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Abstract

This dissertation studies interacting electron models for quantum matter from two perspectives
with different approaches respectively. The first part of this text focuses on rigorously proving
Lieb-Robinson bounds for continuous space integer quantum Hall systems perturbed by short range
two-body interactions. A Lieb-Robinson bound is an operator norm inequality that implies a finite
rate of information propagation in a quantum system, a low energy analogue to the relativistic
limit given by the speed of light. Many results of this nature have been obtained for lattice sys-
tems, but over the last several years, progress has been made in identifying classes of continuous
space models that admit propagation estimates. In this thesis, we prove Lieb-Robinson bounds for
two-dimensional continuum fermions in a constant, perpendicular magnetic field using the strategy
of Gebert et al. [31]|, and use this result to prove strong continuity of the Heisenberg dynamics
in the limit where inter-particle interactions occur in infinite volume. We then shift to a different
framework, namely that of lattice-localized frames, to represent a class of interacting quantum Hall
systems in continuous space, as introduced by Bachmann and De Nittis, [12]. With this frame-
work, we define a family of parametrized Hamiltonians and construct a continuum analogue of
the Hastings-Wen quasi-adiabatic evolution, i.e. dynamics in parameter space that satisfy Lieb-
Robinson bounds themselves. Moreover, we then directly apply this to prove quantization of Hall
conductance for these models. The new results of these sections are based on works in preparation,

[10, 47].

The second portion of this dissertation focuses on two specific materials and phases: magic angle
twisted bilayer graphene (MATBG) and superconducting lanthanum nickel gallium-2 (LaNiGag).
MATBG has garnered a tremendous amount of attention since works such as [18| and [101], which
first suggested the existence of flat bands in the electronic band structure of twisted bilayer graphene:
bilayer graphene with a relative twist between the layers. Astonishingly, this phenomenon occurs
for specific twist angles dubbed magic angles. This quenching of kinetic energy sets the stage for
electron-electron interactions to dominate the behavior of the material. The onset of Mott insulat-
ing states at several carrier densities as seen through peaks in inverse compressibility [127] drew our

interest. In collaboration with Oitmaa and Singh, [18], we study the SU(4) Fermi-Hubbard model
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as a candidate effective model for describing the low energy behavior of MATBG, where we uncover

the onset of charge incompressibility and Mott gaps, indicating the existence of the insulating phase.

Additionally, we investigate the superconducting pairing mechanism of LaNiGas, which has been
highlighted as a potential time-reversal symmetry breaking (TRSB) material below its critical tem-
perature due to experimental evidence for internal magnetization, [34], [46], [97]. In our recent
work, [92], we report the existence of a Hebel-Slichter (HS) peak in the nuclear-spin relaxation rate,
an effect attributed to the divergence in the electronic density of states as the superconducting gap
opens. Furthermore, we study models with triplet and singlet spin pairing respectively to ascertain
a mechanism that reproduces a HS peak. In doing so, we find that two distinct superconducting
gaps and TRSB may not coexist, which raises questions about whether LaNiGay really does break
time reversal symmetry or whether a different model is required to fully characterize this material

in its superconducting phase.
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1. INTRODUCTION

As we go about our day, we interact with and use objects that are nothing more than
solids, liquids, or gasses, be it a cup of coffee in the morning, a smartphone, or the very air
we breathe. The fact that matter like this is ordinary and stable is something we often take
for granted because at the microscopic level, matter is of course made up of order 10%* many
particles which all interact with each other via electromagnetic forces. Thus, it is quite spec-
tacular to think that matter is actually stable and not highly volatile, considering that its
constituent electrons and positive nuclei feel an attractive force. As it turns out, by zooming
in and studying the quantum mechanical picture of electrons interacting among each other
and with nuclei, the stability of matter has been rigorously proved by showing that the
lowest energy state of this system is bounded from below, [66, 67|. However, the behavior
of matter is considerably more complex than just a stable existence as a solid, liquid, or
gas. In the last hundred years, experimental and theoretical progress in quantum mechanics
have uncovered the existence of highly nontrivial electronic phases of matter, shattering our

conventional understanding of materials.

One of the most unusual states that was discovered, which is the focus of the first part of
this dissertation, occurs when an effectively two-dimensional sample of metal is subject to
a constant perpendicular magnetic field. The classical behavior of electrons in this environ-
ment was first discovered in 1897 by Edwin Hall [37], who put a gold leaf in a circuit which
drove current across the sample and supplied a perpendicular magnetic field at room temper-
ature. What Hall found was the existence of a transverse voltage measured perpendicular
to the direction of current driven by the circuit. This phenomenon can be explained by
classical electricity and magnetism, where the Lorentz force indicates that a moving charge
in a magnetic field experiences a force perpendicular to both the field and its velocity. This
net force drives a perpendicular current, and hence voltage, across the sample, which have

since been named the Hall current and voltage.



Almost one hundred years later, once liquid helium-esque temperatures and stronger mag-
netic fields became experimentally accessible, the quantum setting for the Hall effect could
be studied, and this led to a remarkable finding. In 1980, Klaus von Klitzing published a
seminal paper based on his studies of silicon field-effect transistors, [108], which allowed him
to produce a two-dimensional electron gas more faithfully, where he discovered the quantum
Hall effect. At temperatures on the order of 1-4 kelvin, he found that in varying the magnetic
field strength, the Hall resistance formed quantized plateaus characterized by integer values,
and at these same points, the longitudinal resistance effectively drops to zero. In fact, as had
been solved in 1930 by Landau [64], the Hamiltonian describing a single charged particle in
a magnetic field yields a spectrum of equally spaced energy eigenvalues, known as Landau
levels. The integer quantization of Hall resistance is thus intimately linked to the filling of
an integer number of Landau levels in the many-body state. Then, two years later came the
discovery of a fractional quantization of Hall resistance, characterized by the specific fraction
of %, in Gallium Arsenide based materials by Tsui, Stormer, and Gossard, [106], and more
fractions have since been found in numerous studies. Notably, the seminal work of Laughlin
the following year, [65], established the pivotal role of electron-electron interactions in this

fractional setting, in contrast to the noninteracting integer case.

The theoretical investigation of this quantization of Hall resistance, arising from the so
called integer/fractional quantum Hall effect, respectively (I/F QHE), has been the subject
of heavy research. In 1982, [103], Thouless, Kohmoto, Nightingale, and den Nijs established
that the integer case is characterized by a topological invariant, precisely the Chern number
of Landau level bands. To do so, they considered the IQHE with a periodic potential and used
the Kubo formula to calculate the Hall conductance, which yields an integer. Then, in 1985,
[7], Avron and Seiler established that this topological invariant is robust under more gen-
eral forms of background potentials, including interactions. Quantum Hall systems are thus

widely considered to be the first discovered topological phase of matter, a state characterized



by a topological invariant that is robust under deformations and perturbations to the system.

Rigorously proving the stability of a phase under perturbation is a challenging task, es-
pecially for systems featuring multi-particle interactions. However, a tool has emerged from
studying the theory of operators, which physically translate to quantum mechanical observ-
ables. In their seminal 1972 paper, [69], Elliott Lieb and Derek Robinson proved the first
instance of what are now called Lieb-Robinson bounds. Concretely, they establish a finite
rate of information propagation in lattice spin systems governed by local, finite range inter-
actions, which can be thought of as a non-relativistic analogue to the speed of light. The
authors do so by considering two observables A and B that act on distant groups of sites,
meaning [A, B] = 0. They then show that the size of [A(t), B], with A(t) the time evolved
observable in the Heisenberg picture, decays in how far apart A and B initially act but grows
in time at a maximal rate v. This result and many more that have been published since
establish that for an initially local operator A, the predominant support of A(t) does not

suddenly grow to become all of space, but rather it gradually expands.

Due to the work of Bachmann, Michalakis, Nachtergaele, and Sims [11], inspired by the
construction of Hastings and Wen [39], it was shown that the same notion of locality can
hold for parameter space evolution U(s), which is what maps the ground state of an initial
Hamiltonian H(0) to that of a perturbed model H(s). In [58, 59] Tosio Kato rigorously
establishes the mechanism by which this parameter space evolution U(s) is generated, via
equations of parallel transport. In this formalism, however, there is no reason to believe
that U(s) is a locality preserving evolution as described in the previous paragraph. This is
precisely where the results of [11] show that there is a quasi-adiabatic evolution, as modeled
by Hastings, which satisfies Lieb-Robinson bounds and connects the gapped ground state

phases of lattice systems.



In lattice systems, the conditions required for these mechanisms to work naturally arise
in physical systems, such as finite/short range interactions that have bounded energy per
finite volume/collection of particles. Moreover, in condensed matter physics, the crystalline
description of materials lends nicely to lattice-based Hamiltonians to describe electron be-
havior, such as the Heisenberg spin and Fermi-Hubbard models. However, these electrons
ultimately live in continuous space, a realm that has eluded profound study in terms of
Lieb-Robinson bounds until a result from 2020 by Gebert et al. [31]. Thus in Part 1 of
this dissertation, the objective is to further bridge the gap between continuum space models,
Lieb-Robinson bounds, and their applications. We do this by studying the dynamics in time
and parameter space of interacting quantum Hall systems in the continuum towards proving

quantization of Hall conductance (in finite and infinite volume).

The central point of emphasis until now has been the role of electron interactions in gen-
erating phases such as FQHE, propagating information, and supporting stability. Some of
the most groundbreaking progress in our understanding of materials has emerged from the
discovery of new interaction-driven phases of matter and materials that exhibit them, such as
phonon-mediated Cooper pair formation in conventional superconductors (Bardeen-Cooper-
Schrieffer BCS) [16]. Recently, multi-layer moiré materials have attracted a lot of research
effort due to their ability to host a variety of phases, from superconducting to anomalous Hall
insulating phases, but the story formally began with magic-angle twisted bilayer graphene
(MATBG). In 2011, Bistritzer and MacDonald theorized that when two layers of graphene
are stacked with a relative twist angle between them, specific twist angles give rise to nearly
flat bands in the electronic spectrum, [18]. Flat bands are a playground for electron interac-
tions to dominate and pave the way for different phases to emerge, such as Mott insulation
as seen by rigidity in the carrier density [127]. Thus, Part 2 begins with a study of the
onset of this Mott insulating phase through the SU(4) Hubbard model, which is a canonical

starting point for describing electrons that experience Coulomb repulsion at short distances



and possess two spin—% degrees of freedom.

Returning back to the story of superconductivity, while BCS theory provided the first
mechanism that explains the phenomenon, in time it became clear that it could not be the
only one. For example, in 1986 Bednorz and Miiller observed a critical temperature (T.) of
35K in lanthanum barium copper oxide [17]|, which earned them a Nobel prize the following
year and galvanized the physics community to pursue the discovery of high-T,. materials and
other unconventional superconductors. One that has garnered the efforts of several faculty
members at UC Davis is lanthanum nickel gallium-2 (LaNiGay), which hosts a band struc-
ture with five Fermi surfaces that intersect to form Dirac lines and loops, [13]. Moreover,
it is believed to be a candidate triplet superconductor that breaks time reversal symmetry
below its critical temperature and has two superconducting gaps, as supported by some ex-
perimental evidence, [46, 97]. A theoretical explanation of this effect in LaNiGay has evaded
discovery; however, an effective model does exist which could shed some light, namely the
nonunitary triplet model, as defined in [80]. In Part 2 of this thesis, we also explore what
lessons can be taken from this model in relation to LaNiGay’s superconducting state and

pairing mechanism.

1.1. Outline.

The presentation of results in this dissertation is written in two parts. Part 1 focuses on
the use of functional analysis and operator algebra theory to rigorously study the Heisen-
berg dynamics of interacting electron systems, and Part 2 contains studies of two specific

materials based on effective models that aim to describe experimentally observed features.

In Section 2, we begin with an introduction to quantum lattice systems, the setting in
which most progress has been achieved in proving properties of the dynamics generated by

interacting Hamiltonians. This involves building the local Hilbert spaces and algebras of



observables needed to define many-body states and operators that act on these states for
spin and fermion systems. We then formally define time evolution in the Heisenberg picture
(dynamics) before stating theorems that establish Lieb-Robinson bounds. These have many
uses, including establishing continuity of dynamics in the thermodynamic limit, so we con-

clude this section with discussion of this result.

Section 3 introduces the well known Landau Hamiltonian, the single-particle model that
describes a charged particle in two-dimensions in the presence of a uniform, perpendicular
magnetic field, the simplest model to begin studying the quantum Hall effect. We take time
to work through the elegant solution of this Hamiltonian, stating the unique spectrum of
this operator, and we elaborate on different sets of functions which can be used to span the

associated eigenspaces.

With an understanding of the environment that underlies the behavior of electrons in
our system of interest, barring interactions, Section 4 builds the machinery needed to de-
fine a many-body Hamiltonian that features inter-particle interactions. This process begins
with a review of the Fock space construction and the requirement of antisymmetrization
for fermionic systems to ensure that accurate particle-exchange statistics are enforced. The
bounded observables that act on these states belong to a canonical anti-commutation rela-
tions (CAR) algebra, which is generated by creation and annihilation operators that create
and remove single particle states respectively. These are the building blocks of interactions
as we shall see in detail. We use these tools to define a many-body Hamiltonian, inspired by
[31], which features a bounded pairwise interaction in finite volume, a requirement of lattice
models ahead of proving Lieb-Robinson bounds in the discrete setting. The remainder of
this section then proceeds with an argument for how to prove these information propagation
bounds and apply these to prove strong continuity of the dynamics in the limit of infinite

volume interactions. The contents of this section are based on [47], which is joint work with



Bruno Nachtergaele and Robert Sims (soon to be published).

Towards addressing questions concerning the stability of a phase of matter under perturba-
tion however, we employ Lieb-Robinson bounds as introduced in [12]. Thus to begin Section
5, we note the preliminaries needed to define a lattice-localized frame that can generate in-
teracting fermion systems in continuous space. We then show how to construct a generalized
notion of partial trace that can be used to write local approximations of quasi-local oper-
ators of the CAR algebra, namely the Heisenberg evolution of a local operator. Following
these preliminaries, we then define a family of parametrized Hamiltonians and prove that
the standard Hastings generator gives rise to quasi-local dynamics, meaning evolution in

parameter space that satisfies Lieb-Robinson bounds.

In Section 6, the results of Section 5 are directly applied towards the objective of proving
quantization of Hall conductance for continuum fermions in two dimensions with a con-
stant perpendicular magnetic field. We restrict the analysis to the lowest two Landau levels,
which are relevant for describing fractional quantum Hall physics with the possibility for
inter-Landau level interactions. The contents of both Sections 5 and 6 are based on joint
work in preparation with Sven Bachmann, Giuseppe De Nittis, and Bruno Nachtergaele, [10].
The results of this section conclude the first part focusing on the dynamics of continuum

fermion systems.

Part 2 dives into numerical studies of the fascinating materials: magic angle twisted bilayer
graphene and LaNiGay. Section 7 is an article that discusses lessons we can learn about the
Mott insulating phase in magic angle graphene systems as seen via inverse electronic com-
pressibility, which indicates a locked in charge carrier density per site. The first portion of
the work discusses the strong coupling expansion that we use to study this phenomenon,
namely one where kinetic energy is treated perturbatively, and we then use this to generate

plots of thermodynamic quantities with the aim of diagnosing Mott insulation. Furthermore,



in this insulating regime, we comment on how the expansions at high temperature are re-
lated to a generalized SU(4) spin model. The work of this study is based on a publication

in collaboration with Rajiv Singh and Jaan Oitmaa, [18].

In the second work of this part of the dissertation, we present novel findings regarding the
superconducting state of LaNiGay. Namely, Section 8 is based on [92], a project spearheaded
by Phurba Sherpa from Curro’s NMR group at UC Davis. We begin with discussion of the
fundamental questions concerning the pairing mechanism and breaking of time reversal sym-
metry in the superconducting phase. We then transition into an explicit calculation of the
excitation spectrum and nuclear-spin relaxation rate (T} '), all taken from the supplemental
materials of the article. Then we show a plot of experimental data and best fit curves, from
spin triplet/singlet Hamiltonians, for T, ' versus temperature and a table with the super-
conducting gap values. These are the basis for discussion of future work that can elucidate
the competing descriptions of LaNiGay’s behavior. This study is based on a publication in
collaboration with Phurba Sherpa, the Curro group at UC Davis, and the strongly correlated

electron group at Los Alamos National Laboratory.

We conclude the dissertation in Part 3, where we review the key results of each section

and outline directions for future work.



Part 1. Dynamics of Interacting Fermions in the Continuum

2. QUANTUM LATTICE SYSTEMS AND DYNAMICS

In our daily lives, the changes of phase that occur between solid, liquid, and gaseous states
are phenomena that feel commonplace due to how established these are in our understanding
of day-to-day nature. If one breathes hot air onto a window, the air condenses to form
droplets on the glass surface. If left out at room temperature for long enough, the ice cubes
in a beverage melt away to become liquid water. Furthermore, it is common knowledge that
varying temperature and pressure allow materials to transition between these three phases.

Over the last hundred years since the inception of quantum mechanics, research has en-
hanced our understanding of materials such as metals, insulators, and semi-conductors and
elucidated the existence of a diverse variety of phases such as ferro/antiferro-magnetic, super-
conducting, and topological insulating states, for example. By modifying some parameter or
physical feature, which could be temperature, it is possible for a material to undergo a tran-
sition between these exotic phases as well. In addition to discovering such states of matter,
uncovering key features of these states at zero/very low temperatures has been the subject
of tremendous research in mathematical physics. Real materials themselves are extremely
difficult to study analytically due to their complexity, which poses the challenge of how to
construct models that can capture the physics of real materials while also being solvable.

The discovery of crystalline structures in materials, in which the atoms in a compound form
a periodic arrangement, motivated the use of a lattice-based picture to model the locations
and interactions of particles. In such a setting, the nuclei form a periodic lattice, and electrons
are free to localize and move between the sites of the lattice. This microscopic description has
paved the way for many precise models, with repulsive and attractive interactions between
nearest neighbor particles or particles occupying the same site to name examples.

One important feature of all these lattice descriptions is the locality of their constituent
interactions. In real materials, where electric and magnetic forces dictate the behaviors of

electrons, protons, and other quasiparticles, interactions between particles are strongest when



they are close to each other, and the farther apart they grow, the weaker their interaction
becomes. Thus, in quantum lattice systems, interactions have either finite or short range,
meaning the strength decays sufficiently fast in separation distance. This is seen in the
fundamental Coulomb repulsion with r=! decay in the particle separation or the Yukawa
potential arising from screening with e~ /r decay, [118|. The absence of arbitrarily strong,
long range interactions allows for a rigorous notion of causality in low energy systems through
Lieb-Robinson bounds, which were first introduced by Elliott Lieb and Derek Robinson in
their seminal work published in 1972, [69]. If A, B are two distinct measurements/observables
that act on distant regions in space, their actions commute with each other. What this result
shows is that if A acts some time after B, this will no longer hold; however, the further apart
the actions of A and B, the longer it would take for this change to become noticeable.

As shall be made evident through the contents of this dissertation, the finite rate of
propagation of information that Lieb-Robinson bounds justify has a number of powerful
applications, and one we will concretely review is the extent to which Heisenberg dynamics
are continuous in the thermodynamic limit. Thus, in this chapter, we introduce the setting
in which these results have been predominantly studied, i.e. lattice systems, before defining

Lieb-Robinson bounds and showing how one can prove such an estimate.

2.1. Local Hilbert Spaces and Algebras of Observables.

Formally, the setting in which a collection of quantum particles exists is represented by the
metric space (I',d). T is the lattice which serves as a discretization of space; for 1-dimensional
systems, I' = Z or any finite subset of the set of integers. In two dimensions, one could make
use of a square lattice Z2, the more general rectangular one given by a;Z X asZ for some
ay,as > 0, or other more complex structures formed by linear combinations of pairs of the
so-called lattice vectors in Z2. In any case, I encodes the physical locations of particles, and
the metric d, which we can take to be the standard FEuclidean distance, provides a measure

of the distance between sites of I'. In general, a distance function d is a suitable metric if it

10



satisfies the following properties for all x,y,z € T.

i) d(z,y) > 0 (Non-negativity)
i1) d(z,y) = 0 implies x = y (Non-degeneracy)
iii) d(z, ) = d(y, z) (Symmetry)

iv)d(z,y) < d(z,z)+d(zy) (Triangle inequality)

For a detailed discussion of metric spaces and their features, one may refer to Chapter 2 of
[87].

To each site x of the lattice, we ascribe a complex Hilbert space H,, which encodes the
possible states 1 of the particle at site z, and an algebra of observables A, := B (H,), the
group of bounded operators that can act on states ¢ € H,. By bounded operator on H,, we

mean that for any A € A,,

sup Ay < o0
[¥ll=1

I refrain from making these objects more precise now, but when we introduce example models,
specific Hilbert spaces and algebras of observables will be required. Denote by Py(I") the
collection of finite subsets of I'. Then for any A € Py(I'), one forms the multi-site Hilbert
space H, and algebra A, via tensor products of the site-wise Hilbert spaces and algebras
respectively:
(1) Ha = Q) Hai Ax =) A = B(Ha).

zeA zeA
When the particles in question have exchange statistics, these definitions require slight mod-
ifications, but we shall return to this subtlety upon encountering the said case. This frame-
work establishes how to express the possible states and observables for finite collections of
sites; however, generalizing this notion to the infinite volume system requires caution. For

any two Ay, Ay € Py(I') such that A; C As, any operator A € Ay, can be identified with

11
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FIGURE 1. A visual representation of the supports of local versus quasi-local
operators. A only acts nontrivially on the three underlined sites in blue,
whereas B acts on every site of the lattice. However, the action of B is most
pronounced on the three underlined sites in red, suggesting that B can be
approximated by a local operator acting on just those sites.

A € A,, using the tensor product structure of the finite volume spaces in 1. Since A only
acts on sites in A, as an element of Ay, it can be written as A ® 1,4, to explicitly encode
the absence of action on sites outside of A;. With respect to identifying A with A®1,\a, for
any A, containing A;, the support of A is A;. Thus, the collection of all local observables,

i.e. those with finite sized support, is given by the following inductive limit:

) A= | Ar

AEPH(I)
There also exists a more general class of observables, named the quasi-local algebra, con-
sisting of those operators that can be written as the limits of sequences of local ones. Such
objects are especially pertinent in describing the Heisenberg dynamics of local operators,

and we define this general algebra as the completion with respect to the operator norm on

Aloc-
(3) AI‘ — m”“

The one-dimensional example in Figure 1 illustrates the difference between strictly local and
quasi-local operators in terms of their supports and norms. We now have the ingredients

needed to formally define interactions between sites and build finite volume Hamiltonians,

12



which is the subject of the next section.
2.2. Interactions and Decay Classes.

An interaction @ : Py(I") — Ay, is @ map that takes in a finite subset A and outputs a local
operator whose support is given by A. It is important to add that ®* = ® (self-adjoint) and is
bounded in norm (i.e. finite energy). Physically, this defines an energy of interaction of all the
quantum particles situated in a subset, and in the following sections we will analyze specific
examples through models that are paramount to condensed matter physics. In general, these
interactions can also be time-dependent; however, for the purpose of constructing quantum
lattice models and presenting Lieb-Robinson bounds without additional details, we restrict
our present discussion to time-independent interactions.

In terms of these maps ®, Hamiltonians in finite regions A € Py(I") take the general form,
(4) Hy = Z d(X).

XeA
Since P is self-adjoint, the same holds for H,. With our general construction, ® is a map
that can take in any finite region, regardless of size, and output an operator. However, we
can be more precise about how the norm of ®(X) actually depends on the number of sites in
X and its spatial diameter, meaning the largest distance between a pair of sites in X. Thus,

we introduce the notion of the range of an interaction.

Definition 2.1. An interaction ® is said to be finite range if there exists a constant R > 0

such that ®(X) = 0 if diam(X) > R.

Thus, such an interaction only provides an energetic contribution to the Hamiltonian if
the support X is sufficiently small, meaning the particles are close together. Noting, for
example, that the Coulomb potential energy between electrons decays as %, beyond a certain
distance R, this energy becomes arbitrarily small. Hence, establishing a strict cutoff distance

between particles after which the interaction yields zero is a natural way to encode the spatial
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decay of @ in the diameter of its support. Conversely, an alternate assumption on ® would
be to permit its domain to include subsets of arbitrary size but impose decay conditions
on ®. Coulomb decay in particular is longer range than what we will consider to be short
range, but this interaction still captures the feature of decreasing strength with particle
separation. Characterizing a useful notion of short range decay is then precisely the subject

of the subsequent portion of this section.

2.2.1. Short range interactions. When defining finite range interactions, it is straightforward
to introduce a cutoff distance R beyond which lattice sites cannot interact with each other. In
the case of short range the question becomes one of determining how rapidly the interaction
strength decays as the separation between sites increases. In a number of works that followed
the first result of a Lieb-Robinson bound in 1972, the decay of lattice-based interactions
has been described using the so-called F-functions. These have been discussed in detail in
multiple works pertaining to locality estimates in quantum lattice systems, e.g. [74].

An F-function on the metric space (I, d) is a positive, non-increasing function £ : [0, 00) —
(0, 00) that satisfies the following two properties.
(5) @) sup Y F(d(w,y)) = ||F|| < oo

wel L

i1) There exists a constant C'r > 0 such that Z F(d(z,2))F(d(z,y)) < CpF(d(z,y))

zel
The first feature is a statement regarding integrability of the function, which necessarily
implies that it decays fast enough and does not have any singular behavior. The second
establishes that F' satisfies a convolution condition. As we shall see in the discussion of dy-
namics and Lieb-Robinson bounds, these properties play a crucial role in the rigorous proofs.
A standard example of such a function is Fy(r) = ﬁ, where v is a positive constant
larger than the lattice dimension, ¥ > 2 in the quantum Hall setting of Section 3 onward.

Its form has polynomial decay, and due to the form of the denominator, there is no r = 0

divergence as in the case of the Coulomb potential. More generally, Fy(r) can also serve as
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the base for a class of F-functions of varying decay. Now, let ¢ : [0,00) — [0,00) be any
non-decreasing function satisfying subadditivity: g(r+7') < g(r)+ g(r'). Then the family of
functions F,(r) = e 90" Fy(r) all satisfy 5. A couple of examples of functions g(r) that will
be relevant in future proofs are g(r) = ar? with a > 0,0 <6 <1 and g(r) = gln(1 + r) with
q > 0. There are of course other candidate functions satisfying these properties, and when
we shift to the setting of continuous space as opposed to the lattice, these will be presented.
With respect to F-functions, it is possible to introduce a norm on the space of bounded
operators that encodes the ability of an interaction ® to decay sufficiently fast in the size of
its support.

The F-norm ||| : Ajee — R is defined by its action as shown,
(6 @l = sup ot S [ #(2)],

S Fd(ey) 2
vyeZ

and the space of observables with finite F-norms is denoted by,
(7) Br ={®: Py(I') = Ar|® is an interaction and ||®||, < oo}.

Ultimately for quantum lattice systems, interactions that are either finite range or have
bounded F-norm are conducive towards studying how interactions affect the propagation of
information over time. Before elaborating on this phenomenon, we present some well-studied
Hamiltonians in condensed matter physics that satisfy either the finite range or short range

conditions introduced in this section.

2.3. Example Models.

In the pursuit of studying systems of interacting electrons at a microscopic level inside various
materials, a number of simple yet tremendously influential models have been introduced.
Part of what renders them simple is the range of their interactions; the examples we present
here are all finite range, with short range extensions feasible for them all. In each case, we

construct the local Hilbert spaces and algebras of observables so that the domain and range
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of the interaction maps are clear. We begin with arguably the most important description

of the spin-exchange interaction between electrons localized on atomic sites.

2.3.1. Heisenberg Model. Inspired by the progress of Heitler and London in showing the spin
dependence of the Pauli-exclusion induced exchange interaction in the Hydrogen atom, [44],
Werner Heisenberg realized that lifting such an interaction to a lattice of electron spins
could yield the ferromagnetic behavior that Weiss theorized, [43]. Furthermore, with the
contributions of Dirac in 1929 which made use of operator algebra theory of the so-called
Pauli matrices, [30], the precise form of the Heisenberg spin interaction was deduced in terms
of operators acting on spin—% electron states. With this in mind, we now lay the foundation
for defining the Heisenberg spin model.

In this lattice system, each electron is localized about an atomic lattice site ¢ € I' and
admits an on-site Hilbert space H; = C2. Moreover, the algebra of observables A; = B(H,)
corresponds to the space of complex Hermitian 2 x 2 matrices. As defined in 1, the local
Hilbert spaces and algebras of observables are formed by taking tensor products over sites
of the on-site Hilbert spaces and algebras. For a finite A € Py(I),

Ha = ® C? = C?M; Ay = B(H,) (complex Hermitian 2141 x 2141 matrices).
ieA
The corresponding local and quasi-local algebras A;,. and Ar are then constructed as in
equations 2-3. We may now introduce the finite volume Hamiltonian that is the Heisenberg
spin model.

Fix a finite volume A € Py(I') and recall the well-known Pauli matrices:
(8) o’ = , 0¥ = , 07 =

In terms of these matrices, the vector valued spin operator S can be defined component-wise
as S7 = gaq , where ¢ = z, vy, z. Note that each such spin matrix is a 2 X 2 complex Hermitian

matrix and is thus an element of A;. As previously explained, such an operator can be lifted
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to finite volume algebras via tensor products with the identity:

Si~Ste| Q) 12,
JEM(i}

where the subscript ¢ on S} indicates that the spin operator S? acts on the site i. Additionally,
with this notation in hand denote by S; the vector valued spin operator associated with site 7.
Then, letting J > 0, the Heisenberg interaction ®y : Po(I') — Ar is precisely the following.

(9) Dy(X) = —J 8- 8; X ={i,j}andd(i 5) =1

0 otherwise
The Hamiltonian for this model is then given by Hy = > ., ®x(X). Evidently, this
interaction is finite range, with R = 1, and has bounded norm, given by J %. Given how
influential this spin system has been in condensed matter physics, extensions of spin-spin

interacting models exist with longer range interactions.

2.3.2. Hubbard Model. Like the previous example, the Hubbard model was also conceived
to better understand the onset of ferromagnetism, in this case particularly within transition
metals. In the Heisenberg spin system, electrons were treated as particles that localized at
sites, and as Heitler and London considered f-electrons, this was an effective approach as
Hubbard notes, [52]. However, with the d-electrons of transition metals, dynamical motion
is also feasible. Furthermore, as Hubbard, Gutzwiller [36], and Kanamori [56] all remark, a
solely free electron based model is insufficient when it comes to describing the correlation
effects that lead to ferromagnetism in such metals. Thus, in the Hubbard model, which
each of these three authors describe in works published in 1963, electrons are modeled with
features that draw from both the tight-binding free electron and atomic pictures.

In order to construct the interactions that constitute the Hamiltonian in question, as in the
previous example we must carefully introduce the local algebra of observables. Precisely, the
relevant algebra is generated by the so called fermionic creation and annihilation operators

derived from second quantization. Towards the discussion of the dynamics generated by
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the Hubbard Hamiltonian, it is not essential here to define the Hilbert spaces in detail,
so we focus on the construction of the algebra of observables. The starting point is the
metric space (I', d) in two-dimensional space, which one can envision as a square lattice with
Euclidean metric, and restrict to a finite volume A € Py(I"). This model seeks to describe
electrons as spin—% fermions, where fermions are particles that are antisymmetric under
exchange. This means that if, for example, ¢ € L?*(R)® L*(R) is a two-particle wavefunction
describing two identical fermions, it must satisfy antisymmetry in its coordinates: 1 (z1, z9) =
—1p(xg, x1). Algebraically, this can be encoded for many-fermion models via the canonical
anticommutation relations (CAR) algebra.

In the finite sized lattice A, each site admits four possible occupation states: 1) no fermion
present, 2) one up-spin fermion present, 3) one down-spin fermion present, and 4) two
fermions of opposite spin present, with no more allowed states because of the Pauli exclusion
principle. The on-site operators that create or remove a spinful fermion from a given lattice
site are denoted by ¢, and c¢;, respectively for the site 7 € I" with z-component of spin either
o =7T,J). Importantly, each of these are bounded operators with operator norm of 1. The
fermionic CAR algebra, associated with the entire lattice, Ar := A (¢*(T") ® C?), is thus
generated by {c;,, ¢ : i € I', 0 =1,]}. Thus, this algebra includes linear combinations
of monomials in the operators ¢}, and c¢;,, with bounded operator norm. These individual

operators satisfy the following algebra defining relations, the CAR relations:
(10) {Cios Cjor} = {€lys Cir} = 0; {Cio, Cjor} = 6ij0ger 1.

Furthermore, for finite subsets A € Py(I"), local subalgebras of Ar are simply generated by
those creation and annihilation operators with lattice sites contained in A. We refrain from
discussing the origins of these operators in too much detail here as this will be done more
carefully when discussing fermions in continuous space. Before constructing the Hubbard
Hamiltonian, it is important to introduce the local number operators. For a given site
1 €I, nyy := ¢}, cir is the number operator associated with spin o at site ¢ with spectrum

{0,1} denoting the possible number of fermions with spin o at the site. More generally,
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i =Y oe (1.1} Mo counts the number of fermions at site ¢ without specifying spin, and
= Zie A 1 is the local number operator associated with the finite region A. We are now

equipped to construct the Hubbard model. The interaction @y, : Po(I') — Ar is defined as

follows.
.
U (nipniy) — pni X = {i}
(11) Pyup(X) = ¢ —¢ > oty CoCjo +hoe. X ={i,j} and d(i, j) = 1
0 otherwise

\

The constants U and t are both positive, and u € R is the chemical potential. As described
previously, the Hubbard model is built with the goal of incorporating features of both an
atomic limit and a tight-binding free particle setting. This is achieved via an on-site electron-
electron repulsion, whereby there is an energy cost of U for double occupancy of a lattice site,
and a nearest-neighbor hopping with coefficient —¢. In some cases, the on-site interaction is
written as U(n; — 1/2)(n; — 1/2) — pn; to emphasize particle-hole symmetry, which is very
useful in numerical studies as discussed in [90]. The chemical potential x is of course present
to set the ground-state fermion occupancy density over the lattice. The Hubbard model is
then just a sum over such subsets of the interaction: Hy = Yy, ®Puupn(X). Variations of
this model do exist, where for example a next-nearest-neighbor hopping term is also included,
and it is also possible to define a Hubbard model for lattice bosons as opposed to fermions.
The bosonic case differs drastically due to the absence of a bound on the on-site occupancy
number due to the symmetric exchange statistics of bosons.

There are plenty of other important lattice-based Hamiltonians that describe the inter-
actions of particles, and these can also be built using the language of local algebras of
observables. Towards analyzing the propagation of information in such quantum systems,
we proceed with defining the Heisenberg dynamics, which govern time evolution of quantum
operators, and considering how the support of local observables changes under these dynam-

ics.
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2.4. Heisenberg Dynamics and Lieb-Robinson Bounds.

Crucially, Hamiltonians as in equation 4 are the generators of Heisenberg dynamics,

2 Ay — Ajp, which act as automorphisms over the local algebra Ay, meaning maps that
preserve the additive and multiplicative structure of the algebra. Letting {5 = 0 denote the
initial time without loss of generality, this map is implemented via conjugation by a unitary
operator Uy (t) and its adjoint, and it has the precise form U, (t) = exp (—itH,) since the
Hamiltonian is time independent. More generally, this family of 1-parameter unitaries gives

the solution to the initial value problem:

(12) %UA(t) = —iHAUA(t); UA(O) =1.

For an operator A € A,, its Heisenberg time evolution can be written as,
(13) TtA(A) = A(t) = Up(t)*AU(t).

A motivating question which underpins understanding of the propagation of information in
interacting lattice models concerns how the support of a local operator changes under time
evolution. Furthermore, how can this spread be concretely detected? Consider the setting
of a quantum spin system such as the Heisenberg model, subsection 2.3.1, and take two
elements A, B € A, that act on disjoint clusters of lattice sites separated by a distance r.
It necessarily follows that their commutator [A, B] = 0; however, will the same hold true for
[TtA(A>, B}? By leaving B unevolved, it serves as a spatial probe for detecting the support
of A(t) and determining how rapidly it may grow. A Lieb-Robinson bound is an upper
bound on precisely the norm of this commutator: H [TtA(A), B] H Note that this is a sensible
procedure for spin systems; however, Lieb-Robinson bounds for lattice fermion models take
on a different form due to the canonical anticommutation relations that define the algebras
of observables.

In any case, we begin with a statement of a Lieb-Robinson bound for quantum spin systems

as presented in the seminal paper by Elliott Lieb and Derek Robinson from 1972, using the

machinery we have introduced thus far in this section.
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Theorem 2.2 (Lieb-Robinson Bound, [69]). Let ® be a finite-range interaction, 2.1, and
A € Py(T) a finite lattice subset. Let Hy be a finite volume Hamiltonian as constructed in
equation 4. Then there exist a constant ve > 0 and an increasing function p such that for
any v > vg and A, B € Ay such that d(supp(A), supp(B)) = r, the following equality holds.
(14) lim et H [TtA<A), B H =0

[t|—o0
r>vlt|

At the core of this result is the notion that distant spins are communicating via the
finite range interactions taking place in between them, and this process occurs nontrivially
after finite time, with Lieb-Robinson velocity v dictating how rapidly this occurs. This
first result does not provide an explicit bound on this commutator as a function of r, the
distance between supports of A and B. However, the limit suggests that so long as 7 is
outside the effective light cone vlt|, then H [T{\(A),B] H decays to zero in the asymptotic
limit of large ¢ faster than e#")!l. Furthermore, the timescale set by t, = * is roughly how
long it would take for this commutator to possibly become nontrivial, and by taking this to
0o, the Lieb-Robinson bound establishes that this nontriviality is never achieved. Figure 2
illustrates this phenomenon whereby the local operators A and B have supports separated
by a distance r. Additionally, Heisenberg evolution of A effectively grows the support by a
distance vt, but so long as this is less than 7, then ||[7*(A), B]|| remains negligible. The
constant ve in the statement of the theorem denotes the so called Lieb-Robinson velocity,
which indicates the maximum rate at which information travels, as seen via B as a probe for
detecting the support of A(t). Following this first result concerning information propagation
bounds, generalizations of Lieb-Robinson bounds have been proved which account for short
range interactions. Next, we present a statement of a Lieb-Robinson bound for quantum
spin systems as written by Nachtergaele, Sims, and Young in their review from 2019, which
makes use of the decaying F-functions. First, we introduce one useful piece of notation. Let

the ®-boundary of a subset X be the following:

(15) 0o X ={xeX:3FZePy(l) withze Z, ZN([\X) #£0, ®(Z) #0}.
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FIGURE 2. A finite lattice subset with two operators A and B that have
disjoint supports X and Y, enclosed in blue and red respectively, separated by
a distance r. Heisenberg evolution of A causes its support to spread, which is
seen most notably within a distance vt of the original support as indicated by
the dotted blue boundary line.

This is the set of points in X belonging to the supports of nontrivial interactions supported

on I'\)X. We now state the result.

Theorem 2.3 (Lieb-Robinson Bound, [74]). Let ® € Bg, i.e. bounded F-norm 6, and
X,Y € Pyo(I') such that X NY = 0. Then, for any A € Po(T') such that X, Y C A and
A€ Ax and B € Ay, we have,

2|l Al Bl

Cr

(16) | [7}(4), B]|| < (exerl®leltl — 1) D(X, V),

where D(X,Y) = min {ex X yea,y FU@,9)), Locopx Lyey Fld(@,y))}.

Notice two significant properties of this bound. First, it increases exponentially in time

from zero, which captures the feature that two initially commuting operators that act on
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distant spins commute less as time progresses, due to an increase in the effective support of
A(t). Additionally, the function D(X,Y") in the bound decays in the distance between the
supports of A and B, and the rate of decay is governed by the decay class of the interaction
®. Therefore, the further apart the initial supports of these operators and the shorter the
range of the interaction, the smaller the bound and the longer it takes for it to become sig-
nificant. Precisely, the Lieb-Robinson velocity in this case is given by 2C||®||, meaning that
the rate of information propagation as understood by the commutator [A(t), B], increases
as the interaction strength ||®||, grows stronger. This interpretation further validates the

picture shown in Figure 2.

One can also derive a nice interpretation of the bound 2.3 by refining this estimate when
the F-function is precisely of the form F,(r) = e (1 + r)~". Suppose that the set X is

smaller than Y. Then one has,

(17) Yo D Eldy)= Y Y e “VE(d,y)

r€0p X yey r€0s X yeyY
(18) < e NN Ry(d(x,y))
x€8q>X yGY
(19) < e N0, X| sup > Fo(d(x,y))
€ X yey
(20) = |0p X ||| F||e” ")

Then, returning to the Lieb-Robinson bound, one obtains,
2||Alll| B
21 I, B < 2B g, ) pjeeacxr—vam,
F

where v, = %, and the 1 subtracted from the exponential growth in time is estimated
away. Crucially, this bound establishes an effective light cone that indicates for what times
the upper bound will be exponentially small. This is illustrated concretely via the graph
in Figure 3, where the line v,|t| is the threshold separation distance between the supports

X and Y that enables H [77(A), B] H to be small. We now present one more statement of a
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A d = v,|t|

d > vlt|

> d(X,Y)

d > vlt|

FIGURE 3. This graph features time ¢ plotted against d(X,Y), and the red
lines correspond to the function v,|t|, i.e. the light cone. The shaded region
in blue defines the region where d(X,Y) > v,|t|, which is precisely the regime
where the Lieb-Robinson bound is exponentially small.

Lieb-Robinson bound that will be pertinent to our discussion of interacting fermions as we

transition from discretized to continuous space.

2.4.1. Lattice Fermion Lieb-Robinson Bounds. As introduced in our discussion of the Fermi-
Hubbard model 2.3.2, interactions and bounded observables belong to the fermionic CAR
algebra generated by creation and annihilation operators CE;) that satisfy the canonical an-
ticommutation relations, 10. Hence, it is not reasonable to consider general commutators of
observables when framing Lieb-Robinson bounds. In their 2018 paper, [73], Nachtergaele,
Sims, and Young provide a thorough setup to prove Lieb-Robinson bounds for the dynamics
generated by interactions such as the Hubbard model, 11. Before stating the bound as a
theorem, we discuss operator parity for fermion systems, and for the remainder of this section

we suppress spin degrees of freedom without loss of generality.
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Recall the local number operators associated with finite regions X € Py(I'): Ny =
Yoiex i = D iex Cici. Let ©Ox denote the parity automorphism over Ay, which acts on

elements A € A as,
(22) Ox(A) = (~1)™ A(~1)%x.

This map can be extended to a unique limit © in the limit X 1 I' which behaves as Oy
when restricted to elements of Ay. Note that this map has eigenvalues of +1 indicating
even (+1) and odd (—1) parity. We shall denote by Az the respective subalgebras consisting
of even and odd elements. Simple examples of odd elements are ¢; and ¢ whereas n; is
an even element. The following proposition proved by Nachtergaele and co. establishes the

(anti-)commutator structure needed to study even and odd elements respectively.

Proposition 2.4 (2.1 from [73]). Let X,Y € Py such that X NY = {).

i) If A€ A% and B € Ay, then [A, B] = 0. Additionally, if A € Ax, B € Ay
and [A, B] =0, then either A € A} or B € A{.

i) If Ae Ay, B € Ay, then {A,B} =0. Further, if A€ Ax, B € Ay
and {A, B} =0, then either A or B is identically zero or A € Ay and B € By.

Any A € Ay can be written as A = AT+ A~ where A* € A% and is a linear combination of
(%)

even(+) and odd(-) degree monomials in a;’ respectively. We do not include a full proof, but
remark that these properties can be seen easily with monomials in ¢; and ¢, from which the
general statements can be justified through linearity. Below we review sample calculations

justifying these claims with low degree monomials.

{cicj,ent = ci{cj ey —{c ate; =0 k#1,j

{eicicr, em} = cilcich, em] + {ci emcicy = 05 m # i, j, k.
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(Anti-)Commutators of higher degree monomials simply reduce to calculations such as these
through the properties of (anti-)commutators.

The interactions introduced in this work take on a particular form, which will appear in
our continuum analysis later on as well. So we take some time to carefully construct these.
As we saw before, an interaction ¢ takes a group of sites X and maps it to an operator.
In their work, Nachtergaele et al. write their interactions associated with X as sums of

operators of the following form.

(23) WY, Z)eyes + he., ) =[] <

yey
The sets Y and Z together constitute X, meaning X = Y UZ, and a suitable ordering of sites
is chosen for the monomials. Additionally, these interactions are assumed to be even parity,
meaning that |Y| 4 |Z| is even, which ensures that electrons can only be created/destroyed
in even multiples. This constraint allows them to capture physically relevant interactions,
which are present in Hamiltonians such as the Hubbard model, Bogoliubov-de-Gennes model
for BCS superconductors, and more. The finite volume Hamiltonians and their dynamics

are then written in the usual fashion,
(24) Hy =) ®(X), 7*(A) =" Ae™ = A(t)V A € A,.
XCA

We may now state the lattice fermion Lieb-Robinson bound as in the work of Nachtergaele,

Sims, and Young.

Theorem 2.5 (3.1 from [73]). Fiz A € Py(T') and let the interaction ® € A{ N Bp. Denote
by T the dynamics associated with ® and let X, Y C A such that X NY = 0.
i) IfAe Ax, B € Ay, and [A, B] =0, then,

(25) [[7*(A), BY|| < 20l Al B (27 1*1e T —1) S~ >~ F(d(z,y))

€I X yeyY
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for all finite t.
it) If A€ Ay, B € Ay, and {A, B} =0, then for any finite t,

(26) {7 (4), B} < 20 Al B)| (211 —1) S 7 > " F(d(z, y))-

2€dp X yeY

Proving these bounds follows the same structure as the proof of lattice Lieb-Robinson
bounds for short range interactions. However, noting that operator parity determines whether
two operators with disjoint supports commute or anti-commute, it is important to empha-
size the existence of Lieb-Robinson estimates for both the norms of commutators and anti-
commutators of Heisenberg evolved observables. Nonetheless, the essence of the bound is
just as in the case of spin systems. The failure of ¢;(t) and ¢} to anticommute, for exam-
ple, notably depends on how far apart the sites i, j are, and there is a finite rate at which
the support of ¢;(t) grows. Moreover, just as derived in equation 21, the specific choice of
F-function F,(r) = e~ * Fy(r) gives rise to the more explicit bound with exponential factor
e~ a(d(X.Y)—valt])

For the complete proofs of lattice system Lieb-Robinson bounds, it is recommended to
review the cited sources for each stated theorem. With these results in hand, there are a
number of useful applications that can be achieved. In the following subsection, we explore
one such case, which involves proving the existence and quasi-locality of Heisenberg dynam-

ics in the infinite volume limit.

2.5. Thermodynamic Limit and Quasi-locality.

For both the lattice spin and fermion systems, the Lieb-Robinson bounds stated in Theorems
2.3 and 2.5 carry no dependence on the finite volume A. In fact, if we enlarge the spatial
region A to A’ such that A C A’, Hy features additional interaction terms that are either
supported near the boundary of A’ or have supports whose diameters render their strengths
negligible. Consequently, this allows one to show that the infinite volume limit of the dy-
namics exists as an automorphism of Ar, which means it is a quasi-local map. We state this

result as was proved for spin systems.
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Theorem 2.6 (3.5 in [74]). Let {A,}nen be an ezhaustive increasing sequence of subsets of
. Then under the same assumptions as Theorem 2.3, the thermodynamic limit 1, of the
Heisenberg dynamics exists,

(27) lim 7 (A) = 7,(A)

n—oo
for all A € Ay, and t in compact intervals.

Moreover, {7 }icr forms a strongly continuous l-parameter group of automorphisms of
Ar. Thus, the infinite volume dynamics exist as a well defined map over the algebra of
quasi-local observables and is itself a quasi-local map, as a result of Lieb-Robinson bounds.
What this entails is that for finite ¢ and any choice of € > 0, there exist Ac C A and A, € A,

such that the following holds,

(28) |7 (4) — A

<e

)

and this holds in both lattice spin and fermion settings. The Lieb-Robinson bound implies
that any B supported at least a distance r, larger than vl|t|, from X satisfies the bound
H [TtA(A), B] H < Ce~ =) with a,C,v > 0. Thus, one can construct a local approxima-
tion of 7*(A) supported on X, := {j € I': d(j, X) < r}, and it deviates in norm from 7*(A)

"It which is what we denote by € in equation

by at most an error proportional to e~
28. As we show in Section 5, such approximations can be made for local operators that are
Heisenberg evolved in time ¢ or in a perturbation parameter describing a modification of an

initial Hamiltonian. In particular, we will discuss how to construct such local approximations

of quasi-local observables in the context of continuum fermion systems.

Having introduced quantum lattice systems, it is evident that bounded interactions with
finite /short range emerge as a requirement for Lieb-Robinson bounds to hold. As we move
into the continuous space setting, it will be important to ensure that this feature of our
model remains. However, before considering continuum dynamics, we first discuss in detail

the continuous space electron model that will be the focus of Part 1 of this dissertation.
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3. INTEGER QUANTUM HALL EFFECT

To establish the physical setting of the quantum Hall effect, we begin with a classical
perspective on the behavior of charged particles in the presence of uniform magnetic and
electric fields. Physically, we consider the following setup depicted in Figure 4. One has a
closed circuit with current I driven by a battery with voltage £, and a two-dimensional sheet
of metal is inserted midway with a voltmeter connected to the horizontal sides of the sample
as shown. The driven current in the longitudinal direction (red) gives rise to an electric
field in the same direction, which results in electrons moving rightwards in the sample. Due
to the magnetic field however, the charges feel a Lorentz force: Fp = q <E + U X é), and
the electrons exhibit circular "cyclotron" orbits. This phenomenon gives rise to a transverse
"Hall" current and voltage across the metal sample and as derived in a number of references,

e.g. [35], the Hall voltage and resistivity are proportional to the magnetic field strength B.

Such is the classical description of charged particles moving in two dimensions in the
presence of a perpendicular magnetic field, which occurs at room temperature and small
magnetic fields. A quantum description of this setting at very low temperatures and higher
field strength uncovers a fascinating phenomenon by which the Hall resistivity is quantized
at integer/fractional plateaus as the magnetic field strength grows. In particular, the onset of
fractional versus integer plateaus is attributed to dominant electron-electron interactions. In
order to build the interacting setting, we first take time in this section to study the simplest
model that describes a charged particle in two dimensions in the presence of a constant mag-
netic field. This is the well known Landau Hamiltonian, which encodes the non-interacting
behavior of particles in this physical environment. This particular Hamiltonian has a rich
spectral structure and different methods for spanning its eigenspaces, which become very
useful as we later impose inter-particle interactions and study the dynamics of these sys-

tems.
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FIGURE 4. Experimental apparatus for detecting the Hall effect via a voltage
measured vertically across the metallic sample. The longitudinal and trans-
verse (Hall) currents are portrayed as red and green arrows inside the metallic
sample, and the Hall voltage Vy is measured across the two horizontal edges
of the metal.

3.1. Landau Hamiltonian.

The starting point for understanding the Integer Quantum Hall effect quantum mechanically
is to consider the well known Landau Hamiltonian, which describes a single charged particle
in two dimensions with a constant perpendicular magnetic field. For a charge ¢ with mass

m, this Hamiltonian is given by

(29) =5 (p—aiw) |

where = = (x1,x9) is the vector valued position operator and p = —iV = —i (8%1, %)

is the two-dimensional momentum operator. The coordinates x; and x5 refer to Cartesian
coordinates. The vector potential g(:z:) is an operator that acts by multiplication as a func-

—

tion of z and encodes the perpendicular magnetic field: V x ff(x) = B = Bz3. There
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is of course freedom in how we choose to define this function A due to gauge invariance
of Hy. In the analysis of the dynamics of interacting electrons to come, we find it most
suitable to work in the symmetric gauge where ff(a:) = Z(—25,21), and a quick calculation
verifies that V x ff(x) = Bis. Henceforth, we also set m = % and ¢ < 0, making the
identification ¢B = B > 0 for convenience (convention used in [85]). We will now solve the
time-independent Schrodinger equation with Hy using an elegant algebraic approach, which
introduces complex valued coordinates, and we also state the eigenfunctions of Hy, in terms

of two-dimensional polar coordinates. For the former, we follow the solution as presented in

the work of Rougerie and Yngvason. [35].

With our choice of units and gauge, the Landau Hamiltonian explicitly takes the form,

(30) Hp = (p— A(z))?

where we denote by I, := p; — A(z); the gauge-invariant momenta operators. Notably, the

components of II do not commute with one another.

(31) L1, Ilo] = |p1 + §$2,p2 - §$1
32) s
(33) —iB

In terms of the components II;, we introduce the so called ladder operators, akin to those
which appear in the context of the quantum harmonic oscillator, which satisfy canonical

commutation relations.

(34) at = — (—HQ — ZHl) , 4= (_H2 + ZHl)

1
V2B
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(35) a,a"] =1
The Landau Hamiltonian may then be written in terms of a, a* to give,
. 1

A lowest energy eigenfunction ¢g(r) of this Hamiltonian is thus one that is annihilated by
the operator a: ayyy(z) = 0, giving rise to an eigenvalue Ey = B. Higher energy states
are generated by acting on 1y with powers of a*: i, (r) = \/%j (a*)" 4bo(r), with eigenvalues

2B (n + %) Below, we demonstrate this feature of the eigenstates of H; which will require

evaluating [a, (a*)"].

[a, (a)"] = n (a*)""
Thus, a*a acting on v, yields,

a‘ay, =
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In the second equality, we make use of the evaluation of [a, (a*)"], and the final equality
holds because ai)y = 0 by definition of the ground state. Therefore, we explicitly show the

eigenvalues of H;, to be of the form,

(37) E, =2B (n + %) .

The factor of 2B with our choice of units is termed the cyclotron frequency w,, and this is
actually in agreement with the orbit frequency of the classical cyclotron motion of charged
particles moving in a magnetic field. Moreover, by solving the differential equation given by
ayg(x) = 0, the ground state eigenfunction vy can be written explicitly. We also introduce

the length scale (5 = \/LE called the magnetic length, and then one has,

1 |2 /402 1 ([El - ZIEQ)n 127402
38 = — ‘:E' /4ZB; n — ‘:El /4€B'
(38) bo(@) gB\/ge Yal(@) (V27  /n! ‘

Each eigenspace with associated eigenvalue F,, will henceforth be termed a Landau level
as in literature. The operators a and a* thus map a state in the n'" Landau level to the
(n—1)" and (n+1)™ levels respectively. Notably, each Landau level is infinitely degenerate,

and this can be seen by introducing another pair of ladder operators b and b*.

*—Lw—m T+ 1y)); :Lﬂ' i T —1
(40) 6,6 =1

Crucially, these also satisfy canonical commutation relations just like the Landau level raising

and lowering operators a®*). Moreover, using equation 31 and [r;, p] = id;;1, one has,

(+) _L—TF 1Ty, T,y + 4T T —1
(41) [a J’]—\/ﬁ[ y T My, Ty + i, + Bz — iy)]
1
(42) :E(—B—I—BZFBj:B)
(43) =0,
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and the same holds if one replaces b with b*. As a result, [H L, b(*)} = 0, meaning that the
b operators can be used to generate additional eigenstates of Hy with the same energy F,,.
In other words, they leave each Landau level invariant. The existence of an operator that
commutes with the Hamiltonian suggests that Hy, is invariant under some symmetry action.
This ends up being exactly the case, and to elucidate the identity of this symmetry, we study

the b operators more carefully. Acting on 1y with b and b*, one obtains,

B B 1 2,02
44 biyg(x) = | =0y, + =1 + 0y, —i—x ezl /4
( ) ¢O( ) ( ’ 2 ! ' 2 2) 53\/%

B B B 1 240
45 e e — —py — —|a|? /462,
( ) (l T2 5 T 5 Ty —1 5 x2> —53 27re
(46) =0

B 1 2,2

47 b* = a.’L' + al’ -+ ) *|£E‘ /453
7 Yol ( 10 c 2I2> fB\/Qﬁe
(48) = B(z1 + ix2)y.

Thus, b annihilates ¥ just like a, whereas b* can be used to generate additional eigenstates
with energy Ey. We may now introduce the more general eigenfunction of Hj, given by,

1' - (@)™ (6)™ ¢g(x); n,m € Ny.
nlm!

(49) Upm () 1=
Now consider the action of b*b on ,,,,. Since [b, b*] = 1, it follows just as in the case of the
Landau level operators a®) that b*b,m = min,. So for each fixed n, 1y, is an eigenvector
of b*b with eigenvalue m, and each Landau level is actually infinitely degenerate, unless we
specify finite volume boundary conditions. Furthermore, as mentioned previously, the fact

that [H L, b(*)} = 0 hints at the existence of a symmetry whose action leaves H invariant.

To see this, we expand b*b — a*a in terms of position and momenta operators.

1

(b*b — a*a) = oV —((

o — im + B(x1 + ix5)) (79 + imy + B(xy — ixs))

— (—my —imy) (—me + ’im))

1 . ‘
~ 9B (2Z [y, m1] + B*(2] + a3) + 2B (3173 — xomy) + i B ([w2, ma] + [:L’l,m]))
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1 B B
=55 <2B + B2(:1;§ + x%) + 2B(x1p2 — Exf — Topy — 53:%) — 28)

= T1P2 — T2P1

= L4

The operator b*b — a*a is precisely the perpendicular component of angular momentum,
and [Hp, L3] = 0 in the symmetric gauge. Therefore, the Landau Hamiltonian is invariant
under rotations in the z — y plane, a consequence that is visible due to our choice of gauge.
Furthermore, it is evident that angular momentum L3 is quantized with integer-valued spec-
trum bounded below by —n in the n'" Landau level. The operators b and b* now carry the
physical interpretation of raising and lowering the angular momentum of a wavefunction.
Denoting by H,, the Hilbert space associated with the n'® Landau level, {t/,,,, : m € No} is

then an orthonormal basis for H,,.

Moreover, it is clear that each Landau level is infinitely degenerate, but per unit area,
degeneracy is constant and proportional to the magnetic field. Importantly, this means that
at large magnetic fields, the lowest Landau level will be able to accommodate more electrons
due to an increase in number of states per unit area. Lastly, in the many-body picture, note
that with a chemical potential located in any gap between Landau levels, the ground state of
the system is precisely that associated with full occupancy of the Landau levels with energy
below the chemical potential. This number of filled levels, being an integer, is precisely what
sets the stage for the integer quantum Hall effect. Importantly as a many-body state, this is
a non-degenerate ground state with gapped particle/hole excitations consisting of particles

in higher Landau levels and holes in the occupied levels respectively.

This algebraic decomposition of the Landau Hamiltonian is an elegant procedure; one
observes that it simplifies to a quantum harmonic oscillator model, where each band gives
rise to infinitely many angular momentum states. For some of the future calculations in this

dissertation, we also write the eigenfunctions of Hy, in two dimensional polar coordinates. A
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detailed solution of the time-independent Schrodinger equation Hpip = E is presented in
[24], and we summarize the key features of the result below, adopting the notation used in

this work.

For what follows, we parametrize solutions of the Schrodinger equation by the integers
n, and m;. In terms of the previously introduced labels n and m, m; = m — n and
n, = mH“Tlm*"‘ The number my; is precisely the eigenvalue of the z-component of an-
gular momentum, and n, € Ny is an integer that helps to characterize the Landau level
index (for all m > 0, n, = n). One may then write F, as in equation 37 as

1 _
(50) Bopy = 2B (5 Fet ‘ml’Tml) ,

and the associated normalized eigenfunctions of H; with eigenvalue £, ,,, are given by,

(51) l/Jnrmz (T‘, §b) - Rnrmz (T>q)ml(¢)

E
<

e

(52) Oy (¢) =

3

=

(53) By (1) =

|my|
r 2 /492 r
R - /4£BL‘ml| _
e (EB) ‘ " (%23) ’

where the normalization constant N, ,,, is,

n,!
54 Ny = .
(54) rm \/€2B2|ml|(nr+|ml])!

For any two integers a,b > 0, L%(x) are the generalized Laguerre polynomials which are
defined as shown in the following equation.

x e o

al  dz®

(55) L(z) =

(e—xIa+b)
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We also note the orthogonality relations that the radial and angular functions R, ., and

®,,,, respectively satisty.

(56) / 0 Ry () Rt () = B
2T

(57) /0 06 B (8 By (8) = b

Of particular importance will be the (standard) Laguerre polynomials L,(z) = L%(z) =

1z d*
a!6 dz®

(e~*x*). One useful relation we will make use of in subsequent locality estimates is the
generating function involving these Laguerre polynomials, which one can find in references

such as Section 13.2 of [5]. For any ¢ € C such that |t| < 1, one has,

©© . 1 tx
58 L. = i,

Having discussed the Landau Hamiltonian, its discrete spectrum, and different orthonormal
bases that span its eigenspaces, we now introduce an alternate perspective from which one
can express the state of a charged particle in a perpendicular magnetic field. Precisely, we in-

troduce an overcomplete coherent state decomposition of the Landau level Hilbert spaces H,,.

3.2. Magnetic Translation and Frame.

The domain of the Landau Hamiltonian,
Dp={fe L’ (R*): (0, —4) f € L*(R*, j = 1,2)},

as written in references such as [68], is one that admits rapidly decaying functions, seen
with the Gaussian factor in ,,,(x). However, the topologically nontrivial nature of the
Landau levels prevents each H, from possessing an orthonormal basis with each element
exponentially localized at discrete points in space. This fact is a crucial feature of electron
band structures with topological character that has been explored in works such as [22].

Nonetheless, such results do not prevent Hilbert spaces such as the Landau level spaces H,
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from admitting spanning sets with elements that are exponentially localized at points in R2.
In order to properly construct the functions in this spanning set, we need to introduce the

so called magnetic translation operator.

While the physical setting of a charged particle in two dimensions with a uniform per-
pendicular magnetic field is translation invariant, the Landau Hamiltonian does not possess
this feature due to the position dependent vector potential /T(x) Therefore, the transla-
tion operator S, = e "*? which translates functions in L?(R?) does not commute with H.
Therefore, if f € H, is a lowest Landau level state, then S, f(z) = f(z — a) ¢ Ho. There is,
however, a way to construct a modified translation operator that commutes with Hy, and

this is precisely the magnetic translation.

Definition 3.1. Let II* = p & A; then, 75 : L?(R?) — L*(R?) with a € R? is a magnetic
translation operator defined as T = ¢Fie ™ The action of this operator on any f € L*(R?)

is given by
(59) TEh(x) = T oA (2 — a).
Recalling our choice of the symmetric gauge to define the vector potential,

) B B
T;t = exp [_Z <(p1 F 5@)@1 + (p2 £ E%)@)}

R ICI NGRS 28
= €exp | —1 alpliTﬂil exXp |—t a2p2:FTil?2

where the second line is true as all operators relating to x; commute with those relating
to xo. Now, as x; and p; have a commutator equal to a constant, we can use the Baker-

Campbell-Hausdorff formula to rewrite the terms of T=.

e . B ]. B
6@2739016*“”1?’1 = exp <—i(a1p1 + GQTJA) + B [:Fi%xla _ialpll)

B .Baja
= exp (-’i(alpl + _a22 $1)) T
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Similarly,

.a1B o . alB . Bajag
et TP — oxp (—z(agpQ 5 x2)> et

Therefore, we finish the calculation as follows.

T;Ef(x) _ eﬂ%mle—immeﬁ:i%me—immf(x)

_ e;z‘%m:ﬁ:i%me—i(a1p1+a2p2)f(x)
— e:Fw'Af(m _ CL).

Going from the first to the second line, we utilize the trivial commutation relations between
xr1-operators and xo-operators to rearrange terms. Then upon inspection, the second expo-
nential term simply defines the standard translation operator of an element in L?*(R?) by
a € R?, which yields f(z — a). Operators of this form have been introduced and carefully
studied by Joshua Zak, giving rise to the magnetic translation group and the Zak transform,
[119]-[120].

For our purposes, T(f) appears in some of the technical calculations to come, and T(J_’) will
be used to generate the spanning sets of H,, for each n € Ny. In particular, T(,*) is effective
towards this end because it commutes with Hy. To show this, we calculate the commutation

relations between the components of II™ and IT~.

(60) [T, 107 | = I, 105 ] = 0
B B

(61) [H?—>H2_} = |:p1 — 5 %P2~ 3551} =0
B B

(62) [H;_7 Hﬂ = {m + 51D + 5902] =0

As a result of these relations, it follows that for any a € R?, [T.F, Hz] = 0 in the symmetric
gauge. We will now use T(Jf) to construct an overcomplete frame for Hy and with the raising

operators a*, we can lift this frame to any Landau level.
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First, we define a frame in a Hilbert space H and discuss some general properties, as can
be found in Chapter 5 of [23]. Let {fi}icr C H be a possibly infinite sequence of functions.
{fi}ier is said to be a frame if there exist constants 0 < ¢ < C such that for all ¢ € H, the

following bound holds,

(63) cllpl® <Y ()P < Clly)?

el

where the constants ¢, C' are not unique and are called frame bounds. Moreover, {f;}ics is a

frame for H if span{f; : i € I} = H. Let S : H — H denote the frame operator, which acts
on ¥ € H as,
(64) S =Y (fi ) fi
icl
The frame operator S is positive, bounded, self-adjoint, and invertible and has an operator

norm which is bounded by the frame bounds:
cl <5< (1.

If {f;}icr is a frame for H, then any ¢ € H admits the following decomposition in terms of
elements f;.
(65) =808 =D (fi, ST fi = (ST ) f;

icl iel
The inner products s;(v)) := (S71f;,¢) are termed the frame coefficients. We will be in-
terested in the setting where {f;};c; actually forms an overcomplete frame for H, meaning
there exists at least one sequence of complex coefficients {¢;}ic;, with not all ¢; = 0, such
that )., ¢;fi = 0. In this case, there does not exist a unique sequence of coefficients {a; }ics
such that for any ¢ € H, ¢ = Y., a; fi. However, the frame coefficients have the minimum
¢>-norm of all sequences that can be used to express ¢ € H, i.e.

Do ls@)F <Y Jal

el i€l
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We are now equipped to construct an overcomplete frame for Hy. Let I' := aZ x SZ, with
a, > 0, be a rectangular lattice and let d : ' x I' — R be the metric associated with
Euclidean distance. The sites of this lattice will be used to index the elements of the frame
in question; such frames are called regular. Denote by Xo(z) := ¥g(x), the lowest Landau
level state with zero angular momentum, and X, := T, Xo(x), the same function magnetically
translated to be centered at a. Since, [T(,*), HL] =0, Xo(z) € Ho Va € R?. In [12], Bachmann

and De Nittis prove that under precise conditions, the set {X,},er is a frame for H,.

Theorem 3.2 (Theorem 5.6 from [12]). Let I' = aZ x BZ. If aff < 2703, then {X,}er is

an overcomplete frame for H.

The proof of this theorem and the process of deriving frame bounds for the associated
frame operator are rather technical, so we refer the reader to Section 5 of [12] for details on

these steps.
Importantly, this frame {X, }.r satisfies the following two properties that we will use to
define a localized subset of H,.

Definition 3.3. Let (/,d) be a metric space. A sequence of functions {{ f;}ic;} in a Hilbert

space H is called a localized set if,

i) 3oy, Gy > 0 such that Vi € I, | fi(z)| < Ge™o@02),

i1) 3 09, Gy > 0 such that Vi, j € I, [(fi, f;)] < Goe 72409,

Thus, the set {X,},er is a localized frame for H, since |X,(x)| = KB\I/%Q_IJ?_’\/'Q/ZM% and
|(X, X,)| = e7907")*/45  which can be found through direct computation. As mentioned

before, we may now lift this frame to arbitrary Landau levels via the raising operator a*.
Thus, denote by X, = \/—177' (a)" X, = \/Lﬁ (a*)" T X = Tjﬁ (a)" o0 = T;Fthno. From
the form of 1,0 in equation 38, it is clear that each X.,,, will be exponentially localized about

v € I', with a slower decay rate than X,. Moreover, the following inner product calculation
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confirms that for each n € Ny, {X,, , },er is a localized frame.

(66) (s Xor) = (T (0" X0, T (2°)" Xo)
(67) = (@) T X, ()" T o)
(69) = (@) X

(69) (0

The inner product (X, ,, X, /) features d,,/, since functions from different Landau levels are
orthogonal. However, this may also be bounded from above by eI/ 4525, which then gives
the bound,

1 , ,
(70) (X s Xyt )| < —e—(d(%v )2+ In—n/[*) /4¢3

o KB\/ 2

We then consider the superlattice © :=I" x Zy, where sites § := (y,n) € © correspond to a
spatial site v and Landau level n. Furthermore, let p : © x © — R be a metric that is defined
as p(0,0') = d(v,v') + do|n — n'|, where dy > 0 is a constant with units of distance. (O, p)
is then a metric space. Denote by Xy := X, ,,. Then, {Xy}sco is an overcomplete, localized
frame for HY = @g;ol H,,, a finite collection of Landau levels.

Before concluding this section, we present one locality estimate involving the frame operator

S associated with {Xp}oco-

Lemma 3.4. [Proposition 2.2 from [12]] Let (T',d) be a metric space, with I a lattice, and
let {fy}er be an overcomplete, exponentially localized frame for a separable Hilbert space
H with decay rate X > 0, meaning |{f,, f,/)| < Ce 07 with C > 0. Denote by S the
associated frame operator. Then for every p € N, there exist constants 0 < A\, < X and

a, > 0 such that,

_ !
é ape )\pd(’y”y )7

(71) (£ 877 Fv)

for all v, € T, where S7P := (S~1)".
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Inner products of this form will appear frequently in later calculations, so establishing this

locality estimate is important. For the technical proof, we refer the reader to Section 6 of [12].

As we will see in the following few sections, functions of this form will be very useful
for constructing the Hamiltonians of many interacting charged particles in a perpendicular
magnetic field as we aim to bridge the gap between the integer and fractional quantum Hall

effects.
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4. FERMIONS IN CONTINUOUS SPACE AND LIEB-ROBINSON BOUNDS

In Section 2, we introduced the machinery that is required to construct quantum lattice
spin systems from an algebraic perspective, define finite/short-range interactions, and build
the associated dynamics. Under natural assumptions on these interactions, that we will re-
call shortly, it is possible to prove Lieb-Robinson bounds, which manifest as estimates on the
norm of the (anti-)commutator of Heisenberg evolved local operators with disjoint supports.
Notably, these decay in the distance between supports of the two operators in question but

grow exponentially in time.

Then in Section 3, we reviewed the model that describes non-interacting electrons in two
dimensions with a perpendicular magnetic field, i.e. the Landau Hamiltonian Hj, (equation
29). In the symmetric gauge, the eigenspace of Hy, is spanned by harmonic oscillator like
eigenfunctions that can be parametrized in terms of complex spatial coordinates, as with
Ynm in equation 49, or in terms of polar coordinates, v, ,, as in equation 51. Moreover,
there exists a lattice-based frame for the Landau level eigenspaces consisting of exponentially

localized functions.

We now seek to study fermionic systems in R? with short range interactions in the pres-
ence of a constant magnetic field. We obtain Lieb-Robinson type propagation bounds for
such systems and apply them to obtain a strongly continuous dynamics on the CAR algebra
of the infinite system, which is based on joint work in preparation with Bruno Nachtergaele
and Robert Sims [17]. To be able to do this we introduce a UV cut-off in the interaction by
considering smeared creation and annihilation operators. Without such regularization, the

dynamics are not expected to be given by a strongly continuous group of automorphisms on

the CAR algebra [89)].

As we will discuss, proving strong continuity of the dynamics of interacting fermions in

the continuum has been achieved via a few different strategies, as in the works of Gebert
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et al. [31], Hinrichs et al. [49], Siebert [93], and Bachmann and De Nittis [12]. However,
these are not the only studies of the dynamics of fermions in the continuum. As far as
we are aware, Narnhofer and Thirring were the first to construct infinite volume dynamics
over the CAR algebra on L?*(R?) with the use of a regularized pair-wise interaction, [77],
that was motivated by the desire to preserve Galilean invariance of the dynamics. From our
point of view it is more natural to use Gaussian smearing of the point particles in the pair
interaction, as is done in [31]. This choice allows us to construct a finite volume interaction
that is a bounded operator, a crucial ingredient to proving strong continuity of the dynamics
via Lieb-Robinson bounds. In this section, we focus on employing the framework of [31] to

prove strong continuity of the Heisenberg dynamics for interacting fermions.

Towards this goal, we begin by constructing the CAR algebra of observables from fermionic
Fock space before then formally introducing the Heisenberg dynamics over this algebra.
Then, we will introduce the second quantized finite volume Hamiltonians, where the UV reg-
ularization procedure for the two-body interaction will be defined using a Gaussian smearing.
In the remainder of this section, we prove propagation estimates and bounds of Lieb-Robinson

type towards proving strong continuity of the dynamics in the thermodynamic limit.
4.1. Fock Space and Second Quantization.

When studying an individual particle whose state is governed by a Schrodinger Hamilton-
ian of the form H = % + V(z), it is insightful to describe this particle with a wavefunction
that depends on the position coordinate x € R? for example. This representation determines
the probability of the particle being located in some region A C R?, which can be used to
calculate the expectation values of observables such as momentum, energy, etc. Formulating
quantum mechanics in this fashion is termed first quantization. In the setting of N indis-
tinguishable particles that may be interacting, the wavefunctions describing the physically

relevant states of this collection of particles become cumbersome to work with. Moreover,
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learning the properties of one specific particle will not generally lend towards understanding
the behavior of the entire collection of particles. This is where the language of second quan-
tization becomes very useful in reformulating the description of states and operators, where
the number of occupied single particle states determines an N-particle state and operators
acting on such states involve combinations of removing or creating particles in these states.
We now make this construction very precise, following the general structure of Ola Bratteli
and Derek Robinson in Chapter 5 of Volume 2 of their seminal textbook Operator Algebras

and Quantum Statistical Mechanics ([21]).

To begin constructing this space of multi-particle states, we first define the single particle
Hilbert space of interest. In this dissertation, we will work with L?(R?) and direct sums of
the Landau level spaces H,. Thus, for the purpose of this section we will let H refer to
cither L2(R?) or @™, H,, where Ny, is finite but arbitrarily large. Introducing additional
particles is achieved via the tensor product, where the general N-particle Hilbert space
is given by ®ff:07-l,. The vacuum O-particle space H© is just C. Electrons, which are
the particles of interest in this work, are fermions and thus have wavefunctions that are
antisymmetric under particle exchange, meaning that for a 2-electron wavefunction 1, one
has ¥ (x1,29) = —t(xa,21). Such a condition is not enforced by the tensor product, so
we use the antisymmetric wedge product A to denote an antisymmetrized tensor product.

Explicitly for f,g € H,

(f A g) (w1, 32) = f(a1)g(a2) — f(22)g(a1); 21,72 € R?

Hence, the N-particle fermionic Hilbert space is precisely H(Y) = /\,]:[:0 H. In terms of these
multi-particle Hilbert spaces, we now introduce fermionic Fock space, the space of sequences

of N-particle fermion states.

(72) F(H) = é H)
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An element 1 € F is thus a sequence 1) = {1, }nen, With each 1, € H™). For example, the
sequences associated to systems of N-particles will be of the form fy = {0,0, ..., f,0,...} with
zeros everywhere except the (N + 1)™ entry. We will now introduce a set of operators that
add and remove particles, shifting a sequence fn to Fy41 for example. These are precisely
the so-called fermionic creation and annihilation operators, which we will now take time to

carefully define.

For f € H, denote by a*(f) and a(f) the creation and annihilation operators associated
with the single particle function f. For the particular function ™) = ¢ Ay ... Ay, a(f)

and a*(f) act as,

(73) a*(fW(N) =VN+1(f AL Athg... Ny)
(74) a(f)v™ = VN{f, 1) (Y2 A o Atby)

One clearly sees how these operators carry the physical interpretation of adding a particle,
via the wedge product, or removing a particle, with an inner product. More general functions
will involve linear combinations of ones such as ™) as above. We thus write the action of

a™(f) more explicitly:
(75) (@O (01, 0er0) = VT [ dn T a1, )
(a*(f)gb)(n) (5(31,...7$n \/—Z Z 1 l’z ¢(n 1 (ZEh...,Zi‘i,...,ZEn),

where the z; denotes an omitted coordinate. We shall more generally denote the algebra
generated by {a(f),a*(f): f € H} as A(#H). This is the fermionic algebra of observables
associated with the Hilbert space H known as the Canonical Anticommutation Relations
(CAR) algebra. Its properties as a C*-algebra can be found described in great detail in

references such as Chapter 2 of Volume 1 of the textbook by Bratteli and Robinson, [20].
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Importantly, we now state the algebra defining canonical anticommutation relations.

(76) {a(f),a(9)} = {a*(f),a"(9)} = 0; {a(f), a"(9)} = {f,9)1; V g e H

Additionally, these can be used to show that the operator norm of a®*)(f) is given by
|a(f)|| = I fll;2- From the form of a(f) and a*(f) in equation 75, there is an alter-
nate way to define these operators in terms of fermionic field operators c;*) that are operator

valued distributions.

7 (= 1| d . = [ dz f(z)c,
M a= [ e s@e o) = [ defe
(78) (cgggb)(”)(xl, ey Tp) = VN + 1¢(”+1)(w,x1, ey Tp);

()™ (4, ..., 20) = % Z(—l)i_l(%x — 2) 0" (2, o By s )
i=1

These field operators can be thought of as creation/annihilation operators that add a fermion
at x € R? through a delta function centered at z. Moreover, these field operators satisfy the

following anticommutation relations:
(79) {corey} = {65} = 0; {co, )} = d(z —y)1; Y,y € R,

Again note that we are using R? in all of the definitions and properties here since this is the
space of interest in this work, so the formalism here holds in R? more generally. We may

also define the total fermion number operator N in terms of the field operators as,

(80) N:/dm%”
R2

and the local number operator Ny associated with X C R2,

(81) NX:/ dx cc,.
b
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By the anticommutation relations in equation 79, it follows that for all X,Y C R2,
[NX, NY] — 0.

Crucially, these field operators may be used to lift self-adjoint operators acting on H™)
for a particular N to operators acting on sequences of states in F(H); this mapping is what
is known as second quantization. Of utmost importance for us is the second quantization
of single particle operators acting on H and two-body interactions acting on H A H. For
example, if H; = % + V(x) is a one-particle Hamiltonian, its second quantization H is
obtained as shown in the subsequent equation.

(82) H= | dxc,Hc,
R2
For example, as we will need later in this section and in future ones, the following procedure

demonstrates how to second quantize the Landau Hamiltonian Hy = (p — A(x))%.

(83) H,, :/ dr ¢t Hrc,
RQ
(84) = /R2 dr ¢} (Z 2B (n + %) n;) [Vnm) an!) Co

(85) — 2B i

1\ « .
2 (n + 5) mzo /R2 dx /R2 AY Yo (7)o thnm (y) ¢y
(86) =28 (n + %) > a* (Cnm)a(nm)
n=0 m=0
(87) =Y ENu Ny = 0" (Vo) a(thnm)
n=0 m=0

In the second equality we make use of a spectral resolution of Hj, writing it as a sum over
Landau levels of the associated energy multiplied by the orthogonal projection onto the cor-
responding subspace. The third equality expresses these projections using an integral kernel,
which gives rise to a form where a™(1,,,) becomes apparent by equation 77. In the final

equality, we introduce the Landau level number operator N,, which counts the number of
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fermions occupying the n'* Landau level.

Similarly, if W (x,y) is a two-body interaction operator that acts via multiplication by the
function W of the position operators x and y, then its second quantization is as shown in

the following equation.

1
(88) W:—/ / dady W (z,y)cccycy.
2 R2 JR2 Y

We defer stating assumptions on the function W (z,y) until the Hamiltonian of interest is
introduced. The second quantization H of the Landau Hamiltonian and more generally
H, the second quantization of H; + V', as well as interactions such as 88 will appear in the
Hamiltonians generating the dynamics of interacting fermions. In the next subsection, we
introduce Heisenberg time evolution as an automorphism, a map from A(H) to itself that
preserves its algebraic structure, namely the canonical anticommutation relations. Specif-
ically, we introduce the free dynamics, which provides an algebraic means of defining the
second quantization of a self-adjoint operator such as Hy or H;, +V, and then we set up the

problem of studying the Heisenberg dynamics of interacting fermions.
4.2. CAR Algebra and Dynamics.

As Bratteli and Robinson note in Section 5.2.2 of |21], the preceding introduction of the
fermionic creation and annihilation operators involved deriving the space of sequences, i.e.
fermionic Fock space F(H), upon which they act to add or remove single particle states.
However, one may also directly consider A(H), generated by {a(f),a*(f) : f € H}, from
an algebraic perspective without having to represent its elements as operators on sequences
of the Fock space. More abstract properties of a*(f) and a(f) can be found in the cited

reference.
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Towards proving propagation bounds and Lieb-Robinson type estimates, it is important
to define how the Heisenberg dynamics act on elements of A(H), and we begin with a
discussion of free dynamics, meaning time evolution generated by the second quantization of
single particle Hamiltonians. Denote by Hl; the second quantization of a general Hamiltonian
H, = H;, +V, where the magnetic field in H;, could even be taken to be zero to cover the
non-magnetic system. Then, the free dynamics 7° : A(H) — A(H) generated by H; behave

explicitly as shown in the following equation.

(89) P (a*(f)) = a¥ (e f).

We will henceforth use a (f) to denote either a*(f) or a( f) in cases where either operator can
exist. This action of free time evolution can be derived via second quantization in the Fock
space picture or algebraically, as is done in 3.1.2 of [12]. Formally, the second quantization

of H; is precisely the operator H; that implements Heisenberg dynamics over A(H) as,
7 (a* (f)) = e"at (e

Towards considering the interacting dynamics, we first restrict the interaction W as in equa-

tion 88 to a finite volume A C R2.

1
(90) Wy = —//dxdy W (z,y)c,c,eycs

2 JaJa
The finite volume interacting Hamiltonian is then formally written as,
(91) Hp = Hy + Wy,

Importantly, even with suitable assumptions on the function W (x,y) and the restriction to
finite volume, W, is not bounded, in the sense of an operator on sequences of F(H) as well
as in terms of C* operator norm, due to the fermion field operators c#. As emphasized in
Section 2, the existence of a bounded interaction in finite volume is necessary to prove a
Lieb-Robinson bound. Thus, we will smear the pointwise field operators into creation and

annihilation operators that are elements of A(#H). The focus of the next subsection is thus
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to introduce this regularization procedure and define a class of interacting Hamiltonians
with bounded finite volume interactions. Moreover, for the remainder of this section, we

concretely take H to be L*(R?).

4.3. Many-Body Quantum Hall Model.

We begin with a statement of the N-particle model of interest in the language of first

quantization. The Hamiltonian is precisely the following:

(92) HW) = Z Hy+Y Wiz
=1 1<J
N

(93) => ((p P+ V() + Y W — ).
=1 1<J

Note that the first subscript on x and p refers to one of the N particles, meaning that x;;
and x5 will refer to the Cartesian components of the i*® particle’s position for example. We
now state general assumptions on the one-body potential V' and provide an example of an

operator that satisfies the specified conditions.
Assumption 4.1. (On V) Let V : R? — C have the form
Vi) = / dp(k)et
R2
where 1 : Borel(R?) — R is a Borel measure on R? satisfying

(1) has support contained in a ball of radius M centered at the origin.
(id)p = pt — p~ where ut and p~ are nonnegative finite measures on Borel(R?). Set
ul = p* 4

(4ii) e is even on Borel(R?).
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As a consequence, we introduce the constants C),, and M, which appear frequently in

subsequent calculations:

(94) /R2 d|pl(x) < Cp, sup{[k|[k € supp(|ul)} < M.

Ultimately, V' as a function of the position operator z is the Fourier transform of the measure
1, where the Fourier transform is evaluated over a finite range of frequencies. Physically, V'
is therefore a periodic function. Thus, a candidate potential function that is also relevant to

condensed matter systems is the following:

Viz) = Zb cos (a; - z) .

Physically, a potential of this form could represent a screened Coulomb interaction of elec-
trons with the periodic arrangement of metallic atoms in the two-dimensional metal. Im-
portantly, we must also require this potential to be bounded in energy. We now state

assumptions on the two-body potential function Wz, y).

Assumption 4.2. W : R? — R satisfies,
(1) W is even and only depends on inter-particle distance: W (z,y) = W(zx —y) = W(y — x)
for almost every x,y € R?;

(12) W is short range, meaning there exist a > 0, Cy, >0 € R such that
(W (z, )| < Cwe™ Y for almost every x,y € R

This condition establishes that this pointwise interaction is bounded in energy and decays
at most exponentially in the distance between interacting fermions. This is somewhat anal-
ogous to the construction of short-range lattice interactions where the range of interaction is
dictated by an F-function, as in 5. However, as alluded to before, bounding the maximum
value and decay of the potential function W is not sufficient in order to guarantee that W,

is a bounded operator. Therefore, we implement a UV regularization that resolves this issue,
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and this is the focus of the upcoming discussion.

4.3.1. UV Regularization.

Let 0 > 0 be a fixed parameter and denote by ¢ (z) = ﬁe"ﬁ/mﬁ an L'-normalized
Gaussian function over R%. Moreover, let W (x) = T, 5 (z) be the L'-normalized Gaussian
magnetically translated to be centered at a € R2. In terms of these translates, we introduce

the regularized two-body interaction W¢:

(95) Wi= g [ dedy Wata e (2)a" (9)a(95)a(D)

The fermionic field operators ¢ are replaced with bounded operators associated to the

Gaussians V7, indicating that the pointwise interaction occurs in the vicinity of the points

x?
x,y € R% The constant o carries the physical interpretation of describing the effective width
of the interacting fermions. Since W9 € L?(R?), each ¥ (¥9) has a bounded norm, and W¢

has a finite operator norm for finite A.

It is natural to wonder whether the first quantization of W9 corresponds to a suitable
two-body potential. If we restrict Wq to the n-particle sector of fermionic Fock space, it
acts on n-fold antisymmetric tensor products of functions. However in doing so, it acts on
every pair of particles as it is a two-body interaction. Hence, to justify (88) as describing a
two-body interaction, we prove that in the limit o | 0, W{ behaves as multiplication by the
potential function W restricted to the region A when acting on a 2-particle state. For this
reason, let W (x1, 22) = Taua(x1, 22)W (21, 22), where Ty, a (21, 22) is the indicator function

that evaluates to 1 when x1, x5 € A and 0 otherwise. We then prove the following limit.

Proposition 4.3. Let ¢ € L*(R? X R?) be a two-particle state and W3R .5 the two-body inter-

action which is the restriction of W¢ to the 2-particle sector of F(L*(R?)). Then,

(96) gfg(Wj{;Qqﬁ) (21, m2) = Wa(21, 22)0(21, T2).
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This is a rather technical proof, so the inclined reader can proceed to view the details, but

it would also do no harm to skip over.

proof of Proposition 4.3. We step away from the second quantized notation and express the
action of WY, on ¢ as follows.
WRo0) wrvaz) = [ dedydindzs Wi, y)6 (1,22 U2, (D UL )05, (2)02, (1)
R
A magnetically translated function consists of translation by j € R? followed by multiplica-

—ij-A(z

tion of a complex phase U;(z) =e ). Rewriting the expression above in terms of these

phases, we obtain

(WX;2¢)($17 372) = / dxdydzleQ WA ($a y)¢(217 22)u—21 ($)u—22 (y)um (x)uwz (y)

RS

X o5 (x = 21)p0 (Y — 22)90 (11 — T)g (T2 — Y).

This equality utilizes the symmetry of the Gaussian states as well as the fact that the trans-
lated Gaussian is equivalent to an origin-centered Gaussian evaluated at shifted coordinates.

Before proceeding, introduce the following function:

D7(z,y) = () (y).

Thus, evaluating the z; and z, integrals followed by the x and y integrals, the previous

expression can be written in terms of convolutions.

(WEad)on,2) = [ dady (9 (a1, 5 U (U (D001, 22) (.0)
X Wa(z, y)Uy, (2)Uy, (y)P7 (2 — 21,y — 22)
= [®7(z, y) * Us, () Uy, (y)Walz, y) (D7 (21, 22) %
Uz, (00U, (1) 621, 22)) (@, ) (@1, 22)

= [®7(2,y) * Uz, (2)Ua, () Wz, y)o(,y))] +
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(D7 () * Us, (2) Uz, (y) Wiz, y) ¥

(P (21, 20) ¥ Uz, (2)U 2, (y) (21, 22) — O(,9))]

The last equality arises plainly from adding and subtracting the term in the first line of the
last expression. Now consider the limit that o | 0 of each term separately. Start with the

first term.
7 (z,y) * (U, (2)Ua, (y)Wa(z,y)d(2, )
= /]R4 dxdy (I)a(xl —T,Ty — y)uxl (‘r)uxz (y)WA<LU, y)¢<l’, y)

= /R4 dxdy ¢f (v1 — x)0g (T2 — Y U, () U, (y) Wiz, y)o(2, )

In the limit o | 0, po(z — j) behaves as a Dirac Delta function; hence, integrating this
function over the variables x and y sends * — x; and y — x5. Therefore, we obtain a first

result.

litn [D7(2,y) * (Un, () Uy, ()W (2, )0 (2, )]

= Uy, (21 ) Uy, (x2) Wi (21, 22)P(21, 22)

= Wa(z1, 22)p(21, 22)

The last equality follows as each U;(j) evaluates to 1 by construction. Next, we analyze the

L? norm of the second term,

(D7 (2, y) * Un, (), (Y)W (2, y) (B (21, 220) + Uz, (1)U, (y) D (21, 22) — D(,y))] -

Further, with the arguments of each function made clear in the previous sentence, for compact

notation, we remove these in the subsequent calculation.

||(I)0 * uxluxzwf\ ((I)U *U—Z1u—zz¢ - ¢)||2 < ||(I)U||1||ux1ux2WA”1Hq)U *U—Z1M—zz¢ - ¢||2
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= [P WAl |97+ U, U2, = ¢l

The convolution that remains in the last line behaves just like the x,y variable convolution
from before in the limit that ¢ | 0; however here, z; — = and 2z, — y. Thus we finish the

calculation by taking this limit.

I;g; B s Uy Uy Wi (D7 5 U U_yd — D)5 < 10711, [IWall, Uy — 8],

=0

Consequently, we conclude that lim,o(Wg,¢) (1, 22) = Wi (21, 22)¢ (71, ¥2), thus the proof
is complete.

O

What this proof establishes is that in first quantization, when the regularization param-
eter o is removed, we recover a bona fide two-body interaction. Therefore, our choice of
UV regularization is a suitable strategy for producing a bounded, finite volume interaction
consisting of elements of A(L*(R?)). We thus make use of the following interacting finite

volume Hamiltonians in our study of the dynamics of continuum fermions.
(97) 7\ == Hl + WZ

As previously noted, the strategy of using Lieb-Robinson bounds to obtain strong continuity
of the dynamics with a UV-regularized interaction is inspired by the work of Gebert et al.,
[31], who consider interacting fermions in arbitrary dimension, R¢, without a magnetic field.
Regularization of their pairwise interaction is achieved with plainly translated Gaussians
wo(r — a). As we will see in the upcoming subsection on single-particle propagation esti-
mates, our choice of magnetic translates is essential in showing that the dynamics generated
by the interaction W do not result in non-local growth of operator supports. By support,

we mean the supports in R? of functions f € L?(R?) in operators involving a (f).
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The dynamics of interacting fermions in two dimensions with a constant magnetic field
have also been studied before in [12|, where the authors prove Lieb-Robinson bounds and
strong continuity of the infinite volume dynamics using a localized frame based resolution of
a Hamiltonian that is similar to HY. The UV regularization is effectively implemented via
localized functions, which in the case of fermions in a magnetic field are the functions X, ,
introduced in 3.2. Here the smearing parameter o is set to be v/2¢3, and the regularization
extends to the kinetic energy as well, i.e. the second quantization of the Landau Hamilton-
ian, H;. However, this comes at the cost of requiring H;, to be restricted to finitely many
Landau levels, which is still very useful for many applications. In fact, the lattice localization
of the frames for the Landau level Hilbert spaces H, provides a natural way to formulate
quasi-adiabatic evolution and prove quantization of Hall conductance for continuum fermion

systems. This is the subject of Sections 5 and 6.

4.4. Single-particle Propagation Estimates.

As in the case of lattice systems, we consider how the interaction between particles drives
the propagation of information in a quantum system. In the continuum model, this phe-
nomenon is dictated by the operators a#(¥9); the Gaussians centered at z,y € R? serve
as probes of fermion interactions in the vicinities of these points. As we will see in the
following subsection, it will be crucial to understand the locality of these states under time
evolution governed by Hy and H,;. Towards this end, we begin with a lemma concerning an

eigenfunction decomposition of ¢f in the polar coordinate basis as in 51.

Lemma 4.4. Fiz o > 0 and let ©f the L' normalized Gaussian centered at the origin. Then,

the following eigenfunction decomposition with respect to Hy holds.

(98) £3(r) =D caRuo(r)
n=0
¢ 1 202 — o2\" 2 1
(99) = 2 — b A R
T 205 + 02 \ 20} + 02 o2’ 2
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L n:o 2
(100) e ={ e
o2 2
0 n#0

2
Note that in the case where f;—’;’ = %, ] is exactly the lowest Landau level radial wavefunc-
tion, up to normalization. Henceforth we will drop the subscript B in the magnetic length

¢ = (g for readability.

Proof. Recalling the orthogonality relation (56), we may express each ¢, as shown below.
(101) o= [ Rualr)e5()
0

0 1 11\, r2
(102) = /0 drr 5 ta? OXP (— <4—€2 + Tﬂ) r ) L, (2—€2> .

One sees that this integral converges by noting that the integrand is the product of a Gaussian

and a finite degree polynomial. At this stage, perform a change of variables u = % and

note the definition of the standard n Laguerre polynomial: L, (u) = £ 4= (e7"u™).

© 1 e 1 da
(103) Cn —/0 du 5ro3 CXP ((5 - ;) u> aw(e u™)

We then use integration by parts n times to eliminate the n-fold differentiation with respect

to uw in the integrand. The boundary terms vanish, and this is seen by recognizing that with

. . . n _ . m _ . .
each successive integration of - (e™"u"), we obtain L (e™"u") with m < n, meaning that
u du™ Y

what remains will always be an expression of the form e “p,(u), where p,(u) is a degree-n

polynomial of v with no constant term. Letting 6 = % — ﬁ—z and ¢ = 1 — §, we obtain the

following.

(104) Cp = £ (=9 )/ du e~y
0

- 2702 !

Another n-fold application of integration by parts will eliminate u” and leave e %% in the

integrand, which upon evaluation yields,

¢ 1 [/=5\"
(105) Cn_27rcﬂ§(?> '
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A straightforward rewriting of the above expression in terms of ¢ and o yields the result of

the lemma. O

With this lemma, we are now equipped to prove the following theorem concerning the

time evolution governed by H,.

Theorem 4.5. Non-interacting Dynamics Let H; be the Landau Hamiltonian in the
symmetric gauge. Define constants n, = min(\/2(, o) and A, = maar(28 , o) with o > 0.
Then the following equality and inequality hold for all t € R and f € L?(R?).

(106)

et ! e (e (@) (o))

\/864 1— cos (%)) + 20 (1 + cos (2))

(107)

g 5| < g [ e
Y _271'772. R2

Proof. Time evolving ¢ just involves a linear combination of the time evolved radial wave-

functions with associated eigenvalues E,, = 3 (n + l). We introduce the parameter v =
%2:’2 Then, using the expression for the spectrum of Hy, given m; = 0, (50),
[e.e]
(108) ( ﬂHLtSDg) ( ) _ cheilEntRno(x)
n=0
it z2 00 9
le e a2 2int x
109 = =L, =
(109) w 202 4 o2 ;7 c <2€2>
it 12 00 2
le e a2 x
110 - 3L | —
(110) m 202 4 o2 ;%7 (262)

where we have now defined the complex parameter 7 = ’76_%. It is clear from the form of
v that for all & > 0, we have |§| < 1. Consequently, the sum in the last equality is none
other than the generating function involving Laguerre polynomials (58): Y > ("L, (x) =

= exp (££) for all ¢ with [¢| < 1. This leads to a closed form expression for the time evolved
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Gaussian.

it z2

j le@e a1 a2
—iHpt, o o =
L ==
1 e‘e%e‘% 1 _= wvoin( %) _=2 veos( )
T 1202+ o2 e Gt )
7T +0° 1~ 76_712
Now we evaluate the absolute value of the last equality.
(112)
~in BRI Sl
(i) (o) = 2 1 ()
matt Ao \/1+72—27cos(?—§)
- 1 o ) ()

1

T804 (1= cos (%)) +20% (1 +cos (%))
This is the first statement of the theorem. To obtain the second result, we establish a
time independent inequality on the first result which arises from finding the supremum over
t € R of the prefactor and the width of the Gaussian term. Let 7, = min {\/ﬁé, 0} and
A, = max {%, a}. We can then compute a time-independent bound with the following
inequality.

_ a2
e ZAg.

efiHLt(pg}(l') < omr

Now we are equipped to time evolve the magnetically translated Gaussian W7. From the

previous section, [T, H] = 0 Vo € R?. Hence,
e Mo () = e T f (2) = T e g (2).
Then by Definition 3.1,

T e g () = e 4@ (e (2 — ).
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Taking the absolute value of the previous inequality guides us towards the end of this proof,

_lz—y|?
e ZA%

(™7 [(2) < ,

2mn?
from which the second result of the theorem plainly follows. OJ

Importantly, these estimates illustrate that the functions ¥J remain localized around their
magnetic centers x € R? even under time evolution by the Landau Hamiltonian, albeit with
a fluctuating width. It is also worth noting that in the zero-field limit, equation 106 is
consistent with the analogous result from [31], equation 2.18, where the time evolution of ¢§

governed by H = —A is calculated:

_ 02\z|2
1 e 8t2+2cr4

—itHL ag

lim |e )= ———.

B50 %|( ) 21 /42 + ot
The next theorem establishes a similar locality estimate when the single particle dynamics
are generated by the more general Hamiltonian H; with potential V' satisfying the previously

stated assumptions, Assumption 4.1.

Theorem 4.6. Let Hy = H; +V where V' satisfies Assumption 4.1. Then ¥Vt € R and any
o >0, the following bounds hold for all finite t and f € L*(R?).

(113)

A 1 _ =y _lz—y|? 1 _ Ble—yl(, Bla—yl _

—itHiyyo < 22 8A2 Cultl _ 1 S (m &My 1] 1) Cult|

E gl(@) < 22 <6 te (e )+ \/ﬁe g €

(114)

) c

‘<€7’LtH]_f’ ‘I}Z” < CleCQt|1n|t/ dx e_CuTml‘x_ny(xﬂ
R2

The constants C7, Cy, and C3 are made precise in the proof of this theorem, but note that
they in general depend on ¢ and the magnetic field B. C), and M are as in 94. The key
features to highlight in the first inequality are the Gaussian and exponential factors, which
all enforce decay in the distance between the center y of U7 and the arbitrary point z. Even

with a periodic potential V added to the Landau Hamiltonian, the states U7 remain spatially
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localized. However, in Lieb-Robinson fashion, this upper bound grows exponentially in size
as time grows. Furthermore as illustrated by the time dependence in the third term inside
parentheses, the effective width of the localized particle grows in time, which is not sur-
prising considering the setting of evolving a Gaussian-type wavepacket in a non-interacting

Hamiltonian.

The second inequality effectively measures the amplitude of f in the vicinity of the point
y after time evolution governed by H;. This can be seen by noting that integrating f(z)
against a delta function §(z —y) yields f(y); smearing out the delta function into a Gaussian
converts the integral into a convolution, which carries the weight of f near y. The upper
bound consists of a convolution of |f| with an exponentially decaying function, which still
outputs the weight of f in a neighborhood of y. Crucially, this neighborhood increases in
spatial extent linearly in time as the exponent indicates, and the overall bound itself in-

creases exponentially in time due to the prefactor.

Ultimately, the results of both Theorems 4.5 and 4.6 illustrate that the functions W7 re-
main spatially localized about x after time evolution generated by either H; or Hy, + V. As
inequalities such as equation 114 emphasize, the states U7 also serve as effective probes for
measuring the spatial spread of other arbitrary single particle states f € L?(R?) under time
evolution. This consequence will play a very important role in characterizing the effect of

2 on the supports of many-body observables.

The proof of Theorem 4.6 requires a handful of lemmas, so we state and prove a few of
these first, delegating the purely technical results to the appendix section A. An early step
in this proof requires the Heisenberg time evolution, governed by the Landau Hamiltonian,
of the operator e”** which acts by multiplication. So the first lemma here states the form of

this time evolved operator.
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Lemma 4.7. Let H;, denote the Landau Hamiltonian with magnetic field strength B, where
the vector potential is defined according to the symmetric gauge, and T{Z{t the single-particle

Heisenberg dynamics governed by Hy. Then for all k € R?, one has,

0 [ ikax\ _ sekby(t) ik-xg—

where by (t) = (—k1(sin(2Bt)) + ka(cos(2Bt) — 1), k1 (1 — cos(2Bt)) + ko sin(2Bt)).
The reader does not lose the meaning of this section by skipping this proof, but the inclined
reader will find that this evolved operator illustrates why a plainly translated Gaussian

becomes non-local under Landau Hamiltonian time evolution. This is apparent by noting

the following attempt at calculating this state.

3 (x —a) = e A7 ()
_ Ay ()
e MLy (p — q) = emitHLemiA@ TG (1)
_ Tf),t (e—iA(a)~:c) e LG (1)
From Theorem 4.5, e *HL W7 remains localized about the point a, but from this lemma, it

follows that Tf{t (e~*(@)*) ghifts this point of localization in a time dependent manner that

depends on how far a is from the origin. We now proceed with a proof of the lemma at hand.

proof of Lemma 4.7. To start, we consider the Heisenberg dynamics of II; and II;. For
brevity of notation in the rest of this proof, we drop the — superscript. Towards this
end, recall that H; = I3 + I13 and that [II;, II;] = ¢B1. Further, define the function
f:R— B(L*(R?)) x B(L*(R?)) by
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Then, it follows that f(¢) satisfies the differential equation,

7La([Hy, )

(116) fi) =i
([He, o))
[ —2iBr! (11,)
=1
2iBr!,(11)
=Bf(t)
where [ is the constant matrix given by
0 2B
—2B 0

The unique solution of (116) is given by

(117) f(£) =€ f(0)

cos(2Bt)  sin(2Bt) I
—sin(2Bt) cos(2Bt) I,

The form of ¢ in (117) can be obtained by noting that 8 = 2iBoY where 0¥ is a Pauli
matrix. Now, define the function g : R — B(L?*(R?)) x B(L?*(R?)) and compute its first

derivative as shown below.

(118) g(t) = 11,(k - 2)

(119)
g (t) = ir (Hy k- a]) = i (e (03K - a]) + ) (13, - )

= 2]{?17'10)’15(1_[1) + 2]{327{0715(1_[2)

= 2 (k1 cos(2Bt) — ko sin(2Bt)) I1; + 2 (ky sin(2Bt) + ko cos(2Bt)) 11,
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The last equality follows from (117), and noting that ¢g(0) = k - = and
bi(t) = (k1(sin(2Bt)) + ko(cos(2Bt) — 1), k1 (1 — cos(2Bt)) + ko sin(2Bt)), one has the solu-

tion,

(120) o) =k a) = k- + %bk(t) I

Exponentiating ig(t) yields T{b’t(eik’x) and an application of the Baker-Campbell-Hausdorff

formula gives the desired result. 0

Remark that the time dependent translation by (¢) has an orbit frequency equal to the
cyclotron frequency we found earlier. The next lemma concerns the commutation of the

magnetic translation operators 7 and the operator ¢**

Lemma 4.8. Let T(j.t) denote the aforementioned magnetic translation operators. Then for

any a, k € R?,

(121) T:teik~zf — 6—ik~a6ik-ij:f

holds for all f € L*(R?).
This equality follows from the behavior of the magnetic translation operators shown in
Definition 3.1. We now proceed with proving the Theorem in question.

proof of Theorem 4.6. Start with a Dyson series expansion for the dynamics generated by

H=H,+V.

0 t to
(122) e M=y (i) / dty... / T U 2
n=1 0 0

Ve e

(123)

‘ (e—itH —thL oo (

dt dt1

du(k / ()T, ({5 H, 9, )

R2
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<3 [l [Can [ G- [ AT (6.

(124)  To (i}, p,0) = e 0, e bV, |V eI ()

Each Vj,; corresponds to the multiplication operator by the plane wave function et We

then proceed to evaluate Z,, for each n.

(125) T, ({kiYpey y, ) = e e T ), (e%97) 05 ()

j=1

From Lemmas 4.7, 4.8, and those proved in Appendix A, we arrive at the following inequality:

2
_y—L sn . _
—y— 5 Sy b, (1) +bk t)'

e A _3 :

" <
(126) |In| ({kl}z:17ya$) = 27”72

where 77, and A, are as in equation 107 and b (¢) is as introduced in 4.7. We now separate
the Dyson series, (122), into two sums, and this choice of partition will guide us towards

spatial decay in |z — y|. Towards this end, remark the following bound on by, ().

(127)
sin(2Bt cos(2Bt) — 1 k; cos(Bt) —sin(Bt k;
i meB0 eoszpo -1\ () L fesBO B0 (b
1 —cos(2Bt)  sin(2Bt) kjo sin(Bt)  cos(Bt) kjo
(128) b, (8)| < 2|k;| < 2M

The constant M is as in (94). The Gaussian in (126) depends on x — y; therefore w.l.o.g set

y = 0 for the ensuing analysis of the exponent. One then finds,

Introduce the quantity K, defined as,

2

,  8nM 16n2 M2
> |z]” -

o]+ =

(129)

2
e—y—F Loy bp (t)+by (=)

1 t to 7' J= i J
(130) K= 2/ dtn.../ dt1/ d|M|(kn).../ dlul (ke =, |
T Jo 0 R2 R2
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and following a similar approach as in [31]| denote by ¥ and ¥; the sums,

No o)
B
(131) So=> K, Ti= Y K,with Ny = {-m} ,
n=1

n=No+1
where [a] denotes the integer part of a. Now we aim to bound from above ¥, and ¥; to
obtain an overall estimate on | (e~ — e~"H) ¥7|(z), and we continue to set y = 0 just
for the sake of calculation. Starting with ¥y, note that 1 < n < %m; hence, one has the
inequality,

2

(132) T= 5 D b (t) b (D] >

Therefore, we can estimate ¥y as follows.

N, n|e|m
Ny L
(133) EOSGMUZ—SeSAa(e“ —1)

n=1

n!

Remark that to estimate X1, the Gaussian factor is bounded from above by 1. So we are only
concerned with the n-dependence involving C,,|t|. This calculation is similar to equations
3.17-3.19 of [31], but with Ny taking on a different value. Hence, we obtain the subsequent

bound on ;.

(134) 5, < e 5 (n s 1) (Cull

V2r

Then, combining (112), (133), (134), we obtain (113):

, 1 _lz—yl? _l=—y)?
—itH 0 2 2 Cult]
(135) |€ \I’y‘(x) §27T773 (e 2% L 8AZ (e It 1)> +
1 1 _Blz—yl (1 Blz—y|

sar o \Un 8JMCM|t\_1> eCnultl

e
22 \/2r

The proof of 114 starts by estimating away the Gaussian and natural log dependence of the
terms in the expression above. First remark that the Gaussian terms can be combined by

bounding from above the first Gaussian with a Gaussian with the same width as the second
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term. As before, we set y = 0 for the time being.

2
(136) | (2) < o ( izl ¢ L 5 (i) ec“'t')
— 2mn? V2m
From here we begin by estimating the second term, which we recall is an upper bound on

Blz|
SMC,1]

Y1, by considering first the case where > €2, In this regime, one has,

Sl et

(137) S < e

Then, we estimate >i; when g ]\fg || 7 < e?, which as shown below, makes use of the inequality
i3
eI < et for all z > 0.
Blz| y, _ Blal
21 S 1 ei 8M In 8MCpult] o 8}\/[| eoﬂ|t|
V2T
< ! e e CultlInCult] > Cult] Cult]
V27
(138) < Leéeezcﬂm(lnCu‘t|+1)+cu|t‘e WJM"‘G
V27

Blz|
Note that the last inequality follows from the fact that e st > 1 given the initial

assumption. Next, we combine (137) and (138) to obtain an upper bound on ¥; with an
exponential decay in |z| across all terms, which we use to bound }e‘”H vy ’ ().
(139)

|=|2

; 1 _l=l 1 Blal 1 1 5 o Bl
—itH Cult Cult|(InCylt|+1
|e ! qjg‘(ﬂj) < —2 26 #| ‘ e 8AZ + - te ee ;L| |(In p,l |+ )6 BMC 2]
o

varo T Ve

Then, using the inequality that for all z € R, 22 > » — i, the Gaussian dependence can be

relaxed to an exponential decay.

(140)

1 _ = 1 Blz| 1 1,2 2 __Blz|
eclJ“ﬂ <€32Age 8Ag. + e 8]\?[ + e;+€ ee Cﬂ‘t|(lncﬂlt|+1)€ 8MCyt

w5 ) <

212
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We then seek to combine the three spatially decaying terms above, which requires finding a

rate of decay which is smaller than either of the three exponents above.

, (1 B B >> 1
mm | —, —, =
A2 M MG,Jt]) = A2+ (1+C,t))
1 1
= i
A2+ 21+ Cult

Thus, we obtain the following.

(141)

_ 1

B ST
e g (z) < pite 26620u|t|(1n0u|t+1)) s(a2+ 4 CulE

L o ( =i 1
—e 13 632A
2mn? V2T 27

Lastly, the terms inside parentheses can be estimated by multiplying the first two by

e CultlinCultl+1) " The second statement of Theorem 4.6 follows from this inequality, with the

constants C7, Cy, and C5 explicitly computed and y re-introduced.

1 e2 1 |[z—y|
) 1 1 eete 2 1) T s(a2 M Cult+1
142 _ZtH\IIU < 3282 e Cu|t|(lnCH\t|+1+€2) 8(A0+B) Iz
(142) - |em 0l < 50 <€ *m*m)e ’

O

Having proved single particle propagation estimates, with Theorems 4.5 and 4.6, we have
established that under time evolution by H;, where V' could trivially be zero, the functions
U7 remain localized around z. The range of this localization is prone to growing in time,
namely if V' is a nonzero periodic potential, which is expected of a free Gaussian wavepacket

under evolution by a Hamiltonian that is quadratic in x and p.

In the following subsection, we introduce the quantity to be estimated that will yield a

Lieb-Robinson type estimate for collections of interacting fermions.
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4.5. Lieb-Robinson Bounds.

We begin with a definition of the relevant Heisenberg dynamics which will be used in
the derivation of a Lieb-Robinson bound. In particular, we comment on the free dynamics,
i.e. non-interacting, and then introduce the interacting case as a perturbation of the free

dynamics.

Denote by 7 : A(L?*(R?)) — A(L*(R?)) the Heisenberg dynamics generated by the second
quantization of the single particle Hamiltonian H;, i.e. H;. The reason for the empty set
notation will become apparent after introducing the interacting analogue. The map Tt@ is

precisely the map that implements single particle time evolution over the CAR algebra as,

(143) 7 (a(f)) = e a(f)e™™ = a(e " f)

This behavior can be derived, as discussed in Bratteli and Robinson’s book [21], by consider-
ing the second quantization of e~®1 which is of course a unitary operator on L*(R?). The

interacting dynamics 7* : A(L*(R?)) — A(L?(R?)) act as shown in the next equation.

(144) 7 (a(f)) = e"MRa(f)e™ R ¥ f € L*(R?)

Remark that due to the UV regularization of the two-body interaction, the dynamics 7/

must inherit dependence on o as well. To avoid cluttered notation, ¢ is not written explic-

itly in the dynamics.

Recall as discussed in Section 2.4.1, the operator parity determines whether a meaningful
Lieb-Robinson bound will consist of a norm estimate of the commutator versus anticommu-
tator of two operators. We work with the individual operators a (f), noting that using the
properties of the (anti-)commutators of products of operators, one can reduce the computa-

tion to a series of anti-commutators of the individual a¥(f) operators. For f,g € L*(R?),
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the following is thus the object to be estimated towards a Lieb-Robinson bound:

(145)  EMf9) = {7 a(f),a*(9)} — {7 (a(f), @ (9)}]| + {7 (@" (), a"(9)} ]

This function may appear contrived upon inspection, but there is good reason to work with
it. Using the Duhamel identity, one may write 7/* explicitly as a perturbation of the free

dynamics (as in 5.4.1 of [21]).

(146) Ma(f)) = Half) + i / at' 2 ([W3, 79, (a(£))])

The state f might not be in the domain of the single particle Hamiltonian H;, meaning
that (—iV — A(z))f ¢ L*(R?). As a result, e”"H1f might not be differentiable in time,
leading to highly oscillatory behavior. However, by subtracting away the free dynamics as
is done in FA(f,g), what remains is the dynamics generated by the pairwise interaction.
Moreover, the commutator of Ttm_t,(a( f)) with W9 will precisely yield inner products of the
form (e~ f W) due to the canonical anticommutation relations. From Theorem 4.6, this
has an upper bound localized around x. The second term in F(f, g) does not have the free

dynamics subtracted away because {72(a*(f)),a*(g)} is already zero.

Moreover, at time ¢ = 0, one trivially obtains F*(f,g) = 0. As time grows however, one
expects a bound on F* to grow at least exponentially in time. Spatial locality enters via the
functions f,g. These may be compactly supported or more generally, localized in regions
that are very far apart. Thus, what we will show is that the distance between supports of
f, g dictates how small the Lieb-Robinson bound will be, analogous to the distance between

observables A, B acting on disjoint clusters of lattice sites.

The remainder of this section will thus be devoted to proving an upper bound on FA(f, g),

and this result is summarized in the following theorem.

Theorem 4.9. (Lieb-Robinson Bound) Fiz o > 0. Let H] be the Hamiltonian as defined

in (97), with Hy the Landau Hamiltonian in the symmetric gauge, V a potential satisfying
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Assumption 4.1, and WG as in 95 with W (zx) satisfying Assumption 4.2. For allt € R and
any bounded, measurable set A C R?, 7* describes the Heisenberg dynamics associated with

HY. Then, for all f € L*(R?*) N L*(R?), g € L*(R?),

_vilz—yl
4

(147) FA.9) < DO =1) [ dedy 7@)llgle

In the case V =0, if we alter Assumption 4.2.ii to let |W(z — y)| < Cpe ¥’ we obtain

the estimate:

(148) F(f,g) < A = 1) / drdy |f(@)]]g(y)le "

where the constants A, x, and « and the continuous functions D(t), P(t), and 1; have
dependence on o, B, and C), as well as the parameters a and C,, from Assumption 2.5. Ex-
pressions for these constants and functions are derived as we work through the proof of this
theorem. As previously discussed, the distance between the supports of f and g now clearly
enters the estimate. In either bound, evaluating the integral over = for example yields the
convolution of | f| with either an exponential or Gaussian function with decay in the distance
to y, i.e. the support of |g|. This convolution thus yields the weight of |f| near y. Therefore,
the remaining integral over y is effectively the inner product of |g| with a smeared out form

of | f], which is induced by the UV regularization.

Note that convergence of the integrals in 147 and 148 is ensured by Young’s inequality,

which is stated for reference.

Theorem 4.10 (Young’s Inequality). Let p,q,7 > 1 and % + % +1 =2 Let f e LP(R"),
g € LYR™), and h € L"(R™). Then there exists a constant C' such that the following

inequality holds.

(149)

/n dw/" dy f(x)g(y)h(z —y)| < CUSfIL gl A,
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The precise form of the constant C' can be found in Section 4.2 of [68], from which we
state this theorem. Thus, letting f € L'(R?) N L?(R?) and g € L?(R?), Young’s inequality

holds since e~*/#1/4 and e=P1l*I* are both in L!(R2).

Notably, this theorem could not be proved in the absence of smeared creation/annihilation
operators, i.e. ¢ = 0, otherwise the prefactors of the Lieb-Robinson estimate diverge. Fur-
thermore, the bounds in this theorem are uniform in the size of the interaction domain A,
which allows us to take the thermodynamic limit of the dynamics governed by Hf as A
extends to all of R?, which is an application of the Lieb-Robinson type bound in 147 that

we elaborate on in the next subsection.

proof of Theorem 4.9. As we proceed, note that we consider the case of general V' taking
on the assumed form; however, we shall comment in parallel on how the calculation can be
carried out for V' = 0 with a slightly tighter bound on the range of the interaction. Towards

this end, we begin by stating the result of a preliminary bound on FA(f,g).

Lemma 4.11. Under the assumptions introduced on 'V, and W, for any f € L*(R?) and
t > 0 the following holds.

FA Co td d Kt—s 9 _iSH\IJg>
(150) M) < Co [ ds [ dn ()|t )

t
e / ds / deK,(f,2)FA(02, g)
0 R2

Here, C, = .-, and the kernel function K;_,(f,z) is given by,

(151) Ei(f,x) = W (e fu0) [ +2 (W] = [{e™f,97)]) (@),

where the symbol * denotes convolution. For the interested reader, refer to the proof of
Lemma 4.1 of [31], where an analogous bound is proven with zero magnetic field and UV
regularization implemented via plainly translated Gaussian functions. Notice that this is a
bound that suggests iteration as a natural next step towards approaching a final bound. In

order to carry out this procedure however, we begin by computing an estimate on the kernel
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function, and for ease of notation we introduce the function &,(z) = e~*! for all z € R?

a € R.
Lemma 4.12. Let t € R, f € L*(R?), and x € R%. We then have the estimate,
(152) Ki(f.x) < Pi(t)e™ 1 (&, x| f]) ()

where

a03 D 2
da; = ; Pi(t) =C |20, | — Wil |-
“= G+ n+c N0 1( <4at) * “1>

Note that Pi(t) : R — (0,00) is a degree-2 polynomial, the constants C, Cy, and Cj are
from Theorem 4.6, and D > 0.

Proof of Lemma /.12. We begin by recalling (114) which provides the inequality,

(153) (7 £, Wo)| < CyeCelint /

C3
dy eI £ ()
R2

< Cre®HMI(E, « |f]) (x)

The integral has been rewritten in terms of the convolution operator, and for brevity we

have introduced the term,
Cult| + 1’

Ct

The bound on W(x) from Assumption 4.2 can also be expressed compactly as |W(x)| <

Cw&a(z). Hence, an initial upper bound on the kernel function can be written as follows.
(154)  Ki(f,2) < Col[W][ e I (E, x| f]) () + 2C1 Cope I (E, 5 (£, * | f])) ()

We now want to consider how to estimate the double convolution of functions that occurs

in the second term by utilizing the associativity of this operation.
(155) (€ (€t 7)) = [zl (6, 1) (2

= [ s [ gy
R2 R2
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< [ a2 [ agerteteslem sty
R2 R2

The time dependent factor 4a;, defined in the statement of the lemma, serves as a common
lower bound for both a and ¢;. Using Lemma B.1 from [31], one has,

D 2
(156) / ootndte—lyades < (PN atey
R2 — \day

where D > 0 is a constant. It is worth noting that in the case V' = 0 where one has
a Gaussian bound, (107), on [(e~™= f W7)|, this calculation could have been carried out
in identical fashion. However, by using a Gaussian bound on |W ()|, which falls under the
exponential bound of Assumption 4.2, the analogue of (156) could have been calculated as an
equality as the convolution of two Gaussian functions is a Gaussian. In any case, combining

(155) and (156), (154) can be further estimated.

157)  Ki(fix) < Cresdinid <||W||1<5Ct*|f|><x>+20w (42) <sat*|f|><x>)

2
Remarking that a; < ¢; and introducing the polynomial Py (t) = Cy (HVVH1 +2C, (%) >,
the first convolution in (157) can be bounded from above by replacing ¢; with a;, and a

602|t‘ In

common factor of P;(t) Il can be extracted. This yields the expression in the statement

of the lemma. O

Setting V' = 0, the analogue of this calculation with Gaussian bound on the interaction
function yields a time independent Gaussian convolved with f rather than &,,. This occurs
as the convolution of two Gaussians is Gaussian as well. Proceeding onward, one additional
ingredient we will need to iterate our bound on F*(f, ) infinitely is an estimate of the form
of the lemma we just proved, but with f specifically chosen to be the magnetically translated

Gaussian V7.

Lemma 4.13. Lett € R, 0 > 0, and x,y € R?. One has,

(158) Ki(¥7,y) < Po(t)eME,, (z —y)
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_1_

2
where Py(t) = Pl(t)eia2 <£> 15 a degree-4 polynomial and 4v, = aCs

2mo vy 4a(Cyt|+1)+2C5(24+ac?)

Proof. Begin by applying Lemma, 4.12 and the inequality z?> > z — i which holds for all

z € R to obtain,

(159) Ki(97,y) < Pi(t)e M (E,, + W) (y)
_ Pi(t)es ngt|ln|t/ dze—atly—2l o= 555!
2mo? R2

1
8052 _
< Pi(t)es (Coltlmltl [ g parly—2l .~ 555!
RQ

2o

The second inequality holds by taking the absolute value of the integrand. Then, we invoke

Lemma B.1 from [31] to compute the following estimate, where v, which appears is as in the

2
—aly—z|  — =g DN ey
dze e 222 < | — | e
R2 4Vt

statement of the lemma.

O

Remark again that if V' = 0 and our interaction decay is strengthened to be Gaussian, &,,
would be replaced by a Gaussian function. We are now in a position to iterate the bound
in Lemma 4.11 infinitely towards a Lieb-Robinson estimate. This results in the subsequent

bound with terms defined as follows.

N
(160) Mfg) <D an(t f.9) + By(t, f.9)

n=1
(161) tf7 Cm/ dtl/ dr1 Ky, faxl / dtQ/ dro Ky, — tg :(;17 )
R2 R2
n—1 .
X/ dtn/ dantnfl_tn(\Ifxnfl,xn)|<e_’t“H\1/gn,g>|
R2

(162) ~N(t, f,9) CN/ dtl/ drv1 Ky, (f, 21 / dtz/ dro Ky -4, (V7 22)...
R2 R2

tN—1
X/ dtN/ deKtN—l_tN(\IJCUN—17 )FA (\IJUI\ng)
0 R2
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Notice that this series consists of a finite series up to an N** iteration along with a remainder
term that estimates the tail of the series. Additionally, there is time ordering of the temporal
variables of integration, meaning t, < t,_; < ...ty < t. Towards proving Theorem 4.9, we
will prove lemmas concerning the behavior of a,(t, f, g) for each n > 1, the sum of a,, up to

N terms, and Ry in the limit that N is infinite.

Lemma 4.14. Lett > 0 and n € N. Then, under the same assumptions as Lemmas 4.11-

4.13, for all f,g € L*(R?), the following bound holds.

dx

(163) an(t, f,g9) < Dyt

[F(@)llg(y)]

R2 ]R2

Ps(t) : R — R is a degree-7 polynomial given by Ps(t) = C"D+2P2(t), and Dyi(t) : R — R is

defined as Dy(t) = Clel(t etnt,

Pa(t)

Importantly, this estimate introduces the inner product of |g| with the smeared form of
|f|, i.e. its convolution with an exponentially decaying function, which carries over to the

result of Theorem 4.9.

proof of Lemma 4.14. For all 0 <t; <t, by Lemma 4.12 one has the estimate,

(164) Koo, (f,21) < Pyt — ty)e@It=mmi=nl (g, x| f]) (21)

< P(t)e® IR (E, x| f]) (21)

To reach the second inequality, we note that P;(t) is an increasing function in its argument
as well as the fact that the time ordering implies that ¢ > ¢t —¢; > 0. We also note a;_4, > 1.
Then, invoking Lemma 4.13, for all j € N, 0 < ¢; < ¢;11 < t, and x; € R? we have the

bound,

(165) Ktj,l—tj(lpa ) < PZ( . — ¢ ) CZ(tjflftj)ln(tjflftj)gyt] - (l'] 1 —373)

x]‘,17

< Py(t)e@timtinie, (g, ) — ;)
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This follows from P,(t) being increasing and that v, is decreasing in ¢. One more necessary

ingredient is a bound on [(e~*"# W7 g)|,

(166) (717, g)| < Cre®ininl (&, "« |g]) (x,)
< Cie® (&, * |g) (wn),

where we use that v; < ¢; to obtain the second inequality. Then using 164-166, letting ¢y = ¢,

and t,.; = 0, we estimate a,(t, f,g) as shown in the subsequent calculations.
(167)
an(t f g) < Clc Pl( )P2 n 1/ dty.. / d, GZ;H—I (tj—1— t])lnt
/2 dai.. / 0 (€ % |1) (1) Enn (@1 — T2) o Eon(ns — ) (Eue * |g]) ()
R R

¢
= CICe P Po()" e / diwy (Ev, # |f1) (21) (Evy % Ey # o &y g]) (1)

Pi(t) e (CoPa(0)1)"
Bt)" nl

-0, [ Anl @l €« s &g (o)

tnt and note that there is an

In the second equality, we evaluate the telescopic sum to yield e
n-fold convolution of &,, with itself. To obtain the third equality, we use the definition of the
convolution to rearrange the functions and obtain an (n+ 1)-fold convolution. Using Lemma
B.1 of [31], this series of convolutions can be bounded from above in the same manner as

has been done in the proofs of the previous lemmas. With a rewriting of the integration

variables, this gives the following bound.

168 anftsf.g) < o Qe (D) LGP an [ aye 2 o)

Letting D;(t) = C1 D ?8 tnt and Py(t) = C"D+f2(t), we obtain the statement of the lemma.

O

An important corollary of this lemma is the following, which estimates an upper bound

on SN a,(t, f,g) in the limit that N is infinite.
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Corollary 4.15. Under the same assumptions as Lemma 4.14, for any t > 0 one has the

upper bound,

(169)  Jim Zantf, 9 < Di(t) (™0 -1) [ ao [ dye T @)ty
[e'e) R2 R2

All that remains towards proving Theorem 4.9 is to prove that limy_,., Ry(t, f,g9) = 0,
and this is indeed true by the subsequent calculations. Fix 7' > 0 and let ¢t € [-T,T].
Remark that a, and Ry only differ in the last term, where ‘(e’””H we g)‘ is replaced by
FA (W7 ,g). We use the simple estimate that the latter can be bounded from above by
6| ws, ||,llgll, = 6v/Csllgll,- Then, via the same arguments used to estimate a,(t, f, g), we
arrive at the following inequality:.

(170)
tN
Ru(t, £,9) < 63/C lgll,e ™ CN Pu(t) Py(t)N / dz1.. / dy (% o Ey % |]) ()
R2 R2

= 6Vl R P s [ i [ dy(En s € (= 1)

From the second equality above, through one more application of Lemma B.1 of [31] and

noting that f € L!'(R?) by assumption in Theorem 4.9, one has,

(171)

tN vilen—y| y|
Ru(t, f,9) < 65/Cylgllye ™ CN Pu(t) Po(t)N 1 ( ) / dzy / dye= " ()
R2 R2

tN (D
<6v/Blale ™ PP oy (2) ot
t

From this last inequality, it is clear that limy e SUp;el_7 7 Ry (t, f,g) = 0. This completes

the proof and gives us a Lieb-Robinson type bound:

(172) Ff,9) < Di(t) — /Rde/RQdye N F@) o)) VA0
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Furthermore in the case that V' = 0, where W (x) < Cpe®" is used, due to the propagation

of spatial Gaussian dependence through convolutions, we arrive at the following estimate,

1) FML9 <D 1) [ dn [ dye T @)t V=0
RQ R2

where Dy, D3, and D, are all real positive constants. In both of these regimes, we have a

bound with no dependence on the |A|. This completes the proof of Theorem 4.9. U

As commented on previously, a Lieb-Robinson estimate in the setting of the continuous
fermion CAR algebra is one that should demonstrate an approximate preservation of the
canonical anticommutation relations, 76, for short times. If the Gaussian or exponential
functions were replaced by d(z — y), one would of course directly recover the inner product
(If1,1g]), which describes the overlap of the supports of f and g due to the absolute values.
However, this delta function is effectively regularized like the interaction to give a smeared
inner product of |f| and |g|. Furthermore, the prefactor induces exponential growth polyno-
mial/linear in time of the upper bounds, which can be thought of as growing the support of
f in 72 (a(f)) to progressively overlap the dominant support of g. These characteristics are
all consistent with the propagation of information that a Lieb-Robinson bound describes, as

introduced in Section 2 for lattice systems.

A subtle technical point that is worth revisiting is the assumption that f € L'(R?)NL?*(R?),
as opposed to f simply being in L?(R?). As described towards the end of the previous proof,
upon iterating the preliminary estimate in Lemma 4.11 infinitely, i.e. taking N to oo, f is
required to be in L'(R?) to ensure that the remainder term Ry (¢, f, g) vanishes. While this
fact is necessary to ensure that we can prove a Lieb-Robinson bound with the finite volume
dynamics, it will not prevent us from proving existence and strong continuity of the infinite
system dynamics over A(L?(R?)). The focus of the final subsection is thus to demonstrate

how Theorem 4.9 can be applied to study the thermodynamic limit.
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4.6. Thermodynamic Limit.

A sample of metal studied in a laboratory can be well described by quantum and statis-
tical mechanics in the thermodynamic limit because its finite size is still much larger than
the microscopic scales of the interacting particles. It is thus important to lift our discussion
of the Heisenberg dynamics of interacting fermions in continuous space to the limit where
interactions take place across all of space. The finite volume restriction is of course necessary
to prove the propagation estimates we presented in the previous subsection; however, the
physically relevant model is one in which interactions are not just restricted to a finite subset

A C R2. Towards this end, two questions of significance are the following.

i) For any f € L*(R?), does limpge 7 (a(f)) =: 7 (a(f)) exist as an element of A (L?(R?))?

ii) Is the one-parameter group {7;}icr of automorphisms of A (L?(R?)) strongly continu-
ous, meaning for any f € L?*(R?), does the following limit hold?

(174) lim [|7; (a(f)) — 7 (a(f))]] = 0

t'—t

The answer to both of these questions is affirmative and is encapsulated in the following

theorem.

Theorem 4.16. (Thermodynamic Limit) Following the same assumptions as Theorem
4.9, for all f € L*(R?) and any increasing sequence of bounded subsets (A, )nen with A, C
R2Vn € N, i.e. A, CA, for allm <n and U,A,, = R?, there ewxists a strongly continuous
1-parameter group of automorphisms {1 }1er on the CAR algebra such that

(175) lim 7" (a(f)) = 7(a(f)).

ATR2

Consequently, the infinite volume limit as A tends to all of R? of the Heisenberg dynamics
does exist as an automorphism 7;, and this limiting map is strongly continuous. As an ele-

ment of A(L?(R?)), 7;(a™(f)) does not undergo any sharp or discontinuous variations in time.
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This can equivalently be phrased in terms of Schrédinger-evolved states, whereby expecta-
tion values with respect to these states of bounded observables are continuous functions in
time. In the Heisenberg picture however, one does not need to make assumptions regarding

the initial unevolved state as the dynamics act as a map on bounded operators and not states.

The remainder of this section will be dedicated to proving the existence and strong conti-
nuity of the dynamics in the thermodynamic limit, which will follow the same strategy used
in [31]. We start with a corollary of Theorem 4.9, where the function g is taken to be W7

and f is taken to be compactly supported.

Corollary 4.17. Fiz y € R? and let f € L*(R?) have compact support supp(f) =: X;.
Under the same assumptions as Theorem 4.9, there exist continuous functions a(t) and é(t)

such that the following bound holds for all finite t.
(176) [{rM (), a# ()] < ]2

As before, the # notation indicates either a creation or annihilation operator. This bound
follows from applying Theorem 4.9 to F(f, W7) and Theorem 4.6 to the term involving the

free dynamics:

{7 (@), a* @] < [{r (alh), a* (¥} = {7l ), a* (¥} ||+
{7 (), a* (¥}

< FML ) + {7 (al), a* (e}

We will use this estimate to first prove Theorem 4.16 for compactly supported f € L*(R?).
Since the algebra A.(L?*(R?)), generated by

{a(f),a*(f): f € L*(R?) with compact support},

is dense in A(L?(R?)), the infinite volume dynamics over A.(L?*(IR?)) can be lifted to a unique

automorphism over L*(R?).
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proof of Theorem 4.16. Let {A,},en be an exhaustive sequence of subsets of R? such that
Unen An = R2. Fix n,m € N such that n > m. Using the Duhamel identity, we expand the

difference in dynamics as follows.

(177) i (a(f)) = 7 (a(f))

l\')lN

/dt/ dxdy W(x — y)x
An\Am X An\Ay,
[a” (¥

i ([ (PD)a" (U5)a(Py)a(]), 7,5 (alf))])

Then, using the identities [AB, C| = A[B,C]+[A,C|B and {AB,C} = A{B,C}—{A,C}B,

the Heisenberg evolved commutator of the integrand can be expanded as,

(178)  a"(W){a"(¥y), 75 (a(f)) }a(Py)a(¥g) — {a"(¥7), 75 (a(f)) ba* (U] )a(¥])a(¥7)
(179) +a* (¥)a"(P])a(¥y){a(P]), 72 (alf)} — a*(¥)a" (P5){a(¥]), 2% (a(f)) }.a(P])

To estimate an upper bound on HTt “(a(f)) = (a(f))]],

i ([a*(Y9)a* (¥9)a(Vs)a(¥T), 7, A (a(f))]), which, by the triangle inequality, yields four
terms as in Corollary 4.17. Furthermore, since W(x — y) is an even function, each of the

four integrands resulting from the triangle inequality is equivalent. Thus, one obtains,

(180)

t
|72 (a(£)) = 7 (a( )| < 21 £, / dt’ ") / dady |W (z — y)|e 84X ),
An\Am X An\A

We then find that for any ¢ € [T, T] with T finite, there are constants C,b > 0 such that,

(181) |7 (a(f)) = 7 (a(f)]| < C\Iflll/ drdy [W(z — y)|e "),
A\ X Ap\ A

and since |W (z — y)| < Cpe~ =¥l it follows that this converges to 0 as n,m — oo. Thus,
{TtA"}neN is a Cauchy sequence and thermodynamic limit of 7 exists, with convergence
uniform for ¢ € [-T,T]. As mentioned before, its action can be uniquely extended to a *-
homomorphism over all of A(L?*(R?)). Furthermore, strong continuity of the limit 7; follows
from this uniform convergence in t € [—T,T], the already known strong continuity of the

free dynamics 7, and compactly supported functions on R? being dense in L*(R?). O
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This completes the proof of the existence and strong continuity of the infinite volume
dynamics using an approach that relies on Lieb-Robinson bounds. We successfully employed
the strategy of Gebert et al. and introduced a class of UV regularized two-body interactions,
built from magnetically translated Gaussian functions. This smearing protocol is necessary
to produce bounded interactions when restricted to finite volumes, and with suitable decay
assumptions on the interaction, namely exponential /Gaussian, one can obtain Lieb-Robinson

bounds.

The mechanics of the mathematical arguments are quite similar to the lattice case, as
seen in works such as [72| and [74]. However, locality in the continuum setting is related to
the supports of single particle wavefunctions f € L*(R?) effectively spreading as opposed to
lattice subsets. In the following section, we introduce the setting of lattice-localized frames
which Bachmann and De Nittis used to also prove Lieb-Robinson bounds for interacting
fermions in continuous space, [12]. In collaboration with these authors and Nachtergaele, we
use this precise framework to construct quasi-adiabatic evolution for these systems. Before
doing so and considering the application of proving quantization of Hall conductance, we
spend time in the next section introducing the setup and key results from [12] as well as

some new machinery that will be necessary to define a spectral flow automorphism.
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5. QUASI-ADIABATIC EVOLUTION AND SPECTRAL FLOW AUTOMORPHISM

The propagation estimates and Lieb-Robinson bounds of Section 4 were conducive to-
wards proving strong continuity of the dynamics in the infinite volume limit of the interac-
tion. Precisely, they illustrate how the dynamics approximately preserve the inner product
structure of the canonical anticommutation relations of A(L?(R?)). For f,g € L*(R?), their
inner product (f,g) = [p. da f(z)g(z) is smeared into (f,g); = Jgo dz f'(2)]g(x)| with
fi(z) = [pdy|f(y)le =¥, ie. the convolution of |f| with an exponentially decaying

function.

The quasi-locality of the interacting dynamics are apparent in that |f(x)| and f*(x) have
predominant support in similar regions of space; however, this locality is with reference to
a particular function f. For applications of Lieb-Robinson bounds such as towards proving
stability of the ground state energy gap or of a topological invariant under local perturbations,
it helps to establish the quasi-locality of the dynamics directly with reference to regions in
space, as is the case for lattice systems (discussed in Section 2). In the work of Bachmann and
De Nittis, [12], the authors demonstrate a method for achieving this via a lattice-localized
frame decomposition of the underlying single particle Hilbert space of interest. So in this
section, we recall this framework and use it to construct the Hastings-Wen generator of quasi-
adiabatic evolution for continuum fermions, which is based on joint work in preparation with

Sven Bachmann, Giuseppe De Nittis, and Bruno Nachtergaele [10].
5.1. Preliminaries and Notation.

5.1.1. Localized Frames. Let (I',d) be a metric space, with I :== I'y 3 = aZ x Z and d the
standard Euclidean distance. Let H be a separable Hilbert space that can be written as the

direct sum of N mutually orthogonal subspaces,

=z

-1

(182) H=PH,.

3
Il
=)



In each #,,, assume that there exists a set of L?-normalized functions {Xy.n}~er that forms

an overcomplete frame for H,,. This means that the following is true.

i) Hn, = span{X,, : 7 € I'}. This set remains complete even upon removing finitely many
elements.

i1) 30 < A < B such that for each n € Zy and V f € H,,

AP <D 106w NI < Bl

yel’

i7i) There exists a positive, self-adjoint, invertible operator S (™) named the frame operator

that acts on any f € H, as S™ f = Z<X'y,n7 F)X5m. Moreover,
~vel

F=S0(5") 7 X )X

vyer

Importantly, we assume that for each n, {X,,},er forms a localized Gabor frame. For each
n, let gne(z) € H, and define X, ,(x) := T, gne(2) = e_u%vmgng(x — ), where ¢ is a positive
constant related to the decay rate of g,; and YAz = 129 —y221. The operator T’ introduced
here is a unitary operator on L?(R?) that translates and frequency-shifts, and for now assume
that each H,, is an invariant subspace of T/, for all v € I'. Furthermore, the localization of

this set of functions is characterized by the following features.

i\Vn € Zy, 301,Gy > 0 such that |X,,(z)] < Gre™ @),

i)Y n,n € Ly, 309, Gy > 0 such that [(X,,,, Xor )| < G Goe™ 7247,

The constant o9 above will be called the frame’s localization rate. We will also assume the

following two bounds pertaining to lattice regularity of I'.

(183) 3k > 0 such that [{7/ €T : d(v,7) <r}| < wr?
(184) sup Z e ) = m, < coVa >0
ver v el
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For what is to come, it will be important that these frames for H,, are overcomplete, and as
discussed in the example of the Landau level systems, [12], this can be achieved with a lower
bound on the unit cell area . We thus assume that af < M/¢? for a particular M > 0,
which ensures that for each n the set of functions {X, ,},er is overcomplete. We will make
M precise when introducing the particular frame relevant to two dimensional fermions in
a magnetic field. Before moving forward, we state a useful result from [12]| concerning the

locality of functions of the form (S™) "X, .

Proposition 5.1 (2.2 from [12]|). Let H be a separable Hilbert space with an overcomplete
localized frame {X,} er C H and localization rate o > 0 (note here (I',d) is an arbitrary
metric space which can include ours). Let S be the associated frame operator. Then for every

p € N there exist constants 0 < 0, < o and a, > 0 such that,

(185) }vawgfpx&/ S;aperwKVWQ’

for all v,y € T, where S7P = (S~1)".

This particular estimate will prove useful in subsequent proofs. We now discuss how we
will treat finite volume subsets of the functions {X,,}, i.e. when the sites v are restricted

to be in a finite subset.

When restricting to a finite open-boundary subset A C I', we simply consider the functions
{X;},ea and their span. When we instead use a finite subset Aj to generate a toroidal
lattice, modifications will be needed to account for periodicity. Let L € N and at this stage
take I' to be a square lattice aZ x aZ. Define the larger lattice I';, := LaZ x LaZ and
L L
272

) the square centered at the origin in R?. Denote by

) X a[—%, %

denote by V := o[-

Ap = (V,NT) /T'L the set of sites contained in this fundamental cell and let

(186) dr(7v,7) == min d(v,7" + 7)
Jel'g
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denote a toroidal metric. We require a few more technical assumptions regarding the lattices

due to the fact that for each n, {X,}er is a Gabor frame. In particular, we require that

20/ mm

for any v,y € T'p, ¥ Ay = 4mnl? with m € N, and this can be achieved if o = i

There is freedom in how we choose the integers m and L, but L must be large enough that

a? < M2, Now, for v € Ay, we introduce the following set of functions.

(187) Xé,n( = ]IVL Z € 222’YAI 'yn(gj - = ]lVL Z T X'yn

Y'elL v'elL
For reasons that will become apparent later, we call this the magnetic periodization of
X, restricted to the fundamental cell V; of the torus. Notably, due to the exponential
localization of each X, ,, the series above converges in L*(Vy). It is also trivial to see that
X,’;jn — X, pointwise and in L? norm as L approaches oo. In a preliminary estimate, we will

show that these restricted, periodized functions have pairwise inner products whose absolute

values decay in the distance between associated lattice sites.

Proposition 5.2. Fiz v,v € Ap, n,n' € Zy, then there exist constants o1,09, G > 0 such

that,

L L
(188) (XL X5 )

v

< Opy <Ge“’1dT(7”,) + 6_02L> .
The inner product here is over L*(Vp).
Proof. We begin with an explicit calculation using the definition of the inner product.

(189) (X XL ) = /V de ) ez NN (1 — e 3NN, (2 — )
L

v1,72€l'L

Introduce the change of variable y = x — -, in which case 3 A (y+71) = 71 Ay by definition.

Then one has,

(190) (X Xd = D dy 3N (e 3 TN (y = (12 = )
v 2l Y VLM

(191) = Y [ e e Ny — (2 = )
ymely Y Vetm
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(192 = 3 [ ey~ (2 - )
L+7

Y1,72€lL

(193) =D e )
yery, /R

(194) = Z G TsXoyr )
Yel'L

Since v,v" € A, denote by 7, := argminsr, d(v,7'+7), i.e. the element of I, that minimizes
the distance between v and . We then split the series:
(195) <X'Iyl,n7 Xé’,n’) = <X%n>T%X7’,n’> + Z <X%n’ T’?X’Ylvn/>
;}‘/EFLZ
FFE v+
Since H,, are invariant subspaces of T{.) and from the definition of ,, it immediately follows

that,
(196) (s T X )| < By Gl ™24 (07

To address the remaining sum over 4 # 7., note that since 7 # ~,, there exists a constant
¢ > 0 such that d(v,7" +4) > caL. Let A\;, Ay > 0 such that A\; + Ay = 09, with o9 the decay

rate of the set {X,,} er. Then, proceeding with the estimate,

(197) D 1 TXor )| < B Goe™ ek 37 720"
~yel'r: yel':
Shat FFEV+

(198) S 5nn/G2m)\2€7/\lcaL>

where the factor m,, as in 184 arises due to lattice regularity. Combining the bounds in 196

and 198 yields the statement of the proposition, and the proof is complete. 0]

With this result in hand, we ensure that in applications requiring open and periodic
boundaries as well as all of R?, we have a localized set of functions as in 183, up to vanishing
error in L for the periodic case. Henceforth, until we specify the finite volume boundary
conditions, we shall denote by X, either its original definition or X%, since up to decay in L,

{X,} is a localized set of functions. Additionally, with the index n effectively adding another
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dimension to the discrete labeling of these functions, let © = I' X Zy equipped with metric
p, such that for 6,6 € T and dy > 0, p(8,8') := do|n — 1’| + d(v,~'), be a metric space now
embedded in R?. Noting as well that [0,,/| < e~ for all a > 0, we use the following

general localization bound,
(199) |(Xg, Xg')| < Gre™00)

As first introduced, we have that {Xy}gco is an overcomplete frame for H, with associated

frame operator S.

For notational purposes, we denote by Py(0O) the collection of finite subsets of ©. Now,

when considering finite collections {Xg}gen, for any A; C O, the closure of the span of this set

is of course a finite dimensional Hilbert space, call this H,, := span{Xy : 0 € A;}. However,
linear independence of {Xg}gen, is not guaranteed, as justified by the open HRT conjecture
[42]. Thus, there exists an orthonormal basis {fj}jy:ll whose span is Hy,, with Ny < |A4].
However, it will also be important to have an overcomplete, localized frame for H,,. Let
Ay € Py(©) such that Ay C Ag. Then, {Xg}gen, is by construction an overcomplete frame
for H,, with an associated frame operator Sy,. Letting Py, and Py, denote the orthogonal
projections onto H,, and Hkl M Ha, respectively, it will be useful to have explicit formulas
for these in terms of the functions Xy. The following proposition grants us the ability to do

SO.

Proposition 5.3 (5.3.5 in [23]). Let {fx}72, be a sequence in a Hilbert space H and let P

denote the orthogonal projection onto a closed subspace V' of H. Then the following hold:

(1) If {fe}r2y is a frame for H, then {P fy}72, is a frame for V.

(i1) If {fu}no, is a frame for V with frame operator S, where N need not be finite, then the

N
orthogonal projection onto V s given by Pf = Z(S‘lfk, ) fe
k=1
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Notice that the action of P is just given by the frame expansion in 183.iii. Consequently,

for any f € H,,, one has,

(200) Py f =" (Sx!Xo, /)Xo
0cAo
(201) P/tf (PAz PA1 f f Z X97 X

0cAo

From Proposition 5.3.i, it follows that {PALng} fehs is an overcomplete frame for Hkl, but
this set necessarily simplifies to become {PAL1 Xg} beA AL The next proposition confirms

locality in the pairwise inner products within this projected set.

Proposition 5.4. Let Ay, Ay € Po(O) with Ay C Ay. The set {P/tXQ}GGAz\]\l satisfies the

following pairwise inner product bound:

(202) V0,0 € A\Ay, 3G, 0 > 0 such that |(Py Xg, Py Xg)| < Ge™ 7700,

Proof. As PAL1 is an orthogonal projection, the inner product whose absolute value we esti-
mate is equal to |<X9, PAL1 X9/>|. Using the explicit formula for the action of P/t, we have,
(203) Py Xo =X — Y _{(Sx1X;, Xor)X;

JEA2
Then, taking the inner product of Xy with 203, we obtain
(204) (Xo, Py, Xor) = (Xo, Xor) = D (S3,XG, Xer) (X0, X;)

JEA2

Towards proving the proposition, we now take the absolute value of the previous equation

and begin estimating an upper bound.

(205) |<X9, Pi Xor)

< (Xg, Xgr) + Z (S5, X5 Xor) |[(Xe, X;)]
JEA2
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The set {Xg}yco is already a localized set. Moreover, the terms of the form }(SX}Xj,ng>

can be bounded using Proposition 5.1. Thus, one obtains,

(206) |(Xg, PEXg)| < Gre ™7 4 0, Gy Z o—10(30") = 2p(6.5)
JEA2
(207) < Gre~2P08) 4 Gemor0.8)

(208) < Geor09)

Here, the constants G,G > 0 arise from estimating the convolution in the first inequality.

This thus completes the proof. 0

Now, we will lift this framework to the fermionic CAR algebra which will be used to rep-

resent bounded observables and interactions to describe interacting continuum fermions.

5.1.2. Fermionic CAR algebra and Conditional Ezpectation.

Let Ag denote the CAR algebra generated by {a(Xy),a*(Xg) : 6 € ©} and henceforth
denote by azf := a™(Xy), where the # symbol indicates either a fermionic annihilation or
creation operator. Additionally, for finite subsets A € Py(©), A will denote the finite
volume subalgebras generated by {ag,a; : 6 € A}. While the functions Xy have support
over all of R?, or V in the periodic boundary case, they are associated with a local subset,
namely a singleton {6}, of ©. We thus introduce the following terminology to establish a

recurring notion of locality in this work.

Definition 5.5. An operator A € Ag will be called local if there exists a finite A C © such
that A € A,.

A local operator is one whose creation and annihilation operators are centered in a finite
subset of the lattice ©. Moreover, we similarly term an operator to be quasi-local if it can

be expressed as the limit of a sequence of local operators. Moving forward, it will be useful
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to have a generalized notion of a partial trace that will allow us to generate local approxima-
tions of quasi-local operators. This is where we seek inspiration from the works of Araki and
Moriya [4] and Nachtergaele, Sims, and Young [73] to introduce a conditional expectation
map. Remark however that as pointed out with such a map for fermionic systems, [73], this
map is defined in terms of global operators unless we restrict the domain to be generated by
even degree monomials in azﬁ. For a subalgebra Ay, denote by A} the algebra generated by
even degree monomials in ap, aj: My = {]l,afl...a;ik keN, 0 c A}. Let Ay, Ay € Py(O)
such that A; C A,. The conditional expectation is the map Eﬁf t Ay, = Ap, where Ay, is

a subalgebra of Ay,. What follows is the construction of this map.

Since H,, is a closed subspace of the finite-dimensional space Hp,, we may choose to
construct an orthonormal basis for H,, that is a subset of the orthonormal basis for H,.
Let N < N, denote the dimensions of each space respectively and { fj}jy:i , an orthonormal
basis for H,,. Furthermore, { fj};yle 41 is an orthonormal basis for Hy N Hy,, and for
notational purposes let I15 = {N; + 1, Ny + 2,..., No} be the indexing set for this basis. For
each such basis function spanning Hy, N Ha,, let a¥ = a#(f;) be the associated fermionic

creation and annihilation operators. We introduce the following four unitary operators:
(209) uw =1; uj =a +a; vl =af —a; up =1 —2ala;.
Let Zy5 = {0,1,2,3}"2~M and for any ¢ € Z,, define the unitary operator u(c) as,

t(N1+1 L(N:
(210) u(e) = MY Ll

Then for any A € AXQ, Eﬁf : AXQ — Aj{l acts as,

_ _4N21N1 S u() Au(y).

LEL12

(211) E}?(A)

Notably, this construction is equivalent to the lattice fermion setting with the sites here
corresponding to orthonormal basis elements f;. It is thus trivial to prove the following

properties of this map.
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Lemma 5.6 (Lemma 4.1, [73]). For any A1, Ay € Po(O) with Ay C Ay, the map ]Eﬁf as in
211 satisfies

=] =1
i) (B32)” = EA:

WY (A7) = AL,

This map will be crucial in constructing local sequences of operators with limit contained
in Ag, namely the Heisenberg dynamics of local operators. Thus, we now proceed with an
introduction to the class of interactions that will be used to build the finite volume Hamilto-
nians of interest. Then, we will discuss their Heisenberg dynamics, Lieb-Robinson bounds,

and approximations of Heisenberg-evolved operators using the conditional expectation map.
5.2. Hamiltonians and Heisenberg Dynamics.

5.2.1. Interactions and Decay Assumptions. The class of interactions we consider are con-
structed from elements of A which feature the same number of creation and annihilation
operators. We use the following terminology to distinguish between interactions according to
how many creation/annihilation operators are present, i.e. how many fermions are involved

in an interaction.

Definition 5.7. Let A € Py(0). An element of A, is said to be k-body if A € My, i.e. it

is of the form A = azk...aiﬂai...afl, with each 0, € A.

Furthermore for A C © and k € N, we will denote by
A ={(01,...,00): Yi=1,..,2k0; € A}

the collection of ordered 2k-tuples of sites in A. Then, let AT := U‘kA:|1 A% the set of 2k-
tuples of sites in A. This definition also works for the entire lattice ©, where ©7 is the
collection of all even-sized tuples of sites in ©. Going forward in this work, we will use the

notation @ := (61, ..., 0x) to denote 2k-tuples of sites. For any § € ©F, one has § € A™ for
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any A € Py(0) containing the sites of §. For § € ©F, denote by 8 := supp(f) € Py(O)
the collection of sites in the tuple  and [@] the number of sites, including repetition, in the
tuple. Then, for 0, u € ©F, one has § C p if the sites 0; are each in the tuple p, and 8 C p

if the collection of sites {6;} are a subset of {yx;}, disregarding repetition.

*

Throughout this work, we define ag := az%...aekﬂa(;k...agl to be the k-body monomial
generated by . Note that the maximum degree of such a monomial supported in A is 2|A]

as the CAR relations eliminate any higher degree operators. We then consider interactions

®: 0" — Ag with ®* = ® of the form,
1 *
(212) () = 56(0) (a0 + ap) -

This operator ®(f) will be assumed to be short range, and to define this more precisely, we
recall F-functions, which have been used to characterize the decay of interactions in quantum

lattice systems.

Definition 5.8 (F-Function). An F-function on an arbitrary metric space (I',d) is a non-

increasing function F': [0,00) — (0, 00) satisfying the next two properties.

(213) @IIF = sup Y F(d(z,y)) < oo

zel yel

(1) There exists a constant Cr > 0 such that

" F(d(w, 2)) F(d(2,9)) < CrF(d(z,1)); Yo,y €T.

Additionally, let g(r) : [0,00] — [0,00) be a non-decreasing, subadditive function and let

Fy be an F-function. Weighted F-functions Fy(r) are then of the form:

(214) Fy(r) = e 9 Fy(r).
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A very useful example of such a function ¢ is g(r) = ar? with a > 0 and 0 < p < 1. For
the precise case g(r) = ar with a > 0, we explicitly denote the corresponding weighted F-

o7 on its own is not an F-function because it

function as F,(r). Interestingly, the function e~
does not exactly satisfy the convolution property. By Lemma B.1 of [31], the absolute value
of the convolution of two exponentially decaying functions, e~**! x e=@*| can be bounded by
above by Ce~/* where C' > 0, so the convolution preserves the decay class at the cost of
sacrificing decay rate. Therefore, while not precisely an F-function, we still include functions

a

of the form e~ as examples of admissible functions for the forthcoming analysis.

The following is an assumption on the decay of the interaction potential function ¢.

Assumption 5.9.

i) 6(0) eRVE € OF,
i1) 3C > 0 and an F-function F such that for any 01,05 € O,

> 18(0)] < CF(p(x,y)).
6coT:

This condition implies decay in the interaction in the diameter of its support as well as
the number of sites in its support, which will be essential when constructing the dynamics
associated with this interaction. Moreover, since the operators af are already normalized,

this F-function decay fully describes the strength and range of ®. The next subsection

introduces the general class of Hamiltonians that we study in this work.

5.2.2. Finite volume Hamiltonians and Heisenberg Dynamics. We are now equipped to con-
struct Hamiltonians using the map ® defined in equation 212. Fix a finite volume, either

open or periodic boundary, A € Py(©). We then consider the following Hamiltonian,

(215) Hy=Y ®0)= > ¢(0)ap

feAnt feAt
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H, is clearly self-adjoint since the interaction is summed over all lattice tuples, which includes
ordering of sites belonging to a single subset of ©. The Heisenberg dynamics generated by
these Hamiltonians, 7 : Ag — Ag, are automorphisms of the CAR algebra Ag and act on

elements A € Ag as,
(216) TMA) = eHa e~

Crucially, these dynamics give rise to a Lieb-Robinson bound, which is the subject of the

following theorem.

Theorem 5.10. Let A € Py(©) and ® be an interaction as in 212 satisfying Assumption 5.9
with decay governed by a sub-exponential weighted F-function F,(r) = 9" Fy(r), meaning
that for ¢ > 0, there exists a constant Gp such that e~ < GpFy(r). Then there exist

constants G,v > 0 such that for all x,y € © and t € R, the following bound holds,

(217) 1{A (@), a#} | < GRo(0)e e,

where Fy is the base F'-function of Fy.

Proof. According to the Duhamel identity, we write the anticommutator in question as,
t
@) ) af) = {aaf) v 3 [ ds (2 (o). a]) of
geAt

Noting the form of ®(f), we evaluate the commutator [ag, a¥]. Recalling that ag is a degree-

|0] monomial, we have

[d

(219) (g, af] = [[ [ ai,_ai,. af]
j=1
[d
(220) = Za;tkazzkil... [azzjajzj_l, aﬂ...aﬁiaz,
j=1
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where 6; denotes the i*" element of the tuple §. Using the property that [AgA;, As] =
Ao{Al, AQ} — {Ao, AQ}Al, we then obtain,
19]

(221) lag, a’] Zag%a@% - (a%{a@zj y at} — {%2J }azjﬂ) ...aj;a;f.

6|

_Z YL (0, 2) af ...dzﬁj...a#l,

where d#) indicates an absent operator and f (6;,60) = (Xg,,X,) or the complex conjugate

of this inner product depending on which fermion operator is creation/annihilation. Noting

that there is a positive constant G such that |f(z,y)| < GrF,(p(x,v)),

16l

(222) {7 (lag, af])  aff} = Z DL (8, 2) ) (a,, a5 a3, ), aif }

29 [ (wat), )] < Cr 3 R0, N7t afy|
i#]

We will now use this to begin estimating ||{7"(a¥),

aft| = Fz,y).

19| I¢]
220)  FMaw) < GeFy(ple.) + Gr 3 00) > Fylplwb) [ ds F6.)
geA+ i#j 0

This preliminary upper bound naturally suggests that we proceed via iteration, which brings

us to the following bound as a series.

(225) FMx,y) < GrF,(p(z,y) +Z |an - y 1"

16|

(226) ar(z,y) = Gr > 6(0) > Fylp(x,0,)F,(p(0:,1))

geAt i#£]j

(227) an(z,y) =GE YT YN

Qn€A+ in#jn Q1€A+ il#jl

n

(p(x,6},)) (HF (i 9’”))) Fy(p(079) [ [ (@)

j=1
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To motivate the closed expression for our estimate of this series upper bound, we begin by

computing an upper bound on a;(z,y).

10

(228) a(e,y) = Cr 3 6(0) S Fylple,0,))Fy(p(0:,y)

feAt i#£j

(229) (2, y) <Gr Y, > | p(x,01))Fg(p(02, 1))

0eAt {04, 02}c9

(230) <Gr Y D 8@ Fy(p(x, 01)) Fy(p(62,))

01,02€0 geAt:

01,02€0
(231) <GrC ST Fy(pl01,02)) Fyple, 00)) Fyp(02. )
01,02€0©
(232) < GrOCEFy(p(,y))

Using the same series of arguments with the convolution property of the F-function, we

bound the general term a,,:

(233) jan(z,y)| < GEHCCEFy(p(x, y)).
Evaluating the series over n yields the final bound,

(234) Fia,y) < GreFy(p(x,y)),

where v = GrCyC%. Recalling the definition of the weighted F-function, it necessarily holds

that F,(r) < e 9" F,(0), from which the claim of the theorem follows. O

From this result, we may also write a more general Lieb-Robinson bound when the oper-

ators in the (anti-)commutator are monomials of degree larger than one.

Corollary 5.11. Let A € Py(©) and 0, p € A*. Under the same assumptions as Theorem
5.10, for all t € R one has the bound,

(235)

[TtA(aéﬁ), aﬂiH < Gr| Fol| min{|@], ‘H‘}e_(g(f’(e#))—ﬂt\)’
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where |-, -]+ == {-,-} if both |6, ’/_L‘ are odd and [-,-]_ := [-,+] if at least one of |0,

u‘ 18 even.

Moreover, p(6, p) := mingeg min,e,, p(6, it).

Proving this estimate follows the same procedure as Theorem 5.10, but integrability of
the function Fy is exploited to give the factor min{|6], |u|}||Fo|| instead of Fy(0) as in the
single-site case. Furthermore, as pointed out in Proposition 2.1 of |73], the parity of the
monomials will dictate whether one should consider the anti-commutator or commutator of
the respective monomials. In addition to these Lieb-Robinson bounds featuring elements of
Ae, we require one more Lieb-Robinson bound involving elements of A(Hy, N Hy,) with

A; C Ay two finite subsets of ©.

Lemma 5.12. Let Ay, Ay € Po(©) such that Ay C Ay and assume the same conditions on
the Hamiltonian Hy as Theorem 5.10 with sub-exponential weighted F'-function
Fy(r) = e 9" Fy(r). For allz € Ay and any f € Hy, NHa,, there exist constants G, v, > 0

such that the following bound holds,

(236) {7 (a), a® (N)}]| < Gl f[[Fplle”oteteotn e,

x

where OAy denotes the boundary of A;.

The proof of this bound follows the same strategy as the proof of Theorem 5.10; however,
from the step of writing a preliminary bound, the proof deviates due to the function f. Thus,

the proof of this proposition picks up from that initial inequality.

proof of Proposition 5.12. Let F2 (x, f) == H{TtAQ(af),a#(f)}H. Then as in equation 224,
one has,

4

||
@37)  FM (@ f) < 106 N+ G Y 00 Y Fyo(,607)) / ds FN6,, )

feAt i#£j

Note that the first term on the right hand side of 237 is actually 0, but we will proceed as

if = is not necessarily in A;. Then to conclude the calculation we will adjust our estimate to
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account for x € A;. Moving on, upon infinite iteration of, we obtain the series,

(239) fAQ(xf)<|Xx,f\+Za” A"

[d

(239) a(z, f) =Gr > _ ¢0) ) Fylp(x,0;))|(Xe,, f)]

9Nt i#£]

(240) an(e, [)=GE Y D> D

Qn€A+ Zn#]n Qlél\+ 7;176.7'1

plz,01) (HF (o 1,97>>>\<X9¢n,f>\f[¢<gf'>.

j=1
Since f € ’Hkl N Ha,, by Proposition 5.3, we have the following decomposition of f:
F="Y_ (SihaPuXe, )Py Xe,
9’6/\2\/\1

where SXQI\ A, denotes the inverse frame operator associated with { Py Xo }orens\a,- Taking

the inner product of Xy, with f then gives us the following.

(241) [(Xoo /)] = [(Xos D (Syiia, PasXor f) Pa Xor)
Q/EAQ\Al
(242) S Z ‘ <SX21\A1 P/t X@H f) ‘ | <X9ia P/tXH’>
0'eA2\ A1
(243) = Z ’(SX;\AlpftXG/a f)“(P/J\_lXHNPZtXQ’>
9’6/\2\1\1

The first inequality is an application of the triangle inequality and linearity of the inner
product, while the equality that follows makes use of the fact that PAll is an orthogonal

projection. To proceed, we make use of the Cauchy-Schwarz inequality.

i) o hl< | X i 0] X [P P

0'eAa\ A1 0'eNa\ A1

M
M

In the first term, note that SXQI\ A, inherits the overcompleteness of the original frame for

‘Ha,, which means that it has a finite operator norm that does not diverge as Ay — O, i.e.
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the frame bound. Thus there exists a positive constant C' > 0 such that
1

(ZQ’EAQ\Al

proposition 5.4. So, one has,

2\ 2
<SX21\A1 Py X, f>‘ > < C||f|l- The second term can be bounded as a result of

(245) (o I < CGIFL S oo,

9/€A2\A1
Furthermore, there exists a weighted F-function Fj, that can bound the exponentially de-
caying term above. Estimating a bound on a4 (6, f) then yields,

4

(246) ar(z, f) < CGGE|fIl Y 6O Y Fylp(.67)) Y Fpulp(6:,6)

feAt i#] 0'e A2\ Ay
(247) <CGGR|fI Y 1@ > > Fylp(x,01)Fy(p(6:,6")
et {01,02}C0 0'€Aa\ A1
(248) <CGGr(fIl Y. Y. 0@ Y. Fylp(x,61)F,,(p(6a,0))
01,02€0 feAt: 0’eNa\ A1
01,02€0

These steps follow the same trajectory as the proof of Theorem 5.10 with the exception of
a new decay function Fy, introduced to handle the element f € Hy N Ha,. Let F,, be
a weighted F-function with identical base Fy(r) that bounds from above both F, and Fj,.

Then, we may proceed to use Assumption 5.9:

(249) ar(z, ) SCGGE|fIl D D Fuulple,0:)Fp(p(61,62) Fy(p(6,6))

01,00€0 9’6/\2\/\1

(250) < CGGRCEfI Y Fulp(x,0))
6’61\2\/\1
(251) < COGRCR 0 S Fy(p(a,07)
9'€Aa\ A
(252) < CGGrCR| fIl|[Folleo=tPte0r),

By 0A; we mean the boundary of A; in A, which appears since z € A;. The inequalities
above make use of the convolution properties of the F-function as well as the definition of a

weighted F-function, which lets us extract exponential decay in go(r). Similarly, one bounds
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the terms a,(z, f) with the estimate,
(253) CGGEH O | fIl| Fllemo2(0h)
Bounding the infinite series of the a,, terms then gives the final bound,

(254) {2 (a?), a#())}]| < CGGr| fIll[Fple™ @20l

T

O

Since the localization properties of f have not been specified more precisely, this bound
captures its general location as being outside of A;, meaning that the distance of its support
to z € A; is at least p(z,0A;). With this lemma in hand, we now prove a crucial estimate
that involves local approximations of Heisenberg evolved elements of Ag. For notational

purposes, if A € Py(0), denote by A, :={0 € ©: p(d,A) <r}.

Lemma 5.13. Let A € Py(O) and let agg € My. Let {0,},en, be a sequence of exhaustive
subsets of ©. Under the same assumptions as Lemma 5.12, with weighted F-function F,(r),

for any r,r" € N such that v’ > r, one has the following bounds.

(255)
H (EST, - ES,.) (Tﬁ(ag)) H < min {2, 8KG L || Fo|||8] e~ (@) mzl (% ot m) e—am}
(256) || (1-Ep) ((af))|| < min {2, O Follle] (% b4 (;) 6—(ar—vpt|)}

where constants C,c > 0 arise from evaluating the sum in the first inequality as ' — oo,

and dg := diam(@) (this notation will be used henceforth).

The constant v, is as in Proposition 5.12. We now proceed with the proof of this lemma.

proof of Lemma 5.13. Naively for any A € Aj,

(ES, — E5) (7(4)] < 201411 To obtain

the precise bound, we call on the definition of the conditional expectation map, 211, to write
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Ej  and EQT acting on an arbitrary k-body operator A.

(257) E3 (A) = ﬁ S (o) Au(s)
(258) Eg,(A) = M;_N > (1) Agule)

As before, Ny and N, denote the dimensions of the Hilbert spaces H, and Hg, respectively,
and Z, = {0,1,2,3}M~Nr_ The same applies for 8,.. By construction, since 8, C 6,., the
orthonormal basis partition {f; }j 1= {fJ}N’“1 U{f; }j "n,4+1 can be chosen to yield sets that

span Hg, and He , N Hg, respectively. This allows us to write EQT (A) as,

(259) E) (A) 4NA = 2L D uln) u() Au()u(n),

11€L, ! L2€I /

(260) Eg ,(A) = 4NA N,4N, = D > u(u) (12)" Au1z)

11E€L,.v LQEI ’

(261) 4NA = 2L > uln) u(n)ules)* Au(is),

11€L,,.1 L2€L

where Z,,, := {0,1,2,3}¥ =N The difference of these two conditional expectation maps

acting on A is then given by,

062)  (ED, ED) ()= g D0 0 wln)* [ulun), ules)* Au(io)]

11€Z,,.1 L2€L

(263) = ZW%NT Z Z w(er) u*(eo) [u(er), Al u(ea),

L1 EITT/ L2 EIT/

where the second inequality holds because [u(t1)#, u(19)#] = 0 from the orthonormality of

the basis { f;}. Now, letting A = 7/ (aa ) and estimating the norm of (Ef,}/ —ES ) ( A(af))

one has,
A A Af o # 4NN Ao
(264 (2, —E5) (D) < e X2 | [t 7|
LEL.
N,
(265) SN (Rl
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where we use 210 to expand u(¢q), and in the second inequality, one specific ¢ € Z,,+ is used.

Nr+j

Noij @ bound on the last inequality above can be written as,

From the definition of each

o) ()< 3 |

J=Nr+1

Now, the space Hg, N ?—Lér can also be written as,

dn (00,,00)

HB,',/ A Hé_r = U %OTer\GTer,l 8 Hé_r-o—m—l ’

m=1

meaning that we divide the region A\, into unit-thickness annuli. Thus, the basis { f; }jV:T'NT 41
can also be written as the union of disjoint sets { f, ]} " which individually span each

Ho,o\Orims N ’H(,Hmf .- Thus, proceeding with the estimate, one obtains,

r Nm

on (- (R <435 o (o ]|

m=1 j=1

Furthermore, each annulus 6,.,,\0,;,,_1 has at most (%" +7r+ m)—many sites. Thus,

o) (25,2) ()| <063 (o) o ]|

where we now just pick an arbitrary function f,,; from the basis for each annulus. The
norm in the inequality above can be estimated using Proposition 5.12, and we may actually
improve the precision of the spatial decay by noting that for each m, f,, 1 is associated to

an annulus which is a distance r +m from 6. This insight leads to the following bound.

r'—r d
A _EA Al —(ar—wvplt]) _9 —am
(269)  ||(ES, —E3 ) (7Maf))|| < 4knG Lo llgle > (Brrem)e

The factor of |f] appears due to A being a |f|-body operator, which results in the previous
commutator splitting into |f| terms. By our assumption on the growth of g, it follows that

the sum above converges to a finite constant, and this in turn becomes 0 as r — r’. U
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Having proved these crucial estimates, we are equipped to formally develop quasi-adiabatic

evolution for a family of parametrized Hamiltonians, which is the focus of the next section.

5.3. Hastings Generator and Spectral Flow. The construction of the unitary operators
that implement the spectral flow automorphism begins with the introduction of a function
we € LY(R) parametrized by € > 0. Our particular choice of function, and its existence in

L'(R), is presented in the following proposition.

Proposition 5.14. Let € > 0 and define a positive sequence (ay)nen such that a, = #;(n)

Here ay is chosen in such a way that )" °  a, = 5

5- Then,

(270) wi(t) = . ﬁ <Sin(ant)>2

ant
n=1 n

defines an even function in L'(R). We choose c. such that ||w.||, = 1.

This has been proved in a number of prior works, [11],[74], and in terms of w., we now

define the filter function W.,.

[ dE we() ift >0

— ' dEw (&) ift<0

(271) W.(t) :=

From this definition, it is clear that T, is an odd function that is also in L'(R). The
following two lemmas help to establish the decay properties of this function, which have also

been proved in the same cited works.

Lemma 5.15 (Lemma 2.5 from [11]). For a > 0 define

n

(272) ua(n) = e ",
on the domain 1 > 1. For all integers k > 0 and for all t > e* such that also

EoS ok o
a_ )
In?t —
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we have the bound

> 2k
(273) / dn rfua() < 220 k2, )
t a/

The function wu,(n) appears in bounds on W, and its integral, as shown in the next lemma.

Lemma 5.16 (Lemma 2.6 from [11]). Let € > 0 and W(t) as in 271. Then,

(1) [We(t)| is continuous and monotone decreasing for t > 0. In particular,

1
Wl = Wel0) = 5

(i) |We(t)| < G(W)(e|t\), where forn >0,

z 0<n<n'

G"W(n) =

*

35¢*n ugyz () 1>
Additionally, n* is the largest real solution of 35¢*n*uy/7(n) = 3

R

(iii) There is a constant K,, such that

Il < 2
(iv) Fort >0, let
(274) Je(t) = /too dg W(§).
Then, |J.(t)] < GU(e|t]), where for n >0,
1] B 0<n<n

GP(n) = - :
130’0 ug/7(n) 1 >n

where K, is as in (i) and a n* > 0.
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These properties will be essential in establishing the spectral flow as a quasi-local map.
We now introduce a general family of finite volume, parametrized Hamiltonians that will

give rise to a notion of quasi-adiabatic evolution (spectral flow).

Generally, under assumptions that will be made precise in this section, the framework
we introduce is valid for two forms of perturbation of an initial Hamiltonian as in 215:
1) interaction(s) whose strength is tuned via a perturbation parameter s € [0,1] and 2)
interactions that are transformed via an automorphism R, : A(L*(R?)) — A(L*(R?)),
depending on one or finitely many parameters ¢ = (@1, 92, ..., on) € [0,27]|", that can be
implemented via a unitary map U, : L*(R?) — L*(R?). Explicit forms of these models are
as in the subsequent equations. Let A € Py(O) and A, C A be a perturbation region that
can be as large as A itself. Denote by HY an initial Hamiltonian as in 215. Then we consider

the families of models given by,

(275) Ha(s) = HY + Vi(s)
=Y 6@ag+ > h(8,5)a,
feAt cATt:
6NA, A0
(276) Hy(p) = HY + Va(p)
=Y o@as+ Y. 6(0) (R, — 1) (a).
feAt HeAT:
ONA,£D

We now state the necessary assumptions on these perturbations that guarantee we can

construct a quasi-local evolution in s or ¢ space from these models.

Assumption 5.17. Let A € Py(©) and Hx(s), Ha(p) Hamiltonians as in 275 and 276
respectively, with s € [0,1] and ¢ € [0,27]" for a positive finite n. We then assume the

following.
Z) vQ € @+7 h<Q7 ) € 01[07 1]
i) Vo € O, h(d,0)=0.
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i71) 3Cy, > 0 and an F — function F such that for any x,y € ©,

sup Z |h(0,s)| < ChF(p(z,y)).
€01 gegr,
7x,y€9

iU) U(o,...,o) = U(27r,...,27r) =1.
V)V €O, pel0,2n]", Ro(a)) = a® (U,Xq).
vi) ACY, Cy, c1,co > 0 such that V0,60 € ©, ¢ € [0,27]", j <mn,

[{ag, Ry(ap)}|| < Cre=r®9), '

9 ,
Ro(ay) ¢ < Coeme2r®®),
{ae’&ﬁ W(aa)}H_ g

/“D, generated by H(s) and

These conditions ultimately ensure that the dynamics TtA ®
Hy () respectively, satisfy Lieb-Robinson bounds as in Theorem 5.10 and Lemma 5.12.
Furthermore, the decay of the interactions present in £ H,(s) and %H A(¢) is also ensured

J

by these assumptions. In the case of the twist perturbation 276, it is important to note that

%UWXQ is not necessarily contained in ‘H = span{Xy: 6 € ©}. Thus in this setting, we

introduce the enlarged Hilbert space

0
ng (= Span {X97 U«pxea 8_U<,0X9 2 0 € @a 2 € [Oa 27]-]n7j = 17 7”}
Pj

and CAR algebra A(H.,).

Also note that both of the perturbations we defined can be included simultaneously to
obtain a more general family of perturbed models, and under the stated assumptions, the
forthcoming analysis of this section would still hold. To avoid cluttered notation, we intro-
duce a general set of functions {1y }gco, which correspond to either {Xy}gco or the extended
set {Xg,U¢X9,8%jU¢X9}?§%, and fermionic creation/annihilation operators b} := a# (1)
The functions 1y may of_course depend on ¢, but we suppress this for compact notation.
Additionally, we use the notation by to denote the degree-2k monomial in the be operators

analogous to ag. With respect to these monomials, let A denote the perturbation parame-

ter(s), either s or ¢, and K the compact domain, either [0, 1] or [0, 27|, in which A belongs.
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We study the general Hamiltonians Ha(A) and -2 Hy()), which are both of the following

form.

(277) Hy(A) = > ¢(0)ag+ Y hV(0,\)by

feAt feAt:
ONA, A0
(278) —HA = ) BP0, M
QAT
ONAp#D

We will also require the following assumption on the function h® as written.

Assumption 5.18. Assume there exists a weighted function F,(r) such that for any z,y € O,
the following bound holds.
(279) sup Y dol0]|[®(0,\)| < Fu(p(.y))

A€ K0€A+

z,ycl

Before defining the generator of quasi-adiabatic evolution in A\, we state a necessary as-

sumption on the spectra of the Hamiltonians Hy ().

Assumption 5.19. For all A € K, and A € Py(0), assume that spec(Hp(N)) = X1(\) U

Yo (). Additionally, we assume that there is a uniform gap between ¥y and Xo:

inf |E2 — E1| = €.
AeK
E1€X1(N), E2€X2(N)

This uniform gap will be used to parametrize the filter function defined in equation 271.

We now define the Hastings generator.

(250) Dy = [ dewi oy (aiﬂm)
(281) = > e m/dtW() * (by)

OcAT:
ONAL#D

For brevity of notation, we drop the superscript (2) on the potential function h,,C of SHA(N).

The goal of this section is to prove that Dy () is of the form of a Hamiltonian as in 215,
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which would result in the dynamics generated by Dy (\) satisfying a Lieb-Robinson bound
as in Theorem 5.10. Towards this goal, we begin by writing D () as a sum of local terms
with the help of the conditional expectation map E(.). Note that in constructing the map E?)
with the functions vy instead of Xy, its properties that we have established, namely Lemma

5.13, still hold.

Denote the CAR algebra generated by {by, b, : 6 € ©} by Be and adopt the same notation
for finite volume subalgebras. Additionally, let M4 := {1, b#l...bik . k€N, 6, € A} be the
k-body monomials in the b# operators. For an arbitrary monomial by € M4, let A and A%
be maps from Bg x K — Bg that act as,

(252) A% = |

R

dt W()E) (" (b))

(283) A (bg, A) = / atw(t) (B, —B5_) (7)), r > 1.

R

Due to its recurrence, let £y = Ej

of A} (A).

E/gpl. As a preliminary estimate, we bound the norm

Lemma 5.20. Let A € Py(0O). Under the same conditions as Lemma 5.13, for any bgk e M§,
the following bound holds.

(284 |0 Y| < min 21w, 6.0}

where G.(0,1) = %?MQ! (% +7+1) e +4GD (e(1 — 8)ar/v,), with C,§ > 0 and GU

as in Lemma 5.16.

Proof. A simple estimate of course gives that ’A’A(bﬁ, )\)H < 2||W.||, for r > 0. To proceed

with the precise bound, we split the integral into two pieces with a cutoff T" > 0.

2s5) anet ] < [

[t|<T

awles ()| + [ awaoles (e0)|
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Starting with the first finite time integral, make use of Lemma 5.13 and Proposition 5.16.1

to obtain,
A (AN # de T
(286) / dt |W€(t)|H59T (Tt (b} )> H < 4kG L[| Fol|[0]e <— +r+ 1) / dt evr!tl
[t|<T N 2 -T
d
(287) S 8K/GJ— HF(]H ’Q’ (?0 +r 4 1) ei(aT‘fUpT)
p

Now, letting 0 < 6; < 1 and 6 = 1 — 1, one may choose T' = 511]‘“", after which the bound

p

becomes,

8%(;l

Up

(288) /|t<T at we)|e (0| < =2 1me (% +r+ 1) et

Moreover, with this choice of T', the integral over |t| > T is estimated using Proposition 5.16.

(250) [ awaoley (7o) <a [ dew
[t|>T N T
(290) < 4G (e(1 = 8)ar /v,)
Putting the two integral estimates together completes the proof. 0

This lemma is crucial as it establishes decay in r of each interaction supported in an r-
fattening of 8, and coupled with the already assumed decay in h(6, A), we have the ingredients
to show that Dy () is in fact an operator as in equation 215. First, we rewrite the Hastings

generator by re-organizing the sum over lattice tuples.

(201) Da(s)= > h(6, )Y Ay(by)
DAt r—0

ONAP )

(292) =) i > h(0, M)A} (be, A)

peAT =0 geATt:
ONAL#0,
0,.=pn

(293) =) Balp Mby

peEAT
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This new sum is now entirely over local elements of Bg, namely monomials in M. Our goal
is now to prove that this particular interaction satisfies Assumption 5.9 towards proving a
Lieb-Robinson bound for the dynamics generated by Dy (A), i.e. the finite volume spectral

flow automorphism.

Lemma 5.21. Let A € Py(0O). Under the same assumptions as Lemmas 5.13 and 5.20,

there exists an F-function F” such that for any x,y € A, the following bound holds.

(294) sup > Ba(w V)| < FP (p(,y))
EK&GIUL:

To complete the proof of this lemma, we need to identity the interaction terms whose local

supports contain {x,y}. There are two distinct types of interaction that could achieve this.

Case 1: Those interactions with local supports that are r-fattenings 6, with x,y € 0,

i.e. terms of the form h(@, \)A} (bg, \) with z,y € 6.

Case 2: Those interactions of the form h(6, \)A} (bg, \) where z,y € B,(0) and
{z,y} NA\O # 0.

To prove the claim of this lemma, we will show that by summing over the norms of these

two forms of interaction, there exists an F-function F* such that equation 294 is satisfied.

proof of Lemma 5.21. We proceed by proving 294 for each of the two types of interaction.
Case 1

The precise bound we seek to prove here is one on the sum,

(295) sup » > (|50, \) AL (bg, M.
AEK r=0 gecA*:
;:,yee
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To begin estimating a bound, we refer to the result of Lemma 5.20.

(296)
sup » > [1h(8, M)A} (bg, M| <
r=0 geAt:

> In(E, )] [C”FOH\G\( —|—7“—|—1) —dar L 4GW (e(1 — 8)arvy)
r=0 %ey/\ge;

(297) C”F‘J” >Ny ( 2) 10[|1(0, \)| (re™*" + 4GP (e(1 — d)ar /vp))

r= Oig;\gg
(208) < DELE e 3 a0

In the second to last inequality, we separate the summand into pieces depending only on
0 and r respectively. Then to obtain the final bound, we introduce the function J.(r) :=
re %" 4+ 4GD (¢(1 — §)ar /v,) and use Assumption 5.18. Furthermore, from Lemma 5.16, it
follows that 7, is summable. Thus, the interactions of the Case 1 category satisfy the claim

of this lemma.
Case 2

We now consider those interactions generated by tuples supported on the r-fattenings 6,
containing x and y. In particular, we require {z,y} N 6,\@ # (), which ensures that the
interaction does not fall into the Case 1 category. Towards this end, we seek to bound the
quantity,

200)  Semsupd 3 (M@ NInd ({02,021 1 (0, 0] 3 500 M,
)‘eKm 1 geAt: r>m
E,yeer
where the index m that is summed over represents the minimal fattening of 8 required to

include x and y, and the superscript ¢ denotes complement set. We then use the overcounting
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estimate,

(300) Y Wmd[{zyrn(@n #0< > > > .

0eAt: Y1E€Bm(x) y2€Bm (y) 0eA™:
z,Yy€Om Y1,Y2€0

We then continue the overall estimate on 299.

(301) Sg<supz ST D MO N IIAR (ke A

AeK

m=1y1E€Bm(z) y2€Bm (y) OeAT: rzm
y1,y2€0
(302) < Z Z Z P(Y1,Y2))
m=1 yleBnL( )yQEBm(y)

In the last inequality, we estimate as we did for the Case 1 interactions and introduce the

function J,(m) := > rom Je(1). Note the following estimate due to the triangle inequality.

p(x,y) < p(y1,y2) +2m

Then, setting m, = m,(d;) to be the largest integer smaller than (1 — dy)p(z,y)/2. For

m < m,, one has,

p(x,y) < plyr,y2) + 2m,

o1p(7,y) < p(y1, y2)-

With this bound, we split the sum over m in 302 into a first sum up to m, and a second

series consisting of the remaining terms. Beginning with the former, the estimate proceeds

as follows.
(303) > TJm) > > Fulp(yr, 1) < T Fa(Sp(z,9) D |Bu(@)||Bu(y)|
m=1 Y1€Bm(z) y2€Bm (y) m=1
(304) <RIl y) S m'
m=1

Noting that J. is a decreasing function and using lattice regularity, we arrive at the sec-

ond inequality. Using the latter, we can also begin to bound the remaining interactions
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corresponding to m > m,.

(305) D> Jm) D > Fulplynge)) <IN D |Bu()|Td(m)

m>mas+1 Y1 GBm( ) Y2 EBm ) m2>mu+1
(306) <KIEN Y mPTdm)
m>my+1

(307) =w|Fll Y m’

m>ms—+1

X Z (re“s‘“” + 4G (e(1 - 5)ar/vp))

r>m

Starting with the term with exponential decay in r, one then obtains,

(308) Z m22r6_5‘"22n+m*+1 Z m2e-%m,

m>ms+1 r>m n>0 m>my+1

dam

which for large m, will be dominated by decay of the form m?2e=%@"+. Lastly, we bound the

portion of the series involving G using Lemma 5.16.

(309)
Z m? Z 4G (¢(1 d)ar/v,) < Z Z r/vp) ug/7 (e(1 —0)r/vy)
m>my—+1 r>m m>my+1 r>m

The constant C' is used to encompass constant prefactors, and in the subsequent bounds, it

will absorb any numerical factors. Then, by Lemma 5.15,

(310)
(I Cuy s [T d 10
Z Z4G CLT/'Up) S m m RR U2/7(R)
m>ma+1 r>m € m>ma+1 e(1—0)m/vp
C e(1—8)m\*
(311) < —F nz(—————)
e*(1-9) m>m. 41 U
e(l—90)m
o (L2
p
Cv? o0 v, R 2
12 <P d P R22 R
(312) (1 -0)? /(1 8)(mat1)/vp f <€(1 - 5)) uzyr(R)
C 4 . 50
(313) < Y (1 —0)(m, +1)
(o) v,
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o <e(1 — 8)(m. + 1))

Up

Consolidating our estimates for the case 1 and case 2 interactions, we have the following

estimate, where any C; or ¢; is a positive constant.

(314) sup Y [Ba(p M| < CrFu(p(z,y)) + Co(ma + 1) Y mPe ™"
AeK
peAT: m>ma+1
T, YyeEpm
1-— LA D\ 1-— «+1
+03<e( 9)(m. + )) u2/7(e( 6)(m. + ))
Up Up

This bound is of course similar to the analogous step of the proof in the work of Bachmann
et al. in [11]; thus, it holds that the third term decays the slowest in m,, and consequently

p(z,y) by the definition of m,. Therefore, there exists an F-function,

(315) Fo(r) = u, (cir> F (cir> 0<v< ;

Up Up
such that,
(316) sup Y [Ba(p, M| < FP(p(x,y)).
AEK
pEAT:
T, yeEpm

Importantly, the base function F'in 315 must satisfy the following condition to ensure suitable

decay of F¥.

S Ua(7) < 0<a< 2
u 00, a< =
o F(r) 7

One example of a base function that satisfies this condition is F'(r) = a + e With ¢ > 2. The

proof of the lemma is now complete. O

5.3.1. Finite System Ground States. As emphasized previously, for a finite A C ©, H, is
finite-dimensional and has an orthonormal basis with N, elements. Thus, the algebra Ax
is isomorphic to the matrix algebra My~,. Denote by [A] the associated finite dimensional
matrix for an element A € Aj. In this finite dimensional setting, H,(\) is isomorphic to a

2N % 2N matrix [Ha (M)], which can be diagonalized. Then, let Py (\) denote the orthogonal

118



projection onto the lowest eigenvalue eigenspace of Hy(\), separated from the rest of the

spectrum by at least € > 0. Additionally, let
Q= {WA,A AN — [0, OO) | wA)\(A*[HA()\),A]) >0VAEe .AA}

denote the set of normalized ground states, as defined in terms of the derivation governed

by Ha()). For these states, wy x(Px) = 1. Then, if A € Ay, one has
(317) wa(A) = Tr([PA(M)][A]).

As a consequence of the properties we proved regarding D () and ay y, the following equal-

ities necessarily hold, as demonstrated in works such as [11] and [74].
(318) wan(A) = Tr([Us[PAONUR \][A]) = Te([PAONUR A [ANUAN]) = (wa0 0 ann) (A)

This relation establishes the automorphic equivalence of wy o and wh .

5.3.2. Thermodynamic Limit. Letting o’y denote the dynamics generated by Dy (\), Lemma
5.21 establishes that the local interactions making up the Hastings generator satisfy the
conditions of Assumption 5.9. Therefore, o satisfies a Lieb-Robinson bound as in Theorem
5.10. To complete this section, we use this fact to prove that limy+e Ozf\\ exists and forms a
strongly continuous 1-parameter group of automorphisms on Bg. This is encapsulated by a

theorem, whose proof concludes this section.

Theorem 5.22. Let {A, }nen be an increasing and exhaustive sequence of ©, meaning A, C
A, for all m < n and UneN A, = 0. For A € K, denote by aﬁ" : Bo — Bg the dynamics
generated by Da(N), as defined in equation 280. Under the same assumptions as Lemma

5.21, for all 0 € O,
(319) r(b) 1= lim ol ()

exists in Bo and {ax}rex forms a strongly continuous 1-parameter group of automorphisms

of the algebra.
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proof of Theorem 5.22. We start by obtaining a bound concerning the difference of two dy-

namics, namely the finite volume dynamics 7'tA’A associated with two different finite subsets.

Lemma 5.23. Let {A,},en be an increasing and absorbing sequence of subsets in ©. Let
A be the dynamics generated by Hy, (N), satisfying Assumptions 5.9 with weighted F -
function F,. For any 0 € ©, A\ € K, and finite t € R, the sequence {Tf"”\(bf)}neN C Bg is

Cauchy.

Proof. For brevity, let ¢(#, \) denote either ¢(8) or h( (g, \) as in the definition of Hy()),
277. Let m,n € N with m < n and let 6 € A,,. Then, using the Duhamel identity for each

respective dynamics,

]
(320) ||t -] s Y 1@ ) / o @)
0eAt:
ONAR\A A0
Cr )
V|t
(321) <=1 Y 1601y Falp(0,9
QEATJ{: =1
ONAL\Am #0D

(322) SG G 1) TS S (e ey

€A \Am YEAR g AT
z,ycl

(323) SG e —1) > N Fulp(a,y)Falp(8,y))

€A \Am YEAL

(324) S@(e”'t'—l) > Fulp(x,9))

€A \Am
Since F, is uniformly integrable by construction, it is clear that {7 (b} )},ey is Cauchy. [

As an immediate consequence, the infinite lattice limit 7}(b7) := 77 (b)) exists in B for
all @ € © and \ € K. Furthermore, the following bound holds for any A € Py(0) uniformly
in A\ € K.

(325) o)~ 7| < e 1) 3 R

z€O\A
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The next lemma is a useful result that will help compare the infinite volume limit A (bg, )

with its finite volume counterpart Ay (bg, \).

Lemma 5.24. Let {A, }nen, be an increasing and exhaustive sequence of subsets in © and

0 € AJ. Let m,n € Ny such that m < n. Then for all \ € K, the following bound holds.

(326) (AR, () — AR (be, V|| < 2 (VOAE KL A + K207, M) )
The function G is as introduced in Lemma 5.20, while the functions K} and K? are defined
to be,

GrCr| Fy

(327)  KMOAn) = Ljgje-sce05) L 4601 = yap(8, A%,) ),

V2

(328) KZ(0,7, Aw) := Cilf] (da,, + Co) e HOAD 1 4G W (e(1 = Qalr + p(8, Ay,)) [vp),
with the C; being constant prefactors.

We may not directly write the operator A{(bg, \) because the conditional expectation
map is not well defined on the infinite volume system. However, by first proving that
{A} (bg, A) }nen is Cauchy, we can define Ag(bg, A) := lim, o A} (bs, A) and obtain the

desired comparison in norm between this limit and any finite volume Af.

Proof. Explicitly, one has,

320) AL 0~ A5, 00 0) = [ de W) (£ b)) — 3 (7 00)
(330) = [arwi gy (s ) = 7o)
~ (& — &) (TtAm*(b@))

@30 a5, 000 - 83, G V)] < [ dewol]eg (700 - 7))

+ Lo - e ()|
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To estimate the first norm of the last inequality, we can make use of the proof strategy of

Lemma 5.20 to obtain,
(332) /dt|W |H5An (7 (b) = 7 (b) )H <2G.(0,r).

However, we may also invoke Lemma 5.23 to obtain an alternate bound.

(333) Adtywe(t)\‘(ggn( Mby) — bg)H<2/dt\W() “N(by) — 7 (bo)|

As we have done previously, we split this integral into a finite time piece and a remainder
that takes care of large times. Letting 0 < T' < oo, one has,

16|

Atg) - A by)|| < B (@ 1) Y >R

2
0EA\Am

(334) 2 A ‘<Tdt|We(t)

(335) < 2GrCrlBol g~ (apto.a5)-01)

V2

Crucially, the first inequality above supports {A} (bg, A) }ren being a Cauchy sequence; this

needs to be done for the second half of 331. For the remainder integral, one has,

(336) 2/t|>Tdt|W() " (bg) — 7 (by) H < 8GD(eT)

Letting 0 < ¢ < 1 and T' = (1 — {)ap(0, AS,) /v, we obtain the combined estimate,

n ZGFCF F —a c
7_tA ,A( H < H oll Lortrlizoll g, Cp(B,AS,)

(337) 2 /R dt [W.(1)
+ 8G(I)(€(1 —()ap(0,A7,)/v)

(338) =: 2K (0, Am)

With both bounds in 332 and 337, we elect to use the following bound.

(339) /dt\W stA (A A(bg) — 7 (bg) )H < 2y/G.(0, )KL(@, Ay
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To estimate a bound on the second term in 331, we revisit the expression for the conditional

expectation map E. Recall equation 211,

1

LGIrn

with N,, and N, denoting the dimensions of span{ty : 6 € A, } and span{yy : 6 € 0,.} respec-
tively. We also have the collection of tuples used to identify the fermionic unitary operators,
Z., = {0,1,2,3}¥»=Nr Additionally, note as before that this map is built using orthonormal
basis functions f; which span Hér N Ha,, and this holds in the case of A, as well. Thus,
we can choose to decompose Hg N Hy, into Hg N Ha,, & Hy N Hya,. With this in hand,
let Zpnn = {0,1,2,3}¥»=Nm_ Then we have the following expressions for EQ;”(A) and EQT” (A)

respectively.

(341) IE{,};“(A) = Wl—Nr Z u(e)* Au(e),

LEIrm

(342) 4Nn = > > ul (t2)" Au(es)

11 E€ELmn L2€Lrm

(343) Eg"(A) 4Nn N Z Z 9)*Au(ta)u(ey)

L1E€Lmn L2€Lrm

At this stage, recognize that we have used an identical rewriting of EQ:"(A) as in the proof
of Lemma 5.13. Thus, estimating the difference in these two conditional expectation maps

yields,

(1) BN A B A < e 30 S (o) () Au(ea), u(wn)]|

L1 ELmn L2€Lrm

(345) <> IA u(w)]

LEZmn
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and letting A = TtAm”\(bQ) yields exactly the sum of terms as in Lemma 5.13. Thus, we can

directly write a bound on HEQ:(TtAm’/\(bQ)) - Eg:”(TtAm’A(bQ))H.
(346)

[ 0260 — B3 20| < 8w e o050 S () oo
k=1

An identical bound holds when 6, is replaced with 6,_1, as is needed to consider STA. Im-
portantly, this estimate confirms that the second half of 331 supports {A} (bg, A) fnen being

Cauchy. So this aspect of the proof is complete.

Returning back to the integral at hand, starting with the finite time piece, one has,

(347)
[ Waoea 0 - 87 (72 0a)]| < CHle](dn,, + Cape w085,
[t|<T

For larger times, we of course have the trivial bound

(348) |7 (7 b)) — Eg (b)) || < 2

— Y

so for the large time remainder,
(349) [ wales i on) - g4 (0w < 360 (€D,
[t|>T

Then, let T'= (1 — {)a(r + p(0,A%,))/v,. We then obtain an overall bound:
R

+8GW(e(1 — Qalr + p(6, A7) /v,)

(351) =2K%(0, 7, An)
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Putting 339 and 350 together gives the final upper bound, which is the statement of this

lemma.

(352) A%, (o) = AR, (b0, V)| <2 (VO IKIE A + K267, M)

With no dependence on n € N, the same estimate serves as an upper bound on
| AL (b, A) — AL (bg, A)||, where we may safely define A (bg, A) := lim, o0 A} (bg, A). More-
over, we can now introduce an infinite volume version of the local interactions constituting

the Hastings generator.

(353) Bl by => > h(0, \) A (bg, A)
r=0 Qe®+
ONA,A£D,
0,=pn

Noting that convergence of {a’A™ (b}) }nen is equivalent to convergence of {(Ozf\\”)_l (b)Y nen,
we elect to proceed by proving that {(af\\”)_l (b;‘#)}neN is a Cauchy sequence for any 6 € ©
and \ € K. For brevity of notation, we will denote by a3} := (af\x)_l. Let n > m and assume

that K = [0, A\y], then we have the preliminary estimate,

(354) o) - ar )| < / s | [Da, )~ Dac o,

Now, we decompose the difference Dy, (s)— Dy, (s) according to two different kinds of lattice

subsets.

(355) Dy, (s) — Dy, (s) = Z B, (1, s)bE + Z (ﬁAn (1, 8) — Ba, (1, s)) by
/Lﬂ/%f?/:'r;;é@ uehn

The first sum directly gives rise to the application of a Lieb-Robinson bound as in Theorem

5.10.

|1l

(356) | [ st @) | < Geer* D PG00, 0)
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Then, summing over all 4 with support intersecting A, \A,, gives,

Ju
(357) Gre” Z | Ba,. (1, s)|ZFB(,0(,uZ»,6’)) < Gp Z Z Z sup

HEAT: €A \Am YEAR et sek
BOAR\ A 70 Tyep
e”*| B, (1, 9)| F7 (p(y,0))
(358) < GpCpe™ Y~ FP(p(x,0))
{L‘EAn\Am

This vanishes as m,n — oo due to uniform integrability of F®. To complete the proof, we
estimate a bound for those terms supported in A,,, and we proceed with inspiration from
the analogous proof from [11]. Let Py(A,,) = P1 U P, UPs constitute a partition of the finite

subsets of A,,:

7)1 = {X - P()(Am) X C Afn/g)}, PQ = {X S P(](Am> : X C Agm/g},

Ps={X € Po(Am) 1 X N Apys#0and X NAS,, 5 # 0}.

We will show that ‘

[(ﬁAn (1, 5) = B, (1, 8)) by, &Qm(bf)} H vanishes as m,n — oo as we sum
over subsets p belonging to each of the three partition elements. Starting with P;, and

letting 53; € R be such that ’51\(&’ )\)‘ < By forall A € ©F, pe A™, and A € K, we have,

|
(359) 3 ||[(Bn (18) = B 1. 9)) b & 6] | < 280Gee™ 30 D7 F P (ol1in0))

HEA%: HEA:,Q: i=1
HeEPL HEPL
(360) < 28 GrCpe™ > FP(p(z,0)).
meAfn/s

This bound decays to 0 as m — oco. Moving onto those sets in Ps, we proceed to estimate.

(361) [ 30 [(Bnam9) = (1) b 62 6] || < 2| 32 (Bt 5) = Bla5)) b

HEA:;: HEAfn:
nEP2 HEP2
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+92 Z (ﬁ(ﬁ, $) — Ban (1, 3)) by

HeAin:
HEP2

These two terms behave identically and yield similar bounds. To obtain these, we make use

of Lemma 5.24. By construction,

(362) > (Brs) = B (. 9) b= > > b8, s) (AG(bg, s) — A}, (b, )

peAt: peAl . 7=00co
pueEP; N 0=

(363) || D (Bl 8) = Ban (1 9)) bl <2D° 3" (A8, 5)[(VGe(0. 1)KLE, Arn)

+ (0,7, M)

To simplify the subsequent expressions, we note the general form of each function that

appears inside the parentheses.

(364) G.(0,7) = Cy|0) ( +r+ 1) e 4 4G (¢yr)

(365) (0, M) = Culfle™ P @) 1+ 4G(1)(c1p(8, A7)

(366)  K2(0,r,Aw) = Cal0](dy,, + ca)e” PO 1 AGW (e5(r + p(8,A%,)))

Remark as well that for @ C Agns, p(6,A5) < p(Aamss, A%,), and up to a constant rq,
p(Aamys, Ay,) < k1% . Thus both terms in the sum vanish as m — oo, and the same holds

at least as fast for the analogous terms involving A,,. Now, we just need to prove that the

sums over r and § yield finite bounds. Starting with the term involving KZ, one has,

(367)
23 Y |0 )20, Aw) <8CRY S Y Y (A0, 9)][0] (da,, + c2) X
r>0  9cot: >0 2€As,, /3 0cOT:
OrCAQm/g rch

(emocttmm/8) + GO (ey(r + Kkim/3)))
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(368) < 8CHF,(0) (da,, + c2) X

(eagmm/?) Z efaCr + G(I)<6351m/3> Z G(I)(03T)> )

>0 r20

where we have used that the exponentially decaying function and G)(z) are submultiplica-
tive, for large z in the case of GU). By Lemma 5.16, we know that both the sums over r are
finite, which is exactly what we sought, and, noting lattice regularity, the decay as m — oo

is evident as well. Moving on to those Hastings generator terms supported in P3, we have,

(369) 37 || {80t 5) = Ban . 9) a0 <235 D5 30 (sup B 9)|

HEAT: C€Am yeA;, 3 ped™:
LEPs T,YEN

+ sup ‘ﬁAm(g,S)‘)
seEK

(370) <2 Y Y Fp(a,y))

(371) < 2| F Ay r2/3)

The second inequality follows from Lemma 5.21, and the final inequality holds due to the
particular weighted F-function whose existence we prove in the same lemma. Additionally,
this last bound goes to zero as m — co; thus, we have shown that {a" (b7 ) }nen is a Cauchy
sequence in Bg for all 8 € ©, which proves the existence of the thermodynamic limit of the

spectral flow automorphism, a. O
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6. QUANTIZATION OF HALL CONDUCTANCE

6.1. Continuum Systems via Lattices.

Having constructed and validated the machinery needed to implement quasi-adiabatic evo-
lution for interacting fermions in continuous space, we now turn to a concrete physical ap-
plication: quantization of Hall conductance for a two-dimensional continuum electron gas in
the presence of a uniform, perpendicular magnetic field (quantum Hall setting). Proving this
statement, which is the subject of this section, is based on joint work with Sven Bachmann,
Giuseppe De Nittis, and Bruno Nachtergaele [10], where we employ the Hastings-Michalakis

strategy used in [38] and [8].

In the absence of inter-particle interactions, a single charged particle in this environment
can be described via the well known Landau Hamiltonian, which admits harmonic oscillator-
like energy levels and eigenspaces. In their work, [12], Bachmann and De Nittis introduce
lattice-localized frames as a tool for studying the local properties of dynamics of continuum
fermion systems, and in this article they prove that each eigenspace of the Landau Hamil-

tonian admits an overcomplete localized frame.

As we have seen thus far, models for systems of many interacting fermions are conveniently
written using creation and annihilation operators tied to single particle states. Formally, the
procedure named second quantization, which maps operators acting on (L2(R2))A" to oper-
ators on Fock space which alter and/or count the number of occupied single particle states,
makes use of an orthonormal basis that spans the domain D C L?*(R?) of a Hamiltonian.
This process was outlined in Section 4 equation 83. Since the set {Xy}gco is a dense subset of
H = @2{;01 ‘H,, that spans the entire space, it is reasonable to propose a second quantization
of a Hamiltonian acting on H generated by {Xy}sco. Using a frame-based expansion, we

rewrite the second quantization of the Landau Hamiltonian restricted to the first N Landau
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levels. Recalling equation 83, one has,

=2

-1

(372) By a* ($nm)a(nm).
m=0

i
o

Each 1, admits the following reconstruction formula:
(373) Yom = Y (X, S Yum) Xo,

el
where ©,, := {0 € © : 0 = (v,n) with v € '}, meaning that the Landau level index of the
extended lattice is held fixed while the spatial lattice index is variable. Consequently, the
creation/annihilation operators associated with each v, can also be expanded as a series.
For brevity of notation, let a}f := a#(Xy) and as before let s4(f) :== (Xg, S~ Upm) denote the

frame expansion coefficients for f € H.

(374) a*(wnm) = Z SH(wnm)GZQ a(wnm) = Z 39<wnm)a9

0O, 0eO,
Thus, the second quantization of Hy, restricted to the first N Landau levels can be formally

rewritten as,

N—-1 e8]
(375) HL = Z En Z ( <X9a S_1¢nm><5_lwnma X9’>> CI,;CLQI
n=0 n

N-—1 o]
(376) =Y E, > <Z<5—1x9,¢nm><¢nm, S—1x9,>> alay
n=0 n

0,0'€©, \m=0
N-1

(377) :ZEn Z <871X9,]1n571X9/>a;a9/
n=0 0,0'cO,
N-1

(378) =Y E., > (X, S Xg)apay
n=0 0,0/'cO,
N-1

(379) =) B, Y t(0,0)aza

In the third equality above, 1,, = > °_ [t)nm) (¥nm| is the orthogonal projection onto H.,.

The hopping element (6, 6') can be further simplified by noting that under action by the
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frame operator, a function cannot jump to another Landau level. Thus, explicitly consider
the frame operator S, associated with elements of the n'* Landau level acting on an element

fn € Hp, where f, = ——(a*)"fo with fy € Ho.

L
(380) Suf = (X F)Xym

(381) => <\/%(a*)"><7, %(a*)”fo> \/%(a*)"xv
(352) = 3 @) o) =)

(383) = ;m, fo>\/%(a*)"><w

(384) — (@) S0y

e

For ease of notation, we let X, := X, 5. The cancellation of the factor of n! arises due to the
canonical commutation relations that the Landau level ladder operators satisfy, as discussed
in Section 3. Importantly, this reveals that one can write S, = %(a*)”Soa”, and the same
formula extends to S, !'. Therefore, we can write,

35 (oS0 = ) (S (s o) o ) )

n!

Vn!
(356) = (&) G s e te e
(387) - (&) @@ s e wrste e
(359 — (.5
(359 —t)

These equalities again follow from the commutation relations of a and a*, and they show

that the hopping matrix elements are uniform across Landau levels. Recall as well that by
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Lemma 3.4, there exist constants C', ¢ > 0 such that,
(390) [t(y,7)] < Ce™07), ¥ 5,9/ €T,

For the guiding objective of this section, which is ultimately to prove quantization of Hall
conductance, we consider the restriction of Hj, to just the lowest two levels. So, this yields

the non-interacting model,

1
(391) Hy=2BY (n+3) 3 1(1,7)aluaym,
n=0 vy'el
To denote the algebra where these operators live, let Ay be the CAR algebra generated
by {a¥, : v € T, n € {0,1}}. Ultimately, towards probing candidate systems that could
describe the fractional quantum Hall effect, where electron-electron interactions must be
considered, we also want to include a two-body interaction. The form of this operator that

we consider is inspired by the UV regularization implemented in the work of Gebert et al.

[31] and discussed in [12]. Precisely, we consider the general interaction,

]- ¥ * *
(392) Iy = 2 Z /m /}Rp dzdy V(z,y, ﬂ)a(xvmx)a(yms)a(y’m)a(%”l)’

ni,...,na€{0,1}

We now state assumptions on the function V(z,y,n), where n := {n, ..., ns}.
Assumption 6.1. Let V : R x R2 x {0,1}* — R satisfy:

D)V (2,9, 1) = Gyt s (1 = bod1,jny—ny|) V(x,y) with 0 < by < 1,
i) V(z,y) = V(z —y)
i11) ‘f/(:v,y)‘ < Cue @Y yhere Cy, 0, > 0.
These conditions establish V' as a symmetric and exponentially short range potential

function giving rise to both intra and inter-Landau level interactions, with weaker strength
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given to the inter-level case. Using a frame expansion for each X(, ), we rewrite Iy to obtain,

(393> [V = Z V({’yl7 tey 74}7 Q)ai:/4n4 a:3n3a72n2 aVl”l :

{717"'774}6F+

The effective potential V (v, n) is expressed as,

1 .
808 Vi =g [ [ dedy Vs (s, ()5 Gma)s wm)

(395) sy(x,n) == (S_lX%n, Xan)

We now state a proposition which establishes the range of V', which was proved in Proposition

3.7 of [12].

Proposition 6.2. Assume that there exist constants C,c > 0 such that |S‘1X(07n)‘ < Ceclel,

Under the same conditions as Assumption 6.1, there exist constants Cy,( > 0 such that for

all {71, ...,74} € TF and n € {0,1}4,

where diam({7y1, ...,71}) 1= max, v, {d(7,7')}

As shown in Section 3 of the work of Del Prete, [20], if the function g € L*(R) used to
generate a frame is exponentially localized, then its dual S~!g is also exponentially localized.
We believe this should hold in our setting over R?, but we defer proving this rigorously to a

future work.

The general (unperturbed) Hamiltonian we consider is given by H = H, + I/, and we may

write this in terms of a single self-adjoint interaction ® : ' — Ay, as

(397) H= ) o).

yer+
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Precisely,
(398)

B l_on % t(v2, 1)@y + U1, 72)al, ) iy, n = ,n), (v, n
5y - BTl +3) (H0m m)as + 100 )y, ) i yin = {(.m). ()}

L ey (VOmagn + Vmn)as,) i rn = {000, (0,04}

The finite volume restriction of this model occurs with respect to the lattice © and not

continuous space R, Let A € Py(T). This lends to the finite volume Hamiltonian,

(399) Hy= Y ®(v)

yEAT

6.1.1. Dynamics and Lieb-Robinson Bounds. In Assumption 5.9, we write a necessary condi-
tion on the interaction ® that ensures the dynamics generated by a finite volume Hamiltonian
satisfy a Lieb-Robinson bound as in Theorem 5.10. The following proposition establishes

that the interaction ® as in equation 398 does indeed satisfy this assumption.

Proposition 6.3. Let ® be the map as defined in equation 398. Then, ® satisfies Assumption
5.9.

Proof. Let x,y € ' be two specified lattice sites. We now want to show that there exists an

F-function F? such that,

(400) > e < Fe(d(e,y))

1€F+:
x7y€7

When v = {y1,72}, the only way pu C = is possible is if v = {1, p2} or v = {pa, pa}.
Therefore in this case, by Proposition 5.1, there exist constants C, ¢ > 0 such that Hq)(z) H <
Ce—cd(x,y).

When summing over interactions generated by 4-tuples of sites, whose support contains
{z,y}, more detail is required to prove the claim. In particular, we split the sum over 4-

tuples containing {z, y} into one sum over tuples whose diameter is d(z,y) and another over
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tuples with diameter larger than d(z,y). Starting with the sum over tuples with diameter

equal to d(x,y), one has,

(401) > [[eM)]| < wCye ) <M) .

2

~eTt:

z,y€,

|a]=4,

dy=d(,y)
To obtain this bound, we make use of Proposition 6.2 to obtain exponential decay in the
diameter of 7, which is d(z,y) in this case. Moreover by lattice regularity, there are at most
2

K (@) sites of I' in the ball with extremal points x and y whose distance gives the ball’s

diameter.

Let B(x,y) denote the ball with diameter d(z,y) that contains these two sites. Counting
the number of 4-tuples containing {z,y} with diameter larger than d(x,y) is done by de-
composing '\ B(z,y) into annuli of unit thickness and summing over all tuples containing

at least one site in each of these annuli.

(402) ST (e gﬁce—cd(m,y)Z(d(rf;y) H) oCr

ZEF"':

x??JGFY:

[v[=4,
d7>d(zyy)

(403) < & Cpy(d(x, y))e )

In the first inequality, we use lattice regularity to bound the number of sites contained in the

unit-thickness annulus of outer radius @ 47 and the number of sites contained in the ball

of equal radius. The sum over r certainly converges, giving rise to a degree-3 polynomial in

¢(x,y). Thus, combining the bounds in 401, 403, and the simple estimate involving 2-tuples,

one has,
d(x, 4
(404) 3D o) < Cet o) 4 kOt (%) K2 Cpa(d(, )l
ert:
%yév
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@ws) Y e < G

ZEFJF:
T,yeY

The second two terms in the first inequality, being finite degree powers of d(z,y) multiplied
by exponential decay in d(z,y), can be bounded by a constant multiplied by an exponen-
tial function with decay rate £ that is necessarily smaller than ¢, (. As mentioned before,
functions of the form F(r) = =" are not F-functions because they do not exactly satisfy
the convolution property (by Lemma B.1 of [31], the decay rate following convolution re-
duces to £/4). This is sufficient for Lieb-Robinson bounds to hold with exponential decay
spatially, but one can still choose an F-function with sub-exponential decay, and the claim

is satisfied. 0

Having proved this proposition, the dynamics generated by H, thus yield a Lieb-Robinson

bound and strongly continuous dynamics in the thermodynamic limit by Theorem 5.10.

Corollary 6.4. Let 7 denote the dynamics generated by Hy, and denote by o the decay rate
of the n = 0,1 Landau level functions {Xg,}oco, i.e. the rate of decay in distance between
7.7 €T of |(Xqn, Xy nr)|. Then, there exist constants G,v,& > 0 such that for all t € R,

v, €T, and n,n' € {0,1}, one has the bound,

(406) H{TtA(a#) ot }H < Gttt

yn/o y'n!

More precisely, £ = }lmin{a, ¢, C}, where ¢, ¢ are the decay rates of the one and two-body

interactions respectively. The factor of § is as presented in Lemma B.1 of [31].

We now look to prove quantization of Hall conductance for interacting electrons in a
magnetic field, whose bulk in the thermodynamic limit is described by H. To do so, we shift
to a toroidal geometry where we can use Laughlin’s flux threading argument as has been
done for interacting lattice systems, [38], [8]. So in the following subsection, we introduce
a family of parametrized Hamiltonians on the torus, which we will then use to state results

regarding Hall conductance.
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6.2. Statement of Results Concerning Hall Conductance. As we introduced in the
preliminaries, in finite volume we work in a toroidal setting to model the bulk of a two di-
mensional system. Recalling the spatial subsets of interest, Vi, := a[—£, £] x o[£ £] C R?
is the fundamental cell of the torus, in continuous space, and I';, := LaZ x LaZ is the sublat-
tice of the spatial lattice I' denoting the periodicity of the torus. Lastly, Ap := (V,NT) /T,
will denote the torus lattice. We equip Ay, with a metric that encodes periodicity in elements

of 'y, i.e. dp as introduced in equation 186. Moreover, recall the magnetically-periodized

functions:
(407) Xﬁn(x) =1y, (2) Z Ty Xy n().
v elrL
Since [T, Hz] = 0 for all a € R?, none of the translates in the formula above jump to different

Landau levels. Furthermore, as proved in Proposition 5.2, there exist constants G, 01,05 > 0

such that for all v,~" € Op,

L L
(408) (X2 x5 )

y,m?

< G57m, (e—vldT(%"/) + 6—02L> )

Thus, the set of functions {X, o, X, 1}sco, is a localized set up to exponentially decaying
error in the torus length L. Towards computing the Hall conductance in this setting, we
will require an automorphism over the fermionic CAR algebra A(L?*(R?)) that threads flux
according to the charge in a region. So we now introduce a local charge (number) operator,
which makes use of fermionic field operators c#. These are operator-valued distributions and

not elements of Ag. They satisfy the anticommutation relations,
(409) {carcy} =05 {ea, ) = 0(x —y)1.

In terms of these distributions, the total fermion number operator and local number operator

for the compact region Y C R? are given by,

(410) N:/ dx cic,
R2
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(411) Ny:/dxc;cx.
Y

It then follows that for any two regions Y, Z C R?, [Ny, N 7] = 0.

(412) [Ny, Nz] = / / dydz [c;cy, Cic.]
yJz
(413) = / / dydz c,{cy, c.}c. — ci{c,, c.}ey
v Jz
(414) = / / dydz 6(y — z) (e, — ciey)
v Jz
(415) =0
The final equality follows straightforwardly because if Y N Z = (), y can never equal z. If
Y and Z do overlap, then the integrand becomes 0 after integration of one of the variables.
Thus, for a region Y C V, we define the local charge operator to be Qy = qu, where

q is the charge of a single electron. Additionally, let A (L?*(Vy)) denote the CAR algebra

associated with the Hilbert space L*(Vy). For any f € L*(Vy),

(416) )= | e f@)cs

We will use this to evaluate [Qy, a*(f)] for some Y C L.

(417) @ () =a | [ dvde fa)cie, el
(418) ~a [ [ dvis f@)ita = e,
(419) —q [t

(420) — o (1y 1)

In the last equality, 1y (z) denotes the indicator function on Y. Similarly, [Qy,a(f)] =
—qa(ly f). Let oy : A(L*(Vy)) — A(L*(Vy)) be the derivation acting on elements of the
CAR algebra associated with the Hilbert space L?(Vy) whose action on A € A(L*(Vy))
is given by [Qy,A]. For ¢, € [0,27], define Ry, : A(L*(Vy)) — A(L*(Vy)) be the
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automorphism whose action is given by Ry, = exp (ip1dy). Thus for any f € L*(V,),

(421) Ry (a'(f)) = € a"(Iy f) + a” (Lv,\v f)

Ry (a(f)) = e a(ly f) + a(ly,\y f)-

Now, let X7 = {(x1,22) € V : 21 <0} and Xy = {(21,22) € V : x5 < 0} denote the left
and bottom halves of the fundamental cell V;, and @, Q)2 the charge operators associated
with each respective region. We define a specific automorphism implementing flux insertion

with respect to the charges in X; and X,.

(422) ch = €exXp (Z (‘PlQl + QOQQQ)) = RX1,¢>1 o RX27802'

In the definition above, the parameter ¢ = (¢1,¢2) € [0,27]* =: T?. Remark that R, is
precisely an automorphism of the class introduced in equation 276. We now define the subset
of ©r, that will be the support of interactions that are acted on by R,. Let 0 < R < é and
Ye={veYr: || <R}U{y€Yr: |yl <R} First, define the finite volume Hamiltonians

on the torus:
(423) Hy, = Y @),

with interaction ® : A} — A} as defined in equation 398, where we let A% be the algebra

generated by {a*(X],) : v € Ap,n € {0,1}}. Note that for any Z C Ay, we can write

(424) Hy, = HY! + HZ?

(425) =) o+ Y. o)
16/\;: 16/\{:
YNZ#D YCAL\Z

Adopting the nomenclature used in [8]|, we now introduce the families of twist and twist-

antitwist Hamiltonians. Respectively, these are defined to be,

(426) iy, (¢) = R, (HYE" ) + HYE?
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(427) Hi, (9%, 97) = Roye (Ha, (" + 7))

The twist Hamiltonians in 426 have interactions that undergo flux insertion only if their
supports intersect the strips Yz. Conversely, the twist-antitwist Hamiltonians in 427 un-
dergo flux insertion globally, with different fluxes threaded depending on the support of the
interaction. We also introduce notation for the Hamiltonian that is globally transformed in

a uniform manner:

(428> HAL (90) = HAL (907 _90) - ch (HAL) .
We now state assumptions regarding the spectra of these operators.

Assumption 6.5. Hy, (p) has a non-degenerate ground state with a spectral gap €p(y)
between its lowest two eigenvalues that is bounded from below uniformly in L and ¢ € T?,

i.e. there exists € > 0 such that infpooinf,ecre €r(¢) > €.

By unitary equivalence, this necessarily implies that the twist-antitwist Hamiltonians
Hy, (¢™,¢7) also have a non-degenerate ground state with energy gap to the first excited
energy that is bounded from below uniformly in L and ¢, ¢~ € T2 Now, we denote by Pg,
the ground state projection associated with Hj, . (), where this projection is as introduced in
317 for the finite dimensional setting. Then, for A € A,,, we have the following evaluation

of expectation values in terms of the positive linear functional w,, r..
(429) @,.1(A) = Tr(P,A)

Note here that the bracket notation to indicate matrices and L dependence are dropped,
and we bear in mind the isomorphism between A and a finite dimensional matrix in My, ,

where Ny, is dim #H,, . The Hall adiabatic curvature x1,(¢) is then defined as follows.

(430) k() = i@, ( [alﬁp, aQP@D
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We may now state the three main results of this work. The first theorem concerns the

p-independence of Hall adiabatic curvature.

Theorem 6.6. The Hall adiabatic curvature is exponentially p-independent, meaning there

exist constants C, o > 0 not depending on L such that,

(431) sup _|rr(p) — me(¢)] < Ce™".
' €T?
Due to results such as the seminal work of Avron and Seiler, [7], it follows that the

integral of x is an integer multiple of 27, so asymptotic convergence to 27n is an immediate

consequence of Theorem 6.6, with n € Z.

Theorem 6.7. For any ¢ € T?, there exist constants C,o > 0 not depending on L such

that,

(432) inf |k (@) — 27n| < Ce 7%,

nez
with the minimizing N, € Z being p-independent as well.
Furthermore, due to our proof of the existence of the spectral flow automorphism a.y in

the thermodynamic limit, it also holds that the Hall adiabatic curvature has a well defined

limit as L. — oo.

Theorem 6.8. Assume that for all A € Ag, lim_, wo 1, exists. Then, the thermodynamic

limit of Ky, exists.
(433) lim x.(0) € 27Z
L—o0

The following section is devoted to proving these three theorems, where we present several
intermediate results that hinge on our proven Lieb-Robinson bounds and quasi-locality of
the spectral low automorphism. First, we briefly comment on the extension of these results

to fractional quantization of Hall conductance.
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Fractional Quantization. Our proof of integer quantization of Hall conductance following
the strategy of Hastings and Michalakis relies on the crucial assumption of a non-degenerate
ground state, as in Assumption 6.5. However, the construction of quasi-adiabatic evolution,
which supports the validity of Theorems 6.6-6.8, does not only function with one-dimensional
ground state spaces. It is exactly the consideration of degenerate ground state spaces that
gives rise to fractional quantization using the methods of this section. We comment on this

extension as noted in Section 9 of [38] and 3.1 of [3].

More generally, one can let each H A; () have a p-fold degenerate ground state space and
denote by Q¢ = %ﬁ, the orthogonal projection onto the equally weighted superposition of
degenerate ground states, referred to as the chaotic ground state projection. Let w,, . denote
the ground state function associated with Qw. With respect to ]5@, the integer quantization
still arises from Theorems 6.6-6.8 due to the gapped spectrum; however, the factor of p=1

carried through in Qp results in fractional quantization of Hall conductance given by % with

n € 7.

To prove fractional quantization for any individual ground state, we require one more
condition, which takes the general name of topological order. This notion has been described
in the cited references and made further precise in the work of Nachtergaele, Sims, and Young
[75]. We state a more general form, which would be sufficient to establish the claim. Let
w,p be any pure ground state belonging to the degenerate ground state space, then for any

local A € Bx with X C A, one has,
(434) Wep(A) = weo(A) +O(L™7),

for some a > 0. Here O(L™%) indicates decay of order no slower than L~*. Since we
ultimately show that the observable, whose expectation value gives Hall adiabatic curvature,

is quasi-local, this suggests that the respective Hall adiabatic curvatures xr, and k. are
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asymptotically close:
(435) kLp(p) = Kirel < CO(LT).

This thus establishes fractional quantization of Hall conductance for individual ground states
as well. We now proceed with the general proof of integer quantization, which implies such

extensions.

6.3. Proofs of Theorems 6.6-6.8.

Before presenting the general strategy for proving the three theorems in question, we first
introduce some notation to build the tools we will use in our proofs. Moving forward, let
1;;(x) denote the indicator function associated with the four quadrants of V:

;

]IVL\(X1UX2)(‘T;) j?k =

]le\(leXQ)(x> ] = 17 k=

Lx\(xinxo)(z) 7 =0k=

\]leﬁXz(aj) ],k =1

For abbreviated notation, let X, C V denote the quadrants associated with each configura-
tion of 7, k. With our periodic setting of sites v € A, understood, we suppress L-dependence

in the fermionic operator abbreviations for the remainder of this section. We can then write

the action of Ry, on af , :=a*(X ) as,
1
(137) Ry (@],) = 37 e0mhonas (10 ) = o (UXE,),
k=0

where we have introduced the operator U, which is unitary as a map from L*(V}) to itself.
Furthermore, one can also write the operators,

1

Rylas,) =iq Y jetUerthede (1,xk )
§,k=0

0

438 —
(438) 9o
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0

1
8_902 (aX,,) = iq Z keiq(j@ﬁkm)a*(]ljk)(in)

J,k=0

(439)

By construction, equations 437 and 438 can be written for a, , too, via complex conjugation

and taking the adjoint (a*)* = a. For brevity, let 0y := 8@‘?(2). One can also explicitly

write the action of R, and (2R, acting on a ,, for some m-body monomial.

(440)
Rula) = 3 exp (iq [z<jm+n—jn>¢1+z<km+n-knm])
AN = n=l
X a’ (]lj2mk2m X’I;zm ngm) (]ljlkl X'lyll,nl)
(441)

8173’@(@771 = Z Z ]m+n - eXp < [Z ]m+n - Jn) ®1 + Z (km+n - kn) @2])
n=1 n=1

J1y-eJom n=1
k1yeoskam

X a*(ﬂj2mk2mXL ) a(]ljllﬁx

Y2m,N2m Y1,Nn2 )

Evident by these explicit expressions, the action of flux insertion (composed with partial
differentiation with respect to a flux component) results in fermionic operators that no
longer belong to Af. In fact, the larger CAR algebra in question is associated with the

extended Hilbert space that we shall define as,

(442) Hi(p) :=span {Xt  UXE

v.m?

(9»U¢XAL/7n v eA,ne{0,1},peT?j = 1,2}.

Let A% () be the enlarged CAR algebra generated by {a(f),a*(f): f € Hr(p)}. By the
exponential localization of the functions {Xﬁn} and their inner products, up to exponentially
small corrections in L, the same follows for both {U,X, } and {9;U,X’, }. However, this
localization is purely with respect to the spatial lattice A;. The precise form of U, results
in U, XL » losing its identification with the n'™ Landau level, so naturally, there is no exact
or approximate sense in which x* ~0 can be orthogonal to U, X - Thus, the extended set of

functions that span H () do not entirely satisfy Assumption 5.17, due to localization in
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sites of I' and not © in general. In the present setting with the two lowest Landau levels, the
localization still gives rise to Lieb-Robinson bounds of the form of Corollary 406, with the

caveat that v — 2v due to the loss of orthogonality of different Landau level labeled functions.

We now show an important calculation concerning the L? norm of 1 ;4 (x)U@X,ﬁn. Without

loss of generality, we show the computation for the n = 0 function.

2
(443) [ 1UXE || < / dz | X35 o(2)|
jk
2
(444) < / dr | Y TyX,(x)
X Y€l
(445) < / dar X, ()" + O(e™)
Xj
1 2 /402
< —la—y? /4t L
(446) T onl? ., doe roe)
(447) < Qe 0N 1 O(e™h)

In the third inequality, we use the fact that the nontrivial translates result in terms decaying
exponentially in L, which we separate as O(e1). Then to reach the final inequality, we split
up the Gaussian into two pieces, meaning the positive constant ( < 1. We bound one of these
terms by noting that the shortest distance between x and ~ is given by the distance between
~ and the domain of integration X ;. What remains can be trivially estimated by integrating
over all of R2. We now introduce the relevant Hastings generators that we will use throughout
the proofs of Theorems 6.6-6.8. Let 77 and 7,7 be the Heisenberg dynamics generated by the

twist Hamiltonians Hy, (¢) and twist-antitwist Hamiltonians Hy, () respectively. Then, we

have,
(148) Rite) = [ aew.vir (0, (0))
(449) K;() = / dt W, (t)7f (0Hy, (1))

145



Remark that since Hy, (p) = R, (H,, ), it follows that the Hastings generators are also
related in this way, meaning K;(p) = R, (K;) where K; := K;(0). Additionally, letting
s € [0,1], there exists a path of Hamiltonians H} (s) = Ha, (¢, (s — 1)¢) that allows us
to smoothly deform Hy, () into Hy, (¢) = Ha, (¢,0). This parametrization leads to the

s-dependent generators:

(450) D(s) = /Rdt We(t)r? ((‘LHXL(S)) ,

where 77 denotes Heisenberg time evolution generated by HY (s). Crucially, 9,H} (s) is
localized away from (0,0), which will help us show that the ground states @, 1, of Hy, (¢)

and w,, 1, of H, (¢) agree on observables supported near (0,0).

Carrying on, let Zr := [-R, R] x [-R, R] and =g := Zg N Ar. These two subsets denote
the continuous space and sites of Ay, restricted to the 2R x 2R square centered at (0,0). Due
to the short range of the interaction and the fact that 8;H,, (¢) enforces scattering between
Xok and Xy or X0 and Xjn, it follows that f(l((p), f(g(go)] is most strongly supported by
lattice sites in a neighborhood of Zg. When we restrict [K(¢), Ka(¢)] to this neighborhood,
we may obtain a good approximation of the former. This is because in this neighborhood,

flux insertion affects both Hy, and Hj,, most strongly close to Y.

proof of Theorem 6.6. Towards proving an error estimate on this approximation, we will
need a series of lemmas. The first one concerns the difference in dynamics generated by H, .
versus Hy, . As we will also need to keep track of quadrant indices 7,k in Xj;, at times, we

re-introduce the 6 site index so that we may write afjk = a¥ (LpXE ).

Lemma 6.9 (Difference of Dynamics). Fiz ¢ = (¢1,p2) € T?, and denote by Zg, an r-sized
fattening of Eg. Let v € EE’T and n € {0, l}m. Then, there exist positive constants (,v,

and ¢ such that the following bound holds,

Tf(a%n) - 7~-tcp(aﬁ)

(451) < Pu(L, R)Jtle™" + |y | Po(L, R)e™¢(5=0) (el 1)
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where Py(L, R) and Py(L, R) are finite degree polynomials in L and R.

Proof.

t
@52) )~ a = =i [ a7, ([Ha () - Ea, (0), (0r)])
0
Note that explicitly,

(453)

B -Ene - Y % (1—exp (iq [z<jp+m—jmm+z<kp+m—km>w2]))

l’eA*L‘; J15--d2p m=1
Y CAL\YR e kap

*
X § ¢(/77 n)a92p,j2pk‘2p"‘a’917jlkl
ne{0,1y2r

To avoid writing !1’ ‘ in subscripts, we introduce the index p := |y|'/2, where p can be
either 1 or 2. In this expression, we make use of the interaction construction from 398
and re-introduce the 6 site index so that we may write a:gfjk = a#(ﬂijf/’n). Thus, the
interaction terms in this difference possess quadrant-based scattering across at least one of
the edge boundaries. This is imposed by the flux dependent prefactor of the summand. From

Corollaries 5.11 and 406, there exist constants (,v > 0 such that,

# # ~ —¢(dr (' y)—v
(454) H [a92p7j2pk2p...a917j1k1, Tt‘p(aﬂ)] H < 4Ce~cUr@ ) —vlth,

To further refine our estimate and make use of the fact that a,, is localized in a neighborhood
of =g, we will more carefully partition the interactions with lattice support contained in

Ap\Yr. To do so, we introduce another region:

L L
BR::{’Y:(’Yx,’Vy)EAL:‘g_%B < Ror 5—’}/31 SR}
We will then expand the difference interactions as,
. - N Bp,1 . Br,2
(455)  Ha ()~ Ha,(0) = (Fa, (o) ~ Hn(9)  + (Ha, () — Ha, ()
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Those interactions with frame lattice support in Az \ (Yr U Bg) are all supported at least a
distance R from the boundaries between quadrants or have diameters of at least 2R, meaning

that,

< P(L)e %,

(456) | (B0 - B, )

where P(L) is a finite degree polynomial in L. The monomial a,, can have support over-
lapping with this region, so the Lieb-Robinson bound does not give us any useful spatial
decay. Moving on to those terms with support intersecting Br, we can further divide these
as follows.

BS,,1

) (Fin, () — T, ()™ = ((HAM - HAM)BR’I) "

(Ex, ()~ Hy, ()
( )

This distinguishes between interactions fully frame-supported inside B and those that also

B5,.2

have supports outside this strip. Interactions in the second grouping above are fully inside
the strip Br and have support that is at least a distance % — (2R +r) from ~. Thus, for an

interaction of this form, equation 454 can be made more precise:
# ~ —C(L—(@2R+r)—
(458) H [azp,jzpkzp'”aehjlkl’Tf(aﬂ)] H < dCe HamGmmTD,

Summing over all such interactions adds a polynomial prefactor P(L, R) from volume esti-
mates and lattice regularity. Lastly, we consider those interactions that have at least one,
but not all, site in Br. The norm of these terms can be estimated as follows.

(459) H ((HAM - IFHAL@o))B”)

B,1

< 2LRe™"Y " P(i)e "
F=1

< CLRe “F
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Putting all of these bounds together and integrating over time, we obtain the final bound as

in the statement of the lemma.

(460) Tf(aﬁ) — ﬁfp(aw) < P (L, R)|tle™*® 4 Py(L, R)e_c(%_(m”)) (64’”“‘ — 1)

O

Next, we define a finite subset of A; that will be used to construct an approximation of
the Hall adiabatic curvature. Let r := r(L) > 0 be a parameter used to describe a fattening
Er, of Zp by a distance r, shown in Figure 5. A preliminary feature of this approximation
involves replacing 0;H,, (¢) by O;H, (¢)=y.,, i-e. the interactions of 9;Hy, (¢) with lattice

support strictly contained in Zg,. The next lemma provides an error estimate on this

approximation of 9;Hy, (¢).

Lemma 6.10 (Partial Derivative Approximation). Let Hy, (p) denote the family of twist
Hamiltonians as previously defined. For X C Ay, let GjHAL(go)X denote the partial derivative
with respect to the 7™ component of ¢ with support restricted to X. Then, there exist positive
constants ¢ and C' as well as a finite degree polynomial P(r) such that the following bound

holds.

(461) ’

O Ha, (0)zp, — OHA, (9)z4,

‘ < CqP(r)e !

Proof. We begin by explicitly analyzing the norm of the interaction terms specified by this
difference in the case that the derivative is with respect to ¢;. The same arguments will

hold when we consider 0y instead.

(462)

oA, (P)zr, — O, ()=,

= 81HAL<90)ER,r\ER - 81HAL (SD)ER,7»\ER

(463)

IN

> ORu(®()

16/\2‘:
YCER,»\Er
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FIGURE 5. Diagram illustrating the relevant regions. [f( 1(¥), f(g(go)] is sup-

ported in a neighborhood of the central square =. For the purposes of ap-
proximation, we approximate 8jHAL(g0) by 0;H,, (¢) within the first circle,
i.e. Er,. Then, we use the larger ball with fattening 7 of =5 as a region where
Hall adiabatic curvature will be approximated.

(464) <qg Y. >

jl 7777 j2p ’YGA}:
k — —
2P yCER,-\ER

P p
(465) <Z Jptm — Z]m) Z Qﬁ(M)a:Qp,jkagp...a,ﬂ,jlkl
m=1 m=1

ne{0,1}%P
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< qC Z Z e~y

ilww.}?p ZEAJLr:
LeoB2p yCER »\ER

2p
exp (—C Z dr (i, ng))
i=1

Thus far, we have only used assumptions and the explicit forms of the twist /anti-twist Hamil-

p p
(z o= zjm>
m=1 m=1

tonians to generate these inequalities. The final inequality features competing decay between
the diameter of the sets 7 and the distance of sites in these sets from the left/right halves
respectively. The reason being that 0; identifies those interactions whose supports change
from right to left half and vice versa. With reference to Figure 5, the support of X'[y/’,n’ needs
to hop from one of Xy or Xi; to the support of Xﬁn being one of Xy; or Xy and vice versa.

On the other hand, v and +" are situated in one of the shaded blue regions.

To proceed with our estimate, we will rewrite the sum over 7 supported in Err\ZR as
follows. This particular region, the shaded lobes in Figure 5, can be divided in such a way
that each lobe is the union of unit width vertical strips of height bounded from above by r.
In the case that we consider 0, acting on either flux Hamiltonian, we would use unit height
horizontal strips, but the subsequent strategy would be the same. Now, we sum over all v
contained in the strips furthest from Zg, where either diam(y > 2(R +r) or for at least one

site v € v, dr(v, X;k) = R+ 7.

Additionally, note that with v being supported in up to four lobes, there are at most 4r
sites that could be involved in either the 1 or 2 body interactions. Then, we sum over all
7 contained in the furthest two strips, where the distances mentioned just now decrease to
(R4 17— 1), up to constant factor, and the number of sites to choose from increases to 8r.

For notation, denote by Z; . := {y = (V&,7) € Ers : %l > 7 —1', i = z,y}. Noting that
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p <2, |2 _ dprm — > b1 Jm)| < 2,we continue the estimate as follows.

m=1
quc Z XT: Z e*C(R‘FT‘*T")

o T = +.
1117...’]2; r'=1 ZGAIL'
9 bl p ’YCZT’T/

(467) :2(]C€_CR Z zr: Z e—c(r—r’)

J1s-d2p T'=1 yeAT
k1,....k2p 7CZT1T/

(466) ‘ alHAL<90)ERJ- - allH’VIAL(gD)ER,r

(468) S qu_CR’I"5 / dr/(r/)f}e_c(’,«_r/)
0

(469) < OgP(r)e !

In the last inequality, P(r) is a polynomial in r which makes use of a worst case counting
estimate of the interactions due to the 2-body terms. By the same reasoning, we obtain an

identical upper bound when 0, is replaced by 0s. O

The final prerequisite lemma we need before constructing the full approximation of the
Hall curvature concerns the operator norm of 9;Hj, ()=, as well as how much 0,Hy, (¢) —

al]I:]IAL(ap)ERJ commutes with 62]1:HAL ().

Lemma 6.11. Fiz r > 0 and let Zg, be the fattening of Zr by a distance r. Denote by
v := min{R,r}. Then there exist positive constants (,v and a finite degree polynomial P
such that the following bound holds, where the partial differentiation with respect to @1 and

o can be switched.
(470) H [ﬁ@ (alHAL(W - 31HAL(</))ER,T) ﬁzlﬁlAL(so)] H < CP(L,R,r)e ¢t

Using the same proof strategy that will be written below, a similar estimate can be obtained

i the case that 82HAL(¢) has its frame lattice support restricted to =g, .
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Proof. By definition, the difference 81]I:]IAL(90) — 81HAL(QO)E can be expanded as shown in

R,7

the subsequent equation.

(471) 81]H~IAL<(70) - aIHAL (QD)ER,T =1q Z Z (Z jp-i—m - Z]m) X

ZE(AL\E; 7‘: j17"'7j2p
'YQYR?é@ 17"'7k2p

e(iq<2mjp+mfzmjm)ipl+(zm k‘p+m72m kM)@Q) Z QS(/V’TL)

ne{0,1}2p

*
a62p,j2pk2p A9y g1k

GQ]I:HAL is the same series of interactions except with =g, included in the support and the
outer sums over j(.) replaced by outer sums over k). With these lattice restrictions on the
supports of each set of interactions, we do not have control on the minimal distance between
supports of interactions in 81HAL(¢) — 811[:]IAL(QO)ERJ and in (%IF]IAL(@).

However, these interactions do need to have at least one point in Yz, which implies one of
the following facts about their commutator. 1) The sites are in vertical and horizontal strips
respectively and are thus separated by a minimum distance of r. 2) The sites are in the same
strip, meaning that either one of these sites or another from their interaction supports is at
least a distance R from its required quadrant. If v and 7 are the two respective supports of
two interaction terms with points v* and 5* respectively being their sites contained in Yg,
this implies that diam(y)+ diam(y) + dr(v*,5*) > Cmin{R,r} =: Ct.

For demonstration in the subsequent calculation, let 7 and 7 denote tuples associated
with interactions from c%]ﬁlAL (p) — 81]EIAL(QO)ER’T and 82]I:I[AL(30) respectively. Note that we
will not require quadrant dependence here, so in the first inequality itself, we estimate away

this dependence to recover the original operators aﬁn. One term contributing towards the

quantity of interest in the statement of the lemma is the following,

(472) |[77 (¢r.m)asm) 6 n)as] || < Cemrtirtinectinai-u)

(473) < CleCtevlt)

153



where the constant C is absorbed through ¢ and v. If we then sum over all the possible

interactions, one obtains a polynomial prefactor P(L, R,r), which completes the proof. [J

With these bounds calculated, we are in a position to justify the following as a suitable

approximation of the observable used to define Hall curvature. Let,

U4 Gp) = / dt / 0 W (OW(#) [7 (0 Ha, (9)zn.) 75 (0uHn, (9)=0, )]

The following lemma establishes that Eé;r (GE(QD)) is a good approximation of

[Rile) Fale)]

Lemma 6.12. Let R=1r = 1—L6 and 7 = %. Then, the following upper bound holds,
(475) |[Kile), Rate))] — B2 (6R(0)|| < 0(27),

where O(L~%°) is a function with decay to zero faster than any rational function in L.

Proof. Explicitly, we consider the quantity,

(476) /R dt /R at' WyW(') (|7 (010, () .7 (2B, () ) | -
(477) EY ([ (0Ha, (9)za,) o7 (0B, (9)z,)]) ).

To proceed, we will prove the lemma by integrating over a compact set of times and esti-

mating away the tails of integration using the properties of W, as proven in [11],
(478)

|[Rato) Raton] B2, @) < [ ar [ ar wegopmacey

| ([7 (oufa,(0)) 77 (2o, (0)) | B2 ([ (OB, (V)z,) .78 (0:Hns (9)=2,)]) ) |

where O(T~>°) decays faster than any rational function in 7. What remains now is to

estimate a bound on the norm of the integrand and compute its integral. First, we use the
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triangle inequality to bound the commutator expression.
(479)

7 (010, (9)) 77 (0B, ()| — B ([ (O, (9)z,) 77 (O0Hn, ($)z,)])|
7 (0, (9)) 7 (B0, (9))| = [ (D, (P)zs,) o7 (BB, (9)zr, )] ||+

[thp (81HAL (@)ER,T) ) 7—tS’D (aQHAL (SO)ER,T‘)] - Eé;y; ([Ttgo (alHAL (CP)ER,T) ) Tf (82HAL (SO)ER,’I‘)}) H

<

(480)
77 (0, (9)) 7 (20810, ()] = [ (01, ()2, ) 78 (0o, (@)=, ) ] |+
7 (OB, D)z, ) o7 (OB, (0=, )| = [ (O (9)za,) 7 (0F, ()2, )] |+
77 (OuHx, (9)zn,) o 7F (0oHn, ()=,)] — B2 ([7F (OHn, (9)zr,) 78 (OoHin, (9)zn,)]) |
(481)
<|[7 (20, 0)) .77 (2n, (9))] = [7 (9B, ()2, ) 7 (02BN, (0=, ) |||+
7 (O, (920, ) o7 (9o, (021, )| = [ (0, ()=, ) o7 (B2Hin, (0=, )] |+
[

)
[Tf (31HAL(90)ER,,~) Ty (32HAL(90)ER,T>: — [ (01Ha, (V)zg,,) 7 (O2HA, ()2, )] H+
]

<

The previous three lemmas as well as Proposition 5.13 allow us to bound each of the four

norms in the final inequality. Putting all of these results together, we obtain the bound,
(482)
|17 (a0, (9)) 7 (02Fin,(0)) | — B2: ([ (0B, (9)zs,) 7 (OoHn, (9)z2)])|

< CPs(L, R, r)et—vlt=tD 4 HajHAL(so) Pi(L, R)|t —t'|e” R+

ER,T

|E%‘P2(L, R)G—C(é—(QR—H)) (erlt—tll o 1) + CHalHAL(SO)ER,r P(?‘)eiCR—i—

2R — . /
C|=4| (% - C) e~ C(F=r—uvplt=t])
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(483)
< CP(L, R, r)e=SC==tD) 4 Py(L, R, r)[t — ¢'|?e~R + Py(L, R, r)e <(5-CRm) (e@lt*t’l - 1)

+ Py(L, R,r)e” " + P5(L, R,r)e <0 r—vnlt=¥D),

where in the last inequality, the P polynomials have absorbed the additional volume es-

0;H,,

timates from bounding ‘ and |Zg,|. All that remains to complete the proof is to

integrate the last inequality above weighted by W, (¢)W,(t') with respect to times ¢, up to

T'. Doing so yields the bound,

(484)
W2 Pu(L, R, 7)e SO~ 4 4||W||3T2 Py(L, R, 7)eF + ||W. || Ps(L, R, r)e_c(%_@R'”)_”T)

WS Pa(L, R 7)™ + W[ S P5 (L, R, r)e 0=,

To conclude, we introduce the L-dependence of the parameters R,r,7 and T. Let R =r =

vl = %, VT = v, T = 3—L2, and 7 = %. Then, letting any monomials in L be absorbed into

pre-existing polynomial prefactors, we obtain,

(185) | [Ri(0). alo))] B (G%(p))|| < IWlePL(L)e 2 4|, [ Po( L)~
+ WS Po(L)e M 4 W L Pa(L)e M
+ W2 Py(L)e M3 + O(L™)

(486) < O(L™™)

O

We are now in position to use this approximation to show that our definition of Hall
adiabatic curvature is ¢-independent in the thermodynamic limit. Recalling 430, we may

now write,

(487) ki(p) = i (B2 (GR(0))) + O(L™),
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and make use of the family of Hamiltonians HY (s) = Ha, (¢, (s — 1)¢) and their associated
quasi-adiabatic generators D(s). As a first step, we want to verify where the predominant

support of angL (s) is located in Ay, and specifically with reference to =g 7. By construction,

(488)
P p P p
YEAT: Jiend2p m=1 m=1 m=1 m=1
exp{(iq (ij+m_2jm> (1= s)p1+ (ka+m Zk ) (1—s)p >} X
Z O(Y, 1) g, o sy 61 1K

nefo,1312!

As done previously, we may divide these constituent interactions using the bulk strips Bg.
» 4 B%,l ©® B%,Q

The interactions in the second term above have a minimum distance of é— 2R —r from those
in Zg,, and from the assigned L-dependence of these parameters, this distance is linear in L.
Additionally, as previously described, the interactions in the first term either have diameters
larger than 2R or have at least one site that is a distance R away from a quadrant boundary.
Then, letting V'(s) denote the unitaries of quasi-adiabatic evolution generated by D(s). For

an arbitrary operator A € Ak, we may write,
1
(490)  VA(DAV(1) = A+i / ds V*(s) [D(s), A] V(s)
0

(491) =A+i /0 ds /R dt W (t)V*(s) [7 (0:HF (5)) , A] V(s).
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Focusing on the commutator in the integrand, letting A = Eégr (Gz(go)), we can use the

remarks above with Lieb-Robinson bounds to obtain,

(492) H |77 (0.H5, () E&:(G=(9))] H < PUL, R,r)e=F + Py(L, R, r)eS(5~@Rtrtolt))
(493) _ Pl(L)e—cL/16 +P2(L)€—C(5L/16—v\t|)'

Then, we bound the norm of the entire integral over ¢ by splitting the integral as before,

where one integral is over |t| < T = 7&. This then results in the following crucial estimate,

(494) i /0 ds V() [D(9). B2, (63(0)| V()| < O(L)

Then, noting that the action of the ground states @, and w,z, of Hy, () and Hy, (¢, 1)
respectively on A are related by @, 1(A) = w, (V*(1)AV (1)),

(195) @ (BRL, (G3(9))) = wou (V' (DB, (GZ(4) V(1)

(496) = WL (Eégf (GE(sO)))

Thus,

(497)

S (B2, (G3(9))) = wor (B2 (GR(9) )| < (L),

and the covariance of w, , and of G=(p) guarantee that this inequality is independent of (.

This completes the proof of Theorem 6.6. ([l

proof of Theorems 6.7 and 6.8. Now, moving on to the statement of quantization of Hall con-
ductance in the thermodynamic limit, the operator given by Eéfw ([f( 1, fQD is an element
of Az, ., which is a subalgebra of Af; by construction. Therefore, in the thermodynamic
limit, i.e. L — oo, this operator still remains in Az, . because the functions X, ; with v € Y7,
converge in L? norm to X,; the arguments used to prove Lemma 5.24 also establish that this

limit certainly exists within the CAR algebra. Moreover, the preceding proofs establish that
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[f(l, K2:| is a quasi-local operator that can be written as the limit of strictly frame-local

operators localized around the box =g. Thus, we have the following limits,

o o
(498) [Kh Kz] = thgo Bz,
(499) T = lim B2 ([i{l,f@]).

Consequently, similar to the lattice analogue (|8])

(500) [f(l, f(g} YT = [f(l, f(z} ~EL: <[K1 KQD +EA <[Kl KQD —

(501) H [f(l,f@] oy

<[5 se] e ([ e]) + Je, ([ ) -

(502) <O(F>®)+0 (L),

and this allows us to conclude the proof:

(503) lim |kz(p) — i@, (Y7)] <O (7).

L—o0
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Part 2. Studies of Effective Models for Correlated Electron Systems

7. FERMI-HUBBARD MODEL AND MULTI-LAYER MATERIALS

Onset of charge incompressibility and Mott gaps in the Honeycomb-Lattice
SU(4) Hubbard Model: Lessons for Twisted Bilayer Graphene systems *

Introduction: Recent years have seen increasing interest in the Fermionic Hubbard model
with more than two spin species [27, 50, 51, 53, 98, 107, 115, 125]. In cold atom plat-
forms, atoms can have internal degrees of freedom such as those associated with hyperfine
states. Contact interactions between atoms provide excellent realizations of local Hubbard
interaction U with SU(N) symmetry. Even in the solid state context, SU(4) symmetry can
arise for multi-orbital systems although full SU(4) symmetry generically requires fine-tuning
of parameters [63, 112]. A recent realization of systems with potential SU(4) symmetry
are Twisted Multilayer systems at magic angles with extremely narrow or nearly flat bands
[18, 57, 61, 114, 117, 121, 122, 123, 124, 126]. Flat bands can provide both strong correla-
tions and enhanced internal symmetry. While the low temperature phase behavior of these
systems clearly depend on the complex band structure and details which break SU(N) sym-
metry [121], a question of interest in this work is: What lessons can be drawn by comparison

with high temperature thermodynamics of a simple SU(N) Hubbard model?

Strong coupling expansions around the atomic limit provide a powerful formalism to cal-
culate temperature dependent properties of Hubbard models in the thermodynamic limit
[45, 78, 94, 95, 102]. These expansions can be developed at inverse temperature 5 and chem-
ical potential i in the grand canonical ensemble and for any set of hopping parameters. Each

term in the expansion depends on ft, the fugacity ¢ = exp{fu}, and the Hubbard U which

enters the expansions both in terms of w = exp{—pU} and 1/8U.

LCopyright 2022 American Physical Society. Based on the publication in Physical Review B: https://doi.
org/10.1103/PhysRevB.105.1241410 [1§]
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Here, we focus on the temperature dependence of the electronic compressibility and en-
tropy. As the temperature is lowered below U, at most densities the compressibility becomes
large while at integer densities, the system enters an incompressible Mott regime and the
compressibility goes to zero. At the same time, the entropy develops sharp cusps as a function
of density. The Mott gap can be obtained from studying the compressibility as a function

of temperature.

In the incompressible Mott regime, the strong coupling expansions can be recast as a high
temperature expansion for a spin model with SU(4) symmetry. The spin models at p = 1 and
p = 3 belong to the fundamental representation of SU(4) symmetry with four states per site.
The model at p = 2 has six states per site and can be mapped to one with SO(6) symmetry
[121]. The thermodynamic properties such as entropy and specific heat can be arranged
in terms of two dimensionless parameters: ($t?/U and t/U. At large U/t the system turns
into a Heisenberg model with J set by ¢?/U whereas additional ¢/U dependence reflects the
presence of various multi-spin and multi-site interactions [28, 70, 113]. Antiferromagnetic
ordering and correlations are captured by the $t?/U dependence whereas the ¢/U terms can

be used to study the breakdown of strong coupling expansions.

The manner in which incompressibility sets in with increase in [ at various densities, and
the shapes of chemical potential, inverse compressibility and entropy as a function of parti-
cle density carry potential lessons for magic angle graphene systems. While some features
resemble those observed experimentally [86, 88, 105, 111, 127], there are important differ-
ences, especially with respect to persistence of band features with temperature, which we

will discuss in this work.
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FIGURE 6. Chemical potential u versus inverse temperature 3 for p = 1 and
several values of U. Zeroth order and fourth order calculations are shown along
with an analytical asymptotic low temperature formula.

Model and Methods: The SU(4) Hubbard model is defined by a Hamiltonian H = Hy+V,

where the unperturbed part Hy is the on-site term:
(504) H, :UZM_“Z”'
0 i 9 i 19

with p the chemical potential and n; the total number operator on site . The perturbation
V' is the hopping term:

4

(505) V== ty» (Cl,Cia+hec),
‘?j

a=1
where the sum ¢, 7 runs over pairs of sites of a lattice and the sum over a runs over the 4

species of Fermions. In this work, we will consider the nearest-neighbor hopping model on
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honeycomb lattice. The unperturbed Hamiltonian has a particle-hole symmetry n; — 4 —n,,
@ — 3U — p. The hopping Hamiltonian changes sign under particle-hole symmetry. Thus
on a bipartite lattice where thermodynamic properties depend only on the absolute value of

the hopping parameter ¢, the system has particle hole symmetry.

Using the formalism of thermodynamic perturbation theory [15, 78, 94, 95, 102], the
logarithm of the grand partition function, per site, can be expanded as

1

(506) ¥

InZ=Inz+ Y Loz *(8t) Xa((, BU),

G
where N, is number of sites in a large lattice, zg is the single-site partition function
(507) 20 = 1 +4¢ + 6w + 4¢Cw® 4 b,

with ¢ = e®#, and the sum in Eq. 506 is over graphs denoted G. The graph G has s sites and
r bonds, and has Lattice Constant Lg. The weight-factor X¢((, SU) is the reduced weight
of the graph G for In Z [78].

The particle density (per site) can be obtained via the relation

(508) p= %%IHZ

This relation can be inverted to obtain ¢ or u as a function of p and 3, which then allows

one to obtain various properties at fixed particle density.

In Fig. 6 we show the chemical potential x as a function of temperature at particle density
p = 1 for different values of U. The solid lines are the calculation in the atomic limit (zeroth
order), the dashed line in the fourth order, and the dashed-dotted lines is the asymptotic
low temperature formula (? = #, discussed more in a later section. We can see that the
fourth order calculation lies between the zeroth order and the asymptotic expression. At
low temperatures it becomes difficult to precisely locate the chemical potential numerically

because the Mott plateaus have almost chemical potential independent density. Fortunately,
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FIGURE 7. Chemical potential ;1 versus density p for several U and 3 values.
As the temperature is lowered, the development of Mott behavior is indicated

by rapid changes in chemical potential at integer densities.

the analytical expression can be used there. The compressibility K, entropy S and specific

heat C are obtained from the relations

(509)

(510)

and,

(511)

s = —B(

K=

op

)
ou’ s’

C=T(:) .
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We have carried out the perturbation theory to eighth order. Up to fourth order, we
evaluate the full traces and our perturbation theory is complete. For much of the temperature
range studied, fourth order perturbation suffices and properties can be calculated accurately
for arbitrary densities. Starting with sixth order the number of trace terms becomes too
large to evaluate fully. In sixth order, we restrict trace calculations to at most 3 particles
per site and in eighth order we restrict to at most two-particles per site. This restricted
calculation is sufficient at lower temperatures (w — 0 limit), where we particularly need

higher orders, as discussed later.

U=8, 4" Order  U=20, 4% Order

5

40 40
B=0.1 A ! =01
30 — B=0.2 30 — B=0.2
22 os| RIS\
20 —— p=04 — B=04
10 — B=05 10 — B=05
— B=06 — B=0.6
0 . : : : : : 0 ; : : : : :
0 1 2 3 4 5 6 0 1 2 3 4 5 6

F1GURE 8. Inverse Compressibility versus p for U = 8 and 20 and several

values. Mott behavior is characterized by a sharp increase in inverse compress-

ibility.
Chemical potential, Compressibility and Entropy: Numerical results for chemical
potential p as a function of particle density p for various temperatures and U values are
shown in Fig. 7. We find that the results at all density are very well converged down to a
temperature of approximately 7'/t = 1.5. Below that temperature, the convergence away
from integer densities starts to break down. Hence, the plots are shown up to g = 0.6. At
and near integer densities, the convergence of the expansion is set by t2/U and hence they
remain convergent down to lower temperatures. The striking feature of the plot is the onset
of Mott behavior around T' = U/2 characterized by rapid rise in the chemical potential at in-

teger densities. The larger U system is deeper into the Mott phase and hence the changes in
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chemical potential are much sharper. Mott behavior can be seen even more clearly in Fig. 8,
where we show the inverse compressibility vs density. The Mott phase is characterized by
its incompressibility and hence the inverse compressibility shoots up and shows sharp spikes.

Note that the spikes are symmetric around the peak.

In Fig. 9, we show the entropy as a function of density. The onset of Mott behavior is
characterized by the development of a sharp cusp in the entropy with a minima at integer
densities. This is because at small deviation from integer densities and at temperatures much
larger than the exchange constant, the system maps on to the high temperature limit of the
t — J model [79, 81, 84, 95, 109]. At these temperatures, the motion of charge degrees of
freedom is incoherent and corresponds to a dilute gas with an entropy that varies as —d1In 4,

where ¢ is the deviation in density from integer filling.

U=8, 41" Order U=20, 4! Order

2.5 B=0.1 : g=0.1
20 — B=0.2 2.0 — B=0.2
) B=0.3 g=0.3
W 15 — B=0.4 1.5 —— B=0.4
1.0 — B=05 1.0 —— B=05
— B=06 — B=06
0.5 0.5
0.0 , ' . ; , . 0.0 . . ‘ . . .
0 1 2 3 4 5 6 0 1 2 3 4 5 6

FIGURE 9. Entropy as a function of density for several values of § and U =
8 and 20. As the system enters the strongly correlated regime sharp cusps
develop at integer densities.

The w — 0 limit: At low temperatures, w = exp{—/U} becomes exponentially small and
some terms dominate the expansion. At integer densities, the system is dominated by a
single occupancy value at each site. Away from integer densities, the system is dominated

by only two occupancy values. The remaining terms become exponentially small. To see
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this, and the range of ¢ or chemical potential u in each case, we consider the unperturbed

atomic limit. Particle density in the atomic limit is:
1

(512) po = —(4¢ + 12C%w + 12¢%w® + 4¢*w®)
<0

The cases p = 0 and p = 4 are trivial. We focus on remaining integer densities. Setting

p = 1 and dropping exponentially small terms one obtains:

(513) e= 1 o).

6w

This relation is exact at low temperatures for p = 1 provided the system remains in the Mott
phase, that is, U is not so small that there is a transition away from the insulating phase.

The single site partition function is also dominated by a single term

(514) 20 = 4C + O(Va).
Or,
(515) 3 - 1 +oWw)

For each graph, in the w — 0 limit, X4 is also dominated by only select terms. For a graph
with s sites, there is a zj factor in the denominator and the numerator has a maximum
power of (* without any double occupancy. Thus, only the (* terms survive in this limit.
In other words, graph by graph, only those terms survive which have exactly one particle at

every site in the unperturbed limit. Setting p = 2 in Eq. 512 we get
(516) =

This relation, which implies p = 3U/2, is exact by particle hole symmetry. The partition

function, up to terms which are relatively exponentially small, becomes:

(517) 2 = 6Cw.
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Or,

(518) ¢_ 1

zo 6w

Once again, contribution from each graph is dominated by terms that have exactly two
particles on every site. Other terms are relatively exponentially small.
Setting p = 3 in Eq. 512 and keeping only the exponentially largest terms we get (? =

_L_ The partition function, up to terms which are relatively exponentially small, becomes

6wd
20 = 4CCw3. Or,

¢? 1
519 = —
(519) 20 4w3

Once again, contribution from each graph is dominated by terms that have exactly three
particles on every site. Other terms are relatively exponentially small. At densities between
two integer densities, the fugacity takes values between two commensurate ones and each
site can have only one of two occupations. Thus, restricting trace calculations to terms with
up to 2 particles per site suffices to get the exponentially largest terms as long as particle
density is less than or equal to two. Furthermore, using particle-hole symmetry one can also
obtain properties at densities larger than two, so that all densities can still be accurately

obtained.

As w — 0, the expansions at integer densities turn into high temperature expansions for
a generalized spin model. We can rearrange this expansion in powers of # = (t?/U and

y=(t/U)% At p=1, In(Z/4) has expansion
4
2.250(1 — 5y + 15.81887y" — 429.6101y° +..)

16
(520) +2.81252%(1 — U+ 66.49491y° + ...)

+0.93752°(1 — 0.8y +...) — 0.00234375z* (1 + .. .)
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While at p = 2, In (Z/6) has expansion
32(1 — 1.833333y + 34.18148y> — 1227.889y° + .. .)
(521) +522(1 — 9.516667y + 182.3003y + ...

20 26
+ §x3(1 — 9.866667y +...) + 3x4(1 +..)

The y — 0 limit corresponds to the Heisenberg model and the properties only depend on
Bt2/U. As long as the expansions in t/U converge, the system remains an incompressible

Mott Insulator.

Series in y are too short to determine the location of metal-insulator transition. But,
taking the nth root of the absolute value of the coefficients of various y” terms suggest a
convergence radius in (¢/U)? of approximately 0.1 or U/t ~ 3 —4. Note that the critical U/t
need not be the same at different densities. Also, because the series in y are alternating, we
cannot rule out a much smaller critical U/t on the real axis. These results are consistent

with a previous study [126], which reported a critical U/t in the range of 2.5 to 3.

p=1 o P=2

14 U=4 — 16
P 12 — U=8 o~ 14
X — 2| X 1
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

B B

FIGURE 10. Effective Mott Gap defined as —dljﬁK, versus temperature for
p =1 and p = 2 for several values of U.

Determining the Mott gap: We define the effective Mott Gap from the behavior of

compressibility as K ~ exp{—A/T}. The effective Mott gap at inverse temperature J is
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defined as:

_dan
dg

(522) A =

Fig. 10 shows the effective Mott gap as a function of § for several U values. In finite
order of perturbation theory, at asymptotically low temperatures the Mott gap thus de-
fined can be shown to go back to U/2, the unperturbed value. The reason is simply that
exp{(—pU/2)}(Bt)™ goes to zero as n — co. Hence, keeping n finite, as § — oo all pertur-
bative terms vanish. In nth order, convergence should extend up to a 3 value that increases
as n. For our calculation, we thus need to stay at a low but finite temperature. We expect
the Mott gap to plateau close to the true answer before drifting back to the unperturbed
value as T' — 0. It is, however, difficult to precisely pin down the gap from the short series.
It seems apparent that the gap becomes small by U/t = 4. At smaller U, U-dependence of

the gap may take a concave shape so that a small gap may persist to much smaller U values.

p=1  p=2

0.6

0.5 U=4, 4* order 0.5 U=4, 4" order
—— U=8, 4% order 0.4 —— U=8, 4% order

0.4 —— U=12, 4" order —— U=12, 4" order
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FIGURE 11. Specific Heat (C) as a function of temperature for p = 1 and
p = 2 for several values of U. The leading order Heisenberg model results for
specific heat are shown as dotted lines.
Specific heat in the insulating phase: In Fig. 11 specific heat plots for p =1 and p =2
at various U values as a function of temperature are shown. The temperature axis has been

scaled by ?/U to match with the large-U exchange constant. The high temperature peak

in specific heat corresponds to the transition from temperatures of order U to a strongly
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correlated regime at T' << U. For U > 8, the entropy first plateaus at In4 and In6 for p = 1
and p = 2 respectively, corresponding to the high temperature limit of the spin model [95].
Subsequently, the entropy decreases with lowering of temperature showing the development
of spin correlations. The lower temperature rise of the specific heat is related to the devel-

opment of spin correlations in the system.

We have also shown in Fig. 11, the high temperature large-U limit of the spin models for
the specific heat. It is clear that the spin model captures the numerical variations in the

quantities for U > 8 quite well. But, there are significant corrections for U/t = 4.

Magic angle systems: In the Twisted Bilayer Graphene and similar systems near magic
angles the bandwidth and effective U have both been estimated to be of order 10 meV [111].
That means the hopping parameter t is of order 10K and U is of order 100K. Thus, our
calculations could be relevant above a temperature of a few K at integer densities and above

about 10K at all densities.

There have been several measurements of chemical potential, compressibility and entropy
as a function of density in these systems some going to temperatures up to 50K or higher
[86, 88, 105, 111, 127]. Some features of the experiments are clearly captured by the simple
Hubbard model. As temperature is lowered, there occurs a rapid rise in chemical potential at
characteristic densities and correspondingly the inverse compressibility shows sharp spikes.
However, there are key differences:

1. Mott behavior at 7" > 1.5¢ is only seen in our study at integer densities per site not at
integer densities per translational unit cell as seen in experiments. The latter would include
half integer densities per site, implying twice as many Mott plateaus.

2. The entropy is a minima at integer densities in our studies with sharp cusps, whereas

it is a maxima in experiments.
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3. No saw-tooth like asymmetry is seen in the inverse compressibility spikes [127], though

this maybe related to the particle hole symmetry in the nearest-neighbor hopping model.

Although our model has only nearest-neighbor hopping, results 1 and 2 above should be
valid even with more complex hoppings. At temperatures above ¢t and U not too small,
incompressibility in the Hubbard model only arises when it can be traced back to the atomic
limit, i.e., at integer density per site. Adding further neighbor Coulomb repulsion can cause
additional Mott plateaus at half-integer densities, but that would be related to charge density
order for which there is no experimental evidence. In fact, there is a band-based argument
for insulators at half integer densities. The band structure of the honeycomb system can be
regarded as two bands, one below the other in energy, joined together at the Dirac points
[127]. Thus, additional incompressibility at half integer density per site is related to integer

filling of one of the two bands.

Similarly, hopping of carriers will normally be incoherent at these high temperatures in
the Hubbard model and the mobile particle entropy will be that of an ideal gas, regardless
of hopping details. This is what causes the entropy function to be a minima at integer den-
sities and have sharp cusps. On the other hand, the kinetic entropy is presumably already
quenched even at these temperatures in experiments and the system has turned into a fermi

liquid.

We believe these differences point to an important property of magic angle flat-band sys-
tems, namely that these flat bands are derived from a much wider band and hence have a
much larger energy scale behind them and thus can persist over a larger temperature scale.
Persistence of low energy Dirac features to high temperatures has also been emphasized by

Zondiner et al [127].
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Discussions and Conclusions: We have studied finite temperature properties of the SU(4)
Hubbard model on the honeycomb lattice using strong coupling expansions. At integer den-
sities, when U is not too small, the system becomes an incompressible Mott Insulator. This
can be seen by examining the density versus chemical potential, which shows the devel-
opment of sharp plateaus. When this happens, the compressibility becomes exponentially
small and the entropy develops cusps at integer densities. The system can be mapped to a
spin model with only virtual charge fluctuations. These expansions converge extremely well
for U/t > 8 and possibly down to U/t &~ 3 — 4. Strong coupling expansion is particularly

useful in studying the temperature dependence of properties like compressibility and entropy.

For a more quantitative comparison with experiments on magic angle flat-band materials,
it may be useful to extend these studies to include more realistic band structures with many
hopping parameters. Furthermore, including smaller terms that break SU(N) symmetry
would allow one to study various symmetry breaking transitions in these systems. However,
our study suggests that some aspects of the physics of magic angle systems may not be

captured by considering a lattice Hubbard model of just the flat bands.
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8. UNCONVENTIONAL SUPERCONDUCTIVITY IN LANIGA,

Observation of a pronounced Hebel-Slichter peak in the spin-lattice relaxation

rate and implications for gap and pairing symmetry in LaNiGa, >

Superconductors that exhibit spontaneous magnetic fields are unusual because the most
energetically favorable state generally involves spin-singlet pairing between Cooper pairs of
opposite momentum electrons. Spin triplet pairing can emerge in rare cases, such as in the
well-known candidates UPts and UTey, where triplet pairing has been observed, and, in
case of UPt3 there is further evidence of a finite magnetization and time-reversal symme-
try breaking (TRSB) [83, 91]. TRSB has been recently observed via muon spin resonance
(uSR) experiments in the superconducting state of the topological crystalline superconductor
LaNiGay with T, = 2.1 K [34, 46]. This material has a non-symmorphic orthorhombic crys-
tal structure (C),.,) that gives rise to a non-trivial band topology with band-degeneracies
at the Fermi level [14, 80]. This degeneracy can give rise to multi-band superconductivity

involving both intra- and inter-band pairing.

It has been proposed that the condensate wavefunction may be described as an internally
antisymmetric, non-unitary, triplet (INT) state that is fully gapped with s-wave symmetry
in momentum space, antisymmetric in the band channel, and symmetric in spin space with
equal-spin triplet (S = 1) pairing [33]. In this case, there are two components to a supercon-
ducting pair wavefunction corresponding to either both spins up or both spins down [33, 110].
If the order parameter is non-unitary, there will be two distinct superconducting gaps with
different magnitudes, and the corresponding superfluid densities will also differ leading to
a finite internal magnetization. Support for this interpretation has emerged from specific
heat [110], penetration depth [32], and pSR [97] measurements in LaNiGay that revealed the

presence of two superconducting gaps. However, such measurements are mostly sensitive to

2Copyright 2026 American Physical Society. Based on the publication in Physical Review Letters: https:
//doi.org/10.1103/tsnb-1mxc [92]
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the density of states and cannot probe the spin structure of the superconducting condensate.

Zero field nuclear quadrupolar resonance (NQR) can shed light on the spins of Cooper
pairs because the spin lattice relaxation rate, T, ', of nuclear spins is driven by spin-flip
scattering with the Bogoliubov excitations. The Hebel-Slichter coherence peak is an in-
crease in T, ' below T, that arises due to a temperature-dependent build up of a sharp peak
in the density of states and the particular quantum mechanical superposition of holes and
electrons describing the excitations [6, 40, 41]. The coherence peak generally emerges in
conventional superconductors [60, 62, 71], but is suppressed, apart from extrinsic impurity
scattering, for several intrinsic reasons in unconventional superconductors. These include
an anisotropic gap that can suppress the peak in the density of states or a change in the

symmetry of the pair-wave functions and excitations that can alter coherence factors [19, 96].

Here we find that in an equal-spin pairing triplet state the peak can also be suppressed
by having two different gaps for different spin components. At lower temperatures, the
temperature dependence of T, ! reflects the superconducting gap, exhibiting either activated
behavior in superconductors with a full gap [29, 76], or power law behavior in unconventional
superconductors with nodes in the gap [25, 54]. Less is known about the behavior of 7, ! for
the INT state. In this case, there are four types of Bogoliubov excitations involving super-
positions of electrons and holes with parallel spins in different bands. Because they involve
parallel spins, one might expect spin-flip scattering by nuclear spins would be suppressed,
and that 7, ' may depend on the orientation of the d-vector that describes the triplet order

parameter [99, 100].

In this study we present '*La (I = 7/2) NQR 7, ' data in the superconducting state of
LaNiGay that exhibits a Hebel-Slichter coherence peak as well as activated behavior at low
temperatures. We show that a robust coherence peak can only emerge for the INT state if

the two gaps are equal in magnitude, with no TRSB. When the equal spin pairing axis is
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different from the nuclear quantization axis, a weak HS peak arises with TRSB with two
distinct gaps, but it is too weak to fit the data. Our experimental results are well described
by a two-band singlet model with different gap magnitudes consistent with the previously

reported heat capacity and penetration depth experiments.

To compute the superconducting gap and excitations, we ignore details of the band struc-
ture and consider two different Bogoliubov-de-Gennes (BdG) Hamiltonians of similar essence
with an isotropic gap, inspired by the INT model introduced in [34, 80]. These two models
differ in the pairing mechanism: the INT state (a) has equal-spin triplet pairing, whereas
the two-gap BCS model (b) has singlet pairing. Both have two bands with inter-band pair-
ing. The INT case (a) is antisymmetric in the band index with parallel spin, but with an
admixture of up-up and down-down which allows TRSB and two gaps. The BCS case (b)
is symmetric in the band index but is spin singlet. Both models still allow two gaps, and in
either case, the gap is assumed to be isotropic (i.e., the spatial wave-function is s-wave). We
are, thus, primarily exploring two gaps with the associated build-up of density of states and

the nature of coherence factors that come from different pairing symmetries.

We note that the triplet states of the INT model are very different from the BW (Balian-
Werthamer) [15] and ABM (Anderson-Brinkman-Morel) [2] states proposed for triplet super-
fluids and realized in the B and A phases of *He. In these cases there is no band structure,
and the anti-symmetry comes from real space wave-functions, which are k-dependent and
odd in k. In LaNiGay with Dy, point group symmetry, the allowed irreducible represen-
tations for a single-band spin triplet model with weak spin orbit coupling all show line or

surface nodes in the gap for spherical or cylindrical Fermi surfaces [3].

In order to model the spin lattice relaxation in LaNiGay, we assume that the La nu-
clear spins interact with the electron spins in two different bands via a contact hyperfine

interaction: Hp,, = AI - S(¢), where A is a hyperfine constant, I is the nuclear spin,
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S(g) =13, ot (¢)0swcis (¢) is the spin of an electron, and ¢l (¢) = cos(@)al, + sin(¢)bl
is a linear combination of creation operators for the two bands (aTks and bLs) with wavevector
k and spin s. This hyperfine interaction gives rise to scattering with more or less emphasis
on electrons from either band, relative to hyperfine coupling to each band. It is not possible
to determine these couplings a priori via band structure or experimental observations, thus

¢ is treated as a floating fit parameter.

We now introduce the two Bogoliubov-de-Gennes Hamiltonians inspired by the INT model,
which enforce symmetric and antisymmetric spin pairing respectively, before deriving the so-

lutions to these models, i.e. the low-energy band structure and quasi-particle excitations.

(a) INT Model: This particular model is defined by the BdG Hamiltonian: Hpue =
S U H (k) Wy, where
hok) A
(523) Hk) =] ,
AT —ho(k)

ho(k) = 15 ® (wy - kly + v - k7,) exhibits a Dirac dispersion with velocity parameters wy
and 7k as introduced in [80], the pairing potential A = (d-¢)io, ®i7, where o; and 7; are the
Pauli matrices associated with the electron spins and the a/b bands, respectively, d describes
the triplet gap parameter, and ¥, = (akT, bit, ax, iy, aT_kT, bT_kT, aT_ki, bT_M). In this model,
the dependence on k simplifies to dependence only on the component of k perpendicular to
the Fermi surface, as seen in the dispersion relation and subsequent coherence factor expres-
sions. It is also important to note that the analogous model in [34] features an additional 7,
term in ho(k) that introduces an inherent energy difference in the a and b bands. This has
been set to 0, and the 7, term, constant in [34], has been endowed with linear k dependence

to yield the aforementioned Dirac dispersion.
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Furthermore, the order parameter is non-unitary and the condensate has a finite spin
polarization q = 2id x d* [82]. We consider a few different choices of pairing vector d = Agn,
where 1 is a complex unit vector. These are (I) d, = %(T, i,0) where r is a real number
and q ~ 1752, (II) d. = (0,0, 1) with q = 0, (III) dy” = A¢(1 +icosb,,isinb,, 0)/v/2 with
q ~ sind,2, and (IV) dj° = Ay(0,isind,, 1 +icosb,)/v2 with q ~ sin6,2. 6, characterizes
the relative angle between the real and imaginary parts of d and the degree of non-unitarity.

In particular, this parameter gives rise to two possibly distinct gaps:

2
Yk .

524 A=A/l - — 1+ 0

(524) : (w) V1 [sind)

The first two cases correspond to the symmetry allowed irreducible representations for a
single-band with weak spin orbit coupling [3]. Here, by increasing r away from 0, the ef-
fect is to introduce TRSB with a nonzero w = i(n x m*). We will now work through the
derivation of the superconducting gap(s) and the eigenvectors of this Bogoliubov-de-Gennes

Hamiltonian.

Since the pairing vectors d of interest are in the  —y or y — 2z planes in C3, we parametrize
them more generally as d = (d,» + id,;, dy» +id,;,0) or d = (0,d,, +id,;,d,, +id,;). The
r and ¢ indices denote real and imaginary parts. With this choice, Hg4 can be diagonal in
the spin (o) subspace with respect to either the o, or the o, eigenbasis. Additionally, note

that with this choice, the pairing potential A can be written as (A,(¢) —iA;(0)) @7, where:

~ ~

(525) AT(O') = dej,igp — dym]lg; AZ(O') = dej,ro-p + dyﬂ;]lQ,

1 ifj=x,p==z
and j =z or z with ¢; = . Evidently, this pairing potential is diagonal.

-1 ifj=zp=x

From here, we work in the A ® 7 subspace, which gives us an effective 4 x 4 model. We

replace the operators A, (o) and A;(o) with their eigenvalues which we shall denote by
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djr+ = +cjdj; —dy, and 65+ = *+c;d;, + d,;, leading to:
(526) Heff(/{?) = U)]JC)\ X ]12 + "}/kk’)\z & T + 6]'7‘,:)‘96 (029 Ty + 5ji,i)\y X Ty.

Here, one can check that A, ® 7, commutes with Heg(k), so we now change basis from the

standard basis to one consisting of eigenvectors of A\, ® 7., which are of the form % ®
0
1 0 1
and \% ® . In changing basis, we obtain the following Hamiltonian,
+1 1 +1

which we shall denote by H(k), where the Pauli matrices also carry a tilde to emphasize the

basis change.

(527) H(k) = —ekA, @ To + wikly @ 7 + A, ® (857 — 0ji 72

(528) = F ekl + wpk?, £ 050 Ty F 0ji 1 Ta

Equation 528 reveals that our transformed Hamiltonian is now diagonal in the \ subspace,
which means that we can reduce to an effective 2 x 2 model in 7 space. We now rewrite 528

in a manner that suggests how to diagonalize the 2 x 2 system.

In the line above, we introduce the constant V.. = \/(wik)? + A2(1 + |w|). The + here dis-
tinguishes between spin up(-+) and spin down(—), and w = im x n*. This precise dependence
of A?(1+|w|) can be obtained by explicitly calculating the normalization factor V. from equa-
tion 529. The unit vector vy, takes the form vy, = Vii(:Féﬂi, +0;,. +, wpk). We now define
spherical coordinates 6, = arccos (“’V—’“:k> and @1 . = sgn(+d;, . ) arccos (%) In terms of
these angular parameters, the eigenvectors of 529 with energies Er . (k) = Fyk £ V. are

as written below.

(530) tee) =



(531) ey =| (%)

e'P++ sin (%)
1
To generate the eigenvectors of the initial 8 x 8 model, we first let |[+) = and |—) =

, and the color will denote these as eigenvectors of the A subspace (black) or the o
1

subspace (cyan).
(532) Teii); = |£) @ |£); ® [tess)

We use the notation here that the subscript j denotes |+) ; to be the eigenvectors of o
with j = x or z. We will now use these eigenvectors |T...) ; to express the Bogoliubov
quasi-particle creation and annihilation operators in terms of a and b electron creation and
annihilation operators, and we will drop the j subscript for brevity of notation. Letting

Up. = —e ¥+t gin (%) and v, = cos <%> be the so-called coherence factors (note the

switched convention compared to standard BCS Theory), we are able to derive the following

expressions:
(533) e = Uit (A — b ) — ulti(aiki + bik:)
(534) Bl = we (@ — bkt) + v (aly 01, )

One can check that these operators satisfy the fermionic anticommutation relations. Note
that the general form of these quasi-particle operators is close to the standard BCS form,
barring the presence of two bands A and B. However, the basis change we implemented
causes a and b electrons to mix, a consequence of the vk term in the Hamiltonian. The

electron operators may now be expressed in terms of the Bogoliubov operators:

(535) At = Uy ﬁik: + Vg o — Uy, Oéiki + vk Pir

(536) by = —u*_kioiki + U ki P — Ul*(:ﬁiki — Uk Qg t
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With these operator expressions, we now move on to computing the nuclear relaxation rate,
Ty ', with reference to the S* term of the Hyperfine Hamiltonian. In this calculation,
the nuclear wavefunction is approximated as constant, so calculating 7, * effectively involves
using Fermi’s Golden Rule to calculate scattering amplitudes associated with electron states.

Towards this end, we introduce the operator,

(537) Si10(6) = (cos(@)al, + sin(@)b], ) (cos(@)arer + sin(6) ).

)

This operator describes electron scattering from momentum k’ to k where spin is flipped,
and the parameter ¢ is introduced to allow us to vary the relative weight of a versus b
electrons in the scattering process. This angle is given by tan ¢ = 24,A;,/(A% + A?), where
A, are the hyperfine couplings to the two bands. As mentioned before, we invoke Fermi’s
Golden Rule and T} * involves calculating Do !(f|51tk,(gb)|z'> |2, where i and f are the initial
and final states of the scattering process which both correspond to states with only one
Bogoliubov quasi-particle present. Thus, we sum over initial states featuring an a4 or
a P+ excitation and final states featuring an aypy or a [y4 excitation. Before proceeding
however, we now need to acknowledge the role played by the choice of j = x or z. In the case
that j = z, we may directly write (537) in terms of 533 and 534. This lets us calculate the
scattering amplitudes directly, and this is presented in the next section. Remark again that
we will express the dependence of these expressions on k as dependence on its component

perpendicular to the Fermi surface, denoted as just k.

By direct computation, express the electron creation and annihilation operators in (537),

and then read off the scattering amplitudes to obtain,

(538) Asroal (B E) = vpopy (1 —sin(29))

Aajsat(k, K) = uigupy (1 + sin(2¢))

181



Aty (k k') = vopv_ps (1 + sin(29))
Agispr(k K) = ulgu_wy (1 - sin(2¢))
Aatopy(k, k) = vogyvps cos(26)
Aapr(k, ) = ulpuw cos(29)
Aptosal(k, K') = vgv_ps cos(29)

Agisar(k, k) = ujqu_p cos(29)

The next section outlines the differences imposed by the condition j = x.

The reason that the calculation of these scattering elements becomes trickier now is that
they involve transitions from up spin to down spin particles while our Bogoliubov quasipar-

ticles are labeled by S, eigenvalues. We make use of the relation:

1
(539) ht = —= (Cht + Ck,-)
N \/5 ) ’
1
(540) i = 75 (o — ) s

where the ¢, operator here can be either a; or b,. With this transformation, we can write

Sy (¢), but first note the forms of the operators Sy, and S .

GA) 55(0) = (cos(@)aly + sin(@)bl,)(cos(@)aw, + ()b,
{6 = 5 3 sleos(@)al, +sin()tL) (cos()aws + sin(@)bes),

s

where s = +1 denotes up/down spin. In this case where our natural spin basis is that of o,

we can express S,jk,(gb) in the following way.

1
(542) Siin1(0) = Siin(@) + 5 (S (9) = 55(9)
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= Spi(9) —iSY(9)

The notation for the S operators in the equation above is as follows. Those operators with
1\ | as a superscript involve spin matrices written in the usual z-basis. Those with +
in the superscript involve the exact same matrices, element-wise, except the "z-basis" here
actually corresponds to the xz-basis. Consequently, the scattering amplitudes associated with
S,:}j,\i(gb) can be calculated by considering scattering between a.. particles and (. particles.
Furthermore, we can use the same scattering amplitudes found in the previous section, except

the T—] scattering and vice versa will refer to + — — scattering and vice versa. With this

in mind, we have the following amplitudes that will contribute to our calculation of T} '.

(543) Ant o (kK = % (vkivk/i(l —sin(2¢)) — up up+(1 + sin(2¢)))
Aprspa(k k) = % (v_prv_wa (1 +sin(2¢)) — u* L u_po (1 — sin(29)))
Angpe(k k') = % 08(20) (u* o ups — V_prvp)

Apyor (kK = % 0s(29) (u}ziu_k/i — vkiv_k/i)

Ausoac (b, k) = 5 (i (14 5in(26)) — v (1 sin(26)

Ao Loy (kK % (Vg vw—(1 — sin(20)) — uj, uw—(1 + sin(2¢)))

Ay 5 ( % (u* j_u_ps+ (1 = sin(2¢)) — v_p_v_p4 (1 4 sin(29)))
As_ gy (kK % (v_psvp— (1 +sin(2¢)) — u* u_p_(1 — sin(2¢)))
Ay p— (kK % (u* o Uiy — V_f_U_ kur)

Aoy (kK % (v fet Ukt — uik+uk1_)

Agi ok E') = % (u Uiy — Vp_U_ k/+)

Assor (kK = % (Uk_;,_v o u,’;+u_k/_)

These amplitudes can be decomposed into two subsets of scattering processes: those which

preserve the x component of spin and those which flip this. The first four equations involve
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the processes that preserve spin, and these are in fact the same amplitudes that appear in
the calculation of ultrasonic attenuation for either orientation of d that we have considered.
The existence of spin-preserving, i.e. gap preserving, scattering is what distinguishes the

behavior of quasi-particle scattering when d has a component along the z-axis.
2-Gap Spin Singlet Model

In addition to explicitly solving the IN'T model, writing the Bogoliubov quasi-particle op-
erators, and calculating the scattering amplitudes required to obtain nuclear-spin relaxation
rate, we also consider a spin-singlet model in addition to the INT model, which promotes
triplet pairing. The pivotal question at the heart of this work is whether LaNiGay breaks
time reversal symmetry below its critical temperature, and one way for us to probe this is
by studying another effective 8 x8 model, inspired in form by the INT model, 523, where
singlet spin pairing occurs, which preserves time reversal symmetry. Explicitly, the effective
Bogoliubov-de-Gennes Hamiltonian is identical to equation 523 except for the off-diagonal

pairing potential which for this model we call A,. We define this to be,
(544) A = —0, ® Ag (cos(8,) 15 + sin(6,)7,) .

Here the parameter 6, is responsible for the existence of two distinct superconducting gaps

AL given by

(545) A:I: = Ao\/ 1+ sin(29b).

Similarly, this model can be solved to yield two species of spinful Bogoliubov excitations:

(546) Oz(ﬁ)k¢ = Uka(B) (akT + ka) + Uka(,B)(aT,ki + biki)

a(B)' 4, = —Uags) (@l i, £ 1)) + Via(s) (arr E bier),
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where uy, and vy, are determined from the diagonalization of the Hamiltonian. Aside from
the difference in spin-pairing, which is singlet in this case, the superconducting state will

feature inter-band pairing.
Nuclear-Spin Relaxation Rate

With these amplitudes in hand, we may now proceed to calculate the nuclear relaxation
rate using Fermi’s Golden Rule. Following the notes of Arovas and Wu, we sum over k, k’,

and spins s, s’ = 41 of the following (where s, s’ can correspond to either the z or x bases):

(547) Z |Aas’—>as(k7 k,)|2foz,k,s(1 - foc,k’,s’>5<Eoc,k’,s’ - Eoz,k,s - hw)—'—

b !
k.k’ s,s

| Ape—sps (k. K[ fones(1 — fages)0(Bppos — Egis — hw)

where f, ks and fgx s denote the Fermi-Dirac functions corresponding to alpha and beta
particles respectively with momentum k and spin s. This labeling convention is also used to
index the energies in the argument of the delta function. Note that the strongest enhance-
ment of relaxation rate will occur due to processes that do not require quasiparticles to hop
across the two gaps, i.e. the spin component is preserved. These are more energetically
favorable and are only possible if d is perpendicular to the x direction (see the first four
equations of Eq. 543). To introduce temperature dependence into the formation of a su-

2
perconducting gap, we let A(T) = Ag(T)y/1 — (l—’;) V1 =£ [sinb,|. Ao(T) has temperature

dependence given by the solution to the self-consistency equation for the singlet BCS Theory

gap,
513 A R—
0 Ve + A? NEZEINOHN

where A(0) is the T' = 0 value of the parameter such that 7. = 1. Ay(T) is then obtained

by scaling the solution to the equation above such that Ay(0) takes on any given value.
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We are now equipped to review the numerically calculated scattering amplitudes that yield
nuclear-spin relaxation rate and comment on their implications for the breaking of time re-

versal symmetry of superconducting LaNiGas.

We first consider fits to the INT model, shown in Fig. 12. In this case, the scattering rates
between the quasiparticles are dramatically suppressed if the two gaps have different values
because energy cannot be conserved in the process. The nuclear resonance frequency is set
to hwy /kpT, = 107 and 1075 in the cases of d, and dy, respectively, with no additional
broadening included. When the two gaps are equal, the model describes the peak very well.
However, this case is unitary and has no TRSB. When TRSB is introduced and the two gaps
are different, the results depend on whether the nuclear spin quantization axis is the same
as the equal-spin pairing axis. In the limit of weak spin-orbit coupling, the spin pairing axis
is unrelated to the crystallographic axes. If d lies in the xy plane, parallel to the nuclear
spin quantization axis, the spin-flip process has an immediate downturn in 75! and there is
no possibility of an HS peak. When the axis for equal spin pairing is away from the nuclear
quantization axis, that is, d lies in the yz plane, a weak HS peak arises due to certain scat-
tering processes that do not require crossing from one gap to the other; see [1]| for further
discussion. By making the nuclear frequency anomalously small Awy /kgT, = 10712 (0.04
Hz), the peak can be enhanced to fit the data well, as shown in the supplemental materials
[1]. However, this artificial enhancement of the peak is not credible as one expects other

forms of damping to reduce, rather than enhance the peak.

TABLE 1. Superconducting gap values measured in LaNiGas.

source Ay kT, Ay/kpT.
NQR singlet fit 1.41 1.95
NQR triplet fit (ds) 1.96 1.96
NQR triplet fit (d,) 1.8599  1.8601
NQR triplet fit (d,) 1.81 1.81
heat capacity [110] 1.29 2.04
susceptibility [32] 1.57 1.89
uSR [07] 1.3 2.7
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FIGURE 12. '%La T, versus inverse temperature in the superconducting
state of LaNiGay (with 7, = 1.83 K). The solid and dashed lines are cal-
culations as discussed in the text, and the gap values, (A, A) and nuclear
resonance frequency, wy, are given in units of kgT,.. The data are well fit by a
two-gap singlet-pairing model as well as by an INT triplet-pairing model with
two equal gaps, but not with the INT model with two different gaps. The
inset shows the unit cell of LaNiGas.

Figure 12 also shows fits to the singlet model, assuming that hwy /kpT, = 10~* and 1072
respectively. The quasi-particle scattering must conserve energy, which includes the Zeeman
(or quadrupolar) energy of the nuclear spin flip. The peak will diverge if this energy is ne-
glected and there is no impurity broadening, but will be gradually suppressed as this energy
difference between the initial and final quasi-particle energies is increased. There is a clear
coherence peak below T, but it is larger than the experimental data for hwy/kgT, = 1074
(dashed cyan line). The coherence peak is often modeled by introducing a broadening term
that tends to suppress the divergence [71]. A similar suppression can arise by assuming a

larger nuclear frequency, and the solid blue line is calculated assuming fiwy /kgT. = 1072,
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two orders of magnitude larger. This assumption suppresses the peak and the BCS case
clearly fits the data well. The fitted gap values at T' = 0, given in Table 1, are comparable
to those reported by previous heat capacity [110] and magnetic susceptibility measurements
[32], but somewhat closer to one another than those reported by recent puSR experiments
[97]. The saturation of the data at the lowest temperatures suggests small residual impurity
scattering. The parameter ¢ = 0.157 for the best fit indicates that the nuclear spins couple

to both bands, but one coupling is stronger than the other.

Overall, the robustness of the Hebel-Slichter peak in LaNiGay compared to other materials
suggests a conventional pairing. Note that the T, of our powder sample is reduced from that
of a single crystal, suggesting the presence of some non-magnetic disorder and /or distributed
strain induced by grinding. Although disorder generally suppresses the height of a HS peak,
it is unclear whether it can suppress the stability of an INT state in favor of conventional
s-wave pairing. However, the initial uSR study of TRSB was reported in a polycrystalline

sample, where T, was similarly suppressed.

In summary, the zero field NQR spin-lattice-relaxation rate data for LaNiGay are incon-
sistent with the INT model unless the two gaps are identical, in which case the state is
unitary and there is no TRSB. On the other hand, a two band BCS state with singlet pair-
ing describes the data well. This raises some doubts on the identification of triplet-pairing
and time-reversal symmetry breaking in this material. Neither scenario is consistent with
1SR measurements of TRSB. However, uSR measurements are close to the lower limit of
experimental detection and were conducted only on polycrystalline material. Further mea-
surements should be performed on single crystals, and other measurements, such as optical
Kerr rotation [91] should be done to confirm the presence of TRSB. Measurements of the
ultrasonic attenuation rate would provide further constraints on the pairing symmetry in

LaNiGay as that process involves a spin-independent relaxation and is complimentary to
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our NQR. NQR measurements of the Ga(2) site may also provide information about spin

fluctuation asymmetry in the superconducting state.
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Part 3. Conclusion

9. REVIEW AND DISCUSSION

Our exploration of interacting electron systems using both mathematically rigorous meth-
ods and numerical studies of effective models allowed us to probe fundamental features that
characterize three distinct electronic phases: interacting quantum Hall states, Mott insula-

tors, and unconventional superconductors.

The integer and fractional quantum Hall effect have shown the existence of one of the
most important examples of a topological phase of matter, one which is characterized by
an invariant quantity that is rigid under small enough perturbations. In condensed matter
physics, a very useful tool for proving stability is the existence of a Lieb-Robinson bound,
which implies a finite rate of information propagation where the rate can be with respect to
time or a tunable parameter in the system. Initial progress in computing these estimates take
place in quantum lattice systems, so in Section 2, we formally build the local Hilbert spaces
and algebras of observables and construct general Hamiltonians from bounded, local inter-
actions. Under precise conditions, for two operators A € Ay and B € Ay with X NY =0
one can then bound ||[A(¢), B] || by a function that decays in d(X,Y) —vt, where v is the so
called Lieb-Robinson velocity. This constant v is a limit on how fast information can travel

in the system as seen by the failure of A(¢) and B to (anti-)commute.

After reviewing the integer quantum Hall setting in Section 3, we second quantize the
associated single-particle Landau Hamiltonian with periodic potential and introduce a UV-
regularized pairwise interaction in Section 4, with inspiration drawn from works such as [31]
and [12]. This construction converts pointwise fermionic field operators to bounded, localized
elements of the fermionic CAR algebra, and crucially, the resulting interaction is bounded in
finite volume restrictions. Consequently in [47], we are able to prove Lieb-Robinson bounds

that imply quasi-locality via the inner product structure of the CAR algebra. In the absence
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of time evolution, if f,g € L*(R?), then {a(f),a*(g9)} = (f,¢g)1. With interacting finite
volume dynamics 7;*, one obtains bounds of the form |[{r*(a(f)),a*(9)}|| < G){|f!].|9]),
where f'(z) = [o. dy |f(z)le”*¥/ot where o, grows linearly in time. The inner product
(|f*],]g]) can thus be thought of as a "smeared" inner product, where f* still carries most
of its predominant weight in the same regions as f. Following this estimate, we then prove
strong continuity of the Heisenberg dynamics in the limit of infinite volume interactions, a
powerful result that affirms that the norms and supports of operators do not change drasti-

cally in very short time intervals.

In fact, such results can also be proven for dynamics where the time variable is a tun-
able parameter that lets one interpolate along a curve of Hamiltonians. For a family of
finite volume Hamiltonians H, (s) with a sufficiently smooth dependence on s and assumed
gapped ground state projections Py (s), the dynamics that map Py(s) to Pr(0) is generally
non-local. However, due to progress made by Hastings and Wen, [39], and Bachmann et al.
[11], it has been shown that there exists a procedure by which one can construct the spectral
flow dynamics o that satisfy the mapping of ground states, o*(Py(s)) = P5(0), and act as
quasi-local maps on the algebras of observables. In other words, they satisfy Lieb-Robinson
bounds, which in this setting imply a rigidity of local structure as a perturbation becomes
more noticeable. For quantum lattice systems with short range interactions, this locality
has been rigorously proved, and in Section 5, we overcome the challenges presented by the
continuum setting to construct these quasi-local dynamics o for interacting fermion models
using the framework of lattice-localized frames, [10]. Crucially, we also prove the existence

of the thermodynamic limit of these dynamics, with respect to volume in the frame lattice ©.

Having explicitly constructed and verified the properties of the spectral flow in continu-
ous space, we put these dynamics to use in Section 6, where we prove quantization of Hall
conductance for interacting fermions in a perpendicular magnetic field, both in finite and

infinite volume limits. Results of this form have been proved for gapped lattice systems,
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[38], [8], [9]- In this thesis, we adopt the strategy of Hastings and Michalakis in a toroidal
geometry, as done in [38] and [8], to achieve the objective. In particular, spectral flow pro-
vides a quasi-local dynamics for implementing flux insertion along intersecting edges of the
torus (where the torus is with respect to the frame lattice ©). This enables us to calculate
a non-trivial Hall curvature and prove its independence in fluxes ¢ along the torus and ex-
istence in the thermodynamic limit, in which the bulk is exactly represented by the Landau
Hamiltonian and a short-range pairwise interaction, [10]. In the setting of continuous space
interacting models, this result is a first of its kind and opens the door for more applications

of the quasi-adiabatic evolution introduced in Section 5.

The work up to this stage made use of rigorous mathematics to prove and make use of
the quasi-locality of Heisenberg dynamics, and the solubility of the Landau Hamiltonian is
conducive to the concrete results we were able to prove. For general models that aim to
describe real complex materials, exact solutions are extremely rare, which means that alter-
nate methods are required to probe the behaviors of such materials. In this case, we seek
approximations and effective models that can be studied numerically. The Fermi-Hubbard
model, while only solvable in one dimension, has been the focus of numerical studies in higher
dimensions through Monte-Carlo simulations, series expansion approximations, and more.
In our work outlined in Section 7 based on [48|, we make use of a strong coupling expansion,
where the kinetic energy hopping is treated perturbatively, to study the SU(4) Hubbard

model and probe the onset of Mott insulation in magic angle twisted bilayer graphene.

Notably, we observe peaks in inverse compressibility and cusps in entropy as functions of
carrier density at different temperatures and Hubbard constant, U. Our findings did uncover
limits to how well the Hubbard model could reproduce experimental data in graphene sys-
tems. For example, for sufficiently large temperatures, Mott behavior occurs at half integer
carrier densities per site in addition to integer densities, whereas our work only displayed

the integer densities. Furthermore, the inverse compressibility data we calculated did not
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possess asymmetry in the peaks as seen in measurements, e.g. [127]. Thus, while the strong
coupling expansion of the Hubbard model paved the way to uncover Mott insulation as seen
in a real material, to exactly match the more quantitative features of experimental measure-

ments, a more complex and refined model would be required.

In Section 8, this thesis studies the superconducting phase of the compound LaNiGas. Its
electron pairing mechanism is purported to be triplet in spin space based on experimental
work that shows the existence of a non-trivial internal magnetization, e.g. as presented by
Hillier et al. [46], meaning a preference in spin orientation by the electron pairs. However,
in collaboration with Sherpa et al. [92]|, we present the existence of a Hebel-Slichter peak:
a sudden rise in nuclear-spin relaxation rate below the critical temperature. This can be
seen as en enhancement in spin-flip scattering of electrons due to a divergence in the elec-
tronic density of states, which occurs as the superconducting gap opens. Importantly, this
phenomenon is predicted by BCS theory, where opposite spins form singlet Cooper pairs.
Therefore, with competing evidence supporting triplet and singlet pairing, we investigate
two effective Bogoliubov-de-Gennes Hamiltonians featuring triplet/singlet spin pairing and
singlet /triplet band pairing respectively to preserve overall antisymmetry required by the
Cooper pair wavefunction. From these models, we compute the Bogoliubov quasi-particle
operators and coherence factors and use this to calculate the scattering amplitude associated
with S*-mediated spin flip of an electron with momentum &’ to momentum k. Our theoreti-
cal fits reveal that a singlet pairing mechanism best fits the observation of a HS peak coupled

with two distinct superconducting gaps, in opposition with certain experimental findings.

Moving forward, there are a number of open questions that the results of this dissertation
pose ahead of future work. The continuum construction of the spectral low made use of
a discretization of the space of functions used to generate fermionic observables in A(H,)
or the union over finitely many Landau levels of these algebras. This discretization is in-

trinsically linked to real space and we can therefore define locality via this lattice. Proving
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quantization of Hall conductance is one application that was made feasible, and one can

wonder what more can be done?

In the detailed work of Nachtergaele, Sims and Young, [75], the authors rigorously show
how the spectral flow dynamics play a pivotal role in proving stability of the spectral gap
for a family of Hamiltonians. In particular, if an initial Hamiltonian H(s = 0) has a gap e
between its ground state and first excited state, can one prove that there exists an upper
bound s, on how large the perturbation parameter s can become before the ground state
gap closes. For two variants of the AKLT spin chain, this procedure has been used to prove

gap stability, [116].

The models we consider in sections 3-6 start from the Landau Hamiltonian in the single-
particle picture, which inherently has gapped eigenvalues. Concretely, one can consider a
system consisting of a filled lowest Landau level, i.e. chemical potential in the gap between
the lowest two Landau levels. From this ground state, excitations take the form of particle-
like excitations in higher Landau levels or hole-like excitations in the lowest level. Since these
carry nonzero energy, the ground state is necessarily gapped, which is representative of the
integer quantum Hall setting. Two body interactions are introduced as a perturbation of the
initial model, lending to an intermediate regime between integer and fractional quantum Hall
states. Thus, a worthy goal would be to prove that the gap in the spectrum away from the

occupied lowest Landau level state is stable under perturbation by the pairwise interaction.

As a more technical point, the charge operators used to build the automorphisms of flux in-
sertion over A(L?*(V)) were defined by spatial number operators N associated with subsets
X C V, and not X C ©p, i.e. the lattice of centers of localized functions. The interac-
tions transformed by these maps, while still bounded elements of A(L?*(R?)) are no longer
tied to the original Landau level subspaces H,. This is not surprising because whether we

consider functions Xy, with 8 € © or some finite open boundary subset, or the magnetically
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periodized X}, continuity and differentiability within R? or V, is inherent to elements in the
spans of XgL). Thus, while the charge operators Q) x = qN x count fermion occupation in the
region X and mutually commute, meaning [Qx,Qy] = 0V X, Y C R?, this counting is not
local to an individual Landau level. This obstruction is a key consequence of Landau level
physics, where the existence of an exponentially localized orthonormal basis is forbidden,
[22]. Therefore, there may not exist a number operator that respects both locality and the
spectral subspaces of the underlying Hamiltonian; nonetheless, it would be worth exploring

the conditions under which such an operator is admissible.

Additionally, strongly correlated electron systems continue to be the subject of significant
research as physicists seek to better understand the conditions that give rise to phases such
as Mott insulation, unconventional superconductivity, heavy fermion Kondo behavior, and
more. The Fermi-Hubbard model has yielded significant progress in understanding behaviors
such as high temperature superconductivity in the family of cuprate materials, [90]. Thus,
it will be worthwhile to continue studying this model and its variants and develop more

effective methods for doing so, such as series expansions and Monte-Carlo algorithms.

Lastly, our experimental observation of a Hebel-Slichter peak in conjunction with theoret-
ical predictions of this phenomenon raise doubts about the nature of time reversal symmetry
breaking /preservation in superconducting LaNiGay. Consequently, there is lots of room to
pursue further experimental and theoretical investigations of the superconducting state of
this material. Most importantly, additional measurements of the existence of an internal
magnetization would contribute substantial evidence towards either triplet (nonzero magne-

tization) or singlet (zero magnetization) spin pairing.

Moreover, in [92|, we discuss nuclear-spin relaxation rate, but there are other measure-
ments that could shed light on the superconducting mechanism. Ultrasonic attenuation is

a quantity that can be calculated using the same general procedure as relaxation rate, as
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detailed in [104] in the context of BCS theory. For the time-reversal symmetric Uranium
ditelluride, considered to be a spin-triplet superconductor, an enhancement in ultrasonic
attenuation below critical temperature has been observed, [55], in contrast with a contin-
uous decrease as seen for BCS materials. Therefore, exploring the behavior of ultrasonic
attenuation in LaNiGay could provide some additional answers regarding the pairing mech-

anism and presence or lack thereof of time reversal symmetry below the critical temperature.

From a theoretical standpoint, the INT model is elementary in certain aspects as it does not
fully capture the full topological landscape of the five intersecting Fermi surfaces that have
been detected in LaNiGay, [13]. Constructing a more complex model might uncover certain
features undetectable by the INT model, so long as it is not too contrived or unsolvable by

analytic and numerical methods.
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A. APPENDIX

What follows are some initial steps in the proof of Theorem 4.6. This calculation picks up

from equation (125).

(549) In ({ki}?:h yv JZ) = e_itHL H le,tj (eikjlx)\ljg (ZL‘)

j=1
By Lemma 4.7, this yields,

n

n _ _—itH kj-by. (t; ) ikj-x o
(550) T, ({ki}icy, y,2) = e LHBQB E lek 15 ¥y

j=1
To proceed, we invoke Lemma 4.8 with the aim of moving all of the T~ operators rightwards
so that they act consecutively on W7 (x). The result of moving n — 1 magnetic translation
ikj-x

operators past operators of the form e is summarized in the next lemma.

Lemma A.1. The following equality holds.

i . n—1
He2Bk bk Zk le — 2B Z?::l k]'bk (t )6 B Z] 1 Zz_]+1k bkl(tl) ZZ; 1kjz 1_[711
50k (t5) br ()

Proof. This proof shall be done via induction. As the n = 1 iteration of the left side of the
equality above is just the term itself, we begin with the n = 2 form of the expression and

show that the right side is correct.

2
kbkt)zk:c— _ kb(t)zka:— k:b(t)zkx—
He2B L = eamhe e (12) gibe lek2(t2)623 eI
o (kg by (t2)+]€1 by (t1)) Zkgx — ik1-x
623 2 1 T1 ka(tz)e %bkl(tl)
By Lemma 4.8, one may swap 7', and e1? at the cost of the additional phase

biy (t2)

e~ R (12)  Therefore, the right side can be written as follows.

2
H eékj'bkj (tj)eikj.mTlf _ e%(kQ’ka (t2)+k1.bk1 (tl)) (k1+k2) T —*kl ka (t2)T T;
n i, (t5) Lbpa(t2)” Lbi, (t1)
J

2
623 X b (1 e~ B Z5m1 Ty byrbia () ZZ] a -HIT}lgbkj(tj)
j:
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Thus the first step of the proof is complete. Now, we assume that the statement of the
lemma is true for some n. Consider the (n + 1)-fold product of these phases and factors.

n+1

o) 62Bkn+1 bk, g1 (tnt1) gikn1-zrp—

B0k, (tnt1)
J=1

He%kab (t; ) ik;j-wrp—

lbk (t5)

Now we use our assumption that the n-fold product satisfies the lemma.
n+1

Hezzgk bk (t) ik; =

n _ 623 k10, g (bnt1) gikn g 12— 6253 > kebry (t5) «
50k, (t5)

i bkn+1 (tn+1)
j=1

o IS S ey (8) i S Ky IHT

1 bk t])

+1 ; - .
62]3 Zn k; bk (t )67% 27:11 21 Kby, (tl)elk"‘*l’x

— ’LZ kj-x
Tl bkn+1(tn+1) = HTl bk ;)

7j=1
As before, using Lemma 4.8 one finds that the lone magnetic translation can be swapped
with e?2i=1%"7 at the cost of the phase e™ & 5 5 Ky bh g (1) — o= (bt 2Siod Ay ) by () | I

we combine this factor with the second phase in the equality above, we obtain,

e é Y 41 Kj-br (tl)e B(kn+2n 1 kj ) Oy (Bnt1) — 6_%( ;Lz_ll Z?:jl-‘—l kj-br (tl)+k”'bkn+1(t”+1))

i 1
= @_é Z?:I Z?:Jrj-u kj-br, (t1)

Hence, by combining e**»+1'* with ¢’ =1k and absorbing 7', into the product of

1 bkn+1 (tn+1)

magnetic translations, we prove the desired result. [l

We then continue by collecting all the complex phases with no position dependence and
inserting the identity before the product of translations using e?#re=#Hr to obtain the next

equality.

In _ 6%2?:1 kj’bk (t;) _72? L Jk bkl(tl) - (eiZ?:1 kjm)e—z‘tHL HTl_b (t \I’Z
Lby (¢
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— 35 =1 kitbr; () o5 S kb (<) g S5y S0 b (1) i Sy K xT_b Ky (—t)
BOTp k(7

n
- —itH o
T e HtHL
H Bk, () Y
Jj=1

— o35 Xk (b (49)+bu (=) o= S5y ST b (1) i S5y Ryap—
B X by (=)

—itHp \1,0
H g Bbk; (t5) € ‘ljy

The second and third equalities involve the application of lemmas 4.7 and 4.8 respectively.
To take the absolute value of Z,,, we prove one more lemma that relates magnetic translations

and standard translations. Denote by S, a the unitary operator which translates a function

in L*(R?) by z € R%
Lemma A.2. For all finite sets {ai,as,...an} € R?, the following equality holds for any
U e [2(R?),
HTi Ca(2) S, 0,0 (2),
where C,(z) € C and |C,| = 1.

Proof. We complete this proof via induction. In the case n = 1, the statement directly
follows from the definition of Ti. Hence, assume the equality is true for some n < N — 1.

Then,

n+1

[[rEwe) =12, T 150(2)

i=1 i=1

= T;ELHCn(z)SZ;;I ;¥ (2)

— A0S, ()50 V)
= eFlan14@)C (5 — (1) Sy, W(2)

== CnJrl (Z)SZZL:II a; \I/(Z)
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In the second equality, we use the assumption on the n-fold product of magnetic translations
to simplify that term. Then using the definition of T(jF) in terms of S(.), we obtain the desired
result noting that a translated complex phase remains a complex number with absolute value
equal to 1, where C,,1(z) is introduced to absorb any additional phases picked up in the

calculation. ]

Using this lemma, we now take the absolute value of Z,,, which gives,
an it kjrmp— — + —itH; o
G50 TR = ST T T e

T Pyt g S i ()b (1) ‘e

The translation T, y+ is moved past e *HL due to these operators commuting. Using our
calculation of ‘e‘”HL 7|, we arrive at equation (126), where the proof of Theorem 4.6 re-

sumes.
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