UC Riverside
UC Riverside Electronic Theses and Dissertations

Title
Robust and Optimum Fractional Factorial Designs

Permalink
https://escholarship.org/uc/item/45m36960

Author
Huang, fu ze

Publication Date
2010

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/45m36960
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA
RIVERSIDE

Robust and Optimum Fractional Factorial Designs

A Dissertation submitted in partial satisfaction
of the requirements for the degree of

Doctor of Philosophy
in
Applied Statistics
by
Fu ze Huang

August 2010

Dissertation Committee:
Dr. Subir Ghosh, Chairperson
Dr. Bajis Dodin
Dr. Jun Li



Copyright by
Fu ze Huang
2010



The Dissertation of Fu ze Huang is approved:

Committee Chairperson

University of California, Riverside



ACKNOWLEDGMENTS

I would like to take this opportunity to express my profound gratitude for the peo-
ple who have supported and encouraged me through the years. I am greatly indebted
to my advisor Dr. Subir Ghosh for his continual support and guidance. He is not
only insightful but one of the kindest person I met. It is a honor to be his student. I
would like to thank Dr. Jun Li and Dr. Bajis Dodin for taking the time to be on my
dissertation committee and providing valuable comments.

I would like to thank the department of statistics for supporting me through pro-
gram. A special thanks to Dr. Barry C. Arnold, Dr. Daniel Jeske, Dr. Linda Penas,
Paula Lemire, Perla Fabelo for their support. I have met many intelligent and kind
people in the program and I would like to thank Jose Sanchez, Hiya Banerjee and
Analisa Flores for their friendship.

I would like to thank my family for their love and support through the years. Thank
you to my cousins Mary Wong, Judy Wong and Dr. Paul Huang. Thank you to my
wonderful brother Steve Huang and my brilliant sister Dr. Lisa L. Huang. I would like
to thank Estrella Nieto for her love and generosity. I would like to thank my dear uncle
Gin Wong and my aunt Linda Wong for bringing our entire family to this country.
Finally, T would like to thank my wonderful parents for their unconditional love and

countless sacrifices. They are my inspiration.

v



ABSTRACT OF THE DISSERTATION
Robust and Optimum Fractional Factorial Designs
by
Fu ze Huang

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, August 2010
Dr. Subir Ghosh, Chairperson

This thesis is devoted to the study of robust and optimum fractional factorial de-
signs. We consider models that contain the general mean, main effects, and k two-factor
interactions for 2™ fractional factorial experiments. We define S; to be the set of all
(1 xm) vectors, with elements 1 and —1 of weight ¢, where the weight of a vector is the
number of nonzero elements in it. We present the robustness property of two classes of
designs D = {5y, S1, Sm—1,Sm} and Dy = {So, S1,Se, S} with respect to any ¢ runs
as well as a specific set of ¢ runs in the sense that the full estimation capacity of the
designs remain when we delete any ¢ runs as well as specific ¢ runs from the designs
D and D;. The number of runs are (2 +m) and (2 + m + (7)) in designs D and D,
respectively.

We introduce a general structure M for the information matrices of a class of mod-
els possibly describing the data from a fractional factorial experiment with m factors
each at two levels and n runs. We characterize all the eigenvalues and eigenvectors
for such matrices M. For m = 4 we establish the robustness property of the design
D7 = {Sp, S1,S3}. The runs of D; are contained in design D when m = 4. We show
all the information matrices from design D7 and designs obtained from D; by deleting
some runs are special cases of M.

Let Ds be the class of designs with n runs for estimating the main effects only and
let Fz be the class of foldover designs with 2n runs, n runs from 7" € Dg and another

n runs from —7, having full estimation capacity for k = 1. We prove that if T* € Ds



is F-optimum, then (_T;*) is optimum design with respect to AMCR and GMCR in

’

1T+ X]_T*

€ Fz. Furthermore, if T is D- and A- optimum with a special structure for X

we prove (T* ) is GD, AD, GT, and AT optimal in F5.

—T*
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Chapter 1

Introduction

1.1 Factorial Experiments

Experiments are often performed by investigators across a variety of fields to deter-
mine the dependence response on one or more treatment factors. Experimental design
is important for collecting meaningful data in drawing efficient inferences from the data.
One important situation where experimental designs are widely used is a factorial ex-
periment. A factorial experiment consists of a number of factors with each factor having
several levels. In a full factorial experiment all the combinations of levels of the factors
are investigated. Many leading statisticians have contributed to the construction and
analysis of factorial experiments. Sir R.A. Fisher(1926) argued that factorial designs
were more efficient than studying one factor at a time. In the Rothamsted experimental
station R.A. Fisher and F. Yates used factorial designs in agricultural and biological
experiments and contributed significantly to the analysis of experiments, including fac-
torial experiments. Subsequently factorial experiments were used and studied by R.C.
Bose, G.E.P. Box, J.P. Burman, O. Kempthorne, R.L. Plackett, C.R. Rao, G. Taguchi,
W.J. Youden, and many others.

Factorial experiments allow us to study the main effects of each factor as well as
the interactions of factors on the response. The main effect of a factorial experiment

is defined to be the change in the response produced by the change in the levels of the



factors. Interactions between factors are present when the change in response between
the levels of one factor is not the same at all levels of the other factors. Factorial
designs have a major advantage over the one-factor-at-a-time strategy that was used
extensively in practice. In an one-factor-at-a-time strategy experimenters fail to con-
sider any possible interactions between factors. Ignoring an interaction which is large,
introduces “bias” in the inference on the main effects. When interactions between fac-

tors are present we must examine the effects of a factor at different levels of other factors.

Example 1.1

In practice we often encounter factorial experiments that involve several factors
with each factor at two levels. This is referred to as a 2™ factorial experiment, where
m is the number of factors. The levels are usually coded as 1 and -1 in the design
and they represent the high and low levels of each factor respectively. To illustrate, we
consider a 24 factorial experiment(Montgomery 2001) where an engineer wants to study
the effect of four factors on the surface roughness of a machined part. The factors (and
their levels) are A = tool angle (12,15°), B = cutting fluid viscosity (300, 400), C' =
feed rate 910, 15 in/min), and D = cutting fluid cooler used (no, yes). The data from

this experiment (with the factors coded to the usual 1, -1 levels) are shown in Table 1.1.



Table 1.1: 2* Factorial experiment

Factors Treatment Surface
Run A B C D Combinations Roughness

1 -1 -1 -1 -1 (1) 0.00340
2 1 -1 -1 -1 a 0.00362
3 -1 1 -1 -1 b 0.00301
4 1 1 -1 -1 ab 0.00182
5 -1 -1 1 -1 c 0.00280
6 1 -1 1 -1 ac 0.00290
7 -11 1 -1 bc 0.00252
8 1 1 1 -1 abc 0.00160

9 -1 -1 -1 1 d 0.00336
10 1 -1 -1 1 ad 0.00344
1 -1 1 -1 1 bd 0.00308
12 1 1 -1 1 abd 0.00184
13 -1 -1 1 1 cd 0.00269
14 1 -1 1 1 acd 0.00284
15 -1 1 1 1 bed 0.00253
16 11 1 1 abed 0.00163

The goal of this factorial experiment is to study the effect of each factor as well as
the interaction effects on surface roughness. If all the interaction effects are zero and
suppose main effect B cutting fluid viscosity is not zero, then changing the level from
low to high of factor B has an effect on the surface roughness. Now if the interaction
AB is not zero, then it would be erroneous to just examine the main effects A and B.

We must examine the effects of factor A at different levels of factors B and vise versa.

1.2 Fractional Factorial Experiment

In a full factorial experiment, all main effects as well as all the interactions can be
estimated. However, the number of runs needed for a full factorial experiment increase

dramatically with the number of factors and levels. For example, when we consider a



full 28 factorial experiment the number of runs required is 256. In practice it is often not
possible to run such a large experiment. In many experimental settings, experimenters
can reasonably assume that higher order interactions are negligible and thus are able
to estimate the main effects and lower order interactions with only a fraction of the
total number of runs needed in a full factorial experiment.

In a fractional factorial experiment, a fraction of all possible runs is chosen in such
a way that the desired inferences can be drawn effectively. We can have fractional
factorial design with one-fourth fraction of all the runs for 2% experiment. The number
of runs becomes 64 which is a fraction of the 256 total runs. Assuming three or higher
order interactions to be zero, a fraction of runs may permit us to estimate the general
mean, main effects and two order factor interactions. In general the treatments to be
included in the experiment are determined by the assumption of which factorial effects
are zero and which are nonzero. We would like to unbiasedly estimate the nonzero

factorial effects and thus we need to choose a set of runs that can achieve this goal.

1.3 Resolution of a Fractional Factorial Experiment

Design resolution for a fractional factorial experiment was introduced and investi-
gated in Box and Hunter(1961). The Resolution III, TV, and V plans are widely used
in practice. Resolution III plans permit us to unbiasedly estimate the general mean
and main effect under the assumption that two-factor and higher order interactions
are zero. Resolution IV plans allow us to estimate the general mean and main effects
in the presence of two-factor interactions under the assumption that three-factor and
higher order interactions are zero. Resolution V plans permit us to unbiasedly estimate
the general mean, main effect and two-factor interactions under the assumption that

three-factor and higher order interactions are zero.



1.4 Thesis Outline

Model identification and discrimination is fundamental in statistics. At the plan-
ning stage, the experimenter does not know which model is the best model. The
experimenter may have some feelings that a set of models may be appropriate. But
from this set the experimenter does not know which model is the best model at the
planning stage. Since the experimenter does not know which is the best model then
it is important that we determine the class of designs that can unbiasedly estimate all
the parameters in the set of models. Furthermore we would like to determine the best
design within the class that can unbiasedly estimate all the parameters in the set of
models.

In Chapter 2, we discuss linear models for full factorial experiment as well as frac-
tional factorial experiments. We also discuss D-, A- and E- optimality under the or-
dinary linear models. In Chapter 3, we discuss search design and search linear model.
We discuss the optimality criterion functions for search linear models. In Chapter 4,
we review an important theorem on robustness of designs against incomplete data. For
nested fractional factorial designs we present the structure of a matrix whose rows are
orthogonal to the columns of the design matrix X. In Chapter 5, we determine the
robustness property of design D = {Sy, S1, Sm_1, Sm} With respect to any ¢ runs as well
as a specific set of ¢ runs, where S; consists of all runs with () -1 and (m — i) +1. In
Chapter 6, we present the robustness property of design Dy = {Sy, S1, S2, Sy} with re-
spect to any t runs as well as a specific set of ¢ runs. In Chapter 7, we present a general
structure M for the information matrices of a class of models possibly describing the
data from a fractional factorial experiment with m factors each at two levels and n runs,
where n < 2™. We characterize all the eigenvalues for such matrices M. In Chapter
8, for a class of matrices we determine the relation between minimum eigenvalue of

a matrix in the class and the minimum eigenvalues of its principal sub-matrices. We



study the optimality of foldover designs obtained from a main effects plan that are op-
timum w.r.t. one or more of A-, D-, and E- optimality criterion functions. In Chapter
9, we obtain optimum designs for two sub-classes of foldover designs. In Chapter 10,
we present optimum fractional factorial designs for m = 4. The numbers of runs we
consider are n = 6, 7, 8, 9, 10, 11 and 12. The values of k£ the number of two-factor
interactions are 1, 2, 3, 4, 5 and 6. We discuss hierarchical designs. For n = 10, we
obtain non-isomorphic classes for designs with full estimation capacity for k = 1,2, 3,4

and 5.



Chapter 2

Ordinary Linear Model

2.0 Summary

In this chapter we discuss the ordinary linear model and least squares estimators for
the parameters in this linear model. We present the linear model for the full 2™ factorial
experiment as well as models for fractional factorial experiments. We also discuss the

optimality under these modes with three widely used D-, A- and E- optimality criteria.

2.1 Ordinary Linear Model

In many experimental settings, investigators would like to know the dependence of
the response variable on a set of controllable factors. Consider example 1.1, the engineer
may want to find the relationship between response variable, surface roughness and
the four factors: tool angle, cutting fluid viscosity, feed rate, and cutting fluid cooler
used. We can study the relationship between the response variable and the factors
by considering an appropriate model. There are many types of models that we may
consider. In this chapter we discuss the ordinary linear model, which is linear in the

model parameters.



We consider the linear model

E(y;) = Bo + Bizin + Patin . .. + BpTip, 1=1,...,n,
Cov(y;,y;) = o® fori=j, (2.1)
=0 fori#j,
where y; is the ' observation, {f,1,...,/3,} are the unknown /3 parameters and
x; = (T, T, - .., Tip) is the vector of known values depending on the levels of factors.
We can express (2.1) in matrix form
E(y) = XB, (22)
Var(y) = o1,

where y’ = (y1, ..., y,) is response vector, B = (0o, (1, - -

B parameters, X (,x(pi1)) = (JyT1,-- -, Tn), J = (1,. ..,

matrix.

2.2 Least Squares Estimator

., Bp) is the vector of unknown

1)" and I is the (n xn) identity

In this section we consider the least square estimator for the unknown vector of

parameters 3 in (2.2). The least squares estimator is the best linear unbiased estimator

in the class of linear unbiased estimators. We denote B the least squares estimator of

B. In the least squares setting we minimize

S(B) =(y — XB)'(y — XB)



with respect to B, thus
B = sugmin 5(8) = (v — XB)'(y — XB). (2.4)
If the determinant of the X’X matrix is not zero then
B=(X'X)"'X"y. (2.5)

Since B is a linear combination of the elements of the response vector y then we obtain

its variance-covariance matrix. The variance-covariance matrix for B is
Var(B) = Var((X'X) ' X'y)) = o*(X'X)"". (2.6)

Since 02 in (2.6) is unknown we present two estimators for 0. The unbiased estimator
for 02 is
9 1

s° = m[y'(I - X(X'X)7'X")y]. (2.7)

Under the normality assumption for the response, the maximum likelihood estimator
for o? is

— 1
&2:71 (p+ >52.

- (2.8)

We routinely examine the residual plots as well as the adjusted R? to check for
model adequacy. If more than one model seems appropriate then we can selected the
best model using model selection criteria such as Akaike’s information criterion(AIC)
or Bayesian information criterion(BIC). In order to use (AIC) or (BIC) we must assume

a distribution for the response.



2.3 Linear Model for 2" Factorial Experiment

We now consider linear models for a complete factorial experiment with m factors
{1, 29,...,2,}. The model we consider contains the general mean, main effects, and

all factor interactions

E(yi;) =00 + frxzin + brxa + ... + Bnim
+ BiaTiiTio + ...+ B mTilTig L, 1=1,...,T55=1,...,7, (2.9)
OOU(Qijayi/j’) =0’ for (@]) = (i/j/)7

=0 for (ij) # (i'5"),

where (21, T2, . . ., Tip,) is the i treatment, y;; is the j™ observation for the i treat-

ment and the 3’s are the unknown parameters. The total number of observations
T

n = Z r;. The [y corresponds to the general mean, (3, ..., ) corresponds to the

i=1
main effects, (B2, ... Bum-1)(m)) corresponds to the two-factor interactions and so on.
We can write (2.9) in matrix form given in (2.2). For a 2™ factorial experiment it

is well-known that the regression coefficient is one-half the corresponding factor effect

estimates.
Example 2.1

We consider the full factorial experiment in example 1.1 with the model given in

(2.9). The X matrix is (16 x 16). We obtain @ for the parameters as well as the

10



information matrix

26.9313

—2.31875
—4.38125
—2.54375
—0.15625

—3.00625
0.35625
—0.08125
0.69375
0.33125
—0.00625

0.41875
0.03125
0.16875
—0.06875

—0.06875

and
X/X == 161(16><16)-

From B all estimates correspond to three and higher order interactions are small
compared to the main effects. This suggests that these interactions may be negligible.
The estimates for the two-factor interactions 313, 314, 5’23, 324 and 334 are small relative

to the main effects. They may be negligible. The estimate Bis is comparable to the main

11



effect and thus it may not be negligible. Furthermore the estimate 34 is small relative
to estimates of the other main effects. It may also be negligible. Since the information
matrix is a diagonal matrix the 3’s are uncorrelated. Moreover the variances of the 3’s
are constant. Since our model is saturated we need more runs to be able to estimate

a2

2.4 Linear Models for 2™ Fractional Factorial Ex-
periment

In a fractional factorial experiment, we take a fraction of the treatments from the full
factorial design. We cannot unbiasedly estimate all the parameters in the model given
in (2.9) with a fractional factorial experiment. We assume some of the higher order
interactions are zero. We consider linear models for fractional factorial experiment with
m factors {x1, 9, ..., 2, }. There are many possible models we may consider.

We discuss a widely used model that contains the general mean, main effects and

two-factor interactions

E(y;) =60 + biwa + bz + ... + BnTim
+ 5121'1'11%‘2 + ...+ ﬁ(m—l)mxi(m—l)'ximu 1= 1, ooy, (210)
CO'U(yi, y]) = 02 fOT?; = j?

=0 fori#j,

where {1, s, . .., Tim } i the it treatment, y; is the observation corresponds to the "
treatment and the §’s are the unknown parameters. The total number of observations

is n. The fy corresponds to the general mean, {5, ...,[3,} correspond to the main

12



effects and {12, ... Bun—1)(m)} correspond to two-factor interactions.

Example 2.2

We consider the following fractional factorial design

1 1 1 1
-1 1 1 1
1 -1 1 1

1 1 -1 1

1 1 1 -1
D, — -1 -1 1 1
-1 1 -1 1
-1 1 1 -1
1 1 -1 -1

1 -1 -1 1

1 -1 1 -1
-1 -1 -1 -1

The design D, is a 3/4 fraction of 2% full factorial design. Furthermore it is a reso-
lution V plan thus we can unbiasedly estimate all the parameter in the model given
in (2.10). The observation vector is given in table 1.1. The least squares estimates

for the parameters in the model given in (2.10) as well as the information matrix are

13



presented:

26.750

—2.425

—4.275

—2.550

0.200

(10 xB=| —2825 |.

0.650

0150

0.775

0.025

0175
1202 2 2 2,0 0 0 0 0 0
2012 0 0 0] 2 2 2 -2 —2 —9
21 0 12 0 0] 2 -2 —2 2 2 —9
2/ 0 0 12 0|-2 2 —2 2 —2 9
21 0 0 0 12]-2 -2 2 —2 2 9
0] 2 2 =2 2|12 0 0 0 0 4
0] 2 =2 2 =2/ 0 12 0 0 4 0
0] 2 =2 —2 2/ 0 0 12 4 0
0/—2 2 2 =2/ 0 0 4 12 0 0
0/-2 2 =2 2/ 0 4 0 0 12 0
0/—2 =2 2 2/ 4 0 0 0 0 12

14




The estimates ﬁ13, 514, ﬁ;;), , ﬁ;4 and 513 are small relative to the main effects. These
two-factor interaction effects may be negligible. The two-factor interaction effect AB
is comparable to the main effect and is unlikely to be negligible. The estimate for the
main effect D is small compared to the other main effects thus it may be negligible.
From the X’X matrix we see the correlations between Bo and the B ’s for the two-factor
interactions are zero. The correlations between B’S for the main effects are zero. The
B’s for the main effects and the B’s for the two-factor interactions are correlated. The
B’s for the two-factor interactions are uncorrelated except when the two two-factor

interactions are disjoint. We determine the value of 62 to be 3.2 x 1077,

2.5 Optimality Under Ordinary Linear Model

The theory of optimal designs under ordinary linear model was introduced formally
in Kiefer(1959). An optimum design means that is best with respect to one or more
criterion functions. To illustrate, let us consider designs with n runs from a 2™ factorial
experiment. The number of designs with n runs is (2:) Let D be the class of designs
with n runs that can unbiasedly estimate the parameters in the model given in (2.10).
Thus we need n > 1+ m + (T;) The goal is to obtain a design in D that is optimal
with respect to one or more criterion functions.

We discuss three widely use criterion functions: D-optimal criterion, A-optimal
criterion, and F-optimal criterion. The D-optimal design minimizes the determinant
of the matrix (X’X)~*. Tt has shown that D-optimal design minimizes the volume
of the joint confidence region of the estimators for the § parameters. An A-optimal
design minimizes the trace of the matrix (X’X)~. An A-optimal design minimizes
the sum of the variances of the estimators for the § parameters. An E-optimal design
minimizes the maximum characteristic root of the matrix (X’X)~!. This means the

E- optimum design minimizes the maximum variance of the estimate of the normalized

15



linear function of the § parameters. In general a design is optimal with respect to one
criterion does not imply that it is optimal with resect to other criteria. In some special

cases, a design can be D-; A-, and E-optimal.

Example 2.3
To illustrate we consider the following two fractional factorial designs D51 and Ds o

with 8 runs. The model contains the general mean, main effects and the (12) two-factor

interaction.
11 1 1 -1 1 1 1
-1 1 1 1 1 -1 1 1
1 -1 1 1 1 1 -1 1
1 1 -1 1 1 1 1 -1
Dyy = ) Dqy =
11 1 -1 -1 -1 -1 1
-1 -1 1 1 -1 -1 1 -1
-1 1 -1 1 -1 1 -1 -1
-1 1 1 -1 1 -1 -1 -1

The determinant, trace and maximum characteristic root of the matrix X’X are given

in Table 2.1.
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Table 2.1: Comparison of fractional factorial designs Dy 1 and Do 5

Comparison of Fractional Factorial Design

D2.2 D2.1

Det((X’'X)™) | 3.815x 1075 | 2.035 x 1075

Trace((X’'X)™) 0.750 1.583

MaxCR ((X’X)™!) 0.125 0.933

From Table 2.1, the determinant, trace and maximum characteristic root of the
matrix (X’X)~! are smaller for Dy5 than Dy;. Thus Dys is better than Dy, with

respect to A-, D-, and E- optimality.
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Chapter 3

Search Design and Search Linear

Model

3.0 Summary

In this chapter we present search design and the search linear model. We discuss
how to obtain search designs. We also discuss optimality under search linear model

along with an example.

3.1 Search Design and Search Linear Model

Search design and the search linear model was introduced in Srivastava(1975) and
subsequently in Srivastava(1976), Srivastava and Ghosh(1976, 1977) Gupta(1979), Ohnishi
and Shirakura(1985), Shirakura, Takahashi, and Srivastava(1996) and so on. In many
experiments, it is reasonable to assume that most of the higher order interactions are
negligible and while a few of the lower order interactions are nonnegligible. The goal
is to construct designs that can identify and estimate the non-negligible interaction

effects.
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In an full factorial experiment, the factorial effects can be partitioned into to three

classes:
C1. The effects we want to estimate such as the main effects.

C2. The effects we are interested in but there are only few that are non-negligible

such as two and three-factor interactions.

C3. The remaining effects such as high order interactions, which we consider negligi-

ble.

Since we do not know which of the lower order interactions are non-negligible we assume
k of the lower order interactions such as the two-factor or three-factor interactions are
non-negligible.

We consider the following model

y= X101+ X282+ € (3.1)

where y is the response vector, X;, Xs are known matrices of order (n x v;) and
(n X vy) respectively, By is a (v; x 1) vector of unknown parameters consisting of the
general mean p and the effects in C1, Bz is a (vy X 1) vector of unknown parameters

consisting of the interaction effects in C2 and € is the (n x 1) vector of errors with

E(e) =0 Var(e) = oI (3.2)

where 021 represents the variance-convariance matrix for € under the error structure
of the completely randomized design.

Let D be the design which has given rise to the observations y and k is small relative
to vy in C2. If we can estimate (37 and the k non-negligible effects of B3, then D is

said to be a search design of resolving power (31; B2; k) and the model in (3.1) is said
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to be a search linear model(Srivastava 1975). Srivastava(1975) provided the necessary
condition for a search design in the stochastic case and the necessary and sufficient in

the noiseless case.
Theorem 1 Given model (3.1), a necessary condition for a design D to be a search
design of resolving power (B1; Ba; k) is

TCLTLk?(Xl, XQ()) = v+ 2k (33)

for every (n x 2k) submatriz Xao of Xs.

Theorem 2 In the noiseless class where € = 0 in (3.1) and (3.2) the condition in (3.3)

1s mecessary and sufficient.

In the noiseless case we can identify and estimate the non-negligible effects in B2
with probability one. But in the stochastic case we can usually identify the non-
negligible effects in B2 with probability less than one [Ghosh and Teschmacher(2002)].
In Srivastava and Ghosh(1977) they obtained a theorem that can be used to check the

conditions of a search design.

Theorem 3 Consider the models in (3.1) and suppose that rank(Xy1) = v1. Then

condition in (3.3) holds if and only for every (n x 2k) submatriz Xso9 and Xo we have

TCLTL]{?[XQOXQO — X;OXl(X{Xl)_l.X{XQ()] = 2k. (34)

3.2 How to Obtain Search Designs and Examples
There are several methods of obtaining search designs.
1. Start with the smallest design D; that can estimate (3;) in (3.1) with (32) absent.
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Then add treatments so that the larger design D satisfies the conditions of search

design.

2. Start with a design D; that can estimate (31) in (3.1), then show that design D,

satisfies the conditions of search design.

Example 3.1

The following table is presented in Srivastava and Ghosh(1977). The designs pre-
sented are resolution V.1 plans for 4 < m < 8 factors. These are resolution V.1 plans
because we can estimate all main effects and all two-factor interactions as well as k = 1

three-factor interaction.

Table 3.1: Resolution V.1 search design designs 4 < m < 8

Srivastava and Ghosh (1977)

mlv| vy | n b

4 111 5 | 15| 11110

5 16| 16 | 21 | 111010

6 | 22| 42 | 28 | 1110010

7129199 |36 | 11100010

8 | 37 | 219 | 45 | 111000010

In table 3.1, A’ is describe as follows. Let S; be the set of all (1 x m) vectors, with
elements 0 and 1 of weight 7 (i = 0,1,...,m). The weight of a vector is the number of
nonzero elements in it. The designs are denoted by X' = (Ao, A1,..., \,) where \; is

the number of times the set S; occurs in the design(Ghosh, 1977).
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3.3 Optimality Under Search Linear Model

In the search model described in section (3.1) we assume that k lower order in-
teractions are non-negligible but we do not know which & lower order interactions are
non-negligible. For many experiments it is reasonable to assume three or higher order
interactions are negligible and thus we take lower order interactions to be two-factor
interactions.

We consider the following models

BE(y) = Boj+ X161+ X6, i=1,..., (@), (3.5)

Var(y) = o1,

where y is the observation vector, (3, is the general mean, B3; is the vector of main
effects, éi) is the vector of k two-factor interactions, j is the vector of ones, X
(n x m) depends on the design and X5 (n X k) depends on the design and the k& two-
factor interactions in ,Bgi). We denote the matrix X of dimension (n x p) where
p=(1+m+k) as

A design D with n runs has full estimation capacity (FEC) if it can unbiasedly esti-
mate the parameters in all the models in (3.5). Let D be the class of n run fractional fac-
torial designs with FEC. When £ is even and (> 2), the model (3.5) is the search linear
model(Srivastava, 1975) and design D is the search design in searching for and identi-
fying (k/2) non-negligible two-factor interactions. When k is odd and (> 3), the model
in (3.5) is search linear model and design D is the search design in searching for and

identifying ((k — 1)/2) nonnegligible two-factor interactions. Let 3% = (u, B4, éi))’ ,
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the least square estimator of 8@ as 8% and V® = ¢2Var(8®) = (X®' X ®)~1,
We use the following criterion functions (Srivastava, 1977) to compare designs in D;
AD = Arithmetic mean of the determinants of V® i =1, ... v,
AT = Arithmetic mean of the traces of V® i=1,... v,

AMCR = Arithmetic mean of max. eigenvalues of V¥ i=1,... v,

GD = Geometric mean of the determinants of V® =1, ... v,
GT = Geometric mean of the traces of V® i =1 ... v,
GMCR = Geometric mean of the max. eigenvalues of V® i =1,... v,

m
where v = <(2)) A fractional factorial plan D is D is optimum with respect to a

k

criterion function if the value of the criterion function is minimum for the designs in

D.

Example 3.2

To illustrate we us consider the follow search designs D3, and D35

11 1 -1 1 1 1 -1
-1 -1 1 1 -1 -1 1 1
-1 1 -1 1 -1 1 -1 1
-1 1 1 -1 -1 1 1 -1
D5 = ) D3o =
1 -1 -1 1 r -1 -1 1
1 -1 1 -1 1 -1 1 -1
1 1 -1 -1 1 1 -1 -1
-1 -1 -1 -1 -1 -1 -1 -1

Designs D3 and D35 have FEC for £ = 2 under the model in (3.5). Thus D3; and
Dj 5 are search designs for the models in (3.5) when k£ = 1. In Table 3.2 for k = 1, we

present the determinant , trace, maximum characteristic roots of the (X’X)~! for each

23



model as well as the six criterion functions AD, AT, AMCR, GD, GT and GMCR.

Table 3.2: Comparison of designs D3, and D35 w.r.t. six criterion functions

Comparison of Fractional Factorial Design

M,y M, Ms My M; Ms | AM | GM

Det*(X’X_l) 5.549 | 5.549 | 5.549 | 7.629 | 7.629 | 7.629 | 6.589 | 6.506

Dsy | Tra(X’X™") |0.864 | 0.864 | 0.864 || 1.000 | 1.000 | 1.000 | 0.932 | 0.929

MCR(X’X_I) 0.283 | 0.283 | 0.283 || 0.427 | 0.427 | 0.427 | 0.348 | 0.355

Det*(X'X ") | 8719 | 8.719 | 8.719 | 7.629 | 7.629 | 7.629 | 8.174 | 8.156

Ds Tm(X’Xfl) 1.071 | 1.071 | 1.071 || 1.000 | 1.000 | 1.000 | 1.036 | 1.035

MCR(X'X ") | 0.500 | 0.500 | 0.500 | 0.427 | 0.427 | 0.427 | 0.463 | 0.462

We denote AM and GM to be the arithmetic and geometric mean respectively and
we denote Det*(X’X ") to be 10° x Det(X’X™"). For design D5 the values for the
six criterion functions AD, AT, AMCR, GD, GT and GMCR are smaller than Dj5.
Thus design Ds; is better then D3, with respect to AD, AT, AMCR, GD, GT and
GMCR. A designs is optimal with respect to a criterion function for some values k

but it may or may not be optimal for other values of £ as will see later in chapter 8.
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Chapter 4

Robustness of Factorial Designs

4.0 Summary

In this chapter we review an important theorem on robustness of designs against
incomplete data. We use this theorem in chapters 5 and 6 when we consider estimation
capacity and robustness of two optimum classes of fractional factorial designs. We
present an example for a 2™ fractional factorial design that is robust against missing
any two observations for a model. We also present an example of a fractional factorial
design that is robust against missing any one observation for all the models when £ = 1.
We obtain a matrix whose rows are orthogonal to the columns of the design matrix. We

present for nested fractional factorial designs the structure the matrix thus obtained.

4.1 On Robustness of Design Against Incomplete

Data

In this section we review a theorem [Ghosh(1979)] on the robustness of designs

against incomplete data. The theorem characterizes the robustness property against
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missing of any ¢ observations. We consider the linear model

E(y)=Xp
Var(y) = oI, (4.1)
Rank(X) =1p

where y(n x 1) is the observation vector, X (n x p) is the design matrix, B(p x 1) is
the vector of parameters in the model and o? is a constant.

Definition:[Ghosh(1979)] A design under the model in (4.1) is said to be robust
against missing any of ¢ observation if the ((n — 1) X p) matrix obtained from X by
deleting any t rows has rank p.

Definition: A matrix B is to have the property P, if no t columns of B are linearly
dependent.

For n = p + k, where k > t, there is a matrix Z(k x n) with rank & satisfying

ZX = 0. (4.2)

The characterization of the robustness property is given in the following theorem.

Theorem 1 [Ghosh(1979)] Let T be the design under (4.1) with n = p+k observations,
where k > t. Then T is robust against missing of any t observations if and only if the

matriz Z in (4.2) has the property P;.

Proof:

Suppose Z has P, and let

X1

, Z = (Z1|Z,), (4.3)
Xo
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where X1(t x p), Xa2((n —t) X p), Z1(k x t), and Za(k x (n —t)).

Thus from (4.2) and (4.3) we have

Z1X1 + Z2X2 == 0

Now suppose

(4.4)

(4.5)

where Z11(t X t), Z12((k — t) x t), Za1(k x (n —t)), and Zaa((k — t) x (n — 1)).

Furthermore suppose Rank(Z11) = t. Thus we obtain

Z11 X1+ Z21 X2 =0.

Hence

X, =—-23"ZnXo.

(4.7)

Thus the rows of X are linear combinations of X5. Consequently Xs has rank p.

Since Z has P,, similarly this is true for any ¢ rows of X. Hence design T is robust.

Suppose the design T' is robust against missing any ¢ observations. Then there is a

(t x (n —t)) matrix D satisfying

X, =DX,.

It follows from (4.2), (4.3) and (4.6) that there is a matrix U (¢ x k) such that

UCl - It, UCZ - —D
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Thus the Rank(C;) =t. Hence C has P;. n
The result is easy to use for t = 1 and t = 2. The two cases for t =1 and ¢t = 2 are

given in the following corollaries.

Corollary 1 Suppose t = 1. The design T is robust against missing any one observa-
tions iff C(k x n) has the property Pi; equivalently no column vector in C is the null

vector.

Corollary 2 Suppose t = 2. The design T is robust against missing any two observa-
tions iff C(k x n) has the property Ps; equivalently no column vector in C' is the null

vector and no columns of C are proportional to each other.

Example 4.1
We consider the resolution V plan {Sp, S, Ss, S5} for m = 4. The number of runs
in the design is n = 15 and the number of parameters in the model is p = 11. Thus

our Z matrix is (4 x 15). The Z is presented below:

1 -3 -3 -3 -3 2 2 2222-1 -1 -1 -1

Z = . (4.10)

o 1 1 1 -1-2 0O O0OOO0OZ2 1 1 -1 -1

It can be checked that matrix Z has P, but not P;. The columns 1, 6 and 11 of the
Z are linearly dependent. Thus designs obtained by deleting two any two runs are

resolution V plans.

Example 4.2
We consider the fractional factorial plan {Sy, S, Sy, S5} for m =5 and k = 1. The

model contains the main effects, as well as the (12) two-factor interaction. The number
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of runs in the design is n = 12 and the number of parameters in the model is p = 7

thus our Z matrix is (5 x 12). The Z is presented below:

31 0 1 1 10-1000 0
00 -1-1-1-11 0000 0

Z=(-10 0 1 0 00 0100 —1 (4.11)
10 0 0 1 00 0010 —1
-10 0 0 0O 10 0001 —1

We observe the matrix Z has P; but not . The columns 2 and 8 of the Z matrix
are linearly dependent. Thus we can delete any one run from the design and still be
able to unbiasedly estimate all the parameters in the model. Since the Z matrices of
all other models are isomorphic with respect to column permutations thus the designs
obtained by deleting one run have full estimation capacity for kK = 1. Furthermore we
can delete some two runs and the resulting designs can estimate all the parameters in
this model. We can delete Sy and any one run from S, S4 or S5 and still be able to

unbiasedly estimate all the parameters in the model.

4.2 7 Matrices of Nested Designs

In this section we consider two designs Dy and D3 such that Dy D Ds. Let Xa(ngxp)
and X3(n3 x p) be the design matrices associated with designs Dy and Ds. Suppose
the matrices X5 and X3 have rank p. Since Dy D D3 then ny > n3. First we determine

Z5((n3 — p) x n) satisfies Z3 X3 = 0. Let

X
X3 - 9 Z3 - (Z31|Z32) (412)
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where Z31((n —p) X p), Zs2((n —p) X (n—p)), Xz1(p x p), and X32((n — p) X p).

Suppose the rank(X3s;) = p and we can let X3; = I then we have

X31
(Z31]1) =0. (4.13)
X32
Thus
Z31 = — X437 Xso. (4.14)
Hence
Zs = (_X,?,_11X32|I(n—p))- (4.15)

Since rank(X3) = p, then we can always permute the rows of X3 so that rank(Xs;) = p.
Next we determine Zz((ng —p) X n) satisfies Zo X5 = 0. Since X5 D X3 then we

have

X3
X, = (4.16)
Xo1
where X1 ((ne — ng) x p). We take Zs to have the form
Zs3 0
Zy = . (4.17)
Zo | Za2

We choose Zj; and Zay so that the rank(Z3) = (ny — p). Since the rank(Z3) =
(n3 — p) and rank(Zy)=rank(Z3)+rank(Zsz) hence rank(Z,) = (ny — p) if and only if
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rank(Zs2) = (ny — n3). We choose Zae = I then we must find Zo; satisfies

Z231 X3+ X2 = 0.

We let

X31

X32

Zn = (29128), X5 =

then
Zon X5 = Z3) Xs1 + 25 X
We choose Zg) = 0 then
Z X3+ Xg1 = Zg)Xm + X21 = 0.

Thus

Hence

i X1
— X' Xs |0
Zy Xy = X32 =0
— X1 X5 |0 T
X1
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Example 4.3

We consider the following X5 matrix for m =4 and k =1

Xo=| X3 | = , (4.24)

X21

1 -1 -1 1 -1 1
1 -1 1 -1 -1 -1
1 1 1 1 1 1
1 -1 -1 -1 -1 1

0 0 1 -1 -1 0|1 0|00

~1 1 0 0 0 —1/01]00

Zy = . (4.25)

0 —1/2 —1/2 =1/2 0 1/2|/0 0|1 0

0 1/2 1/2 -1/2 -1 —1/2]0 0|0 1
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Example 4.4

We consider the following X5 matrix for m =5 and k = 2

X, = X32 = , (426)

1 -1 0 O 0 0 0 —-1/1 00 O

0 O 1 -1 0 0 —1 0/0 1]/0 O

~1/3 0 —1/3 0 —2/3 —1/3 1/3 1/3|0 0|1 0

1/3 0 1/3 0 —-1/3 —2/3 —1/3 —1/3|0 0|0 1
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Chapter 5

Estimation Capacity and

Robustness of Design D

5.0 Summary

In this chapter, we present the robustness property of design D = {Sq, S1, Sin_1, S }
with respect to any ¢ runs as well as a specific set of £ runs. We consider the estimation
capacity of design D. We determine design D has maximum full estimation capacity
for kK = 3. The designs obtained from D by deleting one run also have full estimation
capacity for k = 3. The designs obtained from D by deleting two runs may or may not
have full estimation capacity for £ = 3. The designs obtained from D by deleting three
runs do not have full estimation capacity for & = 3. The designs obtained from D by
deleting two or three runs may or may not have full estimation capacity for £k = 2. The
designs obtained from D by deleting a run from S; and a run from S,,,_; where the two
runs are not foldover do not have full estimation capacity for £ = 1. All other designs
obtained by deleting two runs from D have full estimation for £ = 1. The designs
obtained by deleting three runs from D may or may not have full estimation capacity

for k = 1.
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5.1 Determination of Estimation Capability for D

We consider the foldover design D = {Sy, S1, Spn_1, Sm} and the models
Bl — it X8 XP8® i1 () .
(y) :u.7+ 1/61+ 2 182 ) ? PR L ) (5 )
Var(y) = o1,

where y is the observation vector, u is the general mean, 3 is the vector of main effects,

éi) is the vector of k two-factor interactions, j is the vector of ones, X1 (nxm) depends
on the design and X (n x k) depends on the design D and the k two-factor interactions
in Béi). We denote FEC = Full Estimation Capability, £* = the maximum value of k
for a design to have FEC under the model (5.1). We determine the k* for the design
D as well as designs obtained from D by deleting runs. We denote the matrix X ® of
dimension (n x p) where p = (14 m + k) as

The matrix X has the rank p if and only if there is a matrix Z of dimension ((n —
p) x n) with rank (n — p) and satisfies ZX® = 0.
First we consider the class of models in (5.1) with the elements of Bgi) as k two-factor

interactions from
C = (12,13,...,Imy, (my + 1)(my + 2), (mq + 3)(my +4),..., (m2 — 1)(ma)). (5.3)

where k = [(m1 — 1) + 1/2(my — my)], 2 < my < my < m. The following theorem

determine the estimation capacity of design D for this class of models.

Theorem 1 For the model in (5.1) with the elements of ,Béi) as k two-factor inter-
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actions from C in (5.3), the design D has the ability to unbiasedly estimate all the [3

parameters.

Proof:

We consider the Z matrix presented below:

Z = ( Zy1,Zy ) ) (5-4)
where
app |1 0 0 1 0 1 0 1 0 1 1 1
a0 -1 ... —=1|-1 0 —1 0o ... =1 0—-1 -1 -1
00 0 0 1 -1 0 0 0 0 0 0 0
00 0 0 0 0 1 -1 0 0 0 0 0
Z, = 00 0 0 0 0 0 0 1 -1 0 0 0
-110 0 0 0 0 0 0 0 0 1 0 0
-110 0 0 0 0 0 0 0 0 0 1 0
—-110 0 0 0 0 0 0 0 0 0 0 0
—110 0 0 0 0 0 0 0 0 0 0 1
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0 -1 ... =1/0 =1 0 =1 ... 0 =1/0 0 0 ... 0|ay
1 0 ... 0/0 10 1 ...0 1/000 ...0]/a
0 0 o/t =10 o 0 0/0 00 ol 0
0 0 0olo0 01 -1 ... 0 0[0 00 ol 0

Zo=10 0 olo 00 o 1 —1/0 0 0 o o |,
0 0 olo 00 0 ...0 0|1 00 0|-1
0 0 olo 00 0 ...0 0[O0 10 0|-1
0 0 olo 00 0 ..0 0[/00°1 0|-1
O 0 ... 0/0 00 0 ...0 0[00O0 .. 1|-1

a1 = —[m — 1/2(mg + my)], a1z = 1/2(ma +mq — 4), agg = [m — 1/2(mgy — my + 4)]
and age = 1/2(my; — ms). Let X be the design matrix, we show ZX = 0. First we
show row 1 of Z is orthogonal to the columns of X. We define Z;; and Z;2 to be the
first row of Z; and Zs respectively. The elements in Z1; and Z;5 are corresponding
elements if their corresponding runs in S; and S,,_; are foldover runs. We see that if
the element is 1 in Zy; then its corresponding element must be 0 in Z;5. Similarly if
the element is 0 in Zy; then its corresponding element is —1 in Z;5. The product of

row 1 of Z and j is

a11+a12+(m—m2—m1)+220. (55)

In any columns of S; there is exactly one -1 and in any columns of S,,_; there is
exactly one 1. When we take the product of row 1 of Z and columns of X7, the -1 in
the columns of S; is multiply to 1 or 0 in Z;; and this depends on the columns. Their

corresponding element in Z;5 is multiply to 1 in S,,_;. In both cases the product of
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row 1 of Z and columns of X is
a; — aiz +m—2=0. (5.6)
We can see that the product of row 1 of Z and a column of X5 is
aj1 +ap + (m—my—my)+2=0. (5.7)
Similarly the product of row 2 of Z and j is
as1 + ase — (m — (mg +mq)) +2=0. (5.8)
The product of row 2 of Z and any columns of Xj is
Q9] — G9s —m + 2 = 0. (5.9)
The product of row 2 of Z and any columns of X is
a9 + age — (m — (ma +mq)) +2=0. (5.10)

The first two rows of Z are orthogonal to X. From the structure of the remaining
rows of matrix Z and the symmetry of the X matrix it is obvious the remaining rows
of matrix Z are orthogonal to the X matrix. Furthermore the matrix Z has rank
[m +2—1/2(my + mQ)} thus design D allows us to estimate unbiasedly all the
parameters in (5.1) with the k& elements of ﬁg’) from C'in (5.3) . n

We now consider a general class C' of the type in (5.3) as

C= (i127 1135 ey imlvi(m1+l)(m1+2)a i(m1+3)(m1+4)7 s 7i(m2—1)(m2))- (511)
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The Z matrices for models with £ elements of [35’) from C'in (5.11) are isomorphic to

the Z matrix in (5.4).
Corollary 1 Theorem 1 is also true for the k elements of Bgi) from C in (5.11).

Next we determine £*, the maximum value of k for design D to have FEC for the

models in (5.1). The result is given in the following theorem.

Theorem 2 The design D has the properties below under the models in (5.1).
(a) FEC for k* =1, m =2
(b) FEC for k* =3, m > 3.

Proof:
First we consider the model in (5.1) for & = 4 and the two factor interactions 12,
13, 24, and 34. The dimension of the X matrix is ((2m +2) X (m + 5)). We obtain a

((m —2) x (2m + 2)) matrix Z satisfying ZX =0 as

—all 0 0 1] 1 1 110 =1 =1 0[0 0 0] 1
a |0 -1 -1 0]-1 -1 ~1{1 0 0 1|0 0 0/]—1
-1/0 0 00| 1 0 ... 0[O0 0O O0O0[1 0 .. 0]-1

Z = (5.12)
-1{0 0 00| 0 1 0olo 0 o0 0|0 1 0]—1
-1{0 0 00| 0 0 110 0 0 0[0 0 1] -1

where a = (m — 3). The rank of Z is (m — 2). Thus X matrix has rank less than
(m+5). Hence the design D does not have FEC for k£ = 4. Now we consider models for
k = 3. The models can be partitioned into maximum of five classes depending on the

number of factors m. The classes are determined by the three two-factor interactions
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in the models. The five classes are presented below:

C1 = (irdg, 1173, 1114),
C2 = (irig, 1113, i213),
C3 = (iyia, i1is, dois), (5.13)
C4 = (iyig, 113, i4i5),

05 - (ilig, i3i4, 25Z6)

For the design D, all the models within a class in (5.13) are isomorphic to each other
by renaming of factors. We can consider one model in each class by taking 7; = 1,
ig = 2,13 = 3, iy = 4, i5 = 5, and ig = 6. We denote the column of the Z matrix
corresponding to Sy as ry. The column of the Z matrix corresponding to the i run of
S; as r;. The column of the Z matrix corresponding to the i"® run of S,,_; as r¢. The
column of the Z matrix corresponding to S, as 5. The matrix Z(12,13,14) is obtained
from (5.4) for m; = 4 and my = 4. The matrix Z(2,13,45) is obtained from (5.4) for
my = 3 and my = 5. The matrix Z(12,34,56) is obtained from (5.4) for m; = 2 and
mg = 6. The matrix Z(12,13,23) is obtained from Z(y2,13) and Z(;2,13) is obtained from
(5.4) for my = 3 and my = 3. The first row of Z(12,13,23) is the difference of row 1 and
row 2 of Z(12,13). The remaining (m — 3) rows of Z(12,13,23) are identical to the last
(m — 3) rows of Z(12,13). The matrix Z(12,13,24) is obtained from Z3,13). The first
row of Z(12,13,24) is identical to the first row of Z(12,13). The second row of Z(12,13,24)
is the sum of row 2 and row 3 of Z(12,13). The remaining (m — 4) rows of Z(12,13,24)
are identical to the last (m — 4) rows of Z(12,13).

Within each class of models in (5.13) the Z matrices are isomorphic to column per-
mutations. Consider the two models with the interactions {12,13,14} and {12,23,24}

from class C'1. To obtain Z(12,23,24) from Z(12,13,14) We simply switch the columns r;
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with 7 and r{ with 7§ in Z(12,13,14). We determine all the Z matrices for £ = 3 have
rank (m — 2) thus all the X ® matrices in (5.2) have rank (m +4). Hence D has FEC

for k* = 3 for all m > 3. The case for m = 2 with k = 1 is obvious. [

5.2 Designs Obtained from D with FEC for k£ =3

In this section we determine which designs obtained from D by deleting a certain
number of runs have FEC for k* = 3. We define S§_i) to be ¢ runs deleted from S; for
1 =1,...,m. Similarly we denote S,(nil)l to be ¢ runs deleted from S,,_; for i =1, ..., m.

The results are given in the following three theorems.

Theorem 3 The designs obtain by deleting any one run from D have FEC when

k* =3, m > 3 under the model in (5.1) .

Proof:
All Z matrices for k = 3 have P; for m > 3. From Theorem 1 in chapter 4 the

designs have FEC for k* = 3, m > 3. ]

Theorem 4 Let D(1) be the design obtain from D by deleting (S, Sfl)) or (ST(,:%, Sim)-
Let D(2) be the design obtain from D by deleting (S, S,(n__li) or (S§_1), Sm). Let D(3)
be the design obtain from D by deleting (So, Sim). The designs D(1), D(2), and D(3)
are the only designs obtained by deleting two runs from D with FEC for k* = 3, when

m =5 and m > 7 under the model in (5.1) .

Proof:
We consider in all the Z matrices the column rg and another column. We see that

these two columns are linearly independent except for m = 4 and m = 6. The designs
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within the class D(1) and D(2) are isomorphic by renaming factors or levels. From
Theorem 1 in chapter 4 D(1), D(2) and D(3) have FEC for k* = 3 when m = 5 and
m > 7. From Theorem 1 in chapter 4 for Z(12,13,23) we cannot delete two runs from .S}
or two runs from S,,_;. Similarly we cannot delete one run from S; and one run from

Smfl. |

Theorem 5 The designs obtain by deleting any three run from D do not have FEC
for k* = 3 under the model in (5.1).

Proof:

From theorem 3, it is suffice to show we cannot deleting Sy, S,, and a run from S;.
For m =5 and Z(12,13,24), the three columns ry, rj and 75 are linearly dependent. For
m > 7 and Z(123456) the three columns rg, 7§ and 7, are linearly dependent. Thus

from Theorem 1 in chapter 4 we cannot delete any three runs from D and have FEC

for k* = 3. ]

5.3 Designs Obtained from D with FEC for k£ =2

Now we consider models for k£ = 2. The models can be partitioned into two isomor-

phic classes. The classes are given below:

C1 = (iyis,1113),

C2 = (iyia, igis). (5.14)

We can consider one models from each class by let i1 = 1, 15 = 2, i3 = 3, and iy = 4.

The Z matrices of these two models are special cases of (5.4). From the Z matrices
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we obtain results given in the following table:

Table 5.1: Designs obtained from D by deleting runs with FEC for k£ = 2

Designs With Full Estimation Capacity (m > 4)
Number of

k | runs deleted Run(s) Deleted

2 1 Any one run

2 2 So, SV

2 2 So, S5

2 2 So, Sm, m =5

2 2 s s

2 2 S, S

2 2 S its foldover in Sy,

2 3 So, Sffl), its foldover in S,,_1, m > 5

2 3 So. S{7V, S

2 3 So. Si s S

2 3 Sfl), its foldover in S,,_1, S;n, m > 5

For m = 3 it is easy to check that we can deleted any one run from D and any pair of

foldover runs from D and still have FEC for £ = 2.
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5.4 Designs Obtained from D with FEC for k=1

Now we consider models for £ = 1. There is only one isomorphic class of models.

The class is given below:

We can consider one model from this class by taking 7; = 1 and i, = 2. The Z matrix

for this class is a special case of (5.4). From the Z matrix we obtain the results given

in the following table:
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Table 5.2: Designs obtained from D by deleting runs with FEC for &k =1

Designs With Full Estimation Capacity (m > 4)
Number of
k | runs deleted Run(s) Deleted
1 1 Any one run
1 2 All two runs except (Sg_l), nonfoldovers in Sm_l)
1 3 So, S\, 8,
1 3 So, SSH, S
1 3 So, SYI), its foldover in S,,_1
1 3 S§_l), its foldover in S,,_1, S,
1 3 So, S m > 5
1 3 S$ 2, Sy m > 5
1 3 So, St
1 3 55 s,
1 3 S
1 3 Se8)

For m = 3 it is easy to check that we can deleted any one run from D and still have
FEC for £ = 1. We can delete two runs from S; or S,,_1. Furthermore we can delete

a run from S; and a run from S,,_;, where the two runs are not foldovers.
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Chapter 6

Estimation Capacity and

Robustness of Design D

6.0 Summary

In this chapter, we present the robustness property of design D; = {Sy, S1, 52, Sin }
with respect to any ¢ runs as well as a specific set of £ runs. We consider the estimation
capacity of design D;. We determine design D; is a resolution V plan. The designs
obtained from D; by deleting one run is also a resolution V plan. The designs obtained
from D; by deleting two runs may or may not have full estimation capacity for k =
<(’;) — 1). The designs obtained from D; by deleting two runs may or may not have
full estimation capacity for k = ((7;) — 2). The designs obtained from D; by deleting

three runs do not have full estimation capacity for k = <(’;) — 2).

6.1 Determination of Estimation Capability for D,

We first show that the design D; is a resolution V plan. Assuming three or higher

factor interactions are negligible, our model in (5.1) with k& = (7) has the elements
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of ,Bg) as all two-factor interactions. The dimension of the X is (n x p), where
n=2+m+ (%)) and p = (1 + m + (%)) Consequently design D; is a resolu-
tion V plan if the X matrix has rank p. To prove matrix X has rank p we show that
the Z matrix is (1 x n) with rank 1. The following theorem establishes the estimation

capacity and the robustness of D; with one run deleted.

Theorem 1 The design D, and designs obtain from Dy by deleting one run are all

resolution V plans.

Proof:
The vector Z

2

Z:<_W (m—2) ... (m—2)|-1 ... —11>, (6.1)

has rank 1 and satisfies ZX = 0. Thus the X matrix has rank p. Hence D, is a
resolution V plan. For m > 3, the Z vector has the property P, in Theorem 1 from
chapter 4 in the sense that designs obtained from D; by deleting a run are resolution

V plans. -

6.2 Structure of Z matrices

We consider the model in (5.1) for k = ((’}) —1) with the interaction (12) excluded.

The Z matrix for this model is presented below:

(m—=3) (m—3) (m—2) ...|0 =1 ...|1
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We can label the runs of S; as 1,2,...,m and the runs of Sy as 12,13, ..., (m — 1)(m).
The numbers indicate the positions of the -1 in the runs. For row 2 of the Z5 matrix,
element corresponding to Sy is 1, the elements corresponding to 1 and 2 of Sy is -1 and
the elements corresponding to 12 of Sy is 1. All other elements are zero. To obtain
the first row of Ziz we add row two of Ziz to the Z vector in (6.1). Similarly we
can generate the Z matrix of any model. Next we consider two models in (5.1) for
k= ((%) — 2) with the interaction (12,13) and (12,34) excluded. The Z matrices are

given respectively below:

a b c c d dlo 0o -1 -1 -111
Ziziz=| 1|-1 =1 0 0 0/1 0 0 0 ojo |, (6.3)
1]-1 0 -1 0 0(0 1 0 0 0]0
a c c c dd ...|[0 =1 ... -1 0 —1 ...|1
Zisza=| 1|-1 -1 0 00 .../1T 0 ... 0 0 0 .../0 |64
1 0 0O -1 -1 0 ...]0 0 ... 0 —1 0O ...10
where a = —%, b=(m—4),c=(m—3),and d = (m —2). To obtain the row 1

of Ziz73, we sum the last two rows and Ziz 13 and add to the Z vector in (6.1). This

is also true for Zi534. Similarly we can obtain Z matrix of any model for D;.

6.3 Designs with FEC for k — ((}) - 1)

We define Sé_i), 1=1,..., (’;‘) to be ¢ runs deleted from S;. For k = ((’;‘) — 1)
we can delete at most two runs from D; and still have FEC. We see Z73 in (6.2) has

P, but not P,. The designs with FEC after one or two runs are deleted is given in the
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following table:

Table 6.1: Designs obtained from D; by deleting runs with FEC for k£ = <(T;) — 1)

Designs With Full Estimation Capacity (m > 4)
Number of
k runs deleted Run(s) Deleted
((T;) — 1> 1 Any run
((3)-1) 2 | S8V
((3)-1) 2 So, S5
((3)-1) 2 So and S, m > 3

6.4 Designs with FEC for k — ((3) - 2)

For k = ((7;) — 2) we cannot delete more than three runs from D; and still have
FEC. We see Zizg3 in (6.3) and Ziz 13 in (6.4) has P, but not F. We cannot delete
three runs and have FEC. The designs with FEC after one or two are deleted is given

in the following table:
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Table 6.2: Designs obtained from D; by deleting runs with FEC for k£ = <(

Designs With Full Estimation Capacity (m > 4)
Number of
k runs deleted Run(s) Deleted
((7;) - 2> 1 Any run
((3)-2) 2 So, 547V
((3)-2) 2 Sp, S5V
((7;) - 2> 2 So and Sy, m > 3
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Chapter 7

General Structure M for

Information Matrices

7.0 Summary

In this chapter, we present a general structure M for the information matrices of
a class of models possibly describing the data from a fractional factorial experiment
with m factors each at two levels and n runs, where n < 2™. When the information
matrices M have the full rank for all the models in the class, we have the full estimation
capacity for the fractional factorial designs [Srivastava(1977)]. We are characterizing
all the eigenvalues for such matrices M. We use these eigenvalues for establishing the
optimality properties of the fractional factorial designs [Ghosh and Tian(2006)]. We
establish the robustness property of the design D7 = {Sp, S1, S5} [Ghosh(1977)] in the
sense that the full estimation capacity of the designs remain when we delete any ¢ runs

as well as specific ¢ runs from the design D-.
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7.1 Matrix M and Spectrum

We consider design D7 and models in (5.1). Design D; has maximum estimation
capacity for k£ = 3 in the sense that we can find the least squares estimate of the factorial
effect parameters in all (g) models. The information matrices for the (g) models can
be represented by matrix M.

We consider the following general structure M whose elements are integers and p,

Do, ...p, are nonnegative integers:
1 1
(CL - al)]pl + al‘]m bg )‘](Pl Xp2) T b£ )J(Pl XDPr)
1 2
A b5 J ) (a— as)lp, +asdy, | ... b J i) )
1 2
b£ )‘](erm) bq(” )J(erm) - (CL — ar)fpr + CLTJPT

The dimensions of matrix M are ((pi+...+p,) X (p1+...+p,)). We obtain from (7.1) r
distinct eigenvalues. The eigenvalues and their multiplicities are given in the following

table:

Table 7.1: The r eigenvalues of M and Multiplicity

Eigenvalues Multiplicity
M=(a—a)| (p—1)
Ay = (a — ay) (p2—1)
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To find the remaining r eigenvalues we consider the following equation:

MU = \U, (7.2)

P1 p2 Pr

A\ /\

/ ~ Ve ~
where U’ = [1,...,1,u2,...,ug,...,ur,...,ur}.

Equivalently we have the following r equations:

a+ (pr — Day + p2bSus + psbMug + .+ pbPu, = A,
pib$) + (a + (2 — Dag)ug + psb$us + ...+ pbPu, = Ay,

pib + pabPus + (a + (ps — Vag)ug + ...+ p,bPu, = Aug, (7.3)

pibY + pabPuy + psbPus + .+ (a+ (pp — DayJu, = M.

Consequently we have

plbél) + (a+ (p2 — Dag)us + p3b§2)u3 F oAb,

= u27
a -+ (pl - 1)(11 +p2bgl)u2 + p3bé1)u3 + ...+ prb’gl)ur
p1b§1) +p2bé2)UQ + ((I + (pg — 1)&3)U3 + ...+ prbs«s)ur . (7 4)
- 3 .
a + (pl - 1)@1 —|—p2b§1)U2 + p3b§)1)u3 +...+ prb1(“1)ur
pib + pabt s + psbtus + ..+ (a+ (pr — Day)u, "

a+(p1—1a +p2bgl)uz —I—pgbgl)u;), + o+ p, b,

We can solve equations (7.4) for [ug, us, ..., u,].
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Example 7.1

We now consider the special case where p3 = ... =p, = 0. We have
a b b ble ¢ ¢ c
b a b ble ¢ ¢ c
b b b alc ¢ c c
M = , (7.5)
c ¢ ¢ cla d d d
c ¢ ¢ cld a d d
c ¢ ¢ cld d d a

where b= aq, c = bgl), and d = as.

From (7.5) we obtain the following eigenvalues:
A1 = (a—b) multiplicity (p; — 1),

Ao = (a—d) multiplicity (p2 — 1).

From (7.2) we have
a+ (p1 — 1)b+ pacus = A, (7.6)
and
pic+ (a+ (p2 — 1)d)uz = Auy. (7.7)

Thus

pic+ (a + (p2 — 1)d)u2 B
a+ (p1 — 1)b+ pacusy
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and

pacus + ((p1 — 1)b — (p2 — 1)d)us — prc = 0. (7.9)
We have
2
—(p1 = 1b+ (p2 — 1)d £ \/((Pl —1)b— (p2 — 1)d)” + 4pipac
Uy = . (7.10)
2pocC
Hence
1y _«
Uy = —, 7.11
P2 (7.1
QpE—— 7.12
Ug Oé’ ( : )
and
As = a+ (p1 — Db+ pecul? = (a — b) + pib + ac, (7.13)
c
M=a+ (pr—1)b +pgcu§2) = (a—b)+pb— p1§2 : (7.14)
where o — (Pl1)b+(P2l)di\/((;’i1)b(p21)d)2+4p1p20.
The eigenvectors correspond to A3 and \4 are given respectively below:
—
/A T (7.15)
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p2

—N—
—
v =1,

p1

(7.16)

Example 7.2

We consider the following design D7 derived from D7 by deleting the following two
runs (—1,1,1,1) and (1,—1,1,1). We consider the models in (5.1) with any one of the
following two-factor interactions {AC, AD, BC, BD}.

1 1 1 1
1 1 -1 1
1 1 1 -1
Diy=1 -1 -1 -1 1 (7.17)
-1 -1 1 -1
-1 1 -1 -1
1 -1 -1 —1

The X’X matrix can be represented by the M matrix in (7.1) after some row and

column permutations. We have p; = 1, ps = 2, p3 = 3 and the following equation:
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T3 31 1 1 1 1

7 —1 1 1 1 U9 U2

-1 7 1 1 1 U9 (%)
| — (7.18)

1 1 7T -1 -1 us Uus

1 1] -1 7 -1 Uus Us

1 1]-1 -1 7 Us Us



Thus we have

3 + 6us + 3us
Ug = ————
> 7+ 6uy + 3ug
and
14+ 2us 4 bus
U3 = ——————.
7+ 6us + 3us

From (7.19) and (7.20) we obtain

6u2 + uy — 3 = 3us(1 — uy)

and

3u3 + 2uz — 1= —(1 4+ u3)(1 — 3uz) = 2uy(1 — 3uz).

From (7.21) and (7.22) we have
If 1 —3uz =0and 1+ uy # 0 then us = 2/3 and ug = 1/3,
If 1 —3us3 =0 and 1+ uy = 0 then uy = —1 and ug = 1/3,
If 1 — 3us # 0 then uy = 0 and ug = —1.

The eigenvalues and eigenvectors of matrix M are given below:
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M=8, U= 0,4,-%,000]
=8, Uj=0,0,0,25,-%,0],
o =8,  Up=10,0,0,0, %, ~F],
n=120 Uf= (L3344,

=2, U= 11, 1444,
=4, U= [1,0,0,1,-1, 1]

Example 7.3
We consider the following design Dy, that is not derived from D;. We consider the

model in (5.1) with the two-factor interactions {C'D}.

-1 -1 -1 -1
1 1 -1 1
1 1 1 -1
-1 -1 1 1
Dipa=1 -1 1 -1 1 (7.23)
-1 1 1 -1
1 -1 -1 1
1 -1 1 -1
1 1 -1 -1

The X’X matrix can be represented by the M matrix in (7.1) after some row and
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column permutations. We have p; = 3, po = 2, p3 = 1 and the following equation:

9 1 1]-1 —-1|-3 1 1
1 9 1]1—-1 —1|-3 1 1
1 1 9| -1 —-11]-3 1 1
H N
-1 -1 -1 9 -3|-1 U9 U2
-1 -1 —-1|-3 9]|-1 Us U
-3 -3 —-3|-1 -1 9 U3 U3
Thus we have
Uy — —3+6U2—U3
711 — 2us — 3uy
and
" =9 —2uz +9ug
5711 — 2up — 3uy

From (7.25) and (7.26) we obtain

—8(ug + 3)(4u3 — Huy — 1)
(—1 4 3uy)?

From (7.27) we have

=0.

uy = —3 and uy = 2 £ $VA41.

The eigenvalues and eigenvectors of matrix M are given below:
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A =S8, Ul = |4, -25,0,0,0,0],
Ay =8, UQ:-%O—%,0,0,0},
s = 12, U; = [0,0,0, 45, ~ 2.0
A =8, U4=_1,1,1, 3,—3,3},
A= 9— VAL Up= 11,1, 3+ 1VAD), (2 + 1VAD), (4 + 1VAT) .
No =9+ VL Up= 1,11, (3 - 1VAT), (3 - $vaT), (3 - 4vaD) |.

7.2 Estimation Capacity and Robustness of Dy

Design D; has maximum estimation capacity for k = 3. Furthermore we can delete
runs from D; and some resultant designs have full estimation capacity for £k = 1 and
k = 2. The results are given in the following table.

Table 7.2: Designs obtained from D; by deleting runs with FEC for £ = 1 and 2

Designs With Full Estimation Capacity
Number of
k | runs deleted Run(s) Deleted
1 1 Any one run
1 2 52
1 2 Sfl) and its foldover in S
1 2 So, S
1 2 So, S5
1 3 g9
2 1 s
2 1 sh
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7.3 Information Matrices and Spectrum

All the information matrices associated with design D; and designs given in Table
7.2 can be obtained from matrix M in (7.1). The values of pls, the elements of the
X'X matrices and the eigenvalues are given in Table 7.3, Table 7.4 and Table 7.5.
We denote models(Ms) in Table 7.3. When there is no factor in common between the
two-factor interactions in the models we denote these models as disjoint pair(DP) in
the tables. We denote others(O) to be other than disjoint pairs in Table 7.3. In Table
7.4 and Table 7.5 we denote runs deleted to be RD. We denote runs Sy = (1,1,1,1),
Si(1) =(-1,1,1,1), S1(2) = (1,—-1,1,1), S1(3) = (1,1,-1,1), S5(1) = (—-1,—-1,—1,1)
and S3(4) = (1, -1, -1, —1). We denote the elements of M as follow: b = a(y), ¢ = bél),

e=b" h=0" d=as f=b07,i=0bP, g=asand j=b in Table 7.4.

Table 7.3: Information matrices and eigenvalues from Dy

D7

k | Ms P1| P2 | a b C d /\1 )\2 )\3 )\4 /\5 )\6 )\7 )\8

1jal |6 [|0[9]1|NA|NA| 8|8 |8 |8|8] 14| NA | NA

2/DP | 5|2 (9|1] 1 -7 88| 8|8 |16]1.16|13.84 | NA

3IDP 6|2 (9]1]| 1 7| 8181888 16 | 1.7 | 14.93
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Table 7.4: Information matrices from design obtained from D,

Designs Obtained from D7

RD models pr|p2|p3|palal b c d e f g
So all 6 |0[0[0|8] 0 | NA|NA|NA|NA|NA

S1(1) (AB),(AC), 214008 0] 2| 0 |NA|NA|NA

S1(1) (BC),(BD),(CD) | 1 | 5| 0|0 |8|NA| 2 0 | NA | NA|[NA

S3(1) (AB),(AC),(BC) | 3|3 |0]|0 (8] 0 2 0 | NA | NA|NA

S3(1) (AD),(BD),(CD) | 2 |4 |0 |0 |8] O 2 0 | NA | NA|[NA

S1(1)

S1(2) (CD) 2141010 7] 3 1 -1 | NA | NA | NA

S1(1)

$1(2) (AB) 2031073 | 1|-1]1]|3|NA

$1(1) (AC),(AD)

S1(2) (BC),(BD) 112]3]0|7|NA| 3 -1 1 1 -1

S1(1)

S3(4) all 113]2]0|7|NA| 3 -1 1 1 3
So

Si(1) all 11500 |7|NA| 1 -1 | NA | NA | NA
So

S3(1) all 31300 |7] -1 1 -1 | NA | NA | NA
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Designs Obtained from D7 (Table 7.4 con’t)
RD models | p1 | p2|p3|palal b |c| d e f g
S1(1) (AD)
S51(2) (BD) 21212 10(|6] 22| 2 0 0 -2
S1(3) (CD)
Si(1)° (AB)
$1(2) (AC) | 2|2 |1]1]6] 2 0|2 2] 0]|NA
51(3) (BC)
(AB,AC)
Si(1) (ABAD) | 4 | 30|08 0 |2 0 |NA|NA|NA
(AC,AD)
(AB,BC)
(AB,BD)
(AC,BD)
S1(1) (AC,cD) | 2 |50 08| 0 [2] 0 | NA|NA|NA
(AD,BD)
(AD,CD)
(BC,BD)
Si(1) (BC,CD) | 1 | 6|0 |0|8[NA|[2| 0 |NA|[NA|NA
(BD,CD)
Sy(1)* DP 40111 |8] 0 |2[NA| 2| 0 |NA

For (%), h=0,7=2 and j = 4.

For (%), h=0,7=2 and j = —6.
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Designs Obtained from D7 (Table 7.4 con’t)

RD models [ p1 | p2|p3s|palal|b|lc|d]| e f g
(AD,BD)

S5(1) (AD,CD) | 5| 2| 0|0/|8|0|2|0]|NA|NA|NA
(BD,CD)

S3(1) allothers | 3 | 4 | 0| 0 [8[0|2]|0|NA|NA|NA
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Table 7.5: Eigenvalues for information matrices in Table 7.4

Eigenvalues for Information Matrices in Table 7.4

RD |k models DL P2 | P3| pa| A | Ao | A3 | As| A A6
So |1 all 6/0[0]0|8|8]8]8 8 8
Si(1) | 1| (AB),(AC),(AD) | 2 | 4|0 ] 0| 8| 8| 8| 8 |234]13.66
S1(1) | 1| (BC),(BD),(CD) | 1 |5 |0 |0] 8| 8| 8|8 |353|1247
S3(1) | 1| (AB),(AC)(BC) | 3|30 |0| 88|88 2 14
S3(1) | 1| (AD),(BD),(CD) | 2 |4 |0 0] 8|8 | 8|8 ]234]13.66

Si(1)

S1(2) | 1 (CD) 21410108 8| 8] 4281112

S1(1)

S1(2) | 1 (AB) 21311108 ]8] 8] 4]0.60]13.40

Si(1) (AC),(AD)

S1(2) | 1 (BC),(BD) 112(3]0|8|8)|8]4 2 12

S1(1)

S3(4) | 1 all 113]2]0]8]8] 8] 4060|1340
So

Si(1) | 1 all 1150|088 |88 2 8
So

S3(1) | 1 all 31310108 ]8]8]8 2 8
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Eigenvalues for Information Matrices (Table 7.5 con’t)

RD models | p1 [ p2 | P3| Ppa| A | A2 | A3 | M | A5 A6 A7
S1(1) (AD)
S1(2) BD) | 2|2|2/0|8|8|4| 4 |153)|1047| NA
S1(3) (CD)
S1(1) (AB)
S1(2) (AC) |2 |21 1|8 |8|4]| 4 [034]11.66| NA
S1(3) (BC)
(AB, AC)
Si(1) (ABAD) | 4 | 3|00 |8 |8|8| 8 | 8 | 107 |14.93
(AC,AD)
(AB,BC)
(AB,BD)
(AC,BD)
S1(1) (ACCD) | 2|5 |0]0]| 8|88 8 8 1.68 | 14.33
(AD,BD)
(AD,CD)
(BC,BD)
Si(1) Be,eD) |16 0|08 8|8 | 8 | 8 | 310|129
(BD,CD)
S1(1) DP 4 |1 1 1 8 8 8 10.76 | 3.58 | 12.42 | 15.25
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Eigenvalues for Information Matrices (Table 7.5 con’t)

RD models | p1 [ p2 [ P3| pa | M [ A2 | A3 | M| A5 | Ne A7
(AD,BD)
S5(1) (AD,CD) | 5 | 2|0 |0|8|8|8/|8|8|168]1433
(BD,CD)
S3(1) allothers | 3 | 4 | 0| 0| 8 | 8| 8| 8| 8| 107 14.93
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Chapter 8

A Class of Optimum Designs for
k=1

8.0 Summary

In this chapter we consider the models in (5.1) for k = 1. We denote Xa; = [4, X;i)]

fore=1,..., (7;) We write the design matrix X ® = [Xl, Xzi}- We show for all

designs with general m, n and £ = 1 the matrix X;inz- is a principal sub-matrix of
X;X 1- When the X;iX% matrix is a principle sub-matricx of X;X 1 we proved the
minimum eigenvalue of X 1X 1 is less than or equal to minimum eigenvalue of X; 1 X2i
For foldover designs with k& = 1 we proved the minimum eigenvalue of X " X ® is equal
to the minimum eigenvalue of X 1X 1. We consider the class of designs Ds with n runs
for estimating the main effects only and let F< be the class of foldover designs with 2n
runs, n runs from 7' € Dg and another n runs from —7', having full estimation capacity

T*

for £k = 1. We prove that if T* € Dz is E-optimum, then (_T*

) is optimum design with

respect to AMCR and GMCR in Fs. Furthermore, if 7% is D- and A- optimum with

T*
—T*

’

a special structure for X .. X7+ we prove ( ) is optimum with respect to GD, AD,

GT, and AT in Fz.
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8.1 Sub-Matrices of Xin and Eigenvalues

In this section we investigate the relationship between X iX 1 and X ; ;X 2; and their
minimum eigenvalues. For all designs, whether foldover or not, we consider general m,
nand k=1. Fort =1, ..., (Z‘), we can partition X' X in this manner

X X1 | X, Xai

X @ x (@) —

X;i'Xl X;z‘X%

where the rows and columns of X; represent the main effects, the rows and columns
of X; represent the general mean and the two factor interaction of the i model. We
consider k& = 1 with the interaction of the i*® and j** factor in the model, then the

. ’ 7
matrices X, Xy and X,, X5; are

n L2 L1 Lm
! ’
T, I n ... T,
’ 2 o2m
X, X, = . . . _ ,
’ ’
r ITq va.’Em_l n
and
!
n XL .Tr
’ 177
Xy Xoi=|
. .x; n

We can obtain X; ;X2; from X;Xl by extracting the i and j** entries of the i** row
and j*" and i*" entries of the j®" row. Thus the matrix X, Xo; is a principal sub-matrix

of X 1X 1- We proved the following two lemmas in view of the above observations.

Lemma 1 The minimum eigenvalue of X;X 1 1s always less than or equal to the min-

imum eigenvalue of X;iX%, fori=1,..., (g‘)
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Proof:

Foralli=1,..., (7;), X;ini is a principal sub-matrix of Xin. Let b = (l_)'l, I_)Iz)

and b* = (O,Q'z), since X;,z.XZi is a sub-matrix of X;Xl7 then

b (X;X1)b _bY (X X1)b* . by(X5X2)b,
— "= <min————"— =min =2 —=
b'b 5 b bbb,

= )\min(X;iX?i)y

Amin (X3 X1) = min

where A,,;, denote the minimum eigenvalue of a matrix.

(8.1)

Lemma 2 For all foldover designs with general m, n (even), and k = 1, with i =

1,.., (’g’) the minimum eigenvalue of X' X @ s equal to the minimum eigenvalue of

X, X;.

Proof:

Fori=1,..., (’;‘) and for any foldover design the structure of the matrices X ®’ X ()

are block diagonal with 2 blocks, the structure is presented below

XX, 0

X @ x @) —

0 | X, X0

Since X @’ X ® are block diagonal matrices then the spectrum of X ®’ X ® is the com-

prise of the spectra of Xin and X;ini. Since we have )\mm(Xin) < )\mm(X;ini)

for all i, from lemma 1 this implies Ay, (X @ X @) = )\mm(Xin).

The minimum eigenvalue of X ® X ® ig independent of i. Consequently, for all

foldover designs, we do not have to consider Xs; to find the minimum eigenvalue of

X®' X@  We can find it from X;. This is a major advantage because the X ® ma-

trices for all (7;‘) models have X sub-matrix in common and X,; sub-matrices will not

be the same for most of the cases.
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Example 8.1

Let us consider the following design Dg; with k = 1 two-factor interaction,

1 1 1 -1
-1 -1 1 1
—1 1 -1 1
Dgy =
1 -1 -1 1
1 1 -1 -1
-1 -1 -1 -1

Design Dg; is not a foldover design. There are two classes of models. Within each
class the matrices X’ X ® are identical. There are three models in each class. The

. ’ .
matrix X, X; is

6 2 0 -2
, 2 6 0 -2
X1X1 = )
0O 0 6 O
-2 -2 0 6
and the matrices X;ini are
6 0
Wl - ’
0 6
6 2
Wy =
2 6

The eigenvalues of X;Xl are {4,4,6,10}, the eigenvalues of W; are {4,8} and the
eigenvalues of Wy are {6,6}. The minimum eigenvalue of X 1X1 is less than or equal
to the minimum eigenvalues of W; and W.

Example 8.2

Let us consider the following design Dgs with k& = 1 two-factor interaction,
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-1 1 1 1
1 -1 1 1
1 1 -1 1
1 1 1 -1
-1 1 1 -1
Dgy =
1 -1 -1 1
-1 -1 -1 1
-1 -1 1 -1
-1 1 -1 -1
1 -1 -1 -1

Design Dsg 5 is a foldover design and there are two classes of models. Within each class

the matrices X @' X ® are identical. The X 1X1 matrix is

10 -2 -2 2
, —2 10 2 -2
2 2 10 -2

2 -2 -2 10

! .
and the X,, X; matrices are

10 —2
Wl = )
-2 10
10 2
W, =
2 10
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The eigenvalues of X;Xl are {8,8,8,16}, the eigenvalues of Wy are {8,12} and the
eigenvalues of Wy are {8, 12}. The minimum eigenvalue of X, X; is less than or equal
to the minimum eigenvalue of W37 and Ws. Moreover the minimum eigenvalue of

X® X ® is equal to the minimum eigenvalue of X;Xl as asserted by lemma 2.

8.2 FE-, AMCR and GMCR Optimum Designs

In this section we consider a design 7™ that is F-optimum and investigate the
optimality of the foldover design (T* ) with respect to AMCR and GMCR. The

—T*

result is given in the following theorem.

Theorem 1 Let D be the class of designs with n runs for estimating the main effects
only and let Fs be the class of foldover designs with 2n runs, n runs from T € Dz and
another n runs from —T', having full estimation capacity for k = 1. If T* is E-optimum

in Dx, then fr = (EF;*) 1s optimum design with respect to AMCR and GMCR in Fs.

Proof:

Suppose T* is F-optimum design in Ds and fr € Fs then for i =1, ..., (’;)

N X . X 0
XPxP = [ S , (8.2)
0 XzifTXZifT
and
o X, Xqp )t 0
(g xgyr = [ KanXas) 83
0 (X2ifTX2ifT)_1
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Since

then

and

then

Since

then

leTleT = 2X, Xy,

Xoir
XZifT - 9
Xair
XzifTXZifT = 2X,,r X2

Amin( X 47 X152) < Amin(Xgip, Xaigr ),

)\mam(X;fTleT)_l > )\max(X;ifTXZifT)_l'
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We must choose T in Ds so that the maximum eigenvalue (M EV) of (X, X1 fT)_1

is minimum. Since T™ is F- optimum in Ds , then fp. = (EFT) gives minimum max-
imum eigenvalue of (X X1 fT)fl in F. This result is in fact model independent,
meaning that it is true for all (”21) models. Hence fr« = (:‘FT) is optimum with respect
to AMCR and GMCR in Fx. [ ]

If we choose a main effects plan 7™ that is E- optimum in Dg, then fr« = (_TT*)
is optimum design with respect to AMCR and GMCR in Fsz. We illustrate with the
following example.

Example 8.3

Let us consider the following designs

-1 -1 -1 -1
-1 -1 -1 1
Dgz=| -1 -1 1 -1 |,
-1 1 -1 -1
1 -1 -1 -1
and
1 1 1 1
-1 -1 -1 1
Dsg=1 -1 1 -1 -1
-1 -1 1 1
-1 1 -1 1

The design Dg3 is an D—, A— and E— optimal main effect plan while design Dg4
D D
is not optimal. Let Dg3¢ = ( 83 ) and Dg4p = ( 84 ) we determined Dg 3y and
—Dg3 —Dgy
Ds 45 have FEC for £ = 1. The values of the six criterion functions for the designs

Dg sy and Dg 4y is given in Table 8.1.
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Table 8.1: Values of six criterion functions for Dgs¢ and Dg 4¢

Values of Six Criterion Functions for Dg 3y and Dg.y

Design AD AT | AMCR GD GT | GMCR

Dssr | 1.272x 1076 | 0.646 | 0.125 | 1.272x 1075 | 0.646 | 0.125

Dsyp | 2756 x 1079 | 0.913 | 0.427 | 2.721 x 107% | 0.912 | 0.427

From Table 8.1, the values of AMCR and GMCR for design Dg 3¢ is smaller that
than of Dg4¢. Moreover the values of AD, AT, GD and GT for design Dy 3y is smaller
that than of Dg4r. We will consider AD, AT, GD and GT in the sections 8.3 and 8.4.

8.3 D-, AD and GD Optimum Designs

In this section we consider 7™ that is a D- optimum plan in Dg. We investigate

T*

the optimality of fr+ = (_T*

) with respect to GD and AD for a special structures of

X {7+ X1~ matrix. The result is given in the following theorem.

Theorem 2 Let Dx be the class of designs with n(odd) runs for estimating the main
effects only and let Fx be the class of foldover designs with 2n runs, n runs from T € D
and another n runs from =T, having full estimation capacity for k = 1. If T is D-
optimum in Dz and the non-diagonal elements of X{p. Xy« are all =1 or 1 then

fr- = (_T;*) 18 optimum. design with respect to GD and AD in Fs.

Proof:

We prove the case for GD, the proof for AD is analogous. Suppose T* is D-optimum

/

in Ds and the non-diagonal elements of X7 .

X7+ are all —1 or 1. For any T € Dxg,
let the columns of X7 represent the main effects, the columns of Xo;7 represent the

general mean and the two factor interactions of the i*" model, i = 1, ..., (ZL) The matrix
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X ](c;) for fr = (_TT) € Fx is given as

Xir | Xor

X(i) _
fr —
_XlT XZiT

Since fr is a foldover design then X J(fT)'X j(fT) are block diagonal matrices

< o _ [ 2XarXar 0
fr S fr —

2X21ZT

0 Xoir

Since X }ZT)IX J(ZT) are block diagonal matrices then we can express GD as

(3) o

GD = |[det(2X 17 Xa)](3) [ det(2X 7 Xair) | (5).

i=1

To minimizes G D it is suffice to choose T' € Dz so that we maximize

(3)
det(X 17 Xar) | [ det(Xpp Xair).

=1

Since T™ € Dx is D- optimum then V1" € Dg

det(X,

1 Xar+) > det(XiTan) ,

’

and given that X, ..

entries of X/

1+ X1+ are all 1 and —1 then

(3) (3)

[T det(X i Xnia-) = [n* = 1)) > ] det( X7 Xnir).

i=1 i=1

7

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

Xo;1 are principal sub-matrices of XiTXlT with non-diagonal

(8.16)



Thus we have

(%) (%)
det(Xypu Xaze) | [ det(Xpip Xaire) > det(X 2 Xar) [ [ det( X0 Xair).  (8.17)
i=1 i=1
Consequently T* € Dz that maximize (8.14), is equivalent to fr« = (3;*) € Fz that

minimize GD. Hence fr« is optimum with respect to GD in Fs. [ |

In example 8.1, the X;TXlT matrix for design Dg 3 is

5 1 1 1

, 1 511
X rpXar =

1 151

1 1 15

Thus the values of AD and G'D for design Dsg 3 is smaller that than of Dg4; as seen
in Table 8.1.

8.4 A-, GT and AT Optimum designs

In this section we consider T™* that is an A- optimum plan in Ds. We investigate
the optimality of fr« = (_TT*) with respect to GT and AT for a special structures of

X/

17+ X1+ matrix. The result is given in the following theorem.

Theorem 3 Let Ds be the class of designs with n(odd) runs for estimating the main
effects only and let Fx be the class of foldover designs with 2n runs, n runs fromT' € Ds
and another n runs from —T, having full estimation capacity for k = 1. If T is A-
optimum in Dz and the non-diagonal elements of X{p. Xy« are all =1 or 1 then

fr = (_Tr;*) 18 optimum. design with respect to GT and AT in Fs.
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Proof:

We will prove the case of GT the proof for AT is similar. Suppose T™ is A- optimum
in D and the non-diagonal elements of X;T* X7+ are all —1 or 1. For any T € Dx,
let X1 represent the main effects, the columns of Xo;7 represent the general mean

and the two factor interactions of the i® model. Since X J(c;) 1 =1,.., (’;) are block

diagonal matrix, then for any fr = (_TT) € F< we can express G1' as

(3) o C @
GT = H [trace(2X1TX1T) + trace(2X . Xair) ] ) (8.18)
i=1
Since T* is A- optimal in Ds then VT € D<
trace(X;T*XlT*)_l < trace(XiTXlT)_l, (8.19)

and since off-diagonal elements of the principal sub-matrices comprised of 1 or —1, then

Xoir+) < trace(X'

trace(X, 2T

2¢T*

Xoir) ', (8.20)
thus
GTr <GTr, (8.21)

hence the foldover design fr+ = (_TT**) is optimum design with respect to GT in Fz. m
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Chapter 9

Optimum Designs in Two

Sub-classes for £ =1

9.0 Summary

We consider two classes of foldover designs. For N = 2n, m = 2d and k = 1, we
consider the class of foldover designs D1 C Fz giving X' X ® to be block diagonal
matrix with two block matrices, X;Xl whose rows and columns represent the main
effects and X ; ;X,; whose rows and columns represent the general mean and the 7' two-
factor interaction, ¢ = 1,2, ..., (g‘) In this class the matrix X;Xl is a block diagonal
matrix with d (2 x 2) block matrices of the same structure. In each block of the (2 x 2)
matrix, the diagonal elements is n and the off-diagonal elements is a. For N, m even
and k = 1, we consider the class of foldover designs D2 C Fz give rise to X ®' X @
to be block diagonal matrix with two block matrices, X;Xl whose rows and columns
represent the main effects and X;iX% whose rows and columns represent the general
mean and the 7*" two-factor interaction, i = 1,2, ..., (7;) In this class the off-diagonal
elements is a and the diagonal elements is n in the X;X 1 matrix. Given a? > ay and

ap is a nonnegative number. Let a; be the smallest even integer that is greater than
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or equal to y/ag and az = —a,. For D1 and D2 if agp = 0 then a = 0 minimizes the
determinant, trace and maximum eigenvalue of (X;X 1)~ 1 as well as the optimality
criterion functions GD, AD, GT, AT, GMCR, and AMCR. For D1, if ay > 0 then a;
and a, minimize the determinant, trace and maximum eigenvalue of (X;X;) ™! as well
as the optimality criterion functions GD, AD, GT, AT, GMCR, and AMCR. For D2,
if ap > 0 then a; minimizes the determinant and maximum eigenvalue of (X 1X1)_1

as well as the optimality criterion functions GD, AD, AT, GT, GMCR, and AMCR.

9.1 A-, D- and E- Optimum Designs in D1

For N even, m = 2d and k = 1, we consider the subclass of foldover designs
D1 C Fz give rise to X @' X @ to be block diagonal matrix with two block matrices.
The rows and columns of the matrix X;Xl represent the main effects and the rows
and columns of X;iX% represent the general mean and the i** two-factor interaction,
1=1,2,..., (T;) The matrix X 1X1 is a block diagonal matrix with d block matrices of

the same structure

N a 0 0 0 0
a N O 0.. 00
0 0N a 0 0
X, Xi=| 0 0 a« N 0 0|, (9.1)
00 0.. 0 N a
000 .. 0 aON

where a® > ag and qg is a nonnegative number. Since we are considering a class of

foldover designs then a must be an even number or a negative even number. Since
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k = 1, then the matrices X;ZX 1= 1,2,..., (m) must be principal sub-matrices

21 ) 2

of X;Xl. From structure of Xin matrix, there are two types of X;inz. matrices.

There are d of

N a
Wi = , (9.2)
a N
and there are (2d* — 2d) of
N 0
Wy = (9.3)
0 N
From X 1X 1 matrix we determine
fla) = det(X; X1) ™" = [(N = a)(N +a)] ™, (9.4)
/ _ 2dN
h(a) = tT‘CLCG(Xle) 1— ]\[2—_&2, (95)
o 1 s ifa>0
L ifa<0

Since the matrix (X;X;)™! is positive definite then (2 — N) < a < (N — 2) for the
functions f, g and h. We obtain the following theorem for minimizing the determinant,

trace and maximum eigenvalue of (X, X;)™!.

Theorem 1 Suppose a®> > ag and let a; be the smallest even integer that is greater
than or equal to \/ag and as = —ay. If ag =0, then a = 0 minimizes the determinant,

trace and mazximum eigenvalue of (X;Xl)_l. If ag > 0, then ay and ay minimize the
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determinant, trace and mazimum eigenvalue of (X;Xl)_l.

Proof:

Suppose a?> > ag = 0, the functions f, g and h are minimize when a = 0. Now
suppose a® > ag > 0 and let a; be the smallest even integer that is greater than or equal
to /ap and a; = —a;. Since the functions f, g and h are monotonically decreasing on
the interval [(2 — N), 0] and monotonically increasing on the interval [0, (N — 2)] thus

. . . . . . ’ —_—
a; and ay minimize the determinant, trace and maximum eigenvalue of (X;X;)™'. m

9.2 Optimum Designs for Six Criterion Functions
in D1

In this section we consider the optimality criterion functions GD, AD, GT, AT,
GMCR, and AMCR for designs in D, with the matrices given in (9.1), (9.2) and (9.3).

The two classes of X®' X ® are

Y XX, 0
(X' X®), = 1 , (9.7)
0 %%
and
Y XX, 0
(X' X®), = 1 , (9.8)
0 W,

The numbers of (X @’ X ®),; and (X @’ X ), matrices are d and 2d?—2d respectively.

We can express the six criterion functions as follows:

_1
2d2—d

GD(a) = {[(Nz B az)—(d+1)]d[(N2 _ a2)—d(N)—2} 2d2_2d} ’ (9.9)

83



2 42)-(d+1) 2 2 _ 2)-dN-2
AD(a) = V= €N £ O 2V N 0.10)

1

2(d+1)Nqdr 2dn 9 72d2—2d | 24°-d
(ﬁ@:{[m_M}LW_ﬁ+N] } ; (9.11)

N2_g2 N2_g2

d[z(d—&-l)N} +(2d2—2d)[ 24N _{_%}

AT (a) = S : (9.12)
ﬁ if a >0,

GMCR(a) = AMCR(a) = (9.13)
v ifa<O.

We obtain the following theorem for minimizing the six criterion functions.

Theorem 2 Suppose a*> > ag and let a; be the smallest even integer that is greater
than or equal to \/ag and ay; = —ay. If ag = 0, then a = 0 minimizes the siz criterion
functions GD, AD, GT, AT, GMCR, and AMCR. Ifag > 0, then a; and ay minimize
the six criterion functions GD, AD, GT, AT, GMCR, and AMCR.

Proof:

Suppose a? > ag = 0, then the functions GD, AD, GT, AT, GMCR, and AMCR
are minimize when a = 0. Suppose a? > ay > 0 and let a; be the smallest even integer
that is greater than or equal to y/ap and az = —a;. Since the functions f, g and h
are monotonically decreasing on the interval [(2 — N), 0] and monotonically increasing
on the interval [0, (N — 2)] thus a; and as minimize the functions GD, AD, GT, AT,
GMCR, and AMCR. [ ]

For ap = 0, then designs in D, given rise to (9.1) with a = 0 is optimum with respect

to AD, AT, AMCR, GD, GT and GMCR. Similarly for ag > 0, then designs in D,
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given rise to (9.1) with a = a; is optimum with respect to AD, AT, AMCR, GD, GT
and GMCR.
Example 9.1

For N =12, m =4, and k = 1 let us consider the following foldover design Dy 1,

-1 1 1 1
1 -1 1 1
1 1 -1 1
11 1 -1
-1 1 -1 1
-1 1 1 -1
Dygy =
1 -1 -1 1
1 -1 1 -1
-1 -1 -1 1
-1 -1 1 -1
-1 1 -1 -1
1 -1 -1 -1

We have the following structures for X ' X ®

12 =4 0 0] 0 0
—4 12 0 0| 0 0
(X X0, 0 0 12 —4| 0 0 |
0 0 —4 12| 0 0
0 0 0 012 —4
0 0 0 0]|-4 12
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and

12 -4 0 0|0 0
4 12 0 0|0 0

(X x ), = 0 0 12 -4/ 0 0
0 0 —4 12/ 0 0

0O 0 0 012 0

0O 0 0 0] 0 12

There are d = 2 and (2d?> — 2d) = 4 of (X' X®); and (X® X ®), respectively.
Given a? > ag = 10, if we consider all foldover designs with the structure of X;Xl
given in (9.1) then Dy is optimum design with respect to all six criterion functions in

this class of designs.

Example 9.2

For N =8, m =4, and k = 1 let us consider the following foldover design Dy s,

-1 1 1 1
1 -1 1 1
1 1 -1 1
1 1 1 -1
Dy.o =
-1 -1 -1 1
-1 -1 1 -1
-1 1 -1 -1
1 -1 -1 -1
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We have the following structure for X ®’ X ®)

8 00 0[]0 O
08 000 O
008 0(0O0

X @ x @) —

Given a? > ay = 0, if we consider all foldover designs with the structure of X 1X 1 given
in (9.1) then Dy is optimum design with respect to all six criterion functions in this

class of designs.

9.3 FE-, AMCR and GMCR Optimum Designs in D2

For N, m even and k = 1, we consider the subclass of foldover designs D, C Fx give
rise to X®" X ® to be block diagonal matrix with two block matrices, X;Xl whose
rows and columns represent the main effects and X;ini whose rows and columns

represent the general mean and the i*" two-factor interaction, i = 1,2, ..., (TZ”) The
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. ’ .
matrix X, X; is

N a a a a a
a N a a a a
a a N a a a
X1X1 = a a a N a ... a (9.14)
a a a ... a N a
a a a ... a a N

where a? > ag and ag is a nonnegative number. Since we are considering foldover
designs then a must be an even number or a negative even number. Since k£ = 1, then

the matrices X;zX 1=1,2,..., (m) must be principal sub-matrices of Xin. From

21 2

!/ . . !
structure of X, X there is one class of matrices X,, X,

2 X2 = : (9.15)

We obtain the following theorem for minimizing AMCR, GMCR and the maximum

eigenvalue of (X;X;)™t.

Theorem 3 Suppose a®> > ag and let a; be the smallest even integer that is greater
than or equal to \/ag. If ap = 0 then a = 0 minimizes AMCR, GMCR and the
maximum eigenvalues of (X;Xl)_l. If ag > 0 then a; minimizes AMCR, GMCR

and the mazximum eigenvalues of (X;Xl)_l.

Proof:
Suppose a? > ag, let a; be the smallest even integer that is greater than or equal

to y/ag. Since XO'X® =12 ., (g’) are identical, then AMCR = GMCR. Fur-
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thermore minimizing AMCR and GMCR is equivalent to maximizing the minimum

eigenvalue of X @ X @ The minimum eigenvalue of (X;X;) is

Y N —a f0<a<N-2,
g(a) = Apin (XD X @) = (9.16)
N+(m-1a if (=N/(m—1) <a<0.

For ay = 0, we see a = 0 maximizes the minimum eigenvalue X;Xl and X®' X ®
Hence a = 0 minimizes AMCR, GMCR and the maximum eigenvalues of (X;X;) ™ .

Since
g'(=a)l > |g'(a)],  a€(0,N/(m—1)), (9.17)

then
g(a) >g(=a),  aec(0,N/(m—1)). (9.18)

Thus for ag > 0, a; maximizes the minimum eigenvalue of X; X; and X ®' X ®. Hence
a; minimizes AMCR and GMCR. [

For ay = 0, then designs in D, given rise to (9.14) with a = 0 are E-, AMCR and
GMCR optimum. Similarly for ag > 0, then designs in D, given rise to (9.14) with
a=a; are B-, AMCR and GMCR optimum.

9.4 D-, AD and GD Optimum Designs in D2

In this section we obtain D-, AD and GD optimum designs in D,. We obtain the

following theorem for minimizing AD, GD and the determinant of (X, X;)™*.

Theorem 4 Suppose a®> > ag and let a; be the smallest even integer that is greater

than or equal to \/ag. If ag = 0 then a = 0 minimizes GD, AD and the determinant of
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(X, X1)7t. Ifag > 0, then a; minimizes GD, AD and the determinant of (X, X1)™*.

Proof:

Suppose a? > ap and let a; be the smallest even integer that is greater than or
equal to /ag. Since the matrices XO'X® =12 .., (”;) are identical, then AD =
GD. Hence minimizing AD and GD is equivalent to maximizing the determinant of
X @' X®  We consider the the cases for m > 3, the case for m = 2 is obvious. First

we consider the determinant of X ;X 1 given below:
fla) = det(X;X1) = (N —a)" (N + (m — 1)a), a€c ((—~N/(m—1),N —2](9.19)
The derivative of f is
f'(a) = —m(m — 1)a(N —a)™ 2. (9.20)
Thus we have

fa)>0 if (=N/m—1)<a<0,
fa)y=0 if a=0, (9.21)

f(a)<0 if 0<a<(N-2).

For ay = 0, we see a = 0 maximizes the determinant of X 1X1. Equivalently a = 0
minimizes the determinant of (X;X;)™*.

For a € (0, N/(m — 1))

[f'(=a)l = (m = 1)ma(N +a)"* > (m — )ma(N —a)"* = |f'(a)],  (9.22)
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then

fla) > f(—a), a€(0,N/(m—1)) (9.23)

Hence for ag > 0, a; maximizes the determinant of X;Xl. Equivalently a; minimizes

the determinant of (X, X;)™!.

Now we consider the determinant of X’ X ®
h(a) = det( X D' X D) = f(a)fi(a) = f(a)(N? — a?). (9.24)

Since f; is monotonically increasing on (—N/(m — 1),0), reach its maximum at a = 0
and monotonically decreasing on (0, N — 2), then for ay = 0, a = 0 maximizes the
determinant of X ®’ X ®  Equivalently ¢ = 0 minimizes the AD and GD. Furthermore
for ag > 0, a; maximizes the determinant of X " X ®  hence minimizes AD and GD.
[

For ag = 0, then designs in D, given rise to (9.14) with a = 0 are D-, AD and GD
optimum. Similarly for ay > 0, then designs in D, given rise to (9.14) with a = a; are

A-, AD and GD optimum.

9.5 A- AT and GT Optimum Designs in D2

In this section we obtain A-, AT and GT optimum designs in D,. We obtain the

following theorem for minimizing AT, GT and the trace of (X 1X 1)L

Theorem 5 Suppose a®> > ay and let a;, be the smallest even integer that is greater than
or equal to \/ag. If ap =0 then a = 0 minimizes AT, GT and the trace of (X;Xl)_l.
If ag > 0, then ay minimizes AT, GT and the trace of (X, X1)™*.
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Proof:

Suppose a® > ay and let a; be the smallest even integer that is greater than or equal

to \/ag. Since the matrices XO'X® =12 ., (’g) are identical, then AT = GT.

Hence minimizing AT and GT is equivalent to minimizing the trace of (X ®’ X ®)~1,

We consider the the cases for m > 3.
First we consider the trace of (X;X;)™* given below:

m[N + (m — 2)al

fla) = [N+ (m— Da[N —a’

The derivative of f is

) = am(m — 1)(am — 2a + 2N)
/() (N +am —a)?(a— N)?

Thus we have

f(a)>0 if (=N/m—1)<a<0,
f(a)=0 if a=0,

f(a) <0 if 0<a<(N-2).

For ag = 0, we see a = 0 minimizes the trace of (X;X;)™*.

For a € (0,N/(m — 1))

2a3(m? — 3m + 2)

a€((—N/(m—1),N —2].

A (O E)

Since

a’> — N? <0,
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a((m—1))> = N? <0, (9.30)

and

2a*(m? —3m +2) >0 (9.31)

then

f(=a)> f(a), a€(0,N/(m—1)). (9.32)

Thus for ag > 0, a = a; minimizes the trace of (X;Xl)_l.

Next we consider the trace of (X’ X (®)—1

2n

h(a) = trace( XD X D)1 = f(a) fi(a) = (@) 55—

(9.33)

Since f; is monotonically decreasing on (—N/(m — 1),0), reach its minimum at a = 0
and monotonically increasing on (0, N — 2), then for ag = 0, a = 0 minimizes the trace
of (X®' X®)=1 Equivalently a = 0 minimizes the AT and GT. Furthermore for
ap > 0, a; minimizes the trace of (X® X @)~ hence minimizes AD and G D. m

For ag = 0, then designs in D, given rise to (9.14) with a = 0 are A-; AT and GT
optimum. Similarly for ay > 0, then designs in D, given rise to (9.14) with a = a; are

A-, AD and GD optimum.
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Example 9.3 Consider the following foldover design

11 1 1
-1 1 1 1
1 -1 1 1
1 1 -1 1
11 1 -1

Dy 5 =
-1 -1 -1 1
-1 -1 1 -1
-1 1 -1 -1
1 -1 -1 -1
-1 -1 -1 -1

The matrix X;Xl is

10 2 2 2
X;Xl _ 2 10 2 2
2 2 10 2
2 2 210

For a? > 0, the design Dy 5 is optimum with respect to AD, AT, AMCR, GD, GT and
GMCR in D,.
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Chapter 10

Optimum Fractional Factorial

Designs for m =4

10.0 Summary

In this chapter we present optimum fractional factorial designs for m = 4. The
numbers of runs we consider are n = 6, 7, 8 9, 10, 11 and 12. The values of k, the
number of two-factor interactions are 1, 2, 3, 4, 5 and 6. In [Ghosh and Tian(2006)] they
present optimum designs for maximum values of k. We discuss hierarchical designs.
For designs with n runs we can partition the designs with full estimation capacity into
non-isomorphic classes with respect to the criterion functions AD, AT, AMCR, GD,
GT and GMCR. Within each class the values of all the six criterion functions are
identical. As an example we consider designs with ten runs. We partitioned these
designs into isomorphic classes with respect to all six criteria. The models contain the
general mean, main effects and k = 1,2, 3,4 and 5 two-factor interactions. We present a
table for each k. For the models containing general mean, main effects, and £ = 1,2, 3,4
and 5 two-factor interactions, designs within isomorphic classes can be obtained from

one another by renaming factors or levels of the factors. We cannot transform a design
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from one class by renaming factors or levels of the factors to design of another class.

10.1 Optimum Designs for m =4 when k£ <6

In this section we present fractional factorial optimum designs for m = 4 with the
number of runs n = 6,7,8,9,10,11 and 12. The number of two-factor interactions
k =1,2,3,4,5 and 6 for the models in (5.1). For a fractional factorial design with n
runs the total number of designs is (2:) Let D denote the class of designs with n runs
that have FEC. We would like to find the designs that given the smallest values for one
or more of the six criterion functions AD, AT, AMCR, GD, GT and GMCR. For a
24 factorial experiment, we consider the positions with 1 in a run or equivalently the
factors with high level in a run. We then denote a run by the positions with 1. For ex-
ample, in the run (1,—1,1, —1), 1 is appearing in position 1 and 3 and hence we denote
this run by 13. We denote the run (—1,—1, -1, —1) by 0[Ghosh, and Tian(2006)]. In
Table 10.1 we present optimum designs, the number of runs in the designs, the number

of designs, the values of £ and which criterion functions the designs are the best.
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Table 10.1: Optimum designs for m =4

Optimum Designs for m = 4

Optimal
Design n | ND | ko w.r.t.

Dy = (123,124,134, 234,1,0) 6 | 64 1 All

D7y = (123,124,134,234, 1,2, 3) 71 16 1 All

D) = (123,124,134,234,1,2,3,4) 8| 2 1 All
Dsay = (1234,123,124,134, 1,2, 3, 4) 8 | 64 2 AD,AT,
GD,GT
Doy = (123,124,12,13,24,34, 3,4) 8 | 24 2 AMCR,
GMCR

Doy = (1234,123,124,134,234,1,2, 3, 4) 91 16 | 1,23 All

Doy = (1234,123,124,134,234,12,1,2, 3, 4) 10 | 48 1 All
Doy = (123,124,134, 234,14,23,1,2,3,4) 10| 8 1 AMCR,
GMCR

2,3 All

Do.2) = (123,124,134, 234,12,13,14,2,3,4) 10| 64 | 4,5 All

Dy = (1234,123,124,134,234,12,13,1,2,3,4) | 11 | 64 1 All
D11y = (123,124,134, 234,12,13,1,2,3,4,0) 11| 64 1 AMCR,
GMCR

D12y = (123,124,134, 234,14,23,34,1,2,3,4) | 11 | 48 | 2,3 All

Dai3y = (1234,124,134,234,12,13,23,1,2,3,4) | 11 | 16 | 4,5,6 All
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Optimum Designs for m = 4 (Table 10.1 con’t)

Optimal

Design n | ND Eopt w.r.t.

Diygy = (1234,123,124,134,234,12,13,14,1,2,3,4) | 12 | 32 | 1,456 | All

Diany = (123,124,134,234,13,14,23,24,1,2,3,4) | 12 | 96 1 | AMCR,
GMCR

Di1ao) = (123,124,134,234,13,14,23,24,1,2,3,4) | 12 | 12 1 | AMCR,
GMCR

2,3 All

Das) = (1234,123,124,134,23,24,34,1,2,3,4,0) | 12| 64 | 45 | AMCR,
GMCR

6 All

Doy = (1234,124,134,234,12,13,14,23,2,3,4,0) | 12 | 24 | 4,5 | AMCR,
GMCR

6 All

We denote k,,: to be the values of £ for which the design is optimum. From Table
10.1, design D(g) is the optimum design for n = 8 and & = 1 with respect to all six
criterion functions but it is not optimal for £ = 2. We note from chapter 5, Table 5.1
design D gy does not have FEC for k = 2. For n = 10, design D(¢.1) is the optimum
design for £k = 2 and 3 with respect to all six criterion functions but it is not optimal
for K =5 and 6. We see from the Table 10.1 both designs D19y and D(;¢.1) are optimum
with respect to AMCR and GMCR for k = 1. Meaning the values of AMCR and
GMCR are identical for both designs D10y and D(j¢.1). Furthermore D) is optimum
design for all six criterion functions when k& = 1 but design D01 is not. For n = 12,
designs D(12), D12.3) and D(12.4) are optimum designs with respect to all six criterion

functions for £ = 4, 5 and 6. But designs D(12), D(12.3) and D(;24) are not isomorphic
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in the sense that we cannot obtain one design from the other by renaming factors or

levels.

10.2 Hierarchical Designs

Many of the designs in Table 10.1 are nested. For example let us consider optimum
designs for k = 1 w.r.t to all six criterion functions. We see D7) € Dy € D9y C
D10y € D11y € D(y2) in the sense that runs of D7) are in D(g), the runs of D) are in
Dyg), the runs of D) are in D), the runs of D) are in D1y and the runs of D)
are in D). From Table 10.1, D9y € D(11.2) in the sense the runs of Do) are in
D11.2). Further more D1y € D9y and D(11.3) € D(124). In Table 10.2, we present the
values of the six criterion functions AD, AT, AMCR, GD, GT and GMCR for the

designs in Table 10.1.

10.3 Values of the Criterion Functions in Table 10.1

In this section we present the values of the six criterion functions AD, AT, AMCR,
GD, GT and GMCR for the designs in Table 10.1.
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Table 10.2: Values of criterion functions for designs in Table 10.1

Optimum Designs and Values of Criterion Functions

Design AD AT | AMCR GD GT | GMCR
D | 1526 x 107" [ 2.625 | 1.784 | 1.221 x 107* | 2.372 | 1.381
Dy [ 1526 x 1075 | 1.125 | 0.500 | 1.526 x 107¢ | 1.125 | 0.500
Dg) [ 3.815x 1076 | 0.750 | 0.125 | 3.815x 107% | 0.750 | 0.125
D) [2180x107%|0.696 | 0.125 | 2.180 x 107% | 0.696 | 0.125
Dagy | 1.254x107% | 0.644 | 0.125 | 1.254 x 107° | 0.644 | 0.125
Daoy | 12721076 1 0.646 | 0.125 | 1.272 x 107% | 0.646 | 0.125
Dary | 7.266 x 1077 | 0.592 | 0.125 | 7.266 x 1077 | 0.592 | 0.125
Daryy | 7.387x 1077 [ 0.595 | 0.125 | 7.385 x 1077 | 0.595 | 0.125
Doy | 4.239x 1077 0.542 | 0.125 | 4.239x 1077 | 0.542 | 0.125
Daoy | 4319 x1077 | 0.545 | 0.125 | 4.319 x 1077 | 0.545 | 0.125
D22y | 4415 x 1077 | 0.549 | 0.125 | 4.408 x 1077 | 0.549 | 0.125
D1y | 1.806 x 1076 | 1.472 | 0.755 | 1.551 x 107% | 1.426 | 0.677
D) |3.688x107% | 1.608 | 0.427 | 3.642 x 1070 | 1.607 | 0.427
Doy [3.942x 1077 [0.953 | 0.273 |3.313x 1077 [ 0.922 | 0.184
Doy | 1.567 x 1077 [ 0.795 | 0.170 | 1.524 x 1077 | 0.792 | 0.153
D@12y | 79351078 | 0.721 | 0.152 | 7.847 x 107® | 0.720 | 0.144
D22) | 4.106 x 107 | 0.653 | 0.133 | 4.083 x 107% | 0.652 | 0.131
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Optimum Designs and Values of Criterion Functions (Table 10.2 con’t)

k | Design AD AT | AMCR GD GT | GMCR

3 | D 8.345 x 107% | 1.388 | 0.610 | 6.847 x 107® | 1.334 | 0.418

3| Daoay | 2.384x107% | 1.025 | 0.306 | 2.259 x 107° | 1.017 | 0.261

3| Da12y | 9735 x 107 1 0.889 | 0.229 | 9.524 x 107 | 0.887 | 0.210

3| Da2gy | 7202%x 1077 | 1.639 | 0.736 | 6.335x 107 | 1.583 | 0.625

4| Doy | 7.202x 1079 | 1.640 | 0.736 | 6.335 x 1077 | 1.583 | 0.625

4| Darsy | 1.389x 1079 | 1.097 | 0.250 1.388 x 1072 | 1.097 | 0.250

D19 4.967 x 10719 1 0.954 | 0.250 | 4.932 x 1071 | 0.954 | 0.250

4
4| Daasy | 5.189 x 1071 1 0.966 | 0.250 | 5.182 % 107" | 0.966 | 0.250
4 | Dgagy | 5.381 x 1071 1 0.976 | 0.250 | 5.326 x 107 | 0.976 | 0.250

5| Daoay | 2328 x 107 | 2.875 | 1.784 | 1.863 x 107 | 2.646 | 1.381

5| Dargy | 1.863x 1071 | 1.288 | 0.250 | 1.863 x 1071 | 1.288 | 0.250

5 | Day) 5.821 x 10711 | 1.125 | 0.250 | 5.821 x 107! | 1.125 | 0.250

5| D23y | 6.014 x 1071 | 1.133 | 0.250 | 6.012 x 10~ | 1.133 | 0.250

5| Daaay | 6.144 x 1071 | 1.139 | 0.250 | 6.107 x 107" | 1.139 | 0.250

6 | Darsy | 2.587 x 1071 | 1.486 | 0.250 | 2.587 x 10~ | 1.486 | 0.250

6 | Dao) 7.276 x 10712 | 1.313 | 0.250 | 7.276 x 1072 | 1.313 | 0.250

6 | Da2sgy | 7.276 x 10712 | 1.313 | 0.250 | 7.276 x 107" | 1.313 | 0.250

6 | Da2ay | 7.276 x 10712 | 1.313 | 0.250 | 7.276 x 107" | 1.313 | 0.250

10.4 Non-isomorphic Classes for k =5

In this section we consider models with general mean, main effects and five two-
factor interactions. We determined there are 272 designs from the 8008 designs that

have the ability to estimate all the parameters in the six models. These designs with
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full estimation capability can be partitioned into four non-isomorphic classes with re-
spect to all six criteria. These four classes of designs are sorted from the best to the
worst in terms of AT. Within each class the values of all six criterion functions are
identical. We denote S1, S2, S3, S4 to be all runs in S, S, S5 and Sy respectively.
We denote S1{(1),(2)} to be two runs from S; . The numbers {(1),(2)} indicates the
position of the -1 in the runs from S;. The (1) refers to (-1,1,1,1) and (2) refers to (1 -1,
1 1). Similarly S2{(1,2),(1,3)} denotes two runs from Sy. The numbers {(1,2),(1,3)}
indicates the positions of the -1 in the runs from Sy. The (1,2) refers to (-1,-1,1,1)
and (1,3) refers to (-1,1,-1,1). For S3{(3),(4)} denotes two runs from S5. The numbers
{(3),(4)} indicate the position of the +1 in the runs from Ss. The (3) refers to (-1 -1 1
-1) and (4) refers to (-1 -1 -1 1). The number of designs in each non-isomorphic class
is denoted by ND. These four classes of designs are sorted from the best to the worst

in terms of AT.
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Table 10.3: Non-isomorphic designs (n = 10,m = 4,k = 5)

Non-isomorphic Designs (n = 10, m = 4, k = 5)

| Designs |[ND| AD* [ AT |AMCR| GD* | GT |GMCR |
S1
S2{(1,2),(1, 3)} | 64 | 2.3283 | 2.8750 | 1.7844 | 1.8626 | 2.6458 | 1.3811
53{(3),(2),(1)}
S4
S1
52{(1, 2),(1, 4)}

{(3,4)} 96 | 3.2596 | 3.0833 | 1.8499 | 2.9568 | 2.9953 | 1.6857
S3{(4),(1)}
S4
S1{(1),(2),(3)}
S52{(1, 2),(1, 3)}

{(2, 3)} 16 | 3.7253 | 3.2500 | 2.0727 | 3.7253 | 3.2500 | 2.0727
53{(3),(2),(1)}
S4
S1
52{(1, 2),(1, 3)}

{(2, 3)} 96 | 3.2596 | 3.5000 | 2.3973 | 2.9568 | 3.3666 | 2.1466
S53{(3),(2)}
S4

We denote AD* to be 10° x AD and GD* to be 10? x GD.

10.5 Non-isomorphic Classes for k£ =4

In this section we consider models with general mean, main effects and four two-
factor interactions. We determined there are 1,232 designs from the 8,008 designs that
have the ability to estimate all the parameters in the fifteen models. These designs with
full estimation capability can be partitioned into eight non-isomorphic classes with re-
spect to all six criteria. These eight classes of designs are sorted from the best to the

worst in terms of AT.
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Table 10.4: Non-isomorphic designs (n = 10,m = 4,k = 4)

Non-isomorphic Designs (n = 10, m = 4, k = 4)

Designs  [ND | AD* | AT [AMCR| GD* | GT |[GMCR|

S2{(1, 2),(1, 3)} | 64 | 7.2022 | 1.6396 | 0.73550 | 6.3351 | 1.5832 | 0.6249
83{(3),(2).(1)}
(1,2),(1, 4)}
3, 4)} 96 | 10.100 | 1.8313 | 0.85863 | 9.1686 | 1.7920 | 0.7826
4),(1)}
(1,2),(1, 3)}
2, 3)} 96 | 11.093 | 1.9937 | 1.0704 | 10.056 | 1.9392 | 0.9618
3).(2)}
(1),(2).3)}
(1,2),(1, 3)}
(2, 3),(2, 4)} | 192 | 14.239 | 2.0097 | 0.92492 | 14.117 | 2.0019 | 0.8987
(2),(1)}
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Non-isomorphic Designs (n = 10, m = 4, k = 4)(Table 10.4 con’t)
| Designs [ND| AD* | AT [AMCR| GD* | GT |GMCR|
S1{(1),(2),(3)}
S2{(1, 3),(1, 4)}

{(2,4),(3,4)} | 192 | 13.245 | 2.0653 | 1.0466 | 12.871 | 2.0453 | 0.9931
S3{(3),(1)}
S4

2)
);
)} 384 | 13.080 | 2.0681 | 1.0460 | 12.528 | 2.0407 | 0.9984
2)

)
} 16 | 13.908 | 2.0917 | 1.1125 | 13.740 | 2.0820 | 1.0901
)

3)}
,4)} | 192 | 13.742 | 2.1389 | 1.1178 | 13.479 | 2.1108 | 1.0359

We denote AD* to be 10? x AD and GD* to be 10 x GD.

10.6 Non-isomorphic Classes for k =3

In this section we consider models with general mean, main effects and three two-
factor interactions. We determined there are 2, 248 designs from the 8, 008 designs that
have the ability to estimate all the parameters in the twenty models. These designs
with full estimation capability can be partitioned into fifteen non-isomorphic classes
with respect to all six criteria. These fifteen classes of designs are sorted from the best

to the worst in terms of AT
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Table 10.5: Non-isomorphic designs (n = 10,m = 4, k = 3)

Non-isomorphic Designs (n = 10, m = 4, k = 3)

Designs  [ND | AD* | AT [AMCR| GD* | GT |[GMCR|

S1
S2{(1,2),(3,4)} | 8 |[2.3842 | 1.0250 | 0.3061 | 2.2586 | 1.0174 | 0.2612
S3

S1
S2{(1, 2),(1, 3)} | 48 | 2.5545 | 1.0536 | 0.3354 | 2.3825 | 1.0428 | 0.2782
S3

S1
S2{(1, 2),(1, 3)} | 64 | 3.4068 | 1.1644 | 0.4325 | 3.2287 | 1.1502 | 0.4034

} 96 | 4.5461 | 1.2812 | 0.5062 | 4.2866 | 1.2691 | 0.4810

4)} | 192 | 4.3780 | 1.3134 | 0.5766 | 4.0672 | 1.2861 | 0.5125

2)
3)} 96 |5.1870 | 1.3829 | 0.6267 | 4.8054 | 1.3604 | 0.5741
(2

3)} | 192 | 4.9754 | 1.4064 | 0.6682 | 4.4964 | 1.3642 | 0.5710
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Non-isomorphic Designs (n = 10, m = 4, k = 3) (Table 10.5 con’t)

Designs

IND| AD* | AT [AMCR| GD* | GT |GMCR|

)
)} 384
1

5.6970

1.4167

0.6173

0.4621

1.4038

0.5852

2,4),(3,4)} | 192

2.7680

1.4228

0.6233

5.6113

1.4147

0.6011

),(1, 3)} | 192
)

6.2784

1.4517

0.6012

6.1958

1.4458

0.5750

bl 192

6.0884

1.4559

0.6401

5.9412

1.4489

0.6148

}
b 192

6.6360

1.4642

0.5909

6.5627

1.4608

0.5718

J(1,3)} | 192

5.6192

1.4846

0.7390

5.3736

1.4619

0.6852
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Non-isomorphic Designs (n = 10, m = 4, k = 3) (Table 10.5 con’t)
| Designs [ND| AD* | AT [AMCR| GD* | GT |GMCR|
S1
S2{(1, 2),(1, 3)} | 192 | 6.7949 | 1.5167 | 0.6925 | 6.7108 | 1.5094 | 0.6683
{(1,4),(3,4)}
53{(4),(3)}
ST{(1),(2),(3)}
S2{(1, 2),(1, 3)}
{(2, 3)} 16 | 6.9936 | 1.5583 | 0.7659 | 6.9514 | 1.5536 | 0.7542
53{(3),(2),(1)}
S4

We denote AD* to be 108 x AD and GD* to be 108 x GD.

10.7 Non-isomorphic Classes for k£ = 2

In this section we consider models with general mean, main effects and two two-
factor interactions. We determined there are 3,768 designs from the 8,008 designs
that have the ability to estimate all the parameters in the fifteen models. These de-
signs with full estimation capability can be partitioned into twenty five non-isomorphic
classes with respect to all six criteria. These twenty five classes of designs are sorted

from the best to the worst in terms of AT
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Table 10.6: Non-isomorphic designs (n = 10,m = 4,k = 2)

Non-isomorphic Designs (n = 10, m = 4, k = 2)

Designs  [ND | AD* | AT [AMCR| GD* | GT |[GMCR|
S1
S2{(1,2),(3,4)} | 8 | 1.5668 | 0.7946 | 0.1695 | 1.5237 | 0.7917 | 0.1534
S3
S1
S2{(1, 2),(1, 3)} | 48 | 1.6651 | 0.8139 | 0.1902 | 1.5811 | 0.8072 | 0.1615
S3
S1
S2{(1, 2),(1,3)} | 64 | 2.0618 | 0.8832 | 0.2875 | 2.0235 | 0.8806 | 0.2798
S3{(3).(2),(1)}
54
S1
S2{(1, 2),(3, 4)} | 192 | 2.4194 | 0.9437 | 0.3443 | 2.3509 | 0.9383 | 0.3284
53{(3),(2),(1)}
S4
S1
S2{(L, 2),(1, 4)}
{(3,4)} 96 | 2.5894 | 0.9598 | 0.3452 | 2.5165 | 0.9557 | 0.3353
$3{(4),(1)}
S4
S1
S2{(1, 2),(2, 3)} | 192 | 2.5892 | 0.9767 | 0.3816 | 2.4624 | 0.9655 | 0.3512
53{(4),(2),(1)}
S4
S1
S2{(1, 2),(1, 3)}
{(2,3)} 96 | 2.8837 | 1.0183 | 0.4146 | 2.7216 | 1.0054 | 0.3827
$3{(3),(2)}
54
S1
S2{(1, 2),(1, 3)}
{(3,4)} 384 | 3.1213 | 1.0407 | 0.4202 | 3.0451 | 1.0358 | 0.4089
S3{(4),(1)}
S4
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Non-isomorphic Designs (n = 10, m = 4, k = 2) (Table 10.6 con’t)

Designs

[ND | AD*

AT | AMCR| GD*

GT |GMCR|

(1,3)} | 192

2.9843

1.0428

0.4484

2.9130

1.0368

0.4316

2,4),(3,4)} | 192

3.1687

1.0490

0.4240

3.1089

1.0447

0.4106

2,3),(3, 4)} | 192

3.2728

1.0633

0.4366

3.1951

1.0589

0.4265

(1, 3)} | 192
)

3.4145

1.0637

0.4150

3.3919

1.0627

0.4118

(1, 3)) | 192

3.2152

1.0817

0.4868

3.0504

1.0669

0.4526

)}
)} | 192

3.6205

1.0834

0.4215

3.5434

1.0813

0.4210

48

3.6785

1.0923

0.4268

3.5379

1.0886

0.4268

192

3.5951

1.0939

0.4448

3.5117

1.0891

0.4242
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Non-isomorphic Designs (n = 10, m = 4, k = 2) (Table 10.6 con’t)
| Designs [ND| AD* | AT [AMCR| GD* | GT |GMCR|

(1,3)} | 192 | 3.6711 | 1.1156 | 0.4758 | 3.6353 | 1.1114 | 0.4606

b1 192 | 37721 | 1.1162 | 0.4538 | 3.7440 | 1.1154 | 0.4509

192 | 3.7111 | 1.1171 | 0.4815 | 3.6228 | 1.1123 | 0.4720

)}
)} | 192 | 4.1408 | 1.1286 | 0.4205 | 4.1024 | 1.1274 | 0.4197

)
)} 192 | 3.7794 | 1.1389 | 0.5007 | 3.7457 | 1.1332 | 0.4835

(2
2)
4} 192 | 3.8241 | 1.1391 | 0.5016 | 3.7483 | 1.1347 | 0.4918
(2
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Non-isomorphic Designs (n = 10, m = 4, k = 2) (Table 10.6 con’t)
| Designs [ND| AD* | AT [AMCR| GD* | GT |GMCR|
ST{(1),(2),(3)
S52{(1, 2),(1, 3)}
(1
(

{(1, 4)} 64 | 3.8821 | 1.1652 | 0.5388 | 3.8473 | 1.1592 | 0.5205

$3{(3).(2).(1)}
S4

,3)} | 64 | 3.8821 | 1.1894 | 0.5818 | 3.8473 | 1.1860 | 0.5702

2)
);
)} 16 | 4.2386 | 1.2229 | 0.6027 | 4.2386 | 1.2229 | 0.6020
2)

We denote AD* to be 107 x AD and GD* to be 107 x GD.

10.8 Non-isomorphic Classes for k =1

In this section we consider models with general mean, main effects and two two-
factor interactions. We determined there are 6,520 designs from the 8, 008 designs that
have the ability to estimate all the parameters in the six models. These designs with
full estimation capability can be partitioned into forty non-isomorphic classes with re-
spect to all six criteria. These forty classes of designs are sorted from the best to the

worst in terms of AT.

112



Table 10.7: Non-isomorphic designs (n = 10,m =4,k = 1)

Non-isomorphic Designs (n = 10, m = 4, k = 1)

Designs  [ND | AD* | AT [AMCR| GD* | GT |[GMCR|

S1
S2{(1, 2),(1, 3)} | 48 | 1.2543 | 0.6439 | 0.1250 | 1.2542 | 0.6439 | 0.1250
S3

51
S2{(1,2),(3, )} | 8 | 1.2716 | 0.6458 | 0.1250 | 1.2716 | 0.6458 | 0.1250
S3

51
S2{(1, 2),(1, 3)} | 64 | 1.4760 | 0.6887 | 0.2056 | 1.4712 | 0.6884 | 0.2041

53{(3),(2),(1)}
S4

S1
S2{(1, 2),(2, 3)} | 192 | 1.6835 | 0.7268 | 0.2443 | 1.6586 | 0.7244 | 0.2366

53{(4),(2),(1)}
S4

S1
s2{(1,
S3{(3),
S4

(

2),(3,4)} | 192 | 1.7108 | 0.7300 | 0.2478 | 1.6985 | 0.7290 | 0.2450
(2).(

1)}
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Non-isomorphic Designs (n = 10, m = 4, k = 1) (Table 10.7 con’t)

Designs

IND| AD* | AT [AMCR| GD* | GT |GMCR|

)
)} 96
1

1.7361

0.7339

0.2487

1.7139

0.7323

0.2449

} 96

1.7776

0.7450

0.2495

1.6965

0.7378

0.2157

)
)} 96
2

1.7922

0.7516

0.2727

1.7267

0.7444

0.2545

1,4),(2,3)} | 96

1.8381

0.7574

0.2627

1.7406

0.7486

0.2232

1,4)
3,4)} 384
4),(1

2.0119

0.7812

0.2960

1.9596

0.7772

0.2867

2,3),(3, )} | 192

1.9781

0.7814

0.2995

1.9464

0.7785

0.2908

(1, 3)} | 192

1.9777

0.7835

0.3070

1.9481

0.7807

2.988
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Non-isomorphic Designs (n = 10, m = 4, k = 1) (Table 10.7 con’t)

Designs

[ND | AD*

AT | AMCR| GD*

GT |GMCR|

)
)} 384
1

2.0212

0.7865

0.2941

1.9994

0.7846

0.2874

J(1,3)} | 192

2.0175

0.7886

0.3101

1.9986

0.7867

0.3043

2,4),(3, 4)} | 192

2.0452

0.7913

0.2919

2.0215

0.7888

0.2816

192

2.1798

0.8021

0.2910

2.1750

0.8015

0.2881

32

2.1617

0.8104

0.3125

1.9699

0.7935

0.2500

)
! 192

2.2273

0.8153

0.3262

2.1623

0.8107

0.3169

(1, 3)} | 192
)

2.2953

0.8166

0.2881

2.2850

0.8160

0.2842
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Non-isomorphic Designs (n = 10, m = 4, k = 1) (Table 10.7 con’t)
| Designs [ND| AD* | AT [AMCR| GD* | GT |GMCR|
ST{(1),(2),(3)
S52{(1, 2),(1, 3)}
(1
( 1

2
{(1, 4)} 192 | 2.2106 | 0.8196 | 0.3174 | 2.2032 | 0.8185 | 0.3088

S3{(4),(3),(1)}
S4

} | 192 | 2.2567 | 0.8218 | 0.3337 | 2.2013 | 0.8179 | 0.3259

2
).(2, 4)} | 192 | 2.3172 | 0.8263 | 0.3263 | 2.2586 | 0.8226 | 0.3197
)

3)}
4)} | 384 | 2.3182 | 0.8295 | 0.3313 | 2.2797 | 0.8268 | 0.3250

48 | 2.4069 | 0.8393 | 0.3445 | 2.3403 | 0.8360 | 0.3405

(1,3)} | 192 | 2.3431 | 0.8403 | 0.3384 | 2.3222 | 0.8370 | 0.3270
)

} 48 | 2.3610 | 0.8472 | 0.3448 | 2.3193 | 0.8407 | 0.3220
)
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Non-isomorphic Designs (n = 10, m = 4, k = 1) (Table 10.7 con’t)
| Designs [ND| AD* | AT [AMCR| GD* | GT |GMCR|
ST{(1),(2),(3)
S2{(1, 3),(L, 4)}
(2, 3),(2,
(

1, 4
{(2,3),(2,4)} | 192 | 2.4947 | 0.8603 | 0.3599 | 2.4779 | 0.8598 | 0.3594
3),(1)}

} 1192 | 2.5310 | 0.8606 | 0.3531 | 2.5152 | 0.8600 | 0.3520

} | 384 | 2.6009 | 0.8617 | 0.3317 | 2.5771 | 0.8601 | 0.3261

} 64 | 2.4341 | 0.8646 | 0.3794 | 2.4317 | 0.8640 | 0.3764
)

)}
)} | 192 | 2.4763 | 0.8648 | 0.3614 | 2.4645 | 0.8642 | 0.3591

,(2,3)} | 384 | 2.6009 | 0.8656 | 0.3420 | 2.5771 | 0.8639 | 0.3349

)
,(2,3)} | 192 | 2.4947 | 0.8668 | 0.3778 | 2.4779 | 0.8658 | 0.3762
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Non-isomorphic Designs (n = 10, m = 4, k = 1) (Table 10.7 con’t)

Designs

|IND | AD* | AT [AMCR| GD* | GT |GMCR|

S1{(1),(2),(3)}
S2{(1, 2),(1, 3)}

64

2.4341

0.8753

0.4059

24317

0.8751

0.4054

192

2.7849

0.8847

0.3272

2.7721

0.8840

0.3265

96

2.6340

0.8884

0.3872

2.5847

0.8864

0.3852

192

2.6701

0.9084

0.4273

2.6548

0.9071

0.4246

32

2.9973

0.9107

0.3872

2.8836

0.9063

0.3852

48

2.7551

0.9132

0.4268

2.7209

0.9124

0.4268

16

3.0141

1.0000

0.5343

3.0141

1.0000

0.5343

We denote AD* to be 106 x AD and GD* to be 10 x GD.
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Chapter 11

Conclusion

We presented the robustness property of design D = {Sy, S1, Sjn—1, Sm } With respect
to any ¢ runs as well as a specific set of ¢ runs. We determined design D has maximum
full estimation capacity for £ = 3. The designs obtained from D by deleting one run also
have full estimation capacity for k = 3. The designs obtained from D by deleting two
runs may or may not have full estimation capacity for £ = 3. The designs obtained from
D by deleting three runs do not have full estimation capacity for k = 3. The designs
obtained from D by deleting two or three runs may or may not have full estimation
capacity for k£ = 2. The designs obtained from D by deleting a run from S; and a run
from S,,_1 where the two runs are not foldover do not have full estimation capacity for
k = 1. All other designs obtained by deleting two runs from D have full estimation for
k = 1. The designs obtained by deleting three runs from D may or may not have full
estimation capacity for k = 1.

We determined the robustness property of design Dy = {Sy, S1, S2, Sy, } with respect
to any t runs as well as a specific set of £ runs. We considered the estimation capacity
of design D;. We determined design D; is a resolution V plan. The designs obtained
from D by deleting one run is also a resolution V plan. The designs obtained from Dy

by deleting two runs may or may not have full estimation capacity for £ = ((Z‘) — 1>.
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The designs obtained from D; by deleting two runs may or may not have full estimation
capacity for k = ((’;) — 2). The designs obtained from D; by deleting three runs do
not have full estimation capacity for k = ((’;) — 2).

We presented a general structure M for the information matrices of a class of models
possibly describing the data from a fractional factorial experiment with m factors each
at two levels and n runs, where n < 2. When the information matrices M have the full
rank for all the models in the class, we have the full estimation capacity for the fractional
factorial designs. We characterized all the eigenvalues for such matrices M. We used
these eigenvalues for establishing the optimality properties of the fractional factorial
designs. We established the robustness property of the design D; = {Sp, S1, S5} in the
sense that the full estimation capacity of the designs remain when we delete any ¢ runs
as well as specific t runs from the design D;. All the information matrices associated
with design D; and designs obtained from D; by deleting some runs are special cases
of M.

For the models in (5.1) with k = 1. We denoted X3; = [4, Xz(i)] fori=1,...,(%).
We wrote the design matrix X ®) = [X 1, Xzi] . We showed for all designs with general
m, n and k = 1 the matrix X;ini is a principal sub-matrix of X;Xl. When X;ini
matrix is a principle sub-matricx of X 1 X we proved the minimum eigenvalue of X 1 X1
is less than or equal to minimum eigenvalue of X; ;X24. For foldover designs with k =1
we proved the minimum eigenvalue of X ® X ® is equal to the minimum eigenvalue
of X 1X1. We considered the class of designs Ds with n runs for estimating the main
effects only and let F« be the class of foldover designs with 2n runs, n runs from 7' € D«
and another n runs from —7', having full estimation capacity for £ = 1. We proved that

T*

if T* € Dg is F-optimum, then (_T*

) is optimum design with respect to AMCR and
GMCR in € Fs. Furthermore, if T is D- and A- optimum with a special structure for
X;T* X171+ we proved (_TT) is optimum with respect to GD, AD, GT', and AT in Fx.
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For two classes of foldover designs. For N = 2n even, m = 2d and k = 1, we
considered the class of foldover designs D1 C Fr giving X " X ® to be block diagonal
matrix with two block matrices, X;Xl whose rows and columns represent the main
effects and Xéi)'Xéi) whose rows and columns represent the general mean and the
ith two-factor interaction, i = 1,2, ..., (’;) In this class the matrix X;Xl is a block
diagonal matrix with d (2 x 2) block matrices of the same structure. In each block of
the (2 x 2) matrix, the diagonal elements is n and the off-diagonal elements is a. For
N = 2n, m even and k = 1, we considered the class of foldover designs D2 C Fz give
rise to X (" X ® to be block diagonal matrix with two block matrices, X; X; whose
rows and columns represent the main effects and Xéi)'Xéi) whose rows and columns
represent the general mean and the 7" two-factor interaction, i = 1,2, ..., (ZL) In this
class the off-diagonal elements is a and the diagonal elements is n in the X 1X 1 matrix.
Given a? > ag and ag is a nonnegative number. Let a; be the smallest even integer
that is greater than or equal to /ap and ay = —a;. For D1 and Dz if ag = 0 then
a = 0 minimizes the determinant, trace and maximum eigenvalue of (X;Xl)_1 as
well as the optimality criterion functions GD, AD, GT, AT, GMCR, and AMCR.
For D1, if ap > 0 then a; and ay minimize the determinant, trace and maximum
eigenvalue of (X;X;)™! as well as the optimality criterion functions GD, AD, GT,
AT, GMCR, and AMCR. For Dz, if ag > 0 then a; minimizes the determinant and
maximum eigenvalue of (X;X;)™! as well as the optimality criterion functions GD,
AD, GMCR, and AMCR.

We obtained optimum fractional factorial designs for m = 4. The numbers of runs
we considered are n = 6, 7, 8, 9, 10, 11 and 12. The values of k£ the number of
two-factor interactions are 1, 2, 3, 4, 5 and 6. We presented hierarchical designs. In
[Ghosh and Tian(2006)], they presented optimum designs for maximum k, we presented

optimum designs for all values of k. For the designs with four factors and ten runs.
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We partitioned these designs into isomorphic classes with respect to all six criteria.
The models contained the general mean, main effects and k£ = 1,2,3,4 and 5 two-
factor interactions. We presented a table for each k. We have found that for models
containing general mean, main effects, and k = 1,2, 3,4 and 5 two-factor interactions,
designs within isomorphic classes can be obtained from one another by renaming factors
or levels of the factors. We cannot transform a design from one class by renaming factors

or levels of the factors to design of another class.
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