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ABSTRACT OF THE DISSERTATION

State Estimation for Discrete Linear Systems

with Additive Laplace Noise

by

Nhattrieu Chan Duong
Doctor of Philosophy in Aerospace Engineering
University of California, Los Angeles, 2020
Professor Jason L. Speyer, Chair

State estimators are developed for discrete linear systems with scalar additive Laplace process
and measurement noises and their properties are analyzed. For the scalar case, an analytic
recursive estimator is presented, along with detailed analysis of its behavior with respect to
noise parameters. In addition, a one-step model predictive controller is developed. Using
an objective function with 1-norm control and terminal state costs, the expectation of the
objective function with respect to the conditional probability density function is determined
by using the computational structure developed for the estimator. Numerical simulations
for both the estimator and one-step controller are presented to demonstrate their unique
behavior, including robustness to noise spikes in the measurements. For the general vector
system, update and propagation algorithms as well as a method for computing moments
in closed form using characteristic functions are presented. An explicit state estimator is
developed for the two-state case, and a numerical example is presented to demonstrate the

algorithms and the unique properties of Laplace estimators.

1



The dissertation of Nhattrieu Chan Duong is approved.
Lieven Vandenberghe
Tetsuya Iwasaki
Jeffrey Eldredge

Jason L. Speyer, Committee Chair

University of California, Los Angeles

2020

1l



To my family ...
my dad Hai, my mom Ngoc Bich, and my sisters Jess and Uyen ...
whose unwavering love and support

have made this possible

v



TABLE OF CONTENTS

1 Introduction . . . . . . . . .. .. 1
1.1 Laplace densities . . . . . . . . . . . 2
1.2 Particle filters and Laplace distributions . . . . . . . .. .. ... ... ... 2
1.3 Analytic linear estimators . . . . . . . . . .. ... 3
1.4 Laplace controllers . . . . . . . . . . .. 4
1.5 Outline. . . . . . . . 4
1.6 Notation . . . . . . . . . . 5)

2 Scalar Laplace Estimator . . . . . . . .. ... ... .. ... .......... 7
2.1 Scalar dynamical system . . . . .. ... 0oL 7
2.2 First two updates and propagations . . . . . . ... ... 8

2.2.1 Measurement update at k=1 . . . . . . ... ... 9
2.2.2 Propagation from k=1to k=2 . . . ... ... ... ... .. ... 9
223 Updateat k=2. . .. . . . . 13
224 Propagationto k=3 . . . . ... ... 14
2.3 Proof of general recursive form in R by induction . . . . ... .. ... ... 18
2.3.1 Induction hypothesis . . . . . . .. .. ... ... L. 18
2.3.2 Basecase . . .. ... 19
2.3.3 Update from klk —1toklk . . ... ... ... 19
2.34 Propagate from k|lktok+ 1|k . . . . . ..o 19
2.3.5 Isolate x4 and factor out constant terms . . . .. ... ... 20
2.3.6  Simplify coefficient function and combine terms . . . . . . . .. . .. 21



3

2.4 Properties of theuepdf . . . . . . . ... 21

2.5 Mean and Variance . . . . . . . . ... 23
2.5.1 Characteristic function . . . . . . .. ... o oL 24
2.5.2 Normalization . . . . . . . . .. . Lo 24
2.5.3  First moment and second moments at step & . . . . . . ... ... .. 25
2.5.4 Example: a posteriori mean of fx v, ... ... ..o 25

2.6  Example: 50-step simulation . . . . . . ... ..o L 30

Vector Laplace Conditional PDF . . . . . . . .. .. ... ... ... ... .. 34

3.1 Vector dynamical system . . . . . . ... ... oL 35

3.2 Laplace conditional PDF update and propagation . . . . . . ... ... ... 36

3.3 First update and propagation in R? to motivate general form . . . . . . . . . 37
3.3.1 [Initial conditions for & € R? . . . . . . ... ... ... ... ... 37
332 Updateatk=1forxz e¢R? . ... ... ... .. ... ........ 37
3.3.3 Propagation from k=1tok=2forx €¢R? . ... . ... .. .... 38
3.3.4 Simplify g after propagation forx € R® . . . . . . . ... .. ... .. 41
3.3.5  Generalized integral formula . . . . . .. ... ..o 42

3.4 Proof of general recursive form for R"® by induction . . . . . ... ... ... 44
3.4.1 Induction hypothesisin R? . . . . . .. ... ... ... ... ..... 44
342 Basecase . . ... 44
3.4.3 Measurement update from klk —1to klk . . . . .. ... ... ... 45
3.4.4 Propagation from k|kto k+ 1|k . . . . . . ..o 45
3.4.5 Simplify coefficient function . . . . . .. ... o000 47
3.4.6 Combine terms and re-index at K+ 1|k . . . . . ... ... ... ... 48

vi



3.4.7 Handle collapsed hyperplanes . . . . . . .. ... ... ... ..... 48

3.4.8 Unnormalized cpdf at k+ 1|k . . . . .. . ... ... ... 48
3.5  Example of first several a posteriori ucpdfs . . . . . . .. ... ... 49
3.6 Properties of the uepdf . . . . . . . ..o 50
3.6.1 Computational complexity in R? . . . . . . . . ... ... ... .... 50
3.6.2 Extension to R™ . . . . . . ... 51
3.6.3 Unimodality . . . . . .. . . . 52
Mean and Variance in R? . . . . . . ... . ... ... ... ... ... 54
4.1 Characteristic function of uepdf . . . . . . . .. ... o0 55
4.2 Normalization and moments from CF in R . . . .. ... ... ... ..... 56
4.3 Example: 2-state conditional pdfs . . . . . . ... ..o o7
4.3.1 External algorithms . . . . . . . . ... ... 0oL 57
4.3.2  Numerical sensitivity . . . . . . . .. ... Lo o7
Scalar Laplace Controller . . . . . . . ... ... ... ... ... ..., 61
5.1 One-step model-predictive controller . . . . . . . .. ... .. ... .. ... 62
5.2 Objective function evaluated at k=1 . . . . . . . . . ... ... ... .... 63
5.2.1 Determining the objective function . . . . . . ... .. .. ... ... 64
5.2.2  Numerical Example: vw*at k=1. .. ... ... ... ... .. .... 68
5.3 Objective Function at Step k. . . . . . . . ... L 69
5.4 Numerical Example for k=1,--- 50 . . . . . . ... ... ... ... .... 71
Conclusions . . . . . . .. . 75
6.1 Nextsteps . . . . . . . . 75

vii



6.1.1 Predictive term combination . . . . . . . . ... ... 76

6.1.2 Term reduction or windowing . . . . . . .. ... ... 76
6.1.3 Re-mapping hyperplanes . . . . . . . . . . ... ... L. 76
6.1.4 Limit hyperplane density . . . . . . . . . . ... ... 7
6.1.5 Switch to indicator functions . . . . . .. ..o 7
6.1.6 Comparison to particle filters and other methods . . . . . ... ... 7
6.1.7 Robustness . . . . . .. ... 78

6.1.8 Laplace controller in two or more dimensions . . . . . . . . . ... .. 78

7 Appendix . . . ... e 79
7.1 Key integral formula . . . . . . ... 79
7.2 Scalar piecewise constant functions as sum of signs . . . . .. ... ... .. 80
7.3 Scalar characteristic function . . . . . . .. ... o000 81
7.4 Proofs of moments from characteristic function. . . . . . ... .. ... ... 82
7.5 Scalar moments from characteristic function . . . . . .. ... .00 84
7.5.1 Normalization . . . . . . . ... ... 84

7.5.2 First moment . . . .. . ... 84
7.5.3 Second moment . . . . ... ..o 85

7.6  Algorithm for finding coefficients in R? . . . . . . . . ... ... ... .... 85
7.7 Proof of Theorem 3.3.1 . . . . . . . . ... . . 88
7.8 Modification to the integral formula of Appendix B in [IS14] . . . . . .. .. 93
7.8.1 Re-writing output of generalized integral formula in standard form . . 99

7.9 Collapsed hyperplanes . . . . . . . . . . ... .. 100
7.9.1 Example: Collapsed hyperplane . . . . . . . .. ... ... ... ... 101

viil



7.10 Merging hyperplanes . . . . . . . . . . ... 102

7.10.1 Example: Merging hyperplanes when computing characteristic function 103

7.11 Algorithm for computing characteristic function in R* . . . . . . .. ... .. 105
7.11.1 Isolate xo . . . . . . . . L 106
7.11.2 Integration with respect to zo . . . . . . . . ..o 107
7.11.3 Re-index terms . . . . . . . . ..o 108
7.11.4 Isolate Ty . . . . . . . .. 108
7.11.5 Integration with respect tox; . . . . . . . . . ... 109
7.11.6 Simplify characteristic function . . . . . . . . ... .. ... 109

7.12 Example: Normalization of fx,p, InR* . . ... 0oL Lo 110
7.12.1 Integrate term 1 with respect tox; . . . . . . . .. .. ... ... .. 111
7.12.2 Integrate term 2 with respect toxy . . . . . . .. ... 114

7.13 First two moments in R? using characteristic functions . . . . . .. ... .. 115

References . . . . . . . . . . 119

X



1.1

2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

2.10

3.1

3.2

3.3

3.4

3.5

3.6

4.1

4.2

LIST OF FIGURES

Comparison of pdfs with same effective variance . . . . . . . .. ... ... ... 3
le‘yli a posteriori unnormalized conditional pdf at k =1 for 2y =123 . . . . . 10
fXQ‘yli a prior: unnormalized conditional pdf at k=2 . . . . . ... ... .. 13
fXQ‘YZ: a posteriori unnormalized conditional pdf at k =2 for 2o =1.09 . . . . . 14
fX3‘y22 a priori unnormalized conditional pdf at k=3 . . ... ... ... ... 18
Conditional mean Z; versus measurement zq . . . . . . . . . . . . ... .. 28
Variance versus measurement zy . . . . . . . ... 29
Variance versus measurement 2y fora=1,v=1.. ... ... ... ... .. .. 30
Variance versus measurement z; fora =05,v=1. ... .. ... .. ... ... 31
A posteriori conditional pdf at k=17 . . . . . ... oL 32
Estimation error for Laplace MAP and conditional mean, and Kalman filter . . 33
le‘ylz a posteriori unnormalized conditional pdfat k=1 . . . . ... ... .. 38
f_XZ‘yli a priori unnormalized conditional pdf at k=2 . . .. ... ... .. 43
fam (@) and fxp, (B) - oo 50
fxovs (8) and fx,p, (D)« oo 51
Fxovs (@) and fxgps (B) - - oo 52
Theoretical worst case vs. actual number of terms in R* . . . . .. ... ... . 53
Estimation errors for 7 steps in R? for « = 0.3,3=0.01,y=0.1 . . . ... ... 59
Estimation errors for 5 steps with spike at k = 3 in R? for a = 0.3, 8 = 0.01,7 = 0.1 60



5.1

5.2

5.3

7.1

7.2

7.3

7.4

Optimal control u] versus measurement z; forc=1,5=3,a =1, =0.25,y =

0.33 . . 69

Cost function Jy, (uy) versus control uy for s = 2,5 =3,a =1.0,5=0.25,7=0.33 73

Measurement noise vy, full state zj, and control u, with initial z; = 3 and

c=2,5=3,a=1,=025,v=033. . . . . .. ... ... 74
Manual selection of sectors of example g function . . . . . .. .. .. ... ... 89
Definition of sgn (§, —n) on [&;, &) for 6=4 . . .. ..o 94
Definition of sgn (§, —n) on [§,& 1] for 640 .. .. .o 95

Numerical and generalized (MIF) closed-form solutions to integral formula in two

AdImMensions . . . . . ... 100

x1



1.1 List of initialisms

2.1 Term count for R

LIST OF TABLES

3.1 Theoretical worst-case term count for R2 . . . . . . . . . . . ... ... ... ..

xii



ACKNOWLEDGMENTS

Thank you to the Cauchy Team, for the long hours and hard work in realizing these results.
Professor Speyer, I am so grateful for your patience, guidance and good humor. It’s been
a long journey, and I'm very appreciative of all you've done to help me through it. Moshe,
thank you for your attention to detail, your unyielding demand for rigor, and your visits all
these years. Jun, thank you for helping me derive those cpdfs. Nat, thank you for your work

in finding algorithms for flattening the g’s.

I'd like to thank two people whom I've never met yet provided key contributions. Dr.
Rom Pinchasi, from the Technion in Haifa, Israel, for your work with Moshe in proving the
key hyperplane conjecture. Dr. Miroslav Rada, from the University of Economics in Prague,
Czech Republic, for providing the code and guidance for enumerating the faces of hyperplane

arrangements. And thank you Gurobi, for providing fast, efficient LP solvers.

To my support group over the years, I am grateful for your encouragement and friend-
ship. Besides my family, to whom I've dedicated this dissertation, I want to thank the
following people: Sung, for your support, admonition and constant, bordering on aggravat-
ing, reminder to stay on track. Jay and Wei, for those hours spent preparing for prelims.
Emmanuell and Andre, for the pointers and good times at SySense. Betancourt, Rahul,
Adrian, Lauren, and Nhi, for checking in on me and making sure I was on track (with two
you constantly reminding me that I had work to do). Curtis, for your careful proofreading.
My roommates, Ryan, Rob, Amy and Molly, who can now stop calling me Dr. Tom. My

sincere apologies to anyone else I've missed.

This work was supported by the National Science Foundation (NSF) Grant Nos. 1607502
and 1934467 and United States-Israel Binational Science Foundation (BSF) joint NSF-BSF
ECCS program under Grant No. 2015702.

Lastly, I would be remiss not to acknowledge the COVID-19 pandemic, which helped

encourage me to hole up in my room for three straight months finishing this dissertation!

xiil



2007

2008

2012

2016

VITA

B.S. (Mechanical Engineering), California Institute of Technology,

Pasadena, California.

M.S. (Aerospace Engineering), UCLA, Los Angeles, California.

Teaching Assistant, Mechanical and Aerospace Engineering, UCLA. Dur-
ing Spring 2012, led discussions for MAE 171A Introduction to Feedback

and Control Systems.

Teaching Assistant, Mechanical and Aerospace Engineering, UCLA. Dur-
ing Spring 2016, led discussions for MAE 171A Introduction to Feedback

and Control Systems.

2009-present Research Engineer, SySense Incorporated, El Segundo, California.

Duong, Nhattrieu, Speyer, Jason L., Yoneyama, Jun, Idan. Moshe. Laplace Estimator
for Linear Scalar Systems. 2018 IEEE Conference on Decision and Control (CDC). Miami

PUBLICATIONS

Beach, FL, USA. 17-19 December 2018

Duong, Nhattrieu, Speyer, Jason L., Idan. Moshe. Laplace Controller for Linear Scalar
Systems. 2019 27th Mediterranean Conference on Control and Automation (MED). Akko,

Israel, Israel. 1-4 July 2019

Xiv



CHAPTER 1

Introduction

In many engineering applications, random processes or noises have volatility that are not
well-modeled by Gaussian distributions. The Gaussian distribution is considered a light-
tailed distribution, whose tails decay at a faster rate than an exponential [Bry74]. While its
structure lends itself to compact, closed-form analytical results, this is in fact a constraint
on the robustness of its modeling. The light tails poorly model systems with noise spikes,
such as radar, sonar [KFR98], and stock market volatility [Lin05], and algorithms built on
Gaussian distributions are susceptible to such outliers. Ad-hoc methods have been developed
to compensate for this limitation. Ideas such as pre-filters have been industry standard for

decades.

Past efforts in deriving analytic recursive estimators have used Cauchy distributions,
whose heavy tails better capture volatile phenomena [IS14],[FSI15]. However, developing an
estimator using the Cauchy probability density functions (pdf) directly becomes intractable
beyond the scalar case, and the multivariate estimator was developed using characteristic
functions [IS14]. In this work, we explore the use of Laplace distributions, whose densities
have tails which do decay exponentially but at a slower rate than those of Gaussian densities.
Furthermore, the structure of the Laplace pdfs allows for a more direct treatment of the
conditional densities and have interesting properties with respect to objective functions with

1l-norm costs.



1.1 Laplace densities

The Laplace probability density function (pdf) with zero mean and variance 2a? has the

form
fr(x) = s—eml (1.1)

Contrast this with the pdfs for the Cauchy distribution with zero median and Gaussian

distribution with zero mean and variance o2,

B
fo(@) = ———
521“”2 . (1.2)
falz) = e 27

V2mo?

Figure 1.1 shows plots of the Cauchy, Laplace, and Gaussian probability density functions
where the spread parameters «, 3, and o have been chosen to minimize the square of the
difference between the pdfs. For a given «, 0 ~ 1.06cx and  ~ 1.40 [IS14]. We observe the
heaviness of the Cauchy tails compared to that of the other two. While the Laplace tails
still over-bound those of the Gaussian, we can see that it does decay exponentially and is

much lighter than those of the Cauchy pdf.

1.2 Particle filters and Laplace distributions

With the advent of fast, inexpensive computational capabilities, simulations methods have
been used to fill in the gap where analytical filters have been absent. Particle filters have had
widespread use in non-linear systems [MBL11] in robotics [KSO16], navigation, and image
processing, using both Gaussian and non-Gaussian noise. Laplace densities have been used in
areas such as image [RVGO06] and speech [LBG10] processing. However, these techniques are
approximate by nature and do not produce explicit closed-form expressions for the minimum

variance estimate.
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Figure 1.1: Comparison of pdfs with same effective variance

1.3 Analytic linear estimators

Prior to this work, there were two known analytic recursive linear estimators: the Kalman
filter and the Cauchy estimator. The Kalman filter has been in use for decades, and the use of
Gaussian noise has been successfully applied to solve a large class of problems. However, its
limitations have been well-documented. The Cauchy estimator was developed in [[S10],[IS12]
and [IS14]. It is considered a heavy-tailed estimator, and its behavior is quite different
compared to the Kalman filter. In particular, the variance was shown to be a function of
the measurements as well as the noise parameters. In contrast, the Kalman filter variance
can be computed a priori. One can see the consequences of this when the Kalman filter

processes Cauchy noise [IS12].

There has some work done in the way of estimating Laplace random vector corrupted by



Gaussian noise [Sel08] and state estimation for linear systems driven by Laplace noise using a
bank of Kalman filters [FMS16]. However, in this work, we derive a recursive analytical esti-
mator in closed-form. Like the Kalman filter and Cauchy estimator, the solution is the exact

optimal estimator for a linear system with additive Laplace noise, not an approximation.

These three analytic linear estimators can be distinguished by their a posteriori condi-
tional pdfs (cdpf). The Kalman filter’s a posteriori cpdf is Gaussian and is therefore both
symmetric and unimodal. In contrast, the Cauchy a posteriori cpdf is neither symmetric
nor unimodal. True to its nature of sitting between the other two, the Laplace a posteriori

cpdf is not symmetric but is unimodal.

1.4 Laplace controllers

Another interesting aspect of the functional form of the Laplace density is the 1-norm in
the exponential. The commonly-used least-squares optimal solutions to control problems
minimize the square of a cost. This is a matter of applying the tools that are available
rather than the ones that are desired. For many problems where one wishes to optimize the
1-norm, such as fuel consumption, the least-squares solution undervalues the control cost
near zero, leading to unnecessary control inputs when the error is small. Since the Laplace
pdf has the same form as a an objective function with 1-norm costs, the equations developed
to obtain the expectations for the estimator can also be used to obtain the expected function

of the cost.

1.5 Outline

In Chapter 2, we state the estimation problem for a discrete scalar linear system driven by
additive Laplace noise process with additive Laplace noise measurements. We then develop

the conditional probability density functions (cpdf) through the first few update and propa-



gation steps to motivate a general form for the k-th step, and we state the recursive algorithm
to update and propagate from step k to step k+ 1. We then use the Fourier transform of the
cpdf to derive the closed-form solutions for the normalization and first two moments in order
to obtain the state estimate and estimation error variance. Finally, we present a numerical
example tying everything together and discuss some of the features of a Laplace estimator.
In Chapter 3, following a similar process to the scalar case, we generalize the derivation to
that of a discrete vector linear system. We present a method for obtaining the moments in
n-dimensions. We then explicitly derive the closed-form expressions for the normalization,
first and second moments and present a numerical example for the 2-dimensional problem.
In Chapter 5, we go back to the scalar case and derive a one-step model-predictive controller
by minimizing a cost function with 1-norm cost. We present a numerical example and discuss
some of the unique properties of such a Laplace controller. Finally, in Chapter 6, we offer

concluding remarks and provide suggestions for future extension to this concept.

1.6 Notation

The Laplace densities involve summing many terms, including a handful of parameters and
variables, and to keep track of every component explicitly will cause the notation to become
quite cluttered. Therefore, we will make certain sacrifices to the notation to help keep things
legible. When the notation deviates from the standard notation, it will be made clear in

context.

Random variables at step k will be represented by capital, alphabetical letters, such as
Wi and Xj, and their realization will have a corresponding lower-case version, wy and x.
Vector variables have the same convention, except that they will be boldfaced, as X} and
x;. However, elements of ¢, € R", xq,--- ,x,, lose the step k in favor of the element index.
When explicitly using the elements, the step k& should be obvious in context. Matrix and

vector parameters will use capital letters without indices, such as ®,I" and H.



pdf | Probability density function
cpdf | Conditional probability density function (fxy)

ucpdf | Unnormalized conditional probability density function ( fX|y)

Table 1.1: List of initialisms

We distinguish between update and propagation steps by noting the indices for the state
followed the measurement sequence, separated by a vertical line. For example, k + 1|k refers

to @i, conditioned on yy.

Throughout this work, we will refer to the sgn (x) function, which is defined using the

convention

z <0
sgn (z) = . (1.3)
+1, >0

Note that this may differ from other conventions, where sgn (0) = 0. We will also make

exceptions to this convention, where sometimes sgn (0) = 1, but that will be noted explicitly.



CHAPTER 2

Scalar Laplace Estimator

In this chapter, we present the derivation, analysis, and demonstration of the minimum
variance estimator for the scalar case. In addition to providing a framework for an analytic,
recursive algorithm, we introduce a new concept for simplifying the relatively complicated

coefficient function used to define the Laplace conditional probability density function (cpdf).

In Section 2.1, we define the discrete scalar linear system. In Section 2.2, we derive
the unnormalized conditional pdfs (ucpdf) for the first few steps, and then in Section 2.3,
we hypothesize the general form of the ucpdf at k|k — 1 and prove it by induction. In
Section 2.4, we discuss some properties of the structure of the ucpdf. In Section 2.5, we
derive the closed-form equations for the mean and variance and discuss some properties of
the estimator for the first update. Finally, in Section 2.6, we present and discuss a 50-step

numerical simulation which shows the robustness of the scalar Laplace estimator.

2.1 Scalar dynamical system

The discrete scalar linear system with scalar state Iy, measurement Zj, independent mea-

surement noise vy, process noise wy, and deterministic control input u; is given by

Try1 = Py + wy + Uy

(2.1)
2k = H;%k —+ Vg
where 71, w; and v, are all Laplace distributed as
() — 1 —5lE1—7 29
le(xl)—ﬁe o (2.2)

7



fw (wy) = %e_éwkl (2.3)
o) = %e‘i”k (2.4)

and 7 is the mean of x;. For convenience, we decompose the system into deterministic and

stochastic parts, so that

Ty = T + xk, (2.5)
where the deterministic part is
Tpr = PTy, + Uy, Z, = HTp, (2.6)
and the stochastic part is
T = Py + wy, 2 = Hxp, + vy, (2.7)

We define the measurement history up to step £ as a random sequence
Y, ={Z1, -, Z} (2.8)
with the associated realization

yr={21, "z} (2.9)

The purpose for using z as elements of y is because we refer to both the random variable
and realization pretty often, and it’s clearer to no have things like y, and g in the same
expression. It’s the only major exception to the standard notation. For the remainder of the

derivation, we consider only the stochastic part of the system.

2.2 First two updates and propagations

We work through the first few updates and propagations to deduce the general form of the

ucpdf. These steps will also form the base case for the subsequent proof by induction.



2.2.1 Measurement update at £k =1

For the update at step k = 1, we make use of Bayes’ Theorem, which states that

faip = fB}AfA. (2.10)
B

Therefore, the pdf of X; conditioned on the measurement sequence Y; is

P () = 22 (?;ngl(xl) (2.11)

where y; = {z}. It is simpler to consider the conditional pdf without the normalization

factor, fy,(y1). Therefore, let us define the unnormalized conditional pdf (ucpdf) as
Fraw(@ilyn) = frax (yil2n) fx, (21)
= fzix (z1]1) fx, (21) (2.12)

= le,Yl(ﬂh,yl)

Using the measurement equation in (2.1) and fy in (2.4),

fzxi(z1lz1) = fv(z1 — Hry)

) | (2.13)

Combining (2.13) and (2.2), we re-write the ucpdf as

Fam (@ilyr) = fv(z — Hay) fx, (1)

1 ( | H|
dary y

Figure 2.1 shows f_X1|Y1 for « = 1.0 and v = 0.25. Notice the peak at x; = 1.23 due to

. ) | (2.14)

the measurement z; = 1.23, the slight kink at z; = 0 from the zero initial conditions, and

the asymmetry of the curve.

2.2.2 Propagation from k=1 to k =2

For the propagation, we need to determine the conditional density fx,v; (z2|y:). Recall that

fas = fasfe = fapic = fapcfic = fBcfasc (2.15)

9
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Figure 2.1: le‘yli a posteriori unnormalized conditional pdf at k =1 for z; = 1.23

We can therefore construct the joint density
Fxixayi (T2, 21ly1) = Fw (21]y1) Fop v (22]21, 91)

= fxawi (21]Y1) fxaix, (22]21).

Using the dynamical equation in (2.1) and fy in (2.3),

fxo1x, (T2]m1) = fw (22 — Py)

_ 1 ||
=25 exp

and we can re-write (2.16) as

le,X2\Y1(iU2, -731”!/1) = fxlm (x1’y1>fw($2 - ‘13-751)

= exp | —— |z1| — — |= — 71| —
8afy Plma™ v |H

10

(2.16)

(2.17)



To obtain fy,|y;, we then integrate (2.16) over x;

sz\Y1(x27y1) = m/ exp (—7

—00

1 ||
__:,;1)__|_$1‘__
(0%

B
The solution to the integral in (2.19) was shown in Appendix B of [IS14] and is re-stated in

)

)

) dry  (2.19)

(7.1) of the Appendix for convenience. Using that result, (2.19) is evaluated as

)

1 1
L e (_; o) — L ‘_m) (2.20)

1 CI)Zl

3| H

121

f 21
fX2|Y1 (x2>yl) = gl| - exp <_a ﬁ

+ g2 exp _H] % P ] | —x5|
» of 7~ el
where, i i
1 1 - 1
9= 5am - - (2.21)
pit o psgn (& —&)  —pit ) pisgn (& — &)
g = _
and
n=Ea=3
pp==% &=0 (2.22)

«

o
P3:7| =3

Since the exponentials without x5 are constant, we can collapse them into the coefficients to

get
£ 1]|®
fX2|Y1(x2>y1) = g?ll - eXp (—E % — X2 >
1
+ §§|1 - exp (_B |x2‘) (2.93)
R (N L R T
’ VIl | H a|P|

| 11

! are constant except for one or two step changes. For example, gf
\ \

The coefficient terms gf

has a step change at i, while g§ ' has a step change at 0. g§ ' has step changes at both

H
o
% and 0, which can be observed numerically by plotting the equations with respect to

11



xo. Following these observations, we state the following theorem, whose proof is shown in

Section 7.2 of the Appendix.

Theorem 2.2.1. For

A= {A(b Ah te 7A7l} = {(_ooagl)7 [51752)7 Ty [gm +OO>} (224)

with & < -+ <&, €R, any g : R — R constant on A; € A, can be simplified to

g9(x) = po+ > pisgn (& — x) (2.25)

=1

where, for x; € A;,

9(zo) + g(zn)
2

g(wi1) — g(;)
2

Po =
(2.26)

pi =

2/1

Therefore, the complicated expressions for g;' can be simplified to

2\1
2|1 = 2|1 + Z p?l‘lsgn < - ZL‘2> (2.27)
where Nfll is the ¢th element of

N2 = [ 11 2 ]T. (2.28)

This simplification is key to developing the recursive structure of the Laplace estimator. The
number of sign functions in each term corresponds to the number of x5 in the associated
exponential part. We refer to these as “elements” (not to be confused with elements in a

vector). Therefore, Nfu refers to the number of sign functions of term .

Figure 2.2 shows fXQ‘yl, propagated from le‘yl in Figure 2.1, with § = 0.33. Observe

how the convolution with fy, smooths out the sharp features from JFX1|Y1'

12
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Figure 2.2: fX2|y1: a priori unnormalized conditional pdf at k = 2

2.2.3 Update at k=2
The update of the unnormalized conditional pdf fx, v, (72|y2) is given by

Fxalva (€2]Y2) = o (22|Y1) f 2o x0.0n (22]22, 91)
= Fxalvi (%2|Y1) f 221 %, (22]72) (2.29)
= szlYl (z2|y1) fv (22 — Hay)

where, similar to (2.13),

x ) (2.30)

and fx, v, (¥2]y1) is given in (2.20).

Figure 2.3 shows fXQ‘YQ updated from f_‘XQ‘yl in Figure 2.2 with measurement zy = 1.09.

13
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Figure 2.3: fXﬂYQ: a posteriori unnormalized conditional pdf at k = 2 for z, = 1.09

2.2.4 Propagation to k=3
To propagate from k = 2 to k = 3, we first obtain the joint conditional density

Ixs. %0 (T3 Taly2) = Froys (T2|Y2) fxa 1, (23] 72) (2.31)
where, as in (2.17),

Ixs1x, (@3|22) = fw(xg — Pag)

I ] |25 (2.32)
g (2]

14



and fx,y, is given in (2.29). We can then compute the marginal conditional density

Fxaivs (z3ly2) = ﬁ/_ Fxalva (T2]y2) fxa x, (23] 22) das

= m/_ Fxapvi (w2ly1) fv (22 — Hag) fw (25 — Pa) diy (2.33)
1 oo
_ M/ ( A gl 2y gt 5“) dzy
where
2 (22 L ®a 1 [0
1 p ~ |H 2 3 H 2 Rk 2
H 1 P

e = exp (—u %—xg —B|—x2|—% %—%) (2.34)
el = exp (_@ @_@ _ﬂ %—@ —L|—$2| _B @ xQD
’ v |H vI®e[ H a|®| 5 le

Using the integral formula (7.3) of the Appendix for each term in the integral, we get

2|1_’_1

2\1
Fxalva (23]y2) = Z Z G3|2 > mlé — (2.35)
i=1 =

=0

15



where p;;,&;; and p;; are

and, for

p10 =10 §10 =% 7]10=|,Yﬂ
P11 = aﬂl §11 = % i = %
p12 =70 §12 =% 7712:%‘
po=0 &o=7% 77202%
=l €0 = (220
p22 =0 §o =% 77222E '
o B
p30 =0 & =% 77?)0:'7ﬂ
P31 = ai'f §31= % N31 = %
2
P32 = a3|21 §32=0 N32 = ﬁ
p33=0  &3=77 77332%‘
N2
Sij = Z pasgn (§a — fz'j)
1=0
I#]
N (2.37)
Oij = Z nasgn (§u — &ij)
1=
l¢9
21 | 3 21, <
o (A8 05) (e + ) (2.38)
N Tij + 0 —1ij + 0ij

16



Since the exponentials without x3 are constant, we can collapse them into the coefficients

and then combine terms with the same exponents to get

f ~3|2 ]. @ZQ
fX3|Y2(x3|y2> = Gl‘ - eXp (—B 7 — I3
1| P2
+ G3l2 exp <_B HZI — 14 )
~3[2 1
+G5" - exp 3 | 3]
g ‘1322 1
+G3I2.eXp( — _——:13)
4 ’}/| 3 6|®| | 3|
g 1 @221
+ G3|2 - exp ( — ‘ ‘ )
5 E | T 5l
¢ H ~2 |H| | 9%z 1
+G3|2-exp( |_'__x‘_ il .
6 vl v|@f o |
(2.39)

Note that (2.39) combines the indices ¢ and j from (2.35) to a single index. As in step k = 2,

G?'Q can be simplified, using Section 7.2.1 of the Appendix, to the form

3\2
3|2 3|2 + Z p?lpsgn < - x3> (2.40)
where NE"Z is the ith element of
312 4
N‘:[111223]. (2.41)

Note that terms with one element, known as “single-element” terms, combine with other

single-element terms with the same exponentials. For example,
3|2
G1” exp (—f | —3])

= G exp (= |—w3]) + G2 exp (— B |—3))

After combining all the terms with identical exponential parts, we order the terms so that

(2.42)

the ones with the fewest elements are listed first. As implied in (2.41), a general pattern
emerges such that for step k, there are k terms with one element, followed by k£ — 1 terms

with two elements, and k — 2 terms with three, or k, elements.

Figure 2.4 shows fX3|y2, propagated from the fXQ‘YQ in Figure 2.3.

17
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Figure 2.4: fX3|y2: a priori unnormalized conditional pdf at k = 3

2.3 Proof of general recursive form in R by induction

We will use induction to show that (2.43) is the general form of the ucpdf which is preserved

under measurement update and propagation.

2.3.1 Induction hypothesis

From the first few steps presented above, we hypothesize that the general a priori unnor-

malized conditional pdf at step k|k — 1 is

nklk—1

Fxvie s (@r]ye—1) Z gklk ' k‘k ' (2.43)

18



where

k|k 1
glklk 1_ k\k 1Jr Z pk\kz lsgn< klk—1 xk>
2.44)
_k\k 1 (
Sik'k*l:exp . Z nZUsfl dcllka_xk‘

=1
2.3.2 Base case

By construction, we know that the ucpdf at 2|1 and 3|2 from section 2.2 have the form shown

n (2.43). Next, we assume f_ka_l (2.43) and show that kamyk has the same form.

2.3.3 Update from k|k — 1 to k|k
First update to step k by
v = Fagvi sz,

= ka|Yk_1fV (Z—h]; - 95k>

(2.45)
This step is straight-forward, and it is clear that the form in (2.43) is preserved.

2.3.4 Propagate from k|k to k+ 1]k

Then we propagate to step k + 1 by forming the joint density ka +1.X.[v, and evaluating the

convolution integral
ka+lyk($k+1|yk)=/ Fxvi fxe i x, d
* - Tk41
Z/ ka|kaW( (I;r —fk) dzy,

Each term ¢ in fx,,,)v, must be evaluated using the integral formula (7.3) of the Appendix

(2.46)

by choosing the appropriate parameters p,n and &, as we had done for step k& = 3 (2.36).

We set each offset of a particular term in the exponent of Ef k=1 as ¢ and its corresponding

19



coefficient as 7. If there is a corresponding sign function in Qf ‘kil, then its coefficient is p.
When we include fy and fy, there is no corresponding sign function, so we set p = 0. These

were the first and last rows for each set of integration parameters for step £ = 3 in (2.36).

In this way, we generate the a priori ucpdf at k + 1 using the a priori ucpdf at k in

(2.43). Based on the patterns for 2|1 and 3|2, we determine that the parameters at k + 1|k

are
o I o 1H]
Pio O 5@0 H 7o y

_ kk—1 _ cklk—1 _ k|k—1
Pi1 = a; §i1 = fi i1 = 11

k-1 _ cklk—1 _ Ekk—1
Pi2 = Qo i = @2 Ni2 = N;o

_ klk—1 _ klk—1  klk—1

Pi3z = ;3 iz = @3 Ni3 = M3 (2'47)
o klk—1 ekl o klk—1

pivNi o ai,Ni €Z7N’L o 52,1\71 ,r]l’Nl - ,r]Z,NZ
I o — Tkt ]

PiN+1 = 0 gz‘,NH—l =9 "iN+17= 3

where N; = ]\fiklk_1 for short. The first and last rows of (2.47) correspond to the measurement
update and propagation, respectively, and are the same for any term. The newest measure-
ments being added to the top is done to preserve a consistent structure. The middle rows
are determined by the parent term at step k, so p is simply the coefficients of the parent’s
sign functions, ¢ are from the arguments, and 7 are from the coefficients in the exponential.

The solution to the integral is determined using the integral formula (7.3) of the Appendix.

2.3.5 Isolate z;,; and factor out constant terms

After performing the integral, the arguments of the sign functions are of the form & — &,

only some of which involve §; 5, which contains xy1. For example,

) H

%_ﬁ‘:ﬂsgn Do
d H H k+1

T z bz
e (22~ ) — e () (2~
(2.48)

Ui
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Every term not involving xy,; is constant, so the exponentials are factored out as a scalar
multiple. In the coefficient functions, the constant sign terms are moved into the p;o and 7,y

in the numerator and denominator of (7.4), respectively.

2.3.6 Simplify coefficient function and combine terms

The complicated coefficient (G) functions are simplified using the method described in Sec-
tion 7.2.1 of the Appendix. This allows for the terms with identical exponential parts to be
combined. Finally, the expression is re-written in the general form given in (2.43), with the

indices £k — 1 and k incremented to k and k + 1, respectively, as

nk+1lk
Fxpoave (@ |yn) = Z ng‘k Sk (2.49)
where
k+1\k
gf+1|k; k+1|k+ Z pk+1|k < k+1|k _ka)
k+1lk (2.50)

Ni
E+1)k k+1]k
& U =exp | - E it

=1

k+1|k
fiz — Tk+1

Thus, we have shown by induction that the update and propagation algorithm is recursive

for fx,|v,_, in (2.43).

2.4 Properties of the ucpdf

By observing the first few ucpdfs through £ = 4, we can deduce a pattern in the number of
terms as well as identify which terms contain which elements, allowing us to know a priori
which terms will combine. The first few terms counts are shown in Table 2.1 and it is clear

that the number of terms is

nht = i = kk+1) (2.51)



k | Terms | Elements
1 1 2

2 3 1+2

3 6 1+2+3
4 10 1+2+3+4

Table 2.1: Term count for R

The number of elements (or sign functions) are deduced in a similar way to be

1F x1
151 % 2
NHE=1T — | qk=2 3 | | (2.52)

11 xk

where 1* is a column vector of length k composed of 1’s. There are k terms with one element,
k — 1 terms with two elements, kK — 2 terms with three elements, ---, and one term with k

elements.

An important property of the conditional pdf is that it is log-concave and unimodal.
Consider the joint density function of initial condition and measurements, which are then
convolved with the process noise. Since the measurement and process noise densities are
log-concave, and log-concavity is preserved under multiplication and convolution, it follows
that the conditional density function at time step k is also log-concave. Furthermore, since
the conditional pdf is a marginalization of the log-concave joint density function, then it is
also log-concave and, therefore, unimodal. This property allows for the use a standard tools
to determine the maximum a posteriori (MAP) estimate as an alternative to computing the

conditional mean.
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2.5 Mean and Variance

The mean, x4 and variance o2 are given as
Hx |y, = E[Xk|Yk]
% v = El(Xk — pix,v)* Vil
= B[X2|Y] — 2ux, v, EIXk|Yi] + 1%, v,

= E[X2IYi] — vk, v,

(2.53)

where E[X}|Y;] and E[X?|Y}] are the first and second moments of the normalized conditional

pdf fx,|v,, respectively.

Therefore, we first need to normalize the a posterior: ucpdf ka|yk, which is given by

(2.43) and (2.45), or more explicitly,

_ _ klk—1oklk—1 ) = 1 R R ’ 954
Ixivi (Tn|yr) ; g, y > exp( b7 xk> (2.54)

- - 1
where Q’f *=1 and 8ik =1 are given in (2.44). We can ignore the o0 since we will normalize
v

anyway, and re-index the terms to get

nklk

Fxvi (xelye) = ngké’km (2.55)

where

k\k _ k\k 4 Z pfl‘ksgn ( _ ﬂfk)

klk 1
H
Slk‘k—exp — Z klk ! k‘k ! mk‘ | “H xk’ (2.56)
NFIF
klk | ok|k
£ exp —Znﬂl fill —xk’

1=1
Note that the only substantial difference between f, X,|v;, and f X[V, is the additional element

from fy .
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2.5.1 Characteristic function

Instead of integrating for them directly, the normalization and moments can be obtained by
using the characteristic function of the ucpdf, which is the Fourier transform of fX|y. For

v € C,x € R, the characteristic function is
by ) = [ e Fy(aly) do (2.57)
R
The derivation of the characteristic function can be found in Section 7.3 of the Appendix,
but suffice it to say that it simply is an application of the integral formula (7.3) that was

used in propagation. Using (7.16) for each term of ﬁqy = g,€;, the corresponding term in

the characteristic function is

Py = Gi(W)E(v) (2.58)
where
Gi(v) = 91 (&) B 9:(&)
Jv4mi+ D msgn (& — &) Jv—mni+ Y nisen (§ — &)
= 7
A Qi1 - bi1
v tan Jv+bi (2.59)

Ev) =exp | =) ml& — &l + v
7
£ exp (¢i1 + Ciajv)
where ¢/ indicates that we use the convention sgn (0) = 1 instead of the usual —1 stated in
(1.3). The reason for this comes from the derivation of the integral formula, which makes

the indexing line up.

2.5.2 Normalization

From (7.24), the normalization factor fy is simply
fy = oxy(0). (2.60)
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Therefore, using (2.58), we get

_N (e _bn |
=3 (20 e

2.5.3 First moment and second moments at step &

The mean and variance is given by

z

E[X|Y]
Var(z) = E [X?|Y] - E[X|Y]
where

E[X|Y] = FM} »

j  Ov

E[X?Y] = { 5,7

_32¢XY(V)] .

(2.61)

(2.62)

(2.63)

Note that the moments are derived form the normalized characteristic function ¢x|y,

which is simply ¢x|y divided by fy found in (2.61). The proof of (2.63) is detailed in

Section 7.4 of the Appendix. Using the formulas in Section 7.5 of the Appendix, the first

and second moments of term ¢ are given by

E[X|Y] = Z% {@& + Gi%}

— v v
o >G; dG; e 02 (264)
Ei[X?Y] = — Z [ a]ﬂ’ei +2 8; : a_; + Gia—yg]

=1

where, for brevity, the partial derivatives are shown in (7.26) and (7.28) of the Appendix.

2.5.4 Example: a posterior: mean of fx |y,

Let’s do generic example of the mean for the cpdf after the first update. Consider the f X1 |Vi-

For simplicity, let H = 1. From (2.13),

- 1 1 1
fX1|Y1 = ——_€xp (_5 ’21 - 331‘ - a |x1’> (265)

4ary
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Then, from (2.61), the characteristic function is

_ 1 1 1
V) = — e —— 21| + vz
¢X1|Y1( ) (]V + % + ésgn (_21) jV _ % + ésgn (_Z1)> Xp ( o | 1‘ J 1)

1 1 1
+ — e —— |z
(jy%—%—l—%sgn(zl) jy—%—i—%sgn(zl)) Xp( Oé‘ 1|)

i )exp(c + c1p - V)
jV + a9 jV -+ b12 1 12

b
i ( 21 21 )exp (021)

jV+a22 B jV+b22

(1>

The normalization factor becomes

b b
fri = <—a11 - —H) exp (c11) + (—a21 - —21> exp (ca1)
b12 b22

a12
202y 1 1| 2ay? 1 ™
= exp | —— |z | — exp| —— |z
a? — A2 p o a? — 2 p ~ 1

Using (2.67) and (2.64), the first moment becomes

2.2 _1 1 1
20 WQSgnQ(m) (6 Slal _ €_E|le> + 21a6_3|21|

~ A o=y
T = E[Xln/i] = 1 1
aealnl — e 317l
2.2 _1 2a242sgn(z _1
sttente) ~Hal (2 — 2 - dlal
a2—v a?—y

Lz

1 1 —
121 e~ a1l — ey

_L|21‘ —
e o — e v

Let’s consider a few extremes.

e a>~vyand z; >0

Lz

(2.66)

(2.67)

(2.68)

, . : _1 _1
In this case, we can see the that e 7'*! vanishes faster than e~al*l, so e~al*1l and the

right term of (2.68) dominate for z; > 0. Furthermore, the linear part of that term,

z1a, dominates the constant part, so

2a2~2sgn(z1) 1
(Zla — —a2_72 e a| 1‘

ae~all
1

Zlae_a|zl‘

N ] =21

e~ w2l

26
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e a<vyand z1 >0

. _1 . 1 _1
In this case, we can see the that e~ al*!l vanishes much faster than e W‘le, so e 77l

and the left term of (2.68) dominate. So

20%y°sgn(z1) ,—1 |z
a2772 €

=>

,l‘zﬂ

—ve v (2.70)
20%ysgn (21)
- 12— a?

is constant!

e (¥ =7

z
When « = v, it can be shown that z; = 51

We can confirm these observations with a numerical example. Figure 2.5 shows z; as a
function of 2 for (o, ) € {(1,0.33), (1,0.67), (1,1), (0.67,1), (0.33,1)}. We can see the linear
behavior when z; is small and when v < «, but for v > « the conditional estimate seems to
saturate for large z;. Also, we can see that the slope is % when o = «. This is consistent
with our intuition that the estimate should favor the measurement when the measurement
noise is lower than the prior noise. Conversely, when the measurement noise is larger, it

effects should be attenuated. When they are equal, it splits the difference.
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Figure 2.5: Conditional mean z; versus measurement z;

2.5.4.1 Example: a posterior: variance at k =1

Let’s do a generic example of the variance for the same cpdf. Again, let H = 1 for simplicity.

Then, using (2.67) and (2.64), the second moment is then given by

2230y 8a’’ |z

B = | (@

2
—9?%)

daty? (a? + 372)] (0® = 7*)exp (7 |21])
(a2 —~2)° 2ary (ae*i'zl' = ’Ye_%ml)

(a2 =) exp (~1 |11

2ary (oz exp (=2 [z1]) — yexp (—% !m!))

exp (—é |z1|)

422 2322 32
:[Z%a_ o 1] | 20%9% (o +377)

2

a? =7

B 20273 (7% + 3a?)

2
(a® —~?) } aexp (=% |z1|) —vexp (—%|21]>

exp <—% |zl|)

(02 —~2)?

aexp (—1 ) = yexp (~L|a))

- (2.71)



Figure 2.6 shows the error variance of x; as a function of measurement z; for (a,7v) €
{(1,1),(0.5,1),(0.33,1)}. For small z;, the error variance looks quadratic, but for large z,
the error variance goes to a constant. It appears that while the variance is a function of the
measurements, the effect of large measurements on the variance is bounded, except when
the relative variances are equal. Note that, while not shown in the figure, the conditional

variance is the same for equal values of a-y.

2 T ' [
sl a=1.00,7v=1.00] |
. _._.a:o,50,’y:1.00

1.4

1.2

1

Var(i“l)

0.8

0.6

0.4

0.2

0 1 1 1
-10 -5 0 5 10

Figure 2.6: Variance versus measurement z;

Figures 2.7 and 2.8 show the error variance of x; as a function of measurement z; for the

Kalman filter, Laplace estimator, and Cauchy estimator. Using a least-squares fit between

Laplace, Cauchy and Gaussian pdfs, the relationship between the noise parameters of the
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Laplace distribution (), Cauchy distribution (v), and Gaussian distribution (o) are

o = 1.02y
(2.72)
v =140 =143,

where the coefficients were determined numerically [IS12]. We can see that the behavior of
the Laplace variance approaches that of the Kalman filter as the difference between o and ~
become large, while it approaches a parabolic shape similar to that of the Cauchy estimator

when o approaches 7 (the coefficient for the z? term of the Cauchy variance is  [IS14]).

10 T T T /
8
& 0
=
S 4
2
O 1 1 1
-10 -5 0 5 10

Figure 2.7: Variance versus measurement z; for a = 1,7y =1

2.6 Example: 50-step simulation

We recursively and analytically computed the conditional pdf as well as the first and second
moments for 50 steps using the parameters ® = 0.9, H = 1,a = 1/5,8 = 1/4,v = 1/3.
Following the motor example in [ABL17], the measurements were generated using a Laplace
random number generator, and two spikes of magnitude 10 were added to the measurements

at k = 16 and k£ = 33 to simulate anomalies.

Figure 2.9 shows the a posteriori cpdf at step k = 17, just after the first spike, along

with the conditional mean & and maximum a posteriori estimate zp ap. We see that it is
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Figure 2.8: Variance versus measurement z; for a« = 0.5,7 =1

unimodal, though z is quite different from x;4p due to the asymmetry.

Figure 2.10 shows the measurement noise, maximum a posterior: estimation error, and
conditional mean estimation error bounded by estimated standard deviations for the Laplace
estimator and Kalman filter. The red dashed lines depict the computed estimation standard
deviation. As in Figures 2.7 and 2.8, the Kalman filter noise parameters were determined
from the Laplace noise parameters using (2.72). The Kalman estimate reacts strongly to
the spikes, while its variance remains constant. In contrast, the Laplace estimate appears to
attenuate the measurement spikes and the estimated standard deviation increases to account

for the increased uncertainty.

Qualitatively, the maximum a posteriori (MAP) estimate in the second subplot of Figure
2.10 appears to track the conditional mean reasonably well. Since the conditional probability
density function is unimodal, there are many convex optimization methods available to
determine its maximum. This supports the work in [ABL17] and [ABB11], where MAP

estimates are used as a reasonable alternative to the conditional mean.
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Figure 2.9: A posteriori conditional pdf at k = 17
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Figure 2.10: Estimation error for Laplace MAP and conditional mean, and Kalman filter

33



CHAPTER 3

Vector Laplace Conditional PDF

We extend the problem to the vector case with additive scalar measurement and process
noise. While it is not presented here, generalizing to vector noises is straight-forward, par-
ticularly if the elements are independent. In contrast to the chapter on scalar estimation, we
will save the mean and variance for the next chapter, because it is quite an involved topic

on 1ts own.

In Section 3.1, we define the general discrete linear system in R™. In Section 3.2, we
formally show the equations used to perform the measurement and propagation steps in R™.
In Section 3.3, we derive the first update and propagation steps in R? because it becomes
quite complicated to show for R"”. During the first propagation, we extend the concept of
simplifying the coefficient function to 2-dimensions. Using the lessons learned in Section
3.3, we hypothesize the general form of the ucpdf at step k|k — 1 and prove that it is
preserved under update and propagation by induction in Section 3.4. Finally, in Section 3.6,
we discuss the computational complexity and then extend it to R™. It turns out that while
the computational complexity increases, conceptually extending from R? to R" is rather

straight-forward.
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3.1 Vector dynamical system

Let the discrete linear system with state x; € R", scalar measurement z; € R, independent

scalar measurement noise v, and scalar process noise wy be defined as

1 = Pxy, + Twy, (3.1)
gk = Hfﬁk + vg

with ® € R™" ' € R™! and H € R'™" and where x;, w;, and v, are all Laplace distributed

as
L 1 14 = i 1 1 — ~
() — P ] ool Tt EE
fe (@) = H 20" = H 55 ¢ (3.2)
1 — % |wp]
L1y
fv(vg) = %e 7 17kl (3.4)

the elements of #; are mutually independent and E; € R have elements 1 at i and 0

elsewhere.

For convenience, we decompose the system into deterministic and stochastic parts, so

that
Ty = DTy
(3.6)
2 = Hik,
T
with initial conditions &1 = | 7, 7, --- T, and
Ty = Py, + Twy,

(3.7)

Zk:H.CL'k—f—Uk

For the remainder of the derivation, we will only consider only the stochastic part.
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3.2 Laplace conditional PDF update and propagation

Given the a priori ucpdf ka‘ykfl, the a posteriori pdf conditioned on the measurement
sequence Y is, using Bayes’ Theorem, given by

e T 59

where
yr = {2120, 2} (3.9)
Since fy, is just a normalization factor that can be computed at any time, we will ignore it

for now and, going forward, only consider the unnormalized conditional pdf

ka|Yk (wk’yk) = ka:|Yk71 (ml‘ykfl)fzkp(k (Zk’wk> (3 10)
= ka|Yk—1 (wk|yk—1)fv(2k — HCBk)
To determine the a priori unnormalized conditional density fx, 11V (rs1|Yr), we first con-

struct the joint density fx, ., wiy, from

Fxewavie (@ welye) = Fxoyi (®x|yr) fow (we).- (3.11)

Then, we make the change of variables from @y to ()41, wy) using

L1 _ ¢ I Tr s 1 Ty
(3.12)
T P! _(I)—IF T -
_— k _ k+1 4 g-1 kil
W 0 1 wy, Wy
[SCO8, p. 51] and integrate with respect to wy
ka-H\Yk (®rr1lye) = {@_1{ X
(3.13)

/ kam (q)*lwkﬂ — (I)flrwk\yk) fw (wy) dwy,

where det (A1) = det (®~') £ |d~!|. Using these general steps, we determine the recursive
algorithm for generating the a priori ucpdf given the parameters of the a priori ucdpf from

the previous step.
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3.3 First update and propagation in R? to motivate general form

We explicitly compute the first update and propagation steps for the 2-dimensional case to
motivate the general structure of the unnormalized conditional pdf (ucpdf) as well as the
recursive algorithm to generate successive a posteriori and a priori ucpdfs at any step k for

the general n-dimensional case.

3.3.1 [Initial conditions for x € R?

Let the elements of initial condition be described by independent Laplace distributions with
means 0 and with spread parameter « so that

1 1 1 1
fX1($1)=%eXp —a|$1| ' 5 OXP —a|$2|

1

X X (3.14)
= —— exXp (—a \Elwl\ — a ’EQQ:]_’)

42

where

Elz[lo}, EQZ[O 1]. (3.15)

3.3.2 Update at k=1 for = ¢ R?

Let the measurement at & = 1 be z; so that, using (3.4) and (3.7), the density of Z;

conditioned on X is

1 1 1
fzx, = 5y &P (—— |21 — Hil?1|) = fv (—— |21 — H:B1|> (3.16)
Y Y Y

The unnormalized pdf of X; conditioned on Z; is the joint density
fxlm = fx,(®1) fv(z21 — Hzy)
1 1 1 1 (3.17)
= B €exXp (——|E1931| ——|E2£l}1| ——|Zl —HCL‘1|>
a7y a o 0

which is a product since V' is independent of X;. Since we can normalize at any time, we

will carry forward the joint density function, or unnormalized conditional density function

(ucpdf), without the coefficient ——.
a?y
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Figure 3.1 shows fX1|y1 with @ = 0.5 and v = 0.4. Notice the asymmetry and kink on
the left side, which is the peak of fi/(z; — Hxs).

\

1.25 —

Figure 3.1: fX1|Y13 a posteriori unnormalized conditional pdf at £ =1

3.3.3 Propagation from k£ =1 to k = 2 for z € R?

To determine the ucpdf fx,y, (z2|y1), we first construct the joint density fx, wy;, from

Ixiwm = fxiwv fws (3.18)

which is again a product due to the independence of W, where fy is given by (3.3). Then,

we make the change of variables from x; to (2, w;) and then integrate with respect to wy.
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For the initial conditions, the exponents become

—l |-’E1i — EliL'1| = —l |E7, ((13_1332) — Ei<I>_1Fw1|
« (%

BT | Eid ', (3.19)
= — —w
E®-T
where 7 = 1, 2, while the exponent for the measurement becomes
1 1 1 -1
—= |- Ha| = —— | =z + H (@ '@z) — HO 'Tw|
v (3.20)

CJHOT'T| | —m HOa
H® T ' HOIT

Using (3.3) and (3.17), (3.13) becomes explicitly in terms of the Laplace densities

sz\Y1<w2’y1) = W -ip —w

|E2 -1 E2<I> s
-1r

_|H<I> 1r|‘ —a_, Ho 'z,
H®T ' HoIT

||~ [ |E1 17| E1<I> L,
exp

1

B

|w1|) dwl,

(3.21)

where it is assumed that E%q)_ll1 £ 0, E,®7'T # 0, and H®'T' # 0. As before, we will
i

ignore the coefficient . Using the integral formula (7.59), and defining pre-integration

20
parameters pl| and 5_2 I as
21 |E1 @' 21 E 9, 2 2\1 92|1
P = y ’ 51 - EI(P_IF - +
ﬁgu | E>® 11j|’ 5;'1 _ E2CI)__11€I32 2 2\1+62|1 ).
v Epo~T (3.22)
21 _ |HO'T| 2 _ T4 n Ho ', A 720l . 92|1
Fs v % T HoT | Ho-im 8
1 _
il = ik &h=0 29+ 07 s,
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the solution to (3.21) is

R 2|1 2‘1 2‘1 2|1
fX2|Y1( 2|y1 4/8 Z - ‘5 ‘

%;é (3.23)

LR

N 21 211
= g, €;
4B le t

where
1 1
g?'l(azg): 21 o0 =n) ot =21
1
i +Zm Sgn(ﬁ‘ —Sj‘) '+Zpl Sgn(é“‘ —éj')
l#y lsﬁj
B 1
2|1 + Z 7 sgn (( Pt — &?|1> + <§l2‘1 - @?“) :1:2)
% (3.24)
1
e i (0 =) + (5~ 6) )
l;éJ
a 1 B 1
_2|1 X Z plzllsgn ( 21 X 92\1 ) _2|1 I E pl sgn ( 2|1 4 92|1 >
l#J l#J
and,
632\ (z2) = exp Z 2|1 gl2|1 _ E?ll
l#j
4 — — —
o B O R (AR P (3.25)
=
=
4
éexp _ZpIQ\l ¢2|1+02ll 2‘
=
=
Note that the arguments of the sign functions are converted into standard form
G =+ 0 s (3.26)
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3.3.4 Simplify g after propagation for = ¢ R?

As in the scalar case, the form of g; in (3.24) is not suitable for recursion. Furthermore, it is
impractical to combine any terms while dealing with such an unwieldy coefficient function.

However, we can extend Theorem 2.2.1 to n-dimensions to simplify this.

Theorem 3.3.1. Let H be a hyperplane arrangement of m affine hyperplanes Hy, Hy, - -+ , H,,
where H; = {x|; + 0;x}, x € R",1); € R. Let g : R™ — R be a function of sgn(¢; + 6x),

constant on the faces of A. Then,

g=po+ > pi [ sonh+ 6i) (3.27)

=1 j=1 lEO’Z‘j

where

Ui:{{l}a"' 7{m}7"' 7{172}7"' 7{m_1am}7"’ 7{m_n+17"' 7m}} (328)

is the set of all subsets of {1,--- ,m} with at most n elements. The proof is provided by
collaborators from the Technion in Israel and an excerpt of their work is included in Section

7.7 of the Appendizx.

Theorem 3.3.1 has a profound effect on the general n-dimensional Laplace estimator.
Not only does it make more obvious how we can preserve the structure of the ucpdf under
propagation, it provides a straight-forward framework for combining terms simply by adding
coefficients. Furthermore, it enables a parallel effort for the n-dimensional Cauchy estimator

as well.

Section 7.6 of the Appendix describes a straight-forward algorithm for determining the

coefficients of the simplified (or flattened) g;(x2). For now, we will use it to flatten our
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relatively simple coefficient functions. After flattening, each g;(x2) assumes the form
;" (@) = 70+ oY sn (V31! + O wa) + i sen (v + 05 a) + o sn (03] + 61
+ pﬂlsgn <”¢2H 2|11w2) sgn (zﬂl + 92|1 >
4 p?élsgn (w2\1 2|11w2) sgn (¢2|1 I 92|1 >
+ P%lsgn (1#2‘1 + 932|21:I:2) sgn (2/12” + 92|1 >

2(1 2|1 21 2].
= oy + ijlegn(w' i )

leoj;

(3.29)

and
o={{1},{2},{3},{1,2} {13} ,{2,3}} (3.30)
Figure 3.2 shows fX2|y1 with o = 0.5, 8 = 0.3 and v = 0.4. Note the smoothness of the pdf

after convolution with fy, compared to the sharp point of lem in Figure 3.1.

3.3.5 Generalized integral formula

The simplification of the coefficient function in (3.29) introduces one complication. The
integral formula that we’ve been using the propagate kam is not valid for when ¢ is not
a function of sums of signs. Therefore, we re-derive the integral formula to account for the
products of sign functions and show examples for both € R and = € R? in Section 7.8 of
the Appendix. The results in the relevant form in (7.59) are restated here for convenience.

For x € R and

r) = po+ Z i H sgn (& — x), (3.31)

=1 660'1'
the integral

[e.o]

- Z G, exp (— Z pe(& — fi)sf + jy§i>
i=1 =1

Z/oog( eXp< Zml& $|+JV:L’>

(3.32)
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0.75 |

Figure 3.2: fX2|y1: a priori unnormalized conditional pdf at k = 2

where
.‘.
G = _9&) — _9(&) (3.33)
Jv+ 52 mesgn (& — &) Jv+ ZE nesgn (& — &)
=1 =1
and the t indicates that sgn (0) = 1 instead of our usual convention sgn (0) = —1. The reason

for this comes from the derivation, when we make a shift from ;1 to &; for convenience but
causes a change in convention at that particular location. This integral formula allows for

the propagation in R™ as well as calculation of the moments in the next chapter.
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3.4 Proof of general recursive form for R"” by induction

We now present the recursive algorithm for determining the a posteriori and a priori ucpdf
at step k + 1|k by undergoing a measurement update from step k|k — 1 to k|k, followed
by a convolution integral. Finally, we do some bookkeeping to organize it in the standard

structure.

3.4.1 Induction hypothesis in R?

Given the a priori ucpdf at k|k — 1

NS
P = Y G (3.34)
i=1
where
Pik\kfl
klk—1 klk—1 klk—1
G = oo+ Y AT sen (@l' ) (3.35)
jzl lEO’ij
and
apklR—1
klk—1 klk—1 | cklk—1
eil =exp | — Z nij‘ 51--‘ ‘ (3.36)
j=1
where
5f'|k_1 _ ¢Z\k—l +ijjk—1xk’ (3.37)
Nik”‘k_1 is the number of terms, Miklk_1 is the number of elements of term 7, and Pik‘k_1 is

the number of terms in Gflk_l, and o;; is the set of indices of sign functions associated with
klk—1

term j of G at step k|k — 1.

3.4.2 Base case

By construction, we know that the ucpdf at 2|1 from Section 3.3 have the form shown in

(3.34). Next, we assume ka|Yk—1 in (3.34) and show that ka+17yk has the same structure.
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3.4.3 Measurement update from k|k — 1 to k|k

The measurement update step involved constructing the joint density from the a priori ucpdf

and

1 1
fzx, = fv(z — Hzy) = Zexp (—; |21 — Hmk|> ) (3.38)

Since V' is independent noise, this is simply the product, and effectively contributes an

additional element to the exponential so that

NFEL
Fam= Y, Gle" (3.39)
i=1
where
1 _
Gl = et (3.40)
2y
and
arlE=1
X _ _ 1
Eflk =exp | — Z nfj‘k ' ff"k 1‘ - ; | =21, + Hay
j=1
e (3.41)
klk—1 | ok|k—
=exp | — Z 771‘]“ ! 5@'" 1)
j=1
with
Blk—1 _ k=1 | ghlk—1 . 3.42
i i i
This gives us the a posteriori ucpdf at k|k, with the additional parameters
* 1 * *
pr==, V= —2z, 0" =H (3.43)
v

3.4.4 Propagation from k|k to k + 1|k

The propagation for the exponential part is a convolution with f;y and can be done in
two stages. In the first stage, the parameters are updated with those of fy, and a change of

variables is performed to get it into a form that will go into the second stage, the integration.
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Similarly to the exponential part, the coefficient portion also undergoes a two-stage prop-
agation. First, we perform a change of variables. Then, we augment each coefficient function

with a pair of zeros for fi and fyy.

Given (3.39), the a priori ucpdf at k + 1 is

Fxomve @pst|yn) = /00 T (@l yn) fiv (wi) dwg (3.44)

In order to perform this integral, we perform a change of variables from @, to @1, wy so

that for every term of fx, v, the integral in (3.44) becomes
Farswi (@eer, wilye) = / G (@i, wi)E " (T g1, wi) dw (3.45)

where

~k|k ~k|k K ck|k
Gi| (@1, wi) = Pz‘é + ZPZJ H sgn <£il‘ (Tp41) — wk)

lEO’j
MFFT1 o
s Kk | zklk
E(Thi1,w,) = €xXp | — Z 77¢j| fijl (mk—l—l)_wk‘
j=1
pun _ 12
20 25
e 12T okl 3.46
pzjzwlﬂgn(' ) (3.46)
leo;
klk kb 1
ii = Tij P
o)

Kk Kk
gk _ %%‘ 0;; -t
A 9?<b—1r gklkcp T

Lht1

>

- w 7,] Lr+1
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Each term is then integrated using the generalized integral formula (3.32) to get

m m
3 k+1]k K|k | gklk  pk|k
fixi i (®na|yn) = ZGW exXp <—Z7721 §i —&ij ‘)

j:
m
B k1 ]k ~l~c\l~c JHE Tk Kk gklk
= E :sz eXp z] — ¢y )+ Qij =0y ) Tr
7=1
m m
A =kt 1k ErU | ZRELE gk
_E :G'le exp E :n ml +01]l Lr+1
j=1 =1
m

m
o k-l—l\k 2 : k+1\kz ~k-&-l\k
- z]l exp < 77 ’L]l
=1

J:

(3.47)
where
Ciklk Ciklk
Gt = i i (3.48)
_k+1]k Skt 1lk _k+1]k Skt 1lk
ZT]”—;‘SD(U—;_‘> ZTI’L]—;‘ <2j_l|—‘>
si=1
J
and sg = 1 indicates that sgn (0) = 0 instead of the normal convention sgn (0) = —1 in (1.3).
Note that each new argument has the form
1k ~k|k
it = iy
Shllk  Fklk Fklk
fzjl "= gijl - gul
“klk Tklk Sklk gklk (3.49)
= (wij — Yy > + <0ij — 0, )wkﬂ
= &Zf‘k + GZ'fwkﬂ

3.4.5 Simplify coefficient function

The coefficient term in (3.48) is then flattened into the standard form of (3.35) using the

procedures outlined in Section 7.6 of the Appendix so that

~k k ~k k k k ~k k
G = i z 5o TT sem (557) (3.50

l€oijp
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This flattening accomplished two things. Firstly, it simplifies a complicated nested fractional
form of G and makes it easier to carry forward from step to step. Secondly, it allows for
terms with identical exponentials to sum, thus eliminating extra terms and reducing future

computational burden.

3.4.6 Combine terms and re-index at k + 1|k

After the coefficient terms have been flattened, the triple index 75l can then be reduced
to two new indices, ij. Furthermore, terms with the same exponentials can be combined,
though care must be taken to determine if all of the associated 5271"“ are the same. Finally,

the re-indexed ucpdf can be written without the tilde on the parameters for step k + 1|k.

3.4.7 Handle collapsed hyperplanes

In many cases, one or more hyperplanes collapse into a constant. That is, for some hyper-
plane & = ¢} +05x, 07, = 0. During the next propagation, the coefficients of £;; will divide

9;“]-<I>*1F, which will not work. It is easier to just look for these cases and factor out the con-

stant exp (— pi; |05 |) from the exponential at this point, rather than modify the propagation

to do the same thing.

The coefficient term is a bit more complicated, since all sub-terms with constant &; must
be found and dealt with, including possibly shifting. Finally, all element indices must be
shifted when the element associated with &; is removed. An example of this process is shown

in Section 7.9 of the Appendix.

3.4.8 Unnormalized cpdf at k + 1|k

Finally, we state the ucpdf at k + 1]k as

Nf+1|k

r k+1|k k+1|k
Xy = Z Gi+1| €i+1| (3.51)
=1
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where

k+1\k
Gk+1|kz k:+1\lc n Z pl+1|k H sgn( k+1\k> (3.52)
leoij
and
VianlL
k1l _ k1]k | ok1|k
j=1
where
k+1k E+1|k AL
& =g 0 (3.54)
N*¥U% 55 the number of terms, MkHlk is the number of elements of term 7, and Pkﬂlk is the

7

number of terms in G, H'k, and o;; is the set of indices of sign functions associated with term
j of Gf“'k at step k+ 1|k. Thus, we’ve shown by induction that the update and propagation

algorithm is recursive for fTXk|Yk,1 in (3.34).

3.5 Example of first several a posteriori ucpdfs

Using the algorithm described Section 3.4, the first several a posteriori ucpdfs are computed

for system parameters

0.95 0.01 0
[ 1 0.5 ]
—-01 1 1

(3.55)

with initial conditions

T, = (3.56)
0

and noise parameters a = 0.3, 8 = 0.01 and v = 0.1. The ucpdfs are presented in Figures

3.3 to 3.5, showing the various shapes that the a posterior: ucpdf takes on from step to step.
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Figure 3.3: .fXﬂYl (a’> and fX2|Y2 (b)

3.6 Properties of the ucpdf

We now discuss some properties of the ucpdf in (3.34). In particular, the computational

complexity of the ucpdf in R? and R™ will be characterized.

3.6.1 Computational complexity in R?

In contrast to the scalar case, the number of elements in each term stays relatively the same,
with the exception of some elements collapsing due to their associated hyperplane becoming
constant (6 — 0). For the a priori step k + 1]k, the number of elements is d + k, where d

accounts for the initial conditions.

Without term combination or element removal, the number of terms for the first few
steps are shown in Table 3.1. The number of new terms is the product of current terms

and the number of elements per term. Since there is no reduction, all terms have the same
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(a) (b) fxg\yl

Figure 3.4: sz\Ya (a) and fX4|Y4 (b)

maximal number of elements.

It can be shown that the theoretical worst-case number of terms at k + 1|k for the two-

dimensional case without term combination or element removal is

prie (24K
3l

maxmn

(3.57)

In practice, combining terms and removing hyperplanes which collapse into constants drive
down the rate considerably. However, it does appear that rate of increase remains faster
than polynomial. Figure 3.6 shows the number of terms for the first six steps. The number

of terms are equal for the first three steps, but they start to diverge at step 4.

3.6.2 Extension to R"

First, notice that the only time we explicitly use the fact that & € R? is in the initial

conditions and in simplifying the coefficient function. However, Theorem 3.3.1 applies to
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(a) (b) fxgm

Figure 3.5: fX5\y5 (a) and fx6|Y6 (b)

n-dimensions. Therefore, all we need to do is start with the appropriate fy, and use the
correct coefficient simplifying algorithm and the preceding results extend to n-dimensions as

well. However, the term count in (3.57) will change to

maxmn

Rk ((Zi ’f_))" (3.58)

3.6.3 Unimodality

Similarly to the scalar case, we can make an argument that the vector ucpdf is log-concave
and unimodal. This becomes an important point as the number of dimensions increases,
because as shown in (3.58), the number of terms increases rapidly. The unimodal nature of
the ucpdf offers an opportunity to use the maximum a posteriori (MAP) estimate instead of
the conditional mean. Since it’s unimodal, it has a single local maximum which is also the

global maximum, and many numerical methods may be leveraged to find it.
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Table 3.1: Theoretical worst-case term count for R?
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Figure 3.6: Theoretical worst case vs. actual number of terms in R?
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CHAPTER 4

Mean and Variance in R?

To determine the mean and variance of X given Y, we first normalize f- x|y and then compute
the first and second moments. For this chapter, fX|y can be either a priori or a posteriori
at any step k, so we will not need to include indices. As in the scalar case, we use the

characteristic function of the ucpdf. For v € C", x € R", the characteristic function is

b ) = [ " fvlely) de (4.)
R?’L
and the mean and variance are given by
j=E[X]Y]
(4.2)
Var(z) = F [XXT|Y] - E(X|Y]E[X|Y]"

where the i-th element of E [X|Y] and the i¢ element of the symmetric £ [XXT|Y] are

Blxily) = - 22 )
J ovi (4.3)
_ Poxpy(v)
E[X;X|Y] = vy,

respectively. The proof for these expressions follow the same argument as the scalar case
in Section 7.4 of the Appendix. Note that we have abused the notation a little bit. Since
we are not labeling the step number k, we use the subscript on the random variable X to
indicate the element number instead. This should be clear in this context, even if it doesn’t

agree with the standard use of the subscript throughout this document.

. . . . . . nn+1
For « € R", this requires n integrations as well as n single and Z 1= Q

double

partial differentiations, though the latter can be done a priori. As bad as that sounds, it

appears to be less complicated than than directly integrating to find the moments.
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4.1 Characteristic function of ucpdf

To determine the characteristic function of fx|y in R", we have to integrate over R", which
means evaluating n successive integrals using the same integral formula that we’ve used in

previous chapters. Consider the form fxy to be

N m
fxiy =) gi(x) exp (— > o+ le\) (4.4)
=1 =1

where, for m unique ¥ + 0z, 0 € RY>",

M;
gi(x) = 00 + Z 0q H sgn (Y + O1x) (4.5)
q=1 l€aq
and o, C {1,--- ,m} are unique. Note that when m > n, the maximum number of elements

of oy is n. Using the generalized integral formula (3.32), (4.1) can be solved element-wise,

and each element can be explicitly written as

(b:ix‘y :/6JV ‘”g( exp< sz WH—FQ;:B‘) dx
/ / / po+zquSgn (¢ + O,)

q=1 leoy

exp (— Zpl |ty + 6| + ijgp) dzidxs - - - dz,,

// / ﬂo+2qusgnwz+elxl+ 4 Opn)

q=1 leoy
exp <— Z Pl ‘wl + 9111‘1 =+ 4 anxn\ + j (Vll'l + -+ ann)> dmldl’g s dl‘n
(4.6)

To illustrate this integration, the characteristic function Qg)qy for f_)qy in R? is derived in
closed form in Section 7.11 of the Appendix. In addition, an example of the characteristic

function of fx,y, is detailed in Section 7.12 of the Appendix.
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4.2 Normalization and moments from CF in R?

Evaluating ¢ x|y at v = 0 gives

[0xi],cg = | T (ly) da = fy (4.7)

Then, the normalized cpdf and characteristic functions are

f
[xyy = }(Y
Y (4.8)
by = 2
YTk
Applying (4.7) to (7.108), we can evaluate each term of the normalization factor as
o G e bl
f}l/ = |: lX|Y:| o — ( i2 = 5 Di2 bl? 7,5) eXp (C’LS) (49)
Before defining the first and second moments, we simplify the definition of G; from (7.108)
and ¢; as
G, & No Ny

Do Dy (4.10)

€ £ exp (jricr + jvace + c3)

We drop the indices on ¢, G and € for cleaner notation, but it is assumed that they are

components of qﬁfx‘y.

The first two moments in R? are

[ 100
E[X]=| 7™
10¢
i O _
- o Jv=0 (4.11)
_ 9% ¢
E [XXT} — BV% Ov10vs
_ 9% 9%
L Ov10vs 8V22 v=0

For the sake of brevity, the derivation of the partial derivatives for a general term of the

characteristic function are detailed in Section 7.13 of the Appendix.
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4.3 Example: 2-state conditional pdfs

Figure 4.1 shows the results for a 7-step simulation where the system parameters are given
in the previous section in (3.55). Similarly to the scalar case, we can see that the covariance
changes as a function fo the measurement, rather than steadily decrease as in the Kalman
filter. In addition, the response to the large jump in the measurement at k = 2 is rather

muted, despite the fact that z, = x1 + 0.525.

Figure 4.2 shows the results for the same system but with a spike of —10 introduced at
k = 3. As in the scalar case, the estimator only responds to a certain extent. Due to some
numerical limitations discussed later, we were unable to run spikes on longer runs. While
some work is still needed to improve the duration and speed of the numerical implementa-
tions, these examples demonstrate that the estimator works in two-dimensions and shows

resilience to huge noise events.

4.3.1 External algorithms

In practice, we do not use the algorithm in Section 7.6 to simplify the coefficient functions.
While it is fast and effective for benign cases, it is slow for large numbers of hyperplanes or
misses faces for hyperplane arrangements with small or thin faces. We first experimented
with the reverse search algorithm by Avis and Fukada in [AF93], but that had some numerical
issues of its own and was particularly slow, even compared to our simple algorithm in Section
7.6. Currently, we use the algorithms developed by Rada and Cerny in [RC18|, along with

linear program solvers by Gurobi to produce fast, accurate sign vectors.

4.3.2 Numerical sensitivity

The reason why we can only run 7 steps for the 2-dimensional case is because we run into
numerical errors around there at the noise parameters we use. When the noise is large, the

huge jumps cause the conditional pdf to flatten and the scale of certain coefficients defining
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it to blow up. As a result, we suspect that the machine error after term cancellation for

certain terms results in large errors in the normalization factor and expectations.

This is not a comprehensive assessment of the problem, but it offer evidence that the
current definition of the cpdf will not work unless we find a way to effectively remove the

need for this cancellation.
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CHAPTER 5

Scalar Laplace Controller

In many optimization problems, the L;-norm is preferable to the typical Lo-norm for the
cost function because it more directly measures real quantities, such as fuel consumption
[VMO06],[Ros06] and cost of treatment of infectious diseases [PIM14] and cancer [LBS04].
For the control problem near steady-state, where the control input is small, the cost is
higher for the Li-norm than it is for the Lo-norm and can be used to suppress control input.
Conversely, the Li-norm has a lower penalty for large errors and is used for applications
with many outliers [MKP14]. However, there are no explicit solutions to linear stochastic
optimal control problems with L; cost functions. In fact, only a few explicit solutions exist
for any linear stochastic optimal control problem, e.g. the Linear Quadratic Gaussian and

Linear Exponential Gaussian [SCO08].

In Chapter 2, it is shown that, for linear scalar systems with additive noises described by
Laplace densities, the conditional probability density functions of the state conditioned on
the measurements is a sum of exponentials of weighted sums of absolute values. This form is
log-concave and is therefore unimodal [Sta89], though it is not symmetric. In [SYD18], it is
shown that, when addressing the control problem of such a system, a properly-defined cost
function of the Li-norm of the control and state maintains that same log-concave form for
the first step. This suggests that the cost function is also unimodal, which greatly simplifies
the extremization of the cost. In this chapter, we generalize the results in [SYD18]| and

present the recursive, analytic solution to the one-step predictive controller for any step k.

In Section 5.1, we define the cost criterion for the one-step predictive controller. In
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Section 5.2, we derive the expression of the cost function at step & = 1 in a form which
motivates a recursive structure. We also examine the optimal control values as a function
of the measurement. In Section 5.3, we deduce the cost function at any step k given the
conditional probability density function from (2.43). In Section 5.4, we show numerical

results for a 50-step simulation.

5.1 One-step model-predictive controller

Consider the discrete scalar linear system defined in Chapter 2. We seek to derive a controller
which drives the state z; to zero while minimizing some cost as a function of the input uy.
In constructing the cost criterion, we consider a measure of the control input and predictive
state. We want the controller to drive the state to zero while using minimal control input, so
we chose a cost function whose maximum occurs when u; and x;,; are small. For simplicity,
our cost criterion only projects the state one step into the future so that the cost criterion
only involves u; and ;. Therefore, we want to find uj such that

uy, = argmax Jy, (uy) (5.1)

Uk

where

i () = B [em e imarmaly] (5:2)
—FE [€—c|uk\—5|rk+1+<1>fk+uk||Yk] ’ .

and ¢ and S are weighting parameters on the control and future state, respectively. The
expectation in (5.2) is taken with respect to the unnormalized conditional pdf (ucpdf)
ka 1 1Vi (Trg1|y), which is conditioned on the measurement history y,. We can use the
ucpdf because normalization is not necessary for the optimization. For simplicity, we will

assume z; = 0.
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5.2 Objective function evaluated at k£ =1

To motivate a recursive structure of the objective function at step k, we first determine the
objective function at k = 1. This is similar to the work in [SYD18], but it uses a simplified
structure for the ucpdf first shown in [DSY18]. To streamline the presentation, we have

moved the more involved derivation to the Appendices.

We first consider the a priori ucpdf at step k& = 2 conditioned on measurements up to

k = 1. Assuming Z; = 0, this was defined in [DSY18] to be
3l H

+ Gi“ - exp <—— |a:2|>
201 ]H\ bz 1
+Gj 'eXP< ‘——902 —m|fz| ;

where G?H are coefficient functions whose form will be described below. First, define the

From (22|y1)

1|®
:Gf“-exp( ol Pt R

parameters of (5.3) as
o 1 211 2@

E

P11 = 3> P21 = 3 P31 T 9] (5.4)
21 _ o '
P32 = Tg|
and
21 _ @z 2|1 ~0, g2|1
11 — g
o (5.5)
32 =

Then, the coefficient and exponential functions in (5.3) can then be written as in terms of

the parameters in (5.4) and (5.5) as

N2
2|1 2|1 + Z azlllsgn ( 2L _ :172> (5.6)

and
N2

21 201
€ = exp —Pil

=1

£'L21|1 — T2 ) (57)
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where Nfll is the ith element of

T
N2 = [ 11 2 ] (5.8)
and the parameters a%l and a?)l are developed in Appendix B. The ucpdf in (5.3) can then

be written in the compact form
3
3 211 21
o (walyr) = Y GHe] (5.9)
i=1

5.2.1 Determining the objective function

Using (5.9), the objective function in (5.2) becomes

Jy; (u1)

_ €7C‘U1| / e—S\m2+<I>a’c1+u1\fX2|Yl (;U2|y1) dxo (5 10)

(o]
3 )
— p—clul 2|1 2|1 —S|zo+®z14u1
=e g / G e e dxsy
i=1 Y7

The general solution to (5.10) is derived in Appendix B of [[S14] and is restated in the
Appendix for convenience. In order to use the integral formula (7.3), we augment the pa-
rameters in (5.10) so that the number of elements in G?'l matches the number of elements
in e?'l. Here, we make a subtle change in notation from the superscript k + 1|k = 2|1, which
refers to the ucpdf, to the superscript £k = 1. This is done to simplify the task of organizing
the parameters to use the integration formula in Appendix A. So, the augmented parameters

for the objective function integral of (5.10) are
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1 _ 1 _ - 1
010=0 &§o=-PT1—uy pp =25
201 2|1 2|1
011 = Qg 511 = P11 = P11
1 1 _ - 1 _
00 =0 S0 = —PT1—ur py =5
2|1 2|1 2|1
921 = Q9 521 = 021 = P21
1 _ 1 _ - 1 _
030 =0 &= —PTr—w py =15
2|1 2|1 2|1
931 = Qg 531 = P31 = P31
201 2|1 o2
Q32 = Qg9 532 = /)32 = P32

Using (5.11), the solution to (5.10) becomes

2\1
_ ,—clu1]
Jy, (uy) =e E E G ”

where, for

the coefficient and exponential terms are

1 _

iy

=1 7=0
N2
= ohsen (& — &)
=0
I£]
N2
oL =Y phsen (& — &),
=0
I#]
ap' + 8, —al) + 5L
1 1
pz] + 6 _pm + 5

and

N2
1 _ 1 el 1
€;; = €Xp E Piji ’ il 7,]‘

1=0
I#j
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2|1

i of the

Again, G and e - belong to the objective function and are distinct from G; 2 and €
ucpdf. While G’ij is known explicitly, it is a very complicated function of u;. Furthermore,
several of the terms in (5.12) can combine, but the complexity of Gilj makes adding them
cumbersome. Fortunately, a method for simplifying G}j into a sum of sign functions was

presented in Appendix A of [DSY18], which is restated in Appendix B for convenience.
Using this method, the coefficient functions become
N2
Qilj = aj, + Z ajsgn (f’zll — oz — ul) (5.16)
=

where the pj; have been transformed into aj;

;; using Appendix B. More importantly, allj is

constant, so g}j is a sum of simple sign functions of u;.

)
)

Expanding the exponential terms explicitly, we get

1] @
e}o = exp (_B —% — o7 —uy

o
€1, = exp (—S '—% — Oz —uy

1
6%0 = <—B ]—@il — ul\)

exp
6%1 =exp (=S5 |-z — uy])
. ]H| Oz, (5.17)
€390 = €xp | — “I)| —F—(I)xl—ul
‘ (I).Tl 'LL1’>
|<I>|
bz bz
e 5 -on-o| il )
|H| (I)Zl

€39 = exp( S|=07) —uy| —

il

We can see from the integral formula (7.3) of the Appendix that the arguments in the sign

12|

functions are the same as the arguments in the absolute values of the exponentials. Therefore,
the offsets from w; in the sign functions in g}j are the same as the offsets in the terms of

(5.17). Furthermore, they are the same as the offsets in f; Xo|v1» €xcept for a sign change and
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shift by ®z,.

The constant elements in the exponentials can be absorbed into their associated g}j
functions. Furthermore, the terms with the same exponentials can be combined by summing
up their associated g}j functions. In this way, we collapse the double indices ij to just ¢, and

the coefflicients become

N1

61 = o+ 3 s (64— 8, — ) (315)
I=1

Gl = ajy + ajsen (&4 — @71 — wi) - (5.19)

We can now replace the parameters £& used for the integration with the original parameters

fZH'k from the ucpdf to get
N1
Gl =aly+ Y ahsen (€' — 21— w) (5.20)
1=1
Gl =l + alysen (€' - @2~ wy) (5.21)

Note that we separate the coefficient terms associated with p}j = S from the other terms and
designate them with CNT'} In this way, G} has the same structure as G?'le_m, which greatly
simplifies the indexing. The number of elements are described by the Sarr’lel vector N2'. The
additional terms, éll, only has one sign function and has the same structure as Gﬂl. After

this simplification, we can then write the objective function as

3 2
Iy, (uy) = el (Z Gle + ) é}gg) (5.22)
i=1 i=1
where

Nt

& =exp [ — Zp}l | =& — P21 — | (5.23)
=1

& =exp (—pjp |- — PT1 —wa) . (5.24)
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Again, we can replace the temporary parameters p; used for the integration with the original

parameters pZH‘k from the ucpdf to get

N2
e(u) =exp [ =D pt|-&t — 071 —wy (5.25)
=1

é(ul) = exp (—S ‘—@21'1 — 7 —uy

) . (5.26)

The solution is divided into two parts to highlight the structure inherited from the ucpdf.
In particular, the coefficient function G} has the same form as G?‘l in (5.3), and the associated
exponential function € has the same form as (—:?ll. The only new terms come from the control
cost exp (—c|uy|), as well as G} and the associated exponential function €, which contains

the weighting S.

Now that we have the objective function in closed form, we can then maximize Jy, (u;)
to obtain uj. Unfortunately, it is a complicated function of uy, so the optimization must be
performed numerically. However, since it is also unimodal, there are a wide variety of tools

available to do so efficiently. The specific methods will not be discussed in this paper.

5.2.2 Numerical Example: u* at £k =1

Figure 5.1 shows the relationship between the optimal control u] and the measurement z;
atstepk=1ford=11,H=1,c=1,5=3,a=1,8=0.25v = 0.33. This is similar to
results shown in [SYD18]. The control goes to zero for a certain set of estimates around zero,
suggesting that the controller takes into account the uncertainty of x; and hedges to avoid
unnecessarily increasing the cost. This dead zone of zero control about small measurements

helps explain the control performance in the general control case.
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Figure 5.1: Optimal control u] versus measurement 2; forc =1, =3, a=1,8=10.25,7 =

0.33

5.3 Objective Function at Step k

After repeating the process used to obtain Jy, (u;) for several steps, a pattern emerges such

that we can deduce the objective function for any k. The objective function for step k is

o0
Jy, (ug) = e_clu’“/ e SRt Ttur| o
—0o0

(5.27)
ka+1|Yk (mk+1|yk) dTp+1
From [DSY18], the a priori ucpdf at step k + 1 is given by
nkt+1lk
Fxeam @ralye) = Z GkH'k kHlk (5.28)
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where

k+1\k
Gf-ﬁ-l\k k+1|k+ Z k+1|k ( ch—i-llk _ka)
NiIchl\k (5.29)
6§+1\k —exp | — Z pZHUg €Z+1|k el |
=1
Z)+1|k7 aZHIk, §Z+llk nd pk+ * are known, the number of terms
k+1D(k+2
phetle - P DET2) (5.30)
2
and the number of elements for each term are the elements of the vector
RS |
1* x2
NFHUE — 1 k=1 o 3 . (5.31)
1 x (k4 1) |

clug]

To obtain the solution to (5.27), we first re-write the integrand in (5.27) by merging e~

k+1]k

with ¢ and augmenting Gf“‘k so that the coefficient and exponential parts have the

same number of elements. For each term ¢, they become

k+1\k

~k+1|k k—l—l k k+1|k k+1|k
Gk _ |+2“| ( '—ka)

(5.32)
+0-sgn (—Pxp — up — Tpt1),
where the 0 is a placeholder for sgn (—®z) — ur, — xx11) and
NEFLIE
_k+1]k k+1lk | ok+1]k
€ =6Xp |~ Z Pij §j — Tk
=1 (5.33)

x exp (S [—Pxy — up — Tpp1l) -

70



The parameters of (5.32) and (5.33) are summarized by

ko
20 =0 7,0_ — DTy — uy, on—S
k1] E okl k+1k
;1 = Gy i =& Pu = Pi
ke+1]k i k+1]k k+1k
Oj2 = Qo i =& p7,2 = Pi2
(5.34)
ko k:—&—l\k ko ck+1lE E_ k+1lk
Qi,Ni - ZN iN; & x pi,Ni - p@,Ni

where N; = Nf“'k for short. We can then use Appendix B of [IS14] to solve the integral of
(5.27) to obtain Jy, (ug), which can be written as

nkF1lk
Jy, (uk) = exp (—cux|) Z Gie
L (5.35)
+ exp (—c |ug) X:GZ € (ug)

where
o=l + Z aksgn ( et — oy — Uk) (5.36)
Gf = djy + ajsgn (—Sﬁ“'k — ) — uk) . (5.37)

and
Nk+1\k

e (uy) = exp k+1|k ‘_ AR ILI S uk‘ (5.38)
& (ug) = exp <—S —fffrl'k — &7y, — uk’) (5.39)

5.4 Numerical Example for £k =1,--- 50

We recursively and analytically computed and optimized the cost function at each step for

the first 50 steps using the parameters ® = 1.1, H = 1, = 1,8 = 0.25,7 = 0.33,¢c =
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0.5,5 = 2.99. The measurement and process noise were generated using a Laplace random
number generator, and a spike was added to the measurement at £ = 5, 6,20 and 30 to test
the resilience of the controller. We initiate the state at x1 = 3 to clearly see the system

driven to zero. Furthermore, we simulate control saturation so that —1 < wu; < 1.

The cost function at k£ = 40,41 and 42 is shown in Figure 5.2, where the progression
of u* to zero is seen. We can also see that they are unimodal and have a cusp at uxy = 0
corresponding to the control penalty term. The measurement noise vy, optimal control uj,
and the resultant state x;, = T, + x5 are shown in Figure 5.3. As expected, the control
maximized to drive the state to zero and then settles quickly. Furthermore, when the state
is close to zero, the control takes on a value of zero. This seems to be due to the uncertainty
in the state in combination with the absolute value penalty on the control. This behavior
does not occur in the LQG controller, because the cost of the quadratic penalty on the

control is negligible around zero.
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Figure 5.2: Cost function Jy, (uy) versus control uy for s = 2,5 =3, = 1.0,5 = 0.25,7 =
0.33
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CHAPTER 6

Conclusions

The main contribution of this work is the theoretical development of an analytic recursive
algorithm for state estimation of a discrete linear system with scalar additive Laplace process
and measurement noises. Proof-of-concept numerical implementations were demonstrated
for the scalar and 2-dimensional cases, including explicit closed-form expressions for the con-
ditional mean and error variance. Using the scalar estimation results, a one-step predictive

controller was also derived and implemented numerically.

In addition, two supporting contributions have allowed for significant progress in the
vector Cauchy estimator. First, the representation of the coefficient function using a basis of
sign functions has greatly reduced the complexity of defining the coefficient functions. The
cascading, nested fractions of sums of sign functions was turned into a sum of products of
sign functions, making it straight-forward to add two terms. Second, the key integral derived
in Appendix B of [IS14] was generalized to account for all functions of sign functions, rather
than only sums of sign functions. Together, these two contributions made it possible to
combine, update and propagate terms for both the Laplace and Cauchy estimators in a

tractable manner.

6.1 Next steps

This work primarily presents the theoretical background in Laplace estimation, and the

proof-of-concept code in MATLAB has demonstrated that the algorithms are correct. In
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addition, interesting ideas have been raised that offer a glimpse into the possibilities afforded
by Laplace-based estimation and control. The following topics represent key steps to address
in order to implement the Laplace estimator in real-world situations or new directions to

take Laplace-based research.

6.1.1 Predictive term combination

Currently, the algorithms used to combine terms in R? involve normalizing and sorting the
hyperplanes across all terms and then applying a metric to determine if they are equal. This
process is very computationally expensive, taking a similar amount of time as the propagation
itself. However, in the scalar case, there was a fairly straight-forward way of determining a
priori which terms will combine, and it is likely possible for cases in higher dimensions as

well.

6.1.2 Term reduction or windowing

Even in the 2-dimensional case, the number of terms appear to grow faster rate than a
polynomial function of the step k. The goal of a real-time estimator is to keep the size of
the expressions constant. Therefore, a windowing technique similar to the one used for the

2-state Cauchy estimator in [SIF14] could be implemented to do this.

6.1.3 Re-mapping hyperplanes

Because the number of terms in subsequent steps come from the elements in the prior step,
it is necessary to reduce the number of elements to help control the growth of terms. In
the 2-dimensional case, some elements go away when the # component of their associated
hyperplanes go to zero. It may be possible to locate elements whose 6 terms are near zero

to force them to zero, particularly if they are far from the relevant parts of the pdf.

In a preliminary investigation, a pdf of the general form in (2.43) with G = 1 was
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fitted to a scalar cpdf at step k = 25. However, it used only one-tenth as many elements,
distributed evenly a few standard deviations around the mean. Surprisingly, this rather
crude approximation had an error of less than 1 percent. It may be possible to improve
upon this with less trivial coefficient functions as well. The immediate impact is that we

only use one-tenth number of elements, thereby reducing the number of future terms as well.

6.1.4 Limit hyperplane density

While the number of hyperplanes grows with each update, at some point, the increase in
hyperplane density will have segmented the relevant regions of the conditional pdf to such a
fine mesh that adding more hyperplanes may not significantly change the relevant statistics.
Therefore, one could consider a scheme where the number of hyperplanes were fixed and
possibly manipulated in such a way that does not change the mean and variance. This will
contribute to the effort to hold fixed the amount of memory it takes to define the conditional

pdf after a certain number of steps have been reached.

6.1.5 Switch to indicator functions

One of the drawbacks of using sign functions is that it is difficult to identify which terms are
important based on the scale of their coefficients. Indeed, it is often the case that individual
terms cannot be singled out because they cancel another term at certain points. Such is
the nature of sign functions. It may be possible to re-derive the equations using indicator
functions instead. With indicator functions, one may be able to reduce either terms or

elements by isolating individual faces.

6.1.6 Comparison to particle filters and other methods

As stated in the introduction, particle filters have been employed to deal with Laplace

densities. The relative accuracy and computational requirements should be compared to see
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if one should be used over the other in practice. Certainly, the Laplace estimator can be
used as a check against all simulation Monte-Carlo methods involving linear systems with

Laplace noise.

6.1.7 Robustness

Further theoretical investigations into the robustness of the Laplace estimator are needed,
due to errors in initial condition or noise characterizations. In particular, will two estima-
tors initialized with different o converge asymptotically? Will the estimation errors remain
bounded for an incorrect 8 or v, and what is the size of that bound? These results would
be relevant to the viability of the Laplace estimator as an alternative to the Kalman filter

and other methods.

6.1.8 Laplace controller in two or more dimensions

The one-step scalar Laplace controller demonstrated some interesting properties not usually
seen in a typical linear controller. This area is rich for exploration, including extension to
greater number of steps or to higher dimensions. Furthermore, optimization algorithms for

finding the optimal control may need to be surveyed.
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CHAPTER 7

Appendix

7.1 Key integral formula

A key integral formula was derived by Idan and Speyer in Appendix B of [IS14] and is

restated here for convenience. It comes in a simple form,

I :/ exp (—Zm |& — x| —|—jzx> dx
&0 i=1

" . . (7.1)
D g [ D msen(&—&) [exp | = msgn (& —&)
=1 =1 =1
12 12
where
1 1
9i = n - n
Jzdmi+ 2 psen (& — &)  jz—mi+ Y psgn(§ — &) (7:2)
=1 =1
I£i I£i

as well as a more general form,
o I R
> i=1 i=1
=D G| D psen (G — &), msgn (& —&) | exp | =D msgn (& — &) + 5z
i=1

=1 =1 =1
l#1 1#1 11
(7.3)
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where

pi + lZ pisgn (& — &) —pi + lZ pisgn (& — &)
=1 =1
G = Al = can (7.4)
Jz+mn; +lszsgn & —&) Jjz—m +lszsgn &G —&)
=1 =1
14 1#i

7.2 Scalar piecewise constant functions as sum of signs

Theorem 7.2.1. For

A= {A()? Alv e 7A7L} = {(_00751)7 [51752)7 ) [gm +OO)} (75)

with & < --- < &, €R, any g : R — R constant on A; € A, can be simplified to

g9(x) =po+ Y pisgn (& — x) (7.6)

=1

where, for x; € A;,

9(xo) + 9(wn)
2

9(@i—1) — g(z:) (7.7)
2

Po =

pPi =

Proof. By observation, any function s; constant on A; € A and zero elsewhere can be written
as a sum of two unit step function. For example, s with value 1 for 1 < x < 2 and 0 elsewhere
can can be expressed as u(x — 1) — u(z — 2). Therefore, g(x) can be expressed as the sum
of s;. Since the step function

1 —sgn({—u2)
_ g ,

u(x—¢§) (7.8)

it is clear that g(z) is also a sum of sign functions. To find p;, we first construct g(x) in

terms of u(x — ¢;) in order from most negative to positive x, so that
9(z) = g(xo) + Z [9(zi) — g(@i1)]u(z — &) (7.9)
i=1
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for z; € A;. We can then covert g(x) to a sum of sign functions using the conversion (7.8)

to get

20+ 3 o) = i) [“Sg“;&“"”)}

— glan) + Y L) ol Z”” 9T . san (6, - )
=1

(20) +g(wn)  — 9(wi1) — ( ) (710
9\To) T g(Xn g \Ti-1 g\
= 5 + ;:1 5 -sgn (§ — )
= Po + E pisgn (& — )
O

7.3 Scalar characteristic function

Given the form of the general scalar ucpdf in (2.43), the Fourier transform is

b = [ e favaly)da
_ /R emz gi(@)e(z) do (7.11)
:Z/Rej”‘”gi(x)ei(x) dx

where

gi(x) = po + Z pisgn (& — )

& —exp< Zm |§z—x|)

Hence, ¢x|y can be computed term-wise as

Sy = [ @ aa)eila) do
. (7.13)
:/ exp( Zn\fl—x\—i—jm;) dx
R

=1

(7.12)
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The solution to this integral is given by (7.3), or

Qggqy = Z Gi(v)exp | — Z msgn (& — &) + Jvé; (7.14)
= 7
where
pi + lZ pisgn (& — &) —pi + lzl pisgn (& — &)
-1 =
G = cam. = can (7.15)
Jv+mn+ ZZ pisgn (§ — &) v —mi + ZZI pisgn (§ — &)
=1 =
IZi IZi

However, since all the variables are constant with the exception of v, G;(v) and ¢;(v) have
the form
Q41 bi1

Gi(v) = - - =
) JVvtai  Jv+bio (7.16)

€;(v) =exp (ci1 + ¢ - jv)
7.4 Proofs of moments from characteristic function

The normalization factor of fy|y(z) and moments of fy|y(x) given its characteristic function

dxy(v) are

fy = oxy(0)
EIX|Y] = B%%’;(”)] B (7.17)
E[X*Y] = [——8 ¢gL’; (V)} ~

The proofs of these expressions is fairly straight-forward. The characteristic function is given

by

¢X|y(y):éfxy($)exp(jvx) dx (7.18)
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Evaluated at v = 0,

(7.19)
= fv.
To determine the moments, first consider the partial derivative of ¢x|y with respect of v,
which is
10¢
;Xa—};< ] o / fX|Y )exp (jrr) dv
/ — fxpy (z) exp (jvz) do
(7.20)
5 ety @ exp (va) da
] R
= /l'f)qy (z) exp (jrz) do
R
since v is independent of x. When evaluated at v = 0,
10 v
[—nga'—Y()} = / T fxy (z) dx
J v v=0 JR (7.21)
= E[X]Y]
Similarly,
82¢X\Y (V) .
v = " ovon /RfX'Y (z) exp (jrz) dx
62
~— [ Gafav @esp (va) da
(7.22)
= —/—95 fxpy (z) exp (jvz) dx
R
= /902fX|Y () exp (jrz) dx
R
When evaluated at v =0
0? v
SR ) [ ) d
v v=0 R (723)

= B [xY]
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7.5 Scalar moments from characteristic function

Using the generic form for each term as well as the definitions for the moments from Section
7.4, we present the explicit form of the moments.
7.5.1 Normalization

The 7th term of the normalization of fX|y is

fri = [0y (0)]
aiq by (7.24)
= (a—22 - b_ﬁ) exp (i)

7.5.2 First moment

The ith term of the first moment is given by

0
E[X|Y] = l—%’”(”)
J v
1[G 0 72
Cjlov Tt Ttov],,
where
8Gi__ ap - J bi1-J
v (]V + ai2)2 (jl/ + bi2>2
air-J | ba-J
- 2 1—2
(ai2)”  (bi) (7.26)
861‘

— = jcipexp (¢ + ci2 - jv)

ov

— jCiQ exp (Cil)
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7.5.3 Second moment

The ith term of the second moment is given by

E[X2|Y] — _82¢X|Y(I/)
Z O (7.27)
- — %6-—}-2% %4_(;% .
B o2’ ov v o,
where
82Gl _ 2ai1 2[)11
o? (v +a)’  (jv+bi)
o, _2an | 2ba
(@)’ (bi)’ (7.28)
82€i 9 .
o2 Gz XP (ci1 + cia - jv)

— —chexp (i)
7.6 Algorithm for finding coefficients in R?

The algebra involved is messy and difficult to capture algorithmically, but we can take
advantage of the fact that G is piecewise constant. The jump discontinuities in the sign
functions, defined by n; = v; + QJTx = 0, divides R" into regions of constant values. By

sampling these regions, we can use them as constraints to solve for the coefficients of (3.50).

The number of regions to sample is given by Steiner in (ref). For m sign functions in two

dimensions, the maximum number of constant regions is given by

- 1 2 2
Nr,mam:1+ZZ:1+m(m+ ):m tmt .

7.29
2 5 5 (7.29)
In R3, it is given by
345 §
Ny = % (7.30)

Even if we know how many regions there are, it may not easy to identify these regions. How-

ever, if we sample around every intersection point for the maximum number of intersections,
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N; maz, we will be able to locate at least a sufficient number of samples. Furthermore, it is

straightforward to identify these intersections.

For m sign functions in R",

Nimaz = <m> (7.31)
n

This assumes that every intersection point is unique and there are no parallel n;. For example,

for three sign functions in R?, the Nimaz = 3, which can be verified by hand. At each of

these intersections, the space is divided into 2" regions. In R?, there are four region, and in

R3, there are eight. This is also verifiable by hand. Therefore, the number of sample points

is bounded from above by

Ns,max = (m) x 2" > Nr,max (732>
n

For three sign functions in R?, this becomes 12. If you draw the three lines by hand, you

will see that there is a maximum of 7 regions, so the upper bound is not very tight.

Let us evaluate G; at each sample point and arrange the values into the vector

y = (7.33)

Gj (xNz,maT>

Clearly, many of these samples are redundant, but that is okay. We then evaluate the basis

functions at those sample points and arrange them into the matrix

1 sgn(m(z)) sgn (1)) -+ [17% sen (ni(=1))
B R | = XUCE /I I
| 1 sgn (Th (xNi,maz)) sgn (Uz(iUNi,maz)) T H;”:Zl sgn (TIj(xNi,maz)) i
The samples (7.33) and basis (7.34) are related as
y = Ba, (7.35)
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where

a=la0 @ @ - an | - (7.36)

where N, is the number of distinct polytopes in R™ generated by the m sign functions. Note
that (7.35) is actually an under-defined problem. There are fewer linearly independent rows
than there are columns, so the solution to (7.35) is not unique. However, we can compute

the least-norm solution by first removing redundant rows to get B , where
rank <E> = Ny max (7.37)

and is full row-rank. We can use MATLAB and unique to eliminate redundant rows in

(7.35) to get B and the corresponding y. The least-norm solution becomes
o /a1
iy, = BT (BBT> 7, (7.38)

which is what we get when we use the MATLAB pinv function. Note that the using the left
matrix divide, or backslash (A\Db), to solve this equation yields the solution with the greatest

number of zero elements instead of the least-norm.

An example g function defined by

g(x):( l+si —1+51> 1 (7.39)

2+25s8 —2+258 '3 + s3
where
S1 = sgn (@Zzl + Qipx)
$o = sgn (¢s + 05 2) (7.40)
S3 = sgn (@/13 + 9?37)
and

Y =6, Oz = [ 35 } (7.41)



It is then converted to the sum-product form using basis functions as
g(r) =s'a (7.42)

where
T
5:[1 S1 Sz 83 8182 8183 S283 | - (7.43)

The samples were manually chosen at points

x|-8 -6 -1 0 0 6 8
(7.44)
29| =5 0 -1 6 —6 0 —3
as shown in Figure 7.1. Solving for a yields
CLT:[O —0.6667 0.8333 0 0 0.2222 —0.2778 (7.45)

7.7 Proof of Theorem 3.3.1

Theorem 3.3.1 was conjectured by the author, in conjunction with Dr. Jason Speyer. How-
ever, the proof of Theorem 3.3.1 was completed by collaborators Dr. Rom Pinchasi and Dr.
Moshe Idan from the Technion in Israel. Their paper containing the proof has yet to be

published, but an excerpt, copied here with their permission, immediately follows.

Theorem 7.7.1. Let A be a hyper-plane arrangement of n affine hyper-planes H1,--- , H,
in R defined by H; = {x|{x,v;) = ¢;}, where x € R% v; € R? is normal to H;, and ¢; € R.
For every 1 < i < n let 0; denote the indicator function of the open half-space {z|(x,v;) > ¢;}
bounded by H;. Let g be any function that is constant in the interior of every d-dimensional
face in A. Then there is a linear combination of products of d or less of the functions o; that

is equal to g at any point that is not in U}, H;.

We start with a preliminary result that will be used to prove the main theorem presented
next. When stated separately, not within the problem addressed in this note, its statement

and proof can be greatly simplified, without hampering its generalization.
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Figure 7.1: Manual selection of sectors of example g function

Lemma 7.7.2. Let Ay be a d-simplex in R®. Let Hy,--- ,Hgyy be the d + 1 affine hyper-
planes supporting the facets of Ay. Fori=1,---,d+ 1, let o; be the indicator function of

the cosed half-space bounded by H; and containing Ag. Then

d+1

[[a-a) =0 (7.46)

i=1
Proof. Assume, without loss of generality, that 0 € A,. For i =1,--- ,d+ 1 we write H;
as H; = {x|(z,v;) = ¢;}, where v; € R? (orthogonal to H;) is chosen such that ¢; > 0.
Then Ay = {z|V1 <i<d+1,(z,v;) <c¢}. Observe that the statement of the Lemma

is equivalent to saying that there is no vector u € R? such that (u,v;) > ¢; for every
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1 < i < d+ 1. Assume to the contrary that there is such a vector u. Then for every
a >0 and every 1 <i < d+ 1 we have (—au,v;) = —a(u,v;) < —ac; < 0 < ¢;. In other

words,—au € Ay for every o > 0. This is impossible as A, is bounded. O]

We can now proceed to the proof of Theorem 7.7.1. Observe that in order to prove The-
orem 7.7.1 it is enough to consider functions g that are indicator functions of d-dimensional

faces in \A.

Proof. Let F be a d-dimensional face in A and let ¢ be the indicator function of F. Let
I C{1,---,n} denote the set of indices i such that H; supports F' at a face of dimension d—1.
Let 1, and [, be a partition of I into to parts such that if i € I,, then F' C {z|(z,v;) > ¢;}

and if ¢ € Iy, then F' C {z|(z,v;) < ¢;}.

Observe that F' is equal to the intersection of all open half-spaces containing F' that
are bounded by some hyper-plane H; where i € I. Therefore, the function § = [],c, ;-
[Licsp(1 — 03) is equal to g at any point not in Uj, H;.

Hence, if the cardinality of I is smaller than or equal to d we are done because g can
clearly be written as a linear combination of products of || or less of the indicator functions

01, ,0n-

If the cardinality of I is larger than d, then g can still be written as a linear combination of
products of the indicator functions oy, - - - , 0,,, however the number of terms in each product
may exceed d. Therefore, Theorem 7.7.1 will follow if we can show that the product of every
d + 1 of the indicator functions oy,--- , 0, is equal, on R\ U™, H;, to a linear combination

of products of d or less of the indicator functions oy, - - - , 7,,.

We prove this by induction of d. The basis of the induction is the case d = 1. In this
case we have two indicator functions say o; and o,. We would like to consider the function

0109 and express it as a linear combination of zero or one of the functions o; and o».

This could easily be left to the reader, but for completeness we bring the simple analysis

here. For i = 1,2 there exists z; such that the functions o; is either the indicator function of
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{z|r < z;} or of {x|z > x;}. Without loss of generality assume that x; < z5. We consider

four possible cases.

Case 1. oy is the indicator function of {z|r < x1} and o3 is the indicator function of {z|r < z5}.

In this case o109 = 0.

Case 2. 0 is the indicator function of {z|x < 21} and oy is the indicator function of {x|z > xo}.

In this case o109 = 0.

Case 3. o is the indicator function of {z|x > x} and o3 is the indicator function of {z|r < x5}.

In this case o109 is equal to the function oy + o5 — 1.

Case 4. oy is the indicator function of {z|x > x;} and o3 is the indicator function of {z|z > z5}.

In this case o109 is equal to the function o,.

This concludes the case d = 1 being the basis of induction.

For d > 1 we consider two possible cases:

Case 1. k + 1 of the vectors vy, --- ,v,1 are linearly independent for some 1 < k£ < d.
Without loss of generality, assume that vy, --- , vxyq are linearly independent. By a possible
rotation of R?, we can assume that span {vq, -+ ,vp11} C span{ey,--- , e}, whereey,--- ey

are the first k elements of the standard basis of R?. Let P : R? — R* be the projection
on the first £ elements of the standard basis of R?. In R¥, for every 1 < i < k + 1 we
define H, = {z € R¥|[(P(v;),2) = ¢;} and let o} : R* — R be the indicator function of
{z € R¥|(P(v;),z) > ¢;}. Observe that for every z € R? and 1 <i < k+ 1,

oi(z) = ol(P()). (7.47)

Because k < d, we can apply the induction hypothesis for dimension k& and conclude that
[177! o/ is equal to a linear combination of products of k or less of o}, --- , o} 41- Because

=1

of (7.47) it follows that Hf;l 0; is equal to a linear combination of k or les of oy, -+ | og11.
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Consequently, Hf;l o; = Hf:ll 0;. Hf:kl . is equal to a linear combination of products of d

or less of o1, ,0441.
Case 2. Every set of d vectors from vy, --- ,v441 is linearly independent. We split into two

possible subcases.

Case 2a. ﬂ?;“llHi = (). In this case Hy,--- , Hyg,1 are the d+1 affine hyper-planes supporting
the facets of the d-simplex A; whose vertices are v; = ﬂ;”lll 4ihi for 1 < j <d+1. We may
assume, without loss of generality, that 0 € A;. Let I = {1,--- ,d+ 1}. Let I, and I, be
a partition of I into two parts such that if i € I, then ¢; < 0, and if i € [,, then ¢; > 0.
Then [[,c;, 0i - [l;es, (1 — 04) is the indicator function of the interior of Ag. Applying (7.46)

of Lemma 7.7.2 yields [[;, (1 — ;) - Hielb 0; = 0, which proves the theorem for this case.

Case 2b. ﬂdHH # (). In this case ﬁfﬂlH is a single point, because vy, - -- ,v4 are linearly
independent. Without loss of generality we assume that this single point is 0. Consequently,

=0for1 <i < d+ 1. Let ay, - - ,aq:1 be real numbers, not all zero, such that
Zd+11 a;v; = 0. Notice that in this case a; # 0 for all 1 <7 < d + 1, because every set of d

vectors from vy, - -+ ,v4y1 is linearly independent.
Define I, = {1 <i<d+ 1oy > 0} and I, = {1 <i < d+ 1|a; < 0}. Notice that I, and
I, form a partition of 1,--- ,d 4+ 1. We claim that

[[o:-J[@-0)=0. (7.48)

i€l i€y

Observe that once (7.48) is established we are done, as (7.48) implies that Hj;l o; is a linear

combination of the products of d or less of oy, -+, 0441.

To prove (7.48), notice that the contrary assumption is that there exits a vector u such
that for every i € I, we have (u,v;) > 0 and for every i € [, we have (u,v;) < 0. It follows
now from the definition of I, and I, that for every 1 < i < d+ 1 we have «;(u,v;) > 0. This

is a contradiction as
d+1 d+1

Zal U, v;) = Z%UZ = = 0. (7.49)
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This concludes the excerpt from Rom Pinchasi and Moshe Idan.

7.8 Modification to the integral formula of Appendix B in [IS14]

Appendix B of [IS14] gives the solution for

— /OO g (Z oisgn (& — ) exp ( sz & — |+jm7) dn (7.50)

where ¢ is an explicit function of a sum of sign functions. We extend the solution to include

g as a function of a sum of products of sign functions.

Iz/oog( eXp( sz!& 77|+JW7> dn (7.51)

where, for some m and unique o; C {1,--- ,n},
=g ZQJ [[sen(é—n)]. (7.52)
=1 leaoj

As in the original derivation, sgn (£, — 1) is constant on the interval [£;, &;.1] such that

sgn (& —n) & st = sgn(&e—&), 17! : (7.53)
-1, i=1

The definition of (7.53) is clear from Figures 7.2 and 7.3. We can see that when & = &,
sgn (& —n) = —1 on [§,&41]. When & # &, we evaluate at & to obtain sgn (& —n) =
sgn (& — &) on [, &l
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Figure 7.2: Definition of sgn (§, — ) on [§;, &41] for £ =i

We perform the same procedure as in Appendix B to get

£1+1

I=>" / ZQ]Hsgn & — eXP[( Zpe & —m)sgn (& — ))H’Vn dn
i=0 & j=1 lea;
n Sig1 n
- Z / Z 0 H s; | exp [(— Zpg(@ — n)sf) + jun| dn
i=0 | £ j=1  fleo, =1
(7.54)
This is then integrated to get
n (Z oj I s ) exp K— > pe(&e —&i1)s ) +]V§z+1]
=1 leo; /=1
I = n
i=0 JV+ 3 pes;
=1
n (z I s ) exp [ (= £ e~ 05t ) + ]
=1 leo; (=1
-> _ (7.55)
i=0 Jv+ D7 pesi
=1
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Figure 7.3: Definition of sgn (§, — ) on [&;, &+1] for £ # i

As in Appendix B of [IS14], the first sum in (7.55) can be manipulated as follows

. |9 (i o 11 Sf) exp K—épz(& - €i+1)3f) +j’/€i+1}

j=1 fEO’j

v+ 3 st
(=1

1 | 9 (i 0; I1 5f) exp [(—épe(& - fi+1)35> +jV§i+1]

o 7j=1 leoj
i=0 JV+ 30 pes;
=1
(7.56)
g (Z 0j 11 sz) exp {(_ > pe(&e — §n+1>3fz) +jV§n+1]
j=1 eEO’j /=1
Jv+ 3 pesy,
=1
o (z o 11 ) exp | (= £ pree— 0, ) + vt
j=1 " teo, =1
=1 Jv+ 30 pesiy
=1
using the fact that &,;1 = +oo and s/, = —1V/ < n to eliminate the extra term. Since

st =1and st | = st for i # ¢, we can perform a substitution while being careful around
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1 = [. Luckily, the exponential goes to zero when ¢ = . Then, the term becomes

n (ZQJ H

=1 fleoj

st ) exp K— PIPICE &)sfl) +jV£z}

n
=1

v+ pesi_y

(=1
) -

;

Z pe(&e — &) st

=1 (leoy g#
i

(E 0j H Si—1

Jv&

Jv+pi + Z pess
f;ﬁz

\

Similarly, the second sum in (7.55) can be manipulated as follows

n (;Qﬂ [Is

leo;

) exp K—L]épz(& - fi)sf) +jV§i]

=0

n
i=1

where the extra term is eliminated since &, =

v+ i pes
=1
9 (i 0j (H_ Sf> exp K i (& — fi)55> +jV§i]
U+ 3 prst
=1

/=1

g (jé o; 11 35) exp K— S pulée - §0)56> +jl/§o}

Jv+ > pesh
=1

g (Z oj T1 Sf> exp | [ =X pe(& — &)st | + jvé&
j=1 " teo, =1
£
JV—pi+ > pest
7

96

—oo and sf = 1V/ > 0.
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Combining the two manipulated terms yields

n (Zl 0y EH i—1 ) (Zl Qj ZH z) n
= Eg'] = EO'J .
- _ exp | — Zﬂe(fe — &)si + jré
1 ]V+pz+2p€5 ]’/—Pz"‘ZWS

f7él f;éz

= Giexp <— D pel&—&)si+ jV&)
im1 =1

7

=1
04

3

(7.59)

(mni_> (i Il s )
Gi _ =1 leaoj B =1 leaoj (760)

Jv+pi + Zpes JV—szerzs
E?él Z;ﬁz

where

Alternatively, we can express GG; as

(Eon )| o(Eo04)
Gi: J si=1 1 leo;

jv+pi+2pesf jv—m+2msf

Y= =% (7.61)
_ 9(&) _ 9(&)
JV+ 3 pes; JV+ 3 pes;
(=1 si=1 (=1

We do not simplify this further, because in practice, it is easier to leave s¢ as defined in
(7.53) rather than explicitly using sign functions. This is due to the complication that not
all terms in ¢ (n) contains s!, whose sign flips depending on which fraction of G; it is in.

Note that when & = &;, the term in the exponent is zero, so

exp | — Z pe(&e = &)si + jvéi | = exp <— Z pe(&e — &)si + ijz‘) : (7.62)
=1 (=1
i

Instead of the first form, used in Appendix B, I use the second form to match G;.
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Scalar Example: The generalized integral formula (7.59) was demonstrated using three

sign functions. For x € R, let

f(x) = g(z)exp (— Z pi & — xl) (7.63)

where
g = 81+ So+ 83+ 152 + S183 + S283 + S18283 (7.64)
and s; = sgn (§;, — z). For
&=-1 pp=05
§o=2 p2=02 (7.65)
&=3 p3=01
we numerically integrated f(x) from —10 to 10 using a Riemann sum with dx = 0.0001,

which resulted in

Tnumerical = 2.0987. (7.66)
Using (7.59), we got
Tgeneralized = 2.0986. (7.67)

Note that g(x) could have been simplified to a simple sum, but we left it in the longer form

to show the flexibility of (7.59).

2D Ezxample: For € R?, let

s1 =sgn (1 + 21+ 29) = —sgn (& — x2)

(7.68)
so =sgn (1 —x; + z3) = —sgn (& — x9)
where & = —1 — x1 and & = —1 + x;. Then, consider the integral where we integrate with
respect to s
fa) = [ sisexp(-2l6 - ol = 316 - w2 do (7.69)
Using the generalized integral formula in (7.59),
f(z1) = Gi(z1) exp (=3 & — &) + Ga(z1) exp (=26 — &) (770)

= G1(z1) exp (=3 |221]) + Ga(x1) exp (—2|224])
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where

sgn (&2 — &1) —sgn (& — &)
Gilm) = 57 3sgn (& — &)  —2+3sgn (& — &)
_ sgn(2m) sgn (2x7)
© 2+ 3sgn(2zy)  —2 4+ 3sgn (211)
_ _ Sen (1) sgn (z1)
2+ 3sgn (z1) —2+ 3sgn (1)
Gy 6 =8) (=6 T
AT 0 1 2sgn (6 — &) —2+ 2sgn (& — &)
. sgn (—2m1) —sgn (—2x1)
3+ 2sgn (—2xy) 3+ 2sgn (—2xq)
—sgn (1) sgn (1)

~ 3 - 2sgn (z1) —3— 2sgn (z1)
The integral (7.69) was solved numerically using a Riemann sum and plotted against the

closed-form solution (7.70) in Figure 7.4.

7.8.1 Re-writing output of generalized integral formula in standard form

The solution to the generalized integral formula in (7.59) is compact, but in order to facilitate
incorporating it into an algorithm, it needs to be rewritten in standard form. That is, the

arguments of sl must be explicitly written in the form 1 + 67 .

We start with one term of the output of (7.59)

I = Giexp (— > pel&—&)si+ ju@-) (7.72)
(=1

where
m ' ' m
9(231@]22.31-) g(Z o; 11 sf)
G _ J= i si=1 j=1  feo; _ g B g
JU4pi+ Y pest Jv—pi+ Y pest Jv+ > pest Jv+ > pest
=1 =1 =1 gim1 =1
0+i 0+ i
(7.73)
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Figure 7.4: Numerical and generalized (MIF) closed-form solutions to integral formula in

two dimensions

and g is defined in (7.52). Nominally, st is defined by (7.53), or

I
n
i)
S
=
_l’_
>
=R
8
|
=
|
>
=R
&

(7.74)

7.9 Collapsed hyperplanes

When the 6 component of hyperplane £ = v + fx vanishes, the hyperplane collapses into a

constant and must be factored out from the standard function expression.
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7.9.1 Example: Collapsed hyperplane

It’s easiest to start with an example. Given a pdf term in standard form such that

fi(®) = g(x exp< an\wﬁ@Tw\)

(7.75)
—P0+ZPJ Hsgn (4o + 6] )
j=1  l€o;
where
o= v v |
0 = 01 6y 0O }
n= :m —_— } (7.76)
P = :/)1 P2 P3 P4 Ps P6}
o={{1},{2},{3},{1,2},{1,3},{2,3}}
Let 65 = 0. The exponential function becomes
exp (=2 [¢ha]) - exp (—m [¢1 + 1| — 13 |3 + Os]) (7.77)

The constant factor ¢ = exp (—ns |t)2]) will be distributed into the coefficient function. In
the coefficient function, term 2 also becomes constant, while terms 4 and 6 simply factor out

constant coefficients as

po = po + pasgn ()

p2 — 0
(7.78)
pa — pasgn (12)
pe — pesgn (12)
and
o —{{1},0,{3},{1},{1,3} {3}} (7.79)
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Terms 1 and 3 now have the same elements as terms 3 and 6, respectively, so they can be

combined as

po = C (po + pasgn (7))
p1 = (p1 + pasgn (1))
ps = ¢ (ps + pesgn (v2))
ps = Cps
and
o—{{1},{3}.{1.3}}

Finally, we can re-index all the terms to get

@) = () exp (—Z i [ir + éjm\)
i) o+ 3 [ oo (54 )
where J "
b=y de | =] 00 s ]
=6 6 |=0 6]
=i i | =]

po = ¢ (po + pasgn (Y2))

>
I

: p1 P2 P3 =G [ p1+ pasgn (¥2)  p3 + pesgn (Y2)  ps
{{1}.{2} . {1,2}}

o

7.10 Merging hyperplanes

(7.80)

(7.81)

(7.82)

(7.83)

When two hyperplanes coalesce into one, it is necessary to either merge them into one or to

otherwise keep track of them. This is due to the fact that certain naive implementations of

the integral formulas may result in incorrect sign of certain terms.
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First, we define two hyperplanes &; and ¢; as equal when, for

&=+ 0, &=+ 0z, (7.84)
the equation
N 0
A= =0 (7.85)
0;
has no non-trivial solutions and
Vi Y (7.86)
10:ll, 116511,

Equivalently, A has a non-trivial nullspace, or the directions defined by 0; and 0; are parallel.
When 9; = 1; = 0, 0; and 0; may be anti-parallel and still satisfy the above conditions, so

the hyperplanes must still be merged, but the signs are opposite.

In practice, one is limited to machine precision and must decide whether that is actually
too small. Perhaps a higher threshold is needed to coalesce hyperplanes which are “close
enough”, though care must be taken to avoid overdoing it and corrupting the expressions

for the pdf or characteristic functions.

7.10.1 Example: Merging hyperplanes when computing characteristic function

It’s easiest to start with an example. Given a pdf term in standard form such that

fi(z) = g(x) exp (— > s+ wa\>
. =t (7.87)
g(@)=po+ ) p; [ ] sen (vi+6l'z)

j=1  l€o;
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where

¢::1/11 (0 1/)3]
0= 6 6, 0, |

T=1m n2 s } (7.88)

P::pl P2 P3 Pa Ps P6}
o ={{1}7,{2} {3},{1,2} ,{1,3},{2,3}}

Let hyperplanes 1 and 2 be coincident and are equal to within a scale factor ( so that

HT
by 072 = C (i + OTa) — % + o=+ 6fa (7.89)
(7.90)
Replacing hyperplane 2 with hyperplane 1 results in the following changes
9T
772’¢2+9533| =12 ﬂ-f-—lilf'
¢ ¢
N
= ﬁ |¢1 + 9{1}‘
HT
p28gNn (1/12 + €2T:c) = posgn (% + %w)
= pasgn (¢) sgn (¢1 + 6 x)
9T
pasgn (V1 + «91Ta:) sgn (v2 + Ggw) = pasgn (V1 + GlTaz) sgn (% + %;p) (7.91)

= pasen (¢) sgn (1 + 07 )"

= pasgn (€)
T T N\ Yy 07 T
PeSgNn (¢2 + 0, a:) sgn (¢3 + 05 :L') = pgsgn ? + ?a: sgn (@/)3 + 05 a:)

= pesgn () sgn (1/)1 + 91T33) sgn (% + ng)
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Note that sgn () almost always equals 1, since the only time two hyperplanes coincide when

6T0, < 0 is when 1, = ¥y = 0. The parameters then become

P = ] U1 Y1 s }

9_ = (91 61 83 i|

n= | n2

=L } (7.92)
Po = po + pasgn (C)

ﬁ=hlwwmfk%prO

o ={{1},{1},{3},{1,3} ,{1,3}}

Combining like terms and shifting the old index 3 in o to the vacated index 2 yields

Q& | Y1 Y3 ]

é: 491 03 ]

N = i N2

i=|m+ ] (7.93)

po = po + pasgn (¢)
p= [ p1+ p2sgn (C) ps3 ps + pesgn ()

{1}, {2}, {1, 2}}

o

To reiterate, the indices in & reflect the positions of elements of 1& and 6.

7.11 Algorithm for computing characteristic function in R?

Since it is not practical to show the characteristic function(CF) for the general case in R",

we will instead provide an algorithm for computing the CF in R?. For each term in ¢y)y,
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we have
e] Vi

e
o fo
i

¢X‘Y Vlal/2 fx|y ejVQxQ dl’g dfﬂl

exp (— Z ™m |’l/1l + 9l$| + sz[L'g) d$2 dl’l (794)

=1

A
= e]V1:C1]”L VQ,.’El)d.’Bl

7.11.1 Isolate x,

We first evaluate the inner integral I%(v, z1). Similarly to the propagation step, we multiply

f;QY by an exponential, exp (jroxs), and manipulate the argument v, + 67z to look like
& — Ta.

For (9[2 75 O,

pa = pq | [ —sen (62)

leog
g - it O (7.95)
02
= |6hz]

Note that x; is actually implicit, so when we write this algorithm in code, we have to
implicitly carry it forward.
For 65 = 0, the particular element is constant with respect to x,, so it is not considered

a hyperplane for this integral. Therefore, if o, \ I # 0,

5q:‘7q\l

Pq = PgSgN (Y — Onzy).

(7.96)

This moves the constant exponential exp (—m; [ty — 0121]) out of the integral to join exp (jirz1).

In g;(x), sgn (¢, — 61z1) moves out to join p, as a constant coefficient.

If 0;, \ | = 0, the entire ¢ term in g;(x) is constant with respect to xs, and it is then
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grouped with the constant coefficient p; as

pio = Pio+pPasgn (Vi — 0;121) (7.97)

These new parameters now define term ¢ in a new form
fg(\Y = Gi(& — w5) exp (‘ Z gl ‘gl - 952‘ + jV2$2> (7.98)
=1

7.11.2 Integration with respect to x,

After the conditioning in the first stage, we can use the generalized integral formula (7.59)

to integrate with respect to x5 to get

My +m;j

I%(VQ,%):ZG@(VQ,M)GXP - Z it
"~ %

i — Ei| + jnky (7.99)

where

3t (&)
Gij(’/2>$1) = g
JVa + i+ lz 7i1SgN (&z — §z‘j)
-1
I#j
i (é;)
mij - -
Jva — mij + Y nasgn (fz’l - fij)
I=1
I#j

(7.100)

gt <§~”> refers to §;(z1) for which sgn (0) is evaluated as 1 instead of the usual —1, m;;

accounts for any constant terms that were factored out of the first integration, and

S —&ij = (v — ¢ij> — (O — eij) Ty

A
= Yiji + O

(7.101)

Unfortunately, we will not be able to flatten the resulting G;(v2, 1), since it has non-

constant v which are not in sign functions.
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7.11.3 Re-index terms

Since each term ¢ produces m; terms, ¢xy is a sum of sum of terms, whose indexing can
be cumbersome to manage. Therefore, we can re-index all of the sub-terms from the first

integration so we again have a sum of the form

x|y (v, 12) = /]VﬂUl ZG Vy, T1) €Xp ( Zmz Vi1 4 051 | +]V2§z>] dry
= Z / Gi(vo, 1) exp (— Zﬁu [V + Oz | + jrazy + jw&) dxl]
i=1 /R j=1

where the previous ij indices now become the new ¢ indices, and N now accounts for all the

(7.102)

sub-terms. Note that we also remove the tilde.

7.11.4 Isolate x;

We can integrate each term separately once more to obtain a term of ¢x|y. As in the first

integral, we must isolate x; in order to use the integral formula. For 6; # 0,

: Yy
le - —eil
ﬁz‘l =1 \9i1| (7-103)

pa = pasgn (—0i)
When 6;; = 0, the corresponding constant exponential exp (—; [1u]) is factored out of the
integration and the corresponding constant sgn (1);;) is accounted for in G; similarly to the
first integration. Note that this will affect both the numerator and denominator of Gj,
though the denominator is straight-forward because it will not have products of signs to deal
with.

Equation (7.102) then looks like
N

¢X|y(V1,V2) = Z lejyﬂbi/gi(’/?,xl eXP( anl
R

=1

l’l‘ + jl/l.l’l —f—jVQ@ifL’l) dlj]

(7.104)
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Note that exp (jr»1);) and exp (vo6;x1) both came from &; in (7.99).

7.11.5 Integration with respect to z;

Finally, we can use the integral formula to integrate each term of ¢x|y to get

mij

¢X|y = Z ng V1, V2) €Xp anl

l#]

gzl 51 J

+ .71/151] + jVQ <wz + 0; 51]) (7105)

where
A G;-k <V27 ém>

Gij(Vla Vz) "
]Vl + ]V29 + 771] + Z NiSgI <£zl 51])
l#ﬂ

Gi <V2, éz])

le + jy29 771] + Z Tisgn <£zl g@])
l#J

(7.106)

and G*(VQ,éij) denotes G;(vy, 1) evaluated at fij where sgn (0) is evaluated to 1 instead of

the normal —1. G;(v2, z1) is the re-indexed Gj;(v2, x1) defined in (7.100).

7.11.6 Simplify characteristic function

After the second integration (the outer integration), the characteristic function has the form

N
(bx‘y = E Gi(Ul, Vg) exp (Cﬂ . jl/l + Cio * jl/g + Cig) (7107)
i=1
where
ail 43 bin  _  bis
G'(Vl 1/2) _ ai2tjve aigtjva biotjua biat+jve (7 108)
(A bl - . . . B .
Qs + juv1 + aig - jV2 bis + jur + big - juo
and a;1, -+, g, bi1, -+ ,big and ¢;1, - - -, ¢;3 are constants.

109



7.12 Example: Normalization of fy,y, in R?

Given independent initial densities fx,, and fx,, with means z;, s and spread parameter
«, the initial pdf is

fxi(x1) ! 1I* | ! 1\* |
T1) = —ex —— |7 —x — ex —— |y — @
x; (1 2% p o 1 1 2% p o 2 2

1 1 1
= —4 ) exp (-- ’i’l — Elwl\ —_ — |i‘2 — E2w1|>
% (6% (0%

(7.109)

WhereforE1:[1 O}andElz[O 1],

Given measurement Y; = {z;} and using (3.17), where H = [ hy ho }, hi # 0,hy # 0,
the unnormalized conditional pdf, fx,y;, is given by

1 1 1 1
fX1|Y1 (a}'1|21> = 2—6Xp <—— |J_]1 — E1331| - — |CZ’2 — EQQZ1| - — |Zl — Hm1|> (7110)
ot a a ot

1 1
We can ignore the o2 and > because it will get taken care of when we normalize. The
« Y

normalization factor of (7.110) is given by

for = / /R (o) de

1 1 1
://exp <——|$1—E1$1|——|J}2—E2331|——|21—H331|> dl’gdl’l
R JR «a Y

1 1 1
= / / exXp (—— |ff‘1 — $1| - — |:E2 — ZE2| _— — |Zl — hll‘l — h2$2|) dl‘g dl’l
R JR Q Y
1, 1, 1
= [ exp | —— |71 — 24| exp | —— |Ta — xo| — — |21 — haxy — howa| | dxgyday
R Q R « Y
1
é / ]2($1) exp (—— ‘.i'l — x1]> dl’l
R (0%

Q

Q

(7.111)
Assuming hy # 0, we isolate xy of the inner integral to get
1 1
IQ(xl) = / exXp (—— ‘.’i’g — [BQ’ _ = ’Zl — hl.fEl — hg.ﬁl}g‘) d.ﬁIZQ
R a g
1 h h
—/exp (——‘fz—ﬂﬁzf—ﬂ ﬁ——lxl—xg > dxs (7.112)
R « h2 h2

4 / exp (=11 [§1 — | — 12 [€2 — 22]) dy
R
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where

1
m=—
«
E1=To+0- 21 2 + 011y
 — |hs| (7.113)
y = 2
Y
z —h
§o = h—l‘i‘h—lxl £ )y + Ooy
2 2

Using the generalized integral formula (7.59), we obtain

I(z1) = g1(21) exp (=12 €2 — &1l) + g2(21) exp (= & — &)

(7.114)
S I (1) + Ixo(21)
where
( ) 1 1
gi\T1) = - — -
Jva+m +masgn (§ — &) jva —m + mesgn (&2 — &) (7.115)
1 1 '
ga2(z1) = — -
Jva +ma +msgn (§1 — &) jra —ma + msgn (§1 — &)
7.12.1 Integrate term 1 with respect to x;
Let’s expand I5;(x1) and perform the second integration separately from Iso (7).
1
[11 = 121(.731> eXp | —— |LIZ‘1 — $1’ d!El
R
= /gl(xl) exp | =12 & — & — o |Z1 — $1|) dx;
" (7.116)
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where

1 1
€T — i
91l®) = (&—&) —m+nsen(&—&)
1 1
B m + nesgn (Y2 — ) + (02 — 61) 1) a —11 + mesgn (Yo — 1) + (02 — 61) 1)
1 1
T esgn (e — 1) +0ax1)  —m1 + nasgn (Yo — 1) + Oay)
(7.117)
Next, we isolate x; to get
1
I = / g1(z1) exp (—772 |(2 — 1) + Oz | — > |z, — 931!) dx,
R
. 1
= e/ / g1(v2, 1) exp (—772 |(2 — 1) + Ogz1| — — |T1 — 951’) dx,
R [0
) (7.118)
= ejVle / gl(yg,xl) exp (-T]Q ‘92’ ¢2 ¢1 — T — — |Zf1 — $1|> d.’L’l
R —92 [0
£ el / 91(1/2, 551) exp <—7711 511 —x1| — T 512 — 1 ) dxy
R
where
1 1
g1(71) = -
M+ nesgn (2 — 1) + 0ax1)  —m1 + msgn (2 — 1) + Oaz1)
1 1
-+ s (—02) sgn (U524 — @)~y + mosen (~0) sgn (254 — 2,
N 1 1
M+ P11sgn (éu — Il) —n1 + P115gn <511 — $1>
(7.119)
and
1 = 12 |92‘
R 1
e = —
«
P11 = 1M25gn (—92)
(7.120)
p12 =10
: Y —ih
ST 0
512 =
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We can then use the generalized integral formula (actually, the original (7.3) works just fine)

to get
Iy = Gyiexp <—7712 512 — 511 ) + Gigexp (—7711 511 - 512‘)
= Griexp (c11 - jur + c12 - jva + ¢13) (7.121)
+ G12 exXp (021 . le + Co9 - jVQ + 623)
where
Gl — g1(En) g1(v2, €11)
11 =" R " - " - - R X - "
JV1 + N1 + N12sgn (512 - fn) JV1 — M1 + 112sgn (512 — 511)
1 o 1 1 - 1
_ Jratm+pin  jra—m+pn . Jretmi—pi1  jra—m—pn
Jvi + M1 + fi2sgn (512 - f11> Jv1 — M1 + i2sgn <§12 - fn)
a1 _ __ais bin  _ __big
A anptjve  anatjre_ biatgve bia+jv2
a15+jV1+fl16'jV2 bis +jV1+b16'ng (7.122)
G — g1(&12) g1(2,&12)
12 =~ " N " - R " "
12 + N11Sgn (fn — f12> —112 + N11Sgn (fn — f12>
1 _ 1 1 . 1
- 771+ﬁ118gn(511*512) *771+,ﬁ118gn(£11*512) - n1+ﬁ118gn(511*£12) *n1+ﬁ115gn(£11*512)
Tz + 7115gn (én - ém) —Th2 + h1sgn (éu - €12>
a1 a3 bo1 by
A a22+jv2 a24+jv2 . boo+jro bog+jr2
o5 + jU1 4 Qg - Jva bas + Jui 4 bag - 1
and
app =1 b =1 e = €
aig =11 + P11 bio =m — pu1 ci2 = Uy
a3 =1 bz =1 c13 = =T &2 — &
a1y = —1M1 + pn bia = —m — pn1
a15 = 11 + M125gn (ém — én) bis = —M11 + Tiosgn (élz - én)
16 = 0 b16 =0
(7.123)
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and

as =1 by =1 Co1 = 512
A = M1 + P115gn <éll - 512) bas = M1 + pr1sgn (én - £12> Co = U
azs =1 baz =1 co3 = —M1 |&11 — &2

Q95 = —11 + P115gn (én - é12> bas = —m1 + P115gn (gn - 512)
a7 = N2 + N115gN (ém — é12> ba7 = —Mi2 + M11sgn (511 - f12>
azg =0 by =0

(7.124)

7.12.2 Integrate term 2 with respect to x;

We repeat the integration for Ios(z), though by careful inspection, we can say that for

o1 = M |<92|
R 1
T2 = —

o
P21 = 1M1Sgn (92)

(7.125)

p22 =0
: 1 — Py
& = 0
522 =T

We can then use the modified integral formula (actually, the original works just fine) to get

)

- G21 exp (011 . jl/l + C19 - jl/g + 013) (7126)

522 - 521 521 - 522

> + Gz exp <—7721

Iy = Goyexp <—7722

+ Gag exp (Co1 - jv1 + Cag - jva + Ca3)

where
ai _ _ a3 bi1 b3
G21 A aztjve aigt+jr2  biatjre bia+jvo
ais + jvr+age - jva  bis + jui + big - jra (7.127)
ag1 _ __ __asg bo1  __ bog '
G A aztjva azq+jve bao+jv2 bog+jve
22 — -

Qg5 + JU1 + Qg6 - j2 bas + Juy 4 bog - e
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and

app =1 b1
a1z = 12 + P21 bia
ajg =1 b3
alg = =12 + P b14
ais = o1 + Ta2sgn <é22 - é21> bis
aig =0 bie
and
as; =1 ba1
g2 = 12 + P215gN <€21 - 522> bas
ags =1 bas
azq = —M2 + P215gN <521 - 522) b4
g5 = Tj22 + 218N (éZl - 522) bas
azs =0 bag

=1 C11 = 521
=12 — P21 c12 = Y1
=1 C13 = —T22 622 - 521)
= =N — P2
= —T)o1 + 7j228g0 (§22 - fm)
=0
(7.128)
=1 C21 = 522
= 12 + P215gN (é?l - ézz) C22 = 1
=1 Co3 = —Tja1 521 - 522
= —12 + parsgn (ém - 522)
= —T)o2 + 721581 (ém - 522>
=0
(7.129)

Once the CF is in the standard form, the equations for finding the moments are identical

to those in the previous example for fy,!

7.13 First two moments in R? using characteristic functions

The first two moments in R? are

EX]

E[XX"] =

106
J o
106
- I du=0 (7.130)
_9% ¢
BI/% alllallg
_ 0%  _ 9%
L Ov10vy 81/22 v=0
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where

19J0) oG Oe
o o T o
0o oG Oe
7 G . -
3V2 (9V2 et 8V2
Po_ 0G| 0G b, o
o o o O ov?
P0 _ PG L 0G 0 0G de . P
Oy Oy ovy Ovy  Ovy 01y vy
@ — 82_G €+ Qa_G ﬁ + 6_26
o3 o3 Ovy Oy o3
The first partial derivatives with respect to v; and v, are
. aD
oG NG NG
81/1 D2 D2
oG N DBa N D
s D2 D?
Oe ,
a_ljl = JjC1€
Oe ,
8_1/2 = JCo€
where
ON,
8V1 =0
oD, )
o = Jas
ON, _ —jaias - —Jjasag
O (ag+jaz)’  (as + jreag)’
oD, )
e = Jag

(7.131)

(7.132)

(7.133)

and the corresponding partials for the Ny, D, terms are the same except using b coefficients.

The second partial derivatives are as follows

0 2 8D, . _0 2 o 9Dy 2 9Dy 9 12
82G o1 (Na oy > D + N‘l 8y1a oy D <Nb o1 > Db + Nb ovy  Ouv Db
o D} D}
9Dy . 0 2 oDy . 0 2
Na Buf 8111 D N 81/1 81/1 D
4 4
D? D;
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N, 9’D
where we use — = 0 and ——= 7 = 0. Next, we have the cross derivatives
9Dg 2 D, 2 aD 2 aD 2
82G . (Na ovy ) ) Da + Na oy ) 81/2D _% (N 8ylb> ) Db + Nb 8V1b 8V2D
8y18V2 N D4 Dg
AN, 9Dg 2 D, 2 AN, D 9 a7 0D 2
_ T s o 'DG+N‘18V ’ 81/2D . _8_1/217 ’ 67117 .Db - Nb8V1b BVQD
D} Dy
(7.135)
2
where we use ——— = 0. Finally, we have
6V18V2
9Dq AN, 2 D, N, 2
82G - 8 ( Na Ovy Da Ovo ) ’ Da - < Na Ovs Da Ovs ) 81/2D
o3 D?
81,2 ( N 8Db —|—D 8Nb> Dg . ( Nban +D aNb> . %Dl%
Dy
ON, 0D, 02D, 0D,  ON, 92N, 0D, ON, o N2
(‘a—w s~ Na GFt T G T Da%z ) - Dg ( Nago, +Daa—y2>'a—y2Da
2
(-?9—]5; 00r — N DD + 9. Oy a§b> .D? ( N2 4 D, 2 Nb> . 2D}
_ D4
302N, 9D, ONg 2 N3 92N, 9% N o] 2
_Da 81/22 _<_Na<91/2 + a&/g) .(9V2DGD b_< Nbayb+Db b) 81/2D
B D} Dy
(7.136)
9’D, 0*D,
where we use 5 =5 =0,
v )%
The second partials for the exponential term are
D%e 9
— = —(C7¢
ov? !
0%
_ 7.137
= —(1C9€
E . 109 ( )
Oe 9
— = —C5€
(9V2 2
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where

Ty vy o !
0*’D, B 9%’D, _0
ov? ov?
9*D, B 9’D, 0
o3 o
0 oD, 0 oD,
Ny— | =— | Ny— | =
81/1 ( 81/1 > 81/1 ( b 8V1) 0
0 oD,
—D>=2D = j2agsD
(91/1 a “ 8V1 Je08%a
0 oD,
— D? = 270
ayl b 2Db ayl j2b8Db
O’N, 9 ON, 2a,a3 N 2a,4a2
81/22 aVZ aVQ (CLQ + jV2a3)3 (Cl5 + jV2a6)3 (7138)
9*N, B iaNb L 20,03 20,02
ov; vy Oy (ba +szb3)3 (bs +jV2b6)3
0 oD, ON, 0D, 0°D, ON, 0D,
— | N, = -——+ N, - = .
(%g (31/1 81/2 81/1 (91/181/2 81/2 81/1
0 oD, ON, 0D, 9°D, ON, 0D,
S VAt I A AN VA — .
Ovs ( b 8V1> vy Oy N Oovi0vy  Ovy  Ouy

0 ON, oD, ON, 0’N,
81/2 ( > 61/2 (‘31/2 + e 81/22

0 < 8Nb> oD, ON, 0?N,,
— — D, -

Oy ovs ) vy Ouy ov3
0 oD
—D?=2p,—¢
8V2 @ 8y2
0 oD,
—D? =2Dy—
81/2 b b 61/2

Note that the first and second moments use the normalized characteristic function ¢**
by using fy, to normalize ¥k In practice, we can apply the normalization factor either

before or after computing the moments, since it’s just a scale factor over a sum.
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