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ABSTRACT 

We have developed a technique for the measurement of neutron 

spectra in the energy range of approximately 2 to 30 MeV. We use 

threshold detectors as the energy-dependent neutron detectors, with 

the restriction that after the threshold reaction has occurred the re

sidual nucleus must emit a gamma ray. We then determine the ac

tivity of each detector by counting it with a Nai(Tl) scintillation crystal. 

We use (n, p), (n, a.), and (n, 2n) threshold reactions and estab

lish the criteria for our detectors. We examine the existing literature 

and the periodic chart of elements and find 29 threshold reactions sat-
' 

isfying our criteria. Since the measured cross-section data available 

for most of these threshold reactions is sparse, we calculate these 

cross sections on the basis of the continuum model of the nucleus. 

These calculated cross sections agree well with the experimental data. 

We investigate var~ous methods of calculating the neutron 

energy spectrum and find that three methods are acceptable: the polyg

onal, cross-section expansion, and Legendre polynomial expansion 

methods. All of these methods use the measured activities and the 

calculated cross sections to produce the neutron spectrum. 

We develop computer programs to analyze the gamma spectra, 
I 

calculate the cross sections, and generate the neutron spectrum. 

The entire method is checked by measuring a PoBe neutron 

spectrum; the calculated spectrum by our method agrees quite well with 

previous measurements. 
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The spectra of neutrons arising from the bombardment of Be 

by 25- and 33-MeV deuterons were measured by this technique. The 

25-MeV spectrum agreed quite well with the neutron spectrum from 

24-MeV deuterons on Be, as measured previously with emulsions. 

Energy resolution of the spectra from the Legendre and cross

section expansion methods was determined by use of delta-function 

input fluxes. 
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I. INTRODUCTION 

A. Problem 

A technique for measuring a high-energy neutron spectrum has 

been studied. The neutron energy range is from about 2 to 30 MeV. 

The neutron spectra to which this method would be applied are those 

arising outside the shielding around high-energy particle accelerators. 

The Health Physics Department is interested in this problem since 

these areas normally contain working personnel while the machines are 

operating, and this method would help them better estimate the fast

neutron exposure of this group. 

It would also help the Health Physics Department estimate the 

effectiveness of the present machine shielding with regard to fast neu

trons and should give them help in predicting shielding requirements 

in the future. 

B. Method of Attack 

There are basically two ways of determining the neutron energy 

spectrum: (a) from particle recoils, and (b) from neutron-induced re

actions. The neutron flux in this area and energy range is small-prob

ably from 1 to 100 n/cm
2 

-sec, Particle-recoil methods normally use 

proton recoils and their tracks in a photographic emulsion, 

At these high neutron energies the proton recoil track is long 

and the (n, p) scattering eros s section is small. Also at these low neu

tron fluxes, the number of tracks is small. These three conditions all 

act against the recoil method. 

Neutron-induced reactions can occur at all neutron enrgies and 

can be classed as endothermic or exothermic, Only endothermic re

actions will be considered since they place restrictions on th:e neutron 

energy: the energy must be above a certain value, called the threshold 

energy, before the reaction can be initiated. Reactions and materials 

that exhibit these reactions are termed threshold reactions and detec

tors. Let the reaction be represented as 
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X (n, b) Y, ( 1) 

where X = target nucleus (threshold detector), 

n = incident neutron, 

b = emitted particle, 

y = residual nucleus, 

(n, b) = threshold reaction. 

Threshold reactions have several advantages: 

(a) Only neutrons above the threshold energy can initiate them, 

(b) The cross section for the (n, b) reaction increases to a maximum 

of 0.1 to 5b in the energy range 10 to 20 MeV. 

(c) Many (n, b) cross sections have been measured and the theory for 

predicting these cross sections is not overlycomplicated. 

If the residual nucleus Y is radio~ctive and emits '{ rays; these 

can easily be counted in a scintillation detector. If the neutron flux is 

low, more threshold detector material can be used to allow more re

actions to occur. 

Gamma-ray fluxes are rather high in the areas in which the neu

tron fluxes are to be measured. These would cause an undesirably high 

background for any scintillation detector used in this area. The thres

hold detector can be exposed, however, .and then removed to a low

background area to be counted in the scintillation detector (provided the 

half-life of Y is reasonably long). 

The use of several different threshold reactions with different 

threshold energies would allow us to obtain information about the neu

tron energy spectrum. Threshold detectors then seem to be well suited 

for this technique. 

Threshold detectors have been used extensively to me;;Lsure the 

fast-neutron flux in reactors, 
1

-
13 

but as far as we can determine they 

,,., 

have not been used for this particular application. The detectors used • 

in the reactor flux measurements have low thresholds since fission 

neutrons have energies essentially below 5 MeV, and a given flux shape ._, 

(e. g., Watt fission spectrum) is generally assumed. In our application 

the neutron energies will be much higher, higher threshold reactions 
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will be needed, and the neutron flux shape is unknown. The method 

of solution will consist of the following parts: 

(a) choosing appropriate threshold reactions and detectors, 

(b) exposing them to the unknown neutron flux, counting 

them in a scintillation detector, and obtaining a '{-ray 

energy spectrum, 

(c) relating the '{-ray energy spectrum to the detector 

activation, and 

(d) relating the detector activation to the unknown neutron 

flux. 

These parts will be discussed in detail in the following sections. 



-4-

II. MAIN PARTS OF SOLUTION 

A. Counting Equipment 

The counting equipment .consists of two Nai(Tl) scintillation 

crystals, a 100-channel ~iffe.rential pulse-height analyzer, and asso

ciated electronic equipment. 

The two Nai(Tl) scintillation crystals are each 4 in. in diam

eter by 2 in. thick and were especially chosen to be as nearly alike as 

possible. These are each optically coupled to DuMont type 6363 photo

multiplier tubes; these tubes are constructed of special low-radioactiv

ity materials. Both of these detector units are contained in a large 

lead cave as shown in Fig. 1. Each unit is in a separate compartment 

6 in. wide by 24 in. long by 8 in .. deep. The compartments are sep

arated by 4 in. of lead, and the entire cave is constructed of standard 

2- by 4- by ·8-in. lead bricks such that it presents at least a 4-in. 

thickness of lead to all external radiation sources. 

The entire lead cave is covered by a 1/32 -in •. thickness of cad

mium. Surrounding this whole assembly on the sides are 8-in. thick 

gypsum-serpentine blocks, and on the top are plywood boxes filled with 

dry boric acid. The boric acid and gypsum-serpentine blocks serve 

as fast-neutron moderators, the cadmium and boron as a thermal-neu

tron absorber, and the lead primarily as a y-ray shield. Thus the 

counting area inside this cave is well shielded from external neutrons 

and "Y rays. 

Of the two identical scintillation detector units inside the cave, 

one measures the activity of the sample to be counted, the other meas

U:res the background activity. Background activity must always be sub

tracted from the measured sample activity to obtain the true sample 

activity. Although this is inconsequential in high~activity samples, it 

can be important in samples whose activity is not much above the back

ground activity. 

The reason that a continuous background measurement is. desir

able is that the background is found to vary linearly with the slow-neu

tron flux. The cave is located about 1/3 mile from the high-energy ac

celerators here at the Laboratory and the variable operation of these 

iJ 
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Fig. 1. Top view of counting cave. 
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machines can cause the slow-neutron flux at our detectors to increase 
2 . 

from 0.005 n/cm '-Sec (cosmic-ray-produced neutron flux) to 0.030 

ri/cm
2 

-sec. ·A slow-neutron flux increase of this amount can cause an 

increase of about 25o/o in our background activity. 

Both detectors were used to measure background activity many 

times and over varied slow-neutron flux levels. From this information 

a relationship between the measured background in the two detectors 

can be obtained. When a sample activity is then counted in one detector 

and the background activity is simultaneously counted in the other de

tector, the correct background activity can be found. This background 

correCtion procedure is explained :in greater detail in Sec. B.4. 

The output signals from each detector unit are sent to identical 

LRL Model 6 linear pulse amplifiers. These amplifiers are operated 

in the double-delay-line clipping mode to minimize problems created 

when very large overload pulses must be handled (cosmic-ray mesons 

pas sing through crystals of this size may deposit 70 to 80 MeV energy). 

Information from the sample detector drives a Penco PA-4 

100-channel differential pulse-height analyzer (PHA). The gain is ad

justed so that each of the 100 channels is 20 keV wide; the total y-ray 

energy interval covered is 0.080 to 2.080 MeV. The PHA accepts 

amplitudes in the 4- to 104-V range from amplifier output pulses up to 

an amplitude of 150 V. 

Sample data are also reco;rded on four integral scalers, as: 

(a) total counts in PHA channels 1 through 100 (0. 080 to 2. 08 

MeV), 

(b) total counts above PHA channel 100 (above 2,08 MeV), 

(c) total counts above PHA channel 10 (above 0.28 MeV), and 

(d) total counts above PHA channel 80 (above 1.68 MeV). 

The background detector system is adjusted to have exactly the 

same gain as the sample detector system, and information from this 

system is recorded on three integral scalers, as: 

... 
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(a} total counts above PHA channel 10 (above 0,28 MeV}. 

Two scalers record this data in parallel, to verify the 

results. This number is the one used to correct for the 

background in the sample detector. 

(b) total counts above PHA channel 80 (above 1.68 MeV). 

The slow-neutron flux is counted on an eighth scaler • utilizing 

a bare BF 
3 

counter and an LRL Model 5 linear amplifier as the detec

tion system. This number is not used at present in the data analysis; 

it only serves as a check on the background correction data. 

At the completion of a counting run, . stored PHA data is tab

ulated on a Victor Printer adding machine and can be simultaneously 

plotted in a semilogarithmic mode on a Moseley Autograf. These plots 

are a curve of counts per channel vs channel number (hence energy). 

The calibration of energy vs channel number for both detector 

systems was performed by use of sources of known y-ray energies. 

This is discussed in Sec. B.4. Routine calibration, performed at 

least once a week, includes: 

(a} centering the photopeak for the y ray from Cs 137 (0.662 

MeV) exactly in channel 29 for each crystal, and 

(b) adjusting all integral scaler thresholds to the correct 

pulse amplitude, by using the PHA and a pulse generator. 

The system as a whole seems to be quite stable, and these 

weekly adjustments are usually very minimal. Amplifier output sig

nals are always displayed on an oscilloscope, to assist early detection 

of electronic troubles and thereby minimize collection of worthless data. 

A Stabiline line -voltage regular provides all ac power for this 

equipment. All de power is obtained from separately regulated supplies. 

The electronic equipment and cave are located in a laboratory that is 

fully air conditioned and humidity controlled. 

B. Gamma Ray Spectrum Analysis 

In this section we will discuss the formation of a y-ray spectrum, 

the information which can be gained from the spectrum, and methods of 

analyzing the spectrum to obtain this information. Our method of analysis 
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is programmed for an IBM 7090 computer, and this technique and test 

cases for it are explained in detail. 

1. Formation of y-Ray Spectra 

Interactions of y rays with matter are discussed in numerous 

references.
14

-
20 

The interactions will be briefly .discussed here, as 

they are generally common knowledge, and the above references sup

ply much more detail on any particular aspect. In this problem the 

interactions in a sodium iodide thallium-activated [Nai(Tl)] scintilla

tion crystal are the main consideration since our detector is of this 

type. 

Gamma rays interact in a Nai(Tl) crystal (as in all other matter) 

in essentially three ways: the photoelectric effect, the Compton effect, 

and pair production. All three of these processes produce secondary 

electrons which deposit their energy in the crystal and produce the 

scintillations. Also in all three processes it is predominantly the 

iodine that interacts with the y rays because of its high charge (Z ). 

In the photoelectric effect a y ray interacts with a bound elec

tron, and all of the y-ray energy is transferred to the electron. The 

electron is ejected from the atom with a kinetic energy equal to the 

y-ray energy less its binding energy in the atom. This electron va

cancy usually occurs in the K shell, and when this vacancy is filled by 

another electron a K x-ray is emitted. For iodine this x ray has an 

energy of 0.028 MeV. The absorption coefficient (or cross section) for 

this process varies as Z 
5 

and decreases rapidly for increasing y-ray 

energy. 

The Compton effect can be considered as an elastic collision be

tween the y ray and a free electron; the y ray gives some of its energy 

to the electron, and it may then interact again by the Compton effect or 

the photoelectric effect. The kinetic energy given to the scattered elec

tron is a variable fraction of the initial y-ray energy, depending upon 

the scattering angle. The absorption coefficient for this process varies 

as Z and decreases slowly with increasing y-ray energy. 

Pair production must occur in the Coulomb field of an atomic 

nucleus, and in this process the y ray disappears, and an electron and 

-~ 
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a positron are created. The kinetic energy of the pair is essentially 

equal to the initial y-ray energy less 1.02 MeV (the rest mass of the 

pair); thus the initial y energy must be at least 1.02 MeV for this inter

action to occur. The absorption coefficient for this process varies as 

z 2 
and increases with increasing y-ray energy. 

Other minor y-ray interactions can occur, such as (a) the nu

clear photoelectric effect, in which high-energy photons eject neutrons 

from high-Z materials, and (b) Compton scattering by nuclei rather than 

electrons, For practical purposes all of these other, minor effects can 

be neglected, 

The absorption coefficients for the three basic processes, along 

with the total absorption coefficient, are shown in Fig. 2 for Nal. Be

low about 0,1 MeV the photoelectric process is dominant, From about 

0,1 to 0,4 MeV the photoelectric and Compton processes are both im

portant; from about 0.4 to 2 MeV the Compton process alone is dom

inant. From about 2 to 7 MeV both the Compton and pair-production 

processes are significant, and above about 7 MeV the pair-production 

process alone becomes predominant, 

The y rays we will be observing primarily have energies in the 

range 0,1 to 2 MeV; thus, photoelectric and Compton processes are our 

main consideration although some pair production is observed around 

2 MeV. 

After the y rays interact and deposit energy in the Nai(Tl) crys

tal this energy is released as a light pulse, or scintillation, This 

process is explained in detail elsewhere
17

-
21 

and will be discus sed here 

only insofar as it affects the observed pulse-height spectrum. The light 

pulses emitted by the scintillation crystal are proportional to the energy 

deposited in the crystal by the y ray. These pulses are collected and 

stored in a PHA and are displayed as the number of pulses of a given 

height vs pulse height (or channel number in the PHA). This is called 

a pulse-height spectrum, or a y-ray spectrum, since the pulse heightis 

proportional to the y-ray energy. 
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MU-32364 

Fig. 2. Total linear y-ray absorption coefficient vs 
energy for Nal. 
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To show that this is true, let us consider the y-ray energy de

posited by each process. In the photoelectric process, the secondary 

electron is quickly stopped and gives its energy to the Nal(Tl) crystal. 

Photoelectric processes occur mo.st readily when the y-ray energy is 

low, thus the 'I ray does not penetrate very far into the crystal and the 

interaction usually occurs near the surface of the crystal. The K x-ray 

then has a good chance of escaping from the crystal without depositing 

its energy. In this case the total energy deposited in the crystal equals 

the initial y-ray energy less the K x-ray energy. In the pulse-height 

spectrum a peak would appear at a pulse height corresponding to the 

initial 'I energy less the K x-ray energy. The gamma ray y
1 

in Fig. 3 

illustrates this process. 

When the incident y-ray energy increases, the 'I ray penetrates 

further into the crystal before interacting, and there is a higher prob

ability that its K x-ray will be captured in the crystal. When this 

happens the total energy deposited in the crystal is equal to the total 

energy of the incident 'I ray, and a peak appears in the pulse-height 

spectrum at a pulse height corresponding to the total energy of the in

cident 'I ray. This is illustrated by 'lz in Fig. 3. 

Thus, at low y-ray energies two peaks can occur in the pulse

height spectrum: one at a pulse height corresponding to the incident 

y-ray energy, and one 0.028 MeV below this. Because the difference 

between these two peaks is small in absolute magnitude, and because at 

higher y-ray energies the K x-ray is almost always captured in the crys

tal, these two peaks are not observed separately at y-ray energies above 

0.170 MeV. Only one peak occurs at a pulse height corresponding to the 

incident y-ray energy: this is called the photoelectric absorption peak 

or photopeak. The photopeak of zn65 is shown in Fig. 4. 

The energy deposited in the Compton process is more variable, 

The 'I ray y
3 

of Fig. 3 illustrate this. The energy of the Compton 

electron, e , is quickly deposited in the crystal, but the scattered 'I 
c 

ray, y
3

1 may escape from the crystal or interact further. If it escapes, 

a peak appears in the pulse-height spectrum corresponding to the energy 

of ec. If y
3

' scatters and produces ec' and y
3

" {which then escapes) 
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Na I ( Tl) crysta I, 4 in. di am x 2 in. thick 

MU-32365 

Fig. 3. Various y-ray interactions in Nai(Tl) crystal. 
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a peak will appear at the energy of e + e ' . If "(
3 

is completely 
c c 

contained, as shown in Fig. 3, then a photopeak will appear at an energy 

ec + ec' + ep + X, i.e., the total energy of "( 3• The time of these inter

actions is so fast with respect to the decay time of a light pulse from 

Nal{Tl) that these events appear to be simultaneous, and only one light 

pulse corresponding to the photopeak is emitted by the crystal. This is 

called a multiple process -photoelectric plus Compton. 

Usually in the Compton process, however, one of the scattered 

'Y rays {"(
3

' or 'Y
3
") will escape from the crystal, and a pulse will ap

pear in the spectrum at an energy below the photopeak {or incident "(-ray) 

energy. These pulses can appear at any fraction of the incident "(-ray 

energy, depending upon the scattering angle. ·When many 'Y rays interact 

in this manner these pulses average out to a continuous distribution 

having about the same number of pulses at each pulse height9 from the 

incident "(-ray energy down to essentially zero energy. This continuous 

Compton distribution is shown for zn65 in Fig. 4. 

One anomaly in this continuous distribution is the dip or "valley' 

at an energy just below the photopeak energy. A pulse in this region 

corresponds to the escape of a low-energy scattered 'Y ray {the rest of 

the incident "(-ray energy has been deposited in the crystal by the Comp

ton electrons), and the es.cape probability of such a scattered gamma 

ray is low unless the final interaction occurs near the crystal surface. 

Fewer of these events occur, hence the dip from the continuous distri

bution. 

The pair-production process, illustrated by 'Y
4 

in Fig. 3, pres

ents the most complications. The initial process forms an electron, 
+ e-, and a positron, e . The electron quickly deposits its energy in the 

crystal and the positron readily annihilates with another electron and 
2 . 

emits two annihilation gamma rays of m
0

c {0.511 MeV) each. These 

two 'Y rays may then interact by the Compton or photoelectric process, 

or one or both may escape. If one escapes and the other, by various 

processes, deposits all of its energy in the crystal, a peak occurs at an 

energy of 0.511 MeV less than the incident 'Y-ray energy. This is called 

... 

J. 
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the single -escape peak. If both escape, a double -escape peak occurs 

at an energy of 1.02 MeV less than the incident y-ray energy. If neither 

escape and all the energy is deposited in the crystal, a pulse occurs at 

the incident y-ray energy. Continuous Compton distributions are also 

possible between these three peaks and below the double-escape peak. 

These correspond to the escape of scattered y rays of various energies. 

The pair-production effect is not observed for incident y-ray 

energies below about 1.5 MeV, and for a crystal of our size the double

escape peak is understandably small. Figure 5 illustrates this effect 
24 

for Na . 

Another phenomenon occurs which complicates the pulse-height 

spectrum: the backscatter peak (see Figs. 4 and 5). This results. from 

the incident y ray undergoing a large-angle Compton scattering from 

the shield walls, then entering the crystal and depositing its remaining 

energy. The remaining energy of this scattered y ray is nearly inde

pendent of the incident y-ray energy; it varies from 0.110 to 0. 220 MeV 

for incident y-ray energies from 0.2 to 2.0 MeV. Due to the small 

interior dimensions of our cave a large backscatter peak at about 0.200 

MeV is always present in otfr spectra. 

The incident y rays can also interact by the photoelectric effect 

in the lead shield walls, and the lead K x-ray of 0.072 MeV can escape 

from the walls and be· detected by the crystal. Our detector system has 

a low-energy threshold of 0.080 MeV, howev~r. so this effect is not ob

served. 

When the incident y-ray energy is above about 1.5 MeV, a peak 

at 0.511 MeV usually is observed in the pulse-height spectrum. The 

incident y rays interact by pair production in the lead shield walls, and 

some of the annihilation y rays escape from the walls and deposit their 

energy in the crystal. 

When the source emits positrons these are annihilated quickly in 

the source material, the shield walls, or the Nal(Tl) crystal. The anni

hilation radiation that is deposited in the crystal appears as a photopeak 

at O. 511 MeV, and this is a prominent feature in the spectrum of any 

source emitting a positron, Figure 4 illustrates this. 
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If the source emits beta particles, these lose energy by radiation 

when they pass through the Coulomb field of a nucleus. This radiation 

is called bremsstrahlung; .it results in a continuous energy distribution 

of photons from zero energyJo the beta end-point energy. When these 

photons deposit their energy in their crystal, a pulse-height spectrum 

continuous in energy results. The magnitude of this effect depends on 

the Z of the material absorbing the beta particles and upon the beta 

energy. The effect of this bremsstrahlung radiation upon the pulse

height spectrum is difficult to analyze quantitatively; fortunately, the ef

fect is usually negligible unless the source disintegrates by high-energy 

beta particle emission a large percentage of the time. We have essen

tially eliminated the bremsstrahlung problem by considering sources 

which emit no beta particles or emit beta particles only a small per

centage of the time. 

One further complication to the pulse -height spectrum is the 

sum peak. This can occur when two 'I rays are emitted simultaneously 

by the source. If they both deposit their entire energy simultaneously 

in the crystal, a photopeak occurs in the spectrum at an energy equal to 

the sum of the two individual y-ray energies. The intensity of this peak 

is lowerthan the intensity of either of the individual y-ray photopeaks by 

a factor of 100 or more, due to the small probability .of the 'I rays de

positing their energy in the crystal at exactly the same time. A con

tinuance energy distribution also occurs due to various fractions of the 

two y-ray energies being deposited in the crystal simultaneously. This 

effect can be reduced by increasing the source -detector distance, and 

it is such a small contri butionto the spectrum that it can be neglected 

for almost all practical purposes. Figures 5 and 6 show the sum peak 
24 60 . 

for Na and Co . 

When a source emits 'I rays of more than one energy, the re

sultant pulse-height spectrum is the sum of the responses to each indi

vidual 'I ray. Figure 7 shows the spectra from zn65 and Mn
54 

when 

counted separately, and also the composite spectrum when the two 

sources were counted together. The photopeak of the 1.12-MeV 'I ray 

from zn
65 

and its associated higher energy Compton distribution are 
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unchanged. 
54 

The photopeak of the 0.84-MeV y ray from Mn appears more 

intense than when measured separately since it is superimposed on the 

Compton distribution from the zn65 y. The positron photopeaks from 

Z~ 65 is similarly higher since it is superimposed on the Compton dis

tribution from the Mn54 y. The backscatter peak and Compton distri

bution below the Mn
54 

photopeak are the sum of individual backscatter 

peaks and Compton distribution from the Mn
54 

and zn65 y rays. 

One can easily see that when the source emits several y rays 

the resultant spectrum can be:c;:.:ome quite complex. 

2. Gamma-Ray Spectrum Information 

From the y-ray pulse-height spectrum the energy of the y ray 

and the intensity and half-life of the y source can be found. The pulse 

height at which the photopeak reaches its maximum height corresponds 

to the energy of the incident y ray. The intensity of the source is re

lated to the area of the photopeak. For simplicity of argument assume 

the source emits only one y ray and let 

Then 

• 0 0 0 • disintegrations 
AT = source d1s1ntegrahon rate ( ) , sec 

N 
p 

E 
p 

(3 

a 

BT 

= h t k (counts in peak) p o opea area sec , 

0 0 counts in peak = peak eff1c1ency ( ot·t db ) 1 . y em1 e y source 

= branching ratio for gamma (Y e;itotetd by ~~:mrce ) , 
1s1n egra 1on 

= correction factor for self-absorption in the source, 

= block time = fraction of the time the PHA does not 

accept pulses. 

N 
p 

E (3a (1-BT) 
p 

(2) 
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Equation (2) can also be written 

N 

AT = ETf ~a(1 ""'BT)' 
(3) 

where 
total counts 

ET = total efficiency ( ) 
y emitted by source 

f (counts in peak) 
= peak-to-total ratio total counts 

The efficiency Ep is composed of two factors: one is the pro

bability that the y emitted by the source will strike the crystal (a geo

metrical factor), and the other is the probability that after striking the 

crystal the y will deposit all of its energy in the crystal and hence appear 

as a pulse in the photopeak. The efficiency ET is also composed of two 

factors: the geometrical probability of striking the crystal, and the pro

bability that after hitting the crystal the y will deposit any fraction of its 

energy (up to the maximum y energy) in the crystal. The method by 

which these efficiencies are obtained is discussed in Sec. B.4. 

The block-time correction is significant only for very intense 

sources. For such sources the number of interactions in the crystal can 

occur at a rate faster than the total detector- system delay time. When 

this happens some of the interactions are not recorded in the PI-:IA and 

the recorded count rate is then lower than it should be. ';['he block-time 

factor corrects for this effect. The system· delay time is composed of 

the Nal(Tl) decay time, delay time in the electronic equipment, and the 

time necessary to transfer the pulse into the memory care of the PHA. 

For our system this delay is such that the block time becomes meas

urable (0.1 o/o) at count rates of about i6 000 counts per minute in the 

total spectrum; at higher count rates block-time correction must be con

sidered. 

The peak-to -total ratio f is. simply a ratio of the total counts in 

the photopeak to the total counts in the entire spectrum. The method for 

obtaining this is explained in Sec. B.4. 
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The factor "a" corrects for absorption of the y rays in the 

source material itself. Since our sources are relatively thick (2 to 3 em) 
l 

this correction should' be included. The only other material between the 

source and the Nal(Tl) crystal is the copper container which hermetically 

seals the crystals, and this is so thin (0.02 in.) that any absorption in 

this material can be safely neglected. Determination of the factor a is 

discussed in Sec. B.4. 

For any given y ray E , j3 and a will be known and BT can be 
p 

measured.- To find the intensity, AT' of the .source only Np must be 

found and used in Eq. (2). Finding N is one of the goals of spectrum 
p 

analysis, and it is the major aim of our method of anaJysis, discussed in 

detail in Sec. B.4. 

If the source emits two or more y rays, the value of AT for the 

source could be obtained from any or all of the y' s, by using Eq. (2). 

Each y would have its own value~ for N , a, j3, and E ; the BT value 
p p 

would be the same for all of them as it is an overall, collective meas-

. urement. Calculation of AT from each y ray would provide a check on 

the value, but the measurement based upon the most energetic y should 

be the most accurate, providing that particular photopeak is well defined 

and that there are a reasonable number of counts ih it. Each y affects 

the spectrum below its particular energy, and the lower photopeaks must 

be corrected for this effect. 

For example, assume the source emitsfour y rays-y
1

, y
2

, y3' 

and y
4
-of equal intensity and increasing energy, spaced in energy so 

their photopeaks do not overlap; then the photopeak of y
4 

will not be in

fluenced by the other three. The photopeak of y
3 

will be influenced by 

y 4 , y 2 by y 3 and y 4 , and y
1 

by y 2, Yy and y 4 • The AT calculated 

from the y 
4 

photo peak would be most accurate. The value of Np for 

y 
3 

would have to be corrected once (for y 
4

), while the Np of y 
1 

would 

have to be corrected three times. Each correction adds errors and the 

AT value calculated from y 
1 

might not be very reliable. 

The half-life of the source can. then be obtained by simply finding 

the source intensity at two or more separate times. The difference in 

intensity between the times is due to decay of the source, and this can be 

directly related to the source half-life. If the source contains an unknown 
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isotope whose half-life and y energies can be measured, the isotope can 

usually be quickly identified. This is not too relevant to our problem 

since our sources (or threshold detectors) are relatively pure, but if 

they did contain any impurities that became activated these impurities 

could be identified and their contribution removed from the spectrum. 

3. Existing Methods of Analyzing Spectra 

These methods have already been developed and used to analyze 

spectra. They are described only briefly; our purpose is to show the 

difficulties associated with these methods. Because of these difficulties 

we decided to develop a new, slightly different method (Sec. B.4). 
\ 

In fairness to these existing methods, however, \t must be re-

membered that these were generally developed to analyJe very complex 

spectra containing many peaks. The spectra we are interested in an

alyzing are relatively simple, containing only a few peaks. We are 

primarily interested in finding photopeak areas; the other methods gen

erally attempt to find the contribution of each y ray to the total spectrum. 

The methods have somewhat different goals, and these have undoubtedly 

influenced the techniques of attacking and solving the problem. 

a. Theoretical approach. This methocf2-
25 

relies heavily upon theoret

ical calculations and uses a minimum of experimental informatio:O:. Pro

babilities are derived for all possible interactions of the incident y ray 

and all subsequent scattered photons, and a Monte Carlo calculation is 

used. Quantities that are normally measured, such as the Compton dis

tribution or the peak-to-total ratio, are calculated purely or semitheoret

ically. 

The disadvantages to this method are that the calculations are 

long and complicated, even on a digital computer, and are very special

ized. These calculations are applicable only to the particular crystal, 

detector system, and shielding configuration considered. This last fact 

is also true of other methods, however. It seems, too, that many of the 

quantities that are calculated could be measured experimentally with 

much more ease and about as much accuracy. 

The emphasis here is on accurately constructing a spectrum and 

comparing it to a given spectrum whereas our desire is just to obtain 
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certain information from a given spectrum. This method is consid

ered too complicated and specialized for our use. 

b. Experimental approaches. These methods differ from the theoret

ical ones described above iri that they use mostly experimental data to 

analyze a given spectrum. 

(1) Spectrum stripping. This method
14

• 
15

• 
26 

is the oldest 

method of spectrum analysis and probably the simplest. The pulse

height spectra resulting from different monoenergetic y rays inter

acting in the crystal must be determined, usually experimentally; 

these are termed response functions. A library of these resp9nse 

functions is developed, covering the energy range in the unknown spec

trum. The unknown spectrum is then examined and the photopeak of 

highest energy is considered first. A response function of the same 

energy is adjusted in intensity so that it matches this photopeak, and 

this response function is then subtracted from the unknown spectrum. 

This corresponds to removing from the unknown spectrum the entire 

contribution (photopeaks, Compton distribution, etc. ) of the highest y 

ray. The next highest photopeak is then handled by this same technique. 

usually called spectrum stripping. When this process has stripped off 

all y rays the resultant spectrum should be zero at all energies. 

There are several difficulties associated with this method. 

Monoenergetic y-ray sources are difficult to find when the energy is 

larger than about LO MeV. There are some, but not as many as are 

desired. Extrapolation between response functions is possible but not 

wholly satisfactory, the unsatisfactory part usually being in the photo

peak region. The resultant spectrum, after all y contributions have 

been sti~ipped off, is usually not zero because errors in the data in

crease and accumulate with each subtraction. -This can make the errors 

associated with the lower energy peaks undesirably high. 

The response functions are highly dependent upon such things as 

crystal size, source-detector geometry, source absorption, and shield

ing configuration and thus must be uniquely determined for each partic

ular system. There can be no exchange of response -function data be

tween two systems unless they are exactly identical-a highly unlikely 

circumstance. 
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Probably the biggest disadvantage with this method are the 

problems that arise when gain of the detector system shifts. Small 

gain shifts ( 1 to 2%) are not uncommon over the period of a day, espe

cially if sources having different intensities are counted in this period. 

The small gain shifts can affect the library of response functions 

greatly, especially in the photopeak region. In this region the response

function changes rapidly with energy and a small change in pulse height 

(due to gain shift) can greatly change the values. The Compton distri

bution is not greatly affected by a gain shift because the response func..,. 

tion varies rather slowly with energy in this region. 

When the library of response functions is adversely affected the 

method becomes very inaccurate and unreliable. 

( 2) Matrix inversion, or spectrum unfolding. This method is some

what similar to the stripping method but is more sophisticated and more 

accurate. Monoenergetic response functions are again used although 

these include only the Compton distribution, and these are used to form 

a response matrix. The essential equation is: 

where 

[C) ::: (R][N], ( 4) 

[C] ==a matrix representing the observed pulse

height spectrum (counts/ channel), 

[N] == a matrix representing the true y-ray spec

trum (photons/MeV), 

[R] == response matrix (relates incident photons 

to spectrometer pulses). 

To solve for [N], Eq. (4) is inverted: 

[ N] == [ R] - 1 [ C] if IR I =f o. (5) 

This method has been used to analyze spectrl- 7 - 31 although in 

many cases [N] exhibited violent oscillations and produced strange re

sults, such as negative gamma rays. 
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These results were unsatisfactory, and attempts were made to 

solve Eq. (4) by iterative methods rather than by inverting [R], as this 

was the cause of the oscillations. Iterations based upon multiplicative 

factors
32 

and additive factors
33 

were used, the former being better 

because it guarantees the absence of negative y rays. 

The iteration method using the multiplicative factor seems in 

general to be good although the spectrum obtained still must be sub

jected to a smoothing formula to minimize oscillations. Gain shifts 

can cause. difficulties with this method although they are not so impor

tant as in the stripping method. The iteration process tends to correct 

for these shift$, mainly because .the photopeaks are not included in the 

response functions. The biggest complaint with this method is the 

technique for determining photopeak shapes. These are determined 

separately and are not included as part of the response functions. The 

photopeaks in the unknown spectrum are visually compared with a set 

of standard Gaussian curves, and the standard which best fits the un

known peak is chosen; from this procedure the variance, mean, and 

the area of the peak are determined. This seems to be a rather crude 

aspect of an otherwise elegant method. Since ·an accurate determination 

of the peak area is our major goalp this method was rejected for our use 

on this basis. 

(3) Least-squares analysis. 
. 34-37 Th1s method. . has been developed 

recently and appears to be the best method of analyzing a complex spec

trum. It uses either response functions obtained from monoenergetic 

y rays or the response of an isotope (which could emit several y' s ) 

known to be in the unknown spectrum. These response functions are 

then fitted to the unknown spectrum channel- by-channel by the least

squares technique. The best fit, in the least-squares sense, of these 

functions to the unknown spectrum is thus obtained. Since these func

tions represent the individual y or isotope contributions to the unknown 

spectrum, the analysis is complete. 

One advantage to this method is that the errors associated with 

the individual components are available. This method requires a 

II 
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knowledge of the y rays or isotopes present in the unknown spectrum 

before the analysis can begin. The y rays in the unknown spectrum 

can be deduced by an examination of the photopeaks. If the isotope 

response functions are to be used, examination of the unknown spec

trurn is of little use. Isotope contributions are usually complex and 

their effect on the spectrum is not always easily recognizable or 

identifiable. 

Earlier versions of this method failed to correct for gain shift, 

and the photopeak area was not calculated in some instances. The un

known spectrum was decomposed into its component spectra, and the 

fraction of each component in the unknown spectrum was thus found. 

The photopeak areas of each component then must be determined, and 

this was not always done. 

By knowing the total component spectrum and the appropriate 

peak-to-total ratio, the photopeaks area could be found. Calculation 

of accurate peak-to-total ratios requires accurate determination of 

photopeak areas initially, however, and these areas were usually not 

calculated very precisely. 

One of these methods 34 looks very promising; it is general in 

scope and application and is capable of accurate photopeak-area cal

culations. It adequately corrects for gain shift, although the method 

of correction is not the ultimate. Unfortunately this method was devel

oped only recently and was not available when we were examining var

ious methods of spectrum analysis for possible use in our problem. 

Our requirements actually do not call for a method this general and 

complex, although this method should work well in our case. 

( 4) Other methods. Several other methods. of spectrum anal-

. 3 8 - 47 h b . d . h . . d f s ys1s ave een tr1e w1t var1ous egrees o success. orne are 

rather unique ideas, others are combinations of some of the above 

methods. None of these was found to be particularly desirable or 

suitable for our use. 
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4. Our Method of Analysis 

a. General description. Our method of '( spectrum analysis is bas

ically a spectrum-stripping technique. The stripping removes the 

Compton contribution of each '( ray while the photopeak is analyzed by 

a nonlinear least-squares routine. For the higher-energy y' s the es

cape peaks from pair production as well as all associated Compton 

contributions are removed by stripping. 

Several specific topics relating to our method of analysis will 

first be presented. The computer program, which explains the anal

ysis .in detail, will then be discus sed. 

( 1) Photopeak area. Accurate calculation of the photopeak area 

is the most important goal of our method. Various methods of calcu

lating photopeak areas were examined, These included measured 

areas. parabola areas, linear least-square areas, and nonlinear 

least-square areas. 

The photopeak is Gaussian in shape and is not a line spectrum 

as might be expected from a single-energy 'I ray. The statistical 

spread of the line spectrum, into a Gaussian is caused by essentially 

two facts: statistical variations in the number of photons produced in 

the crystal per scintillation, and statistical variations in the number 

of photoelectrons emitted by photocathode in the photomultiplier tube. 

The fact that the photopeak is essentially Gaussian is well known; it 

can be demonstrated by plotting the photopeak vs energy on normal 

probability paper. A straight line results, indicating the curve has a 

normal, or Gaussian shape. 

The photopeak is not quite symmetrical, however, because 

some of the Compton distribution contributes to the lower -energy side 

of the peak and makes it broader than the higher-energy side, where 

no Compton distribution exists. This broadening is noted when the 

curve is less than about 50% of the maximum peak height. Thus when 

the peak is plotted on probability paper to show its Gaussian shape, 

only values of the peak above this 50% point should be used. 

Finding the photopeak area by measurement is the oldest and 

simplest way. The higher-energy side of the peak is reflected about 
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the peak maximum (to correct for the Compton- broadened lower-energy 

side) and the peak area is determined by measuring the area under this 

symmetrical peak. This method is quite tedious and is greatly depen

dent on one's ability to find correctly the peak maximum and then ac

curately reflect the high side about it. It is not very accurate nor is it 

easily adaptable to computer techniques. 

The para bola area calculation is explained in detail in Appendix 

A. It does not give a very accurate value of the photopeak area since 

the parabola approximation to a Gaussian is only valid near the peak 

maximum. 

The linear least-square area calculation depends upon the de

termination of the position of the peak maximum by an independent 

method. The formula for a Gaussian photopeak is 

A [ 1 X-jJ. 2 y = -- exp - 2 (-CJ-) ], 
-[2; (J 

( 6) 

where 

y = photopeak counts per channel, 

X = channel number (or energy), 

A = photopeak area, 

(J = photopeak variance, 

IJ. = photopeak mean (position of peak maximum). 

If the mean, !J., can be determined separately, Eq. (6) can be fitted 

by a linear least-square technique to find A and a. The accurate 

determination of 1-l is not easy although the mean obtained by the 

parabola method (Appendix A) is a very good approximation to the 

true mean. By using the parabola value of 1-l the linear least-square 

method gives good values of area. This calculation can be performed 

on a desk calculator or digital computer. The following method, how-

ever, is more favorable than this one. 

The nonlinear least-square method of calculating photopeak 

areas involves fitting Eq. (6) by a nonlinear least-square technique to 

find A, a, and 1-l (see Appendix B). All these variables are assumed 

to be unknowns, and this method is only applicable to a digital com

puter. No other independent calculations are needed with this technique. 
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All four of the methods were used to analyze true Gaussian 

curves of known areas, and the nonlinear least-square calculation 

gave the most accurate and consistent results. This was the method 

chosen for our photopeak analysis. 

(2) Compton response functions. The Compton distribution asso

ciated with a 'I ray is most easily determined experimentally. This 

distribution is so dependent upon the 'I energy, the crystal size and 

shape, and the detector shield that an accurate theoretical calculation 

of it is nearly impossible. Almost all experimenters determine these 

distributions by obtaining pulse-height spectra for various monoener

getic 'I rays in their particular detector system. These spectra. are 

made up of the photopeak and the Compton distribution of each 'I ray. 

These entire spectra are sometimes used as the entire response of 

the detector to a monoenergetic''/· We separate the photopeak from 

the Compton distributicin and call the latter the Compton response 

function for a given y. 

To obtain these Compton response functions for our detector 

we selected a set of monoenergetic y..;ray sources and counted these 

in our detector. These were all thin sources (i.e.~ negligible self

absorption) and were counted at a standard position of 10 em from the 

Nal(Tl) crystal face. The gain of the system was checked before and 

after each source was counted; the position of the photopeak of the 

Cs 
137 

'I (0.66 MeV) was kept centered in channel 29 as the gain 

standard. 

Obtaining a set of monoenergetic gamma sources covering the 

range of 0.1 to 2.1 MeV is not simple, especially in the range above 

1.0 MeV. The sources used are listed in Table I. All spectra were 

corrected for background. 

The zn65 and Na
22 

emit pos;itrons in addition to their 'I rays, 

and th~se positron contributions had to be removed from the spectra. 

A positron Spectrum was obtained from Cu
64

, measured under the 

same conditions as the other sources. At energies above the positron 

peak the average Compton distribution height was found for the . zn65 
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Table I. Gamma sources used for response -function data. 

Source 

Cr51 

Au198 

Be 7 

Sr85 

Cs 137 

Nb95 

Mn54 

Zn65 

Na22 

Al28 

Gamma energy 
(MeV) 

0,32 

0.41 

0,48 

0.51 

0,66 

0.76 

0.84 

1 .• 12 

1.28 

1. 78 

Additional corrections 

13+ 
13 +, s urn peak 

Bremsstrahlung, 13 + 
from shield 
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source. This average was subtracted from the positron peak since 

the positron. peak is superimposed on the Compton distribution from 

the y. This then gave the true positron peak height; the positron spec

trum from Cu64 was then adjustedto this magnitude and substracted 
65 from the Zn spectrum. This removed the positron peak and its 

Compton distribution from the total spectrum, leaving just the re

sponse function from the y ray. 

A small sum peak at 1. 79 MeV wa.s observed in the Na
22 

spec

trum. The sum peak itself offers no problems as it is above the y 

photopeak; but below the sum peak is an approximately constant distri

bution upon which the y and positron responses are superimposed. The 

magnitude of this constant distribution was obtained from the part of 

the spectrum between the photopeak and the sum peak, and from the 

height of the sum peak. This constant wa1:1 then subtracted from the 

total spectrum as was the sum peak itself. This correction was 

nearly negligible but was done for completeness. This left just the 

response from the y and the positron; the positron contribution was 

then removed by the same procedure as described for zn65• 

The Al
28 

was corrected for the positron contribution from the 

shield walls by the same technique. A contribution from bremsstrah

lung still existed in the spectrum, primarily .in the lower energies. 

The magnitude of this contribution was estimated
30 

and removed from 

the spectrum. The escape peaks were retained as these are integral 

parts of the response of a high-energy y. 

Each of these ten corrected spectra then contained only the 

photopeak from the monoenergetic y ray andthe Compton distribution 

from this y. The peak maximum of each photopeak was then found by 

the parabola approximation (Appendix A), and each spectrum was nor

malized to a peak maximum of 105 counts.· Some methods of spec

trum analysis normalize the total spectrum area to a constant while 

others normalize the peak maximum to a constant. The latter method 
5 ~ seemed more desirable in our analysis, and 10 counts was a convenient 

number and also the highest number our PHA could record. 
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The photopeaks then had to be separated from the Compton 

distributions so that only the Compton response functions could be 

obtained. To do this, the following assumptions were made: 

(a) Below the Compton edge E the photopeak is negligible. 
c 

The Compton edge is given by 

E 
(7) 

this represents the maximum energy a Compton electron can receive 

from a y of energy E • This edge is not sharp, however, but is 
y 

smeared by statistical counting errors. 

(b) Above the photopeak maximum E the Compton distribution 
y 

is negligible. 
-E 

. (c)- Between E and E the Compton distribution varies as e 
c y 

(i.e., linear on semilogarithmic paper). 

The essential criterion was that after the Compton distribution 

had been $ubtracted from the total spectrum, the photopeak should be 

symrnetrical about E • 
- y 

A certain amount of trial and error was necessary to find the 

correct slope of the Compton distribution betwe:en E and E , but 
c y 

such slopes were obtained and the results conformed to the above 

criterion in all cases. Since the photopeak was symmetrical about E , 
y 

we felt confident that the Compton response function obtained was a 

good approximation to the true Compton response function. Three 

representative samples of these Compton response functions are. shown 

in Fig. 8. 

Our Compton response functions were obtained from thin 

sources whereas most of our threshold detectors are thick sources 

which will exhibit some self-absorption of the y 1 s. Activated pieces 

of an aluminum alloy which contained Na 
24

(1.37 MeV), Mn
54

(0.84 MeV), 

and a positron (0.51 MeV) were used as sources to investigate any var

iation in the Compton response functions. One source was thin(< 1/8 in.) 
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and the other thick (-i in. ) and eq..ch was a 4-in, square. 

The activity of each source was measured with the source at 

the 1.0-cm position and also with the source against the crystal face. 

The main difference in these spectra was the height of the backscatter 

peak; in both positions this peak was higher for the thick source than 

for the thin source. This was expected as the thick source offers 

more material from which a y may scatter. The photopeaks were re -

duced in magnitude in the thick source owing to self-absorption, but 

we were only concerned with the change in the Compton response 

functions; the photopeaks are analyzed separately and self-absorption 

effects are included, 

The spectrum taken with the thin source at 1.0 em and the spec

trum taken with the thick source against the crystal were essentially 

identical in the Compton region. The thin source was closer to the 

back shield wall; the backscattering from this closer wall for the thin 

source approximately equaled the backscattering from the more distant 

shield wall and from the source itself for the thick source. 

Thus we could use our Compton response functions determined 

from thin sources to analyze thick threshold detectors measured at the 

10-cm position. This doesn't give the best experimental fit in the 

·• backscattering region but it is good elsewhere in the Compton distribu

tion. An accurate fit in the backscattering region is not absolutely es

sential since few photopeaks lie in this region. A more accurate method 

would probably be to use our C.:Jmpton response functions to analyze 

thick detectors measured at the position against the crystal face, Meas

urements at this closer position also have a higher absolute efficiency. 

Our computer program will analyze measurements taken from either 

source position. 

(3) Energy calibration. Our detector was calibrated with y-ray 

sources of known y energies. In addition to the sources listed in Table 

I, the following sources were used for this calibration: Hg
203

(o. 28 MeV), 
88 60 

Y (0. 91 and 1.85 MeV), and Co (L17 and L33 MeV). The spectrum 

from each of these 13 sources was obtained, and the gain was checked 
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between :tuns~ The standard was again taken as the Cs 
137 

'Y (0.66 MeV) 

in channel 2 9~ 

Only tbe position of the photopeak~ was of importance here. The 

position of tbe tnaxilnum of each photopeak was calculated bythe parab

ola app1 oximation (Appendix A). The energy of each 'Y ray was then 

plotte•J. vs tbis peak position (channel number) to give the energy cal:.,. 

i b:ca.tion. This curve was quite linear and was fitted by a linear least

square technique, to give 

E = 0, 02 (channel no. ) + 0. 08 (8) 

or conversely, 

(Channel no. ) = 49. 26 E - 3. 92. (9) 

(4) Peak-to-total ratio. This quantity is the ratio of the number 

of counts in the photopeak to the total number of counts in the spectrum. 

It is most easily determined experimentally and we used some of our 

monoenergetic sources (Table I) to obtain this ratio for our system. 

This ratio is different for different-energy 'Y rays. The photo

peak area is a measure of the total number of photoelectric absorptions 

of a particular y; the total counts include the photopeak area plus the 

Compton distribution and any escape peaks resulting from this same 'Y• 

The backscatter peak should be removed from the spectrum as it does 

not represent a primary interaction in the crystal. The use of mono

energetic 'Y sources simplifies this calculation since the total counts in 

the spectrum are then due only to the single-energy gamma. 

The sources were counted at the standard position (10 em) and 

the photopeak areas were found by the nonlinear least-square method. 

The result is shown in Fig. 9. 

The peak-to-total ratio is quite insensitive to the source -detec

tor distance; 
15 

this ratio could be used with good accuracy for source

detector distances less than 10 em. This ratio was obtained primarily 

for use in the efficiency calculations. 

'• 
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Fig. 9. Peak-to-total ratio vs energy for 4-in. 1;-diam 
by 2 -in. -thick Nal(Tl) crystal. Source -crystal 
distance = 10 em. 
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(5) Efficiency. The total absolute efficiency ET and the peak 

efficiency E are related by: 
p 

( 10) 

where f is the peak-to-total ratio. As mentioned earlier these effi

ciencies include two factors: the geometrical probability that the y 

strikes the crystal, and the interaction probability of they in the crys

tal. 

The total efficiency can be calculated for a given crystal size, 
. 48-51 

y energy, source shape, and source-crystal d1stance. Calcula-

tions of ET for our crystal size were obtained52 for various distances 

and y energies and for disk and point sources. Our threshold detectors 

are large disks of approximately the same diameter as the crystal (4 in. ). 

The square threshold detectors have their sides equal to this diameter 

and for this calculation can be closely approximated by disks of this 

diameter. The curves for ET which we then used were those for a disk 

source whose diameter essentially equaled the crystal diameter. These 

curves are shown for three different source -crystal distances in Fig. 10. 

To check the efficiency curves, calibrated monoenergetic y 

sources were purchased from Nuclear Science and Engineering Corpo

ration. These were small point sources of the following types:. Sr85 

(0.51 MeV), Mn
54 

(0.84MeV), zn65 (1.12 MeV), Na
22 

(1.28 MeV), and 

Y
88 

(0.91 and 1.85 MeV). These had been calibrated with National 

Bureau of Standards sources and by [3-;-y coincidence counting and were 

supposed to be accurate to within 2 to 5o/o. 

These calibrated sources were counted at the 10-cm positionand 

the photopeak areas found by the nonlinear least-square method. From 

these areas, E .cwas calculated for these y energies; b:y using E and f, 
p ' p 

ET was calculated. These values 'of ET were then compared with the 

theoretically calculated values of ETg 52 for a point source of 10 em. 

This comparison is shown in Fig. 10. The agreement is very good and 

gives us confidence in both the theoretical values of ET and the meas

ured values of f; both of these quantities are used to find E , which is 
p 

then used in our analysis. 
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Fig. 10. Total absolute efficiency vs energy for 4-in. -diam 
by 2-in. -thick Nal(Tl) crystal. Solid curves apply to disk 
source of radius R = 0.999 times crystal radius. Dashed 
line applies to point source; circles are experimentally 
measured points. Source-crystal distance =d. 
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(6) Background activity, A correction for background activity is 

really only necessary when the threshold-detector activity is low, but 

in practice all the detector activities are corrected for background. 

The background count rate in our system in the energy interal 0,1 to 

2,1 MeV is about 224 counts per minute. A typical background spec

trum is shown in Fig. 11. This spectrum has little structure except 

for a small peak at 1.46 MeV from K
40 

in the glass of the photomulti

plier tube. 

The background c.ount rate in our system is found to vary lin

early with the slow-neutron flux present at our detector. Both crystals 

(S
3 

and S 
4

) have been used to count the background activity simultane

ously for various slow-neutron fluxes. The shape of the background 

spectrum was not found to vary much at all for various slow-neutron 

fluxes, only its magnitude changed. From this information a ratio be

tween the s3 and the s 4 background count rates in the entire spectrum 

can be obtained. 

The S. crystal always counts background activity; when the ac-
3 

tivity of a threshold detector is being determined the S 
4 

crystal counts 

this, Included in this activity is the background activity for the S
4 

crystaL This S 
4 

background activity can be determined from the s
3 

count rate taken simultaneously with the threshold detector run and 

from the above ratio. Thus a continuous background activity is always 

. being measured concurrently with the threshold-detector activity. This 

method has obvious advantages over the method of measuring back

ground activity before or after the threshold-detector activity. 

In our detector system the value of 224,5 counts per minute was 

taken as an average of s
4 

count rate for the entire spectrum. The 

background spectrum in the S 
4 

crystal for this s
3 

count rate was 

chosen as the standard s4 .background spectrum, BKGSTD 
84 

(E). To 

find the background spectrum in the s
4 

crystal, BKG
84

(E), during a 

threshold detector counting period the following equation was used: 

BKGS (E) = 
4 

BKGSTD S (E) 
4 

(224,5). ( 11) 
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where s
3 

is the count rate in the en
1

tire spectrum in the s
3 

crystal 

during the threshold-detector counting period. 

(7) Source self-absorption. Since our threshold detectors are 

rather thick (::::: 1 in. ) some absorption of the y rays can occur in the 

detector itself. This would make the activity detected by the crystal 

less than the true activity of the threshold detector. A correction must 

be made for this effect as we need to know the true activity of the thres

hold detector. 

Our detectors have a cross-sectional area approximately equal 

to the cross~sectional area of the Nal(Tl) crystal. When the detectors 

are in a counting position their faces are parallel to the crystal face 

and their axes coincide. The thickness t of the detector is along the 

direction of this axis. 

Within the detector consider a thin section with a thickness dx 

and an area equal to the detector cross~sectional area. Let this thin 

section be at a distance x from the detector surface facing the crystal. 

Let the total number of y' s emitted by the detector in the direction of 

the crystal be S (photons/ sec). If we assume these y' s are uniformly 

distributed throughout the detector volume, the y emission of this thin 

section in the direction of the crystal is S dx/t. The y' s emitted by 

this thin section that reach the detector surface can then be written as: 

dA = 
-'TX 

S e 
t dx • 

where 'T is the linear y attenuation coefficient. 

The total y' s reaching this detector surface are then: 

t 

A 
s 

Jo 
-'TX 

dx = t e 

s (1-e-Tt) = 
Tt 

A 

( 12) 

( i 3) 

( 14) 
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For a thin source (t::::: 0), Eq. (14) becomes 

A = S ( 15) 

This is the expected result. The self-absorption factor due to 

a thick source is then 

( 1- e-Tt) 
- a -- - Tt (16) 

This result includes only the y emission perpendicular to the 

crystal face, but considering the geometry of our source -crystal system 

this appears to be a valid assumption, This result also agrees with 
. k 53 prev1ous wor . 

b. Computer. program. Our y-ray spectrurn-analysis program has 

been coded in FORTRAN for use on an IBM 7090. The program consists 

of the main program, titled SUPER-3, and 15 subroutines. All calcula

tions except the Compton response function interpolation, the efficiency 

interpolation, and the nonlinear least-squaTe fit are performed in 

SUPER-3. Subroutine COMFFX enters the values of the Compton re

sponse functions and the efficiency tables. Subroutine INTERP uses a 

Lagrangian interpolation scheme to provide the correct Compton dis

tribution and subroutine EFFCLC provides the correct value of effi

ciency through linear interpolation. The nonlinear least-square fit of 

the photopeaks is calculated by s;ubroutine VARMINT (see Appendix B). 

Any number of spectra can be analyzed during one computer run; a max

imum of 10 photopeaks can be analyzed for each spectrum. 

The analysis of one spectrum will be discussed as each spectrum 

is analyzed separately and completely, and the method of analysis of 

each spectrum is identical. 

The data from the PHA is read into SUPER-3. This includes t.he 

y spectrum itself (counts per channel and channel number for all 100 

channels) the s
3 

total, and the counting time. A constant is also read 

into the program; this would be the average height of a Compton distri

bution from a y whose energy is above about 2.1 MeV. The entire 
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spectrum would be superimposed on this distribution, and this constant 

is subtracted from the input spectrum to obtain the spectrum due to y' s 

below 2,1 MeV only. This correction only removes the gross effect of 

the higher y; it makes no distinction between backscattering peaks and 

average Compton heights for the higher y. It is not necessary in most 

cases, as most of the threshold detectors do not emit y 1 s above 2.1 

MeV; this constant is zero in these cases. 

The corrected gamma spectrum is then divided by the counting 

time to convert it to counts per minute per channel. The s
3 

total is 

used to calculate the correct background spectrum in counts per minute, 

and this is subtracted from the. corrected y spectrum to obtain a back

ground=corrected y spectrum. This is the spectrum which is then an .. 

alyzed. 

The highest-energy photopeak in the spectrum is considered 

first. The three highest points in this photopeak are chosen and the 

mean and peak maximum are calculated by the parabola approximation 

(Appendix A). The m~an energy of the photopeak is calculated by using 

the photopeak mean and the energy calibration equation for our system. 

The Compton response £unctions are then interpolated to give the correct 

response function for this photopeak energy. The correct magnitude of 

this Compton response function is obtained from the photopeak maximum; 

this Compton function is then subtracted from the y spectrum. 

This removed the Compton response of the highest y from the 

total spectrum; the photopeak now has no Compton contributions in it and 

it is analyzed by the nonlinear least-squares method. The photopeak 

area, mean, and variance are found and the photopeak is now subtracted 

from the total spectrum. This; subtraction includes values of the photo

peak within ± 4 standard deviations of the mean; essentially all of the 

photopeak area is included in this region. 

This completes the spectrum analysis of one y ray: the photopeak 

and Compton distribution have been removed from the total spectrum. 

The next highest photopeak is then considered and the same technique is 

employed to analyze it. When all of the photopeaks have been analyzed 
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in this one spectrum, the second spectrum is read into the main pro

gram and its analysis follows exactly the same procedure. 

The correct value of efficiency is found by interpolation from 

the mean photopeak energy and the efficiency tables. This is calculated 

for either of two source positions: 10 em, or against the crystal face. 

The block time BT of the particular spectrum, the branching ratio f3, 
and the self~abS()rption factor rt for the particular gamma are read 

into SUPER""3. The activity of the source is then calculated from these 

three factors, th~ efficiency, and the photopeak area. 

This method of photopeak analysis uses no predetermined rela

tionships between photopeak variance (or resolution) and mean energy, 

as some methods do. The only energy-related quantities are the Com!>" 

ton response functions and the efficiency, and neither of these exhibit 

rapid variations with energy. A small gain shift (shift in mean energy 

of the photopeak) thus has little effect on this method. 

Negative counts in a 'I spectrum are unrealistic, but these can 

occur in some of the above subtractions. If these do occur they are 

taken to be zero in any further analysis. This information is not lost, 

however» as these negative counts are summed after each Compton 

subtraction and after each photopeak subtraction. These two sums are 

present for each photopeak that is a;nalyzed and they are an indication 

of the accuracy of the analysis. If the sums are low the analysis is 

good; if the sums are high this indicates many negative counts and the 

experimental analysis has not been very accurate. 

The main disadvantage of this .method is the possibility of a 

nonzero spectrum after all components have been subtracted. This oc

curs because the Compton response functions have not exactly repre

sented the true, composite Compton distribution. This type of error is 

usually present with such stripping methods; it presents no real diffi

culties as the nonzero part of the spectrum is almost always in the low

energy part of the spectrum (the backscatt~ring region) and no further 

spectrum analysis is desired in this region. We are only concerned 

with the photopeak analysis and since these have already been analyzed 

we are not concerned with any small residual nonzero part of the 
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spectrum at the low-energy end. Such nonzero parts would be impor

tant, however, if we were attempting to decompose the composite 

spectrum into its component spectra, as many people do. 

To check our computer program, composite spectra were con-

t t d f . b' t' f N 22 z 65 M 54 C 137 d s rue e . o var1ous com 1na 1ons o a , p. , n • s , an 

Sr 
85

• The activity of each isotope was different, but the activity of a 

particular isotope in any composite spectrum was the same. The spec-
' ' 

tra V>'ere analyzed by using SUPER-3 and the results were quite good. 

The calculated activity of each isotqpe from the composite spectra 

agreed to within 2 • .4%. This was the maximum variation; the average 

variation was 1. 1%. 

Most of these sources were calibrp.ted .sources and hence their 

absolute activity could be checked with the calculated activities. This 

agreement was within 5.3% maximum with an aver~ge agreement within 

2. 9%. This is. well within the stated acct,Iracy of the source calibration. 

The component spectra obtained from a composite spectrum an

alyzed by SUPER-3 also show good structure and seem very reasonable. 

Figure 12 shows a composite spectrum composed of Mn54 and Cs 
137

, 

and the individual spectrum of each isotope. 

C. Threshold Detectors 

1. Selection of Detectors 

A set of criteria was established to guide us in the selection of 

threshold detectors. These criteria are: 

(a) The 0 value for the threshold reaction must be negative. 

(b) The detector material should contain only one or predominantly 

one stable isotope. 

(c) The material must be available .in large pieces and with as high 

a purity as possible. 

(d) The material must be simple to handle and safe to use. 

(e) The material should be relatively inexpensive. 

(f) The residual nucleus of the reaction must be radioactive and 

must emit a y ray. 
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Measured composite spectrum indicated by circles. 
Computer-analyzed components indicated by unbroken 
curve (Mn54) and dashed curve (Cs137). 
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(g) The residual nucleus should have a relatively simple y-ray 

spectrum (i. e •• it should not emit y' s with many different energies) 

and preferably it would emit only a single-energy y ray. 

(h) The y' s from the residual nucleus must be in the proper energy 

range for detection by our system. 

(i) The half-life of the residual nucleus should be a convenient 

length. 

Some of these criteria should be commented on in more detail. 

For a true threshold reaction the Q value for the reaction must 

be negative. The Q value of a reaction is defined by 

X+ n __.. b + Y + 0, 

and the threshold energy is 

E :::::-Q 
th 

1+ M 

M 
X 

X 

(17) 

(18) 

where M equals the mass number of,nucleus X. The threshold energy 
X 

given by Eq. (18) is based only upon mass differences of the reactants 

and does not consider the Coulomb barrier that particle b must pen

etrate if it is a charged particle. In reactions we shall consider, par

ticle b is sometimes a proton or alpha particle, and the barrier ef

fect must be considered. This effect makes the effective threshold 

energy higher than the theoretical threshold energy given by Eq. (18). 

If the 0 value for such a reaction were a small positive number, 

Eq. (18) would predict that there was no threshold energy (Eth is neg

ative) and a neutron of any energy could initiate the reaction. This is 

not the observed effect, however, because the neutron must contribute 

some energy for the barrier penetration. Thus a practical threshold 

energy does exist. 

In view of this, small positive 0 values for (n, p) and (n, a.) did 

not cause us to eliminate th.ese reactions by the first criterion. 

If the detector contains only one or predominantly one stable 

isotope the results should be less complicated and easier to interpret. 

There would be fewer types of nuclei available for reactions; the re

sultant gamma spectrum should be simpler and there should be a higher 
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certainty in identifying which reaction actually occurred. 

Large pieces of the material (about 4 by 4 by 1 in.) are nec

essary because the neutron flux we are attempting to measure is not 

large and neither are the reaction cross sections. If impurities are 

present in the material in even relatively small percentages (greater 

than 3 or 4o/o) these can cause confusion in the resultant spectrum as 

they also can experience nuclear reactions. Hence the requirement 

that the material be as pure as possible. 

The purity must be weighed against the cost. As the purity 

approaches 100o/o the cost generally increases enormously. Typical 

limits are of the order of 99o/o purity and $ 10 or less per pound. The 

cost restriction primarily eliminates the lanthanides, actinides, and 

precious metals, and limits us to more common materials. 

Criterion (d) eliminates a few of the more dangerous materials, 

such a·s beryllium and ,phos;phorus metal. 

Our whole technique is dependent upon the residual nucleus 

emitting a y ray. If the number of different y~s emitted is small, the 

spectrum is less complicated and it can be more accurately analyzed. 

It can also be more accurately analyzed if the residual nucleus emits 

no positrons or beta particles since they also complicate the spectrum. 

The energy of the emitted y' s must be in the same energy range as those 

used to calibrate the detector system. This is approximately 0.1 to 

2.1 MeV. 

A convenient half-life is one of the order of several hours to a 

few days. This allows adequate time for exposure and counting. In 

some cases short half-lives may be acceptable; in other cases, longer 

half-lives may be desired to use for longer exposures. In a few cases 

a certain isotope may undergo more than one desirable reaction. If it 

is then possible to separate the reactions by the half-lives of their re

sidual nuclei, both reactions could conceivably be used. One such 
. 27 27 . 27 24 . 

example 1s the Al (n, p) Mg and the Al 1~n, a:) Na reactions. The 

Mg
27 

has a half-life of 9.5 minutes while N~24 has a 15-hour half-life. 

Each of these reactions could then be separated and used. The short 
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half-life limit was chosen to be about 2 minutes and the long half-life 

limit about 70 days. 

The three most predominant reactions in the neutron energy 

range of interest are the (n, p), (n, a), and (n, 2n) reactions. More 

experimental cross -section data also exist for these reactions than 

for any others in the energy range. 

The entire periodic chart of elements. ~as examined, consider

ing each of the three reactions and the above criteria. The threshold 

reactions that fit the criteria are listed in Table II. A few others are 

undoubtedly possible, depending upon how rigidly. one interprets the 
, . . 

criteria. The available literature on threE?hold detectors was also in

vestigated to see if any reactions had bee:r;1 overlooked. 

The detector materials listed in Table II were then purchased, 

in the sizes and purities stated in the table. Solid pieces of the mate

rials in elemental form were obtained wherever ,possible. When these 

were not obtainable a flaked, powdered, or crystalline form of the 

element was purchased and sealed in 4-in.diameter by .1•- in. -thick 

cardboard containers. A compound was used when nothing else was 

available. The compounds were chosen so that the desired element 

was present in as high a percentage as possible and so that the other 

elements (usually oxygen, hydrogen, and ~itrogen) in the compound 

would not produce confusing results in the spectra. The compounds 

were also sealed in the cardboard containers. 

2. Cross -Section Determination 

An attempt was first made to collect all ofthe experimental 

cross-section data available for the threshold reactions in Table II. 
. . 54 55 56 57 The comp1lat1ons of Hughes ' and Howerton ' were consulted 

and these led to many references; the Nuclear Science Abstracts 

yielded more data. Howerton is attempting to l.<eep abreast of all cur

rent high-energy cross- section data and he supplied many sources of 
58 . 

recent work. We thus feel that most of the data on these reactions 

available up to January 1963 have been col1ected. 

In most cases, however, this was still insufficient for our use. 

What we desire is each cross section as a function of energy for neutron 
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Table II. Threshold reactions. 

Reaction Threshold Half-life of Size of Purity of 
eriergy residual detector 

a 
detector 

{MeV) nucleus {%) 

z 68{ )N.65 n n, a 1 -0.8 2.6 h s 99.99 
N.58{ )C 58 1 n, p o -0.4 71 days D 99+ 

59 56 Co {n, u)Mn -0.3 2.6 h D 99.8 
64 64 

Zn {n, p)Cu -0.2 13h s 99.99 

Mn55{n, u)V 52 
0.6 3.8 min D 99 

p31 { n, p) Si 3 1 0.7 2.6 h D 98 
59 59 Co {n, p)Fe 0.8 45 days D 99.8 

s34
{n, u)Si 

31 
1.3 2.6 h D 99.5 

C 65{ )N.65 u n, p 1 1.3 2.6 h s 99.9 

y51{n, u)Sc48 1.6 44 h R 99.6 

y51{n, p)Ti 51 1.6 5.8 min R 99.6 

Al27 {n, p)Mg27 1.8 9.5 min s 99+ 
66 66 Zn {n, p)Cu 1.8 5.1 min s 99.99 

p31{n, u)Al28 2.0 2.3 min D 98 
44 41 Ca {n, u}Ar 2.8 110 min D 97.5 
56 56 Fe {n, p)Mn 2.9 2.6 h s 99.8 

Al
27

{n, u)Na
24 

3.1 15 h s 99+ 

Cr52{n, p)V52 3.1 3.8 min D 99 
T.48{ )S 48 1 n, p c 3.2 44 h D 99.8 
T" 50{ )C 47 1 n, a a 3.5 4. 7 days D 99.8 

24 24 
Mg {n, p)Na 4.7 15 h s 96+ 

Tl
203

{n, 2n)Tl
202 

8.8 12 days 

1127{n, 2n)I126 9.3 13 days D 99.8 

Sb
121

{n, 2n)Sb
120 

9.3 16 min s 99.5 
59 58 Co {n, 2n)Co 10.2 71 days D 99.8 
63 62 Cu {n, 2n)Cu 10.6 9. 8 min s 99.9 

Ni 58{n, 2n)Ni 57 11.8 36 h D 99+ 
64 63 Zn {n, 2n)Zn 11.8 38 min s 99.99 
54 53 Fe {n, 2n)Fe 13.6 8.9 min s 99.8 

a 
Key to symbols: S: 4 by 4 by 1 in. 

D: 4 in. diameter by 1 in. thick 

R: 3 by 3 by 1/4 in. 
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energies from 1 to 30 MeV. Most of the experimental data is taken at 

energies around 14 MeV, with a few points below this and essentially 

nothing above it. To obtain a smooth cross section-vs-energy curve 

was impossible for all but a few cases. 

It was apparent that we would have to calculate theoretically ~ 
each of these cross sections over the energy range. The~e theoretical 

calculations could then be compared with the experimental data; if they 

seemed to be a reasonable fit ta. the experimental data, they could then 

be used in our method of analysis. 

The method of calculation chosen was based on the continuum, 

or strong-interaction, model of the nucleus. The methodis discussed 

in Blatt and Weisskopf59 and in a review article by Moore. 
60 

Although the continuum model presents a simplified view of 

nuclear reactions it seems to be adequate for our use. It averages ou~ 

resonances in the cross section but this is not undesirable in our case. 

When the neutron energy is greater than 1 MeV the conditions for the 

continuum theory are fulfilled. 
61 

This theory has already been used 
62 

with good success in calculating reactions of this type. 

Based on the continuum theory, the reaction cross section can 
59 60 62 

then be expressed as ' ' 

where 

= CJ (E) en 

F:(E) 

~ F.(E) ' 
1 1 

(19) 

CJnb (E) = cross section for (n, b) reaction, 

CJ (E) = cross section for formation of a compound en 

:;::c 

Fb(E) 

F. (E) 
1 

E 

nucleus by a neutron bombarding the target 

nucleus, 

= probability that the compound nucleus decays 

by emission of particle b only, 

= probability that compoilnd nucleus decays by 

emission of parttcle i, 

=neutron energy. 
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The continuum theory as surnes that the neutron. strikes the tar

get nucleus and an excited compound nucleus is formed, This corn

pound nucleus then decays by emitting particle b. The most cornrn~:m 

types of emitted particles are protons, neutrons, or alpha particles. 

The emission of a neutron corresponds simply to the incident neutron 

scattering off the target nucleus, but this case must be in.cluded when 

discussing way~ in which the compound nucleus can decay. 

Thus Eq .. ( 19) can be used for calculating (n, p) and (n, a) cross 

secti_ons, The c.alculation of (n, Zn) eros s sections will be discussed 

later. From Eq. (19), then, 

and 

u (E) 
np 

u (E) 
na 

F. (E) 
1 

i 

''C 
F'' (E) 

= u (E) p 
en ~ .F.(E)' 

i 1 

F':c (E) 
a 

= ucn(E) ~ F.(E)' 
.·i 1 

= F (E)+ F (E)+ F (E). 
p n a 

The decay probabilities are given by 

2M 
F (E+Qn ) = ""'zp 

p p II 

F (E+Q ) 
a na 

F (E) 
n 

* F (E+~ ) 
p p 

.F'~:c(E+C) 
G. na 

= 
2M 

a 

7 
Z.M 

n 
=~ 

2M 
- p --;z 

E+Q 

I np E' u (E') W(E+Q -E' )dE' 
cp np ·• 

0 

E+Q 

r 
nn 

E'o· (E 1
) W(E+<2 -ca na 

'"' 
E')dE' 

0 

E 
( 

j E' u (E') W(E-E') dE', 

0 
. E+O f np 

E 
p 

E+, ·--net 

en 

E' u (E' )W(E+O -E' )dE' 
cp np ' 

'i E'u (E')W(E+O -E')dE' 
·) ca na • 
E 

a 

(20) 

(21) 

( 22) 

(23) 

(24) 

( 25) 

(26) 

(27) 



and 

where 

In Eqs. (2) to (27), 

M. 
1 

·m.m 
1 X 

= m.+m 
1 X 

= h/2 TT, 
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1/2 W(y)= C exp[ 2(ay) ] , 

(28) 

(29) 

(30) 

M. = reduced mass of particle i and target nucleus x, 
1 

m. = mass of particle i, 
1 

m = mass of target nucleus x, 
X 

h = Planck's constant, 

0' • = cross section for formation of compound nucleus by 
C1 

o. 
n1 

particle i bombarding residual nucleus, 

= Q value for (n, i) reaction 

W(y)= nuclear level density at energy y 

C,a = experimentally determined coefficients, 

E. = minimum energy with which particle i can be 
1 

emitted without leaving sufficient excit~tion energy 

to emit a neutron, 

E = incident neutron energy, 

EU- = energy of emitted particle. 

The quantity E. distinguishes the 
1 

* F. functions from the F. 
1 • 1 

functions. For incident neutron energies below the threshold E:·· for 
1 

For energies equal to or greater than the (n; i, n) reaction, E. = 0. 
1 ··- ... 

this threshold, E. = E - E·:·. 
1 1 

The threshold E~· = (BE) - 0 . , 
1 n n1 

where 

(BE) is the binding energy of a neutron in the residual nucleus after 
n 

particle i is emitted, and 0 . is the 0 value for the (n, i) reaction. 
··- n1 . 

It is then clear that F~· is the probability for the emission of only 
1 

particle i, whereas F.· is the probability of emitting particle i and 
1 

then possibly emitt:lng another particle (usually a neutron) if enough 

* energy is left in the residual nucleus. If F. is taken equal to F. then 
1 1 

competition from the reaction (n; i, n) has been ignored. This is not 

realistic, however, and these two quantities were not taken to be equal 
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in our calculations. 

The coefficients C and a in the nuclear level density depend 

upon mass of the residual nucleus. The coefficient C also depends 

upon the neutron-proton character of the residual nucleus. 

Blatt and Weisskop£59 give values of C for odd-A residual 

nuclei. Moore and Bullock
62 

have shown that 

Codd-odd = 2Codd A' 

C = 0. 2 C dd A' 
even-~ven o 

(31) 

(32) 

There seems to be a sharp break in Blatt and Weisslwp£1 s data for 

C odd A at A = 115. The data on each side of A = 11~ were fitted by 

the least- squares technique to give 

CoddA = 0.6441 - 0,0054A 

CoddA = 0.3459 - 0.00013A 

A::;; 115, 

A> 115. 

(33) 

(34) 

Thus Eqs. (33) and (34) were used to find · C, given the residual nu

cleus mass number A.. The values of C were then modified by Eqs. 

(31) and (32) if the residual nucleus was not an odd-A nucleus. For a 

target nucleus of mass A and charge Z, the residual nuclei have 

mass A, charge Z -1; and mass A-3, charge Z-2, after (n, p) and 

(n, a) reactionsp respectively. Blatt and Weisskopf' s data for A = 115 

actually seems to be quadratic in A. Only three points exist, however, 

and the linear approximation seems to be quite adequate. 
59 63 64 

Various values for coefficient a have been reported. ' ' 

For A< 60, all three references give approximately the same value 

for a. For A > 60, the value of .a differs considerably between 

Blatt and Weisskopf and El-Nadi. El"'-Nadi' s data for A> 60 was used, 
62 

as suggested by Moore and Bullock,· and for A < 60, Blatt and Weiss-

lop£' s data was fitted to a quadratic in A by the least-squares technique. 

The results are 

a = 0.1825 - 0,0033 A+ 0.0005 A 
2 

a = 0.03 A 

A::;; 60, 

A>60. 

(35) 

(36) 
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Very little experimental data exist concerning C arid a. The 

values given-by Eqs. (31) to (36), although crude, represent about the 

best values available at this time. 

The compound-nucleus formation cross sections are more com

plex. These are obtained by solving the wave equation of the incoming 

particle relative to the nucleus and then applying the correct boundary 

conditions at the nuclear surface. 59 When the incoming particle is a 

proton or alpha particle the solutions to the wave equation are Coulomb 

wave functions. These are complex functions, depending upon the nu

clear charge and the particle energy, charge, and angular momentum, 

and cannot be written in terms of elementary functions. There are 

tables of them available, and for our use we decided to use the tables 

of Blatt and Weisskopf. 
59 

The tables give U' (E) and U' _(E) directly and only a double 
cp ca · 

interpolation was necessary to give the correct value for a given energy 

and nuclear charge. The tables actually give the eros s sections as 

functions of energy divided by barrier height, but these can be easily 

converted into energy as the barrier heights are given also. The as

ymptotic cross-section expression was used when necessary (primarily 

for the lower-Z nuclei) to extend the cross sections to 30 MeV. The 

tabulated cross-section values were extended smoothly to the asymptotic 

values and values from these smooth curves were used in this transition 

region. The tables for R
0
= 1.5 fermis were used as these seem to be 

more acceptable currently. 

When the incoming particle is a neutron the solutions to the wave 

equation can be expressed as odd half-integer Bessel functions of the 

first kind, and when the conditions for the continuum theory are applied 
59 60 the compound-nucleus formation cross section can be expressed as ' 

;r R 2 
= -2-

x 

00 

I (2£+ 1) 
£=0 

(3 7) 
2 2 

X + ( 2xX+ x v' _e)v £ 



where 

where 

X 

X 

R 

k 

M 

K 

R 

A 

.£ 

M 

n 

n 
m 

n 
m 

X 

E 
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= kR .I 

= KR, 

= ( 1. 5 X 10- 13 ) A 1/ 3 

2M E 1/2 

( 
n 

) = 
-n2 

m m 
n X 

= m +m 
n X 

= (KO 2 + K2) 1/2 

(em), 

-1 (em ), 

-1 
(em ), 

= wave number of neutron outside nucleus, 

(38) 

{39) 

( 40) 

( 41) 

(42) 

(43) 

= wave number of neutron inside potential well of nucleus, 

= wave number relating to nuclear potential 
. 13 -1 
well= 1X10 (em )~ 

= nuclear radius, 

= nuclear mass numberi 

= orbital angular momentum of neutron, 

= reduced mass of neutron and nucleus, 

= neutron mass, 

= nuclear mass, 

= neutron energy. 

The quantities v .£ and v £ are given in terms of the Bessel 

functions as 

2 
(44) 

1T 2 2 2 2 
= ~x)[x J .£ ~(x)+.£ J .£+i(x)- 2x.£J.£-i(x)J.£+i(x) 

. 2 2 2 2 
+x J -.£-H-(x)+.£ J _n_.!.(x)+2x.£J_n+.!.(x)J_n_.!.(x)]. (45) 

2 -'~2 -'~2 -'~2 
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The odd half-integer Bessel functions are related to-trigonom-

etric functions by6 5 
2 

.!. 
J (X) = L.::...lTT 

2
[ f (X) sin X- g (X) cos X], (46) m 'TT X! m m 

2 .!. m-.!. 
J (X) = (-X ) 2 (·d) z (g (X) sinX+ f (X) cos X], (47) 
-m TT m m 

where m is an odd .half-integer. 

When Eqs. (46) and (47) are substituted into Eqs. (44) and (45), 

1 
= -:::;-2 -----::;-2---·, 

f £+.!. (x) + g n+.!. (x) z )0 z 

(48) 

1 ( ) 1 [ 2f2 ( ) 2 2 ( ) 0 2 2 ( ) 0 2 2 (.x·) 
V P, X = X 2 X P, _ ± X + X g P, _ i X + ;o f £+i X + ;o g £+ i 

( 49) 

The functions f and g . obey the same recurrence relations 
n n . 

as the Bessel functions: 

2n 
fn+ 1 (X) = X fn (X) - fn-1 (X), (50) 

g +1 (X)= ·2n g (X)- g 
1

(X). 
n X n n-

(51) 

The first two values of f and g are: 
n n 

From Eqs. (50) to (52) any values of f and g can be calculated. 
. n n 

Then from Eqs. (48) and (49), v p, and v£ ca,n be found for all P, and x, 

and a (E) can be calculated from Eq. (37). en 
The summation over P, in Eq. (37) is usually terminated at some 

. . 
P, larger than the maximum value of x. In our case x is less than 10 

and P, = 19. Higher values of P, were tried but the results were 
max max 

hardly different from the P,max = 19 case. 
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All of the terms in Eq. (19) have now been defined and the 

(n, p) and (n, a.) cross sections can be calculated. 

where 

where 

where 

where 

A simple representation for the (n, 2n) cross section exists :59 

"n, Zn(E) " "cn(E) [1-(1+ ~c) exp(- ~c)]' (53) 

= E - (BE) , 
n 

(54) E 
c 

E = incident neutron energy, 

(BE)n 

8(E) 

8(E) 

= binding energy of a neutron in the target nucleus, 

= nuclear temperature of target nucleus at energy E, 

=(~)1/2, (55) 

a is as defined by Eqs. (35) and (36). 

The (n, 2n) cross section can be more accurately expressed as
60 

2M 
n 

B ( E ) = ----::-r-
n 1i 

(56) 

E-(BE) 

J n E'a (E')W(E -E')dE', 
0 en . 

(57) 

(BE) = binding energy of a neutron in the target nucleus, 
n 

E' = energy of the first neutron emitted. 

The (n, p), (n, a.), and (n, 2n) cross sections for the most prom

ising threshold reactions of Table II were calculated from these equa

tions. All calculations were performed with center-of-mass .(c. m.) 

energie:s; the final cross-section values were then given as a function 

of c. m. energy and .also as a function of laboratory energy, using the 

appropriate conversion between the two systems. The calculations 

were performed on an IBM 7090. The (n, 2n) cross sections were cal

culated by using both Eqs. (53) and (56). The agreement between these 

two calculations was quite good at lower energies, but at higher energies 

(E > 20 MeV) Eq. (56) gave a more realistic curve. After the cross sec

tion reaches its peak it should decreas·e with energy due to competition 
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from higher -energy threshold reactions [such as (n, 3nJ]. Both the . . 

(n, p) and (n, a) cross sections exhibit this characteristic as does 

the (n, 2n) cross section from Eq. (56). 

The calculated (n, p), (n, a), and (n, 2n) cross sections ar.e 

shown in Figs. 13 to 38. The cross sections are plotted in the lab

oratory energy system. Experimental data for the cross sections 

are indicated by dots. No attempt is made to identify experimenters; 

h d .f , h.. ., , 1' 66-109 t e ata comes rom many sources 1n t e ex1st1ng 1terature. 

Tables lia, lib, and lie summarize compa:t"isons between 

calculated and experimental cross sections for the (n, p), (n, a), and 

(n, 2n) reactions, respectively. As can be seen from these tables, 

the peak values.of the calculated cross 'section's agree with th~ exper

imental values to within a factor of two in almost all cases. The 

threshold energies listed in Tables lia, ·nb, and Ilc are taken as 

those eher gies at which the cross section is 1/100 of its peak value; 

this seems to be a reasonable, practical threshold energy. 

Agreement between the calculated and experimental cross

section values near the threshold energy is not so consistently good, 

primarily for the (n, p) reactions. ·In all of the cases where the agree

ment is poor, however, only one measured value exists. Moreover, 

in all five of these poor or fair cases the dat~ were reported by the 

. d' . d 1 9 2 Th . 1 . . bl . se1.me 1n 1v1 ua • ese exper1menta po1nts are very poss1 y ln-

correct. When more than one measured value exists (Figs. 13, 15, 

and 25), the agreement is good. Thus the disagreement between these 

single points and the calculated curves should probably not be taken 

too seriously. 

In general the calculated cr.oss sections seem to agree very 

well with the experimental values, and use of these calculated cross 

sections in our method of neutron spectrum analysis seems quite 

justified. 
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Fig. 13. Cross section vs energy for Ni 58(n, p)Co 58 
reaction. Curve calculated by Eq. (20). 
Note: In Figs.13 to 38 all cross sections are in barns, 
all energies are in MeV in the laboratory system, and 
all experimentally measured values are indicated by 
circles. 
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Fig. 14. Cross section vs energy for Co 59(n, a.)Mn56 
reaction. Experimental values indicated by dots; 
curve calculated by Eq. (21). 
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Fig. 15. Cross section vs energy for Zn 64(n, p)Cu 64 

reaction. Experimental values indicated by dots; 
curve calculated by Eq. (20). 
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Fig. 16. Cross section vs energy for Mn55(n, a.)v 52 

reaction. Experimental values indicated by dots; 
curve calculated by Eq. (21). 
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Fig. 17. Cross section vs energy for Co (n, p)Fe 

reaction. Curve calculated by Eq. (20). 
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Fig. 18. Cross section vs energy for cu
65

(n, p)Ni
65 

reaction. Experimental values indicated by dots; 
curve calculated by Eq. (20). 
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Fig. 19. Cross section vs energy for v 51
(n, a.)Sc 

48 
reaction. 

Experimental values indicated by dots; curve calculated 
by Eq. (2.1). 
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Fig. 20. Cross section vs energy for v 51
(n, p)Ti 

51 
reaction. 

Experimental values indicated by dots; curve calculated, 
by Eq. (20). 
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Fig. 21. Cross section vs energy for Al
27

(n,p)Mg
27 

reaction. 
Experimental values indicated by dots; curve calculated 
byEq. (20). 
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Fig. 22. Cross section vs energy for zn66 (n, p)Cu66 reaction. 
Experimental values indicated by dots; curve calculated 
by Eq. (20). 
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Fig. 23. Cross section vs energy for P
31

(n, a)Al
28 

reaction. 
Experimental values indicated by dots; curve calculated 
by Eq. (21). 
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Fig. 24. Cross section vs energy for Ca (n, u)Ar reaction. 

Curve calculated by Eq. (21). 
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Fig. 25. Cross section vs energy for Fe
56

(n, p)Mn
56 

reaction. 
Experimental values indicated by dots; curve calculated 
by Eq. (20). 
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Fig. 26. Cross section vs energy for Al
27 

(n, a)Na
24 

reaction. 
Experimental values indicated by dots; curve calculated 
by Eq. (21). 
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Fig. 27. Cross section vs energy for Cr
52

(n, p)v
52 

reaction. 
Experimental values indicated by dots; curve calculated 
by Eq. (20). 
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Experimental values indicated by dots; curve calculated by 
Eq. (20). .. 
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Fig. 30. Cross section vs energy for Mg
24

(n, p)Na24 reaction. 
Experimental values indicated by dots; curve calculated 
by Eq. (20). 
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Fig. 31. Cross sect10n vs energy for Tl (n, 2n)Tl 

reaction. Experimental values indicated by dots; 
curve calculated by Eq. (56). 
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Experimental values indicated by dotE!; curve calculated by 
Eq. (56). 
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Fig. 33. Cross section vs energy for Sb
121

(n, 2n)Sb
120 

reaction. Experimental values indica ted by dots; 
curve calculated by Eq. (56). 
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Fig. 34. Cross section vs energy for Co
59

(n, 2n)Co
58 

reaction. Experimental values indicated by dots; 
curve calculated by Eq. (56). 
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Fig. 35. Cross sectwn vs energy for Cu (n, Zn)Cu 

reaction. Experimental values indicated by dots; 
curve calculated by Eq. (56). 
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Fig. 3 7. Cross section vs energy for Zn 
64

(n, 2n)Zn 63 reaction. 
Experimental values indicated by dots; curve calculated by 
Eq. (56). 
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Fig. 38. Cross section vs energy for Fe 
54

(n, Zn)Fe 
53 

reaction. 
Experimental values indicated by dots; curve calculated by 
Eq. (56). 
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Table Ila. Threshold reactions of type (n, p): comparison of 

calculated and experimental cross sections. a 

Target Figure Consistency Threshold energy Peak cross section 
nucleus no. of Calc. Calc. Calc. Calc. 

exper. data compared value compared value 
with (MeV) with ·(barns} 

exper. exper. 

Ni58 13 Good Good 1.04 Good 0.556 

Zn 
64 

15 Good Good 1.62 Good 0.411 

Co 59 17 3.05 0.060 

Cu 65 18 Good Poor(low) 4.02. Good 0.035 
vs1 20 Good 3.88 Good 0.062 
Al27 21 Good Poor(low) 3.15 Good . 0.125 

Zn 66 22 Good Fair(low) 4.59 Good 0.204 
Fe 56 25 Good Good 5.62 Good 0.200 

Cr 52 
27 Good Poor(low) 5. 79 Good 0.248 

Ti48 28 Good 5. 73 Fair(high) 0.329 

Mg 
24 

30 Good Poor(low) 6.35 Good 0.227 

aMeaning of notations: 

Good: Agreement within a factor of 2, 

Fair: Agreement within a factor of 10, 

Poor: Disagreement larger than a factor of 10, 

Low: Calculated value is lower than experimental value, 

High: Calculated value is higher than experimental value. 
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Table lib. Threshold reactions of type (n, a}: comparison of 

calculated and measured cross sections. 
a 

Target F~_g-:ur:e Consistency Threshold energy Peak cr·oss section 

nucleus no. of Calc. Calc. Calc. Calc. 
exper. data compared value ·compared Value 

with (MeV} with ·(barns} 
exper. exper. 

Co 59 14 Good 5.37 Good o. 112 

Mn 55 16 Poor 6. 55 Fair(high} 0.109 
v51 19 Fair Good 8.30 Good 0.108 
p31 23 Good 5.39 Good o. 271 

Ca 44 24 6.58 0.183 
Al27 26 Good Good 6. 73 Good 0.243 
Ti50 29 9.64 0.137 

aMeaning of notations: 

·Good: Agreement within a factor of 2, 

Fair: Agreement within a factor of 10, 

Poor: Disagreement larger than a factor of 10, 

Low: Calculated value is lower than experimental value, 

High: Calculated value is higher thp.n experimental value. 
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Table Ilc. Threshold reactions of type (n, 2n): comparison of 

calculated and experimental cross sections, 
a 

Target Figure Consistency Threshold energy Peak cross section 
nucleus no. of Calc. Calc. Calc. Calc, 

exper. data compared value compared value 
with (MeV) with (barns) 

exper. exper, 

Tl203 31 Good 8. 51 Good 2. 783 
!127 32 Good Good 9.48 Good 2.015 
Sb121 33 Good 9.49 Good 1.935 

Co 59 34 Good 10.81 Fair(high) o. 926 

Cu 63 
35 Good Good 11.21 Good 0.823 

Ni58 36 Good Good 12.43 0.250 

Zn 
64 

37 Good Good 12 •. 20 Good o. 273 

Fe 54 38 Fair Good 14.09 Good 0.246 

aM · f · ean1ng o notatlons: 

Good: · Agreement within a factor of 2, 

Fair: Agreement within a factor of 10, 

Poor: Disagreement larger than a factor of 10, 

Low: Calculated value is lower than experimental value, 

High: Calculated value is higher than experimental value. 
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3. Activation Equations 

The total activity of a threshold detector is related to the 

cross section and flux by 

( 
- X.t .) - X.t '(. - X.t ) 

N 1 I w 1-e c 
-e e X.t 

c 

where 

AT = activity of residual nucleus after the threshold reaction. 
-1 

(sec }. 
-2 -1 

<j>(E} = neutron flux (em sec }, 

a(E} = reaction cross secticn (em 
2

}, 

N = total number of target nuclei, 

X. = decay constant for residual nucleus, 

t
1 

= irradiation or exposure time, 

t = time between end of exposure and beginning of counting, 
w 

t = time for counting detector. c 

(58} 

·.If the detector material is in the form of a pure element, then 

where 

w 

r 

where 

wN
0

r 

N = A •. 
w 

= total weight of detector, 

=Avogadro's number = 6.02~~ 10 23 

= atomic weight of target element, 

= abundance of the target isotope in the target element. 

If the detector material is a compound, then 

wN
0
rv 

N = M 

V = number of 9-toms of the target element per molecule, 

M = molecular weight of compound. 

(59} 

(60} 
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From Eq. (58) let 

A' = (61) 

In actual cases the integral in Eq. (61) is over the range (0, E . ), 
max 

where E is the energy above which the flux and/or the cross 
max 

section are essentially zero. Equation (61) can be written 

30 Emax 

A 1 = 1 <j>(E) o-(E) dE + J <j> (E)o- (E) dE, 

0 30 

(62) 

A' = A 30 +A • max 
(63) 

The scintillation crystal detector system counts the total 

activity due to neutrons of energy 0 to Emax. Our method of neu

tron spectrum analysis (Sec. D) only considers the activity due to neu

trons of 30-MeV energy or less. Thus a relationship between A 1 and 

A
30 

must be found, al}d to obtain this an estimate of <j> (E) is needed. 

It seems reasonable to assume that 

<j> (E) - (64) 

in this energy range, and our desired relationship is 

(65) = 
A' 

E . 

1 max o-(E)dE 

0.2 E 

The lower limit of the integral was changed to 0.2 MeV since all of our 

calculated cross sections are zero below this energy. 
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All of the threshold cross sections rise from zero at lower 

energies, reach a peak value, then decrease at higher energies. It 

was assumed that. when the eros s section decreases to 9'l'o of its peak 

value the total area under the cross section-vs-energy curve has been 

obtained. The value of E is then taken as the energy at which the max · 
eros s ·section is 5o/o of its peak value. For most of the (n, p) and 

(n, a) cross sections, E < 30 MeV; thus A
30

/ A' = 1 from Eq. (65). 
max 

If E ::> 30. the cross sections were extrapolated linearly to E max ' · · max 
and A

30
/ A' was found from Eq. (65). 

The (n, 2n) cross sections do not decrease so rapidly, however, 

and another assumption was made: at E = 40 MeV the cross sections 

were 5o/o of their peak va1ue. · For (n, 2n) reactions, then, E = 40 · max 
MeV, and the cross section is assumed to varylinearly between the 

actual value at E = 30 MeV and the 5o/o peak value atE = E = 40 MeV. 
max 

The argument was that at 40 MeV, higher threshold reactions [as (n,3n), 

(ns 2np), etc.] should have come into prominence, and competition from 

these reactions lowers the (n, 2n) cross section. V;;tlues of A
30

/ A' for 

(n, 2n) re~ctions were calculated from Eq. (65) on this basis. 

Since the actual flux in. this energy range is not known. these 

values of A
30

/A' are only approximations. If more accurate values 

of flux are obtained these approximations can easily be .changed to ob

tain more accurate· values of A
30

/ A'. 

The final equation to use iri the neutron spectrum analysis (Sec. 

D) is then 

f
30 

~(E) u(E) dE= 

0.2 

(66) 
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D. Determination of Neutron Energy Spectrum 

1. Introduction 

The basic relationship governing activations, cross sections, 

and neutron flux is given by Eq. 66: 

where 

A = [max <\> (E) o-(E) dE, (67) 

m1n 

A = modified activity of detector having cross section 
-1 

a( E ) ( s e c ) , 

= ___ A---.,-:T~X._t_c-.-(~~-~-0:!....)_~-
. - X.t - X.t - X.t ' 
N(1-e I)e w(1-e c) 

A 

E . = lower limit of integral; usually equal to threshold energy 
m1n 

of detector having lowest threshold, 

E = upper limit of integral; determined from restrictions on 
max 

a( E ) o r <P ( E ) . 

The modified activity is the actual activity modified by the correction 

factors (see Eq. 66). In the r'est of this section this modified activity 

is just termed activity. In the final results we have used E . = 0. 2 m1n 
For the present, however, they will be MeV and E = 30 MeV. 

max 
given no specific values and are just considered as general limits. --The vector flux is tJ; (r,n, E, t), but we assume: 

(a) There is no time (t) var~ation in the .flux during the activation 

period; a steady-state, average value is used. 

(b) The detector is small enough and transparent enough that the -flux does not vary spatially (r) over the detector volume. 

-' (c) There is no significance in the neutron's direction (Q). 
~~~ 

., --All of these assumptions reduce the vector flux, tJ; (r, n, E, t), to the 

scalar, energy-dependent flux, cp(E). If more than one cross section 

is used, Eq. (67) becomes 
Em ax 

Ak = L . <j>(E) "k(E) dE, 

m1n 

(68) 
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where Ak is the activity of the detector having cross section ak(E). 

The theory is simple: expose a detector with a known cross 

section, <rk(E)~ to an unknown flux <j>(E). Remove it from the flux~ 

count it, and calculate the resulting activity Ak. From Eq. (.68), with 

Ak and uk{E) known, <j>{E) can be found. Equation {68) is a linear 

integral equation, called a Fredholm equation of the first kind; dis

cussions of solutions to it are found in Morse and Feshbach
110

• Ap

pl!ca~ion of these methods to our problem is not easy; the kernel 

~{E), is often only a set of values at discrete energies and is not a ~on

tinuous analytic function of energy. · Approximate numerical solutions 

to Eq. {68) must then be employed. Various methods for solving Eq. 

{(>8) will be exar:nined in detail in the following sections. 

2;~--Accuracy of Solutions 

Specific methods for solving .Eq. (68) will be discussed in the 

next section. Each of these methods will yield a neutron flux ~{E). 

The important question is: how well do these calculated values of flux 

represent the true flux? 

To answer this, consider a "Gedanken'' experiment. ·Let <j>T(E) 

be the true flux and let it be a known Junction of energy. Then, from 

Eq. (68), 

E 

Ak 
__ J max 

<j>T(E)dk(E) dE. (69) 

E . 
m1n 

The cross sections <Tk(E) and the limits on the integral are known; 

then the activities Ak are calculated from Eq. {69). 

Now the following equation must be solved: 

=!max {70) 

E . 
m1n 

where the value of Ak is that from Eq. {70), and the particular method 

of solution will determine the value of the calculated flux <j> (E). To c 
compare the various methods, plot <j> (E) from each method vs energy 

c 
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and compare it with a plot of cpT(E) vs energy .. 

To this end, ten different true, or trial, fluxes were chosen 

(Figs. 39 to 43 ). These were chosen rather arbitrarily; the con

tinuous flux spectra (Figs. 39 to 41) have a feature which should be 

present in the true spectra: cp (E) decreases with increasing E. Step 

functions (Figs. 42 and 43) are difficult to reproduce and should be a 

good test for any method. The fluxes with peaks (Figs. 40 and 41) 

were chosen to see how accurately each method reproduced the peaks. 

For each method six_cross sections were used. TlJ.ese are 

shown in Fig. 44 and are actual usable threshold reactions. These 

six were chosen because their threshold energies are fairly well sep

arated, and enough data are available to enable one to draw a smooth 

curve through the experimental points and cover the desired energy 

range. 

The calculations iri this section were performed before the 

values of the threshold cross sections had been calculated to energies 

of 30 MeV. Measured cross-section data were used and since. these 

were available to energies of 14 MeV only, the trial fluxes were given 

values to 14 MeV only. This choice of range was thus based strictly 

on the range of cross -section data available; there is nothing inherent 

in any of the methods which prohibits them from being extended to the 

30-MeV energy range, provided cross-section data exist in this range. 

Results and conclusions based on the 30-MeV range will be the same 

as those based on the 14-MeV range. 

In the following section not all ten trial fluxes have been used 

with every method. First the fluxes in Fig. 39 were used. Then 

only those methods that showed promise in reproducing these fluxes 

were examined further. The description of each method tells which 

trial fluxes were used and indicates the results of these trials. All 

calculations were done on the LRL IBM 7090. A general comparison 

of all methods and a discus sian of overall results are given in Sec. 

D.4. 
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Fig. 40. Trial flux cp
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Fig. 41. Trial flux <j> 10 vs energy. 
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Fig. 44. Threshold reaction cross sections vs energy. 
The cross sections are for the following reactions: 
0' 1: Ni58(n,p)Co58; 0'2: p31(n,p)Si31; 
u

3
: Fe56(n,p)Mn56; 0'4: Mg24(n,p)Na24; 

u c; : Tl203(n, 2n)TI202; <T t, : cu63(n, 2n)Cu62. 
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3. Specific Methods for Finding Neutron Spectra 

In this section six specific methods for solving Eq. (68) will be 

discussed. These are labeled: flux integral method, step~function 

approximation, polygonal method, cross-section expansion method, 

Legendre polynomial expansion method, and Fourier series expansion 

method. The last three methods are all specific examples of the more 

general case of orthogonal polynomial expansion. An expansion in or

thogonal polynomials is one of the chief ways of solving a Fredholm 

. f h f" k" d 110 
equation o t e 1rst 1n . 

a. Flux integral method. This method is probably the oldest 

method and .one of the simplest. It is discussed in Hughes 
1 

and has 

been used extensively in measuring the fast-neutron flux in reactors!-• 
2 

In this method the actual reaction cross section is replaced by an 

idealized step-function cross section. From Eq. (68), 

cp {E) dE. (71) 

Let =/max .pk cp (E) dE; (72) 

E 
effk 

then 

.pk 
Ak 

= (]' 

effk 
(73) 

In Eq. (71 ), a represents an average asymptotic value of 
effk 

ak(E). The energy the cross section Eeff is above the energy E .. 
k m1n 

By using <Teffk starting at E = Eeffk to replace the actual ak starting 

at E = E . , the two integrals in Eq. (71) are equal. Equation (72) · m1n 
shows that the flux integral .Pk represents the integral of the flux above 

energy Eeffk• The quantity Eeffk is called the "effective" threshold 

for eros s section k. 
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To obtain a spectrum by this method, suppos~ there are two 

different cross sections, each with different effective thresholds. 

Knowing u effk and Ak for each eros s section, <1? 1 and <1? 2 are 

calculated from Eq. (73)~ By using Eq. (72) and taking differences, 

<\>(E) dE= <J?
12

. (74) 

The value for the flux integral in one interval is found: <1? 
12

. 

Extending this to a system of M cross sections, the flux integrals could 

be found for (M-1) intervals; these would represent an approximation to 

the actual neutron energy spectrum. 

The only problem connected with this method is in choosing the 

values of ueff and Eeff for each cross section. These are usually 

chosen as follows: 

(a) O"eff is simply picked as the "best" average value of the cross 

section. Cross sections near the effective threshold are more impor

tant because flux usually decreases with energy. 

(b) A fission spectrum (e. g •• Watt) is selected and <j>.(E) is replaced 

by this in Eq. (71}, The first integral in Eq. (71) can now be numer

ically integrated. By using the chosen value of ueff and the fission 

spectrum, the second integral in Eq. (71) is numerically evaluated, 

from high to low energy. A value of Eeff is chosen so that this quan-· 

tity numerically equals the first integral. 

The disadvantages of this method are obvious: in Eq. (71) there 

are two unknown quantities- ueff and Eeff-whose values must be de

termined, and one equation cannot uniquely determine two unknowns. 

The disadvantage of picking an average value, ueff' is that some cross 

sections never approach an easily recognizable average value (see Fig. 

44). The picking of a~ u eff in such a case is subject to the individualv s 

experience and personal preference. 
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Even assuming that a good value of <Teff can be found, the 

method of calculating Eeff requires the assumption of a.flux shape, 

and the value of Eeff calculated from Eq. (71) depends on the flux. 

If the flux shape were truly unknown it would be very difficult to obtain 

a reliable value of Eeff· 

Because this method.seems to be so subjective, it was not 

seriously considered for use in this problem, and it was not subjected 

to any of. the trial fluxes. 

b. Step-function approximation. This methocf• 
4

• 9 divides the total 

energy interval over which the flux is to be measured into energy groups. 

The total energy interval starts at the threshold energy of the cross 

section having the lowest threshold, designated by E 
1

, and ends at 

ehergy EN+ 1• The value of EN+ 1 is chosen so that either: (a) <j>(E)= 0 

for E > EN+ 1, or (b) <Ti (E) = 0 for E > EN+ 1, i = 1, N and where 

N = number of eros s sections used. In either case there can be no acti

vation above EN+ 1 . 

Let the energy groups be separated at energies E
1

, E
2

, 

E
3

, .•• , EN+ 1 . Assume the flux in each energy group is a constant 

(hence the name step-function approximation). Let the constant flux 

in the energy group E 1- E 2 be called <j>c~; in the group E 2- E
3

, 

<j>c 2 ;·etc. 

Equation (68) can then be written 

E2 E3 ~+1 
AK = <l>c1 J <TK(E) dE+ <j>c2 J <TK(E) dE+· •• +<j>c 1 <TK(E) dE. 

E1 E2 N EN 

(75) 

If N = number of cross sections used, K = 1, N, and there are N equa-

tions of type (75). From these, N unknowns-<j> 
1

, <j> 
2

, · • •, <j> -can be 
c c c 

determined. The number of energy groups chosen must equal t~e number 

of eros s sections used. 

equation: 

The set of Eqs. (75) can be written as a matrix 

J .• 

. )~ 

.. 

.. -
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[A] = 

'A I 

N 

[<I> ] = c 

bK. = general term of [b] 
J t j+1 

= aK(E) dE 

E. 
J 

(76) 

K = 1, N 
j = 1, N • 

From the activation data, A would be known; from the cross-section 

data, b could be calculated. 

Upon inverting Eq. (76), the flux constants can be found: 

(77) 

These flux. constants represent a step-function approximation to the 

actual energy flux. 

Note that the order of [A] is (NX1). From Eq. (76), [b] must 

have N rows. But since the inverse of [b] is required, [b] must be a 

square matrix ·of order (NXN). Then the order of [<j> ] must be (NX1). 
c 

Thus the number of unknown flux constants can only be as large as the 

number of cross sections. 

This method is very easy to use; the only problem arises in 

choosing the energies E 2; E
3

, · • ·, EN. The. values of E 1 and EN+ 1 
can be chosen easily from consideration of the particular problem and 

cross sections. 
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In attempting to devise a logical method for choosing E 2 - EN' 

the first four trial fluxes (Fig. 39) were analyzed by this method, and 

six different values of energy arrays were used for each trial flux. 

Let these energy arrays be designated by EA, EB,· · ·,EF; since six 

cross sections were used, each energy array contains seven energy 

values.· These are given in Table III. 

The trial energy arrays were chosen so that the number of 

cross sections represented (nonzero values) in each energy group would 

be different. The absolute value of the determinant of [b], Eq. (76), was 

calculated for each array. The results of the "best fits" .to the true 

energy spectra were plotted (Figs. 45 to 52). 

The ranking of the energy arrays as to which best rep;ooduced 

the true spectra was done by studying the plots (Figs. 45 to 52) and the 

numerical data, and then exercising individual judgment. The results 

are given in Table IV. 

The results of this analysis are: 

(a) that it is almost impossible to choose the best energy array by 

considering how many cross sections each energy group contains. There 

seems to be little logic to this data, except possibly the fact that not too 

many groups should be chosen in any array in which all or nearly all of 

the cross sections are repr.esented. 

(b) that the larger the absolute value of det [b], the better the fit. 

This holds for EB, EC, and ED, which have by far the largest jdet[b] j 
J • 

and are also best fits. For the other three arrays, the absolute values 

of det [b] are so much lower that little faith can be placed in their respec

tive differences. The value of the det [b] plays an important part in de

termining [b] -
1 

in Eq. (77 ), and hence in determining[~ ) . A larger 
c 

value of det [b] insures more accuracy in finding [b) - 1 and [ ~ ] ; thus the 
c 

criteria that det [b] be large seems to be a reasonable one. 

Because of the inability to find a reliable logical method for 

choosing an energy array, this method is not considered very accurate. 

If it were to be used, however, the best scheme seems to be to choose a 

variety of energy arrays, calculate the absolute value of det [b] for each 

array, and then use the array yielding the largest value of this quantity. 
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Table III. Separation energies for each trial energy array (in MeV). 

E1 E2 E3 E4 E E6 E7 5 
~ 

EA 1.0 1.6 4.2 6.2 9.2 11.4 13.8 

EB 1.0 3.2 5.4 7.6 9.8 12.0 13.8 

EC 1.0 5.0 9.0 10.0 11.0 12.0 13.8 

ED 1.0 6.0 10.0 11.0 12.0 13.0 13,8 

EE 1.0 8.0 11.0 11.6 12.2 12.8 13.8 

EF 1.0 3.0 5.0 7.0 9.0 11.0 13.0 
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MU-32407 

Fig. 45. Step-function calculation of trial flux <1>1 vs energy 
for arrays EA and EB. 
Note: Jn Figs. 45 to 94, <Pact represents the actual value 
of the trial flux. 
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Fig. 46. Step-function calculation of trial flux cp 1 vs 
energy for arrays EC and ED. 
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Fig. 4 7. Step -function calculation of trial flux <l>z vs 
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Fig. 48. Step-function calculation of trial flux <l>z vs 
energy for arrays EC and ED. 
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Fig. 49. Step-function calculation of trial flux ¢ 3 vs 
energy for arrays EA and EB. 
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Fig. 50. Step -function calculation of trial flux <j>
3 

vs 
energy for arrays EC and ED. 
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Fig. 51. Step-function calculation of trial flux <j> 4 vs 
energy for arrays EA and EB. 
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Fig. 52. Step -function calculation of trial flux cp 4 vs 
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Table IV. . Results of step-function method. 

Number of eros s sections Absolute Order 
in each energy group value of of 

Trial energy E1.-E2 E2.-E3 E3-E4 E4.-E5 E5.-E6 E6.-E7 det ba best 
(X10 - 8 ) arrays group fit 

----

EA 1 2 3 4 5 6 6 4 

EB 2 3 4 5 6 6 685 1 

EC 3 4 5 5 6 6 466 2 

ED 3 5 5 6 6 6 64 3 ~--~-

>-'-
0" 
I 

EE 4 5 6 6 6 6 5 5 

EF 2 3 4 4 5 6 16 6 

aDeterminant of b • 

.. 
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c. Polygonal method, This method
2

' 3 assumes that the true energy 

flux can be approximated by a series of constants at various energy 

points, and that between these constants the flux varies linearly. Let 

these flux constants be called <j>
1

, <j>
2

, o •• , <j>N and the energies at which 

they occur be E 1, E
2

, ···,'EN~ respectively. Here N is the number 

of cross sections used. In .this method the number of flux constants e~.nd 

the number of energy points must equal the number of cross sections, 

Then, for example, the flux between E
1 

and E
2 

is represented as 

(

E-E ) · (E -E ) 
<j>(E) = <!>2 E -~ + <!>1 E

2
-E 

' 2 1 2 1 
(78) 

Equations similar to Eq. (78) can be written for the flux in each inter

val. 

Application of this method to Eq, (68) yields 

+· .. +J···EN["' (E-~_ 1 )+"' ·(EN-E.·)] 
E '~'N Ff\T-EN-1 '~'N-1 E -~ <TK(E) dE 

N-1 · N -1 
{79) 

for K = 1, N, 

In Eq. (79) the activations AK are measured and the cross 

sections <TK(E) are known, By choosing a set of energies E
1

,E2' .• ~~ 

the unknown flux constants <j> 
1

, <j> 
2

, o o ., <j>N can be found. 

As with the step-function method, E
1 

is chosen as the lowest 

energy at which activation can occur for any cross section, The value 

of EN is chosen as the energy above which no activation occurs, ~ther 

because all eros s sections are zero or the flux is zero. 
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The set of Eqs. (79) can be rearranged algebraically and 

written as a matrix equation: 

[A] = [C] (g?], (80) 

where 

[ g?] = 

and the terms of [C] are given by 

1 
C .. =E E 

1J .- . 1 
J J-

E. 1 
+ J+ 

E. 
1
-E. 

J+ J 

rj 
E. 1 J-

for i = 1, N, 

(81a) 

E. 1 rj 
Eu.(E) dE J- u. (E) dE -E . .:.E. { 1 1 

J J-
E. 1 J-

E. 
1 J J+1 . 

E -E Eu. (E) dE 
"+ 1 . 1 

i = 1 N 
fo r J. = 2 • N- 1 

' ' J J E. 
J 

EN-1 
Eu.(E) dE -

1 EN- EN-1 

(81b) 

fori =1,N. 

(81c) 
I 
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To solve for [ q;], Eq. (80) can simply be inverted: 

(q;] = [C] -i [A] (82) 

The only problem associated with this method is the same one 

mentioned in connection with the previous step-function method: finding 

the best set of energies E 2, • •• , EN _1• As before, E 
1 

and EN can 

usually be found easily from the particular problem. The method of 

attack is also quite similar to that employed for the step-functionmethod, 

Six energy arrays_ were chosen and designated EA, EB,. o ., EF; eacl;l of 

these contains six energy points, since six cross sections were used. 
f 

This method, using each array, was used to analyze all ten fluxes (Figs. 

39 to 43 )o These arrays are given in Table V. 

Table V o Energy points (in MeV). 

Energy array E E2 E3 1 E4 E 
5 E6 

-- --
EA 1..4 3o8 6_.4 9.oo 11_o6 13_.8 

EB 1_o0 500 9o0 11.0 12.0 . 13_08 

EC 1_.0 6o0 10.0 11_.0 12., 0 13_.8 

ED 1..0 8.0 11.0 12_00 13.0 13.8 

EE 1.6 3.0 6,0 7o6 10.0 12 .• 0 

EF 1.0 3.5 6.0 8.5 11.0 13.5 

The trial arrays were initially chosen so that a different number 

of cross sections would be represented at each energy point. The ab

solute value of the determinant of [ C], Eq. (80)~' was calculated for each 

array. The results of the "best fits" to the true energy spectrum were 

plotted (Figs. 53 to 66)o The ranking of the arrays as to which best fit 

the true spectrum was again done by individual judgment after studying 

the plots and numerical data. The results are given 'i~ Table VI. 
f 
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Fig. 53. Polygonal calculation of trial flux <1>
1 

vs 
energy for arrays EA and EB. 
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Fig. 54. Polygonal calculation of trial flux <j> 
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vs 
energy for arrays EC and ED. 
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Fig. 55. Polygonal calculation of trial flux <Pz vs 
energy for arrays EA and EB. 
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Fig. 56. Polygonal calculation of trial flux <P 2 vs 
energy for arrays EC and ED . 
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Fig. 57. Polygonal calculation of trial flux q,
3 

vs 
energy for arrays EA and EB. 
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Fig. 58. Polygonal calculation of trial flux q,
3 

vs 
energy for arrays EC and ED. 
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Fig. 59. Polygonal calculation of trial flux <1> 4 vs 
energy for arrays EA and EB. 
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Fig. 60. Polygonal calculation of trial flux cp
4 

vs 
energy for array EC. 
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Fig. 61. Polygonal calculation of trial flux <j> 
5 

vs 
energy for arrays EB and EC. 
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Fig. 62. Polygonal calculation of trial flux ¢
6 

vs 
energy for arrays EA, EB, and EC . 
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Fig. 63. Polygonal calculation of trial flux q> 7 vs 
energy for arrays EB and EC. 
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, Fig. 64. Polygonal calculation of trial flux <j> 
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vs 
energy for arrays EA, EB, and EC. 

/ 



-132-

1.0 
\I I I I I I 

"-.\ 
0,9 I- '\.\ -

\_, 
0.8 I- I ~~ -

I \\ 
/ \~ -.r/ <Pact 

0.7 1- / Eef \··:Yf \ -

I ¢9 '- -......:-,r. 
I f~ 0.6 1-

EC \ \\/-/ 

-

LLI 
¢9 ,)r\ ~ \\ 

0,5 1- . f \\ -
-e-

\- \-0,4 1-

0.3 t- \o-
\\ 

Q2 \ 
1- -

0.1 I- -

0 I J I I I I 

0 2 4 6 8 10 12 14 

E ( MeV) 

MU-32427 

Fig. 6 5. Polygonal calculation of trial flux <1>
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vs 
energy for arrays EB and EC. 
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Fig. 66. Polygonal calculation of trial flux cp 10 vs 
energy for arrays EA, EB, and EC. 
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Table VI. Results of polygonal method. 

Number g£ cross sect~ons a eac energy po1n Absolute 
Trial energy E1 E2 E3 E4 E5 E6 value of Order of 
arrays points det [C~ best fit 

(X 10- . 

EA 1 2 4 4 6 6 70 3 

EB 0 3 4 5 6 6 315 1 

EC 0 3 5 5 6 6 279 2 

ED 0 4 5 6 6 6 30 4 

EE 1 2 3 4 5 6 1 6 

EF 0 2 3 4 5 6 3 5 
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The results of this analysis are: 

(a) that little significance can be placed on the number of cross 

sections at each break point. 

(b) that larger values of ldet [C] I give better fits. This holds for 

all six energy arrays and is undoubtedly valid because of the increased 

accuracy in [c] -1, Eq. (82). when ldet[C] I is large. 

This method, with energy arrays EB and EC, well represents 

the true spectrum in all ten cases, When used, the best scheme would 

be to choose a variety of energy arrays and calculate I det [C] I for each 

array. Then use the array yielding the largest value of this quantity. 
. -~ 5 1. 1. 1. 

d. Cross-section expansion method. Th1s methoa• ' assumes 

that the flux can be expanded in a set of orthonormal functions. These 

orthonormal functions are constructed from the eros s- section data; the 

flux is therefore actually expanded in terms of the cross sections. 

Let the flux be represented as_ 

N 

cp(E) = L BK l)JK(E), 

K=1 

where l)JK(E) is an orthonormal set of functions over the interval 

O~E~oo. 

The functions have the property 

00 J -ljlm (E) l)JK(E) dE - 0 -- mk- {~ m=K 
m=f K. 

0 

(83) 

(84) 

The functions ljiK(E) are constructed from the cross sections 

as follows: 

l)J 1(E) = R1.1. u 1(E), 

l)Jz(E) = R21 u1(E) + Rzz uz(E), 

.l)J3(E) = R31 u1(E) + R32 uz(E) + R33 u3(E), 

(85a) 

(85b) 

(85c) 

\ 
' 
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or in general, 
.N 

where 

lfJ (E) = 
n 2: R a (E) 

nm m 
m=1 

a (E) = mth cross section; 
m 

for n = 1, N, 

N = number of c:r-oss sections used, 

R.. = constant coefficient. 
lJ 

(85d} 

The coefficients R can be found by using Eq. (85} and the 
nm 

orthonormal properties of ~;.(E) [Eq. (84)] by the following method. 
n , 

Multiply Eq, (85a} by 4;
1 

(E) and integrate: 
·-

00 . 00 J 4;
2

1(E)dE =f R 11 a 1(E)ljJ 1(E) = R~ 1 J' 00 2 
a

1
(E}dE = 1, (86} 

0 0 0 

Since all of the cross sections are known, R
11 

is found from 

Eq. (86}. Now multiply Eq. (85b) by lJJ
1 

(E) and integrate: 

00 .oo 2 00 f ljJ 1 (E) l}J 2 ( E ) dE = R 11 R 2 1 J <T 
1 

( E} dE + R 11 R 2 2 f . a 1 (E) a 2 ( E ) dE = O. 

0 0 0 

Also multiply Eq. (85b) by l}J
2

(E) and integrate: 

roo 2 2 100 2 roo 
, .J l}J 2(E) dE= R 21 a 1(E)dE+2 R 21R 22 ) a 1(E)a2(E)dE 

0 0 0 

2 
+ R22 J~ a~(E) dE= 1. 

0 

Then from Eq. (87), R
21 

and R
22 

are found. 

(87a) 

(87b) 

In general, multiply the equation involving l}J (E) separately . n 
by l}J 1 (E), lf;2 (E}, · • · , l}Jn(E) and integrate, using for the definition of 

. . 
l}J.(E} the right-hand side of Eq. (85). This will yield n equations and 

1 

these can be solved for the n unknowns: R 
1

, R 2, • • · , R • 
n n nn 

These equations will also involve all previously calculated values of 

R: R .. , i = 1, n-1; j=1, i. 
lJ 

It is thus mandatory to openate on these 

equations in increasing orders of n: first finding R
11

, next R
2
i, etc. 
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In this manner all the R' s can be found. 

where 

Now write Eq. (83) and Eq. (85) in matrix.form: 

[<j>] = (B] (lJ;] , 

[4;] = [R] [cr], 

{<j>] = <j>(E), 

[B] = (B 1 B 2, B 3, • • • , BN) , 
(tj;] = tjJ1(E) 

tiJ 2(E) 

[ cr] = 

R R
11 

0 0 0 o. o 0 

R 21 :~ 22 0 0 o •• 0 

R31 R32 R33 O .•• O 

. . 
RN1 RN2 RN3 ••• RNN 

The inverse of Eq. (89) is 

( d] = [ R] -
1 

[ tjJ] = [ C] [ tjJ], 

with [C] = [R] -
1 

or (C] - 1 = [R] 

I 

(88) 

(89) 

(90) 
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The nth equation of Eq. (90) can be written as 

n 

<Tn(E) = L cnl tjJl(E), 

1 = 1 

( 91) 

From Eqs. (68), (83), and (91) the activation can be expressed: 

co N n 

An = J I BKtjJK(E) I cnl tjJl(E) dE, (92) 

0 K=1 1=1 

with E 
min 

= 0 and E = 000 By rearranging terms, 
max 

N m 00 

A - I: BK I cnl J tjJK(E)tjJ1(E)dE n 
K= 1 1 = 1 0 

N n n 

= I BK [ c °Kl = I nl 
(93) 

K= 1 
1 = 1/ _______ 

1 = 1 

In matrix notation, Eq. (93) becomes 

(A] = (C] (B], (94) 

or upon inverting 

-1 
But from Eq. (90), [C] = [R]. Finally we have 

(B] = (RJ [A]. (96) 

The procedure is then straightforward: (tj;] is calculated from 

Eq. (89), [B] is found from Eq. (96), and [<!>] is represented by Eq. (88). 

The matrices [C] and '[R] - 1 need not be computed. As a point of inter

est, note that [R] is a triangular matrix, with all terms above the main 
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diagonal equal to zero. 

This method was applied to all ten trial fluxes (Figs. 39 to 43); 

the results are shown in Figs. 67 to 76. In all ten cases the calculated 

flux is a good representation of the true flux. 

The method is easy for a digital computer. to handle and h~s the 

advantage over the three previous methods in that it gives as an output 

a true flux spectrum. The other methods only gave the flux at certain 

points or over certain ranges;· this expansion gives a continuous flux 

spectrum over the entire energy range considered. In these trial 

cases the calculated flux was actually not continuous because the cross 

sections were not continuous. 
'\. 

The cross sections are given as discrete sets of numbers at 

given energy intervals (every 0.2 MeV); the flux is then represented as 

a discrete set of numbers at the same energy intervals. 

One nice feature of this method is that the cross sections need 

not be represented by analytic functions. If they are discrete sets of 

numbers so is the flux. The better they can be represented, the better 

the flux is represented. If an analytic expression could be written to 

represent the cross sections, then the flux would be given as a con-. 

tinuous ene:Egy spectrum. 

One disadvantage of this method is obvious: the flux cannot be 

well represented near the threshold of the detector having the lowest 

threshold energy. The calculated flux at this threshold is zero, since 

it is a function of the cross sections and all cross sections are zero 

there (see Fig. 44). Thus the lower limit of reliability of this method 

would be 1 or 2 MeV above this lowest thresh0ld. This would depend 

naturally upon the shape and magnitude of this first cross section. 

Another disadvantage, although not nearly so serious as the 

first, is that when discrete values are used for cross sections, many 

small statistical variations appear in the calculated flux that should 

not be there(see Figs. 67 and 68). This same difficulty may also arise 

if analytic cross-section expressions were used. These can be easily 

smoothed out by hand, however, and the ''smoothed" results give a 

good representation of the true flux. Care must be taken to insure that 
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true peaks are not assumed to be statistical variations and subse

quently smoothed out (see Figs. 75 and 76). The method is not sensi

tive to narrow peaks, however (see Fig. 76), but only to broad ones, 

and the representation of broad peaks is easy to distinguish from the 

statistical variations. The smoothing should then present no practical 

problems. 

In general the method seems accurate and should be seriously 

considered as a good way to calculate the neutron energy spectrum. 

e. Legendre polynomial expansion method. This method assumes 

that the cross sections can be expanded in a series of Legendre poly

nomials and that the flux can likewise be expressed as a series of 

Legendre polynomials. The expansion coefficients for these two 

series are related by the activation constants. 

where 

Let the cross sections be expanded as 

u (x) = 
m 

u (x) = m 
c = mn 
N = 

p (x) = n 

N-1 

I C P (x) 
mn n 

form= 1, N, 

n =0 

mth cross sections, 

expansion coefficient, 

number of cross sections, 

Legendre polynomial of order n. 

(97) 

The Legendre polynomials are defined in numerous textbooks 

(e. g. , reference 112) and the functions (n + i) 1/
2 

P (x) are a complete 
n 

sequence of orthonormal functions in the interval ( ~ 1, 1 ). This prop-

erty is, in equation form, 

1 

(n+i) J 
-1 

P (x) P (x) dx = o = [
0
1 

n m nm 
m = n 
m ::J:. n 

(98) 
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The first few Legendre polynomials are 

P
0

(x) = 1, 

P
1
(x)=x, 

P 2 (x) = i (3x
2 

- 1), 

P
3

(x) = t (5x
3 

- 3x). 

The flux is now expressed as 

N-1 

<j>(x) = L B P (x), 
n n 

n=O 

<j>(x) = neutron flux spectrum, 

B = expansion coefficient. 
n 

(99) 

( 100) 

· Since the Legendre polynomial is defined over the range ( -1, 1 ), 

Eqs. (97) and (1.00) have been written in terms of x = E/Emax rather 

·than in terms of the neutron energy E. The cross sections and flux 

then exist in the range 0 ::::: x::::: 1, and this is compatible with the range 

of the Legendre functions. 

The expansion coefficients C can be found by multiplying 
mn 

Eq. (97) by P
1
(x) and integrating, using Eq. (98): 

or 

1 N-1 1 

L P 1 
(x) <Tm (x) dx = L c L mn 

n=O 

N-1 ,0 

[ c 
nl 

= 
(n + i) ' mn 

n=O 

1 

cmn = (n+i) J 
-1 

P (x) <T (x) dx 
n m 

P 1 (x) P n(x) dx 

for m = 1, N; n = 0, N~ 1. 

( 101) 
The polynomials P (x) are all known functions of n and x, 

n 
and the cross sections <T (x) are known; all values of C can then be 

·m mn 
calculated from Eq. (101). 
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The activation constants inEq. (68) can be written 

1 

Am= J 
-1 

<j>(x) u (x) dx 
rn 

for m = 1, N ( 102) 

(The lower limit of integration can be extended from 0 to -1 since 

both <j>(x) and u (x) are zero in the range (-1, 0).] 
·m 

By using Eqs. (97) and ( 100) this becomes 

N-1 N-1 1 N-1 N-1 0 
nl 

A ~ ~ B I: cml J P n(x) P 1(x) dx = L B [ c 
m n n ml (n+i) 

n =0 1=0 -1 n=O 1=0 

N~1 
B c 

[ n mn 
for m:::: 1, N. ( 103) = (n + 1-) 

n=O 

The activations A are known and the coefficients C have 
m mn 

been calculated; the coefficients Bn can then be calculated from Eq. 

(103). The flux can now be repres.ented as the series in Eq. '(100). 

Since the Legendre polynomials are polynomials in x, with xn 

being the highest power of x in the polynomials P (x), the represen-
n 

tation of a function as a series of Legendre polynomials is essentially 

the same as representing the function in a series of powers of x. If 

the representation includes all Legendre polynomials up to P n (x), then 
n 

all powers of x up to x are present. An infinite number of Legendre 

polynomials (n-+ oo) would be needed to completely and exactly represent 

a function [e. g., <j>(x) or u (x)]. Since our series for each only con-
m 

tains N Legendre polynomials, it cannot be expected to exactly repre-

sent <j>(x) or 

gets better. 

u (x); as more cross sections are used the representation 
m 

This method was used to-analyze all ten trial fluxes (Figs. 39 to 

43). The calculated .flux represented the true flux well in those cases 

where the true flux was a continuous spectrum over ,the energy range 

(Figs. 77 to 80, and 85 and 86 ). When the true flux was a step function 

(Figs. 81 to 84) the representation was not good. This is not a prohibi

tive result, however, for actual neutron spectra of the type this method 

·-
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would be expected to measure would certainly be continuous. 

The calculated flux obtained by this method is continuous with 

energy, as it was with the cross-section expansion method, and this 

is a desirable feature. This method has an advantage over the cross

section expansion method in that the flux here is represented as a 

series of smooth continuous functions of energy (the Legendre poly

nomials) and is thus s.mooth itself. There are no small statistical 

variations in the flux calculated by this method. 

Such variations occurred in the cross-section expansion method 

because the expansion polynomials ljJ (E) only had values at discrete 
m 

energy points. In this method the expansion polynomials P (x) are 
n 

continuous Junctions of energy. 

This method is easy to program for a digital computer and has 

no apparent disadvantages. It seems to be a good way to represent the 

true energy flux. 

f. Fourier expansion method. This method, like the two previous ones, 

is also an expansion involving orthonormal functions. In this case the 

functions are the trigonometric sine and cosine functions. Under this 

general heading, four specific methods were tried. They are all quite 

similar in technique. The flux and cross sections are expanded in 

terms of sines and/ or cosines. The orthogonal property of the trig

onometric functions is used to evaluate the expansion coefficients ofthe 

cross sections. The expansions for a (E) and <j>(E) are inserted into 
m 

Eq. (68), and the expansion coefficients of the flux are determined from 

the activation data and the cross~section expansion coefficients. 

The method of representing a function in a Fourier series is ex

plained in countless texts (e. g., reference 113). In all of these methods 

the number of terms in both the cross-section expansion and the flux 

expansion is limited to the number of cross sections used. Thus these 

series cannot be expected to reproduce exactly the given functions; in 

some cases the representation is much better than in others. 

(1) Half-range cosine expansion. The cross sections and flux are 

only defined for positive values of energy E and are very adaptable to 

half- range expansions. 
113 

The half-range cosine expansion assumes 
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that a (E) and <j>(E) are even functions of E; i.e.,. a (E) = a (E) 
m m m 

and <j>·(E) = <j>( -E). Since am (E) and <j>(E) do not exist in the negative 

energy range, they are constructed in this range to be even functions, 

They can be represented as any function in the negative energy range, 

as we are only interested in the positive energy range, In the positive 

energy range the series will converge to the desired function, By 

using an even function, however, the equations are simplified. 

where 

The representations then are 

N-1 

+ L cos 

n=1 

N-1 

<J>(E) = i go + L 
n=1 

aK(E) = Kth cross section, 

<j> (E) =: neutron flux, 

P = 13.8 MeV, 

for K = 1, N, 

N = number of cross sections, 

( 104) 

( 105) 

The quantity P is the maximum energy at which the cross sections, 

and hence flux, are defined; 

The coefficients aK are found by 
n 

p 
K= 1, N 

for 
n = O,N-1' aKn =. ~ ..[ "K(E) _cos n;, E dE 

(106) 

This follows from Eq, ( 104) and the orthogonal properties of the cosine. 

From Eqs, (68), (104), and (105), 

(t g 0 + I~ gm cos ~E) (t aK
0 
+ ~: ~n cos n;E)dE 

for K = 1, N 
or 

N-1 

I for K = 1, N. (107) 

n=1 
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Knowing the activation constants AK' the coefficients gn are 

found from Eq. (107) and the flux can then be represented by Eq. {105). 

This method was used for all ten trial fluxes {Figs. 39 to 43) 

and the better results shown in Figs. 87 to 90. The representation of 

the flux by this method was fair in most cases, although it was not as 

good as some of the previous methods (c, d, and e). One undesirable 

feature is that unwanted oscillations occur (see Fig. 88). There are 
I 

apparently not enough terms in the series to smooth these out since 

only six cross sections were considered. The use of more cross sec

tions would undoubtedly yield better results. 

(2) Half-range sine expansion. In this half-range expansion, the 

cross sections and flux are constructed in the negative energy region 

to be odd functions. Then <j>{E) = - <j>{.;E) and O'K(E) = = O'K(-E). The 

representation then become 

N 

I: 
n=1 

N 

<j>{E) = [ 

n=1 

b . mrE 
K sm-p 

n 

with P = 13.8 MeV in this case also. 

for K = 1, N, ( 108) 

( 109) 

The expansion coefficients, bK, are found by using Eq. (108) and 

the orthogonal properties of the sine: 

2 
=p- { uK(E) sin mrE dE 

1? for K= 1, N; n= 1, N. ( 110) 

From Eqs. (68), and (109), the activation is expressed as 

p 

A -J K-
0 

p 
= 2 

f 
m=1 

N 

L 
n=1 

N 

L: 
n=1 

b . mrE dE 
K smp-

n 
for K = 1, N, 

( 111) 

for K = 1, N. ( 112) 
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The coefficients g are found from Eq. (1.12) and <jJ(E) is then 
n 

represented by Eq. ( 109). 

This method was only used for the first four trial fluxes (Fig. 39). 

The representation was not good for any of these trial fluxes so no fur

ther trials were made using this method. This representation ·of the 

flux oscillated quite markedly for all four trial fluxes; these oscillations 

were erroneous, as the true flux has no such behavior. These oscilla

tions probably resulted because relatively few (six) cross sections were 

used and only a few (six) terms were available for the flux expansion. 

One other disadvantage of this method is that it forces the flux 

to zero at the end points of the range: E = 0 and E = P = 13.8 MeV. 

The trial fluxes certainly are not zero at these points, and this adds 

considerable inaccuracy and error to the method. 

(3) Full Fourier expansion. This method assumes that the flux 

and cross sections can be expanded over the range ( -P, P) in a full 

Fourier series, involving both sines and cosines. Over the positive 

energy range (O.P), aK(E) and <jJ(E) have their normal values; over the 

negative energy range ( -P, 0), they have the value zero. 

The representations for eros s sections and the flux are 

2 3 

aK(E)=i +I mrE +I bK 
nrrE 

for K 1, N, aK aK cos p- sin ---p- = 
0 

n=1 
n n=1 

n 

2 3 
( 113) 

<j>(E) 1 +[ nrrE +I h sin 
nrrE ( 114) = 2 go g cos ----p- ----p-n n 

n=1 n=1 

with P = 13.8 MeV. 

In Eqs. (113) and (114) the number of sine terms and the number 

of cosine (cosine plus constant) terms are each equal to N/2 or 3, 

since N equals six (number of eros s sections). This was an arbitrary .o 

choice, and many other combination could certainly have been chosen; 

it seemed logical, however, to divide the number of available terms 

equally between the two trigonometric functions. 
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The expansion coefficients aK and bK are found from Eq~ 

( 113) and the orthogonal properties of the sine ~nd cosine: 

b = K 
n 

p 

~ 1 o-K(E) cos n;E dE 

-P 

. mrE dE s1n --p-

for· n = 0, 2; K = 1, N ( 115) 

for n = 1,3; K=i,N ( 116) 

From Eqs. (68), (113), and (114) the activation constants can 

be expressed: 

3 

aK cos n;E +I: 
n 

n=1 

. mrE] Sln-p 

[ 

2 3 ] 1 m1TE . m1TE 
2: g 0 + L gm -~s --p- + L hm sm --p- dE 

m=1 ~=1 

for K=1,N. 

( 117) 

After evaluating the various integrals and collecting the terms, Eq. ( 117) 

becomes 

The values of g and h can be found from Eq. ( 118), and the 
n n 

flux can then be represented by Eq. ( 114). 

This method was tried on all ten trial fluxes (Figs. 39 to 43) and 

was unsatisfactory in all cases. One probable reason for this bad fit is 

the fact that only three sine and three cosine terms were used. 

The smallest period for any term was only 2P/3 and it is diffi

cult to build an arbitrary function from terms which cannot offer more 

variation than this. 
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The results did seem to oscillate about the true values of flux, 

although the extremes of these oscillations were on the order of 10
4 

above and below the true values. The use of more cross sections 

would undoubtedly improve this method, although it is uncertain as to 

how much this would improve these extremely large oscillations. 

(4) Half~range sine, half-range cosine expansion. From the re

sults of the previous methods it appeared that representation of aK(E) 

as a sine series and <j>(E) as a cosine series might be fruitful. The 

cross sections seem to have the general shape of sine curves; cosines 

seemed to represent the flux more accurately since they, like the flux, 

do not go to zero at the end points. 

The representations are then 

N-1 
<j>(E) = i go L 

n=1 

mrE 
sin -p for K = 1, N, ( 119) 

( 120) 

with P = 13.8 MeV. The coefficients bK_ are found by Eq. (110). 
n. 

The activation constants are related through Eqs. (68), ( 119), 

forK=1,N, (121) 

By calculating the integrals and collecting the terms, Eq. (121) 

becomes 

+ [-2P b + 6P h~ + 10P q._,..] + [-4P "4..r + 8P h~ + 4Pb ] 
g2 3iT K1 5'!1' x

3 
21'!1' L'3 ~ SiT ~ 7'!1' -x4 9'!1' K

6 

[
-2P \6p b + 10P b ] + [-4P hr..r 8Pb + 12P b ] 

+ g4 15'!1' bK
1
- 7'!1' K

3 
9'!1' K

5 
gs L21'll'. ~ - 9'!1' K

4 
. i1'll' x

6 

forK= 1, N. (122) 
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From Eq. (122) the coefficients gn can be found, and <!>(E) is then 

represented by Eq. (120). 

This method was tried for all ten trial fluxes (Figs. 39 to 43) 

and was found to be only fair in most cases. It seemed quite good for 

the step-function fluxes (Figs. 91 to 94) but much poorer for the con

tinuous spectra. Undesirable oscillations occurred in this method, as 

they have in all previous methods in this section; the use of more cross 

sections would probably help correct this condition. 

In conclusion it can be said that this general method of Fourier 

expansions is the least accurate of any of the methods tried, In a few 

cases some of these Fourier methods reproduced the true spectrum 

reasonably well: the half-range cosine method for <!> 
1

, <1>
7

, and <!> 
10

; 

and the half-range s1:rr~.o~sin:e l:metho_d· for <j> 
5 

thx.ough <j> 
10

. No single 

method seemed to work even relatively well for all trial fluxes, however. 

For the more important case of the continuous spectra the methods were 

almost uniformly bad. 

Nearly all of the fluxes calculated by these Fourier Ill£thods ex

hibited oscillations whose periods ranged from approximately P/2 to 

P/ 4, and whose peak amplitudes differed from the true flux by factors 

of iO -
1 

to 10
4

. The oscillations are understandable, since their periods 

compare to the periods of the sines and cosines in which the fluxes were 

expanded. These oscillations should be smoothed out in these examples, 

however, and the use of more terms in the expansions would accomplish 

this. 

The very large peak amplitudes of these calculated fluxes are very 

undesirable, regardless of the cause of this problem. The cause seems 

to be an unfortunate choice for cross-section data. It seems very unlikely 

that there is anything inherently wrong with the method, as Fourier ex

pansions have been used successfully for many years and for greatly 

varied problems. Granted that these are not complete Fourier series, it 

seems that they contain enough terms to indicate the nature of the full 

series. This is only conjecture, however. 

Moreover, the cross-section data were not arbitrarily chosen; 

they contain the best measured data available. If these data are disagree

able to the meth9ds, then the ri).ethods' can i:dmply not be used. 
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As stated earlier, the use of more cross sections would prob

ably improve all of these Fourier methods. The same number of 

eros s sections (six) was used for all of the methods tried (methods b 

to f) however, and some of these methods seemed to give good results, 

for only six cross sections. It is only reasonable to assume they would 

improve even more with more cross sections. The Fourier methods 

would probably then still be the least accurate method. 

In view of the above results, these Fourier methods are undesir

able and should not be considered further as acceptable methods for cal

culating the neutron flux. 

4. Results and Conclusions 

Various trial fluxes (Figs. 39 to 43) were analyzed by methods 

b to f, as described in Sec. D·3. The flux was calculated by each 

method and compared with the corresponding trial flux; the best results 

are shown in Figs. 45 to 94. The results not shown usually differed 

from the trial fluxes by 100o/o or more and did not merit displaying. 

The trial fluxes are of two general kinds: fluxes continuous with 

energy, and discontinuous or step-function fluxes. "The former are 

labeled <\> 1, <\> 2 , <\> 3' cp 9, and<\> 
10 

(Figs. 39 to 41) and the latter <\> 4 , <\> 
5

, 

cp
6

, <\>
7

, cp
8 

(Figs. 39, 42, 43). Since almost all actual neutron fluxes 

that this technique will measure are continuous, accurate reproduction 

of the continuous trial fluxes is of more importance than reproduction 

of the discontinuous fluxes. The step-function fluxes were used chiefly 

to see how well the methods handle discontinuities. 

The purpose of this study is to compare these various methods 

and determine the relative worth of each method. There appear to be 

two major areas for investigation: relative ranking of methods for 
11 goodness of fit 11 for each trial flux, and degree of ambiguity of each 

method for each trial flux. The relative ranking simply means that if a 

certain trial flux is given, the methods are ranked as to which method 

gives the best fit to it, which is next best, etc. The ambiguity test is 

not a relative comparison of the methods; this test examines each calcu

lated flux from each method, compares it to the trial flux, and states 
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how much ambiguity exists between the calculated and true flux. Sim

plicity and ease of calculation are not valid points of comparison be

tween the methods, as all calculations are done on an IBM 7090, the 

programs are written for each method, and the operating time is approx

imately the same for each. 

Consider first the problem of relative ranking. The calculated 

flux values for each method (Figs. 45 to 94) were studied. The methods 

were than ranked for each trial flux; the results are shown in Table VII 

and are labeled "S", for subjective, This ranking is highly subjective, 

however, and various observers could easily disagree on these relative 

rankings. A much more objective test, labeled "011 in Table VII, was 

then applied to the calculated data. 

Let 

and 

where 

a. =<j>T(E.) -<j> (E.) 
1 1 c 1 

65 
TSD= ·~. 

2 
(a.) ' 

1 

for i = 1, 65 

<j> T (Ei) = trial flux at energy Ei' 

<j> (E.) = calculated flux at energy E., c 1 1 

E. = neutron energy, 
1 

( 123) 

(124) 

TSD = total squared difference between the calculated 
and trial flux over the entire energy range. 

Here a particular method of calculating the flux, and a particular trial 

flux, are chosen. The values of E. range from 1.0 to 13,8 MeV in 
1 

steps of 0. 2 MeV, hence there are 65 values of E .• · The values of 
1 

TSD were found for all the trial fluxes used in each method-a total of 

138 numbers. These values of TSD are listed in Table VIII; the lower 

the value of TSD, the better the calculation . 

Ranking the methods by means of the TSD values is not completely 

without fault. Sometimes the TSD value does not give a valid measure 

of the worth of a particular method. In the q;ros s -section expansion 

method, for example, the calculated flux is always zero at E = 1.0 MeV, 
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Table VII. Ranking of the flux-calculating methods. 
a 

¢1 <P2 cp3 cp4 G>5 

Method s 0 s 0 s 0 s 0 s 0 

Step: EA 11 6 11 11 13 9 3 1 
EB 4 5 6 6 5 6 6 9 
EC 5 4 9 8 9 11 5 4 
ED 6 4 10 10 8 10 8 8 
EE 10 7 14 12 14 12 13 12 
EF 15 14 16 17 16 17 14 17 

Poly: EA 8 8 5 4 4 4 7 7 6 7 
EB 3 3 3 3 2 2 1 5 3 4 
EC 2 2 2 2 3 3 1 3 5 5 
ED 7 3 4 5 10 8 9 10 9 8 
EE 17 9 18 15 18 15 16 14 7 6 
EF 14 11 15 13 15 13 15 13 10 9 

Cross-
section 9 10 7 7 6 5 4 6 2 1 
expansion 

Legendre 1 1 1 1 1 1 2 2 1 2 

Sine 12 12 12 14 11 14 11 15 

Cosine 1 1 8 9 7 7 10 11 8 10 

Fourier 16 14 17 18 17 18 17 17 11 11 

Sin-cos 13 13 13 16 12 16 12 16 4 3 

cp6 cp7 cp8 cp9 cp10 
Method s 0 s 0 s 0 s 0 s 0 

Step: EA 
EB 
EC 
ED 
EE 
EF 

Poly: EA 3 7 4 7 5 5 4 6 4 5 
EB 4 5 2 3 1 2 2 4 1 2 
EC 5 6 3 5 2 3 2 3 1 1 
ED 10 10 7 8 8 6 4 5 3 4 
EE 7 4 4 6 10 10 8 10 8 9 
EF 9 9 6 9 9 8 6 7 7 6 

Cross-
section 1 1 1 1 3 1 1 1 1 2 
expansion ., 
Legendre 6 3 8 2 6 4 3 2 2 3 

Sine 

Cosine 8 8 5 10 7 9 7 8 5 7 

Fourier 11 11 9 11 11 11 9 11 9 10 

Sin-cos 2 2 2 4 4 7 5 9 6 8 

aRanked numerically, with 1 being the best. 
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Table VIII. Squared differences between cfltrue and <!>calc' 

<1>1 <1>2 "'3 "'4 <1>5 
Method TSD MSD TSD MSD TSD MSD TSD MSD TSD MSD 

Step: EA 1.425 0,012 324,050 1,385 44,675 0,376 0,048 0,048 
EB 0.006 0,006 0,073 0.072 0,100 0,099 0,966 0.966 
EC 0,002 0,002 0,605 0,605 0,644 0,643 0,110 0,092 
ED 0,002 0,002 1, 939 0.839 0,529 0,448 3,077 0, 958 
EE 0.03~ 0,035 366.361 4,562 499.47j 5.113 354,19~ 4.263 
EF 4,2X10 16,250 3. 7X10 14,390 3.5X10 14,106 2,0X10 16.250 

Poly: EA 0,045 0,044 0,049 0,049 0,045 0,045 4, 766 0,846 40,224 3,085 
EB 0,001 0,001 0,0003 0,0003 0,002 0,002 0,095 0,095 2,558 1, 793 
EC 0,0004 0,0004 0,0001 0,0001 0,004 0,004 0,073 0,073 1,939 1.932 
ED 0,001 0,001 1,057 0,056 0.454 0,335 1,587 1,096 53.382 6.323 
EE 0.064 0,067 714.591 9.833 978.45~ 10.619 682. 65S 9.544 27,45~ 2,455 
EF 2,0X10 8, 794 1.9X10 6.225 1,8X10 6,179 2,4X10 8,849 9.3X10 7,183 

Cross-
section 3. 745 0,085 6,404 0,129 5,423 0,098 7.842 0,113 5.586 0,085 
expansion 

Legendre 0,0000 0,0000 0,0000 0,0000 0,0000 0,0000 o. 719 0,067 3,830 0,130 

Sine 287.319 13.508 23,218 9.699 21.699 9,524 151,449 12,775 

Cosine 0,0000 o. 0000 3,089 0,617 1,004 0,143 24,837 2, 910 100,841 7.350 

Fourier 9. 5X10 5 16,250 6.8X10
4 

16.250 1,5X10 5 16,250 5,6X10 7 16,250 9.6X10 
7 16.250 

·Sin-cos 451.396 14,932 31.311 11.670 29.105 11,462 233.7 35 14,437 2.193 0.850 

"' "'7 <1>8 "'9 TSD <1> 10 
Method TSD 

6 
MSD TSD MSD TSD MSD TSD MSD MSD 

Step: EA 
EB 
EC 
ED 
EE 
EF 

Poly: EA 3. 728 3,034 114.860 5,012 3.830 2.621 5. 970 2.498 3,115 1,843 
EB 5,255 2,854 1,834 1,834 0,647 0,647 0,340 0,340 0,110 0,110 
EC 2.987 2,970 5.245 3,288 1.380 1,238 0,309 0,309 0,091 0.091 
ED 393.265 8,868 293.472 6.875 21,066 4.005 1, 956 1,479 0.486 0,483 
EE 9.62~ 2,332 48, 36j 5,002 3.8X10 

4 
13.057 5.9X10 12.996 4,6X10 12.922 

EF 2,4X10 6.375 1, 7X10 6,882 2,3X10 9.967 95.745 4,144 189.415 4.753 

Cross-
section 1.476 0,111 1. 724 0,376 1,263 0.376 3,924 0,101 4,416 0,110 
expansion 

Legendre 275.283 1.188 1.1X10
3 

1.435 150.292 2.603 18,492 0,212 3.474 o. :1.73 

Sine 

Cosine 49.993 3,480 555,165 10,936 520.161 12.246 165,396 9.804 61,439 7. 747 

Fourier 7.1X10 7 16,250 8.3X10 7 16.250 2, 2X10 7 16.250 1.1X10
8 

16.250 3.4X10 7 16.250 

~' Sin-cos 1.955 0,352 7,107 2.394 18,234 8.927 39,244 11.978 47,156 12,374 
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due to the nature of the method. If the method were used for an actual 

, unknown-flux calculation, only calculated fluxes above 3 MeV would be 

considered . The TSD value is based on the entire energy range, how

ever, and the part of the flux from '1 to 3 MeV contributes the majority 

of the TSD value. The TSD values for this method are thus unnaturally 

high. 

applied: 

Let 

and 

with 

To arrive at a more realistic number the following technique was 

{ :i ai < T l for i 1, 65 g. = = 
1 

a.~ T 
1 v 

( 125) 

65 

~ 2 
MSD = (g.) 

1 
( 126) 

i = 1 

MSD = modified square difference between the true and 
calculated flux over the entire energy range, 

T =upper limit to a.[a. defined by Eq. (123)]. 
1 1' 

This technique was also applied to each trial flux used with each 

method, and the MSD calCulated for each case. These values are shown 

in Table VIII; again, the lower the value, the better the method. This 

technique combines both the subjective and objective view points. The 

subjective aspect comes in choosing the value of T; the rest of the cal

culation is objective. 

The values of T used for each method and flux are given in 

Table IX. A maximum for T was chosen to be 0.50. This corresponds 

to a difference between the true and calculated flux of about 100%. 

The undesirable features of the TSD value are now eliminated; 

unusually high points or tails do not give huge values of a.. They do not 
1 

tend to dominate the TSD and overshadow other smaller variations. The 

method is still penalized if such a large value occurs, however, since 

a. = T in these cases. If the true and calculated flux seemed to vary 
1 
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Table IX. Values of T used for MSD calculation. 
.K"~·.:::::.~ ... :::!:.~:::-.:.":"...:.-::~-::::::-..:~·!:'==:==::.::..:.::;: 

Method <Pi cp <P3 <j>4 4>5 (f, 6 rh .. I. ·h d· '() 2 ~· 7 ·:·s '9 ''1 

--- ---·-· 

Step: EA 0.05 0.30 0.17 0.08 

EB 0.02 0.08 0.14 0.30 

EC 0.03 o. 30 o.zs 0.08 

ED o.oz o. 20 0.14 0.2.0 

EE O.iO o. 50 0.50 o. 50 

EF 0.50 0. 50 o. 50 0,50 

Poly: EA 0.10 0.13 0.13 o. 25 0,50 0.50 0,40 0.50 0.50 0.50 

EB 0.02 0.02 0.03 0.18 0.50 0.50 0,40 0.40 0.40 o. 25 

EC 0.01. 0. 02 0.05 0.15 0.50 0,50 0,50 0.40 0.40 0.25 

ED 0.05 o. 03 0.12 0.25 0.50 0.50 0,50 0.50 o. 50 0.40 

EE 0.50 o. 50 o. 50 o. 50 o. 50 0,50 o. 50 o. 50 o. 50 0.50 

EF 0.50 0.50 0. 50 0.50 o. 50 0.50 o. 50 0.50 0.50 0.50 

Cross-
section 0.05 0.06 0.05 0.05 0.05 0.05 0.10 0.10 0,05 0.05 
expansion 

Legendre 0. 01 0,01 0.01 0.05 0. 05 0.20 0.20 0.30 0.10 0.10 

Sine 0.50 0.50 o. 50 0.50 

Cosine 0,01 0.17 0.08 0.32 0.50 0.30 0.50 0.50 0.50 0.50 

F(!.mrier 0.50 0.50 0.50 0,50 0.50 0.50 0. 50 o. 50 0.50 0.50 

Sin-cos 0.50 0,50 0.50 0.50 0,20 0.10 0,30 o. 50 0,50 0.50 

•· 
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with energy in a fairly u.normal" continuous manner, the maximum 

difference between the two was taken to be T. If one high point or 

long tail occurred but at other energies the calculated flux seemed 

reasonable, the value of T was based on the maximum flux difference 

in the llr.easonable" section. If several points or many flux values 

were high, then T was chosen from these values, usually with the re

sult that T = 0. 50. It is perhaps easiest to see how the T values were 

chosen by examining the calculated fluxes (Figs. 45 to 94) and the T 

values chosen for each one. With T = 0.50, MSD canbe 16.250; it can 

then range in value between 16.250 and 0. 

The various methods for calculating the flux were then ranked 

according to their MSD value-the lower the value, the higher the rank. 

These rankings are shown in Table VII and are labeled "0", for o bjec

tive. It is interesting to note from Table VII that the rankings by the 

two different methods are very similar in most cases. This places 

added confidence in the purely subjective ranking, since this was com

piled before the MSD and TSD values were computed. By examining 

Table VIII we see that a ranking of the methods based on. TSD v:alues 

would not differ much from the one based on MSD values. A few 

relative positions would be changed but this shows that generally the· 

MSD ranking is quite objective. For a good method the MSD and TSD 

values should be low and quite close to one another; thus a ranking 

based on each one should be about the same. 

From the MSD value an approximation to the average error of 

a method can be found. In Eq. (126), gi represents the difference 

between the true and calculated flux at energy E.. Assume this dif-
1 

ference is a constant for all i: 

Then 

or 

g. = g = constanC 
1 

65 

MSD = .L (g)
2 = 65g

2 

i = 1 

g =-0¥1-

for i = 1, 65. ( 127) 

(128) 

( 129) 
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Let the average percentage error be defined as: 

But (<j>T)av ::::; 0.50, since 0~ <j>T~ 1 for the trial fluxes, and 

(<j>T - <j>c)av = g. 

Then 

E::::; 200 g =200~. 

( 130) 

( 131) 

For any MSD value this average percentage error could then be 

calculated, A few representative numbers are given below: 

MSD E 

0.001 0. 78% 

0,010 2.48o/o 

0.100 7.86% 

1,000 24.8 % 

Any method having an MSD value of about 0,400 or less would give anE 

of 191/o cir less and would be considered good. 
I 

This error analysis could also be applied to the TSD v~lues, but 

the MSD value seems to be a better measure of the quality of a method. 

To examine the degree of ambiguity of a method, let us define 

an unambiguous method as one which presents no false or confusing in

formation about the true flux. A few examples should help clarify this 

concept. Consider Figs. 77 to 79; these are good fits to the true fluxes 

and present no ambiguities. In: Figs. 54 to 57 the fits are not perfect 

but still no ambiguities are present. Figure 82 also presents no am

biguities even though a large negative tail exists. This negative tail is 

not confusing, since real fluxes cannot be negative, In Fig. 83 the large 

positive tail does represent an ambiguity, as it would be impossible to 

tell whether this actually represented the flux or was simply an error. 

In Fig. 93 the positive pulse between 3 and 6 MeV is confusing, whereas 

the negative tail below 3 MeV is not. 
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These examples should illustrate the point, and it can be seen 

by examining the data and plots, that some ambiguities are worse than 

others. Judging the various methods for ambiguity was done by exam

ining data and figures and then assigning a number value to them, 

These are given in Table X. Human judgment appears to be the best 

method for determining this rating, and no other methods were at

tempted. 

This rating might also be called a usability rating, since a 

very confusing or ambiguous method certainly could not be used. A 

method must be usable, then it can be examined as to whether or not 

it is a usable method whiC:h gives a good fit to the true flux. The tests 

devised-rank and ambiguity-examine all of the methods for these 

features. 

Having established the techniques of examination, let us exam

Ine the results of each method: 

(a) Step-function and polygonal. By examining Tables VII and X 

we see that the results agree with the results in Tables IV and VI in 

Sects. 3-b and 3-c: the energy arrays EB and EC are the best fits 

for both the step-function and polygonal methods. These two methods 

are the only ones which represent the flux by straight-line segments, 

and the best polygonal methods (EB and EC) are clearly better than 

the best· step-function methods (EB and EC ). Since these methods are 

similar in their representation of the flux, only one, the polygonal, 

was chosen for comparison with the other three continuous methods. 

True, . the step-function method is better than some of the Fourier 

methods but the polygonal method is even better. 

(b) Cross ~section expansion. From Table VII we see that this 

method ranks high for <j> 
3 

to <j> 
10

, and is quite usable (Table X). It 

has a good MSD value for all ten trial fluxes. It does not rank very 

high for <j> 
1 

and <j> 
2

, but is certainly acceptable for these fluxes. This 

method appears to be good for all of the trial fluxes. 

(c) Legendre expansion, This method ranks high for all trial fluxes 

except cp 6 to cp
8

. These are step-function fluxes, however, and are 

not as important as the continuous fluxes. This method is unambiguous 

and usable for all fluxes except cp
7

; it has a good MSD value for all 
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Table X. Ambiguity. results. a 

Method <1>1 <1>2 <1>3 <1>4 <1>5 <1>6 <1>7 <Pa <1>9 <1>10 

Step: EA 3 4 3 1 

EB 1 1 1 2 

EC 1 3 2 2 

ED 1 4 2 3 

EE 3 5 5 5 

EF 5 5 5 5 

Poly: EA 2 1 1 2 3 1 3 2 3 3 

EB 1 1 1 1 1 2 1 1 1 1 

EC 1 1 1 1 2 2 2 1 1 1 

ED 2 1 2 3 4 5 4 3 3 3 

EE 5 5 5 5 3 3 3 5 4 5 

EF 5 5 5 5 5 4 4 4 4 5 

Cross= 
section 2 2. 2 1 1 1 1 1 1 1 
expansion 

Legendre 1 1 1 1 1 1 4 2 2 2 

Sine 4 4 4 4 .. 
Cosine 1 2 2 4 3 3 4 3 4 4 

Fourier 5 5 5 5 5 5 5 5 5 5 

Sin-cos 4 4 4 5 2 1 1 2 3 4 

aMeaning of numbers: 

1 Excellent fit, nonconfusing, unambiguous 

2 Good usable fit, slightly ambiguous 

3 Fair fit, moderately ambiguous 

4 Poor fit, quite ambiguous, scarcely usable, 

5 Not acceptable fit, not us:a:ble:. 



-188-

fluxes except <1> 6 to <j>
8

. it thus seems to give an excellent representa

tion for the continuous fluxes, and a poorer but probably acceptable 

representation for the step-function fluxes. 

(d) Fourier expansions. These methods are generally bad, being 

low in rank and high in ambiguity. The half-range sine and full Fourier 

methods are consistently low in rank, high in ambiguity, and high in 

MSD value. They are not acceptable or usable. 

The half- range cosine ranks high for several fluxes (<j> 
1

, <j> 
3

, 

and <j> 
10

) and is usable in several cases (cp 
1 

to <j> 
3 

). For the other 

fluxes, however, it ranks low and is high in ambiguity. It is not con

sistent and reliable; it cannot be considered an acceptable or usable 

method. 

The sine-cosine method is only high in rank and low in ambi

guity for fluxes <j> 
5 

to <j>
8

. These are the step-function fluxes, however, 

and are not the most important trial fluxes. For the other fluxes this 

method is not usable. Because of its inconsistency, it is not considered 

an acceptable method. 

Thus, none of the Fourier expansion methods can be considered 

as reliable, usable, or acceptable methods. 

Note that none of the methods gives an accurate representation 

of the peaks in trial fluxes <j>
9 

and <j> 
10

. Some methods (c, d, and e) 

give general indications but not good details of such peaks. Accurate 

representation of these peaks is not important, however, because un

known fluxes to which these methods will be applied should not contain 

such narrow peaks. If they do contain broad peaks the methods should 

give an indication of them. 

As a result of this entire search, three good methods for calcu

lating the flux have been found: polygonal, cross -section expansion, and 

Legendre expansion. 

The computer programs for these three methods were then com

bined into one program in which the flux is calculated independently by 

each method and all three calculated fluxes are presented. The progran .. 

was modified to include the neutron energy range from 0,02 to 30 MeV. 
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Any number of threshold reactions up to ten may be used; the more 

reactions used, the better the flux calculations become, 

Input to the program, titled FLUX, consists of: 

(a) A number indicating how many reactions are being used in the 

program. 

(b) The cross-section values for those reactions used, 

(c) The activations from SUPER-3 for the reactions used. 

(d) All of the constants defined in Eqs. (59), (60), and (66) for each 

reactions (i.e., irradiation time, wait time, half-life, etc. ). 

Given these data, the calculation of the flux by the Legendre and cross

section expansion methods is the same as described in Sec, D. 3 and 

is quite .straightforward . The polygonal method requires the choice 

of an energy array, The computer program generates 11 different 

energy arrays, covering the 0.2- to 30-MeV range, and chooses the 

one giving the largest value of the determinant of C (as described in 

Sec. D. 3. c), This is the energy array that is then used in the final 

calculation of the flux by the polygonal method. 

E. Check on Method: Measurement of PoBe Neutron Spectrum 

To check the entire technique the neutron spectrum from a 

polonium-beryllium (PoBe) neutron source was measured. This spec

trum ranges 
114 

from a.pproximately 1 to 10 MeV and is thus not a 

perfect check, since it only covers about one-third of our desired 
114 

range. The spectrum from a PoBe source has already been measured, 

however, and it offers a comparison and check on our determination of 

the spectrum. This type of source also has the highest-energy neutron 

spectrum of any of the commonly used neutron sources. 

Six different threshold detectors were exposed at a distance of 

5 em from a PoBe source (Health Physics No. 621), The threshold re-
. .58 58 27 27 51 .51 

actwns used were: N1 (n, p) Co , Al (n, p) Mg , V (n, p) T1 , 
59 56 52 52 24 24 27 24 

Co (n, a) Mn , Cr (n, p)V , Mg (n, p) Na , and Al (n, a)Na . 
' 127 121 

Two (n, 2n) threshold detectors (I and Sb ) were also ex-

posed to the source but no observable (n, 2n) reactions occurred. 
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This was expected, as the practical threshold of these reactions is 

about 9.5 MeV (see Table II); this is approximately equal to the upper 

limit of the PoBe neutron spectrum, These (n, 2n) reactions have 

been observed very easily when the detectors were irradiated in a 

Cocker oft- Walton machine ( 14-MeV neutrons). This confirms the 

upper limit of the PoBe sp~ctrum asbeihgabout 10 MeV. 

All of the detectors were enclosed in cadmium to reduce any 

thermal-neutron-induced activities. The detectors were exposed to 

the PoBe source for varying periods of time, depending upon their 

half-life, Those with shorter half-lives (up to 2.6 h) were exposed 

for at least one half-life; those with longer half-lives were e?Cposed 

to a maximum of 7. 2 h. 

The detectors were counted in our Nal(Tl) crystal detector 

system and the gamma-ray spectra that were obtained were analyzed 

by the computer program SUPER-3. The activities calculated by 

SUPER-3 were then used as input to the FLUX program, and the .neu

tron spectrum was calculated by the three methods. Three different 

combinations of reactions were used with the FLUX program: one 
. . (N' 58 Al27 V51 C 59 C 52 d M 24) . f" using SIX I , , - • o , r , an g , one using Ive 
.58 27 51 np 52 27 . .58 27 

(NI , Al , V , Cr , and Al ), and one using four (NI , Al , 
51 np 24 na np 

V , and Mg ). 

The spectra calculated by these three different methods were 

very similar. E'igure 95 shows the calculated spectra from all three 

flux methods for the case using four reactions. Two different meas

ured PoBe spectra
115

• 
116 

were also shown in Fig. 95. The activity 

of our PoBe source was 5.20X10 6 n/ sec; this produces a flux of approx-
. 4 2 115,116 
Imately 1.65X10 n/ em -sec at 5 em. The two measured spectra 

were normalized to this flux and then plotted in Fig. 95. The measured 
114, 115, 116 . b" h 1 d 1 spectra vary quite a It among t emse ves, an our ca cu-

lated spectrum, particularly by the cross-section expansion method 

(curve C, Fig, 95), agrees very well with these measured spectra. 

The PoBe spectrum is analogous to the step-function trial fluxes 

(Figs. 42 and 43) in that it only exists over a limited amount of our total 
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Fig. 95. Measured and calculated neutron energy spectrum 
for a PoBe source. Curve A calculated by polygonal method; 
curve B calculated by Legendre method; curve C calculated 
by cross -section expansion method; curve D from measured 
data of Cochran and Henry115; curve E from measured data 
of Demers. 116 
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energy range, The results obtained are quite akin to those obtained. 

from our step-function trial fluxes. In these trial fluxes the eros s

section expansion method gave the best results (see Figs. 71 and 72), 

the Legendre method the worst results (see Figs. 81, 82, 83), and the 

polygonal method results were intermediate (see Figs. 61, 62, 63). 

The Legendre and polygonal methods do not give a very accu

rate representation of the flux, but this is expected from the nature of 

the spectrum, The eros s -section expansion method agrees very well 

with the measured data except possibly at the higher-energy end. 

Curve E of Fig. 95 indicates that there may be a small peak in the 

spectrum around 7. 5 MeV, although curve D shows no such peak. 

The average energy from our calculated spectrum (curve C) is 4.3 MeV, 

which is identical to the value measured independently by A. R. SmitJ 
17 

for this particular PoBe source (No, 621). This leads us to believe that 

there is probably no peak at 7, 5 MeV in our particular source spectrum 

and further confirms our faith in the calculated spectrum, 

This good agreement also shows that there are no serious mis

takes in the entire method and that the various computer programs 

work properly, 

9 10 
Measurment of Be (d, n)B Neutron Spectra 

This technique was used to measure the neutron spectra re

suiting from the bombardment of beryllium by deuterons of two different 

energies: 25 MeV and 33 MeV. The bombardment was done in the 88-

inch cyclotron at the Lawrence Radiation Laboratory. 

The Be target was "thick" (approximately 1/4 in, thick and 3 in, 

square), The threshold detectors were placed in a ring 28 in, from the 

target and approximately 17 deg from the target axis in the forward 

direction, The 25-MeV deuteron bombardment lasted 1. 75 h and gave 

an integrated beam of 4,15 flAh while the 33-MeV deuteron bombard

ment lasted OAO h and gave an integrated beam of 0,80 flAh. 

Eight threshold-detector materials (Co, Fe, I, V~ Al, Ti, Ni, 

Mg) were irradiated in each of the two cases, Each detector was then 

counted in our scintillation spectrometer and the resulting y-ray spectra 

... 
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were analyzed by the computer program SUPER-3. These resulting 

activations were then examined and the activation from the following 

reactions were chosen for use in the FLUX program: Ni 
58

(n, p)Co
58

, 
59 59 27 24 . 58 . 57. 127 126 

Co (n, p)Fe , Al (n, a.)Na , N1 (n, 2n)Nl , and I (n, 2n)I . 

These reactions were chosen because their activation data were con

sidered more reliable (higher count rates in the 'Y spectra and less com

petition from other reactions) and also because their threshold energies 

are separated by approximately 2 MeV. This separation eliminated any 

problems which can occur in the flux expansion methods if the threshold 

energies are too close. A separation of approximately 1 MeV has been 

found to be the minimum acceptable separation. 

The neutron flux from the 25-MeV deuteron bombardment was 

calculated by using the activation data from these preferred reactions 

in the FLUX program. The neutron flux was calculated by three 

method-polygonal, Legendre expansion, and cross-section expansion

and the agreement was very good (see Fig. 96). A different calculation 

using only four of these preferred reactions was also done and the re

suits were quite similar. 

The spectrum of neutrons from 24-MeV deuterons on Be has 

b . h 1 . 118 h' h ]db een measured w1t emu s1ons , and since t 1s spectrum s ou. e 

quite similar to that from 25 MeV deuterons it was used as a compar

ison. From Fig. 2 of reference 118 we can estimate an integrated 
10 2 

neutron flux of 3X10 n/ em -J.LAh for our case. Considering our ir-
7 2 

radiation time, this gives a total neutron flux of 1. 98X10 n/ em -sec 

at our detector position. 

The neutron spectrum calculated by our cross-section expan

sion method gives a total neutron flux of 1.8 X10 7 n/ cm
2 

-sec .. This 

agreement is quite good, considering the slight difference in deuteron 

energy and also the fact that their (reference 118) integrated neutron 

flux was determined solely from the s32(n, p)P
32 

reaction, Their neu

tron spectrum from the 24-MeV deuterons (Fig. 4, reference 118) was 

normalized to the area of the spectrum calculated by our cross- section 

expansion method; for comparison it is shown in Fig. 96. The agree

ment between their neutron spectrum and our spectra is quite good. 
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Fig- 96. Measured neutron energy spectrum from 25-MeV 
deuterons on Be. Curve P calculated by polygonal method; 
curve C calculated by eros s- section expansion method; 
curve L calculated bl Legendre method; curve E from emul
sion data of Tochilin 18 for 24-MeV deuterons. 
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The neutron spectrum from the 33-MeV deuterons was also 

calculated by the FLUX program, by using two different combinations 

of the preferred reactions. The results were consistent, and the 

spectra for one of these combinations as calculated by the polygonal, 

Legendre expansion, and cross-section expansion methods are shown 

in Fig. 97. These spectra are similar to those from the 25-MeV deu

terons, but the high-energy limit has been extended, as expected. " 

These three calculated spectra are not in good agreement below about 

4 MeV, again emphasizing the inconsistencies of these methods in the 

low-energy range (2 to 4 MeV). Since the 33-MeV neutron spectrum 

should be similar to the 25-MeV neutron spectrum at low energies, the 

spectrum from the cross-section expansion method is probably most 

accurate· in this region. At high energies agreement is good between 

the three metho<;is. 

G. Energy Resolution of Neutron Spectrum 

Energy resolution is an indication of the degree of uncertainty 

in the measured energy of a neutron. Resolution is an energy-depen

dent quantity and the lower the .resolution, the lower the uncertainty. 

The standard definition of energy resolution is 

where 

R" 100 ~~:~ 

R = energy resolution (o/o), 

E = neutron energy (MeV), 

( 132) 

6.. E = full width of peak at half maximum, where peak 

:i:naxi:rp.urri: :O:c:(::wr~S'-1 a1;-'E:mei.t~gy'- E -=-(Me Y). 

Our two best methods of calculating the neutron spectrum were 

chosen for resolution analysis. These were the Legendre expansion 

method and the cross -section expansion method. Ten different thres

hold reactions were chosen for this analysis; their threshold energies 

ranged from 1.04 to 14.09 MeV and were separated from each other by 
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Fig. 97. Measured neutron energy spectrum from 33 -MeV 
deuterons on Be. Curve P calculated by polygonal method; 
curve C calculated by eros s -section expansion method; 
curve L calculated by Legendre method. 
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0 0 58 58 27 27 
at least 1. MeV. These reactwns were: N1 (n, p) Co. , Al (n,p) Mg , 

66 66 .48 48 27 24 51 48 .50 
Zn (n, p) Cu , T1 (n, p) Sc , Al (n, a.) Na , V (n, a.) Sc , T1 

47 63 62 .58 .57 54 53 
(n, a.) Ca , Cu (n, 2n) Cu , N1 (n, 2n) N1 , and Fe (n, 2n)Fe . 

Various 6-functi"on neutron fluxes were assumed; these had en

ergies ranging from 5 to 27 MeV. Activations were calculated using 

these 6-function fluxes and the cross sections for each of the above 

reactions. These activations and cross sections were then used as in-

put to the FLUX program, and neutron spectra were calculated by the 

Legendre and eros s -section expansion methods for each of the 6-func

tion inputs. 

These resulting spectra had in general a Gaussian shape and 

were centered at the appropriate 6-function energy. Resolution was 

calculated from these spectra at each 6-fuilction energy by using Eq. 

(132). 

A second-order least-square fit was performed on these calcu

lated resolutions for each of the two methods. These two curves give 

the resolution-vs -energy curves that are best in the least-square sense. 

These are shown in Fig. 98, along with the calculated points. 

For energies below about 17 MeV, the cross -section expansion 

method gives better resolution, whereas the Legendre method gives 

better resolution for energies above 17 MeV. 
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Fig. 98. Resolution vs energy curves for cross-section 
expansion and Legendre methods. Calculated resolu
tions for eros s -section expansion method indicated by 
solid circles; calculated resolutions for Legendre method 
indicated by open circles. 
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III. SUMMARY 

A method has been developed in this report for measuring 

neutron spectra in the range of approximately 2 to 30 MeV. It employs 

(n, p), (n, a.), and (n, 2n) threshold detectors. These detectors are 

chosen so that after the threshold reaction has occurred, the residual 

nucleus emits a '( ray. The detectors are then counted with a Nal(Tl) 

scintillation crystal and the '( spectra are analyzed by a computer pro

gram (SUPER=3) to yield detector activities. These activities and the 

threshold cross sections are then used as input to a second computer 

program (FLUX) which calculates the unknown neutron spectrum by 

each of three methods. 

There are then three areas to be summarized in detail: the '( 

spectrum analysis, the threshold-cross-section determination, and 

the neutron-spectrum determination. 

Our method of'( spectrum analysis is essentially a spectrum 

stripping method. The Compton distributions from each 'I ray are 

removed by subtraction of experimentally determined Compton distri

butions; the photopeak areas are found by a nonlinear least=square 

technique and then the photopeaks are also removed from the spectrum. 

The experimental Compton distributions were obtained from various 

monoenergetic '( sources. The detector efficiency used in the analysis 

is a calculated efficiency, which was compared with a few measured 

efficiencies from calibrated sources and was found to be quite accurate. 

Corrections are made for source self-absorption, background in the 

crystal, and dead (or block) time in the PHA. 

The detectors can be counted in either of two positions (0 or 10 

em from the crystal), and the entire analysis is performed by the 

computer program SUPER-3. This program can analyze up to 10 -y' s 

per spectrum and any number of spectra in one run. Computer time 

is approximately 0.1 min per spectrum; The activity of each detector 

is calculated by Eq. (2). The activities calculated by SUPER-3 are ac

curate to within 2 to 3o/o. 
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A set of criteria was established for the selection of threshold 

detectors. The criteria require that the detectors: (a) have one pre

dominant stable isotope, (b) be available in high purity, (c) be inexpen

sive and easy to handle, (d) form a residual nucleus that emits a '{ ray 

of a convenient energy and half-life .. The entire periodic chart of ele

ments was examined and 29 threshold reactions were found that fit the 

criteria. These are given in Table II. Measured cross-section data 

were collected for these reactions and were found to be very sparse. 

These threshold-reaction cross sections were then calculated 

on the basis of the continuum model of the nucleus. The cross-section 

calculations' are based primarily on elementary quantities such as nu

clear mass, charge, binding energies, Coulomb wave functions, and 

0 values. Experimentally determined constants were used in Eq. (30) 

for the nuclear level density and in Eq. (40) for the nuclear radius. 

The (n, p) cross sections are calculated by Eq. (20) and the.(n,a) 

cross sections are calculated by Eq. (21). Both of these calculations 

use Eqs. (22) to (52) to express such quantities as the nuclear level 

density (Eqs. (30) to (36)] and the compound-nucleus formation cross 

section by neutrons (Eqs. (37) to (52)]. The compound-nucleus forma

tion cross sections by protons and alpha particles are taken from Blatt 

and Weisskopf. 59 

The (n, 2n) cross sections are calculated by a simple method 

[Eq. (53)] and a more rigorous method [Eq. (56)], both of which are 

based on the continuum model. The rigorous calculation gave more 

accurate results. 

The calculated (n, p), (n, -y), and (n, 2n) cross sections were 

compared with the available measured data and the agreement was very 

good in nearly all cases. This agreement includes agreement of the 

threshold energy and also agreement in the peak value of the cross sec

tions. The results are summarized in Tables Ila, lib, and lie. 

The activity of a detector is then related to the cross section 

and flux by Eq. (66). This equation includes all the factors pertaining 

to the detectors and their irradiation, such as the irradiation time, 
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count time, wait time, detector weight, and the half-life of the resid

ual nucleus. An estimate is made [Eq. (65)] of the fraction of the 

total activity due to neutrons with energies below 30 MeV, as this is 

the range of validity of our technique. This estimate assumes that the 

neutron flux varies as 1/E in this range. 

The calculation of the neutron flux, based on the measured de

tector activities and calculated detector cross sections, was attempted 

by five different methods. These were: (a) the step-function method, 

in which the flux is assumed to be constant over various energy ranges; 

(b) the polygonal method, in which the flux is assumed to vary linearly 

over various energy ranges; (c) the cross-section expansion method, in 

which the flux is expanded in terms of the cross sections; (d) the 

Legendre expansion method, in which the flux is expanded in Legendre 

polynomials; and (e) the Fourier methods, in which the flux is expanded 

in terms of various Fourier components. 

Trial fluxes were assumed; activities were calculated from these 

fluxes and the cross sections, and these activities and cross sections 

were then used as inputs for the various methods. The fluxes were cal

culated by each method and compared with the trial fluxes. The results 

were compared on the basis of two criteria: (a) how well (in the least

square sense) the calculated fluxes represented the trial fluxes, and 

{b) how much ambiguity there was in the calculated fluxes. These re

sults are summarized in Tables VII and X. 

Three methods give good results: the eros s -section expansion 

method, which is good for both step-function and continuous fluxes; the 

Legendre method, which is good for continuous fluxes and poor for step

function fluxes; and the polygonal method, which is reasonably good for 

both types of fluxes. Of these three, the cross-section expansion 

method is the be st. 

A computer program (FLUX) is developed which calculates the 

flux using each of these three methods. 

As a final check on the entire method the spectrum of a Pof)e 

source was measured. Threshold detectors were exposed and counted 

with our Nal(Tl) crystal. The y spectra were analyzed by SUPER-3, 
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and the activities obtained were used in the FLUX program to calculate 

the spectrum. The results are shown in Fig. 95. The agreement is 

very good, primarily in the flux calculated by the cross -section expan

sion method. 

The neutron spectra arising from bombardment of Be by 25- and 

33-MeV deuterons were also measured by this technique. The spectrum 

from the 25-MeV deuterons that we measured was compared with a spec

trum from 24-MeV deuterons which had been measured with emulsions; 

the agreement between these was verYi good. 

Energy resolution of the spectra from the Legendre and cross

section expansion methods was determined by using a-function input 

fluxes ranging from 5 to 27 MeV. The resolution for the Legendre 

method ranged from 57 to 11o/o and from 44 to 17o/o for the cross-section 

expansion method. The cross -section method gave better resolution be

low 17 MeV; the Legendre method gave better resolution above :1.7 MeV. 
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IV. CONCLUSIONS 

. There are several conclusions which can be drawn from this 

report: 

(a) Our method of y spectrum analysis is very good for this appli

cation. It performs well when the y spectrum is relatively simple 

_(three or four photopeaks~ For more general use and for more com

plex spectra, a spectrum analysis based upon a least-square method 
34 would undoubtedly be better .. Heathv s method appears to be the best 

least-square method avapable at present. 

(b) The calculated detection efficiencies for Nai(Tl) crystals can be 

very good. The data we obtained based on Heath's calculations 
48 

agree 

very we1lwith measured efficiencies from calibrated sources. The 

agreement is as good as the uncertainty in the calibrated source 

strength. (2 to 5o/o ). Calculated efficiencies could thus be used in any 

future applications (such as using a different size of crystal or different 

source -crystal distances) and there would be no need to obtain calibrated 

sources. 

(c) The background correction could be a problem if the detector ac

tivity is only slightly above the background level. A more thorough 

study of the background activity should be undertaken, with emphasis on 

the correlation between the values obtained from the two crystals (S
3
and 

S 4 ). The total background in the S 
4 

crystal, or various parts of it, 

could be fitted hy a least-square technique to the s
3 

value 
117 

to obtain 

a more accurate background correction factor. 

(d) The use of more Compton response functions for y' s in the range 

1.3 to 2.0 MeV would improve the SUPER-3 program. If such response 

functions were obtained they could easily be included in the SUPER-3 

program. 

(e) For (n, p) and (n, u) reactions the threshold energies based only on 

Q values (Table II) are quite unrealistic when compared with practical 

threshold energies (Tables Ila, lib, and lie). The Q-value threshold en

~rgies are lower than the practical thresholds by 2 to 3 MeV; this occurs 

because Coulomb effects are not considered in the Q-value thresholds. 

The (n, 2n) threshold energies based on Q values agree very well with the 
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practical thresholds. The (n, 2n} Q-value thresholds on the average are 

lower than the practical thresholds by 0.4 MeV. Coulomb effects are of 

no consequence in (n, 2n} reactions and we would expect good agreement. 

(f) Cross sections for the (n, p), (n, a}, and (n, Z:ri) threshold reactions 

in the range 1 to 30 MeV can be accurately calculated by using the con

tinuum model of the nucleus. The agreement between the calculated 

and the measured cross sections are generally within a factor of two, 

both in the threshold energy region and in the :t¢gion of the cross-section 

maximum. The values of the nuclear level density coeffiCients given by 

Eqs. (31} to (36) and the value of 1.5 fermis for the nuclear radius con

stant[Eq. (40}] are good values to use for these cross-section calculations. 

(g) Of all the methods tried for the neutron spectrum calculation, the 

cross-section expansion method is the best. This method reproduced both 

continuous and discontinuous (step-function) trial fluxes to within 13'/o. 
This is the method that should be seriously considered for all future ap

plications. 

(h) The PoBe neutron spectrum that was calculated by the technique 

described in this report agrees well with previous measurements (see Fig. 

95). This indicates that the technique is usable and ,that all computer pro

grams perform properly. 

(i} It would be interesting to measure the spectra from other (a, n} 

sources, such as PuBe and RaBe, and see how well our calculated spec

tra agree with previous measurements. 

(j) Input to the FLUX program need not be an activity based on y meas

urements only. Activities obtained from f3 particles counted in apropor

tional counter could be used, for example. All that the FLUX program 

requires is that all activities be expressed in disintegrations per second; 

whether these are obtained from y, f3, or mixed f3-y measurements is not 

important. This opens up ailarge field of investigation: threshold detec

tors whose residual nucleus emits a f3 particle. 
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APPENDICES 

A. Parabola Approximation to Normal Curve 

The standard form for the equation describing the normal pro

bability distribution is 

where 

A = the area under the normal curve, 

u = the variance of the normal curve, 

f.L = the mean of the normal curve, 

x = the independent variable, 

y(x) = the probability corresponding to a given x. 

(A-1) 

By examining Eq. (A-1) it can be seen that the normal curve is 

continuous at the point x = f.L and possesses continuous derivatives at 

x = f.L. The curve can then be expanded in a Taylor series about x = f.L. 

The re.sult is: 

A 
y(x) = ---

(]' tJ2TI 
A 2 

(x- J.L) ' (A-2) 

where terms up to and including y' 11 (J.L) have been retained. Equation 

(A-2) is thus a valid approximation to Eq. (A-1) near the point x= f.L. 

Now consider the general equation for a parabola: 

2 
y(x) = y 

0 
+ a(x - x

0
) (A- 3) 

Equations· (A-2) and (A-3) are of the same form in x, and the 

parameters of each can be equated: 

A 
= Yo· 

-A = a, 3-
2u .J 2'TT 

(A-4) 

f.L = xo, 

-. 
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or, upon solving (A-4) for A and a, 

(A-5) 

Consider now experimental data points in the photopeak of a 

y-ray spectrum measured by a Nal(Tl) scintillation crystal. These 

points are plotted as counts (y) vs channel number, voltage, or energy 

(x). 

These points, especially near the maximum of the peak, rather 

accurately describe a normal curve. Label the highest point y 2, and 

the points adjacent to it on either side as y 
1 

and y 
3

, The correspond

ing values of x are x
2

, x
1

, and x
3

, respectively. The mean of this 

normal curve, f.L, will be between x
1 

and x
3

. 

Now fit a parabola of the form of Eq. (A-3) to these top three 

points. Since each point must satisfy Eq. (A-3), thre.e simultaneous 

equations arise: 

(A-6) 

These equations can be solved in terms of y 
0

, a, and x
0

: 

2 2 2 2 
(y2-y3)(x2- x1) + (y2-y 1)(x3- x2) 

xo = ~---------------------------------
2[(x2-x1)(y2-y3) + (x3-x2)(y2-y1)] 

(A-7) 
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Yo = (A-8) 

a = (A-9) 

Thus -knowing three data points -x
0

, y 
0

, and a can be calcu

lated by Eqs. (A-7), (A-8), (A-9). From Eqs. (A-5) a first approx

imation to a, A, and f.!. for the normal curve is obtained. 

Depending upon how Eqs. (A-6) are solved, the following equa

tions can also result: 

(A-10) 

Yo = (A-11) 

a = (A-12) 

a = (A-13) 

A sample problem will verify that any of the above expressions 

for y 0 or a will give essentially the same results, with _the exception 

of the case when two of the y values are equal. This is highly unlikely 

since these values are actual data points. If it does occur, however, 

two possible conditions can arise: 

(a) y
1 
= y 

3
. This case presents no problems. Equation (A-,8) or 

(A-11) can be used for y
0

, and Eq. (A-9) or (A-12) can be used for a. 
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(b) y 
1 

= y 
2 

or y 
2 

= y 
3

. This indicates that the two highest points 

are equal. The third point can then be chosen on either side of the two 

highest points. 

B. Nonlinear Least-Square Method 

This method gives the least-square fit of a function to meas

ured points when the function has many parameters and is not linear 

in the parameters. It is also called the variable metric minimization 

method; the computer subroutine for this met.hod is called VARMINT. 

For a complete mathematical discussion of the method the reader is 

referred to the report by Davidon .. 
119 

The method will be discussed briefly in general and then applied 

to our specific case. Let 

M 

F(x) : \ [f.- <j> (t. "A' t. 2 , • • •, t.k' X 1 , x 2,. • • ,X )]
2 

W., L 1 1.:1. 1 1 n .. 1 , 
i=1 .. 

(B-1) 

where 

F(x) = function to be minimized in the least- square sense, 

f. = measured values of the function being fitted at the points 
1 

(ti 1' ti 2' · · ·, tik) (1~ K~ 10) and where i = 1, 2, ... , M 

(1 ~ M~ 5000), 

x. =parameters to be fitted with j = 1, 2,· · ·, N (1 ~ N ~ 40), 
J . 

rl-.(t. , x.) = function to be fitted; rl-. is a function of K independent 
't' 1r J · 't' 

variables, r = 1, 2,· • ·, K (1 ~ K ~ 10) and a function of N 

parameters, j = 1, 2,· • ·, N (1 ~ N ~ 40), 

wi = weight at point (t11 , ti 2,. • ·, tik). 

As in the normal least-square process, the function F(x) is 

minimized. This is done by computing a F(x)/ a X. j = 1, 2,. 0
• 'N, 

J 
and setting all of these partial derivatives equal to zero. The quanti-

ties F(x), <j>(t. ' x.), and a<j>(t. ' x.)/ a X ' m = 1, 2, .• •; N, are also 
· 1r J 1r J m 

needed in the calculation. 
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The Hessian matrix II a 2 F/ ax. ax II and its inverse 
2 i J· m II a Fjaxjaxmlr are formed. Let 

gjm = lla 2 Fjaxjaxm11 (B-2) 

and 

hjm = lla 2 Fj axjaxm ~~- 1 
(B-3) 

An initial trial value is assumed for h. , the parameters 
Jill 

x. are 
1 

changed linearly, and new values for g. 
Jill 

and h. 
Jffi 

result. These 

new values give a new trial value for h. 
Jill 

and these iterations con-

tinue. If g. 
Jill 

is constant after N iterations, the minimum of the 

function F(x) is determined. 

In our case we are fitting measured points to a Gaussian curve. 

We then have: 

K = 1, 

N = 3, 

w. = 1 (no weight is attached to the points), 
1 

x1 = fl.= Gaussian mean, 

x2 = a= Gaussian variance, 

x3 = A= Gaussian area, 

f. = C.= count rates in the y-ray spectrum, 
1 1 

t. = y
1
. = channel numbers in the y-ray spectrum, 

1r 

<j>(t. 1 X.) = 
lT J a.J2; 

A y.- fl. 2 
exp (-, t(-1

--) ] = Gaussian function. 
a 

Hence our function to be minimized is 

~ { A [ y. -fl. 2] l 2 
F(x) = L C i- _ exp - t (+-) j\ 

i=i a.J2rr 
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The process of minimization then involves calculating 

<j>(yi' (]', f.L, 
a F(x)/ a A, 

A), acpjaf.L, acpja(j, acpjaA, F(x), aF(x)/of.L, oF(x)la(j, 

g. , and h. -and following the above procedure. 
Jm Jm 
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