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Étale homological stability and arithmetic statistics

Benson Farb and Jesse Wolfson ∗

August 24, 2018

Abstract

We contribute to the arithmetic/topology dictionary by relating asymptotic point
counts and arithmetic statistics over finite fields to homological stability and representa-
tion stability over C in the example of configuration spaces of n points in smooth varieties.
To do this, we import the method of homological stability from the realm of topology
into the theory of étale cohomology; in particular we give the first examples of stability
of étale cohomology groups as Galois representations where the Galois actions are not
already explicitly known. We then establish subexponential bounds on the growth of the
unstable cohomology, and we apply this and étale homological stability to compute the
large n limits of various arithmetic statistics of configuration spaces of varieties over Fq.

1 Introduction

Let X be a scheme defined over Z. The Weil conjectures provide a fundamental link be-
tween the topology of X(C) and the arithmetic of X(Fq). As first indicated by work of
Ellenberg-Venkatesh-Westerland [EVW] and then by Church-Ellenberg-Farb [CEF2], stabil-
ity phenomena in topology should have, via this remarkable correspondence, implications on
the arithmetic side. We summarize this in the following table, with the rows going from least
to most general.

Topology Arithmetic

H∗(X(C)) |X(Fq)|

homological stability of Xn asymptotics of |Xn(Fq)| as n→ ∞

representation stability asymptotics of arithmetic
statistics on Xn(Fq)

One of the main goals of the present paper is to realize the bottom rows of this table
for varieties Xn of configurations of n points (ordered and unordered) on a given smooth
variety. We view our results as giving a “proof of concept” for these additions to the topol-
ogy/arithmetic dictionary. We accomplish this in two steps:

1. We prove what we call étale homological (and representation) stability forH∗
et(Xn/Fq

;Qℓ).

This allows us to break up H∗
et(Xn/Fq

;Qℓ) into tow parts: stable and unstable.

∗B.F. is supported in part by NSF Grant Nos. DMS-1105643 and DMS-1406209. J.W. is supported in
part by NSF Grant No. DMS-1400349.
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2. We obtain sub-exponential bounds on the growth of the unstable part ofH∗
et(Xn/Fq

;Qℓ).
This allows us to prove that this unstable part does not contribute to the limiting
density of |Xn(Fq)|. As we explain below, the absence of such bounds is a significant
obstruction to understanding the asymptotic point counts of many families of interest.

In the étale context, stability of each H i
et(Xn/Fq

;Qℓ) as a Galois representation, not
just as a vector space, is crucial. It is the difference between proving that limits such as
limn→∞ q−dimXn |Xn(Fq)| exist, and actually computing the limiting answer.

Homological stability. A sequence {Xn} of spaces or groups is said to satisfy homological
stability over a ring R ifHi(Xn;R) orH

i(Xn;R) is independent of n for n ≥ D(i); the number
D(i) is called the stable range. Typically, but not always, there are maps ψn : Xn

//Xn+1

or φn : Xn+1
//Xn inducing isomorphisms

(ψn)∗ : Hi(Xn;R) //Hi(Xn+1;R) or φ∗n : H i(Xn;R) //H i(Xn+1;R).

Examples of Xn satisfying homological stability include classifying spaces of symmetric
groups Sn (Nakaoka), arithmetic groups like SLnZ (Borel), the moduli spaces Ag (Borel)
and Mg (Harer), and also configuration spaces UConfn(M) of unordered n-tuples of distinct
points on a manifold M (Arnol’d, McDuff, Segal, Church). Homological stability has been
a powerful tool in topology. It converts an a priori infinite computation to a finite one.
Further, the stable answer, Hi(Xn;R) for n ≥ D(i), can often be computed explicitly.

Many natural sequences Xn come equipped with actions of groups Gn by automorphisms.
A basic example is the space PConfn(M) of ordered n-tuples of distinct points on a manifold
M , on which the symmetric group Sn acts by permuting the ordering. Such spaces almost
never satisfy homological stability, but they instead often satisfy representation stability :
the decomposition of H i(Xn;Q) into a sum of irreducible Sn-representations stabilizes in a
precise sense (see [CF, CEF1], §2.1 below, and [Fa] for a survey). When R = Q, plugging the
trivial representation into this theory gives classical homological stability for the sequence
Xn/Sn. So for example representation stability for PConfn(M) gives classical homological
stability for the space UConfn(M) = PConfn(M)/Sn of unordered n-tuples of distinct points
on M ; see [Ch]. The theory of representation stability, initiated by Church, Ellenberg and
Farb, is currently undergoing a rapid development.

Étale homological stability. Consider a scheme Y , smooth over Z[1/N ] for some N .
We can extend scalars to C and consider the complex points Y (C), and we can also reduce
modulo p for any prime p ∤ N . This gives a variety defined over Fp, and for any positive
power q = pd we can consider both the Fq-points as well as the Fq-points of Y , where Fq is
the algebraic closure of Fq.

One of the most fundamental arithmetic invariants attached to Y is its étale cohomology
H∗

et(Y/K ;Qℓ), where K is a number field or finite field of characteristic prime to N , and
where ℓ 6= p is prime. The Galois action on Y/K induces a Galois action on each Qℓ-vector

space H i
et(Y/K ;Qℓ), and this action is a crucial part of the data.

Now letXn be a sequence of schemes that are smooth over Z[1/N ] for someN , for example
Xn = PConfn(Y ) or Xn = UConfn(Y ) for Y smooth over Z[1/N ]. Given the usefulness of
homological stability in topology, one wants to prove such stability for H i

et(Xn/K ;Qℓ) for K
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a number field or a finite field with characteristic p ∤ N . There are a number of different
notions of what “stability” means in this context (see §2 below). We adopt the strongest of
these possibilities.

Definition 1.1 (Étale homological stability). We say that a sequence Xn of schemes
satisfies étale homological stability over a field K if for each i ≥ 0 there exists D = D(i) so
that the isomorphism type of H i

et(Xn/K ;Qℓ) as a Gal(K/K)-representation does not depend

on n for n ≥ D. The function D(i) is called the stable range.

When each Xn in addition admits an Sn-action, such as Xn = PConfn(Y ) or Y n, we have
a corresponding notion of étale representation stability over K. This definition is a bit more
involved; see §2.3. It implies étale homological stability for the sequence of varieties Xn/Sn.

As far as we know, there have previously been only two results in this direction. The
first is a beautiful paper of Ellenberg-Venkatesh-Westerland [EVW], where a sequence Xn

of certain Hurwitz varieties is considered. They prove that each H i
et(Xn/Fq

;Qℓ) stabilizes

as a Qℓ vector space for n ≥ D(i), and apply this to prove a function field version of the
Cohen-Lenstra Heuristics in number theory. However, as discussed explicitly at the end of §7
of [EVW], the argument there does not prove that the Gal(Fq/Fq)-representations stabilize.

The other previous result in the direction of étale homological stability was proved by
Church-Ellenberg-Farb [CEF2]. They showed that each sequence H i

et(PConfn(A
1)/Fq

;Qℓ)

is étale representation stable, from which it follows that H i
et(UConfn(A

1)/Fq
;Qℓ) satisfies

étale homological stability. However, in this case the stability of the Frobq-action is just
a consequence of the fact that this action is semisimple with the eigenvalues known quite
explicitly, namely they are all qi on H i

et(PConfn(A
1)/Fq

;Qℓ).

1.1 Statement of results

In this paper we give the first examples of étale homological and representation stability
where the Galois actions are not known explicitly, but are only proved to stabilize. To state
our results we need two different descriptions of representations of the symmetric groups Sn.

Let Xi be the class function on all symmetric groups Sn, n ≥ 1 given by setting Xi(σ)
to be the number of i-cycles in the cycle decomposition of σ. A character polynomial is any
polynomial P ∈ Q[X1,X2, . . .]; it is a class function on each Sn, n ≥ 1. The degree of a
character polynomial is defined by setting degXi := i. See §2.1 below for more details. As
shown by Church-Ellenberg-Farb [CEF1], character polynomials give a compact and uniform
way of describing the character of certain infinite sequences of Sn-representations for n =
1, 2, . . ..

A partition of n is a sequence λ = (λ1 ≥ · · · ≥ λr ≥ 0) with
∑

i λi = n. The irreducible
representations V (λ) of Sn are classified by partitions λ ⊢ n. A partition λ ⊢ k gives a
sequence V (λ)n of irreducible Sn-representations for n ≥ k + λ1 by defining V (λ)n to be
the irreducible representation of Sn corresponding to the partition (n− k, λ1, . . . , λr). Every
irreducible representation of Sn is of the form V (λ)n for a unique partition λ; for example
the trivial and standard representations of Sn are V (0)n and V (1)n, respectively.

Theorem A (Étale representation stability): Let Y be a scheme, smooth over Z[1/N ]
for some N , with geometrically connected fibers. Suppose that Y is projective over Z[1/N ],

3



or more generally normally compactifiable (see §2.2 below for the precise definition). Let K
be either a number field or a finite field of characteristic p ∤ N .

For each i ≥ 0, the sequence H i
et(PConfn(Y )/K ;Qℓ) of Gal(K/K)-modules satisfies étale

representation stability 1 over K with stable range D(i) = 2i for dimY ≥ 2 and D(i) = 4i
for dimY = 1. In particular:

1. Inductive description: For all n ≥ 0, there is an isomorphism of Gal(K/K)-
representations:

H i
et(PConfn(Y )/K ;Qℓ) ∼= colimS H

i
et(PConf |S|(Y )/K ;Qℓ) (1.1)

where the colimit is taken over the poset of all subsets S ⊂ {1, . . . , n} such that |S| ≤
D(i). This gives, for each n ≥ D(i), a recipe for building the Gal(K/K)-representation
H i

et(PConfn(Y )/K ;Qℓ) from a fixed finite collection of Gal(K/K)-representations.

2. Stability of isotypics: For each character polynomial P , there exists a unique virtual
Gal(K/K)-representation H i

et(PConf(Y ))P over Qℓ, linear in P , so that when P = χV (λ)

for some λ ⊢ k, there exists D such that for all n ≥ D:

H i
et(PConf(Y ))χV (λ)

= H i
et(PConfn(Y )/K ;Qℓ)⊗Qℓ[Sn] V (λ)n

and the right hand side is independent of n as a Gal(K/K)-representation.

3. Polynomial characters: There exists a character polynomial Q(X1, . . . ,Xr) so that
for all n ≥ D(i):

χHi
et(PConfn(Y )/K ;Qℓ)

(σ) = Q(X1(σ), . . . ,Xr(σ)) for all σ ∈ Sn.

where deg(Q) ≤ i if dimY > 1 and deg(Q) ≤ 2i if dimY = 1.

Remarks:

1. Our proof of Theorem A shows that Item (1) holds with Qℓ replaced by Zℓ or Z/ℓ
nZ.

2. In §2.3 we prove the analogous theorem with PConfn(Y ) replaced by Y n.

3. Nir Gadish [Ga] has recently isolated a concept of finitely generated I-poset, for a wide
class of categories I, and has used this to prove étale representation stability for a rich
class of sequences of complements of linear subspace arrangements.

Plugging in P = 1 into Item (2) of Theorem A gives the following.

Corollary A’ (Étale homological stability): With terminology as in Theorem A, the se-
quence H i

et(UConfn(Y )/K ;Qℓ) satisfies étale homological stability over K: these Gal(K/K)-

representations do not depend on n for n ≥ D(i).

Remarks:

1See §2.3 for the precise definition of étale representation stability.
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1. Étale homological stability for Symn Y follows from Künneth and transfer, just as in
the topological case.

2. The stability of étale homotopy groups for Symn Y was recently proved by Tripathy
[Tr].

3. Quoc Ho [Ho] has recently given an independent proof of Corollary A’ for Y smooth not
necessarily normally compactifiable. His method is based on factorization homology,
and is quite different from the methods of this paper.

Stability of arithmetic statistics. The application of homological stability to arithmetic
statistics was pioneered by Ellenberg-Venkatesh-Westerland in [EVW]. The fundamental link
is provided by the Grothendieck-Lefschetz Trace Formula 2:

|Z(Fq)| = qdim(Z)
∑

i≥0

(−1)iTr
(
Frobq : H

i
et(Z/Fq

;Qℓ)
∗

//H i
et(Z/Fq

;Qℓ)
∗) (1.2)

and its twisted version (see (4.1) below). Given Deligne’s theorem [De1, Theorem 1.6] that
any eigenvalue λ of Frobq on H i

et(Z/Fq
;Qℓ)

∗ satisfies |λ| ≤ q−i/2 , one can bound the number

|Z(Fq)| of Fq-points via

|Z(Fq)| ≤ qdimZ
2 dimZ∑

i=0

biq
−i/2

where bi := dimH i
et(Z/Fq

;Qℓ)
∗. Applying this reasoning to a sequence Zn of smooth varieties

gives

q− dimZn |Zn(Fq)| ≤

2 dimZn∑

i=0

bi(n)q
−i/2 (1.3)

where we have emphasized via notation that bi is a function of n. It seems that étale
homological stability, namely the fact that bi(n) is constant for n ≥ D(i), should imply
that the limit as n // ∞ of the left-hand side of (1.3) exists. However, it could be that
dim(Zn) goes to ∞ with n and that bi(n) grows more quickly than qi/2, even for any q; this
would imply the divergence of the right-hand side of (1.3). This super-exponential growth is
known to occur in natural examples, for example for Zn the moduli space of genus n smooth
algebraic curves, and also for Zn the moduli space of n-dimensional principally polarized
abelian varieties. In the latter example, recent work of Lipnowski-Tsimerman [LT] shows
that this growth actually does change the point count |Zn(Fq)|, as they show this number
grows more quickly than the expected qdimZn .

Thus, in order to apply étale homological stability to obtain the existence of asymptotic
point counts in a given example, it is necessary to prove sub-exponential (in i) bounds
on bi(n), independent of n. In other words, control of the unstable étale cohomology
H i

et(Zn/Fq
;Qℓ)

∗ is needed.
Proving such bounds is a major obstruction for arithmetic applications; see §3 for a

discussion. This problem is a very special case (namely the case P ≡ 1) of more general

2Here we have assumed that Z is smooth and applied Poincaré Duality to the usual Grothendieck-Lefschetz
Formula.
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arithmetic statistics, where one needs a twisted version of the Grothendieck-Lefschetz for-
mula, and where the control on the unstable cohomology is even more difficult to prove; see
§3 below. A significant part of this paper, §3, is devoted to overcoming this problem for the
examples Xn and PConfn(X). We obtain the following results.

Theorem B (Bounding the unstable cohomology): Let X be a smooth, orientable
manifold with dim(H∗(X;Q)) <∞ (e.g. X compact). Then for any character polynomial P
there exists a function FP (i), subexponential in i, such that for all n ≥ 1:

〈P, (H i(PConfn(X);Q)〉Sn ≤ FP (i).

In §4, we apply Theorems A and B to obtain the following.

Theorem C (Arithmetic statistics of configuration spaces): Let X be a scheme,
smooth over Z[1/N ] for some N , with geometrically connected fibers. Suppose that X is
projective over Z[1/N ] or, more generally, normally compactifiable at p ∤ N . Let P be any
character polynomial, and denote by H i

et(PConf(X))P the stable P -isotypic part of the étale
cohomology of PConf•(X)Fq

, and by H i
et(UConf(X)) the stable cohomology of UConf•(X)Fq

(see §4 for precise definitions). Then

lim
n //∞

q−n dimX
∑

y∈UConfn(X)(Fq)

P (y) =
∞∑

i=0

(−1)iTr
(
Frobq 	 H i

et(PConf(X))∗P
)
,

in particular, both sides of the above converge. Specializing to P = 1, we obtain

lim
n //∞

q−ndimX |UConfn(X)(Fq)| =

∞∑

i=0

(−1)iTr
(
Frobq 	 H i

et(UConf(X))∗
)
.

A different description of the left hand side of Theorem B, established using analytic
methods, will appear in forthcoming work of Weiyan Chen [Che]. En route to proving
Theorems B and C, we also prove the analogous statements for Symn(X); see §4.

Acknowledgements. It is a pleasure to thank George Andrews, Kathrin Bringmann,
Mark Kisin, and Ken Ono for useful discussions. We thank Nir Gadish and Brian Conrad
for very helpful conversations about twisted ℓ-adic sheaves and transfer. We thank Weiyan
Chen, Jordan Ellenberg and Burt Totaro for numerous helpful comments on an earlier draft.
Finally, it is a pleasure to thank Matt Emerton for his careful reading and many detailed
comments on an earlier draft of this paper.

2 Étale Representation stability

In this section, we briefly summarize the theory of representation stability and FI-modules,
as it is used in topology, as well as some of its consequences. This theory was developed
by Church, Ellenberg and Farb [CF, CEF1], and later with Nagpal [CEFN]; see [Fa] for a
survey. We refer the reader to these references for details. We then give a general setup for
proving similar stability theorems in étale cohomology.
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2.1 Quick summary of representation stability and FI-modules

An FI-module V over a Noetherian ring R is a functor from the category FI of finite sets
and injections to the category of R-modules. Thus to each natural number n we have
associated an R-module Vn with an Sn action, with a map Vm // Vn for each injection
{1, . . . ,m} // {1, . . . , n}. Recall that the opposite category FIop is the same as FI but with
arrows reversed. A co-FI module over R is a functor from FIop to R-modules. We also have
the associated notions of FI-space, FI-scheme, etc., and the associated co-FI versions.

An FI-module V is finitely generated if there is a finite set S of elements in
∐

i Vi so
that no proper sub-FI-module of V contains S. One of the reasons that we care about
finitely-generated FI-modules is the following theorem.

Theorem 2.1 (Structural properties of finitely-generated FI-modules). Let V be an
FI-module over a commutative Noetherian ring R. If V is finitely-generated then:

Representation stability ([CEF1]): When R is a field of characteristic 0, finite gen-
eration of V implies representation stability in the sense of [CF] for the sequence {Vn} of
Sn-representations.

Inductive description ([CEFN]): Let V• be a finitely-generated FI-module over a Noethe-
rian ring R. Then there exists some N ≥ 0 such that for all n ∈ N, there is a natural
isomorphism

Vn ∼= colimS⊂[n],|S|≤N VS ,

i.e. these isomorphisms commute with homomorphisms of FI-modules. By definition, the
stable range of V• N(V ) is the minimal such N .

Isomorphism of trivial isotypics ([Ch]): Let V• be a finitely-generated FI-module over
a Noetherian ring R with stable range N(V ). Then for all n ≥ N(V ) the map Vn // Vn+1,
given by averaging the structure maps, induces an isomorphism

V Sn
n

∼=
// V

Sn+1

n+1 .

We remark that the isomorphism of trivial isotypics illustrates one of the key advantages
of considering (co-)FI-spaces: while stabilization maps for many natural sequences of spaces
or schemes do not naively exist, a (co-)FI-space Z• comes equipped with canonical rational
correspondences from Zn+1/Sn+1 to Zn/Sn.

We will also need the following.

Lemma 2.2. Let V• and W• be finitely generated FI-modules, and let N be the sum of their
stable ranges. Then for all n ≥ N , the maps Vn // Vn+1 and Wn

//Wn+1 (associated to
{1, . . . , n} ⊂ {1, . . . , n+ 1}) induce isomorphisms

Vn ⊗Q[Sn] Wn
∼=

// Vn+1 ⊗Q[Sn+1] Wn+1

that are natural in both variables with respect to homomorphisms of FI-modules.

Proof. By [CEF1, Proposition 2.3.6], the tensor product V•⊗QW• is finitely generated since
V• and W• are. Applying the co-invariants functor, we obtain the functor

n 7→ Vn ⊗Q[Sn] Wn.
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Because stable ranges add under tensor product ([CEF1, Proposition 2.3.6]), and because
the stability degree (cf. [CEF1, Definition 3.1.3]) is less than or equal to the stable range
([CEF1, Proposition 3.3.3]), the map

Vn ⊗Q[Sn] Wn
// Vn+1 ⊗Q[Sn+1] Wn+1

is an isomorphism for n ≥ N .

Character polynomials. Character polynomials and their degree were defined in the
introduction. Let 〈P,Q〉 denote the inner product of Sn-characters. The expectations of
character polynomials

Eσ∈SnPn(σ) :=
1

n!

∑

σ∈Sn

Pn(σ) = 〈Pn, 1〉

compute the averages of natural combinatorial statistics with respect to the uniform distri-
bution on Sn. As shown in Proposition 2.2 of [CEF2], the inner product 〈Pn, Qn〉 of character
polynomials P,Q ∈ Q[X1,X2, . . .] is independent of n once n ≥ degP + degQ.

One remarkable property of finitely-generated FI-modules V is that the characters of the
Sn-representations Vn are, for large enough n, given by a single polynomial.

Theorem 2.3 (Polynomiality of characters [CEFN]). Let V be an FI-module over a field
of characteristic 0. If V is finitely-generated then the characters χVn of the Sn-representations
Vn are eventually polynomial: there exists N ≥ 0 and a polynomial P (X1, . . . ,Xr), for some
r > 0, so that

χVn = P (X1, . . . ,Xr) for all n ≥ N . (2.1)

In particular, if Q is any character polynomial then 〈χVn , Q〉 is independent of n ≥
degP + degQ.

We note that evaluating (2.1) on the identity permutation gives a polynomial P (T ) ∈ Q[T ]
so that

dimk Vn = P (n)

for all n ≥ N .

Étale Representation Stability Given a co-FI-scheme Z• defined over Fq, its étale co-
homology H i

et(Z•/Fq
;Qℓ) has additional structure beyond that of an FI-module over Qℓ.

The geometric Frobenius Frobq gives a natural endomorphism of Z•/Fq
, and this gives rise

to an action of Gal(Fq/Fq) on the FI-module H i
et(Z•/Fq

;Qℓ). As noted in the introduction,

the eigenvalues of Frobq and the action of Gal(Fq/Fq) are crucial parts3 of the data here.

Weaker than knowing an eigenvalue λ of Frobq on Hj
et(Zn/Fq

;Qℓ) is knowing its weight.

Deligne proved that λ is an algebraic number with |λ| = qr/2 for some j ≤ r ≤ 2j, with r = j
if Zn is smooth and proper. The number r is the weight of the eigenvalue λ. Similarly, for
Z• defined over a number field K, the action of Gal(K̄/K) on Z•/K̄ induces an action on

H i
et(Z•/K̄ ;Qℓ), and this action is a fundamental part of the data.
In increasing order of strength, we could ask that for each i there exists D so that for all

n ≥ D:

3As observed e.g. by Milne [Mi2], the Tate conjecture implies that the eigenvalues of Frobq determine the
Gal(Fq/Fq)-action. But, this is not known at present.
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1. The isomorphism type of H i
et(Zn/K̄ ;Qℓ) as a Qℓ-vector space does not depend on n;

2. in addition, the list of weights of Frobq on H i
et(Zn/K̄ ;Qℓ) does not depend on n;

3. in addition, the list of eigenvalues of Frobq on H i
et(Zn/K̄ ;Qℓ) does not depend on n.

4. The isomorphism type ofH i
et(Zn/K̄ ;Qℓ) as a Gal(K̄/K)-representation does not depend

on n.

We have adopted the strongest of these as our definition of étale homological stability.

2.2 Base change for normally compactifiable I-schemes

Fix any N and distinct primes p and ℓ with p ∤ N . For a scheme X smooth over Z[1/N ],
the usual way to compare the singular cohomology H∗

sing(X(C);Q) to the étale cohomology
H∗

et(X/Fp
;Qℓ) is via base change theorems. Given a sequence of such schemes {Xn}, nne

might try to prove that the vector spaces H i
et(Xn/Fq

;Qℓ) stabilize by using topology to prove

homological stability of singular cohomology H i(Xn(C);Ql), and then quoting the usual
comparison and base change theorems that compare these two vector spaces. However, if the
Xn are not projective then without more work, one has to exclude finitely many primes for
each n and each i. This list of “bad primes” may grow uncontrollably with n, and so even
for a fixed i it might be necessary to throw out all primes, giving no information.

Therefore we need something stronger. As has been known for a long time, to remedy
this one tries to find a smooth compactification of X with normal crossings divisor.

Definition 2.4 (Normally compactifiable scheme). A scheme X, smooth over Z[1/N ],
is normally compactifiable at p ∤ N if there exists an open embedding X //X̄ with X̄ smooth
and projective over Z[1/N ], and X̄ − X a normal crossings divisor with good reduction at
p, i.e. (X̄ − X)|Fp is a union of smooth, projective varieties over Fp, with all intersections
transverse.

We will need the notion of a sequence of schemes that can be compactified in a uniform
way.

Definition 2.5 (Normally compactifiable I-scheme). Let I be a category. A smooth
(projective) I-scheme is a functor X : I // Schemes consisting of schemes, smooth (and
projective) over Z[1/N ]. A smooth I-scheme is normally compactifiable at p ∤ N if there
exists a smooth projective I-scheme X̄ : I //Schemes, and a natural transformation X //X̄
such that, for all i ∈ I, Xi

// X̄i is an open embedding and X̄i −Xi is a normal crossings
divisor with good reduction at p.

With this definition in hand we can state the appropriate base change theorem for I-
schemes. We will apply this later in the paper to the category FIop.

Theorem 2.6 (Base change for I-schemes). Let X : I //Schemes be a smooth I-scheme
which is normally compactifiable at p ∤ N . Then, for all morphisms i // j in I, there exists

9



a commuting square of ring homomorphisms

H∗
et(Xj/Fp

;Zℓ)
∼=

//

��

H∗
sing(Xj(C);Zℓ)

��

H∗
et(Xi/Fp

;Zℓ)
∼=

// H∗
sing(Xi(C);Zℓ)

with horizontal maps isomorphisms.

Proof. This theorem is essentially an I-scheme version of [EVW, Proposition 7.7]. Suppose
that we are given X : I // Schemes as above. We can restrict the diagram X to an étale
neighborhood of p in Spec(Z[1/N ]), or even to the strict henselization of the local ring at p.
The horizontal homomorphisms in the statement of the theorem are now the specialization
morphisms from the cohomology of the geometric special fibers of X at p to the geometric
generic fiber of X at Q. As explained in the proof of [EVW, Proposition 7.7], for each i ∈ I,
the Poincarè dual of the specialization map

H∗
et(Xi/Fp

;Zℓ) //H∗
et(Xi/C;Zℓ)

is an isomorphism because Xi admits a smooth compactification Xi →֒ X̄i with X̄i −Xi a
normal crossings divisor with good reduction at p. By construction, this map is natural (cf.
e.g. [FK, Ch. III, §3]), so for all i // j in I, there is a commuting square

H∗
et(Xj/Fp

;Zℓ)
∼=

//

��

H∗
et(Xj/C;Zℓ)

��

H∗
et(Xi/Fp

;Zℓ)
∼=

// H∗
et(Xi/C;Zℓ)

To obtain the desired square, we compose this with the commuting square

H∗
et(Xj/C;Zℓ)

∼=
//

��

H∗
sing(Xj(C);Zℓ)

��

H∗
et(Xi/C;Zℓ)

∼=
// H∗

sing(Xi(C);Zℓ)

given by Artin’s Comparison theorem [Mi, Theorem 21.1].

2.3 Étale representation stability

Let Z be a co-FI scheme smooth over Z[1/N ] for some fixed N , with geometrically connected
fibers. Let p ∤ N be prime, and let ℓ 6= p be a prime. For each i ≥ 0, the étale cohomology
H i

et(Z/Fp
;Zℓ) is an FI-module. In addition, for each q = pd, the Frobenius Frobq acts on

each H i
et(Zn/Fp

;Zℓ), endowing it with the structure of a Gal(Fp/Fq)-module. The Sn-action

on H i
et(Zn/Fp

;Zℓ) coming from its structure as an FI-module commutes with the action of

Gal(Fp/Fq), as do all automorphisms of Zn. Similarly, for any number field K, the action of
Gal(K/K) on H i

et(Z/K ;Qℓ) commutes with the FI-structure.
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This discussion shows that, for K a number field or a finite field of characteristic prime
to N , H i

et(Z/K ;Qℓ) is an Gal(K/K)-FI-module; that is, an FI-module equipped with an

action of Gal(K/K) by FI-automorphisms. We have the corresponding notions of finitely
generated Gal(K/K)-FI-module: there is a finite set S ⊂

∐
nH

i
et(Zn /K ;Qℓ) so that no

proper sub-FI-module of H i
et(Z/K ;Qℓ) contains S.

Definition 2.7 (Étale representation stability). We say that a sequence Zn of Gal(K/K)-
modules satisfies étale representation stability if {1, . . . , n} 7→ Zn is a finitely generated
Gal(K/K)-FI-module.

Theorem C in [CEFN] gives an inductive description of finitely-generated FI-modules V
over any Noetherian ring R. Namely, there exists D ≥ 0 such that for all n ∈ N, there is a
natural isomorphism

Vn ∼= colimS VS (2.2)

where the colimit is taken over the poset of all subsets S ⊂ {1, . . . , n} such that |S| ≤ D. If V
is a finitely-generated Gal(K/K)-FI-module then (2.2) gives is an isomorphism of Gal(K/K)-
modules. Thus (2.2) gives, for each n ≥ D, a recipe for building the Gal(K/K)-representation
Vn from a fixed finite collection of Gal(K/K)-representations.

Étale representation stability for products and configuration spaces. For any
scheme X and any finite set S, let XS denote the scheme of functions S // X, i.e. the
scheme whose R points are maps of maps of sets S // Hom(Spec(R),X). Any injection
f : T // S induces a projection f∗ : XS // XT by restriction. The functor S 7→ XS is
thus a co-FI scheme, which we denote by X•. Attached to X we also have the associated
configuration space PConfn(X) of ordered n-tuples in X, defined by:

PConfn(X) := {(x1, . . . , xn) ∈ Xn : xi 6= xj ∀i 6= j} = Xn \∆

where ∆ is the fat diagonal and where we write x ∈ X to denote an arbitrary R-point
of X. The group Sn acts freely on PConfn by permuting the coordinates. The quotient
UConfn(X) := PConfn(X)/Sn is the configuration space of unordered n-tuples of points in
X.

We can identify PConfn(X) with the subspace Emb(S,X) of XS consisting of embed-
dings. If f : S // T is an injection of finite sets and φ : T // X is an embedding, then
φ◦f : S //X is an embedding. Thus S 7→ PConf |S|(X) is a co-FI space, denoted PConf•(X).
It follows that H i(PConf•(X);Qℓ) is an FI-module for any i ≥ 0.

With this setup, we can now prove Theorem A from the introduction. The proof also
gives the following result.

Theorem 2.8. Theorem A with PConfn(Y ) (resp. UConfn(Y )) replaced by Y n (resp. Symn(Y ))
holds.

Proof of Theorem A and Theorem 2.8. Since X is normally compactifiable, H∗(X(C);C) is
finite-dimensional. Since X has geometrically connected fibers, X(C) is connected. Since
X(C) is a complex manifold, it is also orientable and, assuming that X is not a point (for
otherwise the theorem is trivial), X(C) has real dimension at least 2. ThusX satisfies the hy-
potheses of Theorem 6.2.1 of [CEF1], which gives that the FI-module H i(PConf•(X(C));C)

11



is finitely generated for each i ≥ 0. For the claimed stable ranges and degree of character
polynomial, see Theorem 6.3.1 of [CEF1]. Proposition 6.1.2 of [CEF1] gives the same con-
clusion for the FI-module H i(X(C)•;Q); see Theorem 4.1.7 and Remark 6.1.3 of [CEF1] for
the stable range and degree of the character polynomial. Note here that this improved stable
range comes from the fact that X• is a so-called FI#-module.

By Artin’s Comparison theorem, for Z• equal to X• or PConf•(X) :

H i
et(Z•/Q̄;Qℓ)⊗Qℓ

C ∼= H i(Z•(C);C)

as FI-modules, and thus H i
et(Z•/Q̄;Qℓ) is finitely generated. Moreover, because, Z• is a

co-FI-scheme over Z[1/N ], for each number field K the group Gal(K/K) acts on the base-
change Z•/Q̄ and this action commutes with the co-FI-structure. We conclude, for each i,

that H i
et(Z•/Q̄;Qℓ) is a finitely generated co-Gal(K/K)-FI-module, as claimed.

Now let K = Fq for q = pd with p ∤ N . The scheme Xn is normally compactifiable since
X is, and thus X• is a normally compactifiable, smooth co-FI scheme. Results of Fulton and
MacPherson [FM] imply that PConf•(X) is also a normally compactifiable, smooth co-FI
scheme. Indeed, in loc. cit. they construct a co-FI-scheme J 7→ X[J ] (cf. [FM, p. 184
(4)]), equipped with a natural open embedding PConfJ(X) // X[J ], and such that the
complement X[J ] − PConfJ(X) is a normal crossings divisor [FM, Theorem 3], with good
reduction at p for any prime p ∤ N (cf. [FM, bottom of p. 188]). Base change for FI-schemes
(Theorem 2.6) implies that H i

et(X
•
/Fq

;Qℓ) and H
i
et(PConf•(X)/Fq

;Qℓ) are finitely-generated

Gal(Fq/Fq)-FI-modules. Now apply Theorem 2.1.

3 Convergent Cohomology

In this section we provide the necessary bounds for the “representation unstable cohomology”
of Xn and of PConfn(X) that will be necessary for the arithmetic applications in Section 4.
This comprises one of the main technical contributions of this paper.

3.1 Definition of convergent cohomology

A function F : N // N has exponential growth rate λ if

lim
n //∞

log f(n)

n
= λ. (3.1)

If (3.1) holds with λ = 0, we say that F has sub-exponential growth.
Let Z be a co-FI-scheme over Z[1/N ]. For each i ≥ 0, let H i(Zn) denote either the

singular cohomology H i(Zn(C);Q) or the étale cohomology H i
et(Zn/K ;Qℓ) for K a number

field or finite field of characteristic prime to N . In each case H i(Z) is an FI-module (over
Q and Qℓ, respectively). For any class function P on Sn, denote by 〈P,H i(Zn)〉 the inner
product of (the character of) H i(Zn) with P .

In order to compute arithmetic statistics for a co-FI scheme Z, one needs to control the
“representation unstable” cohomology of Z; see §4. More precisely, one needs to prove one
of the following two properties, which were shown to be equivalent in [CEF2, §3]:
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1. For each 0 ≤ a ≤ n there is a function Fa(i), subexponential in i and not depending
on n, so that:

dimH i(Zn)
Sn−a ≤ Fa(i) for all n and i. (3.2)

2. For each character polynomial P ∈ Q[X1,X2, . . .] there exists a function FP (i), subex-
ponential in i and not depending on n, such that:

∣∣〈P,H i(Zn)〉
∣∣ ≤ FP (i) for all n and i. (3.3)

It is crucial that these bounds hold independently of n. While the second condition is
the one that applies to arithmetic statistics (see §4 below), it is quite difficult to check. Thus
the equivalence with the first condition is quite useful.

Definition 3.1 (Convergent cohomology). We say that the co-FI scheme Z has con-
vergent (singular or étale) cohomology if either of the two equivalent properties 1 or 2 in
equations (3.2) or (3.3) holds. If these properties hold with FP (i) having exponential growth
0 < λ <∞, we say that Z has weakly convergent cohomology with convergence rate λ.

These kinds of bounds are typically not easy to prove. In [EVW] this is accomplished 4 for
the cohomology of certain Hurwitz spaces by obtaining an exponential upper bound for the
number of i-cells, via an explicit cell decomposition. In [CEF2] such bounds for the example
H i(PConfn(C);Q) are obtained by a detailed knowledge of these Sn-representations. The
rest of this section is devoted to giving such bounds for two natural classes of co-FI schemes.
We then apply this in §4 to arithmetic statistics for Fq-points on these schemes.

3.2 Subexponential bounds on Betti numbers of symmetric products

Let X be a topological space. The n-fold cartesian product Xn is endowed with a nat-
ural action of the symmetric group Sn, given by permuting the factors. The quotient
SymnX := Xn/Sn is called the the nth symmetric product ofX. Set bi(X) = dimH i(X;Q) =
dimHi(X;Q), the equality following from the universal coefficient theorem.

Theorem 3.2 (Growth of Betti numbers of symmetric products). Let X be a con-
nected space such that dimH∗(X;Q) < ∞. Then there exist constants K,L > 0 so that for
each i ≥ 0, and for all n ≥ 1:

bi(Sym
n(X);Q) ≤ KeL

√
i.

Proof. We prove the theorem in a series of steps.

Step 1 (Bounding the unstable range): If m < n then bi(Sym
m(X)) ≤ bi(Sym

n(X));
further, bi(Sym

n(X)) = bn(Sym
n(X)) for all i ≥ n.

To see the statement for m < n, observe that for any graded vector space V (over a field
of characteristic 0), a choice of “unit” 1 ∈ V0, determines an injection

Symm(V )i // Symn(V )i

~v 7→ ~v ⊗ 1⊗ · · · ⊗ 1

4[EVW] only needs to deal with the classical, not representation stable, case; that is, the a = 0 case.
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In particular, dim(Symm(V )i) ≤ dim(Symn(V )i) for all m < n and i. Considering V =
H∗(X;Q), Künneth and transfer imply that

Symn(H∗(X;Q))i ∼= H i(Symn(X);Q)

and the first part of the claim follows. For the second, we note that for a graded vector space
V = V0 ⊕ · · · ⊕ Vm, with V0 = Q, we have

Symn(V ) ∼=
⊕

a0+···am=n

m⊗

j=1

Symaj (Vj)

and thus

Symn(V )i ∼=
⊕

(a1,...,am)

m⊗

j=1

Symaj (Vj)

where the direct sum is over partitions a1+2a2+ · · ·mam = i such that a1+ · · ·+am = n. In
particular, the number of pieces in the partition is at most n, and since for any i, the largest
number of pieces in any partition is i, we see that for n ≥ i, the direct sum is independent
of n. We conclude the claim by taking V = H∗(X;Q) and invoking Künneth and transfer as
above.

Step 2 (Generating functions and the residue formula): Let m be the highest
degree for which Hm(X;Q) 6= 0, let C = maxi bi(X), and let D = C ·m. Write Bi := bi(X).
Macdonald [Mac] showed that bi(Sym

n(X)) is the coefficient of xitn in the power series
expansion of the rational function

FX(x, t) =
(1 + xt)B1(1 + x3t)B3(1 + x5t)B5 · · ·

(1− t)(1− x2t)B2(1− x4t)B4 · · ·

Step 1 implies that bi(Sym
n(X)) ≤ bi(Sym

i(X)) for all n, and thus a bound is given by the
coefficient of xiti in the power series above, i.e. it suffices to consider the generating function

diag(FX)(z) =
∞∑

i=0

bi(Sym
i(X))zi.

Because this power series has no poles for x, t < 1, [HK, Theorem 1] implies that for all z
with |z| < 1, we have

diag(FX )(z) =
1

2πi

∫

|s|=1

(1 + z)B1(1 + s2z)B3(1 + s4z)B5 · · ·

(s− z)(1 − sz)B2(1− s3z)B4 · · ·
ds

Note that, because |z| < 1, the integrand has a single pole inside the unit circle |s| = 1 at
s = z. Therefore, by the Residue Formula:

diag(FX)(z) = ress=z
1

s− z

(
(1 + z)B1(1 + s2z)B3 · · ·

(1− sz)B2(1− s3z)B4 · · ·

)

=
(1 + z)B1(1 + z3)B3 · · ·

(1− z2)B2(1− z4)B4 · · ·
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Therefore, our generating function is given by

diag(FX)(z) =

⌈m
2
⌉∏

ℓ=1

(1 + z2ℓ−1)B2ℓ−1

( ∞∑

k=0

z2ℓk

)B2ℓ

. (3.4)

Step 3 (Asymptotics of the coefficients): We claim that the coefficient of zi in the
expansion of (3.4) is less than or equal to the coefficient of zi in

( ∞∑

k=0

zk

)D

. (3.5)

To see this, let f(z) =
∑∞

i=0 fiz
i and g(z) =

∑∞
i=0 giz

i be power series with non-negative
coefficients. Let us say that f(z) ≤ g(z) if, for all i ≥ 0, fi ≤ gi. Then for any other power
series h(z) with non-negative integer coefficients, it is easy to see that

f(z)h(z) ≤ g(z)h(z).

Taking f(z) = 1 and h(z) = g(z), this implies that for all A < B,

g(z)A ≤ g(z)B .

Applying this to (3.4), we have

⌈m
2
⌉∏

ℓ=1

(1 + z2ℓ−1)B2ℓ−1

( ∞∑

k=0

z2ℓk

)B2ℓ

≤

⌈m
2
⌉∏

ℓ=1

(1 + z2ℓ−1)C

( ∞∑

k=0

z2ℓk

)C

≤

⌈m
2
⌉∏

ℓ=1

( ∞∑

k=0

zk

)2C

= (3.5).

We now conclude the proof of the theorem as follows. Given a partition J ⊢ i, denote by |J |
the number of blocks in the partition J . With this notation, for i >> D, the coefficient of
zi in the expansion of (3.5) is at most

D∑

j=1

(
D

j

)
j!|{J ⊢ i | |J | = j}| ≤

D∑

j=1

(
D

j

)
j!|{J ⊢ i}|. (3.6)

The bound on the left-hand side comes from observing that the coefficient of zi is the number
of all possible ways of choosing 1 ≤ j ≤ D factors zi1 , . . . , zij with ia > 0 from the D factors
in (3.5) such that i1 + . . .+ ij = i. In other words, this amounts to choosing j factors which
have positive powers of z (from the D total factors) along with an ordered partition of i into
j pieces. Since partitions are naturally unordered, the set of ordered partitions with j pieces
has at most j! elements for each unordered partition with j pieces.

The Hardy-Ramanujan asymptotic for the number |{J ⊢ i}| of partitions of i gives
C1, C2 > 0 so that

|{J ⊢ i}| ≤ C1e
C2

√
i. (3.7)
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Applying this to the upper bound (3.6) gives

(3.6) ≤ C1e
C2

√
i




D∑

j=1

(
D

j

)
j!




≤ D!C1e
C2

√
i




D∑

j=1

(
D

j

)


≤ 2DD!C1e
C2

√
i.

Consequence: bounding the representation unstable cohomology of products.
The following corollary is also a key ingredient in bounding the representation unstable
cohomology of configuration spaces.

Corollary 3.3. Let X be a connected space such that dimH∗(X;Q) <∞. For each 0 ≤ a ≤
n there are constants K,L > 0 so that for each i ≥ 0, and for all n ≥ 1:

dim(H i(Xn;Q)Sn−a) ≤ KeL
√
i.

Proof. Since the action Sn−a leaves invariant the first n − a factors of Xn and acts as the
identity on the last a factors, there is, for each i ≥ 0, an isomorphism:

H i(Xn)Sn−a =
⊕

p+q=i

Hp(Xn−a)Sn−a ⊗Hq(Xa). (3.8)

Since this sum has i+1 terms, it suffices to bound the dimension of each summand by KeL
√
i.

Since dimH∗(X;Q) < ∞ and since a is fixed, there is a constant C, not depending on q,

so that dim(Hq(Xa)) ≤ C. It thus suffices to bound each Hp(Xn−a)Sn−a by KeL
√
i. Now

transfer together with Theorem 3.2 gives dim(Hp(Xn−a)Sn−a) ≤ KeL
√
p ≤ KeL

√
i for some

constants K,L, since p ≤ i.

3.3 Bounding the representation unstable cohomology of configuration

spaces

We build on the subexponential upper bounds for products in the last section to prove the
corresponding result for configuration spaces.

Theorem 3.4. Let X be a smooth, orientable manifold with dim(H∗(X;Q)) < ∞ (e.g. X
compact). Then the co-FI manifold PConf•(X) has convergent singular cohomology.

Proof. Fix a ≥ 0. Denote by Sn−a the subgroup Sn−a × 1 ⊂ Sn. We will prove that there is
a function Fa(i), subexponential in i, so that:

dim
(
H i(PConfn(X);Q)

)Sn−a
≤ Fa(i)
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for all i ≥ 0. Let m be the real dimension of X, and denote by A(n,m) the graded commu-
tative algebra

A(n,m) := Q[{Gab}1≤a6=b≤n]/I

where |Gab| = 2m− 1 and I is the ideal generated by the elements

Gab −Gba

GabGac +GbcGba +GcaGcb

for a < b < c distinct. The group Sn acts on A(n,m) via σ · Gab := Gσ(a)σ(b) . Totaro [To,
Theorem 4] has shown that H∗(PConfn(X);Q) is isomorphic, as a graded Sn-representation,
to a sub-quotient of

H∗(Xn;Q)⊗A(n,m),

with the natural action on each factor.
Note that, for any short exact sequence of Sn-representations

0 // V0 // V1 // V2 // 0

over a field of characteristic 0, there exists an Sn-equivariant splitting

V1 ∼= V0 ⊕ V2.

In particular,
dimV Sn

1 = dimV Sn
0 + dimV Sn

2 ,

and, more generally, if V is any sub-quotient of an Sn-representation W , we have

dimV Sn ≤ dimW Sn .

Let V and W be any two Sn-representations. The identity dim(V Sn) = 〈χV , 1〉 and the
Cauchy-Schwarz inequality give:

dim(V ⊗W )Sn = 〈χV⊗W , 1〉

=
1

n!

∑

σ∈Sn

χV (σ)χW (σ)

≤
1

n!

√√√√
(
∑

σ∈Sn

χV (σ)2

)(
∑

σ∈Sn

χW (σ)2

)

=
√

〈χV ⊗2 , 1〉〈χW⊗2 , 1〉

=
√

dim((V ⊗2)Sn) dim((W⊗2)Sn).

Specializing to our setting, we conclude that it suffices to show that

(dim
(
H i(X(C)n;Q)⊗2

)Sn−a
) · (dim(A(n,m)⊗2)Sn−a) ≤ Fa(i)
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for some Fa(i) subexponential in i. For the first factor, by Künneth and the definition of the
action, we have

(H i(Xn;Q)⊗2)Sn−a ⊂ H2i(Xn ×Xn;Q)Sn−a

∼= H2i((X ×X)n;Q)Sn−a

∼=

2i⊕

j=0

Hj((X ×X)n−a;Q)Sn−a ⊗H2i−j((X ×X)a;Q).

By transfer, this is isomorphic to

2i⊕

j=0

Hj(Symn−a(X ×X);Q) ⊗H2i−j((X ×X)a;Q)

Let C = maxi bi(X ×X), and let D = C · 2m. By Künneth, for all j < 2i,

dimH2i−j(X2a;Q) ≤ (2i− j)Ca.

Combining this with Theorem 3.2, we see that

dim(H i(Xn;Q)⊗2)Sn−a ≤
2i∑

j=0

dim
(
Hj(Symn−a(X ×X);Q)

)
(2i− j)Ca

≤
2i∑

j=0

2DD!C1e
C2

√
j(2i− j)Ca

≤ 2DD!Ca(2i)2C1e
C2

√
2i.

It remains to bound dim(A(n,m)⊗A(n,m))
Sn−a

i . Well,

(A(n,m)⊗A(n,m))i =
⊕

p+q=i

(A(n,m)p ⊗A(n,m)q) (3.9)

Since the right-hand side of (3.9) has at most 2i terms, it suffices to bound each [A(n,m)p⊗
A(n,m)q]

Sn−a . By the Cauchy-Schwartz inequality, as above, it suffices to bound [A(n,m)p⊗
A(n,m)p]

Sn−a for each 1 ≤ p ≤ i. To obtain this bound, first note that the algebra A(n,m)
is isomorphic to A(n, 2) via an isomorphism that takes the pth graded piece of A(n, 2) to the
(2m − 1)pth graded piece of A(n,m). Since m is fixed and so 2m − 1 is fixed, it suffices to
bound [A(n, 2)p ⊗A(n, 2)p]

Sn−a in terms of i, for each 1 ≤ p ≤ i.
Lehrer-Solomon [LS] give an explicit description of A(n, 2) as a sum of induced represen-

tations
A(n, 2)p =

⊕

µ

IndSn

Z(cµ)
(ξµ)

where µ runs over the set of conjugacy classes in Sn of permutations having n−p cycles, cµ is
any element of the conjugacy class µ, and ξµ is a one-dimensional character of the centralizer
Z(cµ) of cµ in Sn (we will not need an explicit description of ξµ). It follows that
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(A(n, 2)p ⊗A(n, 2)p)
Sn−a =

⊕

µ,ν

[IndSn

Z(cµ)
(ξµ)⊗ IndSn

Z(cν)
(ξν)]

Sn−a (3.10)

where ν is defined similarly to µ. The summands contributing to the first (resp. second)
A(n, 2)p factor in (3.10) correspond to conjugacy classes cµ (resp. cν) in Sn decomposing into
n−p cycles. The number of such conjugacy classes is in bijection with the set of partitions of
p, which is less than the number of partitions of i since p ≤ i. Thus the number of terms in
the sum on the right-hand side of (3.10) is, by (3.7), at most [C1e

C2

√
i]2 = C2

1e
2C2

√
i. As this

is subexponential in i, it suffices to bound the dimension of [IndSn

Z(cµ)
(ξµ)⊗ IndSn

Z(cν)
(ξν)]

Sn−a .

Now, a permutation cµ decomposing into n − p cycles must have at least n − 2p fixed
points. This implies that the centralizer Z(cµ) contains the subgroup Sn−2p, and thus Sn−2i

since p ≤ i. It follows that IndSn

Z(cµ)
(ξµ) is a subrepresentation of IndSn

Sn−2i
(ξµ). Thus

[IndSn

Z(cµ)
(ξµ)⊗ IndSn

Z(cν)
(ξν)]

Sn−a ⊂ [IndSn
Sn−2i

(ξµ)⊗ IndSn
Sn−2i

(ξν)]
Sn−a (3.11)

Let χµ and χν denote the characters of ξµ and ξν , respectively. The right-hand side of
(3.11) consists of the set of bilinear functions f : Sn × Sn // C satisfying

f(σ · g, τ · h) = χµ(σ)χν(τ)f(g, h) ∀σ, τ ∈ Sn−2i and ∀g, h ∈ Sn

and
f(g · β, h · β) = f(g, h) ∀β ∈ Sn−a and ∀g, h ∈ Sn.

It follows that the dimension of this vector space is at most the number of double cosets

Sn−a\[Sn/Sn−2i × Sn/Sn−2i].

We claim that this number is polynomial in i. Indeed, it is equal to the number of maps
f : {1, . . . , a} //{1, . . . , 2i, ⋆}×{1, . . . , 2i, ⋆} such that |f−1(j, k)| ≤ 1 and |f−1(j, ⋆)|, |f−1(⋆, k)| ≤
(n−2i)2. Since a is fixed, this number is bounded by a constant times the number of subsets
of {1, . . . , 2i, ⋆} × {1, . . . , 2i, ⋆} of size ≤ a, which is O(i2a). This completes the proof of
Theorem 3.4.

4 Stability of arithmetic statistics

Throughout this section we will fix a prime power q = pd and a prime ℓ not divisible by p.

4.1 Point counting and étale cohomology

Let Y be a scheme of finite type (not necessarily smooth) over Z[1/N ]. We can base change
to Spec(Fp) for any prime p ∤ N , and for any positive power q = pd we can consider both
the Fq-points as well as the Fq-points of Y , where Fq is the algebraic closure of Fq. The
geometric Frobenius morphism Frobq : Y // Y acts on Y (Fq) by acting on the coordinates
(y1, . . . , yd) of any affine chart of y via

Frobq(y1, . . . , yd) := (yq1, . . . , y
q
d).
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A point y ∈ Y (Fq) will be fixed by Frobq precisely when y ∈ Y (Fq). Thus

Y (Fq) = Fix(Frobq : Y (Fq) // Y (Fq)).

Fix a prime ℓ not dividing q, and let Qℓ denote the ℓ-adic rationals. Let H∗
et(Y/Fq

;Qℓ)

(resp. H∗
et,c(Y/Fq

;Qℓ)) denote the étale cohomology groups (resp. compactly supported étale

cohomology groups) of the base change Y/Fq
of Y to Fq (see, e.g., [De2, Mi]). Denote by

Qℓ(−i) the rank 1 Gal(Fq/Fq)-representation on which Frobenius acts by qi.
Let V be a constructible, rational ℓ-adic sheaf on Y (cf. e.g. [FK]). If y ∈ Y (Fq) is a

fixed point for the action of Frobq, then Frobq acts on the stalk Vy over y. Attached to this
action is its trace Tr

(
Frobq : Vy

//Vy). The twisted Grothendieck–Lefschetz Trace Formula
([FK, Theorem II.3.14] and [De2, 6.1.1.1]) gives:

∑

y∈Y (Fq)

Tr
(
Frobq : Vy

// Vy) =

2 dim(Y )∑

i=0

(−1)iTr
(
Frobq : H

i
et,c(Y ;V) //H i

et,c(Y ;V)
)

(4.1)

When Y is smooth, Poincaré duality for étale cohomology [Mi, Theorem 24.1] gives

H i
et,c(Y/Fq

;V) ∼= H
2 dim(Y )−i
et (Y/Fq

;V(− dim(Y )))∗. (4.2)

Plugging this into Equation (4.1) gives, for smooth Y :

∑

y∈Y (Fq)

Tr
(
Frobq : Vy

// Vy) = qdim(Y )

2 dim(Y )∑

i=0

(−1)iTr
(
Frobq : H

i
et(Y ;V)∗ //H i

et(Y ;V)∗
)

(4.3)

Sn-schemes. Now let Z be smooth and quasi-projective over Z[1/N ]. Suppose that the
symmetric group Sn acts generically freely on Z by automorphisms, and let p : Z // Y
denote the quotient map. By [Mu, Theorem p. 63 and Remark p. 65 (Ch. 2.7)], Y is a
scheme. It is typically not smooth even when Z is smooth.

Recall that any finite-dimensional representation of Sn over a field of characteristic 0 is
defined over Q. There is a bijective correspondence between isomorphism classes of finite-
dimensional Sn-representations and finite-dimensional constructible sheaves on Y that be-
come isomorphic to Q⊕n

ℓ when pulled back to Z: Given an Sn-representation V over Qℓ, one
can form an Sn-equivariant, locally constant sheaf V over Z with fiber V . Pushing forward
to Y and taking Sn invariants, i.e. (p∗V)Sn , we obtain a constructible sheaf of Qℓ vector
spaces over Y which is a sheaf-theoretic analogue of the usual topological diagonal quotient
“Z ×Sn V ”.

Suppose that y ∈ Y (Fq) is fixed by Frobq. Then Frobq acts on the fiber p−1(y). Now
Sn acts transitively on p−1(y) with some stabilizer H (not depending on ỹ ∈ p−1(y)), and
so we can identify p−1(y) with Sn/H. The Frobq action on p−1(y) commutes with this Sn
action, and so it is determined by its action on a single basepoint, which we choose once
and for all to be H. Now Frobq(H) = σyH for σy ∈ Sn. Following Gadish [Ga], for any
Sn-representation V and any coset σH of Sn, we set

χV (σH) :=
1

|H|

∑

h∈H
χV (σh).
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With this notation we have:

Tr(Frobq : Vy
// Vy) = χV (σyH) (4.4)

which we denote simply by χV (Frobq;Vy). More generally:

Definition 4.1. For any class function P , and any y ∈ Y fixed by Frobq, define P (y) by:

P (y) :=
1

|H|

∑

h∈H
P (σyh). (4.5)

An elementary check shows that the definitions above are independent of the choice of
coset H, since the action of Sn is transitive on fibers.

Plugging Equation (4.4) into Equation (4.1) now gives:

∑

y∈Y (Fq)

χV (Frobq;Vy) =

2 dim(Y )∑

i=0

(−1)iTr
(
Frobq : H

i
et,c(Y ;V) //H i

et,c(Y ;V)
)

(4.6)

The right-hand side of (4.6) could be computed from the eigenvalues λij of Frobq on each
H i

et,c(Y ;Qℓ). Typically one only has estimates on |λij |. For example, for Y smooth and

proper, the Riemann Hypothesis for finite fields (proved by Deligne) gives that |λij | = qi/2.
Many natural examples Y , including many of those we study in this paper, are not proper,
and finding the λij is more difficult.

Given that we only have general bounds on the eigenvalues of Frobq, to bound the traces
of Frobq we must determine the dimensions of each H i

et,c(Y ;V). To do this, we follow the

argument in §3.3 of [CEF2]. First note that the pullback Ṽ of V to Z is trivial. We then
compute:

H i
et,c(Y ;V) ∼= H i

et,c(Z; Ṽ)
Sn by transfer

∼= (H i
et,c(Z;Qℓ)⊗ V )Sn by triviality of Ṽ|Z

∼= (H
2 dim(Z)−i
et (Z;Qℓ(dim(Z)))∗ ⊗ V )Sn by Poincarè duality

∼= H
2 dim(Z)−i
et (Z;Qℓ(dim(Z)))∗ ⊗Qℓ[Sn] V

(4.7)

Because every Sn-representation is self-dual, it follows that

dimQℓ
H i

et,c(Y ;V) =
〈
V,H

2 dim(Z)−i
et (Z;Qℓ)

〉
Sn

(4.8)

where 〈V,W 〉Sn is the usual inner product of Sn-representations V and W :

〈V,W 〉 = dimQℓ
HomQℓ[Sn](V,W ).
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4.2 Co-FI schemes with convergent étale cohomology

Now that we have discussed schemes, and Sn-schemes, we are ready to discuss sequences of
Sn-schemes.

Let Z be a co-FI scheme, smooth and quasi-projective over Z[1/N ]. For each i ≥ 0,
the étale cohomology H i

et(Z•/Fq
;Qℓ) is an FI-module over Qℓ. We want to consider the

implications of finite generation of this FI-module for point-counting problems over Fq for
the sequence of schemes Zn/Sn (cf. [Mu, Theorem p. 63 and Remark p. 65]).

As discussed in [CEF1], any partition λ of any k ≥ 1 determines a finitely-generated
FI-module V (λ) with V (λ)n being the irreducible representation of Sn corresponding to the
partition (n− |λ|) + λ.

Definition 4.2. Let K be a field, and let M• be a finitely generated Gal(K/K)-FI-module
over Qℓ with stable range N . Let λ be a partition of n, let V (λ) the associated FI-module, and
let D = max{N,λ1}. Define the stable λ-isotypic partMλ ofM to be the Gal(Fq/Fq)-module

Mλ := MD ⊗Qℓ[SD] V (λ)D.

More generally, for a character polynomial P , we define the stable P -isotypic part of M to
be the Qℓ-virtual Galois module MP obtained as a linear combination of the Mλ, with the
sum taken in the representation ring of Gal(K/K) with Qℓ-coefficients.

Lemma 2.2 shows that for n ≥ D, there are canonical Galois-equivariant isomorphisms

Mn ⊗Qℓ[Sn] V (λ)n
∼=

//Mn+1 ⊗Qℓ[Sn+1] V (λ)n+1

and similarly for the stable P -isotypic parts for n ≥ D.
We can now give the following theorem, which generalizes earlier special cases by Ellenberg-

Venkatesh-Westerland [EVW], Ellenberg [E], and Church-Ellenberg-Farb [CEF2]. Its proof
is along the exact same lines of the previous proofs. We hope that the generality of the
statement here will be useful in future work.

Theorem 4.3 (Convergent Grothendieck-Lefschetz). Let Z be a smooth, quasi-projective
co-FI over Fq, and set Yn := Zn/Sn (we do not assume Yn smooth over Z[1/N ]). Assume
that for each i ≥ 0 the FI-module H i

et(Zn/Fq
;Qℓ) is finitely generated, and, for a character

polynomial P , denote by H i
et(Z)

∗
P the dual of the stable P -isotypic part. If Z has convergent

étale cohomology over Fq , then for any character polynomial P :

lim
n //∞

q− dimYn
∑

y∈Yn(Fq)

P (y) =

∞∑

i=0

(−1)iTr
(
Frobq 	 H i

et(Z)
∗
P

)
, (4.9)

and, taking the absolute value :

lim
n //∞

q−dimYn |
∑

y∈Yn(Fq)

P (y)| ≤

∞∑

i=0

〈P,H i
et(Z)〉

qi/2
<∞. (4.10)

If Z only has weakly convergent cohomology with convergence rate λ, then (4.9) and (4.10)
hold for all q > λ.
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Remark 4.4.

1. Specializing the Theorem 4.3 to the case P = 1 gives

lim
n //∞

q−dimYn |Yn(Fq)| =

∞∑

i=0

(−1)iTr
(
Frobq 	 H i

et(Y )∗
)
, (4.11)

where H i
et(Y )∗ denotes the stable rational étale cohomology of the sequence Y1, Y2, . . ..

2. The bound (4.10) is sharp, as is seen by taking Zn = (P1)n, Yn = Pn, and P = 1.

Proof of Theorem 4.3. Because all of the equations in the statement of the theorem are Qℓ-
linear in P , it suffices to prove the theorem for P = Pλ, the character polynomial of the
finitely generated FI-module V (λ)(cf. Theorem 2.3 above). Let Vn correspond to the twisted
sheaf on Yn corresponding to the representation V (λ)n.

We show that the left side of (4.9) converges by showing that the sequences

n 7→ q−dimYn
∑

y∈Yn(Fq)

P (y) (4.12)

is Cauchy. To start, note that

∑

y∈Yn(Fq)

P (y) =

2 dim(Yn)∑

i=0

(−1)iTr
(
Frobq : H

i
et,c(Yn;Vn) //H i

et,c(Yn;Vn)
)

=

2 dim(Zn)∑

i=0

(−1)iTr
(
Frobq 	 H

2 dim(Zn)−i
et (Zn;Qℓ(dim(Zn)))

∗ ⊗Qℓ[Sn] V (λ)n)
)

(by Equation (4.7))

=

2 dim(Zn)∑

i=0

(−1)iTr
(
Frobq 	 H i

et(Zn;Qℓ(dim(Zn)))
∗ ⊗Qℓ[Sn] V (λ)∗n

)
. (4.13)

where the last equation uses the self-duality of Sn-representations.
Denote by N(n, P ) the slope of stability of H∗

et(Z•;Qℓ) for V (λ), i.e. the number such
that for all i ≤ N(n, λ),

H i
et(Zn;Qℓ)⊗Qℓ[Sn] V (λ)n ∼= H i

et(Z)P .

Let FP (i) denote the subexponential function in Definition 3.1 guaranteed by the assumption
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that Z has convergent étale cohomology. Then, for n > m:

|q−dimYn(
∑

y∈Yn(Fq)

P (y))− q− dimYm(
∑

y∈Ym(Fq)

P (y))|

=|

2 dim(Zn)∑

i=0

(−1)iq−dim(Zn)Tr
(
Frobq 	 H i

et(Zn;Qℓ(dim(Zn)))
∗ ⊗Qℓ[Sn] V (λ)∗n

)

−

2 dim(Zm)∑

i=0

(−1)iq− dim(Zm)Tr
(
Frobq 	 H i

et(Zm;Qℓ(dim(Zm)))∗ ⊗Qℓ[Sm] V (λ)m
)
|

(by Equations (4.1) and (4.13))

≤

∞∑

i=0

q−i/2|〈P,H i
et(Zn;Qℓ)〉 − 〈P,H i

et(Zm;Qℓ)〉| (by Deligne)

=
∞∑

i=N(m,P )

q−i/2|〈P,H i
et(Zn;Qℓ)〉 − 〈P,H i

et(Zm;Qℓ)〉|

(by étale representation stability)

≤

∞∑

i=N(m,P )

2q−i/2FP (i). (by convergent cohomology)

Because N(m,P ) tends to ∞ with m, and because FP (i) is sub-exponential in i, we see that
the sequence (4.12) is Cauchy. Similarly, we see that the right side of (4.9)

∞∑

i=0

(−1)iTr(Frobq 	 H i
et(Z)

∗
P )

converges as a consequence of the existence of the stable P -isotypic part, Deligne’s bounds
on the eigenvalues of Frobq and the existence of the sub-exponential bounds FP (i).

It remains to show that the two limits agree. For this, we have

|q−dimYn
∑

y∈Yn(Fq)

P (y)−

2 dim(Zn)∑

i=0

(−1)iTr(Frobq 	 H i
et(Z)

∗
P )| (4.14)

=|

2 dim(Zn)∑

i=0

(−1)i
(
Tr
(
Frobq 	 H i

et(Zn;Qℓ(dim(Zn)))
∗ ⊗Qℓ[Sn] V (λ)∗n

)

− Tr
(
Frobq 	 H i

et(Z)
∗
P

) )
| (by Equation (4.13))

=|

2 dim(Zn)∑

i=N(n,P )+1

(−1)i
(
Tr
(
Frobq 	 H i

et(Zn;Qℓ(dim(Zn)))
∗ ⊗Qℓ[Sn] V (λ)∗n

)

− Tr
(
Frobq 	 H i

et(Z)
∗
P

) )
| (by étale representation stability)

≤

2 dim(Zn)∑

i=N(n,P )+1

2q−i/2FP (i). (by Deligne and convergent cohomology)
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Because FP (i) is subexponential in i, we conclude that (4.14) becomes arbitrarily small as n
approaches ∞, which proves the theorem.

We can now prove Theorem C from the introduction, as well as the following.

Theorem 4.5 (Statistics for Symn
X). Theorem C with PConfn(Y ) (resp. UConfn(Y ))

replaced by Y n (resp. Symn(Y )) holds.

Proof of Theorem C and Theorem 4.5. Theorem A gives that, for each i ≥ 0, the FI-modules
H∗

et(X
•;Qℓ) and H∗

et(PConf•(X);Qℓ) are finitely generated. Corollary 3.3 (resp. Theo-
rem 3.4) gives that the singular cohomology H∗(X•;Q) (resp. H∗(PConf•(X);Q)) of the
co-FI scheme X• (resp. PConf•(X)) is convergent. Since each of these co-FI schemes is
normally compactifiable, it follows from base change (cf. Theorem 2.6 above) that the corre-
sponding étale cohomology groups are convergent. Now apply Theorem 4.3.

In special cases it is possible to compute the right hand side of Equation (4.9) explicitly.

Example 4.6. WhenX = Ar, we can explicitly compute polynomial statistics on UConfn(A
r),

extending the main theorem of [CEF2]. Indeed, the computations of Arnol’d [Ar] and F. Co-
hen [Coh, §2] combine with results of Björner–Ekedahl [BE, Theorem 4.9] to show that
H∗

et(PConfn(A
r)Fq

;Qℓ) is a graded algebra generated by classes in degree 2r − 1 with eigen-
values of Frobq equal to qr. As a result, for any character polynomial Pλ:

Tr(Frobq : H
i
et(UConfn(A

r);V)∗ //H i
et(UConfn(A

r);V)∗)

=

{
0 if i 6= k(2r − 1)
q−kr〈Pλ,H

i
et(PConfn(A

r);Qℓ)〉 if i = k(2r − 1)

Here we have, as above, applied Poincarè duality to replace the compactly supported coho-
mology of the smooth schemes UConfn(A

r) with (the Tate twist of) the dual of ordinary
étale cohomology. We thus have, for all P ,

lim
n //∞

q−nr
∑

y∈UConfn(Ar)(Fq)

P (y) =

∞∑

i=0

(−1)i(2r−1)q−ir〈P,H
i(2r−1)
et (PConf(Ar))〉.
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