣∣∣∣
(123)

66



≤
∞∑
n=1

∫ t

0

dtn...

∫ t2

0

dt1

∫
R2

d|µ|(kn)...
∫
R2

d|µ|(k1)|In ({ki}ni=1, y, x)|

In ({ki}ni=1, y, x) = e−i(t−tn)HLVkne
−i(tn−tn−1)HLVkn−1 ...Vk1e

−it1HLΨσ
y (x)(124)

Each Vkj corresponds to the multiplication operator by the plane wave function eikj ·x. We

then proceed to evaluate In for each n.

In ({ki}ni=1, y, x) = e−itHL

n∏
j=1

τ ∅1,tj(e
ikj ·x)Ψσ

y (x)(125)

From Lemmas 4.7, 4.8, and those proved in Appendix A, we arrive at the following inequality:

|In| ({ki}ni=1, y, x) ≤
1

2πη2σ
e
−

∣∣∣∣x−y− 1
B

∑n
j=1 bkj

(tj)+bkj
(−t)

∣∣∣∣2
2∆

σ2 ,(126)

where ησ and ∆σ are as in equation 107 and bk(t) is as introduced in 4.7. We now separate

the Dyson series, (122), into two sums, and this choice of partition will guide us towards

spatial decay in |x− y|. Towards this end, remark the following bound on bkj(t).

bkj(t) =

 sin(2Bt) cos(2Bt)− 1

1− cos(2Bt) sin(2Bt)

kj,1
kj,2

 = 2 sin(Bt)

cos(Bt) − sin(Bt)

sin(Bt) cos(Bt)

kj,1
kj,2


(127)

∣∣bkj(t)∣∣ ≤ 2|kj| ≤ 2M(128)

The constant M is as in (94). The Gaussian in (126) depends on x− y; therefore w.l.o.g set

y = 0 for the ensuing analysis of the exponent. One then finds,∣∣∣∣∣x− 1

B

n∑
j=1

bkj(tj) + bkj(−t)
∣∣∣∣∣
2

≥ |x|2 − 8nM

B
|x|+ 16n2M2

B2
(129)

Introduce the quantity Kn defined as,

Kn =
1

2πη2σ

∫ t

0

dtn...

∫ t2

0

dt1

∫
R2

d|µ|(kn)...
∫
R2

d|µ|(k1)e
−

∣∣∣∣x−y− 1
B

∑n
j=1 bkj

(tj)+bkj
(−t)

∣∣∣∣2
2∆

σ2 ,(130)
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and following a similar approach as in [31] denote by Σ0 and Σ1 the sums,

Σ0 =

N0∑
n=1

Kn, Σ1 =
∞∑

n=N0+1

Kn with N0 =

[
B

8M
|x|
]
,(131)

where [a] denotes the integer part of a. Now we aim to bound from above Σ0 and Σ1 to

obtain an overall estimate on
∣∣(e−itH − e−itHL

)
Ψσ
y

∣∣(x), and we continue to set y = 0 just

for the sake of calculation. Starting with Σ0, note that 1 ≤ n ≤ B
8M

|x|; hence, one has the

inequality, ∣∣∣∣∣x− 1

B

n∑
j=1

bkj(tj) + bkj(−t)
∣∣∣∣∣
2

≥ |x|2
4
.(132)

Therefore, we can estimate Σ0 as follows.

Σ0 ≤ e
− |x|2

8∆2
σ

N0∑
n=1

Cn
µ |t|n

n!
≤ e

− |x|2

8∆2
σ

(
eCµ|t| − 1

)
(133)

Remark that to estimate Σ1, the Gaussian factor is bounded from above by 1. So we are only

concerned with the n-dependence involving Cµ|t|. This calculation is similar to equations

3.17-3.19 of [31], but with N0 taking on a different value. Hence, we obtain the subsequent

bound on Σ1.

Σ1 ≤
1√
2π
e
−B|x|

8M

(
ln

B|x|
8MCµ|t|−1

)
eCµ|t|(134)

Then, combining (112), (133), (134), we obtain (113):

∣∣e−itHΨσ
y

∣∣(x) ≤ 1

2πη2σ

(
e
− |x−y|2

2∆2
σ + e

− |x−y|2

8∆2
σ

(
eCµ|t| − 1

))
+(135)

1

2πη2σ

1√
2π
e
−B|x−y|

8M

(
ln

B|x−y|
8MCµ|t|−1

)
eCµ|t|.

The proof of 114 starts by estimating away the Gaussian and natural log dependence of the

terms in the expression above. First remark that the Gaussian terms can be combined by

bounding from above the first Gaussian with a Gaussian with the same width as the second
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term. As before, we set y = 0 for the time being.

∣∣e−itHΨσ
0

∣∣(x) ≤ 1

2πη2σ

(
e
− |x|2

8∆2
σ eCµ|t| +

1√
2π
e
−B|x|

8M

(
ln

B|x|
8MCµ|t|−1

)
eCµ|t|

)
(136)

From here we begin by estimating the second term, which we recall is an upper bound on

Σ1, by considering first the case where B|x|
8MCµ|t| ≥ e2. In this regime, one has,

Σ1 ≤
1√
2π
e−

B|x|
8M

+Cµ|t|(137)

Then, we estimate Σ1 when B|x|
8MCµ|t| < e2, which as shown below, makes use of the inequality

e−z ln(z) < e
1
e for all z > 0.

Σ1 ≤
1√
2π
e
−B|x|

8M
ln

B|x|
8MCµ|t| e

B|x|
8M eCµ|t|

≤ 1√
2π
e

1
e ee

2Cµ|t| lnCµ|t|ee
2Cµ|t|eCµ|t|

≤ 1√
2π
e

1
e ee

2Cµ|t|(lnCµ|t|+1)+Cµ|t|e
− B|x|

8MCµ|t|+e
2

(138)

Note that the last inequality follows from the fact that e−
B|x|

8MCµ|t|+e
2

≥ 1 given the initial

assumption. Next, we combine (137) and (138) to obtain an upper bound on Σ1 with an

exponential decay in |x| across all terms, which we use to bound
∣∣e−itHΨσ

y

∣∣(x).
∣∣e−itHΨσ

0

∣∣(x) ≤ 1

2πη2σ
eCµ|t|

(
e
− |x|2

8∆2
σ +

1√
2π
e−

B|x|
8M +

1√
2π
e

1
e
+e2ee

2Cµ|t|(lnCµ|t|+1)e
− B|x|

8MCµ|t|

)(139)

Then, using the inequality that for all z ∈ R, z2 ≥ z − 1
4
, the Gaussian dependence can be

relaxed to an exponential decay.

∣∣e−itHΨσ
0

∣∣(x) ≤ 1

2πη2σ
eCµ|t|

(
e

1

32∆2
σ e

− |x|
8∆2

σ +
1√
2π
e−

B|x|
8M +

1√
2π
e

1
e
+e2ee

2Cµ|t|(lnCµ|t|+1)e
− B|x|

8MCµ|t|

)(140)
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We then seek to combine the three spatially decaying terms above, which requires finding a

rate of decay which is smaller than either of the three exponents above.

min

(
1

∆2
σ

,
B

M
,

B

MCµ|t|

)
≥ 1

∆2
σ +

M
B
(1 + Cµ|t|)

≥ 1

∆2
σ +

M
B

1

1 + Cµ|t|

Thus, we obtain the following.

∣∣e−itHΨσ
0

∣∣(x) ≤ 1

2πη2σ
eCµ|t|

(
e

1

32∆2
σ +

1√
2π

+
1√
2π
e

1
e
+e2ee

2Cµ|t|(lnCµ|t|+1)

)
e
− 1

8(∆2
σ+M

B )
|x|

Cµ|t|+1

(141)

Lastly, the terms inside parentheses can be estimated by multiplying the first two by

ee
2Cµ|t|(lnCµ|t|+1). The second statement of Theorem 4.6 follows from this inequality, with the

constants C1, C2, and C3 explicitly computed and y re-introduced.

∣∣e−itHΨσ
y

∣∣(x) ≤ 1

2πη2σ

(
e

1

32∆2
σ +

1√
2π

+
e

1
e
+e2

√
2π

)
ee

2Cµ|t|(lnCµ|t|+1+ 1
e2

)e
− 1

8(∆2
σ+M

B )
|x−y|

Cµ|t|+1

(142)

□

Having proved single particle propagation estimates, with Theorems 4.5 and 4.6, we have

established that under time evolution by H1, where V could trivially be zero, the functions

Ψσ
x remain localized around x. The range of this localization is prone to growing in time,

namely if V is a nonzero periodic potential, which is expected of a free Gaussian wavepacket

under evolution by a Hamiltonian that is quadratic in x and p.

In the following subsection, we introduce the quantity to be estimated that will yield a

Lieb-Robinson type estimate for collections of interacting fermions.
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4.5. Lieb-Robinson Bounds.

We begin with a definition of the relevant Heisenberg dynamics which will be used in

the derivation of a Lieb-Robinson bound. In particular, we comment on the free dynamics,

i.e. non-interacting, and then introduce the interacting case as a perturbation of the free

dynamics.

Denote by τ ∅t : A(L2(R2)) → A(L2(R2)) the Heisenberg dynamics generated by the second

quantization of the single particle Hamiltonian H1, i.e. H1. The reason for the empty set

notation will become apparent after introducing the interacting analogue. The map τ ∅t is

precisely the map that implements single particle time evolution over the CAR algebra as,

τ ∅t (a(f)) = eitH1a(f)e−itH1 = a(e−itH1f)(143)

This behavior can be derived, as discussed in Bratteli and Robinson’s book [21], by consider-

ing the second quantization of e−itH1 , which is of course a unitary operator on L2(R2). The

interacting dynamics τΛt : A(L2(R2)) → A(L2(R2)) act as shown in the next equation.

τΛt (a(f)) = eitH
σ
Λa(f)e−itH

σ
Λ ; ∀ f ∈ L2(R2)(144)

Remark that due to the UV regularization of the two-body interaction, the dynamics τΛt

must inherit dependence on σ as well. To avoid cluttered notation, σ is not written explic-

itly in the dynamics.

Recall as discussed in Section 2.4.1, the operator parity determines whether a meaningful

Lieb-Robinson bound will consist of a norm estimate of the commutator versus anticommu-

tator of two operators. We work with the individual operators a#(f), noting that using the

properties of the (anti-)commutators of products of operators, one can reduce the computa-

tion to a series of anti-commutators of the individual a#(f) operators. For f, g ∈ L2(R2),
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the following is thus the object to be estimated towards a Lieb-Robinson bound:

FΛ
t (f, g) =

∥∥{τΛt (a(f)), a∗(g)} − {τ ∅t (a(f)), a∗(g)}
∥∥+ ∥∥{τΛt (a∗(f)), a∗(g)}∥∥.(145)

This function may appear contrived upon inspection, but there is good reason to work with

it. Using the Duhamel identity, one may write τΛt explicitly as a perturbation of the free

dynamics (as in 5.4.1 of [21]).

τΛt (a(f)) = τ ∅t (a(f)) + i

∫ t

0

dt′ τΛt′
([
Wσ

Λ, τ
∅
t−t′(a(f))

])
(146)

The state f might not be in the domain of the single particle Hamiltonian H1, meaning

that (−i∇ − A(x))f /∈ L2(R2). As a result, e−itH1f might not be differentiable in time,

leading to highly oscillatory behavior. However, by subtracting away the free dynamics as

is done in FΛ
t (f, g), what remains is the dynamics generated by the pairwise interaction.

Moreover, the commutator of τ ∅t−t′(a(f)) with Wσ
Λ will precisely yield inner products of the

form ⟨e−itH1f,Ψσ
x⟩ due to the canonical anticommutation relations. From Theorem 4.6, this

has an upper bound localized around x. The second term in FΛ
t (f, g) does not have the free

dynamics subtracted away because {τ ∅t (a∗(f)), a∗(g)} is already zero.

Moreover, at time t = 0, one trivially obtains FΛ
0 (f, g) = 0. As time grows however, one

expects a bound on FΛ
t to grow at least exponentially in time. Spatial locality enters via the

functions f, g. These may be compactly supported or more generally, localized in regions

that are very far apart. Thus, what we will show is that the distance between supports of

f, g dictates how small the Lieb-Robinson bound will be, analogous to the distance between

observables A,B acting on disjoint clusters of lattice sites.

The remainder of this section will thus be devoted to proving an upper bound on FΛ
t (f, g),

and this result is summarized in the following theorem.

Theorem 4.9. (Lieb-Robinson Bound) Fix σ > 0. Let Hσ
Λ be the Hamiltonian as defined

in (97), with HL the Landau Hamiltonian in the symmetric gauge, V a potential satisfying
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Assumption 4.1, and Wσ
Λ as in 95 with W (x) satisfying Assumption 4.2. For all t ∈ R and

any bounded, measurable set Λ ⊂ R2, τΛt describes the Heisenberg dynamics associated with

Hσ
Λ. Then, for all f ∈ L1(R2) ∩ L2(R2), g ∈ L2(R2),

FΛ
t (f, g) ≤ D(t)(eP (t) − 1)

∫
R4

dxdy |f(x)||g(y)|e− νt|x−y|
4(147)

In the case V = 0, if we alter Assumption 4.2.ii to let |W (x− y)| ≤ Cwe
−a|x−y|2, we obtain

the estimate:

FΛ
t (f, g) ≤ A(eκt − 1)

∫
R4

dxdy |f(x)||g(y)|e−α|x−y|2(148)

where the constants A, κ, and α and the continuous functions D(t), P (t), and νt have

dependence on σ, B, and Cµ as well as the parameters a and Cw from Assumption 2.5. Ex-

pressions for these constants and functions are derived as we work through the proof of this

theorem. As previously discussed, the distance between the supports of f and g now clearly

enters the estimate. In either bound, evaluating the integral over x for example yields the

convolution of |f | with either an exponential or Gaussian function with decay in the distance

to y, i.e. the support of |g|. This convolution thus yields the weight of |f | near y. Therefore,

the remaining integral over y is effectively the inner product of |g| with a smeared out form

of |f |, which is induced by the UV regularization.

Note that convergence of the integrals in 147 and 148 is ensured by Young’s inequality,

which is stated for reference.

Theorem 4.10 (Young’s Inequality). Let p, q, r ≥ 1 and 1
p
+ 1

q
+ 1

r
= 2. Let f ∈ Lp(Rn),

g ∈ Lq(Rn), and h ∈ Lr(Rn). Then there exists a constant C such that the following

inequality holds. ∣∣∣∣∫
Rn

dx

∫
Rn

dy f(x)g(y)h(x− y)

∣∣∣∣ ≤ C∥f∥p∥g∥q∥h∥r(149)

73



The precise form of the constant C can be found in Section 4.2 of [68], from which we

state this theorem. Thus, letting f ∈ L1(R2) ∩ L2(R2) and g ∈ L2(R2), Young’s inequality

holds since e−νt|x|/4 and e−D4|x|2 are both in L1(R2).

Notably, this theorem could not be proved in the absence of smeared creation/annihilation

operators, i.e. σ = 0, otherwise the prefactors of the Lieb-Robinson estimate diverge. Fur-

thermore, the bounds in this theorem are uniform in the size of the interaction domain Λ,

which allows us to take the thermodynamic limit of the dynamics governed by Hσ
Λ as Λ

extends to all of R2, which is an application of the Lieb-Robinson type bound in 147 that

we elaborate on in the next subsection.

proof of Theorem 4.9. As we proceed, note that we consider the case of general V taking

on the assumed form; however, we shall comment in parallel on how the calculation can be

carried out for V = 0 with a slightly tighter bound on the range of the interaction. Towards

this end, we begin by stating the result of a preliminary bound on FΛ
t (f, g).

Lemma 4.11. Under the assumptions introduced on V , and W , for any f ∈ L2(R2) and

t ≥ 0 the following holds.

FΛ
t (f, g) ≤ Cσ

∫ t

0

ds

∫
R2

dxKt−s(f, x)
∣∣⟨e−isHΨσ

x, g⟩
∣∣(150)

+ Cσ

∫ t

0

ds

∫
R2

dxKt−s(f, x)F
Λ
s (Ψ

σ
x, g)

Here, Cσ = 1
4πσ2 , and the kernel function Kt−s(f, x) is given by,

Kt(f, x) = ∥W∥1
∣∣⟨e−itHf,Ψσ

x⟩
∣∣+ 2

(
|W | ∗

∣∣⟨e−itHf,Ψσ
(·)⟩
∣∣) (x),(151)

where the symbol ∗ denotes convolution. For the interested reader, refer to the proof of

Lemma 4.1 of [31], where an analogous bound is proven with zero magnetic field and UV

regularization implemented via plainly translated Gaussian functions. Notice that this is a

bound that suggests iteration as a natural next step towards approaching a final bound. In

order to carry out this procedure however, we begin by computing an estimate on the kernel
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function, and for ease of notation we introduce the function Ea(x) = e−a|x| for all x ∈ R2,

a ∈ R.

Lemma 4.12. Let t ∈ R, f ∈ L2(R2), and x ∈ R2. We then have the estimate,

Kt(f, x) ≤ P1(t)e
C2|t| ln |t| (Eat ∗ |f |) (x)(152)

where

4at =
aC3

a(Cµ|t|+ 1) + C3

; P1(t) = C1

(
2Cw

(
D

4at

)2

+ ∥W∥1

)
.

Note that P1(t) : R → (0,∞) is a degree-2 polynomial, the constants C1, C2, and C3 are

from Theorem 4.6, and D > 0.

Proof of Lemma 4.12. We begin by recalling (114) which provides the inequality,

∣∣⟨e−itHf, Ψσ
x⟩
∣∣ ≤ C1e

C2|t| ln |t|
∫
R2

dy e
− C3

Cµ|t|+1
|x−y||f(y)|(153)

≤ C1e
C2|t| ln |t| (Ect ∗ |f |) (x)

The integral has been rewritten in terms of the convolution operator, and for brevity we

have introduced the term,

ct =
C3

Cµ|t|+ 1
.

The bound on W (x) from Assumption 4.2 can also be expressed compactly as |W (x)| ≤
CwEa(x). Hence, an initial upper bound on the kernel function can be written as follows.

Kt(f, x) ≤ C1∥W∥1eC2|t| ln |t| (Ect ∗ |f |) (x) + 2C1Cwe
C2|t| ln |t| (Ea ∗ (Ect ∗ |f |)) (x)(154)

We now want to consider how to estimate the double convolution of functions that occurs

in the second term by utilizing the associativity of this operation.

(Ea ∗ (Ect ∗ |f |)) (x) =
∫
R2

dze−a|x−z| (Ect ∗ |f |) (z)(155)

=

∫
R2

dz

∫
R2

dye−a|x−z|e−ct|z−y||f |(y)
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≤
∫
R2

dz

∫
R2

dye−4at|x−z|e−4at|z−y||f |(y)

The time dependent factor 4at, defined in the statement of the lemma, serves as a common

lower bound for both a and ct. Using Lemma B.1 from [31], one has,∫
R2

dze−4at|x−z|e−4at|z−y| ≤
(
D

4at

)2

e−at|x−y|(156)

where D > 0 is a constant. It is worth noting that in the case V = 0 where one has

a Gaussian bound, (107), on
∣∣⟨e−itHLf,Ψσ

x⟩
∣∣, this calculation could have been carried out

in identical fashion. However, by using a Gaussian bound on |W (x)|, which falls under the

exponential bound of Assumption 4.2, the analogue of (156) could have been calculated as an

equality as the convolution of two Gaussian functions is a Gaussian. In any case, combining

(155) and (156), (154) can be further estimated.

Kt(f, x) ≤ C1e
c2|t| ln |t|

(
∥W∥1 (Ect ∗ |f |) (x) + 2Cw

(
D

4at

)2

(Eat ∗ |f |) (x)
)

(157)

Remarking that at ≤ ct and introducing the polynomial P1(t) = C1

(
∥W∥1 + 2Cw

(
D
4at

)2)
,

the first convolution in (157) can be bounded from above by replacing ct with at, and a

common factor of P1(t)e
C2|t| ln |t| can be extracted. This yields the expression in the statement

of the lemma. □

Setting V = 0, the analogue of this calculation with Gaussian bound on the interaction

function yields a time independent Gaussian convolved with f rather than Eat . This occurs

as the convolution of two Gaussians is Gaussian as well. Proceeding onward, one additional

ingredient we will need to iterate our bound on FΛ
t (f, g) infinitely is an estimate of the form

of the lemma we just proved, but with f specifically chosen to be the magnetically translated

Gaussian Ψσ
x.

Lemma 4.13. Let t ∈ R, σ > 0, and x, y ∈ R2. One has,

Kt(Ψ
σ
x, y) ≤ P2(t)e

C2|t| ln |t|Eνt(x− y)(158)

76



where P2(t) =
P1(t)e

1
8σ2

2πσ2

(
D
4νt

)2
is a degree-4 polynomial and 4νt =

aC3

4a(Cµ|t|+1)+2C3(2+aσ2)
.

Proof. Begin by applying Lemma 4.12 and the inequality z2 ≥ z − 1
4

which holds for all

z ∈ R to obtain,

Kt(Ψ
σ
x, y) ≤ P1(t)e

C2|t| ln |t| (Eat ∗ |Ψσ
x|) (y)(159)

=
P1(t)e

1
8σ2

2πσ2
eC2|t| ln |t|

∫
R2

dze−at|y−z|e−
|z−x|
2σ2

≤ P1(t)e
1

8σ2

2πσ2
eC2|t| ln |t|

∫
R2

dze−at|y−z|e−
|z−x|
2σ2

The second inequality holds by taking the absolute value of the integrand. Then, we invoke

Lemma B.1 from [31] to compute the following estimate, where νt which appears is as in the

statement of the lemma. ∫
R2

dze−at|y−z|e−
|z−x|
2σ2 ≤

(
D

4νt

)2

e−νt|x−y|

□

Remark again that if V = 0 and our interaction decay is strengthened to be Gaussian, Eνt
would be replaced by a Gaussian function. We are now in a position to iterate the bound

in Lemma 4.11 infinitely towards a Lieb-Robinson estimate. This results in the subsequent

bound with terms defined as follows.

FΛ
t (f, g) ≤

N∑
n=1

an(t, f, g) +RN(t, f, g)(160)

an(t, f, g) = Cn
σ

∫ t

0

dt1

∫
R2

dx1Kt−t1(f, x1)

∫ t1

0

dt2

∫
R2

dx2Kt1−t2(Ψ
σ
x1
, x2)...(161)

×
∫ tn−1

0

dtn

∫
R2

dxnKtn−1−tn(Ψxn−1 , xn)
∣∣⟨e−itnHΨσ

xn , g⟩
∣∣

RN(t, f, g) = CN
σ

∫ t

0

dt1

∫
R2

dx1Kt−t1(f, x1)

∫ t1

0

dt2

∫
R2

dx2Kt1−t2(Ψ
σ
x1
, x2)...(162)

×
∫ tN−1

0

dtN

∫
R2

dxNKtN−1−tN (ΨxN−1
, xN)F

Λ
tN
(Ψσ

xN
, g)
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Notice that this series consists of a finite series up to an N th iteration along with a remainder

term that estimates the tail of the series. Additionally, there is time ordering of the temporal

variables of integration, meaning tn ≤ tn−1 ≤ ...t1 ≤ t. Towards proving Theorem 4.9, we

will prove lemmas concerning the behavior of an(t, f, g) for each n ≥ 1, the sum of an up to

N terms, and RN in the limit that N is infinite.

Lemma 4.14. Let t > 0 and n ∈ N. Then, under the same assumptions as Lemmas 4.11-

4.13, for all f, g ∈ L2(R2), the following bound holds.

an(t, f, g) ≤ D1(t)
P3(t)

n

n!

∫
R2

dx

∫
R2

dye−
−νt|x−y|

4 |f(x)||g(y)|(163)

P3(t) : R → R is a degree-7 polynomial given by P3(t) = CσDtP2(t)

ν2t
, and D1(t) : R → R is

defined as D1(t) = C1D
P1(t)
P2(t)

et ln t.

Importantly, this estimate introduces the inner product of |g| with the smeared form of

|f |, i.e. its convolution with an exponentially decaying function, which carries over to the

result of Theorem 4.9.

proof of Lemma 4.14. For all 0 ≤ t1 ≤ t, by Lemma 4.12 one has the estimate,

Kt−t1(f, x1) ≤ P1(t− t1)e
C2|t−t1| ln |t−t1|

(
Eat−t1

∗ |f |
)
(x1)(164)

≤ P1(t)e
C2(t−t1) ln t (Eνt ∗ |f |) (x1)

To reach the second inequality, we note that P1(t) is an increasing function in its argument

as well as the fact that the time ordering implies that t ≥ t− t1 ≥ 0. We also note at−t1 ≥ νt.

Then, invoking Lemma 4.13, for all j ∈ N, 0 ≤ tj ≤ tj−1 ≤ t, and xj ∈ R2 we have the

bound,

Ktj−1−tj(Ψ
σ
xj−1

, xj) ≤ P2(tj−1 − tj)e
C2(tj−1−tj) ln(tj−1−tj)Eνtj−1−tj

(xj−1 − xj)(165)

≤ P2(t)e
C2(tj−1−tj) ln tEνt(xj−1 − xj)
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This follows from P2(t) being increasing and that νt is decreasing in t. One more necessary

ingredient is a bound on
∣∣⟨e−tnHΨσ

xn , g⟩
∣∣, for which we call on 114 from Theorem 4.6:

∣∣⟨e−tnHΨσ
xn , g⟩

∣∣ ≤ C1e
C2|tn| ln |tn|

(
Ectn ∗ |g|

)
(xn)(166)

≤ C1e
C2tn ln t (Eνt ∗ |g|) (xn),

where we use that νt ≤ ct to obtain the second inequality. Then using 164-166, letting t0 = t,

and tn+1 = 0, we estimate an(t, f, g) as shown in the subsequent calculations.

an(t, f, g) ≤ C1C
n
σP1(t)P2(t)

n−1

∫ t

0

dt1...

∫ tn−1

0

dtne
∑n+1

j=1 (tj−1−tj) ln t×

(167)

∫
R2

dx1...

∫
R2

dxn (Eνt ∗ |f |) (x1)Eνt(x1 − x2)...Eνt(xn−1 − xn) (Eνt ∗ |g|) (xn)

= C1C
n
σP1(t)P2(t)

n−1et ln t
tn

n!

∫
R2

dx1 (Eνt ∗ |f |) (x1) (Eνt ∗ Eνt ∗ ... ∗ Eνt ∗ |g|) (x1)

= C1
P1(t)

P2(t)
et ln t

(CσP2(t)t)
n

n!

∫
R2

dx1|f(x1)| (Eνt ∗ ... ∗ Eνt ∗ |g|) (x1)

In the second equality, we evaluate the telescopic sum to yield et ln t and note that there is an

n-fold convolution of Eνt with itself. To obtain the third equality, we use the definition of the

convolution to rearrange the functions and obtain an (n+1)-fold convolution. Using Lemma

B.1 of [31], this series of convolutions can be bounded from above in the same manner as

has been done in the proofs of the previous lemmas. With a rewriting of the integration

variables, this gives the following bound.

an(t, f, g) ≤ C1D
P1(t)

P2(t)
et ln t

(
D

ν2t

)n
(CσP2(t)t)

n

n!

∫
R2

dx

∫
R2

dye−
νt|x−y|

4 |f(x)||g(y)|(168)

Letting D1(t) = C1D
P1(t)
P2(t)

et ln t and P3(t) =
CσDtP2(t)

ν2t
, we obtain the statement of the lemma.

□

An important corollary of this lemma is the following, which estimates an upper bound

on
∑N

n=1 an(t, f, g) in the limit that N is infinite.
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Corollary 4.15. Under the same assumptions as Lemma 4.14, for any t > 0 one has the

upper bound,

lim
N→∞

N∑
n=1

an(t, f, g) ≤ D1(t)
(
eP3(t) − 1

) ∫
R2

dx

∫
R2

dye−
νt|x−y|

4 |f(x)||g(y)|(169)

All that remains towards proving Theorem 4.9 is to prove that limN→∞RN(t, f, g) = 0,

and this is indeed true by the subsequent calculations. Fix T > 0 and let t ∈ [−T, T ].
Remark that an and RN only differ in the last term, where

∣∣⟨e−itnHΨσ
xn , g⟩

∣∣ is replaced by

FΛ
tN
(Ψσ

xN
, g). We use the simple estimate that the latter can be bounded from above by

6
∥∥Ψσ

xN

∥∥
2
∥g∥2 = 6

√
Cσ∥g∥2. Then, via the same arguments used to estimate an(t, f, g), we

arrive at the following inequality.

RN(t, f, g) ≤ 6
√
Cσ∥g∥2et ln tCN

σ P1(t)P2(t)
N−1 t

N

N !

∫
R2

dx1...

∫
R2

dxN (Eνt ∗ ... ∗ Eνt ∗ |f |) (xN)

(170)

= 6
√
Cσ∥g∥2et ln tCN

σ P1(t)P2(t)
N−1 t

N

N !

∫
R2

dxN

∫
R2

dy (Eνt ∗ ... ∗ Eνt) (xn − y)|f(y)|

From the second equality above, through one more application of Lemma B.1 of [31] and

noting that f ∈ L1(R2) by assumption in Theorem 4.9, one has,

RN(t, f, g) ≤ 6
√
Cσ∥g∥2et ln tCN

σ P1(t)P2(t)
N−1 t

N

N !

(
D

ν2t

)N
ν2t

∫
R2

dxN

∫
R2

dye−
νt|xN−y|

4 |f(y)|

(171)

≤ 6
√
Cσ∥g∥2et ln tCN

σ P1(t)P2(t)
N−1 t

N

N !

(
D

ν2t

)N
ν2t

∥∥∥E 1
4
νt

∥∥∥
1
∥f∥1

From this last inequality, it is clear that limN→∞ supt∈[−T,T ]RN(t, f, g) = 0. This completes

the proof and gives us a Lieb-Robinson type bound:

FΛ
t (f, g) ≤ D1(t)

(
eP3(t) − 1

) ∫
R2

dx

∫
R2

dy e−
νt|x−y|

4 |f(x)||g(y)|; V ̸= 0(172)
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Furthermore in the case that V = 0, where W (x) ≤ Cwe
−ax2 is used, due to the propagation

of spatial Gaussian dependence through convolutions, we arrive at the following estimate,

FΛ
t (f, g) ≤ D2

(
eD3t − 1

) ∫
R2

dx

∫
R2

dy e−D4|x−y|2 |f(x)||g(y)|; V = 0,(173)

where D2, D3, and D4 are all real positive constants. In both of these regimes, we have a

bound with no dependence on the |Λ|. This completes the proof of Theorem 4.9. □

As commented on previously, a Lieb-Robinson estimate in the setting of the continuous

fermion CAR algebra is one that should demonstrate an approximate preservation of the

canonical anticommutation relations, 76, for short times. If the Gaussian or exponential

functions were replaced by δ(x− y), one would of course directly recover the inner product

⟨|f |, |g|⟩, which describes the overlap of the supports of f and g due to the absolute values.

However, this delta function is effectively regularized like the interaction to give a smeared

inner product of |f | and |g|. Furthermore, the prefactor induces exponential growth polyno-

mial/linear in time of the upper bounds, which can be thought of as growing the support of

f in τΛt (a(f)) to progressively overlap the dominant support of g. These characteristics are

all consistent with the propagation of information that a Lieb-Robinson bound describes, as

introduced in Section 2 for lattice systems.

A subtle technical point that is worth revisiting is the assumption that f ∈ L1(R2)∩L2(R2),

as opposed to f simply being in L2(R2). As described towards the end of the previous proof,

upon iterating the preliminary estimate in Lemma 4.11 infinitely, i.e. taking N to ∞, f is

required to be in L1(R2) to ensure that the remainder term RN(t, f, g) vanishes. While this

fact is necessary to ensure that we can prove a Lieb-Robinson bound with the finite volume

dynamics, it will not prevent us from proving existence and strong continuity of the infinite

system dynamics over A(L2(R2)). The focus of the final subsection is thus to demonstrate

how Theorem 4.9 can be applied to study the thermodynamic limit.
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4.6. Thermodynamic Limit.

A sample of metal studied in a laboratory can be well described by quantum and statis-

tical mechanics in the thermodynamic limit because its finite size is still much larger than

the microscopic scales of the interacting particles. It is thus important to lift our discussion

of the Heisenberg dynamics of interacting fermions in continuous space to the limit where

interactions take place across all of space. The finite volume restriction is of course necessary

to prove the propagation estimates we presented in the previous subsection; however, the

physically relevant model is one in which interactions are not just restricted to a finite subset

Λ ⊂ R2. Towards this end, two questions of significance are the following.

i) For any f ∈ L2(R2), does limΛ↑R2 τΛt (a(f)) =: τt (a(f)) exist as an element of A (L2(R2))?

ii) Is the one-parameter group {τt}t∈R of automorphisms of A (L2(R2)) strongly continu-

ous, meaning for any f ∈ L2(R2), does the following limit hold?

lim
t′→t

∥τt (a(f))− τt′(a(f))∥ = 0(174)

The answer to both of these questions is affirmative and is encapsulated in the following

theorem.

Theorem 4.16. (Thermodynamic Limit) Following the same assumptions as Theorem

4.9, for all f ∈ L2(R2) and any increasing sequence of bounded subsets (Λn)n∈N with Λn ⊂
R2 ∀n ∈ N, i.e. Λm ⊂ Λn for all m ≤ n and ∪nΛn = R2, there exists a strongly continuous

1-parameter group of automorphisms {τt}t∈R on the CAR algebra such that

lim
Λ↑R2

τΛt (a(f)) = τt(a(f)).(175)

Consequently, the infinite volume limit as Λ tends to all of R2 of the Heisenberg dynamics

does exist as an automorphism τt, and this limiting map is strongly continuous. As an ele-

ment of A(L2(R2)), τt(a#(f)) does not undergo any sharp or discontinuous variations in time.
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This can equivalently be phrased in terms of Schrödinger-evolved states, whereby expecta-

tion values with respect to these states of bounded observables are continuous functions in

time. In the Heisenberg picture however, one does not need to make assumptions regarding

the initial unevolved state as the dynamics act as a map on bounded operators and not states.

The remainder of this section will be dedicated to proving the existence and strong conti-

nuity of the dynamics in the thermodynamic limit, which will follow the same strategy used

in [31]. We start with a corollary of Theorem 4.9, where the function g is taken to be Ψσ
x

and f is taken to be compactly supported.

Corollary 4.17. Fix y ∈ R2 and let f ∈ L2(R2) have compact support supp(f) =: Xf .

Under the same assumptions as Theorem 4.9, there exist continuous functions ã(t) and c̃(t)

such that the following bound holds for all finite t.

∥∥{τΛt (a(f)), a#(Ψσ
y )
}∥∥ ≤ ∥f∥1ec̃(t)e−ã(t)d(Xf ,y)(176)

As before, the # notation indicates either a creation or annihilation operator. This bound

follows from applying Theorem 4.9 to FΛ
t (f,Ψ

σ
y ) and Theorem 4.6 to the term involving the

free dynamics:

∥∥{τΛt (a(f)), a#(Ψσ
y )
}∥∥ ≤

∥∥{τΛt (a(f)), a#(Ψσ
y )
}
−
{
τ ∅t (a(f)), a

#(Ψσ
y )
}∥∥+∥∥{τ ∅t (a(f)), a#(Ψσ

y )
}∥∥

≤ FΛ
t (f,Ψ

σ
y ) +

∥∥{τ ∅t (a(f)), a#(Ψσ
y )
}∥∥.

We will use this estimate to first prove Theorem 4.16 for compactly supported f ∈ L2(R2).

Since the algebra Ac(L
2(R2)), generated by

{a(f), a∗(f) : f ∈ L2(R2) with compact support},

is dense in A(L2(R2)), the infinite volume dynamics over Ac(L
2(R2)) can be lifted to a unique

automorphism over L2(R2).
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proof of Theorem 4.16. Let {Λn}n∈N be an exhaustive sequence of subsets of R2 such that⋃
n∈N Λn = R2. Fix n,m ∈ N such that n > m. Using the Duhamel identity, we expand the

difference in dynamics as follows.

τΛn
t (a(f))− τΛm

t (a(f)) =
i

2

∫ t

0

dt′
∫
Λn\Λm×Λn\Λm

dxdy W (x− y)×(177)

τΛn
t

([
a∗(Ψσ

x)a
∗(Ψσ

y )a(Ψ
σ
y )a(Ψ

σ
x), τ

Λm

t−t′(a(f))
])

Then, using the identities [AB,C] = A[B,C]+[A,C]B and {AB,C} = A{B,C}−{A,C}B,

the Heisenberg evolved commutator of the integrand can be expanded as,

a∗(Ψσ
x){a∗(Ψσ

y ), τ
Λm

t−t′(a(f))}a(Ψσ
y )a(Ψ

σ
x)− {a∗(Ψσ

x), τ
Λm

t−t′(a(f))}a∗(Ψσ
y )a(Ψ

σ
y )a(Ψ

σ
x)(178)

+a∗(Ψσ
x)a

∗(Ψσ
y )a(Ψ

σ
y ){a(Ψσ

x), τ
Λm

t−t′(a(f))} − a∗(Ψσ
x)a

∗(Ψσ
y ){a(Ψσ

y ), τ
Λm

t−t′(a(f))}.a(Ψσ
x)(179)

To estimate an upper bound on
∥∥τΛn

t (a(f))− τΛm
t (a(f))

∥∥, we bound the norm of

τΛn
t

([
a∗(Ψσ

x)a
∗(Ψσ

y )a(Ψ
σ
y )a(Ψ

σ
x), τ

Λm

t−t′(a(f))
])

, which, by the triangle inequality, yields four

terms as in Corollary 4.17. Furthermore, since W (x − y) is an even function, each of the

four integrands resulting from the triangle inequality is equivalent. Thus, one obtains,

∥∥τΛn
t (a(f))− τΛm

t (a(f))
∥∥ ≤ 2∥f∥1

∫ t

0

dt′ ec̃(t
′)

∫
Λn\Λm×Λn\Λm

dxdy |W (x− y)|e−ã(t′)d(Xf ,x).

(180)

We then find that for any t ∈ [−T, T ] with T finite, there are constants C, b > 0 such that,

∥∥τΛn
t (a(f))− τΛm

t (a(f))
∥∥ ≤ C∥f∥1

∫
Λn\Λm×Λn\Λm

dxdy |W (x− y)|e−bd(Xf ,x),(181)

and since |W (x− y)| ≤ Cwe
−σw|x−y|, it follows that this converges to 0 as n,m→ ∞. Thus,

{τΛn
t }n∈N is a Cauchy sequence and thermodynamic limit of τΛt exists, with convergence

uniform for t ∈ [−T, T ]. As mentioned before, its action can be uniquely extended to a ∗-
homomorphism over all of A(L2(R2)). Furthermore, strong continuity of the limit τt follows

from this uniform convergence in t ∈ [−T, T ], the already known strong continuity of the

free dynamics τ ∅t , and compactly supported functions on R2 being dense in L2(R2). □
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This completes the proof of the existence and strong continuity of the infinite volume

dynamics using an approach that relies on Lieb-Robinson bounds. We successfully employed

the strategy of Gebert et al. and introduced a class of UV regularized two-body interactions,

built from magnetically translated Gaussian functions. This smearing protocol is necessary

to produce bounded interactions when restricted to finite volumes, and with suitable decay

assumptions on the interaction, namely exponential/Gaussian, one can obtain Lieb-Robinson

bounds.

The mechanics of the mathematical arguments are quite similar to the lattice case, as

seen in works such as [72] and [74]. However, locality in the continuum setting is related to

the supports of single particle wavefunctions f ∈ L2(R2) effectively spreading as opposed to

lattice subsets. In the following section, we introduce the setting of lattice-localized frames

which Bachmann and De Nittis used to also prove Lieb-Robinson bounds for interacting

fermions in continuous space, [12]. In collaboration with these authors and Nachtergaele, we

use this precise framework to construct quasi-adiabatic evolution for these systems. Before

doing so and considering the application of proving quantization of Hall conductance, we

spend time in the next section introducing the setup and key results from [12] as well as

some new machinery that will be necessary to define a spectral flow automorphism.
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5. Quasi-Adiabatic Evolution and Spectral Flow Automorphism

The propagation estimates and Lieb-Robinson bounds of Section 4 were conducive to-

wards proving strong continuity of the dynamics in the infinite volume limit of the interac-

tion. Precisely, they illustrate how the dynamics approximately preserve the inner product

structure of the canonical anticommutation relations of A(L2(R2)). For f, g ∈ L2(R2), their

inner product ⟨f, g⟩ =
∫
R2 dx f(x)g(x) is smeared into ⟨f, g⟩t =

∫
R2 dx f

t(x)|g(x)| with

f t(x) =
∫
R2 dy |f(y)|e−σt|x−y|, i.e. the convolution of |f | with an exponentially decaying

function.

The quasi-locality of the interacting dynamics are apparent in that |f(x)| and f t(x) have

predominant support in similar regions of space; however, this locality is with reference to

a particular function f . For applications of Lieb-Robinson bounds such as towards proving

stability of the ground state energy gap or of a topological invariant under local perturbations,

it helps to establish the quasi-locality of the dynamics directly with reference to regions in

space, as is the case for lattice systems (discussed in Section 2). In the work of Bachmann and

De Nittis, [12], the authors demonstrate a method for achieving this via a lattice-localized

frame decomposition of the underlying single particle Hilbert space of interest. So in this

section, we recall this framework and use it to construct the Hastings-Wen generator of quasi-

adiabatic evolution for continuum fermions, which is based on joint work in preparation with

Sven Bachmann, Giuseppe De Nittis, and Bruno Nachtergaele [10].

5.1. Preliminaries and Notation.

5.1.1. Localized Frames. Let (Γ, d) be a metric space, with Γ := Γα,β = αZ× βZ and d the

standard Euclidean distance. Let H be a separable Hilbert space that can be written as the

direct sum of N mutually orthogonal subspaces,

H =
N−1⊕
n=0

Hn.(182)
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In each Hn, assume that there exists a set of L2-normalized functions {χγ,n}γ∈Γ that forms

an overcomplete frame for Hn. This means that the following is true.

i)Hn = span {χγ,n : γ ∈ Γ}. This set remains complete even upon removing finitely many

elements.

ii) ∃ 0 < A < B such that for each n ∈ ZN and ∀ f ∈ Hn,

A∥f∥2 ≤
∑
γ∈Γ

|⟨χγ,n, f⟩|2 ≤ B∥f∥2.

iii) There exists a positive, self-adjoint, invertible operator S(n) named the frame operator

that acts on any f ∈ Hn as S(n)f =
∑
γ∈Γ

⟨χγ,n, f⟩χγ,n. Moreover,

f =
∑
γ∈Γ

⟨
(
S(n)

)−1 χ
γ,n, f⟩χγ,n.

Importantly, we assume that for each n, {χγ,n}γ∈Γ forms a localized Gabor frame. For each

n, let gnℓ(x) ∈ Hn and define χγ,n(x) := Tγgnℓ(x) = e−
i

2ℓ2
γ∧xgnℓ(x− γ), where ℓ is a positive

constant related to the decay rate of gnl and γ∧x = γ1x2−γ2x1. The operator Tγ′ introduced

here is a unitary operator on L2(R2) that translates and frequency-shifts, and for now assume

that each Hn is an invariant subspace of Tγ for all γ ∈ Γ. Furthermore, the localization of

this set of functions is characterized by the following features.

i) ∀ n ∈ ZN , ∃ σ1, G1 > 0 such that |χγ,n(x)| ≤ G1e
−σ1d(γ,x).

ii) ∀ n, n′ ∈ Zn, ∃ σ2, G2 > 0 such that |⟨χγ,n, χγ′,n′⟩| ≤ δnn′G2e
−σ2d(γ,γ′).

The constant σ2 above will be called the frame’s localization rate. We will also assume the

following two bounds pertaining to lattice regularity of Γ.

∃ κ > 0 such that |{γ′ ∈ Γ : d(γ, γ′) ≤ r}| ≤ κr2(183)

sup
γ∈Γ

∑
γ′∈Γ

e−ad(γ,γ
′) =: ma <∞∀ a > 0(184)
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For what is to come, it will be important that these frames for Hn are overcomplete, and as

discussed in the example of the Landau level systems, [12], this can be achieved with a lower

bound on the unit cell area αβ. We thus assume that αβ < Mℓ2 for a particular M > 0,

which ensures that for each n the set of functions {χγ,n}γ∈Γ is overcomplete. We will make

M precise when introducing the particular frame relevant to two dimensional fermions in

a magnetic field. Before moving forward, we state a useful result from [12] concerning the

locality of functions of the form
(
S(n)

)−p χ
γ,n.

Proposition 5.1 (2.2 from [12]). Let H be a separable Hilbert space with an overcomplete

localized frame {χγ}γ∈Γ ⊂ H and localization rate σ > 0 (note here (Γ, d) is an arbitrary

metric space which can include ours). Let S be the associated frame operator. Then for every

p ∈ N there exist constants 0 < σp < σ and ap > 0 such that,

∣∣⟨χγ, S−pχ
γ′
∣∣ ≤ ape

−σpd(γ,γ′),(185)

for all γ, γ′ ∈ Γ, where S−p = (S−1)
p.

This particular estimate will prove useful in subsequent proofs. We now discuss how we

will treat finite volume subsets of the functions {χγ,n}, i.e. when the sites γ are restricted

to be in a finite subset.

When restricting to a finite open-boundary subset Λ ⊂ Γ, we simply consider the functions

{χγ}γ∈Λ and their span. When we instead use a finite subset ΛL to generate a toroidal

lattice, modifications will be needed to account for periodicity. Let L ∈ N and at this stage

take Γ to be a square lattice αZ × αZ. Define the larger lattice ΓL := LαZ × LαZ and

denote by VL := α[−L
2
, L
2
) × α[−L

2
, L
2
) the square centered at the origin in R2. Denote by

ΛL := (VL ∩ Γ) /ΓL the set of sites contained in this fundamental cell and let

dT (γ, γ
′) := min

γ̃∈ΓL

d(γ, γ′ + γ̃)(186)
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denote a toroidal metric. We require a few more technical assumptions regarding the lattices

due to the fact that for each n, {χn,γ}γ∈Γ is a Gabor frame. In particular, we require that

for any γ, γ′ ∈ ΓL, γ ∧ γ′ = 4mπℓ2 with m ∈ N, and this can be achieved if α = 2ℓ
√
mπ
L

.

There is freedom in how we choose the integers m and L, but L must be large enough that

α2 < Mℓ2. Now, for γ ∈ ΛL, we introduce the following set of functions.

χL
γ,n(x) = 1VL

(x)
∑
γ′∈ΓL

e−
i

2ℓ2
γ′∧xχ

γ,n(x− γ) = 1VL
(x)

∑
γ′∈ΓL

Tγ′χγ,n(x)(187)

For reasons that will become apparent later, we call this the magnetic periodization of

χ
γ,n restricted to the fundamental cell VL of the torus. Notably, due to the exponential

localization of each χ
γ,n, the series above converges in L2(VL). It is also trivial to see that

χL
γ,n → χ

γ,n pointwise and in L2 norm as L approaches ∞. In a preliminary estimate, we will

show that these restricted, periodized functions have pairwise inner products whose absolute

values decay in the distance between associated lattice sites.

Proposition 5.2. Fix γ, γ′ ∈ ΛL, n, n′ ∈ ZN , then there exist constants σ1, σ2, G > 0 such

that,

∣∣⟨χLγ,n, χLγ′,n′⟩
∣∣ ≤ δnn′

(
Ge−σ1dT (γ,γ′) + e−σ2L

)
.(188)

The inner product here is over L2(VL).

Proof. We begin with an explicit calculation using the definition of the inner product.

⟨χLγ,n, χLγ′,n′⟩ =
∫
VL

dx
∑

γ1,γ2∈ΓL

e
i

2ℓ2
γ1∧xχ

γ,n(x− γ1)e
− i

2ℓ2
γ2∧xχ

γ′,n′(x− γ2)(189)

Introduce the change of variable y = x−γ1, in which case γ1∧ (y+γ1) = γ1∧y by definition.

Then one has,

⟨χLγ,n, χLγ′,n′⟩ =
∑

γ1,γ2∈ΓL

∫
VL+γ1

dy e
i

2ℓ2
γ1∧yχ

γ,n(y)e
− i

2ℓ2
γ2∧(y+γ1)χ

γ′,n′(y − (γ2 − γ1))(190)

=
∑

γ1,γ2∈ΓL

∫
VL+γ1

dy e
i

2ℓ2
γ1∧yχ

γ,n(y)e
− i

2ℓ2
γ2∧yχ

γ′,n′(y − (γ2 − γ1))(191)
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=
∑

γ1,γ2∈ΓL

∫
VL+γ1

dy χγ,n(y)e
− i

2ℓ2
(γ2−γ1)∧yχ

γ′,n′(y − (γ2 − γ1))(192)

=
∑
γ̃∈ΓL

∫
R2

dyχγ,n(y)Tγ̃χγ′,n′(y)(193)

=
∑
γ̃∈ΓL

⟨χγ,n, Tγ̃χγ′,n′⟩(194)

Since γ, γ′ ∈ ΛL, denote by γ∗ := argminγ̃∈ΓL
d(γ, γ′+γ̃), i.e. the element of ΓL that minimizes

the distance between γ and γ′. We then split the series:

⟨χLγ,n, χLγ′,n′⟩ = ⟨χγ,n, Tγ∗χγ′,n′⟩+
∑
γ̃∈ΓL:
γ̃ ̸=γ∗

⟨χγ,n, Tγ̃χγ′,n′⟩(195)

Since Hn are invariant subspaces of T(·) and from the definition of γ∗, it immediately follows

that,

|⟨χγ,n, Tγ∗χγ′,n′⟩| ≤ δnn′G2e
−σ2dT (γ,γ′)(196)

To address the remaining sum over γ̃ ̸= γ∗, note that since γ̃ ̸= γ∗, there exists a constant

c > 0 such that d(γ, γ′ + γ̃) ≥ cαL. Let λ1, λ2 > 0 such that λ1 +λ2 = σ2, with σ2 the decay

rate of the set {χγ,n}γ∈Γ. Then, proceeding with the estimate,

∑
γ̃∈ΓL:
γ̃ ̸=γ∗

|⟨χγ,n, Tγ̃χγ′,n′⟩| ≤ δnn′G2e
−λ1cαL

∑
γ̃∈ΓL:
γ̃ ̸=γ∗

e−λ2d(γ,γ
′+γ̃)(197)

≤ δnn′G2mλ2e
−λ1cαL,(198)

where the factor mλ2 as in 184 arises due to lattice regularity. Combining the bounds in 196

and 198 yields the statement of the proposition, and the proof is complete. □

With this result in hand, we ensure that in applications requiring open and periodic

boundaries as well as all of R2, we have a localized set of functions as in 183, up to vanishing

error in L for the periodic case. Henceforth, until we specify the finite volume boundary

conditions, we shall denote by χγ either its original definition or χLγ , since up to decay in L,

{χγ} is a localized set of functions. Additionally, with the index n effectively adding another
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dimension to the discrete labeling of these functions, let Θ = Γ× ZN equipped with metric

ρ, such that for θ, θ′ ∈ Γ̃ and d0 > 0, ρ(θ, θ′) := d0|n− n′| + d(γ, γ′), be a metric space now

embedded in R3. Noting as well that |δnn′ | ≤ e−a|n−n
′| for all a ≥ 0, we use the following

general localization bound,

|⟨χθ, χθ′⟩| ≤ G1e
−λρ(θ,θ′)(199)

As first introduced, we have that {χθ}θ∈Θ is an overcomplete frame for H, with associated

frame operator S.

For notational purposes, we denote by P0(Θ) the collection of finite subsets of Θ. Now,

when considering finite collections {χθ}θ∈Λ1 for any Λ1 ⊂ Θ, the closure of the span of this set

is of course a finite dimensional Hilbert space, call this HΛ1 := span{χθ : θ ∈ Λ1}. However,

linear independence of {χθ}θ∈Λ1 is not guaranteed, as justified by the open HRT conjecture

[42]. Thus, there exists an orthonormal basis {fj}N1
j=1 whose span is HΛ1 , with N1 ≤ |Λ1|.

However, it will also be important to have an overcomplete, localized frame for HΛ1 . Let

Λ2 ∈ P0(Θ) such that Λ1 ⊂ Λ2. Then, {χθ}θ∈Λ2 is by construction an overcomplete frame

for HΛ1 , with an associated frame operator SΛ1 . Letting PΛ1 and P⊥
Λ1

denote the orthogonal

projections onto HΛ1 and H⊥
Λ1

∩HΛ2 respectively, it will be useful to have explicit formulas

for these in terms of the functions χθ. The following proposition grants us the ability to do

so.

Proposition 5.3 (5.3.5 in [23]). Let {fk}∞k=1 be a sequence in a Hilbert space H and let P

denote the orthogonal projection onto a closed subspace V of H. Then the following hold:

(i) If {fk}∞k=1 is a frame for H, then {Pfk}∞k=1 is a frame for V.

(ii) If {fk}Nk=1 is a frame for V with frame operator S, where N need not be finite, then the

orthogonal projection onto V is given by Pf =
N∑
k=1

⟨S−1fk, f⟩fk.
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Notice that the action of P is just given by the frame expansion in 183.iii. Consequently,

for any f ∈ HΛ2 , one has,

PΛ1f =
∑
θ∈Λ2

⟨S−1
Λ1
χ
θ, f⟩χθ(200)

P⊥
Λ1
f = (PΛ2 − PΛ1) f = f −

∑
θ∈Λ2

⟨S−1
Λ1
χ
θ, f⟩χθ(201)

From Proposition 5.3.i, it follows that
{
P⊥
Λ1
χ
θ

}
θ∈Λ2

is an overcomplete frame for H⊥
Λ1

, but

this set necessarily simplifies to become
{
P⊥
Λ1
χ
θ

}
θ∈Λ2\Λ1

. The next proposition confirms

locality in the pairwise inner products within this projected set.

Proposition 5.4. Let Λ1,Λ2 ∈ P0(Θ) with Λ1 ⊂ Λ2. The set
{
P⊥
Λ1
χ
θ

}
θ∈Λ2\Λ̃1

satisfies the

following pairwise inner product bound:

∀ θ, θ′ ∈ Λ2\Λ1, ∃G, σ > 0 such that
∣∣⟨P⊥

Λ1
χ
θ, P

⊥
Λ1
χ
θ′⟩
∣∣ ≤ Ge−σρ(θ,θ

′).(202)

Proof. As P⊥
Λ1

is an orthogonal projection, the inner product whose absolute value we esti-

mate is equal to
∣∣⟨χθ, P⊥

Λ1
χ
θ′⟩
∣∣. Using the explicit formula for the action of P⊥

Λ1
, we have,

P⊥
Λ1
χ
θ′ = χ

θ′ −
∑
j∈Λ2

⟨S−1
Λ1
χ
j, χθ′⟩χj(203)

Then, taking the inner product of χθ with 203, we obtain

⟨χθ, P⊥
Λ1
χ
θ′⟩ = ⟨χθ, χθ′⟩ −

∑
j∈Λ2

⟨S−1
Λ1
χ
j, χθ′⟩⟨χθ, χj⟩(204)

Towards proving the proposition, we now take the absolute value of the previous equation

and begin estimating an upper bound.

∣∣⟨χθ, P⊥
Λ1
χ
θ′⟩
∣∣ ≤ ⟨χθ, χθ′⟩+

∑
j∈Λ2

∣∣⟨S−1
Λ1
χ
j, χθ′⟩

∣∣|⟨χθ, χj⟩|(205)
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The set {χθ}θ∈Θ is already a localized set. Moreover, the terms of the form
∣∣⟨S−1

Λ1
χ
j, χθ′⟩

∣∣
can be bounded using Proposition 5.1. Thus, one obtains,

∣∣⟨χθ, P⊥
Λ1
χ
θ′⟩
∣∣ ≤ G1e

−σ2ρ(θ,θ′) + a1G1

∑
j∈Λ2

e−σ1ρ(j,θ
′)e−σ2ρ(θ,j)(206)

≤ G1e
−σ2ρ(θ,θ′) + G̃e−σ̃ρ(θ,θ

′)(207)

≤ Ge−σρ(θ,θ
′)(208)

Here, the constants G̃, σ̃ > 0 arise from estimating the convolution in the first inequality.

This thus completes the proof. □

Now, we will lift this framework to the fermionic CAR algebra which will be used to rep-

resent bounded observables and interactions to describe interacting continuum fermions.

5.1.2. Fermionic CAR algebra and Conditional Expectation.

Let AΘ denote the CAR algebra generated by {a(χθ), a∗(χθ) : θ ∈ Θ} and henceforth

denote by a#θ := a#(χθ), where the # symbol indicates either a fermionic annihilation or

creation operator. Additionally, for finite subsets Λ ∈ P0(Θ), AΛ will denote the finite

volume subalgebras generated by {aθ, a∗θ : θ ∈ Λ}. While the functions χθ have support

over all of R2, or VL in the periodic boundary case, they are associated with a local subset,

namely a singleton {θ}, of Θ. We thus introduce the following terminology to establish a

recurring notion of locality in this work.

Definition 5.5. An operator A ∈ AΘ will be called local if there exists a finite Λ ⊂ Θ such

that A ∈ AΛ.

A local operator is one whose creation and annihilation operators are centered in a finite

subset of the lattice Θ. Moreover, we similarly term an operator to be quasi-local if it can

be expressed as the limit of a sequence of local operators. Moving forward, it will be useful
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to have a generalized notion of a partial trace that will allow us to generate local approxima-

tions of quasi-local operators. This is where we seek inspiration from the works of Araki and

Moriya [4] and Nachtergaele, Sims, and Young [73] to introduce a conditional expectation

map. Remark however that as pointed out with such a map for fermionic systems, [73], this

map is defined in terms of global operators unless we restrict the domain to be generated by

even degree monomials in a#θ . For a subalgebra AΛ, denote by A+
Λ the algebra generated by

even degree monomials in aθ, a∗θ: MΛ :=
{
1, a#θ1 ...a

#
θ2k

: k ∈ N, θi ∈ Λ
}

. Let Λ1,Λ2 ∈ P0(Θ)

such that Λ1 ⊂ Λ2. The conditional expectation is the map EΛ2
Λ1

: AΛ2 → AΛ1 where AΛ1 is

a subalgebra of AΛ2 . What follows is the construction of this map.

Since HΛ1 is a closed subspace of the finite-dimensional space HΛ2 , we may choose to

construct an orthonormal basis for HΛ1 that is a subset of the orthonormal basis for HΛ2 .

Let N1 < N2 denote the dimensions of each space respectively and {fj}Ni
j=1 an orthonormal

basis for HΛi
. Furthermore, {fj}N2

j=N1+1 is an orthonormal basis for H⊥
Λ1

∩ HΛ2 , and for

notational purposes let I12 = {N1 + 1, N1 + 2, ..., N2} be the indexing set for this basis. For

each such basis function spanning H⊥
Λ1

∩ HΛ2 , let a#i := a#(fi) be the associated fermionic

creation and annihilation operators. We introduce the following four unitary operators:

u0i = 1; u1i = a∗i + ai; u
2
i = a∗i − ai; u

3
i = 1− 2a∗i ai.(209)

Let I12 = {0, 1, 2, 3}N2−N1 and for any ι ∈ I12, define the unitary operator u(ι) as,

u(ι) = u
ι(N1+1)
N1+1 ...u

ι(N2)
N2

.(210)

Then for any A ∈ A+
Λ2

, EΛ2
Λ1

: A+
Λ2

→ A+
Λ1

acts as,

EΛ2
Λ1
(A) =

1

4N2−N1

∑
ι∈I12

u(ι)∗Au(ι).(211)

Notably, this construction is equivalent to the lattice fermion setting with the sites here

corresponding to orthonormal basis elements fi. It is thus trivial to prove the following

properties of this map.
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Lemma 5.6 (Lemma 4.1, [73]). For any Λ1,Λ2 ∈ P0(Θ) with Λ1 ⊂ Λ2, the map EΛ2
Λ1

as in

211 satisfies

i)
∥∥EΛ2

Λ1

∥∥ = 1

ii)
(
EΛ2

Λ1

)2
= EΛ2

Λ1

iii)EΛ2
Λ1

(
A+

Λ2

)
= A+

Λ2

This map will be crucial in constructing local sequences of operators with limit contained

in AΘ, namely the Heisenberg dynamics of local operators. Thus, we now proceed with an

introduction to the class of interactions that will be used to build the finite volume Hamilto-

nians of interest. Then, we will discuss their Heisenberg dynamics, Lieb-Robinson bounds,

and approximations of Heisenberg-evolved operators using the conditional expectation map.

5.2. Hamiltonians and Heisenberg Dynamics.

5.2.1. Interactions and Decay Assumptions. The class of interactions we consider are con-

structed from elements of A+
Θ which feature the same number of creation and annihilation

operators. We use the following terminology to distinguish between interactions according to

how many creation/annihilation operators are present, i.e. how many fermions are involved

in an interaction.

Definition 5.7. Let Λ ∈ P0(Θ). An element of AΛ is said to be k-body if A ∈ MΛ, i.e. it

is of the form A = a#θ2k ...a
#
θk+1

a#θk ...a
#
θ1

, with each θi ∈ Λ.

Furthermore for Λ ⊂ Θ and k ∈ N, we will denote by

Λ2k = {(θ1, ..., θ2k) : ∀ i = 1, ..., 2k θi ∈ Λ}

the collection of ordered 2k-tuples of sites in Λ. Then, let Λ+ :=
⋃|Λ|
k=1 Λ

2k the set of 2k-

tuples of sites in Λ. This definition also works for the entire lattice Θ, where Θ+ is the

collection of all even-sized tuples of sites in Θ. Going forward in this work, we will use the

notation θ := (θ1, ..., θ2k) to denote 2k-tuples of sites. For any θ ∈ Θ+, one has θ ∈ Λ+ for
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any Λ ∈ P0(Θ) containing the sites of θ. For θ ∈ Θ+, denote by θ := supp(θ) ∈ P0(Θ)

the collection of sites in the tuple θ and |θ| the number of sites, including repetition, in the

tuple. Then, for θ, µ ∈ Θ+, one has θ ⊂ µ if the sites θi are each in the tuple µ, and θ ⊂ µ

if the collection of sites {θi} are a subset of {µi}, disregarding repetition.

Throughout this work, we define aθ := a∗θ2k ...a
∗
θk+1

aθk ...aθ1 to be the k-body monomial

generated by θ. Note that the maximum degree of such a monomial supported in Λ is 2|Λ|
as the CAR relations eliminate any higher degree operators. We then consider interactions

Φ : Θ+ → AΘ with Φ∗ = Φ of the form,

Φ(θ) =
1

2
ϕ(θ)

(
aθ + a∗θ

)
.(212)

This operator Φ(θ) will be assumed to be short range, and to define this more precisely, we

recall F -functions, which have been used to characterize the decay of interactions in quantum

lattice systems.

Definition 5.8 (F-Function). An F-function on an arbitrary metric space (Γ, d) is a non-

increasing function F : [0,∞) → (0,∞) satisfying the next two properties.

(i)∥F∥ = sup
x∈Γ

∑
y∈Γ

F (d(x, y)) <∞(213)

(ii)There exists a constant CF > 0 such that∑
z∈Γ

F (d(x, z))F (d(z, y)) ≤ CFF (d(x, y)); ∀x, y ∈ Γ.

Additionally, let g(r) : [0,∞] → [0,∞) be a non-decreasing, subadditive function and let

F0 be an F -function. Weighted F -functions Fg(r) are then of the form:

Fg(r) = e−g(r)F0(r).(214)
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A very useful example of such a function g is g(r) = arp with a > 0 and 0 < p ≤ 1. For

the precise case g(r) = ar with a > 0, we explicitly denote the corresponding weighted F -

function as Fa(r). Interestingly, the function e−ar on its own is not an F -function because it

does not exactly satisfy the convolution property. By Lemma B.1 of [31], the absolute value

of the convolution of two exponentially decaying functions, e−a|x| ∗ e−a|x| can be bounded by

above by Ce−a|x|/4, where C > 0, so the convolution preserves the decay class at the cost of

sacrificing decay rate. Therefore, while not precisely an F -function, we still include functions

of the form e−ar as examples of admissible functions for the forthcoming analysis.

The following is an assumption on the decay of the interaction potential function ϕ.

Assumption 5.9.

i) ϕ(θ) ∈ R ∀ θ ∈ Θ+,

ii) ∃ C > 0 and an F -function F such that for any θ1, θ2 ∈ Θ,∑
θ∈Θ+:
x,y∈θ

|ϕ(θ)| ≤ CF (ρ(x, y)).

This condition implies decay in the interaction in the diameter of its support as well as

the number of sites in its support, which will be essential when constructing the dynamics

associated with this interaction. Moreover, since the operators a#θ are already normalized,

this F -function decay fully describes the strength and range of Φ. The next subsection

introduces the general class of Hamiltonians that we study in this work.

5.2.2. Finite volume Hamiltonians and Heisenberg Dynamics. We are now equipped to con-

struct Hamiltonians using the map Φ defined in equation 212. Fix a finite volume, either

open or periodic boundary, Λ ∈ P0(Θ). We then consider the following Hamiltonian,

HΛ =
∑
θ∈Λ+

Φ(θ) =
∑
θ∈Λ+

ϕ(θ)aθ.(215)
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HΛ is clearly self-adjoint since the interaction is summed over all lattice tuples, which includes

ordering of sites belonging to a single subset of Θ. The Heisenberg dynamics generated by

these Hamiltonians, τΛt : AΘ → AΘ, are automorphisms of the CAR algebra AΘ and act on

elements A ∈ AΘ as,

τΛt (A) = eitHΛAe−itHΛ .(216)

Crucially, these dynamics give rise to a Lieb-Robinson bound, which is the subject of the

following theorem.

Theorem 5.10. Let Λ ∈ P0(Θ) and Φ be an interaction as in 212 satisfying Assumption 5.9

with decay governed by a sub-exponential weighted F -function Fg(r) = e−g(r)F0(r), meaning

that for c > 0, there exists a constant GF such that e−cr ≤ GFFg(r). Then there exist

constants G, v > 0 such that for all x, y ∈ Θ and t ∈ R, the following bound holds,

∥∥{τΛt (a#x ), a#y }∥∥ ≤ GF0(0)e
−(g(ρ(x,y))−v|t|),(217)

where F0 is the base F -function of Fg.

Proof. According to the Duhamel identity, we write the anticommutator in question as,

{τΛt (a#x ), a#y } =
{
a#x , a

#
y

}
+ i

∑
θ∈Λ+

∫ t

0

ds
{
τΛs
([
Φ(θ), a#x

])
, a#y

}
.(218)

Noting the form of Φ(θ), we evaluate the commutator [aθ, a#x ]. Recalling that aθ is a degree-

|θ| monomial, we have

[aθ, a
#
x ] =

[ |θ|∏
j=1

a#θ2j−1
a#θ2j , a

#
x

]
(219)

=

|θ|∑
j=1

a#θ2ka
#
θ2k−1

...
[
a#θ2ja

#
θ2j−1

, a#x
]
...a#θ2a

#
θ1
,(220)
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where θi denotes the ith element of the tuple θ. Using the property that [A0A1, A2] =

A0{A1, A2} − {A0, A2}A1, we then obtain,

[aθ, a
#
x ] =

|θ|∑
j=1

a#θ2ka
#
θ2k−1

...
(
a#θ2j{a

#
θ2j−1

, a#x } − {a#θ2j , a
#
x }a#θ2j−1

)
...a#θ2a

#
θ1
.(221)

=

|θ|∑
j=1

(−1)j−1f (θj, x) a
#
θ2k
...â#θj ...a

#
θ1
,

where â#(·) indicates an absent operator and f (θj, θ) = ⟨χθj , χx⟩ or the complex conjugate

of this inner product depending on which fermion operator is creation/annihilation. Noting

that there is a positive constant GF such that |f(x, y)| ≤ GFFg(ρ(x, y)),

{τΛs
(
[aθ, a

#
x ]
)
, a#y } =

|θ|∑
j=1

(−1)j−1f (θj, x) {τΛs (a#θ2k ...â
#
θj
...a#θ1), a

#
y }(222)

∥∥{τΛs ([aθ, a#x ]) , a#y }∥∥ ≤ GF

|θ|∑
i̸=j

Fg(ρ(θj, x))
∥∥∥{τΛs (a#θi), a#y }∥∥∥(223)

We will now use this to begin estimating
∥∥{τΛt (a#x ), a#y }∥∥ =: FΛ

t (x, y).

FΛ
t (x, y) ≤ GFFg(ρ(x, y)) +GF

∑
θ∈Λ+

ϕ(θ)

|θ|∑
i̸=j

Fg(ρ(x, θj))

∫ |t|

0

ds FΛ
s (θi, y)(224)

This preliminary upper bound naturally suggests that we proceed via iteration, which brings

us to the following bound as a series.

FΛ
t (x, y) ≤ GFFg(ρ(x, y)) +

∞∑
n=1

|an(x, y)||t|n
n!

(225)

a1(x, y) = GF

∑
θ∈Λ+

ϕ(θ)

|θ|∑
i̸=j

Fg(ρ(x, θj))Fg(ρ(θi, y))(226)

an(x, y) = Gn+1
F

∑
θn∈Λ+

∑
in ̸=jn

...
∑
θ1∈Λ+

∑
i1 ̸=j1

(227)

Fg(ρ(x, θ
1
j1
))

(
n∏

m=2

Fg(ρ(θ
m−1
im−1

, θmjm))

)
Fg(ρ(θ

n
in , y))

n∏
j=1

ϕ(θj)
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To motivate the closed expression for our estimate of this series upper bound, we begin by

computing an upper bound on a1(x, y).

a1(x, y) = GF

∑
θ∈Λ+

ϕ(θ)

|θ|∑
i̸=j

Fg(ρ(x, θj))Fg(ρ(θi, y))(228)

a1(x, y) ≤ GF

∑
θ∈Λ+

∑
{θ1,θ2}⊂θ

|ϕ(θ)|Fg(ρ(x, θ1))Fg(ρ(θ2, y))(229)

≤ GF

∑
θ1,θ2∈Θ

∑
θ∈Λ+:
θ1,θ2∈θ

|ϕ(θ)|Fg(ρ(x, θ1))Fg(ρ(θ2, y))(230)

≤ GFC
∑

θ1,θ2∈Θ

Fg(ρ(θ1, θ2))Fg(ρ(x, θ1))Fg(ρ(θ2, y))(231)

≤ GFCC
2
FFg(ρ(x, y))(232)

Using the same series of arguments with the convolution property of the F -function, we

bound the general term an:

|an(x, y)| ≤ Gn+1
F CnC2n

F Fg(ρ(x, y)).(233)

Evaluating the series over n yields the final bound,

FΛ
t (x, y) ≤ GF e

v|t|Fg(ρ(x, y)),(234)

where v = GFCΦC
2
F . Recalling the definition of the weighted F -function, it necessarily holds

that Fg(r) ≤ e−g(r)F0(0), from which the claim of the theorem follows. □

From this result, we may also write a more general Lieb-Robinson bound when the oper-

ators in the (anti-)commutator are monomials of degree larger than one.

Corollary 5.11. Let Λ ∈ P0(Θ) and θ, µ ∈ Λ+. Under the same assumptions as Theorem

5.10, for all t ∈ R one has the bound,∥∥∥∥[τΛt (a#θ ), a#µ ]±
∥∥∥∥ ≤ GF∥F0∥min{|θ|,

∣∣µ∣∣}e−(g(ρ(θ,µ))−v|t|),(235)
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where [·, ·]+ := {·, ·} if both |θ|,
∣∣µ∣∣ are odd and [·, ·]− := [·, ·] if at least one of |θ|,

∣∣µ∣∣ is even.

Moreover, ρ(θ,µ) := minθ∈θ minµ∈µ ρ(θ, µ).

Proving this estimate follows the same procedure as Theorem 5.10, but integrability of

the function F0 is exploited to give the factor min{|θ|,
∣∣µ∣∣}∥F0∥ instead of F0(0) as in the

single-site case. Furthermore, as pointed out in Proposition 2.1 of [73], the parity of the

monomials will dictate whether one should consider the anti-commutator or commutator of

the respective monomials. In addition to these Lieb-Robinson bounds featuring elements of

AΘ, we require one more Lieb-Robinson bound involving elements of A(H⊥
Λ1

∩ HΛ2) with

Λ1 ⊂ Λ2 two finite subsets of Θ.

Lemma 5.12. Let Λ1,Λ2 ∈ P0(Θ) such that Λ1 ⊂ Λ2 and assume the same conditions on

the Hamiltonian HΛ as Theorem 5.10 with sub-exponential weighted F -function

Fg(r) = e−g(r)F0(r). For all x ∈ Λ1 and any f ∈ H⊥
Λ1

∩HΛ2, there exist constants G⊥, vp > 0

such that the following bound holds,

∥∥{τΛ2
t (a#x ), a

#(f)
}∥∥ ≤ G⊥∥f∥∥F0∥e−(g(ρ(x,∂Λ1))−vp|t|),(236)

where ∂Λ1 denotes the boundary of Λ1.

The proof of this bound follows the same strategy as the proof of Theorem 5.10; however,

from the step of writing a preliminary bound, the proof deviates due to the function f . Thus,

the proof of this proposition picks up from that initial inequality.

proof of Proposition 5.12. Let FΛ2
t (x, f) :=

∥∥{τΛ2
t (a#x ), a

#(f)
}∥∥. Then as in equation 224,

one has,

FΛ2
t (x, f) ≤ |⟨χx, f⟩|+GF

∑
θ∈Λ+

ϕ(θ)

|θ|∑
i̸=j

Fg(ρ(x, θj))

∫ |t|

0

ds FΛ
s (θi, f)(237)

Note that the first term on the right hand side of 237 is actually 0, but we will proceed as

if x is not necessarily in Λ1. Then to conclude the calculation we will adjust our estimate to
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account for x ∈ Λ1. Moving on, upon infinite iteration of, we obtain the series,

FΛ2
t (x, f) ≤ |⟨χx, f⟩|+

∞∑
n=1

an(x, f)|t|n
n!

(238)

a1(x, f) = GF

∑
θ∈Λ+

ϕ(θ)

|θ|∑
i̸=j

Fg(ρ(x, θj))|⟨χθi , f⟩|(239)

an(x, f) = Gn+1
F

∑
θn∈Λ+

∑
in ̸=jn

...
∑
θ1∈Λ+

∑
i1 ̸=j1

(240)

Fg(ρ(x, θ
1
j1
))

(
n∏

m=2

Fg(ρ(θ
m−1
im−1

, θmjm))

)∣∣∣⟨χθnin , f⟩∣∣∣ n∏
j=1

ϕ(θj).

Since f ∈ H⊥
Λ1

∩HΛ2 , by Proposition 5.3, we have the following decomposition of f :

f =
∑

θ′∈Λ2\Λ1

⟨S−1
Λ2\Λ1

P⊥
Λ1
χ
θ′ , f⟩P⊥

Λ1
χ
θ′ ,

where S−1
Λ2\Λ1

denotes the inverse frame operator associated with {P⊥
Λ1
χ
θ′}θ′∈Λ2\Λ1 . Taking

the inner product of χθi with f then gives us the following.

|⟨χθi , f⟩| =

∣∣∣∣∣∣⟨χθi ,
∑

θ′∈Λ2\Λ1

⟨S−1
Λ2\Λ1

P⊥
Λ1
χ
θ′ , f⟩P⊥

Λ1
χ
θ′⟩

∣∣∣∣∣∣(241)

≤
∑

θ′∈Λ2\Λ1

∣∣∣⟨S−1
Λ2\Λ1

P⊥
Λ1
χ
θ′ , f⟩

∣∣∣∣∣⟨χθi , P⊥
Λ1
χ
θ′⟩
∣∣(242)

=
∑

θ′∈Λ2\Λ1

∣∣∣⟨S−1
Λ2\Λ1

P⊥
Λ1
χ
θ′ , f⟩

∣∣∣∣∣⟨P⊥
Λ1
χ
θi , P

⊥
Λ1
χ
θ′⟩
∣∣(243)

The first inequality is an application of the triangle inequality and linearity of the inner

product, while the equality that follows makes use of the fact that P⊥
Λ1

is an orthogonal

projection. To proceed, we make use of the Cauchy-Schwarz inequality.

|⟨χθi , f⟩| ≤

 ∑
θ′∈Λ2\Λ1

∣∣∣⟨S−1
Λ2\Λ1

P⊥
Λ1
χ
θ′ , f⟩

∣∣∣2
 1

2
 ∑
θ′∈Λ2\Λ1

∣∣⟨P⊥
Λ1
χ
θi , P

⊥
Λ1
χ
θ′⟩
∣∣2 1

2

(244)

In the first term, note that S−1
Λ2\Λ1

inherits the overcompleteness of the original frame for

HΛ1 , which means that it has a finite operator norm that does not diverge as Λ2 → Θ, i.e.
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the frame bound. Thus there exists a positive constant C > 0 such that(∑
θ′∈Λ2\Λ1

∣∣∣⟨S−1
Λ2\Λ1

P⊥
Λ1
χ
θ′ , f⟩

∣∣∣2) 1
2

≤ C∥f∥. The second term can be bounded as a result of

proposition 5.4. So, one has,

|⟨χθi , f⟩| ≤ CG∥f∥
∑

θ′∈Λ2\Λ1

e−σρ(θi,θ
′).(245)

Furthermore, there exists a weighted F -function Fg1 that can bound the exponentially de-

caying term above. Estimating a bound on a1(θ, f) then yields,

a1(x, f) ≤ CGGF∥f∥
∑
θ∈Λ+

|ϕ(θ)|
|θ|∑
i̸=j

Fg(ρ(x, θj))
∑

θ′∈Λ2\Λ1

Fg1(ρ(θi, θ
′))(246)

≤ CGGF∥f∥
∑
θ∈Λ+

|ϕ(θ)|
∑

{θ1,θ2}⊂θ

∑
θ′∈Λ2\Λ1

Fg(ρ(x, θ1))Fg1(ρ(θ2, θ
′))(247)

≤ CGGF∥f∥
∑

θ1,θ2∈Θ

∑
θ∈Λ+:
θ1,θ2∈θ

|ϕ(θ)|
∑

θ′∈Λ2\Λ1

Fg(ρ(x, θ1))Fg1(ρ(θ2, θ
′))(248)

These steps follow the same trajectory as the proof of Theorem 5.10 with the exception of

a new decay function Fg1 introduced to handle the element f ∈ H⊥
Λ1

∩ HΛ2 . Let Fg2 be

a weighted F -function with identical base F0(r) that bounds from above both Fg and Fg1 .

Then, we may proceed to use Assumption 5.9:

a1(x, f) ≤ CGGF∥f∥
∑

θ1,θ2∈Θ

∑
θ′∈Λ2\Λ1

Fg2(ρ(x, θ1))Fg2(ρ(θ1, θ2))Fg2(ρ(θ2, θ
′))(249)

≤ CGGFC
2
F∥f∥

∑
θ′∈Λ2\Λ1

Fg2(ρ(x, θ
′))(250)

≤ CGGFC
2
F∥f∥e−g2(ρ(x,∂Λ1))

∑
θ′∈Λ2\Λ1

F0(ρ(x, θ
′))(251)

≤ CGGFC
2
F∥f∥∥F0∥e−g2(ρ(x,∂Λ1)).(252)

By ∂Λ1 we mean the boundary of Λ1 in Λ2, which appears since x ∈ Λ1. The inequalities

above make use of the convolution properties of the F -function as well as the definition of a

weighted F -function, which lets us extract exponential decay in g2(r). Similarly, one bounds
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the terms an(x, f) with the estimate,

CGGn+1
F C2n

F ∥f∥∥F0∥e−g2(ρ(x,∂Λ1))(253)

Bounding the infinite series of the an terms then gives the final bound,

∥∥{τΛ2
t (a#x ), a

#(f)
}∥∥ ≤ CGGF∥f∥∥F0∥e−(g2(ρ(x,∂Λ1))−vp|t|)(254)

□

Since the localization properties of f have not been specified more precisely, this bound

captures its general location as being outside of Λ1, meaning that the distance of its support

to x ∈ Λ1 is at least ρ(x, ∂Λ1). With this lemma in hand, we now prove a crucial estimate

that involves local approximations of Heisenberg evolved elements of AΘ. For notational

purposes, if Λ ∈ P0(Θ), denote by Λr := {θ ∈ Θ : ρ(θ,Λ) ≤ r}.

Lemma 5.13. Let Λ ∈ P0(Θ) and let a#θ ∈ Mθ. Let {θr}r∈N0 be a sequence of exhaustive

subsets of Θ. Under the same assumptions as Lemma 5.12, with weighted F -function Fa(r),

for any r, r′ ∈ N such that r′ > r, one has the following bounds.

∥∥∥(EΛ
θr′

− EΛ
θr

)(
τΛt (a

#
θ )
)∥∥∥ ≤ min

{
2, 8κG⊥∥F0∥|θ|e−(ar−vp|t|)

r′−r∑
m=1

(
dθ
2

+ r +m

)
e−am

}(255)

∥∥∥(1− EΛ
θr

) (
τΛt (a

#
θ )
)∥∥∥ ≤ min

{
2, C∥F0∥|θ|

(
dθ
2

+ r + c

)
e−(ar−vp|t|)

}
(256)

where constants C, c > 0 arise from evaluating the sum in the first inequality as r′ → ∞,

and dθ := diam(θ) (this notation will be used henceforth).

The constant vp is as in Proposition 5.12. We now proceed with the proof of this lemma.

proof of Lemma 5.13. Naively for any A ∈ AΛ,
∥∥∥(EΛ

θr′
− EΛ

θr

) (
τΛt (A)

)∥∥∥ ≤ 2∥A∥. To obtain

the precise bound, we call on the definition of the conditional expectation map, 211, to write
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EΛ
θr′

and EΛ
θr

acting on an arbitrary k-body operator A.

EΛ
θr(A) =

1

4NΛ−Nr

∑
ι∈Ir

u(ι)∗Au(ι)(257)

EΛ
θr′

(A) =
1

4NΛ−Nr′

∑
ι∈Ir′

u(ι)∗A0u(ι)(258)

As before, NΛ and Nr denote the dimensions of the Hilbert spaces HΛ and Hθr respectively,

and Ir = {0, 1, 2, 3}NΛ−Nr . The same applies for θr′ . By construction, since θr ⊂ θr′ , the

orthonormal basis partition {fj}Nr′
j=1 = {fj}Nr

j=1 ∪ {fj}Nr′
j=Nr+1 can be chosen to yield sets that

span Hθr and Hθr′
∩H⊥

θr
respectively. This allows us to write EΛ

θr
(A) as,

EΛ
θr(A) =

1

4NΛ−Nr

∑
ι1∈Irr′

∑
ι2∈Ir′

u(ι1)
∗u(ι2)

∗Au(ι2)u(ι1),(259)

EΛ
θr′

(A) =
1

4NΛ−Nr′

1

4Nr′−Nr

∑
ι1∈Irr′

∑
ι2∈Ir′

u(ι1)
∗u(ι1)u(ι2)

∗Au(ι2)(260)

=
1

4NΛ−Nr

∑
ι1∈Irr′

∑
ι2∈Ir′

u(ι1)
∗u(ι1)u(ι2)

∗Au(ι2),(261)

where Irr′ := {0, 1, 2, 3}Nr′−Nr . The difference of these two conditional expectation maps

acting on A is then given by,

(
EΛ

θr′
− EΛ

θr

)
(A) =

1

4NΛ−Nr

∑
ι1∈Irr′

∑
ι2∈Ir′

u(ι1)
∗ [u(ι1), u(ι2)

∗Au(ι2)](262)

=
1

4NΛ−Nr

∑
ι1∈Irr′

∑
ι2∈Ir′

u(ι1)
∗u∗(ι2) [u(ι1), A]u(ι2),(263)

where the second inequality holds because [u(ι1)
#, u(ι2)

#] = 0 from the orthonormality of

the basis {fj}. Now, letting A = τΛt (a
#
θ ) and estimating the norm of

(
EΛ

θr′
− EΛ

θr

)(
τΛt (a

#
θ )
)
,

one has,

∥∥∥(EΛ
θr′

− EΛ
θr

)(
τΛt (a

#
θ )
)∥∥∥ ≤ 4NΛ−Nr′

4NΛ−Nr

∑
ι1∈Irr′

∥∥∥[u(ι1), τΛt (a#θ )]∥∥∥(264)

≤
Nr′∑

j=Nr+1

∥∥∥[uι(j)j , τΛt (a
#
θ )
]∥∥∥(265)
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where we use 210 to expand u(ι1), and in the second inequality, one specific ι ∈ Irr′ is used.

From the definition of each uι(Nr+j)
Nr+j

, a bound on the last inequality above can be written as,

∥∥∥(EΛ
θr′

− EΛ
θr

)(
τΛt (a

#
θ )
)∥∥∥ ≤ 4

Nr′∑
j=Nr+1

∥∥∥[a# (fj) , τ
Λ
t (a

#
θ )
]∥∥∥.(266)

Now, the space Hθr′
∩H⊥

θr
can also be written as,

Hθr′
∩H⊥

θr =

dN (∂θr,∂Λ)⋃
m=1

Hθr+m\θr+m−1 ∩H⊥
θr+m−1

 ,

meaning that we divide the region Λ\θr into unit-thickness annuli. Thus, the basis {fj}Nr′
j=Nr+1

can also be written as the union of disjoint sets {fm,j}Nm
j=1 which individually span each

Hθr+m\θr+m−1 ∩H⊥
θr+m−1

. Thus, proceeding with the estimate, one obtains,

∥∥∥(EΛ
θr′

− EΛ
θr

)(
τΛt (a

#
θ )
)∥∥∥ ≤ 4

r′−r∑
m=1

Nm∑
j=1

∥∥∥[a# (fm,j) , τ
Λ
t (a

#
θ )
]∥∥∥.(267)

Furthermore, each annulus θr+m\θr+m−1 has at most κ
(
dθ
2
+ r +m

)
-many sites. Thus,

∥∥∥(EΛ
θr′

− EΛ
θr

)(
τΛt (a

#
θ )
)∥∥∥ ≤ 4κ

r′−r∑
m=1

(
dθ
2

+ r +m

)∥∥∥[a# (fm,1) , τ
Λ
t (a

#
θ )
]∥∥∥,(268)

where we now just pick an arbitrary function fm,1 from the basis for each annulus. The

norm in the inequality above can be estimated using Proposition 5.12, and we may actually

improve the precision of the spatial decay by noting that for each m, fm,1 is associated to

an annulus which is a distance r +m from θ. This insight leads to the following bound.

∥∥∥(EΛ
θr′

− EΛ
θr

)(
τΛt (a

#
θ )
)∥∥∥ ≤ 4kκG⊥∥F0∥|θ|e−(ar−vp|t|)

r′−r∑
m=1

(
dθ
2

+ r +m

)
e−am(269)

The factor of |θ| appears due to A being a |θ|-body operator, which results in the previous

commutator splitting into |θ| terms. By our assumption on the growth of g, it follows that

the sum above converges to a finite constant, and this in turn becomes 0 as r → r′. □
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Having proved these crucial estimates, we are equipped to formally develop quasi-adiabatic

evolution for a family of parametrized Hamiltonians, which is the focus of the next section.

5.3. Hastings Generator and Spectral Flow. The construction of the unitary operators

that implement the spectral flow automorphism begins with the introduction of a function

wϵ ∈ L1(R) parametrized by ϵ > 0. Our particular choice of function, and its existence in

L1(R), is presented in the following proposition.

Proposition 5.14. Let ϵ > 0 and define a positive sequence (an)n∈N such that an = a1
n ln2(n)

.

Here a1 is chosen in such a way that
∑∞

n=1 an = ϵ
2
. Then,

wϵ(t) = cϵ

∞∏
n=1

(
sin(ant)

ant

)2

(270)

defines an even function in L1(R). We choose cϵ such that ∥wϵ∥1 = 1.

This has been proved in a number of prior works, [11],[74], and in terms of wϵ, we now

define the filter function Wϵ.

Wϵ(t) :=


∫∞
t
dξ wϵ(ξ) if t ≥ 0

−
∫ t
−∞ dξ wϵ(ξ) if t < 0

(271)

From this definition, it is clear that Wϵ is an odd function that is also in L1(R). The

following two lemmas help to establish the decay properties of this function, which have also

been proved in the same cited works.

Lemma 5.15 (Lemma 2.5 from [11]). For a > 0 define

ua(η) = e
−a η

ln2 η ,(272)

on the domain η > 1. For all integers k ≥ 0 and for all t ≥ e4 such that also

a
t

ln2 t
≥ 2k + 2,
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we have the bound ∫ ∞

t

dη ηkua(η) ≤
2k + 3

a
t2k+2ua(t)(273)

The function ua(η) appears in bounds on Wϵ and its integral, as shown in the next lemma.

Lemma 5.16 (Lemma 2.6 from [11]). Let ϵ > 0 and Wϵ(t) as in 271. Then,

(i) |Wϵ(t)| is continuous and monotone decreasing for t ≥ 0. In particular,

∥Wϵ∥∞ = Wϵ(0) =
1

2

(ii) |Wϵ(t)| ≤ G(W )(ϵ|t|), where for η ≥ 0,

G(W )(η) =


1
2

0 ≤ η ≤ η∗

35e2η4u2/7(η) η > η∗
.

Additionally, η∗ is the largest real solution of 35e2η4u2/7(η) = 1
2
.

(iii) There is a constant Kw such that

∥Wϵ∥1 ≤
Kw

ϵ

(iv) For t > 0, let

Jϵ(t) =

∫ ∞

t

dξ Wϵ(ξ).(274)

Then, |Jϵ(t)| ≤ G(I)(ϵ|t|), where for η > 0,

G(I)(η) =
1

ϵ


Kw

2
0 ≤ η ≤ η∗

130e2η10u2/7(η) η > η∗
,

where Kw is as in (iii) and a η∗ > 0.
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These properties will be essential in establishing the spectral flow as a quasi-local map.

We now introduce a general family of finite volume, parametrized Hamiltonians that will

give rise to a notion of quasi-adiabatic evolution (spectral flow).

Generally, under assumptions that will be made precise in this section, the framework

we introduce is valid for two forms of perturbation of an initial Hamiltonian as in 215:

1) interaction(s) whose strength is tuned via a perturbation parameter s ∈ [0, 1] and 2)

interactions that are transformed via an automorphism Rφ : A(L2(R2)) → A(L2(R2)),

depending on one or finitely many parameters φ = (φ1, φ2, ..., φn) ∈ [0, 2π]n, that can be

implemented via a unitary map Uφ : L2(R2) → L2(R2). Explicit forms of these models are

as in the subsequent equations. Let Λ ∈ P0(Θ) and Λp ⊂ Λ be a perturbation region that

can be as large as Λ itself. Denote by H0
Λ an initial Hamiltonian as in 215. Then we consider

the families of models given by,

HΛ(s) = H0
Λ + V1(s)(275)

=
∑
θ∈Λ+

ϕ(θ)aθ +
∑
θ∈Λ+:
θ∩Λp ̸=∅

h(θ, s)aθ,

HΛ(φ) = H0
Λ + V2(φ)(276)

=
∑
θ∈Λ+

ϕ(θ)aθ +
∑
θ∈Λ+:
θ∩Λp ̸=∅

ϕ(θ) (Rφ − 1) (aθ) .

We now state the necessary assumptions on these perturbations that guarantee we can

construct a quasi-local evolution in s or φ space from these models.

Assumption 5.17. Let Λ ∈ P0(Θ) and HΛ(s), HΛ(φ) Hamiltonians as in 275 and 276

respectively, with s ∈ [0, 1] and φ ∈ [0, 2π]n for a positive finite n. We then assume the

following.

i) ∀ θ ∈ Θ+, h(θ, ·) ∈ C1[0, 1].

ii) ∀ θ ∈ Θ+, h(θ, 0) = 0.
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iii) ∃ Ch > 0 and an F − function F such that for any x, y ∈ Θ,

sup
s∈[0,1]

∑
θ∈Θ+:
x,y∈θ

|h(θ, s)| ≤ ChF (ρ(x, y)).

iv) U(0,...,0) = U(2π,...,2π) = 1.

v) ∀ θ ∈ Θ, φ ∈ [0, 2π]n, Rφ(a
#
θ ) = a#(Uφχθ).

vi) ∃ C1, C2, c1, c2 > 0 such that ∀ θ, θ′ ∈ Θ, φ ∈ [0, 2π]n, j ≤ n,

∥{aθ,Rφ(a
∗
θ′)}∥ ≤ C1e

−c1ρ(θ,θ′),

∥∥∥∥{aθ, ∂

∂φj
Rφ(a

∗
θ′)

}∥∥∥∥ ≤ C2e
−c2ρ(θ,θ′).

These conditions ultimately ensure that the dynamics τΛ,s/φt , generated by HΛ(s) and

HΛ(φ) respectively, satisfy Lieb-Robinson bounds as in Theorem 5.10 and Lemma 5.12.

Furthermore, the decay of the interactions present in ∂
∂s
HΛ(s) and ∂

∂φj
HΛ(φ) is also ensured

by these assumptions. In the case of the twist perturbation 276, it is important to note that
∂
∂φj

Uφχθ is not necessarily contained in H = span {χθ : θ ∈ Θ}. Thus in this setting, we

introduce the enlarged Hilbert space

Hφ := span
{
χ
θ, Uφχθ,

∂

∂φj
Uφχθ : θ ∈ Θ, φ ∈ [0, 2π]n, j = 1, ..., n

}
and CAR algebra A(Hφ).

Also note that both of the perturbations we defined can be included simultaneously to

obtain a more general family of perturbed models, and under the stated assumptions, the

forthcoming analysis of this section would still hold. To avoid cluttered notation, we intro-

duce a general set of functions {ψθ}θ∈Θ, which correspond to either {χθ}θ∈Θ or the extended

set {χθ, Uφχθ, ∂
∂φj

Uφχθ}θ∈Θ
j≤n

, and fermionic creation/annihilation operators b#θ := a#(ψθ).

The functions ψθ may of course depend on φ, but we suppress this for compact notation.

Additionally, we use the notation bθ to denote the degree-2k monomial in the b#θ operators

analogous to aθ. With respect to these monomials, let λ denote the perturbation parame-

ter(s), either s or φ, and K the compact domain, either [0, 1] or [0, 2π]n, in which λ belongs.
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We study the general Hamiltonians HΛ(λ) and d
dλ
HΛ(λ), which are both of the following

form.

HΛ(λ) =
∑
θ∈Λ+

ϕ(θ)aθ +
∑
θ∈Λ+:
θ∩Λp ̸=∅

h(1)(θ, λ)bθ(277)

∂

∂λ
HΛ(λ) =

∑
θ∈Λ+:
θ∩Λp ̸=∅

h(2)(θ, λ)bθ(278)

We will also require the following assumption on the function h(2) as written.

Assumption 5.18. Assume there exists a weighted function Fa(r) such that for any x, y ∈ Θ,

the following bound holds.

sup
λ∈K

∑
θ∈Λ+:
x,y∈θ

dθ|θ|
∣∣h(2)(θ, λ)∣∣ ≤ Fa(ρ(x, y))(279)

Before defining the generator of quasi-adiabatic evolution in λ, we state a necessary as-

sumption on the spectra of the Hamiltonians HΛ(λ).

Assumption 5.19. For all λ ∈ K, and Λ ∈ P0(Θ), assume that spec(HΛ(λ)) = Σ1(λ) ∪
Σ2(λ). Additionally, we assume that there is a uniform gap between Σ1 and Σ2:

inf
λ∈K

E1∈Σ1(λ), E2∈Σ2(λ)

|E2 − E1| = ϵ.

This uniform gap will be used to parametrize the filter function defined in equation 271.

We now define the Hastings generator.

DΛ(λ) =

∫
R
dt Wϵ(t)τ

Λ,λ
t

(
∂

∂λ
HΛ(λ)

)
(280)

=
∑
θ∈Λ+:
θ∩Λp ̸=∅

h(2)(θ, λ)

∫
R
dt Wϵ(t)τ

Λ,λ
t (bθ)(281)

For brevity of notation, we drop the superscript (2) on the potential function h(2)k of ∂
∂λ
HΛ(λ).

The goal of this section is to prove that DΛ(λ) is of the form of a Hamiltonian as in 215,
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which would result in the dynamics generated by DΛ(λ) satisfying a Lieb-Robinson bound

as in Theorem 5.10. Towards this goal, we begin by writing DΛ(λ) as a sum of local terms

with the help of the conditional expectation map EΛ
(·). Note that in constructing the map EΛ

(·)

with the functions ψθ instead of χθ, its properties that we have established, namely Lemma

5.13, still hold.

Denote the CAR algebra generated by {bθ, b∗θ : θ ∈ Θ} by BΘ and adopt the same notation

for finite volume subalgebras. Additionally, let Mb
Λ := {1, b#θ1 ...b

#
θ2k

: k ∈ N, θi ∈ Λ} be the

k-body monomials in the b# operators. For an arbitrary monomial bθ ∈ Mb
Λ, let ∆0

Λ and ∆r
Λ

be maps from BΘ ×K → BΘ that act as,

∆0
Λ(bθ, λ) =

∫
R
dt Wϵ(t)EΛ

θ

(
τΛ,λt (bθ)

)
(282)

∆r
Λ(bθ, λ) =

∫
R
dt Wϵ(t)

(
EΛ

θr − EΛ
θr−1

) (
τΛ,λt (bθ)

)
, r ≥ 1.(283)

Due to its recurrence, let EΛ
θr

:= EΛ
θr
−EΛ

θr−1
. As a preliminary estimate, we bound the norm

of ∆r
Λ(A).

Lemma 5.20. Let Λ ∈ P0(Θ). Under the same conditions as Lemma 5.13, for any b#θ ∈ Mb
Λ,

the following bound holds.

∥∥∥∆r
Λ(b

#
θ , λ)

∥∥∥ ≤ min {2∥Wϵ∥1, Gϵ(θ, r)}(284)

where Gϵ(θ, r) = C∥F0∥
vp

|θ|
(
dθ
2
+ r + 1

)
e−δar + 4G(I) (ϵ(1− δ)ar/vp), with C, δ > 0 and G(I)

as in Lemma 5.16.

Proof. A simple estimate of course gives that
∥∥∥∆r

Λ(b
#
θ , λ)

∥∥∥ ≤ 2∥Wϵ∥1 for r ≥ 0. To proceed

with the precise bound, we split the integral into two pieces with a cutoff T > 0.

∥∥∥∆r
Λ(b

#
θ , λ)

∥∥∥ ≤
∫
|t|<T

dt |Wϵ(t)|
∥∥∥EΛ

θr

(
τΛ,λt (b#θ )

)∥∥∥+ ∫
|t|>T

dt |Wϵ(t)|
∥∥∥EΛ

θr

(
τΛ,λt (b#θ )

)∥∥∥(285)
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Starting with the first finite time integral, make use of Lemma 5.13 and Proposition 5.16.i

to obtain,∫
|t|<T

dt |Wϵ(t)|
∥∥∥EΛ

θr

(
τΛ,λt (b#θ )

)∥∥∥ ≤ 4κG⊥∥F0∥|θ|e−ar
(
dθ
2

+ r + 1

)∫ T

−T
dt evp|t|(286)

≤ 8κG⊥

vp
∥F0∥|θ|

(
dθ
2

+ r + 1

)
e−(ar−vpT )(287)

Now, letting 0 < δ1 < 1 and δ = 1 − δ1, one may choose T = δ1ar
vp

, after which the bound

becomes, ∫
|t|<T

dt |Wϵ(t)|
∥∥∥EΛ

θr

(
τΛ,λt (b#θ )

)∥∥∥ ≤ 8κG⊥

vp
∥F0∥|θ|

(
dθ
2

+ r + 1

)
e−δar.(288)

Moreover, with this choice of T , the integral over |t| > T is estimated using Proposition 5.16.∫
|t|>T

dt |Wϵ(t)|
∥∥∥EΛ

θr

(
τΛ,λt (b#θ )

)∥∥∥ ≤ 4

∫ ∞

T

dt |Wϵ(t)|(289)

≤ 4G(I) (ϵ(1− δ)ar/vp)(290)

Putting the two integral estimates together completes the proof. □

This lemma is crucial as it establishes decay in r of each interaction supported in an r-

fattening of θ, and coupled with the already assumed decay in h(θ, λ), we have the ingredients

to show that DΛ(λ) is in fact an operator as in equation 215. First, we rewrite the Hastings

generator by re-organizing the sum over lattice tuples.

DΛ(s) =
∑
θ∈Λ+:
θ∩Λp ̸=∅

h(θ, λ)
∞∑
r=0

∆r
Λ(bθ)(291)

=
∑
µ∈Λ+

∞∑
r=0

∑
θ∈Λ+:

θ∩Λp ̸=∅,
θr=µ

h(θ, λ)∆r
Λ (bθ, λ)(292)

=
∑
µ∈Λ+

βΛ(µ, λ)bµ(293)
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This new sum is now entirely over local elements of BΘ, namely monomials in Mb
Λ. Our goal

is now to prove that this particular interaction satisfies Assumption 5.9 towards proving a

Lieb-Robinson bound for the dynamics generated by DΛ(λ), i.e. the finite volume spectral

flow automorphism.

Lemma 5.21. Let Λ ∈ P0(Θ). Under the same assumptions as Lemmas 5.13 and 5.20,

there exists an F -function F β such that for any x, y ∈ Λ, the following bound holds.

sup
λ∈K

∑
µ∈Λ+:
x,y∈µ

∣∣βΛ(µ, λ)∣∣ ≤ F β (ρ(x, y))(294)

To complete the proof of this lemma, we need to identity the interaction terms whose local

supports contain {x, y}. There are two distinct types of interaction that could achieve this.

Case 1: Those interactions with local supports that are r-fattenings θr with x, y ∈ θ,

i.e. terms of the form h(θ, λ)∆r
Λ (bθ, λ) with x, y ∈ θ.

Case 2: Those interactions of the form h(θ, λ)∆r
Λ (bθ, λ) where x, y ∈ Br(θ) and

{x, y} ∩ Λ\θ ̸= ∅.

To prove the claim of this lemma, we will show that by summing over the norms of these

two forms of interaction, there exists an F -function F β such that equation 294 is satisfied.

proof of Lemma 5.21. We proceed by proving 294 for each of the two types of interaction.

Case 1

The precise bound we seek to prove here is one on the sum,

sup
λ∈K

∞∑
r=0

∑
θ∈Λ+:
x,y∈θ

∥h(θ, λ)∆r
Λ (bθ, λ)∥.(295)
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To begin estimating a bound, we refer to the result of Lemma 5.20.

sup
λ∈K

∞∑
r=0

∑
θ∈Λ+:
x,y∈θ

∥h(θ, λ)∆r
Λ (bθ, λ)∥ ≤

(296)

∞∑
r=0

∑
θ∈Λ+:
x,y∈θ

|h(θ, λ)|
[
C∥F0∥
vp

|θ|
(
dθ
2

+ r + 1

)
e−δar + 4G(I) (ϵ(1− δ)ar/vp)

]

≤ C∥F0∥
vp

∞∑
r=0

∑
θ∈Λ+:
x,y∈θ

(
dθ
2

+ 2

)
|θ||h(θ, λ)|

(
re−δar + 4G(I) (ϵ(1− δ)ar/vp)

)
(297)

≤ C∥F0∥
vp

Fa(ρ(x, y))
∞∑
r=0

Jϵ(r)(298)

In the second to last inequality, we separate the summand into pieces depending only on

θ and r respectively. Then to obtain the final bound, we introduce the function Jϵ(r) :=

re−δar + 4G(I) (ϵ(1− δ)ar/vp) and use Assumption 5.18. Furthermore, from Lemma 5.16, it

follows that Jϵ is summable. Thus, the interactions of the Case 1 category satisfy the claim

of this lemma.

Case 2

We now consider those interactions generated by tuples supported on the r-fattenings θr

containing x and y. In particular, we require {x, y} ∩ θr\θ ̸= ∅, which ensures that the

interaction does not fall into the Case 1 category. Towards this end, we seek to bound the

quantity,

S2 := sup
λ∈K

∞∑
m=1

∑
θ∈Λ+:
x,y∈θr

|h(θ, λ)|Ind
[
{θ1, θ2} ∩ (θ)cm−1 ̸= ∅

]∑
r≥m

∥∆r
Λ(bθ, λ)∥,(299)

where the index m that is summed over represents the minimal fattening of θ required to

include x and y, and the superscript c denotes complement set. We then use the overcounting
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estimate,

∑
θ∈Λ+:
x,y∈θm

Ind
[
{x, y} ∩ (θ)cm−1 ̸= ∅

]
≤

∑
y1∈Bm(x)

∑
y2∈Bm(y)

∑
θ∈Λ+:
y1,y2∈θ

.(300)

We then continue the overall estimate on 299.

S2 ≤ sup
λ∈K

∞∑
m=1

∑
y1∈Bm(x)

∑
y2∈Bm(y)

∑
θ∈Λ+:
y1,y2∈θ

|h(θ, λ)|
∑
r≥m

∥∆r
Λ(bθ, λ)∥(301)

≤
∞∑
m=1

Ĵϵ(m)
∑

y1∈Bm(x)

∑
y2∈Bm(y)

Fa(ρ(y1, y2))(302)

In the last inequality, we estimate as we did for the Case 1 interactions and introduce the

function Ĵϵ(m) :=
∑

r≥m Jϵ(r). Note the following estimate due to the triangle inequality.

ρ(x, y) ≤ ρ(y1, y2) + 2m

Then, setting m∗ = m∗(δ1) to be the largest integer smaller than (1 − δ1)ρ(x, y)/2. For

m ≤ m∗, one has,

ρ(x, y) ≤ ρ(y1, y2) + 2m∗

δ1ρ(x, y) ≤ ρ(y1, y2).

With this bound, we split the sum over m in 302 into a first sum up to m∗ and a second

series consisting of the remaining terms. Beginning with the former, the estimate proceeds

as follows.

m∗∑
m=1

Ĵϵ(m)
∑

y1∈Bm(x)

∑
y2∈Bm(y)

Fa(ρ(y1, y2)) ≤ Ĵϵ(1)Fa(δρ(x, y))
m∗∑
m=1

|Bm(x)||Bm(y)|(303)

≤ κ2Ĵϵ(1)Fa(δρ(x, y))
m∗∑
m=1

m4(304)

Noting that Ĵϵ is a decreasing function and using lattice regularity, we arrive at the sec-

ond inequality. Using the latter, we can also begin to bound the remaining interactions
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corresponding to m > m∗.

∑
m≥m∗+1

Ĵϵ(m)
∑

y1∈Bm(x)

∑
y2∈Bm(y)

Fa(ρ(y1, y2)) ≤ ∥Fa∥
∑

m≥m∗+1

|Bm(x)|Ĵϵ(m)(305)

≤ κ∥Fa∥
∑

m≥m∗+1

m2Ĵϵ(m)(306)

= κ∥Fa∥
∑

m≥m∗+1

m2(307)

×
∑
r≥m

(
re−δar + 4G(I) (ϵ(1− δ)ar/vp)

)
Starting with the term with exponential decay in r, one then obtains,

∑
m≥m∗+1

m2
∑
r≥m

re−δar =
∑
n≥0

(n+m∗ + 1)e−δan
∑

m≥m∗+1

m2e−δam,(308)

which for large m∗ will be dominated by decay of the form m2
∗e

−δam∗ . Lastly, we bound the

portion of the series involving G(I) using Lemma 5.16.

∑
m≥m∗+1

m2
∑
r≥m

4G(I) (ϵ(1− δ)ar/vp) ≤
∑

m≥m∗+1

m2
∑
r≥m

C

ϵ
(ϵ(1− δ)r/vp)

10 u2/7 (ϵ(1− δ)r/vp)

(309)

The constant C is used to encompass constant prefactors, and in the subsequent bounds, it

will absorb any numerical factors. Then, by Lemma 5.15,

∑
m≥m∗+1

m2
∑
r≥m

4G(I) (ϵ(1− δ)ar/vp) ≤
Cvp

ϵ2(1− δ)

∑
m≥m∗+1

m2

∫ ∞

ϵ(1−δ)m/vp
dR R10u2/7(R)

(310)

≤ Cvp
ϵ2(1− δ)

∑
m≥m∗+1

m2

(
ϵ(1− δ)m

vp

)22

×(311)

u2/7

(
ϵ(1− δ)m

vp

)
≤ Cv2p
ϵ3(1− δ)2

∫ ∞

ϵ(1−δ)(m∗+1)/vp

dR

(
vpR

ϵ(1− δ)

)2

R22u2/7(R)(312)

≤ Cv4p
ϵ5(1− δ)4

(
ϵ(1− δ)(m∗ + 1)

vp

)50

×(313)
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u2/7

(
ϵ(1− δ)(m∗ + 1)

vp

)
Consolidating our estimates for the case 1 and case 2 interactions, we have the following

estimate, where any Ci or ci is a positive constant.

sup
λ∈K

∑
µ∈Λ+:
x,y∈µ

∣∣βΛ(µ, λ)∣∣ ≤ C1Fa(ρ(x, y)) + C2(m∗ + c1)
∑

m≥m∗+1

m2e−δam(314)

+ C3

(
ϵ(1− δ)(m∗ + 1)

vp

)c2
u2/7

(
ϵ(1− δ)(m∗ + 1)

vp

)
This bound is of course similar to the analogous step of the proof in the work of Bachmann

et al. in [11]; thus, it holds that the third term decays the slowest in m∗, and consequently

ρ(x, y) by the definition of m∗. Therefore, there exists an F -function,

F β(r) = uν

(
c
ϵ

vp
r

)
F

(
c
ϵ

vp
r

)
; 0 < ν <

2

7
,(315)

such that,

sup
λ∈K

∑
µ∈Λ+:
x,y∈µ

∣∣βΛ(µ, λ)∣∣ ≤ F β(ρ(x, y)).(316)

Importantly, the base function F in 315 must satisfy the following condition to ensure suitable

decay of F β.

sup
r≥1

ua(r)

F (r)
<∞, 0 < a <

2

7

One example of a base function that satisfies this condition is F (r) = 1
(1+r)ζ

with ζ > 2. The

proof of the lemma is now complete. □

5.3.1. Finite System Ground States. As emphasized previously, for a finite Λ ⊂ Θ, HΛ is

finite-dimensional and has an orthonormal basis with NΛ elements. Thus, the algebra AΛ

is isomorphic to the matrix algebra M2NΛ . Denote by [A] the associated finite dimensional

matrix for an element A ∈ AΛ. In this finite dimensional setting, HΛ(λ) is isomorphic to a

2NΛ×2NΛ matrix [HΛ(λ)], which can be diagonalized. Then, let PΛ(λ) denote the orthogonal
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projection onto the lowest eigenvalue eigenspace of HΛ(λ), separated from the rest of the

spectrum by at least ϵ > 0. Additionally, let

Ω = {ωΛ,λ : AΛ → [0,∞) | ωΛ,λ(A
∗[HΛ(λ), A]) ≥ 0 ∀ A ∈ AΛ}

denote the set of normalized ground states, as defined in terms of the derivation governed

by HΛ(λ). For these states, ωΛ,λ(PΛ,λ) = 1. Then, if A ∈ AΛ, one has

ωΛ,λ(A) = Tr([PΛ(λ)][A]).(317)

As a consequence of the properties we proved regarding DΛ(λ) and αΛ,λ, the following equal-

ities necessarily hold, as demonstrated in works such as [11] and [74].

ωΛ,λ(A) = Tr([UΛ,λ][PΛ(0)][U
∗
Λ,λ][A]) = Tr([PΛ(0)][U

∗
Λ,λ][A][UΛ,λ]) = (ωΛ,0 ◦ αΛ,λ) (A)(318)

This relation establishes the automorphic equivalence of ωΛ,0 and ωΛ,λ.

5.3.2. Thermodynamic Limit. Letting αΛ
λ denote the dynamics generated by DΛ(λ), Lemma

5.21 establishes that the local interactions making up the Hastings generator satisfy the

conditions of Assumption 5.9. Therefore, αΛ
λ satisfies a Lieb-Robinson bound as in Theorem

5.10. To complete this section, we use this fact to prove that limΛ↑Θ α
Λ
λ exists and forms a

strongly continuous 1-parameter group of automorphisms on BΘ. This is encapsulated by a

theorem, whose proof concludes this section.

Theorem 5.22. Let {Λn}n∈N be an increasing and exhaustive sequence of Θ, meaning Λm ⊂
Λn for all m ≤ n and

⋃
n∈N Λn = Θ. For λ ∈ K, denote by αΛn

λ : BΘ → BΘ the dynamics

generated by DΛ(λ), as defined in equation 280. Under the same assumptions as Lemma

5.21, for all θ ∈ Θ,

αλ(b
#
θ ) := lim

n→∞
αΛn
λ (b#θ )(319)

exists in BΘ and {αλ}λ∈K forms a strongly continuous 1-parameter group of automorphisms

of the algebra.
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proof of Theorem 5.22. We start by obtaining a bound concerning the difference of two dy-

namics, namely the finite volume dynamics τΛ,λt associated with two different finite subsets.

Lemma 5.23. Let {Λn}n∈N be an increasing and absorbing sequence of subsets in Θ. Let

τΛn,λ
t be the dynamics generated by HΛn(λ), satisfying Assumptions 5.9 with weighted F -

function Fa. For any θ ∈ Θ, λ ∈ K, and finite t ∈ R, the sequence {τΛn,λ
t (b#θ )}n∈N ⊂ BΘ is

Cauchy.

Proof. For brevity, let ϕ(θ, λ) denote either ϕ(θ) or h(1)(θ, λ) as in the definition of HΛ(λ),

277. Let m,n ∈ N with m < n and let θ ∈ Λm. Then, using the Duhamel identity for each

respective dynamics,

∥∥∥τΛn,λ
t (b#θ )− τΛm,λ

t (b#θ )
∥∥∥ ≤

∑
θ∈Λ+

n :
θ∩Λn\Λm ̸=∅

|ϕ(θ, λ)|
∫ |t|

0

dt′
∥∥∥[bθ, τΛ,λt−t′(b

#
θ )
]∥∥∥(320)

≤ GF

v
(ev|t| − 1)

∑
θ∈Λ+

n :
θ∩Λn\Λm ̸=∅

|ϕ(θ, λ)|
|θ|∑
i=1

Fa(ρ(θ, θi))(321)

≤ GF

v
(ev|t| − 1)

∑
x∈Λn\Λm

∑
y∈Λn

∑
θ∈Λ+

n :
x,y∈θ

|ϕ(θ, λ)|e−aρ(θ,y)(322)

≤ GF

v
(ev|t| − 1)

∑
x∈Λn\Λm

∑
y∈Λn

Fa(ρ(x, y))Fa(ρ(θ, y))(323)

≤ GFCF
v

(ev|t| − 1)
∑

x∈Λn\Λm

Fa(ρ(x, θ))(324)

Since Fa is uniformly integrable by construction, it is clear that {τΛn,λ
t (b#θ )}n∈N is Cauchy. □

As an immediate consequence, the infinite lattice limit τλt (b
#
θ ) := τΘ,λt (b#θ ) exists in BΘ for

all θ ∈ Θ and λ ∈ K. Furthermore, the following bound holds for any Λ ∈ P0(Θ) uniformly

in λ ∈ K.

∥∥∥τλt (b#θ )− τΛ,λt (b#θ )
∥∥∥ ≤ GFCF

v
(ev|t| − 1)

∑
x∈Θ\Λ

Fa(ρ(x, θ))(325)
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The next lemma is a useful result that will help compare the infinite volume limit ∆r
Θ(bθ, λ)

with its finite volume counterpart ∆r
Λ(bθ, λ).

Lemma 5.24. Let {Λn}n∈N0 be an increasing and exhaustive sequence of subsets in Θ and

θ ∈ Λ+
0 . Let m,n ∈ N0 such that m < n. Then for all λ ∈ K, the following bound holds.

∥∥∆r
Λn
(bθ, λ)−∆r

Λm
(bθ, λ)

∥∥ ≤ 2
(√

Gϵ(θ, r)K1
ϵ (θ,Λm) +K2

ϵ (θ, r,Λm)
)

(326)

The function Gϵ is as introduced in Lemma 5.20, while the functions K1
ϵ and K2

ϵ are defined

to be,

K1
ϵ (θ,Λm) :=

GFCF∥F0∥
v2

|θ|e−aζρ(θ,Λc
m) + 4G(I)(ϵ(1− ζ)aρ(θ,Λcm)/v),(327)

K2
ϵ (θ, r,Λm) := C1|θ| (dΛm + C2) e

−aζ(r+ρ(θ,Λc
m)) + 4G(I)(ϵ(1− ζ)a(r + ρ(θ,Λcm))/vp),(328)

with the Ci being constant prefactors.

We may not directly write the operator ∆r
Θ(bθ, λ) because the conditional expectation

map is not well defined on the infinite volume system. However, by first proving that

{∆r
Λn
(bθ, λ)}n∈N is Cauchy, we can define ∆r

Θ(bθ, λ) := limn→∞ ∆r
Λn
(bθ, λ) and obtain the

desired comparison in norm between this limit and any finite volume ∆r
Λ.

Proof. Explicitly, one has,

∆r
Λn
(bθ, λ)−∆r

Λm
(bθ, λ) =

∫
R
dt Wϵ(t)

(
EΛn
θr

(τΛn,λ
t (bθ))− EΛm

θr
(τΛm,λ
t (bθ))

)
(329)

=

∫
R
dt Wϵ(t)

(
EΛn
θr

(
τΛn,λ
t (bθ)− τΛm,λ

t (bθ)
)

(330)

−
(
EΛn
θr

− EΛm
θr

) (
τΛm,λ
t (bθ)

))
∥∥∆r

Λn
(bθ, λ)−∆r

Λm
(bθ, λ)

∥∥ ≤
∫
R
dt |Wϵ(t)|

∥∥∥EΛn
θr

(
τΛn,λ
t (bθ)− τΛm,λ

t (bθ)
)∥∥∥(331)

+

∫
R
dt |Wϵ(t)|

∥∥∥(EΛn
θr

− EΛm
θr

) (
τΛm,λ
t (bθ)

)∥∥∥
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To estimate the first norm of the last inequality, we can make use of the proof strategy of

Lemma 5.20 to obtain,∫
R
dt |Wϵ(t)|

∥∥∥EΛn
θr

(
τΛn,λ
t (bθ)− τΛm,λ

t (bθ)
)∥∥∥ ≤ 2Gϵ(θ, r).(332)

However, we may also invoke Lemma 5.23 to obtain an alternate bound.∫
R
dt |Wϵ(t)|

∥∥∥EΛn
θr

(
τΛn,λ
t (bθ)− τΛm,λ

t (bθ)
)∥∥∥ ≤ 2

∫
R
dt |Wϵ(t)|

∥∥∥τΛn,λ
t (bθ)− τΛm,λ

t (bθ)
∥∥∥(333)

As we have done previously, we split this integral into a finite time piece and a remainder

that takes care of large times. Letting 0 < T <∞, one has,

2

∫
|t|<T

dt |Wϵ(t)|
∥∥∥τΛn,λ

t (bθ)− τΛm,λ
t (bθ)

∥∥∥ ≤ 2GFCF
v2

(
evT − 1

) ∑
θ∈Λn\Λm

|θ|∑
i=1

Fa(ρ(θ, θi))(334)

≤ 2GFCF∥F0∥
v2

|θ|e−(aρ(θ,Λc
m)−vT )(335)

Crucially, the first inequality above supports {∆r
Λn
(bθ, λ)}n∈N being a Cauchy sequence; this

needs to be done for the second half of 331. For the remainder integral, one has,

2

∫
|t|>T

dt |Wϵ(t)|
∥∥∥τΛn,λ

t (bθ)− τΛm,λ
t (bθ)

∥∥∥ ≤ 8G(I)(ϵT )(336)

Letting 0 < ζ < 1 and T = (1− ζ)aρ(θ,Λcm)/v, we obtain the combined estimate,

2

∫
R
dt |Wϵ(t)|

∥∥∥τΛn,λ
t (bθ)− τΛm,λ

t (bθ)
∥∥∥ ≤ 2GFCF∥F0∥

v2
|θ|e−aζρ(θ,Λc

m)(337)

+ 8G(I)(ϵ(1− ζ)aρ(θ,Λcm)/v)

=: 2K1
ϵ (θ,Λm)(338)

With both bounds in 332 and 337, we elect to use the following bound.∫
R
dt |Wϵ(t)|

∥∥∥EΛn
θr

(
τΛn,λ
t (bθ)− τΛm,λ

t (bθ)
)∥∥∥ ≤ 2

√
Gϵ(θ, r)K1

ϵ (θ,Λm)(339)
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To estimate a bound on the second term in 331, we revisit the expression for the conditional

expectation map E. Recall equation 211,

EΛn
θr
(A) =

1

4Nn−Nr

∑
ι∈Irn

u(ι)∗Au(ι),(340)

withNn andNr denoting the dimensions of span{ψθ : θ ∈ Λn} and span{ψθ : θ ∈ θr} respec-

tively. We also have the collection of tuples used to identify the fermionic unitary operators,

Irn = {0, 1, 2, 3}Nn−Nr . Additionally, note as before that this map is built using orthonormal

basis functions fj which span H⊥
θr

∩ HΛn , and this holds in the case of Λm as well. Thus,

we can choose to decompose H⊥
θr

∩ HΛn into H⊥
θr

∩ HΛm ⊕H⊥
Λm

∩ HΛn . With this in hand,

let Imn = {0, 1, 2, 3}Nn−Nm . Then we have the following expressions for EΛm
θr

(A) and EΛn
θr
(A)

respectively.

EΛm
θr

(A) =
1

4Nm−Nr

∑
ι∈Irm

u(ι)∗Au(ι),(341)

=
1

4Nn−Nr

∑
ι1∈Imn

∑
ι2∈Irm

u(ι1)
∗u(ι1)u(ι2)

∗Au(ι2)(342)

EΛn
θr
(A) =

1

4Nn−Nr

∑
ι1∈Imn

∑
ι2∈Irm

u(ι1)
∗u(ι2)

∗Au(ι2)u(ι1)(343)

At this stage, recognize that we have used an identical rewriting of EΛm
θr

(A) as in the proof

of Lemma 5.13. Thus, estimating the difference in these two conditional expectation maps

yields,

∥∥EΛn
θr
(A)− EΛm

θr
(A)
∥∥ ≤ 1

4Nn−Nr

∑
ι1∈Imn

∑
ι2∈Irm

∥u∗(ι1) [u(ι2)∗Au(ι2), u(ι1)]∥(344)

≤
∑
ι∈Imn

∥[A, u(ι)]∥,(345)
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and letting A = τΛm,λ
t (bθ) yields exactly the sum of terms as in Lemma 5.13. Thus, we can

directly write a bound on
∥∥∥EΛn

θr
(τΛm,λ
t (bθ))− EΛm

θr
(τΛm,λ
t (bθ))

∥∥∥.
∥∥∥EΛn

θr
(τΛm,λ
t (bθ))− EΛm

θr
(τΛm,λ
t (bθ))

∥∥∥ ≤ 8κG⊥∥F0∥|θ|e−(a(r+ρ(θr,Λc
m))−vp|t|)

n−m∑
k=1

(
dΛm

2
+ k

)
e−ak

(346)

An identical bound holds when θr is replaced with θr−1, as is needed to consider EΛ
r . Im-

portantly, this estimate confirms that the second half of 331 supports {∆r
Λn
(bθ, λ)}n∈N being

Cauchy. So this aspect of the proof is complete.

Returning back to the integral at hand, starting with the finite time piece, one has,

∫
|t|<T

|Wϵ(t)|
∥∥∥EΛn

θr
(τΛm,λ
t (bθ))− EΛm

θr
(τΛm,λ
t (bθ))

∥∥∥ ≤ C1|θ| (dΛm + C2) e
−(a(r+ρ(θ,Λc

m))−vpT ).

(347)

For larger times, we of course have the trivial bound

∥∥∥EΛn
θr
(τΛm,λ
t (bθ))− EΛm

θr
(τΛm,λ
t (bθ))

∥∥∥ ≤ 2,(348)

so for the large time remainder,∫
|t|>T

|Wϵ(t)|
∥∥∥EΛn

θr
(τΛm,λ
t (bθ))− EΛm

θr
(τΛm,λ
t (bθ))

∥∥∥ ≤ 8G(I)(ϵT ).(349)

Then, let T = (1− ζ)a(r + ρ(θ,Λcm))/vp. We then obtain an overall bound:

∫
R
|Wϵ(t)|

∥∥∥EΛn
θr

(τΛm,λ
t (bθ))− EΛm

θr
(τΛm,λ
t (bθ))

∥∥∥ ≤ 2C1|θ| (dΛm + C2) e
−aζ(r+ρ(θ,Λc

m))(350)

+ 8G(I)(ϵ(1− ζ)a(r + ρ(θ,Λcm))/vp)

= 2K2(θ, r,Λm)(351)
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Putting 339 and 350 together gives the final upper bound, which is the statement of this

lemma.

∥∥∆r
Λn
(bθ, λ)−∆r

Λm
(bθ, λ)

∥∥ ≤ 2
(√

Gϵ(θ, r)K1
ϵ (θ,Λm) +K2

ϵ (θ, r,Λm)
)

(352)

□

With no dependence on n ∈ N, the same estimate serves as an upper bound on∥∥∆r
Θ(bθ, λ)−∆r

Λm
(bθ, λ)

∥∥, where we may safely define ∆r
Θ(bθ, λ) := limn→∞ ∆r

Λn
(bθ, λ). More-

over, we can now introduce an infinite volume version of the local interactions constituting

the Hastings generator.

β(µ, λ)bµ =
∞∑
r=0

∑
θ∈Θ+:

θ∩Λp ̸=∅,
θr=µ

h(θ, λ)∆r
Θ(bθ, λ)(353)

Noting that convergence of {αΛn
λ (b#θ )}n∈N is equivalent to convergence of {

(
αΛn
λ

)−1
(b#θ )}n∈N,

we elect to proceed by proving that {
(
αΛn
λ

)−1
(b#θ )}n∈N is a Cauchy sequence for any θ ∈ Θ

and λ ∈ K. For brevity of notation, we will denote by α̃Λ
λ :=

(
αΛ
λ

)−1. Let n > m and assume

that K = [0, λM ], then we have the preliminary estimate,

∥∥∥α̃Λn
λ (b#θ )− α̃Λm

λ (b#θ )
∥∥∥ ≤

∫ λ

0

ds
∥∥∥[DΛn(s)−DΛm(s), α̃

Λm
s (b#θ )

]∥∥∥(354)

Now, we decompose the difference DΛn(s)−DΛm(s) according to two different kinds of lattice

subsets.

DΛn(s)−DΛm(s) =
∑
µ∈Λ+

n :

µ∩Λn\Λm ̸=∅

βΛn(µ, s)bµ +
∑
µ∈Λ+

m

(
βΛn(µ, s)− βΛm(µ, s)

)
bµ(355)

The first sum directly gives rise to the application of a Lieb-Robinson bound as in Theorem

5.10.

∥∥∥[bµ, α̃Λm
s (b#θ )

]∥∥∥ ≤ GF e
vs

|µ|∑
i=1

F β(ρ(µi, θ))(356)
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Then, summing over all µ with support intersecting Λn\Λm gives,

GF e
vs

∑
µ∈Λ+

n :

µ∩Λn\Λm ̸=∅

∣∣βΛn(µ, s)
∣∣ |µ|∑
i=1

F β(ρ(µi, θ)) ≤ GF

∑
x∈Λn\Λm

∑
y∈Λn

∑
µ∈Λ+

n :
x,y∈µ

sup
s∈K

(357)

evs
∣∣βΛn(µ, s)

∣∣F β(ρ(y, θ))

≤ GFCβe
vλM

∑
x∈Λn\Λm

F β(ρ(x, θ))(358)

This vanishes as m,n → ∞ due to uniform integrability of F β. To complete the proof, we

estimate a bound for those terms supported in Λm, and we proceed with inspiration from

the analogous proof from [11]. Let P0(Λm) = P1∪P2∪P3 constitute a partition of the finite

subsets of Λm:

P1 = {X ∈ P0(Λm) : X ⊂ Λcm/3}, P2 = {X ∈ P0(Λm) : X ⊂ Λ2m/3},

P3 = {X ∈ P0(Λm) : X ∩ Λm/3 ̸= ∅ and X ∩ Λc2m/3 ̸= ∅}.

We will show that
∥∥∥[(βΛn(µ, s)− βΛm(µ, s)

)
bµ, α̃

Λm
s (b#θ )

]∥∥∥ vanishes as m,n→ ∞ as we sum

over subsets µ belonging to each of the three partition elements. Starting with P1, and

letting βM ∈ R be such that
∣∣βΛ(µ, λ)∣∣ ≤ βM for all Λ ∈ Θ+, µ ∈ Λ+, and λ ∈ K, we have,

∑
µ∈Λ+

m:
µ∈P1

∥∥∥[(βΛn(µ, s)− βΛm(µ, s)
)
bµ, α̃

Λm
s (b#θ )

]∥∥∥ ≤ 2βMGF e
vs
∑
µ∈Λ+

m:
µ∈P1

|µ|∑
i=1

F β(ρ(µi, θ))(359)

≤ 2βMGFCβe
vλM

∑
x∈Λc

m/3

F β(ρ(x, θ)).(360)

This bound decays to 0 as m→ ∞. Moving onto those sets in P2, we proceed to estimate.∥∥∥∥∥∥∥∥∥
∑
µ∈Λ+

m:
µ∈P2

[(
βΛn(µ, s)− βΛm(µ, s)

)
bµ, α̃

Λm
s (b#θ )

]∥∥∥∥∥∥∥∥∥ ≤ 2

∥∥∥∥∥∥∥∥∥
∑
µ∈Λ+

m:
µ∈P2

(
βΛn(µ, s)− β(µ, s)

)
bµ

∥∥∥∥∥∥∥∥∥(361)
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+ 2

∥∥∥∥∥∥∥∥∥
∑
µ∈Λ+

m:
µ∈P2

(
β(µ, s)− βΛm(µ, s)

)
bµ

∥∥∥∥∥∥∥∥∥
These two terms behave identically and yield similar bounds. To obtain these, we make use

of Lemma 5.24. By construction,

∑
µ∈Λ+

m:
µ∈P2

(
β(µ, s)− βΛm(µ, s)

)
bµ =

∑
µ∈Λ+

2m/3

∑
r=0

∑
θ∈Θ+:
θr=µ

h(θ, s)
(
∆r

Θ(bθ, s)−∆r
Λm

(bθ, s)
)

(362)

∥∥∥∥∥∥∥∥∥
∑
µ∈Λ+

m:
µ∈P2

(
β(µ, s)− βΛm(µ, s)

)
bµ

∥∥∥∥∥∥∥∥∥ ≤ 2
∑
r≥0

∑
θ∈Θ+:

θr⊂Λ2m/3

|h(θ, s)|
(√

Gϵ(θ, r)K1
ϵ (θ,Λm)(363)

+K2
ϵ (θ, r,Λm)

)
To simplify the subsequent expressions, we note the general form of each function that

appears inside the parentheses.

Gϵ(θ, r) = C0|θ|
(
dθ
2

+ r + 1

)
e−δar + 4G(I)(c0r)(364)

K1
ϵ (θ,Λm) = C1|θ|e−aζρ(θ,Λ

c
m) + 4G(I)(c1ρ(θ,Λ

c
m))(365)

K2
ϵ (θ, r,Λm) = C2|θ|(dΛm + c2)e

−aζ(r+ρ(θ,Λc
m)) + 4G(I)(c3(r + ρ(θ,Λcm)))(366)

Remark as well that for θ ⊂ Λ2m/3, ρ(θ,Λcm) ≤ ρ(Λ2m/3,Λ
c
m), and up to a constant κ1,

ρ(Λ2m/3,Λ
c
m) ≤ κ1

m
3
. Thus both terms in the sum vanish as m → ∞, and the same holds

at least as fast for the analogous terms involving Λn. Now, we just need to prove that the

sums over r and θ yield finite bounds. Starting with the term involving K2
ϵ , one has,

2
∑
r≥0

∑
θ∈Θ+:

θr⊂Λ2m/3

|h(θ, s)|K2
ϵ (θ, r,Λm) ≤ 8C2

∑
r≥0

∑
x∈Λ2m/3

∑
θ∈Θ+:
x∈θ

|h(θ, s)||θ| (dΛm + c2)×

(367)

(
e−aζ(r+κ1m/3) +G(I)(c3(r + κ1m/3))

)
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≤ 8C2Fa(0) (dΛm + c2)×(368) (
e−aζκ1m/3

∑
r≥0

e−aζr +G(I)(c3κ1m/3)
∑
r≥0

G(I)(c3r)

)
,

where we have used that the exponentially decaying function and G(I)(x) are submultiplica-

tive, for large x in the case of G(I). By Lemma 5.16, we know that both the sums over r are

finite, which is exactly what we sought, and, noting lattice regularity, the decay as m→ ∞
is evident as well. Moving on to those Hastings generator terms supported in P3, we have,

∑
µ∈Λ+

m:
µ∈P3

∥∥∥[(βΛn(µ, s)− βΛm(µ, s)
)
bµ, α̃

Λm
s (b#θ )

]∥∥∥ ≤ 2
∑
x∈Λm

∑
y∈Λc

2m/3

∑
µ∈Θ+:
x,y∈µ

(
sup
s∈K

∣∣βΛn(µ, s)
∣∣(369)

+ sup
s∈K

∣∣βΛm(µ, s)
∣∣)

≤ 2
∑

x∈Λm/3

∑
y∈Λc

2m/3

F β(ρ(x, y))(370)

≤ 2∥F∥
∣∣Λm/3∣∣uµ(κ1m/3)(371)

The second inequality follows from Lemma 5.21, and the final inequality holds due to the

particular weighted F -function whose existence we prove in the same lemma. Additionally,

this last bound goes to zero as m→ ∞; thus, we have shown that {αΛn
λ (b#θ )}n∈N is a Cauchy

sequence in BΘ for all θ ∈ Θ, which proves the existence of the thermodynamic limit of the

spectral flow automorphism, αλ. □

128



6. Quantization of Hall Conductance

6.1. Continuum Systems via Lattices.

Having constructed and validated the machinery needed to implement quasi-adiabatic evo-

lution for interacting fermions in continuous space, we now turn to a concrete physical ap-

plication: quantization of Hall conductance for a two-dimensional continuum electron gas in

the presence of a uniform, perpendicular magnetic field (quantum Hall setting). Proving this

statement, which is the subject of this section, is based on joint work with Sven Bachmann,

Giuseppe De Nittis, and Bruno Nachtergaele [10], where we employ the Hastings-Michalakis

strategy used in [38] and [8].

In the absence of inter-particle interactions, a single charged particle in this environment

can be described via the well known Landau Hamiltonian, which admits harmonic oscillator-

like energy levels and eigenspaces. In their work, [12], Bachmann and De Nittis introduce

lattice-localized frames as a tool for studying the local properties of dynamics of continuum

fermion systems, and in this article they prove that each eigenspace of the Landau Hamil-

tonian admits an overcomplete localized frame.

As we have seen thus far, models for systems of many interacting fermions are conveniently

written using creation and annihilation operators tied to single particle states. Formally, the

procedure named second quantization, which maps operators acting on (L2(R2))
∧n to oper-

ators on Fock space which alter and/or count the number of occupied single particle states,

makes use of an orthonormal basis that spans the domain D ⊂ L2(R2) of a Hamiltonian.

This process was outlined in Section 4 equation 83. Since the set {χθ}θ∈Θ is a dense subset of

H :=
⊕N−1

n=0 Hn that spans the entire space, it is reasonable to propose a second quantization

of a Hamiltonian acting on H generated by {χθ}θ∈Θ. Using a frame-based expansion, we

rewrite the second quantization of the Landau Hamiltonian restricted to the first N Landau
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levels. Recalling equation 83, one has,

HL =
N−1∑
n=0

En

∞∑
m=0

a∗(ψnm)a(ψnm).(372)

Each ψnm admits the following reconstruction formula:

ψnm =
∑
θ∈Γn

⟨χθ, S−1ψnm⟩χθ,(373)

where Θn := {θ ∈ Θ : θ = (γ, n) with γ ∈ Γ}, meaning that the Landau level index of the

extended lattice is held fixed while the spatial lattice index is variable. Consequently, the

creation/annihilation operators associated with each ψnm can also be expanded as a series.

For brevity of notation, let a#θ := a#(χθ) and as before let sθ(f) := ⟨χθ, S−1ψnm⟩ denote the

frame expansion coefficients for f ∈ H.

a∗(ψnm) =
∑
θ∈Θn

sθ(ψnm)a
∗
θ; a(ψnm) =

∑
θ∈Θn

sθ(ψnm)aθ.(374)

Thus, the second quantization of HL restricted to the first N Landau levels can be formally

rewritten as,

HL =
N−1∑
n=0

En
∑

θ,θ′∈Θn

(
∞∑
m=0

⟨χθ, S−1ψnm⟩⟨S−1ψnm, χθ′⟩
)
a∗θaθ′(375)

=
N−1∑
n=0

En
∑

θ,θ′∈Θn

(
∞∑
m=0

⟨S−1χ
θ, ψnm⟩⟨ψnm, S−1χ

θ′⟩
)
a∗θaθ′(376)

=
N−1∑
n=0

En
∑

θ,θ′∈Θn

⟨S−1χ
θ,1nS

−1χ
θ′⟩a∗θaθ′(377)

=
N−1∑
n=0

En
∑

θ,θ′∈Θn

⟨χθ, S−2χ
θ′⟩a∗θaθ′(378)

=:
N−1∑
n=0

En
∑

θ,θ′∈Θn

t(θ, θ′)a∗θaθ′(379)

In the third equality above, 1n =
∑∞

m=0 |ψnm⟩ ⟨ψnm| is the orthogonal projection onto Hn.

The hopping element t(θ, θ′) can be further simplified by noting that under action by the
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frame operator, a function cannot jump to another Landau level. Thus, explicitly consider

the frame operator Sn associated with elements of the nth Landau level acting on an element

fn ∈ Hn, where fn = 1√
n!
(a∗)nf0 with f0 ∈ H0.

Snf =
∑
γ∈Γ

⟨χγ,n, f⟩χγ,n(380)

=
∑
γ∈Γ

〈
1√
n!
(a∗)nχγ,

1√
n!
(a∗)nf0

〉
1√
n!
(a∗)nχγ(381)

=
∑
γ∈Γ

1

n!
⟨an(a∗)nχγ, f0⟩

1√
n!
(a∗)nχγ(382)

=
∑
γ∈Γ

⟨χγ, f0⟩
1√
n!
(a∗)nχγ(383)

=
1√
n!
(a∗)nS0f0(384)

For ease of notation, we let χγ := χ
γ,0. The cancellation of the factor of n! arises due to the

canonical commutation relations that the Landau level ladder operators satisfy, as discussed

in Section 3. Importantly, this reveals that one can write Sn = 1
n!
(a∗)nS0a

n, and the same

formula extends to S−1
n . Therefore, we can write,

⟨χγ,n, S−2
n
χ
γ′,n⟩ =

(
1

n!

)2〈
1√
n!
(a∗)nχγ, (a

∗)nS−1
0 an(a∗)nS−1

0 an
1√
n!
(a∗)nχγ′

〉
(385)

=

(
1

n!

)3 〈
(a∗)nχγ, (a

∗)nS−1
0 an(a∗)nS−1

0 an(a∗)nχγ′
〉

(386)

=

(
1

n!

)3 〈
an(a∗)nχγ, S

−1
0 an(a∗)nS−1

0 an(a∗)nχγ′
〉

(387)

= ⟨χγ, S−2
0
χ
γ′⟩(388)

=: t(γ, γ′)(389)

These equalities again follow from the commutation relations of a and a∗, and they show

that the hopping matrix elements are uniform across Landau levels. Recall as well that by
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Lemma 3.4, there exist constants C, σ > 0 such that,

|t(γ, γ′)| ≤ Ce−σd(γ,γ
′), ∀ γ, γ′ ∈ Γ.(390)

For the guiding objective of this section, which is ultimately to prove quantization of Hall

conductance, we consider the restriction of HL to just the lowest two levels. So, this yields

the non-interacting model,

H0 = 2B
1∑

n=0

(n+
1

2
)
∑
γ,γ′∈Γ

t(γ, γ′)a∗γnaγ′n,(391)

To denote the algebra where these operators live, let A01 be the CAR algebra generated

by {a#γ,n : γ ∈ Γ, n ∈ {0, 1}}. Ultimately, towards probing candidate systems that could

describe the fractional quantum Hall effect, where electron-electron interactions must be

considered, we also want to include a two-body interaction. The form of this operator that

we consider is inspired by the UV regularization implemented in the work of Gebert et al.

[31] and discussed in [12]. Precisely, we consider the general interaction,

IV =
1

2

∑
n1,...,n4∈{0,1}

∫
R2

∫
R2

dxdy Ṽ (x, y, n)a∗(x,n4)
a∗(y,n3)

a(y,n2)a(x,n1),(392)

We now state assumptions on the function Ṽ (x, y, n), where n := {n1, ..., n4}.

Assumption 6.1. Let Ṽ : R2 × R2 × {0, 1}4 → R satisfy:

i) Ṽ (x, y, n) = δn1+n2,n3+n4

(
1− b0δ1,|n2−n1|

)
Ṽ (x, y) with 0 < b0 < 1,

ii) Ṽ (x, y) = Ṽ (x− y)

iii)
∣∣∣Ṽ (x, y)

∣∣∣ ≤ Cve
−σvρ(x,y) where Cv, σv > 0.

These conditions establish V as a symmetric and exponentially short range potential

function giving rise to both intra and inter-Landau level interactions, with weaker strength
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given to the inter-level case. Using a frame expansion for each χ(x,n), we rewrite IV to obtain,

IV =
∑

{γ1,...,γ4}∈Γ+

V ({γ1, ..., γ4}, n)a∗γ4n4
a∗γ3n3

aγ2n2aγ1n1 .(393)

The effective potential V (γ, n) is expressed as,

V (γ, n) =
1

2

∫
R2

∫
R2

dxdy Ṽ (x, y, n)sγ4(x, n4)sγ3(y, n3)sγ2(y, n2)sγ1(x, n1)(394)

sγ(x, n) := ⟨S−1χ
γ,n, χx,n⟩(395)

We now state a proposition which establishes the range of V , which was proved in Proposition

3.7 of [12].

Proposition 6.2. Assume that there exist constants C, c > 0 such that
∣∣S−1χ

(0,n)

∣∣ ≤ Ce−c|x|.

Under the same conditions as Assumption 6.1, there exist constants CV , ζ > 0 such that for

all {γ1, ..., γ4} ∈ Γ+ and n ∈ {0, 1}4,

∣∣V (γ, n)
∣∣ ≤ CV e

−ζdiam({γ1,...,γ4}),(396)

where diam({γ1, ..., γ4}) := maxγ,γ′∈γ{d(γ, γ′)}.

As shown in Section 3 of the work of Del Prete, [26], if the function g ∈ L2(R) used to

generate a frame is exponentially localized, then its dual S−1g is also exponentially localized.

We believe this should hold in our setting over R2, but we defer proving this rigorously to a

future work.

The general (unperturbed) Hamiltonian we consider is given by H = HL+IV , and we may

write this in terms of a single self-adjoint interaction Φ : Γ+ → A01 as

H =
∑
γ∈Γ+

Φ(γ).(397)
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Precisely,

Φ(γ) =


B
∑1

n=0(n+ 1
2
)
(
t(γ2, γ1)aγ,n + t(γ1, γ2)a

∗
γ,n

)
if γ, n = {(γ, n), (γ′, n)}

1
2

∑
n∈{0,1}4

(
V (γ, n)aγ,n + V (γ, n)a∗γ,n

)
if γ, n = {(γ1, n1), ..., (γ4, n4)}

(398)

The finite volume restriction of this model occurs with respect to the lattice Θ and not

continuous space R2. Let Λ ∈ P0(Γ). This lends to the finite volume Hamiltonian,

HΛ =
∑
γ∈Λ+

Φ(γ)(399)

6.1.1. Dynamics and Lieb-Robinson Bounds. In Assumption 5.9, we write a necessary condi-

tion on the interaction Φ that ensures the dynamics generated by a finite volume Hamiltonian

satisfy a Lieb-Robinson bound as in Theorem 5.10. The following proposition establishes

that the interaction Φ as in equation 398 does indeed satisfy this assumption.

Proposition 6.3. Let Φ be the map as defined in equation 398. Then, Φ satisfies Assumption

5.9.

Proof. Let x, y ∈ Γ be two specified lattice sites. We now want to show that there exists an

F -function F ϕ such that,

∑
γ∈Γ+:
x,y∈γ

∥∥Φ(γ)∥∥ ≤ F ϕ(d(x, y))(400)

When γ = {γ1, γ2}, the only way µ ⊂ γ is possible is if γ = {µ1, µ2} or γ = {µ2, µ1}.
Therefore in this case, by Proposition 5.1, there exist constants C, c > 0 such that

∥∥Φ(γ)∥∥ ≤
Ce−cd(x,y).

When summing over interactions generated by 4-tuples of sites, whose support contains

{x, y}, more detail is required to prove the claim. In particular, we split the sum over 4-

tuples containing {x, y} into one sum over tuples whose diameter is d(x, y) and another over
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tuples with diameter larger than d(x, y). Starting with the sum over tuples with diameter

equal to d(x, y), one has,

∑
γ∈Γ+:
x,y∈γ,
|γ|=4,

dγ=d(x,y)

∥∥Φ(γ)∥∥ ≤ κCV e
−ζd(x,y)

(
d(x, y)

2

)4

.(401)

To obtain this bound, we make use of Proposition 6.2 to obtain exponential decay in the

diameter of γ, which is d(x, y) in this case. Moreover by lattice regularity, there are at most

κ
(
d(x,y)

2

)2
sites of Γ in the ball with extremal points x and y whose distance gives the ball’s

diameter.

Let B(x, y) denote the ball with diameter d(x, y) that contains these two sites. Counting

the number of 4-tuples containing {x, y} with diameter larger than d(x, y) is done by de-

composing Γ\B(x, y) into annuli of unit thickness and summing over all tuples containing

at least one site in each of these annuli.

∑
γ∈Γ+:
x,y∈γ,
|γ|=4,

dγ>d(x,y)

∥∥Φ(γ)∥∥ ≤ κ2Ce−ζd(x,y)
∞∑
r=1

(
d(x, y)

2
+ r

)3

e−ζr(402)

≤ κ2Cp3(d(x, y))e
−ζd(x,y)(403)

In the first inequality, we use lattice regularity to bound the number of sites contained in the

unit-thickness annulus of outer radius c(x,y)
2

+ r and the number of sites contained in the ball

of equal radius. The sum over r certainly converges, giving rise to a degree-3 polynomial in

c(x, y). Thus, combining the bounds in 401, 403, and the simple estimate involving 2-tuples,

one has,

∑
γ∈Γ+:
x,y∈γ

∥∥Φ(γ)∥∥ ≤ Ce−cd(x,y) + κCV e
−ζd(x,y)

(
d(x, y)

2

)4

+ κ2Cp3(d(x, y))e
−ζd(x,y)(404)
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∑
γ∈Γ+:
x,y∈γ

∥∥Φ(γ)∥∥ ≤ C1e
−ξd(x,y)(405)

The second two terms in the first inequality, being finite degree powers of d(x, y) multiplied

by exponential decay in d(x, y), can be bounded by a constant multiplied by an exponen-

tial function with decay rate ξ that is necessarily smaller than c, ζ. As mentioned before,

functions of the form F (r) = e−ξr are not F -functions because they do not exactly satisfy

the convolution property (by Lemma B.1 of [31], the decay rate following convolution re-

duces to ξ/4). This is sufficient for Lieb-Robinson bounds to hold with exponential decay

spatially, but one can still choose an F -function with sub-exponential decay, and the claim

is satisfied. □

Having proved this proposition, the dynamics generated by HΛ thus yield a Lieb-Robinson

bound and strongly continuous dynamics in the thermodynamic limit by Theorem 5.10.

Corollary 6.4. Let τΛt denote the dynamics generated by HΛ, and denote by σ the decay rate

of the n = 0, 1 Landau level functions {χθ,n}θ∈Θ, i.e. the rate of decay in distance between

γ, γ′ ∈ Γ of |⟨χγ,n, χγ′,n′⟩|. Then, there exist constants G, v, ξ > 0 such that for all t ∈ R,

γ, γ′ ∈ Γ, and n, n′ ∈ {0, 1}, one has the bound,

∥∥∥{τΛt (a#γn), a#γ′n′

}∥∥∥ ≤ Ge−ξ(d(γ,γ
′)−v|t|).(406)

More precisely, ξ = 1
4
min{σ, c, ζ}, where c, ζ are the decay rates of the one and two-body

interactions respectively. The factor of 1
4

is as presented in Lemma B.1 of [31].

We now look to prove quantization of Hall conductance for interacting electrons in a

magnetic field, whose bulk in the thermodynamic limit is described by H. To do so, we shift

to a toroidal geometry where we can use Laughlin’s flux threading argument as has been

done for interacting lattice systems, [38], [8]. So in the following subsection, we introduce

a family of parametrized Hamiltonians on the torus, which we will then use to state results

regarding Hall conductance.
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6.2. Statement of Results Concerning Hall Conductance. As we introduced in the

preliminaries, in finite volume we work in a toroidal setting to model the bulk of a two di-

mensional system. Recalling the spatial subsets of interest, VL := α[−L
2
, L
2
]×α[−L

2
, L
2
] ⊂ R2

is the fundamental cell of the torus, in continuous space, and ΓL := LαZ×LαZ is the sublat-

tice of the spatial lattice Γ denoting the periodicity of the torus. Lastly, ΛL := (VL ∩ Γ) /ΓL

will denote the torus lattice. We equip ΛL with a metric that encodes periodicity in elements

of ΓL, i.e. dT as introduced in equation 186. Moreover, recall the magnetically-periodized

functions:

χL
γ,n(x) = 1VL

(x)
∑
γ′∈ΓL

Tγ′χγ,n(x).(407)

Since [Ta, HL] = 0 for all a ∈ R2, none of the translates in the formula above jump to different

Landau levels. Furthermore, as proved in Proposition 5.2, there exist constants G, σ1, σ2 > 0

such that for all γ, γ′ ∈ ΘL,

∣∣⟨χLγ,n, χLγ′,n′⟩
∣∣ ≤ Gδnn′

(
e−σ1dT (γ,γ′) + e−σ2L

)
.(408)

Thus, the set of functions {χγ,0, χγ,1}θ∈ΘL
is a localized set up to exponentially decaying

error in the torus length L. Towards computing the Hall conductance in this setting, we

will require an automorphism over the fermionic CAR algebra A(L2(R2)) that threads flux

according to the charge in a region. So we now introduce a local charge (number) operator,

which makes use of fermionic field operators c#x . These are operator-valued distributions and

not elements of AΘ. They satisfy the anticommutation relations,

{cx, cy} = 0; {cx, c∗y} = δ(x− y)1.(409)

In terms of these distributions, the total fermion number operator and local number operator

for the compact region Y ⊂ R2 are given by,

N̂ =

∫
R2

dx c∗xcx(410)
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N̂Y =

∫
Y

dx c∗xcx.(411)

It then follows that for any two regions Y, Z ⊂ R2, [N̂Y , N̂Z ] = 0.

[N̂Y , N̂Z ] =

∫
Y

∫
Z

dydz [c∗ycy, c
∗
zcz](412)

=

∫
Y

∫
Z

dydz c∗y{cy, c∗z}cz − c∗z{c∗y, cz}cy(413)

=

∫
Y

∫
Z

dydz δ(y − z)
(
c∗ycz − c∗zcy

)
(414)

= 0(415)

The final equality follows straightforwardly because if Y ∩ Z = ∅, y can never equal z. If

Y and Z do overlap, then the integrand becomes 0 after integration of one of the variables.

Thus, for a region Y ⊂ VL, we define the local charge operator to be QY = qN̂Y , where

q is the charge of a single electron. Additionally, let A (L2(VL)) denote the CAR algebra

associated with the Hilbert space L2(VL). For any f ∈ L2(VL),

a∗(f) =

∫
VL

dx f(x)c∗x.(416)

We will use this to evaluate [QY , a
∗(f)] for some Y ⊂ L.

[QY , a
∗(f)] = q

∫
Y

∫
L
dydx f(x)[c∗ycy, c

∗
x](417)

= q

∫
Y

∫
L
dydx f(x)δ(x− y)c∗y(418)

= q

∫
Y

dy f(y)c∗y(419)

= qa∗(1Y f)(420)

In the last equality, 1Y (x) denotes the indicator function on Y . Similarly, [QY , a(f)] =

−qa(1Y f). Let δY : A (L2(VL)) → A (L2(VL)) be the derivation acting on elements of the

CAR algebra associated with the Hilbert space L2(VL) whose action on A ∈ A (L2(VL))

is given by [QY , A]. For φ1 ∈ [0, 2π], define RY,φ1 : A (L2(VL)) → A (L2(VL)) be the
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automorphism whose action is given by RY,φ1 = exp (iφ1δY ). Thus for any f ∈ L2(VL),

RY,φ1 (a
∗(f)) = eiqφ1a∗(1Y f) + a∗(1VL\Y f)(421)

RY,φ1 (a(f)) = e−iqφ1a(1Y f) + a(1VL\Y f).

Now, let X1 = {(x1, x2) ∈ VL : x1 ≤ 0} and X2 = {(x1, x2) ∈ VL : x2 ≤ 0} denote the left

and bottom halves of the fundamental cell VL and Q1, Q2 the charge operators associated

with each respective region. We define a specific automorphism implementing flux insertion

with respect to the charges in X1 and X2.

Rφ := exp (i (φ1Q1 + φ2Q2)) = RX1,φ1 ◦ RX2,φ2 .(422)

In the definition above, the parameter φ = (φ1, φ2) ∈ [0, 2π]2 =: T2. Remark that Rφ is

precisely an automorphism of the class introduced in equation 276. We now define the subset

of ΘL that will be the support of interactions that are acted on by Rφ. Let 0 < R < L
2

and

YR = {γ ∈ YL : |γx| ≤ R}∪{γ ∈ YL : |γy| ≤ R}. First, define the finite volume Hamiltonians

on the torus:

HΛL
=
∑
γ∈Λ+

L

Φ(γ),(423)

with interaction Φ : Λ+
L → AL

01 as defined in equation 398, where we let AL
01 be the algebra

generated by {a#(χLγ,n) : γ ∈ ΛL, n ∈ {0, 1}}. Note that for any Z ⊂ ΛL, we can write

HΛL
:= HZ,1

ΛL
+HZ,2

ΛL
(424)

=
∑
γ∈Λ+

L :

γ∩Z ̸=∅

Φ(γ) +
∑
γ∈Λ+

L :

γ⊂ΛL\Z

Φ(γ)(425)

Adopting the nomenclature used in [8], we now introduce the families of twist and twist-

antitwist Hamiltonians. Respectively, these are defined to be,

H̃ΛL
(φ) := Rφ

(
HYR,1

ΛL

)
+HYR,2

ΛL
(426)
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HΛL
(φ+, φ−) := R−φ−

(
H̃ΛL

(φ+ + φ−)
)

(427)

The twist Hamiltonians in 426 have interactions that undergo flux insertion only if their

supports intersect the strips YR. Conversely, the twist-antitwist Hamiltonians in 427 un-

dergo flux insertion globally, with different fluxes threaded depending on the support of the

interaction. We also introduce notation for the Hamiltonian that is globally transformed in

a uniform manner:

HΛL
(φ) := HΛL

(φ,−φ) = Rφ (HΛL
) .(428)

We now state assumptions regarding the spectra of these operators.

Assumption 6.5. H̃ΛL
(φ) has a non-degenerate ground state with a spectral gap ϵL(φ)

between its lowest two eigenvalues that is bounded from below uniformly in L and φ ∈ T2,

i.e. there exists ϵ > 0 such that infL>0 infφ∈T2 ϵL(ϕ) ≥ ϵ.

By unitary equivalence, this necessarily implies that the twist-antitwist Hamiltonians

HΛL
(φ+, φ−) also have a non-degenerate ground state with energy gap to the first excited

energy that is bounded from below uniformly in L and φ+, φ− ∈ T2. Now, we denote by P̃φ

the ground state projection associated with H̃ΛL
(φ), where this projection is as introduced in

317 for the finite dimensional setting. Then, for A ∈ AΛL
, we have the following evaluation

of expectation values in terms of the positive linear functional ω̃φ,L.

ω̃φ,L(A) = Tr(P̃φA)(429)

Note here that the bracket notation to indicate matrices and L dependence are dropped,

and we bear in mind the isomorphism between A and a finite dimensional matrix in M2NL ,

where NL is dimHΛL
. The Hall adiabatic curvature κL(φ) is then defined as follows.

κL(φ) = iω̃φ,L

([
∂1P̃φ, ∂2P̃φ

])
(430)
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We may now state the three main results of this work. The first theorem concerns the

φ-independence of Hall adiabatic curvature.

Theorem 6.6. The Hall adiabatic curvature is exponentially φ-independent, meaning there

exist constants C, σ > 0 not depending on L such that,

sup
φ,φ′∈T2

|κL(φ)− κL(φ
′)| ≤ Ce−σL.(431)

Due to results such as the seminal work of Avron and Seiler, [7], it follows that the

integral of κ is an integer multiple of 2π, so asymptotic convergence to 2πn is an immediate

consequence of Theorem 6.6, with n ∈ Z.

Theorem 6.7. For any φ ∈ T2, there exist constants C, σ > 0 not depending on L such

that,

inf
n∈Z

|κL(φ)− 2πn| ≤ Ce−σL,(432)

with the minimizing nmin ∈ Z being φ-independent as well.

Furthermore, due to our proof of the existence of the spectral flow automorphism α(·) in

the thermodynamic limit, it also holds that the Hall adiabatic curvature has a well defined

limit as L→ ∞.

Theorem 6.8. Assume that for all A ∈ AΘ, limL→∞ ω̃0,L exists. Then, the thermodynamic

limit of κL exists.

lim
L→∞

κL(0) ∈ 2πZ(433)

The following section is devoted to proving these three theorems, where we present several

intermediate results that hinge on our proven Lieb-Robinson bounds and quasi-locality of

the spectral flow automorphism. First, we briefly comment on the extension of these results

to fractional quantization of Hall conductance.
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Fractional Quantization. Our proof of integer quantization of Hall conductance following

the strategy of Hastings and Michalakis relies on the crucial assumption of a non-degenerate

ground state, as in Assumption 6.5. However, the construction of quasi-adiabatic evolution,

which supports the validity of Theorems 6.6-6.8, does not only function with one-dimensional

ground state spaces. It is exactly the consideration of degenerate ground state spaces that

gives rise to fractional quantization using the methods of this section. We comment on this

extension as noted in Section 9 of [38] and 3.1 of [8].

More generally, one can let each H̃ΛL
(φ) have a p-fold degenerate ground state space and

denote by Q̃φ = 1
p
P̃φ the orthogonal projection onto the equally weighted superposition of

degenerate ground states, referred to as the chaotic ground state projection. Let ωφ,c denote

the ground state function associated with Q̃φ. With respect to P̃φ, the integer quantization

still arises from Theorems 6.6-6.8 due to the gapped spectrum; however, the factor of p−1

carried through in Q̃φ results in fractional quantization of Hall conductance given by n
p

with

n ∈ Z.

To prove fractional quantization for any individual ground state, we require one more

condition, which takes the general name of topological order. This notion has been described

in the cited references and made further precise in the work of Nachtergaele, Sims, and Young

[75]. We state a more general form, which would be sufficient to establish the claim. Let

ωφ,p be any pure ground state belonging to the degenerate ground state space, then for any

local A ∈ BX with X ⊂ ΛL, one has,

ωφ,p(A) = ωφ,c(A) +O(L−a),(434)

for some a > 0. Here O(L−a) indicates decay of order no slower than L−a. Since we

ultimately show that the observable, whose expectation value gives Hall adiabatic curvature,

is quasi-local, this suggests that the respective Hall adiabatic curvatures κL,p and κL,c are
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asymptotically close:

|κL,p(φ)− κL,c| ≤ CaO(L−a).(435)

This thus establishes fractional quantization of Hall conductance for individual ground states

as well. We now proceed with the general proof of integer quantization, which implies such

extensions.

6.3. Proofs of Theorems 6.6-6.8.

Before presenting the general strategy for proving the three theorems in question, we first

introduce some notation to build the tools we will use in our proofs. Moving forward, let

1ij(x) denote the indicator function associated with the four quadrants of VL:

1jk(x) =



1VL\(X1∪X2)(x) j, k = 0

1X1\(X1∩X2)(x) j = 1, k = 0

1X2\(X1∩X2)(x) j = 0, k = 1

1X1∩X2(x) j, k = 1

(436)

For abbreviated notation, let Xjk ⊂ VL denote the quadrants associated with each configura-

tion of j, k. With our periodic setting of sites γ ∈ ΛL understood, we suppress L-dependence

in the fermionic operator abbreviations for the remainder of this section. We can then write

the action of Rφ on a∗γ,n := a∗(χLγ,n) as,

Rφ

(
a∗γ,n

)
=

1∑
j,k=0

eiq(jφ1+kφ2)a∗(1jkχ
L
γ,n) = a∗(Uφχ

L
γ,n),(437)

where we have introduced the operator Uφ which is unitary as a map from L2(VL) to itself.

Furthermore, one can also write the operators,

∂

∂φ1

Rφ(a
∗
γ,n) = iq

1∑
j,k=0

jeiq(jφ1+kφ2)a∗(1jkχ
L
γ,n)(438)
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∂

∂φ2

Rφ(a
∗
γ,n) = iq

1∑
j,k=0

keiq(jφ1+kφ2)a∗(1jkχ
L
γ,n)(439)

By construction, equations 437 and 438 can be written for aγ,n too, via complex conjugation

and taking the adjoint (a∗)∗ = a. For brevity, let ∂1(2) := ∂
∂φ1(2)

. One can also explicitly

write the action of Rφ and ∂1(2)Rφ acting on a#γ,n for some m-body monomial.

Rφ(aγ,n) =
∑

j1,...,j2m
k1,...,k2m

exp

(
iq

[
m∑
n=1

(jm+n − jn)φ1 +
m∑
n=1

(km+n − kn)φ2

])(440)

× a∗(1j2mk2mχ
L
γ2m,n2m

)...a(1j1k1χ
L
γ1,n1

)

∂1Rφ(aγ,n) = iq
∑

j1,...,j2m
k1,...,k2m

m∑
n=1

(jm+n − jn) exp

(
iq

[
m∑
n=1

(jm+n − jn)φ1 +
m∑
n=1

(km+n − kn)φ2

])(441)

× a∗(1j2mk2mχ
L
γ2m,n2m

)...a(1j1k1χ
L
γ1,n2

)

Evident by these explicit expressions, the action of flux insertion (composed with partial

differentiation with respect to a flux component) results in fermionic operators that no

longer belong to AL
01. In fact, the larger CAR algebra in question is associated with the

extended Hilbert space that we shall define as,

HL(φ) := span
{
χL
γ,n, Uφχ

L
γ,n, ∂jUφχ

L
γ,n : γ ∈ ΛL, n ∈ {0, 1}, φ ∈ T2, j = 1, 2

}
.(442)

Let AL
01(φ) be the enlarged CAR algebra generated by {a(f), a∗(f) : f ∈ HL(φ)}. By the

exponential localization of the functions {χLγ,n} and their inner products, up to exponentially

small corrections in L, the same follows for both {UφχLγ,n} and {∂jUφχLγ,n}. However, this

localization is purely with respect to the spatial lattice ΛL. The precise form of Uφ results

in Uφχ
L
γ,n losing its identification with the nth Landau level, so naturally, there is no exact

or approximate sense in which χLγ,0 can be orthogonal to UφχLγ′,1. Thus, the extended set of

functions that span HL(φ) do not entirely satisfy Assumption 5.17, due to localization in
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sites of Γ and not Θ in general. In the present setting with the two lowest Landau levels, the

localization still gives rise to Lieb-Robinson bounds of the form of Corollary 406, with the

caveat that v → 2v due to the loss of orthogonality of different Landau level labeled functions.

We now show an important calculation concerning the L2 norm of 1jk(x)UφχLγ,n. Without

loss of generality, we show the computation for the n = 0 function.

∥∥1jkUφχLγ,n∥∥ ≤
∫
Xjk

dx
∣∣χL

γ,0(x)
∣∣2(443)

≤
∫
Xjk

dx

∣∣∣∣∣ ∑
γ′∈ΓL

Tγ′χγ(x)

∣∣∣∣∣
2

(444)

≤
∫
Xjk

dx |χγ(x)|2 +O(e−L)(445)

≤ 1

2πℓ2

∫
Xjk

dx e−|x−γ|2/4ℓ2 +O(e−L)(446)

≤ Ce−ζd(γ,Xjk) +O(e−L)(447)

In the third inequality, we use the fact that the nontrivial translates result in terms decaying

exponentially in L, which we separate as O(e−L). Then to reach the final inequality, we split

up the Gaussian into two pieces, meaning the positive constant ζ < 1. We bound one of these

terms by noting that the shortest distance between x and γ is given by the distance between

γ and the domain of integration Xjk. What remains can be trivially estimated by integrating

over all of R2. We now introduce the relevant Hastings generators that we will use throughout

the proofs of Theorems 6.6-6.8. Let τ̃φt and τφt be the Heisenberg dynamics generated by the

twist Hamiltonians H̃ΛL
(φ) and twist-antitwist Hamiltonians HΛL

(φ) respectively. Then, we

have,

K̃j(φ) =

∫
R
dt Wϵ(t)τ̃

φ
t

(
∂jH̃ΛL

(φ)
)
,(448)

Kj(φ) =

∫
R
dt Wϵ(t)τ

φ
t (∂jHΛL

(φ)) .(449)
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Remark that since HΛL
(φ) = Rφ(HΛL

), it follows that the Hastings generators are also

related in this way, meaning Kj(φ) = Rφ (Kj) where Kj := Kj(0). Additionally, letting

s ∈ [0, 1], there exists a path of Hamiltonians Hφ
ΛL
(s) = HΛL

(φ, (s − 1)φ) that allows us

to smoothly deform HΛL
(φ) into H̃ΛL

(φ) = HΛL
(φ, 0). This parametrization leads to the

s-dependent generators:

D(s) =

∫
R
dt Wϵ(t)τ

s
t

(
∂sHφ

ΛL
(s)
)
,(450)

where τ st denotes Heisenberg time evolution generated by Hφ
ΛL
(s). Crucially, ∂sHφ

ΛL
(s) is

localized away from (0, 0), which will help us show that the ground states ω̃φ,L of H̃ΛL
(φ)

and ωφ,L of HΛL
(φ) agree on observables supported near (0, 0).

Carrying on, let ZR := [−R,R]× [−R,R] and ΞR := ZR ∩ ΛL. These two subsets denote

the continuous space and sites of ΛL restricted to the 2R×2R square centered at (0, 0). Due

to the short range of the interaction and the fact that ∂jH̃ΛL
(φ) enforces scattering between

X0k and X1k′ or Xj0 and Xj′1, it follows that
[
K̃1(φ), K̃2(φ)

]
is most strongly supported by

lattice sites in a neighborhood of ΞR. When we restrict [K1(φ), K2(φ)] to this neighborhood,

we may obtain a good approximation of the former. This is because in this neighborhood,

flux insertion affects both H̃ΛL
and HΛL

most strongly close to YR.

proof of Theorem 6.6. Towards proving an error estimate on this approximation, we will

need a series of lemmas. The first one concerns the difference in dynamics generated by H̃ΛL

versus HΛL
. As we will also need to keep track of quadrant indices j, k in Xjk at times, we

re-introduce the θ site index so that we may write a#θ,jk := a#(1jkχ
L
γ,n).

Lemma 6.9 (Difference of Dynamics). Fix φ = (φ1, φ2) ∈ T2, and denote by ΞR,r an r-sized

fattening of ΞR. Let γ ∈ Ξ+
R,r and n ∈ {0, 1}|γ|. Then, there exist positive constants ζ, v,

and c such that the following bound holds,

∥∥∥τφt (aγ,n)− τ̃φt (aγ,n)
∥∥∥ ≤ P1(L,R)|t|e−cR + |γ|P2(L,R)e

−ζ(L
2
−(2R+r)) (eζv|t| − 1

)
,(451)
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where P1(L,R) and P2(L,R) are finite degree polynomials in L and R.

Proof.

τφ−tτ̃
φ
t (aγ,n)− aγ,n = −i

∫ t

0

dt′τϕ−t′
([

HΛL
(φ)− H̃ΛL

(φ), τ̃φt′ (aγ,n)
])

(452)

Note that explicitly,

HΛ(φ)− H̃ΛL
(φ) =

∑
γ′∈Λ+

L :

γ′⊂ΛL\YR

∑
j1,...,j2p
k1,...,k2p

(
1− exp

(
iq

[
p∑

m=1

(jp+m − jm)φ1 +

p∑
m=1

(kp+m − km)φ2

]))(453)

×
∑

n∈{0,1}2p
ϕ(γ, n)a∗θ2p,j2pk2p ...aθ1,j1k1

To avoid writing
∣∣γ′∣∣ in subscripts, we introduce the index p := |γ|′/2, where p can be

either 1 or 2. In this expression, we make use of the interaction construction from 398

and re-introduce the θ site index so that we may write a#θ,jk := a#(1jkχ
L
γ,n). Thus, the

interaction terms in this difference possess quadrant-based scattering across at least one of

the edge boundaries. This is imposed by the flux dependent prefactor of the summand. From

Corollaries 5.11 and 406, there exist constants ζ, v > 0 such that,

∥∥∥[a#θ2p,j2pk2p ...a#θ1,j1k1 , τ̃φt (aγ,n)]∥∥∥ ≤ 4Ce−ζ(dT (γ′,γ)−v|t|).(454)

To further refine our estimate and make use of the fact that aγ,n is localized in a neighborhood

of ΞR, we will more carefully partition the interactions with lattice support contained in

ΛL\YR. To do so, we introduce another region:

BR :=

{
γ = (γx, γy) ∈ ΛL :

∣∣∣∣L2 − γx

∣∣∣∣ ≤ R or
∣∣∣∣L2 − γy

∣∣∣∣ ≤ R

}
.

We will then expand the difference interactions as,

HΛL
(φ)− H̃ΛL

(φ) =
(
H̃ΛL

(φ)− H̃ΛL
(φ)
)BR,1

+
(
HΛL

(φ)− H̃ΛL
(φ)
)BR,2

(455)
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Those interactions with frame lattice support in ΛL\ (YR ∪ BR) are all supported at least a

distance R from the boundaries between quadrants or have diameters of at least 2R, meaning

that, ∥∥∥∥(HΛL
(φ)− H̃ΛL

(φ)
)BR,2

∥∥∥∥ ≤ P (L)e−cR,(456)

where P (L) is a finite degree polynomial in L. The monomial aγ,n can have support over-

lapping with this region, so the Lieb-Robinson bound does not give us any useful spatial

decay. Moving on to those terms with support intersecting BR, we can further divide these

as follows.

(
HΛL

(φ)− H̃ΛL
(φ)
)BR,1

=

((
HΛL

(φ)− H̃ΛL
(φ)
)BR,1

)Bc
R,1

+(457) ((
HΛL

(φ)− H̃ΛL
(φ)
)BR,1

)Bc
R,2

This distinguishes between interactions fully frame-supported inside BR and those that also

have supports outside this strip. Interactions in the second grouping above are fully inside

the strip BR and have support that is at least a distance L
2
− (2R+ r) from γ. Thus, for an

interaction of this form, equation 454 can be made more precise:

∥∥∥[a#θ2p,j2pk2p ...a#θ1,j1k1 , τ̃φt (aγ,n)]∥∥∥ ≤ 4Ce−ζ(
L
2
−(2R+r)−v|t|).(458)

Summing over all such interactions adds a polynomial prefactor P (L,R) from volume esti-

mates and lattice regularity. Lastly, we consider those interactions that have at least one,

but not all, site in BR. The norm of these terms can be estimated as follows.∥∥∥∥∥
((

HΛL
(φ)− H̃ΛL

(φ)
)BR,1

)Bc
R,1
∥∥∥∥∥ ≤ 2LRe−cR

∞∑
r̃=1

P (r̃)e−σr̃(459)

≤ CLRe−cR

148



Putting all of these bounds together and integrating over time, we obtain the final bound as

in the statement of the lemma.

∥∥∥τφt (aγ,n)− τ̃φt (aγ,n)
∥∥∥ ≤ P1(L,R)|t|e−cR + P2(L,R)e

−ζ(L
2
−(2R+r)) (eζv|t| − 1

)
(460)

□

Next, we define a finite subset of ΛL that will be used to construct an approximation of

the Hall adiabatic curvature. Let r := r(L) > 0 be a parameter used to describe a fattening

ΞR,r of ΞR by a distance r, shown in Figure 5. A preliminary feature of this approximation

involves replacing ∂jH̃ΛL
(φ) by ∂jHΛL

(φ)ΞR,r
, i.e. the interactions of ∂jHΛL

(φ) with lattice

support strictly contained in ΞR,r. The next lemma provides an error estimate on this

approximation of ∂jH̃ΛL
(φ).

Lemma 6.10 (Partial Derivative Approximation). Let H̃ΛL
(φ) denote the family of twist

Hamiltonians as previously defined. For X ⊂ ΛL, let ∂jH̃ΛL
(φ)X denote the partial derivative

with respect to the jth component of φ with support restricted to X. Then, there exist positive

constants c and C as well as a finite degree polynomial P (r) such that the following bound

holds.

∥∥∥∂jHΛL
(φ)ΞR,r

− ∂jH̃ΛL
(φ)ΞR,r

∥∥∥ ≤ CqP (r)e−cR(461)

Proof. We begin by explicitly analyzing the norm of the interaction terms specified by this

difference in the case that the derivative is with respect to φ1. The same arguments will

hold when we consider ∂2 instead.

∥∥∥∂1HΛL
(φ)ΞR,r

− ∂1H̃ΛL
(φ)ΞR,r

∥∥∥ =
∥∥∥∂1HΛL

(φ)ΞR,r\ΞR
− ∂1H̃ΛL

(φ)ΞR,r\ΞR

∥∥∥
(462)

≤

∥∥∥∥∥∥∥∥∥
∑
γ∈Λ+

L :

γ⊂ΞR,r\ΞR

∂1Rφ(Φ(γ))

∥∥∥∥∥∥∥∥∥(463)
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Figure 5. Diagram illustrating the relevant regions.
[
K̃1(φ), K̃2(φ)

]
is sup-

ported in a neighborhood of the central square Ξ. For the purposes of ap-
proximation, we approximate ∂jH̃ΛL

(φ) by ∂jHΛL
(φ) within the first circle,

i.e. ΞR,r. Then, we use the larger ball with fattening r̃ of ΞR as a region where
Hall adiabatic curvature will be approximated.

≤ q
∑

j1,...,j2p
k1,...,k2p

∑
γ∈Λ+

L :

γ⊂ΞR,r\ΞR

(464)

∥∥∥∥∥∥
(

p∑
m=1

jp+m −
p∑

m=1

jm

) ∑
n∈{0,1}2p

ϕ(γ, n)a∗γ2p,j2pk2p ...aγ1,j1k1

∥∥∥∥∥∥(465)
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≤ qC
∑

j1,...,j2p
k1,...,k2p

∑
γ∈Λ+

L :

γ⊂ΞR,r\ΞR

e−σdγ

∣∣∣∣∣
(

p∑
m=1

jp+m −
p∑

m=1

jm

)∣∣∣∣∣
exp

(
−ζ

2p∑
i=1

dT (γi, Xjiki)

)

Thus far, we have only used assumptions and the explicit forms of the twist/anti-twist Hamil-

tonians to generate these inequalities. The final inequality features competing decay between

the diameter of the sets γ and the distance of sites in these sets from the left/right halves

respectively. The reason being that ∂1 identifies those interactions whose supports change

from right to left half and vice versa. With reference to Figure 5, the support of χLγ′,n′ needs

to hop from one of X10 or X11 to the support of χLγ,n being one of X01 or X00 and vice versa.

On the other hand, γ and γ′ are situated in one of the shaded blue regions.

To proceed with our estimate, we will rewrite the sum over γ supported in ΞR,r\ΞR as

follows. This particular region, the shaded lobes in Figure 5, can be divided in such a way

that each lobe is the union of unit width vertical strips of height bounded from above by r.

In the case that we consider ∂2 acting on either flux Hamiltonian, we would use unit height

horizontal strips, but the subsequent strategy would be the same. Now, we sum over all γ

contained in the strips furthest from ΞR, where either diam(γ ≥ 2(R+ r) or for at least one

site γ ∈ γ, dT (γ,Xjk) = R + r.

Additionally, note that with γ being supported in up to four lobes, there are at most 4r

sites that could be involved in either the 1 or 2 body interactions. Then, we sum over all

γ contained in the furthest two strips, where the distances mentioned just now decrease to

(R + r − 1), up to constant factor, and the number of sites to choose from increases to 8r.

For notation, denote by Zi
r,r′ := {γ = (γx, γy) ∈ ΞR,r : |γi| ≥ r − r′, i = x, y}. Noting that
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p ≤ 2, |(∑p
m=1 jp+m −∑p

m=1 jm)| ≤ 2,we continue the estimate as follows.

∥∥∥∂1HΛL
(φ)ΞR,r

− ∂1H̃ΛL
(φ)ΞR,r

∥∥∥ ≤ 2qC
∑

j1,...,j2p
k1,...,k2p

r∑
r′=1

∑
γ∈Λ+

L :

γ⊂Z1
r,r′

e−c(R+r−r′)(466)

= 2qCe−cR
∑

j1,...,j2p
k1,...,k2p

r∑
r′=1

∑
γ∈Λ+

L :

γ⊂Z1
r,r′

e−c(r−r
′)(467)

≤ Cqe−cRr5
∫ r

0

dr′(r′)3e−c(r−r
′)(468)

≤ CqP (r)e−cR(469)

In the last inequality, P (r) is a polynomial in r which makes use of a worst case counting

estimate of the interactions due to the 2-body terms. By the same reasoning, we obtain an

identical upper bound when ∂1 is replaced by ∂2. □

The final prerequisite lemma we need before constructing the full approximation of the

Hall curvature concerns the operator norm of ∂jH̃ΛL
(φ)ΞR,r

as well as how much ∂1H̃ΛL
(φ)−

∂1H̃ΛL
(φ)ΞR,r

commutes with ∂2H̃ΛL
(φ).

Lemma 6.11. Fix r > 0 and let ΞR,r be the fattening of ΞR by a distance r. Denote by

r := min{R, r}. Then there exist positive constants ζ, v and a finite degree polynomial P

such that the following bound holds, where the partial differentiation with respect to φ1 and

φ2 can be switched.

∥∥∥[τ̃φt (∂1H̃ΛL
(φ)− ∂1H̃ΛL

(φ)ΞR,r

)
, ∂2H̃ΛL

(φ)
]∥∥∥ ≤ CP (L,R, r)e−ζ(r−v|t|)(470)

Using the same proof strategy that will be written below, a similar estimate can be obtained

in the case that ∂2H̃ΛL
(φ) has its frame lattice support restricted to ΞR,r.
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Proof. By definition, the difference ∂1H̃ΛL
(φ) − ∂1H̃ΛL

(φ)ΞR,r
can be expanded as shown in

the subsequent equation.

∂1H̃ΛL
(φ)− ∂1H̃ΛL

(φ)ΞR,r
=iq

∑
γ∈(ΛL\Ξ+

R,r:

γ∩YR ̸=∅

∑
j1,...,j2p
k1,...,k2p

(
p∑

m=1

jp+m −
p∑

m=1

jm

)
×(471)

e(iq(
∑

m jp+m−
∑

m jm)φ1+(
∑

m kp+m−
∑

m km)φ2)
∑

n∈{0,1}2p
ϕ(γ, n)a∗θ2p,j2pk2p ...aθ1,j1k1

∂2H̃ΛL
is the same series of interactions except with ΞR,r included in the support and the

outer sums over j(·) replaced by outer sums over k(·). With these lattice restrictions on the

supports of each set of interactions, we do not have control on the minimal distance between

supports of interactions in ∂1H̃ΛL
(φ)− ∂1H̃ΛL

(φ)ΞR,r
and in ∂2H̃ΛL

(φ).

However, these interactions do need to have at least one point in YR, which implies one of

the following facts about their commutator. 1) The sites are in vertical and horizontal strips

respectively and are thus separated by a minimum distance of r. 2) The sites are in the same

strip, meaning that either one of these sites or another from their interaction supports is at

least a distance R from its required quadrant. If γ and γ̃ are the two respective supports of

two interaction terms with points γ∗ and γ̃∗ respectively being their sites contained in YR,

this implies that diam(γ)+ diam(γ̃) + dT(γ
∗, γ̃∗) ≥ Cmin{R, r} =: Cr.

For demonstration in the subsequent calculation, let γ and γ̃ denote tuples associated

with interactions from ∂1H̃ΛL
(φ) − ∂1H̃ΛL

(φ)ΞR,r
and ∂2H̃ΛL

(φ) respectively. Note that we

will not require quadrant dependence here, so in the first inequality itself, we estimate away

this dependence to recover the original operators a#γ,n. One term contributing towards the

quantity of interest in the statement of the lemma is the following,

∥∥∥[τ̃φt (ϕ(γ, n)aγ,n) , ϕ(γ̃, n)aγ̃]∥∥∥ ≤ Ce−σ(dγ+dγ̃)e−ζ(dT (γ,γ̃)−v|t|)(472)

≤ Ce−ζ(r−v|t|),(473)
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where the constant C is absorbed through ζ and v. If we then sum over all the possible

interactions, one obtains a polynomial prefactor P (L,R, r), which completes the proof. □

With these bounds calculated, we are in a position to justify the following as a suitable

approximation of the observable used to define Hall curvature. Let,

GΞ(φ) =

∫
R
dt

∫
R
dt′ Wϵ(t)Wϵ(t

′)
[
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)]
(474)

The following lemma establishes that EΛL
ΞR,r̃

(
GΞ(φ)

)
is a good approximation of[

K̃1(φ), K̃2(φ)
]
.

Lemma 6.12. Let R = r = L
16

and r̃ = L
4
. Then, the following upper bound holds,

∥∥∥[K̃1(φ), K̃2(φ))
]
− EΛL

ΞR,r̃

(
GΞ(φ)

)∥∥∥ ≤ O(L−∞),(475)

where O(L−∞) is a function with decay to zero faster than any rational function in L.

Proof. Explicitly, we consider the quantity,∫
R
dt

∫
R
dt′ Wϵ(t)Wϵ(t

′)
([
τ̃φt

(
∂1H̃ΛL

(φ)
)
, τ̃φt′

(
∂2H̃ΛL

(φ)
)]

−(476)

EΛL
ΞR,r̃

([
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)]))
.(477)

To proceed, we will prove the lemma by integrating over a compact set of times and esti-

mating away the tails of integration using the properties of Wϵ, as proven in [11],

∥∥∥[K̃1(φ), K̃2(φ))
]
− EΛL

ΞR,r̃

(
GΞ(φ)

)∥∥∥ ≤
∫ T

−T
dt

∫ T

−T
dt′ |Wϵ(t)||Wϵ(t

′)|

(478)

∥∥∥([τ̃φt (∂1H̃ΛL
(φ)
)
, τ̃φt′

(
∂2H̃ΛL

(φ)
)]

− EΛL
ΞR,r̃

([
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)]))∥∥∥
+O(T−∞),

where O(T−∞) decays faster than any rational function in T . What remains now is to

estimate a bound on the norm of the integrand and compute its integral. First, we use the
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triangle inequality to bound the commutator expression.

∥∥∥[τ̃φt (∂1H̃ΛL
(φ)
)
, τ̃φt′

(
∂2H̃ΛL

(φ)
)]

− EYΛL
ΞR,r̃

([
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)])∥∥∥
(479)

≤
∥∥∥[τ̃φt (∂1H̃ΛL

(φ)
)
, τ̃φt′

(
∂2H̃ΛL

(φ)
)]

−
[
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)]∥∥∥+∥∥∥[τφt (∂1HΛL
(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)]
− EΛL

ΞR,r̃

([
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)])∥∥∥

≤
∥∥∥[τ̃φt (∂1H̃ΛL

(φ)
)
, τ̃φt′

(
∂2H̃ΛL

(φ)
)]

−
[
τφt

(
∂1H̃ΛL

(φ)ΞR,r

)
, τφt′

(
∂2H̃ΛL

(φ)ΞR,r

)]∥∥∥+
(480)

∥∥∥[τφt (∂1H̃ΛL
(φ)ΞR,r

)
, τφt′

(
∂2H̃ΛL

(φ)ΞR,r

)]
−
[
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)]∥∥∥+∥∥∥[τφt (∂1HΛL
(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)]
− EΛL

ΞR,r̃

([
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)])∥∥∥
≤
∥∥∥[τ̃φt (∂1H̃ΛL

(φ)
)
, τ̃φt′

(
∂2H̃ΛL

(φ)
)]

−
[
τ̃φt

(
∂1H̃ΛL

(φ)ΞR,r

)
, τ̃φt′

(
∂2H̃ΛL

(φ)ΞR,r

)]∥∥∥+
(481)

∥∥∥[τ̃φt (∂1H̃ΛL
(φ)ΞR,r

)
, τ̃φt′

(
∂2H̃ΛL

(φ)ΞR,r

)]
−
[
τφt

(
∂1H̃ΛL

(φ)ΞR,r

)
, τφt′

(
∂2H̃ΛL

(φ)ΞR,r

)]∥∥∥+∥∥∥[τφt (∂1H̃ΛL
(φ)ΞR,r

)
, τφt′

(
∂2H̃ΛL

(φ)ΞR,r

)]
−
[
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)]∥∥∥+∥∥∥[τφt (∂1HΛL
(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)]
− EΛL

ΞR,r̃

([
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)])∥∥∥
The previous three lemmas as well as Proposition 5.13 allow us to bound each of the four

norms in the final inequality. Putting all of these results together, we obtain the bound,

∥∥∥[τ̃φt (∂1H̃ΛL
(φ)
)
, τ̃φt′

(
∂2H̃ΛL

(φ)
)]

− EΛL
ΞR,r̃

([
τφt
(
∂1HΛL

(φ)ΞR,r

)
, τφt′

(
∂2HΛL

(φ)ΞR,r

)])∥∥∥
(482)

≤ CP3(L,R, r)e
−ζ(r−v|t−t′|) +

∥∥∥∂jH̃ΛL
(φ)ΞR,r

∥∥∥P1(L,R)|t− t′|e−cR+

|ΞrR|P2(L,R)e
−ζ(L

2
−(2R+r))

(
eζv|t−t

′| − 1
)
+ C

∥∥∥∂lH̃ΛL
(φ)ΞR,r

∥∥∥P (r)e−cR+
C|ΞrR|

(√
2R− r

2
+ r̃ + c

)
e−ζ(r̃−r−vp|t−t

′|)
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≤ CP1(L,R, r)e
−ζ(r−v|t−t′|) + P2(L,R, r)|t− t′|2e−cR + P3(L,R, r)e

−ζ(L
2
−(2R+r))

(
eζv|t−t

′| − 1
)(483)

+ P4(L,R, r)e
−cR + P5(L,R, r)e

−ζ(r̃−r−vp|t−t′|),

where in the last inequality, the P polynomials have absorbed the additional volume es-

timates from bounding
∥∥∥∂jH̃ΛL

∥∥∥ and |ΞR,r|. All that remains to complete the proof is to

integrate the last inequality above weighted by Wϵ(t)Wϵ(t
′) with respect to times t, t′ up to

T . Doing so yields the bound,

∥Wϵ∥2∞P1(L,R, r)e
−ζ(r−vT ) + 4∥Wϵ∥21T 2P2(L,R, r)e

−cR + ∥Wϵ∥2∞P3(L,R, r)e
−ζ(L

2
−(2R+r)−vT)

(484)

+ ∥Wϵ∥2∞P4(L,R, r)e
−cR + ∥Wϵ∥2∞P5(L,R, r)e

−ζ(r̃−r−vpT ).

To conclude, we introduce the L-dependence of the parameters R, r, r̃ and T . Let R = r =

vT = L
16

, vT = vpT = L
32

, and r̃ = L
4
. Then, letting any monomials in L be absorbed into

pre-existing polynomial prefactors, we obtain,

∥∥∥[K̃1(φ), K̃2(φ))
]
− EΛL

ΞR,r̃

(
GΞ(φ)

)∥∥∥ ≤ ∥Wϵ∥2∞P1(L)e
−ζ1L/32 + 4∥Wϵ∥21P2(L)e

−cL/16(485)

+ ∥Wϵ∥2∞P3(L)e
−ζL/4 + ∥Wϵ∥2∞P4(L)e

−cL/16

+ ∥Wϵ∥2∞P5(L)e
−ζL/8 +O(L−∞)

≤ O(L−∞)(486)

□

We are now in position to use this approximation to show that our definition of Hall

adiabatic curvature is φ-independent in the thermodynamic limit. Recalling 430, we may

now write,

κL(φ) = iω̃φ,L

(
EΛL

ΞR,r̃

(
GΞ(φ)

))
+O(L−∞),(487)
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and make use of the family of Hamiltonians Hφ
ΛL
(s) = HΛL

(φ, (s− 1)φ) and their associated

quasi-adiabatic generators D(s). As a first step, we want to verify where the predominant

support of ∂sHφ
ΛL
(s) is located in ΛL, and specifically with reference to ΞR,r̃. By construction,

∂sHφ
ΛL
(s) = −iq

∑
γ∈Λ+

L :

γ⊂ΛL\YR

∑
j1,...,j2p
k1,...,k2p

((
p∑

m=1

jp+m −
p∑

m=1

jm

)
+

(
p∑

m=1

kp+m −
p∑

m=1

km

))
×

(488)

exp

{(
iq

(∑
m

jp+m −
∑
m

jm

)
(1− s)φ1 +

(∑
m

kp+m −
∑
m

km

)
(1− s)φ2

)}
×

∑
n∈{0,1}|γ|

ϕ(γ, n)a∗θ2p,j2pk2p ...aθ1,j1k1 .

As done previously, we may divide these constituent interactions using the bulk strips BR.

∂sHφ
ΛL
(s) =

(
∂sHφ

ΛL
(s)
)Bc

R,1 +
(
∂sHφ

ΛL
(s)
)Bc

R,2(489)

The interactions in the second term above have a minimum distance of L
2
−2R−r from those

in ΞR,r, and from the assigned L-dependence of these parameters, this distance is linear in L.

Additionally, as previously described, the interactions in the first term either have diameters

larger than 2R or have at least one site that is a distance R away from a quadrant boundary.

Then, letting V (s) denote the unitaries of quasi-adiabatic evolution generated by D(s). For

an arbitrary operator A ∈ AL
01, we may write,

V ∗(1)AV (1) = A+ i

∫ 1

0

ds V ∗(s) [D(s), A]V (s)(490)

= A+ i

∫ 1

0

ds

∫
R
dt Wϵ(t)V

∗(s)
[
τ st
(
∂sHφ

ΛL
(s)
)
, A
]
V (s).(491)
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Focusing on the commutator in the integrand, letting A = EΛL
ΞR,r̃

(
GΞ(φ)

)
, we can use the

remarks above with Lieb-Robinson bounds to obtain,

∥∥∥[τ st (∂sHφ
ΛL
(s)
)
,EΛL

ΞR,r̃

(
GΞ(φ)

)]∥∥∥ ≤ P1(L,R, r)e
−cR + P2(L,R, r)e

−ζ(L
2
−(2R+r+v|t|))(492)

= P1(L)e
−cL/16 + P2(L)e

−ζ(5L/16−v|t|).(493)

Then, we bound the norm of the entire integral over t by splitting the integral as before,

where one integral is over |t| < T = L
16v

. This then results in the following crucial estimate,∥∥∥∥i ∫ 1

0

ds V ∗(s)
[
D(s),EΛL

ΞR,r̃

(
GΞ(φ)

)]
V (s)

∥∥∥∥ ≤ O(L−∞).(494)

Then, noting that the action of the ground states ω̃φ,L and ωφ,L of H̃ΛL
(φ) and HΛL

(φ, 1)

respectively on A are related by ω̃φ,L(A) = ωφ,L(V
∗(1)AV (1)),

ω̃φ,L

(
EΛL

ΞR,r̃

(
GΞ(φ)

))
= ωφ,L

(
V ∗(1)EΛL

ΞR,r̃

(
GΞ(φ)

)
V (1)

)
(495)

= ωφ,L

(
EΛL

ΞR,r̃

(
GΞ(φ)

))
(496)

+ ωφ,L

(
i

∫ 1

0

ds V ∗(s)
[
D(s),EΛL

ΞR,r̃

(
GΞ(φ)

)]
V (s)

)
.

Thus,

∣∣∣ω̃φ,L (EΛL
ΞR,r̃

(
GΞ(φ)

))
− ωφ,L

(
EΛL

ΞR,r̃

(
GΞ(φ)

))∣∣∣ ≤ O(L−∞),(497)

and the covariance of ωφ,L and of GΞ(φ) guarantee that this inequality is independent of φ.

This completes the proof of Theorem 6.6. □

proof of Theorems 6.7 and 6.8. Now, moving on to the statement of quantization of Hall con-

ductance in the thermodynamic limit, the operator given by EΛL
ΞR,r̃

([
K̃1, K̃2

])
is an element

of AΞR,r̃
, which is a subalgebra of AL

01 by construction. Therefore, in the thermodynamic

limit, i.e. L→ ∞, this operator still remains in AΞR,r̃
because the functions χγ,L with γ ∈ YL

converge in L2 norm to χγ; the arguments used to prove Lemma 5.24 also establish that this

limit certainly exists within the CAR algebra. Moreover, the preceding proofs establish that
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[
K̃1, K̃2

]
is a quasi-local operator that can be written as the limit of strictly frame-local

operators localized around the box ΞR. Thus, we have the following limits,

[
K̃1, K̃2

]
= lim

r̃→∞
EΛL

ΞR,r̃
(498)

Υr̃ := lim
L→∞

EΛL
ΞR,r̃

([
K̃1, K̃2

])
.(499)

Consequently, similar to the lattice analogue ([8])

[
K̃1, K̃2

]
−Υr̃ =

[
K̃1, K̃2

]
− EΛL

ΞR,r̃

([
K̃1, K̃2

])
+ EΛL

ΞR,r̃

([
K̃1, K̃2

])
−Υr̃(500) ∥∥∥[K̃1, K̃2

]
−Υr̃

∥∥∥ ≤
∥∥∥[K̃1, K̃2

]
− EΛL

ΞR,r̃

([
K̃1, K̃2

])∥∥∥+ ∥∥∥EΛL
ΞR,r̃

([
K̃1, K̃2

])
−Υr̃

∥∥∥(501)

≤ O
(
r̃−∞)+O

(
L−∞) ,(502)

and this allows us to conclude the proof:

lim
L→∞

∣∣κL(φ)− iω̃φ,L
(
Υr̃
)∣∣ ≤ O

(
r̃−∞) .(503)

□
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Part 2. Studies of Effective Models for Correlated Electron Systems

7. Fermi-Hubbard model and Multi-layer Materials

Onset of charge incompressibility and Mott gaps in the Honeycomb-Lattice

SU(4) Hubbard Model: Lessons for Twisted Bilayer Graphene systems 1

Introduction: Recent years have seen increasing interest in the Fermionic Hubbard model

with more than two spin species [27, 50, 51, 53, 98, 107, 115, 125]. In cold atom plat-

forms, atoms can have internal degrees of freedom such as those associated with hyperfine

states. Contact interactions between atoms provide excellent realizations of local Hubbard

interaction U with SU(N) symmetry. Even in the solid state context, SU(4) symmetry can

arise for multi-orbital systems although full SU(4) symmetry generically requires fine-tuning

of parameters [63, 112]. A recent realization of systems with potential SU(4) symmetry

are Twisted Multilayer systems at magic angles with extremely narrow or nearly flat bands

[18, 57, 61, 114, 117, 121, 122, 123, 124, 126]. Flat bands can provide both strong correla-

tions and enhanced internal symmetry. While the low temperature phase behavior of these

systems clearly depend on the complex band structure and details which break SU(N) sym-

metry [121], a question of interest in this work is: What lessons can be drawn by comparison

with high temperature thermodynamics of a simple SU(N) Hubbard model?

Strong coupling expansions around the atomic limit provide a powerful formalism to cal-

culate temperature dependent properties of Hubbard models in the thermodynamic limit

[45, 78, 94, 95, 102]. These expansions can be developed at inverse temperature β and chem-

ical potential µ in the grand canonical ensemble and for any set of hopping parameters. Each

term in the expansion depends on βt, the fugacity ζ = exp{βµ}, and the Hubbard U which

enters the expansions both in terms of w = exp{−βU} and 1/βU .

1Copyright 2022 American Physical Society. Based on the publication in Physical Review B: https://doi.
org/10.1103/PhysRevB.105.L241410 [48]
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Here, we focus on the temperature dependence of the electronic compressibility and en-

tropy. As the temperature is lowered below U , at most densities the compressibility becomes

large while at integer densities, the system enters an incompressible Mott regime and the

compressibility goes to zero. At the same time, the entropy develops sharp cusps as a function

of density. The Mott gap can be obtained from studying the compressibility as a function

of temperature.

In the incompressible Mott regime, the strong coupling expansions can be recast as a high

temperature expansion for a spin model with SU(4) symmetry. The spin models at ρ = 1 and

ρ = 3 belong to the fundamental representation of SU(4) symmetry with four states per site.

The model at ρ = 2 has six states per site and can be mapped to one with SO(6) symmetry

[121]. The thermodynamic properties such as entropy and specific heat can be arranged

in terms of two dimensionless parameters: βt2/U and t/U . At large U/t the system turns

into a Heisenberg model with J set by t2/U whereas additional t/U dependence reflects the

presence of various multi-spin and multi-site interactions [28, 70, 113]. Antiferromagnetic

ordering and correlations are captured by the βt2/U dependence whereas the t/U terms can

be used to study the breakdown of strong coupling expansions.

The manner in which incompressibility sets in with increase in β at various densities, and

the shapes of chemical potential, inverse compressibility and entropy as a function of parti-

cle density carry potential lessons for magic angle graphene systems. While some features

resemble those observed experimentally [86, 88, 105, 111, 127], there are important differ-

ences, especially with respect to persistence of band features with temperature, which we

will discuss in this work.
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Figure 6. Chemical potential µ versus inverse temperature β for ρ = 1 and
several values of U . Zeroth order and fourth order calculations are shown along
with an analytical asymptotic low temperature formula.

Model and Methods: The SU(4) Hubbard model is defined by a Hamiltonian H = H0+V ,

where the unperturbed part H0 is the on-site term:

(504) H0 = U
∑
i

ni(ni − 1)

2
− µ

∑
i

ni,

with µ the chemical potential and ni the total number operator on site i. The perturbation

V is the hopping term:

(505) V = −
∑
i,j

tij

4∑
α=1

(C†
i,αCj,α + h.c.),

where the sum i, j runs over pairs of sites of a lattice and the sum over α runs over the 4

species of Fermions. In this work, we will consider the nearest-neighbor hopping model on
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honeycomb lattice. The unperturbed Hamiltonian has a particle-hole symmetry ni → 4−ni,
µ → 3U − µ. The hopping Hamiltonian changes sign under particle-hole symmetry. Thus

on a bipartite lattice where thermodynamic properties depend only on the absolute value of

the hopping parameter t, the system has particle hole symmetry.

Using the formalism of thermodynamic perturbation theory [45, 78, 94, 95, 102], the

logarithm of the grand partition function, per site, can be expanded as

(506)
1

Ns

lnZ = ln z0 +
∑
G

LGz
−s
0 (βt)rXG(ζ, βU),

where Ns is number of sites in a large lattice, z0 is the single-site partition function

(507) z0 = 1 + 4ζ + 6ζ2w + 4ζ3w3 + ζ4w6,

with ζ = eβµ, and the sum in Eq. 506 is over graphs denoted G. The graph G has s sites and

r bonds, and has Lattice Constant LG. The weight-factor XG(ζ, βU) is the reduced weight

of the graph G for lnZ [78].

The particle density (per site) can be obtained via the relation

(508) ρ =
ζ

Ns

∂

∂ζ
lnZ.

This relation can be inverted to obtain ζ or µ as a function of ρ and β, which then allows

one to obtain various properties at fixed particle density.

In Fig. 6 we show the chemical potential µ as a function of temperature at particle density

ρ = 1 for different values of U . The solid lines are the calculation in the atomic limit (zeroth

order), the dashed line in the fourth order, and the dashed-dotted lines is the asymptotic

low temperature formula ζ2 = 1
6w

, discussed more in a later section. We can see that the

fourth order calculation lies between the zeroth order and the asymptotic expression. At

low temperatures it becomes difficult to precisely locate the chemical potential numerically

because the Mott plateaus have almost chemical potential independent density. Fortunately,
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Figure 7. Chemical potential µ versus density ρ for several U and β values.
As the temperature is lowered, the development of Mott behavior is indicated
by rapid changes in chemical potential at integer densities.

the analytical expression can be used there. The compressibility K, entropy S and specific

heat C are obtained from the relations

(509) K =
(∂ρ
∂µ

)
β
,

(510) S = −β( ∂
∂β

lnZ)ζ − ρ ln ζ + lnZ,

and,

(511) C = T
(∂S
∂T

)
ρ
.
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We have carried out the perturbation theory to eighth order. Up to fourth order, we

evaluate the full traces and our perturbation theory is complete. For much of the temperature

range studied, fourth order perturbation suffices and properties can be calculated accurately

for arbitrary densities. Starting with sixth order the number of trace terms becomes too

large to evaluate fully. In sixth order, we restrict trace calculations to at most 3 particles

per site and in eighth order we restrict to at most two-particles per site. This restricted

calculation is sufficient at lower temperatures (w → 0 limit), where we particularly need

higher orders, as discussed later.

Figure 8. Inverse Compressibility versus ρ for U = 8 and 20 and several β
values. Mott behavior is characterized by a sharp increase in inverse compress-
ibility.

Chemical potential, Compressibility and Entropy: Numerical results for chemical

potential µ as a function of particle density ρ for various temperatures and U values are

shown in Fig. 7. We find that the results at all density are very well converged down to a

temperature of approximately T/t = 1.5. Below that temperature, the convergence away

from integer densities starts to break down. Hence, the plots are shown up to β = 0.6. At

and near integer densities, the convergence of the expansion is set by t2/U and hence they

remain convergent down to lower temperatures. The striking feature of the plot is the onset

of Mott behavior around T = U/2 characterized by rapid rise in the chemical potential at in-

teger densities. The larger U system is deeper into the Mott phase and hence the changes in
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chemical potential are much sharper. Mott behavior can be seen even more clearly in Fig. 8,

where we show the inverse compressibility vs density. The Mott phase is characterized by

its incompressibility and hence the inverse compressibility shoots up and shows sharp spikes.

Note that the spikes are symmetric around the peak.

In Fig. 9, we show the entropy as a function of density. The onset of Mott behavior is

characterized by the development of a sharp cusp in the entropy with a minima at integer

densities. This is because at small deviation from integer densities and at temperatures much

larger than the exchange constant, the system maps on to the high temperature limit of the

t − J model [79, 81, 84, 95, 109]. At these temperatures, the motion of charge degrees of

freedom is incoherent and corresponds to a dilute gas with an entropy that varies as −δ ln δ,
where δ is the deviation in density from integer filling.

Figure 9. Entropy as a function of density for several values of β and U =
8 and 20. As the system enters the strongly correlated regime sharp cusps
develop at integer densities.

The w → 0 limit: At low temperatures, w = exp{−βU} becomes exponentially small and

some terms dominate the expansion. At integer densities, the system is dominated by a

single occupancy value at each site. Away from integer densities, the system is dominated

by only two occupancy values. The remaining terms become exponentially small. To see
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this, and the range of ζ or chemical potential µ in each case, we consider the unperturbed

atomic limit. Particle density in the atomic limit is:

(512) ρ0 =
1

z0
(4ζ + 12ζ2w + 12ζ3w3 + 4ζ4w6)

The cases ρ = 0 and ρ = 4 are trivial. We focus on remaining integer densities. Setting

ρ = 1 and dropping exponentially small terms one obtains:

(513) ζ2 =
1

6w
+O(w).

This relation is exact at low temperatures for ρ = 1 provided the system remains in the Mott

phase, that is, U is not so small that there is a transition away from the insulating phase.

The single site partition function is also dominated by a single term

(514) z0 = 4ζ +O(
√
w).

Or,

(515)
ζ

z0
=

1

4
+O(

√
w)

For each graph, in the w → 0 limit, XG is also dominated by only select terms. For a graph

with s sites, there is a zs0 factor in the denominator and the numerator has a maximum

power of ζs without any double occupancy. Thus, only the ζs terms survive in this limit.

In other words, graph by graph, only those terms survive which have exactly one particle at

every site in the unperturbed limit. Setting ρ = 2 in Eq. 512 we get

(516) ζ2 =
1

w3
.

This relation, which implies µ = 3U/2, is exact by particle hole symmetry. The partition

function, up to terms which are relatively exponentially small, becomes:

(517) z0 = 6ζ2w.
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Or,

(518)
ζ2

z0
=

1

6w
.

Once again, contribution from each graph is dominated by terms that have exactly two

particles on every site. Other terms are relatively exponentially small.

Setting ρ = 3 in Eq. 512 and keeping only the exponentially largest terms we get ζ2 =

1
6w5 . The partition function, up to terms which are relatively exponentially small, becomes

z0 = 4ζ3w3. Or,

(519)
ζ3

z0
=

1

4w3
.

Once again, contribution from each graph is dominated by terms that have exactly three

particles on every site. Other terms are relatively exponentially small. At densities between

two integer densities, the fugacity takes values between two commensurate ones and each

site can have only one of two occupations. Thus, restricting trace calculations to terms with

up to 2 particles per site suffices to get the exponentially largest terms as long as particle

density is less than or equal to two. Furthermore, using particle-hole symmetry one can also

obtain properties at densities larger than two, so that all densities can still be accurately

obtained.

As w → 0, the expansions at integer densities turn into high temperature expansions for

a generalized spin model. We can rearrange this expansion in powers of x = βt2/U and

y = (t/U)2. At ρ = 1, ln (Z/4) has expansion

2.25x(1− 4

3
y + 15.81887y2 − 429.6101y3 + . . .)

+ 2.8125x2(1− 16

3
y + 66.49491y2 + . . .)

+ 0.9375x3(1− 0.8y + . . .)− 0.00234375x4(1 + . . .)

(520)
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While at ρ = 2, ln (Z/6) has expansion

3x(1− 1.833333y + 34.18148y2 − 1227.889y3 + . . .)

+ 5x2(1− 9.516667y + 182.3093y2 + . . .)

+
20

3
x3(1− 9.866667y + . . .) +

26

9
x4(1 + . . .)

(521)

The y → 0 limit corresponds to the Heisenberg model and the properties only depend on

βt2/U . As long as the expansions in t/U converge, the system remains an incompressible

Mott Insulator.

Series in y are too short to determine the location of metal-insulator transition. But,

taking the nth root of the absolute value of the coefficients of various yn terms suggest a

convergence radius in (t/U)2 of approximately 0.1 or U/t ≈ 3− 4. Note that the critical U/t

need not be the same at different densities. Also, because the series in y are alternating, we

cannot rule out a much smaller critical U/t on the real axis. These results are consistent

with a previous study [126], which reported a critical U/t in the range of 2.5 to 3.

Figure 10. Effective Mott Gap defined as −d lnK
dβ

, versus temperature for
ρ = 1 and ρ = 2 for several values of U .

Determining the Mott gap: We define the effective Mott Gap from the behavior of

compressibility as K ∼ exp{−∆/T}. The effective Mott gap at inverse temperature β is
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defined as:

(522) ∆ = −d lnK
dβ

Fig. 10 shows the effective Mott gap as a function of β for several U values. In finite

order of perturbation theory, at asymptotically low temperatures the Mott gap thus de-

fined can be shown to go back to U/2, the unperturbed value. The reason is simply that

exp{(−βU/2)}(βt)n goes to zero as n → ∞. Hence, keeping n finite, as β → ∞ all pertur-

bative terms vanish. In nth order, convergence should extend up to a β value that increases

as n. For our calculation, we thus need to stay at a low but finite temperature. We expect

the Mott gap to plateau close to the true answer before drifting back to the unperturbed

value as T → 0. It is, however, difficult to precisely pin down the gap from the short series.

It seems apparent that the gap becomes small by U/t = 4. At smaller U , U -dependence of

the gap may take a concave shape so that a small gap may persist to much smaller U values.

Figure 11. Specific Heat (C) as a function of temperature for ρ = 1 and
ρ = 2 for several values of U . The leading order Heisenberg model results for
specific heat are shown as dotted lines.

Specific heat in the insulating phase: In Fig. 11 specific heat plots for ρ = 1 and ρ = 2

at various U values as a function of temperature are shown. The temperature axis has been

scaled by t2/U to match with the large-U exchange constant. The high temperature peak

in specific heat corresponds to the transition from temperatures of order U to a strongly
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correlated regime at T << U . For U ≥ 8, the entropy first plateaus at ln4 and ln 6 for ρ = 1

and ρ = 2 respectively, corresponding to the high temperature limit of the spin model [95].

Subsequently, the entropy decreases with lowering of temperature showing the development

of spin correlations. The lower temperature rise of the specific heat is related to the devel-

opment of spin correlations in the system.

We have also shown in Fig. 11, the high temperature large-U limit of the spin models for

the specific heat. It is clear that the spin model captures the numerical variations in the

quantities for U ≥ 8 quite well. But, there are significant corrections for U/t = 4.

Magic angle systems: In the Twisted Bilayer Graphene and similar systems near magic

angles the bandwidth and effective U have both been estimated to be of order 10 meV [111].

That means the hopping parameter t is of order 10K and U is of order 100K. Thus, our

calculations could be relevant above a temperature of a few K at integer densities and above

about 10K at all densities.

There have been several measurements of chemical potential, compressibility and entropy

as a function of density in these systems some going to temperatures up to 50K or higher

[86, 88, 105, 111, 127]. Some features of the experiments are clearly captured by the simple

Hubbard model. As temperature is lowered, there occurs a rapid rise in chemical potential at

characteristic densities and correspondingly the inverse compressibility shows sharp spikes.

However, there are key differences:

1. Mott behavior at T > 1.5t is only seen in our study at integer densities per site not at

integer densities per translational unit cell as seen in experiments. The latter would include

half integer densities per site, implying twice as many Mott plateaus.

2. The entropy is a minima at integer densities in our studies with sharp cusps, whereas

it is a maxima in experiments.
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3. No saw-tooth like asymmetry is seen in the inverse compressibility spikes [127], though

this maybe related to the particle hole symmetry in the nearest-neighbor hopping model.

Although our model has only nearest-neighbor hopping, results 1 and 2 above should be

valid even with more complex hoppings. At temperatures above t and U not too small,

incompressibility in the Hubbard model only arises when it can be traced back to the atomic

limit, i.e., at integer density per site. Adding further neighbor Coulomb repulsion can cause

additional Mott plateaus at half-integer densities, but that would be related to charge density

order for which there is no experimental evidence. In fact, there is a band-based argument

for insulators at half integer densities. The band structure of the honeycomb system can be

regarded as two bands, one below the other in energy, joined together at the Dirac points

[127]. Thus, additional incompressibility at half integer density per site is related to integer

filling of one of the two bands.

Similarly, hopping of carriers will normally be incoherent at these high temperatures in

the Hubbard model and the mobile particle entropy will be that of an ideal gas, regardless

of hopping details. This is what causes the entropy function to be a minima at integer den-

sities and have sharp cusps. On the other hand, the kinetic entropy is presumably already

quenched even at these temperatures in experiments and the system has turned into a fermi

liquid.

We believe these differences point to an important property of magic angle flat-band sys-

tems, namely that these flat bands are derived from a much wider band and hence have a

much larger energy scale behind them and thus can persist over a larger temperature scale.

Persistence of low energy Dirac features to high temperatures has also been emphasized by

Zondiner et al [127].
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Discussions and Conclusions: We have studied finite temperature properties of the SU(4)

Hubbard model on the honeycomb lattice using strong coupling expansions. At integer den-

sities, when U is not too small, the system becomes an incompressible Mott Insulator. This

can be seen by examining the density versus chemical potential, which shows the devel-

opment of sharp plateaus. When this happens, the compressibility becomes exponentially

small and the entropy develops cusps at integer densities. The system can be mapped to a

spin model with only virtual charge fluctuations. These expansions converge extremely well

for U/t > 8 and possibly down to U/t ≈ 3 − 4. Strong coupling expansion is particularly

useful in studying the temperature dependence of properties like compressibility and entropy.

For a more quantitative comparison with experiments on magic angle flat-band materials,

it may be useful to extend these studies to include more realistic band structures with many

hopping parameters. Furthermore, including smaller terms that break SU(N) symmetry

would allow one to study various symmetry breaking transitions in these systems. However,

our study suggests that some aspects of the physics of magic angle systems may not be

captured by considering a lattice Hubbard model of just the flat bands.
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8. Unconventional Superconductivity in LaNiGa2

Observation of a pronounced Hebel-Slichter peak in the spin-lattice relaxation

rate and implications for gap and pairing symmetry in LaNiGa2
2

Superconductors that exhibit spontaneous magnetic fields are unusual because the most

energetically favorable state generally involves spin-singlet pairing between Cooper pairs of

opposite momentum electrons. Spin triplet pairing can emerge in rare cases, such as in the

well-known candidates UPt3 and UTe2, where triplet pairing has been observed, and, in

case of UPt3 there is further evidence of a finite magnetization and time-reversal symme-

try breaking (TRSB) [83, 91]. TRSB has been recently observed via muon spin resonance

(µSR) experiments in the superconducting state of the topological crystalline superconductor

LaNiGa2 with Tc = 2.1 K [34, 46]. This material has a non-symmorphic orthorhombic crys-

tal structure (Cmcm) that gives rise to a non-trivial band topology with band-degeneracies

at the Fermi level [14, 80]. This degeneracy can give rise to multi-band superconductivity

involving both intra- and inter-band pairing.

It has been proposed that the condensate wavefunction may be described as an internally

antisymmetric, non-unitary, triplet (INT) state that is fully gapped with s-wave symmetry

in momentum space, antisymmetric in the band channel, and symmetric in spin space with

equal-spin triplet (S = 1) pairing [33]. In this case, there are two components to a supercon-

ducting pair wavefunction corresponding to either both spins up or both spins down [33, 110].

If the order parameter is non-unitary, there will be two distinct superconducting gaps with

different magnitudes, and the corresponding superfluid densities will also differ leading to

a finite internal magnetization. Support for this interpretation has emerged from specific

heat [110], penetration depth [32], and µSR [97] measurements in LaNiGa2 that revealed the

presence of two superconducting gaps. However, such measurements are mostly sensitive to
2Copyright 2026 American Physical Society. Based on the publication in Physical Review Letters: https:
//doi.org/10.1103/tsnb-1mxc [92]
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the density of states and cannot probe the spin structure of the superconducting condensate.

Zero field nuclear quadrupolar resonance (NQR) can shed light on the spins of Cooper

pairs because the spin lattice relaxation rate, T−1
1 , of nuclear spins is driven by spin-flip

scattering with the Bogoliubov excitations. The Hebel-Slichter coherence peak is an in-

crease in T−1
1 below Tc that arises due to a temperature-dependent build up of a sharp peak

in the density of states and the particular quantum mechanical superposition of holes and

electrons describing the excitations [6, 40, 41]. The coherence peak generally emerges in

conventional superconductors [60, 62, 71], but is suppressed, apart from extrinsic impurity

scattering, for several intrinsic reasons in unconventional superconductors. These include

an anisotropic gap that can suppress the peak in the density of states or a change in the

symmetry of the pair-wave functions and excitations that can alter coherence factors [19, 96].

Here we find that in an equal-spin pairing triplet state the peak can also be suppressed

by having two different gaps for different spin components. At lower temperatures, the

temperature dependence of T−1
1 reflects the superconducting gap, exhibiting either activated

behavior in superconductors with a full gap [29, 76], or power law behavior in unconventional

superconductors with nodes in the gap [25, 54]. Less is known about the behavior of T−1
1 for

the INT state. In this case, there are four types of Bogoliubov excitations involving super-

positions of electrons and holes with parallel spins in different bands. Because they involve

parallel spins, one might expect spin-flip scattering by nuclear spins would be suppressed,

and that T−1
1 may depend on the orientation of the d-vector that describes the triplet order

parameter [99, 100].

In this study we present 139La (I = 7/2) NQR T−1
1 data in the superconducting state of

LaNiGa2 that exhibits a Hebel-Slichter coherence peak as well as activated behavior at low

temperatures. We show that a robust coherence peak can only emerge for the INT state if

the two gaps are equal in magnitude, with no TRSB. When the equal spin pairing axis is
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different from the nuclear quantization axis, a weak HS peak arises with TRSB with two

distinct gaps, but it is too weak to fit the data. Our experimental results are well described

by a two-band singlet model with different gap magnitudes consistent with the previously

reported heat capacity and penetration depth experiments.

To compute the superconducting gap and excitations, we ignore details of the band struc-

ture and consider two different Bogoliubov-de-Gennes (BdG) Hamiltonians of similar essence

with an isotropic gap, inspired by the INT model introduced in [34, 80]. These two models

differ in the pairing mechanism: the INT state (a) has equal-spin triplet pairing, whereas

the two-gap BCS model (b) has singlet pairing. Both have two bands with inter-band pair-

ing. The INT case (a) is antisymmetric in the band index with parallel spin, but with an

admixture of up-up and down-down which allows TRSB and two gaps. The BCS case (b)

is symmetric in the band index but is spin singlet. Both models still allow two gaps, and in

either case, the gap is assumed to be isotropic (i.e., the spatial wave-function is s-wave). We

are, thus, primarily exploring two gaps with the associated build-up of density of states and

the nature of coherence factors that come from different pairing symmetries.

We note that the triplet states of the INT model are very different from the BW (Balian-

Werthamer) [15] and ABM (Anderson-Brinkman-Morel) [2] states proposed for triplet super-

fluids and realized in the B and A phases of 3He. In these cases there is no band structure,

and the anti-symmetry comes from real space wave-functions, which are k-dependent and

odd in k. In LaNiGa2 with D2h point group symmetry, the allowed irreducible represen-

tations for a single-band spin triplet model with weak spin orbit coupling all show line or

surface nodes in the gap for spherical or cylindrical Fermi surfaces [3].

In order to model the spin lattice relaxation in LaNiGa2, we assume that the La nu-

clear spins interact with the electron spins in two different bands via a contact hyperfine

interaction: Hhyp = AI · S(ϕ), where A is a hyperfine constant, I is the nuclear spin,
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S(ϕ) = 1
2

∑
ss′ c

†
ks(ϕ)σss′cks′(ϕ) is the spin of an electron, and c†ks(ϕ) = cos(ϕ)a†ks + sin(ϕ)b†ks

is a linear combination of creation operators for the two bands (a†ks and b†ks) with wavevector

k and spin s. This hyperfine interaction gives rise to scattering with more or less emphasis

on electrons from either band, relative to hyperfine coupling to each band. It is not possible

to determine these couplings a priori via band structure or experimental observations, thus

ϕ is treated as a floating fit parameter.

We now introduce the two Bogoliubov-de-Gennes Hamiltonians inspired by the INT model,

which enforce symmetric and antisymmetric spin pairing respectively, before deriving the so-

lutions to these models, i.e. the low-energy band structure and quasi-particle excitations.

(a) INT Model: This particular model is defined by the BdG Hamiltonian: HBdG =∑
k Ψ

†
kH(k)Ψk, where

(523) H(k) =

h0(k) ∆̂

∆̂† −h0(k)

 ,
h0(k) = 12 ⊗ (wk · k12 + γk · kτx) exhibits a Dirac dispersion with velocity parameters wk

and γk as introduced in [80], the pairing potential ∆ = (d ·σ)iσy⊗ iτy where σi and τi are the

Pauli matrices associated with the electron spins and the a/b bands, respectively, d describes

the triplet gap parameter, and Ψk =
(
ak↑, bk↑, ak↓, bk↓, a

†
−k↑, b

†
−k↑, a

†
−k↓, b

†
−k↓

)
. In this model,

the dependence on k simplifies to dependence only on the component of k perpendicular to

the Fermi surface, as seen in the dispersion relation and subsequent coherence factor expres-

sions. It is also important to note that the analogous model in [34] features an additional τz

term in h0(k) that introduces an inherent energy difference in the a and b bands. This has

been set to 0, and the τx term, constant in [34], has been endowed with linear k dependence

to yield the aforementioned Dirac dispersion.
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Furthermore, the order parameter is non-unitary and the condensate has a finite spin

polarization q = 2id×d∗ [82]. We consider a few different choices of pairing vector d = ∆0η,

where η is a complex unit vector. These are (I) dr = ∆0√
1+r2

(r, i, 0) where r is a real number

and q ∼ r
1+r2

ẑ, (II) dz = (0, 0, 1) with q = 0, (III) dxyθ = ∆0(1 + i cos θη, i sin θη, 0)/
√
2 with

q ∼ sin θηẑ, and (IV) dyzθ = ∆0(0, i sin θη, 1 + i cos θη)/
√
2 with q ∼ sin θηx̂. θη characterizes

the relative angle between the real and imaginary parts of d and the degree of non-unitarity.

In particular, this parameter gives rise to two possibly distinct gaps:

∆ = ∆0

√
1−

(
γk
wk

)2√
1± |sin θη|(524)

The first two cases correspond to the symmetry allowed irreducible representations for a

single-band with weak spin orbit coupling [3]. Here, by increasing r away from 0, the ef-

fect is to introduce TRSB with a nonzero ω = i(η × η∗). We will now work through the

derivation of the superconducting gap(s) and the eigenvectors of this Bogoliubov-de-Gennes

Hamiltonian.

Since the pairing vectors d of interest are in the x−y or y−z planes in C3, we parametrize

them more generally as d = (dx,r+ idx,i, dy,r+ idy,i, 0) or d = (0, dy,r+ idy,i, dz,r+ idz,i). The

r and i indices denote real and imaginary parts. With this choice, HBdG can be diagonal in

the spin (σ) subspace with respect to either the σz or the σx eigenbasis. Additionally, note

that with this choice, the pairing potential ∆̂ can be written as (∆r(σ)− i∆i(σ))⊗τy, where:

∆̂r(σ) = cjdj,iσp − dy,r12; ∆̂i(σ) = cjdj,rσp + dy,i12,(525)

and j = x or z with cj =


1 if j = x, p = z

−1 if j = z, p = x

. Evidently, this pairing potential is diagonal.

From here, we work in the λ ⊗ τ subspace, which gives us an effective 4 × 4 model. We

replace the operators ∆r(σ) and ∆i(σ) with their eigenvalues which we shall denote by
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δjr,± = ±cjdj,i − dy,r and δji,± = ±cjdj,r + dy,i, leading to:

Heff(k) = wkkλ⊗ 12 + γkkλz ⊗ τx + δjr,±λx ⊗ τy + δji,±λy ⊗ τy.(526)

Here, one can check that λz ⊗ τx commutes with Heff(k), so we now change basis from the

standard basis to one consisting of eigenvectors of λz ⊗ τx, which are of the form 1√
2

1

0

⊗
 1

±1

 and 1√
2

0

1

 ⊗

 1

±1

. In changing basis, we obtain the following Hamiltonian,

which we shall denote by H̃(k), where the Pauli matrices also carry a tilde to emphasize the

basis change.

H̃(k) = −γkkλ̃z ⊗ 12 + wkk12 ⊗ τ̃z + λ̃z ⊗ (δjr,±τ̃y − δji,±τ̃x)(527)

= ∓γkk12 + wkkτ̃z ± δjr,±τ̃y ∓ δji,±τ̃x(528)

Equation 528 reveals that our transformed Hamiltonian is now diagonal in the λ̃ subspace,

which means that we can reduce to an effective 2× 2 model in τ̃ space. We now rewrite 528

in a manner that suggests how to diagonalize the 2× 2 system.

H̃(k)± γkk12 = V± (ν±± · τ̃)(529)

In the line above, we introduce the constant V± =
√

(wkk)2 +∆2(1± |ω|). The ± here dis-

tinguishes between spin up(+) and spin down(−), and ω = iη×η∗. This precise dependence

of ∆2(1±|ω|) can be obtained by explicitly calculating the normalization factor V± from equa-

tion 529. The unit vector ν±± takes the form ν±± = 1
V±

(∓δji,±, ±δjr,±, wkk). We now define

spherical coordinates θ± = arccos
(
wkk
V±

)
and φ±± = sgn(±δjr,±) arccos

(
∓δji,±

∆

)
. In terms of

these angular parameters, the eigenvectors of 529 with energies E∓±±(k) = ∓γkk ± V± are

as written below.

|t±±−⟩ =

−e−iφ±± sin
(
θ±
2

)
cos
(
θ±
2

)
(530)
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|t±±+⟩ =

 cos
(
θ±
2

)
eiφ±± sin

(
θ±
2

)
 .(531)

To generate the eigenvectors of the initial 8 × 8 model, we first let |+⟩ =

1

0

 and |−⟩ =
0

1

, and the color will denote these as eigenvectors of the λ̃ subspace (black) or the σ

subspace (cyan).

|T±±±⟩j = |±⟩ ⊗ |±⟩j ⊗ |t±±±⟩(532)

We use the notation here that the subscript j denotes |±⟩j to be the eigenvectors of σj

with j = x or z. We will now use these eigenvectors |T±±±⟩j to express the Bogoliubov

quasi-particle creation and annihilation operators in terms of a and b electron creation and

annihilation operators, and we will drop the j subscript for brevity of notation. Letting

uk± = −e−iφ+± sin
(
θ±
2

)
and vk± = cos

(
θ±
2

)
be the so-called coherence factors (note the

switched convention compared to standard BCS Theory), we are able to derive the following

expressions:

αk± = vk±(ak± − bk±)− u∗k±(a
†
−k± + b†−k±)(533)

β†
−k± = uk±(ak± − bk±) + vk±(a

†
−k± + b†−k±)(534)

One can check that these operators satisfy the fermionic anticommutation relations. Note

that the general form of these quasi-particle operators is close to the standard BCS form,

barring the presence of two bands A and B. However, the basis change we implemented

causes a and b electrons to mix, a consequence of the γkk term in the Hamiltonian. The

electron operators may now be expressed in terms of the Bogoliubov operators:

ak± = u∗k±β
†
−k± + vk±αk± − u∗−k±α

†
−k± + v−k±βk±(535)

bk± = −u∗−k±α
†
−k± + v−k±βk± − u∗k±β

†
−k± − vk±αk±(536)
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With these operator expressions, we now move on to computing the nuclear relaxation rate,

T−1
1 , with reference to the S+ term of the Hyperfine Hamiltonian. In this calculation,

the nuclear wavefunction is approximated as constant, so calculating T−1
1 effectively involves

using Fermi’s Golden Rule to calculate scattering amplitudes associated with electron states.

Towards this end, we introduce the operator,

S+
k,k’(ϕ) = (cos(ϕ)a†k↓ + sin(ϕ)b†k↓)(cos(ϕ)ak’↑ + sin(ϕ)bk’↑).(537)

This operator describes electron scattering from momentum k’ to k where spin is flipped,

and the parameter ϕ is introduced to allow us to vary the relative weight of a versus b

electrons in the scattering process. This angle is given by tanϕ = 2AaAb/(A
2
a + A2

b), where

Aa,b are the hyperfine couplings to the two bands. As mentioned before, we invoke Fermi’s

Golden Rule and T−1
1 involves calculating

∑
i,f

∣∣⟨f |S+
k,k’(ϕ)|i⟩

∣∣2, where i and f are the initial

and final states of the scattering process which both correspond to states with only one

Bogoliubov quasi-particle present. Thus, we sum over initial states featuring an αk’± or

a βk’± excitation and final states featuring an αk± or a βk± excitation. Before proceeding

however, we now need to acknowledge the role played by the choice of j = x or z. In the case

that j = z, we may directly write (537) in terms of 533 and 534. This lets us calculate the

scattering amplitudes directly, and this is presented in the next section. Remark again that

we will express the dependence of these expressions on k as dependence on its component

perpendicular to the Fermi surface, denoted as just k.

j = z:

By direct computation, express the electron creation and annihilation operators in (537),

and then read off the scattering amplitudes to obtain,

Aα↑→α↓(k, k
′) = vk↓vk′↑ (1− sin(2ϕ))(538)

Aα↓→α↑(k, k
′) = u∗k↑uk′↓ (1 + sin(2ϕ))
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Aβ↑→β↓(k, k
′) = v−k↓v−k′↑ (1 + sin(2ϕ))

Aβ↓→β↑(k, k
′) = u∗−k↑u−k′↓ (1− sin(2ϕ))

Aα↑→β↓(k, k
′) = v−k↓vk′↑ cos(2ϕ)

Aα↓→β↑(k, k
′) = u∗−k↑uk′↓ cos(2ϕ)

Aβ↑→α↓(k, k
′) = vk↓v−k′↑ cos(2ϕ)

Aβ↓→α↑(k, k
′) = u∗k↑u−k′↓ cos(2ϕ)

The next section outlines the differences imposed by the condition j = x.

j=x:

The reason that the calculation of these scattering elements becomes trickier now is that

they involve transitions from up spin to down spin particles while our Bogoliubov quasipar-

ticles are labeled by Sx eigenvalues. We make use of the relation:

ck,↑ =
1√
2
(ck,+ + ck,−)(539)

ck,↓ =
1√
2
(ck,+ − ck,−) ,(540)

where the ck operator here can be either ak or bk. With this transformation, we can write

S+
k,k′(ϕ), but first note the forms of the operators S−

k,k′ and Szk,k′ :

S−
k,k′(ϕ) = (cos(ϕ)a†k↑ + sin(ϕ)b†k↑)(cos(ϕ)ak′↓ + sin(ϕ)bk′↓),(541)

Szk,k′(ϕ) =
1

2

∑
s

s(cos(ϕ)a†ks + sin(ϕ)b†ks)(cos(ϕ)ak′s + sin(ϕ)bk′s),

where s = ±1 denotes up/down spin. In this case where our natural spin basis is that of σx,

we can express S+
k,k′(ϕ) in the following way.

S
+,↑\↓
k,k′ (ϕ) = Sz,±k,k′(ϕ) +

1

2

(
S−,±
k,k′ (ϕ)− S+,±

k,k′ (ϕ)
)

(542)
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= Sz,±k,k′(ϕ)− iSy,±k,k′(ϕ)

The notation for the S operators in the equation above is as follows. Those operators with

↑ \ ↓ as a superscript involve spin matrices written in the usual z-basis. Those with ±
in the superscript involve the exact same matrices, element-wise, except the "z-basis" here

actually corresponds to the x-basis. Consequently, the scattering amplitudes associated with

S
+,↑\↓
k,k′ (ϕ) can be calculated by considering scattering between α± particles and β± particles.

Furthermore, we can use the same scattering amplitudes found in the previous section, except

the ↑→↓ scattering and vice versa will refer to + → − scattering and vice versa. With this

in mind, we have the following amplitudes that will contribute to our calculation of T−1
1 .

Aα±→α±(k, k
′) =

1

2

(
vk±vk′±(1− sin(2ϕ))− u∗k±uk′±(1 + sin(2ϕ))

)
(543)

Aβ±→β±(k, k
′) =

1

2

(
v−k±v−k′±(1 + sin(2ϕ))− u∗−k±u−k′±(1− sin(2ϕ))

)
Aα±→β±(k, k

′) =
1

2
cos(2ϕ)

(
u∗−k±uk′± − v−k±vk′±

)
Aβ±→α±(k, k

′) =
1

2
cos(2ϕ)

(
u∗k±u−k′± − vk±v−k′±

)
Aα+→α−(k, k

′) =
1

2

(
u∗k−uk′+(1 + sin(2ϕ))− vk−vk′+(1− sin(2ϕ))

)
Aα−→α+(k, k

′) =
1

2

(
vk+vk′−(1− sin(2ϕ))− u∗k+uk′−(1 + sin(2ϕ))

)
Aβ+→β−(k, k

′) =
1

2

(
u∗−k−u−k′+(1− sin(2ϕ))− v−k−v−k′+(1 + sin(2ϕ))

)
Aβ−→β+(k, k

′) =
1

2

(
v−k+v−k′−(1 + sin(2ϕ))− u∗−k+u−k′−(1− sin(2ϕ))

)
Aα+→β−(k, k

′) =
1

2
cos(2ϕ)

(
u∗−k−uk′+ − v−k−v−k′+

)
Aα−→β+(k, k

′) =
1

2
cos(2ϕ)

(
v−k+vk′− − u∗−k+uk′−

)
Aβ+→α−(k, k

′) =
1

2
cos(2ϕ)

(
u∗k−u−k′+ − vk−v−k′+

)
Aβ−→α+(k, k

′) =
1

2
cos(2ϕ)

(
vk+v−k′− − u∗k+u−k′−

)
These amplitudes can be decomposed into two subsets of scattering processes: those which

preserve the x component of spin and those which flip this. The first four equations involve
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the processes that preserve spin, and these are in fact the same amplitudes that appear in

the calculation of ultrasonic attenuation for either orientation of d that we have considered.

The existence of spin-preserving, i.e. gap preserving, scattering is what distinguishes the

behavior of quasi-particle scattering when d has a component along the z-axis.

2-Gap Spin Singlet Model

In addition to explicitly solving the INT model, writing the Bogoliubov quasi-particle op-

erators, and calculating the scattering amplitudes required to obtain nuclear-spin relaxation

rate, we also consider a spin-singlet model in addition to the INT model, which promotes

triplet pairing. The pivotal question at the heart of this work is whether LaNiGa2 breaks

time reversal symmetry below its critical temperature, and one way for us to probe this is

by studying another effective 8×8 model, inspired in form by the INT model, 523, where

singlet spin pairing occurs, which preserves time reversal symmetry. Explicitly, the effective

Bogoliubov-de-Gennes Hamiltonian is identical to equation 523 except for the off-diagonal

pairing potential which for this model we call ∆̂s. We define this to be,

∆̂ = −σy ⊗∆0 (cos(θb)12 + sin(θb)τx) .(544)

Here the parameter θb is responsible for the existence of two distinct superconducting gaps

∆± given by

∆± = ∆0

√
1± sin(2θb).(545)

Similarly, this model can be solved to yield two species of spinful Bogoliubov excitations:

α(β)k↑ = ukα(β) (ak↑ ± bk↑) + vkα(β)(a
†
−k↓ ± b†−k↓)(546)

α(β)†−k↓ = −u∗kα(β)(a†−k↓ ± b†−k↓) + vkα(β)(ak↑ ± bk↑),
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where ukγ and vkγ are determined from the diagonalization of the Hamiltonian. Aside from

the difference in spin-pairing, which is singlet in this case, the superconducting state will

feature inter-band pairing.

Nuclear-Spin Relaxation Rate

With these amplitudes in hand, we may now proceed to calculate the nuclear relaxation

rate using Fermi’s Golden Rule. Following the notes of Arovas and Wu, we sum over k, k’,

and spins s, s′ = ±1 of the following (where s, s′ can correspond to either the z or x bases):

∑
k,k’,s,s′

|Aαs′→αs(k,k’)|2fα,k,s(1− fα,k’,s′)δ(Eα,k’,s′ − Eα,k,s − ℏω)+(547)

|Aβs′→βs(k,k’)|2fβ,k,s(1− fβ,k’,s′)δ(Eβ,k’,s′ − Eβ,k,s − ℏω)

where fα,k,s and fβ,k,s denote the Fermi-Dirac functions corresponding to alpha and beta

particles respectively with momentum k and spin s. This labeling convention is also used to

index the energies in the argument of the delta function. Note that the strongest enhance-

ment of relaxation rate will occur due to processes that do not require quasiparticles to hop

across the two gaps, i.e. the spin component is preserved. These are more energetically

favorable and are only possible if d is perpendicular to the x direction (see the first four

equations of Eq. 543). To introduce temperature dependence into the formation of a su-

perconducting gap, we let ∆(T ) = ∆0(T )

√
1−

(
γk
wk

)2√
1± |sin θη|. ∆0(T ) has temperature

dependence given by the solution to the self-consistency equation for the singlet BCS Theory

gap, ∫ ∞

0

dϵ

[
tanh

(√
ϵ2 +∆2/2T

)
√
ϵ2 +∆2

− 1√
ϵ2 +∆(0)2

]
,(548)

where ∆(0) is the T = 0 value of the parameter such that Tc = 1. ∆0(T ) is then obtained

by scaling the solution to the equation above such that ∆0(0) takes on any given value.
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We are now equipped to review the numerically calculated scattering amplitudes that yield

nuclear-spin relaxation rate and comment on their implications for the breaking of time re-

versal symmetry of superconducting LaNiGa2.

We first consider fits to the INT model, shown in Fig. 12. In this case, the scattering rates

between the quasiparticles are dramatically suppressed if the two gaps have different values

because energy cannot be conserved in the process. The nuclear resonance frequency is set

to ℏωN/kBTc = 10−4 and 10−6 in the cases of dr and dθ, respectively, with no additional

broadening included. When the two gaps are equal, the model describes the peak very well.

However, this case is unitary and has no TRSB. When TRSB is introduced and the two gaps

are different, the results depend on whether the nuclear spin quantization axis is the same

as the equal-spin pairing axis. In the limit of weak spin-orbit coupling, the spin pairing axis

is unrelated to the crystallographic axes. If d lies in the xy plane, parallel to the nuclear

spin quantization axis, the spin-flip process has an immediate downturn in T−1
1 and there is

no possibility of an HS peak. When the axis for equal spin pairing is away from the nuclear

quantization axis, that is, d lies in the yz plane, a weak HS peak arises due to certain scat-

tering processes that do not require crossing from one gap to the other; see [1] for further

discussion. By making the nuclear frequency anomalously small ℏωN/kBTc = 10−12 (0.04

Hz), the peak can be enhanced to fit the data well, as shown in the supplemental materials

[1]. However, this artificial enhancement of the peak is not credible as one expects other

forms of damping to reduce, rather than enhance the peak.

Table 1. Superconducting gap values measured in LaNiGa2.

source ∆1/kBTc ∆2/kBTc
NQR singlet fit 1.41 1.95
NQR triplet fit (dθ) 1.96 1.96
NQR triplet fit (dr) 1.8599 1.8601
NQR triplet fit (dz) 1.81 1.81
heat capacity [110] 1.29 2.04
susceptibility [32] 1.57 1.89
µSR [97] 1.3 2.7
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Figure 12. 139La T−1
1 versus inverse temperature in the superconducting

state of LaNiGa2 (with Tc = 1.83 K). The solid and dashed lines are cal-
culations as discussed in the text, and the gap values, (∆1, ∆2) and nuclear
resonance frequency, ωN , are given in units of kBTc. The data are well fit by a
two-gap singlet-pairing model as well as by an INT triplet-pairing model with
two equal gaps, but not with the INT model with two different gaps. The
inset shows the unit cell of LaNiGa2.

Figure 12 also shows fits to the singlet model, assuming that ℏωN/kBTc = 10−4 and 10−2

respectively. The quasi-particle scattering must conserve energy, which includes the Zeeman

(or quadrupolar) energy of the nuclear spin flip. The peak will diverge if this energy is ne-

glected and there is no impurity broadening, but will be gradually suppressed as this energy

difference between the initial and final quasi-particle energies is increased. There is a clear

coherence peak below Tc, but it is larger than the experimental data for ℏωN/kBTc = 10−4

(dashed cyan line). The coherence peak is often modeled by introducing a broadening term

that tends to suppress the divergence [71]. A similar suppression can arise by assuming a

larger nuclear frequency, and the solid blue line is calculated assuming ℏωN/kBTc = 10−2,
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two orders of magnitude larger. This assumption suppresses the peak and the BCS case

clearly fits the data well. The fitted gap values at T = 0, given in Table 1, are comparable

to those reported by previous heat capacity [110] and magnetic susceptibility measurements

[32], but somewhat closer to one another than those reported by recent µSR experiments

[97]. The saturation of the data at the lowest temperatures suggests small residual impurity

scattering. The parameter ϕ = 0.157 for the best fit indicates that the nuclear spins couple

to both bands, but one coupling is stronger than the other.

Overall, the robustness of the Hebel-Slichter peak in LaNiGa2 compared to other materials

suggests a conventional pairing. Note that the Tc of our powder sample is reduced from that

of a single crystal, suggesting the presence of some non-magnetic disorder and/or distributed

strain induced by grinding. Although disorder generally suppresses the height of a HS peak,

it is unclear whether it can suppress the stability of an INT state in favor of conventional

s-wave pairing. However, the initial µSR study of TRSB was reported in a polycrystalline

sample, where Tc was similarly suppressed.

In summary, the zero field NQR spin-lattice-relaxation rate data for LaNiGa2 are incon-

sistent with the INT model unless the two gaps are identical, in which case the state is

unitary and there is no TRSB. On the other hand, a two band BCS state with singlet pair-

ing describes the data well. This raises some doubts on the identification of triplet-pairing

and time-reversal symmetry breaking in this material. Neither scenario is consistent with

µSR measurements of TRSB. However, µSR measurements are close to the lower limit of

experimental detection and were conducted only on polycrystalline material. Further mea-

surements should be performed on single crystals, and other measurements, such as optical

Kerr rotation [91] should be done to confirm the presence of TRSB. Measurements of the

ultrasonic attenuation rate would provide further constraints on the pairing symmetry in

LaNiGa2 as that process involves a spin-independent relaxation and is complimentary to
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our NQR. NQR measurements of the Ga(2) site may also provide information about spin

fluctuation asymmetry in the superconducting state.

189



Part 3. Conclusion

9. Review and Discussion

Our exploration of interacting electron systems using both mathematically rigorous meth-

ods and numerical studies of effective models allowed us to probe fundamental features that

characterize three distinct electronic phases: interacting quantum Hall states, Mott insula-

tors, and unconventional superconductors.

The integer and fractional quantum Hall effect have shown the existence of one of the

most important examples of a topological phase of matter, one which is characterized by

an invariant quantity that is rigid under small enough perturbations. In condensed matter

physics, a very useful tool for proving stability is the existence of a Lieb-Robinson bound,

which implies a finite rate of information propagation where the rate can be with respect to

time or a tunable parameter in the system. Initial progress in computing these estimates take

place in quantum lattice systems, so in Section 2, we formally build the local Hilbert spaces

and algebras of observables and construct general Hamiltonians from bounded, local inter-

actions. Under precise conditions, for two operators A ∈ AX and B ∈ AY with X ∩ Y = ∅
one can then bound

∥∥[A(t), B]±
∥∥ by a function that decays in d(X, Y )−vt, where v is the so

called Lieb-Robinson velocity. This constant v is a limit on how fast information can travel

in the system as seen by the failure of A(t) and B to (anti-)commute.

After reviewing the integer quantum Hall setting in Section 3, we second quantize the

associated single-particle Landau Hamiltonian with periodic potential and introduce a UV-

regularized pairwise interaction in Section 4, with inspiration drawn from works such as [31]

and [12]. This construction converts pointwise fermionic field operators to bounded, localized

elements of the fermionic CAR algebra, and crucially, the resulting interaction is bounded in

finite volume restrictions. Consequently in [47], we are able to prove Lieb-Robinson bounds

that imply quasi-locality via the inner product structure of the CAR algebra. In the absence
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of time evolution, if f, g ∈ L2(R2), then {a(f), a∗(g)} = ⟨f, g⟩1. With interacting finite

volume dynamics τΛt , one obtains bounds of the form
∥∥{τΛt (a(f)), a∗(g)}∥∥ ≤ G(t)⟨|f t|, |g|⟩,

where f t(x) =
∫
R2 dy |f(x)|e−|x−y|/σt , where σt grows linearly in time. The inner product

⟨|f t|, |g|⟩ can thus be thought of as a "smeared" inner product, where f t still carries most

of its predominant weight in the same regions as f . Following this estimate, we then prove

strong continuity of the Heisenberg dynamics in the limit of infinite volume interactions, a

powerful result that affirms that the norms and supports of operators do not change drasti-

cally in very short time intervals.

In fact, such results can also be proven for dynamics where the time variable is a tun-

able parameter that lets one interpolate along a curve of Hamiltonians. For a family of

finite volume Hamiltonians HΛ(s) with a sufficiently smooth dependence on s and assumed

gapped ground state projections PΛ(s), the dynamics that map PΛ(s) to PΛ(0) is generally

non-local. However, due to progress made by Hastings and Wen, [39], and Bachmann et al.

[11], it has been shown that there exists a procedure by which one can construct the spectral

flow dynamics αΛ
s that satisfy the mapping of ground states, αΛ

s (PΛ(s)) = PΛ(0), and act as

quasi-local maps on the algebras of observables. In other words, they satisfy Lieb-Robinson

bounds, which in this setting imply a rigidity of local structure as a perturbation becomes

more noticeable. For quantum lattice systems with short range interactions, this locality

has been rigorously proved, and in Section 5, we overcome the challenges presented by the

continuum setting to construct these quasi-local dynamics αΛ
s for interacting fermion models

using the framework of lattice-localized frames, [10]. Crucially, we also prove the existence

of the thermodynamic limit of these dynamics, with respect to volume in the frame lattice Θ.

Having explicitly constructed and verified the properties of the spectral flow in continu-

ous space, we put these dynamics to use in Section 6, where we prove quantization of Hall

conductance for interacting fermions in a perpendicular magnetic field, both in finite and

infinite volume limits. Results of this form have been proved for gapped lattice systems,
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[38], [8], [9]. In this thesis, we adopt the strategy of Hastings and Michalakis in a toroidal

geometry, as done in [38] and [8], to achieve the objective. In particular, spectral flow pro-

vides a quasi-local dynamics for implementing flux insertion along intersecting edges of the

torus (where the torus is with respect to the frame lattice Θ). This enables us to calculate

a non-trivial Hall curvature and prove its independence in fluxes φ along the torus and ex-

istence in the thermodynamic limit, in which the bulk is exactly represented by the Landau

Hamiltonian and a short-range pairwise interaction, [10]. In the setting of continuous space

interacting models, this result is a first of its kind and opens the door for more applications

of the quasi-adiabatic evolution introduced in Section 5.

The work up to this stage made use of rigorous mathematics to prove and make use of

the quasi-locality of Heisenberg dynamics, and the solubility of the Landau Hamiltonian is

conducive to the concrete results we were able to prove. For general models that aim to

describe real complex materials, exact solutions are extremely rare, which means that alter-

nate methods are required to probe the behaviors of such materials. In this case, we seek

approximations and effective models that can be studied numerically. The Fermi-Hubbard

model, while only solvable in one dimension, has been the focus of numerical studies in higher

dimensions through Monte-Carlo simulations, series expansion approximations, and more.

In our work outlined in Section 7 based on [48], we make use of a strong coupling expansion,

where the kinetic energy hopping is treated perturbatively, to study the SU(4) Hubbard

model and probe the onset of Mott insulation in magic angle twisted bilayer graphene.

Notably, we observe peaks in inverse compressibility and cusps in entropy as functions of

carrier density at different temperatures and Hubbard constant, U . Our findings did uncover

limits to how well the Hubbard model could reproduce experimental data in graphene sys-

tems. For example, for sufficiently large temperatures, Mott behavior occurs at half integer

carrier densities per site in addition to integer densities, whereas our work only displayed

the integer densities. Furthermore, the inverse compressibility data we calculated did not
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possess asymmetry in the peaks as seen in measurements, e.g. [127]. Thus, while the strong

coupling expansion of the Hubbard model paved the way to uncover Mott insulation as seen

in a real material, to exactly match the more quantitative features of experimental measure-

ments, a more complex and refined model would be required.

In Section 8, this thesis studies the superconducting phase of the compound LaNiGa2. Its

electron pairing mechanism is purported to be triplet in spin space based on experimental

work that shows the existence of a non-trivial internal magnetization, e.g. as presented by

Hillier et al. [46], meaning a preference in spin orientation by the electron pairs. However,

in collaboration with Sherpa et al. [92], we present the existence of a Hebel-Slichter peak:

a sudden rise in nuclear-spin relaxation rate below the critical temperature. This can be

seen as en enhancement in spin-flip scattering of electrons due to a divergence in the elec-

tronic density of states, which occurs as the superconducting gap opens. Importantly, this

phenomenon is predicted by BCS theory, where opposite spins form singlet Cooper pairs.

Therefore, with competing evidence supporting triplet and singlet pairing, we investigate

two effective Bogoliubov-de-Gennes Hamiltonians featuring triplet/singlet spin pairing and

singlet/triplet band pairing respectively to preserve overall antisymmetry required by the

Cooper pair wavefunction. From these models, we compute the Bogoliubov quasi-particle

operators and coherence factors and use this to calculate the scattering amplitude associated

with S+-mediated spin flip of an electron with momentum k′ to momentum k. Our theoreti-

cal fits reveal that a singlet pairing mechanism best fits the observation of a HS peak coupled

with two distinct superconducting gaps, in opposition with certain experimental findings.

Moving forward, there are a number of open questions that the results of this dissertation

pose ahead of future work. The continuum construction of the spectral flow made use of

a discretization of the space of functions used to generate fermionic observables in A(Hn)

or the union over finitely many Landau levels of these algebras. This discretization is in-

trinsically linked to real space and we can therefore define locality via this lattice. Proving
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quantization of Hall conductance is one application that was made feasible, and one can

wonder what more can be done?

In the detailed work of Nachtergaele, Sims and Young, [75], the authors rigorously show

how the spectral flow dynamics play a pivotal role in proving stability of the spectral gap

for a family of Hamiltonians. In particular, if an initial Hamiltonian H(s = 0) has a gap ϵ

between its ground state and first excited state, can one prove that there exists an upper

bound sϵ on how large the perturbation parameter s can become before the ground state

gap closes. For two variants of the AKLT spin chain, this procedure has been used to prove

gap stability, [116].

The models we consider in sections 3-6 start from the Landau Hamiltonian in the single-

particle picture, which inherently has gapped eigenvalues. Concretely, one can consider a

system consisting of a filled lowest Landau level, i.e. chemical potential in the gap between

the lowest two Landau levels. From this ground state, excitations take the form of particle-

like excitations in higher Landau levels or hole-like excitations in the lowest level. Since these

carry nonzero energy, the ground state is necessarily gapped, which is representative of the

integer quantum Hall setting. Two body interactions are introduced as a perturbation of the

initial model, lending to an intermediate regime between integer and fractional quantum Hall

states. Thus, a worthy goal would be to prove that the gap in the spectrum away from the

occupied lowest Landau level state is stable under perturbation by the pairwise interaction.

As a more technical point, the charge operators used to build the automorphisms of flux in-

sertion over A(L2(VL)) were defined by spatial number operators N̂X associated with subsets

X ⊂ VL and not X ⊂ ΘL, i.e. the lattice of centers of localized functions. The interac-

tions transformed by these maps, while still bounded elements of A(L2(R2)) are no longer

tied to the original Landau level subspaces Hn. This is not surprising because whether we

consider functions χθ, with θ ∈ Θ or some finite open boundary subset, or the magnetically
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periodized χLθ , continuity and differentiability within R2 or VL is inherent to elements in the

spans of χ(L)
θ . Thus, while the charge operators QX = qN̂X count fermion occupation in the

region X and mutually commute, meaning [QX , QY ] = 0 ∀X,Y ⊂ R2, this counting is not

local to an individual Landau level. This obstruction is a key consequence of Landau level

physics, where the existence of an exponentially localized orthonormal basis is forbidden,

[22]. Therefore, there may not exist a number operator that respects both locality and the

spectral subspaces of the underlying Hamiltonian; nonetheless, it would be worth exploring

the conditions under which such an operator is admissible.

Additionally, strongly correlated electron systems continue to be the subject of significant

research as physicists seek to better understand the conditions that give rise to phases such

as Mott insulation, unconventional superconductivity, heavy fermion Kondo behavior, and

more. The Fermi-Hubbard model has yielded significant progress in understanding behaviors

such as high temperature superconductivity in the family of cuprate materials, [90]. Thus,

it will be worthwhile to continue studying this model and its variants and develop more

effective methods for doing so, such as series expansions and Monte-Carlo algorithms.

Lastly, our experimental observation of a Hebel-Slichter peak in conjunction with theoret-

ical predictions of this phenomenon raise doubts about the nature of time reversal symmetry

breaking/preservation in superconducting LaNiGa2. Consequently, there is lots of room to

pursue further experimental and theoretical investigations of the superconducting state of

this material. Most importantly, additional measurements of the existence of an internal

magnetization would contribute substantial evidence towards either triplet (nonzero magne-

tization) or singlet (zero magnetization) spin pairing.

Moreover, in [92], we discuss nuclear-spin relaxation rate, but there are other measure-

ments that could shed light on the superconducting mechanism. Ultrasonic attenuation is

a quantity that can be calculated using the same general procedure as relaxation rate, as
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detailed in [104] in the context of BCS theory. For the time-reversal symmetric Uranium

ditelluride, considered to be a spin-triplet superconductor, an enhancement in ultrasonic

attenuation below critical temperature has been observed, [55], in contrast with a contin-

uous decrease as seen for BCS materials. Therefore, exploring the behavior of ultrasonic

attenuation in LaNiGa2 could provide some additional answers regarding the pairing mech-

anism and presence or lack thereof of time reversal symmetry below the critical temperature.

From a theoretical standpoint, the INT model is elementary in certain aspects as it does not

fully capture the full topological landscape of the five intersecting Fermi surfaces that have

been detected in LaNiGa2, [13]. Constructing a more complex model might uncover certain

features undetectable by the INT model, so long as it is not too contrived or unsolvable by

analytic and numerical methods.
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A. Appendix

What follows are some initial steps in the proof of Theorem 4.6. This calculation picks up

from equation (125).

In ({ki}ni=1, y, x) = e−itHL

n∏
j=1

τ ∅1,tj(e
ikj ·x)Ψσ

y (x)(549)

By Lemma 4.7, this yields,

In ({ki}ni=1, y, x) = e−itHL

n∏
j=1

e
i

2B
kj ·bkj (tj)eikj ·xT−

1
B
bkj (tj)

Ψσ
y(550)

To proceed, we invoke Lemma 4.8 with the aim of moving all of the T− operators rightwards

so that they act consecutively on Ψσ
y (x). The result of moving n − 1 magnetic translation

operators past operators of the form eikj ·x is summarized in the next lemma.

Lemma A.1. The following equality holds.

n∏
j=1

e
i

2B
kj ·bkj (tj)eikj ·xT−

1
B
bkj (tj)

= e
i

2B

∑n
j=1 kj ·bkj (tj)e−

i
B

∑n−1
j=1

∑n
l=j+1 kj ·bkl (tl)ei

∑n
j=1 kj ·x

n∏
j=1

T−
1
B
bkj (tj)

Proof. This proof shall be done via induction. As the n = 1 iteration of the left side of the

equality above is just the term itself, we begin with the n = 2 form of the expression and

show that the right side is correct.

2∏
j=1

e
i

2B
kj ·bkj (tj)eikj ·xT−

1
B
bkj (tj)

= e
i

2B
k2·bk2 (t2)eik2·xT−

1
B
bk2 (t2)

e
i

2B
k1·bk1 (t1)eik1·xT−

1
B
bk1 (t1)

= e
i

2B
(k2·bk2 (t2)+k1·bk1 (t1))eik2·xT−

1
B
bk2 (t2)

eik1·xT−
1
B
bk1 (t1)

By Lemma 4.8, one may swap T−
1
B
bk2 (t2)

and eik1·x at the cost of the additional phase

e−
i
B
k1·bk2 (t2). Therefore, the right side can be written as follows.

2∏
j=1

e
i

2B
kj ·bkj (tj)eikj ·xT−

1
B
bkj (tj)

= e
i

2B
(k2·bk2 (t2)+k1·bk1 (t1))ei(k1+k2)·xe−

i
B
k1·bk2 (t2)T−

1
B
bk2(t2)

T−
1
B
bk1 (t1)

= e
i

2B

∑2
j=1 kj ·bkj (tj)e−

i
B

∑1
j=1

∑2
l=j+1 kj ·bkl (tl)ei

∑2
j=1 kj ·x

2∏
j=1

T−
1
B
bkj (tj)
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Thus the first step of the proof is complete. Now, we assume that the statement of the

lemma is true for some n. Consider the (n+ 1)-fold product of these phases and factors.

n+1∏
j=1

e
i

2B
kj ·bkj (tj)eikj ·xT−

1
B
bkj (tj)

= e
i

2B
kn+1·bkn+1

(tn+1)eikn+1·xT−
1
B
bkn+1

(tn+1)

n∏
j=1

e
i

2B
kj ·bkj (tj)eikj ·xT−

1
B
bkj (tj)

Now we use our assumption that the n-fold product satisfies the lemma.

n+1∏
j=1

e
i

2B
kj ·bkj (tj)eikj ·xT−

1
B
bkj (tj)

= e
i

2B
kn+1·bkn+1

(tn+1)eikn+1·xT−
1
B
bkn+1

(tn+1)
e

i
2B

∑n
j=1 kj ·bkj (tj)×

e−
i
B

∑n−1
j=1

∑n
l=j+1 kj ·bkl (tl)ei

∑n
j=1 kj ·x

n∏
j=1

T−
1
B
bkj (tj)

= e
i

2B

∑n+1
j=1 kj ·bkj (tj)e−

i
B

∑n−1
j=1

∑n
l=j+1 kj ·bkl (tl)eikn+1·x

T−
1
B
bkn+1

(tn+1)
ei

∑n
j=1 kj ·x

n∏
j=1

T−
1
B
bkj (tj)

As before, using Lemma 4.8 one finds that the lone magnetic translation can be swapped

with ei
∑n

j=1 kj ·x at the cost of the phase e−
i
B

∑n
j=1 kj ·bkn+1

(tn+1) = e−
i
B (kn+

∑n−1
j=1 kj)·bkn+1

(tn+1). If

we combine this factor with the second phase in the equality above, we obtain,

e−
i
B

∑n−1
j=1

∑n
l=j+1 kj ·bkl (tl)e−

i
B (kn+

∑n−1
j=1 kj)·bkn+1

(tn+1) = e−
i
B (

∑n−1
j=1

∑n+1
l=j+1 kj ·bkl (tl)+kn·bkn+1

(tn+1))

= e−
i
B

∑n
j=1

∑n+1
l=j+1 kj ·bkl (tl)

Hence, by combining eikn+1·x with ei
∑n

j=1 kj ·x and absorbing T−
1
B
bkn+1

(tn+1)
into the product of

magnetic translations, we prove the desired result. □

We then continue by collecting all the complex phases with no position dependence and

inserting the identity before the product of translations using eitHLe−itHL to obtain the next

equality.

In = e
i

2B

∑n
j=1 kj ·bkj (tj)e−

i
B

∑n
j=1

∑n
l=j kj ·bkl (tl)τ ∅1,−t(e

i
∑n

j=1 kj ·x)e−itHL

n∏
j=1

T−
1
B
bkj (tj)

Ψσ
y
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= e
i

2B

∑n
j=1 kj ·bkj (tj)e

i
2B

∑n
j,l kj ·bkl (−t)e−

i
B

∑n
j=1

∑n
l=j kj ·bkl (tl)ei

∑n
j=1 kj ·xT−

1
B
b∑n

j=1
kj

(−t)

n∏
j=1

T−
1
B
bkj (tj)

e−itHLΨσ
y

= e
i

2B

∑n
j,l kj ·(bkj (tj)+bkl (−t))e−

i
B

∑n
j=1

∑n
l=j kj ·bkl (tl)ei

∑n
j=1 kj ·xT−

1
B

∑n
j=1 bkj (−t)

n∏
j=1

T−
1
B
bkj (tj)

e−itHLΨσ
y

The second and third equalities involve the application of lemmas 4.7 and 4.8 respectively.

To take the absolute value of In, we prove one more lemma that relates magnetic translations

and standard translations. Denote by Sx a the unitary operator which translates a function

in L2(R2) by x ∈ R2.

Lemma A.2. For all finite sets {a1, a2, ...aN} ∈ R2, the following equality holds for any

Ψ ∈ L2(R2),

n∏
i=1

T±
ai
Ψ(z) = Cn(z)S∑n

i=1 ai
Ψ(z),

where Cn(z) ∈ C and |Cn| = 1.

Proof. We complete this proof via induction. In the case n = 1, the statement directly

follows from the definition of T±
a1

. Hence, assume the equality is true for some n ≤ N − 1.

Then,

n+1∏
i=1

T±
ai
Ψ(z) = T±

an+1

n∏
i=1

T±
ai
Ψ(z)

= T±
an+1

Cn(z)S∑n
i=1 ai

Ψ(z)

= e±ian+1·A(z)San+1Cn(z)S∑n
i=1 ai

Ψ(z)

= e±ian+1·A(z)Cn(z − an+1)S∑n+1
i=1 ai

Ψ(z)

= Cn+1(z)S∑n+1
i=1 ai

Ψ(z)
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In the second equality, we use the assumption on the n-fold product of magnetic translations

to simplify that term. Then using the definition of T±
(·) in terms of S(·), we obtain the desired

result noting that a translated complex phase remains a complex number with absolute value

equal to 1, where Cn+1(z) is introduced to absorb any additional phases picked up in the

calculation. □

Using this lemma, we now take the absolute value of In, which gives,

|In| ({ki}ni=1, y, x) =

∣∣∣∣∣ei∑n
j=1 kj ·xT−

1
B

∑n
j=1 bkj (−t)

n∏
j=1

T−
1
B
bkj (tj)

T+
y e

−itHLφσ0

∣∣∣∣∣(551)

= Sy+ 1
B

∑n
j=1 bkj (tj)+bkj (−t)

∣∣e−itHLφσ0
∣∣

The translation T+
y is moved past e−itHL due to these operators commuting. Using our

calculation of
∣∣e−itHLφσ0

∣∣, we arrive at equation (126), where the proof of Theorem 4.6 re-

sumes.
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