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HYPERFINE STRUCTURE OF THE STABLE LITHIUM ISOTOPES. n* 

Douglas McColm 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

May 27, 1965 

ABSTRACT 

A theo.reticaltreatment of the hfs anomaly between Li
6 

and Li
7 'is 

given, and the result compared to that reported in the preceding paper. 

The distribution of nuclear charge and magnetism, the polarization of 
I 

the electron wave function by the nuclear electric -quadrupole moment, 

and the specific mass correction are treated. Agreement with experi

ment is obtained with a value for the p-nucleon radial parameter not 

inconsistent with that obtained from electron-scattering experiments. 
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I.· INTRODUCTION 

The hyperfine structure (hfs) anomaly between two isotopes is known 

to be a consequence ~f the. details of their nucleax: ·structure, thank,s to the 

• work of Bohr and We is skopi';; and though it has been studied intensively in 

the isotopes of hydrogen, it has not come into th,e sam.e widespread use in 

< • . . 

<l -\ 

nuclear physics.as have the n~clear moments, even though its study yields 

valuable information about the outermost shell of nucleons. This is in part 

because of the complexity of hfs anomaly calculations and in part because 

relatively few have been .. measured so far. 
. . 2 

Much basic work has been done 

which makes possible the interpretatio-n: of hfs anomaly .measurements for 

many isotopes; but these treatments cannot be used for the lithium isotopes, 

and so an interpretation of the measurements _reported in the preceding 

3 . . h paper 1s g1ven ere. 

A number of effects are present in the lithium case: (a) The electron 

radial wave function is modified inside the nucleus by the distribution of 
'. . ·4 . 

nuclear charge, i.e., the Breit-Rosenthal (BR) effect;·; (b), the electron 

distribution interacts with the nuclear magnetism over a finite v?l\ime, i.e., 

the Bohr-Weisskopf (BW) effect;~~ (c) the nuclear motion polarizes the electron 

distrib.ution in its vicinity, i.e., the Bohr (B) effect!:~ (d) the center of mass 

of the atom is not at the same place as the .center of mass of the nucleus,. 

i. e. ' the specific mass correction. 

Effects arising from nondiagonal matrix 'elements of the magnetic

dipole and electric-quadrupole operators are neglected. Further:rp.ore, the 

treatment is nonrelativistic. We obtain an expression for the hfs anomaly 
.. 

t::.67 , which contai~s a number of nuclear para!Xleters, b.y employing as a 
. ~·(~n . . . . 

nuclear model a ~~hericala-particle core surrounded by nucleons in p 

orbital. The radial functions for both the core orbitals and the p orbitals 
. '. 

...... ,. ... 

~ 
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are taken as harmonic-oscillator functions, bufwith different radii, R 5 and. 

Rp, respectively. 

The nuclear parameters are then e~aiuated with an L-S coupled model 
. ~ ' . . . '• 

of the nucleii, a not unreasonable approximation in the light of the calculations' 

done by K•,~rath.? Evaluation of these parameters in intermediate coupling 

will be the subject of a later article. 

II. HAMILTONIAN. 

The Hamiltonian employed can be split up as follows:· 

·.r (1) 

where ~ is the nuclear Hamilto;nian, ~ is the electron Hamiltonian 

including an interaction with a nuclear point charge but exclusive of other 

·.• 

electric or magnetic effects, 1{ is the correction to the Coulomb potential , 

arising from the finite nuclear size, and ~fs is the hyperfine .. structure ·· 

. ~perator. 

The Hamiltonian ~~ is not solved; harmonic . .;.oscillator radiaL. 

functions are employed instead. 

. 2; 2 . . 
Throughout, distances are measured in Units of· a 0 = 1i me and . 

. . . ' f 2 energtes 1n un1ts o me . Thus 

1 ' 2 
r Xp(n) +a. 
en· · 

where a. is the fine -structure constant,' · .. r. i.e 

2:; 
e e 

is the distance betWeen the , - · 

' 
. '" f::' .t 

.. ' 

..· 

eth electron and the nucleon center of mass, r is· the distance between · .. - , en . . ... 

the eth elect~on ~nd the· nth nucleon, _and X p ·.is a proton-projection operator, 
·I 

·---~~p(n) - ~ .- Tz(n) 

1 
x·N(n) -- 'Z + T z (n) 

(3) 

·' 

.. 
·' 

'· 

' . 

.. 

., . 
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where T z is the z -component of the isospin operator. And ~ can be 

In Eq. (4) the term in the first sum with k = 0, r > r is the usual 
. e n 1 

. Coulqmb potential, and is cancelled by the second sum. Of the remaining 

terms in the first sum;·, the one with k = 0, r < r , produces: the BR 
e n . 

' 0 

effect, and those with k I 0 produce the B effect. _The wave function 

associated with this total potential 1{ can then be used t9 evaluate the hfs. 

Because of singularities in the nonrelativistic hfs o~erator, it is 

donvenient for us to calculate relativistically and then perfor.m· a:·noh:riela.;i:i--

tivisticr.re:duction .. '-Therefore, take 

{5) 

where a(e) - ' 

(the Dirac a '(0 1) matrix) equals· Zp 12,(e), with Pi = 1 0 ; and 

-~(n) is the vector potential arising from the presence ·of·the nth nucleon. 

(6) 

~:~ \. 

gL(n) ~ {1 --~)Xp(n) 
' ·. 

·' 

; '' 
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Here th is. the mass of the nt}?.. nucl~on measured in units of the el~ctron 
n 

mass~ Jt.s ·is the spin magneti(:-mome~t operator,. gN and gp are the neutr~n 

and proton g factors, respectively, S and L are the total spin and orbital - - . 

. angula·r-momentum operators; and (1- mn/M) is the reduced-mass correc; ... 

ti.on to the ~uclear orbital g factor. 8 Other specific mass corrections are dis

cussed in Appendix II. Now "'hfs can be re -expressed in tensor -operator form 

as follows: 

. where the 

' ,; 
:I. 
q 

. •. 

'. 
: 

' 
and 

I. 

1/hfs 

u(K) 
-ka 

u(K) 
-ki 

u(K) 
.· -k2' 

: .. \ 
u<K) 
-k3 

. (K) 
!l.k4 

. u<K) 
. -kS 

= ·' . <I> . · .(e, n)U(K) (n) · {c(k) (e)S(e)}(K) 
Lk ·-Kka. -ka - - . K, ,a. . 

are given by . 

= 
{ ·. . (K) 
s<k-1·)(n)§_(n)} . 

= {c;;.(k-i) (n)!:;(,;)} (K) 

= -:s<K) .(n) 

= { rK) . s{k+1) {n)§_(n) .. 

= { £(k+i) (n)!:;(n)} (K) . 

<.· 
•' .·.-4 

·, 
. ~ '. 

' .. 
.• ' . ' 

.. 

i ' .. · 

•''' 

.,.,. '. 

,'_.; : 

r >r e.·. n 

r < r · e n 
' .. 

·<j>kKZ =? [2{ia3 /mn){-~)K+1 bk-1, K g!)n)~k(e, n)]/(2k+1·)·rn . 

a 
Fr n 

.. 

{7) 

,,. ~ ~ . 
'. ' ... 

~- .· 

~- ,· 

. (8) . 

,tf I 

' . c ,. 

. -; ...... 

.... 
(9) '.' _· ~ 

. ' 

,· 

/ '·"f 
,•. 

l. 

•' 
' ~ . 

.. ' 

• > . . 

. . I 

.,. ·._-
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'I 
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· 0 · · r ,>r 

~kK4 = { [(ia3 /mn)bkKgS(n)w~(e, n)] /rn: r: < ~ 

... bkk = (-1)k+ 1 [k(2k~3)] 1/2 • ·k~ 0 

· b ~ (-1)k+ 1 [k+2)(2~+1)] 1;2 • k ~. a· 
k,k+1 . 

bkK = 0 otherwise 

ck, k+ 1 = - [·(k+1)/(2k+1)] 
1

/
2 

ck, k-1 = + [k/(2k+1)] 1/2 

ckK = 0 othe.rwise . 

•. 

. . 

This is consistent with the u·sual re.sult, 1- provided the identity 

,· . . I. 
. 2 1 . 1 2 ·: 

· {£( )~}( ) ~ ~/'(~0); ~ is emplo~ed. 

The one-electron Dirac wave function used is 

.. 
where the radial dependence is made explicit by 

l.tLSjm.) = ·g.(r)l.tLSjm.r· 
. J J J . 

.l 

l.t 
5
Sjm. ) ;:: if. (r) j.t 5sj~.) ~ 

J . ' J J .. 

UCRL-16125 

' . 

(11) 

(12) 

Now J. L' the orb~tai quantum number for the. large component, must be 

j ± 1/2 for which·j S = j ~ 1/2. 

The total wave function is then 
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I F'MF) -- L ·. ·.: q.(rM
1
jm. i1FMF) :I~M1 ) l}m. ).: 

J'MM·J J · J 
~ r J - . 

(13) ,· 

Here . (IM1j~J.j FMF} is a vector -coupling coeffici(mt, and q. is an expansion 
J ' 

coefficient to include states of different J (arising from th~ Bohr effect), and 

qi/Z = 1 .. The single-electron ca.se, calculated first, is based on the a.ssump- · 

tion that the total hfs arises from the outermost 2s electron; and S<? J is set 

equal to j. · This assumption is known to fals~, 9 and so a complete treatment 

is done also (Appendix I). 

In the single -electron case, the first-order perturbation theory yields 

I+jo+F ~[r jo F··}· . . "' {I jo F.J , J 
( -1) Li . > ~ ... ·. K. + 2 ~ q. . . ' 'N'.. K 

· K O I K - · ~ oJ 0. . J J J .1 K! JJ 0 
(14) 

~here j
0 

:: ·1/2 and'where 

{15) ' 

Hel'e is the average over nuclear radial coordinates of the function: 

Mjj'Kka. = <PkKa. (en} [v 1 (jj'kK) + v'2 (jj'kK)], 

where 

v
1
(jj'kK} * {-1)j~j' (£ LSj II {f(k}(e)§_(e)}(K}II·.tsS'j'} 

·- (£'sS'j' II {S,(k) {e}§_(e)}(K) 111 Lsj} 

In the nonrelativistic limit 

.. , ...... '; 
1.-~ • I ' :-., ~:. ~- '' 

I . 
;1.1,., 

1.• 

~. _ ... ~. . ;, . ' ·.·- :·--

·' 

~ 

{ 16) 
... ·., 

....... 
• 

l 
'·' 

(17 ) 

.I ., 

._ 
' .·. ; 

., 

., 

''' ..... •· 
I' 

,. 
' . 

' -. 

\1 

. 
: 

,• 

! 
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. 'i. 

M .. 'Kk JJ a = (~ { ~[v1 (jj'kK) - v 2 (jj'kK>ir!oj>k~a a~ [gj(,: 0 )gj,(r 0 )] dr e 
. . . . . ..e 

+ 2
1 [v1{jj'kK) '+ v 2 (jj'kK)Tfr

2
cj>kK [g.(r ) j_ g.~(r ) -g.,(~ ).~ 1g.(r )] dr 

. . e · a J e ore J e J .e· ore J e e 

+ [K'vi.{jj'kK) - Kv
2

{jj'kK)].1 rr cj>kK •. g.(r )g.,(r )dr }•. 
) · e a J ~ J. e. e 

(18) 

and the presence of the first term ensures the survival of surface terms for 

values of K greater than 1~ all of which correspond to delta-function singu- ' 

larities in a' strictly nonrelativistic treatment. The quantity K equals :. j + 1/2 

for lL = j - 1/2 and equals j + 3/2 for l L = j + 1/2 . 
.\ I 

III. ONE-ELECTRON ELECTRONIC WAVE FUNCTION--B 

AND.BR;'EFFECTS 

We first treat the c(;!.se in which the hfs is presur:ped to arise fl:"om a 
. . 

single electron in an s orbital, the object being to compute a wave function 

containing the terms that contribute to the hfs anomaly. In this calculation 

V,: is omitted, and the perturbations treate.d arise from . Y. 
hfs . . . c 

Ordinary perturbation theory cannot be used because the corrections 

of interest are appreciable only in the vicinity of the nucleus, and a very 

large number of excited atomic states would be needed to approximate the 

correction to the wave function. 

What is done is to develop a differential equation in the radial coordinates, 

which can be easily solved because distances of the order of the nuclear dimen-
. . 

- ·~· sian are very small compared to unity in atomic units. To remove all angular 

dependences from the wave equation, write the nonrelativistic radial function 

explicitly: 

jjm.) = 
J 

g.(r) jjm.) 
J J 

(19) 

i ,. 



i . 

\ · .. ·. 

s . 

.... ,. 
, .. ...... . 

... ·. ·. 
.;.\;.. . 8' - - i 

. I . 
. . - I . --- . ·, I 

radial d~pendence1 , •ljm.) .-.does not.·· Then introduce. 
- J -

I . 
. \ ' . . ·. 

(IM~j.mj I FM,:F): !I~i) jjmj,)! 

I \ 
\ . \ 

which depends on the- nuclear radial coor~inates but not on the ele~t~on radial · 

·_i. ~~·, jjm.) '.contains 
•. : --. ·. . J . ~- . 

ananalogue of ·(13) 

'./ 

1:. 

• • f • ' 

I·. 
i • 

(20) '• 

. ' - . . 

coordinates, ,Thus (jmj ~~ ljmj:) _is a r~dial operator that is called JCj and · 
'·. '~. 

operates on· g.(r}. 
• J -

\ - 2 . - . 
JC. = :.. 7 [.L\1 (r) + ~ + \ lf'E], 

J . . . . I : 
(21) 

. I ·. _. _-, .. 
. • • • 2 ~ 2 . - . -. I • 2 -

where A1 (r) = (a jar ) + (2/r)(ajar) - [1 (1 t1)/r ] and where J. is the 
. ;- 1-.- \ . 

·orbital quantum number associatedwith j, ~ = · Z/r, and 2-fE is the elec-
\ \ ) ~ ~ 

tron-electron ·interact~on potential, which can be neglected in the regio_n c'~ose ::: · 
. ' 

to the micleus .. We then evaluate \ 
·'-

. ;'. . .. 
(IjFMFll_~ + -~ + ~--- _ti.FMF) =-0 '· ... ~. 

. ' 

.. -
\. •}.; .. '• ~ 

and obtain· 

where 

q.(JC. 
J . J 

v ki = JJo 

'i •. 

? )g.(r} + (-1)I+F+j L {I ~0 F}_.~- · .. ~. (r; = ~ . 
~ J k j I k JJ oki J o ._ ... 

· .. ' 

_k I o 

-~ ... · 

,l~,.. 

'-.. . ' 

,·, ·.· . ' ·, 

. ·' 
·(22) : .' ' ; 

.· . ~ .. ' ., . 

- ' 
;. 

. . , . . . 
-· . 

the 1/r 
. - e 

arising from th~- subtraction ~f the point..;nucieus. coulomb potential •. ·. 
- . . 

1 • •.' 
~. \; ~ .. 

Terms involving matrix elements not connecting the ground state have b_een · 

omitted in (18). Since the product of q. and R. appears, one of these can 
i;; J . J 
;.'/.!< • 

be chosen at our· d:~fvenience. A~ q 1; 2 ;: 1, let 

-, 

: i.: 

' . 

,, 

1; .. 

•' 

. ... 

. ' 

,w··, 

~ ! ..... 
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. q. 
. J =.[{

I. '· .i. I+ iJ . .1-1 
~~ II £12

> lb~ 
. J I 2 

Define the BR correction eBR by. 

• J. 1 
J r 2 (23) 

(24) 

where g 0 is .the eigenfunction of JC 
112

• and define the B correction e B 

by 

(25) 

. . ' \ . 

The energy shift (isotope shift) associat~d with the perturbation is not important 
! 

. I I t:' 
in this problem, since it does not contribute to the hfs. So set c,:E equal to the . . I . . 
eig'envalue of JC

112
. Neglecting second~order terms e BE BR and omitting the 

. term (h g 0)(h e), which has a negligi~le effect on th~ result, we ,obtain 

finally 

,, 
li 

· i I 

\ I . 

2 4
\ .. 6 7 I 

. A 0e BR +. Rp V p(xp) + RS V ~(x5 ) = 0 , Li and Li 

. \ 
I 

I 

.. (26) 

where xp = re/Rp, ·x5 = re/R5 , and 0 7 is. the nuclear-electric-quadrupole 

2 t 
moment divided by Rp. \ 

·.I 

Vp(x) = -(1/x) + ~2 (x) 1 '- (1/3) ~3 (x) 
,. . • I ' 

v s(x) =.- (1/x) + ~2(x)' . 

v 2(x) = ~3 (x)- (2/3) ~ 1 (x) 

\ 

\ 

\ 
., 

. \ 

' ' '• 

(27) 

\. 

.. '.· 

;< 
.\. 

~ 
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Equations (27) have the exact solution · .. 
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! 
'· . 

(2a) · '>·i :. 

< . 

• '': !'1, 

~~ t ' 

.. ! • 

. -
.. 

• '.1 . .. 

'l 

. ~ ' ; -;, ""· l . 

~ : . . \ ~ . } ~: . 
'. ' _·, 

. '. ·. ):, . 
,~· ·~: . :: •' . ' 

. IV •. CONCLUSION .. ; . ,,. 
" ":-~ : . ' 

•• ' ... 4, 

· 'The res':llt of the· one-electron problem d~ne abo,;e is l'' \ ~ .. · ,." .. · 
'\ \ •. • \ •. n ! •' .~' 

t::.67 = [- \<c51 + 2c50 - 2){0. 77'8·· :t_ ~· <\:4or) · _ _ ·. . \ · , <
29

) 

. . + {O.b177)(c
51 

+ zc
50 

- 12)0
7 

- (0.198)C
53

o
7 

+ (0~055)~L3o7 ]Rp . 

· .;where ' ' 
• 1 • .· . 

r ( 2 )( · 2 . 5( I ). 3 3( ·2 ) 
( ~ . . ,· ~ 

· = 2 r m r m + 2 r - · 2) - 3 r m r + 1 - r r -. r m 
\ 

(30) . ,• 
• ~ •.. 4 

. 'll ' ·.' 
.\ i I · . . . I 2 2 112, 

for r = R 5 Rp, andrrri = R 5Rp (R$ + Rp) -~. The quantities C are param .... 

eters of the.Li7 nucleus: '\ .. 'I 

. 
. c50 = (I llg~llr}/{III£5§. + gi.!;.III>·.;~·: 

<?s1 = 1o
1

l
2 

(IIIgs {s_<
2

>§.J<
1

> [lr>l<rllg~ + gJ..!;.'Ilr~. 

. c5 3 = [6I5{7
1

1
2

)](IIlgs {s_< 2 >§.}( 3 )llr>l<;rllg~ + gJ..~IIr> .. :·-

(31) 

'\ 

. '' •, 

' .. 
I' 

. ' 

t .•· 

. . . • J . \ . • •• ' ' ; '• ·,; . 

: .. CL3 = [6/5(7 11 2 )](IIIgL {s_(2 )!;.}(3 )11I>I<~IIg5§. + gL!;.III).:' .. ~- ,· -· '\:li--·-~ 
I ' • / • ,.;·;; ·, ~· _, . .a, ••• 

I : ~ ~ .• • , . 

The C parameters were evaluated by means o{an L-S coupled model ~£·:. ·· .. _ ;·: . ·. -: . . ... ~· . f. ! .. 

the Li
7 

nucleus ha;:Ving T' = 112 and symmetrized with respect to all nucleons,-.'~ ... ·. ~ . ~·: 
' ' '· 

. L = 1,. S = 112, I\~~ 312, with the result c51 = - (813 )Q7c50 , c53 · = 1.14 0 7c50 ,· 

CL3 = 0, and c 50 = 0.907. 

'' . ..... 

,. 

. . 
·~ 
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If we employ the values of R
5 

and Rp obtained by Burleson and 

Hofstader9 on the basis of their electron-scatt~ring experiments, 

X -4 X -4 R 5 = 0:50 10 , Rp = 0.20 iO (in units of a 0 ): i.e.'. RP < R 5 so that 

the p nucleons move inside the a-particle core. Their data yield r = 2.48, 

r = 64.6. The term 0 7 , calculated for the L-S c·oupled model, is 

0 7 = - [3/5(5)
1

/
2

] = - 0.268 so that D-67 = + O.S'X10- 4 , i.e., about one half 

the experimental result. However, the uncertainty is very large, because if 

r is raised from 2.48 to 3, _while at the same time maintaining a constant 

average nucleon radius (corresponding to a change in Rp from 0.20X 10-4 

. to 0.17 X 10 -
4

), agreement with expe~iment is ·obtained. This occurs because ·· 
I 

r is very sensitive to Rp, and so current measurements of Rp are insuf

ficient for one to c'ompute t:..
67 

accurat:ely. In fact, if intermediate coupling. •:.~. 
. I 

I 
values of the C parameters wer~ emplpyed, the experimental value for D-67 

could be used to determine a good ~alue\for Rp• 

: However, if we use the value of 97 given above together wit~ the . 
. i· I I .. . 
v~lue of Rp. from Burleson and Hofstader to. calculate the nuclear Flectric 

quadrupole moment, we obtain a value a~ order o£ magnitude small~r than 
I 

that obtained by applying the result of th~ Nesbet and Kahalas 
10 

calculation 
. 11 . . \ 

to the 'data of Wharton et al. If we use t value of .RP consistent with 
·, 

this quadrupolT moment, however, D-67 changes sign. One effect which 
\ . . \ 

might resolve this difficulty. has been neglected, that is, the 'polarization 

of the a -particle nuclear core by the nucleon p orbitals. 

Inclusion of the 1s electrons i~ the hfs problem does not alter th,.e 
\ 

\. 

result,• as is shown in Appendix I; and so the electron part of the problem. 

·can be regarded cl!il properly solved, exclusive of relativistic corrections. '. 
·I 

I 

The specific mas!,effect produces a change in,the magnetic moment f.l only,' 

as is shown in Appendix II, and so does not influence the above. 
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, In conclusion, it is possible to say_ that the major effect's in the Li6 -Li7., .:~ 
hfs anomaly. are accounted for, and agreement with experiment is obtained with 

a value of Rp not inconsistent with that ~iveri by Burleson and Hofstader; 
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I 
APPENDICES 

I 

I 
I . 

I. Effect of the is Orbitals 
. ' I 

We sh~w here that the inclusion of\t.he is orbitals does .not a::fect the 
, I . 

hfs. anomaly result, a fact one would antfcipate since the anomaly does not 
. I ' . 

. i 
depend on the details of the unperturbed electron ·radial function. 

Call the three electron radial functions R 1+.(e), R 1 _ (e), and R 2+ (e) . 

{assuming M := 1/2). Form 
I 

I I I . , 

X {ij) = 1/ ~ [RA{i}R (j) + ~A(j) R {i)] 
a. . . I" '( I" '( 

(I ... 1) . 
' . . 

where a.(3y are a permutation of 1+, 1-, 2+. Let 

The .J = 1/2 function I OOS0M) is then 

. . \ 
1 0' M(1)'.· ( R(1) 

loos
0
M) = N-.

1
/

2 · 1 a M{2) . R(2) 

1 0' M(3) , R(3) 

(I-2) 
I 

\ . 

(I -3). 

·or in compressed notation, I ) -1/2 { '{·)· ... ( >}' 
J 0M ;::: N · det 1, 0' M J , R k . Here N 

is a normalizing factor, and .0' 1; 2 {k) is defined bl 

0' 
1

; 2 (k) = 6- 1/ 2 [2(3(k}a.{i):a.(j);- ·a.(k}(3(i)a.(j) - a.(k)a.(i}(3{j)) 

where a.(e) is a spin function with M = + 1/2; (3 is a spin function with 

M = - 1/2; and a _
112

{e) is obtained by interchanging :a. and (3 . 

For the pert'qrbations produced by the Bohr effect, introduce the 

combination 

{I-4) 

... 

\. 

R' {k) =! {R' (k)C{ 2 ) (k)X (ij) + 1 R (k}[R' (i)C(2 ) .(i)R {j) + R' {j}C{2 ) (j}k (i)]' 
a. 3 2+ ;tML 2+ -::]2 2: . 1+ -ML 1- . 1+ -ML . 1-

+ Jz Rzt (~')[R 1+ (i )R j_ ~ (j )£:!~~ {j) + R i +(j )Ri_ _ (i) £~~ (i)] } , (I- 5) 
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' I ' . . . '.' I . ' ,· 

wh. ic~ has ~he: syinmetry needed in order \t\o. exp.ress the perturbed p~tt of the 

wave funct10n by · · . · . . · · · . . · \ · .. 
I 

-1/2 {! . ' ( } = (N . ) det 1, 0' M (j), R k) 
. s . 
\ 

(I-6) 
\ 

. · where L' = 2, \So = 1/2. 
! .·'"i"' 

The total wave function is again · 
i 

. ,•• .. \' . . . 

' '\~. 

·1 ·; .., .. 

• I''. 
.. ·. ~ •. ~~· 

• ''I . 

'' .. 
. • 

' '• . 
· .. 

·I .. • 

'I.· 

' ', t 

IFMF) = ~ qj !IJFMF'> ' ' ' ' . ~~~7):. 1:;;.' 
.' , , . ·\ , r 

., r , .: t> ·~ , ,. • "" ' ; 

wh~:MF = ·. L (IM
1
JMJ IFMF)(LMLs~~~J~;)I:~)I~~~~2:·~. ).~; } , . 

. MIMLMS. \ .l ·. · ··' 
\ 

'. 

i ., 
·, \ 

Now the projection functions.needed to produce a differential equation , .. · ·' . . .. 
in the radial coordinates are·· (k, s0M5 I and ( (.L' ML S 0M5 I• · Define ! . 

' .. 

. . 
Then the equation \ ! ~ • ' 

· <J<E + ~· e + 2-{):IFMF) = o, (I-9) .. 

when operated on from th~ left by L (I~SOMJ I F~F) (1~ I (k, S0MJ j,. 
. . M 1MJ · . 

becomes the first part of Eq. (26 ), provided we define· 
... . . . ~ 

. ~ t. 

. i. ·· . (I -1 0 2: ~~:;. ·. , . ... 
l' 

.,4. 

.·; ~: "·· .: . .. . 
lr . • . ~ • • 

.. ~.~f.~ \ 

. Here RaO(k) is the eigenfunction of J<E'(k) and E BW does not depend on·.· r: .:;· .. 1 ;~ :·.: 
. . . ' . . ~ i~ 

a; i~,e~ , it is the ~arne function of rk for all the 'orbitals present •. · 

Similarly ifAve operate on (I-9) with 

M 
IM M (IM1~M.ilfMF)(L'MLS 0M5 IJMJ) (IMf I {L'MLSOMS j, we obtain the 

I L S . 

.. 
• ( .. ~ t' \ . 

. ' 

" . 
' . 

~ • I 

l'pi; 
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\ 

second part of Eq. (26), provided R~ (k) :; e B(k)Ra. 0(K). Again e B(k) does 

not depend on a.. 

Since the hfs operator is a one -particle operator, the contribution . 
t.o the total Li 

7 
hfs from each electron will contain a factor 1 + t:::.67 , ·and 

so the result will be the same a~ that obtained above for a single electron. 

· II. The Specific Mass Correction 

The specific ~ass correction is calculated nonrelativistically. The 
. I 

vector ;potential arising from the nth nucleon at electron e is given by 
I - . 
I 2 i I 

;IJ A(e,n) = ~ {[
2
1 

gs' 'V(e}XS(n}]/~ + [xp(n)P(n}]/R 1 }, 
m · - - 1en . - en 

(II-1.} 
. n. I 

and thJ· interaction Hamiltonian X" is 'hen 

/X' Jn2 L {!;:(e)·~(e,n)+ ~ge2(e)·~Je)X~(e,nj} .. (II-2} 

en . \ 

where ~he coordinates R , R ;;are taken in an arbitrary inertial framework; :·. -e -n , .. . . . . I . . . 
gS is ~efined 'in Eq. (6} and ge is the elfctron-spin g-value; all ma~ses are 

·. measured in uhits o! the ·electron mass. . , I . , 
. i \ : \ . . . . 

Introducing a coordinate system centered at the center~of-mass (c. in.} 

of the vucleus (not t~e' atom), which is taken to be at the position Il; and 

labeling the coordinates in this c. m. frame by !.e and !.n; we find that . 
. \ . 

R :; r , that 
-en ,.en 

\ 
~. . -

'1 
'V (e) = 'V 

1 (e) + - 'V 
I 

(II-'6) . 
- - M \ . ' 

and tha•t · I 

'\ 
' 

' .- , 

.. m . 

~(n) .= ( 1 - Mn)£_(n) L 1··. Lm. m· 
{ .. ,)· ·n () np 1 

- ' M £. n.· . - M"" £. e + M - • n~. 
n. N . e N . N 

(II-4) .. ~'·· · 

; . •''. 
~ •; . -~ . ' 

Here ±.1 (e), E,(e)~;;~;i~~d £_{n) refer to the center-of-mass frame, ~hereas· y_ 

arid ~~ refer to the b. m. motion in the inertial frame. The mass of the 
~ \ 

\ 

\ 

I 

\ 
. / -~ .. 
. ~ --~·-.;. .. 

.rrz 
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.·--
·. -.. . '"; 

nucle.us is ·MN' and the total mass of the ~tom is .M: n0 is th~ nucleon whose .< 
. . t 

·coordinates were eliminated by the introduction of R. · · -· 
i ., 

~ fot ' 

i 

Substitution of P(e) and P(n) into JC' gives 

JC' : 'Tfl I + 'lf)ll . + 'Tfll 

. ""·1 ""2 . ""3' 
., .. 

... 
' .-, 
'·' .j: 

'1".) '; ' . 

(II-5).,.~;.· ,..:'.-. 
• • . ! •" .\ -._ I ' ~ 

. - ~ . .~ ~ ~ 

where ·"' f ... , 

~ . . 

., . 

JC'· =· 1 L: 
en 

+ [
4
1 g g ~(e)~ 'V,''(e)X {V'(e)XS(n))]/r. } .. 

. e n- - F .- . en · · 
. . 

JC''· 
2 

_ ~,(a 4 
){[- ~ g Xp(n) \ .Mmx{(r Xn(n')·S{e)]./r3 

L m G e .4T N -n JM - en , . en n · n , 
' ' . 

. {mn )E,(e )·. E,(e' )]/r: 
MN ·.. en 

' . 

.. 
I 

·.'t" I_ 

(II.-6) 

.. 
""";: 

- :· ~ -

;·;·· . ... 
'• .. 

' .. ·'. 
{II-7) ·' 

' . . ~ 

·-,1 

. . J~ . ·.· .. 
:.~ 

{:n ~ r Xn{e' )·S:{e)J/~:r}·~ 
~v.. -e J>.. · . - · en N . 

., .. 

. • 
.... l 

I 

! :-
~~r:d JC3 consists.9f terms containing ~! or Y,. or ~· and terms such as ···• (' · ·:. 
·. l ~ · I .·. f ,~:·..-

p{e)· p{n) whose diagonal terms vanish for wave functions having a definite ' . ·;:--

·p~rity for both the electronic and nucle+ parts separately. . • . . • ··, , .. ::.r: ~ 
Here JC~ is the expected Hamiltonian, and JC ~ is the mass correction!' . , ... 

\ . . I . . " '. . . I . 

The first term of JC ~ has vanishing dia~onal ele·ments·Jor nucleons, h.aving a .~ · 
, " \ I , •. 

definite J. J and the third has vanishing d~agonal elements for electr9ns having ~ .... ·j-/ 

definite J.. The second term has vanishing diagonal elements for ej e', but·· >i 
.· 1 2 \ ' . 

for e = e' a t~rm proportional to. M p /\ survives. This term gives. no hfs 
I I • ~- -

energy shift directly~. because both hfs lev\ls. will be shifted the same way, . ; ., :.: ,
1
,. 

• I' ' t ' 

but it will affec't the wave function, producing a correction similar to the ·re- •1
, • •• 

• ' \ j . '· ~ • ~ ' J ' ~; 

duced mass corr~¢tion times '(1/r}. But the ·reduced mass correction to the .".' ·. :·:, 
>\:k 3 . . '5 \ .. \' ·~ 

hfs anomaly, {m6/t:n7 ) , . is about {J. -3 X .10 ':"
1 

) so that corrections of the.
1 
form~.·.,~~- v:, .' 

\ ' 

\. 
\• 
\ 
\ 
\ 

\ 
\ 

\ 
.:.~ 
··~ 

IV'i1m 
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~ pz /r. ~ould be :negligible. This argument. is' used all(lo to justify the neglect 

of nondiagonal elements of Je2· 
' 

Finally, we must consider the Hughes -Eckhart correction~ 12 ·The kinetic-

energy operator in the c. m. system, r.E·' is 

(II-8) 

I ·.• I 

and the ~e • ~f term, although its energy shift would not affect the hfs, 

. would alter the wave function. But again, diagonal terms vanish and non-· 

diagonal ones would be negligible. 
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