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Abstract 

The coupled equations of the adiabatic- state expansion method for 

quasi-adiabatic transitions in atomic collisions are reduced in the eikonal 

approximations to a form which allows straightforward computation. The 

multistate eikonal approximation is then applied to the He+ (1 s) + H(l s) .... 

He +(ls) + H(2p) excitation process. The partial and total 2p-excitation cross 

sections as well as the polarization of the light emitted by the excited H 

atoms are calculated. Our results compare favorably with recent experi­

mental measurements. The importance of final-state coupling is dramati­

cally illustrated by the above 2p-excitation process. The qualitative features 

of the nonadiabatic effects are also investigated in the eikonal Born approxi­

mation as functions of the position and distance of closest approach of the 

two adiabatic states. 
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I. INTRODUCTION 

In Paper I of this series, 
1 

the adiabatic-state expansion method for 

atomic scattering and rearrangement collisions was critically examined. 

Several difficulties and ambiguities for rearrangement collisions were 

resolved. It was then shown that the use of the eikonal approximation to 

· describe the motion of the atoms and/or ions permits the coupled equations 

of the adiabatic- state expansion method to be reduced to one-dimensional 

equations defined along a classical trajectory. Several practical techniques 

for evaluating wave functions and Green's functions in the eikonal approxima­

tion were introduced in Paper II of this series. 
2 

A v~riational technqiue 

based on the "principle of least action" was also developed in Paper II for 

the calculation of the trajectory. Numerical illustrations of these various 

techniques were carried out for the (H+, H) and (He+, He) collision systems 

in both the classical limit and the nonclassical regime of the eikonal approxi­

mation. 
2

• 
3 

In all these applications, we were dealing essentially with 

potential- scattering problems. In the present paper we shall consider the 

problem of quasi-adiabatic transitions in the multistate eikonal approximation. 

The eikonal approximation .will be valid if (we are using the notation 

of Paper I) 

- h 1 T'l3 = p;- << 
0 

(1. 1) 
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where p is the relative momentum of the colliding particles. Our approxi-

.· . 
mation scheme is expected to converge rapidly if the adiabatic criterion is 

met 

2 
T) 

2 
= v/(e /h) << 1 (1. 2) 

Let E be the initial kinetic energy (in a. u. ) of the colliding particles in the 

center-of-mass system. We shall assume conditions (1. 1) and (1. 2) and, 

further, that 

E >> 1 (1. 3) 

which permits us (see Paper II) to calculate the eikonal with the approximation 

that the trajectories lie along straight lines. .When condition (1. 3) is met, 

the adiabatic criterion [Eq. (1. 2)] will always be satisfied. 

In the adiabatic-state expansion method, the state function w + is 
a 

represented by the expansion [see Eqs. (!12.14) and (113. 20)] 

= 2 cpa ~a <R> 
13 

(1. 4) 

with ~l3 (R) satisfying the coupled equations [see Eqs. (!!2. 18) and (II3. 45 )] 

~ = 6 ~ +.... + (E + iT) - K - W - ll ) -l L J c ~B 
a. a. 0 cop a. a. a ~ a. a. p 

(I. 5) 

where W + lJ' are the eigenvalues of the adiabatic states cp , K is the 
a. a. a. 

appropriate kinetic energy of the colliding system in the c. m. system, and 

J a. a are the appropriately modified nonadiabatic interactions [see Eqs. (II2. 16) 

4 
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and (1!3. 28)]. In Eq. (1. 5) we have labelled the initial state as a.= 0 with 

... 
incident relative momentum p . Thus, the coherent state '+ \]{ ... represents 

cop 

elastic scattering . The scattering matrix, for a final state a. and relative 

... 
momentum k is 

... - + (- ' ) (a.. k I T I 0. p) = & <"-k· u \]{ ... ) + \]{ k... • ~ J Q 'I){ Q 
a.o 0 cop . c a. e ~ a. a. tJ tJ 

(1. 6) 

We shall make use of the techniques developed in Paper II for evalu-

ating wave functions and Green's functions in the .. reduction of the transition 

matrix elements. In Sec. II the matrix elements for quasi-adiabatic transi-

tions are reduced in the multistate eikonal approximation to a form which 

allows straightforward computations. We then consider the application of the 

multi state eikonal approximation in subsequent sections. 

In Sec. III, a model (He+, H) collision system is constructed based 

on the adiabatic HeH+ states recently calculated by Michels. 
4 

The (He+, H) 

model is constructed to provide a reasonably realistic representation of the 

2p-excitation process 

+ + He (Is)+ H(ls)- He (Is)+ H(Zp) (1. 7) 

In this (He+, H) model, we have included eight adiabatic molecular states. 

The nonadiabatic interactions between the;se adiabatic states are represented 

in this model by semiempirical formulae obtained from the exact asymptotic 

expressions of the nonadiabatic interactions. 

5 



A detailed investigation of quasi-adiabatic transitions is carried out 

.· . 
in Sec. IV in the eikonal Born approximation. In this investigation we have 

studied the qualitative features of the nonadiabatic effects as functions of the 

position and distance of closest approach of the two adiabatic states. The 

saddle-point approximation for the evaluation of the path integral
5 

is then 

investigated and compared with the corresponding numerical results. The 

error resulting from the eikonal Born approximation is examined in the 

two-state eikonal" approximation in which the back-and-forth coupling 

between the two states is explicitly accoun~ed for. 

The application of the multistate eikonal approximation to the 2p­

excitation of H atoms by He+ ion impact is then carried out in Sec. V. We 

have calculated both the partial and total excitation cross sections as well 

as the polarization of the light emitted by the excited H atoms. Our results 

compare favorably with recent experimental measurements. 
6 

The impor­

tance of final- state int~ractions 7 
is dramatically illustrated by the 2p-

excitation process of Eq. (1. 7). A brief account of this work was presented 

8 
recently at the Amsterdam Conference. 
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II. MULTICHANNEL EIKONAL AEPROXIMATION 

In this section, we consider the evaluation of the scattering matrix 

(a., kIT I o, p) given by Eq. (1. 6) for l""lultichannel quasi-adiabatic atomic 

processes. We shall consider first the simple eikonal Born approximation. 

This corresponds to the well-known Born approximation in which the coupling 

of other particpating states is neglected. The eikonal Born approximation, 

however, improves the usual Born approximation by providing a more careful 

analysis of the phase relations between the two states. After deriving the 

eikonal Born approximation, we then investigate the coupling of participating 

states. In the multistate eikonal approximations, a set of coupled first-

order differential equations is then derived for the eikonal amplitudes as 

well as the transition amplitudes. The cross section for the quasi-adiabatic 

transitions can then be calculated in terms of the solutions of the coupled 

equations for the amplitudes. 

A. Eikonal Born Approximation 

The Born approximation to Eqs. · (1. 5) and (1. 6) gives us the scattering 

matrix 

= c-q,- k .... J cR., -i\7 r-q,+ ... ) 
ca. a.o cop 

(2. 1) 

The matrix elements may be reduced to path integrals in the eikonal approxi­

mation. We have for the coherent state 

7 

::1:: -q, .-. and the modified nonadiabatic 
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.... 
interaction J (R, -iV) (see Eq. (13. 28)] the forms 

a.o 

w + k .... ci> 
ca. 

iS +<i> 
= (2rT)-3/2 A (R) e k 

. a. 

... -t .... .... .... 

J (R, -iV) ~ J (R, K(R)) :: J (R) 
a.o a.o a.o 

(2. 2) 

(2. 3) 

The matrix elements in the eikonal Born approximation then take the form 

(2. 4) 

:::t: ... 

The eikonals S (R) have been evaluated in Paper II. 

... 
We shall use a coordinate system with the z-axis parallel to p. 

In this coordinate system, we shall suppose J to have cylindrical sym-
a.o 

metry with the form 

.... 
J (R) = J (z, b) 

a.o a.o 
(2. 5) 

... 
where b is the distance of a p·oint R from the z axis, i. e. the impact 

parameter. The path integrals then, to relative order I 8 I , take the form 
c . 

+- --B i [S ... (R)- Sk (R)] 
T = ( 2TT ) -

3 J pdp dcp dz J (z, b) e p 
a.o a.o 

(2. 6) 

... 
where we have taken A(R) = 1 (which is valid to relative order I 8 I). From 

c 

Eqs. (II3. 14), we have for the eikonal 

8 



with 

s!ci> p 
+ • 

- pz sec a - pb tan 8 + ~ (z, b) 
0 

kz sec a+ kb tan a + ~- rz. b) 
a. 

~+(!,b) = -p 
0 

z 

J {~[a 2 -a 2cz'>]+U0CR>}dz' 
-co 

~- (z, b) = k J 
a. 

1 a =-e = 2 c 

z 

u (R) = 1- [I -lf (R)/e ]112 
0 0 p 

(2. 7) 

(2. 8) 

(2. 9) 

(2. 10) 

(2. 11) 

(2. 12) 

where a (z) and lJ' (R) are defined by Eqs'. (liZ. 2) and (!2. 9), respectively. 

The coordinate z which was defined in Fig. 2 of Paper II is related to z by a 

plane rotation through an angle 13 • 

We shall use the straight-line approximation for the evaluation of 

the eikonal. This is valid when [see Eq. (Ill. 22)] 

( 2. 13) 

where Aeff is the value of the reduced mass Mr expressed in units of the 

proton mass. We then have 

9 



+ ., . _. _. _. I . 

s... - s, = (p - k. > · R - kb e + 6~ (z, b) 
p .. 1n c a.o .. 

z<O (2. 14a) 

... ... ... 
Cp - k) · R - pb e + 6~ Cz, b > o c a.o 

z>O (2. 14b) 

with 

Z eo 

6~ (z,b)- -p J u (R )dz'-·k J u CR. )dz' 
a.o o o · a. o 

(2. 15) 
-~ z 

(2. 16) 

... ... 
where p 

0 
and kin are the asymptotic relative momenta in the post and 

/ prior regions, respectively. 

... ... 
Let k lie in the x-z plane and p

0 
be radial. It then follows 

... ... 
k • R = k cos 9 I (z cos 9 + p sin a cos cp] - k sin 9 I[;>- z cos a sin 9 cos cp] 
in c c 

...... 
p · R = pz cos 9 1 

c 

... ... 
p · R = p cos 9 z + p p sin a 

0 c c 

....... 
k · R = k cos 9 z + k p sin 9 cos cp 

-1 ,. I' 
where 9 is the scattering angle, 9 = COS (p • K). 

we then have for all values of z 

(2. 17) 

To relative order I e I, 
c 

...... 
(p- k) z - kp sin e cos cp + 6Cb (z, b) 

/ a.o 
(2. 18) 

Mter integrating over cp, the path integrals given by Eq. (2. 6) reduce to the 

form 

10 



00 • 

f f 
i [ (p-k)z +.6.~ (z, b)] 

TB = (2TT)-
2 bdb J (kb sin 9) dz J (z~ b) e · a.o 

a.o o a.o 
0 -oo 

(2. 19) 

where we have made use of the approximation 

pdpdz ~ bdbdz (2. 20) 

which is valid to relative order 1 a 1 • 
c 

The identity 

1 . 
.6.~ (z, b > = -

2 
~ (b) + 6 ~ (z, b) 

a.o a.o a.o 

with 

~ (b) - ~ (b) + ~ (b) = - f [k U (R ) + p U (R )) dz 
a.o a. o a. o o o 

-oo 

and 

z 

6~ (z,b)-- J (pU - kU ]dz' 
a.o o a. 

0 

permits Eq. (2. 19) to be rewritten as 

with 

a) !. ~ (b) 

TB = (2n)- 2 J bdb 'J (kb sin 8) QB (b) e 2 a.o 
a.o o a.o 

QB (b) = 
a.o 

0 

a) 

f 
i[z(p-k) +6~ (z,b)] 

dz J (z, b) e a.o 
a.o 

11 
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(2. 22) 

(2. 23) 

(2. 24) 

(2. 25) 



The local phase difference 6~ (i, b) can be rewritten as a.o 

6~ (!',b) 
a.o 

! 

= f [:..!.. 'II - _!_ 'II ] 
vk a. v o 

0 p 
dz' (Z. 26) 

where we have assumed that lJ and lJ are small in comparison with the 
a. 0 

total energy E. 
9 

The transition amplitude given by Eq. (Z. 24) may be 

solved by the stationary-phase approximation in the classical limit. This 

is shown in Appendix A. 

The differential eros s section in the eikonal Born approximation may 

be obtained from TB 
a.o • -

The total eros s section 

f da cr = -dO 
dO 

ca:C: then· be obtained from Eq. (2. 27) in the simple form 

B 
(] 

0 

where we have made use of the approximation given by Eq. (IIS. 23). 

12 

(Z. 27) 

(2. 28) 

(2. 29) 
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B. Multistate Eikonal Approximation 

In atomic collisions, a number of adiabatic states which are closely 

spaced would participate in the interaction simultaneously. To provide an 

adequate description of such collisions, one must accoount for the dynamic 

coupling of these states. For such collisions, Eq. (1. 5) may be solved 

'I 

directly. We consider the case that only a finite number of adiabatic states 
I 

a. need be included and that the energy E is large compared with the 

spacings of these states. 

We rewrite Eq. (1. 5) as 

'IJr = 6 'It+ .... + 2 G J 'IJr 
a. a.o cop a (f. a.) a. a. a a 

where in our eikonal approximation the Green's function takes the form 

Here 

with 

.... .... 
G (R, R 1

) 
a. 

s (R, R I) 
a. 

M r .... .... -1 ........ 
= - z:rr I R- R 1 I exp [ iS a. (R, R 1

)] 

X (R) ds 
a. 

X = [ 2 M (E - w - l! ) ] 
1 I 2 

a. . r a. a. 

(2. 30) 

(2. 31) 

(2. 32) 

(2. 33) 

and the path of integration runs over that trajectory which passes through 

.... .... 
R 1 and R. 

13 



We attempt to solve Eq. (Z- 30) with the ansatz 

... 
i se <R ') 

e (Z. 34) 

where it is supposed that the eikonal amplitude y a is a relatively slowly 

varying function of position and sa <R) is the eikonal function 

(Z. 35) 

Here, in the straight-line approximation, the path integral is taken parallel 

... 
to p and 

lim ...... 
p. r .... -OCI 

= [Z M (E- w ) ] 1 I z p. ; 
r a (2.36) 

See Sees. II and III of Paper II for a discussion of boundary conditions for 

the eikonal. 

Now, let us define 

.... ~ .... ; 

r = R'- R ( z. 3 7) 

and write 

........ 
S (R, R ') ~ x. (R) r 

a. a. 
(Z. 38) 

-t _. ... ... 

~ x. a (R) · r + Sa (R) (Z. 39) 

where 
... 

x. a = x. aP· When Eqs. (Z. 31), (Z. 34) and (Z. 37) through (2. 39) are 

used, the quantity Ga.J a. a ~a takes the form 

14 



with. 

... 
Ia.~(R,r) 

M 
r 

=---~-
(ZTT)S/Z 

... ...... 

CD 
iH. (R)r J rd r·· e a. I~ 

8 
(R, r) 

0 

i'«. 
8 

{R) · r 

f 
... ... ... ... 

= d r e J a.~ {R + r) y ~ (R + r ) 

where the angular integral can be approximately evaluated to give 

a ~ A ~ A 

{ 

i'«- r 

e J a.~(R +pr) y~ (R +pr) 

a ... A .... A -iH. r } 
- e J a.~ (R- pr) y~ (R- pr) 

Then for x. r >> 1, the conventional asymptotic evaluation gives us 
a. 

Because of the assumed cylindrical symmetry of J a. B, we have 

... ,. 
Ja. .::~ (R - pr) = J (z - r, b) 

I"' a.~ 

... ,. 
y (R- pr) = Y.:~(z- r, b) 

8 .... 

Let us define 

z' = z-r 

15 

{2. 40) 

{2. 41) 

(2. 42) 

(2.43) 

(2. 44) 

( 2. 45) 

(2.46) 



we then have 

This together with Eq. (2. 43) let us write, finally, 

... + ... w (R) = 6 w · ... (R) -
a. a.o cop 

Here we have set 

and 

H. 

v =L~ a M 
r 

v 
rel 

- ... f/J (z' b > = s (R I> - s (R 1 > 
a.a • a. a 

(2. 47) 

(2.48) 

(2. 49) 

(2.50) 

·Equation (2. 48) can be further simplified. Substitution of Eq. (2. 2) 

+ - ... for w ... (R) and Eq. (2. 34) for w (R) into Eq. (2. 48) yields the set of 
ca.p a. . 

coupled equations for the eikonal amplitudes y 
a. 

or 

N z 

y a. ( z. b) = 6 a. 0 - i L J d z I A a. a (z I • b) y a ( z I • b) 
a -fa. -co 

_d_v_a."'-<z_,_b_>_ = _; i 
dz 8 -f a. 

A a. a (z, b) y a (z, b) 

16 

( 2. 51) 

(2. 52) 
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with 

The boundary condition for the eikonal amplitudes is 

y (z, b) ... 1 
0 ' 

as · z ... -CCI 

y (z, b) ... 0 as z --CCI 
a. . for a. '# 0 

(2. 53) 

(2. 54) 

which states simply the fact that in the asymptotic prior region the scattering 

system is in the I o p-) state. 

_ The scattering matrix ( a.k IT I op) given by Eq. (1. 6) can also be 

evaluated in the multistate eikonal approximation. Considering the case 

a. '# 0, we have 

N ... - .... 
"' 3 .... ... ... i[S8(R)-Sk(R)] 
L J d R A (R) J 0 (R) y 0 (R) e 

8.4 a. 0.1-' 1-' 
' t" a. 

(2. 55) 

This path integral can be evaluated just as before for Eq. (2. 4). We obtain 

with 

T(N) = 
a.o 

CCI i 
. -~ (b) 

(2rr)- 2 f bdb J (kb sin 8) Q(N)(b) e 2 a.o 
o a.o 

0 

i N !l) 

(N) . -2(~ (b)-~ (b)]"' f 
Q (b) = e a. o L 

a.o . S;ia. -CCI 

17 

(2. 56) 

(2. 57) 



where the ~a.a(z', b) are given by Eq. (2. SO). Fo'r the case with 8 = 9, 

we have 

1 . 
- ~ ( z b) = z (p - k) + 6~ ( z. b) + -;- [ ~ (b) - ~ (b) ] 

a.o ' a.o ~ o a. 
(2.58) 

It is then clear that Eqs. (2. 56) and (2. 57) reduce to Eqs. (2. 24) and (2. 25) 

in the eikonal Born approximation by setting y = 1. The total cross section 
. 0 

can again be expressed in the approximate form given by Eq. (2. 29) with 

QB (b) replaced by Q (N) (b). 
a.o a.o 

It is, however, convenient to introduce the modified equations 

obtained from Eq. (2. 57) 

N z 

a (z. b) = I I 
a. . a~ a. -lXI 

dz' Aa.a(z',b) ya(z',b) 

with 

~ [ ~ (b)-~ (b)] 
\ Q (z b) = v - 1 Q (N) (z b) e 0 a. 

a. ' rel a.o ' 

From the comparison of Eq. (2. 59) with Eq. (2. 51), it is clear that 

Y (z, b) = & - i Q (z b) a. a.o a. • 

Consequently 

dQ (z, b) 
a. ------= dz 

= A (1 - 6 ) - i 
a.o a.o A a. a 0 a 

18 

(2. 59) 

(2. 60) 

(2. 61) 

(2. 62) 
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It. is apparent that Q (z, b) in the limit z .... 011 is the transition amplitude. 
a. 

In terms of Q (co, b), the total cross section takes the form 
a. 

Cll 

III. A MODEL (He+, H) COLLISION SYSTEM 

(2. 63) 

In this section, we construct a reasonably realistic multichannel 

model system for quasi-adiabatic collisions. In the next section (Sec. IV) 

-
we apply our eikonal Born approximation to this model system and investi-

gate the qualitative features of the quasi-adiabatic (diabatic) transitions. 

In Sec. V, an application of our multi state eikonal approximation to this 

model system is carried out to investigate the final- state interactions in a 

quasi-adiabatic excitation process. With these applications in mind, we 

+ 
construct our model to represent the (He , H) system. This is the simplest 

two-electron hetronuclear molecular system. In addition, experimental 

measurement of the 

+· + He ( 1 s ) + H ( 1 s ) .... He ( 1 s ) + H ( 2p ) (3. 1) 

2p-excitation process has recently become available. 
6 
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A. The Adiabatic HeH+ States, co 
a. 

The nonrelativistic Hamiltonian for the {He+, H) system can be 

written as 

H = 

with 

2 
e 

1 
2M 

r 

2 2 
2 

'il +h +~ 
R

1 
a R 

2 
e 

where J:<
1 

and K
2 

are kinetic energy operators of the two electrons 

labelled as "1" and "2. " The adiabatic states are defined to be the 

eigenstates of the adiabatic Hamiltonian h 
a 

-h cp = w (R
1 

) cp 
aa. a. a. 

-The eigenvalues w (R) give rise to the adiabatic potential tr (R) 
a. a. 

for 'the He +_H interaction. 

w 
a. 

(3. 2) 

(3. 3) 

(3. 4) 

(3. 5) 

For a reasonable description of the Zp-excitation process of Eq. (3. 1 ), 

we need to "consider a number of such adiabatic states. For the Zp-

excitation in the singlet spin multiplicity, we take into consideration the 

A 
1

L:, c 1n and E
1

L: adiabatic HeH+ states. For the triplet 2p-excitation, 

20 



-. 

3 3 3 + 
we take the a I:, e n and f I: adiabatic HeH states into consideration. 

The correlation of these adiabatic molecular electronic states with the 

separated as well as the united atomic states ~s summarized in Table I. 

+ ~ 

These adiabatic HeH states have recently been calculated by Michels 

for several values of the internuclear separation. 
4 

Based on these calcu­

lated values, we have constructed a model set of adiabatic HeH+ interaction 

potentials by extrapolating the calculated HeH +molecular states to their 

appropriate L:+- united atomic states. This set of model adiabatic HeH+ 
1 

potentials are shown in Figs. 1 and 2 with and without the 2/R nuclear 

interaction, respectively. Analytic fittings of these potentials are given 

in Appendix B. 

B. The Nonadiabatic Interaction J a. S 

In addition to the adiabatic HeH+ states, we require in the mpdel the 

interaction between adiabatic states. Such a nonadiabatic interaction is 

essentially given by the Born-Oppenheimer (BO) matrix elements [see 

Eq. (13. 22)] -

(3. 6) 

To account for rearrangement collisions, we write this nonadiabatic inter-

action J a. S as 

6 -
a.8 

(3. 7) 

21 



(For a detailed discussion, we refer to Sec. III of Paper I. ) This guarantees 

that JCL a = 0 in the limit Rl .... ~. 

In the eikonal approximation, the nonadiabatic interaction may be 

written as [see Eq. (2. 3)] 

..... 1,., 
= --· 

The identity 

M 
r 

permits us to rewrite Eq. (3. 8) as 

.... 
J (Rl) = 
a a 

1 
2M 

r 

1 
2M 

r 

(3. 8) 

(3. 9) 

(3. 10) 

The second term on the RHS of Eq. (3. 10) is comparatively much smaller 

and will be negected in the following considerations. It is understood that 

if ACL 
8 

':f 0 in the limit R
1 

.... ~, J 0. S should be redefined according to 

Eq. (3. 7). 

+ The gradient of the adiabatic Hamiltonian for the (He , H) system 

may be written as 

with 
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'~ 

_. _. _. 

z 
-e 

Rl +r 1- r Z 
_. _. _.3 

IR1 +rl-rzl 
(3. 1 Z) 

_. _. 
Rl +rl 
_. _. 3 

jRl +rll 

(3. 13) 

(3. 14) 

The BO matrix elements in Eq. (3. 10) can then be computed if the 

adiabatic states are available. It is rather unfortunate that in the past such 

BO matrix elements were not calculated when the adiabatic states were opti-

mized in the determination of the energy eigenvalues. The inclusion of 

BO matrix elements will not greatly increase the computation. This is 

particularly true in the straight-line approximation for which we have, for 

example, 

... 
= ;z {(cpa.(i!,b,z), cp

13
(i!,b,z+6z))- 6a.a} 

where we have taken R = (bz + z
2

)
112

. 
1 

These matrix elements at large internuclear separations can be 

(3. 15) 

determined analytically using the separated atom approximation. It can be 
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shown that, in the limit R 
1 

... CD , we have, for finite r 
1 

and r 
2 

, the 

asymptotic expressions for the potential gradients [see Eq. ( C. 1 )] 

Consequently, we have 

2 ... 
2e R

1 

R3 
1 

2 

2 ... 
e R

1 

R3 
1 

2 e ... A A ... 

- -3- [r2- 3 Rl (Rl. r2)] 
R 

1 

e ... A A 

+- [r - 3R (R· 
R 3 1 1 

1 

(3. 17) 

(3. 18) 

(3. 19) 

In this asymptotic region, the adiabatic molecular states go over to · 

the atomic states 

(3. 20) 

For the 2p-excitation process of Eq. (3. 1) including only the adiabatic states 

given in Table I, g are simply the proper antisymmetric product of He+ 
a. 

and H atomic wa vefunctions 
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(3. 21) 

(3. 22) 

The nonadiabatic interaction between .the initial and final states takes, 

in this asymptotic region, the form 

with 

ie
2 

Lim J (Is .... 2p
0 1

) = 
a.o ,:t: ~w. 

R
1 

.... ao a.o 

~w 
a.o 

(~r) (3. 23) 

(3. 24) 

(3. 25) 

,. 
where we have taken the local tangent ~ to be in the direction of k parallel 

A A A 

to the z-axis. Now, let R
1 

lie in the x-z plane and k · R
1 

=cos y. We then 

have 

" ...... " " .... 2 
k · [r

1
- 3Rt' (R

1
· r

1
)] = z(l- 3cos y)- 3X sin y cosy (3. 26) 

Thus, we obtain 
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g(ls .. Zp ) ( 21s f'z z 
(3. Z7) = 10 

(1- 3 cos y) 
. 0 

3 . 

g (Is .... Zp :i:) = ~ ( ::) sin y cos y (3. Z8) 
~ 

We also need the nonadiabatic interaction J a.B between the final 

states in the asymptotic region. From parity considerations, it is clear 

that the corresponding matrix. g(Zp - Zp ) is zero. We must therefore 
0 z 

consider the higher order t-erms in Eq. (3. 19). · We then obtain (see 

Appendix C) the asymptotic expression for the nonadiabatic interaction 

between final states 

(3. Z9) 

with 

g(Zpo .... 2p ±I> = (3. 30) 

This then completes the derivation of the nonadiabatic interactions in the 

asymptotic region. 

In our model (He+, H) system, we shall adopt semiempirical expres-

sions for the nonadiabatic interaction obtained from the above asymptotic 

• 1 • R b (R z Z} 1 I Z expre s s1ons upon rep ac1ng 
1 

y 
1 

+ a . We have 

/ 

Z6 



·~ 

and 

z . r 
ie v 

1
v2 

J (ls ... 2p)= AWre 
aa o '-& 

J (ls ... 2p 
1

) 
TTO :i: 

a.o 

' 2 
ie v 1 = :i: re 

AW a.o 

bz 

(R 2 +a 2)5/2 
. 1 TT 

(3. 31) 

(3. 32) 

i 
2 2 

J (2p .... Zp l) = _e ___ v...;;r;...;;.e_l ( 90) b ( __ z ___ 
5
ll 

TTO o % AWO. o {Z (R: + a:2 )2l Rl2 + a:l 

(3. 33) 

where we have made use 'of the relations 

cos y = z/R1 , sin y = b/R1 
(3. 34) 

The parameters, al >..I are to be determined semiempirically. We note 

that in Eqs. (3. 31) to (3. 33) we have labelled the nonadiabatic interaction 

by their corresponding momentum along the molecular axis. 

IV. APPLICATION OF THE EIKONAL BORN APPROXIMATION 

As we have already noted in Sec. m that from the spacing of the 

adiabatic states it is clear that a reasonable treatment of the 2p excitation 

in the (He+, H) system requires the explicit consideration of the close 

couplings of those states given in Table I. Before engaging in such a calcu-

lation, we first examine the qualitative features of quasi-adiabatic transitions 
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in the eikonal Born approximation. A comparison of the eikonal Born 

approximation with the Glauber approximation as applied to the e-H 

. . 1,0 . . 1 h 11 exc1tat1ons 1s g1ven e sew ere. 

To calculate the cross section for the quasi-adiabatic transitions in 

the eikonal Born approximation, the quantity. Q~0 (b) given by Eq. (2. 25) 

' 
must be first determined. This can be done n~erically usirig Eq. (2. 23) 

[or Eq. (2. 26)] for the local phase difference 6~ (z, b) and Eqs. (3. 29) 
a.o 

and (3. 30) for the cr-+ cr and cr-+ 1T nonadiabatic interactions, respectively. 

At high energies, v ~ vk = v 
1

, and consequently 6~ (z, b) is simply 
. . p re a.o 

given by the potential difference 6 \s = \s - \s 
a.o a. o 

6~ (z, b) 
a.o 

=- J 6\s (z',b)dz' 
v rel o a.o 

1 

A. The Constant-Spacing Model 

(4. 1) 

As a first example of the two- state eikonal approximation we consider 

the special case in which the potential difference is zero. In this case 6~ 
a.o 

is zero and QB (b) ,:an be evaluated analytically. We have 
a.o 

QB (b) = 
a.o f · -z(p-k) 

dz J (z, b) e 
-Q) - a.o 

(4. 2) 

The nonadiabatic interaction J is given by Eq. (3. 31) for cr-+ cr transi-
a.o 

tions and by Eq. (3. 32) for cr-1T transitions. We have 
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,. 

1 011 

2 9+- f B iev 1(2 2) 
Qa.o (b, a ... a) = AWre 

35 
dz cos (C z) 

0 

Q=
0 

(b, a ..... TT) = ± -i-:-zw_v.;;.r.;;.e.;;;...l ( ::) J dz sin CC z) 

with 

' = (p- k) 

0 

AW AW = ----:--:-:-~~"':"" :!:! 
(p +k)/(2 M ) 

r 
v 

rel 

bz 

B 
where we have labelled Q according to the type of transition. 

a.o 

(4. 3) ' 

(4. 4) 

(4. 5) 

The integrals in Eqs. (4. 3) and (4. 4) can be evaluated in terms of the 

modified Hankel functions by making use of the integral 

J cos(xy) dy 

0 

1 
2 2 'I) +-z 

(y + c ) 

We obtain from Eq. (4. 3) 

with 
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(4. 8) 

Similarly, from Eq. (4. 4), we have 

CD z 
B ie vrel 

Q (b cr -orr ) = :t: A W a.o • 

z 
= ::1:: _t __ e6~:=r_e_l ( :: ){ _ 

The identity 

(4. 10) 

reduces Eq. (4. 9) to the form 

B 
Q (b cr-orr) = ::1:: a.o , (4. 11) 

with 

The total cross section for the special case of 6~ = 0 in the eikonal a.o . 

Born approximation can then be obtained from Eq. (2. 29). For the a .... a 

transition, we have 
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CD 

a: 
0 

(a -a> = _rr_(:-:_;~~z4- ( :::) I bdb 

0 

(4. 1 Z) 

For the a- TT transition, we have 

(4. 13) 

In Fig. 3, we have plotted as an example the cross section for the 

a- TT transition given by Eq. (4. 13) for several values of the constant level 

spacing 6W. In this calculation we have taken a = 1 a 
TT 0 

It is seen that 

the cross section drops rapidly with decreasing energy and the overall 

magnitude of the cross section decreases with increasing level spacing. 

This is, of course, expected since the nonadiabatic (or diabatic) effect would 

increase with a decreased level spacing. For a more realistic two- state 

system, the level spacing is generally not constant. We would then expect 

that the nonadiabatic effect depends on the position and distance of the closest 

approach of the two adiabatic states. 

B. A Two-State Model 

Examining Figs. 1 and 2 for the (He+. H) system, we have found that 

the level spacings, D..w = w - w , of these adiabatic electronic states may 
a.o a. . o 

be reasonably fitted by an analytic function of the type 
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with 

B C 
Aw (R

1
) = 

(tO 
AW +All (R ) = AW -·· a.o + ~ 

a.o . a.o 1 a.o R 2 R 4 

AW = 
a.o 

\ 

lim 
R -.a:~ 

1 

1 1 

(4. 14) 

(4. 15) 

where B and C are constants. 
a.o a.o 

In this subsection, we shall adopt\, 

Eq. (4. 14) for the·level spacings as a mode~ and investigate the qualitative 

features of the cross section (for quasi-adiabatic transitions) as a function of 

the characteristic parameters of the level spacings. We examine the energy 

dependence of the cross section with the variation in the characteristic 

parameters such as the position and distance of closest approach of the levels. 

The position and distance of closest approach of the levels for 

Eq. (4. 14) are given, respectively, by 

R = 2C /B 
o a.o a.o 

(4. 16) 

(Aw ) = A W - _!_ B 
2 

/ C 
a.o min a.o 4 a.o a.o 

(4. 17) 

In Fig. 4, the level spacing Aw (R) is displayed for the case where the 
a.o 

position of closest approach is taken to be R = 5 a and the distance of 
0 0 

closest approach is taken to be Aw . = O. 1 a. u. 
nun 

One of the convenient features of the analytic form of Aw (R) given 
a.o 

by Eq. (4. 14) lies in the fact that the local phase differences 5~ (~.b) given 
a.o 
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Eq. (4. 1) can be solved analytically. With the help of the integrals 

1 -1 (X) = b tan b 

we obtain for 6~ (z, b) 
CL9 

6 ~ (z, b) = 
cx.o (~) 

(4. 18) 

(4. 19) 

(4. 20) 

Now we are in a position to calculate the quantity QB and then the total 
CLO 

cross section using Eq. (2. 29). 

We have carried out a numerical model study of the total cross section 

for the a ..... TT transition using Eq. (4. 20) for the local phase difference and 

Eq. (3. 32) for the nonadiabatic interaction (with a = 1 a ). The results are 
TT 0 

given in Figs. 5 and 6. In Fig. 5, we have taken the distance of closest 

approach of the two states to be 6w . = 0. 1 a. u. and displayed the energy 
m1n 

dependence of the cross section for several values of the position of closest 

approach R . It is seen that the cross section is considerably increased at 
0 

the low-energy side when the position of closest approach is located at a 

smaller internuclear separation. If we fix the position of closest approach at 

R = 1 .a and change 6w . , we again find that the cross section at the 
o o nun 
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lower energy side increases when the magnitude of ~w . decreases. This 
nun 

is shown in Fig. 6 . 
' . 

C. Saddle-Point Approximation 

The z-integral for QB (b) given by Eq. (2. 25) can also be evaluated 
' (10 

I 

using the saddle-point approximation for the two-state model of Sec. !VB. 

We rewrite Eq. (2. 25) as 

with 

QB (b).­
a.o 

y (z, b) 
.a.o 

CD 

f 
i y (z, b) 

dz J (z, b) e. a.o ·· 
(10 

-ao 

z 

J ~w (R) dz' 
v rel o a.o 

1 

(4. 21) 

(4. 22) 

where we have made use o£ Eq. (4. 5). We assume that the nonadiabatic 

interaction J (z, b) is a slowly varying function of z so that it can be 
a.o 

removed from the integrand in Eq. (4. 21 ). 

CJO 

QB (b) ~ J (o, b) 
a.o a.o 

-ao 

e 
iy (z, b) 

a.o 
(4. 23) 

The integral in Eq. (4. 23) can be evaluated by the method of steepest descent. 

From Eq. (4. 22), we have 

dy (z, b) 
a.o v = ~w (z, b) 

rel dz a.o 
(4. 24) 
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.. 

The saddle point for y (z, b) is therefore the solution of 
a.o 

Aw (z, b) = 0 
a.o . 

(4. ZS) 

To solve Eq. (4. 25 ), we expand Aw in a Taylor series around z = z 
a.o o 

with 

Aw (z, b) = 
a.o 

z 
1 

d (Aw ) 
a.o 

Aw . +-z z 
mm dz 

2B 
a.o 

z =z 
0 

z 
(z- z ) + 

0 

a 
1 

= Aw . /v 
1 

, 
nun re a = 2 

v R
4 

rel o 

l--(. b2) 
R2 

0 

(4. 26) 

(4. 27) 

When the approximation for ~w given by Eq. (4. 26) is used, we 
a.o 

obtain from Eq. (4. 25) the saddle point z 
s 

i rr /2 
e 

In the neighborhood of the saddle point z 
s 

y (z, b) = 
a.o . 

y (z , b) 
a.o s 

2 
1 d y 

+- a.o 
z dz2 

35 

z =z 
s 

2 
(z- z ) + 

s 

\ 

(4. 28) 

.. 

(4. 29) 



with 

3 
1/Z 

y ao (z 8 , b) = i ~ (:~) + z0 h +! a 2 z! ) 

z =z 
s 

(4. 30) 

(4.,31) 

Substitution of y (z, b) given by Eq. (4. 29) into the integral in Eq. (4. 23) 
(J.O 

yields 

e 

-co 

iy (z, b) 
a.o 

(4. 32) 

where a factor of 2 was introduced to account for the case where. the trajectory 

passes through the saddle point twice. The condition for validity of the saddle-

point integration is that 

}_(a13)1/2 » 1 
3 a

2 
(4. 33) 

This implies the transition integral is small. For quasi-adiabatic t~ansitions, 

such integrals are indeed small. ., 

The total cross section given by Eq. (2. 29) can now be written in the .. 
/ 

saddle-point approximation as 
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((2 at 4 al 

f bib 

2 -3 a
2 25 TT 2 jJ (o,b)l 

a.o 
(4. 34) a e! 

. 1/2 
e . 

a.o 2 
v rel (ala2) 

0 

If we further assume that J is also a slowly varying function of b, 
a.o 

. 5 2 
Eq. (4. 34) reduces after changing the variable to u = 1- b 

2 
/R 2 to the 

O' 

approximate form 

1 

crrR ) IJ 12 f du 
-2g /u 

3g 0 0 a $lid -e 
a.o ·O al v rei a.o 2 

u 
(4. 35) 

0 

16 TT 
2 

R 4 -2g 

IJ .,2 
0 

0 e 
~lit$ 

[2a B v
3 

]
112 a.o go 

1 a.o rel 

(4. 36) 

with 

2 3 
1/2 

R2 
. 1/2 

3 
= Ro cal vrel) c::~n) 0 

go 3 B = 3v 
rel a.o 

(4. 37) 

A comparison of the saddle-point approximation with the numerical 

result is given in Fig. 6 for the case with A.w . = 0. 3 a. u. It is seen that 
. ~n 

the saddle-point integration of the path integral is reasonably adequate in the 

regime of quasi-adiabatic energies.' 

" 
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D. Comparison of the E.ikonal Born and Two-StateEikonal Approximation 

We now estimate the error introduced by the eikonal Born approxima-

tion in a two- state model with the level spacing given by 

Aw 
a.o 

= 0. 3 75 - o. 056 
(Rz + l)z 

(4. 38) 

and the nonadiabatic interaction given by Eq. (3. 30). Iri our estimation, of 

the error, we consider the two-state eikon..._l approximation (obtained from 

Eq. (Z. 6 2) by taking N = Z) 

dQ 
~ 1\. -i/\. Q 
dz - a.o a.o o 

dQ 
0 

dz 
= -i 1\. Q 

oa. a. 

(4. 39a) 

(4. 39b) 

to be reasonably accurate. This differs from the eikonal Born approximation 

in that it allows for the back-and-forth coupling between the two states. If 

we drop the Q term inEq. (4. 39) and solve for Q , we would obtain the eikonal 
0 a. 

Born approximation. 

From the symmetry of the gradient matrix element in the non-

adiabatic interaction, we have 

1\. = -1\. = i/\. 
oa. a.o 

(4. 40) 

Equations (4. 39) may therefore _be decoupled to give 
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" 

with 

dQ:t: 

dz 
= :t:A =t= "AQ 1 :1: 

= Q ± iQ 
. 0 a. 

Equation (4. 41) may be solved to give 

z z' 

Q (z,b) = ± J dz' A(z',b) e±i. J A(z",b).dz" 
± 

z 

Thus, we have 

z 

QQ.! (z, b) = :i- [Q+- 0_] = -iJ dz' 
-oo 

z' 

A(z', b)cos [! A(z') bdz'] 

(4. 41) 

(4. 42). 

(4. 43) 

(4. 44) 

The cross sectionobtained from Eq. (2. 63) with Q (oo, b) given in this two­
a. 

state eikonal approximation is plotted in Fig. 7 as a function of c. m. energy. 

In terrns of the cross section cr, the fractional error in the eikonal Born 

approximation, 

B lcr-a.l 
B 

(J 

can now be estimated. This is also shown in Fig. 7. It is seen from this 

figure that the error introduced by the eikonal Born approxim<Ltion is reason-

ably small in the regime of quasi-adiabatic energies. 
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V. MULTISTATE EIKONAL APPROXIMATION FOR 2p-EXCITATION 
IN THE (He+, H) SYSTEM -

' . 
',.' 

In this section, we apply the multistate eikonal approximation discussed c 

in Sec. IIB to the 2p-excitation in the (He+. H) collisions. For thEttwo-electron 

system, we may treat the singlet and the triplet spin multiplicities separately. 

For each of the two spin multiplicities, we take into consideration two ~::-states 

and one IT-state. The IT-state is, of course, doubly degenerate. These states 

are shown in Figs. 1 and 2. To simplify our notation, we shall label these 

states in the riurnerical order O, 1, 2, and 3 where "0" and "1" denote the 

initial and final }: -states. respectively, and the degenerate final IT- state is 

denoted as "2" and "3" for A= +1 and A =·-1, respectively. 

A. Determination of the Excitation Cross Section 

In the four- state approximation, we need to solve the following coupled 

equations [see Eq. (2. 62)] 

Q(s) 
0 

0 0 !l.(s) 
01 

J\ (s) 
02 

!1.(3) 
03 

Q(s) 
0 

Q(s) J\ (s) A (s) 0 A (s) A (s) Q(s) 

d 
1 1() 10 12 13 1 

= -i 
dz a<s) A(s) A (s) J\ (s) 0 A (s) Q(s) 

2 20 20 21 23 2 

Q(s) 
3 

A (s) 
30 

A (s) 
31 

J\ (s) 
32 

0 Q(s) 
3 

(5. 1) 

_, 

where the superscript (s) is introduced to denote the spin multiplicity with 

s = 1 for singlet and s = 3 for triplet. 
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Physically it is clear that Q(
8

) accounts for the elastic scattering. 
0 

The 2p-excitation amplitude coming from the three final states is given by 

Q (ls), o
2
(s) ·and a

3
(s). Th f it ti edt. 1 us, or exc a on, we ne o so ve 

_!!.. Q(s) = A (s) - iA (s) Q(s)- iA (s)Q(s) - . A (s)Q(s) 
dz 1 . 1 0 , 1 0 0 12 2 

1 
13 3 

_!.Q {s) 
dz 3 

{s) (s) • (s) (s) 
= A{s)_.A(s)Q(s)-iA21 °1 - 1 A23°3 

20 
1 

20 0 

A (s) _ • A (s)
0

(s) _ • A (s) 
0

(s) _ • A (s)
0

(s) 
- l\30 11\30 0 ll\31 1 1 "\3Z 2 

{5. 2) 

We have observed that the spacings between the initial and any of the three 

final states are much larger than the spacings among the final states (see 

Figs. 1 and 2). This suggests that the back coupling of the final states with 

the initial state should be much smaller than the coupling among the final 

states. In solving Eqs. (5. 2), we shall, therefore, neglect the back coupling 

with the initial state. Equations (5. 2) then reduce to the form 

_!.. 
0

(s) = A (s) _ . A (s) 
0

Cs) _ "A (s) 
0

(s) 
dz 1 a10 1 n12 2 .1 a13 3 

_!..
0

(s) =A (s) _ . ,.. (s) 
0

(s) _ . A (s) 
0

(s) 
dz 2 20 

1 
a 21 1 

1 
23 3 

~Q(s) =A (s) _ ·11. (s) 0 (s) _.A (s) 0 (s) 
dz 3 · 30 1 31 1 

1 
32 2 

From the symmetry of the gradient matrix element in the nonadiabatic 

interaction, it follows that 
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A (s) = -A (s) 
Zl 1Z ' 

A (a) = -A (a) 
31 . 13 (5. 4) 

For the degenerate IT-state "Z" and "3", we have 

A (s) = -A (s) 
30 zo , 

A (s) = -A (s) 
31 Z1 

(5. 5) 

and 

0
(s) = _

0
(s) 

3 z ' 
A (s) = A (a) = 0 

Z3 3Z 
(5. 6) 

When the relations given by Eqs. (5. 4) to (5. 6) are used, Eq. (5. 3) reduces 

to a pair of coupled equations 

with 

~ Q (s) = A (s) _ Z A (s) Q (s) 
dz 1. 10 Z 

~0(s) = A (s) +A (s) 0 (s) 
dz Z ZO 1 

A (s) 
5 

• A (s) _ • A (s) _ . ~ (s) _ • 11 (s) 
- 1 Zl - 1 1Z - 1 n31 -- 1 nl3 

This pair of coupled equations may be decoupled. 

then from Eq. (5. 7) 

4Z 

(5. 7) 

(5. 8) 

We write 

(5. 9) 

(5. 1 0) 

•· 



Now, by requiring 

we obtain 

b = :t:ir..f2a 

Upon setting a = 1, we obtain 

Equations (5. 7) are then decoupled to give 

dQ (s) 

-~:1:-= (.fl. (s) :1: ·rz fl. (s)) :1: ifi fi.Q (s) 
dz 10 

1 
ZO :1: 

To solve Eqs. (5. 14), we let 

Q (s) _ (s) e 
:1: - q:l: 

-QQ 

Substitution of Q(s) from Eq. (5. 15) into Eq. (5. 14) yields 
:1: 

d (3) 
q:l: 

dz 
= {!1. (s) :1: ·fi A (s)) e 

10 
1 zo 

We then obtain for q!s) 
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J fl.(s)dz" 

(5. 11) 

(5. 1 Z) 

(5. 13) 

(5. 14) 

(5. 15) 

(5. 16) 



z' 
z =F t/2 J A(s)(z", b) dz" 

q!s) = J dz' (Ai~(z', b) z i.JZ A~~(z', b)] e -CXI 
-CXI 

and finally 

z 

z z i fi J A (s) (z ", b) dz" 

Q (s)(z b)= jdz' fA(s)(' ) .. r:::- (s) ' )~ z , t 1 0 z , b z 1 v 2 A 20 (z , b J e 
-CXI 

z' 

(5. 18) 

The 2p-excitation amplitude coming from the final I:..; and IT- states can now 

b d f Q~s> .. e recovere rom ""' We have 

(5. 19) 

(5. 20) 

The partial cross sections for the Is .... 2p and ls ... 2p 
1 

excitations 
. 0 z 

of H atom by He+ ion impact can now be calculated using Eq. (2. 63) 

2 
lim Q~8 )(z,b) 

o z-CXI 
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•. 

CD 

(3) a (s )(1 ., ) 
a rr a 2 s - "-P * 1 J .. (s) = Z rr bdb lim 0

2 
(z, b) (5. ZZ) 

o z- 011 

The 2p- excitation is then given by 

a (s)(ls ... 2p) = a(s) + 2 (s) 
' 0' O'T1' 

(5. 23) 

We then obtain for the total cross section 

(5. 24) 

B. Numerical Results 

(s) (s) 
For the evaluation of the amplitude Q (b) and 0

2 
, we need the 

. + 
energy differences between every two states. From our model (He , H) 

potentials given in Figs. 1 and 2, it is seen that the potential difference 

between the A 
1

L: and E
1

L: HeH+ states is not appreciably different from 

that between the A 
1

L: and c 1n states. This is also the case for the 

(a 
2L:, £3L:) and (a 

3
L:, e 

3
n) pairs. In view of the uncertainties in these 

model potentials, we shall assume them to be equal 

(5. 25) 

These potential differences which are shown in Fig. 8 can be fitted analytically 

by the forms 
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All (1 ) 2. 16 10. 94 + 2.21 
= 

2 + 1. 06)3 10 
(R 

2 
+ 1. 99) (R

2 
+1.99)

2 
(R 

(5. 26) 

Alr(3 ). 2. 26 8.0 + 7. 35 = 10 
(R

2 
+ 0. 83) (R2 + 0. 83)

2 
(R

2 
+ O. 94)

3 
(5. 27) 

This then permits the phases ¢ ~:) in 

analytically as shown in Sec. IVB. 

A (s) (see Eq. (2. 53)] to be evaluated 
a.o 

The equality assumed in Eq. (5. 25) iz:n,plies that 

r/>(s) = 
10 

Consequently, we have from Eqs. (5. 18) to (5. 20) 

z 

Q~8 )(z,b) =~ J dz' [J 10 cos(5q~si) -fi.J 20 sin(5q~
8i)J 

rel -co 

z 

• ""(s) 
1 ¥'10 

e 

Q(s)(z, b)= 1 
2 v 1 J , [ -1 I 2 ·. (s) (s) ] dz 2 J

10 
Sln(5q

12
) +J

20
cos(5q

12
)_ 

• ""(s) 
1 ¥'10 

e 
re -co 

with 

z 

( S )( I) 
5ql2 z,z - 2V/2 J A(s)(zn, b) dzn 

z' 

where 5 q~~ is the local final- state coupling amplitude. 

(5. 28) 

(5. 29) 

(5. 30) 

(5. 31) 

In view of the assumed equality given by Eq. (5. 25), the potential 

difference between final states may be taken to be zero. This together with 
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the fact that these final states are asymptotically degenerate allows 6 q~~ 

to take the approximate form [see Eqs. (2. 50), (2. 53) and (5. 8)] 

z 

lt (s)( ') :!:! rz ! 
u q12 z, z v 

rel 
(5. 32) 

I 

When Eq. (3. 33) for the nonadiabatic interaction is adopted in Eq. (5. 32), 

we obtain, in the z .... co limit, the simple results 

lt (l)(co ') 
uql2 Z (5. 33) 

(5. 34) 

(1) (3) 
where we have taken .6w

12 
= 0. 1 and .6w

12 
= 0, 05. We note that these 

are not the asymptotic values but are reasonable approximations in required 

R range (see Figs. 1 and 2]. 

Calculations were carried out using Eqs. (5. 29), (5. 30), (5. 33) and 

(5. 34) with the nonadiabatic interaction J 
10 

and J 
20 

approximated by 

Eqs. (3. 31) and (3. 32), respectively. In this calculation, we have taken 

a =a =a = 1. 2 a for the nonadiabatic interactions. The calculated 
cr TT n1 o 

eros s sections are not sensitive to variation within 20o/o of the a 1 s. The 

result for the total 2p-excitation cross section (see Eq. (5. 24)] is compared 

with experimental measurements
6 

in Fig. 9. It is seen that the agreement 

is remarkable in view of the approximations that we have adopted in the 
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calculation. For comparison, we have also included in Fig. 9 the result 

.. . 
obtained in the eikonal Born approximation without final state inter actions. 

' 

It is seen that the coupling of the final states is extremely important. 

The contributions to the 2p-excitation cross section coming from 

each of the four final states are shown in Fig. 10. In general the a- a 

transitions have a larger magnitude than the a_. TT transitions. To test 

the senstivity of our results on the approximation adopted for the local 

final- state coupllng amplitude 6 q ~si, we have repeated our calculation 

fordifferentvalues of 6q~~ as showninFig. 11. 

C. · Polarization of Emitted Radiation 

The probability of an atom undergoing a transition from state a to 

b and emitting light into a solid angle dO per unit time is 

wba (0) dO = I I - ... 2 
( b p · e. I a) I dO 

J 

2 3 
'= e wba ~ 

. 3 L 
2TTh c j 

(5. 35) 

with 

-where c is the velocity of light and d is the dipole vector. The intensity 

of the light so emitted is given by 
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.. 

z 4 
e wba 

3 
Znc 

2: 
j 

.... A z 
l<bld·e.la>l 

J 

The .sum in Eqs. (5. 36) and (5. 37) sums over the polarization direction 

(5. 37) 

e .. 
J 

For a Zp .... 1 s transition, the intensity is given by a sum of contribu-

tions coming from the Zp .... Is and 2p 
1 

.... ls transitions 
0 :t: 

I( 8) = T(8 , 2p 
0 

.... Is) + Z T (8, 2p :t: .... 1 s) 

The intensity of light emitted for a 2p - Is transition is 
0 

2 4 

I ( 8 , 2p 0' - 1s ) = e w i 1 
p 0 { I ( Zp 0 ra I 1 s ) - k-

2 1 ( 2p 0 I d . k I 1 s ) I 2 
} 

2rrc 

2 4 z 
e w21 a. o . 2 

= p { I - cos 9} 
Zrr c

3 0 

(5. 38) 

(5. 39) 

where P is the probability of the atom being in the 2p state. Similarly, 
0 0 

the intensity of the light emitted for the 2p ± 
1 

.... 1 s transition is 

2 4 
e w21 

1(9, 2p± 1 -Is) =--
3
- P 

2rrc ± 
{ 

- 2 -2 .... - 2} 
1 < 2p = 1 1 d 1 1 s > 1 - k 1 < 2p = 1 1 d . k 1 1 s > 1 

1 2 
2 ( 1 +cos a} (5.40 ) 

where P ± is the probability of the atom being in the 2 p ±
1 

state. 

Substitution of Eqs. (5. 39) and (5.40) into Eq. (5. 38) yields for the 

intensity 
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1(9) = 

with 

p'- p 
p = . 0 z 

p + p 
0 z 

d2 

~p:--0+~P=-- ( 1 - P cos
2
e} 

0 * 

where P is the polarization which can be experimentally measured. 

(5.41 ) 

(5. 42) 

The polarization of the light emitted from the 2p state of an H atom 

+ (s) 
excited by He impact can be calculated from the partial cross section a 

1 
(s) 

and a 
2 

for the 2p 
0 

and 2p± states, respectively. We have for the 

probabilities 

p 
0 

= 

!a(l) + ~a(3) 
4 1 4 1 

a = 
1 (1)+ 3 (3) 
4a2 4a2 

a 
(5. 43) 

where a is the total cross section given by Eq. (5. 24). This then yields 

for the polarization 

(5. 44) 

We have plotted in Fig. 12 the calculated polarization of Eq. (5.44) using the 
~ . 

partial cross sections given in Fig. 10. For comparison we have also 

included in Fig. 12, the polarization based on the partial cross sections which 

are calculated without allowing for the final- state coupling. The theoretical 

results (including .final- state coupling) are larger than the experimentally 

estimated magnitude 
6 

by approximately a factor of two. 
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APPENDIX A. CLASSICAL LIMIT OF THE ¥ULTISTA~E EIKONAL 
APPROXIMATION 

The inela!:!tic transition amplitude in the multistate eikonal approxima-

tion given by Eqs. (2. 56) and (2. 57) c·an be rewritten as 

with 

T(N) = (2TT)- 2 
a.o . 

Q (2)(b) = 
a. a 

co - I 

J 
ic,6 

8
(z ,b) 

dz' Ja.S (z', b) e a.· Ya (z', b) 
-co 

(A. 1) 

(A. 2) 

(A. 3) 

where Eq. (A. 2) reduces to Eq. (2. 25) for S = 0 if y is set to be unity. 
0 

Equation (A.l) resembles the familiar eikonal approximation of Moliere for 

potential scattering [see Eq. (liS. 11 )]. The generalization of the eikonal 

approximation to multichannel scattering give rise .to the factors 0~2~ to 

account lor transitions between states. A classical limit of Eq. (A. 1) may 

be obtained in a similar manner as for Moliere's expression. 

The error resulting from the classical description of the collisions 

is of order [Eqs. (liS. 19) and (Ill. 25)] 

Tl (class) = db2 ( l
d8 3/l)·-:-1 

kl/2 _c_ 
db 
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' 
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where ® is the classical scattering angle defined in terms of the appro­
c 

priate phase. For the present problem, the classical scattering angle is 

defined in terms of ~ ~a.l3 (see Eq. (2.'22)] 

(A. 5) 

On using the asymptotic form for the Besse\ function 

2 1/2 
J 

0 
(kb sin 8 ) =:! ( TT kb sin 8 ) cos ( kb9 - : ) (A. 6) 

we may rewrite Eq. (A. 1) as 

(N) 1 · 2 l/Z 
T ~-( ) 

0.0 · STT2 TTkb sin 8 

N 

2 
co 

f · 1/2 (Z) iya.S(b) + i e 8 rr/4 
db b Q c (b) e 

• 0.1-' 
13 :f a. 0 

(A. 7) 

with 

e
13

(b) (A. 8) 

(A. 9) 

The integral of Eq. (A. 7) can be evaluated in the stationary- phase approxi-

mation. 

The stationary phase point at b = b is obtained from ca 

d Y a. a (b c a> 
db = M r v a (S c 8 (b c a ) - e 1 8 ) = O 

~ 
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This then defines b c:~ as 

(A. 11) 

In the neighborhood of be~ 

(A. 12) 

A stationary-p·hase evaluation of Eq. (A. 7) leads to the classical limit of T (N) 
. . • ~0 

with 

) (A. 14) 

This then leads to the multistate classical approximationfor the cross section 

b db 
112 

dcr vk 
-"'"'- _I ( cS cl3 I) 0 (2)(b ) 
dO- v 

p v 13 sin 6 dEl cl3 ~~ c~ 

, 
For the case with N = 2, Eq. (A. 15) reduces to 

v t b 
dcr k J co 
dO ~ v 2 l sin 6 

p 

db ) 
co {I 0 c2> Cb > 12 

dEl ( ~0 co 
co } 

(A. 15) 

(A. 16) 

The classical limit of the eikonal Born approximation is given by Eq. (A. 16) 

with Q (
2

)(b ) replaced by QB (b ) [see Eq. (2. 25)]. 
~0 co ~0 co 
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APPENDIX B. ANALYTIC MODEL HeH- ADIABATIC POTENTIALS 

The set of model HeH+ adiabatic potentials shown in Fig. 1 can be 

represented by the following analytic forms (in Hartree units) 

A 1E: V(R) = -2. 5 +!. e -1. 2736R + 6~ 987R 2 e - 2: 3444R - 8. 9Z85 x 10- 3R e-O. 62023R 

c 1n: V(R) = -:-2.125 +!. e-1. 2977R +0.3R2 e-
1

· 2R- ~.999Xl0- 3Re- 0 · 22116R 

E 1E: V(R) = -2. 125 +!. e -l. 2986 R + 2. 5R2 e -l. 85R + 0. 06407R e-O. 3041 R 

a 3E: V(R) =-2.5 +!. e-1. 3055R +9.3077R2 e- 2· 8549R- 1.6254Xl0- 2Re- 0· 68464R. 

e 3n: V(R) =- 2. 125 +!. e -1. 3028R + 0. 625 e -0. 40236R 

These potentials [V(R) : w(R) = W + tr (R)] reproduce reasonably well the 

calculated values of Michels 
4 

at intermediate internuclear separations and 
\ 

go over to the exact united and separated atom limits indicated in Table I. 
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APPENDIX C. NONADIABATIC INTERACTION Bl';TWEEN 
FINAL STATES 

' 
The nonadiabatic interaction between the final E and TI states in 

·the asymptotic region vanishes to order R-
3

. We must therefore consider 

the higher-order terms in Eq. (3. 19). By 'utilizing the expansion 

+ .. ·I (C. 1) 

we obtain from Eqs. (3. 11) to (3. 14) 

A ... A ... .. A ... ... A ... 1 A _. ... ] -5 
+5(R1 · r 1 )(R1· r

2
) -r

1
(R!" r

2
)-r

2
(R1 · r 1 ) -z-R

1
(r 1· r

2
) +O(R ) 

(C. 2) 

Because the helium-ion electron "2 11 is tightly bound to He*, we may neglect 

the contributions coming from electron 11 2. 11 The matrix element in Eq. 

(3. 29) then takes the form 

(C. 3) 
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We have 

' 

(y~ 1 c; 1 ), CR
1

· ;"1)
2 Y~(; 1 >} = rf,Jy-/(;1 >*[cos y cos 9 1 

fi"z =5r cosy sin y (C. 4) 

z J -1 A * = r 
1 

Y 
1 

(r 
1

) cos 9
1 

[cos y cos 9 
1 

(C. 5) 

This then leads to 

which is equivalent to Eq. (3. 30). 
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Table I. Correlations of Atomic and Molecular States for HeH + 

Molecular 
United Atom (R = 0) State Separated Atoms (R = oo) 

L{ (
1
S(ls2s)] -5.04715 A

1
E 

+ 2 2 
He ( S (1 s ) ] + H( S ( 1 s ) ] -2.500 

'"• 

Li +(1P(ls 3 )] -4. 720325 c 1n He +(
2
S(1s)] +H(2P(2p )] -2. 125 .. PTT TT 

Li +(1D(1s 3d )] -4. 7222 E
1

E He +(2S(ls)] +H (2P(2p )] -2. 125 
a a 

Li +(3S(1s2s)] -5.111025 a
3
E He +(

2
S(ls)] +H[2S(ls)] -2. 500 

Li +[3P(1s3p )] -4. 730573 e
3n He +( 2S(ls)] +H(2P(2p )] -2. 125 

TT TT 

Li+[3P(ls3p )] -4. 730573 f
3

E He +(
2
S(ls)] +H(

2
P(2p )] -2. 125 

a a 
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Fig. 1 

Fig. Z 

Fig. 3 

Fig. 4 

Fig. 5 

FIGURE CAPTIONS 

The adiabatic interaction potentials for He+ and H. These 

potentials which are relevant for the Zp excitation of Ft atoms by 

He+ ion impact are constructed from the recent calculation of 

Michels (Ref. 4 ). 

The electronic energies of adiabatic HeH + states. These states 

which participate in the Zp- excitation of H atoms by He+ ion 

impact are constructed from the recent calculation of Michels 

(Ref. 4) with particular attention to the united atom limit. 

Variation of cross section with energy for quasi-adiabatic 

transitions betwe.een states with constant level spacings as 

predicted by Eq. (4. 13). 

Example of level spacing vs. distance as given by Eq. (4. 14) with 

the position and distance of closest approach of the two states set 

at R = 0. 5 a and t:::.w . =. 0. 1 a. u. , respectively. 
o o nun 

Effect of varying R (the position of closest approach of the states) 
0 

on the energy dependence of the cross section for quasi-adiabatic 

transitions between states with a level spacing given by Eq. (4. 14). 

The distance of closest approach of the states was fixed at 

t::.w . = 0. 1 a. u. The nonadiabatic interaction given by 
m1n 

Eq. (3. 3Z) with a = 1 a was adopted in the calculation. 
. rr o 
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Fig. 6 Effect of varying Aw min (the distance of closest approach of the 

~ .. ' 
states) on the energy dependence of the cross section for quasi-

adiabatic transitions between states with a level spacing given by 

Eq. (4. 14 ). The position of closest approach of the states was 

fixed at R = 1 a . The nonadiabatic interaction given by Eq. 
0 0 ). 

(3. 3Z) with a = 1 a was adopted in the calculation. 
TT 0 

Fig. 7 Estimated errors in the eikonal Born approximation. The solid 

curve· is the cross section obtained in the two-state eikonal 

approximation [Eqs. (4. 39) and (4. 44)]. 

Fig. 8 The energy-level difference assumed betWeen the A 
1
I: and E

1
I:' 

' 

singlet adiabatic HeH +,states and between the a 
3r and f

3
I: 

triplet adiabatic HeH + states. These energy-level differences 

are adopted for the calculation reported in subsequent figures 

(Figs. 9 to 1 Z). 

Fig. 9 Comparison of the energy dependence of the 2p-excitation cross 

section in the eikonal Born and multistate eikonal approximation 

with experimental measurements (Ref. 6). The dashed curve is 

obtained in the eikonal Born approximation in which the coupling 

of final states is not considered. 

Fig. 10 Energy dependence of the partial 2p-ex_citation cross sections 

coming from each of the four final states considered in the 

calculation. 
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Fig. 11 The effect of varying the local final-:.state couplipg amplitude 

6. q~;) between final states on the energy dependence of 

2p-excitation cross section . 

. Fig. lZ Comparison of the energy dependence of the calculated polariza­

tion of emitted radiation in the 'eikonal Born and multistate 

eikonal approximations. The dashed curve is obtained in the 

eikonal Born approximation in which the coupling of final states 

is not considered. 
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r-----------------LEGALNOTICE------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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