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FIELDS

PAVEL ETINGOF, EDWARD FRENKEL, and DAVID KAZHDAN

In memory of Isadore Singer

Abstract

We construct analogues of the Hecke operators for the moduli space of G-bundles
on a curve X over a local field F with parabolic structures at finitely many points.
We conjecture that they define commuting compact normal operators on the Hilbert
space of half-densities on this moduli space. In the case F = C, we also conjecture
that their joint spectrum is in a natural bijection with the set of “G-opers on X
with real monodromy. This may be viewed as an analytic version of the Langlands
correspondence for complex curves. Furthermore, we conjecture an explicit formula
relating the eigenvalues of the Hecke operators and the global differential operators.
Assuming the compactness conjecture, this formula follows from a certain system
of differential equations satisfied by the Hecke operators, which we prove here for
G =PGL,,.
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1. Introduction
The Langlands program for a curve X over a finite field [F, studies, in the unramified
case, the joint spectrum of the commuting Hecke operators acting on the space of
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L?-functions on the groupoid of F,-points of the stack Bung of G-bundles on X
with its natural measure. It aims to express this spectrum in terms of the Galois data
associated to X and the Langlands dual group £G.

In this article, which is a continuation of [8], we study an analogue of this problem
when F is replaced by a local field F'. We define analogues of Hecke operators on a
dense subspace of the Hilbert space #g of half-densities on Bung and conjecture that
they extend to commuting compact normal operators on . Investigation of these
operators is a hybrid of functional analysis and the study of the algebraic structure of
Bung.

In the case F = C, these Hecke operators commute with the global holomorphic
differential operators on Bung introduced in [3], as well as their complex conjugates.
This enables us to describe, subject to the compactness conjecture formulated below,
the joint spectrum of these operators in terms of the “G-opers on X with real mon-
odromy, which play the role of the Galois data appearing in the case of curves over a
finite field. We consider this description as an analogue of the Langlands correspon-
dence in the case of complex curves. In the case of G = SLj, a similar conjecture
about eigenfunctions of the differential operators on Bung was proposed earlier by
Teschner [29].

1.1. Main objects

Let F be a local field, let G be a split connected reductive group over F, let B be
its Borel subgroup, let X be a smooth projective curve over F, and let S C X be a
reduced divisor defined over . We denote by Bung (X, S) the moduli stack of pairs
(F,rs), where ¥ is a G-bundle on X and rg is a reduction to B of the restriction
Flsof FtoS.

Let Bung; (X, S) C Bung (X, ) be the substack of regularly stable pairs (¥, rs),
that is, stable pairs whose group of automorphisms is equal to the center Z(G) of G.

We will assume throughout this paper that Bung, (X, S) is open and dense in
Bung (X, §), which means that we are considering one of the following cases:

(D) the genus of X is greater than 1, and S is arbitrary;
(2) X is an elliptic curve and |S| > 1;
3 X=Pland|S|>3.

The stack Buny;(X,S) is a Z(G)-gerbe over a smooth analytic F-variety
Bung (X, S), which is the corresponding coarse moduli space. For our purposes,
Bung, (X, S) is a good substitute for Buny; (X, S) because all objects we need (such
as line bundles or differential operators) naturally descend from Bung (X, S) to
Bung (X, S).

!Just as in the case of curves over Fy, the theory naturally extends to incorporate reductions to other parabolic
subgroups of G. We also expect that it extends to wild ramification.
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Langlands asked in [24] whether it is possible to develop an analytic theory of
automorphic functions for complex curves. In [8] and the present work, we are devel-
oping such a theory (for curves over C and other local fields), understood as a spectral
theory of commuting Hecke operators acting on the Hilbert space #g (X, S) of half-
densities on Bung; (X, ) for pairs (X, S) satisfying the above condition, as well as
global differential operators on Bung (X, S) when F = C or R.

To define the Hilbert space #g (X, S), we introduce the R ¢-line bundle Qé{li
of half-densities on Bung, (X, S).

Namely, our local field F is equipped with the norm map x — ||x| (the Haar
measure on F' multiplies by ||A| under rescaling by A € F). For instance, for F =R
we have || x|| = |x|, for F = C we have || x| = |x|?, and for F = Q, we have || x| =
p7 V™) where v(x) is the p-adic valuation of x (see [30]). Using the norm map,
we associate to any line bundle &£ on any smooth algebraic F-variety Y a complex
line bundle || £]| on the analytic F-variety Y := Y(F) with the structure group Rx.
Namely, if the transition functions of &£ are {gqg}, then the transition functions of
£ are {||gqpll} (in particular, if F = C, then these are {|g4g|?}). (Note that for
Archimedean fields the line bundle ||£|| has a C *°-structure.)

It is shown in [3, Section 4] (see also [25]) that the canonical line bundle Kgy,
over Bung (X, §) has a square root Kél/lf . The restriction of Kél/lf to Bung; (X, S)

descends to a line bundle on Bun‘é (X, S) for which we will use the same notation
Kl/z. ‘We then set

Bun
1/2 1/2
QplZ = | Kal2. (1.1)

Alternatively, Q;/Z can be defined as the square root of the line bundle ||Kx || (since
the structure group of the latter is R~ ¢, this is well defined). This shows that the line
bundle /2 does not depend on the choice of K, 1/2

Bun Bun -
Let Vg (X, S) be the space of smooth compactly supported sections of Qé{j over
Bung, (X, S)(F). We denote by (-, -) the positive definite Hermitian form on Vg (X, S)
given by

(v,w) = v-w, v,weVg(X,S),

/l;unoG (X,8)(F)

and define Hg (X, S) as the Hilbert space completion of Vg (G, S).

1.2. Hecke operators

From now on, for brevity, we will drop (X, S) in our notation when no confusion
could arise (i.e., write Bung for Bung (X, S), #g for #g (X, S), and so on). We are
going to define analogues of the Hecke operators for curves over a local field. For
non-Archimedean local fields, these operators were suggested by Braverman and the
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third author in [5]. For G = PGL,, X = P!, Hecke operators were studied by Kont-
sevich in [23], and he also knew that such operators could be defined in general. In his
letters to us (2019), he conjectured compactness and the Hilbert—Schmidt property of
averages of the Hecke operators over sufficiently many points.

The idea that Hecke operators over C could be used to construct an analogue
of the Langlands correspondence was suggested by Langlands [24], who sought to
construct them in the case when G = GL,, X is an elliptic curve, and S = @ (how-
ever, for an elliptic curve X we can only define Hecke operators if S # @; see [14,
Section 3]).

In the case when G is a torus, the Hecke operators and their spectra on #g
were completely described in [14, Section 2]. We recall these results for G = GL; in
Section 2.1 below.

From now on (except in Section 2 below), we will assume that G is a connected
simple algebraic group over F. All of our results and conjectures generalize in a
straightforward way to connected semisimple algebraic groups over F.

Let P be the set of dominant integral coweights of G. For A € P/, we denote
by Z (1) the Hecke correspondence

g: Z(A) = Bung x Bung x(X\S)

describing the A-modifications of stable G-bundles at points of X\ S. More precisely,
Z (M) classifies triples (¥, P, x,t), where ¥ and & are principal G-bundles on X
with a reduction to B at S, x is a closed point in X\ S, and

t:$|X\x_>P|X\x

is an isomorphism satisfying the following condition. Choose a formal coordinate z at
x and a trivialization of & on the formal disk D, := Spec C[[z]]; then the restriction
of t to D} := Spec C((z)) naturally gives rise to a point in the affine Grassmannian
Gr = G((z))/ G[[z]]. The condition is that this point belongs to the closure Gr; of the
G|[z]]-orbit Gry = G[[z]] - A(z)G][[z]] (this condition does not depend on the above
choices). Further, denote by Z (1) the open part of Z (1) satisfying the condition that
this point belongs to Gr,, itself, and let ¢ be the restriction of g to Z(1).
Let

p1,2 : Bung xBung x(X\S) — Bung,
p3 : Bung x Bung x(X\S) — X\S

be the natural projections, let ¢; := p; o ¢, and let ¢; := p; o q. Thus, the fibers of
the morphism ¢, X ¢5 are isomorphic to Gry and the fibers of the morphism ¢, x g3

are isomorphic to Gry. Let K, be the relative canonical line bundle of the morphism
q2 X q3.
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Let p be the integral weight of G such that (", p) = 1 for all simple coroots o,
of G.If the set {(A, p),A € P} only contains integers, then Beilinson and Drinfeld
[3, Section 4] construct a square root K éﬁf of Kpu, equipped with a trivialization of
its fiber at the trivial G-bundle. If this set contains half-integers, they construct such
an object for each choice of a square root K )1(/ 2 of Ky. In the latter case, we will

assume throughout that a choice of K )1(/ % has been made. We will denote by y the

isomorphism class of this K )1(/ % and by Kél/lf the corresponding line bundle on Bung
(equipped with a trivialization of its fiber at the trivial G -bundle). The following result
is essentially due to Beilinson and Drinfeld [3]. In Section 5.4 below, we explain how

to derive it from [3, (241)] (see also [5, Theorem 2.4]).

THEOREM 1.1
There exists a canonical isomorphism

a:qi(Kpio) — ¢35 (Kglo) ® K2 ® g5 (K7, (1.2)

where p is the half-sum of positive roots.

The isomorphism a gives rise to an isomorphism

a®: q* (Kpun) —> ¢ (Kpun) ® (K2)? ® g2 (K27 (1.3)

which does not depend on the choice of K )1(/ % (and Kél/lf ). Using the formula ||a|| =

la2||'/2, we then obtain a canonical isomorphism
~ —(a,
lall: g} Qi) — 43 (i) ® 22 © 45 (237, (1.4)

Here Q}Y/z (resp., Qé{lﬁ) is defined as the square root of the line bundle || Kx || (resp.,
| Kpunl); since the structure group of the latter is R, these square roots are well
defined. Also, Q; := || K3 ||, the C* line bundle of densities along the fibers of g, x
qs3.

Thus, ||a|| does not depend on the choice of K ;(/ % (and Kéﬁ ). This implies that
our definition of the Hecke operators given below also does not depend on this choice.
However, we need to make these choices to describe the algebra of global differential
operators on Bung (see Section 1.3) and to state the differential equations (1.13)
satisfied by the Hecke operators. Hence, for the sake of uniformity of exposition, we
have made these choices from the beginning.

Now let
Usg(A) :={F €Bung | ¢2(q7 '(¥)) C Bung}. (1.5)

This is an open subset of Bunz;, which is dense if the dimension of Bung is suffi-
ciently large (e.g., for G = PGL, it is sufficient that dim Bunpgr, > 1).
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Suppose that Ug (A) C Bung; is dense. Let Vg (A) C Vi be the subspace of half-
densities f with compact support such that supp(f) C Ug(A). For & € Bung (F),
let

Zp=(q2%xq3) (P xx), xe(X\S)(F).

According to the above definition of Z(A), the variety Zgp , is isomorphic to the
G|[[z]]-orbit Gr), in the affine Grassmannian of G. Hence it is proper and has rational
singularities. The isomorphism (1.4) and the results of Theorem 2.5 and Section 2.6 of
[5] imply that for any f € Vg(A) and x € (X\S)(F), the restriction of the pullback
q7(f) to Zp x is a compactly supported measure with values in the line (Qé{li) R
(Q;M’p "). Therefore, the integral

(Aa(x) - £)(P) 1= / ar(f) (L6)

P.x

is absolutely convergent for all f € V(1) and & € Bung (F). In fact, it belongs to

—(A
Vo @ (2.
Since Vg C Hg, this integral defines a Hecke operator

Hy(x): Ve(h) = H @ (1),

As x varies along X'\ S, the operators H 2 (x) combine into a section of the line bundle
Q}(A’p ! over X \ S with values in operators Vg (1) — H. We denote it by H.

Remark 1.1
We conjecture (and can prove in a number of cases) that the integrals defining H ( f)
are absolutely convergent for all f € V.

Remark 1.2

There are two basic differences between the cases of finite and local fields. In the case
of a curve X over a finite field F, the set Bung (F') of isomorphism classes [] of G-
bundles is a countable set with a natural (Tamagawa) measure such that the measure
of [P] is equal to 1/| Aut(#)(F)|. On the other hand, for a curve X over a local field
F, neither Bung (F) nor the fibers of the Hecke correspondence carry any natural
measures. To overcome this problem, we replace the space of functions on Bung (F)
by the space of half-densities and use the isomorphism (1.4) to write down formula
(1.6) for the action of Hecke operators.

The second difference is that for a curve over a finite field F, the integrals (1.6)
are finite sums, so the corresponding Hecke operators are well defined on the space of
all functions on Bung (F'). On the other hand, for a curve X over a local field F there
is no obvious nontrivial space of half-densities stable under these Hecke operators.
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One could try to consider the space of continuous half-densities with respect to the
natural topology on Bung (F'), but this space is equal to {0}. The reason is that the
natural topology on Bung (F) is not Hausdorff.”

The absence of such a subspace creates serious analytic difficulties in defining
the notion of the spectrum of the Hecke operators because they are initially defined
only on a dense subspace Vg (4) of #g (under our assumption that Bung; (X, S) is
dense in Bung (X, S)). However, we expect (and can prove for G = PGL,, X = P!;
see [9]) that these operators extend to bounded operators on #g, which are moreover
compact and normal, as we state in the following conjecture.

CONJECTURE 1.2

Suppose that A # 0.

(1)  For any identification (Q;{z)x =~ C, the operators I:I\A (x) : Vg(A) — JHg
extend to a family of commuting compact normal operators on Hg, which
we denote by H) (x).

) Huy(x)T = H_yy)(x).

3) (5. KerHj (x) = {0}.

Remark 1.3
@) It is easy to see that

(Harfg2) = (/. H—wo(k)g>

for all f € Vg(X), g € Vg(—wo(A)). Therefore, part (2) of the conjecture
immediately follows from part (1).

(i)  If S # @, then we expect that the statement of part (3) with a fixed A can be
obtained from (1) by considering the limit of H, (x) when x tends to a point
of S. This will be discussed in more detail in a follow-up paper.

We will refer to Conjecture 1.2 as the compactness conjecture. In [9], we prove
this conjecture in the case G = PGL,, X = P!, |S| > 3. From now on, we will assume
the validity of the compactness conjecture.

Denote by Hg the commutative algebra generated by operators Hj (x),A € P,
x € (X\S)(F), and by Spec(Hg) their joint spectrum.

COROLLARY 1.3
We have an orthogonal decomposition

2For a simply connected group G, the closures of any two points in Bung (F) have a nonempty intersection,
and therefore the only continuous functions on Bung (F') are constants.
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o= @ Hols),
seSpec(Hg)

where H (s),s € Spec(Hg) are finite-dimensional joint eigenspaces of Hg in #g.

Let Hg (x) be the subalgebra of Hg generated by H)(x),A € P for a fixed
x € (X\S)(F).

PROPOSITION 1.4 ([5])
There is an algebra isomorphism Hg (x) ~ C[P}]. In particular, Hj (x) - Hy(x) =
H)L-HL(X)-

Proof

If F is a non-Archimedean field, then this is equation (3.4) of [5], which is proved in
Lemmas 3.5 and 3.9 of [5]. The same proof works for a general local field. ([
Remark 1.4

Note the difference with the case of a curve over [Fy, where the Satake isomorphism
naturally identifies the Hecke algebra at a point x with Rep ZG. Thus, in this case the
product of the Hecke operators corresponding to A, . € Pj\[ is in general not equal to
the Hecke operator corresponding to A + w; there are correction terms corresponding
to lower weights.

Remark 1.5
Using an analogous correspondence

Z,(A) — Bung x Bung x Sym” (X\S)

for a positive integer r > 1, the above construction can be generalized to yield oper-
ators Hy(D),D € Sym”" (X\S)(F). We expect that an analogue of the compact-
ness Conjecture 1.2 holds for them. Moreover, if D = )", m;x;, x; € X(F), then

Hy(D) =T, Ha(xi)™.

1.3. The case F =C

At the moment, we have a conjectural description of the spectra Spec(Hg) only if
F = C and, in some cases, for F' = R. We will now describe our conjecture for
F = C. Note that in this case we have ||z| = |z|?. For simplicity, we only consider
here the case when S = @ (and hence g > 1). But all of our results and conjectures
have natural generalizations to the case of an arbitrary S. The case of G = PGL,,
X =P!, and |S| > 3 will be discussed in detail in our next paper [9].
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In a previous paper [8], we studied the action of global holomorphic and antiholo-
morphic differential operators on Bung on a dense subspace of the Hilbert space #¢g
in the case of a simply connected simple group G. Here we generalize the setup to
the case of an arbitrary connected simple G. Then Bung has finitely many connected
components labeled by 71 (G), which we will denote by Bun'(g;, B € m(G).

Definition 1.5

Let Dg be the algebra of global algebraic (hence holomorphic) differential operators
acting on the line bundle K];l/lf over a connected component Bun’é of Bung. Beilin-
son and Drinfeld [3] have proved that these algebras are isomorphic to each other.

Therefore, we will also use the notation D g for Dg.

On the other hand, let Op.g (X) be the space of (holomorphic) LG -opers on X
defined in [3] and [4]. As shown in [3, Section 3.4], Oprg(X) is a union of con-
nected components, each isomorphic to the affine space Op.g,_,(X), where LGy =
LG/Z(EG) is the group of adjoint type associated to £G (here Z(~G) denotes the
finite center of “G). The group H!(X, Z(XG)) naturally acts on the set of these com-
ponents by changing the underlying “G-bundle, and this action is simply transitive.
As shown in [3, Section 3.4.2], if the set {(A, p), A € P}/} only contains integers, then
there is a canonical choice of a component, and if the set {{A, p),A € P}/} contains
half-integers, then there is a canonical choice of a component Op’ G (X) for each iso-
morphism class y of K )1(/ 2,

For the sake of uniformity of notation, in both cases we will denote the canonical
component by Op{G (X), with the understanding that in the latter case y is the iso-

morphism class of K )1(/ % we have chosen before Theorem 1.1. The following theorem
is proved in [3, Theorem 3.3.2, Sections 2.2.5 and 2.7.4].

THEOREM 1.6
The algebra D¢ is commutative and Spec(Dg) is isomorphic to the affine space

Op, (X).

For a given y € Op{G (X), the system of differential equations for the eigenfunc-
tions of this algebra,

P-f=yx(P)f. PeDg, (1.7)

where f denotes a local holomorphic section of Kél/"% , is known as the quantum
Hitchin integrable system. Its local solutions are the same as the homomorphisms
from the twisted D-module A, on Bung to Kél/j , where
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Ay = Djn, ® Cy (1.8)
D¢
and Dy, . is the sheaf of (holomorphic) differential operators acting on Kél/n? (in

/

(1.8) we consider the diagonal embedding Dg — Dg,, .

taking the sum over all

components Bung of Bung).

Remark 1.6

If S # 0, then the algebra of global holomorphic differential operators acting on K];/n?
is noncommutative, but it contains a commutative subalgebra whose spectrum is iso-
morphic to the space of G-opers on X with regular singularity and regular unipotent
monodromy at the points of S (see [8, Section 6]). There is a similar algebra in the
case of higher level structures at S (this is analogous to the wild ramification in the
case of curves over [Fy), with the corresponding LG -opers having irregular singular-
ities at the points of S. We expect that the theory has a generalization to this case as

well.

It is shown in [3] that A, is a holonomic D-module. It also has regular singu-
larities (see Theorem 1.12(1) below). Moreover, there is an open substack Bung; of
very stable bundles (i.e., G-bundles & such that the vector bundle g# ® Kx does
not admit nonzero sections taking nilpotent values everywhere on X) such that the
restriction of Ay to Bung; is a vector bundle with a projectively flat connection. But
its rank grows exponentially with the genus of the curve X and it has highly nontriv-
ial monodromy around the divisor Bung \ Bung. Therefore, it does not make sense
to look for individual holomorphic solutions of the system (1.8).

However, as explained in [29] and in [8, Section 1.5], it makes sense to couple the
system (1.8) to its antiholomorphic analogue and look for single-valued solutions of
the resulting system of differential equations on the locus Buni; of very stable bundles
in Bung;. These are the automorphic functions of the analytic theory. It is natural to
try to interpret them as eigenfunctions of the algebra

Ag ;= Dg %)5(;

This is a nontrivial task because elements of 4G correspond to unbounded operators
on the Hilbert space #¢ . Initially, they are defined on the dense subspace Vg C H¢.
In [8, Definition 1.7], we introduced a Schwartz space S(Ag) C #H¢ and conjectured
that the elements of A¢ can be extended to S(+4¢ ) so that their closures form a family
of commuting normal operators. Moreover, we conjectured that their joint spectrum
is the set Op.g (X)r of ZG-opers on X with real monodromy (see below). In the case
of G = SL,, a similar conjecture was proposed earlier in [29].
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In [8], we were able to prove these conjectures in the simplest nontrivial case.
However, in the general case it is a daunting task to prove them directly. This is
where the integral Hecke operators come in handy. Like differential operators, they
are also initially defined on a dense subspace of the Hilbert space #g. But unlike the
differential operators, we do expect Hecke operators to extend to mutually commuting
continuous operators on the entire #g, which are moreover normal, compact, and
have trivial common kernel. This is the statement of our compactness Conjecture 1.2.
It implies that #g decomposes into a (completed) direct sum of mutually orthogonal
finite-dimensional eigenspaces of the Hecke operators.

Next, we would like to say that the algebra #g preserves the subspaces Hg (s).
To do this, observe that Ag acts on the space V(\;/ of distributions on Bung; . It follows
from the definition of #¢ that ¢ is naturally realized as a subspace of V;. Hence
we can apply elements of Ag to vectors in the eigenspaces Hg(s) of the Hecke
operators, viewed as distributions.

CONJECTURE 1.7
Every eigenspace Hg (s) of the Hecke operators, viewed as a subspace of Vg , is an
eigenspace of Ag.

Remark 1.7

(1) There is a weaker version of Conjecture 1.7, in which Vg is replaced by the
space of smooth functions with compact support on some open dense set
U C Bung. For practical purposes, such a weak version is almost as good
but might be easier to prove. For example, we may take U to be the above
locus Bung; of very stable bundles in Bung;, on which the eigenfunctions of
the Hecke operators are smooth (in fact, this is true for any local field F;
we will explain this in a follow-up paper). Then the conjecture is that these
eigenfunctions satisfy the differential equations of the quantum Hitchin sys-
tem combined with its complex conjugate system (which are smooth on this
locus) in the classical sense.

(i) The algebra A¢ acts on both Vg (1) and V. Using an identification (see [3])
of D¢ with a quotient of the center at the critical level (see [12], [13]), one
can show that the action of g commutes with the Hecke operators H 2 (x):
Ve (A) — V. This property, however, is not sufficient for proving Conjecture
1.7. Butin the case G = PGL,, we can derive it from the system of differential
equations in Theorem 1.18. We expect that a similar argument also proves
Conjecture 1.7 for a general G.
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In the rest of this subsection, we will assume the validity of Conjecture 1.7. It
implies the following statement. Let

S(Ac):= @ Ho(s) C He.

s€Spec(Hg)

According to Conjecture 1.7, the algebra A¢ acts on it.

COROLLARY 1.8
The closures of the actions of the elements of Ag on 8 (Ag) form a family of commut-
ing normal operators, and each H g (s) is an eigenspace of these normal operators.

Remark 1.8

It is clear that the subspace §(Ag) C H is contained in the Schwartz space S(Ag)
defined in [8]. We expect that S(4A¢) is a completion of & (A¢g) corresponding to a
specific growth condition on the coefficients.

Corollary 1.8 implies that we can define the joint spectrum of the commutative
algebra Ag. It follows from the definition that Spec(+Ag) is naturally realized as a
subset of Opy . (X) X Opr¢ (X).

Definition 1.9

An LG-oper y is called an oper with real monodromy (or real oper for short) if the
monodromy representation 11 (X, po) — ZG(C) corresponding to y is isomorphic to
its complex conjugate.

Denote by Opy . (X)r the subset of real “G-opers in Op} . (X).

Remark 1.9
It follows from the above definition that the image of the monodromy representation
corresponding to a real “G-oper is contained in a real form “Gy of £G. Moreover,
this form is inner to the split real form since for every algebraic representation V' of
LG, the corresponding monodromy py is isomorphic to Py - We conjecture that in
fact the form LGy is the split real form £G(R), in other words, that real LG-opers are
precisely the LG -opers y for which the image of the monodromy representation of y
in LG (C) is contained, up to conjugation, in ZG(R). This is known to be the case for
LG = PGL, and SL, (see [11], [18], [20]).

We can prove that LG is split in the case when S # @. Indeed, the residue of the
oper at each parabolic point is regular nilpotent, so the monodromy is regular unipo-
tent. Thus our real form £Gg contains a real regular unipotent element, hence a real
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Borel subgroup (the unique Borel subgroup containing it), and hence it is quasisplit.
But an inner quasisplit real form must be split.

For y € Op{G (X), we denote, following Section 3.4 of [8], by y* the LG-oper
obtained by applying to y the Chevalley involution on £G (it belongs to the same
component Op” G (X)). Theorem 4.2 of [8] implies the following.

THEOREM 1.10

As a subset of OpZG (X) x O_sz (X), the joint spectrum Spec(Ag) consists of pairs
(. 7") where x € Osz (X)r. Thus, Spec(Ag) is naturally realized as a subset of
OPZG (X)R

CONJECTURE 1.11
(1)  The set OpZG (X)r is discrete.
(2)  Spec(Ag) = Opl; (X)x.

Remark 1.10

6] In [8], we proved Conjecture 1.11 in the case G = SL,, X = P!, |S| =4,
directly, without relying on the compactness conjecture.

(i) Conjecture 1.11(1) is known in the case when G = PGL,, (see [11, Section 7]).

In [3, Section 5.1.1], Beilinson and Drinfeld attached to every y € Op{G (X) a
D-module on Bung, which is a Hecke eigensheaf with respect to the flat “G-bundle
corresponding to y; namely,

AS = Kph” ® Ay, (1.9)

Bun

where A, is given by (1.8) (see also [8, Section 3.2] and Remark 4.2 below). The
first part of the following statement has been proved in [1, Corollary 11.6.7]. The
second part has been proved in [10, Theorem 11.2.1.2 and Remark 11.2.1.3] (in the
case G = PGL,, this also follows from the results of [17]).

THEOREM 1.12
(1) Ag)( has regular singularities.
2) A?( is irreducible on each connected component of Bung.

Recall that Bung has connected components Bung labeled by 8 € 1(G). Thus,
we have a natural direct sum decomposition

Ho= € HE. (1.10)
Beni(G)
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We also have

S(Ac)= D S(Ac)p,  8(Ac)p = 8(Ac) N HE.
Bem(G)

The action of Ag on §(Ag) preserves the direct summands §(Ag)g. Hence we
can talk about the joint eigenvalues of #A¢g on each of them and the corresponding
multiplicities.

The following statement is proved in Section 1.5 of [§] in the case when G is
simply connected, and the proof generalizes in a straightforward way to the case of
an arbitrary connected simple Lie group G.

PROPOSITION 1.13

Suppose that y € OpZG (X) corresponds to an element of Spec(Ag) and A?( has
regular singularities and is irreducible. Then the multiplicity of y in 8(Ag)g is equal
to 1 forall B € m1(G).

1.4. The case G = PGL,
According to Theorem 1.12, the spectrum of g is simple on each §(Ag)g C Jfg,
B € mi(PGL,) =Z/nZ.

For B € Z/nZ, let {, g be a nonzero generator of the one-dimensional
eigenspace of #Ag in Jfg corresponding to the eigenvalue y. Let

&y :=span{y, g, B € Z/nZ}.

Now consider the Hecke operators H, (x),x € X, and the corresponding
operator-valued section H,,, of the line bundle Q}("_l)/ % These operators act from
J{’GB to Jfg“. Corollary 1.8 then implies that H,, (x) and H,, preserve the n-
dimensional subspace &, C J#g. Moreover, we can normalize the vectors ¥, g in
such a way that \IJ)IC := D _gez/nz ¥x.p 18 an eigenvector of H,, . Then the vectors

WS = Z Py s eeun
BEZ/nZ

(where p, is the group of nth roots of unity) are also eigenvectors of H,, and hence
form an eigenbasis of &,. If @, is a section of Q}(n_l)/ 2 representing the eigenvalue
of Hy, on \11)1(, then the section of Q)_(("_l)/z
WS is €Dy

Thus, to each y € Spec g corresponds a collection { W } of eigenvalues of Hy, ,

representing the eigenvalue of H,, on

which is naturally a u,-torsor. We will now write a conjectural formula for these
eigenvalues.
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Recall that y is an SL,-oper in Op?s'Ln (X)r. Let (Vy,, Vy) be the corresponding
holomorphic flat vector bundle on X with det('Vy, , V) identified with the trivial flat
line bundle. The definition of an oper provides us with an embedding of a line bundle

Koy ° ng—l)/z > Vo, »
and hence an embedding
Koy Ox > Vp, ® K;(("_l)/z.
Therefore, we obtain a section
Sy =Ky (1) € T(X, Vypy, @ K" 7V/?),
In the same way, we obtain a section
Sonot €T(X, Vo, @ Kx" V) =T (X, V} ® K" V).

By our assumption that y € Opls'Ln (X)r, the monodromy representations associated
to  and ¥ are isomorphic. This means that (V,,,, V) and (V,,, V) are isomorphic
as C*° flat vector bundles on X. Hence we have a nondegenerate pairing

hy () (V. V) ® (Vay, . V) = (€F . d)

of C* flat vector bundles X . Since (Vy,, Vy) and (V,,_,, V) are associated to flat
SL,-bundles, their determinants are identified with the trivial flat line bundle. We will
require that /1, (-,-) induce the canonical pairing on the corresponding determinant
line bundles. The set of /4, (:,-) normalized this way is a (,-torsor, which we denote

by {ehy (-, )}

CONJECTURE 1.14
We have

{05} = {ehy (5w, -San_1)}

as [y -torsors of global sections of the line bundle Q;{("fl)/ 2on X.

We will prove a slightly weaker form of this conjecture (Corollary 1.19)—with
roots of unity € replaced by nonzero complex numbers—by showing that both sides
satisfy the same system of differential equations which has a unique solution up to a
scalar.

To explain this, we need an alternative description of the component Ongn (X).

n=1)/2 _ Kg(rl+1)/2

Consider nth order differential operators P : K)_(( (here, if n

. 1/2
is even, we use our chosen square root K X/ ) such that
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(1)  symb(P)e H°(X,Ox) is equal to I;

2) the operator P — (—1)" P* has order n — 2 (here P*: K)_(("_l)/2 — K;(n—i-l)/z
is the algebraic adjoint operator; see [2, Section 2.4]).

These operators form an affine space, which we denote by D}, (X). Locally,

P=0"+0,-2(2)0""2 + - + vo(2).

The following statement is proved in [4, Section 2.8].

LEMMA 1.15
There is a bijection Opé’Ln (X) ~ Dj (X),

1€0py (X) P, e DY(X),

such that the sections s, € T'(X,Vy, ® K)_(("_l)/z) and Se,_, € T'(X, Ve,_, ®
K)_(("_l)/z) satisfy

— * —
Py 50, =0, P, sw,, =0,

where P; is the algebraic adjoint of Py (here we use the Dx-module structures on
Vo, and V,,_, corresponding to the oper connection of x).

The flat vector bundle (V,,, V,) is known to be irreducible (see [4]). Therefore,
we obtain the following.

COROLLARY 1.16
We have that hy u, (SwySepy) is a unique, up to a scalar, section ® of Q"2

which is a solution of the system of differential equations

Py ®=0, Pr-d=0. (1.11)

On the other hand, let V2" be the universal vector bundle over Ongn X)xX
with a partial connection V""" along X, such that

(fvuniv VuniV)|XXX — (’lev VX)

w]

Let 'V;‘;i’VX i= (VoY) where 7 : Opgp (X) x X — X is the projection and .
is the @-module pushforward functor. The connection V'™ makes 'V:;‘l‘l,VX into a left
Dx-module.

Recall (see Definition 1.5) that we have denoted by Dpgy,, the algebra of global
holomorphic differential operators acting on each component BungGLn of Bunpgy,, .
By Theorem 1.6, we have an isomorphism
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~ v
DPGLn ~ Fun OpSLn (X)

Hence Dpgr, naturally acts on V)‘Lmi)} and this action commutes with the action of
Dy . Using the above realization of PGL, -opers as nth order differential operators,
we construct the “universal PGL,,-oper” as follows.

LEMMA 1.17
There is a unique nth order differential operator

0: K" V25 Dpgr, @ KUHD2 (1.12)

satisfying the following property: for any y € Op’s'L" (X) = Spec DpgL,,, applying the
corresponding homomorphism Dpgr,, — C, we obtain Py.

The following is one of the main results of this paper, which will be proved in
Section 4.

THEOREM 1.18
The Hecke operator H,,, viewed as an operator-valued section of Q0

—(n—-1)/2 o 7w (—1)/2
KX(n )/ ®KX

(n—1)/2 _

, satisfies the system of differential equations

o-H, =0, &-H, =0. (1.13)

COROLLARY 1.19
Each of the eigenvalues <D§ of the Hecke operator H, is equal to a scalar multiple

of hy (S, Swp_1)-

Proof of Corollary 1.19 from Theorem 1.18

Equations (1.13) imply that the eigenvalues of H,,, satisfy equations (1.11). That is
because if v is an eigenvector of #Apgr, with the eigenvalue of Dpgp,, correspond-
ing to a holomorphic SL,-oper y, then according to Theorem 1.10, the eigenvalue
of BPGL,, on v corresponds to the antiholomorphic SL,-oper ¥*. Furthermore, it

n2 Fﬁ?“m associated to ¥ is P

is clear that the nth order operator f;((
Corollary 1.16 then implies Corollary 1.19.

Corollary 1.19 describes the eigenvalues of the Hecke operator H,, for
G = PGL,, up to scalar multiples (it is slightly weaker than Conjecture 1.14, which
describes these eigenvalues up to multiplication by nth roots of unity). The eigen-
values of the other Hecke operators H, for G = PGL, can be found from the

eigenvalues of H,,, using Proposition 1.4.
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Moreover, Theorem 1.18 also implies Conjecture 1.7. Indeed, it can be shown
that the differential equations (1.13) imply a suitable version of commutativity of the
algebra A with the Hecke operators. This will be discussed in more detail in [9].

In Section 4, we will derive Theorem 1.18 from the theorem of Beilinson and
Drinfeld [3] describing the action of the Hecke functor Hg,, on the left D-module
DBunpgy,, ® Kguln/ 2 on Bunpgr,, . We will also discuss a generalization of these results
to an arbitrary simple Lie group G.

This shows a deep connection between the geometric/categorical Langlands cor-

respondence and the analytic/function-theoretic one. O

1.5. Structure of the paper

The paper is organized as follows. In Section 2, we consider the abelian case, G =
GL;, in which one can already see the main ingredients of our construction in the
non-abelian case. In Section 3, we formulate some basic results on the compatibil-
ity between the natural operations on functions (pullback, pushforward, and inte-
gral transforms) and the corresponding functors between categories of twisted D-
modules. We then use these results in the following sections to relate the Hecke oper-
ators and Hecke functors and derive differential equations on the Hecke operators. In
Section 4, we prove that the Hecke operators satisfy the system (1.13) of differential
equations corresponding to the “universal SL,-oper” (Theorem 1.18), using a Hecke
eigensheaf property established in [3]. In Section 5, we formulate the analogues of
Theorem 1.18 and Corollary 1.19 describing the eigenvalues of the Hecke operators
in the case of an arbitrary simple Lie group G. We then outline the proof of these
results generalizing the argument we used in Section 4 in the case of PGL,,.

2. The abelian case

In this section, we consider the case G = GL;. Though the spectral problem here is
rather simple (standard Fourier analysis on a torus), it provides a useful illustration of
our general method. Indeed, one can already observe in it all the essential ingredients
of the picture for a general group G. Hence it is instructive to consider it as a blueprint
for the general construction.

We first recall the results of [8] and [14] on the eigenvalues of the correspond-
ing Hecke operators and the global differential operators. We will then prove that the
Hecke operators satisfy a system of differential equations, which are analogous to
equations (1.13). This system will enable us to prove a relation between the eigen-
values of the Hecke operators and the global differential operators and lead to an
alternative, and simpler, proof of the results of [8] and [14] describing these eigen-
values. The differential equations follow from a theorem describing the image of the
sheaf O of differential operators on the Jacobian of the curve X under the action
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of the corresponding Hecke functor. Thus, these differential equations link the geo-
metric/categorical Langlands correspondence and the analytic Langlands correspon-
dence. A generalization of this equation, and this link, to G = PGL,, will be presented
in Section 4.

2.1. The global picture
Let G = GL;. In this case, the role of Buny; is played by the Picard scheme Pic(X),
which is a fine moduli space of line bundles on X. The canonical line bundle on
Pic(X) is isomorphic to the trivial line bundle, and we will fix such an isomorphism.
Hence we have a positive Hermitian inner product on the space of smooth functions
on Pic(X). Let L?(Pic(X)) be its completion. This is our Hilbert space Hgr,. The
Hecke operators on g, are easy to define as they do not involve integration. Their
spectrum was described in [14, Section 2] (not only for GL; but also for an arbitrary
complex torus), whereas the spectrum of the algebra of global differential operators
was described in [8, Section 5]. We recall these descriptions below.

Denote by H, the Hecke operator associated to a point p € X and the defining
one-dimensional representation of GL;. It acts on L?(Pic(X)) as the pullback with
respect to the map sending a line bundle £ € Pic(X),

£ L(p). (2.1)

These operators obviously commute with each other for different p € X.

Recall that Pic(X) is a disjoint union of connected components Pic" (X),n € Z,
labeled by the degrees of line bundles. The Hecke operators shift the degree by 1. Let
us fix a point pg € X once and for all. The map (2.1) with p = py identifies Pic” (X)
and Pic" 1 (X) for all n € Z. This implies (see [ 14, Section 2.1] for more details) that
the spectral theory of the operators Hp, p € X, on L?(Pic(X)) is equivalent to the
spectral theory of the operators

poHp:=Hp OH;017 peX,
acting on
Hoy, = L (Pic®(X)).

Note that ,, H p, is the identity operator.

Next, the Hecke operators ,, H, commute with the algebra g, of global dif-
ferential operators on the Jacobian Pic®(X), which is generated by the translation
vector fields (both holomorphic and antiholomorphic). Hence they share the same
eigenfunctions, namely, the Fourier harmonics on the Jacobian viewed as a real torus.
We will now describe a relation between their eigenvalues following [14, Section 2.4]
and [8, Section 5].
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To describe the eigenfunctions and eigenvalues of the operators ,, H, (following
[14, Section 2.4]), recall that as a real torus,

Pic®(X) ~ HY(X,R)*/H (X, 7Z), (2.2)

where the embedding H;(X,Z) < H'(X,R)* is defined by sending 8 € H,(X,Z)
to the linear functional on H!(X,RR),

H'(X,R)ysc¢ /c=/(wc+ac), we € HO(X, Q0. (2.3)
B B
Given y € H'(X,Z), denote by ¢y the harmonic representative of the image of
yin H'(X,R). Then
oy =0, +@,, w,cHX,Q"°). (2.4)

Note that these are precisely the smooth one-forms on X whose integrals over all
one-cycles in X are integers.
Now view ¢, as a linear functional on H'(X,R)* and set

fy=e*%  ye HY(X,Z). (2.5)

LEMMA 2.1
Forany y € HY\(X,Z), f, is a well-defined function on Pic®(X) given by (2.2).

The functions f,,y € H(X,Z) are the Fourier harmonics of the torus Pic®(X).
They form an orthogonal basis of the Hilbert space J(’GOLI .
The following statement is proved in [ 14, Theorem 2.4].

PROPOSITION 2.2
The function f,,y € HY(X,Z), is an eigenfunction of the Hecke operators p,Hp.
The eigenvalue F, (p) of p, Hp on f, is given by the formula

p
Fy(p) = eXP( / 2ri(wy + Ey)), (2.6)
Do

where the integral is taken over any path connecting pg to p (the integral does not
depend on the choice of this path).

Now consider the algebra of global differential operators on Pic®(X),

AcrL, = Dar, ® Do,
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where Dgy, (resp., 5GL1) is the algebra of global holomorphic (resp., antiholomor-
phic) differential operators on Pic®(X). Since Pic®(X) is compact and has an abelian
group structure, we have

DgL, = Sym(©Pic’(X)).  Dgr, = Sym(OPic’(X)),

where ® Pic®(X) (resp., ® Pic’(X)) is the commutative Lie algebra of holomorphic
(resp., antiholomorphic) translation vector fields on Pic®(X). We have

OPic’(X) ~ HO(X.Q")*,  OPic’(X) ~ H(X,Q"")*.

Therefore, the eigenvalues of the algebra +gr, on any joint eigenvector are encoded
by a pair (a,b), wherea € H%(X, Q"% and b e H?(X,Q%1).

We associate to a a holomorphic GL-oper, that is, the trivial line bundle on X
with the holomorphic connection d + a. And we associate to b an antiholomorphic
GL;-oper, that is, the trivial line bundle on X with the antiholomorphic connection
d+Db.

PROPOSITION 2.3 ([8, Theorem 5.4])

(1) The eigenvalues of AL, on f, are given by the pairs
(a,b) = Qriwy,2wiw,).

2) The GL-opers d + 2niw,,y € H Y(X,Z) are all holomorphic GL-opers on
X with real monodromy (i.e., the monodromy representation takes values in
GL;(R) C GL(C)).

3) The spectrum of gL, on JfGOLl is in bijection with the set of holomorphic
GL;-opers on X with real monodromy.

Combining Propositions 2.2 and 2.3, we obtain the following relation between
the eigenvalues of the Hecke operators and Agr, .

THEOREM 2.4
Let F(p) and (a,b) be the eigenvalues of the Hecke operators p,oHp, p € X, and
AgL, on a joint eigenfunction in L?(Pic®(X)), respectively. Then

p
F(p) = exp( (a+ b)) 2.7)
Po

andb = —a.
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This is equivalent to the following statement. Denote by d and d the holomorphic
and antiholomorphic de Rham differentials, respectively.

PROPOSITION 2.5
The function F(p) is the single-valued solution of the differential equation

dF =(a+b)F (2.8)

or, equivalently, the system

dF = aF, dF =bF (2.9)

normalized so that F(pgy) = 1.

Remark 2.1
Theorem 2.4 does not specify the possible values of the one-forms a and b that appear
in this relation (which we already know from Propositions 2.2 and 2.3). But these
values can be readily obtained from the relation (2.7).

Indeed, single-valuedness of the function F(p) given by (2.7) implies that the
integrals of the one-form a + b over all one-cycles in X are integer multiples of 27i.
This is equivalent to

a+b=2rigp,, (2.10)

where ¢, = w, + @, is the harmonic one-form introduced above, for some y €
H'(X,Z). On the other hand, the self-adjointness on L2(Pic®(X)) of the operators
of the form £ — & and (£ + £)/i, where & is any holomorphic translation vector field
on Pic®(X), implies that

b=-a. @2.11)

Combining formulas (2.10) and (2.11), we obtain that
a=2niwy, b=2riw,

for some y € H'(X,Z).

Therefore, we can derive Propositions 2.2 and 2.3 from Theorem 2.4. Thus, The-
orem 2.4 (or equivalently, Proposition 2.5) is the key statement that yields explicit
formulas for the eigenvalues of both Hecke operators and the global differential oper-
ators.

In the rest of this section, we will give an alternative proof of Proposition 2.5
using the action of the Hecke functors ,,H, (categorical versions of the Hecke oper-
ators ,, Hp) on the sheaf Dgr, of differential operators on Pic®(X). This will be our
blueprint for proving analogous statements for a general group G.
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2.2. Hecke operators and Hecke functors
Consider the GL; version of the Hecke correspondence

Hecke = {(éC, E(po — p),p)} C Pic®(X) x Pic®(X) x X, (2.12)

and let q1,q5 : Hecke — Pic®(X) be the two projections and g3 : Hecke — X. We
have

g2 X q3 : Hecke S Pic®(X) x X
and with this isomorphism, ¢; becomes the map

g1 : Pic®(X) x X — Pic®(X), (2.13)
£+ L(p— po)- (2.14)

Denote by p, H p the restriction of ,, H, to the dense subspace of C*°-functions
on Pic®(X). This is the operator of pulling back a C *®°-function under the map ¢, and
restricting the result to Pic®(X) x p. As p varies along X, these operators combine
into a single operator

po H : C®(Pic® (X)) — C*®(Pic®(X) x X).
We are going to relate it to the Hecke functor

the D-module pullback functor.

2.3. Another derivation of the differential equations
We will now derive the differential equations (2.9) appearing in Proposition 2.5 using
Corollary 3.3 from Section 3.1, in which we will take Z = Pic®(X)x X, Y = Pic®(X)
and let g; be the map Z — Y given by (2.14). Denote the corresponding section
1z_y (see Section 3.1) by 14, . The equations (2.9) will follow from Corollary 3.3
and the fact that 1,4, satisfies the differential equation of Proposition 2.9 below.

To prove Proposition 2.9, denote by gy, the sheaf of holomorphic difterential
operators on Pic®(X). The algebra

D, =T (Pic’(X), Der,) = Sym(OPic’ (X))

acts by endomorphisms of Dgr,, from the right, and this action commutes with the
left action of Dgr,, . We know that

Spec Dgr, ~ H(X, Q") = Opgr, (X).
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Recall that a (holomorphic) GL;-oper on X is a holomorphic connection V on the
trivial line bundle on X, so we can write

V=V,:=d +a, (2.15)

where a e HO(X,Q19).

The trivial line bundle 'V on Opg; , (X) x X is equipped with a partial connection
VU along X, whose restriction to V4 X X C Opgp, (X) x X is the connection V,
on X. Thus, (V, V"™) is the universal GL;-oper on Opg,, (X) X X. We can write an
explicit formula for V"™,

Let W be a finite-dimensional vector space, and let A = Fun W = Sym W*. The
canonical element of W* ® W gives rise to an element of A ® W. Taking W =
H(X.Q"%), we obtain a holomorphic one-form o with values in FunOpg , (X).
Then

v =g + g, (2.16)

Explicitly, if {w;,i = 1,...,g)} is a basis of H%(X, Q") and {b;,i =1,...,g}
is the dual basis in H°(X, 2%)* ~ @ Pic®(X), then

g
o= b (2.17)
i=1

Let Vx := m«(V), where 7 is the projection Opg,, (X) x X — X. The connec-
tion V"™ makes Vx into a left Dy -module.

Moreover, the unit 1 € FunOpg, , (X) gives rise to a global section of Vx, which
we denote by 1vy, . In addition, Vx is equipped with an action of FunOpg, , (X) =
Dgr, which commutes with the action of Dy .

This allows us to define the following D-module on Pic®(X) x X:

Do, X Vx.
Dqr,
The algebra Dgy, acts on it by endomorphisms which commute with the action of
the sheaf Dp;0(x)xx-
Define its global section s by the formula

s =1K 1VX .
The element (2.17) gives rise to a linear operator

o °DGL1 X VX — O(DGLI X (VX ® KX)

DGLl DGLI

(namely, we interpret the b; as elements of Sym(® Pic®(X)) = Dqr,).
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The Dy -module structure on Dgr,, X Vy allows us to define the action of the
Dqr,

holomorphic de Rham differential dx along X on sections of Dgr, D& Vx,
GLy

BX::DGLI X vX_>°©GL1 X (Vx®Kx).

Dgr, Dqr,

Formula (2.16) readily implies the following.

LEMMA 2.6
The section s satisfies the equation

0xs=0-5. (2.18)

COROLLARY 2.7

The D-module Dgr, D@ Vx is isomorphic to D1, ¥ O x with the action of Dx on
GL1

the second factor modified so that the holomorphic de Rham differential dx acts as
follows:

dx > 1Ry + o, (2.19)

where o+ Y %_, b; K w;.

Now recall the D-module g7 (Dx) on Pic®(X) x X and its section 14,. The
algebra Dgr, naturally acts on g7 (Dx) by endomorphisms commuting with the D-
module structure.

THEOREM 2.8
There is an isomorphism of D-modules on Pic®(X) x X equipped with a commuting
action of Dgy,,

g1 (Dgr,) ~ Da, X Vy, (2.20)
Dqr,
under which the section 14, is mapped to s.

Proof
By Corollary 2.7, we need to prove that g} (Dgr, ) >~ Dgr, X Ox, with the modified
action of Dy on the second factor.

Let A be an abelian variety. It comes equipped with the group homomorphism
m:Ax A— A. We claim that m*(Dy4) >~ D4 K O 4, with D4 corresponding to the
first factor acting on itself from the left, and 4 corresponding to the second factor
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acting on O 4 in a modified way so that the corresponding action of the holomorphic
de Rham differential is given by the formula

04> 1X0dy4 +04, (2.21)

where
Oy4 = Zb’ &a)i.
i

Here {w;} is a basis in the space T;*4 = H°(A, K4) and {b;} is the dual basis in
the dual vector space 71 A, which we identify with the space ®(A4) of holomorphic
translation vector fields on A (so the b; can be viewed as global differential operators
on A).

To see this, we invoke formula (3.2) from the next section which shows that

m*(Dyg) = Daxa/(Daxa-Oaxa/4) (2.22)

where © 4x 4,4 is the sheaf of vertical vector fields for the morphismm : A x A — A.
It is generated by the global translation vector fields on A x A of the form §X 1 — 1 X§,
where £ € ©(A). The quotient (2.22) can be identified with D4 X O 4, but then the
action of the vector field 1 X & corresponding to the element £ in the second factor
Dy is given by the action of & X 1 corresponding to the element £ in the first factor
D4, which coincides with the above description.

Now we apply this to the case A = Pic®(X) (so D4 = Der, ) and observe that

41 (Do) = (m™ (Do, ))|Pic°(X)va

where m is the multiplication map on Pic®(X) and X is embedded into the second
factor Pic®(X) via the Abel-Jacobi map X — Pic®(X) sending p — Ox (p — po).
The theorem now follows from the fact that the linear map from

HO(Pic®(X). Kpio(xy) ~ H (X, Kx)

to H%(X, Kx) corresponding to the pullback of a one-form under the Abel-Jacobi
map is the identity, so that formula (2.21) becomes (2.19). O

Using Theorem 2.8 and Lemma 2.6, we obtain the sought-after differential equa-
tionon 1g,.

PROPOSITION 2.9
We have 0x 14, =0 - 1g4,.



ANALYTIC LANGLANDS CORRESPONDENCE FOR CURVES OVER LOCAL FIELDS 2041

Corollary 3.3, which is proved in Section 3.1 below, gives us a way to produce
differential equations on the operator of pullback of functions from differential equa-
tions satisfied by the unit section of the £-module pullback of the sheaf of differen-
tial operators. More precisely, we will use Corollary 3.3 in the setting where the map
p:Z =Y isq:Pic®(X) x X — Pic®(X), so that pgh, = po H and 17y = 1.
Combined with Proposition 2.9, Corollary 3.3 gives us the main result of this section.

THEOREM 2.10
The Hecke operator ,, H, viewed as a smooth function on X with values in operators
on C*®(Pic®(X)), satisfies the system of differential equations

Ox - poH =0-poH,  Ox-poH =0 p,H. (2.23)

This theorem implies Proposition 2.5. Thus, we have obtained an alternative
proof of Proposition 2.5 which relies on the Hecke eigensheaf property (Theorem 2.8)
of the sheaf gy, (in the sense of Remark 2.3 below).

In other words, the differential equation on the eigenvalues of the Hecke oper-
ators follows from the description of the action of the Hecke functor on the sheaf
O(DGLI .

Remark 2.2
The equations (2.23) yield the following explicit formula for the Hecke operators in
terms of the translation vector fields:

poHp = exp< p(a +5)) = exp(/p<ib,-wi + ia@»), (2.24)
Po i=1

pPo i=1

where the b; and b; are viewed as translation vector fields on PicO(X ) (see (2.17)),
whereas the w; and w; are one-forms on X which are integrated over a path con-
necting the points pg and p. Integrality properties of the eigenvalues of the b; and b;
then imply that the exponential of this integral does not depend on the choice of such
path. This way we obtain another interpretation of the relation between the eigenval-
ues from Theorem 2.4. However, the path-independence of (2.24) is not obvious, and
this is why we prefer to express this relation in terms of the system (2.23).

Remark 2.3
For a € Opg, (X) = Spec DgL, , let I, be the corresponding ideal in D, . Define
the following D-module on Pic®(X):

Aa = CDGLl/(tDGLl . Ia).
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Theorem 2.8 implies that
qik(Aa) x Aa & vas

where V, = (O, V,) is the flat line bundle corresponding to a (see (2.15)). The
last isomorphism expresses the fact that A, is the restriction to Pic®(X) of a Hecke
eigensheaf on Pic(X) with the eigenvalue V,. In fact, Theorem 2.8 is equivalent
to this statement for all a € Opg,, (X). In this sense, Dgr, is the universal Hecke
eigensheaf parameterized by all GL;-opers on X.

Here is a categorical interpretation. Recall that a D-module version of the
Fourier—Mukai transform (see [26], [28]) establishes an equivalence between the
category of coherent D-modules on Pic®(X) and the category of coherent sheaves
on Locgr,, the moduli space of flat line bundles on X (it is isomorphic to an
affine bundle over Pic®(X)). The space Opgy, (X) can be a realized as a subvari-
ety of Locgr, (it is the fiber over the point corresponding to the trivial line bundle
in Pic®(X)). Let Coh(Opg,, (X)) be the category of coherent sheaves supported
(scheme-theoretically) on Opg; , (X) C Locgr, - The restriction of the above Fourier—
Mukai transform to Coh(Opg, (X )) gives rise to an equivalence E between this
(abelian) category and the category of D-modules K on Pic®(X) with finite global
presentation, that is, such that there is an exact sequence

i)gaL”l’ — i)é?{’l — K — 0.
This equivalence E takes an object ¥ of Coh(Opg, (X)) to

E(\(F)IZOT)GLI ® F, FIZF(OPGLI(X),}T),
Dqr,
where we use the fact that Dgr, >~ FunOpg;, (X) (see [16, Section 2]).
It follows from this definition that £(©,) = A, and E ((DOPGL] x)) =DaL, -

3. Generalities on D-modules and integral transforms

In this section, we discuss the compatibility between natural functors on the categories
of (twisted) $-modules and the corresponding operations on sections of line bundles.
Though most of the results of this section are fairly straightforward, we were unable
to find them in the literature. We expect that these results are likely to have other
applications, so it is worthwhile to record them here.

We note that closely related topics have been discussed in the works by D’ Agnolo
and Schapira [6] and Goncharov [21], and in fact, we will use a result of [6] below.
Also, in writing this section we have benefited from the advice of P. Schapira.

First, we discuss the pullback functor (Section 3.1), then the pullback functor
in the setting of twisted differential operators (Section 3.2), then the pushforward
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functor (Section 3.3), and finally the integral transform functors associated to corre-
spondences (Section 3.4). We will use the results of the last subsection (specifically,
Corollary 3.12) to prove Theorem 1.18 in Section 4. Roughly speaking, the differen-
tial equations (1.13) on the Hecke operator will follow from certain properties of the
corresponding Hecke functor established in [3].

Remark 3.1

In the case of a curve over a finite field IF,, one can pass from Hecke eigensheaves
to Hecke eigenfunctions using Grothendieck’s faisceaux-fonctions correspondence.
Namely, taking the trace of the Frobenius (a topological generator of the Galois
group of IF;) on the stalks of a Hecke eigensheaf on Bung, we obtain a function on
Bung (Fy). Crucially, this function is a Hecke eigenfunction because Grothendieck’s
correspondence is compatible with natural operations on sheaves and functions.

In the case of a curve defined over C, there is no Frobenius as the field of com-
plex numbers is algebraically closed. Instead, we construct Hecke eigenfunctions as
single-valued bilinear combinations of sections of the corresponding Hecke eigen-
sheaf A, (see formula (1.8)) and sections of a complex conjugate sheaf, as explained
in Section 1.5 of [8] and Section 1.3 above. One could argue that this procedure is
what replaces taking the traces of the Frobenius in the case of a curve over C, but the
question remains why the resulting function is an eigenfunction of the Hecke opera-
tors. The answer is that the results of this section enable us to derive the Hecke eigen-
function property (and to compute the corresponding eigenvalues) from the Hecke
eigensheaf property of A,, using the cyclicity of the Hecke eigensheaf A, (viewed as
a twisted D-module on Bung) and the cyclicity of the corresponding “Hecke eigen-
values” (viewed as twisted D-modules on the curve X). Thus, the results established
in this section may be viewed as an analogue in the complex case of the compatibility
of Grothendieck’s correspondence with natural operations on sheaves and functions.

3.1. Pullback

For a smooth complex manifold Y, denote by Oy and Dy the sheaves of holomorphic
functions and differential operators on Y, respectively (in the analytic topology). Let
Mod(Dy ) be the category of left Dy -modules.

Remark 3.2
In what follows, we can take as Dy the sheaf of algebraic differential operators on ¥
and the category of modules over it. Then we have analogous statements as well.

Given sheaves of algebras 4 and B on Y, an (A, B)-bimodule is, by definition,
a sheaf of modules over A ® B°PP on Y.
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We need to recall some facts about the pullback functor for D-modules. Let p :
Z — Y be a submersion of smooth complex manifolds. Denote by p~! the sheaf-
theoretic pullback functor.

The @-module pullback functor p* is defined as follows. If ¥ is an Oy -module,
then the @ z-module p*(F) is

p(F)=0z ©® pI¥F).
1 (Oy)

If ¥ is a left Dy-module, then p*(F) has a natural structure of a left Dz-
module. To explain this, let ® 7,y be the relative tangent sheaf of the morphism p :
Z — Y (its sections are vertical vector fields on Z with respect to p). This is a sheaf
of Lie algebras. It acts by commutator on £z, and this action preserves the left ideal
(Dz - Oz,v) C Dz. Moreover, we have

(D2/(Dz-0z/%))°%" ~ p~ (Dy) 3.1)
and hence
Dzy =Dz/(Dz-Oz)y) (3.2)

is naturally a (Dz, p~!(Dy))-bimodule.

Remark 3.3
Since p is a submersion,

Dzy ~p*Dy)=0z ® p Y (Dy) (3.3)
p~1(Oy)

as an (Oz, p~1(Dy))-bimodule, and this is how Dz_.y is usually defined. Defin-
ing it by formula (3.2) for such p has the advantage that it makes the {z-module
structure on it manifest.

The isomorphism (3.3) implies that the @-module pullback p*(¥) of a left Dy -
module ¥ can be written as

PF)=Dzy ® pTU(F),
P~ (Dy)

and hence the Oz-module structure on p*(¥') naturally extends to a Dz-module
structure. Thus, we obtain the pullback functor for D-modules, which we denote in
the same way as the (9-module pullback:

p* :Mod(Dy) — Mod(Dz).
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On the other hand, let €3° and €3° be the sheaves of C-valued C *°-functions on
the smooth real manifolds underlying Y and Z, respectively (in the analytic topol-
ogy). Consider the internal Hom sheaf

Hom(p~'(€5°), €)

on Z in the category of sheaves of vector spaces. By definition, for an open subset
ucz,

Fom(p~'(€5°),€F)(U) := Hom(p~' (€5°)|v. €F|v) (3.4)

(as is well known, the presheaf defined by this formula is a sheaf). In particular, we
have a special global section pEﬁo of om(p_l(‘é’)?o),‘é’%") over Z, which corre-
sponds to the pullback of smooth functions from Y to Z. More precisely, for any
open U C Z, the restriction of pzbs to U maps f € (p'(€5°))(U) = C*®(p(U))
to its pullback to U via p (note that p(U) is open because p is a submersion).

LEMMA 3.1

The sheaf J(’om(p_l(f?o),f%o) has a natural (Dz, p~'(Dy))-bimodule struc-
ture, which is defined as follows: for every open U C Z, given P € Dz(U),
0 € (p7H(Dy))U) = Dy(p(U)), and ¢ € Hom(p~'(€3°), €X)(U), which is
a compatible system {¢py € Hom(C > (p(U")), C*(U’))} for open subsets U' C U,

¢ Pogpo(,
where P o ¢ o Q stands for the compatible system {P |y’ o ¢y’ o Q|pwy | U CU}.

On the other hand, we have the (Dz, p~!(Dy))-bimodule Dz_.y givenby (3.2).
The unit 1y € Dy gives rise to a global section 1z_,y of Dz_,y.

PROPOSITION 3.2
There is a unique injective homomorphism of (Dz, p~ ' (Dy))-bimodules

Dzy — Hom(p~' (€5°). €F)
sending 1z_,y to pEloo.

Proof
Let

Az,y = chZ pE}x)
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For every open U C Z, we have
£-pcte(f) =0, VE€Bz/y(U),Y[feC®(pU)).

It follows that 4z y is naturally isomorphic to the right-hand side of (3.2) and hence
to Dz_.y as a left Dz-module. The isomorphism (3.1) defines the structure of a
(Dz, p~1(Dy))-bimodule on both Azy and Dz_,y. It is clear that the former is
compatible with the (Dz, p~! (Dy))-bimodule structure on Hom(p~'(E), €P).

O

Remark 3.4

Concretely, we can choose a sufficiently fine open covering of Z so that each neigh-
borhood is isomorphic to the product of two balls B, € C" and B, € C" and the
restriction of the map p to it is isomorphic to the projection B, x B, — Bj,.
Let {y1,...,Vm} and {x1,...,x,} be coordinates on B,, and B,. It is clear
that the spaces of sections of both Az y and Dz_,y are both isomorphic to
Hol(¥1,.. s Ym> X1, ... Xn) @ C[Dy,,...,0y,,], where Hol(¥1,...,Vm. X1,...,Xn)
denotes the space of holomorphic functions on By, x B;,.

COROLLARY 3.3

Suppose that P - 17y = 0 for some P € I'(Z,Dz). Then
P.-pcto=0, P-pgb=0. (3.5)

3.2. Pullback in the twisted setting
The results of Section 3.1 can be generalized to twisted differential operators. Namely,

let £ be a holomorphic line bundle on Y. Recall that in Section 1.1, using the norm
map a > ||a|| = |a|? from C* to R~ g, we associated to £ a C* complex line bundle
1€l =122

with the structure group R..¢ on Y, viewed as a complex analytic variety. Clearly,

2P~ (E®L) ® ©F. (3.6)
Oy ®0y

In other words, if the transition functions of & are {gqg}, then the transition functions
of |£|? are {|gap|?}-
Consider the sheaf of (twisted) differential operators acting on £ (see [2]),

Dyyr =L Dy @ £71.
Oy Oy

Likewise, we have the sheaf Dz ,+¢ of differential operators acting on the line bundle
p*(£)on Z.
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The role of Dz_,y is now played by
Dzoye:=p (L) @ p*(Dy ® £71)
Oz Oy
~p*() ® Dzy ® p D), (3.7)
0z =1 (Oy)

which is naturally a (Dz, ,=(g), p~ 1 (Dy.¢))-bimodule. The unit 1y € Dy gives rise
to a global section 1 z_,y ¢ of Dz vy ¢.

On the other hand, let ‘(?;"l 22 and ‘6;"“’* )P be the sheaves of C*°-sections of
the line bundles |£|*> on Y and |p*(£)|?> on Z, respectively. Then Dy, ¢ naturally
acts on 8532\2 and Oz ,+(g) naturally acts on ‘62"1)*@)‘2.

Consider the internal Hom sheaf J€0m(p_1(‘€§°|$|2), €3 ) on Z and its

global section pil corresponding to the natural pullback map
_ 2
Py CO(Y.|£]?) > C=(Z, |p*(D)]). (3.8)

The sheaf J(om(p_l(‘(?;,jilz),‘C’;‘jlp*(z)‘z) has the structure of a (Dz p+(g)

p~1(Dy.¢))-bimodule defined in the same way as in Lemma 3.1.

PROPOSITION 3.4
There is a unique injective homomorphism of (Dz p+(), p~ " (Dy,¢))-bimodules

Dzye— J(om(p_l(€§if’|$|2), '€§|P*($)|2)
sending 17_.y,z to pg".

Proof
According to the definition (3.7), we have

Dzoye~p (@) ®@ Dzoy ® p HD). (3.9)
Oz p~1(Oy)

Moreover, isomorphisms (3.2) and (3.1) imply similar isomorphisms in the twisted
case (note that ® 7,y naturally embeds into Dz ,+(g)):

Dzy,e =Dz pr2)/(Dz,pr2)  Oz/v)s (3.10)
_ ®
P (Dr.e) = (Dz,pre)/(Dzpre) Ozyv)) 7. (3.11)

Now we argue in the same way as in the proof of Proposition 3.2. Let

AZ’Y,;g = i)z,p*(;g) . pELo
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For every open U C Z, we have

£-pg' (f/)=0, VE€Ozy(U),VfeC®(pU).£L).

By restricting to sufficiently small open subsets, we obtain from Proposition 3.2
that Az y ¢ is naturally isomorphic to the right-hand side of (3.10) and hence
to Dz_,y,¢ as a left Dz ,+(g)-module. Using the isomorphism (3.11), we obtain a
(Dz,p* () p~ 1 (Dy.¢))-bimodule structure on both Az y.¢ and Dz_,y,¢ and there-
fore an isomorphism between Az y,¢ and Dz_.y,¢ as (J)Z’p*(x),p_l(i)y,x))-
bimodules, sending 17,y ¢ to pil. By construction, the former is precisely the

(Dz,p*), P~ (Dy,¢))-submodule of ‘;gom(p_l(t);jxp)’8%?\,;*(:(3”2) generated

by p3'. O

3.3. Pushforward
Suppose that p : Z — Y is a submersion with compact fibers, and denote by Kz,y
the corresponding relative canonical bundle. Then

Qzyy :=|Kzy?

is the C®° line bundle of relative densities. Let Ky and Kz be the canonical line
bundles on Y and Z, respectively, and let Qy := |Ky|? and Qz := |Kz|? be the
C° line bundles of densities on Y and Z, respectively. We have

Qz/;y ~Qz ® p*(QyH).
Oz

Denote by ps the sheaf-theoretic pushforward functor. Let again &£ be a line

bundle on Y. Consider the internal Hom sheaf (where ® stands for ® or ® )
(S

Hom(pu(CF - typan,) Crizreny) = Hom(p+(€F) - g)pog, ) Crizr)
on Y and its global section pfﬁ corresponding to the integration map

pf :C®(Z,|p*(®))? @ Qz/v) = C=(Y,|2]?). (3.12)

Set
M:=p*"(£) ® Kz)y
Oz
so that

M2 =|p* (@) ® Qz/v.
€y



ANALYTIC LANGLANDS CORRESPONDENCE FOR CURVES OVER LOCAL FIELDS 2049

LEMMA 3.5
The sheaf %Om(p*(€?|ﬂ|2)’€;jx|2) has a natural (Dy,z, p+(Dz, u))-bimo-
dule structure, which is defined as follows: for every open U C Y, given R €

(P+(Dz4))(U) = Dz y(p~'(V)), S € Dyz(U), and ¢ € Hom(p«(€F, ).
€;o|$|2)(U)’ which is a compatible system {¢py € Hom(C*®(p~1(U’),|M|?),
C>®(U',|£|?))} for open subsets U' C U,

¢ SopoR,

where S o ¢ o R stands for the compatible system {S |y o ¢y’ o R| ,-1yry | U" C U}.

On the other hand, denote by p2 the (derived) D-module pushforward functor
p? : DP(Dz) — D’ (Dy).
If ¥ is a Dz-module, then it follows from the definition (see [22, Section 4.6]) that
D . L
Py (F)=R°ps(Dyez ® F), (3.13)
Dz
where
Dyez: =Kz @ Dz.y ® p_l(K)jl)
0z p~1(0y)
is a sheaf on Z with a natural structure of a (p~!(Dy), Dz)-bimodule.

The right action of Dy on Ky gives rise to a canonical isomorphism

DY’ ~Ky ® Dy ® Ky,
Oy Oy

which yields an identification (see [22, Remark 4.18])

Kzv. (3.14)

Y)

Dycz~p '(Dy) ®
r~ 1O

Let us apply p2° := HOpP to the left Dz-module Dy ® M~'. Since it is
Oz

L
free, ® in formula (3.13) is the ordinary ®. Note also that it carries a commuting
right Oz _yx-module structure and hence is a (Dz, Dz 4 )-bimodule. This implies
that the sheaf p2°(Dz ® M~1)isa (Dy, p«(Dz.x))-bimodule.
Oz

Setting

Dyezm=Dyez @ M '=p 1 (Dy) ® p*(L"),
Oz p~1(Oy)
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we obtain an isomorphism

p20(Dz ® MY ~ pu(Dyz.n0).
Z

Define the following (Dy ¢, p+(Dz,u))-bimodule on Y :

0;6Y<—Z,M =2 ® pPoUD; @ M)~ £ @ pu(Dyz.u).
Oy Oz Oy

It follows from the definition of the functor p*D % that the unit 1 z € Dz gives rise to
a global section 1y« z ¢ of Dy z u.

PROPOSITION 3.6
There is a unique injective homomorphism of (Dy, ¢, p«(Dz,u))-bimodules

Dyez.m— J(’om(p*(f;jmz)sf;j;cp)
sending ly — z. ¢ to P‘gx-

Proof
Let us prove the statement in the case £ = Oy, so that M = K7,y .

Recall the relative tangent sheaf ®z,y. The sheaf p,(©z,y) naturally acts
on p«(Kz,y) and on p*(‘(f’g‘?gz/y) by Lie derivatives. Hence ®z,y embeds into
p«(Dz .k, ,,) as a subsheaf of Lie algebras, and so it acts on p«(Dz k,,,) by
commutators. For every open U C Y, we have

P~ f)=0. VEE pu(Ozy)U).VfeC®(p~ (U).Qzy).
It follows that
Pe(Dz.k7) ™ PF 2 pu(Dz.K )/ (Px(Ozy¥) - Px(Dz.k4,y))-
Formula (3.14) implies that
Pe(Dz.k,,) (P+(Oz)7) po(Dz.K,,3)) = Dy z.Ky,,-

This completes the proof of the proposition for £ = Oy, so that M = Ky,z. For a
general line bundle £, the statement of the proposition is derived in a similar way (cf.
Propositions 3.2 and 3.4). O

3.4. Integral transforms
Consider a correspondence
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/4 (3.15)
Y; Y,

Assume that p; and p, are submersions with compact fibers. Let £ and £, be line
bundles on Y; and Y5, respectively, such that

pi(£1) Zpik(cfz)gb Kz/v,- (3.16)
V4

In what follows, we will fix such an isomorphism.
Consider the Hom sheaf on Y,,

Hom(paupy (€55 £). €35 ¢,)- (3.17)

Combining Lemmas 3.1 and 3.5, we obtain that it is a (Dy,,&,, p2«P7  (Dy,.£,))-
bimodule.
Recall that we have a section

£
P’ € Jfom(PZ*(BZIP§($2)|2®QZ/Y2)’Ezsle‘lez)
= Hom(p2e (€ pr(2)p)- Cry 2,12)
(here we apply the isomorphism (3.16)). We also have a section
-1 -1
Pre, € Hom(pi (CF 1, 0) €F pr e )

which gives rise to a section
-1 -1
p2*(p1,$1) € Jgom(Pz*Pl (€;T,|$l |2)1 p2*(€;|p>{($l)|2))-
Denote by HE1:%2  or Hy for short, th iti
YHZ ¥y, z for short, the composition

£ —
Hz :=py o p2u(Prle,)s

which is a section of the sheaf (3.17). This is the integral transform associated to the
correspondence Z and the line bundles &£; and &£,.

On the other hand, recall the (Dz ,+(2,), P1 ' (Dy,,¢,))-bimodule Dz_y, ¢,
and the (Dy,g,, P2+ (Dz,u,))-bimodule 5y<_z,M2, where

My =p5(£2) @ Kz/v,.
Oz
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Formula (3.16) implies that
Dz.p*(21) = Dz.M;-

Therefore, we can form the tensor product

£1,L ~
i)yzlj_zz_)Yl = °©Y<—Z,M2 ® p2*(=®Z—>Y1,.§C1)7 (3.18)

P2+ (Dz M)
which is naturally a (Dy,.¢,, P2« p7 ' (Dy,.¢,))-bimodule. The canonical sections of
Dy«z.m, and Dz_,y, ¢, introduced above give us a global section of 50;2 1(’_$ZZ_)Y] ,
which we denote by 1y, z_y,.
Propositions 3.4 and 3.6 imply the following.

PROPOSITION 3.7
There is a unique homomorphism of (Dy, ¢, 2« Py (Dy, &, ))-bimodules

£1,L2 —1 y000 00
Dy, 57 oy, = Hom(p2epy (€3] 4 12)- €75 1, 2)

sending ly,« zy, to Hz.
This proposition has the following obvious corollary.

COROLLARY 3.8
Suppose that P - 1y, z—y, =0 for some P € I'(Y,, Dy, ¢,). Then

P-Hz =0, P-Hz; =0.

In other words, holomorphic differential equations satisfied by the section
ly,«z-y, give rise to differential equations on the integral transform Hz obtained
from the correspondence Z.

Now we want to connect this to the D-module integral transform functor associ-
ated to the correspondence Z. Namely, we have the functor

HS : D*(Dy,) - D*(Dy,). (3.19)
g ph(pi(9)). (3.20)

Let
Hz =%, 0@3 HY (Dy, 0@;1 £7h. (3.21)

2

This is a (Dy,,¢,, 2«7 (Dy,,£,))-bimodule. The unit 1y, gives rise to a global
section of #z, which we denote by V/z.
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Recall formula (3.13) for the functor pzD*. The next result follows from [6, Propo-
sition 2.12].

PROPOSITION 3.9 ([6])
L
Suppose that the map Z — Y1 x Y5 is a closed embedding. Then Dy, 7z ® Dz_y,
Dz

is concentrated in cohomological degree 0.
This proposition has the following corollary.

COROLLARY 3.10
If Z — Y1 x Y, is a closed embedding, then there is an isomorphism of (Dy, g,
Pasx Py N (Dy, .2,))-bimodules

DyLZ oy = (3.22)

under which 1y, z_.y, is mapped to V7.
Combining Corollaries 3.8 and 3.10, we obtain the following.

COROLLARY 3.11
Suppose that Z — Y1 X Y, is a closed embedding. If P - ¥z = 0 for some P €
' (Y2, Dy,,¢,), then

P.HZZOs P'HZZO.

In our proof of Theorem 1.18 in the next section, we will need the following

variant of Corollary 3.11. Let :ﬁ’z be another line bundle on Y5, and let
£/ _
Dy)e, =L 2 £ ® Dy, 2,

Yy (9Y2
the sheaf of differential operators acting from £, to &£, on Y>.

COROLLARY 3.12
Suppose that Z — Y1 x Y, is a closed embedding. If P - ¥z = 0 for some P €

[(Ys. Dy 2y, ). then
P.HZZO’ P'HZ:O.
4. The case of PGL,

In this section, we consider the case of G = PGL,, (so that “G = SL,,) and the Hecke
correspondence Z (w1) associated to A = w1, the first fundamental coweight of PGL,,.
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There are two advantages in this case that we will exploit: (1) Z(w;) = Z(w;), that is,
the fibers of ¢, x g3 are isomorphic to a closed G [[z]]-orbit Gr,,, , which is smooth and
compact (in fact, Gr,,, =~ P"~1); and (2) the special section (corresponding to the oper
Borel reduction) of the universal oper bundle V,,, satisfies an nth order difterential
equation (see Lemma 1.15). Hence we will be able to apply Corollary 3.12 in the case
of the Hecke correspondence Z(w1) to derive the differential equations (1.13) on the
Hecke operator ﬁwl and thus prove Theorem 1.18.

Note that we also have the multiplicity-one property (see Proposition 1.13 and
Theorem 1.12). We will use the notation of Section 1.2.

4.1. Hecke functor

We follow the definition of the Hecke functor Hg, given in [3] (where it is denoted by
T,,), taking into account the fact that in this case the fibers of the morphism ¢> x g3
are isomorphic to Gr,, ~ P"~! and hence are smooth. The following definition is
taken from [3, Section 5.2.4].

Definition 4.1 ([3])
The Hecke functor

H;n : Db (°(DBunPGL,, ) g Db (@BunPGLn ><X)
is defined as follows. For a left D-module M on Bunpgy,,,

HS, (M) := (q2 x 43)2 (g7 (M), 4.1

where (g2 % ¢3)P denotes the derived direct image functor for D-modules.

Denote by va , the corresponding ith cohomology functor. We now recall a the-
orem of Beilinson and Drinfeld [3] describing the action of Hj, on a specific D-
module on Bunpgt,, .

If n is even, then to define this D-module, we need to pick a square root K
of the canonical line bundle on X (as in Section 1.4). To it, one associates a specific
square root

1/2
X

£ =KL/? 4.2)

Bun

of the canonical line bundle on Bunpg;,, following [3, Section 4] (see also [25]). If n
is odd, then the construction of £ does not require any choices.
Let Dpunp,,, be the sheaf of differential operators on Bunpgy,, . Then

‘DBUHPGL,, QL -
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is a left D-module on Bunpg;, equipped with the commuting right action of the
algebra

DPGL,, = DléGLn = F(BungGLn . L ® @BUHPGLn ® i_l).

Recall from Definition 1.5 that the right-hand side does not depend on . Moreover,
we have

DPGLn ~ Fun Op)S/Ln (X)

according to the result of [3] which is quoted in Theorem 1.6 above. Here y denotes
the isomorphism class of K Y 2 as in Theorem 1.6.

4.2. Hecke eigensheaf property

Recall the left D-module "V(‘I‘)‘Ii’VX on X obtained from the universal oper bundle. It
is equipped with a commuting action of the above algebra Dpgr,,. Furthermore, by
definition of SL,-opers, we have an embedding

univ . gr(n—1)/2 univ
Ky, Ky > "le,X

and hence a section

s e T(X, K" V2 @ v,

w]

Recall the nth order differential operator (1.12). Lemmas 1.15 and 1.17 imply the
following differential equation on sz'u“li" (this is an analogue of equation (2.18) in the
case of GL1):

o - s — 0, (4.3)

ol
We will now use this equation to derive the system (1.13).
Consider the isomorphism (1.2):

a: gt (EY?) S5 gk (2) ® Ko @ g (K" V). (4.4)

It gives rise to a section ¥ z(g,,) of (£ X K;(("_l)/z) ® Hg)l (DBunper, ® £71).
The first part of the following theorem is Theorem 5.2.9 of [3]. The second part
follows from Theorems 5.4.11 and 5.4.12 and Proposition 8.1.5 of [3].

THEOREM 4.2 ([3])
We have H.,, (Dpung,,, ® £71) =0 fori #0, and

Hg)] (a(DBuanLn & cf_l) >~ (';:OBUHPGLH ® i_l) X VE)I:I,VX

DpgL,
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as left Dpunpgy,, X Dx -modules equipped with a commuting action of DygL,,.
Moreover, the section ¥ z(w,) of

(R K" %) @ HY (Dsumpey, ® £71)

~ (£ ® Dpume, ® L7 K (K" V2 @ v

PGLy;

coincides with 1 X s”m"

Theorem 4.2 and (4.3) immediately imply the following.

COROLLARY 4.3
The section Y 7(,,) satisfies

o Yz =0. (4.5)

Now we derive Theorem 1.18 from Corollary 4.3 using Corollary 3.12 in the case
of the Hecke correspondence Z(w;).

4.3. Proof of Theorem 1.18

We are going to derive Theorem 1.18 from Corollary 3.12 with Z, Yy, Y,, £,

£o, and 28’2 defined below. Initially, we would like to take Y; = BungGLn, Y, =

Bunpg;, xX, and Z = Z(w1) (see Section 1.2). However, in order for the morphism

Z — Y1 x Y, to be a closed embedding and the morphism Z — Y> to be proper, we

need to restrict Z(w;) to open dense subsets on both sides, as we now explain.
Recall from formula (1.5) that we have an open dense subvariety of Bunpg, ,

UpgL, (1) ={F € Bunpg, | ¢2 (g7'(%)) C BUH;GL,,}, (4.6)

which is dense by our assumption. It follows from [27, Lemma 5.9]° that there exist
open dense subsets

Y1 C Upgr, (w1), Y2 CBunpg, <X

such that the restriction Z of Z(w;) to Y7 x Y3 is a closed embedding and the cor-
responding map ¢, X g3 : Z — Y, is proper. Denote by p; and pz the maps ¢1
and ¢, x g3 restricted to Y7 x Y3, respectively. Finally, set £; = Bun 2 and £, =
K32 R K72 Thus, we have |£1]2 = QU2 and | €22 = QL2 R Q" V/2,

Bun

3We thank Tony Pantev for this reference and a helpful discussion. Note that the correspondence considered in
[27] differs from the Hecke correspondence Z (w1) in that one of the two bundles is dualized; but since the dual
of a stable bundle is stable, we can use Lemma 5.9 of [27] in our setting.
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Then we have the isomorphism (3.16) which follows from the isomorphism (4.4) (see
also formula (4.2)).
. . . ;. 1)2 (n+1)/2
Now we are in the setting of Corollary 3.12, with £7, := K X Ky . Let
Hz be the corresponding integral transform operator. We then obtain from Corol-

lary 3.12 and equation (4.5) that Hz satisfies the system of differential equations
o0-Hz =0, oc-Hz=0. 4.7

Next, we relate Hz to our Hecke operator ﬁwl. Recall from Section 1.2 that

the operator ﬁwl is defined as the integral transform via the correspondence Z(w1)
1/2
Bun

on UpgL,, (1) to the space Vpar,, ® I'(X, Q}("_l)/z) of smooth sections of |;6’2|2 =

Qéﬁ X Q%H)/ % on Bungg, , XX (in fact, the image consists of compactly supported

from the space Vpgr, (w1) of smooth compactly supported sections of |£1]? = Q

sections). Let ﬁw, be the restriction of ﬁw, to the space of smooth sections of |&£;|?
that are compactly supported on Y; C Upgr, (@1), followed by the restriction to Y, of
the resulting section of | £5|* on Bung, xX. Thus, ﬁwl acts from the space of smooth
compactly supported sections of |£1|? on ¥; to the space of smooth sections of |£5|?
on Y,.

It follows from the above definition that ﬁw | 1s the restriction of Hz to smooth
compactly supported sections of | £1|? on Y;. Therefore, ﬁa) , also satisfies the system
(4.7). Since Y; is dense in Upgr, (w1) and Y> is dense in Bunl?.GLn x X, this implies
that ﬁwl also satisfies this system of equations. Thus, we obtain the system (1.13).
This completes the proof of Theorem 1.18. O

Remark 4.1

It is possible to write an explicit formula for the differential operator ¢ similar to
formula (2.17) in the case of GL,. For example, let G = PGL,, so £G = SL,. Then
the space Ong2 (X) is an affine space over the vector space H%(X, K }K). Let us pick a
point yo € Opg;  (X) and use it to identify Opg; , (X) with HO(X, K%). Let {¢;,i =
1,...,3¢g — 3} be abasis of H(X, K%), and let {F;,i =1,...,3g — 3} be the set of
generators of the polynomial algebra Fun Ong2 (X) dual to this basis, that is,

Fi(xo + ;) = dij.

Let {D;,i = 1,...,3g — 3} be the global holomorphic differential operators on
Bunpgy,, corresponding to the F; under the isomorphism Fun Op’s/L2 (X) =~ Dpgr, -

By Lemma 1.15, we have an isomorphism Opé’L2 (X) ~ D;/ (X), where DJZ’(X)
is the space of projective connections on X (corresponding to our choice of K )1(/ 2). It
sends

X€0pl,(X) + PyeDJ(X).
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Then we can write

3g-3
o= PX() + Z Di ®€0l . K}—(I/Z — DPGLz ® K;’(/Z (48)

i=1

(it is clear that this operator does not depend on the choice of y).
Note that locally on X, after choosing a local coordinate z, we can write the
second-order differential operator Py, € D} (X) in the form

Py, = 8§ + vo(2).

This gives a more concrete realization of the equations (1.13).

Remark 4.2

For y € OngLn (X) = Spec Dpgt,,, let C, be the corresponding one-dimensional
Dpgr,,-module. In [3, Section 5.1.1], Beilinson and Drinfeld defined the following
left D-module on Bunpgy,, :

A?( = ({DBunPGLn ® cf_l) ® (CX
Depgr,
(this is the D-module from Theorem 1.12). They derived from Theorem 4.2 that
val (A())() =0 for i # 0 and (see [3, Theorem 5.2.6])

HY), (AY) > AY R (V. V).

This means that A())( is a Hecke eigensheaf with respect to the flat SL,-bundle corre-
sponding to y (see [3]). In this sense, Dpg,, ® £ ! is a universal Hecke eigensheaf
parameterized by the component Ongn (X) of the space of SL,,-opers on X.

Recall the equivalence of categories in the abelian case obtained by restriction of
the D-module version of the Fourier—-Mukai transform discussed in Remark 2.3. It
has a non-abelian analogue (see, e.g., [16]). In the case of G = PGL,,, on one side we
have the category of coherent sheaves on OngLn (X). On the other side, we have the
category of D-modules KX on Bunpgy,, with finite global presentation of the form

(DpunpaL, @ i_l)e;m - (i)BunPGLn ® "f_l)@r — K —0.
The equivalence E takes an object ¥ of the former category to

E(F):= (DBunpe, ®L™') ® F.  F:=T(Op}g, (X).F).

DpgL,,

In particular, £ (@OPIZGLn x)) = Dbunper,, ® £71 and E(O) = AY.
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5. General case

In this section, we formulate the analogues of Theorem 1.18 and Corollary 1.19
describing the eigenvalues of the Hecke operators in the case of an arbitrary simple
Lie group G and outline their proof following the argument of the previous section.

The case of G = PGL,, and A = wy, which we considered in the previous section,
differs from the case of a general group G and dominant integral coweight A € P in
two ways. First, in the case of G = PGL, and A = w;, we have Z(1) = Z(A), that
is, the fibers (7, x g5) ™' (£, x) of the Hecke correspondence Z (w1) are isomorphic
to the PGL, [[z]]-orbit Gr,,, in the affine Grassmannian of PGL,, which is smooth and
compact. But for general G and A € P, these fibers are isomorphic to the closure
of the G[[z]]-orbit Gry and are singular. Second, in the case of G = PGL, and A =
w1, the canonical section of the universal oper bundle satisfies a scalar differential
equation of Lemma 1.15, but for general G and A this is not the case. Hence for
general G and A our construction needs some modifications, which we discuss in this
section.

Namely, we formulate an analogue (Conjecture 5.1) of Corollary 1.19 describ-
ing the eigenvalues of Hecke operators in terms of real “G-opers; an analogue
(Lemma 5.4) of the system (4.3) of differential equations satisfied by the section
sjniv of the universal oper bundle (twisted by a power of Kx); and an analogue
(Conjecture 5.5) of Theorem [.18 describing differential equations satisfied by the
Hecke operators. Conjecture 5.1 follows from Conjecture 5.5 in the same way as in
the case of PGL,,.

Thus, the only statement that remains to be proved is Conjecture 5.5. It can be
derived from the Hecke eigensheaf property (established in [3] and recalled in Sec-
tion 5.3) by an argument analogous to the one we used in the proof of Theorem 1.18
in Section 4.3 in the case of PGL,. However, because the morphism ¢, x g5 is not
smooth in the general case (in the sense of algebraic geometry), deriving Conjec-
ture 5.5 from this result requires additional care. We leave the details to a follow-up

paper.

5.1. Eigenvalues of the Hecke operators
Recall from the discussion before Theorem 1.6 that the space Op.g (X ) of “G-opers
on X has a canonical component Op’ ¢ (X) isomorphic to the affine space OopY Gus (X).

If the set {(A, p),A € P} contains half-integers, then to specify Osz (X) we need

to choose a square root K }1(/ 2 of the canonical line bundle on X; then y denotes the
1/2
X

isomorphism class of this K/~ which we also use to construct a square root £ =

Kél/j of the canonical line bundle on Bung (see the discussion before Theorem 1.1).

Otherwise, the component Op’ G (X) is well defined without any choices.
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For A € P}, let V, be the corresponding irreducible finite-dimensional repre-
sentation of LG. Given y € Op{G (X), we obtain a flat holomorphic vector bundle
(Va,V,,2) on X. Moreover, the oper Borel reduction gives rise to an embedding

Ky Kg’p) YV,
and hence
®1:0x — K;((A”’) ® Vi
Let
si =T () e T(X, Kx*? @ Vy).

Now suppose that y € Op{G (X)r. Then we have an isomorphism of C*° flat
bundles

(Vi Vi) = (Vi Vi)
and hence a pairing
By a () 2 (Vi Vi) ® (Voweys Vymwohy) = (€5, d)

as V¥ ~ V_y - Since (—wo(4), p) = (4, p), we have

- ——{A.0) _ 5%
wom €T Ky 7 @ V)).
Recall that Bung has connected components Bung, B € 71(G), and we have a

direct sum decomposition

Ho= € HE. (5.1)
Ben(G)

According to Conjecture 1.11, for each y € Op’ . (X)r we have a nonzero eigenspace

of Ag in ]{’g for all B € 1(G) (which is one-dimensional by Proposition 1.13 and
Theorem 1.12). We expect that the Hecke operator H) preserves the direct sum of
these subspaces (see Section 1.4 in the case of PGL,). Moreover, one can find out
precisely how H) permutes different g by analyzing the action of the center Z(XG)
on V) (which is naturally identified with the group of characters of 7;(G)). As in the
case of PGL,,, this implies that the eigenvalues {®, (y)} of H, corresponding to y
form a torsor over the group fiq(g,1) Of roots of unity of some order a(G,A); for
example, «(PGL,,®1) = n (this is so even for G = SOy, /{x1}, when 71(G) >~
Zy X 7). This is why we describe these eigenvalues up to a scalar.

The following conjecture is an analogue of Corollary 1.19 for a general group G.
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CONJECTURE 5.1
For y € Op{G (X)R, the section ) (y) € T'(X, Q}(A’p)) is equal to

D3 (1) = hya (2.5 won))

up to a scalar.

Remark 5.1

As in the case of G = PGL,, (see Section 1.4), we expect that both the pairing /1, ; (-, )
and the eigenvalues @, () of the Hecke operator H) can be normalized up to a root
of unity of order a(G, A). Conjecture 5.1 can then be refined to a statement that two
torsors over the corresponding group [iq(G,) of roots of unity are equal to each other,
similarly to Conjecture 1.14 for G = PGL,,.

5.2. Analogue of the system of differential equations

To prove Conjecture 5.1, we need an analogue of the system of differential equations
which appear in Corollary 1.16 and Theorem 1.18 in the case of PGL, and A = w;.
In that case, we used the possibility to interpret opers in terms of scalar differential
operators of order n (see Lemma 1.15). An analogous interpretation is also possible
if G is of type By or Cy and A = w1, but is not known (and most likely does not
exist) in general (see [4], [7]). Instead, we replace the equations from Corollary 1.16
and Theorem 1.18 with a statement (Lemma 5.2) about the (twisted) D-module on
X obtained by applying all possible (twisted) differential operators to the canonical
section.

Namely, let

i)X,—()L,p) = K)_((A’p) QR Dy ® K;?’m

Ox Ox
be the sheaf of differential operators acting on the line bundle K ;(A’p ) on X. Set

vE .= Kz @ V.
Ox

The oper connection V, ; defines a Oy -module structure on Vy, and therefore a
Dyx,—(r,py-module structure on 'Vf . We will denote this Dy, _(; ,)-module by 'Vf’ 2

Recall that we have a canonical section s, € I'(X, 'Vf ).

LEMMA 5.2
If the monodromy representation of the flat vector bundle (Vy,V, ;) is irreducible,
then

Dx,—(a,p) 52 = 'Vfl. 5.2)
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Proof

Note that Dy _(x p) -55 is anonzero Dy, (4, ,)-submodule of "Vf If the monodromy
representation of the flat vector bundle (V}, V, ;) is irreducible, then (V}, V) is an
irreducible Dyx-module, so 'VX’ is an irreducible Dy _(, ,)-module. Hence (5.2)
follows. ([

Let I, be the left annihilating ideal of s, in the sheaf Dy _(; ). Thus, we have
an exact sequence of left Dy _(» ,)-modules

0— 1, — Dx —>'V 21— 0.

Lemma 5.2 has the following immediate corollary.

COROLLARY 5.3
Suppose that the monodromy representation of the flat vector bundle (V3,V, ;),
where x € OpLg(X)r, is irreducible. Then hy 5 (sx,5_w,(2)) is a unique, up to

—{%.p)

a scalar, nonzero section Wy (y) of Qy annihilated by the ideals I, , and

1w,

Remark 5.2
For G = PGL,, the ideal I, , is globally generated by a differential operator of
order n. Therefore, in this case, a section annihilated by this ideal is the same as a
section satisfying the nth order differential equation (1.11). For a general simple Lie
group G, the ideal I, , does not have such a generator. But as the above corollary
shows, this is not necessary. What matters is the cyclicity of the D-module V}f 5 (see
(5.2)).

We note that it is the cyclicity of two types of twisted D-modules: 'V)f 5 on X
and A, on Bung (see (1.8)), that enables us to link the geometric Langlands corre-
spondence and the analytic one (see Remark 3.1).

Remark 5.3
Note that a nonzero section W, (y) from Corollary 5.3 satisfies

— —=K
(:DX,—(/{,P) ® o(DX,—(A,p)) “Wa(x) =~ ’v)f/l ® vx,—wo(k)'

Corollary 5.3 is an analogue of Corollary 1.16. We are going to formulate a con-
jectural analogue of Theorem 1.18 (Conjecture 5.5) in a similar way.

Let VE““ be the universal vector bundle over OpY G (X) x X with a partial con-
nection V'™ along X, such that

(V™ V™) xx = (Vi Vya). X € OPlg(X).
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Letm: Op{G (X) x X — X be the projection and set
univ . __ univ K,univ . _ —(4,p) univ
Vi = (Vi™), Vyi =Ky ® Vy'i-

Then 'V)I((”)‘C"iv is naturally a Dy, _(x,p)-module on X, equipped with a commuting
action of Fun Opy . (X) ~ Dg.
Moreover, the oper Borel reduction gives rise to an embedding

univ . —{A,p) univ
ki Ky < 'VL P
and hence a canonical section
Suniv c F(X vK,univ)
A > T XA :

Consider the cyclic (Dg ® Dx,—(x,p))-module (DG ® Dx,—(x,0)) - 5™ generated by
s}{“iv. The next lemma follows from the irreducibility of the universal ZG-oper bundle.
It is an analogue of Lemma 1.17 for a general group G.

LEMMA 5.4
There is an isomorphism

(DG ® Dy —p) 55 = V™ (5.3)
of (DG ® Dx,~(x.p))-modules.

(4.0) with values in

Now recall that the Hecke operator H 2 is a section of Qy
operators Vg (4) — V. Hence we can apply to it the sheaf Dx (1 ,) as well as the
algebra D¢, through its action on V. The two actions commute, and they generate

4-P) on X with values in

a Dyx,_(x,p)-module inside the sheaf of C*°-sections of Q2
operators Vg (1) — V. Let us denote this Dx (3 ,)-module by (H, ).

Similarly, we can apply to H) the sheaf EX,_( ,p) and the algebra Dg. Denote
the resulting EX,_(A,p)—module by (H,). The following is an analogue of Theo-

rem 1.18 for a general group G.

CONJECTURE 5.5
There are isomorphisms

———  —K,univ

(Ha) = V™, (Hp) = Vy) (5.4)
of (DG ® Dx,—(x,p))-modules (resp., (D ® Ex,_()hp))-modules).

In the case G = PGL,, A = w1, this conjecture is equivalent to the statement of
Theorem 1.18.
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Suppose that the monodromy representation of the flat vector bundle (V,, V, 1),
where y € Oprg(X)g, is irreducible. Then Conjecture 5.1 follows from Conjec-
ture 5.5 and Corollary 5.3 in the same way as Corollary 1.19 follows from Theo-
rem 1.18 and Corollary 1.16 in the case G = PGL,, A = w;.

5.3. Hecke eigensheaf property

It remains to prove Conjecture 5.5. As in the case of PGL,, we wish to derive Con-
jecture 5.5 using the formalism of Section 3.4 from the Hecke eigensheaf property
established by Beilinson and Drinfeld [3].

We start by recalling the definition of the Hecke functor in the general case from
[3].

We will use the notation of Section 1.2. Consider the Hecke correspondence
Z(M). The fibers of the morphism g, x g5 are isomorphic to the closure Grj, of the
G |[[z]]-orbit Gr), in the affine Grassmannian of G. We have denoted by Z(A) the open
dense part of Z () such that the fibers of ¢, x g3 restricted to Z(A) are isomorphic
to Gr,, and we have denoted by g; the restriction of the morphism g; to Z(A).

The following definition is taken from [3, Section 5.2.4].

Definition 5.6 ([3])

Let M be aleft D-module on Bung. Denote by ¢ (M) the intermediate extension to
Z(A) of g¥(M). (Locally, we can choose an isomorphism Z (1) ~ Bung xGrj x X
so that g, is the projection on the first factor; then g7 (M) can be identified with the
exterior tensor product of ¢} (M), the irreducible D-module on Gry, and O.) The
Hecke functor is defined by the following formula:

HS (M) := (g, x 73)2 (47 (M)). (5.5)

Now consider the left D-module Dpyn; ® £, where £ = Kél/j . Itis equipped

with the commuting right action (see [3, Section 5.1.1]) of
Dg =T (Bunf, £ ® Dpung ® £71) = FunOp}, (X).
The isomorphism (1.2) gives rise to a section ¥z(;) of
(&R K™ @ HY (Dpung @ £71).

The following theorem is due to [3] (see the references before Theorem 4.2
above).

THEOREM 5.7 ([3])
We have Hﬁ({DBunG REH=0fori #0, and
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H?\(@BunG &® x_l) =~ (ODBunG ® i_l) ? v;?;
G

as left (Dpung XM Dx)-modules equipped with a commuting action of Dg.
Moreover, the section Yrz(y) of

(R KZ*") @ Hy (Dpung ® £71) > (£ ® Dpung ® L7 2 (K™ @ vy
coincides with 1 X s;“iv.
Theorem 5.7 and Lemma 5.4 imply the following.

COROLLARY 5.8
There is an isomorphism

(DG ® Dx,—(r,p)  Vz() V;I((,’imiv (5.6)

of (DG ® Dx,—(x,p))-modules.

Conjecture 5.5 (and hence Conjecture 5.1) can be derived from Corollary 5.8
by adapting the results of Section 3.4 to the present situation (similarly to what we
did in the proof of Theorem 1.18 in Section 4.3 in the case of PGL,). This requires
additional care since the morphism g, X g5 is not smooth in general (in the sense of
algebraic geometry). We leave the details to a follow-up paper.

5.4. Proof of Theorem 1.1

In this subsection, we derive Theorem 1.1 from a local statement about line bundles
on the affine Grassmannian given in formula (241) of [3] (it is reproduced in formula
(5.9) below). All ingredients are contained in [3]. We include the argument here for
completeness.

For a point x of our curve X, let Fyx be the formal completion of the field of
rational functions on X at x, and let Oy be its ring of integers. We will also use the
notation O = CJ[[z]], F = C((z)). Let Aut O be the group of automorphisms of O. It
naturally acts on the formal loop group G (F) preserving the subgroup G(O). Hence
we obtain an action of Aut O on the affine Grassmannian Gr = G(F)/G(O), which
preserves the G(O)-orbits Gry, A € PY.

Consider first the case when the set {(A, p),A € P} only contains integers. Let
M be the ind-scheme defined in [3, Section 2.8.3], which parameterizes quadruples
(x,tx, F,yx), Where x is a point of our curve X, t, is a formal coordinate at x (so
that we can identify O, with C[[t,]]), ¥ is a G-bundle on X, and y, is a trivialization
of ¥ on the disk D, = Spec O. The projection
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M — Bung x X, (5.7
(X, tx, F L yx) = (F,x)

is a torsor for the group Aut O x G(O), which naturally acts on ¢, and y,. We use it
to construct a functor F sending an (ind-)scheme Y with an action of Aut O x G(O)
to an (ind-)scheme over Bung x X,
FY)=Y:=M x
AutOxG(0)
This is a generalization of the Gelfand—Kazhdan functor in [19] from (ind-)schemes
equipped with an action of the group Aut O to (ind-)schemes over X. Applying it to
Gr,, we obtain the scheme

F(Gr))=8r,:=M x Gr,
AutOxG(0)

over Bung xX. Denote by r the projection §r; — Bung xX.

PROPOSITION 5.9 ([3, Section 5.2.2(ii)])
There is a natural isomorphism Z (L) ~ §r) under which the projection ¢, X q3 :
Z(A) = Bung x X is identified with r.

Next, in [3, Section 4.6], a local Pfaffian line bundle was defined on Gr. We will
denote it by £¢;. According to the construction, £¢; is (Aut O x G(0))-equivariant,
and hence so is its restriction £, to the G(O)-orbit Gr,. Applying the above functor
F to it, we obtain a line bundle on §r;, which we will denote by £¢;, .

In [3], the line bundle £, was described explicitly. To explain this result, we
need to define a certain one-dimensional representation of Aut O x G(O). Namely,
let us assign to every element ¢ of Aut O the image of z € C[[z]] = O under ¢. This
assignment sets up a bijection between Aut O and the space of formal power series

Pp(2)=> ¢uz"" eC[[z]]. (5.8)

n>0

where ¢¢ is invertible. In particular, we obtain a canonical homomorphism y :
Aut O — Gy, ¢(2) = ¢o.

Definition 5.10
For n € Z, let o(n) be the one-dimensional representation of Aut O on which it acts
via the composition of y and the character of G, raising ¢ to the power n. We



ANALYTIC LANGLANDS CORRESPONDENCE FOR CURVES OVER LOCAL FIELDS 2067

extend it to a one-dimensional representation (denoted in the same way) of Aut O x
G(0).

THEOREM 5.11 ([3, 241)])
There is a canonical isomorphism of (Aut O x G(O))-equivariant line bundles on
GI‘,{,

Lar, >~ Kor, ® 0y, (5.9)

where Kg;, is the canonical line bundle on Gry, and o) = o(—(A, p)).

We now derive Theorem 1.1 from this result. First, we need the following state-
ment which is proved, for example, in [15, Section 6.4].

LEMMA 5.12
Under the functor F introduced above, the representation o(n) of Aut O x G(O) goes
to the line bundle r (K% ), where rx is the projection §r 5 Bung xX — X.

The functor F also sends Kg;, to the relative canonical line bundle of the mor-
phism r : §r; — Bung x X, which by Proposition 5.9 is the line bundle K, intro-
duced in Section 1.2. We also have ry = g3 under the isomorphism of Proposi-
tion 5.9. Therefore, Theorem 5.11 and Lemma 5.12 imply that there is a canonical
isomorphism

Lo, = K2 ® g5(Kx™7). (5.10)

On the other hand, under our current assumption that the set {(A,p),A € P)/}
only contains integers, Beilinson—Drinfeld construction in [3, Section 4.4.1], produces
a square root of the canonical line bundle on Bung (normalized by a trivialization
of its fiber at the trivial G-bundle). We will denote it by Kél/lf . The results of [3,

Sections 4.4.14, 4.6] imply that under the isomorphism of Proposition 5.9, we have a
canonical identification

Lar, =47 (Kgy) ® 43 (Kgi) ™. 5.11)
Combining the isomorphisms (5.10) and (5.11), we obtain the isomorphism (1.2).
This completes the proof of Theorem 1.1 under this assumption.
Now suppose that the set {(A,p),A € P} contains half-integers. Then we mod-
ify the above argument as follows. Define a double cover Aut, O of the group Aut O
as the subgroup of the group Aut O x G, consisting of pairs (¢, w), where ¢ is given
by (5.8) and w? = ¢y. Define the homomorphism y, : Aut O — G,, by the formula
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y2(¢, w) = w. (5.12)

Next, we fix a square root K }1(/ 2 of the canonical line bundle K x on X. As
explained in [3, Section 4.3.16], we can then extend the above functor F to a func-
tor F, from (ind-)schemes Y with an action of Aut, O x G(O) to (ind-)schemes
over Bung x X, which has the following defining property. Let o(m),m € %Z, be the
one-dimensional representation of Aut, O x G(O) on which G(O) acts trivially and
Aut, O acts as the composition of y, given by (5.12) and the one-dimensional repre-
sentation of G,, given by w — w?™. Then F, sends o(m) to the line bundle ry(K%)

forall m € %Z (here K% stands for (K ;(/ 2)2’”, where K )1(/ 2 is the chosen square root
of Kx).

As shown in [3], a local Pfaffian line bundle £g,; on Gr can still be defined in
this case, but it is now (Auty O X G(0O))-equivariant. Moreover, the isomorphism
(5.9) then holds as an isomorphism of (Auty O x G(O))-equivariant line bundles
on Gr, and we also have the isomorphism (5.11), where Kél/j denotes the square
root of the canonical line bundle on Bung associated to the above choice of K }1(/ 2
(see the discussion before Theorem 1.1). Therefore, the same argument proves the

isomorphism (1.2) in general. This completes the proof of Theorem 1.1. O
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