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'HYPERFINE STRUCTURE OF THE STABLE LITHIUM ISOTOPES. II
Douglas McColm
Lawrence Radiation Laborafory .
University of California

Berkeley, California

May 27, 1965
ABSTRACT

“A ﬁhéo‘retical.treatment of the hfs anomaly between Li~ and Li' is
given, and the result compare.d to that reported in the preceding paper.
The distribution of nucleé.r'charge and magnetism, the polarization of
the electron wave function by the nuclear electric -quadrupole ’moment,

.and the specific mass correction are treated. Agreément.with experi-
| ment is obtained with a value for the é-nucleoh radial .parameter not

inconsistent with that obtained from electron-scattering experiments.

UCRL-16125
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"I INTRODUCTION

The hyperfme structure (hfs) anomaly between two 1sotopes is known
to be a consequence of the. detalls of the1r nuclear structure, thanks to the
work of Bohr and Weis sko}':ii:[:";';1 and though it has been studied intensively in
the isot0pe's of hydrogen, i‘t has_ not come into the ‘eame widespread use in.
nuclear physics.as have the nuclear ‘mor‘nents, even_thou-gh its study yields
valuableinformation about the outermost shell of nucleons. .'I“his is in part .
because of the cornplex1ty of hfs anomaly calculatlons and in part because

relatively few have been,measure_d so.far. Much basic work has been done

which makes possible the interpretation of hfs anomaly.measurements for

many isotopes; but these treatments cannot be used for the lithium isotopes,

and so an interpretation of the measurements .reported in the preceding

3. .
paper is given here.

A number of effects are present in the lithium case: (a) The electron |

radial wave function is modified inside the nucleus by the distribution of

nuclear charge, i.e., the Breit- Rosenthal (BR) effect (b) the electron

distribution interacts with the’ nuclear magnetlsm over a finite volume, i.e.,

the Bohr-Weisskopf (BW) effect,;"‘i., (c) the nuclear motion 'nolari'zee the electron

distribﬂ.ution in its vicinity, i. e.. ,» the Bohr (B) effectil‘js,: (d) the center of mass
of the atom is not at the same place as the .center of mass of the nucleus,.
i.e., the specific mass correction.

Effects arising {rom nondiagonal matrix elements of the magnetm-
dlpole and electric- quadrupole operators are neglected Furthermore, the
treatment is nonrelativistic. We obtam an expressmn for the hfs anomaly

67’ whlch contalﬁs a number of nuclear parameters, by employing as a

Vﬂr

nuclear model a sﬁherlcal a-particle core surrounded by nucleons in p

L

orbital, The radial functlons for both the' core orbitals and the p orbitals

|
|

4



including an interaction with a nuclear point charge but exclusive of other - ‘
electric or magnetic effects, 'l/c’ is the correction to the Coulomb potential

arising from the finite nuclear size, and "}/Ir;fs is the hyperfine~structure

o . ‘are fgkeh as harmonic-oscillator fuhcticins, but with different radii, RS and .
1 . N . . . ‘
Rp, respectively. |
‘ The nuclear parameters are then evaluated with an L-S coupled model v
 of the nucleii, a not unreasonable approximation in vtﬁ‘e light of the calculations’ o v
done by Kurath, 6 Evaluation of these parameters in intermediate coupling
will be the subject of a later article.
1I. "HAMILTONIAN - -
The Hamiltonian employed can be split up as fdllbws: Lo - - |
o=ty + 3 v Y+ Vg, o ;
whére ZCN is the nuclear Hamiltonian, JCE is the electron Hamiltoniaﬁ R

_operator. C o - - Cone T
The Hamiltonian GC&\‘I is not solved; harmonic=~oscillator radial:. = . -
functions are employed instead. e o T S
Throughout, diétances are measured in units of - a, ="’f!‘?'/me2 and . - .
energies in units of mcz. Thus . . I S, .
2 1 ‘zzz.{; ) e
%_ - O, z — ,xP(n) f_o. — | - (2) R
‘ €h'. en- ) e e . . . . s
. where a is the fine-structure constant," Ty 1s the distance between the . - . fys
_eth electron and the nucleon center of mass,. Ten is the distance between L .
the eth elec;rbn a:,ryd the nth nucleon, and Xp ‘is a proton-projection operatbxf,
¥ _ 1 ' | .
Xp = 5 - T,ln)
-1 ) (3)
XN(n) - ? + TZ (n)
i},‘«‘
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'W'heré T, is the z-component of the isospin operator. And ‘VC can be

| expanded | | S
Rk a* ZZ W C‘k’ (o) C‘k’ (=) Xp(a) + o2 Z @/ry) (&)
where
| 'i/rfi , X < r
T T k/rk+i - r > rn '

Here C( <) is a spher1cal harmonic normahzed to 41r/2k+1 Y
In Eq (4) the term in the fnjst sum with k‘ =0, r, > rri} 1s the usgal

- Coulomb potential, and is cancelled by the second sum. Of the remaining "

terlms in the first sum;, the one with k = 0, r'e < T produces: the "BR

efféct, and those with k # 0 | px;oduce 't.hé B effect. .The wave function

associated with this total potefxtial 'Vccan tﬁén be used to evalu#fe the hfs.:A 1
Because of singﬁlarities in tﬁe nonrelativistic hfs .op‘erator', it is |

convenient for us to calculate relativistically and then perform a‘nonreéla=ii-

tivisticireduction, Therefore, take : ' . o
Vigg=e p ey a
, en : Lo

where g.“(e)A (the Dirac a matrix) equals 2p1§(é), with pi = (2 é), and

‘A(n) is the vector potential arising from the presence of 'the hth nucleon.

Aln) = Y()X = 4+ [(@®/m g} (mPm)] /x__

en
pgln) = (a?/2m )gk(n)S(n)

By() 4 ey Xptn) tEpXp®) . (6)

m

gl (m 4 (1 -2 pn) .
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- ) Hefe rﬁn iks‘ £he.ma$s‘ of the Eth' nﬁcléon measured in units of ‘tl"le el.,ectroAn .
| mass:, lfS is 'thei:épin magnetiic ;rﬁpméht ope.‘rator‘, : gN‘ i‘and' gp are the neutron .
and proton g factors, respectively, S and L ‘are the total spin aﬁdvorbitalv | ’

- ang'.ula.'r-mo‘mentum opera;tors; and _.("1-4mn/M) 1s the réduced-méss corréca.—
tion to the nuclear orbital g factor. 8 Other specific mass >corrections are dis- -

cussed in Appendix II. Now Vhfs can be re-expressed in tensor-operator form

"as follows:

- K,k,a .

. where thev.'g\l(ij) are given by .. \,'. i o : | I o L

T RLSE R T
~_1vﬁs='zz %&(emumhm {(M(ﬂﬂd} B

| (K)
f,J§)={dkiNmum}

b _-"'-"-~k3 =R

Y = {9‘1‘“’ gte)

I 4 o 5".‘! v

s

and

; . :.' Y 3 : ‘ v ‘ ' v." g ’ ..:.‘-""," > ’ .‘ ' :t:“-‘: . ]
REPE ¢ '{[(m /mn)~bk-'1,Kg'S(n)wk(e’n)J/rn’j' Te ?-rn S

IR ST ) s < S
L et Te i e e
i 3y KA | T
3 bk T (2(ia /mn)(-1) b1, KgL'(n)wk(e n)]/(2k+1)r
,V T t . : ’;} .{'

n

Y ®) e T e
(K ={g“”ngm& J T O R RTINS

e St C - ) t . 3 (e n) : o I .
; . . . ! R S 10, k 8 . - . o ",.»:,- ' .
PRI £ < N Eﬁ;) kK gL‘“)[ r } N



.. . UCRL-16125

0 , T 2T
{ [(ia /m )b (ﬁ)w.';(e;ﬁ)']/r‘ ,A-r}. < r

P K4
E ng STk n e

1"

¢1;K5 ,v[z(ias./m.n')bkx g'L(n)wk'(.ef_, n)]/(21;+i)r'n: )

Here

k+‘1[

»_(' 1) (2k+3) 1/2 , k20

Y

By, k+1 = (- 1)k+1[k+2)(2k+1)]1/2 .

= 0 otherwise °

g =

ey = - Lo/ @] 2

S ko1 +-[k/(2k+1)]1/2 o

(10

Sy = 0 othe.rwxse..

This is consistent with the usual result, 1 provided the identity
- {C(Z)L}(” - L/ (10)1/2% is employed.

4

The one-ele;tron Dirac wave function used is
sy | |
|3y} = i I cL )

where the radial dependence is made explicit by |

,[stjmj) gj(r)lstJ'mj)g o
: | SR (N

if.(.r)!l sJ'nA.)_"," = I .

ll Sjm. ) .

Now { the orb1ta1 quantum number for the la.rge component must be

L’
Ju/z for which 4 g =¥ 1/2.

. The total wave function is thgn



!F’MF)%' ZM (IM TFM I‘I_MINj'mj}.,_. 3)

M, M,
J I j

Here (1Mgim, | FMp)

coeff1c1ent to include states of different 'J (arlsmg from the Bohr effect), and .

- q_i/z = 4. The single-electron case, calculated fn‘st,.. is based on the a.ssump—_-»_'-

tion that the total hfs arises from the outermost 2s electron; and so J is set
-"equal to j.- This assumption is known to false, 9 and s0 a complete treatment
. is done also (Appendix I)..

In the single-electron'case,' the first-order perturbation theory yields

Cw6- Ut UCRL-16125 .

is a vector- couphng coeff1c1ent and qJ is.an expansion

1+JO+F Lig 1 " 150 Fl
<FMF|7,§fSIFMF)= (-1) | Z& }VJOJOKJrZqu{ i ?}ijoK (.14')

KL, I K j j1 K
v;.;vhere jg = 1/2 and'where o : : R - o "lf
}?exe ij"Kka is tﬁe average' over nucleartradial_co'qrdinate;sf of the funét;ion:
_'ij-Kka% ¢kKa<en)[v;(jj‘kK>+v’2<jj'kx')]. L N S (16)
where . ' "
v G = 497 @ s 1HEeasten  agsyy - ¢ o
sy ™ (ersen ) e si} R | .
. | | ~ ; (1)
v, (i3'kK) = (~19 T (2855 || {c™ <e)s<e>}‘K’ et 575 " - :;
- (85" H{g‘ (o5 ey} 2 g5).

N o e . . s *
. In the nonrelativistic limit ] .
2 Ix . ' ‘
PO AR
K :
i
b
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+ i[v'i(j_j KK) + v, (j] kK)T r ¢kKa[ J( )3—— g o ) - gj|(1.’e):5-i:;-‘gj(re.)]dre

i |. ‘--'1 o ce . 4 )
I vim KK) - v, (3§ kK] f re‘bkxagj(re)g-'(re)dre}:» (18)

and the presence of the flrst term ensures the survival of surface terms for
values of K greater than 1, all of whlch correspond to delta function singu- N

‘larities in a’ strlctly nonrelativistic treatment. The quantlty K equals -Jj+ 1/2 -

_. for I'L =j - 1/2 and equals j+ 3/2 for IL = J + 1/2
o , .:\
III. ONE- ELECTRON ELECTRONIC WAVE FUNCTION- -B

AND BR! EFFECTS

We first treat the c\'a,.se. in wrxich t.he.hfs is preeurped to arise from a

A éingle electron rn an s orbital, tﬂe objeet being to compute a wal've _f\rnction

c‘orkltainingA the terms that contribute to the hfs anomalf. I_n this ca...lculatién'

)/hfs is omitted, and the‘ perturbé._tions treate.d arise ‘from 7{ o
Ordinary perturbatioxr theory cannot be used because the cdrrectiqns

" of inferest are appreciable only in the vicinity of the nucleus, and a \'/erY

‘la..rge number of excited atomic states would be nee&ed to appro;cimate the

correction to the wave function.

What is done is to develop a differential equation in the radial coordinates, .

which can be easily solved because distances of the order of the nuclear dimen-
sion are Ve‘ry small compared to unity in atomic units. To remove all ahgu‘lar )
dependences from the wave equation, write the nonrelativistic radial function
explicitly: B _
v L im. ) = g.(r)]jm.) , T 19)
i b egolmp, | (19)

ﬂ-«ﬁ.ﬁ



S O '-S’T ‘UCRL-16125.
. 1
1 e. B I_)m ) contalns radial dependencel, IJm ) does not Then 1ntroduce

‘an analogue of - ('13) ' I \ - e
\ 'I_]FM) Z (IM\IJ IFMF)IIMI)IJm ), B (20) oo

[T M M. \o R : .

. - I | , A l\ . :

. g ‘ | \ . o T o | A~\_

. : : \ -
~which depends on the nuclear rad1al coor\dmates but not on the electron radial

.‘ coordlnates.‘ Thus (Jm IJCE lJm > is a rad1al operator that is called JC and '

© ' operates _on gj(r-), o . ' \\ ' o . _ », '.:“.
' | R S S

\ 3(:_ = -_“7_ [AJZ (r) + + \zéE]. e (21)

where A (r) (8 /3r ) + (2/r)(3/6r) - [1(1-!-1)/1' ] and where 2 is the- -

I

,.orbital quantum nurmber assoc1ated,w1th Js 76 = Z/r, and %E is the elec, '

Lo

; : ) ' : . S A ’ . i '
tron-electron interaction potential, which can be neglected in the ‘region close- e
- to the nucleus. .We then evaluate ‘ \ ‘ o § L o \ L

. : . ’ (. ) ) : .."' £ A -

and obta1n - . A A ;'i";"-' REVEETE PO B
1y ' S B
Tt

JI 'k JJ0
'vlzhere ‘

'JO

L3

[

J : . -éj NI
q(JC 5:r:)g (r) + (- 1)I+F+JZ{ 0 }7/ Ig (‘)  _ .~,."(22)‘

VJ S “2 Z & ”C k)(e)lbo) (I”wkC( )(n)xp(n) HI) {0 PR

. the 1/re arising from the"-‘ subtraction of the point-‘nuelens. Coulomb potential..,- By

. Terms involving matrix elements not connecting- the gronnd state have been '

. omitted in (18). Since the product of qJ and RJ appears, one of these can T

'u

be chosen at our co‘hvemence AS qi/z 1, let

W 3
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A 14 (2)).. DY S |
S A ) A T (23)
b 1 2 - |
. ] o Def;ne the BR correction € BR by
84/2 = (1 +epgley: N (24)

where g, is the eigenfunction of J 1/2; and define the B c.qrrectidn €n

by
&; = ¢no- ‘ ' B (25)
The énergy shift (isotope shift) associated with the pérturbation is not important

. : : | |
in this problem, since it does not contribute to the hfs. So set SE equal to the

eigenvalue of Jci/z. Neglecting second~order terms €€ np ‘and omitting the

‘term (;—; go)(sa?.e ), which has a negligil?le effect on the result, we obtain

|
\

. | A “ . *
finally ' L ‘ ‘\ _ - . ‘\ ' -
| 2 4 | 6 1 |
- Aoe BR T E— RP P(XP) t g Rg s(xs) L1 and Li
I | . S o
e =0, L : R T 28
| | e | \' L . |
. | 2(5)"/ LT
T MRt TR QY 2fp) =00 L

A
! where. Xp = re/RP, Xg = re/R.S' a:pd Q7 s ‘the nuclear-elgctnc -quadljupole

moment divided by RZ, R

S Vpme-me e /e
Vs(x) =, - (1/x) + ‘I'z(‘x)aV _ S & o oy
Vylx) = 8,(x) - (2/3) B (x) (27)

where & ,(x) = (2/171/2 -, Z(x) (1/x)f 1(t)dt, 3, (x) (1/x )('I’ - <I>1)

\\

¥

9= . -~ UCRL-16125
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Equatlons (27) have the exact solut1on ' o ; ,'

epr = 2 Rpllxp/2) P/2)@132<xp>‘ - (5/12>@2<xp> - (1/4)@ (xpn

-

44 RS' [(xg/2) - (x5/2)®, (xg) |

ey

5 1/2 L SR S
Do (5\ / /3)Q R [ Z(X ) - (3/2)<ﬁ3(xp)] ,’ U ’v !‘x;‘-. : ' * «?
IV. CONCLUSION =~ "

D
ST ) IR :
S N A T L
K N o . I 1 LI B % - K A
| : , . S ) Voo,
| ) Co

‘ The resgltvo‘f the one-electron problem _ddne above is !; : - AT

By E [- (Cgq + 2Cgg - g)(o.'na +0:0940T) © 0t
ot (0.0177)(Cgy + 2Cg - 12)Q; - (9.198)(:53 + (o 055)CL3 7]RP

".,W'here_ ._ _ : S

- Vo ’ - . T L4 ey,
o o 2. ‘2 a5y 2l3 -2 S '

, o T _l2_rm(rm + 2)(r” --2) - 3r (r + 1)»- 3vr-_ (r - r

|1 ' ‘ C

m) (30)- .
'- for r = R /RP’ and T

v eters of the L17

3

. The quantities C are param-.
nucleus:. = - . ' \

%

C
Cq, 2 tllg {C‘Z’s}“’ HI)/(IIlgSm + gLI;.HI)

C

S3

= [6/5(71/2)] {1 ”g {C(Z)L}(3) ”I)/(I ”gsm + gLL”I) Nea

The C parameters were evaluated by means of an L S coupled modél of

T o O
T

the Li nucleus ha.ylng T =1/2 and symme_tnzed with respect to all nucleons;'

L =1, 8=1/2, Lk 3/2, with the result C

s{= - (8/3)Q7CSO, Cgy'= 1.14 Q;Cg -
CL3 = 0, and CSO = 0..90'7.

21/2l S A :
‘—RRP/(RS+R

[6/5<71/2>]<1llg {c‘z’s}‘?”lln/(lllgs,..’rgLLHI) B
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Q, - 2 13/5(5)12] = - 0.268 so that By =+ 0.5X10

' result,‘ as is shown in Appendix I; and so‘ the electron part of the problem\

1. - UCRL-16125

- If we employ the values of RS and Rp obtamed by Burleson and

V-Hofstaderg on the basis of their electron scattermg experlments,

Rg = 0.50%407%, R = 0.20X10™* (in units of ag):i.e., Rp<Rg sothat

the p nucleons move inside the a-particle-core. Their data yield r =.2.48,

= 64.6. The term Q7, calculated for the L-S coupled model, is

"4, i.e., about one half

the experimental result. ‘However, the uncertainty is very large, because if
r is raised from 2.48 to 3, while at the same time maintaining a constant

average nucleon radius (corresponding to a change in Rp from 0.20X 10"4

to 0.17X '10.-4‘),-' égreement with experiment is obtained. Thie‘occurs because

I' is very'sensitive to RP, and so current measurements of RP are insuf-

ficient for one to compute A67 accurat{ely. In fact, if intermediate coupling o

1

.values of the C parame’ters were employed the exper1menta1 value for A67

¢ould be used to determine a good value\for RP'

However, if we use the value of Q7 given above together with the

value of RP‘-,from Burleson and Hofstader to calculate the nuclear Flectric »

quadrupole moment, we obtain a value al‘l order of magnitude smaller than
that obtained by applying the result of the Nesbet and Kah’al_a.s10 calculation:

to the ‘data of Wharton et al. 1 If we use a value of RP consistent with
\

th1s quadrupole moment, however; 67 changes sign. One effect which

“ mlght resolve thls dlfflculty has been neglected that is, the polarlzatlon

1

of the o.-pa.rtlcle nuclear core by the nucleon p orbitals,

Inclusion of the 1s electrons in the hfs problem does not alter ,thb‘e’

1 , oL

AT

\~

-can be regarded a5 properly solved, exclusive of relétivistic ‘corrections, .

. . \
A . .
!

The specific mas‘ﬁ{effeet produces a change -ln‘the' magnetic moment p only,’

T

as is shown in App'endvix II, and so does not influence the above.



hfs anornaly are accounted for, and agreement with experiment is obtained with - T
a value of -Rp ‘not inconsistent with that given by Burleson and Hofstader. S
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" APPE NIPICES
I. Effect of the 1s Orbitals

T

We show here that the inclusion ofithe is’ orbitals does hdt affect the -

' ' \ DL : ; i :
- hfs anomaly result, a fact one would anti\c1pate since the anomaly does not

. depend on the details of the unpertufbed électron-radial»functibh

Call the three electron radial functions R1+(e), i- (e), and R2+(e)

(assumlng M = 1/2). Form _ : .\

\

| ’§a<i,i>= 1/NZ [RIR () + Rl R0 e

wher‘e afy are a permutation of 1+', 1—', 2+ ., Let , |

RIO= Ry (05,00 0 1434k )

‘The J = 1/2 functlon IOOS M) is then e ‘ . \\. ‘

. j L0\, (B(1)

loos M) = ‘1/2

1 -aM(3) q, R(3’)

"or .in cofnpréésed riotatidn, IJ M) = N"'i/ det{i O'M(_)) R(k)} _Hei‘e N

is a normahzmg factor, and ai/Z(k) is deflned by

"’1/z<k)= 6™1/2 [zmk)a(z)am-a(k)ﬁmam-a(k)a(x)pm] e

_’whére a(e) is a spin function with M=+ 14/2; B is a spin _functi\on with

= - 1/2; and o 1/Z(e) is obtained by interchanging a and ﬁ
For the perturbatxons produced by the Bohr effect. 1ntroduce the _

comb ination

43- . UCRL-16125 - .

1 0,,(2) R(2) ,  S (1-3)

R! (k) = 5 (R}, e c‘z’ ) 0%y, 35) + 37 Ry IR, (1)c‘2’ (R () + R} <J)c‘2’ (J)R (1>]

o+ o

LR, (g2 )6+ Ry,

= R, gﬁ)?

')R'i_mg&i(i)] N as
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. .. vv' ."i.
. . . . o
{ . : . g ; - RS . : Lol ©oed e

which has the\s symmetry needed in order L\tol e.xpr'ess‘th:e"pefturbed'vpa‘;\r_t‘of the -

: ‘ , '.
wave function by !

- o L
ey s ) - v detlt, o GLRUGY b
,where L 2, ,S = 1/2. : B . |‘ a | e (‘

\ ST T 20 SN
. Ce T S Ry
. .- . . a e Lo

N The total wave functlon is again - 3 4
" ' 1 3
B . <

FMg) - E;qjlumlg)_ L e

where . | - o : S \~%

CluFEM_ = Z (IMIM, IFM (LM SMg IJM )|IMI)|LM SM) (;’-s\;.';»?

F
i T I T
; ' C :\: :

‘Now the prOJectlon functlons needed to produce a dlfferentlal equation

' 1n the radial coordmates are” (k S I and ! (L MLSOMS .. Define . . 2

(1,5 I i} (3) _O' (2); (2 S ' 1(1) . (3); . ' L '
e Mg T Tt Mg ‘MS Tmgl e
N (?I’SOMSl: O»MS(Z) - GMé(i). Also let (L'ML OMSI det{'l 0' S(j); Cﬁ;‘(k)}-'_' x

B

'I“he# the equation =~ = R R \ o ' S e
(scE 1cN £ y)]FMF) S I R

. \;/hen operated on from the left b'y Z (IM.S !FM y (M, |k, S a

A , L, IS F(MI(

. ' . I J L .-..1*' o ..

‘becomes the flrst part of Eq. (&6), prov1ded we define. . - L o ) : :‘_»-“f_:: ;

R (k) :.[1+eBR(k)]Rao(‘k).'. S U B

i
. ' L - [ - I
» N L . I B » Lo .".
i

: o : CL w*
. Here R 0(k) is the elgenfunctlon of JCE(k) and € pw does not depend on O 4‘ e

a; ice., it is the same function of Ty for all the orbitals present.. o e
Slmlla.rly 1f We operate on (I- 9) with . o ',. ' e . T A
Z _(IMI:.MI;,[?‘_MF)(L M, S OMSIJM )(J.:M (L MLSOMS we obtain the +, . "llio

MIMLMS - S . s P
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part of Eq (26), provided 'R:l(k) :»EB(k)RaO(K\)' Again eﬁ(k) does

- not depend on a.

Si

ince the hfs operator is a one -pa-rticle operator, the contribution

: .‘1.',' g  to the total Li’7 hfs from eaeh electron will contain a factor 1 + A67,"and

- so the result will be the same as that obtained above for a single electron.

A

"II. . The Specific Mass Correction

The specific mass‘ correction is calculated nonrelativistically. The

vector

‘potential ar1smg from the nth nucleon at electron e is given by

2
Ale,n) = &

}

g z<e)><§<n>]/f€\en IpmE@I/RY )

N >

~ and thq‘ interaction Hamiltonian X" is then.

whe re

,gs

measured in unlts of the electron mass. |

l 5 =0’ Z {g(e)ug(e,n) + 28, Sle) Y(e)XAle,m)} - | .(u-2)
the coordmates R, » R care taken in an arbitrary inertial framework;
|

i
H

‘1s defmed in Eq (6) and 8e is the electron_-spin_gﬂ-value; all masses are

»

o

|

'A

’ - ‘ Introducmg a coordlnate system centered at the center- of—mass (c. m )

of the pucleus (not the atom), which is taken to be at the pos1t10n R; ‘and.

labehng the coordmates in this c. m. frame by Lo and I we find that

. .-\ . .
) Y =

, - , that . | ' | ', L N\
L ~en  wen - . : ‘ o (RS A
g . - Vie)=V'(e)+ = V . , o (1Ir-s) - -
and that '\ ' ' \X
P(n) (1 - —-)R(n) - R(n Z m—- R(e) t =B, 0 #nor n0 (11-4) ..~

' and P»s

'g.-

SO S

3 Here V (e), R(e)i},‘;j.and R(n) refer to the center-of-mass_vframe; \;vh_ere'as‘ v

5 !
v

refer to the c.m. motion in the 1nert1al frame. The mass of the
,, , N .
. . . . ; ‘\H

N . : ' : . ’ \
;

\,'
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" nucleus is My and the total mass of the atom is M; 'né ‘is th¢ nucleon whose ol
L ‘coordinates were eliminated bji the introduction of R.

| Substitution of P(e) and P(n) into JC' gives .- . oo il e

;o= ;Y o+ Ky Hn T ¢ ) T

[ o . - e e

L '.whe.r.el N o o : g ST e e _r" S S
L el = Z e {f )t - 22y (e) Lim|/52 '. L( ) s /o2 |
A 'Z'g Xp n)( 'W e} Ln){/r en T '2'8 e) Sin : e

+ [%g g S(e) v' (e)X(Z (e)XS(n)n/r n} | (II 6)

: (%1‘ ) {[ 7! g XP(n) Z (r Xg(n') S(e)] /ren ’ ., - “ ""

sy =

[ P(n) Z (-—-—)R(e) R(e )} /¥ B ‘ ' ; (II-7) .

4 and 5(’. consists-of terms c”ontaining Ri‘ or -V or P' and‘ terms suchas ' . i

~ 0o R
'p(e) p(n) whose dlagonal terms vanish for wave - functmns havmg a defmlte ,

’panty for both‘ the electronic and nuclea parts separately. L e e

Here JC' is the expected Hamiltof‘lian, and -ZC' is the mass_(correction.-;’:'. N

| ey

‘The first term of ZC' has vamshmg d1agonal elements for nucleons, hav1ng a oot
\ S

1

deﬁmte 1 » and the th1rd has van1sh1ng d1\agona1 elements for electrons havmg et

definite £, The second term has vamshmg d1agonal elements for e;f e', but: A
) . . \ uv‘.' co

_for e=e' a term proportional to 11\4 P /1\' survives. Th1s term g1ves no ‘hfs 5
- energy shlft dlrectly, because both hfs: levels w111 be sh1fted the same way, ]

- \ 'v'gll,." L

but 1t will affect the wave - functlon, producmg a correction 31m1lar to the re- i
: duced mass corre&tmn tlmes (1/1‘) But the reduced mass correctlon to the '

hfs anomaly, (m6/m 3,_ is about (;1:-3>§ 10-’\ ) so that correctlons of the form:-:‘-_ﬁ_:" :

1 . . C (I

-
P
. [ B
-
>

ﬂ,"z'.
N
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) %/I p /r: would be n’egligible-.‘ This argument is used al-s‘o to justify the neglect
_of nondiagonal elements of JC'Z |

Finé,lly, we must consider the Hughés-Eckhart correction, "The kinetic-

energy operator in the c. m. system, fE’ is

7;: = - Ez_ Z {(1 + i )'V“'Z(e) + 1: Z Z'e' Zlf , e % f . (II_S) .»
: et N A N ‘ef T
term, although its enérgy shift wouid not affect the his, |

~and the V' v
~ e mf

-would alter the wave function. But again, diagonal terms vanish and non- "
diagonal ones would be negligible.
. ’ !
w
l‘ ! i
b G -
, L .
:
< N
A}
& v ’ .
j + '
" e . 5
. R ;
] ' =
l, |
.‘i ,\
\ |
\,,
i

Lot R
| . L
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