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An investigation of the N = 20 36S nucleus has been performed through a detailed study of the
36S(p, d)35S neutron-removal reaction, employing a 66 MeV proton beam at iThemba LABS and an
innovative target design. Using the high-resolution K=600 magnetic spectrometer, 98 states in 35S
were identified up to 16 MeV excitation energy, including 47 previously unobserved states. Angular
distributions and spectroscopic factors, including isobaric analog state contributions, were extracted
for 81 levels. A pronounced j-dependence in the angular distributions of ℓ = 2 states provides
refined insights into the spin-orbit splitting. Finite-range adiabatic distorted wave approximation
calculations qualitatively reproduce the observed j-dependence. Comparisons of the measured 1d5/2
spectroscopic strength distribution with large-scale shell-model and ab-initio calculations show good
agreement overall, and the robustness of the N = 20 shell closure in 36S is confirmed when comparing
the relatively low fp orbital occupancies in 40Ca and 36S across the Fermi surface. This study
underscores the utility of neutron-removal reactions in probing nuclear structure and the Fermi
surface of sd nuclei and beyond. The findings advance our understanding of shell evolution and
offer constraining data for theoretical models.

I. INTRODUCTION

Nuclear structure studies are fundamentally tied to un-
derstanding the intricate interplay between the nucleus
and the nuclear forces, as well as the resulting manifes-
tation of shell effects across the nuclear chart. Preci-
sion measurements of nuclear properties, such as level
energies, spins, parities, and spectroscopic factors serve
as powerful probes into the underlying structure of the
nucleus and provide critical benchmarks for refining nu-
clear theories. Significant advancements in experimental
techniques and theoretical models have highlighted that
shell closures are not immutable. A notable example is
the N = 20 shell gap, which presents a compelling case

∗ mwiedeking@lbl.gov
† Current affiliation: TRIUMF, 4004 Wesbrook Mall, Vancouver,
V6T 2A3, British Columbia, Canada

of shell evolution, where the ‘traditional’ magic number
weakens due to a complex interplay of monopole interac-
tions, correlations, and the influence of intruder orbitals
(see, e.g. Refs. [1, 2]). The availability of detailed nuclear
data plays a pivotal role in advancing and validating our
understanding of these phenomena.
Over the last decades, much experimental effort has

been undertaken to investigate the evolution of the N =
20 shell closure between 40Ca and the border of the Is-
land of Inversion [3–11]. Such studies typically enhance
our understanding of the level structure, shedding light
on how the one- and two-particle-hole (ph) states evolve,
as e.g. in the cases of 35P [4, 10, 11] and 34Si [6, 8].
Likewise, investigations into the occupancies of orbitals
located below and above N = 20 (forming the so-called
Fermi surface) provide deeper insights into the effective-
ness of the shell closure, as for instance in 34Si [9], 32Mg
[12], 30Na [13], and 30Ne [14]. Note that the missing link
in this list is 36S. Besides the presence of a shell gap that
can be large or moderate, a magic nucleus is best char-
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acterized by the weak occupancy of valence orbitals, as
was discussed already in Ref. [15] for the cases of 40Ca
and 48Ca.

In order to characterize another N = 20 isotone be-
yond 35P, en route from 40Ca to the Island of Inversion,
the 36S(p, d) neutron-removal reaction has been used in
the present work to investigate neutron single-particle
states in 36S. In this paper, we report on a detailed mea-
surement of nuclear level energies, angular distributions
and their spectroscopic factors, which made it possible
to investigate the rigidity of the N = 20 shell closure by
probing the Fermi surface of 36S and comparing it with
similar data from the N = 20 doubly magic nucleus 40Ca
[16].

The 36S(p, d)35S neutron-removal reaction, performed
at the iThemba Laboratory for Accelerator Based Sci-
ences (iThemba LABS) in South Africa, revealed a strong
j-dependence in the angular distribution of differential
cross sections for ℓ = 2 states. This phenomenon was
first observed in 1964 with the (d, p) [17], (d, t) [18], and
(p, d) [19] transfer reactions. More experimental evidence
for the j-dependence was reported in the following years,
see e.g. Refs. [20–27]. Theoretical efforts to explain
the j dependence have also been made (see for instance
Refs. [28–31]). In this work we revisit the study of this
phenomenon by using different parameterizations of the
optical model potential with a specific focus on the spin-
orbit potential.

The access to high excitation energies up to 16 MeV
allowed the determination of orbital spectroscopic factor
strengths including the identification of the isobaric ana-
log states (IAS). As for the latter, a comparison thereof
with results obtained from the (−1p) reaction using ap-
propriate Clebsch-Gordan coefficients is made. Such a
detailed analysis of hole strengths makes a comparison
of the fragmentation of the deeply bound d5/2 orbital
with state-of-the-art models possible.

Sections II and III of this paper provide a detailed
account of the experimental setup and analytical proce-
dure, respectively. Section IV discusses the results on A)
the observed j-dependence of the angular distributions,
B) IAS, C) the determination of energy centroids, iv) a
comparison of the strength distributions of 5/2+ neutron-
removal states with model calculations, and v) the shell
evolution in N = 20 isotones. Concluding remarks are
made in Section V.

II. EXPERIMENTAL SETUP

The 36S(p, d)35S reaction was studied at the Separated
Sector Cyclotron (SSC) facility of iThemba LABS. A 66
MeV dispersion-matched proton beam, with beam inten-
sities ranging from 4 to 8 nA, impinged on a periodi-
cally moving target of highly enriched 36S. This innova-
tive target solution was required to minimize the poten-
tial impact of sublimation during beam bombardment,
without introducing heavy contaminants typically used

in sublimation-resistant sulphur compounds (e.g. AgS
or SbS). In direct reaction studies, these contaminants
will result in the population of numerous unwanted ex-
cited states obscuring many of the states in 35S. To this
end, 36S powder, enriched to 99.24%, was encapsulated
between two thin (0.5 µm) Mylar foils, preventing the po-
tential loss of material to vacuum due to sublimation. A
secure seal was ensured by fusing the Mylar foils together
with a temperature-controlled cylinder [32]. Target sur-
vival was ensured by moving the target to a new posi-
tion every sixty seconds, using two independent motors
connected to the target frame via off-axis rods and coun-
terbalanced by a spring, resulting in a periodic swivel-
ing motion of the target in the plane perpendicular to
the beam. The thickness of these 36S targets, 1 ± 0.05
mg/cm2, was determined with the alpha energy-loss tech-
nique. In addition, a 1 mg/cm2 natS target, manufac-
tured with the same technique as the 36S target, was
utilized to identify possible contaminant states.
The outgoing deuteron and triton reaction products

were momentum analyzed in the high-resolution K=600
Q2D magnetic spectrometer and detected at its medium-
dispersion focal plane [33]. The focal-plane detectors
consisted of two multiwire drift chambers (MWDCs),
and a plastic scintillator detector downstream from the
MWDCs. The scintillator was utilized to construct the
data acquisition trigger, and particle identification (PID)
was achieved through the standard method of combining
information on energy deposition in the scintillator with
a relative measurement of the time of flight through the
spectrometer.
Due to the momentum acceptance associated with the

medium-dispersion focal plane (pmax/pmin = 1.097), the
excitation-energy range of 0−10.8 MeV was covered using
two magnetic fields with ample allowance (a few MeV) for
spectra overlap, ensuring proper normalization of results
from different fieldsets. Measurements at various labo-
ratory scattering angles (θlab) of 4

◦, 7◦, 10◦, 15◦, 21◦ and
28◦ enabled the extraction of angular distributions of the
cross sections for the states of interest. Angle calibration
of the ±2◦ circular entrance aperture of the spectrome-
ter using a multi-hole collimator made it possible to sub-
divide the K=600 angular acceptance into four angular
regions. This provides up to twenty-two datapoints for
angular distributions, taking into account the acceptance
overlap between the spectrometer angles 4◦, 7◦, and 10◦.
Further exploration of the excitation-energy region up to
16 MeV was performed with a third magnetic fieldset at
θlab = 7◦ and 15◦ to search for strength at higher ex-
citation energies. An experimental energy resolution of
35 keV FWHM was achieved. Excitation-energy spectra
representing the full acceptance for all angles are shown
in Fig. 1.
For each angular selection, the optimized focal-plane

position spectrum was converted to 35S excitation energy
following a rigidity calibration procedure [34]. The well-
established low-lying 35S states at Ex = 0, 1.572, 1.991,
2.717, 3.421, and 3.801 MeV were used in the calibration
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FIG. 1: Excitation-energy spectra for the 36S(p, d)35S reaction at different laboratory scattering angles. Excitation
energies associated with prominent peaks are indicated, and contaminant peaks are shown as red hatched areas. The
higher excitation-energy region accessible at 7◦ and 15◦ reveals the 3/2+ and 5/2+ IAS. The division symbols and
accompanying numbers indicate the factors by which the peak intensities were reduced for clarity in the plot.
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procedure. Additionally, the presence of prominent con-
taminant peaks, such as the ground states of 15O and 11C
as well as the 2.0 MeV excited state in 11C, attributed to
the Mylar windows of the 36S target, provided calibra-
tion points at higher excitation energies. Data acquired
with a Mylar target confirmed the peak assignments and
showed no significant population of states from carbon
or oxygen isotopes other than 11C and 15O.
The natS(p, d) reaction was studied to identify possible

contaminant states due to the presence of 32,33,34S, with
an isotopic distribution of 0.07%, 0.05% and 0.64%, re-
spectively, in the enriched 36S target. These differ signif-
icantly from the natural isotopic distribution of 94.99%
for 32S, 0.75% for 33S and 4.25% for 34S. The excitation-
energy spectrum for the natS(p, d) reaction was compared
to that of the 36S target (see Ref. [34]). Only the weak
free-standing 2.231 MeV state in 32S, as well as the 2.867
MeV 5/2+ state in 33S, could be clearly identified as sul-
phur contaminant peaks in the final 35S excitation-energy
spectrum. Both appear in regions devoid of known 35S
candidates, with the 32S candidate found around 1 MeV
between the ground state and first-excited state, and the
2.867 MeV 33S state barely visible at 4.41 MeV. The pres-
ence of the ground state and 0.84 MeV excited state from
33S underneath the 1.572 MeV 1/2+ and 2.348 MeV 3/2−
35S states, respectively, is adequately addressed through
peak-fitting procedures. Finally, the ground state of 18F,
which originates from a 530 ppm 19F contaminant in the
target material, is very weakly observed.

III. ANALYSIS

A. Experimental data analysis

Ninety-eight (98) states in 35S were identified up to an
excitation energy of 16 MeV. At high excitation energies,
the non-contaminant strongly populated states observed
at 9.126, 11.47 , 12.88, 13.68, and 14.22 MeV have been
identified as IAS of 35P. All identified states are listed
in Table II. Peak positions for known states agree excel-
lently with the known 35S states listed in Ref. [35]. Forty-
seven (47) of the states ascribed to 35S in this study are
new. These states, most of which are above 8.4 MeV,
are considered to belong to 35S because of their non-
observation in measurements with the Mylar or natS tar-
gets, and the fact that the variation in their excitation-
energy peak position for the full angle range θlab = 2◦

to 30◦ is on a par with results from well-established 35S
states.

The yield for individual states was extracted by a peak-
fitting procedure applied to the excitation-energy spec-
tra. For strongly populated states, the K=600 angu-
lar acceptance was subdivided into four angular regions
to yield four excitation-energy spectra per K=600 an-
gle placement. All states were fitted with a convolution
of a Gaussian and Landau function (∼35 keV FWHM),
which takes into account the presence of the peak tail

on the high excitation-energy side caused by straggling.
The width parameters used in the fitting routine were
obtained by scrutinizing the quality of fit for the iso-
lated ground state and 1.991 MeV 7/2− state of 35S.
Cutoff parameters were employed in the peak convolu-
tion procedure 85 keV below and 300 keV above the peak
centroid. The experimental cross-section distributions of
prominent states are shown in Fig. 2.
Due to the swiveling motion of the target, a differ-

ent area was exposed to the beam every sixty seconds.
Since the range of motion covered an area slightly larger
than the actual size of the 36S target, the beam some-
times hit the edge of the 36S target with a reduced
thickness. This resulted in clearly identified one-minute-
long periods with reduced beam-intensity-weighted count
rates. Normalization factors taking this effective target-
thickness variation into account contributed ∼ 10% to-
wards the systematic uncertainty of the cross sections.
The other major contribution to the systematic error is
the nominal target-thickness uncertainty (5%). Added in
quadrature, these give a total systematic uncertainty of
11.2%.

B. Adiabatic distorted wave approximation
analysis

The experimental angular distributions were compared
with results from adiabatic distorted wave approximation
(ADWA) calculations [36] performed using the zero-range
code dwuck4 [37] in order to help with the identification
of the orbital angular momentum transferred in the re-
action. To facilitate comparison with previous N = 20
datasets, the same methodology as Ref. [16] was followed
in order to minimize the impact of the well-known uncer-
tainties in spectroscopic factors extracted from ADWA
analyses introduced by different choices of distorting op-
tical potentials and, above all, bound-state wave func-
tions.
The entrance channel proton optical potential was cal-

culated using the global parameter set of Ref. [38]. The
parameter values appropriate for 66 MeV p + 36S were
calculated according to Eq. (2) of Ref. [16]. For the exit
channel deuterons, an adiabatic potential [39], which in-
cludes the effect of deuteron breakup in an approximate
way was constructed from the global neutron and pro-
ton optical potential parameters of Ref. [40] according
to the prescription given by Ref. [41]. The parame-
ters were calculated following Eq. (3) of Ref. [16] and
were re-calculated at the appropriate deuteron energy for
each final state. Matoba et al. [16] reduced the strength
of the spin-orbit component of the adiabatic potential
by a factor of 2/3 to improve the description of their
analysing-power data. However, since this had little ef-
fect on the cross-section angular distributions and no
analyzing-power data are available for 36S(p,d)35S, here
the SO potential was kept at the original value and not
reduced. The wave function of the picked-up neutron was
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FIG. 2: Representative angular distributions with fitted ZR-ADWA calculations for ℓ ≤ 3, some with arbitrary
normalization factors for display purposes. States labeled with an asterix (*) represent those with established jπ

assignments from ENSDF [35], while the three states labeled with a hash (#) represent new assignments in contrast
to what is listed in the literature. Error bars associated with the experimental cross-section results represent a
combination of systematic and statistical errors added in quadrature.

calculated using the separation energy method whereby
the neutron is bound to the core in a Woods-Saxon well
with the potential depth adjusted to reproduce the exper-
imental binding energy. Since the same neutron orbitals
as in the work of Ref. [16] are relevant in this study,
the same parameters were used including for the IAS.
The radius and diffuseness parameters were r0 = 1.27
fm and a0 = 0.70 fm, respectively. A spin-orbit term
of Thomas form with strength factor λ = 25 was also
included. These parameters were adjusted to give the
expected summed occupation number for the neutron
3/2+, 1/2+ and 7/2− states in 40Ca (total neutron num-
ber ≈ 6). Finite-range effects were included via the local
energy approximation with a finite-range parameter of
0.629. Nonlocality effects for the neutron, proton, and
deuteron potentials were corrected for using nonlocality

parameters βn = 0.85, βp = 0.85 and βd = 0.54, respec-
tively.
To distinguish between the zero-range and the finite-

range adiabatic distorted Wave approximation calcula-
tions, described in section IV, the zero-range calculations
following the methodology of Ref. [16] will be referred
to as “ZR-ADWA”, and the finite-range calculations as
“FR-ADWA”. It should be recalled that the ZR-ADWA
calculations equally include the adiabatic treatment of
deuteron breakup via the substitution of the adiabatic
potential V (R) of Ref. [36] (in the approximate form
given in Ref. [41]) for the usual deuteron optical potential
in the exit channel.
The ℓ assignments and the determination of neutron-

removal spectroscopic factor values C2S− were made by
the best match of the cross sections between the ex-
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perimental angular distributions and ZR-ADWA calcu-
lations, which are shown in Fig. 2. The spectroscopic
factors for 81 of the 98 states, together with jπ assign-
ments from the ENSDF [35] and this study, are listed in
Table II. The angular distributions of known 1/2+, 3/2+,
1/2−, 3/2−, and 7/2− states are adequately reproduced
by the ZR-ADWA calculations, on a par with what was
found previously, e.g. in Ref. [16]. The Woods-Saxon pa-
rameters a0 and r0 for the neutron bound state have been
adjusted [3] in this work to yield expected summed occu-
pation numbers for the neutron 1f7/2, 2s1/2, and 1d3/2
states (total neutron number ≈ 6) in the 40Ca nucleus,
resulting in occupancies of 3.75 and 1.85 for the 1d3/2
and 2s1/2 orbitals, respectively, as shown in Table III.

There is a clear signal of a strong j-dependence for the
known ℓ = 2 states in the shape of the angular distribu-
tions at forward angles. This is clear from a comparison
of panels (a) and (d) of Fig. 2, and allowed for unambigu-
ous jπ assignments for all ℓ = 2 states. This phenomenon
will be discussed in more detail in section IVA.

Although there also appears to be a difference in
forward-angle behavior for the ℓ = 1 states, the absence
of strongly populated 1/2− states prevents any definite
conclusions about j-dependence for these states. For all
ℓ = 1 states we therefore restrict definitive assignments
only to those states with known j values reported in the
literature.

For the majority of states, jπ assignments are in agree-
ment with those listed in the ENSDF [35], although there
are a few cases where a different jπ value is suggested
when confronted with strong evidence, e.g. the states at
4.907, 4.955 and 6.962 MeV, as shown in Fig. 2.

IV. RESULTS AND DISCUSSION

A. Investigating j-dependent angular distributions

As mentioned above, there is a clear sign of a strong
j-dependence in the shape of the angular distributions at
forward angles observed for the known ℓ = 2 states. This
is illustrated in Fig. 2 by the cross-section distributions
of the 3/2+ ground state and previously assigned excited
state at 2.938 MeV [42] in 35S, as compared to the known
5/2+ states at 2.718 and 3.421 MeV. A more detailed
comparison, highlighting this discrepancy for all strong
ℓ = 2 states, is shown in Fig. 3.
This observed j-dependence allows for the unambigu-

ous assignment of jπ values to all observed ℓ = 2 states,
including those previously unknown. Although this phe-
nomenon has received relatively little attention in recent
years, it was first observed over half a century ago by
Lee and Schiffer [17] in the context of the (d, p) transfer
reaction at low incident energies (8–12 MeV). Since then,
numerous examples of j-dependent cross section angular
distributions have been reported across a range of trans-
fer reactions, including (p, d) [19], (p, α) [25], (d,3 He)
[43], and (3He, α) [21]. Specifically, for the (p, d) reac-

tion, a j-dependence has been observed in neutron pickup
processes involving ℓ = 1, 2, and 3 from light to medium-
mass nuclei (e.g. 32S, 36Ar, 40Ca, 56Fe, 58Ni) at beam
energies ranging from 17.5 MeV to 52 MeV [19–22, 44].
A consistent conclusion from these studies is that the an-
gular distribution for the ℓ - 1/2 state peaks at smaller an-
gles than that of the ℓ + 1/2 state, exhibits a more rapid
decline between the first maximum and the first mini-
mum, and shows a more pronounced oscillatory structure
at backward angles.
The influence of the spin-orbit component in the dis-

torting potential on j-dependence was investigated in
early studies [28]. While calculations for the (d,3 He)
reaction strongly suggested that the j-dependent ef-
fect arises mainly from the deuteron spin-orbit potential
[23, 43], calculations investigating the impact of the spin-
orbit potential as well as non-locality in the case of (p, d)
and (d, p) reactions were not very conclusive [29, 43].
Although some j-dependence was observed in distorted
wave calculations that include the spin-orbit component
for ℓ = 1 states at backward angles [29, 45] for the (d, p)
reaction off fp-shell nuclei, the effect was not reproduced
for ℓ = 3 states [29].
Due to the limited theoretical understanding of this

behavior at the time, empirical rules were developed
to assign spin values. However, these were not consid-
ered sufficiently definitive [46]. In contrast, j-dependence
observed in analyzing power measurements, enabled by
the advent of polarized particle beams, was regarded as
having a solid theoretical basis, independent of the j-
dependence seen in cross section measurements, and thus
considered more reliable [24]. As a result, reliance on
cross-section angular distributions for spin assignments
gradually declined.
In a renewed attempt to understand the origin of the j-

dependence in the cross section results, and its different
manifestation in the present work compared to that of
Kozub et al. [22], several tests have been performed. The
main observations are discussed below.
As is well known, the shape of the angular distribu-

tions is influenced by the properties of the final state,
and by the reaction mechanisms, e.g., multi-step versus
one-step [47–49]. In the major part of the present work,
and in particular in Fig. 2 and Table II, the reaction
model used to analyze the (p, d) reaction data on 40Ca
and 36S is a zero-range adiabatic model, ZR-ADWA. It
was chosen to compare the present results on 36S to those
of 40Ca performed in Ref. [16].
In the present subsection, the FR-ADWA [50] is con-

sidered. It has the advantage of treating the finite-range
of the transition operator and compares well with the ex-
act approach [51]. Another important advantage of the
FR-ADWA, as for the ZR-ADWA, is that these take as
input only nucleon-nucleus potentials, which can be de-
rived from the same global optical potentials.
For the investigation of the j-dependence of the trans-

fer angular distributions, the FR-ADWA codeNLAT [54]
and optical potentials derived from the KDUQ global
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FIG. 3: Angular distributions of strong 3/2+ and 5/2+

states resulting from the 36S(p, d)35S reaction at Ep = 66
MeV. For ease of comparison, all the cross sections were
normalized to the ground-state distribution at ∼15.2◦.

nucleon potentials, which include quantified uncertain-
ties [53] are used. The theoretical 1σ and 2σ bands for
the cross sections are obtained by propagating the 416
sets of the KDUQ democratic posterior distributions [53]
in the FR-ADWA model and considering a single-particle
bound state wave function generated using a Woods-
Saxon potential of range r0 = 1.25 fm and diffuseness
a = 0.65 fm. The resulting 1σ and 2σ theoretical bands
for the transfer distributions for 36S(p, d) and 40Ca(p, d),
after normalization to the transfer data, are shown in
blue in Fig. 4. Note that the 40Ca(p, d) data [16] have
no uncertainties reported. A 10% uncertainty on all data
points has been assumed in the analysis presented here.
For both isotopes, the theoretical prediction reproduces
well the shape of the transfer distribution populating
the 3/2+ ground state (left panel) at forward angles.
It is seen that the theory predictions overestimate the
data at larger angles. This might indicate the impor-
tance of more complex reaction mechanisms, i.e., multi-
step transfer, not included in the present model and/or
unaccounted-for uncertainties in the optical potentials.

Interestingly, the theoretical predictions for 36S(p, d)
and 40Ca(p, d) populating the 5/2+ first-excited state
(right panel) reproduce partly the decrease of the cross
sections at forward angles. This indicates that the FR-
ADWA together with the KDUQ potentials predict quali-

tatively the j-dependence of the cross sections. Neverthe-
less, there are still discrepancies: the theory predictions
overestimate (resp. underestimate) the forward angles
in 36S (resp. 40Ca). These results suggest that 1) the
FR-ADWA calculations using KDUQ capture partly the
j-dependence of the transfer cross sections; 2) even when
accounting for the uncertainties of the optical potentials,
the theoretical and experimental transfer distributions
for 36S(p, d)35S(5/2+) are inconsistent within 1σ at for-
ward angles; 3) the inclusion of the finite-range effects
in the reaction model cannot fully resolve this discrep-
ancy; and 4) this discrepancy is nucleus-dependent, i.e.,
the theoretical predictions overestimate the data for 36S
and underestimate them for 40Ca.
As mentioned above, one main ingredient of FR-

ADWA calculations are optical potentials. These poten-
tials are used to generate the scattering wave functions;
necessary to calculate the transfer T -matrix and cross
sections. When one populates a 3/2+ or a 5/2+ state,
contributions from scattering waves with different spins
interfere. Since the spin-dependence of the optical po-
tentials influences these scattering wave functions, it can
also impact the shape of the angular distribution [28]. To
test the effect of the optical potential spin-orbit terms on
the transfer cross sections, the spin-orbit real and imag-
inary depths of all entrance and exit optical potentials
have been multiplied by a constant factor. The distri-
butions obtained when dividing the spin-orbit terms by
two (green bands) or multiplying by two (red bands) are
shown in Fig. 4.
By comparing the results populating the 3/2+ and

5/2+ states, one can see that the spin-orbit terms signifi-
cantly impact the shape of the 5/2+ transfer distribution.
In particular, they show that increasing the spin-orbit
depths allows a better reproduction of the dip at forward
angles for the 36S(p, d)35S(5/2+), and of the larger angles
for 36S(p, d)35S(3/2+). On the contrary, decreasing the
spin-orbit amplitude by a factor of two (green bands) al-
most removes the j-dependence and clearly worsens the
agreement for the (5/2+) state.

For clarification, we are not arguing that such a
simplistic adjustment of spin-orbit strengths should be
adopted, but rather that these results suggest possible
inaccuracies in the amplitude of the KDUQ spin-orbit
terms. This is not surprising as the KDUQ parametriza-
tion was fitted on existing scattering data on stable nu-
clei, and the spin-orbit terms were mostly constrained
with the few available polarization observables. Thus,
the better agreement for 40Ca(p, d) than for 36S(p, d) can
be understood by the fact that the KDUQ corpus of data
includes scattering and polarization observables on 40Ca
but not on 36S. This study hence highlights possible in-
accuracies in current phenomenological optical models
when used for nuclei that were not included in the cali-
bration of their parameters and emphasizes the need for
the development of more accurate optical model poten-
tials.

Cross-checks were performed using both the corrected
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FIG. 5: Theoretical FR-ADWA transfer angular cross sections for 36S(p, d) at 66 MeV (left) and 30 MeV (right). The
1σ theoretical bands are obtained from the 416 samples of the KDUQ optical potentials [53]. The different bands
correspond to 3/2+ and 5/2+ states located at various excitation energies.

potentials following the procedure of Matoba et al. and
those based on the Koning-Delaroche parameterization
[55]. The resulting FR-ADWA and ZR-ADWA calcula-
tions show only minor variations at the most forward
angles, mainly for the 3/2+ ground state, while overall
differences in angular distributions and extracted spec-

troscopic factors are negligible, confirming the robustness
of the analysis.
The consistency of the conclusions concerning the j-

dependence with the work of Kozub et al. [22], in which
they observe for 32S(p, d) at 33.6 MeV a stronger increase
in the measured cross section at forward angles for the
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with the 32S(p, d) reaction at 33.6 MeV beam energy.

3/2+ states than 5/2+ states is now discussed. There are
two main differences between the reaction analyzed in the
present work and that in Ref. [22]: the beam energy, i.e.,
66 MeV versus 33.6 MeV, and theQ-value of the reaction.
To understand if both analyses can be reconciled, the cal-
culations for 36S(p, d)35S(3/2+) and 36S(p, d)35S(5/2+)
at 30 MeV using the KDUQ optical potentials and con-
sidering two different excitation energies were repeated
(see Fig. 5). This figure shows two important features.
First, the Q-value, which depends on the excitation en-
ergy of the final state of 35S, has a greater influence on the
shape of the distribution at forward angles for low beam
energy, while its influence is more modest at higher beam
energy. Second, the j-dependence of the transfer angular
distributions manifests itself differently at the two beam
energies considered here. This observation clarifies the
j-dependence observed in the present work and in the
study by Kozub et al. [22], although the sensitivity to
j is less pronounced in their data. Together with the
theoretical predictions for the 32S(p, d) reaction shown
in Fig. 6, these results contribute to an understanding of
the observed j-dependence.

These additional tests also suggest that to make an
accurate j assignment from transfer cross sections: 1)
theoretical predictions are crucial, since the shape of the
cross section depends on many features, i.e. beam en-
ergy, Q-value, and spin-parity of the final state; and 2)
measuring several states with similar ℓj is necessary to
infer systematics of the differential cross sections.

It is important to mention that other effects, not con-
sidered here, might influence the shape of the transfer
angular distribution and be sensitive to the spin of the
final state. Among these effects are multi-step paths, in
which 36S could be inelastically excited to its 2+ state

before the neutron is transferred. This two-step mech-
anism will be sensitive to single-particle configurations
of 36S(2+). Although likely instructive, such an analysis
goes beyond the scope of this work.
Finally, upon closer inspection of existing datasets,

more examples of this small-angle j-dependence may
become apparent. Consider the recent study of the
37Ca(p, d) transfer reaction from an odd-N nucleus,
where the angular distributions for a 1d3/2 neutron re-

moval leading to the ground state of 36Ca differ at small
angles from the 1d5/2 neutron removal leading to, e.g.,
the 6.54 and 7.84-MeV excited states (see Ref. [56] and
its supplemental material).

B. IAS states

In an effort to have an accurate reconstruction of the
effective single-particle energies of the different orbitals,
the excitation-energy spectrum was explored to much
higher values (∼16 MeV) than is usually the case, al-
lowing for all possible contributions from the different
orbitals to be identified. In this and following sections
the C2S− values were deduced from the ZR-ADWA cal-
culations detailed in section III B. The 36S(p, d)35S reac-
tion can produce states with two different isospin values
T = 3/2 and T = 5/2, in contrast to the 40Ca(p, d)39Ca
reaction where only T = 1/2 is possible. A decomposi-
tion into T> and T< is not possible from the data. How-
ever, states below 9 MeV in 35S likely have T = 3/2,
while those observed at 9.126, 11.47, 12.88, 13.68, and
14.22 MeV likely have T = 5/2, given that basic consid-
erations of binding and Coulomb energy differences and
proton-neutron mass differences suggest that the IAS of
the ground state in 35P should be at 9.017 MeV. Indeed,
these five IAS are identified in 35S through similar en-
ergy differences relative to the 1/2+ state at 9.126 MeV
(within less than 100 keV) compared to the T = 5/2
states in the 35P nucleus. These include the ground state
(1/2+) as well as the excited states at 2.387 (3/2+), 3.860
(5/2+), 4.664 (5/2+), and 5.198 (5/2+) of 35P. These
states in 35P are typically populated through the one-
proton removal reaction such as 36S(−1p)35P [4, 11] or
36S(d,3He)35P [57]. The spectroscopic values of the IAS
states have been obtained by normalizing the calculations
to the experimental differential cross sections. Since the
same neutron orbitals as in the work of Ref. [16] are rel-
evant in this study, the same parameters provided by
Ref. [16] were also used for the IAS.
The values of C2S− for the T = 5/2, 3/2+ and 5/2+

states from the 36S(p, d)35S reaction have been obtained
from cross-section data at two angles. However, as their
spin assignment is known, spectroscopic factors can be
derived and compared to those of the T = 5/2 states from
the 36S(d,3He)35P reaction [35, 57]. It is known [58] that,
for the case of neutron removal, the square of the Clebsch-
Gordon coefficient C2(-1n) must be 1/(2T + 2), and in
the case of proton removal, C2(-1p) amounts to (2T +
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TABLE I: Comparison between the C2S− values for the
T = 5/2 states with jπ= 3/2+ (first row) and 5/2+ (fol-
lowing rows), obtained from the 36S(d,3He)35P proton-
removal reaction [57] (first three columns) and from the
present 36S(p, d)35S neutron-removal reaction for IAS
(last two columns).

35P 35S

Ex (MeV) C2S−(-1p) C2S−(-1p) Ex (MeV) C2S−(-1n)

/(2T + 1)

2.387 0.31 0.052 11.47 0.052

3.860 2.91 0.486 12.88 0.489

4.664 1.06 0.177 13.68 0.156

5.198 1.38 0.230 14.22 0.247

1)/(2T + 2). In these relations, the 36S nucleus has T =
2 and the 36S(p, d)35S reaction can therefore populate
both T = 3/2 and T = 5/2 states. It is noted that the
spectroscopic factor S, which describes the initial and
final overlap of populated states in the reaction, is the
same for both reactions. It follows, when comparing the
present data for the T = 5/2 (IAS) states in 35S to the
T = 5/2 states in 35P, that the expected ratio is [1/(2T +
2)]÷[(2T+1)/(2T+2)] = 1/(2T+1) = 0.167. As shown in
Table I, the C2S−(-1p) values found in the 36S(d,3He)35P
reaction for the 3/2+ state amount to 0.31 at 2.387 MeV,
while for the 5/2+ states values are 2.91, 1.06 and 1.38 at
excitation energies, Ex, of 3.860, 4.664 and 5.198 MeV,
respectively. When multiplied by the ratio of Clebsch-
Gordon coefficients to account for the neutron- versus
proton-removal reactions, a very good correspondence is
found between the C2S− values of the T = 5/2 IAS,
obtained from the neutron-removal reaction, and those
of the T = 5/2 states derived from the proton-removal
reaction [57], bearing in mind that these results have been
obtained from different experimental probes and optical
model potentials.

C. Determination of energy centroids

The sum of C2S− values for all states of a particular
jπ, which relates to the occupancy of that orbit with a
maximum value of (2j+1) in the case of a fully occupied
orbital, are listed in Table III and compared with results
for the doubly magic nucleus 40Ca. Systematic errors as-
sociated with the effective target thickness are indicated
for the case of 36S. The C2S− weighted mean energy for
each orbit, obtained from

Ē−(jπ) =

∑
Ex(j

π)C2S−(jπ)∑
C2S−(jπ)

, (1)

and the centroid binding energy of the hole states ob-
tained from

⟨ϵ−jπ ⟩ = −Sn(
36S)− Ē−(jπ), (2)

are also listed. The summation is made for states having
C2S− values as low as 1×10−3 up to Ex = 9.5 MeV in
39Ca, and extended to 16 MeV in 35S in order to include
the contribution of the IAS.
For the determination of the binding energies ⟨ϵ1/2+⟩

and ⟨ϵ3/2+⟩ of the neutron 2s1/2 and 1d3/2 orbitals in
36S and 40Ca, one needs information from the neutron-
removal and neutron-adding reactions, as these orbitals
are located close to the valence fp orbitals. As for the
more deeply bound 1d5/2 orbital, ⟨ϵ5/2+⟩ can be reason-
ably well determined from the neutron-removal reaction
only. Spectroscopic information related to the neutron-
removal and -adding parts of 40Ca was obtained using
40Ca(p, d)39Ca [16] and 40Ca(d, p)41Ca [59] studies , re-
spectively. As for 36S, the neutron-adding spectroscopic
information is known from the 36S(d, p)37S [42] study.
The 36S(p, d)35S neutron-removal has never been mea-
sured prior to this work.
The centroid binding energy derived from the

36S(d, p)37S neutron-adding reaction is

⟨ϵ+jπ ⟩ = −Sn(
37S) + Ē+(jπ), (3)

with

Ē+(jπ) =

∑
Ex(j

π)(2j + 1)C2S+(jπ)∑
(2j + 1)C2S+(jπ)

. (4)

Combining the particle- and hole-strength information
from Eqs. 2 and 3, the energy centroid can be expressed
as

⟨ϵjπ ⟩ =
⟨ϵ−jπ ⟩

∑
C2S−(jπ) + ⟨ϵ+jπ ⟩

∑
(2j + 1)C2S+(jπ)∑

C2S(jπ)
,

(5)
with∑

C2S(jπ) =
∑

C2S−(jπ) +
∑

(2j + 1)C2S+(jπ).

(6)
Uncertainties related to the energy centroids originate

from the choice of states used in the calculation of the
binding energy of each orbit, specifically, whether tenta-
tively assigned states are included in the calculation or
not. The contribution of uncertainties associated with
excitation energies of individual states to the binding en-
ergies is generally small (<10 keV). Moreover, error bars
related to the determination of the C2S values due to the
choice of optical model potential or to the uncertainty
in the target thickness are correlated for all states and
thus do not affect the binding-energy centroids. Con-
sequently, the reported value of the energy centroids of
the neutron-removal single-particle strength and binding
energies reported in Table III were calculated as the aver-
age of the two calculations that either include or exclude
tentatively assigned states, with uncertainties calculated
to cover the range within one sigma. In the case of 39Ca
[16], there is only one reported 1d3/2 state and three 2p3/2
states, all definitively assigned with no tentative others.
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Consequently, there are no uncertainties quoted for their
energy centroids in Table III.

The results, obtained for each ℓ orbital, are now dis-
cussed in more detail.

1. ℓ = 0

Four ℓ = 0, 1/2+ states were found in 39Ca [16]
with

∑
C2S− = 1.79(17). The major strength is found

at Ex = 2.463 MeV (C2S− = 1.64(15)) and the en-
ergy centroid at Ē−(1/2+) = 2.612(37) MeV. By sum-
ming this neutron-removal strength with the neutron-
adding value of C2S+= 0.08 [59], one obtains

∑
C2S

(1/2+) = 1.87(17). Concerning 35S, most of the 1/2+

strength is localized in the first state at Ex = 1.569 MeV
(C2S− = 1.28(14)). A significant contribution of C2S−

= 0.348(30) is, however, also observed in the IAS at 9.126
MeV. In total, the summed value of

∑
C2S− (1/2+) =

1.85(20) is very similar to that in 39Ca, and the deduced
energy centroid is Ē−(1/2+) = 3.650(13) MeV.

2. ℓ = 1, 3

From the present experiment, it is determined that the
intruder orbitals 0f7/2 and 1p3/2 are partially filled, as

evidenced by their C2S− values of 0.29(3) and 0.12(1),
respectively. This corresponds to neutrons that are scat-
tered from the generally occupied sd orbitals to the va-
lence fp orbits, removable by using the (p, d) reaction.
It is remarkable that, despite using different experimen-
tal techniques and sets of optical model potentials, the
derived number of scattered neutrons across the N = 20
gap from the sd to the pf shells,

∑
C2S− (fp), is very

similar to the number of neutrons that can be added to
the sd orbits

∑
C2S+(sd) determined from the (d, p) re-

action. Indeed, from Table III for 36S,
∑

C2S− (fp) =
0.43(3) compared to

∑
C2S+ (sd) = 0.33.

3. ℓ = 2

Only the 3/2+ ground state of 39Ca was populated
in the neutron-removal reaction [16] with a strength
of

∑
C2S−(3/2+) = 3.74(20). The neutron-adding

(d, p) reaction [59] to the four states at 2.009, 4.418,
5.095 and 5.411 MeV gives an additional contribution
of (2j + 1)

∑
C2S+(3/2+) = 0.42, leading in total to∑

C2S(3/2+) = 4.16(20), compatible with the expected
full 1d3/2 occupancy by 4 neutrons. Including this neu-
tron addition shifts the binding-energy centroid, deter-
mined from the neutron-removal reaction, by about 1
MeV, leading to ⟨ϵ3/2+⟩ = -14.577(20) MeV.

Overall, the 1d3/2 hole strength is more fragmented in
36S compared to 40Ca. However, the largest contributor
is also the ground state with a C2S− value of 3.50(39),
the other fragments each having C2S− ≤ 0.080. The

summed strength
∑

C2S− amounts to 3.75(41), to which
the neutron-adding (d, p) contribution is 0.33, giving rise
to

∑
C2S = 4.08(41), very similar to the value of 4.16(20)

in 39Ca. The neutron-adding part is extracted using the
three states at 1.397, 3.355 and 3.666 MeV from Ref. [42].
Taking the full strength, the binding-energy centroid is
⟨ϵ3/2+⟩ = -9.560(41) MeV, which is 702 keV less bound

than the value of ⟨ϵ−3/2+⟩.
The strength of the 1d5/2 orbital is significantly spread

in energy for 39Ca. In 35S, it is even more fragmented
and distributed between Ex = 2.718 and the 5/2+ IAS
at Ex = 14.22 MeV. The value of

∑
C2S−(5/2+) is

3.87(43), which includes all tentatively assigned states.
The 5/2+ neutron-adding strength is not considered here
as there are no identified 5/2+ states in 37S populated by
means of the neutron-adding (d, p) reaction, and those
identified in 41Ca likely originate from the 2d5/2 orbital
rather than from the deeply bound 1d5/2 orbital presently
being studied. This hypothesis is further substantiated
by the fact that the 5/2+ states populated in 41Ca are
located above the 9/2+ states from the 1g9/2 orbital and
lie as much as 17-20 MeV away from the ⟨ϵ5/2+⟩ centroid.
It follows that the centroid binding energy can be derived
directly in 36S and 40Ca from the neutron-removal part
only, leading to ⟨ϵ5/2+⟩ = -16.840(10) MeV in 36S. The
resultant energy differences between spin-orbit partners
are listed in Table III.
Although it has no effect on the centroid value ⟨ϵ5/2+⟩,

it is interesting to compare the absolute value of the∑
C2S−(5/2+) strength between 39Ca [16] and 35S. As

for 39Ca, Ref. [16] reported a summed strength of 4.72.
However, inconsistencies on the order of 10% in the cross
section results of the prominent 5.128 MeV 5/2+ state in
39Ca reported in Figs. 1 and 5 of Ref. [16] prompted a
new measurement of the 40Ca(p, d) reaction at iThemba
LABS, to investigate the yield ratio of the prominent
5/2+ peaks in 39Ca relative to the 3/2+ ground state.
This measurement was performed at only two laboratory
scattering angles (8◦, 16◦) at an incident beam energy of
66 MeV. We have confirmed a systematic 10% yield ratio
reduction for the most prominent 5/2+ peaks in 39Ca.
By taking this factor into account as well as states with
firm 5/2+ assignments only, the

∑
C2S−(5/2+) value

is found to be about the same in 39Ca (3.78) as in 35S
(3.61(40)).

4. Quenching of the 1d5/2 strength

Based on our normalization of the summed spectro-
scopic factor strength for the sdf states to 6, we should
in principle obtain a summed value for the 5/2+ states
of (2J+1) ≃ 6. Yet, similar to the work of Matoba et al.
[16], we observe a deficit of about 35-40% (depending on
the number of adopted 5/2+ states) for the deeply bound
1d5/2 orbital, that is to be added to the commonly used
quenching factor of 0.6 [60]. A very similar additional
quenching factor was also observed for the deeply-bound
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FIG. 7: Excitation energy spectra for the 36S(p, d) (in
black) and 40Ca(p, d) (red) reactions measured at 66 MeV
incident energy at the K=600 magnetic spectrometer at
iThemba LABS. The spectra, normalized on the ground
state, represent data acquired at 15◦ for 36S and 16◦ for
40Ca, with a circular aperture that covers up to 2◦ on
either side of the indicated spectrometer central angle.
Plots (a) and (b) illustrate the same data, plotted on
linear and logarithmic scales, respectively, to highlight
the good background conditions of the measurements as
well as the growth of a continuous component starting at
∼4.5 MeV.

proton 1d5/2 orbital, populated through the proton re-

moval reactions 48Ca(d,3 He) [61] and 48Ca(e, e′p) [60],
although this deficit of strength may be due to the lim-
itation in the excitation energy range studied (around 9
MeV). This significant amount of missing strength, also
observed for the proton 1d5/2 orbital in 48Ca [62], is dis-
cussed as well in Table 3 of Ref. [3].

Another case of interest is the ratio of the C2S− values
between the 6 MeV 3/2− state and 1/2− ground state in
15O, both populated by the 16O(p, d)15O reaction. This
ratio amounts to ≃ 1 when the transfer reaction is per-
formed at a “low” energy of 45 MeV [63]. It is at variance
with the value of about 2 expected when assuming that
the respective occupancies of the 1p3/2 and 1p1/2 orbitals
scale with (2J + 1). A similar conclusion on the added
quenching factor of a deeply bound orbital can be found
from the work of Kawase et al. [64]. There, the quench-
ing factors for the deeply bound 1p3/2 and 1p1/2 ground

state, obtained in the 14O(p, 2p)13N reaction at the quasi-
free condition, are about 0.55 and 0.75, respectively. The
extra quenching of ∼30% for the deeply bound 1p3/2 or-
bital is similar to the value we find based on the ratio of
the summed 5/2+ over the 3/2+ strength.
This can be understood by the limited excitation en-

ergies that can be accessed by the experiments, causing
more apparent quenching of the deeply-bound orbital.

To illustrate this, we consider the spectral function for
the neutron in 40Ca below the Fermi energy, calculated
within the Dispersive Optical Model (DOM) in Fig. 2
of Ref. [65]. That work constrains the self-energy from
which the spectral function can be obtained, with scatter-
ing data, bound-state energies, charge density and parti-
cle number. Fig. 2 of that work shows a large spreading
of the hole strength for the deeply bound 1d5/2 orbital,
in contrast to that of the 1d3/2 orbital that is mostly
contained in a narrow single peak. Consequently, when
integrating the theoretical hole spectral strength up to
an excitation energy of about 9 MeV, as done in the
experimental work of Matoba et al. [16] or in Fig. 7 of
our work, an approximately 15% weaker fraction of the
1d5/2 is obtained, as compared to that of the 1d3/2 or-
bital. This added quenching value of 15% for the most
deeply bound orbital is smaller than the one of about
35% observed experimentally. This difference can come
from the fact that the DOM calculations are not suffi-
ciently constrained by data that exhibit fragmentation
of deeply bound states in order to trust in a quantitative
value for this additional quenching. Moreover, this can
also be due to the fact that the experimental spectrum
of the neutron-removal reaction 40Ca (Fig. 7) already
displays a continuum of states, rather than only well de-
fined peaks, above 5 MeV excitation energy. Note that
interestingly, the extra-quenching of the d5/2 states does
not impact significantly the value of the 1d5/2−1d3/2 SO

splitting deduced from Ref. [65]. Indeed for 40Ca we find
that the result changes by only about 100 keV, regard-
less of whether a bounding excitation-energy condition
is imposed on the spectral strength or the spectrum is
truncated at 10 MeV.
In Fig. 7 we also notice that both 40Ca and 36S dis-

play a similar continuous strength which starts at the
same energy and with the same slope. This suggests that
the extra-quenching of the d5/2 orbital in 36S may be ex-

plained similarly as for 40Ca, with a similar consequence
on its determination of the 1d5/2 − 1d3/2 SO splitting.

D. Comparison to model calculations

Regardless of the missing
∑

C2S−(5/2+) strength, it
is nonetheless very instructive to compare the experimen-
tal strength distribution of 5/2+ neutron-removal states
with theoretical model predictions. This is addressed be-
low using the Large-Scale Shell Model (LSSM) and ab
initio approaches.

1. Large-Scale Shell-Model calculations

Large-Scale Shell-Model (LSSM) calculations are per-
formed using an 28O core and a valence space consist-
ing of the sd shell for protons and sd − pf orbitals for
neutrons, allowing core excitations across the N = 20
shell gap. The effective interaction is the SDPF-MIX20
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interaction, which is a version of the SDPF-MIX interac-
tion [8, 66], with better constraints toward neutron-rich
28O and the Island of Inversion at N = 20 [2, 67, 68].
The spectroscopic sum rule states are computed for the
neutron 1d5/2 and 1d3/2 removal from 36S and then

the fragmentation into physical states in 35S is gener-
ated. The calculations use the Lanczos Structure Func-
tion method [69] over 300 final states and include up to
4 particle-hole excitations across N = 20 for 36S and 35S.
The results are presented in Fig. 8. The detailed frag-
mentation of the spectroscopic strength compares well
with the present experimentally observed strength but
with an overall excess in the theoretical sum rule for the
5/2+ states. Using a bare one-particle removal opera-
tor, the total theoretical C2S− value amounts to 5.97,
to be compared with the present experimental extrac-
tion of 3.61(40) for 5/2+ states with well-defined assigned
spin values. In the lower panel of Fig. 8, we observe a
progressive weakening of the experimental spectroscopic
strength as the excitation energy (or binding energy) in-
creases for T = 3/2 states. This is in line with several ob-
servations outlined in the previous section that revealed
more quenching for deeply-bound states. Conversely, the
experimental strength located around 13-14 MeV, which
corresponds to the T = 5/2 states, is comparable to the-
ory.

2. Ab-initio calculations

Ab-initio calculations employ the self-consistent
Green’s function (SCGF) approach, which tackles the
A-body problem via a correlation expansion truncated
to low orders to produce systematically improvable solu-
tions [70]. In the present work, the algebraic diagram-
matic construction scheme at second order (ADC(2)) [71,
72] is adopted starting from two- and three-nucleon forces
derived within the framework of chiral effective field the-
ory. Specifically, four different models of the nuclear
Hamiltonian are employed: (i) the NNLOsat Hamilto-
nian [73], characterized by a simultaneous fit of all cou-
pling constants on binding energies and charge radii
of selected carbon and oxygen isotopes, in addition to
two-, three- and four-nucleon observables; (ii-iii) the
∆NNLOGO Hamiltonian [74], which explicitly includes
∆-isobar degrees of freedom and is fitted on few-body
observables as well as nuclear matter, available with two
different momentum cutoffs, Λ = 394 and 450 MeV; and
(iv) the 1.8/2.0 (EM 7.5) Hamiltonian [75], composed
of a low-resolution two-body interaction combined with
three-nucleon forces fitted to the ground-state energies
of 3H and 16O as well as the charge radius of 16O. More
details on the computational scheme and the associated
evaluation of uncertainties can be found in Ref. [76].

While a SCGF calculation usually targets the A-body
ground state of an even-even nucleus, the spectral repre-
sentation of the one-body propagator at the same time
gives access to energies and spectroscopic probabilities

FIG. 8: Comparison of experimental and LSSM d3/2
(top) and d5/2 (bottom) spectroscopic factors.

associated with the A ± 1-body eigenstates [70]. These
quantities are then typically combined to build the spec-
tral function S. Its diagonal part S−,hh, for a given one-
nucleon removal state h, is the quantity that can be most
meaningfully compared with the experimental strength
distribution in the corresponding channel [77].
Figure 9 shows the diagonal spectral function

S−,hh(Ex) for h = 1d5/2 computed within SCGF-
ADC(2) using the four interactions (i)-(iv). For com-
parison, the strength distribution from the 36S(p, d)35S
neutron-removal reaction is displayed along the negative
y-axis. The x-axis scans the excitation energies, Ex,
of jπ = 5/2+ final states relative to the jπ = 3/2+

ground state in 35S. For all interactions, the theoretical
spectral function shows substantial fragmentation, with
the majority of the strength being concentrated around
Ex ≈ 4 − 6 MeV, i.e. between two main experimen-
tal peaks. All calculations, however, underestimate the
energy of the highest fragment if compared with the mea-
sured Ex = 5.99 MeV. The associated spectroscopic fac-
tors, around C2S− ≈ 1.5 − 2, are globally higher than
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FIG. 9: Diagonal part of the 1d5/2 spectral function

for one-neutron removal from the 36S ground state to
jπ = 5/2+ final states in 35S. SCGF-ADC(2) calcula-
tions using four different ab-initio interactions are shown
on the positive y-axis; the strength distribution derived in
the experimental analysis is displayed along the negative
y-axis. On the x-axis, Ex represents excitation energies
with respect to the jπ = 3/2+ ground state of 35S.

those resulting from the experimental analysis, indicat-
ing that the ADC(2) calculations still lack some impor-
tant correlations. Unsurprisingly, the degree of fragmen-
tation is inversely proportional to the resolution scale
of the employed interaction, with the ∆NNLOGO(394)
and 1.8/2.0 (EM 7.5) generating more states than the
other two Hamiltonians. In all cases, similarly to LSSM
calculations, in SCGF no missing strength is observed
for jπ = 5/2+ compared to jπ = 3/2+ states, with
both total occupancies being close to their maximum val-
ues. While all calculations show some strength around
Ex ≈ 10 MeV, none of them can successfully reproduce
the IAS with Ex ≳ 13 MeV. This last feature, as well as
the overall degree of fragmentation, is expected to be sig-
nificantly improved if one moves to a higher many-body
truncation level, as suggested by the SCGF-ADC(3) re-
sults discussed in Ref. [77].

E. N = 20 shell closure

The existence of the N = 20 magic number is well
known to be characterized by a large energy gap be-
tween the normally occupied 2s1/2 and 1d3/2 orbitals
below N = 20, and the valence 2p1/2, 2p3/2 and 1f7/2
orbitals above N = 20. When present, such large gaps
lead to well-known properties such as a sudden increase
of the 2+ state energy, a decrease of transition probability
B(E2), a drop in one or two-neutron separation energies
above N = 20, to name a few. A detailed experimental
review can be found in Section VI of Ref. [1].

When experimentally possible, a more stringent probe
of the effectiveness of a shell closure is the determina-

tion of the Fermi surface of a nucleus, that is the frac-
tion of occupancy of orbitals located below and above
the Fermi energy. An extreme case of magicity would be
the full occupancy of all (sd) orbitals and no occupancy
of the (fp) orbitals, which would yield a Fermi surface
with the shape of a step function. However, such an
idealized case does not exist as nuclei are correlated sys-
tems and exhibit a more or less diffuse Fermi function,
which characterizes the degree of magicity. Such stud-
ies require neutron-removal or neutron-adding reactions,
such as (p, d) or (d, p) transfer reactions, with high ac-
curacy, as for instance described in Ref. [15] for probing
the N = 20 and N = 28 shell gaps in 40Ca and 48Ca,
respectively.
As can be derived from Table III, the fraction of occu-

pancy in the upper fp shell over the sum of the full sd
and fp shells is weak for both nuclei, at 2.7% for 40Ca
and 4.6% for 36S. This new result points to a significant
and similar N = 20 shell closure and magicity for both
40Ca and 36S. Owing to the weak correlation observed for
36S, the amplitude of its N = 20 gap can be estimated
to be 5.58 MeV from the Sn(

36S) - Sn(
37S) difference.

Other experiments were carried out to probe the neu-
tron Fermi surface below 36S using neutron-knockout re-
actions at intermediate energy on a Be target. Although
there are some uncertainties related to the competition
between the knockout and two-step reactions in popu-
lating negative-parity states [9, 11, 78], the fraction of
intruder states has been found to be 16(7)% in 34Si [9]
and as much as 30(5)% in 32Mg [12], which is located in
the Island of Inversion.

V. CONCLUSION

The 36S(p, d)35S reaction was studied at iThemba
LABS to probe the nuclear structure of 36S. Using the
K=600 high-resolution magnetic spectrometer and an in-
novative target-encapsulation technique to prevent con-
tamination, 98 states in 35S, including Isobaric Analog
States (IAS), were identified up to an excitation energy
of 16 MeV; 47 of these had not been observed previously.
Angular distributions and spectroscopic factors were ex-
tracted for 81 of these levels. The C2S− values for the
T = 5/2 IAS located above 9 MeV have been obtained us-
ing the same optical potential treatment as other T = 3/2
states. They agree with spectroscopic strengths deduced
from the proton-removal reaction from the same nucleus,
after applying the expected coefficient of 1/(2T+1), with
T =2 being the isospin value of 36S. This result also shows
the need to include these IAS components for the accu-
rate determination of single-particle centroids of states.

A j-dependence in the angular distributions of ℓ =
2 states has been observed, demonstrating that the
neutron-removal (p, d) reaction provides additional spec-
troscopic sensitivity, as this j-dependence enables un-
ambiguous assignments of jπ values for ℓ = 2 levels.
Finite-range adiabatic distorted-wave approximation cal-
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culations using the KDUQ global optical model qualita-
tively reproduce the observed j-dependence at interme-
diate beam energies and small detection angles. Further
experimental and theoretical studies, especially to con-
strain the amplitude of the spin-orbit term in the optical
potential, are highly desirable to explore the underlying
mechanism.

The summed spectroscopic strength for the 1d5/2 or-
bitals shows significant fragmentation and comparison
with large-scale shell-model and ab-initio self-consistent
Green’s function results shows good overall agreement,
with the latter calculations displaying substantial frag-
mentation but failing to reproduce the exact position of
the main experimental peaks (including the IAS). The
agreement with theoretical strengths holds despite the
experimentally observed quenching at high excitation en-
ergies, apart from the IAS contribution. The cause of
this quenching has not yet been identified, but the same
effect has been reported in other studies involving the
neutron or proton d5/2 orbital. Further work is required
to understand its origin.

Data from the (p, d) reaction allow the magicity of
nuclei to be probed by determining orbital occupancies
across the Fermi surface. With more than 95% occu-
pancy of the valence sd shell and less than 5% contri-
bution from fp orbitals, the robustness of the N = 20
shell closure in 36S is confirmed. This approach, which
provides one of the best probes of the rigidity of a shell
closure, can be applied for an improved study of shell evo-
lutions throughout the chart of the nuclides. There exist
already successful attempts at the N = 8 and N = 20
shell gaps.

Finally, the advantage of the (p, d) reaction over the
(d, p) reaction, which is typically limited to lower beam
energies due to deuteron breakup, is that it can be em-
ployed at medium beam energies where the j-dependent
phenomenon is observed that allows for jπ identification
of states. This reaction may therefore be instrumental
in the systematic experimental study of the role of the
spin-orbit and tensor forces in inducing changes to the
spin-orbit splitting across the chart of nuclides, includ-
ing nuclei accessible with radioactive ion beams. The
mechanism through which the tensor force impacts the
spin-orbit splitting [79] should result, in most cases, in a
decrease of the spin-orbit splitting with increase in mass
that exceeds the impact of the sole action of the spin-
orbit force.
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TABLE II: Observed states in 35S at excitation energies Ex with spin and parity jπ as well as neutron-removal
spectroscopic factors C2S− determined in this work. Excitation energies as well as spin and parity assignments from
Ref. [35] are also shown. For states with jπ = (1/2−, 3/2−), the C2S− values have been calculated on the basis
of a 3/2− assignment. Since absolute spectroscopic factor values strongly depend on the choice of binding potential
parameters, the present values were obtained with the r0 and a0 parameters of Ref. [16], chosen so that the summed
C2S− value for the 3/2+, 1/2+, and 7/2− states equals 6. A systematic uncertainty of 11.2% is associated with all
spectroscopic factors, due to target thickness uncertainties as discussed in the text.

Ex (MeV) Ex (MeV) jπ jπ C2S−

(ENSDF [35]) (this work) (ENSDF [35]) (this work) (this work)

0 0.000 (5) 3/2+ 3/2+ 3.50

1.572378 (19) 1.569 (5) 1/2+ 1/2+ 1.28

1.99128 (5) 1.990 (5) 7/2− 7/2− 0.17

2.347789 (18) 2.348 (5) 3/2− 3/2− 0.033

2.71700 (3) 2.718 (5) 5/2+ 5/2+ 0.53

2.93864 (5) 2.937 (5) 3/2+ 3/2+ 0.034

3.4211 (3) 3.420 (5) 5/2+ 5/2+ 0.50

3.55809 (3) 3.558 (5) (3/2−,5/2+) (5/2+) 0.03

3.5948 (4) 3.592 (5) (1/2:7/2)+ (5/2+) 0.004

3.801958 (23) 3.800 (5) 3/2− 3/2− 0.02

3.8853 (4) 3.883 (5) (3/2−,5/2) 7/2− 0.018

4.0259 (4) 4.023 (5) (1/2:5/2)+ (3/2+) 0.0056

4.1064 (4) 4.107 (7) (1/2,3/2,5/2)+ (3/2+) 0.0023

4.189280 (21) 4.182 (5) 1/2− 1/2− 0.001

4.3026 (7) 4.300 (7) (1/2:5/2,7/2−) (1/2−, 3/2−) 0.0003

4.47764 (7) 4.486 (7) (1/2,3/2,5/2)+ 7/2− 0.045

4.576 (8) 4.574 (5) (1/2:5/2)+ 3/2+ 0.08

4.617 (10) 4.614 (5) 5/2+ 0.11

4.839 (8) 4.838 (5) (1/2:9/2)+ (1/2+) 0.0035

4.903 (8) 4.907 (5) 1/2− 1/2+ 0.011

4.96309 (3) 4.955 (5) 3/2− 5/2+ 0.25

5.127 (10) 5.121 (5) (1/2:9/2)+ 1/2+ 0.0092

- 5.286 (5) (1/2−, 3/2−) 0.00065

5.475 (10) 5.476 (5) 3/2+ 0.009

- 5.630 (5) 5/2+ 0.11

5.771 (10) 5.766 (5) (1/2:9/2)+ 5/2+ 0.76

5.8413 (10) 5.844 (5) (1/2:7/2−) (5/2+) 0.08

6.129 (10) 6.121 (5) (1/2,3/2,5/2)+ (3/2+) 0.035

- 6.218 (5) (7/2−) 0.003

6.334 (8) 6.338 (5) 1/2+ 0.044

6.446 (8) 6.439 (5) (1/2+) 0.0026

6.5451 (13) 6.550 (5) 3/2+ 0.0035

6.6352 (13) 6.639 (5) 5/2+ 0.25

6.684 (9) 6.682 (5) (1/2:9/2)+ 1/2+ 0.056

- 6.790 (5) (5/2+) 0.037

6.98610(3) 6.962 (5) 1/2+ (1/2−, 3/2−) 0.005

7.01895 (4) 7.019 (5) (1/2−, 3/2−) 0.0015

7.10079 (4) 7.102 (5) 3/2 (1/2−, 3/2−) 0.002

7.14333 (11) 7.151 (5) (7/2−) 0.009

7.2181 (4) 7.215 (5) 3/2+ 0.012

7.2532 (6) 7.249 (5) (3/2+) 0.012

7.27599 (5) 7.279 (5) 1/2+ 1/2+ 0.0068

7.33106 (5) 7.326 (5) 1/2+ 1/2+ 0.0073

7.34397 (20) 7.349 (5) (1/2+) 0.0095

7.44221 (5) 7.441 (5) 1/2+ 1/2+ 0.0094

7.48122 (7) 7.490 (5) 1/2− 1/2− 0.006

7.7498 (4) 7.753 (5) 5/2+ 0.20

7.8808 (12) 7.885 (5) (5/2+) 0.03

7.97427 (11) 7.980 (7) 3/2− 3/2− 0.002
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TABLE II continueda

Ex (MeV) Ex (MeV) jπ jπ C2S−

(ENSDF [35]) (this work) (ENSDF [35]) (this work) (this work)

8.078 (3) 8.073 (7) (5/2+) 0.018

8.093 (5) 8.103 (5) 1/2− 1/2− 0.0017

8.2243 (4) 8.221 (5) 1/2− 1/2− 0.004

8.2734 (4) 8.270 (5) 1/2 1/2− 0.009

8.4189 (5) 8.410 (7) (1/2:9/2)+ (5/2+) 0.01

- 8.465 (7) (5/2+) 0.01

- 8.509 (5) 5/2+ 0.012

- 8.557 (7) (7/2−) 0.003

- 8.602 (5) (7/2−) 0.01

- 8.649 (7) (7/2−) 0.0065

- 8.707 (5) (5/2+) 0.022

- 8.761 (7) (5/2+) 0.011

- 8.822 (5) (1/2−, 3/2−) 0.006

- 8.876 (5) (1/2−, 3/2−) 0.0025

- 8.947 (7) (1/2−, 3/2−) 0.001

- 9.032 (15) (1/2−, 3/2−) 0.007

- 9.065 (15) (1/2−, 3/2−) 0.007

- 9.126∗(7) 1/2+ 0.348

9.155 (10) 9.180 (5) (1/2:9/2)+ 1/2+ 0.06

- 9.219 (15) (1/2−, 3/2−) 0.003

- 9.294 (8) (1/2−, 3/2−) 0.01

- 9.339 (8) (1/2−, 3/2−) 0.002

- 9.395 (5) (1/2−, 3/2−) 0.0045

- 9.446 (7) (1/2−, 3/2−) 0.0018

- 9.510 (10) (1/2−, 3/2−) 0.0035

- 9.565 (20) (1/2−, 3/2−) 0.0033

- 9.615 (10) (1/2−, 3/2−) 0.0028

- 9.666 (10) (1/2−, 3/2−) -

- 9.716 (10) (1/2−, 3/2−) -

- 9.774 (10) (1/2−, 3/2−) -

- 9.849 (10) (1/2−, 3/2−) -

- 9.911 (10) (1/2−, 3/2−) -

- 9.989 (10) (1/2−, 3/2−) -

- 10.049 (10) (1/2−, 3/2−) -

- 10.166 (10) (1/2−, 3/2−) -

- 10.225 (10) (1/2−, 3/2−) -

- 10.277 (10) (1/2−, 3/2−) -

- 10.350 (10) (1/2−, 3/2−) -

- 10.421 (10) (1/2−, 3/2−) -

- 10.493 (10) (7/2−) 0.02

- 10.563 (10) (1/2−, 3/2−) -

- 10.663 (10) (1/2−, 3/2−) -

- 10.746 (10) (1/2−, 3/2−) -

- 10.810 (10) (1/2−, 3/2−) -

- 11.47∗(2) 3/2+ 0.052

- 12.88∗(10) 5/2+ 0.489

- 13.68∗(10) 5/2+ 0.156

- 14.22∗(10) 5/2+ 0.247

- 14.70(10) - - -

a States marked with an asterix (∗) are identified as isobaric analog states (IAS).
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TABLE III: A comparison of C2S−(+) values, the energy centroids of the single-particle strength (weighted mean

energies) Ē−(+), and the binding energy values ⟨ϵ−(+)
jπ ⟩ for different orbitals, as obtained from the neutron-removal

(p, d) and adding reactions on 40Ca and 36S. Values for energy centroids of the neutron-removal single-particle strength
and associated binding energies were calculated as the average of the two calculations that either include or exclude
tentatively assigned states, with uncertainties calculated to cover the range within one sigma. The fp valence orbits
are mostly populated in the (d, p) rather than the (p, d) reaction, which leads to relatively small C2S− values and
large uncertainties for the p3/2, f7/2, and p1/2 orbits. Finally, the summed spectroscopic factors and binding energies
from the combined adding and removal reactions are listed.

40Ca 36S

neutron-removal Ref. [16] neutron-removal (this work)

Orbit
∑

C2S− a Ē− ⟨ϵ−jπ ⟩
∑

C2S− Ē− ⟨ϵ−jπ ⟩
(MeV) (MeV) (MeV) (MeV)

s1/2 1.79(17) 2.612(37) -18.247(37) 1.85(20) 3.650(13) -13.539(13)

d3/2 3.74(20) 0.000 -15.635 3.75(41) 0.373(41) -10.262(41)

d5/2 4.25b 6.533(77) -22.168(77) 3.87(43)c 6.951(10) -16.840(10)

p3/2 0.02 4.537 -11.098 0.12(1) 4.632(1.551) -5.257(1.551)

f7/2 0.26 3.718(530) -11.917(530) 0.29(3) 3.191(781) -6.698(781)

p1/2 - - - 0.022(2) 8.221(377) -1.668(377)∑
s1/2, d3/2 5.53 5.60(46)∑

fp 0.28 0.43(3)

neutron-adding Ref. [59] neutron-adding Ref. [42]

Orbit (2j+1)
∑

C2S+ Ē+ ⟨ϵ+jπ ⟩ (2j+1)
∑

C2S+ Ē+ ⟨ϵ+jπ ⟩
(MeV) (MeV) (MeV) (MeV)

s1/2 0.08 3.38 -4.98 - - -

d3/2 0.42 3.21 -5.16 0.33 2.65 -1.65

neutron-removal and addingd neutron-removal and addinge

Orbit
∑

C2S ⟨ϵjπ ⟩
∑

C2S ⟨ϵjπ ⟩
(MeV) (MeV)

s1/2 1.87(17) -17.68(37) 1.85(20) -13.539(13)

d3/2 4.16(20) -14.577(20) 4.08(41) -9.560(41)

d5/2 4.25 -22.168(77) 3.87(43) -16.840(10)

∆SO−
1d ∆SO

1d ∆SO−
1d ∆SO

1d

(MeV) (MeV) (MeV) (MeV)

ℓ = 2 6.533(77) 7.590(77) 6.578(44) 7.280(45)

a In Ref. [16] an error is quoted only for two states, but the general statement is made that the accuracy of the normalization due to the
ambiguity of the procedure for fitting the theoretical to experimental angular distributions is estimated to be better than 10%. Errors
are displayed here only for the 2 orbits that were explicitly assigned errors in the work of Ref. [16].

b Ref. [16] reports a value for
∑

C2S− of 4.72 for all d5/2 states. However, a 10% yield ratio reduction as discussed in subsection IVC is

taken into account here. We have found that
∑

C2S− = 3.78 for states with a definitive 5/2+ assignment, including this 10%
reduction.

c 3.61(40) for only states with firm 5/2+ assignment.
d The uncertainties reflect the values from the neutron-removal work of Ref. [16].
e The uncertainties reflect the values from the present neutron-removal work.
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R. Fearick, S. Förtsch, D. Fourie, Y. Fujita, J. Görres,
K. Hatanaka, M. Jingo, A. Krumbholz, C. Kureba,
J. Mira, S. Murray, P. von Neumann-Cosel, S. O’Brien,
P. Papka, I. Poltoratska, A. Richter, E. Sideras-Haddad,
J. Swartz, A. Tamii, I. Usman, and J. van Zyl, High
energy-resolution zero-degree facility for light-ion scat-
tering and reactions at iThemba LABS, Nucl. Instr. and
Meth. A 654, 29 (2011).

[34] S. Jongile, The structure of 33Si, 35S and the magicity of
the N = 20 gap at Z = 14, 16, Ph.D. thesis, University
of Stellenbosch (2021).

[35] J. Chen, J. Cameron, and B. Singh, Nuclear Data Sheets
for A = 35, Nucl. Data Sheets 112, 2715 (2011).

[36] J. D. Harvey and R. C. Johnson, Influence of breakup
channels on the analysis of deuteron stripping reactions,
Phys. Rev. C 3, 636 (1971).

[37] P. D. Kunz and E. Rost, The Distorted-Wave Born
Approximation, in Computational Nuclear Physics 2,
edited by K. Langanke, J. A. Maruhn, and S. E. Koonin
(Springer, New York, NY, 1993).

[38] J. J. H. Menet, E. E. Gross, J. J. Malanify, and A. Zucker,
Total-Reaction-Cross-Section Measurements for 30-60-
MeV Protons and the Imaginary Optical Potential, Phys.
Rev. C 4, 1114 (1971).

[39] R. C. Johnson and P. J. R. Soper, Contribution of
Deuteron Breakup Channels to Deuteron Stripping and
Elastic Scattering, Phys. Rev. C 1, 976 (1970).

[40] F. D. Becchetti and G. W. Greenlees, Nucleon-Nucleus
Optical-Model Parameters, A > 40, E < 50 MeV, Phys.
Rev. 182, 1190 (1969).

https://doi.org/10.1103/PhysRevC.102.064317
https://doi.org/10.1103/PhysRevC.93.034333
https://doi.org/10.1103/PhysRevC.93.034333
https://doi.org/10.1103/PhysRevC.77.014316
https://doi.org/10.1103/PhysRevC.77.014316
https://doi.org/https://doi.org/10.1016/j.physletb.2015.06.067
https://doi.org/https://doi.org/10.1016/j.physletb.2015.06.067
https://doi.org/10.1103/PhysRevC.81.041302
https://doi.org/10.1103/PhysRevC.81.041302
https://doi.org/https://doi.org/10.1016/0375-9474(94)90740-4
https://doi.org/10.1103/PhysRevC.48.95
https://doi.org/10.1103/PhysRevC.48.95
https://doi.org/10.1103/PhysRevLett.12.455
https://doi.org/10.1103/PhysRevLett.12.455
https://doi.org/https://doi.org/10.1016/0029-5582(66)90538-4
https://doi.org/https://doi.org/10.1016/0029-5582(66)90538-4
https://doi.org/10.1103/PhysRev.154.1033
https://doi.org/10.1103/PhysRev.154.1033
https://doi.org/10.1103/PhysRev.172.1078
https://doi.org/10.1103/PhysRev.178.1654
https://doi.org/https://doi.org/10.1016/0375-9474(71)90171-0
https://doi.org/https://doi.org/10.1016/0375-9474(71)90171-0
https://doi.org/https://doi.org/10.1016/0370-2693(72)90528-X
https://doi.org/10.1103/PhysRevC.24.1461
https://doi.org/10.1103/PhysRevC.24.1461
https://doi.org/https://doi.org/10.1016/S0375-9474(97)00641-6
https://doi.org/https://doi.org/10.1016/0031-9163(66)91241-8
https://doi.org/https://doi.org/10.1016/0031-9163(66)91241-8
https://doi.org/https://doi.org/10.1016/0375-9474(67)90365-X
https://doi.org/10.1103/PhysRevLett.19.364
https://doi.org/https://doi.org/10.1016/0370-2693(68)90362-6
https://doi.org/10.1051/epjconf/202022903004
https://www.sciencedirect.com/science/article/pii/S0168900211012460
https://www.sciencedirect.com/science/article/pii/S0168900211012460
https://www.sciencedirect.com/science/article/abs/pii/S0090375211000950
https://doi.org/10.1103/PhysRevC.3.636
https://people.nscl.msu.edu/brown/reaction-codes/
https://doi.org/10.1103/PhysRevC.4.1114
https://doi.org/10.1103/PhysRevC.4.1114
https://doi.org/10.1103/PhysRevC.1.976
https://doi.org/10.1103/PhysRev.182.1190
https://doi.org/10.1103/PhysRev.182.1190


20

[41] G. R. Satchler, Adiabatic Deuteron Model and the
208Pb(p, d) Reaction at 22 MeV, Phys. Rev. C 4, 1485
(1971).

[42] J. Cameron, J. Chen, B. Singh, and N. Nica, Nuclear
Data Sheets for A = 37, Nucl. Data Sheets 113, 365
(2012).

[43] B. M. Preedom, E. Newman, and J. C. Hiebert, Distorted
wave predictions of observed J dependence in the (d,3He)
reaction, Physics Letters 22, 657 (1966).

[44] M. H.Ohnuma, T.Suehiro and S. Yamada, (p, d) reactions
at 52 Mev, J. Phys. Soc. Jpn. 36, 1236 (1974).

[45] D. Robson, Isobaric Spin in Nuclear Physics, Annu. Rev.
Nucl. Sci. 16, 119 (1966).

[46] G. Delic and B. Robson, j-dependence in l = 3 transitions
in (d, p) and (p, d) reactions, Nuclear Physics A 193, 510
(1972).

[47] G. R. Satchler, Direct Nuclear Reactions (Clarendon
Press, 1983).

[48] I. J. Thompson and F. M. Nunes, Nuclear Reactions for
Astrophysics: Principles, Calculation and Applications
of Low-Energy Reactions (Cambridge University Press,
2009).

[49] N. Timofeyuk and R. Johnson, Theory of deuteron strip-
ping and pick-up reactions for nuclear structure studies,
Progress in Particle and Nuclear Physics 111, 103738
(2020).

[50] R. Johnson and P. Tandy, An approximate three-body
theory of deuteron stripping, Nuclear Physics A 235, 56
(1974).

[51] F. M. Nunes and A. Deltuva, Adiabatic approximation
versus exact Faddeev method for (d, p) and (p, d) reac-
tions, Phys. Rev. C 84, 034607 (2011).

[52] N. Otuka, E. Dupont, V. Semkova, B. Pritychenko,
A. Blokhin, M. Aikawa, S. Babykina, M. Bossant,
G. Chen, S. Dunaeva, R. Forrest, T. Fukahori, N. Fu-
rutachi, S. Ganesan, Z. Ge, O. Gritzay, M. Herman,
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Q. Deshayes, Z. Dombrádi, C. A. Douma, Z. Elekes,
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