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§ 1. Introduction 

The purpose of this note is to describe some numerical experi-

ments assessing the rate of error growth when using the Random Choice 

Method (RCM) to compute solutions to the inviscidBergers equation 

(1.1) o 

The RCM was developed and used to study solutions of various gas 

dynamical systems by Chorin and his .collaborators [1,2,3]. Recently 

Colella has .derived estimates for the error behavior of Burgers's 

equation as a model for the larger systems which he studies. We are 

concerned with assessing the error numerically and seeing whether the 

bounds derived by Colella are achieved. Our conclusion is the RCM 

does much better than expected and, indeed, approaches the best limits 

obtainable. 

§ 2. Background 

The RCM has been described in detail in several publications 

[1,2,3], and we refer the interested reader to these more extensive 
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and generally excellent references, particularly the essay of Sod· (7]. 

A brief description is given here to stimulate the appetites of those 

unfamiliar with the method. 

In diagram 1 observe the set-up for a 2-step scheme, nk, (n+l)k, 

ih, (i+l)h being the full step mesh points in time and space respec-

tively and (n~~)k, (i~)h being intermediate steps. We are given or 

have computedyalllesat the n-th step .. Now prqceed as follows. 

«i~)h, (n~)k) 

• • 
(ih,nk) «i~)h,nk) 

Construct the step function u(x,nk): 

u(x,nk) = 

«i+l)h, (n+l)k) 

• 

• 
«i+l)h,nk) 

n 
u. x < (i~~)h 

1 

u~ being· known values. Solve the Riemann problem with this step function 
J 

• 

"'. 
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as data, getting a function u(x,(n~~)k). Now set 

u(x+ e ,nk) 
n 

where e E[O,l] is an equidistributed random sequence of real numbers. 
n 

Then one goes onto the n+l step in a similar fashion. One must avoid 

interacting shocks by invoking the Courant-Friedrichs-Lewy condition, and 

one should also pick the sequence e wisely. 
n 

The method is applicable to equation 

(2.1) 

where f need not be convex as 

We are using the model equation 

long as one 
2 

u 
feu) = -2 

can solve the Riemann problem. 

because some analytical error 

bounds exist for certain specific types of interactions and the exact 

sol\ltions can be calculated with reasonable efficiency. Examples of error 

estimates are (see [3]): 

(2.2.1) Shock interacting with compression wave 

EL (h,t) 
1 

ELI being the Ll 

strikes the wave. 

error and to being the time when the shock 

(2.2.2) Shock interacting with a rarefaction 

1 

CL (h,t) - Cl(t-tO)h'211og hi + C2hllog hi 
1 
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(2.2.3) Smooth region 

Ch/log hI 

Other measures of error are also useful. One such is the error in 

the left";':' and right-hand limits of the solution value along the shock. 

These are also used in Colella [3]. We also ~ill experiment with a case 

not treated analytically, the case of shock formation 

§ 3. Experiments and data 

Guided by the ideas outlined above-we measured the error (in the 

norms described below) at 40 time steps and x ru~ning from 0 ~020, 

taking h = ~ 
2m ' 

m = 0 to 4. h 
k 

is constant at 0.4. We deal with 

five cases: (a) rarefaction alone; (b) compression wave with shock 

formation; (c) shock alone; -(d) shock interacting with a rarefaction; 

and (e) shock interacting with a compression wave. 

The various measures of accuracy used are: 

(i) max norm, called M on the graphs. 

(1i) Ll and L2 norms, called Ll ,L2 0n the graphs. 

(iii) distance from the computed shock to the true shock for fixed 
time, called S on the graphs. 

(iv) error between the computed value of the right-hand limit ata 
fixed time and the true value. 

.J. 



" v 

,I 

-5-

The initial data are: 

0 ..;; x ..;; 4 4 < x ..;; 20 

(a) </lex) = 0 2 

(b) </lex) .- 2 1 + cos(n/32(x+4» 
cos(n/4) 

(c) . </lex) 2 0 

(d) </lex) 2 
x 5 , - -+-, 
32 8 

(e) </lex) 2 x 5 
= ; - -8 32 

We have chosen initial data that allow for the easy derivat~on of 

the true solution: 

(a) is aratef~ction wave, i.e., 

u(x,t) 0 

u(x, t) 2 

u(x,t) x 
= -

t 

0";; x";; </l anq all t 

x;;;'..!.t+4 
2 

·between 

(b) is a compression wave with a shock forming as shown in diagram 1. 

It is possible. to calculate that the shock is a straight line 

with slope 1 and to determine its starting point. But using the 

equation 

(3.1) u(x,t) = </l(x-u(x,t)t) 
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which the solution satisfies in smooth regions near the initial line 

(see [6]), it is easy to use a rapidly converging bisection routine 

to plot the exact solution with great accuracy. 

(c) is a shock 

u(x, t) = 2 x ~ t + 4 

u(x,t) = 0 x;>t+4 

propagating with speed 1 as required by the jump condition 

s = dx 
dt 

= = " 

where UR(UL) is the right '(left) hand constant value. 

(d) As shown in diagram 2, a compression wave causes the shock to bend 

into the wave. To one side the solution is identically 2; to the 

other side of the shock the solution is the compression solution and 

'the shock front itself satisfies the ordinary differential equation 

dx 
dt 

whose solution is 

= s 

xCi:) 

= = .!.[20-x+ 2] 
2 32-t 

12'" k ' 
= ...[2 (32 - t) 2 + 2t + 44 
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(e) Similarly, a rarefaction causes bending of the shock outward (see 

diagram 3). Here U = 2 on the left, x - 20 
u = t + 32 on the right and 

the shock 

x(t) = 
20 k - H (t + 32) 2 + 2t + 84 

One can verify that ,all these solutions satisfy the entropy condi-

tions guaranteeing, that they are the 'correct weak solutions to Burgers's 

equation.. 

Each set of initial data was run on a grid 20 units in x and 16 

units in t with h = _1_ 
2m- l ' 

m = 1 to 5 and k fixed at . 4h.' 'Thus 

the ~ourant-Friedrichs-Lewy condition is satisfied for all times. 

§ 4. Results 

As graph 1 shows the errors in the max, Ll , and L2 norms appear 

to be nearly perfect linear functions of h in case (a), verifying the 

best theoretical estimates and mirroring the first order ac:;:c:;:uracy 

expected of Glimm's method. This is true when sampled at various times 

and for several sets of data which are not included here. 

For case (b), shock formation (graph 2), all three norms seem to 

show excellent linear behavior, even though we have no theoretical 

result after the onset of the shock. In general having a shock makes 

the max norm useless ,but here the shock st,arts at zero strength and 
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and appears not to affect the erro~ for some time. The time when the 

shock begins can bedetenoined by differentiating the. relation (3.1) and 

solving for ux ' thus, 

= 1 + t4>' 

For our choice of initial data (b), 4>' 

thus u 
x 

(4)' is 

will surely become unbounded as 

IT· . 
32 cos(lT/4) • sin(lT(x-4)/32) 

is negative at some points, and 

t approaches I mi; 4> ,I . 
whose minimum is - 12 IT/32 .) 

In cases (d) and. (el, graphs 3 and 4 show the error in the shock location, 

S,and in the value,R, computed for the solution immediately adjacent to 

the right side of the shock front. The error appears to oscillate about 

a line drawn in each graph as shawn. Such-osc41.-1ation would be expected 

in any but the simplest cases because of the random nature of the scheme. 

Nonetheless, a certain linearity for the asymptotic behavior of the error . 

appears evident •. 

§ 5. Further results· and conclusion 

~. 

Observing the terms in h that appear in (2.2.1) and (2.2~2), 

we would expect to see growth of the error in time if these terms were 

truly contributing significantly •. But examination of all runs (not 

. reproduced heJ:"e) seems to show little if any growth in time for fixed h. 

This further·· supports the contention that we see only h-order error and 

that the coefficients of the 
.~ 

h order terms are negligibly small even 
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for the rather long time spans in our situation. 

Thus the conclusion of our results is to show that i~ practice the 

theoretical bounds for errors in RCM calculations for our model equation 

(1.1) are too large by the factor 
k: 

h 2 on the time scales involved here. 

That is, the error is actllallybehaving like O(h) independently of time 

even in the presence·of shocks. 

Reference to the articles of Majda and Osher [6) and Lax [5], mor:e-

over, indicates that even for the linear case O(h) error in the pres-

ence of discontinuities is very good and approaches the best obtainable 

theoretical possibilities. This lends support for the 1,lse of RCM in more 

difficult and sophisticated situations (for example Chorin' s method for 

gas dynamical equations and others [1,2,3]). 
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DIAGRAMS 

1. 

~+-Shock 

2. 

u=2 

x-20 u= --.-.-
. t-32 

3. 

U= 2 x-20 u=--
t+32 

XBL,.7910-4377 



Graph 1. 

Graph 2. 
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Graph 4. 
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Shock into rarefaction 
S at time T=4 

S = shock location 
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