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Abstract of the Dissertation

The Development of Rigorously Correct,
Dynamical Pseudopotentials for Use in Mixed
Quantum/Classical Molecular Dynamics
Simulations in the Condensed Phase
by

Argyris Kahros
Doctor of Philosophy in Chemistry
University of California, Los Angeles, 2014
Professor Benjamin J. Schwartz, Chair

Incorporating quantum mechanics into an atomistic simulation necessarily involves solving the Schrödinger equation. Unfortunately, the computational expense associated with solving this equation scales miserably with the number of
included quantum degrees of freedom (DOF). The situation is so dire, in fact,
that a molecular dynamics (MD) simulation cannot include more than a small
number of quantum DOFs before it becomes computationally intractable. Thus,
if one were to simulate a relatively large system, such as one containing several
hundred atoms or molecules, it would be unreasonable to attempt to include the
effects of all of the electrons associated with all of the components of the system.
The mixed quantum/classical (MQC) approach provides a way to circumvent this
issue. It involves treating the vast majority of the system classically, which incurs minimal computational expense, and reserves the consideration of quantum
mechanical effects for only the few degrees of freedom more directly involved in
the chemical phenomenon being studied. For example, if one were to study the
bonding of a single diatomic molecule in the gas phase, one could employ a MQC
approach by treating the nuclei of the molecule’s two atoms classically—including
ii

the deeply bound, low-energy electrons that change relatively little—and solving
the Schrödinger equation only for the high energy electron(s) directly involved in
the bonding of the classical cores. In such a way, one could study the bonding
of this molecule in a rigorous fashion while treating only the directly related degrees of freedom quantum mechanically. Pseudopotentials are then responsible for
dictating the interactions between the quantum and classical degrees of freedom.
As these potentials are the sole link between the quantum and classical DOFs,
their proper development is of the utmost importance. This Thesis is concerned
primarily with my work on the development of novel, rigorous and dynamical
pseudopotentials for use in mixed quantum/classical simulations in the condensed
phase. The pseudopotentials discussed within are constructed in an ab initio fashion, without the introduction of any empiricism, and are able to exactly reproduce
the results of higher level, fully quantum mechanical Hartree-Fock calculations.
A recurring theme in the following pages is overcoming the so-called frozen core
approximation (FCA). This essentially comes down to creating pseudopotentials
that are able to respond in some way to the local molecular environment in a rigorous fashion. The various methods and discussions that are part of this document
are presented in the context of two particular systems. The first is the sodium
dimer cation molecule, which serves as a proof of concept for the development
of coordinate-dependent pseudopotentials and is the subject of Chapters 2 and
3. Next, the hydrated electron—the excess electron in liquid water—is tackled
in an effort to address the recent controversy concerning its true structure and
is the subject of Chapters 4 and 5. In essence, the work in this Dissertation is
concerned with finding new ways to overcome the problem of a lack of infinite
computer processing power.
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CHAPTER 1
Introduction
Even before computers became ubiquitous in the field of theoretical chemistry,
there was a desire to understand the movement and underlying physics of chemical systems on the atomic scale.[1] The technological progress that we have enjoyed
over the past few decades has allowed us the luxury of delegating the solution of the
large number of equations involved in studying a system dynamically to fast processors and optimized algorithms.[2] When a purely classical approach is appropriate, modern processors can often be sufficient, even when studying relatively large
systems. However, the incorporation of quantum degrees of freedom makes this no
longer the case. This is because quantum degrees of freedom necessarily involve
solving the Schrödinger equation, a serious computational undertaking.[3] In fact,
molecular dynamics simulations that incorporate more than even a small number
of quantum degrees of freedom quickly become computationally intractable.
There are a number of ways one can circumvent this computational limitation, however. One such way is to employ a mixed quantum/classical (MQC)
approach.[4] This involves treating the majority of the system classically, via
the solution of Newton’s equations of motion, and reserving the solution of the
Schrödinger equation only for those degrees of freedom for which a quantum mechanical treatment is desired. For example, if one were to study the effects that
surrounding solvent molecules have on the bonding of a molecular solute, one
could employ a mixed quantum/classical approach in a straightforward manner:
The movement of the solvent molecules, in addition to the intra- and intermolec-
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ular interactions those molecules experience, are taken into account classically,
as are the interactions between the solute cores—that is, the nuclei and deeplybound electrons that change little with a change in environment—and the cores’
interaction with the surrounding solvent molecules. What is left is(are) the electron(s) involved in the bonding of the solute, for which the Schrödinger equation is solved. The interactions between the quantum mechanical electron(s) and
the classical solute cores, as well as that between the electron(s) and the surrounding classical solvent molecules are the final consideration. The coupling
of these seemingly incompatible degrees of freedom is a task accomplished by
pseudopotentials.[4, 5, 6, 7, 8]
Pseudopotentials comprise the essence of the MQC approach, as they bridge
the chasm separating the quantum and classical components of a system. These
potentials can be generated in a number of different ways—empirically with parameters adjusted in order to produce results that coincide with experiments or
those of higher-level theoretical approaches, or in an ab initio fashion, based on
a solid theoretical framework. Phillips and Kleinman (PK) have developed such
a framework,[5] and their formalism can be used to develop potentials without
prior knowledge of the system to be studied beyond that which can be acquired
from electronic structure calculations. Potentials developed using this formalism
can only lead to a correct physical picture if the potential accurately reflects the
physics of the system. Potentials developed empirically, on the other hand,[9, 10]
allow for quick and simple development, but are adjusted in such a way as to yield
the correct answer by design with the aid of experimentally-known quantities or
from those of high-level theoretical calculations, and so suffer from a limited ability to lead to further insight. Although computational science involves a constant
battle between the proper balance of speed and accuracy, a quickly and easily developed empirical potential with an unsound theoretical base is of little use when
the results it produces are not reliable.

2

The subject of this Dissertation is my work related to the construction of novel,
rigorous pseudopotentials for use in mixed quantum/classical molecular dynamics
simulations in the condensed phase. Despite the fact that pseudopotentials can be
created in an ab initio fashion, these potentials still suffer from what is known as
the frozen core approximation (FCA), or static-exchange (SE).[11, 12, 13, 3] This
approximation neglects any changes that a classical core may experience due to a
change in local environment. This is important because we require a set of fully
quantum-mechanically calculated molecular orbitals for the species being represented by a pseudopotential. If the molecular orbitals we use in the construction
of the appropriate pseudopotential are unable to respond to changes in the local
environment (for example, to the proximity to a highly polarizable molecule), then
it will be impossible for the resulting pseudopotential to capture these potentially
substantive effects in a molecular dynamics simulation. The error associated with
this approximation is often dealt with by grafting on empirical or semi-empirical
potentials a posteriori.[14, 15] This Dissertation presents methods for developing rigorous, dynamical pseudopotentials that change with the local environment,
thus escaping the confines of the FCA, as well as thorough discussions on the
details of pseudopotential development. Novel methods are presented and applied to model systems, such as the sodium dimer cation molecule and the highly
contested hydrated electron—an excess electron in liquid water.
The outline of this Dissertation is as follows: In Chapter 2, a novel method for
the rigorous construction of coordinate-dependent pseudopotentials that go beyond the FCA is presented.[16, 17] The method is then applied to the sodium
dimer cation molecule, Na+
2 ,[9, 10, 18] and incorporated into a mixed quantum/classical gas-phase MD simulation.[19, 20] The results of this simulation are
compared to a MQC simulation with frozen core sodium potentials, as well as to
the results of fully quantum mechanical electronic structure calculations.[3] This
Chapter is a version of a manuscript published in The Journal of Chemical Physics
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in 2013 [see A. Kahros and B. J. Schwartz, J. Chem. Phys. 138, 054110 (2013)
and A. Kahros and B. J. Schwartz, J. Chem. Phys. 139, 149901 (2013)]. It begins
with an introduction to mixed quantum/classical MD simulations and discusses
the central role that pseudopotentials play. The text then builds up to our method
on the development of coordinate-dependent pseudopotentials by first presenting
an overview of the theoretical framework on which our work is built, that due to
Phillips and Kleinman.[5] Modifications due to Cohen and Heine (CH) are then
touched upon,[6] which further expand the usefulness of the PK formalism, as is
the computationally efficient, exact reformulation of the PK-CH theory due to
Smallwood and co-workers.[7]
Even pseudopotentials generated in an ab initio fashion, however, are still subject to the FCA, providing no way to accurately probe the dynamics of a realistic
system. The work contained within this Chapter aims to rectify this shortcoming
by beginning with a frozen core potential and calculating a corrective function that
accounts for previously neglected core-core polarization effects. For the case of the
Na+
2 molecule, the classical degrees of freedom comprise two sodium dimer cation
cores (which include the atoms’ independent nuclei and closed-shell electrons),
while the single quantum degree of freedom is the one electron directly involved
in the bonding of the molecule. The interaction between the sodium cation cores
is taken into account with classical Coulombic terms,[21] and their interaction
with the electron involved in its bonding is accounted for with a pseudopotential.
One can imagine constructing a pseudopotential for the Na+
2 molecule by superimposing two atomic sodium cation potentials,[22] leading to a potential suffering
from the FCA because superimposing these atomic potentials completely disregards the changes in the core experienced by the presence of the separate atomic
core nearby. These changes, in turn, lead to changes in the potential, which alters
the electronic bonding structure of the molecule. Additionally, with no modification, the sum of the potentials leads to the immediate norm non-conservation
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of the resulting ‘molecular’ pseudopotential.[23] Our method repairs these deficiencies by constructing a pseudopotential from electronic structure calculations
of the Na+
2 molecule from well inside its equilibrium bond length to complete dissociation. These data are fit and added to the superimposed frozen core sodium
potentials to yield a dynamical potential that accounts for the (necessary) norm
conservation of the employed pseudopotential, and is rigorous for every possible
configuration that the system experiences. Although the FCA was expected to
work quite well for sodium,[19] we nevertheless saw a significant improvement in
our MQC simulation’s ability to accurately reproduce the results of a fully quantum mechanical approach without any added computational expense beyond that
which is involved in the potential’s construction.
Shortly after the publication of our manuscript[16] another group published a
Comment questioning the usefulness of our approach in relation to its application
to Na+
2 .[19] Chapter 3 gives an overview of the Comment put forth by Stoll,
Fuentealba and von Szentpály (SFS), and additionally contains our Response.[20]
The Response dictated in this Chapter is a version of that which was published
in The Journal of Chemical Physics in 2013 [see A. Kahros and B. J. Schwartz,
J. Chem. Phys. 139, 147102 (2013)]. The essence of the Comment by Stoll and coworkers is that superior coordinate-dependent potentials for Na+
2 already exist,[10,
9, 18] and so there is no use for the potential we presented for this molecule.
We agree that superior potentials for Na+
2 already existed, but these potentials
necessarily involve the inclusion of some sort of empiricism. Our goal was to
rigorously be able to reproduce the results of fully quantum mechanical, HartreeFock (HF) calculations without the need for adjustable parameters in an effort to
yield results that compare with those from more reliable, external sources. Higher
level effects can still be accounted for in the same, straightforward manner that
they always have been.
Once we proved that we are able to create dynamical potentials that can repro-
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duce the results of much more expensive calculations, it was our intention to apply
our expertise to the hydrated electron. The hydrated electron, an excess electron
in liquid water, has recently become the subject of much controversy.[24, 25, 26, 27]
The controversy stems from the fact that the long-held belief that the excess
electron resides in a well-defined cavity in liquid water was recently called into
question by the development of a new pseudopotential by Larsen, Glover and
Schwartz (LGS),[24] which showed the excess electron residing in a region of
enhanced water density.[24, 28, 29] The sole difference between the cavity and
non-cavity simulations was the form of the employed pseudopotential for the
water-electron interaction, but all of these potentials suffer from the frozen core
approximation.[14, 15, 30, 31, 26] This is because the hydrated electron system is
characterized by a highly polarizing environment, in which the strong intermolecular interactions between the water molecules can lead to non-negligible effects in
their core orbitals, which must be accounted for in the pseudopotential. The only
way to do this is to create a potential that is dynamic and able to respond to the
ever-changing local water structure.
On our path to developing such a dynamic potential for water, we began to
see how sensitive the calculated potentials were to certain details intrinsic in their
construction.[27] This discovery prompted a thorough investigation, and Chapter 4
gives an in-depth look at the details and sensitivities involved in rigorous PK pseudopotential construction, with particular application to condensed-phase phase.
This Chapter is a version of the manuscript currently in preparation for journal
submission. The discussion is conducted in the context of the hydrated electron
system and culminates in the development of a new electron-water pseudopotential. The goal is to give an intuitive and physical picture for the computational
and implementational aspects of these types of potentials. The details addressed
begin with the initial electronic structure calculations and progress through to the
appropriate smoothing, fitting and practical implementation of pseudopotentials.
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The new electron-water potential presented gives results that seem to be a hybrid
of the cavity and non-cavity pictures seen in the literature, not unlike the ab initio
work using DFT functionals performed on large water clusters.[32]
Finally, in Chapter 5, we aim to marry the knowledge presented in all of the
previous Chapters in order to construct the first dynamical pseudopotential for
water. This novel water potential is based on previous, semi-classical work that
showed and quantified the relationship between the local electric field experienced
by a given molecule from the surrounding water molecules and the molecule’s
O-H stretching frequency.[33] Implicit in this is a relationship between the local field and the quantum mechanics of the water core.[34, 35, 36] This Chapter
presents a dynamical pseudopotential for water that can respond to changes in
that molecule’s environment via parameterization by the local electric field. This
is done in a matter similar to that presented in Chapter 2 on the development
of coordinate-dependent pseudopotentials.[16] However, in this case, the resulting potential incorporates even more many-body effects and does so in a simple,
straightforward, consistent manner. Our work shows a clear and predictable relationship between the local electric field a water molecule experiences and the
appropriate resulting pseudopotential. We then show how we can account for
these effects with a single, relatively simple expression that we use in a MQC MD
simulation of the hydrated electron.
In summary, the main focus of this Dissertation is on the development of novel
ways to model quantum effects in the condensed phase in a rigorous, yet computationally efficient fashion. This introductory Chapter serves as a prologue and
overview of what is to come. The MQC approach is a powerful tool for probing
systems where the quantum effects can be reasonably localized without producing
quantitative and qualitative inaccuracies, but there is still much to be desired from
the pseudopotentials used in its implementation. Clearly, there remain plenty of
opportunities to increase the usefulness of the PK pseudopotential formalism, with

7

little to no added computational cost. As processing power increases, so do the
systems we may reasonably study from a theoretical perspective. Yet approximations and compromises will always have to be made in any scientific endeavor, so
it is sensible to exploit the tools available to their fullest and share whatever has
been learned. This Dissertation, therefore, is my contribution to the vast body of
existing literature on fundamental scientific principles and my attempt to share
what I have learned in my endeavors studying quantum phenomena in condensed
phase media.
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CHAPTER 2
Going beyond the frozen core approximation:
Development of coordinate-dependent
pseudopotentials and application to Na+
2
2.1

Abstract

Mixed quantum/classical (MQC) simulations treat the majority of a system classically and reserve quantum mechanics only for a few degrees of freedom that
actively participate in the chemical process(es) of interest. In MQC calculations,
the quantum and classical degrees of freedom are coupled together using pseudopotentials. Although most pseudopotentials are developed empirically, there
are methods for deriving pseudopotentials using the results of quantum chemistry calculations, which guarantee that the explicitly-treated valence electron
wave functions remain orthogonal to the implicitly-treated core electron orbitals.
Whether empirical or analytically derived in nature, to date all such pseudopotentials have been subject to the frozen core approximation (FCA) that ignores
how changes in the nuclear coordinates alter the core orbitals, which in turn
affects the wave function of the valence electrons. In this paper, we present a
way to go beyond the FCA by developing pseudopotentials that respond to these
changes. In other words, we show how to derive an analytic expression for a
pseudopotential that is an explicit function of nuclear coordinates, thus accounting for the polarization effects experienced by atomic cores in different chemical
environments. We then use this formalism to develop a coordinate-dependent
9

pseudopotential for the bonding electron of the sodium dimer cation molecule,
and we show how the analytic representation of this potential can be used in
one-electron MQC simulations that provide the accuracy of a fully quantum mechanical Hartree-Fock (HF) calculation at all internuclear separations. We also
show that one-electron MQC simulations of Na+
2 using our coordinate-dependent
pseudopotential provide a significant advantage in accuracy compared to frozen
core potentials with no additional computational expense. This is because use
of a frozen core potential produces a charge density for the bonding electron of
Na+
2 that is too localized on the molecule, leading to significant overbinding of the
valence electron. This means that FCA calculations are subject to inaccuracies
of order ∼10% in the calculated bond length and vibrational frequency of the
molecule relative to a full HF calculation; these errors are fully corrected by using our coordinate-dependent pseudopotential. Overall, our findings indicate that
even for molecules like Na+
2 , which have a simple electronic structure that might
be expected to be well-treated within the FCA, the importance of including the
effects of the changing core molecular orbitals on the bonding electrons cannot be
overlooked.

2.2

Introduction

Computational quantum chemistry presents a major challenge even for modern
high-power processors. This is especially true when solving the Schrödinger equation for systems with more than a handful of electronic degrees of freedom, such
as most systems in the condensed phase. As such, it is imperative to develop
methods that increase the tractability of large quantum calculations without sacrificing quantitative or even qualitative accuracy. One such way of doing so is to
employ a mixed quantum classical (MQC) approach, where the majority of the
system is treated with classical Newtonian mechanics and a few select, important
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degrees of freedom are treated quantum mechanically.[37, 4, 38] This reduction
in the number of electronic degrees of freedom can be accomplished by making
a distinction between the core and valence electrons of a system, where the core
electrons are those that remain relatively unaffected by a chemical process of interest and the valence electrons are those that actively participate. In a molecule,
for example, the valence electrons are those that actively engage in the bonding
between the molecule’s constituent atoms, whereas the core electrons are those
that are more deeply bound in localized atomic orbitals, and/or those that reside
on nearby solvent molecules.
To integrate out the core electrons in a MQC calculation, one can take advantage of pseudopotential theory, which allows for the explicit treatment of a
system’s valence electrons while implicitly including the effects of those electrons
that reside in the core.[39] In essence, pseudopotential theory provides an effective potential that replaces the explicit interactions between the core and valence
electrons. Although most pseudopotentials are developed empirically and have
parameters that are adjusted to reproduce some experimental observable (such
as an ionization energy),[39, 40] there are formalisms by which pseudopotentials
can be rigorously derived.[41, 8] Phillips and Kleinman (PK) developed one such
formalism that allows for the calculation of a pseduopotential using the core orbital wave functions generated from a Hartree-Fock calculation on the system of
interest; the formalism finds the potential that guarantees orthogonality between
the core and valence wave functions.[39, 5] The equations developed by PK, however, are numerically challenging to solve, so this formalism largely has been
used only to develop potentials between excess electrons and small closed-shell
molecules.[24, 15, 42, 43, 22, 44] A few years ago, our group found an alternate
derivation of the PK formalism, which provides a numerically and computationally efficient route to the calculation of rigorously derived PK pseudopotentials,[7]
even for relatively large and complex molecules.[24, 43]
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All pseudopotentials, however, whether developed exactly or empirically, are
subject to the frozen core approximation (FCA).[45, 13] The FCA is a consequence
of the fact that a pseudopotential describes the behavior of a set of valence electrons only for a single configuration of the core electrons. If there are situations
where the core electrons dynamically change their wave functions, the FCA provides no way to account for this change in the effective interaction with the valence
electrons, and some of the undesirable side effects of making the FCA have been
discussed in the literature.[12, 11] As a gas-phase example of where the FCA can be
problematic, consider a diatomic molecule whose bonding electrons are described
using pseudopotential theory. At the dissociation limit, the pseudopotential for
the valence electrons must be the sum of individual atomic pseudopotentials since
there is no interaction between the atoms (hereafter, referred to as a frozen core
pseudopotential). As the two atoms approach their equilibrium bond distance,
however, a simple sum of atomic pseudopotentials does not correctly describe the
bonding. This is because the core orbitals of each atom become distorted from
their isolated atomic configurations; the core electrons on one atom are attracted
to/polarized by the other atom’s nucleus and vice-versa, so the core orbitals start
to look less like atomic orbitals and more like molecular orbitals. Thus, a potential that was developed to keep the valence electrons orthogonal to isolated
atomic core orbitals is simply not valid for the bound diatomic molecule. This is
a breakdown of the frozen core approximation.
In this Chapter, we show that this type of breakdown can be avoided by
calculating the pseudopotential as a function of the internuclear spacing. In effect, we keep track of the changes in the core orbitals by finding the appropriate
pseudopotential for any given bond length. As a demonstration that coordinatedependent pseudopotentials can not only be calculated but also represented in an
analytically compact fashion for use in both gas- and condensed-phase molecular
simulations, we calculate the full bond-length dependent pseudopotential for the
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bonding electron of the Na+
2 molecule, a system that has been given both considerable experimental [46, 47, 48, 49, 50] and theoretical consideration.[50, 51, 52, 53]
We show that with our coordinate-dependent pseudopotential, a one-electron calculation of the electronic structure of Na+
2 is as accurate as a full Hatree-Fock
calculation at all internuclear distances. Moreover, we find that at the equilibrium bond length, one-electron calculations within the FCA overbind the electron
at the center of mass of the Na+
2 molecule which, in turn, leads to FCA errors
of roughly 10% in the molecule’s bond length, vibrational frequency and valence
electron eigenenergy, properties that are all captured accurately when our nonFCA coordinate-dependent pseudopotential is employed. Overall, our results show
that it is critical to go beyond the FCA if one wishes to employ MQC techniques
to describe chemical systems in which changing nuclear configurations alter the
implicitly-treated core orbitals and thus affect the chemical dynamics of interest.
And, as we will show in future work, accounting for breakdown of the FCA is
particularly important for condensed-phase systems, where fluctuations of nearby
solvent molecules can polarize the electrons of a system of interest in a complex,
coordindate-dependent fashion.

2.3

Background: Molecular Pseudopotential Theory

In this section, we present our method for developing coordinate-dependent pseudopotentials to go beyond the FCA. Our method is based on the PK pseudopotential formalism,[5] so we begin by briefly reviewing the PK method, followed by
providing a summary of our reformulation of this method.[7] We then extend this
approach to calculate coordinate-dependent pseudopotentials, and in the next section we illustrate our new process by developing a coordinate-dependent potential
that can accurately describe the properties of a gas-phase Na+
2 molecule over distances ranging from inside the equilibrium bond length to complete dissociation.
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2.3.1

Philips-Kleinman Pseudopotential Theory

The PK theory is based on the multi-electron Hartree-Fock (HF) Hamiltonian,
Ĥ = T̂ + Û , where T̂ and Û are the kinetic and potential energy operators,
respectively. The eigenstates of the implicitly-treated ncore electrons, which are
associated with the occupied orbitals or ‘core’, are given by
Ĥ |ψi i = i |ψi i

i = 1, . . . , ncore ,

(2.1)

while the eigenstate(s) of the explicitly-considered valence electron(s) is (are) given
by
Ĥ |ψv i =  |ψv i ,

(2.2)

although in Eq. 5.2 and what follows we will assume only a single valence electron
without loss of generality. A requirement of the HF Hamiltonian is that all of
the eigenstates must be orthogonal: hψi |ψv i = 0.[3] The PK formalism builds
this orthogonality into the valence wave function without having to explicitly
consider the core electrons.[39] This is accomplished by pre-orthogonalizing the
wave function of the valence electron to the core orbitals:
|ψv i = |φi −

n
core
X

|ψi ihψi |φi,

(2.3)

i=1

where |φi is known as the pseudoorbital. By construction, the valence orbital and
pseudoorbital have the same eigenenergy[39] and are identical outside the region
of the occupied core orbitals, so that the pseudopotential that will be calculated
from this pseudoorbital will be norm-conserving.[39, 41, 8, 23] Inserting Eq. 4.3 for
the pre-orthogonalized valence electron wave function back into Eq. 5.2 yields:[5]

Ĥ|φi +

n
core
X

|ψi ihψi |( − Ĥ)|φi ≡ [Ĥ + V̂p ]|φi = |φi.

i=1
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(2.4)

This expression, known as the Phillips-Kleinman equation, is a one-electron Schrödinger
equation for the pseudoorbital in which the pseudopotential, V̂p , guarantees that
the valence orbital will be orthogonal to the now implicitly-treated core orbitals.
This means that the core orbitals need be calculated only once to construct V̂p ,
and then the properties of the valence electron can be found at the HF level of
theory from a one-electron calculation.
The PK equation, however, does not furnish a unique pseudoorbital from which
the valence wave function can be obtained via Eq. 4.3. Cohen and Heine found
that extremizing the expectation value of a given operator constrained the system sufficiently to allow for the calculation of a unique pseudoorbital.[6] Upon
adding this type of constraint, they showed that the PK pseudopotential equation
(Eq. 4.4) is transformed into:

Ĥ|φi +

n
core
X

|ψi ihψi |( − Ĥ + F̂ − F̄ )|φi = |φi,

(2.5)

i=1

where F̂ is the operator whose expectation value, F̄ = hφ|F̂ |φi/hφ|φi is to be
extremized. In most applications,[24, 43, 7, 6] the operator F̂ is chosen to be the
kinetic energy operator, T̂ , so that the resulting pseudoorbital has the minimum
possible kinetic energy and thus is nodeless. Therefore, as long as the core orbitals
of a molecule remain fixed (the Frozen Core Approximation), Eq. 4.5 provides a
route to calculating the properties of the valence electron(s) of interest without
having to explicitly treat the core electrons.

2.3.2

A Reformulation of the PK Pseudopotential Theory

Even with modern computational resources, solving Eq. 4.5 is still challenging
even for modest-sized molecules; examples of the use of this formalism in the
literature have typically been restricted to calculating pseudopotentials for excess
electrons interacting with small molecules such as water [24, 15] or methanol.[42]
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Previously, however, we showed that when F̂ is chosen to be the kinetic energy
operator, Eq. 4.5 is equivalent to:[7]
"
|φi = Iˆ −

core
nX



|ψi ihψi |T̂ /T̄

#−1
|ψv i ≡ M̂ −1 |ψv i,

(2.6)

i=1

which replaces the eigenvalue problem with a numerically simple, self-consistent
equation for determining |φi. Eq. 5.4 provides an additional computational advantage in that it does not require evaluation of the potential energy operator and
its multi-electron integrals, which is typically the bottleneck in solving equations
of this type.
Once |φi is calculated from either Eq. 4.5 or Eq. 5.4 for a particular system, it
is straightforward to calculate the appropriate effective potential, Ueff (the sum of
the pseudopotential and the HF potential energy operator) that is needed in the
one-electron Schrödinger equation for the valence electron. We do this by rewriting
the effective Hamiltonian in Eq. 4.4 as (Ĥ + V̂p )|φi = (T̂ + Ûeff )|φi = |φi. Then,
the nodeless nature of the kinetic-energy minimized |φi allows for the otherwise
non-local Ûeff to be localized:[7]
local
Ueff
(r) =

hr|( − T̂ )|φi
.
hr|φi

(2.7)

We have used this formalism in previous work to develop potentials for excess
electrons interacting with Na+ ,[7] water,[24] and tetrahydrofuran.[43]
Overall, our reformulation of the PK theory provides for a computationally
efficient determination of a unique, nodeless pseudoorbital (Eq. 5.4) and, once |φi
is determined, rigorously prescribes a local effective, norm-conserving potential
(Eq. 5.5) that can be used in a one-electron Schrödinger equation that guarantees
that the valence electron wave function is orthogonal to the implicitly-included
core orbitals. In the next section, we build on this formalism as the basis for
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the principal aim of this work, which is the development of coordinate-dependent
pseudopotentials. We note that for the rest of this Chapter, we use the term
pseudopotential to describe what is actually the total effective potential given by
Eq. 5.5.

2.4

Coordinate-Dependent Pseudopotentials

The formalism presented in the previous section is computationally efficient, so
it is straightforward to apply it not only to molecules of a fixed geometry, as has
been done in the past [24, 15, 42, 43, 22], but also to molecules as a function of
geometry. As we demonstrate in this section, this provides a way to go beyond the
FCA by allowing the pseudopotential to incorporate geometry-dependent polarization effects on the core orbitals. As described above, however, the development
of PK pseudopotentials is based on the LUMO of the system of interest without
the valence electron, rather than the HOMO of the system including the valence
electron, so that the relaxation of the core orbitals in the presence of the valence
electron is neglected. Since our development of coordinate-dependent pseudopotentials is built on the PK formalism, we also are ignoring this relaxation; instead,
the key feature of this work is the development of what is essentially a geometrydependent frozen core pseudopotential. Because we completely take into account
the non-negligible polarization effects of changing nuclear coordinates on the system’s core orbitals, our coordinate-dependent pseudopotential allows us to go
beyond the fixed geometry that is inherent to the FCA.
To illustrate this, consider the case of using pseudopotential theory to describe
the bonding electrons of a diatomic molecule. One can calculate the pseudopotential for this diatomic as a function of the internuclear spacing by keeping track
of the changes in the core orbitals and finding the appropriate pseudopotential
for any given bond length. The computational efficiency of evaluating Eqs. 5.4
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and 5.5 makes doing this quite practical. As a demonstration that coordinatedependent pseudopotentials can not only be calculated but also represented analytically for use in gas- and condensed-phase molecular simulations, in this section
we show how to calculate the full bond-length dependent pseudopotential for the
Na+
2 molecule. As discussed further below, ab initio calculated energies of the
2+
HOMO of Na+
2 and the LUMO of Na2 exhibit negligible quantitative differences,

so that the PK formalism should work quite well for this molecule. What we
will show next is that accounting for coordinate-dependent polarization effects
is important in describing both the electronic and vibrational structure of this
deceptively simple molecule.

2.4.1

A Coordinate-Dependent Pseudopotential for Na+
2

To generate a pseudopotential for the interaction between an excess electron and
+
the Na2+
2 molecule (as needed to obtain a one-electron description of Na2 ), the

first step is to generate the appropriate kinetic-energy minimized pseudoorbitals.
This involves calculating the core electron wave functions of Na2+
2 (that is, solving
Eq. 5.1) at a series of fixed internuclear distances and using these core orbitals
in Eq. 5.4 to generate the set of corresponding pseudoorbitals. Since Na2+
2 is a
closed-shell molecule, we did this via a restricted Hartree-Fock (RHF) calculation
using the Gaussian 03 software package with an atom-centered quadruple-zeta
Gaussian-type orbital (GTO) basis set.[54] This is the same basis set we employed
in our previous work when constructing a pseudopotential for atomic Na,[43] a
level of theory that furnished total and LUMO energies of Na+ that were within
10−5 % and 10−3 % of the numerically exact answers, respectively. Once the {|ψi i}
were calculated for Na2+
2 , we iteratively solved Eq. 5.4 using LAPACK routines
with a starting guess of the LUMO of Na2+
2 (|ψv i, Eq. 5.2). On a 2 GHz Intel
Core i7 processor, convergence occurred in less than 1 s of CPU time for each
internuclear spacing R.
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Once we had the pseudoorbital for each internuclear distance, we then calculated the corresponding localized pseudopotential using Eq. 5.5. It is important to
note that the application of the kinetic energy operator onto the the pseudoorbital
in Eq. 5.5 involves taking the second derivative of |φi. As we [43, 7] and others
[15] have discussed previously, the fact that our pseudoorbital is represented in
the GTO basis set used in the RHF calculation leads to unphysical asymptotic
2

behavior of this derivative at long range; the e−r asymptotic decay of GTOs produces a harmonic binding pseudopotential at long distances. To circumvent this
issue, we tapered the pseudopotential we calculated at each internuclear distance
to exhibit the correct asymptotic r−1 behavior, as described previously.[7]
With the above prescription, we obtained a different set of core orbitals at a
variety of internuclear separations, in turn leading to a different pseudopotential
for the Na+
2 molecule at each internuclear distance. To focus on how the pseudopotential changes as a function of this distance (i.e., how the FCA breaks down),
we examined how the difference between the calculated molecular pseudopotential
and the sum of the atomic pseudopotentials, which is correct in the dissociation
−
limit, varies with internuclear spacing. Thus, for the case of the Na2+
2 − e inter-

action, we define the following:

(Ĥ + V̂p )|φi = |φi

(2.8)

(r1 , r2 ; R))|φi = |φi

(2.9)

Na
Na
(r2 ) + ξ(r1 , r2 ; R))|φi = |φi
(T̂ + Ueff
(r1 ) + Ueff

(2.10)

Na2+
2

(T̂ + Ueff
+

+

where ri is the distance of the electron from Na nucleus i and ξ(r1 , r2 ; R) is a correction function that takes into account the changes of the core molecular orbitals
of Na2+
2 as the relative positions of the nuclei change. Defined this way, ξ(r1 , r2 ; R)
is a direct measure of the breakdown of the frozen core approximation; it clearly
tends toward zero as the internuclear spacing becomes larger than the equilibrium
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bond length, and becomes substantive as the internuclear spacing approaches the
equilibrium bond distance. Moreover, the shape of ξ(r1 , r2 ; R) shows exactly how
the pseudopotential must change in order to guarantee orthogonality of the valence electron(s) to the now-distorted atomic core orbitals as the molecular bond
is formed.
By combining Eqns. 2.9 and 2.10, we can calculate ξ(r1 , r2 ; R) in a straightforward fashion as:
Na2+

+

+

Na
Na
(r1 ) − Ueff
(r2 ).
ξ(r1 , r2 ; R) = Ueff 2 (r1 , r2 ; R) − Ueff

(2.11)

Since the last two terms in Eq. 2.11 are simply the atomic pseudopotentials of the
two sodium atoms (which combine to form the fixed-distance frozen core pseudopotential), they are independent of the internuclear spacing and so only need
to be calculated once, which we did in Ref. [7]. The first term, however, is the
pseudopotential for the Na2+
2 molecule, which clearly changes as the internuclear
distance is varied. We calculated each of these terms (the first one at a variety
of internuclear spacings) and then used them to evaluate our correction function,
ξ(r1 , r2 ; R). With this correction function and the sum of the atomic pseudopotentials, we now have a rigorously correct pseudopotential at all internuclear spacings
−
for the Na2+
2 –e interaction that takes into account the formation of (and thus

any dynamic changes that might occur in) the core molecular orbitals.
Na2+

+

Na
Figure 2.1 shows two-dimensional cross-sections of Ueff 2 (r1 , r2 ; R), Ueff
(r1 )+
+

Na
Ueff
(r2 ) and ξ(r1 , r2 ; R), where the cross-sections shown are taken through the

internuclear bonding axis at R = 3.7 Å, the Hartree-Fock calculated equilibrium
bond distance of Na+
2 . Panel (c) of the figure shows clearly that if we were to
employ the FCA and describe the molecular bonding using the sum of atomic
pseudopotentials, we would overestimate the binding of the electron at the center
of mass of the molecule by approximately 0.03 Hartree. The fact that the true
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attraction of the electron to the space between the nuclei is much less than what
would be predicted in the frozen core limit makes physical sense: the sum of the
atomic pseudopotentials does not account for the formation of molecular orbitals,
whose electrons would preferentially occupy the region between the two nuclei.
This means that the valence (bonding) electron(s) is (are) repelled from this region
relative to how they would behave if no core molecular orbitals were formed. This
same rationale explains the increased electron attraction in the region near the
sodium nuclei, on the outside of the internuclear region: as molecular orbitals
form, core electrons are pulled from this area towards the center of the molecule,
creating an electron void that is readily occupied by the valence electron(s).

2.4.2

Analytic Representation of Coordinate-Dependent Pseudopotentials

To determine the full coordinate-dependent pseudopotential for the Na+
2 molecule,
we calculated the R-dependence of ξ(r1 , r2 ; R) from well inside the equilibrium
bond length to the dissociation limit using Eq. 2.11. The left panel of Fig. 2.1
shows cross-sections of ξ(r1 , r2 ; R) calculated for an internuclear distance, R, of
4.0 Å; the magnitude of ξ(r1 , r2 ; R) decreases as R increases from the equilibrium
bond length, as expected for a system that can be adequately described by the
sum of atomic pseudopotentials in the dissociation limit.
To analytically describe the behavior of ξ(r1 , r2 ; R) as the internuclear separation R is varied, we found a single functional form that would capture the
important features of ξ and used this function to fit ξ(r1 , r2 ; R) at over a dozen
different values for the internuclear distance R. The functional form we chose
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Figure 2.1: Cross-sections of a) Ueff 2 (r1 , r2 ; R), b) Ueff
(r1 ) + Ueff
(r2 ) and c)
ξ(r1 , r2 ; R) taken through the bonding axis at an internuclear distance of 3.7 Å.
The white dots show the location of the Na+ nuclei.
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was:
2

2

2

2

2

2

ξfit (r1 , r2 ; R) = b[e−cr1 + e−cr2 ] + f [r21 e−gr1 + r22 e−gr2 ] + h[e−kr1cm + e−kr2cm ]
2

2

+ l[r21cm e−mr1cm + r22cm e−mr2cm ] + ie−j
2

2 r4
com

, (2.12)
4

which consists of identical atom-centered Gaussian and r2 e−r functions, one e−r
2

function at the molecule’s COM and identical Gaussian and r2 e−r functions at
the mid-point of the COM and each of the atomic sites (denoted by the subscripts 1cm and 2cm in Eq. 2.12). This function contains ten fitting parameters,
b(R), c(R), f (R), g(R), h(R), k(R), l(R) m(R), i(R) and j(R) and Figure 2.2
shows a fit of ξ(r1 , r2 ; R) with the above function at a representative internuclear
distance and was calculated. using the non-linear least squares fitting routine in
Mathematica 7 ; clearly, the functional form we have chosen does an excellent job
of representing the corrective term at every internuclear separation.
Now that we have represented the coordinate-dependent pseudopotential at a
set of discrete internuclear distances, the next step is to find an analytic way to
interpolate the pseudopotential for internuclear separations R between the points
that we calculated directly and fit to Eq. 2.12. To do this, we fit the eight fitting
parameters used to represent the pseudopotential in Eq. 2.12 to rational polynomials of various degrees in R. This effectively produces a nested function that
provides a continuous analytic expression for how the pseudopotential behaves at
any internuclear separation. Figure 2.3 shows that the fitting parameters behave
smoothly as R is varied, and that the way the fitting parameters change with
internuclear separation can be well captured by a simple polynomial fit. The
quality of these fits is equally good for both the linear (e.g., b(R), Fig. 2.3a)
and the non-linear (e.g., j(R), Fig. 2.3b) fitting parameters in Eq. 2.12. Table
2.1 summarizes the fitting parameters and polynomial functions used to describe
their internuclear distance dependence that completely describes our corrective
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Figure 2.2: Slice of the numerically calculated ξ(r1 , r2 ; R) for Na+
2 (left) and fit of
this slice (right) to Eq. 2.12. Slices were taken through the bonding axis with an
internuclear spacing of 4.0 Å, and all axis labels are in atomic units. The white
dots show the location of the Na+ nuclei.
term, ξ(r1 , r2 ; R). The net result is that one can simply add ξfit (r1 , r2 ; R) to the
sum of the atomic pseudopotentials in a one-electron calculation and obtain the
equivalent of a rigorous Hartree-Fock calculation of the exact molecular pseudopotential at any possible internuclear separation. In other words, the fit parameters
in Table 2.1 contain all of the information of a full distance-dependent HartreeFock calculation, boiled down to a single nested function that can be employed in
molecular simulation.
In Sec. 2.5, we apply the analytic coordinate-dependent pseudopotential outlined above to a gas-phase MQC molecular dynamics simulation of the sodium
dimer cation. We also compare the results with an identical simulation without
the coordinate dependence.
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polynomials, plotted in atomic units.
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2.5

Demonstration of Going Beyond the Frozen Core Approximation for the Sodium Dimer Cation

With our newly-developed coordinate-dependent pseudopotential for Na+
2 in hand
(Table 2.1), we are now able to perform mixed quantum classical (MQC) molecular
dynamics simulations of the Na+
2 molecule. This single-electron MD calculation
is fully equivalent to doing ab initio molecular dynamics at the HF level. To understand the nature of our formalism and how well it corrects for the breakdown
of the FCA, we began this process by calculating the Born-Oppenheimer potential energy surface (PES) for the molecule using our newly-developed coordinatedependent pseudopotential, and by comparing the results at selected distances
to a Restricted Hartree-Fock calculation of the LUMO of Na2+
2 , upon which our
formulation was built.
For our single-electron calculations, we elected to solve the Schrödinger equation in a cubic grid basis, rather than the GTO basis used above. This is because
we also plan to showcase the robustness of our pseudopotential and examine the
effects of correcting for the FCA on the dynamics of this molecule in condensed
environments, where a grid basis is more appropriate than a traditional quantum
chemistry basis.[55, 56] Our cubic simulation cell had sides of length 43.8332 Å
and included two classical Na+ nuclei and one fully quantum mechanical electron.
The interaction between the two sodium cation nuclei was taken into account via
point charge Coulombic repulsion and our coordinate-dependent pseudopotential
(Eq. 2.10 with ξfit given as in Table I) described the interaction between these
classical nuclei and the quantum mechanical electron. The one-electron ground3
state wave function for Na+
2 was calculated every time step (1 fs) on a 24 grid

with a side of 14 Å centered in the middle of the simulation cell. The forces on
the classical Na nuclei from the quantum mechanical electron were evaluated using the Hellmann-Feynman theorem and the nuclear dynamics were propagated
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using the Verlet algorithm in a manner identical to previous work.[56, 22] After
employing an initial velocity to the vibrational motion of two classical nuclei, we
generated the PES by simply recording the total energy (classical + quantum)
of the system as the internuclear spacing varied dynamically. Figure 2.4 displays
the dynamically-generated Born-Oppenheimer PES from our one-electron calculations using the coordinate-dependent pseudopotential (orange rounded rectangles)
as well as the LUMO of Na2+
2 , generated directly by the RHF calculation (green
ellipses) and the HOMO of Na+
2 , generated via a UHF calculation (black circles);
the figure shows that there is excellent agreement between the PES generated
from our coordinate-dependent pseudopotential and the LUMO of Na2+
2 on which
it is based, indicating that our PK formalism and subsequent fitting procedure is
robust. Moreover, our single-electron PES not only precisely determines the experimental equilibrium bond length of Na+
2 (3.7 Å),[47] but also correctly captures
both the depth and width of the harmonic well compared to the full RHF calculation. Figure 2.4 also shows that there are only small energetic differences between
the HOMO of the cation and the LUMO of the dication, thus demonstrating that
Koopmans’ theorem[57] holds nicely for the sodium dimer cation molecule so that
the use of the PK formalism is justified.
In addition, the blue squares in Figure 2.4 show an equivalent potential energy surface generated from a one-electron MQC calculation using a frozen core
pseudopotential for Na+
2 (i.e., the sum of the atomic pseudopotentials without
the ξ(r1 , r2 ; R) term). The results show that the frozen core picture overestimates the equilibrium bond length by more than 8%. In addition, the vibrational
frequency of the molecule comes in at 104 cm−1 and 113 cm−1 for the frozen
core and coordinate-dependent pseudopotentials, respectively. The frequency obtained via a calculation with our coordinate-dependent pseudopotential for Na+
2
yields a value close to the HF-calculated frequency of 117 cm−1 obtained with
our basis set. These errors in the FCA calculation are expected given that the

27

FCA overestimates the attraction of electrons to the center of the molecular bond
because the formation of core molecular orbitals is not properly accounted for,
as demonstrated above in Fig. 2.1. Since the only difference between the frozen
core potential and our coordinate-dependent pseudopotential is evaluation of the
ξ(r1 , r2 ; R) term, this means that the errors associated with the FCA can be
avoided in a one-electron calculation with essentially no additional computational
expense (beyond that needed to construct the coordinate-dependent potential in
the first place).
The magnitude of the bonding error with the FCA approximation is further
explored in Figure 2.5, which compares the calculated electron density from a
MQC simulation using the frozen core pseudopotential (panel (a)) to one using our
coordinate-dependent pseudopotential (panel (b)) at an internuclear separation of
3.5 Å, slightly inside the equilibrium bond length. The FCA calculation leads to a
bonding MO with nearly spherical electron density, not very different from the MO
computed with the coordinate-dependent pseudopotential. Panel (c) in Fig. 2.5
shows the bonding MO calculated from an unrestricted Hartree-Fock calculation
using Gaussian 03 ; clearly, the MQC calculation using our coordinate-dependent
pseudopotential does an excellent job of reproducing the full quantum mechanically derived charge density. At an internuclear spacing of 3.7 Å, the total energy
(eigenenergy of the valence electron wave function plus the nuclear Coulombic
repulsion) from an MQC calculation was found to be -5.78 eV and -5.86 eV using
our coordinate-dependent pseudopotential and the frozen core pseudopotential,
respectively.
Overall, Figures 2.4 and 2.5 clearly indicate that the frozen core approximation cannot properly describe the bonding electron distribution in a molecule,
which in turn leads to errors in the calculated bond strength, length and vibrational frequency. Our newly developed coordinate-dependent pseudopotential, on
the other hand, produces not only an accurate qualitative picture of the bonding
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electron associated with the Na+
2 molecule, but also allows a single-electron calculation to provide quantitative results that compare well to calculations using a
fully quantum mechanical approach at the HF level. In this sense, our coordinatedependent potential fully accounts for the polarization of the core orbitals, so no
additional polarization terms are required to correctly describe the behavior of the
valence electrons and thus the bonding of the molecule. We note, however, that
the polarization effects accounted for in our potential are only those arising from
the presence of the Na–Na bond; many-body polarization effects from external
sources are not treated within our formalism. For example, the presence of solvent molecules provides a potential field that can distort the core orbitals in ways
not accounted for with our coordinated-dependent pseudopotential. Fortunately,
for many applications, solvent molecules affect the valence electrons much more
strongly than the core electrons, so that the core electrons could still be implicitly
treated with our formalism and a solvent-electron pseudopotential could be used
to account for the effects of a condensed environment on the valence electrons.
We have also found that this assumption of pair-wise additivity for coordinatedependent pseudopotentials internal to the solute of interest and external solvent
pseudopotentials works remarkably well for describing molecules like Na+
2 in solution environments.

2.6

Conclusions

We have presented a method for developing coordinate-dependent pseudopotentials and have calculated a coordinate-dependent potential that is valid from bonding to the dissociation limit for the valence electron of the sodium dimer cation
molecule. Our method completely takes into account polarization effects on the
core molecular orbitals and how these effects change with a change in the nuclear
coordinates. Our method is built using a reformulation of the Phillips-Kleinman
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Figure 2.4: Gas-phase potential energy surfaces of the Na+
2 system calculated
from MQC MD simulations with a frozen core pseudopotential (blue squares),
our coordinate-dependent pseudopotential (orange rounded rectangles) and from
fixed-point RHF calculations of the LUMO of Na2+
(green ellipses) and UHF
2
calculations of the HOMO of Na+
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2
formalism and is exact in the Hartree-Fock framework, on which the PK method
is based. We have shown that for the case of the sodium dimer cation, a molecule
for which Koopmans’ theorem holds and thus the frozen core approximation might
have been expected to work reasonably well, the implementation of a coordinatedependent pseudopotential that goes beyond the frozen core approximation leads
to significant quantitative improvements in calculated molecular properties, including the bond energy, length and vibrational frequency. Our new method also
allows for the calculation of rigorously correct pseudopotentials under conditions
where the core molecular orbitals of a system change dynamically during the
course of a molecular dynamics simulation. The entire coordinate dependence
of the potential can be represented analytically, so that all of the information
contained in a coordinate-dependent Hartree-Fock calculation can be reproduced
at the single-electron level with a potential that is a single nested function. In
an upcoming paper, we will justify the use of our potential in a more complex
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through the bonding axis. The white dots show the location of the Na+ nuclei.

31

environment, as well as show that the coordinate-dependence of the pseudpotential makes an even larger difference for the properties of the sodium dimer cation
in the condensed phase, allowing us to gain a much better understanding of the
physics involved in the solvent’s influence on the electronic structure of a solute’s
chemical bond.[22] We also expect that going beyond the FCA will make a large
impact on other problems, such as the nature of solvated electrons,[24, 25, 27, 28]
for which subtle changes in the functional form of the pseudopotential can cause
significant differences in physical interpretation, and we will explore this in future
work.
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Table 2.1: Fitting function, ξf it , and corresponding parameter functions, x (where
x represents the general functional form for each of the ten fitting parameters for
ξf it ) for the coordinate-dependent pseudopotential for the bonding electron of
Na+
2 . R is the internuclear distance in atomic units.
2

2

2

2

2

2

ξfit (r1 , r2 ; R) = b[e−cr1 + e−cr2 ] + f [r21 e−gr1 + r22 e−gr2 ] + h[e−kr1cm + e−kr2cm ]
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2

+l[r21cm e−mr1cm + r22cm e−mr2cm ] + ie−j
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CHAPTER 3
Response to Comment on“Going beyond the
frozen core approximation: Development of
coordinate-dependent pseudopotentials and
application to Na+
2”
3.1

Context

Shortly after our work on the development of coordinate-dependent pseudopotentials was published in The Journal of Chemical Physics in 2013,[16] we received
a Comment on our work by Stoll, Fuentealba and von Szentpály (SFS).[19] Stoll
and co-workers had several issues with the coordinate-dependent potential we generated for the Na+
2 system. In particular, SFS outline three grievances regarding
our work:
(i) The first comment states that, while we claim to be presenting a method
on generating coordinate-dependent potentials, these types of potentials already
+
exist for molecules such as Na+
2 and K2 , the theory of which was first explored

by Meyer, et al..[10, 9] Additionally, the potentials for sodium and potassium
molecular ions by Meyer already correct for the Frozen Core Approximation (FCA)
and additionally take into account core-valence, dynamic polarization, an effect
that we ignore. SFS mention that these pre-existing potentials were generated
by adjusting the parameters in the model to data acquired experimentally or
theoretically.
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(ii) SFS go on to claim that the results we present for the sodium dimer cation
molecule are inferior to those produced by pre-existing potentials for this same
molecule.[10, 9, 18, 58] This is because these pre-existing potentials take dynamic
polarization into account, an effect they state is far more substantive than the
core-core polarization we discuss in our work.
(iii) Finally, Stoll and co-workers comment on the large differences we show
between results generated using frozen core potentials for sodium and those using
the coordinate-dependent potential outlined in our manuscript.[16] Additionally,
SFS comment that FCA potentials should not produce such radically different
results when solely core-core polarization has been taken into account.
The final topic discussed in the Comment by SFS is that of norm conservation.[23]
This was in an attempt to understand the discrepancy outlined in comment (iii)
above. This topic is key in our Response to Stoll and co-workers,[20] which we
present below, as is the fact that our potential is generated from a strictly ab
initio foundation, without parameters adjusted empirically and without the need
for additional information beyond that which can be acquired from high-level
quantum chemistry calculations. This is in stark contrast to the pre-existing potentials mentioned by SFS. Moreover, the essence of our work is not that of the
generation of a coordinate-dependent potential for Na+
2 , but rather the presentation of a novel method for the development of dynamical pseudopotentials for any
molecule. The following section contains our Response[20] to the Comment[19]
by Stoll and co-workers.
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3.2
3.2.1

Response to Comment
Abstract

Stoll, Fuentealba and Szentpály (SFS) argue that the coordinate-dependent pseudopotential we developed for the sodium dimer cation molecule is inferior to other
potentials that have been presented in the literature for this molecule. The goal of
our work, however, was to present a novel method for the development of rigorous
coordinate-dependent pseudopotentials. Our method is designed to reproduce allelectron Hartree-Fock calculations without the inclusion of adjustable parameters.
Moreover, our method starts from the superposition of unoptimized, non-normconserved atomic potentials, so that when complete, the resulting norm-conserving
potential can reproduce an all-electron Hartree-Fock calculation without the inclusion of adjustable parameters. We chose the sodium dimer cation system as a
proof of principle for our method, and showed that our method does indeed allow
a one-electron calculation to correctly reproduce the all-electron Hartree-Fock calculation from bonding to the dissociation limit. Our purpose in developing this
method is to use such potentials in condensed-phase mixed quantum/classical
molecular dynamics simulations, where inclusion of valence polarization effects is
unimportant or can be added on after the fact. Thus we do not claim that our
method provides a potential that is superior to potentials that have been specifically constructed to go beyond the static exchange approximation and/or include
valence polarization effects – such potentials are beyond the scope of our work.
We also note that although we made a numerical error in the application of our
method to Na+
2 in our original work [see A. Kahros and B. J. Schwartz, J. Chem.
Phys. 138, 054110 (2013)] that led to an overestimation of the magnitude of core
polarization effects for this particular molecule, out method does work as derived
for this molecule and the error does not affect the significance of our method or
its general applicability.
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3.2.2

Response

In condensed-phase mixed-quantum classical (MQC) molecular dynamics (MD)
simulations,[37, 4, 38] the potentials employed are typically subject to the frozen
core approximation (FCA). Such potentials usually are derived for an isolated
molecule in the gas phase, and if the molecule’s nuclear or electronic coordinates
change upon entering a complex environment, the calculated MQC dynamics could
be highly inaccurate because the potential cannot respond to the interactions
with the solvent. In our original paper,[16] we presented a general method to
go beyond the FCA in MQC MD simulations through the rigorous calculation
of exact pseudopotentials that can respond dynamically to changes in a solute’s
molecular coordinates. To illustrate the use of our method, we applied it to the
sodium dimer cation molecule. We began with rigorously calculated, non-normconserving, unoptimized atomic pseudopotentials based on the Phillips-Kleinman
formalism[39, 5, 8, 7] for each of the molecule’s two sodium cation cores, and
showed that our method provides a means to calculate a corrective function that
allows for the construction of an exact, dynamical, norm-conserving molecular
pseudopotential that includes polarization effects at the Hartree-Fock (HF) level.
Our choice to begin with the sodium dimer cation system stemmed from the fact
that there is negligible discrepancy between the calculated energies for the LUMO
+
of Na2+
2 and the HOMO of Na2 (Fig. 4 of our original manuscript). This allowed

us to conclude that Koopmans’ theorem[57] is valid for this molecule so that we
could focus our efforts on using our method to incorporate the effects of core-core
polarization and correcting for norm-non-conservation while reasonably neglecting
the effects of core-valence polarization. The result is that for a given choice of
basis set, our method produced a coordinate-dependent pseudopotential, which
when used in a one-electron calculation, provided an electronic structure that is
equivalent to a full HF calculation at internuclear separations from bonding to
the dissociation limit for this molecule.
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In their Comment on our paper, Stoll, Fuentealba and Szentpály (SFS) first
argue that our potential for Na+
2 is inferior compared to other potentials developed
for this molecule,[10, 9, 18, 58] due to the fact that we have neglected dynamic
(valence) polarization.[19] Since dynamic polarization is a post-HF effect and our
method is designed to reproduce all-electron quantum mechanical calculations in
the static exchange approximation, we cannot account for such effects, and it is
clear from our formalism that we never claimed to do so. Thus, we fully agree that
potentials that were specifically crafted with atom-adjusted parameters tuned to
the results of experimental observations and/or high level quantum chemistry calculations are superior to ours at describing the behavior of the gas-phase Na+
2
molecule. Our goal was to present a general method, applicable to any system,
for the creation of exact, dynamical molecular pseudopotentials that are able to
fully reproduce all-electron Hartree-Fock calculations in condensed phases without
introducing empiricism. For example, it is straightforward to extend the application of our method to include the effects of the position of a nearby solvent
molecule or changes in bond angle on a solute molecule’s core orbitals. The application of our formalism to Na+
2 and the creation of a dynamic pseudopotential
for this molecule, parameterized by the internuclear separation of the molecule’s
constituent atoms, served as an illustration of the usage of our method and a guide
to how it can be applied in practice. Thus, our coordinate-dependent pseudopotential should not be viewed as a replacement for the potentials developed by Stoll
and co-workers[18, 58] for this system. In fact, one could easily add the CPPs developed specifically for sodium dimer cation by Meyer and Fuentealba[10, 9] to our
coordinate-dependent pseudopotential to capture post-HF core-valence, dynamic
polarization effects for this particular molecule.
Next, SFS state in their Comment that we have overestimated the effects of
core-core polarization for the Na+
2 molecule.[19] In the application of our method
to the sodium dimer cation, we made a sign error in the expression for the basis set
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with which we calculated the molecular pseudo-orbital and thus the corresponding
pseudopotential; this error required us to re-calculate the coordinate-dependent
pseudopotential for sodium dimer cation.[17] As a result of the error, the calculations specific to Na+
2 in our original paper overestimated the effects of core-core
polarization, giving an incorrect picture for the charge density of the molecule’s
bonding electron (Fig. 5 of Ref. [16]). The error did not affect any of the original
calculations related to the ‘frozen core’ (i.e. unoptimized atomic) potentials and
so the FCA that results from the superposition of these potentials for the sodium
dimer cation molecule remain unaffected. When the error is corrected (see Fig. 5
of Ref. [17]), we find a much greater resemblance between the HF molecular orbital
and the superposition of the ‘frozen core’ atomic potentials that we implemented
(which were based on previous work[7]), indicating less pronounced core-core polarization effects than we had previously stated. Importantly, however, our error
caused no change in the potential energy curve we calculated (Fig. 4 of the original
manuscript), nor in the molecule’s equilibrium bond length, dissociation energy
or vibrational frequency.[17] This is because the PK formalism upon which our
method is based guarantees that one retrieves the eigenenergy specified by an electronic structure calculation and the pseudo-orbital from which the implemented
pseudopotential was calculated. Thus, the mathematical error we made provided
an incorrect expression for the molecule’s pseudo-orbital but did not affect the
calculated eigenenergy. We thank SFS for providing us with the opportunity to
discover and correct our error, but we note that although the aforementioned error
did cause us to overestimate the effects of core-core polarization for this particular molecule, the error does not affect the generality of our method, only the
particular application to the Na+
2 molecule (which has now been corrected[17]).
Finally, SFS also claim that our potential does not provide a significantly
better description of the Na+
2 molecule than a simple Na atomic pseudopotential superposition.[19] In particular, they point out that the superposition of the
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atomic potentials developed by Fuentealba[18] yields satisfactory results and only
increases the equilibrium bond length by 0.01 Å. Again, however, we note that
these atomic pseudopotentials include empirically adjusted parameters, while our
‘frozen core’ atomic potentials were rigorously derived from the PK formalism in a
manner general to any atom and/or molecule, and thus were in no way optimized.
Additionally, our ‘frozen core’ potentials were non-norm-conserving and our corrective function needed also to account for this lack of norm conservation. Thus,
our method provides a means to correctly reproduce the potential energy curve obtained via an all-electron Hartree-Fock calculation with a one-electron coordinatedependent pseudopotential based on unoptimized, non-norm-conserving atomic
potentials without using a single adjustable parameter.[16] This was precisely the
aim of our work. SFS go on to state that our approach is problematic precisely
because it is based on unoptimized non-norm-conserving[23] ‘frozen core’ atomic
potentials.[19]. Of course the use of unoptimized atomic potentials leads to errors
when calculating molecular properties because of the lack of norm conservation,
and this is precisely what we referred to in our original paper as the FCA limit
and why we see a discrepancy between the molecular properties obtained from a
superposition of our ‘frozen core’ atomic potentials and those we calculated using
our coordinate-dependent formalism for the sodium dimer cation. The corrective
function calculated with our method, therefore, corrects any problems caused by
the lack of norm-conservation by reproducing the molecule’s exact pseudo-orbital
at every internuclear separation. Thus, our method is capable of using generic,
unoptimized, non-norm-conserving potentials in the construction of coordinatedependent potentials that are effectively norm-conserving. This is why our method
can reproduce an all-electron HF calculation at all internuclear separations – for
any molecule – without need for tuning or adjustable parameters.
In conclusion, the majority of the comments by SFS seem to be the result of
a misunderstanding of the purpose of our work, in that our aim was to present a
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general method at the Hartree-Fock level of theory for creating exact dynamical
potentials starting with unoptimized atomic potentials; we never proposed to replace the accurate CPPs developed specifically for the system to which we applied
our method as a proof of principle. SFS are indeed correct in that the particular
application of our method to the Na+
2 molecule overestimated core-core polarization due to an error, which now has been fully corrected.[16] The fact that our
method can be successfully applied to molecules like sodium dimer cation shows
that our method is robust and generally applicable to any molecule. Thus, nothing in the SFS Comment affects the method that we present in our work or its
significance and, in fact, the formalism underlying our method, which unambiguously provides for the construction of exact, dynamical pseudopotentials within
the Hartree-Fock framework for use in MQC MD simulations, has not been called
into question.
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CHAPTER 4
Revisiting the Water-Electron Pseudopotential:
A Detailed Exploration of the Intricacies and
Sensitivities Involved in the Construction and
Implementation of Ab Initio Phillips-Kleinman
Pseudopotentials
4.1

Abstract

Mixed Quantum/ Classical (MQC) Molecular Dynamics (MD) is a popular method
to study chemistry in the condensed phase.[4, 56] It involves making a reasonable
distinction between those deeply-bound ‘core’ electrons that take a passive, indirect role in some chemical process of interest, and those higher-lying, ‘valence’
electrons that actively participate and so experience a continual change in their
electronic structure.[3] Pseudopotentials allow us to reduce the quantum mechanical degrees of freedom in our calculations by treating only those active, ‘valence’
electrons explicitly in our evaluation of the Schrödinger equation by integrating
out the indirectly contributing/ spectator electrons and implicitly including their
effects via an additive potential in the Hamiltonian, the pseudopotential.[39] This
allows for a decrease in the number of electrons that require explicit representation
in the solution to the Schrödinger equation, significantly decreasing the computational cost. Despite the ubiquity of pseudopotentials in simulations of this type,
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their development is far from standardized. One can develop pseudopotentials
empirically by attempting to match a specific simulation result to an experimentally known quantity (e.g. an ionization potential) or analytically by beginning
with a rigorous formalism, such as that due to Phillips and Kleinman (PK).[5, 39]
Nowhere in the literature, however, does there exist a discussion of the intricacies
of pseudopotential development and how sensitive the resulting potentials are to
these details. The recent controversy over the true structure of the equilibrated
hydrated electron has shed light on the fact that pseudopotential details can have
profound qualitative effects when implemented in simulation.[24, 27, 26, 25] The
various strains of water pseudopotentials in use have yielded in some cases diffferent structural and dynamical results for the hydrated electron, even though most
potentials were developed using the identical theoretical framework.[24, 14, 30, 59]
In our attempt to reconcile the structural discrepancies seen as a result of employing a slightly different pseudopotential for the hydrated electron, we have found
that these pseudopotentials are extremely sensitive to various details involved in
their construction. In this study, we explore how the precise method involved in
pseudopotential development affects the final product, with particular emphasis on
the choice of basis set and the degree of artificial confinement in electronic structure calculations, the effects of smoothing and, finally, tapering and fitting the
resulting, exact pseudopotential before use in a MD simulation. We present this
discussion in the context of the hydrated electron system,[60] but the principles
can be considered for any calculation that requires the use of pseudopotentials.

4.2

Introduction

Studying quantum mechanical processes in the condensed phase is a formidable
task, even with modern high-performance computational resources. This is because in order to accurately simulate the condensed phase, several hundred or sev-
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eral thousands of atoms/ molecules are needed. Treating a system of this size from
a fully quantum mechanical perspective would require solving the Schrödinger
equation for hundreds, thousands or even tens of thousands of electrons, a task
currently not possible. One way to decrease the computational burden of carrying out studies of this kind is to employ a mixed quantum/ classical (MQC)
approach.[4, 38] This treats the majority of the system classically and reserves
solving the Schrödinger equation only for those electrons that actively participate
in the chemical process of interest. Pseudopotentials are then employed in order
to couple the quantum and classical degrees of freedom.[39]
As an illustrative example, consider the system that will be the focus of this
manuscript, and that has been the subject of much experimental and theoretical consideration, the hydrated electron—that is, the excess electron in liquid
water.[24, 59, 31, 60, 30, 15] Studying the hydrated electron system in a MQC
fashion would denote treating all of the hydrogen and oxygen atoms of all the water molecules classically; that is, solving Newton’s equations of motion to describe
their dynamics. The Schrödinger equation is then solved solely for the system’s
excess electron, while the implementation of the pseudopotential allows for the
excess electron’s wave function to be evaluated in the effective field created by the
molecular water core, which includes the nuclei of water’s constituent atoms, as
well as all of the electrons that make up the neutral molecule.[39] Through this example, one can immediately see the benefits of the MQC approach. While a fully
quantum mechanical treatment of the hydrated electron system would involve
solving the Schrödinger equation with the explicit consideration of all 10 nH2 O + 1
electrons (where nH2 O is the number of water molecules), the MQC approach requires the inclusion of only the excess electron, and uses a pseudopotential to
incorporate the effects of the other 10 nH2 O , thereby drastically decreasing the
computational cost.
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4.2.1

The Phillips-Kleinman Pseudopotential Formalism

There is, however, no one correct way to develop a pseudopotential. Some are
developed empirically by adjusting parameters to yield a result that replicates
the findings of an experiment, or those of high-level theoretical calculations. Yet,
there exist theoretical frameworks that allow for their rigorous and analytic determination. One such framework is that due to Phillips and Kleinman (PK),[5]
who made a distinction between inactive, deeply-bound core electrons, and those
that are active in the chemical process of interest, or valence electrons. The key to
the PK formalism involves pre-orthogonalizing the valence electron(s) wave function(s) to those of the core, in an effort to determine a potential that rigorously
includes the constraint that the valence electron wave function be orthogonal to
those in lower energy orbitals.[3] Beginning with the PK structure and supplementing it with the efforts of Cohen and Heine,[6] and Smallwood and co-workers,[7]
one can, in a straightforward manner, generate rigorous pseudopotentials for relatively large systems, as has been done for molecules such as tetrahydrofuran
(THF),[43] methanol,[42] sodium dimer,[16, 22] and water.[24, 31, 59] The PK
approach has additionally been used extensively in the simulation of the hydrated
electron system.[24, 31, 59, 15, 30, 14] Because the excess electron is the simplest quantum mechanical solute, this system allows for one to study fundamental
quantum solvation effects in the ubiquitous water solvent in an unconvoluted
manner.[60] Despite this sale of the hydrated electron as a model system, however, there is still much debate over precisely how the excess electron behaves in
liquid water.[24, 27, 26, 61, 62, 14] For decades it was believed that it carved out a
well-defined cavity, and plenty of independent theoretical studies have supported
this assertion.[27, 26, 61, 62, 14] In 2010, however, theoretical studies by Larsen,
Glover and Schwartz (LGS) called this previously held belief into question when
they presented results that showed the excess electron residing in a region of enhanced water density with no cavity formation.[24] The source of the discrepancy
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encountered in these theoretical studies is that of the employed pseudopotential.
Irrespective of the manner in which a pseudopotential is generated, potentials
of this kind still suffer from what is known as the frozen core approximation
(FCA), or static exchange (SE).[37, 4] These limitations are a direct result of the
fact that a given potential was generated from an electronic structure calculation
of a single, gas-phase molecule.[39] This means that the potential is unable to
incorporate any environmental effects in a rigorous fashion. In the context of the
hydrated electron system, a water potential generated in this fashion would be
unable to incorporate any dynamic, core-valence polarization, nor would it be able
to account for water polarization effects as a result of the proximity of one water
molecule to another, and how that might affect the electronic structure of the
excess electron. Because these types of effects are far from negligible in a highly
polarizing environment, such as that of the hydrated electron system, it would
be unreasonable to disregard them. As such, it is typical to account for such
effects a posteriori by the addition of a separate, polarization potential.[14, 30]
All MQC theoretical studies of the hydrated electron system to date implement
such a frozen core potential with additional grafted-on expressions.

4.2.2

The Hydrated Electron

When we began the work that is now the subject of this manuscript, our goal was
to present the development of a novel, rigorous, dynamical water pseudopotential
that is able to transcend the limitations of SE and the FCA. This potential is able
to incorporate the effects of the local water structure in a computationally concise
fashion. This, however, will be the subject of a future study. On the road toward
the development of this dynamical water potential, we learned a great deal about
the intricacies and sensitivities of pseudopotential construction in the context of
the hydrated electron system. In this study, we explore these details and, in the
process, develop a new frozen core water pseudopotential that is the result of a
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development process carried out in the most intuitive and physical way possible.
The case of the hydrated electron makes it abundantly clear that such a discussion is necessary, as multiple researchers have claimed to use a similar PK approach
when developing a water-electron interaction potential, yet the structural and dynamical results obtained using those potentials have not been consistent.[24, 27,
26] Schnitker and Rossky (SR),[14] Turi and Borgis (TB),[15, 30] and Jacobsen
and Herbert (JH)[59, 31] are three such groups of researchers that have developed
a PK-based water pseudopotential. Their simulation results indicate that the excess electron in liquid water occupies a well-defined cavity, while work done by
Larsen, Glover and Schwartz (LGS) have shown that a similarly constructed pseudopotential can yield drastically different results.[24] In fact, they showed that the
electron occupies a region of enhanced water density with no cavity formed. Uhlig,
Marsalek and Jungwirth (UMJ) have performed relevant studies from an ab initio,
fully quantum mechanical approach on large, anionic water clusters (with sixtyfour water molecules treated with Density Functional Theory) and have shown
results that are a combination of the cavity and non-cavity pictures mentioned
above.[32, 63] This begs the question of what is causing this large discrepancy
in qualitative results. One might assume that there would be experimental work
that would allow us to favor one model over another, yet experimental results that
can distinguish between two seemingly different cavity and non-cavity-generating
water pseudopotentials do not exist. This is partly because, while the structural differences are substantial, the calculated observables from these distinct
potentials are not so different. For example, both cavity and non-cavity hydrated
electrons yield an electron with a radius of gyration of 2.4 Åand have similar absorption spectra.[28, 29] What we aim to address in this study is an investigation
of the details involved in pseudopotential development that could have an affect
on the resulting dynamical properties of a simulation. This paper aims to fill in
the gaps when it comes to information present in the literature regarding pseu-
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dopotential development, and explores the sensitivity of the resulting potential to
various choices made in its development.
The rest of this manuscript is organized as follows. Section 5.3 gives a brief
overview of the PK pseudopotential formalism and presents the appropriate equations relevant to the computationally efficient determination of a rigorous frozen
core potential. Then, in Sec. 4.4, we develop our new water potential while exploring some of the details involved in its construction, such as those involved in
the initial, obligatory electronic structure calculations, as well as those relevant to
the practical, simulation implementation aspects, such as smoothing and fitting.
Sec. 4.5 shows and discusses the results of implementing our new frozen core water
potential in a MQC MD simulation and compares the results with those generated using other, pre-existing water potentials. Finally, in Sec. 4.6, we conclude
by summarizing our findings and results.

4.3

Formalism: Phillips-Kleinman Pseudopotential Theory

In this Section, we present the formalism underlying the theoretical framework
with which we will develop a new, non-emperical pseudopotential for the hydrated
electron. We begin by presenting highlights of the Phillips-Kleinman theory[5]
and its extension by Cohen and Heine for the determination of a unique pseudoorbital.[6] We then present a computationally and numerically efficient reformulation of the PK method that we will use in the following Section to develop our
new electron–water pseudopotential.[7]
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4.3.1

Philips-Kleinman Pseudopotential Theory

The multi-electron Hartree-Fock (HF) Hamiltonian is the starting point for our
overview of the PK pseudopotential formalism: Ĥ = T̂ + Û , where T̂ and Û
are the kinetic and potential energy operators, respectively. The eigenstates and
eigenvalues of the inactive, implicitly-treated ncore electrons occupying deeplybound ‘core’ orbitals are given by[3]
Ĥ |ψi i = i |ψi i

i = 1, . . . , ncore ,

(4.1)

where {|ψi i} and {i } represent sets of one-electron wave functions and their corresponding eigenenergies, respectively. Furthermore, within the H-F level of theory,
the eigenstate and eigenvalue of the active, explicitly-treated valence electron is
given by
Ĥ |ψv i =  |ψv i ,

(4.2)

where we assume a single valence electron without loss of generality. Even at the
HF level of theory, mixed quantum/classical molecular dynamics with hundreds of
water molecules and an excess electron is still beyond the realm of computational
feasibility. Thus, the next step in the PK formalism is to implicitly account for the
core wave functions that do not change during the chemical process of interest.
At the HF level, we know the excess electron’s wave function (or valence wave
function, |ψv i) is orthogonal to all of the core wave functions, hψi |ψv i = 0,[3] so
instead of solving the full HF problem, we explicitly pre-orthoganalize the valence
electron wave function by:
|ψv i = |φi −

n
core
X

|ψi ihψi |φi.

(4.3)

i=1

In Eq. 4.3, we introduce an arbitrary wave function |φi, known as the pseudoorbital, and use the projection operator to guarantee that the resulting valence
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wave function is orthogonal to the core orbitals. From this definition, it is clear
that the pseudo-orbital converges with the valence wave function outside of the
core, where there is negligible overlap between the core orbitals and the pseudoorbital. By construction, the valence orbital and pseudo-orbital share the same
eigenvalue,[39] and the fact that the two orbitals are identical outside of the occupied ‘core’ region guarantees that the pseudopotential that will be calculated from
this pseudo-orbital will be norm-conserving. [39, 8, 41, 6, 23] Inserting Eq. 4.3
into Eq. 5.2 and performing a bit of algebra yields the PK equation:[5]

Ĥ|φi +

n
core
X

|ψi ihψi |( − Ĥ)|φi ≡ [Ĥ + V̂p ]|φi = |φi,

(4.4)

i=1

which is a one-electron Schrödinger equation for the pseudo-orbital in which the
pseudopotential, V̂p , guarantees that the valence wave function will be orthogonal
to the now implicitly-treated core orbitals. This provides an opportunity to rigorously (at the HF level of theory) investigate the properties of the valence electron
from an effective one-electron Schrödinger equation that is able to implicitly treat
the electrons in the core orbitals.

4.3.2

The Determination of a Unique Pseudo-Orbital

The PK equation (Eq. 4.4), however, does not provide an avenue by which a
unique pseudo-orbital may be constructed. Eq. 4.3 shows this fact clearly, as
any set of functions can be used in the construction of the pseudo-orbital, |φi,
from which its overlap with the wave functions of the core electrons can be subtracted to form |ψv i. Cohen and Heine found that this issue could be resolved by
extremizing the expectation value of some operator, sufficiently constraining the
system so that a unique pseudo-orbital and, hence, a unique pseudopotential may
be constructed.[6] The inclusion of this additional constraint transforms the PK
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equation into:

Ĥ|φi +

n
core
X

|ψi ihψi |( − Ĥ + F̂ − F̄ )|φi = |φi,

(4.5)

i=1

where F̂ is the operator whose expectation value, F̄ = hφ|F̂ |φi/hφ|φi we wish to
extremize. It is common[7, 43, 6, 39, 59, 31] to choose the operator F̂ to be the
kinetic energy operator, T̂ . This seems like an intuitive choice, as the resulting
pseudo-orbital now possesses the minimum kinetic energy, and is therefore nodeless. As long as the core orbitals remain fixed (as dictated by the Frozen Core
Approximation), Eq. 4.5 provides for the necessary tool to calculate the properties of the valence electron(s), without having to explicitly treat the quantum
mechanical effects of the electrons that reside in the core.

4.3.3

A Reformulation of the PK Theory for Computational and Numerical Efficiency

In 2006, Smallwood, et al. presented a reformulation of the PK/CH pseudopotential generation method,[7] which allowed one to calculate unique pseudo-orbitals
and localized pseudopotentials in a computationally and numerically efficient manner. This reformulation extended the usefulness of the PK formalism to allow for
the determination of pseudopotentials for atoms and molecules that previously
yielded numerically challenging and unstable solutions. The technique has been
applied to atoms and molecules such as water,[24, 59, 31, 15, 30] methanol,[42]
THF,[43] sodium[7] and the sodium dimer.[16, 22] Smallwood and co-workers
showed that if one were to choose to extremize the expectation value of the kinetic
energy operator (i.e. modify Eq. 4.5 so that F̂ is the kinetic energy operator T̂ ),
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then Eq. 4.5 is rigorously equivalent to:[7]
"
|φi = Iˆ −

core
nX



|ψi ihψi |T̂ /T̄

#−1
|ψv i ≡ M̂ −1 |ψv i,

(4.6)

i=1

which allows for the determination of the pseudo-orbital, |φi, in a simple, selfconsistent, rapidly converging fashion. The nodeless feature of the pseudo-orbital
allows for the localization of the total effective potential, which is equivalent to the
sum of the HF potential energy and pseudopotential (and is typically referred to
as the pseudopotential in the literature). Using the solution for |φi in Eq. 5.4, the
pseudopotential, also known as the total effective potential Ûeff , can be calculated
as follows:[7]
local
Ueff
(r) =

hr|( − T̂ )|φi
.
hr|φi

(4.7)

Once Eq. 5.5 is evaluated to yield a localized pseudopotential, the desired wave
local
function in a MQC MD simulation is found by solving (T̂ + Ueff
)|φi = |φi. This

version of the PK formalism has been used successfully to calculate electron–
molecule pseudopotentials for water,[24, 59, 31] methanol,[42] THF,[43] sodium[7]
and the sodium dimer cation.[16, 20]
It is worth noting that when a pseudopotential is employed in a mixed quantum/classical MD simulation, the eigenfunction that is obtained is not the valence
electron wave function, |ψv i, but rather the pseudo-orbital, |φi. Even though these
two functions are the same outside the now-implicitly-treated core orbitals, they
can be quite different in the region of the core. This has important implications
when calculating observables from MQC MD simulations. Use of either the valence wave function or the pseudo-orbital will give the same expectation value of
the energy, by construction. But in general, use of the pseudo-orbital will not give
correct expectation values for other observables, for example, the average position,
radius of gyration or transition dipole matrix elements used to calculate absorption spectra. Most condensed-phase simulation work uses the pseudo-orbital to
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calculate these observables, rather than inverting Eq. 5.4 or Eq. 4.3 to first calculate |ψv i. It would be instructive for future work to find out how large the
error is when calculating different observables for the hydrated electron (or other
systems) when using |φi instead of |ψv i.
All of the above formalism provides a method for creating a HF-based, frozen
core, unique pseudo-orbital and thus pseudopotential for any atom or molecule.
But there has been almost no exploration of the best methods for implementing
this formalism, and differences in the details of how pseudopotentials are constructed form the basis for the controversy over the hydrated electron.[24, 27, 26]
Thus, in the next section, using the electron–water interaction as an example,
we explore the more practical side of pseudopotential generation, from the set-up
of electronic structure calculations to the appropriate smoothing, tapering and
fitting of the resulting potential, and we examine how each of these details come
to affect the final product.

4.4

The Details of Pseudopotential Development for the
Hydrated Electron

The formalism underlying Eqs. 5.4 and TotEffPot allows for the straightforward
construction of a pseudopotential, but the potential generated is numerical, expressed in the basis set used to perform the HF calculation of the core orbital
of the molecule of interest. Such potentials can be quite complex. Figure 4.1(a)
shows contour slices of the rigorously calculated PK water pseudopotential using
the ‘best’ basis set. For a more convenient view, Fig. 4.1(b) shows two-dimensional
plots of this same potential, taken along the lines shown in the top right corner of
each plot. As can be seen in all of these plots, the general features of the correct
water potential include a repulsive region at the hydrogen midpoint, attraction on
the hydrogen atoms due to water’s strong dipole leaving them electron starved,
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and slight attraction near the Oxygen atom. In this section, we discuss some
of the details associated with the development of the analytic and rigorous PK
pseudopotentials[39, 5] in Fig. 4.1. Before diving into the details associated with
developing these potentials, we first present a general overview of the development
process. This is to make explicitly clear how some detail that we’ll be exploring
fits into the process.
The pseudopotential development process that we’ll be exploring begins with
an electronic structure calculation of the species for which a pseudopotential is
desired. In this work, we will be discussing the development of potentials that
yield a Hartree-Fock level of accuracy.[3] This is partly due to the fact that, as
mentioned in Sec. 5.3 and as shown in Eq. 5.4, this electronic structure calculation is needed in order to provide us with the set of ncore molecular orbitals, in
addition to the MO associated with the valence electron, or LUMO in the case of
a single, neutral, gas-phase water molecule in the static-exchange approximation.
Furthermore, this calculation provides us with the eigenvalue of the valence orbital that appears in the determination of the pseudopotential (Eq. 5.5) from the
pseudo-orbital (Eq. 5.4). Once we choose a basis set and carry out the calculation, we then extract the MOs and calculate the pseudo-orbital, |φi, via Eq. 5.4.
Once |φi is determined, it is then smoothed in some fashion and used to calculate
the total effective potential (or, simply, the pseudopotential) via Eq. 5.5. Finally,
the pseudopotential derived from the smoothed pseudo-orbital is tapered to ensure appropriately decaying long-range electrostatics and fit to a relatively simple
functional form to be coded and used in a MQC MD simulation.
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Figure 4.1: Plots of the exact, rigorously-calculated PK pseudopotential, calculated after smoothing the pseudo-orbital by convolution with a Gaussian kernel
with an exponent of 2.5 Bohr−2 . The water molecule lies in the y-z plane with
the dipole pointing along the z-axis. The Oxygen atom is located at x = 0.0 a.u.,
y = 0.0 a.u. and z = 0.22048 a.u., while the Hydrogen atoms are located at
x = 0.0 a.u., y = ±1.43621 a.u. and z = −0.88163 a.u.. The top panel (a) shows
contour slices taken through the molecular, y-z plane (left), a slice perpendicular to the molecular y-z plane and through the two Hydrogen atoms (middle),
and a slice perpendicular to the molecular plane at y = 0.0 a.u.. The images
at the very top aid in visualizing the contours in panel (a), and the dashed blue
lines on each contour plot in show the locations of 1-D slices plotted in panel
(b). Images of the water molecule with an arrow in each of the plots in panel
(b) also show the relative location of each of the line plots. The potential was
calculated using an aug4-cc-pVTZ(-f) basis set, as well as a confinement of the
form: Vconf = 0.5k(x8 + y 8 + z 8 ) with k = 1.0 × 10−9 .
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4.4.1
4.4.1.1

Electronic Structure Considerations
Basis Set

For a HF electronic structure performed on a single water molecule, the choice
of basis set involves two parts: atom-centered and off-atom basis functions.[3]
The former is fairly obvious as it is typical to include atom-centered functions on
all atoms in an electronic structure calculation, especially when the molecule in
question contains solely three atoms. The second is less obvious. A single, neutral,
gas-phase water molecule does not bind an excess electron.[24, 14, 15, 30, 31, 59] As
such, the resulting LUMO is highly diffuse and implementing only atom-centered
basis functions does a poor job of appropriately capturing the entirety of the
unoccupied orbital. Therefore, it is desirable to include additional, non-atomcentered functions that can extend the reach of the basis set to the regions far
enough away from the molecule where the atom-centered functions have essentially
decayed to zero.
Figure 4.2(a) depicts the effects that the choice of atom-centered functions has
on the resulting pseudopotential. Each of the three plots in Fig. 4.2(a) shows a
specific representative slice cut through the exact, smoothed pseudopotential, as
indicated in the water drawing on each plot. The leftmost panel of Fig. 4.2(a)
shows a slice of the pseudopotential taken through water’s molecular dipole. The
origin marks the location of water’s center of mass (COM), the Oxygen atom is at
0.22 a.u., while the Hydrogen midpoint can be found at −0.88 a.u.. The middle
panel of Fig. 4.2(a) is a slice taken through the two hydrogen atoms (located at
±1.44 a.u.), while the slice depicted in the rightmost panel of Fig. 4.2(a) is taken
in a plane perpendicular to the molecular plane and includes the oxygen atom
at the origin. The dashed black curves in all of the plots of Fig. 4.2 are slices of
the electrostatic potential, to which the pseudopotential is expected to converge
outside of the molecule’s core region, while the other curves show pseudopotentials
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calculated using various basis sets.
The plots in Fig. 4.2(a) show that once the implemented basis set improves
from a simple large Pople set (Fig. 4.2(a) on the left) to a triple-zeta set (Fig. 4.2(a)
in the middle and not he right), the core region appears to be well converged. The
long-range effects, however, (particularly stemming from the oxygen atom) continue to exhibit unphysical wiggles similar to those of the LGS water potential
pointed out as unphysical by Turi and Madarasz.[27] To address this lack of sufficient range issue, we added several diffuse s-, p- and d-type Gaussian functions
on oxygen and the hydrogen atoms and found that we were able to yield satisfactory results when, from the base cc-pVTZ(-f) basis set,[3] we had added an
additional six s-type, eighteen p-type (corresponding to six px , py and pz ) functions and thirty-six d-type Gaussian functions (corresponding to six of each of the
six Cartesian d-type Gaussian functions: dxx , dyy , dzz , dxy , dxz , dyz ). We refer to
this set as aug4-cc-pVTZ(-f) and Table 4.1 shows the coefficients and exponents
of the augmenting diffuse functions. It is important to note that each increasingly
complex basis set going down Table 4.1 includes the functions from the simpler
set above it. We found that aug4-cc-pVTZ(-f) was able to yield the appropriate
balance between computational speed and accuracy and so it is this basis set that
we chose to employ in the development of a new water pseudopotential.
Far more critical to capturing the appropriate long-range effects of the resulting
pseudopotential is the choice of the number and density of the floating, off-atom
Gaussian basis functions. As previously mentioned, these additional functions are
necessary due to the fact that water’s valence orbital is too diffuse to be appropriately captured solely by atom-centered basis functions.[24, 30, 59] Figure 4.2(b)
shows the effects of increasing the number and density of these floating functions
(of which we use only those that are s-type). The dashed black curves are the electrostatic potential, while the red (solid), blue (dashed) and orange (long-dashed)
curves show pseudopotentials calculated using the cc-pVTZ(-f) basis set and an
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Table 4.1: Exponents (β) and coefficients (α) for the additional diffuse s-, pand d-type Gaussian basis functions used in the Hartree-Fock electronic structure
calculation of a single, neutral, gas-phase water molecule. All values are in atomic
units.
Coefficients and Exponents for Augmented cc-pVTZ(-f) Basis Set (atomic units)
Basis Set
Atom
Gaussian Type Coefficient
Exponent
s
α = 1.0
β = 0.07376
Oxygen
p
α = 1.0
β = 0.05974
aug1-cc-pVTZ(-f)
d
α = 1.0
β = 0.2140
Hydrogen

aug2-cc-pVTZ(-f)

aug3-cc-pVTZ(-f)

aug4-cc-pVTZ(-f)

s

α = 1.0

β = 0.02526

p

α = 1.0

β = 0.1020

s

α = 1.0
α = 1.0
α = 1.0

β = 0.03688
β = 0.01844
β = 0.009220

p

α = 1.0
α = 1.0

β = 0.02987
β = 0.01494

d

α = 1.0

β = 0.1070

s

α = 1.0

β = 0.004610

p

α = 1.0
α = 1.0

β = 0.007468
β = 0.003734

d

α = 1.0
α = 1.0
α = 1.0

β = 0.05350
β = 0.02675
β = 0.01338

s

α = 1.0

β = 0.002305

p

α = 1.0

β = 0.001867

d

α = 1.0

β = 0.006688

Oxygen

Oxygen

Oxygen
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(a)

(b)

(c)

Figure 4.2: Slices of the rigorously calculated water pseudopotential showing the
effects of (a) various atom-centered basis sets: solid red line indicates 6-31++G basis set, dashed blue line indicates aug0-cc-pVTZ(-f), dashed-dotted green line indicates aug2-cc-pVTZ(-f), and long-dashed orange line indicates aug4-cc-pVTZ(-f)
(see Table 4.1), (b) the number and density of additional, off-atom, s-type Gaussian functions placed on a three-dimensional grid with a side length of 20 a.u.:
solid red line indicates the addition of 43 functions, dashed blue line indicates 63
functions, and the long-dashed orange line indicates 83 , and (c) the superposition
of various confinement potentials (Vconf = 0.5k(x8 + y 8 + z 8 )) on slices of the
exactly calculated water potential (solid red line): the long-dashed orange lines
indicate a k value of k = 1.0 × 10−7 and the dashed-dotted blue line represents
k = 1.0 × 10−8 . The dashed black lines in all of the plots are slices of the electrostatic potential. The images on the left are taken through water’s molecular
dipole, while those in the middle are taken through the two Hydrogen atoms in
the molecular plane (with the hydrogen atoms located at y = ±1.44Bohr) and,
finally, those on the right are taken through the Oxygen atom, perpendicular to
the molecular plane
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additional 43 , 63 and 83 floating off-atom basis functions, respectively. These functions were placed on a three-dimensional grid with a side length of 20 a.u., the
water’s center of mass at the origin, and all functions spaced evenly apart. The
distance, therefore, between the floating Gaussian function were 6.67 a.u., 4.0 a.u.
and 2.86 a.u., respectively. To keep the resolution constant, the exponents for the
s-type off-atom functions were adjusted in order to ensure that the ratio between
the width of the Gaussian and the spacing between Gaussians remained the same.
Since computational time increases dramatically as the number of these floating functions increases,[3] it is essential to choose the smallest number possible
that will yield an accurate result. Figure 4.2(b) shows that the greater the number
and density of these functions, the greater the ability of the potential to allow for
the proper electrostatic decay at long-range. In order to better see this, the images in Fig. 4.2(b) show that as soon as the number of additional basis functions
increases from 43 to 63 (within the same sized grid) there is a dramatic improvement in the pseudopotential’s ability to converge with the electrostatic potential
outside of the molecule’s core.
It is important to realize that the density of these floating Gaussians is dependent on the range of the core and LUMO. As mentioned earlier, a single water
molecule does not bind an excess electron. As a result, the calculated LUMO
for neutral water is very diffuse. In addition to having a larger and more flexible
basis set in order to better capture this diffusivity, a confinement potential is often
included.[30, 59, 61] This limits the range of water’s LUMO to the vicinity of the
molecule and to more reasonably replicate condensed phase effects. The stiffness
of this potential determines the range over which additional, floating functions are
necessary and is chosen such that it is effectively zero in the core and quickly increases outside, creating a barrier beyond which the presence of any charge density
is prohibitive. In Figs. 4.2(a) and (b), a confinement of Vconf = 0.5k(x8 + y 8 + z 8 )
was used, where k = 1.0 × 10−8 (discussed in the next sub-section). This allowed
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us to only need additional functions to cover a cubic side length range of 20 Å.
In the next section, we show reasons for using a less confining, wider potential,
which forced us to increase the number of off-atom basis functions employed in
order to maintain the density discussed in this section. To adequately account for
this increased range, we set 93 additional diffuse functions on a three-dimensional
grid with a side length of 27 a.u.. This corresponds to a separation of 3.37 a.u.,
outperforming the well-converged potential depicted by the dashed blue curves in
Fig. 4.2(b).

4.4.1.2

Confinement Effects

As mentioned above, applying a confinement potential in calculations of this kind
is way of addressing the fact that the molecule’s LUMO is unbound. This is
certainly the case for water, and there is plenty of precedence for the usage of
confinement in the case of creating a water pseudopotential. We chose a confining
potential with the identical functional form as that used by others researchers,
Vconf = 0.5k(x8 + y 8 + z 8 ).[30, 59, 61]
The parameter k in the above expression controls the width of the confinement potential. If chosen correctly, this functional form allows for negligible
contribution in the core region and a dramatic turn-on only where the potential describes the region outside of the molecule’s core and should decay according
to the molecule’s classically-defined electrostatics. This means that one need not
worry about how the quantum mechanics of the core are being altered as a result
of this applied potential. This creates a width minimum (k maximum) for the confinement potential. Furthermore, the width maximum is dependent only on the
willingness to incorporate more and more diffuse functions and off-atom basis functions in an effort to ensure that the entire physical space within the confinement
potential—that is, where the presence of charge density is not yet prohibitive—is
well represented by basis functions.[3] Thus, we would like to choose a value for
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k that is large enough to allow us to use fewer basis functions, without being so
confining that it is non-negligible in the core.
Fig. 4.2(c) shows various confinement potentials superimposed onto a water
pseudopotential (solid red curves) calculated using the aug4-cc-pVTZ(-f) basis set
(as described in Table 4.1), in addition to the molecule’s electrostatic potential
(dashed black curves). The blue (dotted-dashed) and orange (dashed) curves are
varying confinement potentials: Vconf = 0.5k(x8 + y 8 + z 8 ), corresponding to k
values of 1.0 × 10−8 and 1.0 × 10−7 , respectively. While the former confinement
potential has been used by others for water,[30, 59, 61] we decided to employ
that had an effective turn-on well outside of the core region. Otherwise, the
confinement might artificially affect the core MOs, thereby making unphysical
changes to the resulting pseudopotential and, thus, the resulting wave function
during a MD simulation. A slightly wider confinement potential, corresponding
to a k value of 1.0 × 10−9 satisfies this criterion and is what we chose for our
new water potential. It should be noted that despite the obvious effects that
confinement has on the pseudo-orbital, we have found negligible effects on the
resulting pseudopotential. This is reassuring as it is an indication that the pseudoorbital does not change qualitatively with the addition of a confinement potential.

4.4.2

Smoothing the Pseudo-Orbital

Once the appropriate electronic structure calculation is carried out as outlined
above, a pseudo-orbital can be calculated via Eq. 5.4.[7] Our MQC approach involves solving the Schrödinger equation on a grid with finite spacing.[44] As a
result, the pseudopotential implemented must have a degree of smoothness commensurate with the quantum grid density. The unsmoothed potential has highly
varying features in the core region, which are not well-represented by a grid spacing typically used in calculations of this type. Thus, smoothing the potential
is required. However, in an effort to ensure that our potential provides us with
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the proper eigenvalue, it is the pseudo-orbital we smooth and plug into Eq. 5.5
to yield the appropriate pseudopotential with the correct eigenenergy.[39] Figure 4.3 shows the effect that smoothing has on the pseudo-orbital via line plots
taken throughout he molecular dipole. The left panel of Fig. 4.3(a) shows the
unsmoothed pseudo-orbital, while the middle and right panels show the product
of analytic convolution with Gaussian kernels with exponents of 25.0 Bohr−2 and
1.25 Bohr−2 , respectively.[2] The pseudo-orbital is modified in a predictable fashion upon smoothing, with the orbital’s general shape remaining well-captured,
while some of the highly oscillatory features can get washed out, as seen near
water’s oxygen atom.
As mentioned earlier, using this PK-based pseudopotential approach yields
a potential that will allow for the calculation of the same pseudo-orbital used
in its construction.[39, 7] While this has the benefit of allowing us to create a
smooth pseudopotential that replicates the eigenvalue exactly by way of smoothing the pseudo-orbital first, the downside is that the energetics, therefore, are
constrained to be correct without giving an indication of how the pseudo-orbital
is changing and how that can affect the resulting dynamics. For clarity, all the
pseudopotential figures presented in this paper have been smoothed to some extent (analytically, by convolution with a Gaussian kernel with an exponent of
2.5 Bohr−2 . At this level of smoothing there are minimal quantitative differences between the unsmoothed and smoothed potentials. If, however, one were to
overly smooth the pseudo-orbital and subsequently calculate a pseudopotential,
it would be very simple to completely wash out any of the pseudopotential details in the core region, yet, by design, still precisely replicate the eigenenergy of
a single, gas-phase water molecule.[29] The wave function calculated as a result,
however, would not be guaranteed to be physically meaningful. Fig. 4.3 shows
pseudo-orbital (a) and pseudopotential (b) slices taken along water’s molecular
dipole. The left, middle and right panels correspond to those calculated using a
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pseudo-orbital that was analytically smoothed by way of convolution with a Gaussian kernel with exponents 1.5 Bohr−2 , 1.0 Bohr−2 and 0.5 Bohr−2 . The least
smoothed amongst them are not so smoothed so as to appear qualitatively different from the other less smoothed plots shown. However, as the exponent for the
smoothing gaussian kernel decreases and the degree of smoothness increases, we
quickly see the washing out of certain features. The rightmost panels of Fig. 4.3
show the pseudo-orbital and water potential taken through water’s dipole. The
potentials in Fig. 4.3(b) appear only to have a completely repulsive core, even
when less smoothed versions show an attractive region just behind the oxygen
atom, which makes physical sense considering the charge density present in the
pseudo-orbitals of Fig. 4.3(a). The form of the very smoothed potential in the
right panel of Fig. 4.3(b) is reminiscent of that due to Turi and Borgis,[15, 30]
which appears only to have a repulsive core and looks to completely neglect any
more detailed features that are evident in the exactly calculated,[29] rigorous PK
potential presented in this work. It is no surprise that the potential due to TB
yields the correct eigenenergy for the water LUMO, as Eq. 5.5 shows that this
must be the case. However, as mentioned earlier, this is no guarantee that the
correct pseudo-orbital and, therefore, the correct dynamics are produced. This
could help explain why it is that the TB potential yields a well-defined cavity in
which the excess electron in liquid water resides, as opposed to the non-cavity
picture provided by LGS and the hybrid picture by UMJ.[32, 63] It is unclear,
however, how missing some of the features in the core affects the dynamics that
result from the implemented potential.
It is, therefore, imperative to smooth the pseudo-orbital to a degree that will
allow for its pseudopotential’s proper representation in a MD simulation without distorting any of the features present in the potential, which may lead to
unphysical dynamics. As already mentioned, it is common for current water
pseudopotentials to contain a large repulsive feature in the core, then decay ac-
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(a)

(b)

Figure 4.3: Slices taken through water’s molecular dipole of the rigorously calculated (a) pseudo-orbital and (b) pseudopotential. The pseudo-orbital on the
leftmost side of panel (a) is completely unsmoothed, while the potential on the leftmost side of panel (b) was constructed from a pseudo-orbital that was smoothed
analytically with a Gaussian kernel exponent of 1.5 Bohr−2 . The middle plots
in panels (a) and (b) corresponding to smoothing with a Gaussian exponent of
1.0 Bohr−2 and those on the right to an exponents of 0.5Bohr−2
cording to water’s long-range electrostatics,[15, 30, 31, 59, 61] yet as can be seen in
Fig. 4.3(b), the exact potential is not entirely repulsive in this region. Moreover,
the aforementioned water potentials with exclusively repulsive regions in the core,
all yield a cavity electron in the bulk. The LGS pseudopotential,[24] however,
is the only water potential that is not entirely repulsive in the core region and,
in fact, looks much more like the exact potential than do other models.[28, 29]
Dynamically, this produces a very different result, where the excess electron is
shown to occupy a region of enhanced water density. This is not to say that
this is proof that the other potentials are incorrect (especially since it has been
shown that a slight modification of the LGS potential can lead to the formation
of a cavity–another illustration for the need of a detailed analysis of pseudopotential development), but rather an indication that the true nature of the hydrated
electron may not be as clear-cut as simply cavity or non-cavity.[28, 29]
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4.4.3

Long-Range Electrostatics

Tapering the pseudopotential is the final bit of pseudopotential processing that
occurs prior to fitting, and is done in order to guarantee proper decay of the potential. It is arguably the most important in terms of the dynamics produced
by a given potential. If we were to use the partial charges for oxygen and hydrogen evaluated during the initial electronic structure calculation for tapering
and then use this potential to calculate the eigenvalue for a single, gas-phase water molecule, the energy we calculate would undoubtedly be spot-on. However,
in order for our derived potential to be consistent with the classical bulk water
model that we use in our MD simulations, we tapered the potential to the flexible
single point charges (SPC-flex) for water’s oxygen and hydrogen atoms (−0.82e
for O and +0.41e for H).[64, 65] It is important to note that it would make little
sense to use the gas-phase charges, as water in the condensed phase exhibits a
significant change in dipole from the gas-phase and would yield an improperly
decaying potential. Doing this, of course, dramatically changes the eigenvalue
and we would not expect to be able to accurately replicate the eigenvalue for a
single water molecule using the SPC charges mentioned above. Turi, et al. criticized the LGS potential in a published Comment[27] regarding the artificially high
attractiveness of their water potential. However, the long-range electrostatics of
the LGS potential coincide with parameters that represent water in bulk and not
in isolation. If the charges are changed to their electronic structure calculated
values, the eigenvalue is then only off by approximately 10meV , as opposed to
the 100meV differential purported by Turi and co-workers. In fact, it is a bit
bizarre that the TB potential,[15, 30] which similarly uses SPC charges and not
that of water in the gas-phase, is able to correctly replicate the eigenvalue of a
single water molecule with the same potential employed in a bulk MQC MD simulation. One wonders what compromises were needed in the pseudopotential’s
core region in order to yield a potential that accurately represents a gas-phase
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water molecule with parameters that are only relevant in the bulk. Perhaps it is
this maltreatment in the development of their pseudopotential that allows for a
potential developed for the bulk that accurately describes the gas-phase and leads
to a cavity electron. In any case, it is clear to see that this water model suffers
from this substantial inconsistency.

4.4.4

Fitting the Pseudopotential

The final act in the development of a PK potential for use in simulation involves
fitting the potential to a relatively simple mathematical form capable of capturing all the features present in the exactly calculated potential. Once the pseudoorbital has been sufficiently and appropriately smoothed, and subsequently used
in the calculation of a pseudopotential via Eq. 5.5, the resulting potential no
longer needs the same large basis set implemented in the initial electronic structure. In addition, using the same basis functions would unnecessarily increase the
computational cost associated with solving the modified, one-electron Schrödinger
equation produced via the PK formalism.[5] Instead, a simpler set of functions is
commonly used to fit the smoothed potential—one that is simple to code and from
which it is straightforward to calculate the resulting Hellman-Feynman forces for
propagating dynamics.[24, 30, 59, 14] For the new, rigorous water pseudopotential
that we present in this paper, we have elected to use the following functional form:

2

2

Ûfefitf (r) = αO1 e−βO1 |r−rOx | + αO2 |r − rOx |2 e−βO2 |r−rOx | + αO3 |r − rOx |6 e−βO3 |r−rOx |
2

+αHcm1 e−βHcm1 |r−rHcom | + αHcm2 |r − rHcom |2Hcom e−βHcm2 |r−rHcom |
2

2

2

2

2

+αH e−βH |r−rH1 | + αH e−βH |r−rH2 | + αof f e−βof f |r−rof f | + VC ,
(4.8)
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Table 4.2: Fitting parameters for the water pseudopotential fitting equation. The
position of the off-atom function is 0.6576 a.u. from the position of the oxygen
atom, along the molecule’s dipole and away from the hydrogen midpoint. All
values are in atomic units.
Fitting Parameters (atomic units)
αO1 = 1.141532
βO1 = 0.2197677
αO2 = −0.129205
βO2 = 1.535775
Oxygen
αO3 = 0.0000869009 βO3 = 0.1749488
qOx = −0.82

Ox

αH = −0.499041

βH = 0.6187926

qHy = 0.41

Hy

Hydrogen Midpoint

αHcm1 = 0.2526278
αHcm2 = 0.0377358

βHcm1 = 0.483455
βHcm2 = 0.2040916

Off-atom

αof f = −1.000453

βof f = 0.466912

Hydrogen

where
VC =



 −q ( 3 1 −
i 2 i rcut

rcut = 7.60637

rcut = 2.6369

−qi
|r−ri |2

: |r − ri |= i rcut

1 |r−ri |2
)
2
2 i rcut

: |r − ri |< i rcut

(4.9)

For all of the choices for our new potential outlined above (i.e., using the
aug4-cc-pVTZ(-f) basis set, the confining potential with k = 1.0 × 10−9 , smoothing the pseudo-orbital with a Gaussian with exponent 1.25 Bohr−2 , and tapering
the long-range electrostatics to the SPC-flex point charges), Table 4.2 shows the
values for the fitted parameters for the above choice of fitting function. Table 4.2
shows the values for the parameters and Fig. 4.4 shows the exact (top) and fitted smooth potentials (bottom). As can be seen, the above functional form does
an admirable job of capturing the exact pseudopotential both qualitatively and
quantitatively. One thing to note is that we additionally tried fitting our exact pseudopotential data using the TB functional form,[30] a process which took
several hours on Mathematica 10 and which yielded an expression that did an
abysmal job of capturing the subtle features present in the exact potential, showing additionally how important the choice of functional form is to developing an
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(a)

(b)

Figure 4.4: Exactly calculated (a) and fitted (b) water potential plots. The fitted potential (b) is plotted according to Eqs. 4.8 and 5.9 and the parameters in
Table 4.2. The exact potential was calculated using an aug4-cc-pVTZ(-f) basis
set, as defined in Table 4.1, and a set of 93 additional, floating s-type Gaussian
basis functions on a grid of side length 27 Å. A confinement potential of the form:
Vconf = 0.5k(x8 + y 8 + z 8 ) was additionally implemented with k = 1.0 × 10−9 ,
and the pseudo-orbital was smoothed analytically with a Gaussian kernel with an
exponent of 1.25 Bohr−2 before calculating the pseudopotential. Prior to fitting,
the potential was tapered using the atomic charges due to the SPC-flex water
model.
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appropriate pseudopotential. In the next Section, we present the results from a
MQC MD simulation of the hydrated electron system using the water potential
presented in this paper by Eqs. 4.8 and 5.9, and the parameters in Table 4.2, a
process which took only about twenty minutes on the same processor as that used
for the fit with the TB functional form.

4.5

Revisiting the Water Pseudopotential

Now that we have investigated various details related to the development of rigorous PK pseudopotentials, we now present simulation results from the implementation of the new water pseudopotential we discussed above–that is, the potential
detailed by Eqs. 4.8 and 5.9 and the parameters in Table 4.2. We compare the
results from our new potential with those using other known water potentials,
such as that by LGS,[24] TB,[30] and JH.[59]

4.5.1

The Behavior of the New Electron–Water Pseudopotential Compared to Previous Models

As mentioned above, our new, rigorous water-electron interaction potential was
constructed from an electronic structure calculation of a single, gas-phase water
molecule using a HF level of theory and an aug4-cc-pVTZ(-f) basis set,[3] as per
Table 4.1 with no empiricism included in its development. A confinement potential
was additionally used with a functional form of Vconf = 0.5k(x8 + y 8 + z 8 ) and
the parameter k set to 1.0 × 10−9 . The pseudo-orbital we then constructed via
Eq. 5.4 was then smoothed by way of analytic convolution with a Gaussian kernel
with an exponent of 1.25 Bohr−2 and a pseudopotential was then constructed via
Eq. 5.5. The potential was then tapered in order for the long-range electrostatics
to complement the flexible SPC water used in our MD simulation.[64, 65] Finally,
the potential was fit using Eqs. 4.8 and 5.9, and the parameters shown in Table 4.2.
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The fitted potential described in the previous paragraph was then coded into
a MQC MD simulation with 499 water molecules, in a cubic box of length 24.64 Å
with periodic boundary conditions and a time step of 0.5 f s. The wave function
of the excess electron was solved using the Lanczos algorithm on a 323 grid with a
side length of 18.17 Å. A polarization term due to Rossky was additionally used in
order to include the effects of dynamic polarization on water due to the presence of
the excess electron.[14] The results presented below come from a hydrated electron
simulation of an approximate duration of 800 ps.
While we use periodic boundary conditions in our simulation, we note that
we have also run similar calculations using the Ewald summation.[60, 61, 62] In
comparing the results from these two simulations, we do not see much in the
way qualitative differences. Quantitative differences, however, included a slightly
decreased radius of gyration for the excess electron and an increased binding
energy. These differences, however, did not affect the general behavior of the
excess electron in liquid water and so the results below are presented in a manner
irrespective of the way in which long-range electrostatics are taken into account

4.5.2

Results

The structure of the excess electron in liquid water has been the result of much
controversy recently.[24, 27, 26] This is a result of work recently published by
Larsen, Glover and Schwartz (LGS),[24] in which LGS presented dynamics for
the hydrated electron system using a new PK water pseudopotential,[5] created
in much the same manner as that presented in this work. The results of the
dynamics that they conducted with their potential showed that in liquid water,
the excess electron occupied a region of enhanced water density (approximately
ρ ≈ 1.22 g/mL), in stark contrast to previous work that showed that the electron
carved out a well-defined cavity.[14, 15, 30, 31, 59, 61] The major difference between these two pictures stems primarily from the details of the employed water
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pseudopotential, most of which were built beginning with the PK formalism outlined above in Sec. 5.3. It is this large discrepancy in results that prompted the
investigation of the details of rigorous PK pseudopotential development presented
in this paper.
Using our new water pseudopotential (Eqs. 4.8 and 5.9), we present in this
section the results of a MQC MD investigation of the hydrated electron system and
compare them with those of other popular water-electron interaction potentials,
such as that due to LGS,[24] TB,[30] in addition to an ab initio study conducted by
UMJ.[32, 63] Compiling data and generating statistics from a MD simulation of an
approximate duration of 800 ps, we present information related to the structure
of the hydrated electron system by way of radial distribution function (RDF)
plots, as well as snapshot images of the excess electron’s charge density from our
simulations. We additionally present our calculations of Raman and Absorption
spectra. All presented results show that our new potential gives a picture for
the excess electron in liquid water that is somewhere in between that presented
by LGS[24] and those presented by the proponents of a hydrated electron cavity
model, very much in line with results by UMJ.[32, 63]
Fig. 5.6 shows radial distribution functions plots for various water models.
In all subplots, the solid black curve corresponds to the distance between the
electron center of mass (COM) and water’s oxygen atom, while the dashed red
curve corresponds to the distance between the electron COM and the waters’
hydrogen atoms. A commonly used water pseudopotential that yields a cavity
in simulation is one due to TB,[30] the RDF of which is depicted in Fig. 5.6(b).
At short distances from the COM of the excess electron, the RDF is clearly very
close to zero. Finally, at approximately 1 Å, there is a turn-on of the eCOM − H
RDF corresponding to a cavity of that size. In stark contrast to the cavity RDF
in Fig. 5.6(b) is that due to the LGS water-electron model in Fig. 5.6(c).[24] Here,
the turn-on for the eCOM − H RDF is essentially at zero, indicating not simply
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This work

(b)

TB

e-com - H
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(c)

LGS

(d)

UMJ

Figure 4.5: Radial distribution functions (RDF) for the hydrated electron using
(a) our potential, (b) TB, (c) LGS and (d) UMJ water models. The solid black
lines correspond to the RDFs between the electron center of mass and the O
atoms, while the dotted red lines are those of the electron center of mass and the
H atoms.

73

the lack of a cavity, but also a high number of O and H atoms relatively close to
the electron COM as evidenced by the magnitude of the first peaks in the two
RDFs.
Fig. 5.6(d) shows RDF plots from an ab initio calculation of the hydrated
electron system due to Uhlig and co-workers (UMJ).[32, 63] This model has been
labeled as giving a hybrid picture for the excess electron in water because of the
presence of a small cavity and significant overlap between the water’s constituent
atoms and the excess electron’s charge density. The turn-ons for the eCOM − H
and eCOM − O RDFs due to UMJ are just under 1 and 2 Å, slightly below those
shown in Fig. 5.6(b) and higher than those in Fig. 5.6(c). Finally, Fig. 5.6(a)
shows the RDFs from a simulation using the water-electron potential presented
in this paper. The RDFs due to our potential and UMJ are similar in that
their turn-ons are both at just under 1 and 2 Å, respectively and additionally
show similar structural features. RDFs using the PEWP-2 water potential due to
JH,[59] which is essentially a re-parameterization of the TB potential for use in
condensed phase water simulations,[30] show similar turn-ons for the eCOM − H
and eCOM − O RDFs due to our potential and UMJ.[32] In fact, it would be
interesting to calculate direct overlap using the potential due to JH in order to
ascertain whether the model yields a well-defined cavity (as that due to TB) or
more of a hybrid picture (as that due to our potential). As a result of the hybrid
nature of our new potential, one could use it to investigate the properties of
hybrid model hydrated electrons without having to carry out the computationally
expensive ab initio studies, as conducted by UMJ.[32]
In addition to the RDF plots shown in Fig. 5.6, Fig. 4.6 displays the hybrid
characteristics of our new water model via MD snapshots of the excess electron’s
charge density in the condensed phase. Fig. 4.6(a) shows approximately 90 % of
the free electron’s charge density. In this image, there is clear overlap between
several of the water molecules closest to the electron COM, as has been previously
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(a)

(b)

Figure 4.6: Snapshots of the hydrated electron system. The plot on the left is
approximately 90% of the total excess electron density, while the plot on the right
is a much smaller percentage of the total density but is shown merely to illustrate
the presence of a small cavity with our new water model.
shown for the hybrid UMJ and non-cavity LGS water models.[29] Fig. 4.6(b),
on the other hand, shows a much lower percentage of the total charge density.
This region closest to the electron COM is clearly devoid of any water molecules,
illustrating the presence of a small cavity.
Unfortunately, it is not possible to experimentally probe the structure of the
hydrated electron in a fashion as straightforward as that which is involved in the
generation of radial distribution functions and snapshot images from simulation.
This necessitates the theoretical calculation of spectra with which a comparison
with experiment can be made. Even with these spectral comparisons, however,
the true structure of the excess electron in liquid water remains unclear due to
the similar results produced with water models that have been shown to lead
to very different structural pictures for the behavior of the hydrated electron.
Furthermore, there is a limited number of experiments with which comparisons
can even be made.
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One available piece of information we do have is absorption spectrum data.[66,
67, 68] Fig. 4.7 shows the calculated absorption spectrum using the water model
presented in this paper, incorporating the ground state and seven excited states.
Additionally included are the spectra using the LGS and TB water models.[28, 29]
The calculated spectrum for our new potential shows excellent agreement with the
experimentally-known absorption maximum, EM AX = 1.72 eV .[66, 67, 68] There
appears only to be a slight red-shift in the calculated spectrum, but of these models, our new potential seems to do the best job of replicating the correct location
of the peak maximum. Yet, all models do a decent job of matching the calculated
absorption spectrum to that acquired experimentally, which is not surprising since
all models give a radius of gyration for the excess electron that is reasonably close
to that determined from moment analysis of the experimental absorption spectrum (2.42 Å).[67] For the case of our new water model, we calculated an average
radius of gyration of 2.38 Å, with large fluctuations over the course of several
hundred picoseconds.
One other bit of information available to us from experiment is the Resonance
Raman of the hydrated electron system.[69, 70, 71, 72, 73] Recently, Casey et
al. were able to calculate Resonance Raman spectra[28, 29] using a semi-classical
method due to Corcelli and Skinner,[74, 33] who found a strong correlation between the quantum mechanical water O-H vibrational frequency and the magnitude of the electric field experienced along a given water molecule’s O-H bond in
a classical MD simulation.[34, 35, 36] Using this same method, we calculated the
Resonance Raman for a simulation run using our new potential and present the
calculated spectrum in Fig. 4.8, along with spectra calculated using other water
models, as well as that from experiment. Fig. 4.8 shows that the Resonance Raman of the hydrated electron is red-shifted and broadened from that of bulk water,
indicating stronger hydrogen bonding and a large range of water environments.
Of all the spectra in Fig. 4.8, only the non-cavity, LGS model seems to correctly
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Abs Intensity (arb. units)

This work
TB
LGS

Figure 4.7: Calculated absorption spectrum of the hydrated electron using the
water model presented in this paper (orange line with filled square symbols), that
due to TB (blue line with ‘x’ symbols) and that due to LGS (purple line with
filled circle symbols. The width and position of the peak maximum are in very
good agreement with experiment.
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Figure 4.8: Resonance Raman spectra of the hydrated electron. The solid black
line is the experimential hydrated electron Resonance Raman spectrum, the red
line (filled triangles)) is that of bulk water with no excess electron, while the other
lines/symbols correspond to those spectra calculated using various water models:
The blue line (x) corresponds to the LGS water potential, the green line (*) to the
calculations performed by UMJ, the purple line (filled circles) uses the new water
model presented in this manuscript and, finally, the orange line (filled squares) is
the spectrum due to the TB water model.
show this trend, while that of TB shows a blue-shift and a narrowing, indicating
a more homogeneous, less intense hydrogen bonding environment. The hybrid
UMJ model does a reasonable job at approximating the experimental spectrum
but falls short in terms of its broadening and red-shifting. Finally, the spectrum
due to the water potential presented in this paper shows a blue-shift and a narrowing, yet slightly red-shifted from that due to a purely cavity picture for the
excess electron, as seen in the curve due to the TB model.
In summary, the results above indicate that the new potential presented in
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this paper produces a hybrid picture for the excess electron in liquid water. This
is confirmed by the radial distribution function plots in Fig. 5.6 and the MD snapshots shown in Fig. 4.6. The calculated absorption spectrum in Fig. 4.7 shows
excellent agreement with that from experiment, as does the calculate average of
the radius of gyration from a several hundred picoseconds long MQC MD simulation with our new potential implemented. Unfortunately, the Resonance Raman
shows that there is still plenty to be desired from a water model that aims to
completely capture the experimentally known properties of the hydrated electron
system, which we aim to address in an upcoming paper on a water potential that
goes beyond the Frozen Core Approximation inherent in the PK pseudopotential
formalism.

4.6

Conclusions

In this paper, we discussed various details related to the development of rigorous
PK pseudopotentials in the context of creating a new water-electron potential.[39]
This was done in an effort to approach the development of pseudopotentials in the
most intuitive and physical way possible, within the confines of the PK framework.
The details we explored included the choice of basis set, which, for the case of
the water molecule, necessitated the use of a triple zeta basis set (cc-pVTZ(-f)),
augmented further by the inclusion of additional diffuse functions on oxygen,[3]
in addition to a large number of off-atom s-type Gaussian basis functions set on
a grid surrounding the water molecule. Furthermore, we discussed the artificial
confinement of the water MOs during the electronic structure calculation by way
of a potential that was essentially zero in the core region and non-zero outside of
the core, creating a steep barrier, past which the presence of any charge density
would be prohibitive. This served to limit the diffusivity of the LUMO of neutral
water and to more appropriately approximate the confinement seen in a condensed
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phase environment. We then discussed obtaining a smooth pseudopotential by
way of a smooth pseudo-orbital in order to ensure the proper energetics would be
captured. Next, we ensured that the long-range parts of our potential properly
reflected the water model we employed in our MD simulation by tapering our
water pseudopotential using the charges dictated by the SPC water model.[64, 65]
Finally, we discussed the fitting of this rigorously-derived pseudopotential and
the results we obtained from its implementation in a MQC MD simulation of the
hydrated electron system and compared them to those obtained using some of the
other known water models.
Within the confines and restrictions associated with the PK formalism, we
believe we have presented results from a MQC MD simulation associated with the
most accurate and rigorous water pseudopotential to date. However, the water
potential we present in this paper is not meant to be taken to be the final water
pseudopotential. Rather, it is meant to show that rigorous PK pseudopotential
development is not entirely straightforward and that many factors need to be
taken into account in order to derive a potential that may lead to further physical
insight. Additionally, the fact that there is now evidence to show that an ab initio
approach to water pseudopotential development can yield conflicting dynamical
results may indicate that the answer to the question of what the true nature of the
excess electron is in liquid water may not be as simple as cavity or non-cavity.[60]
This fact leads one to the question of what else we can do to simulate this system
in a more accurate way. For example, the PK pseudopotential approach still neglects dynamic polarization and suffers from the Frozen Core Approximation and
Static-Exchange. Perhaps the next step would be to combine the ideas presented
in this paper with some of the work done by Herbert and co-workers on the implementation of a self-consistent polarization model for water.[62] In this way, one
may no longer need to include ad hoc polarization terms a posteriori.[14, 30] It is
clear that developing potentials for use in condensed phase calculations, but built
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from calculations on an atom/molecule in the gas-phase has inherent problems
that are difficult to address and correct for by grafting additional terms onto the
potential. This is especially true for a system made up of water molecules, which
exhibit strong intermolecular interactions. The ultimate goal is a completely selfconsistent, non-empirical model for the water-electron interaction that is able to
accurately account for water-water and electron-water polarization. Clearly, the
static-exchange approximation makes this impossible and so it is imperative that
future work attempts to go beyond it. In order to address some issues related
to polarization effects and to go beyond the FCA constraint inherent in the PK
formalism, in future work we aim to present a dynamical water potential that is
able to respond to its local environment.
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CHAPTER 5
Tackling the Hydrated Electron Problem with a
Rigorous and Dynamical Water Pseudopotential
with the Self-Consistent Inclusion of Many-Body
Effects
5.1

Abstract

The hydrated electron system has been the result of much controversy due to relatively recent theoretical work performed on the system that yielded a vastly different qualitative picture than that which had been thought of for decades.[24, 27, 26]
That picture involved the excess electron residing in a region of enhanced water
density, contrary to the previously-held belief that the electron resided in a welldefined cavity in liquid water.[14, 30, 60, 75] The discrepancy between these two
very different qualitative pictures boils down to the nature of the potential used
in order to describe the interaction between the water molecules and the excess
electron.[39] In this Chapter, we present a novel, rigorous and dynamical water
potential, which expands on previous work we have carried out on going beyond
the frozen core approximation with coordinate-dependent pseudopotentials and
application to the sodium dimer cation.[16, 17] The water potential we present is
able to take into account the local water environment in a straightforward and intuitive manner by extrapolating on previous work carried out on the relationship
between the local electric field experienced by a given water molecule due to its en-
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vironment and the quantum mechanics of that molecule’s core.[34, 35, 36, 33, 74]
The result is a many-body, field-dependent water pseudopotential that suggests
that the excess electron exhibits a ‘hybrid’ cavity/non-cavity picture. All in all,
we show that the incorporation of environmental effects produces significant qualitative and quantitative differences in the resulting dynamics.

5.2

Introduction

The zeroth order atomistic description for solvation involves a solute surrounded
in some fashion by solvent molecules.[64, 76, 65, 21] After all, we imagine all particles to take up physical space and have well-defined shapes. However, once the
solute in question decreases in size until it is but a single excess electron, classical
mechanics are no longer appropriate to study its behavior. In place of a classical
description, therefore, quantum mechanics are required, which allow the electron
to obey a different set of rules that no longer restrict it to being highly localized
and having a well-defined shape.[3] As a result, the zeroth order description for
solvation need not apply to the hydrated electron system—that is, the excess electron in liquid water.[60] Nevertheless, for decades it was believed that the hydrated
electron carved out a well-defined cavity in liquid water,[14, 30, 60, 75] a picture
very much in line with our classical views on solvation.[64, 76, 65] A relatively
recent theoretical investigation, however, showed that the excess electron actually
occupies a region of enhanced water density, with no cavity formation.[24] This observation met with significant resistance and, in fact, stirred up quite a controversy
amongst the groups of researchers who have studied this system.[27, 26, 61] Yet,
superficially, there are not many differences between the techniques used to generate these cavity and non-cavity electrons: They have both mostly employed the use
of mixed quantum/classical (MQC) molecular dynamics (MD) simulations,[4, 37]
and begin with the identical theoretical framework for modeling the interaction
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between the water molecules and the free electron. The various existing models
for the water-electron interaction (also known as pseudopotentials)[39] have been
shown to be the cause of the discrepancy and the presentation of a novel, manybody, dynamical interaction potential to model this interaction is the goal of this
study.
The excess electron in liquid water lends itself quite nicely to study using the
MQC approach. This approach treats the majority of the system classically, and
incorporates rigorous quantum mechanics for only a small number of degrees of
freedom by differentiating between inactive ‘core’ electrons (that is, those that
occupy bound molecular orbitals), and those higher energy, ‘valence’ electrons
that play a larger role in the chemical process of interest.[4, 37, 39] In the case
of the hydrated electron, all of the water molecules in the system are treated
classically—that is, their dynamics are described via the solution of Newton’s
equations of motion—while the excess electron is described by the wave function
that is a result of solving the Schrödinger equation.[3] The classical and quantum
degrees of freedom are then coupled by pseudopotentials, which essentially aim to
allow for the implicit inclusion of all of the electrons in the system when solving
the Schrödinger equation.[3] The manner in which one may develop such a potential is far from standardized. Pseudopotentials can be developed empirically,
by adjusting parameters in an effort to yield a desired result, but can also be
developed rigorously. Phillips and Kleinman (PK) have developed a theoretical
framework for the development of such potentials[5, 39] and the details associated with developing rigorous PK potentials was explored by us in the previous
Chapter. However, it is important to note that all such potentials are subject to
static-exchange (SE), or the frozen core approximation (FCA).[3] What this means
is that these potentials are not developed in such a way that allows them to be
affected by external, environmental factors. This is because pseudopotentials are
developed using single, gas-phase molecules, making them unable to incorporate
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such polarization effects as those that can be attributed to solvent-solvent, or
solute-solvent interactions.[21]
Recently, we published a manuscript on going beyond the frozen core approximation with coordinate-dependent pseudopotentials.[16, 17] As an illustrative
example, we applied our method to sodium dimer cation and showed how one
could create a pseudopotential for the molecule that was parameterized by the
dimer’s internuclear separation. The result was a dynamical potential that completely accounted for the polarization of each of the atomic sodium cores by the
presence of the other. Thus, this approach led to a description for the molecule
that went beyond the FCA.
For the excess electron in liquid water, a potential that is subject to the FCA
means that the pseudopotential does not take into account the fact that the electron polarizes the molecular orbitals of those water molecules nearest to it, as
does the presence of other surrounding water molecules, which should both affect
the details of the employed pseudopotential. For a strongly interacting system
such as this, these effects cannot be ignored and are typically taken into account
by grafting on additional polarization terms a posteriori to account for dynamic,
valence-core polarization effects, and on the pair-wise additivity of the solvent
molecules’ pseudopotential for a treatment of many-body effects.[14, 30] Yet, a
way to incorporate some of these effects in a self-consistent fashion would be
highly desirable, and a method for doing just that is what we present in this
study by expanding on the idea of our previous work on coordinate-dependent
potentials.[16, 17]
Following the work of Hermansson and co-workers,[34, 35, 36] Corcelli, et al.
developed a semi-classical approach for quantifying the relationship between the
local electric field experienced by a given water molecule in solution, and that
molecule’s O-H stretching frequency.[33] This relationship has subsequently been
used to calculate Resonance Raman spectra for the hydrated electron.[28, 29] Im-
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plicit in the relationship is a strong correlation between the local electric field and
the quantum mechanics of a given water molecule’s molecular orbitals (MO).[3]
Calculating the electric field experienced by a given molecule in solution necessarily involves taking into consideration the positions of all other water molecules in
solution and so, in this regard, complete takes into account the local water environment and is essentially a many-body approach for modeling the system. As a
result of this and the fact that the studies by Corcelli and co-workers indicate a
well-defined relationship between the local electric field and the quantum mechanics of the molecule in question,[33, 74] it is feasible to think it possible to create
a water pseudopotential that goes beyond static-exchange via parameterization
by the electric field experienced by a given water molecule, thereby allowing it to
respond in a meaningful way to the precise location of all the molecules in the
system. In fact, when evaluating the Hellman-Feynman forces[3] for a potential
constructed in such a way, every water molecule is necessarily affected by the
positions of all other molecules in the system, unlike the case for the implementation of frozen core potentials, which are only affected by the position of the water
molecule for which forces are being calculated, in addition to the wave function
of the excess electron.
The aim of this study is to present the development of such a rigorous, dynamical potential, unlike anything that has been created for any condensed-phase
system being studied by the MQC approach, and compare the results with those
from implementing a frozen core water potential. This will provide us with a
clear indication of the effects of relaxing the frozen core approximation for this
system. This is particularly exciting for the case of the hydrated electron, for
which we believe that going beyond the FCA is necessary for an accurate treatment, and for which experiment has not been able to distinguish between the
existing water potentials,[28, 29, 60] despite such drastically different results from
MD simulations.[24, 30, 59, 61] The reason this is the case is because many ob-
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servables calculated using existing water models yield very similar results.[60] For
example, in both the cavity and non-cavity cases, the radius of gyration for the
hydrated electron is calculated to be approximately 2.4 Å, a value confirmed by
moment analysis on experimental absorption spectra.[67] However, differences are
seen in studies of the temperature-dependent absorption spectrum, as well as in
simulated Resonance Raman spectra.[28, 29] Both of these indicate a preference
for the non-cavity hydrated electron, yet this is certainly not enough to unequivocally label the excess electron as non-cavity without further investigation.
To further complicate matters, ab initio work carried out by Uhlig, Marsalek
and Jungwirth (UMJ) on large anionic water clusters describe the hydrated electron in a hybrid fashion.[32, 63] In other words, the calculations by UMJ do indeed
show the presence of a cavity (yet smaller than that seen by the well-known champions of the cavity model), but also show significant penetration of water molecules
into the charge density of the excess electron.[29] Additionally, our recent work
on the details and sensitivities of the water pseudopotential, which included the
development of a new, rigorous, frozen core potential, also showed such a hybrid
picture. This makes it abundantly clear that going beyond the frozen core approximation for the hydrated electron system is of paramount importance if we
are to have a chance at an accurate understanding of the excess electron in liquid
water from simulation studies.
The rest of this Chapter is organized as follows. Section 5.3 presents some
background information on molecular pseudopotential theory within the rigorous
PK framework.[5] Then, in Sec. 5.4, we present the development of our novel,
dynamical, electric field dependent water pseudopotential, followed in Sec. 5.5
by the presentation of results from implementing this potential in a MQC MD
simulation. Finally, in Sec. 5.6, we conclude by summarizing our findings and
results.
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5.3

The Phillips-Kleinman Pseudopotential Formlism

The novel pseudopotential method that is the subject of this work is based on the
Phillips-Kleinman theoretical framework for the construction of rigorous frozen
core potentials.[5, 39] As such, in this Section, we present the necessary background information relevant to the PK pseudopotential formalism in order to
clarify the extension to the formalism that we present in the following pages. For
the purposes of establishing proper notation, we begin with the multi-electron
Hartree-Fock (HF) Hamiltonian, Ĥ = T̂ + Û , where T̂ and Û are the HF kinetic
and potential energy operators, respectively. The wave functions, {|ψi i}, and
corresponding energies, {i }, of the deeply-bound core MOs are defined by[3]
Ĥ |ψi i = i |ψi i

i = 1, . . . , ncore ,

(5.1)

while those of the valence orbital, |ψv i, are defined by
Ĥ |ψv i =  |ψv i ,

(5.2)

with  being the eigenenergy of the valence orbital. The implementation of a
pseudopotential allows the multi-electron HF equation to be replaced with one
that is of lower dimensionality and incorporates the potential in an effort to allow
the wave function solution to be carried out in the effective field of the other
electrons in the system:[39]
(Ĥ + Vˆp ) |φi =  |φi ,

(5.3)

where PK replaced solving for the valence orbital, |ψv i, with solving for the socalled pseudo-orbital, |φi, where Vˆp is the pseudopotential.[5, 39] Their eigenenergies, , however, are identical. Unfortunately, these equations are not constrained
enough to yield unique, numerically stable solutions. However, the PK formal88

ism has since been extended and reformulated in order to yield a set of equations
that allow for the computationally efficient determination of a pseudo-orbital and,
from that, an appropriate pseudopotential. Cohen and Heine (CH) showed that
minimizing the expectation value of a given quantum mechanical operator could
sufficiently constrain the system to yield a unique solution, but the resulting
equations remained numerically challenging to solve.[6] Then, Smallwood and coworkers presented an analytically exact reformulation of the PK/CH method that
allowed for the efficient determination of the pseudo-orbital and corresponding
pseudopotential in a straightforward manner.[7] In their work, they chose to minimize the kinetic energy operator (T̂ ) and showed that the pseudo-orbital, |φi,
could be determined by solving the following iterative scheme:
"
|φi = Iˆ −

core
nX



|ψi ihψi |T̂ /T̄

#−1
|ψv i ≡ M̂ −1 |ψv i.

(5.4)

i=1

Minimizing the expectation value of the kinetic energy operator has an additional
function in that it guarantees that the resulting pseudo-orbital will be in the
ground state, and therefore nodeless. This property allows the otherwise nonlocal potential to be localized.[39] Once |φi is determined from Eq. 5.4, therefore,
Smallwood and co-workers showed that one can determine the corresponding localized pseudopotential as follows:
local
Ueff
(r) =

hr|( − T̂ )|φi
,
hr|φi

(5.5)

local
where Ueff
is the localized total effective potential and is the sum of the HF

potential energy operator (V̂ ) and the pseudopotential (Vˆp ). It is important at
this point to note that the total effective potential and the term pseudopotential
are used interchangeably in the literature, and this work will be no exception.
Eqs. 5.4 and 5.5 provide for the straightforward, exact determination of the
local
pseudo-orbital, |φi and its localized pseudopotential, Ueff
. As can be seen in

89

Eq. 5.4, we require the set of core orbitals of the atom/molecule for which a pseudopotential is desired. These are typically acquired by performing an electronic
structure calculation of a single, gas-phase atom or molecule and, as a consequence,
the resulting potential will be subject to the frozen core approximation.[3] In the
next Section, we discuss how we acquire sets of polarized molecular orbitals for
water in an effort to yield a dynamical potential that is able to respond to its local
environment.

5.4

The Development of an E-Field Dependent Water Pseudopotential

5.4.1

Method

As mentioned earlier, semi-classical work carried out by Corcelli and Skinner
showed a strong correlation between the local electric field that a given water
molecule experiences in solution, and the frequency of its O-H stretch.[33, 74]
More specifically, what these researchers did was calculate the electric field experienced by a given water molecule’s hydrogen atoms due to the oxygen and
hydrogen atoms of the surrounding water molecules. The electric field was evaluated using the simple point charge (SPC) model for water[65, 76] (qOx = −0.82 e
and qHy = 0.41 e) and its dot product with a unit vector along the O-H bond was
calculated. This yielded a single quantity for the electric field which, effectively,
is the projection of the electric field experienced by a H atom onto the O-H bond:

ˆ ·
E = rOH

3n
X
qi rˆiH
,
2
r
iH
i=1

(5.6)

where E is the calculated electric field, r̂OH is a unit vector along a given water
molecule’s O-H bond, qi is the charge for atom i (either hydrogen or oxygen), and
riH is the distance between the H atom for which its experienced electric field
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is calculated and the atom i, from which a contribution is included. Corcelli,
et al. showed that the range of values for E calculated in a classical simulation
start from zero and continue to approximately 0.1 a.u..[33, 74] Our first attempt
at developing a water potential parameterized by this quantity involved taking
this approach to determining the electric field. Unfortunately, no correlation was
found between the e-field experienced by one of water’s O-H bond to that of the
other. This made it impossible to develop a suitable potential. As a result, we
modified the determination of the electric field to be that experienced by a given
water’s hydrogen midpoint and subsequently projected onto a unit vector pointing
along water’s dipole, from oxygen to the hydrogen midpoint. This modification
led to a slightly decreased range for the experienced electric fields. Instead of the
0 − 0.1 a.u. range demonstrated by Corcelli and Skinner, we encountered a range
of 0 − 0.06 a.u..
Following the determination of the precise electric field quantity we wished to
exploit in the hydrated electron system, we proceeded to carry out a number of
electronic structure calculations for water in the presence of external fields that
corresponded to e-field values along the 0 − 0.06 a.u. range mentioned above. For
clarity, carrying out such a calculation in zero field should yield the same rigorous,
frozen core potential that we have seen previously in the literature.[14, 24, 30, 59]
Superimposing an external field, however, polarizes water’s core molecular orbitals, with the polarization increasing as the magnitude of the external field
increases, giving a direct indication of the local water environment.[3] Adding this
external field to our electronic structure calculations, however, required us to employ a stiff confinement potential in an effort to disallow the valence orbital, aided
by the external potential, from completely leaving the vicinity of the molecule.
The functional form of the confinement potential we employed was the same as
that employed by us in previous work and those employed by others[30, 59, 61] in
the development of water-electron interaction models: Vconf = 0.5k(x8 + y 8 + z 8 ),
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with k = 1.0 × 10−7 . One will note that this potential is significantly more confining than those used previously. However, we found that the addition of the
external electric field caused significant distortion of water’s valence orbital, and
only after such intense confinement were we able to remove any unphysical wiggles
from the resulting pseudopotential. As a result, we were able to calculate potentials that looked qualitatively similar to those of the frozen core, but changed
predictably and in a straightforward manner as the added external field increased
in magnitude.
Figure 5.1 shows contour plots of pseudo-orbitals calculated via Eq. 5.4 for a
range of applied external fields. The contour plot in Fig. 5.1(a) shows pseudoorbital contours along the molecular plane (as seen by the image on the top right)
calculated with no applied external field, while those in (b) and (c) were calculated
using field magnitudes along water’s dipole of (b) 0.02 a.u. and (c) 0.05 a.u.. As
can be seen from these plots, as the electric field increases in magnitude, the
pseudo-orbital shifts in magnitude towards water’s oxygen atom, increasing the
molecule’s dipole (as is expected when going from the gas- to the condensedphase) and leaving the hydrogen atoms even more electron starved than without
the presence of any applied field. Figure 5.2 shows line plots of the pseudo-orbital
along water’s dipole and serves to better illustrate the trend seen in Fig. 5.1.
Again, as the magnitude of the applied field increases, so charge density shifts
from the already electron starved hydrogen atoms to the oxygen atom.
This is completely in line with our intuition on what should happen as a
given water molecule is put in an increasingly polarizing environment.[64, 3] In
fact, the average electric field experienced by the water molecules in a classical
MD simulation is approximately 0.03 a.u.. Performing an electronic structure
calculation with an applied external field of this magnitude reproduces the dipole
of bulk water quite well, which gives a reassuring indication that the approach we
are taking in order to take the effects of the local water environment into account
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works quite well.[60]
Using the various pseudo-orbitals in Figs. 5.1 and 5.2, we then calculated the
corresponding pseudopotentials, which can be seen in Figure 5.3. As expected
from the plots of the pseudo-orbitals in Figs. 5.1 and 5.2, as the magnitude of
the applied external field increases, the region near the hydrogen atoms becomes
significantly more attractive as more charge density moves towards the oxygen
atom as the local electric field increases.
Unlike the implemented confinement potential, the applied external field is
non-negligible in water’s core region. This means that once the pseudopotential
is evaluated via Eq. 5.5, the external field must be subtracted off in order to
not double count the effects of polarization.[3, 39] If the pseudopotential were
to remain as is, this would not present much of a problem, as we could simply
subtract the field from Eq. 5.5 and implement it in the usual manner. However,
because we aim to implement the potential in a MQC MD simulation, where
we solve the Schrödinger equation on a grid with finite spacing,[44] the potential
cannot remain as is. This is because the unsmoothed potential has highly varying
features that would not be well represented by a grid basis that would allow for
the timely evaluation of the Schrödinger equation. As a result, the potential must
be smoothed. However, as can be seen in Eq. 5.5, the only way to ensure that
we reproduce the appropriate eigenvalue, , is to first smooth the pseudo-orbital,
then use this in Eq. 5.5 to evaluate the pseudopotential.[7] Therefore, in order
to properly subtract off the added external field, and yield the proper smoothed
potential, we insert the identity by projecting the applied field onto the smoothed
version of the basis set used in the initial electronic structure calculation:

sm
Ueff
(r)

nbasis
X
hr|( − T̂ )|φsm i
=
−
E
|χsm i hχsm | ẑ |φsm i /hr|φsm i,
ef
sm
hr|φ i
i=1
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(5.7)
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Figure 5.1: Contour plots of the water molecule’s pseudo-orbital calculated via
Eq. 5.4 in the y-z molecular plane. The oxygen atom is located at x = 0.0 a.u.,
y = 0.0 a.u. and z = 0.22048 a.u., while the hydrogen atoms are located at
x = 0.0 a.u., y = ±1.43621 a.u. and z = −0.88163 a.u.. The pseudo-orbitals
were calculated from an electronic structure with (a) no external electric field,
(b) a field along the molecule’s dipole of magnitude 0.02 a.u., and (c) 0.05 a.u..
The image on the top right is for aid in the visualization of the plane for which
contours are presented.
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|φ>
Figure 5.2: Pseudo-orbital line plots along water’s dipole. The hydrogen midpoint is located at z = −0.88163 a.u., while the oxygen atom is located at
z = 0.22048 a.u.. The black curve (dash) reflects no applied electric field, the
red curve (solid line) a field of magnitude 0.01 a.u., the dark blue (dot), a field
of 0.02 a.u., the orange (long dash), a field of 0.03 a.u., the green (dash-dot), a
field of 0.04 a.u., the brown (dash-dot-dot), a field of 0.05 a.u., and the light blue
(dash-dash-dot), a field of 0.06 a.u..
sm
where Ueff
is the smoothed total effective potential (or, simply, the pseudopo-

tential), |φsm i is the smoothed orbital by way of analytic convolution with a
Gaussian kernel with some exponent commensurate with the desired degree of
smoothness, {|χsm i} is the set of smoothed basis functions, nbasis is the total
number of basis functions, and Eef ẑ is the form of the applied external potential
along water’s dipole, with Eef being the magnitude of the field. Thus, Eq. 5.7
now provides us with a slightly modified version of Eq. 5.5 that allows us to evaluate, in a straightforward manner, the smoothed pseudopotential from a smoothed
pseudo-orbital, calculated from an electronic structure calculation with an applied
external field via Eq. 5.4.

5.4.2

Fitting The Pseudopotentials

Now that we have calculated the appropriately smoothed pseudopotentials at a
variety of applied external fields that coincide with those fields experienced by
water molecules in a condensed-phase classical simulation, we are now ready to
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(a)

(b)

(c)

Figure 5.3: Pseudopotental line plots for water calculated via Eq. 5.7 through
water’s (a) dipole, (b) hydrogen midpoint, (c) oxygen atom, perpendicular to the
dipole. The black curves (dash) reflect no applied electric field, the red curves
(solid line) a field of magnitude 0.01 a.u., the dark blue (dot), a field of 0.02 a.u.,
the orange (long dash), a field of 0.03 a.u., the green (dash-dot), a field of 0.04 a.u.,
the brown (dash-dot-dot), a field of 0.05 a.u., and the light blue (dash-dash-dot),
a field of 0.06 a.u..
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fit the potentials and implement a way to interpolate between the accounted
for electric field magnitudes that we explicitly evaluated, in a similar fashion
to our previous work on the development of a dynamic, coordinate-dependent
pseudopotential for sodium dimer cation.[16, 17] The goal is to find a suitable
functional form that will be able to fit all of the potentials simply, then interpolate
between them by additionally fitting the fitting parameters as a function of the
applied field. We found that the functional form used by Larsen, Glover and
Schwartz (LGS)[24] does an excellent job at fitting all of the potentials in Fig. 5.3:

2

2

Ûfefitf (r) = αO1 e−βO1 |r−rOx | + αO2 |r − rOx |2 e−βO2 |r−rOx | + αO3 |r − rOx |6 e−βO3 |r−rOx |
2

2

+αHcm1 e−βHcm1 |r−rHcom | + αHcm2 |r − rHcom |2Hcom e−βHcm2 |r−rHcom |

2

+αHcm3 |r − rHcom |4Hcom e−βHcm3 |r−rHcom |

2

2

2

+αH e−βH |r−rH1 | + αH e−βH |r−rH2 | + VC ,
(5.8)
where
VC =



 −q ( 3 1 −
i 2 i rcut

−qi
|r−ri |2
1 |r−ri |2
)
2
2 i rcut

: |r − ri |= i rcut

(5.9)

: |r − ri |< i rcut .

Figure 5.4 shows the fits of the exact potentials in Fig. 5.3 using Eqs. 5.8 and
5.9. As can be seen by these various representative pseudopotential slices, the fits
of the exact, smoothed potentials do an excellent job at capturing the trend seen
in the exact potentials. The fitting parameters in Eq. 5.8, (αO1 , αO2 , αO3 , αHcm1 ,
αHcm2 , αHcm3 , αH , βO1 , βO2 , βO3 , βHcm1 , βHcm2 , βHcm3 , βH ), have different values
for every pseudopotential in Fig. 5.4, which we found could be nicely interpolated
by being fit themselves to polynomials of various degrees as a function of the
magnitude of the applied external field in atomic units. Figure 5.5 shows representative fits of these parameters in order to clearly demonstrate the interpolation
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(a)

(b)

(c)

Figure 5.4: Fits to the pseudopotentials shown in Figure 5.3 taken along the same
slices. Once again, the black curves (dash) reflect no applied electric field, the
red curves (solid line) a field of magnitude 0.01 a.u., the dark blue (dot), a field
of 0.02 a.u., the orange (long dash), a field of 0.03 a.u., the green (dash-dot), a
field of 0.04 a.u., the brown (dash-dot-dot), a field of 0.05 a.u., and the light blue
(dash-dash-dot), a field of 0.06 a.u..
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of these parameters. The plot in Fig. 5.5(a) is that of the the linear parameter
αO1 from Eq. 5.8 and the plot in Fig. 5.5(b), that of the non-linear parameter βO2 .
These plots show that both the linear, as well as the non-linear fitting parameters
vary smoothly as the field changed, making them highly susceptible to fitting to
polynomials of various degrees.
The final dynamical water potential, therefore, is simply Eqs. 5.8 and 5.9 where
each of the fourteen fitting parameters are functions themselves of the magnitude
of the applied external field. Table 5.1 summarizes the fitting parameters of the
polynomials used to interpolate Eqs. 5.8 and 5.9 and completely describes the
nested expression that makes up the fitted pseudopotentials at all values of an
applied external in the range over which electronic structure calculations were
performed.
Our fitted function, once implemented into a MQC MD simulation for the
hydrated electron, is able to self-consistently incorporate the effects of the local
water environment by taking into account the positions of all molecules and how
those molecules polarize one another[3] by way of determining the local electric
field experienced at each molecule’s hydrogen midpoint,
3n
X
ˆ
qi riHcm
ˆ ·
E = rOHcm
,
2
riHcm
i=1

(5.10)

providing a way for each water molecule to have its own unique pseudopotential
that reflects its local environment. Now, in a given simulation, there are as many
unique pseudopotentials as there are molecules.

5.5

Results

In this Section, we present some relevant results related to the implementation of
the water potential that is the subject of this work. Our simulation contained 499
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Figure 5.5: Representative plots of two of the fitting parameters in Eq. 5.8, (a) αO1
and (b) βO2 . The points in plot (a) and (b) were independently fit to fifth-degree
polynomials.
water molecules governed by the flexible simple point charge (SPC-flex) model
and one excess electron.[65, 76] Eqs. 5.8 and 5.9, as well as the parameters in
Table 5.1 describe the interaction between the electron and the water molecules.
Our simulation box size was 24.64 Å with periodic boundary conditions,[21] and a
time step of 0.5 f s. The excess electron’s wave function was solved on a 323 cubic
grid with a side length of 18.17 Å. Additionally, a dynamic polarization term due
to Rossky was implemented.[14]
Figure 5.6 shows radial distribution function (RDF) plots from MQC MD
simulations using the potential presented in this work, as well as those from other
water models. The RDFs in Fig. 5.6(a) are the result of simulations using our
field-dependent water pseudopotential, which appears to yield a small cavity. In
fact, the cavity is the smallest of any cavity-producing model, including those to
which we have referred as ‘hybrid’ models. The ‘Hybrid-1’ RDFs were calculated
using the rigorous PK, frozen core water potential that was the subject of the
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previous Chapter and those of ‘Hybrid-2’ are from ab initio calculations of large
anionic water clusters by UMJ.[32] The ‘Cavity’ RDFs are the result of MQC
MD simulations using the potential due to Turi and Borgis (TB)[30] and, finally,
those of the ‘Non-Cavity’ are from simulations using the only water potential to
not only yield no cavity, but also have the excess electron residing in a region of
enhanced water density. The potential used in this case is that due to Larsen,
Glover and Schwartz (LGS).[24, 28, 29]
As can be seen from these RDFs, the field-dependent water potential yields
a small cavity. In fact, the cavity is the smallest of any cavity-producing model,
including those to which we have referred as ‘hybrid’ models. Additionally, the fact
that the turn-ons for the RDFs of the oxygen and hydrogen atoms are separated
by approximately 1 Å suggests that the water molecules surrounding the excess
electron’s charge density are pointing their hydrogen atoms towards the electron,
a common feature amongst a majority of existing potentials.[28, 29]
These results, however, are not enough in order to fully characterize the hydrated electron picture that our new field-dependent potential yields. As a result,
further calculations are pending.

5.6

Conclusions

In this Chapter, we presented the development and implementation of a novel,
rigorous, many-body, field-dependent pseudopotential for condensed-phase water
simulations more sophisticated than any developed thus far, where each water
molecule in the system is affected by the positions of all other molecules. This
is evident in the evaluation of the Hellman-Feynman forces for each molecule in
the system, which, for every molecule, includes terms from all of the other waters
in the simulation. The technique we used in order to capture these effects is an
expansion of work we have already published on developing coordinate-dependent
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(a)

This work

e-com - H
e-com - O

(b)

Hybrid-1

(c)

Cavity

(d)

Non-Cavity

(e)

Hybrid-2

Figure 5.6: Radial distribution function (RDF) plots calculated from MQC MD
simulations using a variety of water pseudopotentials. The solid black curves
represent the distance between the electron’s center of mass and the oxygen atoms
of water, while the dotted red curves are those between the electron’s center of
mass and the hydrogen atoms. The RDFs in panel (a) are those calculated using
the potential presented in this work, those in panel (b) are from the ‘hybrid’
water potential that was the subject of the previous Chapter, those in panel
(c) use a cavity-producing potential due to TB, those in panel (d) use the only
non-cavity water potential, due to LGS, and those in panel (e) are from the ab
initio calculations due to UMJ.
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potentials that go beyond the frozen core approximation, which we illustrated by
application to sodium dimer cation.[16, 17].
The field dependence of our new potential is explicitly accounted for by the
magnitude of the local electric field experienced by a given water molecule due to
its environment.[33, 74, 34, 35, 36] In this way, we are able to employ a unique
potential for the water-electron interaction that reflects the specific way in which
a given water molecule’s core is polarized due to the molecules surrounding it.[3]
Our calculations show that as the magnitude of the field increases, so should
the molecule’s dipole, pushing charge density even further away from the hydrogen atoms towards oxygen, an observation completely in line with our intuition
on what should happen when a molecule goes from the gas- to the condensedphase.[21] As a result of this increased electron starvation, our potential shows
an increased attraction of the excess electron to the region near the hydrogen
atoms. This is perhaps what causes the increased penetration of water molecules
into the excess electron’s charge density, yielding a smaller cavity than any cavityproducing water pseudopotential.
As mentioned earlier, the RDFs for our field-dependent potential indicate that
the water molecules closest to the electron center of mass are pointing their hydrogen atoms towards the electron. As a result of this, it would be feasible to assume
that if we were to similarly include the polarization of the water core due to the excess electron, then the effects should be even more dramatic than those we present
here. The dipole of these molecules would increase even further, leading to a further polarized core and leaving the hydrogen atoms even more electron starved,
forcing the molecules further into the excess electron’s charge density.[28, 29] If
this were to happen, then we would expect an even smaller cavity to appear or,
perhaps, no cavity at all (as is the case for the LGS potential).
Clearly, incorporating a way for the water pseudopotential to be dynamically
evaluated as its environment changes produces substantial qualitative and quan-
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titative differences. Therefore, striving for models that are self-consistent and
holistic in any theoretical endeavor should be of paramount importance if one
wishes to replicate the behavior of real systems. In this Chapter, we showed precisely how one can incorporate many-body effects that are beyond the frozen core
approximation for a condensed-phase system in a straightforward and intuitive
manner. We are currently in the process of further exploring the effects that our
new potential has on the hydrated electron system by calculating absorption and
resonance Raman spectra and comparing to those calculated using other water
potentials and those of experiment. More importantly, a thorough investigation
is in the works on the effects of relaxing the frozen core approximation and comparing results using the field-dependent potential that is the subject of this study
with those resulting from setting the electric field magnitude to zero and disallowing the parameters in Eq. 5.8 to change (thereby yielding a frozen core potential).
We expect these results to be substantive considering the fact that the potential
changes dramatically as the magnitude of the applied field increases. It would be
interesting, therefore, to couple the work presented here on incorporating manybody quantum effects for the hydrated electron system with the classical water
model in use by Herbert and co-workers that deals with electrostatics in a selfconsistent fashion.[59] In this way, we would be able to incorporate many-body
effects from both a classical and quantum standpoint, allowing us to fully explore
the effects of relaxing the FCA on this system.
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Table 5.1: Parameter functions, x (where x represents the general functional form
for each of the fourteen fitting parameters for Ûfefitf in Eq. 5.8) for the field-dependent hydrated electron potential. Eef is the magnitude of the applied external
field in atomic units.
x=
x

n

αO1

5

αO2

5

αO3

4

3

αH

2

αHcm1

5

αHcm2

5

αHcm3

5

βO1

5

βO2

5

βO3

5

βH

3

βHcm1

3

βHcm2

4

βHcm3

4

Pn

k=0

k

k
xEef

xk
0

αO1 = 0.56525
3
αO1 = −676619.

1

αO1 = −141.25
4
αO1 = 13004300.

2

0

αO2 = 0.300049
3
αO2 = −12901.2

1

αO2 = −0.821774
4
αO2 = 231037.

2
5

αO2 = 269.799
αO2 = −1411290.

0

αO3 = 0.197663
αO3 = 342.253

1

αO3 = −0.0395021
αO3 = −3836.2

2

αO3 = −11.2784

4

0

αH = 0.652055

1

αH = −1.46912

2

αH = 62.0071

0

αHcm1 = 0.137838
αHcm1 = −42090.

1

αHcm1 = −0.529694
αHcm1 = 896182.

2

αHcm1 = 620.781
αHcm1 = −6228040.

αHcm2 = 0.203072
αHcm2 = −29457.3

1

αHcm2 = 0.777335
αHcm2 = 668352.

2

αHcm3 = 0.304815
3
αHcm3 = −17393.2

1

αHcm3 = 2.53698
4
αHcm3 = 504217.

2

0

βO1 = 0.157843
3
βO1 = 1453.71

1

βO1 = 5.25313
4
βO1 = 88093.6

2

0

βO2 = 0.200523
βO2 = −70734.

1

βO2 = −18.1895
βO2 = 1277560.

2

βO3 = 0.00020394
βO3 = −86.6649

1

βO3 = −0.0250363
βO3 = 1585.44

2

4

5

βO3 = 2.1729
βO3 = −105494.

0

βH = −0.334434
3
βH = −493.211

1

βH = −1.32469

2

βH = 70.2396

0

1

βHcm1 = 3.1997

2

βHcm1 = −401.731

1

βHcm2 = 1.07157
βHcm2 = 18770.7

2

βHcm2 = 78.0011

βHcm3 = −0.141631
βHcm3 = −9434.95

2

βHcm3 = −36.7596

3
0
3
0

3
0
3

βHcm1 = 0.544171
3
βHcm1 = 3348.47
0
3
0
3

βHcm2 = −0.160429
βHcm2 = −2522.83
βHcm3 = 0.0231177
βHcm3 = 1188.1

4

4

4

4
1
4
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5

5

5

5

5

5

αO1 = 15038.5
αO1 = −86023000.

αHcm2 = 341.421
αHcm2 = −4703570.
αHcm3 = −3.18688
αHcm3 = −3923610.
βO1 = −305.325
βO1 = −912253.
βO2 = 1814.94
βO2 = −8368970.
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