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The dissertation presents results on control and state estimation for a physics-based
“Stefan” model of phase change. Design procedures, theoretical analysis, applications to industrial
processes, and experimental validation are addressed. The Stefan model describes a time-
evolution of a material’s temperature profile during melting/solidification phenomena along with
the dynamics of the liquid-solid interface position. The mathematical description comprises a
parabolic Partial Differential Equation (PDE), defined on a time-varying spatial domain, whose
boundary position dynamics are governed by an Ordinary Differential Equation (ODE) driven

by the PDE’s state. None of the existing systematic and theoretical control are applicable to this
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problem due to the system’s geometric nonlinearity as well as the infinite dimensionality. We
design a boundary heat control to promote the melting so that the liquid-solid interface position
is driven to a desired setpoint position. Our design is an extension of the “PDE backstepping”
method to the Stefan system. The closed-loop stability is proven by Lyapunov analysis. The
constraints of the temperature state and the heat input are guaranteed by virtue of the maximum
principle. Analogous results for the state estimation are also developed to estimate the entire
temperature profile from available measurements of the surface temperature and the liquid-solid
interface position.

The latter half of the dissertation is devoted to the application of the designed method to
several practical problems. First, we introduce a Stefan model of “sea ice”, which has been studied
intensively due to the recent rapid melting of sea ice. We verify the desired robust performance
of the designed estimator in a numerical simulation, which incorporates further complexity in
the model and uncertainties. Second, we focus on “lithium-ion batteries”, which have become
ubiquitous in electronic devices, such as laptops and smartphones, and in electric vehicles. The
model is described by a Stefan system of the lithium-ion concentration due to a solid-solid phase
change in the electrodes during the charging and discharging cycles. Our estimator achieves
accurate State-of-Charge estimation in simulation. Third, we apply the designed control method
to “polymer 3D-printing” via screw extrusion for the sake of stabilizing the filament production
under a fast printing, by extending the design to deal with the convection and heat loss. Fourth,
we focus on “metal 3D-printing” which has a high impact on products and supply chains in
industries. The proposed control method is applied for generating the desired shape of the melt
pool, which shows the robust performance with respect to a radiation effect and sensor noise in
numerical study. Finally, we conduct experiments of melting paraffin wax as an energy storage

material, which shows the successful performance of our PDE-based control algorithm.
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Chapter 1

Phase Change Model-Stefan Problem

1.1 Introduction and Brief History

The Stefan problem is a well-known moving boundary problem modelling the thermody-
namic liquid-solid phase change phenomena. It is named after an Austrian physicist Josef Stefan,
who is one of the most distinguished and influential physicist in 19th century for his numerous
contributions to thermodynamics and heat transfer from the experimental perspective. Perhaps
the name is more recognized for Stefan-Bolzman’s law, which revealed that the materials with
its temperature 7' in absolute unit emits a radiative heat transfer which is proportional to T,
through Stefan’s experimental work and his student Ludwig Boltzman’s work on the theoretical
foundation.

After the publication of the thermal radiations law, Stefan started to focus on the thickness
evolution of polar ice caps motivated by observed data of ice growth and air temperature acquired
by British and German explorers during their expeditions. A long time before that, the phase
change model by moving boundaries has been studied by Joseph Black in 1762, and Franz
Neumann developed the solution in his lectures around 1860. However, Neumann’s result has not

been published until Weber’s paper in 1901. Stefan developed his analysis on the solution of ice



growth and studied the correspondence with the empirical data, which was published in 1891.
Since then, the model has been known as ”’Stefan problem”, and has been studied widely by later
researchers from middle of 1900s [33].

While there are several extended models on the phase change by incorporating additional
factors, throughout this chapter we introduce the one-dimensional one-phase Stefan problem by

assuming

e the temperature profile is uniformly distributed along a cross-sectional area

the solid phase temperature is uniformly distributed at the melting temperature
e there is no material’s convection

e the pressure field around the material is static and uniform

o the focused material is completely pure

In later chapters, we start to relax the first three assumptions one by one.

1.2 Physical Modelling

Consider a pure one-component material of length L in one dimension as depicted in
Fig. 1.1. The dynamics of the process depends strongly on the evolution in time of the moving
interface (here reduced to a point) at which phase transition from liquid to solid (or equivalently,
in the reverse direction) occurs. Therefore, the melting or solidification mechanism that takes
place in the physical domain [0, L] induces the existence of two complementary time-varying
sub-domains, namely, [0,s(¢)] occupied by the liquid phase, and [s(z),L] by the solid phase.
Assuming a temperature profile uniformly equivalent to the melting temperature in the solid

phase, a dynamical model associated with the melting phenomenon (see Fig. 1.1) involves only
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Figure 1.1: Schematic of one-dimensional one-phase Stefan problem. The temperature profile
in the solid phase is assumed to be a uniform melting temperature.

the thermal behavior of the liquid phase. Considering a melting material with a density p and

heat capacity C,, the local energy conservation law is given by
PCpTi(x,t) = —qx(x,t), x€(0,s(t)) (1.1)

where ¢(x,7) is a heat flux profile and T (x,t) is a temperature profile. Moreover, the local energy
balance at the position of the liquid-solid interface x = s(¢) involved with the latent heat leads to

the dynamics of the moving boundary

PAH™$(t) = q(s(1),1). (1.2)



At a fundamental level, the thermal conduction for a melting component obeys the well known

Fourier’s Law

q(x,t) = —kTy(x,1), x€0,s(t)] (1.3)

where k is the thermal conductivity. Therefore, the time evolution of the temperature profile in the
material’s domain can be obtained by combining the energy conservation (1.1) and the thermal

condition (1.3), which leads to the following heat equation of the liquid phase

Ti(x,t) =0T (x,1), x€(0,s(1)), (1.4)

_k_

en At the boundary x = 0, there are two cases of how to impose the boundary

where o :=
condition. One is that a heat flux enters as an external source which can be manipulated as a
controlled variable, denoted as ¢.(¢) and the boundary condition is derived using the thermal

conduction law (1.3). The other case is that the boundary temperature can be directly controlled

as T.(t). Hence, the boundary condition at x = 0 is either

_ka(OJ) ZCIC(I)a (15)

or

T(0,1) = T,(1). (1.6)

The boundary condition prescribed at x = s(¢) is involved with the melting temperature which

is the constant threshold level to cause the phase change from the solid to liquid under a static



pressure, i.e.,
T(s(t),t) =Tn. (1.7)

Other than the spacial boundary conditions, the time initial conditions needs to be defined as an

arbitral spatial function for the temperature profile and a positive valued interface position as
T(x,0) =To(x), s(0)=s0. (1.8)

If we don’t care about the dynamics of the moving boundary s(¢), PDE model (1.4)—(1.8) are
somewhat simple linear system. However, the tricky property of the Stefan problem lies in the
dynamics of the moving boundary s(¢). By combining the latent heat energy balance (1.2) and the
thermal conduction (1.3), one can derive the so called ”Stefan condition” defined as the following

nonlinear ODE

$(1) = —BTx(s(r),1), (1.9)

where 3 := # and AH* denotes the latent heat of fusion. Equation (1.9) expresses the velocity
of the liquid-solid moving interface.

As we have presented, there are two problems to describe the one phase Stefan problem
as a nonlinearly coupled PDE-ODE system depending on how to impose the boundary condition

at x = 0. Hereafter, we name each problem as PI (Problem I) and PII (Problem II) as follows.



PI : Neumann Boundary Actuation

Ti(x,t) =0Tu(x,1), x € (0,5(r)), (1.10)
—kT:(0,1) =qc(t), (1.11)
T(s(t),t) =T, (1.12)
$(1) = —BTx(s(t),1), (1.13)

PII : Dirichlet Boundary Actuation

T, =aTuw(x,1), x€(0,s(1)), (1.14)
T(0,t) =T.(t), (1.15)
T(s(t),t) =Tn, (1.16)
$(t) =—PTx(s(1),1) (1.17)

In addition, for each problem setup, there are two types of mathematical problem of how
to obtain the pair of solution as follows.

Direct Stefan Problem : Given ¢.(¢) in PI (or 7.(¢) in PII) as a prescribed function in
time, solve (T'(x,t),s(t)).

Inverse Stefan Problem : Given s() as a prescribed function in time, solve T'(x,) and
qc(t) in PI (or T,(¢) in PII).

Since we have established the model (1.10)—(1.13) in PI (or (1.14)—(1.17) in PII) based on
the situation that the domain x € [0,s(¢)] is occupied by the liquid phase, to maintain a physical

validity of the homogeneous melting material, the Stefan problem exhibits a important property



that is discussed in the following remark.

Remark 1 The formulation of the Stefan problem is a reasonable model only if the following

condition holds:

T(x,t) >Tyn, VYx€[0,s(¢)], Vr>0, (1.18)

0<s(tr)<L, Vr>O0. (1.19)

Hence, the model is valid if and only if the liquid temperature is greater than the melting
temperature, and the liquid-solid interface remains inside the material’s domain. One of the

conditions yields the following monotonicity of the moving interface.

Lemma 1 Ifthe model validity condition (1.18) holds, then the moving interface is monotonically

nondecreasing, i.e.,

§(1) >0, forall t>0. (1.20)

Lemma 1 is established using Hopf’s Lemma and a detailed proof can be found in [60].
To satisfy the conditions (1.18) and (1.19), it is plausible to impose the following assumption on

the initial values.

Assumption 1 The initial interface position satisfies so > 0 and the Lipschitz continuity of Ty(x)

holds, i.e.,

0 < Ty(x) — Ty < H(so —x). (1.21)

Assumption 1 is physically reasonable and consistent with Remark 1. Hereafter, we

always impose Assumption 1 without explicitly stating.



1.3 Explicit Solutions

Neumann solution by a constant boundary temperature

A well known analytical solution of the Stefan problem is so called "Neumann solution”,
named after the discovery of the solution by F. Neumann around 1860 [33]. The name might
be a kind of misleading because the solution is equivalent to the one under a constant Dirichlet
boundary condition (not Neumann boundary condition) at x = 0 as a direct Stefan problem in PII.

Thus, the condition is prescribed as
T.(t) =T, (1.22)

in PII. The Neumann solution to the equations (1.14)—(1.17) with the above condition is given by

7 Tb—Tm X
T (x,t) =Ty et (h) erf<2@> , (1.23)

s(t) =2AVou, (1.24)
where erf(-) is the error function defined by
2 (% _p
ert(x) = = [ "ar 1.25
W=—= 129

We can see that the pair of the solution (1.23) and (1.24) satisfy the model equation (1.14)—(1.17)

with the implicit parameter A which is a solution to the following nonlinear algebraic equation

Vkerf(L)er = Ste, (1.26)



where Ste is so called ”’Stefan number” defined by
Ste = —L_ (T, — T;,) (1.27)
e—=—— — . .
AHFVE T

Since the boundary temperature condition (1.22) is reasonable and simple, this pair of solution
(1.23) and (1.24) have been very popular among thermal and chemical engineers. Once we
consider the inverse Stefan problem of PI by prescribing the interface solution as (1.24), the

boundary heat flux is obtained as

B k(T, —T,) 1
qc(t) = et () Vo Vi (1.28)

In other words, for the boundary temperature 7'(0,¢) to maintain a constant value, the boundary

heat flux g.(¢) must be a decaying function in time which is proportional to %

Case 2 : Linear growth of the interface

Another known analytical solution can be obtain by the inverse Stefan problem of both PI
and PII. There, the interface dynamics is set as growing linearly in time, which can be described

as
s(t) =At, (1.29)

where A > 0 is a positive parameter. Then, one can see that the following solution of the

temperature profile

(e%(AH) _ 1) T, (1.30)



satisfies the governing equations (1.10)—(1.13) (or (1.14)—(1.17)). Thus, the associated boundary

condition in PI is given by

qe(t) = %e’ﬁﬁ (1.31)
in PI, or
T.(t) = % <e"§f _ 1) 4T, (1.32)
in PIL

1.4 Mathematical Analysis

This section is devoted to a rigorous analysis which is especially of interest to mathemati-
cians, that is, the existence and uniqueness of the classical solution. To begin, referring to [55],

the definition of the classical solution is defined as follows:

Definition 1 Under Assumption 1, a pair (T (x,t),s(t)) is the classical solution of the one-phase
Stefan problem (1.10)—(1.13) with q.(t) > 0 in PI (or (1.14)—(1.17) with T,(t) > T, in PII) for
allt < o, where 0 < 6 < o if

(i) Tyx and T; are continuous for 0 < x < s(t), 0 <t < o;

(ii) T and T are continuous for 0 < x < 5(t), 0 <t < ©;

(iii) T is also continuous fort =0, 0 < x < sp and 0 < liminf7 (x,#) < limsup T (x,t) < oo as
t—0,x—0;

(iv) s(t) is continuously differentiable for 0 <t < G;

(v) the equations (1.10)—(1.13) are satisfied.

Thus, the explicit solutions introduced in Section 1.3 are the classical solution. Again by

10



referring to [55], the existence and uniqueness of the classical solution can be guaranteed by the

following lemma.

Lemma 2 Assume that q.(t) in PI (or T.(t) in PII) and Ty(x) are continuously differentiable
functions for ¥t > 0 and Vx € [0,s0|. Then there exists a unique classical solution (T (x,t),s(t))
of the system (1.10)—(1.13) provided that q.(t) > 0 in PI (or the system (1.14)—(1.17) provided

that T(t) > T,, in PII) and Assumption 1 for all t > 0.

Once the existence and uniqueness of the solution is established, the validity of the model

is ensured by the following lemma.

Lemma 3 [f there is a unique classical solution of (1.10)—(1.13), then for any q.(t) > 0 in PI
(or To(t) > T, in PII) for all t < 6 where 0 < G < oo, the condition (1.18) holds, and (1.20) is
also satisfied by Lemma 1. In addition, if q.(t) > 0 in PI (or T;(t) > T,, in PII) holds then the

strong inequality of (1.18) and (1.20) holds.

The proof of Lemma 3 is based on Maximum principle as shown in [60]. Furthermore,

both Definition 1 and Lemma 2 can be extended to the generalized parabolic PDE
T, = ou(x,1) Ty + b(x, )T + h(x,1)T, (1.33)

provided that h(x,7) < 0 and the functions o, Oy, Oy, b, by, and h are Holder continuous for

0<x<oot>0.

1.5 Macroscopic Energy Balance

This section provides a physical perspective of the system. The conventional thermody-
namics gives the heat balance in macroscopic scale, known as the first law of the thermodynamics.

For the Stefan problem, the first law of the thermodynamics is obtained by taking the integration

11



of the local energy balance on the whole domain as

s(t)
PGy [ Tilxdx = ~(gls(6).0) = g(0.1). (134)

Combining the specific heat with the latent heat, the internal energy is defined as
s(t)
E(1) = pC, / (T (x,1) — T )dx + pAH"s(1). (1.35)
0

Taking the time derivative of (1.35) along the solution of (1.10)—(1.13), we can see that

dE
— (1) = qc(1). 1.36
Taking the time integration of (1.36) yields the following description of the macroscopic energy

conservation law

E()—E(0) = /0 ' ge(D)d. (1.37)

The left-hand side of (1.37) denotes the growth of internal energy, and its right-hand side denotes
the external work provided by the injected heat flux. This form directly captures the classical first

law of thermodynamics without heat dissipation.

1.6 Numerical Methods

This section presents the numerical method of 1D one-phase Stefan problem by referring
to [102]. While there are several methods, in this book we introduce a boundary immobilization
method (BIM) technique which shows an enough accurate data for 1D Stefan problem in cartesian
coordinate. The idea of BIM is to scale the original coordinate on time-varying domain to the new

coordinate on fixed domain. The resulting system through the scaling leads to a nonlinear coupled

12



PDE-ODE system. Then, we utilize some approximations for the spatial and time derivatives by

finite difference and Euler method, that yields a set of nonlinear difference equations.

Algorithm development by BIM

Let us introduce the following scaling of the spatial coordinate and the associated state

variable as

§:= S0 v(&,1) :=T(x,1). (1.38)

Then, the relations of the spatial and time derivatives are given by

Tnr) =3ovg(6.0) = ve(Bor) (139
e = (2) g6 = ven, (140

T) =5ven) +er) =~ e 6n) (6
__ is((tt)) ve(&,1) + v (&,1) (1.41)

First, we derive the numerical algorithm for Neumann boundary actuation setup in PI. Substituting

the above derivatives in (1.10)—(1.13), we obtain

v (E,1) :ﬁv%(g,l)—f—%\/g(g,t), 0<&<1 (1.42)
ve(0,1) ==k s(t)qe(t), (1.43)
v(1,1) =Ty, (1.44)

s(t) :—%%(I,I), (1.45)

13



The PDE state is evaluated at points § = ihfori =0, 1,--- ,N where N is the discretization number
and Nh = 1. Then, the number of the elements is N + 1. Thus, the following state variables are

defined
v (1) =v(ih,r), for i=0,1,2,--- N (1.46)

To approximate the spatial derivatives, we use the finite difference method. The first and second
spacial derivatives in second-order accurate scheme are obtained by

(+1) (5) — 1) (7
4 ()Zhv W, om), (1.47)

(1) (5} — 20 (i-1)
V{;y;(l'h,t)zv (t) th(t)” (t)+0(h2). (1.48)

V&(l'h,t) =

By evaluating the fixed domain PDE (1.42) at§ = ih fori =0,1,--- ,N — 1, the following N-th

ODE:s are derived
d o ; ; - is(t) ¢ .
LoDy = 2 @Dy n0) (i-1) DO D 1)
i (1) ERAE (v (r) =2V (r) +v (1)) + 25(0) (v (r)—v (1)), (1.49)

A reader might notice that the above equation at i = 0 includes an undefined value, that is, v~ ().
This is called fictitious value”, and it is obtained by applying (1.47) to the boundary condition at

& = 0in (1.43), which yields

VD (1) = v () + 20k s () e (1). (1.50)

v (1) = T, (1.51)

14



To describe the spatial derivative of the temperature at the moving interface position, we cannot
use the central approximation since there is no position one step forward than the moving
boundary. Instead, the finite difference approximation of the first derivative in second-order

accurate is given as in [102];

o B 3pV) (1) — 4v(N_1)(t) +p(V=2) (1)
0 == = : (1.52)

In addition, the time discretization is implemented by defining the discrete time states as

W=, si=s(jar), j=0,1,--- .M (1.53)

where M = |t;/At| with the final time #;. The well-known approximation is explicit Euler method
(a.k.a. forward Euler method) which has a first order accuracy. Applying Euler method to (1.49)
and (1.49), the numerical solution of the Stefan problem is obtained by employing the following

algorithm:

Algorithm 1: Time Update for Temperature Profile and Phase Interface
Input: so, {v}¥,
for j=0to M, do

. vﬁ.l) +2hk s jq.(jAt)

J
vEN) —Tn
(N) _ 4, (N=1) | (N-2)
j~<——B(3vj 4vj +v; )
J Zth

Sjp1 < 8j+ AL
fori=0toN—1,do

MO vE-i) + At (h%?(v('iﬂ) — W —I—v(i*l)) + ﬁ(v(&l) — vgil))>

J+1 J J J 2s;\Vj
end for
end for
. M i\N.M
Output: {s;}/=,, {v;}i20 =i

By defining the state vector v() = [v(¥(¢),v(D(¢),--- ,v®™=D(¢)] and substituting the
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Table 1.1: Physical properties of zinc

Description Symbol | Value

Density p 6570 kg-m—>
Latent heat of fusion | AH* 112000 J - kg™
Heat capacity Cp 390J-kg ! K™!
Thermal conductivity | k 116 w-m™!
Melting temperature | 75, 4195°C

boundary conditions, we obtain the nonlinear ODE:s for the state vector [(, s] as

1
d|v L (Av+g(v)) 200
E = (0 + WBQC(I) (1.54)
§ 2hE(t) (=N =D () N2 (1)) >
where
-2 2 0 0
1 -2 1 0 0
ol 0 1 —2 1 o0 0
A= (1.55)
0 o 1 -2 1
0 0 1 =2

In the case of Dirichlet boundary actuation given in PII, the fictitious variable vg._l) 1s not

needed since v_(io) directly captures the boundary temperature 7, (jAr). Hence, the algorithm is
replaced by VS-O = T.(jAr) and i starts from 1.

Simulation result

The numerical simulation of BMI is performed using the physical parameters of zinc

given in Table 1.1. We apply the Dirichelt boundary actuation setup with the constant boundary
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(a) Interface position dynamics of the analytical solution in (1.24) (black) and the numerical solution

(red).
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(b) Temperature profile dynamics of analytical solution in (1.23) (black) and the numerical solution at
t =0 (red), t =0.01 (blue), t = 0.1 (green)

Figure 1.2: Comparison of the analytical solution and the numerical solution by Algorithm 1.
The numerical solution converges to the analytical solution very quickly from an initial error.

temperature 7, = T,, + 10 [°C] with T;,, = 419.5 [°C]. As explained in Section 1.3, the explicit

solution under the constant boundary temperature is given by Neumann solution. Moreover, the
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solution in the scaled fixed domain is given by

T,—T,
erf (L)

v(€,1) =Ty — erf (AE), (1.56)

which is independent on time ¢. Hence, the numerical solution should approaches to the solution
(1.56). The initial data are set as so = 3 [mm] and Ty(x) = (T, — Tp,) (1 —x/s0)? + T}, which
satisfies the boundary conditions. Fig. 1.2 (a) depicts the interface position dynamics of the
simulation result of the numerical model and the analytical solution, which shows the good
correspondence as time goes. Also, Fig. 1.2 (b) depicts the temperature profile of the numerical
simulation at t = 0, t =0.01 [sec], t = 0.1[min], and the analytic solution, which illustrates that

the numerical solution converges to the analytic solution as time goes.
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Chapter 2

State Feedback Control Design

This chapter presents the design procedure of the control algorithm for the one-phase
Stefan problem. Due to the recent advancement of software performance, a sophisticated control
algorithm which is involved with highly complex computations has attained strong possibilities
for practical implementations. In addition, the phase changes appear in a variety of scientific
phenomena and industrial processes. Therefore, the design procedure of the control algorithm
for the Stefan problem is significant for numerous applications in science and engineering (we

introduce some examples in Part II).

2.1 Control Objective of Stefan Problem

This section states how the control problem is posed in the Stefan problem. Especially,

we focus on PI given in Chapter 1, i.e., we consider the design of boundary heat flux g.(z) > 0
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Figure 2.1: Control objective of the Stefan problem. We aim to design a heat flux input g.(?)
such that the interface position s(¢) is driven to the setpoint position s;.

for the state variables (7 (x,t),s(¢)) governed by the following coupled PDE-ODE system

T (x,1) =0T (x,1), x € (0,5(1)), 2.1)
—KT(0,1) =qe(r), (22)
T(s(t).1) =T, (23)
() = — BTa(s(0),1). (2.4)

How to achieve a desired size

In some engineering process, achieving a desired shape of the material is an important
task. For instance, in manufacturing industries, the desired shape is given based on the required
quality of the product. In 1D one phase Stefan problem, such a desired shape is equivalent to the
desired length of the liquid material. Therefore, it is significant to consider the design of boundary
heat flux to drive the liquid-solid interface position s(¢) to a given desired setpoint position s,.
At the desired state, both of the temperature profile and the interface position needs to be static.
Such a "steady-state” solution (Teq(x),Seq) of the system (2.1)—(2.4) is given by setting 7; = 0

and s(¢) = 0 in (2.1) and (2.4) and imposing the boundary condition (2.3). Thus, the steady-state
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solution satisfies

Te/(ll(x) =0, Teq(seq) = T, Te/q(seq) =0, (2.5)

which yields the steady-state temperature profile as a uniform melting temperature, i.e.,

Teq(x) = Tm (2.6)

for any given s,. Thus, the objective of the control design is to achieve the following asymptotic

convergence,

lim s(1) = s, 2.7)
t—o0
lim 7' (x,t) = Tny. (2.8)
t—o0

Setpoint restriction by an energy conservation

Clearly, the setpoint s, must be chosen to satisfy 0 < s, < L, as addressed in the condition
(1.19). In addition, the positivity of the manipulated heat flux in Lemma 3 imposes a restriction

on the setpoint given that system (2.1)—(2.4) satisfies the following energy conservation

s(1)
% <§/0 (T (x,1) — Tm)dx + %s(t)) = qc(t). (2.9)

Integrating (2.9) in ¢ from O to o and substituting (2.7) and (2.8), one can deduce that the heat

flux g.(r) that drives the system (2.1)—(2.4) to the desired setpoint satisfies the following relation

k k [50 oo
gl —s0) = o [ (o) T = [ qeloyar (2.10)
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From relation (2.10), one can deduce that for any positive heat flux control ¢.(¢) > 0, the internal
energy for a given setpoint must be greater than the initial internal energy. Thus, the following

assumption is required.

Assumption 2 The setpoint s, is chosen to satisfy
B [
so—l—a/ (To(x) — Ty )dx < sy < L. (2.11)
0

Therefore, Assumption 2 stands as the least restrictive condition for the choice of setpoint

and can be consequently viewed as a setpoint restriction.

Open-loop setpoint control law by energy shaping perspective

For any given open-loop control law ¢.(t) satisfying (2.10), the asymptotical stability of

the system (2.1)—(2.4) at s; can be established and the following lemma holds.

Lemma 4 Consider an open-loop setpoint control law q%(t) which satisfies (2.10). Then, the
interface converges asymptotically to the prescribed setpoint s and consequently, conditions (2.7)

and (2.8) hold.

The proof of Lemma 4 can be derived straightforwardly from (2.10). To illustrate the introduced
concept of open-loop “energy shaping control” action, we define AE as the left-hand side of

(2.10), i.e.,

k s
AE = (5= 50) — /0 (To(x) — Tyn)dx. (2.12)

k
§
For instance, the rectangular pulse control law given by

g for te€[0,AE/q]
qe(t) = (2.13)
0 for t>AE/q
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satisfies (2.12) for any choice of the boundary heat flux g and thereby, ensures the asymptotical

stability of (2.1)—(2.4) to the setpoint (T, s;).

Towards closed-loop feedback control

It is remarkable that adopting an open-loop control strategy such as the rectangular pulse
(2.13), does not allow to improve the convergence speed. Moreover, the physical parameters of
the model need to be known accurately. In engineering process, the practical implementation of
an open-loop control is limited by performance and robustness issues, thus closed-loop control
laws have to be designed to deal with such limitations.

In the following sections, we aim the design of closed-loop backstepping control law for
the one-phase Stefan problem in order to achieve faster exponential convergence to the desired
setpoint (T, s;) while ensuring the robustness of the closed-loop system to the uncertainty of
the physical parameters. In detail, for a given reference setpoint (7y,, s;), we define the reference

error states (u,X) as

u(x,t) =T (x,t) — T, X(t)=s(t)— s, (2.14)

respectively. Then, the reference error system associated to the coupled system (2.1)—(2.4) is

written as

u(x,1) =0y (x,1), 0 <x<s(1), (2.15)
u(0,1) = — k™' ge (1), (2.16)
u(s(r),r) =0, (2.17)
X (1) = — Bux(s(r),1). (2.18)

Hence, from the perspective of the reference error system (u, X ), the objective is to design g.()
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to stabilize the state variables (u,X) at (0,0), which is a standard description in control theory.

2.2 Basic Idea of PDE Control on Fixed Boundary

Overview

In this section, we introduce a well-known method of the control design for systems
described by PDEs. The method is "backstepping” which was firstly developed for nonlinear and
adaptive systems [92], and successfully extended to PDE of parabolic [141, 143], hyperbolic [94,
5], delays [97, 11], and adaptive systems [100, 144, 145]. Further advances on the backstepping
control of diffusion equations defined on a multidimensional space or involving in-domain coupled
systems can be found in [8, 43, 160, 161]. PDE backstepping design has been utilized for the
applications to oil drilling [134, 62, 167, 169], multi-agent system [59, 130], traffic control [179],
battery management [118, 117], mining cables [166, 168, 170], etc. The fundamental idea of the
backstepping is to introduce a "state transformation” to convert the original system to an ideal
stable system, and derive the control design to be consistent with the transformation.

Results devoted to the backstepping stabilization of coupled systems described by a
diffusion PDE in cascade with a linear ODE has been primarily presented in [95] with Dirichlet
type of boundary interconnection and extended to Neumann boundary interconnection in [153,
156]. For systems relevant with Stefan problem, [65] designed a backstepping output feedback
controller that ensures the exponential stability of an unstable parabolic PDE on a priori known
dynamics of moving interface which is assumed to be an analytic function in time. Moreover,
for PDE-ODE cascaded systems under a state-dependent moving boundary, [22] derived a local
stability result for nonlinear ODEs with actuator dynamics governed by a wave PDE defined on
a time- and state-dependent moving domain. Such a technique is based on the input delay and
wave compensation for nonlinear ODEs designed in [98, 10] and its extension to state-dependent

input delay compensation for nonlinear ODEs provided by [9]. While the results in [22] and
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[9] that cover state-dependence problems do not ensure global stabilization due to a so-called
feasibility condition that needs to be satisfied a priori, such a restriction was recently unlocked in
[37] which provides a global stability result. However, the result in [37] is limited to the case of

hyperbolic PDE in cascade with a nonlinear ODE.

Unstable reaction-diffusion PDE

As an introductory example of diffusion type systems of which the solution diverges in

time, let us consider the following diffusion reaction PDE

=t (x,1) +Au(x,1), 0 <x<1, (2.19)
u(0,1) =0, (2.20)
u(1,1) =0, (2.21)
u(x,0) =up(x). (2.22)

The solution to (2.19)—(2.21) is uniquely given by (see Section 3.1 in [99] for detail)
u(x,t) =y Cre®T ) gin (mnx). (2.23)
n=1

where C, = 2 [} ug(y) sin (nny) dy. The important characteristic of the solution (2.23) is the

2.2 . .
(A=m°n")t " For the solution not to diverge, the

time dependency, namely, the exponential term e
coefficient in the exponent A — 1>n” needs not to be positive for all n = 1,2,---. Clearly, this
condition holds if A < 72 by considering the case n = 1. Moreover, if A < 7% then the solution
converges to zero as t — oo.

In order for the solution to converge to zero under A > 7%, some actuation needs to be

manipulated. There are two distinct types of control problems for PDEs. One is “in-domain

control”, which renders actuators to be located inside the domain of the PDE, resulting in the
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control term to appear in PDE as a mathematical structure. The other is ”boundary control”, in
which the actuator is located only in the boundary of the PDE. Then, the control term only appears
in the boundary condition of the PDE. In general, the boundary control is more challenging to
design compared to the in-domain control, and even somewhat practical setup.

Referring to [99], we consider the boundary control at x = 1, with defining U(¢) as a

control input. Thus, the resulting problem we consider is

U =ty (x,1) +Au(x,1), 0<x<l, (2.24)
u(0,1) =0, (2.25)
u(1,1) =U ). (2.26)

The “backstepping design” is one of the most systematic method for the boundary control of
PDEs, which have been studied widely since the first work in [141]. The method introduces
a state transformation (called “backstepping transformation”) from the original state u(x,t) to

newly defined state w(x,¢) in the following form

w(x,t) = u(x,t) — /Oxk(x,y)u(y,t)dy, (2.27)

where k(x,y) is so called ”gain kernel” function which is solved later. The idea of the backstepping
is to design a stable target system”. Mostly, the target system is chosen to have a similar structure
as the original system with canceling some undesired (or adding some desired) terms for the
stabilization. For instance, in the reaction-diffusion PDE (2.24)—(2.26), the undesired term is

Au(x,t) in (2.24) as we have seen in the analytical solution (2.23). Hence, a natural choice of the
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target system is

we =wee(x,1), 0<x<I, (2.28)
w(0,1) =0, (2.29)
w(1,1) =0. (2.30)

The solution of the target system (2.28)—(2.28) converges to zero as we can see by substituting
A = 0 in the analytic solution (2.23). Next task is to find the gain kernel solution k(x,y) in the
transformation (2.27) to sustain the consistency between the original u-system (2.24)—(2.26) and
the target w-system (2.28)—(2.30). Taking the first and second spacial derivatives of (2.27), we

obtain

Wy (x,1) =ux(x, 1) — k(x, x)u(x,1) — /Oxkx(x,y)u(y,t)dy, (2.31)
Wi (X,1) =ty (x, ) — k(2,2 uy (x,7)

d X
- () + k) uton) - [Chaleutiiay @3
Taking the time derivative of (2.27) along the solution of (2.24)—(2.26) leads to
X
w0, = ) M) = [ C9) Gy (1) + D)y (2.33)

Using the integration by parts twice and the boundary condition (2.25),

/Oxk(x,y)uyy(y,t)dy =k(x,x)uy(x,1) — k(x,0)u,(0,7) — /Oxky(x,y)uy(y,t)dy
=k(x,x)uy(x,1) — k(x,0)u, (0,1)

~k(exulnt) + [k (xyu(ne)dy .34
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Substituting (2.34) into (2.33), we have

Wi (X,1) =t (x,1) — k(ox,x)ux (x, 1) + (ky (x,x) + X) u(x,1)

- k(r, 0)iax(0,1) — /O " (hyy (5,9) + Mk(x,)) u(y,1)dy (2.35)

Subtracting (2.32) from (2.35), we have

we(X,2) — wyx(x,2) = (Z%k(x,x) +7») u(x,t) +k(x,0)u(0,1)

[ alen) ky (e) = Ak(ea)ulldy  236)

To satisfy target PDE (2.28), the right hand side of (2.36) must be zero for any u(x,7), and thus

the following conditions of the gain kernel function must be satisfied:

kxx(xvy) _kyy<x7)’) :kk(x’y)a (237)
k(x,0) =0, (2.38)

d A
ak(x,x) == (2.39)

The solution to the PDE (2.37)—(2.39) is given by

k(x,y)z—kyﬁ, 7= /A2 —y?). (2.40)

where 1 (z) is a modified Bessel function of the first kind defined by

Li(z) = i L (%)mﬂ (2.41)

S=ym!(m+1)!

Evaluating (2.27) at x = 1 together with the boundary conditions of the original system (2.26)

28



and the target system (2.30), the control law is designed by

0 = [ K1t

_ P L(VA1—y?))
——7»/0 y ) u(y,t)dy. (2.42)

The conclusion here is that, the designed backstepping feedback controller (2.42) stabilizes the
unstable reaction diffusion PDE (2.24)—(2.26). This is how the design problem of PDE control is
solved via backstepping. For the mathematical analysis to conclude the closed-loop stability, we
need more analysis by guaranteeing the invertibility of the transformation and equivalence of the

norm, but we omit it here. We refer [99] to readers for more detailed procedure.

Unstable ODE cascaded with diffusion PDE

For an example of an unstable ODE cascaded with a diffusion PDE as in Stefan problem,

we consider the following system

w =tye(x,1), 0<x<1, (2.43)
uy(0,1) =0, (2.44)
u(l,t) =U(1), (2.45)
X(t) =AX(t) + Bu(0,1). (2.46)

where X € R" is an ODE state, A € R™" and B € R"*! are time invariant matrices of a controllable
pair. If there exists an eigenvalue of the matrix A which has a strictly positive value on its real
part, then there exists at least one element in the state vector X which diverges in time. In such a
case, the system becomes unstable, and some actuation is needed to stabilize. If the control input
can directly affect the ODE state, u(0,¢) in the right hand side of (2.46) is replaced by the control

input U (t). In such a case, a simple choice of a control input is U (t) = KX (t), where K € R!*"
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is a control gain to be chosen. Then, the closed-loop system becomes X (1) = (A + BK)X (t).
Hence, by choosing K such that the closed-loop matrix A 4+ BK is "Hurwitz” matrix (i.e. all the
eigenvalues have a strictly negative real part), all of the elements in the state X converge to zero,
and hence the system is stabilized.

However, if the effect of the input is propagated through the heat equation, the cascaded
PDE-ODE system (2.43)—(2.46) needs to be considered. The backstepping method can be applied
for the control design of such systems as well. Let us introduce the following backstepping

transformation

W) = (e = [ k(e)ul0dy = 007X (1), (2.47)
which maps to
wr =wyx(x,2), 0<x<1, (2.48)
wy(0,7) =0, (2.49)
w(l,t) =0, (2.50)
X (t) =(A+BK)X(t) + Bw(0,1). (2.51)

where K € R!*" is a control gain. The difference between u-system and w-system is on the system
matrix of ODE, namely, A and A 4+ BK. Since A + BK is chosen to be Hurwitz matrix, ODE
(2.51) is a stable system under the setting w(0,#) = 0. In addition, the heat equation (2.48) with
the boundary conditions (2.49) and (2.50) is stable system as we have discussed in (2.28)—(2.30).
Hence, we can see that the target system (2.48)—(2.51) is stable. (see [95] for its strict proof using

Lyapunov analysis).
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Taking the derivatives of (2.47) along the solution of (2.43)—(2.46), we obtain

i) =i (or) — k(e u(en) = [ ke yulnody - o (67X (0), 2.52)
) =) R ) = (K) + kG0 )
- [ katxyutnndy— o' (0 X (1), (2.53)
i (6,1) St (0,) — k()18 (5,0) -y (1), 1) — (ky(,0) + 0(x) B)u(0,1)

_ /0 "oy (¥ )u(y)dy — 0(x)TAX (1) (2.54)
Therefore,

wy (x,1) — Wy (x,1)
(2 T
= ZEk(x,x)) u(x,t) — (ky(x,0) +¢(x)" B)u(0,1)

+ /0 (ke (x,5) = kyy (2, 7))t (y,0)dy + (6 (x)T = 0(x) T A)X (1) (2.55)
Substituting x = 0 in (2.47) and (2.52), we have

w(0,1) =u(0,1) — d(0)T X (1), (2.56)

wi(0,1) =—k(0,0)u(0,£) — ' (0)T X (1), (2.57)

On the other hand, by the boundary condition (2.49), we need w,(0,¢) = 0. Also, by comparing
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ODE:s of (2.46) and (2.51), we require u(0,7) = KX (t) +w(0,7). Therefore, (2.55)—(2.57) yields

e (%,5) =kyy (%,7), (2.58)
k(x,x) =0, ky(x,0)+0(x)"B=0, (2.59)
0" ()" =0(x)"A, (2.60)
00)" =K, ¢'(0)" =0, (2.61)

The solution to (2.58)—(2.61) is given by

o(x)" = { K 01, ]eﬁ’x : (2.62)
k(x,y) = /()xyq’(z)Tde. (2.63)

where 0; ; € R/ is a zero matrix, I € R"*" is an identity matrix, and 4 € R27%21 g a matrix

defined by
A= ’ . (2.64)

Evaluating (2.47) at x = 1, the controller design is derived as

U) = [ K1 w00y +0(1)7X ()

1 1-y a 1 a 1
= [ K Oln] / / et Bdz | u(y,t)dy+e X() . (2.65)
’ 0 0
Onn On,n

Hence, the designed controller (2.65) stabilizes PDE-ODE cascades given in (2.43)—(2.46)
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Stefan-like cascaded diffusion PDE-ODE on fixed domain

Finally, we introduce PDE-ODE cascades which has a similar structure to the Stefan

problem given in (2.15)—(2.18) but on fixed domain. Let us replace the moving boundary terms

s(t) in (2.15)—(2.18) with a constant domain length D, and consider the following system

Uy =0ty (x,1), 0<x<D,

uy(0,1) =— k_]qc(t),
u(D,t) =0,

X(t) =—Bux(D,1).
Next, we introduce the following backstepping transformation
D
wt) =uCer) = [k y)ulnn)dy - o= D)X (1)
X
which transforms onto

Wy =0y (x,1), 0<x<D,
wy(0,1) =0,
w(D,t) =0,

X(t) =—cX(t) — Pwy(D,1).

(2.66)
(2.67)
(2.68)

(2.69)

(2.70)

2.71)
(2.72)
(2.73)

(2.74)

Since ODE state X € R is a scaler variable in this system, Hurwitz matrix discussed in the

previous PDE-ODE system can be described by the coefficient —c in (2.74) with a control gain
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¢ > 0. Taking the derivatives of (2.70) along the solution of (2.66)—(2.69), we obtain

wi(x,1) =uy(x,1) + k(x,x)u(x,t) — /kax(x,y)u(y,t)dy —0'(x—D)TX (1), (2.75)

W (X,1) =ty (X, 1) + k(2, X )uy (x,7) + (kx(x,x) + %k(x,x)) u(x,1)

D
_ / eea (5, )y 1)y — 0" (x — D)T X (1), (2.76)

wi(x,1) =0y (X, 1) + Ok (X, X) 1y (x, 1) — Otky (X, x)u(x,1)

— (0k(x,D) — &(x — D)B)ux(D,t) / kyy(x,y)u(y,t)dy. (2.77)
By (2.76) and (2.77),

W (x,1) — Oy (x, 1)
—o (2%k(x,x)) u(x,t) — (otk(x,D) — o(x — D) B)uy(D,1)

00 [ lal.3) = iy () (0)dy-+ 0 (¢~ D)X 1), 78)

Substituting x = D in (2.70) and (2.75), we have

w(D,1) =—0(0)X (1), (2.79)
wy(D,t) =uy(D,t) — &' (0)X (). (2.80)

Applying the boundary condition (2.73) to (2.79), and comparing ODE of (2.69) with (2.74) with

using (2.80), the following conditions are obtained

0"(x) =0, ¢(0)=0, ¢'(0)=— (2.81)
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PDE ODE
QC(t) g . . _
Controller > Ti(x,t) = aTyy(2,t) > 5(t) = —BT,(s(t), 1) >
T(s(t),t) = Tpm
2 A A
Measurement
T(z,t)
Measurement
s(t)

Figure 2.2: Block diagram of the state feedback closed-loop control. Both the temperature
profile and the interface position are assumed to be available for the control input.

The solutions are given by

0(x) ==x, (2.82)

K(xy) =L0(r—3) = = (x—Y) (2:83)

Substituting (2.82) and (2.83) into (2.70), the backstepping transformation is derived as

c (P c
W) = u(w0) - / (x=)uly0)dy — 5 (e~ D)X (). (2.84)

Evaluating the spatial derivative of (2.84) at x = 0 and using (2.67) and (2.72), the control law is

obtained by

qc(t) = —c (g /ODu(y,t)dy—l— %X(t)) . (2.85)

Motivated by the transformation (2.84) and the control law (2.85), in the following sections we

develop the control design and its closed-loop analysis of the Stefan problem.
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2.3 Backstepping Control of Stefan Problem

This section presents the main theorem of this book. We provide how the backstepping
method for PDEs can be extended from fixed boundary PDE to the moving boundary PDE. Let

us see the theorem first, stated in the following:

Theorem 1 Consider a closed-loop system consisting of the plant (2.1)—(2.4) and the control

law

k s k
gelt) = —c (a [ - Tt 51500 —sr>) , 2.56)

where ¢ > 0 is an arbitrary controller gain. Let Assumption I and Assumption 2 hold, and assume
that the initial conditions (To(x),s0) are compatible with the control law. Then, the closed-loop

system has a unique classical solution which satisfies the model validity conditions

T(x,t) >T,, $(t) >0, Vxe(0,s(t)), Vt>0, (2.87)

so < s(t) <sy, V>0, (2.88)
and is exponentially stable in the sense of the norm
1T — Tl 3 + (s(2) = s0)*. (2.89)

The proof is established by the following steps.
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Direct transformation

Recall the reference error (u, X )-system for the Stefan problem given by

e (x,1) =0utrc(x,1), 0 <x<s(t), (2.90)
—ku(0,1) =qc (1), (2.91)
u(s(r),t) =0, (2.92)
X (1) = — Bux(s(t),1). (2.93)

The extension of the bacsktepping method for fixed boundary PDEs given by (2.84) to that for
moving boundary PDE we developed is somewhat simple. We switch the constant boundary D in

the transformation (2.84) to s(¢), namely, we introduce the following backstepping transformation

c 50 c
w(x,t) =u(x,t) — &/X (x—y)u(y,t)dy — B(x— s(1)X(1). (2.94)

Since what differs (2.94) from (2.84) is only the time dependency of the boundary, the additional

terms on the target (w, X )-system through (2.94) appears in the time derivative of w, that is

$()X (1) (2.95)
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in which we used (2.92). Therefore, the target w-system is given by

w0 =00 (1) + ()X 1), (2.96)
wy(0,1) =0, (2.97)
w(s(t),1) =0, (2.98)
X(1) = — X (1) = Bwx(s(1),1). (2.99)

The additional term [%s'(t)X (t) in (2.96) poses a nontrivial question whether the target (w,X)-

system is stable or not. We will show it later in stability analysis.

Inverse transformation

One of the benefits to use backstepping method is that the target system has easier structure
to prove its stability property than the original system under the closed-loop system. To ensure
the equivalent stability property between the target (w, X )-system and the original (u,X)-system,
the invertibility of the transformation (2.94) needs to be guaranteed, which is nontrivial especially
for nonlinear systems like Stefan problem. Suppose that the inverse transformation that maps

(2.96)—(2.99) into (2.90)—(2.93) is given by the following form

s(1)
u(x, 1) =w(x,1)+ / 10— y)wyt)dy +w(x — s(t)X (1), (2.100)
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where [(x —y), y(x —s(¢)) are the kernel functions. Taking derivative of (2.100) with respect to

and x, respectively, along the solution of (2.96)—(2.99), the following relations are derived

e (x, 1) — Qi (x,1) { (1+/ I(x— ydy) \|J’(x—s(t))}s'(t)X(t)

+ (ol (x —s5(2)) = By (x —s(2))) wa(s(2),7)
— (ew(x—s(t)) + oy (x — s(1))) X (1). (2.101)

In addition, by the boundary conditions, we need

u(s(t),t) =y(0)X (1), (2.102)

ux(s(1),1) =wi(s(1),1) + ¥ (0) (2.103)

From (2.101)—(2.103), one can deduce that in order to recover the original system(2.90)—(2.93)

for any continuous functions (w(x,),X(¢)), y(x) and /(x — y) must satisfy

Vi) == wl), w(0)=0, ¥(0)= B (2.104)

I(x—s(t)) zgw(x—s(t)), (2.105)
c s(t)

v (x—s(1)) :E (1 + ; l(x—y)dy) : (2.106)

The solution to (2.104) is given by

:%\/gsin (\/gx) . (2.107)

from which /(x —y) can be deduced using (2.105) as

l(—3) = Pyley). (2.108)
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Fortunately, the solutions (2.110) and (2.108) satisfy the condition (2.106) as well. Hence, the

inverse transformation of (2.94) is uniquely given by

B s(1)
u@m):w@J%+aA: W —y)w()dy +w(x —s@)X (1), (2.109)

c |o, c
y(x) == —sin (\/gx> : (2.110)

Remark 2 Substituting s(t) by X (t) + s in the transformations (2.94) and (2.109), one can easily

see that the transformations (2.94) and (2.109) are nonlinear.

The nonlinearity of the direct and inverse transformations implies that the stability proper-
ties of (u,X)-system and (w, X )-system are equivalent only if both transformations are bounded,

which is shown later.

Guaranteeing the conditions of model validity

As stated in Remark 1 and Lemma 3, we should verify g.(¢) > 0. Motivated by the energy
conservation (2.9), we take the time derivative of (2.86) along the solution of (2.1)—(2.4), that

yields

o) = (e (& [ irten - maes 55 -5)) ).

o
=—ck (és’(l)(T(s(t),t) —Tm) + é /OS(I) T, (x,t)dx + %S’(I)) ,
:—%(AWGQQQM—EQMJ0,

=ckT,(0,1),

:—cqc([>. (2111)
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Solving (2.111) leads to
qe(t) = gc(0)e ™. (2.112)
Since the setpoint restriction (2.11) implies ¢.(0) > 0, we have
qe(t) >0, Vi >0. (2.113)

Hence, one can deduce that the closed-loop system has a unique classical solution. Then, using

Lemma 3, the conditions in (2.87) are satisfied. By the control law (2.86), we have

k o qct) Kk )
gl =) =~ E2 =0 [T ()~ T)ax (2.114)

Applying (2.113) and (2.87) to (2.114), we obtain s(¢) < s, for all # > 0. In addition, the second
condition in (2.87) implies that so < s(¢). Combining these two later inequalities leads to (2.88).
In the next section, the inequalities (2.87) and (2.88) are used to establish the Lyapunov

stability of the target system (2.96)—(2.99).

Convergence of liquid length to a desired value

In the following, we prove the exponential stability of the closed-loop system based on

the analysis of the target system (2.96)—(2.99). We consider a functional V; defined by

1 s 5
V)= —/ w(x,t)"dx. (2.115)
2Jo
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Taking the time derivative of (2.115), we have

)
v, = /O w(x,t)w,(x,t)dx—i—%s’(r)w(s(t),t)z
) ) 50
- OL/O w(x,t)wxx(x,t)dx+BS'(I)X(Z)/O w(x,t)dx

y=s(1) @) 2, C. s®)
— o, i (v, )P — /0 el e £5(0X () /0 w(x,1)dx

s(t) 5 c s(t)
= —oc/o wy(x,1) dx—l—Bs(t)X(t)/O w(x,t)dx. (2.116)

Next, we consider V, defined by
1 @) :
V, = —/ wy(x,1)"dx. (2.117)
2Jo
Taking the time derivative of (2.117), we get

s
vy — /0 wx(x,t)th(x,t)dx+%s'(t)wx(s(t),t)z
)
=, )wy (1) [0 — /0 wxx(x,t)wt(x,t)dx—k%s’(t)wx(s(t),t)z
(1)
(1), )wi(s(0), 1) — /0 Weelx,1)2dx

- Bs’(t)X(t) /OS(I) Wix(x,1)dx+ %s’(t)wx(s(t),t)z (2.118)

Recall the boundary condition (2.98), i.e., w(s(z),#) = 0. Taking the total time derivative on both

sides, we obtain the following

—w(s(t),1) = wy(s(t),1) +$(t)wx(s(z),t) =0, (2.119)
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which yields
we(s(2),1) = —s(t)wx(s(2),1).
Moreover, the integration in first term in the last line in (2.118) is given by
s(1)
/ W, 1)dx = wi(s(1), ).
0

Therefore, plugging (2.120) and (2.121) into (2.118), we arrive at

c 1

. 50
A /0 (6,12 = SS(X (Owil5(2),1) = 35(0wls(0), 1)

B

Next, we consider V3 defined by

Using (2.99), the time derivative of (2.123) is given by

V3 =X(1)X(¢)

=—cX(1)* = BX (t)wx(s(1),1).
Let V be the functional defined by

V=V1+V,+pV;.
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By (2.116), (2.122), and (2.124), the time derivative of (2.125) is given by

| 50 50
Vg /O Wee(x,1)2dx — ot /O welx, 1) 2dx — peX (1)% — pBX (1) wa(s(t),1)

c s(1) c 5
+gS0X() /O Wl e = S(0) X (wels(0), 1) — 5 wels0). 1) (2.126)

Using the fact that s(¢) > 0 and applying Young’s inequality yields

—pBXOwils(.0) <5 (x(07+ %zwxs(r),r)z) , @127

c. s(t) NONNZS 2 (1) 2
550X () /0 wix,r)dx <2 ((BX(t)) +( /O w(x,t)dx) ) (2.128)

—S ¢ Wy (S @ ¢ 2 Wy(s 2
(X Ow(s(0).0) <5 ((me) Fwals(t),1) ) (2.129)
Also, by Cauchy-Schwarz inequality, we have
s(t 2 s(t

(/O()w(x,t)dx) Ss,/o()w(x,t)zdx. (2.130)

Applying (2.127)—(2.130) to (2.126), the following inequality on V is derived

. s(t) s(1) 2
V<-a / Wee (1) 2dx— o0 / wer0)2dx— 2o (072 + PP (s(0),0)2
0 0 2 2c
o (" et Cx (1) 2.131
+5(1) (5/0 w1+ g (t)) 2.131)

Applying Pointcare’s and Agmon’s inequality which give [; ) w(x,t)dx < 4s2 [ ) wa(x,1)2dx

and w(s(t),1)* < 4s, f(f(t) W (x,1)%dx, the inequality (2.131) becomes

c

: 2 s(t) s(t)
V<— (OL— 20P Sr) / Wie(x,1)2dx — Oc/ wy(x,1)%dx — %X(r)2
0 0

X 2
+5(t) (%/0 (t)w(x,t)zdx—l— %X(t)z). (2.132)
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Therefore, by choosing p = 46—2“5, we arrive at

. o s(t) ’ o s(t) ’ pc )
<_ - _
V< 8s%/o wy(x,1)"dx 4S%/0 w(x,1)"dx 3 X(1)
‘ sy s(t) ) c? )
+5(t) (3/0 w(x,t)“dx+ @X(I) )
< —bV +as(t)V (2.133)

wherea:max{l, 8”}, b :min{%,c}.
r

o

However, the second term of the right-hand side of (2.133) does not enable to directly
conclude the exponential stability. To deal with it, we introduce a new Lyapunov function W

defined by
W = Ve @0, (2.134)
The time derivative of (2.134) is written as
W= (V—as(t)V) e ®0, (2.135)
and using (2.133) the following estimate can be deduced
W< —bW. (2.136)

Hence, W () < W(0)e™", and using (2.88) and (2.134), we obtain

V(t) < eV (0)e ™. (2.137)
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From the definition of V in (2.125) the following holds
Iwl[5 +pX (1)* < e (HWO\@{1 +pX(0)2) e (2.138)

Finally, with the help of (2.88), the direct transformation (2.94) and its associated inverse trans-
formation (2.109)—(2.110) combined with Young’s and Cauchy-Schwarz inequalities, enable to

state the existence of a positive constant D > 0 such that
[ul 54 JrX(t)zéD(lluollf‘;{l +X(0)2) e, (2.139)

which completes the proof of Theorem 1.

2.4 Gain Tuning to Avoid Input Saturation and Evaporation

In practical control systems, the capability of the actuator is often limited in a certain
range, which is widely known as “input saturation” [64]. Particularity in Stefan problem as a
melting process, the heat input should not go beyond a given upper bound, while it is feasible to
assume that the lower bound is zero, i.e., the actuator does not work as a cooler. Furthermore, the
liquid temperature must be lower than the boiling temperature to avoid an evaporation which is
another phase transition from liquid to gas. Such an overall input and state constraint problem
from control algorithm perspective can be treated by restricting the control gain. First, we state

the following well known lemma for Stefan problem.

Lemma 5 [f T,, < To(x) < To(1 —x/s0) + T,y and 0 < q.(t) < G for Vt > 0, then
Tn < T(x,t) <T(x,t):=K(s(t) —x) + T, (2.140)

where K = max{q/k,Ty/so} for Vx € (0,s(t)), Vt > 0.
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Proof:

Let v(x,t) := T (x,t) — T (x,t). Taking the time and second spatial derivatives yields
ve =Ks(t) — Tr(x,1), vee = —Tix(x,1), (2.141)
Since 0 < g(t), we have $(z) > 0. Thus, we obtain

Vi 20y, (2.142)

ve(0,1) <0, v(s(t),t) =0. (2.143)

Applying maximum principle to (2.142)—(2.143), we can state that if v(x,0) > 0 for all x € (0, s0)
then v(x,#) > 0 for all x € (0,s(¢)) and all # > 0, which concludes Lemma 5.
Next, we state the following theorem on the input and state constraint on the closed-loop

analysis of the designed control law.

Theorem 2 Assume Ty < i—‘:(Tb — Tw), where Ty, is the boiling temperature. By choosing the

control gain ¢ > 0 as

1
O<C§Emin{q, (2.144)

k(T — Tim) }

St

where AE is defined by (2.12), then the designed controller satisfies the input constraint
0<qe(r) <q (2.145)
and the liquid temperature profile satisfies the state constraint

T < T(x,1) < Th. (2.146)

47



Proof:
As presented in the last section, the closed-loop control is equivalent to the explicit function
qc(t) = q-(0)e . Hence, q.(t) < q.(0) = cAE < g by the control gain (2.144). Moreover,
applying ¢.(t) < q.(0) = cAE to Lemma 5, it holds that T'(x,t) < T (x,t) := K(s(t) —x) + T,
with K =max{cAE /k,Ty/so}. Since s(t) < s, is ensured, T (x,7) is bounded by T (x,7) < Ks,+ T,

Thus, by the control gain (2.144), the state is bounded by 7' (x,7) < Tp,.

2.5 Robustness to Diffusivity and Latent Heat Mismatch

The proposed control law (2.86) requires the plant’s parameters o and . In practice, such
parameters are identified prior to the control implementation by conducting an open-loop experi-
ments and statistical learning methods. However, the parameters are essentially not accurate value,
and hence the robustness analysis of the closed-loop systems under the parameters’ uncertainties
is significant to study. In other words, we account for perturbations caused by uncertainties of the
thermal diffusivity and the latent heat of fusion. Thus, we consider the following closed-loop

system

Ti(x,t) =01 +¢€1)Ti(x,7), 0<x<s(t), (2.147)
—kT(0,1) =q.(1), (2.148)
T(s(t),t) =T, (2.149)
§() = — B(1+€2)Tx(s(1), 1), (2.150)

with the control law (2.86), where €; and €, are parameters’ perturbation such that €; > —1 and

& > —1.

Theorem 3 Consider a closed-loop system (2.147)—(2.150) and the control law (2.86) under

Assumption 1 and 2. Then, for any pair of perturbation (€1,€;) such that € > €, and for any
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control gain c satisfying 0 < ¢ < ¢* where

. 3 1/4 o 1+¢
c =— R
10 85%81—82,

the closed-loop system is exponentially stable in the sense of the H, the norm (2.89).

Proof:

The reference error system on (u,X) to the perturbed system is given by

u,(X,t) :a(1+81)uxx(xat)7 nggs(t),

_kux(07 t) =(qc (Z‘),

.
—~
~
~—
I

—B(1 +&2)ux(s(2),1),

(2.151)
(2.152)
(2.153)

(2.154)

Taking the spatial and time derivatives of the backstepping transformation (2.94) along the

solution to the perturbed system” (2.151)—(2.154), we obtain

c s c
() =) - / uly. 1)y~ £X (1)

c
Wi (X,1) =tx (x,1) + &u(x,t),

wr (x,1) =01 + €1 )y (x,2) + (1 + €1 )u(x,1)

C(81 —8&), €
Bl Tey) (=50 + 5 OX()
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Hence, the associated target systems is derived as

W 06,1) =01 e w0 1) - S OX (1) + = 28(0) (= (1), (2.158)
wy(0,1) =0, (2.159)
w(s(t),1) =0, (2.160)
X(t) =—c(1+e)X(1) = B(1+e2)wu(s(t)1). (2.161)

Next, we prove that the control law (2.86) applied to the perturbed system (2.147)—(2.150),
satisfies (2.113) and (2.88). Taking the time derivative of (2.86) along with (2.147)—(2.150), we

arrive at

Ge(t) = —c(1+€1)qc(t) — ck (€1 — €2) ux(s(2),1). (2.162)

The positivity of the control law (2.86) applied to the perturbed system (2.147)—(2.150) can
be shown using a contradiction argument. Assume that there exists #; > 0 such that g (¢) > 0,
Vt € (0,11) and g¢(¢;) = 0. Then, Lemma 3 leads to u,(s(¢),t) <0, V¢ € (0,71). Since €, > &,

(2.162) implies that
Ge(t) > —c(14€1)qc(t), Vte (0,1). (2.163)
Using comparison principle, (2.163) and Assumption 2 leads to
ge(t1) > ge(0)e e > 0, (2.164)

Thus g¢(71) # 0 which is in contradiction with the assumption g.(#;) = 0. Consequently, (2.113)
holds by this contradiction argument. Accordingly, (2.88) is established using (2.113) and the

control law (2.86).
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Now, consider V| defined by

1
Vi =5Iwif,.

The time derivative is obtained by

. c s(1)
Vi=—o(l+ep)||wyl |%2 —ce (BX(I) + wx(s(t),t)) /0 (x—s(2))w(x,t)dx

c . s(t)
+ 50X /O w(x,1)dx.

where ¢ = €] — €. By Young’s and Causchy inequalities, we have

e (%X(t) + wx(s(t),t)) /O " e sl

c2é? c 2
<— ((EX(I)) —|—wx(s(t),t)2> +

=

s(1)
< | st Pl
Y 0

3
15;

c2é? c 2 2 2
<= ((Bx(r)) + wx(s(t),1) >+ < Il

2’ylsf c2é? c 2
<= ||wx\|%2+y—l(<BX(t)) —|—wx(s(t),t)2>.

<2

Choosing y; = 3ul4el) and applying to (2.166), we get

4s)

: o(l+¢;) ) 4s53c%e? c 2 )
< —~ U =t 2x(@ 4
1= 2 HWXHLz"i‘3OL<1+81) B (1) ) +4s|[wil]

C . s(t)
+S0X() /0 w(x,1)dx.

Consider V, defined by

1 50
Vo= —/ wy(x,1)%dx.
2Jo
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The time derivative is obtained by

gécX(t)w(O,t) +cewx(s(t),))w(0,1)

+5(0) <—%X(t)wx(s(t),t) _ %wx(s(t),t)2> |

Vo =—al +€1)\|WxxH%2 +

Applying Young’s and Agmon’s inequality leads to

ﬁ

B
s(1)

7(3 “)) |

1
+2725r‘|wxx,‘%2 2Y2 5 (cew(0, t)) +

Thus, choosing v, = o(1 +ey) /4s,, it follows that

. (X(l—{—e]) Y1 1 C _ z

Vo) < — ———Z{|Wyy —X (¢ — | = 0,¢

r <= W lf, + S X+ - (Saew(0n
25,28 c?

mW(O,t) +S( )2[32 ()2

Consider Y defined by
1 2
Y ==-X(r)".
X(1)
The time derivative is obtained and bounded by

Y =— (14+&)cX(t)> — (1+&)BX(t)wi(s(t),)

(1 +82)CX(Z‘)2 N 2s,(1+¢€7)p?

ST, - ||VVxx||2

(2.170)

(2.171)

(2.172)

(2.173)

(2.174)

where Young’s inequality and Agmon’s inequality are used from the first line to the second line.
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Thus, choosing V4 = V, + pY, with setting p as p = _clltel) e have

8s,(1+€2)p2"
. o(l+¢; 14+¢&)c Y1
vy <= AR g p R 2 Yy
4 2 2
1 (¢ 2 2500 c? 2
— | secw(0,1 —w(0,1 . 2.175
b (5o 00) 4 ZEE WO S0 @179
Choosing y; = puzﬂ, we get
. a(l+e l1+er)c
Vi<— %HWXXHLQ —P%X(z‘)z
10c2&%s, c? 2
——w(0,1)" +s . 2.176
a7 e O 450 35X 2.176)
Let V be the overall Lyapunov functional defined by
V=dVi+ V4. (2.177)

The time derivative satisfies the following inequality

. ol +ey)  40c*es? ) c. s(t)
vma (U B o+ a st [ wtnna

o(l+er) 16ds, f(e) 2
- (1 S i,

ol +eq) 32ds, f(é)
o 32B2s, (1 (1+€1)> (t) +s ()2_[32}(() (2.178)
where f(é) = 34(;5(1:_6 7~ Setting d = m?fie:s)%z leads to
. o(l+¢) ,  o(l+¢g) c\4 ’
v a (S i, - S (4 (£)) il
_colra) () (i)4 X () +5(1) d 22w, + < X() } (2.179)
B2 64s, c* r L2 '
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From (2.179) we deduce that for all 0 < ¢ < ¢*, there exists positive parameters a and b such that

V < —bV+as(t)V. (2.180)

The exponential stability of the target system (2.158)—(2.161) can be straightforwardly established

following the proof procedure used in (2.134)—(2.138), which completes the proof of Theorem 3.

2.6 Numerical Simulation

Following the numerical method presented in Section 1.6, the simulation of the closed-
loop system is obtained by rendering the feedback control law to the boundary heat input at every
time sequence. The initial values are set to so = 1 [cm], To(x) = T (1 —x/s0) + Ty with T = 100

[C°], and the setpoint is chosen as s, = 35 [cm] which satisfies the setpoint restriction (2.11).

Comparison of the pulse input and the backstepping control law

Fig. 2.3 shows the responses of the plant (2.147)—(2.150) with the open-loop pulse input
(2.13) (dashed line) and the backstepping control law (2.86) (solid line). The time window of
the open-loop pulse input is set to S0 [min]. The gain of the backstepping control law is chosen
sufficiently small, c=0.001, to avoid numerical instabilities. Fig. 2.3 (a) shows the response of
s(t) without the parameters perturbations, i.e. (€1,€2) = (0,0) and clearly demonstrates that s()
converges to s; applying both rectangular pulse input and backstepping control law. However,
the convergence speed is faster with the backstepping control. Moreover, from the dynamics
of s(z) under parameters’ perturbations (€1,€,) = (0.3,—0.2) shown in Fig. 2.3 (b), it can be
seen that the convergence of s(¢) to s, is only achieved with the backstepping control law. On
both Fig. 2.3 (a) and Fig. 2.3 (b), the responses with the backstepping control law show that the

interface position converges faster without the overshoot beyond the setpoint, i.e., s(f) > 0 and
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so < s(t) < s, Vt > 0.

Closed-loop system’s validity with respect to the physical constraints

The dynamics of the controller ¢.(¢) and the temperature at the initial interface 7 (s,?)
with the backstepping control law (2.86) are described in Fig. 2.4 (a) and Fig. 2.4 (b), respectively,
for the system without parameter’s uncertainties, i.e., (€1,€) = (0,0) (red) and the system with
parameters’ mismatch (g1,€2) = (0.3,—0.2) (blue). As presented in Fig. 2.4 (a), the boundary
heat controller g.(¢) remains positive, i.e. g¢(t) > 0 in both cases. Moreover, Fig. 2.4 (b) shows
that T (so,¢) converges to Ty, with T (so,#) > Ty, for the system with accurate parameters and the
system with uncertainties on the parameters. Physically, Fig. 2.4 (b) means that the temperature
at the initial interface’s location increases away above the melting temperature 7p,,, which enables
the melting of the solid-phase to the setpoint s;. After this significant transient dynamics, T (so,?)
settles back to 7,. An identical behavior is observed when the system is subject to parameters’

uncertainty. Therefore, the numerical results are consistent with our theoretical result.
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(a) The plots with accurate parameters (€1,€&,) = (0,0). Our backstepping control achieves the faster
convergence of the interface position.
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(b) The plots under parameters perturbation (€;,€,) = (0.3,—0.2). Our backstepping control is robust to
uncertainties of the system parameters.

Figure 2.3: The moving interface responses of the plant (2.147)—(2.150) with the open-loop
pulse input (2.13) (dashed line) and the backstepping control law (2.86) (solid line) in Neumann
boundary actuation.

2.7 Boundary Temperature Actuation

Some actuators such as a thermo-electric cooler require the direct controlling of the

temperature at the boundary, which corresponds to a Dirichlet boundary control problem [16],

56



g X 10 | |
—(e1,62) = (0,0)
—(61,52) = (0.3, —0.2)
6 4
g
~
Es ~
3 *
() I I L
0 0.5 1 1.5 2 2.5 3
Time ¢ [hour]
(a) Positivity of the controller remains, i.e., gc(t) > 0.
750 ; :
—(e1,€2) = (0,0)
700+ —(81, 62) = (03, —02)
_ 650 ]
O
2~ 600 1
=
ﬁ?, 550 ]
= s00| —
450} 1
400 I I I I I
0 0.5 1 1.5 2 2.5 3

Time ¢ [hour]

(b) T (so,t) warms up from 7y, and returns to it.

Figure 2.4: The closed-loop responses with accurate parameters (red) and parameters perturba-
tion (blue) under the backstepping control in Neumann boundary actuation.

noted as PII in Section 1.2. In this section, backstepping feedback control for PII is developed.

We define the control problem consisting of the following system:
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Ti(x,t) =0T (x,1), 0<x<s(t),
T(0,1) =T.(t) + T,
T(s(t),t) =T,

$(1) =—BTx(s(2),1),

(2.181)
(2.182)
(2.183)

(2.184)

where T;(1) is a controlled temperature relative to the melting temperature. As shown in Lemma

3, the designed temperature controller needs to ensure the positivity, i.e., the following conditions

are required to hold as physical constraints

Setpoint restriction

For boundary temperature control, the conservation law obeys the following

d (1 50 1 )
= (< /0 KT (1) ~ T)dr+ 5550 | =Te(e).
Considering the same control objective

s(t) = sy, T(x,t) = Ty,

taking the limit of (2.187) from O to o yields

AE:/ T.(t)dt,
0
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(2.186)

(2.187)

(2.188)

(2.189)



where AE := ﬁ(sr2 —53) — 2 /o x(To(x) — Tn)dx. Hence, by imposing the physical constraint
(2.185), the least restrictive condition for the choice of setpoint is derived, and the open-loop

stabilization is presented in the following.

Lemma 6 Consider an open-loop setpoint control law T} (t) which satisfies (2.189). Then, for

any setpoint sy satisfying

Sy > \/s% + % /Osox(To(x) — Th)dx, (2.190)

the control objective (2.188) is satisfied.
As in Section 2.1, a simple rectangular pulse input achieves (2.188). Such a control action

given by

) T for t€[0,AE/T)]
T (1) = Y (2.191)
0 for r>AE/T

stands as an open-loop “energy shaping” approach.

State feedback controller design

Firstly, we suppose that the physical parameters are accurately known and state the

following theorem.

Theorem 4 Consider a closed-loop system consisting of the plant (2.181)—(2.184) and the control

law

s(t)
To(t) = —c (é /0 (T (5,) — T dx+ %s(t) (s(¢) —sr)) | (2.192)

where ¢ > 0 is the controller gain under Assumption 1. Then, for any reference setpoint s, and
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control gain ¢ which satisfy

S(]x

Sy >80 + g/o E(TO(X) — Tm)dx, (2.193)
o

¢ <

: 2.194
Vs, ( )

respectively, the closed-loop system is exponentially stable in the sense of the norm (2.89).

Proof:
We use the same backstepping transformation as in (2.94), which leads to the following target

system

Wi (35,1) =00 (x,) + gs'(t)X (1), (2.195)
w(0,1) =0, (2.196)
w(s(t),1) =0, (2.197)
X(t) =—cX(t) = Pwx(s(1),1) (2.198)

and the control law (2.192).
Next, we show that the physical constraints (2.185) and (2.186) are insured if (2.193)

holds. Taking the time derivative of (2.192), we have

T.(t) = —cT.(t) — = $(1)X (t). (2.199)

Assume that 3, such that 7;() > 0, Vr € (0,72) and T;(f2) = 0. Then, by Lemma 3, we get
u(x,r) > 0 and $(t) > 0 for Vr € (0,r2). Hence, s(t) > so > 0. Applying these inequalities to
(2.192), we deduce X(t) <0, Ve (0,r,). Hence, (2.199) verifies the differential inequality
T.(t) > —cT(t), Vt € (0,t;). Comparison principle and (2.193) yield T (t2) > Tc(0)e 2 > 0

in contradiction to T.(t2) = 0. Therefore, Pt such that T.(¢) > 0 for V¢ € (0,£2) and T(t;) = 0,
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which implies 7;(¢) > 0, V¢ > 0 assuming (2.193).

Finally, we consider a functional
d 1 p
V= SIWIIZ, + 5wl [, + 2X (0%, (2.200)

With an appropriate choice of the positive parameters d and p, the time derivative of (2.200)

yields

) o do,
V<= (5= V2es) bl P = 5y Il

(4s2+1
o) 2 2.2
_:‘_[;X(t)2+s‘(t) <%X(t)2+d%|lvv|lz)- (2.201)

Thus, choosing the controller gain to satisty (2.194), it can be verified that there exist positive

constants b and a such that

V <—bV +as(t)V. (2.202)

Similarly in the Neumann boundary actuation case, under the physical constraint (2.185), the
exponential stability of the target system (2.195)—(2.198) can be established from the inequality

(2.202), which completes the proof of Theorem 4.
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Robustness to parameters’ uncertainty

Next, we investigate the controller (2.192) to perturbations on the plant’s physical param-

eters a and B, considering the following perturbed system

Tt(xat> :(X(l +81)Txx<x7t)7 0<x< S(t>7
T(O,t) :TC(Z‘)-FTm,
T(s(t),t) =T,

$(t) = —B(1 +&2)Tx(s(t),1)

where € and &, are perturbation parameters such that e > —1 and &, > —1.

(2.203)
(2.204)
(2.205)

(2.206)

Theorem S Consider the closed-loop system consisting of the plant (2.203)—(2.206) and the

control law (2.192) under the assumption on (2.193) to hold. Then, for any perturbations (€1,€,)

which satisfy €, > €, there exists ¢* > 0 such that for all controller gain c satisfying 0 < ¢ < 7,

the closed-loop system is exponentially stable in the sense of the norm (2.89).

Proof:

By the same transformation (2.94), the target w-system is given by

i (0,1) =01 1))+ S OX (1) 5 5 2S(0) (x=5(0),

X(1) = —c(1+8)X (1) — B(1+2)wa(s(0),1).

(2.207)

(2.208)
(2.209)

(2.210)

To prove the physical constraints (2.185) and (2.186), taking the time derivative of (2.192)
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along the system (2.203)—(2.206), we obtain

To(t) = —c(1+&)To(t) - gs(t)xg)

—c(e1 —€)ux(s(t),1). (2.211)

Thus, the inequality € > € enables to state the positivity of the controller 7;(¢) > 0 and the
physical constraints (2.185) and (2.186) are verified.
Finally, we consider the functional defined in (2.200). After lengthy calculation and

applying inequalities in a similar way to Section 2.5, with an appropriate choice of d and p and

imposing ¢ < ¢ where ¢ 1= az(i;?) , we have
: do(1+¢;) o(l+egp)
V<= S i, - S (240 wali,
2
C (X(l +81) 3 2
2
c
+ (1) {dzs3||w||§2 +@X(I)2}. (2.212)

29/250 (14-5;) (g1 —€2)? B— 16v/2s?

360 (1 e (142) wter)" Let ¢, be a positive root of Ac% + Bcy = 1. Then,

where A =
for 0 < Ve < &* := min{cy,c,}, there exists positive constants @ and b which verifies V <

—bV +as(t)V, which concludes Theorem 5.

Numerical simulation

Numerical simulation is studied for the designed Dirichlet boundary actuation. Analogous
plots to the ones given in Section 2.6 are depicted in Fig. 2.5 and 2.6, respectively. Basically
we can observe the similar good performance and properties to the ones for Neumann boundary

actuations in terms of the convergence to the setpoint and the validity of the physical constraints.
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Figure 2.5: The moving interface response of the plant (2.181)—(2.184) with the open-loop

pulse input (2.191) (dashed line) and the backstepping control law (2.192) (solid line), under

the accurate parameters (€;,€,) = (0,0) (top) and under the parameters perturbation (€;,€,) =

(0.3,—0.2). We can observe the faster convergence and the parametric robustness of our
backstepping control law.

2.8 Stefan-Like Problem with Dirichlet Interconnection

In this section, we study whether the procedure for control design and analysis of the

Stefan problem can be applicable to an analogous moving boundary problem. Specifically, one
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Figure 2.6: The closed-loop responses with accurate parameters (red) and parameters perturba-
tion (blue) under the backstepping control in Dirichlet boundary actuation. Both positivity of
the control input and the constraints of temperature are validated.

might be interested in the following diffusion PDE under Dirhichlet interconnection on the
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moving boundary dynamics

1y (x,1) =Otye(x,2), 0 < x < s(t) (2.213)
u(0,1) =U(1), (2.214)
ux(s(1),1) =0, (2.215)
s(t) =—Bu(s(t),1). (2.216)

The dynamics (2.216) leads to the shrinking moving interface under the positivity of PDE state,

contrary to the Stefan problem. Applying maximum principle, the following lemma is stated.

Lemma 7 If ug(x) >0 and U(t) > 0 for all t > 0, then u(x,t) >0, Vx € (0,5(t)) and s(t) <0,
vt > 0.

Therefore, we consider the stabilization of the interface position s(¢) driven ”back™ to a

setpoint s,. The following theorem is presented.

Theorem 6 Assume so > 0, up(x) > 0 for Vx € (0,5s0), and the setpoint is chosen to satisfy
B [
0<s,<sp— &/ xup(x)dx. (2.217)
0

Then the closed-loop system under the control law

s(1)
Ut)=—c <l/ xu(x,t)dx — l(s(t) - sr)) , (2.218)
o Jo [3
satisfies the following properties
U(t) >0, u(x,t) >0, (2.219)
s(t) <0, (2.220)
s <s(t) < s, (2.221)
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and is exponentially stable in the norm
|ul|Z, + (s(2) — 50)%. (2.222)

Proof:
Taking the time derivative of the control law (2.218), we have
$(t)?

Ut)=c——=

b s(t) —cU(t). (2.223)

We prove s(f) > s, > 0. Assume there exists t* > 0 such that s(t) > s, for V¢ € [0,¢*) and
s(t*) = s,. Then, (2.223) yields U(t) > —cU (t) for Vt € [0,¢*], which leads to U (¢) > U (0)e
for Vt € [0,¢*]. By Lemma 7, it holds that u(x,7) > 0, Vx € (0,s(¢)), Vt € [0,*). Thus, by (2.218),

we have

U(0)e " < —(s(t) —s,), Vtel0,t%). (2.224)

pe=] et

Since U(0) > 0 due to the setpoint condition (2.217), the inequality (2.224) contradicts with the
imposed assumption s(¢t*) = s,. Thus, there does not exist such a finite time ¢*, which yields
s(t) > s, for ¥Vt > 0. Applying this to (2.223) and using comparison principle, the inequalities
(2.219) are satisfied. By Lemma 7, the inequality (2.220) is derived, and finally (2.221) is proved
by applying these inequalities to (2.218).

Next, we consider the following transformation

c s c
W) = u(w0)+ < / (5 =0l 0)dy — g X(0). (2.225)
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Taking the time and spatial derivatives, we obtain the following target system

) =) + SSO60) ) (X0 10600 @29
w(0,1) =0, (2.227)
wel(s(0),1) =0, (2228)
X(1) = —cX(t) = Bw(s(r),1). (2.229)

Finally we prove the stability of the target system (2.226)—(2.229) by utilizing the proven
inequalities (2.220) and (2.221). Consider

Vi= ! 2= Lo 2d 2.230
= = t ) .

! 2(x||w|| 20(/0 wix)dx ( )
The time derivative is given by

) s(t) $
Vv —— /0 we(x, 1) 2dx + 2(—;)w(s(t),t)2

c c s(r)
+ @j(t) (BX(t) +w(s(t),t)) /0 (s(t) —x)w(x,t)dx. (2.231)

By Young’s inequality with the help of s(¢) < 0, we have

c s(t)
$(1) (BX(t)+w(s(t),t)) /O (s(1) — X)wlx, 1)dx
s c 2 s(1) 2
<0 (v (me +w<s<r>,z>) +o ( JARta —x)w(x,odx) )
02 S 3
<50) (X O+l + T IR e23)
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Applying (2.232) to (2.231), the following bound is obtained

. s(t) '
V) < —/ wie(x,1)2dx + @w(s(t),t)z
0 20,

N o 2 2 s(t)? 2

=505 (X @2+ w002+ S ) (2233)

Setting y = 5 leads to
V< =50 S (x4 SO i @234

1> Wy S az ZBZ po w . .
Consider
1 2

Y = 3X(1). (2.235)

Taking the time derivative and applying Young’s and Agmon’s inequalities yield

c 2[3 50
c

¥ = —eX (1) +BX(0)w(s(t).1) < —5X (1) + =2 . (2.236)

Therefore, by defining V = V; + pY with p = we have

_Cc
4B%so”

CZ 2 3
V<= gl = 5X0P ~s0) X 0P + SR

<—aV —bs(1)V. (2.237)

As in the previous way, consider W = Ve?s () and taking the time derivative with applying (2.237),

it holds that

W < —aW. (2.238)
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Thus, by (2.220) and (2.221), the following estimate of the norm is derived

V < Vyeblso—sr) g—at (2.239)

from which we conclude the exponential stability stated in Theorem 6.

Numerical simulation is studied by using the same value of o and B as of zinc. Fig. 2.7
shows that under the closed-loop system the interface position is driven from sy = 10 [cm] to the
setpoint s, = 2 [cm] without overshoot. Fig. 2.8 illustrates that the designed controller maintains

the positivity as proven in the theorem.

2.9 Conclusion and Remarks

While the numerical analysis of the one-phase Stefan problem is broadly covered in the
literature, their control related problems have been addressed relatively fewer. In addition to it,
most of the proposed control approaches are based on finite-dimensional approximations with the
assumption of an explicitly given moving boundary dynamics [35],[7],[125]. Diffusion-reaction
processes with an explicitly known moving boundary dynamics are investigated in [7] based on
the concept of inertial manifold [28] and the partitioning of the infinite dimensional dynamics
into slow and fast finite dimensional modes. Motion planning boundary control has been adopted
in [125] to ensure asymptotic stability of a one-dimensional one-phase nonlinear Stefan problem
assuming a prior known moving boundary and deriving the manipulated input from the solutions
of the inverse problem. However, the series representation introduced in [125] leads to highly
complex solutions that reduce controller design possibilities.

For control objectives, infinite-dimensional frameworks that lead to significant challenges
in the process characterization have been developed for the stabilization of the temperature profile
and the moving interface of the Stefan problem. An enthalpy-based boundary feedback control

law that ensures asymptotical stability of the temperature profile and the moving boundary at the
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Figure 2.7: The interface response of the Stefan-like problem with Dirichlet interconnection.
s(t) is driven back to the setpoint s, = 2 [cm]
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Figure 2.8: The closed-loop response of the control input of the Stefan-like problem with
Dirichlet interconnection. Positivity of U(¢) is maintained.

desired reference, has been employed in [127]. Lyapunov analysis is performed in [110] based on
a geometric control approach which enables to adjust the position of a liquid-solid interface to
the desired setpoint while exponentially stabilizing the L,-norm of the distributed temperature.

However, the results in [110] are stated based on physical assumptions on the liquid temperature
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being greater than the melting point, which needs to be guaranteed by proving strictly positive
boundary input. The significant contribution of the proposed method using backstepping is to
prove all the physical properties which needs to be addressed and global exponential stability of
the closed-loop system by focusing on the stability analysis of the target system.

This chapter presented control designs for the one-phase Stefan problem via backstepping

method. The novelties of our results are summarized below.

1. A new approach to globally stabilizing a class of nonlinear parabolic PDEs with moving

boundary via a nonlinear backstepping transformation is proposed.

2. The closed-loop responses satisty the physical constraints needed for the validity of the

model.

3. A novel formulation of the Lyapunov function for moving boundary PDEs was applied and

it showed the exponential stability of the closed loop system.

Even though our state feedback controller for the Neumann boundary actuation is same as
the one proposed in [128], we ensure the exponential stability of the interface and temperature in
H; norm, which is stronger than the asymptotical stability presented in [128]. The application
of extremum seeking control with static maps to the Stefan problem following the recent results
of [119] could be an interesting design that can be applied to the optimization of phase-change

phenomena in building use [103].
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Chapter 3

State Estimation Design

The state feedback control presented in Chapter 2 requires the entire profile of the
temperature in the liquid phase as a given information. Some imaging-based sensors such as
thermographic camera (a.k.a. infrared camera or IR camera) enables to capture the temperature
profile, however, they include relatively higher noise than single point thermal sensors such as
thermocouples. Thus, estimating the entire temperature profile given a boundary measurement
is a significant task for the real implementation of the control algorithm. Generally speaking,
such a problem to estimate variables of interest given some measured value is widely known
as “state estimation”. One of the most popular state estimation methods is “Kalman filter”
which is an optimal filter in linear dynamical systems with white Gaussian noise in the model
and measurements. Another well known method is "Luenberger observer” which stabilizes the
estimation error at zero in linear deterministic systems. In finite dimensional systems, the observer
gain is designed by means of pole placement or linear matrix inequality. In this book, we focus

on the state estimation of the Stefan problem by Luenberger-type observer with designing the

observer gain via the backstepping method.
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3.1 Basic Idea of PDE Estimation on Fixed Boundary

Consider the unstable reaction-diffusion PDE presented in Section 2.2

U =ty (x,1) + u(x,1), 0<x<1, 3.1
u(0,1) =0, (3.2)
u(l,t) =U(t), (3.3)

where U () is a time-varying input which can be either an open-loop forcing or a feedback control.

Suppose that a boundary flux u,(0,) is available for measurement y(z):

y(t) :ux(ovt) (3.4)

The observer is constructed as a copy of the plant (3.1)—(3.3) plus the product of the observer

gain and the measurement error, given by

A =0 (x,1) + Mi(x,1) + p1(x) (y(r) —dx(0,2)), O0<x <1, (3.5)
2(0,7) =0, (3.6)
a(1,1) =U(1), (3.7)

The objective is to find the gain function p;(x) such that & converges to u. First, we introduce the

estimation error variable defined by

<
Il
<

|
<>

(3.8)
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Subtraction of (3.5)—(3.7) from (3.1)—(3.3) yields the estimation error dynamics as

iy =l (x,1) + Ai(x,1) — p1(x)ie(0,2), 0<x<1, (3.9)
(0,1) =0, (3.10)
a(1,1) =0, G.11)

Consider the backstepping transformation from a newly defined variable W to the estimation error

i, given by

d=— /0 " p(x,y)W(y)dy (3.12)

where W obeys the following stable diffusion PDE

Wy =W, 0<x<1, (3.13)
w(0,1) =0, (3.14)
Ww(1,t) =0. (3.15)

Taking the spatial and time derivatives of (3.12), we obtain

e == ()0~ (- (00) 4 a0 ) 0

- /0 e y)(y)dy (3.16)

iy =Wy — p(x, X)Wy (x) + p(x,0)Wx(0) + py (x,x)W(x)

—A%mem@ (3.17)
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Thus,

ity — e — Mt + p1 (1)t (0,2) =(p1(x) + p(x,0)):(0) + (Z%p(x,X) - 7») w(x)

X
+ [ puey) = () +Ap(ey)iOMy  G8)
By boundary condition, we get
p(L,y)=0 (3.19)
Therefore,
Pxx — Pyy = — Ap, (3.20)
d A
Ep(x,x) =5 (3.21)
p(1,y) =0, (3.22)

Introduce a change of coordinates

le—y, }7:1—)6, 17()37)7)217(%)’), (323)
we have
Pz — Py =AP, (3.24)
d A
—p(xX,xX) =—— 2
Sp(E) =7, (3:29)
p(x,0) =0 (3.26)

This PDE (3.24) and the boundary conditions (3.25), (3.26) are equivalent to the one introduced
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in (2.37)—(2.39). Hence, taking back to the original coordinate x and y, the solution is given by

plen) = A1 -9 zim - (1 -a) 627

The observer gain is given by

I (VAT=(T=x7)

P = —pl6,0) =M1 ) — s

, (3.28)

3.2 Temperature Profile Estimation for the Stefan Problem

In this section, we develop the observer design of temperature profile for the Stefan
problem given available measurements of the interface position and the temperature gradient at
the interface. While measuring the temperature gradient at the interface lacks on the practical
feasibility in sensing technique, the estimator under the setting is relatively easy and enables the
analysis of the output feedback control.

Recall the Stefan problem modeling the liquid temperature dynamics under the melting,

described by
Ti(x,1) =0Tk (x,1), x € (0,s5(1)), (3.29)
_ka(Oat) :(IC(I)a (330)
T(s(t),t) =T, (3.31)
$(1) = — BTi(s(1), 1), (3.32)

Denoting the estimates of the temperature 7' (x,?), the following theorem holds:
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Theorem 7 Consider the plant (3.29)—(3.32) with the measurements

and the following observer

A

Tt(xat) :ch;fx(xat) +p1(x7Yl(t)) (Y2<t) _f}(Yl(t)at)) )
_k’j\;c(()?t) :qC(t)a

A

T(Y,(t),t) =T,

where x € [0,Y(t)], and the observer gain py(x,Y:(t)) is

I ( %(n(x)z—xz))
p1(x,Y1(t)) = =AY (2) :

(3.33)

(3.34)
(3.35)

(3.36)

(3.37)

with a gain parameter A > 0. Assume that the model validity condition T (x,t) > T,, is satisfied.

Then, for all \. > 0, the observer error system has a unique classical solution and is exponentially

stable in the sense of the norm

2012
[T

(3.38)

Since the observer PDE (3.34)—(3.35) is a cascaded system of the plant PDE-ODE (3.29)-

(3.32), the observer state 7'(x,#) admits a classical solution only if the plant states (7 (x,?),s(t))

admits a classical solution. Note that the observer gain (3.37) is dependent on the measured value

Y1 (t) = s(z), which renders the derivation of the observer gain require online computation.
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Observer gain derivation by backstepping transformation

Let us define the estimation error state i as

i(x,t) =T (x,t) —T(x,1). (3.39)

Subtraction of (3.34)—(3.36) from (3.29)—(3.31) leads to the estimation error system given by

i (x,1) =y (x,1) — p1(x,s(2)) i (s(2),1), (3.40)
1:(0,1) =0, (3.41)
i(s(t),r) =0. (3.42)

As for the full-state feedback case, the following backstepping transformation for moving bound-

ary PDEs

s(1)
i) =)+ [ Pny)R0u0dy (3.43)

is constructed to convert the following exponentially stable target system

Wy (x,1) =0y (x, 1) — AW (x,1), (3.44)
e(0,7) =0, (3.45)
w(s(t),t) =0, (3.46)

into the ii-system (3.40)—(3.42). Taking the derivative of (3.43) with respect to ¢ and x along the

solution of (3.44)—(3.46), respectively, for any continuous function w(x, ), the gain kernel P(x,y)
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and the observer gain p(x, s(¢)) must satisfy

A
Pxx(an)_Pyy(xa)’)"‘&P<X,y) :Oa (347)
A
P(x,x) =55 (3.48)
P(0,y) =0, (3.49)
pi(x,s(t)) = —aP(x,s(t)), (3.50)

in order to map (3.40)—(3.42) into (3.44)—(3.46). Introduce the change of coordinates and the

state as

_ = A
X:yv )_):x7 P(f,y):—P(X,y>, )\‘:& (351)
Then, the system (3.47)—(3.49) is rewritten using the new coordinates as
Pz — Py =P, (3.52)
- A
P(x,X) =— 7% (3.53)
P5(x,0) =0. (3.54)

The solution to (3.52)—(3.54) is obtained (see eq. (4.64)—(4.66) in [99]). Taking back to the

original coordinates and variables, the gain kernel function is solved as

P(x,y) =) : (3.55)

Finally, using (3.50), the observer gain (3.37) is derived.
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Inverse transformation

The inverse transformation is formulated as

s(t)
W) =a(e) = [ Q)i

where the gain kernel Q(x,y) satisfies

A
Qxx(xyy) - ny(x7y> :&Q(x,y),

A
Q(X,X) :ﬁxa
0:(0,y) =0.

The solution to (3.57)—(3.59) is written as

4 (5)
Q(xvy) :&y L(y2_x2) )

where Ji (x) is a Bessel function of the first kind.

Temperature profile estimate converges to the real temperature

(3.56)

(3.57)
(3.58)

(3.59)

(3.60)

To show the stability of the target w-system (3.44)—(3.46), we consider a functional

T
7 =211l

Taking the time derivative of (3.61) along the solution of (3.44)—(3.46) leads to

V = —afil 3, — MIwll5; — = wx(s(1),0)%
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As stated in Lemma 1 in Section 1.2, the model validity condition 7 (x,7) > T,, leads to s(z) > 0.

Hence, the following differential inequality in V is derived from (3.62):
V<. (3.63)

Hence, w-system (3.44)—(3.46) is exponentially stable, which induces the exponential stability of

the original i-system (3.40)—(3.42), which completes the proof of Theorem 7.

Algorithm development of the designed observer

The designed observer (3.34)—(3.36) obeys the PDE on moving boundary, however, the
numerical model needs to be described by a finite dimensional state in a discrete time. Following
the procedure in Section 1.6, the scaled PDE on the fixed domain is firstly derived, which requires
the information on s(7) and $(¢). Through the available measurements, these variables are obtained
by Y1 (z) and —BY»(¢). Since the observer utilizes the measured values as inputs, the fixed domain
PDE observer can be expressed by

Y
- giﬁn (25)%(&7;)

A

(61) =g tee(&)

Fnieno) (no-5e0) o<e< 664
9:(0,1) = —k~'Y1(2)qe (1), (3.65)
O(1,1) =T, (3.66)

Hence, the available measurements enable to design not only moving boundary PDE observer
but also the equivalent fixed domain PDE observer. After the spatial discretization by finite
difference and the time discretization by explicit Euler methods as in BIM, the observer algorithm

is described by the following structure.
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Algorithm 2: Time Update for Estimating Temperature Profile
Input: {7} . {, ,j}]y:o’ {Yzyj}{}/[:O
for j=0to M, do

P \95-1) +2hk~ Y1 jqe(jA?)

o 4 Ar < @ (o — 20l ol ) = FRLGTY — o) 4y (12— 7 2,1))

end for
~\NM
Output: {9 };2)

3.3 Observer-Based Output Feedback Control Design

An output feedback control law is constructed using the reconstruction of the estimated
temperature profile through the exponentially convergent observer (3.34)—(3.35) with the mea-

surements as shown in Fig. 3.1 and the following theorem holds:

Theorem 8 Consider the closed-loop system (3.29)—(3.32) with the measurements Yy (t) = s(t),

Yo(t) = T (s(t),t), and the observer (3.34)—(3.35) under the output feedback control law

kos@ k
gc(t)=—c <a /o (T (x,t) — Tn) dx+ B (s(r) — sr)> : (3.67)

Assuming that the Lipschitz constant H in Assumption 1 (0 < Ty(x) — T,, < H(so —x)) is known,

for any initial temperature estimation T (x), any gain parameter of the observer A, and any
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) PDE ODE
Controller I > Ty, t) = aTyu (1) > 5(t) = —BTu(s(2), 1) >
T(s(t),t) =T
W Y A
A Measurements
T(a,1) Eetimaier Y10 = 5(0). Ya(t) = Tu(s(0).1),
s(t)

Figure 3.1: Block diagram of observer design and output feedback. Here, the interface position
and the temperature gradient at the interface position are assumed to be available.

setpoint s, satisfying

T + Hy(so — x) <Tp(x) < Tin + H,(so — x), (3.68)
4o H— H
A< (3.69)
so  Hy
2
S5 A
&>m+%£m“ (3.70)

respectively, where the parameters H, and H; satisfy H, > H, > H, the closed-loop system is

exponentially stable in the sense of the norm

T =T[5 + T = Tl [5 + (s(2) = 50)*. (3.71)

Backstepping transformation

For the output feedback analysis, we introduce the estimator state of a reference error 7

by defining

<
Il
~>
|

3

(3.72)
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Then, #-system is described by

i (x,1) =Oudiee(35,8) + p1 (6, Y1) (Vo £) — e (Y1 2),1)) (3.73)
_kﬁx(ovt) ={qc (t), (3.74)
a(Y(z),t) =0, (3.75)

with the observer gain p; in (3.37). We can see that the estimation error state defined by (3.39) is
equivalent to the estimation error in a reference error state, namely, i = T — T =u—4. Since
i-system in (3.40)—(3.42) is independent on the control input U (¢), by separation principle, the
output feedback controller is designed by utilizing the estimator state # instead of the plant
state u in the full-state feedback control. The transformation of the variables (4,X) into (W, X)
is performed using the gain kernel functions of backstepping transformation in state feedback

control. Thus, we consider

(x—s(1))X(t). (3.76)

I o

Note that w # w — w due to the different transformation between w and w. Taking the derivatives
of (3.76) along with the solution of (3.73)—(3.75) with the help of the transformation (3.43), the

associated target system is obtained by

Wi (x,1) =00 (x, 1) + %s‘(r)X (1) + f (x,s(0) (s (2), 1), (3.77)
Wy (0,1) =0, (3.78)
w(s(t),1) =0, (3.79)
X(1) =—cX (1) = Pi(s(r),1) = Piwx(s(),1), (3.80)
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where

C

s(1)
flxs(1)) = P(x,s(t)) = —/x (x = Y)P(y,5(1))dy — ¢(s() —x). (3.81)

o

Evaluating the spatial derivative of (3.76) at x = 0, we derive the output feedback controller as

go(t) = —c <§ /0 " i ndx %X(r)) . (3.82)

After lengthy calculation, one can see that the inverse transformation is also equivalent to the one

of the state feedback control, namely

B W) )
(1) =) + - / Y — (. )dy + y(x— ()X (1), (3.83)

where the gain kernel (2.110).

Observer gain restriction for positivity of heat input

As presented in Chapter 2, the closed loop system must verify the two physical constraints

qe(t) >0, V>0 (3.84)

so <s(t) <sy, Vt>0. (3.85)

We derive sufficient conditions to guarantee that the physical constraints (3.84) and (3.85) are not
violated when the output feedback control law (3.82) is applied to the plant. First, we state the

following lemma.

Lemma 8 Suppose that w(0,t) < 0. Then, the solution to (3.44)—(3.46) satisfies w(x,t) < 0,
Vx € (0,s(z)), vt > 0.

The proof of Lemma 8 is constructed using the maximum principle [121]. Next, we state the
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following lemma.

Lemma 9 For any initial temperature estimate To(x) and any observer gain parameter ) satisfy-

ing (3.68) and (3.69), respectively, the following properties hold:
i(x,t) <0, dx(s(t),tr) >0, Vx € (0,s(¢)), Vr>0. (3.86)

Proof:
Lemma 8 states that if w(x,0) < 0, then w(x,#) < 0. In addition, from (3.43), w(x,#) < 0 leads to
ii(x,t) < 0 due to the positivity of the solution to the gain kernel (3.55). Therefore, with the help

of (3.56), we deduce that ii(x,#) < 0 if the following holds

,0) < [ " 0(x,)a(y,0)dy, Vx € (0,50). (3.87)

Considering the bound of the solution (3.60) under the condition (3.68), the sufficient condition
for (3.87) to hold is given by (3.69), which restricts the gain A. Thus, we have shown that condi-
tions (3.68) and (3.69) lead to ii(x,t) < 0, Vx € (0,s(¢)), V¢ > 0. In addition, from the boundary

condition (3.42) and Hopf’s lemma, it follows that i (s(¢),7) > 0.

The final step is to prove that the output feedback closed-loop system satisfies the physical

constraint (3.84).

Proposition 1 Suppose the initial values Ty(x) and so satisfy (3.68) and the setpoint s, is chosen
to satisfy (3.70). Then, the physical constraints (3.84) and (3.85) are satisfied by the closed-loop
system consisting of the plant (3.29)—(3.32), the observer (3.34)—(3.36) and the output feedback
control law (3.67).

Proof:

Taking the time derivative of (3.82) along with the solution (3.73)—(3.75), with the help of the
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observer gain (3.50), we obtain

Ge(t) = —cqe(t) + (1 + /()S(I)P(x,s(t))dx> Gy (s(t),1). (3.88)

From the positivity of the gain kernel solution (3.55) and the Neumann boundary value (3.86),

the following differential inequality holds

Ge(t) > —cqc(t). (3.89)

Hence, if the initial values satisfy g.(0) > 0, equivalently (3.70) is satisfied from (3.82) and

(3.68), we get
qc(t) >0, Vt>0. (3.90)

Then, using (3.86) given in Lemma 9 and the positivity of u(x,7) (see Lemma 3), the following

inequality is established:
a(x,t) >0, VYxe€(0,s()), Vt>D0. (3.91)

Finally, substituting the inequalities (3.90) and (3.91) into (3.82), we arrive at X (r) < 0, Vr > 0,

which guarantees that the second physical constraint (3.85) is satisfied.
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Convergence of estimation error and the liquid length

We prove the stability of the overall closed-loop system under the output feedback. We

consider
N 1 @) 5
VI = —/ Ww(x,t)"dx. (3.92)
2Jo
The time derivative yields

P ——a / )2t %s(r)x(z) /0 " e

4 / W, 1) de(s(1),1), (3.93)

- —OC/O s(t) W (x,1)2dx + 5(t) (252 2 / W(x,t) 2dx)
—{—% (/()S(t)f(x,s(t))zdx> (/()S(t)v@(x,t)zdx> + %%Wx(s(f),t)z, (3.94)

where we used $(#) > 0 and Young’s inequalities. Let A| = supy ()<, fos(l) f(x,s(t))*dx. By

Poincare’s inequality, we obtain

5 o (50 2 )2
< & . .
V) < 2/0 Wy (x,1) dx+5(1) (252 2 / Ww(x,t) dx)

252A
+ 2L (s(0),0)?, (3.95)

where we chose Yy = 0t/4s2A;. Next, we consider

=3 / o(x,1)%dx. (3.96)
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The time derivative leads to

) s(0) ¢ $
Vo =— oc/0 Wi (x,1)%dx — Bs‘(t)X(t)vf/x(s(t),t) — %fvx(s(t),t)2
(A <> S(O)((1),8) + £2(0,5() o 0,1)
+ / Fals(t (x,t)dx} We(s(0),1). (3.97)

Applying Young’s and Poincare’s inequalities with the help of s(¢z) > 0, we have

A o @) ) 2 ) s(1) )
P& / W (1) 2+ 5(0) (s X(1)2 ) 4+ 25, (42 + a5,A2) / Woo(x,1)2dx
2 Jo 2[32 0

25, f(s(t),5(1))* | fel0,5(1))* | 1 >
+ ( . M e 2%) W(s(r),1) (3.98)

where Ay = max, <)<y, I ) fec(x,5(t))?dx and 7y, and 3 are positive parameters to be deter-

mined. Let Y be a Lyapunov function such that

Y =-X(1)? (3.99)

v Bz 2 Bz ~ 2
Y= —2 X (1) 4 a(s(0),0) 4 = (5(0) 1) (3.100)
We define the Lyapunov functional
V=Vi+V+py, (3.101)
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where p > 0 is to be determined. Then, combining the inequalities, we get

. 2 s(1) s(1)
V<-— <9 _4rB Sr> / We(x,1)%dx — (% — 25 (V2 +Y3SrA2)> / W (x,1)%dx
0 0

2 c
pc 2, . 2
—7X(t) +5(t) (BZ / w(x,1) dx)
2 2
(60507 | 0w L 254 pB Wo(s(1),1)? (3.102)
o 27, 273 o c
Choosing
col o (04
_ _ __* 1
P= 162, 7 T6s, T 16524 (3.103)
we obtain
5 s(t) s(t)
vg—% Pooe(x,1) dx—g/ (1 P Eox 1)

+5(1) (Bz (r) / 2dx)

N (2s,f( (a), s(1))? N 8s,£:(0,s())? N 8524, N 2524, L

04 o o 16s,

) We(s(t),0)%. (3.104)

Thus, defining V,;; = V +dV, we have

o S(l ’ o S(l . ’ pc ’
Var < — l6s%/ Wy (x, 1) dx — 16s%/o Ww(x, 1) dx — 7X(t)
] c? sp s 5
+5(0) (WX(t)—l—E /0 W(x,1) dx)
B [d_oc B <2s,f(s(t),s(t))2 N 8s,£:(0,5(1))? N 8524, N 25244 Lo ) (50,1
4s, o o o o 16s,
s(1)
—d(h+0) / o, 1) 2dx— d, / W(x,1)2dx. (3.105)
0

92



Choosing d sufficiently large, we arrive at
Vair < =V +as(t)Van, (3.106)

where

2
, C . [«
= — b= —.c,2\ ¢ . 3.107
a max{sr,pBZ}, mln{gsg,c, } ( )

As we have studied stability analysis of state feedback, the inequality (3.106) with the help
of s(t) > 0 and sp < s(r) < s, leads to the exponential stability of (Ww,w,X)-system. By the

invertibility and boundedness of the transformations, we deduce the proof of Theorem 8.

Numerical simulation

We use parameters of zinc given in Table 1.1 in Section 1.6. The initial interface is set to
so = 1 [cm], and the setpoint is chosen as s, = 35 [cm]. The initial estimation of the temperature
profile is set to Tp(x) = f(l —x/s0) + Ty With T =30 [C°] while the initial temperature is set to
To(x) = T(1 —x/so) + Try with T = 10 [C°], and the observer gain is chosen as A = 0.01. Then,
the restriction on 7 (x), A, and s, described in (3.68)—(3.70) are satisfied. The control gain is
chosen as ¢ = 0.001 .

The dynamics of the moving interface s(¢), the output feedback controller ¢.(¢), and
the temperature at the initial interface T'(so,?) are depicted in Fig. 3.2. The first plot shows
that the interface s(7) converges to the setpoint s, without overshoot which is guaranteed in
Proposition 1. The second figure shows that the output feedback controller remains positive
as stated in Proposition 1. The model validity can be seen in the third figure, which illustrates

T (so,t) increases from the melting temperature T, to enable melting of material and settles back

to its equilibrium. Fig. 3.3 shows a short-time dynamics of the temperature profile (solid) and
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Figure 3.2: Simulation of the closed-loop system (3.29)—(3.32) and the estimator (3.34)—(3.37)
with the output feedback control law (3.67).

the estimated temperature (dash). Clearly, the estimated temperature converges to the the true

temperature quickly.
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Figure 3.3: Time evolution of true temperature (solid) and the estimate (dash) at x = 0 (black),
x=s(t)/4 (red), x = s(¢) /2 (blue), and x = 3s(r) /4 (green), respectively.

Measurements
> Estimator >

A

s(t), T(0, 1) T(z,1)

Figure 3.4: The estimation problem measuring a boundary temperature and the interface
position.

3.4 State Estimation under More Practical Sensors

We also develop the temperature profile estimation design under the available measure-
ment on the liquid temperature at the fixed domain instead of the temperature gradient at the
interface proposed in the last sections. This setup is much more practical while the drawback is
that the analysis for the output feedback control has not been established yet due to the challenge
on proving the physical constraints. Nevertheless, we can show the analysis of the convergent
observer by proving the stability of the estimation error state.

We consider the same system in last sections, (3.29)—(3.32). The following observer is

designed with the statement on the theorem.
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Theorem 9 Consider the plant (3.29)—(3.32) with the measurements

Yi(t)=s(t), Ya(r)=T(0,1), (3.108)
and the following observer
[ (x,1) =0T (x,1) 4+ p1(x, Y1(2)) (Ya(r) = T(0,1)) (3.109)
70.0) = 0 4 i) (1)~ 7(0,0) 3.110)
T(Y,(t),t) =T, (3.111)
where x € [0,Y(t)], and the observer gains are
B(VEmO - 6-non)
pl(x7Y1<t)) ZKYI(I)(Yl(I)—X) Yl(t)z—(x—Yl(t))z ) (3.112)
P21 (1)) =~ 21 (1) G113

with a gain parameter A > 0. Assume that the model validity condition T (x,t) > T,, is satisfied.

Then, for all A > 0, the observer error system is exponentially stable in the sense of the norm

T -72,.
Let ii(x,t) = T(x,t) — T'(x,t) be an estimation error variable. Then, we have a system for

error variable as
iy (x,1) =0y (x,2) — p1(x,s(2))i(0,¢), 0<x<s(z) (3.114)

8(0,1) = — pa(x,5(t))a(0,1), (3.115)

i(s(r),t) =0 (3.116)

Unlike the procedure in Section 3.2, we cannot establish a good target system using the same

96



form of the transformation. Instead, as developed in the state feedback design in Chapter 2, we
first consider the observer design for the analogous system on the fixed domain and develop the
observer gain with the associated backstepping transformation. After that, we apply the analogous
gain and transformation on the moving boundary to the error system (3.114)—(3.116), and prove

the stability of the associated target system on the moving boundary.

Fixed domain design

Consider the analogous estimation error system on the fixed domain x € (0, D) given by

iy (x,1) =iy (x,1) — p1(x,D)i(0,¢), 0<x<D (3.117)
itx(0,1) = — p2(D)ii(0,1), (3.118)
a(D,1) =0, (3.119)

Introduce the transformation

X
i) = wxn)+ [ Plywnndy, (3.120)
0
which transforms into
wy (x,1) =0y (x, 1) — Aw(x, 1), (3.121)
w(0,£) =0, (3.122)
w(D,t) =0. (3.123)
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Taking time and spatial derivatives of (3.120), the conditions for the gain kernel and the observer

gain are obtained by

A

P (x,y) = Pyy(x,y) = — &P(X,y), (3.124)
A

P(x,x) =— ﬁ(x—D), (3.125)

P(D,y) =0, (3.126)

pl(va) :_G‘Py(xao)u (3127)

p2(D) =—P(0,0). (3.128)

The solution to the gain kernel PDE is derived as

I (VA{D == D-27)

P =M= B o

(3.129)

By the differentiation formula for the Bessel functions, we have d% (@) = 12@ Using this

formula and some calculus, the observer gains in (3.127) and (3.128) are described by

p1(x,D) = oA*D(D —x) IZZ(2Z>, z= \/X’ {D? - (D —x)?}, (3.130)
A
p2(D) = T (3.131)

Then, in the similar manner, we have

w(x,r) = (1) + /0 "0 y)a(y,1)dy, (3.132)
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which leads to the conditions of

A

Qxx(an)_ny(an) :&Q(X,)’); (3133)
A

O(x,x) :ﬁ(x—D), (3.134)

0(D,y) =0. (3.135)

The solution is

5 (VIO =y =D —7})

Q) ) = =

(3.136)

Analogous observer design on moving boundary domain

Referring to the result of fixed domain, we apply the backstepping observer design of

iy (x,1) =0y (x,1) + p1(x,s(t))(u(0,1) — 4(0,1)), 0<x<s(r) (3.137)
i(s(r),r) =0, (3.138)
ix(0,1) = — qe(t) /k+ p2(s(t)) (u(0,1) — 4(0,1)), (3.139)
with gains
. 1 (/5 607~ =07}
p1(x,s(1)) :Es(t)(x—s(t)) , (3.140)
VA7 == s(0)?)
pa(s(6)) = — es(e). B.141)
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Now, we look at the original model in moving boundary coordinate. Consider the invertible

transformation

W) = () + /O 0= s(t),y— s(t))i(y,t)dy, (3.142)

X
() = w(x,0) + [ P(r=s(0).=5())(1)dy: (3.143)
Then, the target system has the form of

W (X, 1) =00y (x,1) — A (x, 1)
—s'(z)/oxq(x,y‘)< Ww(y,t +/ P(y,2)w(z, t)dz) dy, (3.144)

W(s(t),1) =0, (3.145)

W, (0,1) =0, (3.146)

where ¥ = x — (1), y = y — (1), and q(%,7) = Ox(x,y) + Oy (x,y)-
We prove that the target w-system in (3.144)—(3.146) is stable under s(z) > 0 and s(¢) < s,

Consider the Lyapunov function

1
Vi = [l (3.147)
The time derivative is given by

\71=—Oc/0(t> xtzdx 7»/ xtzdx
(1)
—S‘(t)/O t W(x,1) (/ q(%,y ( Ww(y,t +/ (7,2)W dz> dy> dx. (3.148)

Define § = maxyy)c(o,s,] 9(%; ¥)?and p= max 1 P(¥,Z). Applying Young’s Cauchy Schwarz

¥,2)€[0,s,

inequalities to the second line of (3.148) with the help of s(¢) > 0 and s(¢) < s,, the following
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inequality is derived
st -
< ol 2P+ 2 (14 2a52004 7)1

Consider

The time derivative is obtained by
Va = =l [Waal | = Ml [P = =20 (5(0),1)? +S'(t)/ D(w(x,1),5(t),%),
where

s(t)
cI>:=/ fvxx(xyt)(/q ( W(y,t +/Py,‘ ztdZ)dy>d
0 0

Calculating integration by parts twice leads to

@zwx(s(t),t)(/(;(t)q (w -I-/Pyz ztdz)dy)
+W(0,t)(%(/0xq()?)7)<v§y, +/PyZ (zt)dz)dy>)|

+/0S(’)W(x,t) (j—; (/ q(%.5) ( Ww(y,1) +/Py,' )dy)dx).

We calculate

d

Eéy@ﬂ()@+/pyz<umaﬁmo—<m»mwmn
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(3.149)

(3.150)

(3.151)

(3.152)

(3.153)

(3.154)



Here, we see that ¢(s(t), (1)) = 0x(0,0) + 0,(0,0) = (L0(x,x)) |x=0 = 2. Moreover,

i ([ 929 (500 [ PG 9c 00 )
=q(%,%)Wx(x,1) + (q(X,X)P(%,X) — 2qz(X, %) — g5(X, %))W (x,1)

~ [ (@asle.5) + 55,0 P(7.2) + R PR D)+ (7,2)) 5(zut)

—/Ox%z(fay_) (/OyP(y 7)w(z, t)dz) dy. (3.155)

In addition, we have

/0“0) q(%, %)W (x, )Wy (x,1)dx = — %W(O,I)2 + %(qf(faf) +q5(%,0))(x,1)%dx.  (3.156)

® =iy (s(1),1) (/OS() ( WOnt)+ / P(5,2) ztdz)dy) 47” (0,1)?

s(t) 3

+ 0 (q(%,%)P(x,%) — Eq)z(f,f) — qu(x %))W(x,t)%dx

+ w(x, ) I(w(x,t),x,s(t))dx, (3.157)
where

I(w(x,t),x,s(t))

- _ /Ox((z%f(f,f) + g5(%,%))P(%,2) + q(¥%,%) Pe(%, ) + g=(%,2) ) W(z,1)dz

_/qux(f,y)( OyP(y 2(z, t)dz) dy. (3.158)

Applying Young’s and Cauchy-Schwarz inequality, we can show that there exist positive constants
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M, M, M5 such that

st ([ at0.9) (w00 + [ PG00z )

;w SO 3159

s(1) o o 3 o 1 ) .
/0 (q(x,x)P(x,x)—qu(x,x)— 545 gy (%,%))w(x,1)"dx <Ma||w||*, (3.160)
[ st esas <mle Gaen

Furthermore, by Agmon’s inequality, it holds w(0,7)? < 4s,||w||>. Therefore, applying all these

inequalities to (3.157) leads to

1_ As; .
d < EWX(S(Z),I)Z o2 + (M 4+ Mo+ M3)| W] . (3.162)
Applying (3.162) to (3.151), we arrive at
% s . o [ Msr s
Va < — o el |2 = M| |? + 5(2) (Fertz—l— (M + M, +M3)||w||2) (3.163)

Thus, defining V=V,+V,and b= % -+ A, we can see that there exists a positive constant a > 0

such that the following inequality holds

<
N

—bV +as(t)V, (3.164)

from which we conclude Theorem 9.

Improvement of the designed observer for numerical algorithm

From the numerical algorithm perspective, the designed observer (3.109)—(3.111) is not

implementable using BIM due to the following reason. Through scaling the spatial domain, the
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equivalent observer on a fixed domain & € [0, 1] is written as

56 = s )~ o (e

+p1(& (1) (12(t) =9(0,1)), 0<E <1 (3.165)
(0.0 = K00 ORI -T0.), (16
9(1,1) =Ty, (3.167)

The problem is that we need to know the state vg(1,¢) in the second term of the first line in
(3.165), which is not the available variable under the current setting, unlike the setting on last
sections. Therefore, for the numerical model, we should replace ve(1,7) by the estimated variable

ﬁa(l,t). In other words, instead of (3.165), the fixed domain PDE we calculate is

5(6.1) = s e (6) — Sy (6.
+p1E,11(1)) (2(r) = 9(0,1)), 0<E<1 (3.168)

The theoretical analysis of the fixed-domain PDE observer (3.168) is still an open problem. The

observer algorithm is given in Algorithm 3.

3.5 Estimation of Both Temperature Profile and Moving In-
terface by Measuring Only a Boundary Temperature

The most challenging setup for the state estimation of 1D one-phase Stefan problem is
to estimate both temperature profile and moving interface position given a measured value of
single boundary temperature. This is not only mathematically challenging, but also practically

important in some industrial processes such as steel casting as developed in [127]. We have
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Algorithm 3: Time Update for Estimating Temperature Profile

Input: {9}, {¥1,;}]L 07{Y2,j}1,"4=0
for j=0to M, do
P2 _%Yl,j
(=1), A I A(0
v§. ) v§. )—}—2hY17j(k lgc(jAt) —pz(YzJ—vE. )))
o™ 1,
J m
. 39V gl N2
Wi 2T
fori=0toN—1,do
z<—\/7‘Y2 1 — (1 (ih)2))
1 By (1—in) 2
50
j+1
(D) Aa(i) | i1 (i) (i1 ~(0
o A <hzyz (D =250 o) = T =50 4 py (¥ -0 )>)

end for
end for

Output: { }z 0,j=1

<—

Measurement

> Estimator - >
T(0,1) T(a,t),5(t)

Figure 3.5: The estimation problem measuring only a boundary temperature. The problem is
challenging due to the requirement to estimate the interface position.

not established a mathematically rigorous result for this problem, however, suggest an observer

design and investigate the performance in numerical simulation. Thus, we state the following

“conjecture” for the observer design.

Conjecture Consider the plant (3.29)—(3.32) with the measurement

Y(t)=T(0,1), (3.169)
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and the following PDE observer

[ (x,1) =0T (x,0) + p1(x,8(1)) (Y (1) = T(0,1)) , (3.170)
7.0.0) =~ % 4 pa(s0)) (v() - 7(0.0). 3171)
T(5(t),t) =T, (3.172)

with the ODE observer

A

8(t) = —BTu(5(1).1) +1(Y (1) — 7(0,1)) (3.173)

where x € [0,Y)(¢)], the observer gains pj, p, are given in (3.112), (3.113) with a gain parameter
A >0, and [ > 0 is a gain parameter. Then, there exist A* > 0 and [* such that VA € (0,A*) and
VI € (0,1*) the estimation error system is exponentially stable in the norm ||T — 7| |%2 + (s —$)%.

Following the procedure in last section, the fixed domain PDE observer for numerical

algorithm is given by the following

A

8.1) =3 Pg(6at) — = LR (E) + 1 6.5()) (Y (1) 90.1). G.174)

for & € (0, 1). Thus, the numerical algorithm is described by Algorithm 4.

We study the performance of the observer in numerical simulation using parameters of
zinc and tuning the gain parameters A and /. Also, we compare with the observer design suggested
in [127], which is given by a copy of the plant for PDE observer and the same structure in (3.173)
for ODE observer. Fig. 3.6 depicts the simulation results and its comparison, as stated in its
caption, which illustrates the better performance of the proposed estimation compared to the

method in [127].
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Algorithm 4: Time Update for Estimating Temperature Profile and Interface Posi-
tion (i =0,---,N for spatial discretization and j =0, --- , M for time discretization)

Input: {9}, 50, {¥;}1L,
for j=0to M, do

P2+ — 355
S(—1) (1 e g . (0
v§- )evﬁ )+ 2nk lsjqc(]At)—sjpg(Yj—vg. ))
9§.N) +— T,
5(N) g o(N=1) | (N=2)

. 35N gD g .
Wy —p— vlzhfj = +1(Y1—V§0))

2/\
p1 <= ;‘—QSf
50) , 5(0) 51 56(0) | 5(=1) 5(0)
Sl e i hgsﬁ(vj —=20,7490, )+ p (Yj—vj >>

fori=1toN—-1,do
24/ 221 (1-(in)?))
p1 4 B 52(1— i)k

0 ¢
All
i A(i+1 RO Wi A1) Ai—1 (0
oo (0 =2 o) B o (1))
end for
Siy1 < 8j+Arw;
end for
N.M

Output: {V}7) .,

State Estimation by Extended Kalman Filter

This section presents the state estimation algorithm by Extended Kalman Filter (EKF).
While we have not incorporated a stochastic noise in the system, in reality the noise should appear
in most of the value and observations. Since we have introduced the model reduction by spatial
and time discretization, it is natural to incorporate the system noise. In addition, the observation
is idealized to directly measure the surface concentration which can be inversely calculated from

the output voltage. The observation of the output voltage has a stochastic noise in general, so we
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Figure 3.6: Dynamics of the true states (black solid), estimation by Algorithm 4 (red dash), and

estimation using the method in [127] (blue dash), respectively. The upper four figures show the

temperature at x = 0,s(¢)/4,s(¢)/2,3s(¢) /4, and the lower figure shows the interface position,

respectively. We can observe that for all the states, estimation by Algorithm 4 achieves faster
convergence to the true states.

should also incorporate the stochastic noise in the observation. Hence, we write the form of

1 =S (21) +wi, (3.175)

Vi =Cz + vk (3.176)
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where

%% = [Vk, Skl (3.177)
fzk) =z + Arf(z), (3.178)
C =[1,0,---,0,0,0] (3.179)

, and wy and vy are white Gaussian noises in wy ~ A[(0,W;) and v; ~ N (0, Vy). Based on this

model description, EKF algorithm is given in the following.

State Estimation Algorithm by EKF
X, -+ priori estimate (using meas. up to previous time)
ﬁ,j .-+ posteriori estimate (using meas. up to current time)

(i) [Initialization] For k = 0, set

£ =Elxo], X = E[(xo— Exo])(xo— E[xo])"]

Fork=1,2,---, compute
(ii) [Time update]

Define Jacobian matrices : Ap_| = agﬂj‘)

|x:)e,;tl

State estimate time update: £, = f(£; )

Error covariance time update: X, = Ak_le*_lA,il + Wi
(iii) [Measurement update]

Kalman gain: Ly = X, CT[CZ, CT + V]

State estimate measurement update: )2,? =X, +Li[yx — Cx7]

Error covariance measurement update: ;" = (I — LCr)X,
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1
_ = (Avi+g(vi)) 1| B
f(Zk): * _ +§ qck
EC Vi 0
where A € RVN B € RV*1 ¢ e RV*1,
-2 2 0 0
1 -2 1 0 0
0 1 -2 1 0 0
A=
hz
0O -+ v v .. 0 1 =21
0 -+ v vi e oo 01 =2
200 T
BZﬁ 1 00 0 ;
1
gzic viGvg,
-
C=% ( 00 0 —1 4 ) )
0O 0 O 0
-1 0 1 0 0
0o -2 0 2 0 0
G=
0 0 —(N-3) 0 (N-3) 0
0 0 —(N=2) 0 (N—-2)
0 0 —(N—1) 0
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(3.180)

(3.181)

(3.182)

(3.183)

(3.184)

(3.185)



Thus,

1 98 _2 _ 1
aa—f:I+Az sg(A+avk) Sz(AVkﬂLg(Vk)) 2 Bacx
¢ LT 1T
k EC —gc Vi
%) 1
28— (e(Gn) +¢TwG)
oz 2

(3.186)

(3.187)

3.6 Estimation under Boundary Temperature Actuation

One characteristic of PDEs under boundary control is that the observer design becomes

slightly different when the actuation is changed from Neumann to Dirichlet even under the

same measurements. We reconsider the Stefan problem under boundary temperature actuation

discussed in Section 2.7, descried by

Ti(x,t) =0T (x,1), 0<x<s(t),
T(0,1) =T.(t) + T,
T(s(t),t) =T,

(1) = — BT(s(1),1).

The observer design is replaced by the following.

Corollary 1 Consider the plant (3.188)—(3.191) with measurements Y (t) = s(t), Y(¢)

and the following observer

A

Tt(xat) :OLYA}X(X,I) —|—p2(x7Y1(t)) (Y2<t) _f}(yl(t)at)) )
T(0,t) =T.(t) + T,

T(Y1(t),t) =Tn,
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(3.188)
(3.189)
(3.190)

(3.191)

Ti(s(t)2),

(3.192)
(3.193)

(3.194)



where x € [0,Y(t)], and the observer gain p>(x,Y(t)) is

n (Vi)
p2(x.Y1(1)) = —Ax : (3.195)
VAGEEES)

with an observer gain L > 0. Assume that the two physical constraints $(t) > 0 and s < s(t) < s,
are satisfied. Then, for all A > 0, the observer error system has a unique classical solution and is

exponentially stable in the sense of the norm (3.38).

The proof procedure is same as that in Section 3.2. Let us define the estimation error state

i:=T —T. Then, the estimation error system is

i (x,1) =Qxy(x,1) — pa(x,s(2))i(s(t),2), 0<x<s(r) (3.196)
i(s(t),1) =0, (3.197)
i(0,7) =O0. (3.198)

Consider the transformation

s(1)
) =)+ [ POy, (3.199)
which maps onto
Wi (X,1) =00y (x,7) — AW (x,1), (3.200)
w(s(r),t) =0, (3.201)
w(0,¢) =0. (3.202)

It is easy to see that the target w-system (3.200)—(3.202) is exponentially stable under the

conditions $(z) > 0 and so < s(t) < s,. Through taking derivatives and imposing boundary
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conditions, the gain kernel and the observer gain must satisfy

Palx.3) ~ Po(x.3) =~ P(x.), (3.203)
P(x,x) :%x, (3.204)

P(0,y) =0, (3.205)

pa(x,5(1)) = — aP(x, s(t)). (3.206)

The solution of the PDE is written as

A ’1( g@z_xz))
P(x,y) = o - : (3.207)
a2 —x%)

Substituting the solution (3.207) into the condition (3.206) leads to the observer gain (3.195). By

the same technique, we can see that the inverse transformation is uniquely given by

s(1)
W) = len) = [ Qy)a(un)dy. (3208)
where
4 (f5)
Qlxy) = _x : (3.209)
502

Due to the invertibility of the transformation, the stability property of ii-system is equivalent to
that of W-system, which proves Corollary 1.
The corresponding output feedback controller is designed using the state observer (3.192)—

(3.193).

Corollary 2 Consider the closed-loop system consisting of the plant (3.188)—(3.191), the mea-
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surements Yi(t) = s(t) and Y(t) = Ty(s(t),t), the observer (3.192)—(3.194), and the output

feedback control law

1 /@ 1
To(t) = —c (&/0 x (T (x,t) = Ty) dx+ BYI (t) (Y1 (t) — sr)) : (3.210)
A 2 A
With ¢, To(x), A satisfying (3.68), and (3.69), respectively, and s, satisfying s; > so + %Hu, the

closed-loop system is exponentially stable in the sense of the norm (3.71).

The proof of Corollary 2 can be established by following the methodology presented in Section

3.3.

3.7 Summary

This chapter provides the novel state estimation method for the one-phase Stefan problem
with moving boundary. Several problem setups have been provided based on available measure-
ments and the performance properties. Table 3.1 summarizes these properties of each design with
showing the application field to be used in the latter half of the dissertation. Briefly speaking,
there is essentially tradeoff between the convergence speed of the estimator and its applicability
to the output feedback control design for the sake of maintaining the positivity. Therefore, if
the primal objective of the estimator is to estimate some unmeasured variable as fast as possible
without the need of the control, Designs 2, 5, 6 are useful. On the contrary, if the primal objective

of the estimator is to use it for output feedback control, Designs 3 and 4 are useful.
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Chapter 4

Extended Models and Design

4.1 Melting with Advection and Heat Transfer of Newton’s

Law

liquid solid

qe(t)

[ | .
| | > L

0 s(t) L

Figure 4.1: Schematic of the one-phase Stefan problem with flowing liquid. We consider both
counter-convection (b > 0) and regular-convection (b < 0).

We also consider that in the liquid phase there is a fluid flow described by a velocity field,
representing the movement of the material. This configuration is shown in Fig. 4.1. Moreover, the
heat transfer through the environment can be modeled by following Newton’s law of convective

heat. Here we assume that the ambient temperature is same as the melting temperature. As a
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consequence, by defining the reference error variables u(x,t) = T (x,t) — T, and X (1) = s(t) — s¢

analogously to the last chapter, we have the following model of the Stefan problem:

Uy (X,1) =Qutyy (x,1) + bu(x,t) — hu(x,1), 0<x<s(t), (4.1)
—kue(0,1) =qc(1), (4.2)
u(s(),1) =0, (4.3)
X (1) == Bux(s(t),1). (4.4)

where b is an advection velocity which can be either positive or negative, 4 > 0 is the heat transfer
coefficient. The stability property of Stefan PDE depends on the sign of the advection velocity
b. The control objective is same as the one in Chapter 2, namely, u(x,#) — 0 and X (¢) — 0 as

t — oo. We design the control law and provide the following theorem.

Theorem 10 Consider the closed-loop system consisting of the plant (4.1)—(4.4) and the control

law
[3 s(1)
gelr) = —k (vu<o,r> w2 f f(X)M(XJ)dx+f(S(t))X(l)) . (4.5)
0
where
_ C . —dix _ —dpx

f(X) _B(dl _dZ) ((dl ’Y)e (dz +Y)e ) ) (46)
m=”+§?za @zw_ﬁ?mﬁ @)

and 'y and c are arbitral gain parameters satisfying Y > max {O, —%} and ¢ > 0. Suppose that

the setpoint is chosen to satisfy

B [ f(x)
S¢ > 50+ &/0 o) u(x,0)dx. (4.8)
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Then, the closed-loop system satisfies the model validity conditions (1.18) and (1.20) and is

exponentially stable in the sense of the norm

|| T (x,2) — Tm||§[1(0_‘s(,)) + (s(¢) _Sr)z-

4.9)

The proof of Theorem 10 is established through the remainder of this section and Appendix

C.2.

Analogous PDE-ODE cascade with constant domain

We consider an analogous PDE-ODE cascade with constant domain to the Stefan system

(4.1)—(4.4), similarly to the procedure in Chapter 2, that is

up (x,1) =0y (x,1) 4+ buy(x,t) — hu(x,t), 0<x<D,
ux(O,t) :U(t)7
u(D,t) =0,

X (1) = — Bux(D,1).

Let us introduce the transformation

wen) =uten) 5 [T o0 utsnay— o D)x (),
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(4.11)
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(4.13)
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which maps to

wi(x,1) =0y (x,1) +bwy(x,t) —hw(x,t), 0<x<D
wx(0,1) =yw(0,1),
w(D,t) =0,

X(t) =—cX(t) — Bwy(D,1).

Taking the spatial and time derivatives of (4.14) yields

) =) + §<><>
B e utiay— o - px),
B

Wi (X, 1) =ttyx (x,2) 4+

(0(0)ux(x,1) +¢"(0)u(x,1))

o

B [ ety o D),

and

Wi (X, 1) =0ty (X,1) 4 buy(x,t) — hu(x,t)
—B(¢(x—D)ux(D,t)—¢(O)ux(x,t)—|—¢'(x—D)u(D,t)

O+ [ ¢”<x—y>u<y,r>dy)
Bb

+ % /de)(x—y)u(yaf)qu’(x—D)B”x(D’t)
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=7 (o Do)~ 0utxn) + [ ¢ yputriay)

(4.15)
(4.16)
(4.17)

(4.18)

(4.19)

(4.20)

4.21)



Hence, by (4.14), (4.19)—(4.21), we have

wy(x,1)

- (xWxx(.x7 t)

= (0" (x— D) + bo' (x —

Hence, the solution of the gain kernel satisfies

o (x— D) + b (x —

The solution is described as

where d;, d are

dy =

— bwy(x,1) + hw(x,1)

D) —ho(x— D)) X (1)

D) —ho(x—D) =

—b+Vb%+4ah

—bh—

7))

200

Vb? +4oh

200

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

Then, d; > 0 and d» < 0. Hence, ¢'(x) > 0. Finally, by (4.14) and (4.19), to satisfy (4.16), we

require

wy(x,1) —yw(0,1)
_E
o

(o

u(y,t

/ (-

)dy —¢'(=D)X (1),

u(y.t)dy— 6(~D)X <r>)
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which leads to the control design

B D
U(e) = w(0,0) + - /0 Fu(x,0)dy + F(D)X(1), (4.30)

where

£x) =0/ (—x) = v(—x),

:m ((dl ~Ye "~ (dy +Y)e_d2x). (4.31)

Control design for Stefan system with advection and heat transfer

We design the controller for the Stefan system with advection and heat loss governed
by (4.1)—(4.4). As presented in Chapter 2, we introduce the transformation which replaces the

domain D in (4.14) by the moving boundary s(¢), given by

s(1)
wet) =ulnn) — ¢ [ 00— utui)dy —ox - s)X (), 4.32)

where ¢ is given by (4.25). Then, applying (4.32) to (4.1)—(4.4), the target system is easily shown

as

wy (x,1) =0y (x,1) + bwy(x,1) — hw(x,t)

+5(0)0 (x—s(t))X(2), 0<x<s(t) (4.33)

wy(0,1) =yw(0,1), (4.34)
w(s(t),t) =0, (4.35)
X(1) = — X (t) = Bwx(s(),1). (4.36)
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Moreover, replacing U(t) — —qc(t) /k and D — s(t) in (4.30), the control design for the Stefan

system is given by
s(1)
qc(t) = —k (YM(O,I) + g/o f(x)u(x,t)dx—l—f(s(t))X(t)) ) (4.37)

Physical constraint

To prove the physical constraint under the closed-loop system, we introduce a variable

Z(t) defined by

Z(t) :% +yu(0,7) (4.38)
s(1)
=— g A F)u(x,t)dx— f(s(t))X (). (4.39)

200 == [ st = )X 0~ 0 £ 60X
=B (PO (00) ~ £ 0.0) 700, + / () )
2 oo - [More +hf<x>>u<x,r>dx) + B0 (5(0).0)
=SS G0X0)
=B (0)ux(0.) ~ & (af(0) = b£(0)) u(0,1
B ) b)) st (440
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Here, by f(x) = ¢/(—x) —y9(—x), we can see that

£(0) =¢'(0) —v6(0)

c

B?

o

£ =0 (=) 410/ (-2) = & +7) -0 So(-),

wawwﬂww%w=—w%w+(

and thus

which leads to

Moreover,

b h

o

o

af’(x) = bf (x) = oy’ (—x) — (h— by) §(—x),

(af'(0) = £(0)) = e.

RI™

of”(x) = bf'(x) — hf (x)

= (09" (—x) + 69" (—x) — h¢/(—x)) — v (00" (—x) + b’ (—x) — ho(—x))

=0.

Thus, (4.40) is led to
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(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)



We prove Z(t) > 0 by contradiction approach. Assume that there exists t* > 0 such that

Z(t) >0, Vte(0,r), Z(t*)=0. (4.48)

By Maximum principle and Hopf’s lemma, we get u(x,7) > 0 and s(¢) > 0 for all x € (0,s(¢))
and ¢ € (0,¢%). Thus, we have s(r) > so > 0, Vr € (0,*). In addition, using (4.39) and knowing

that f(x) > 0, it leads to X (¢) < 0, V¢ € (0,¢*). Therefore, (4.47) leads to

Z(t) > —cZ(t), Vte (0,r). (4.49)

Gronwall’s inequality leads to the inequality regarding the solution of the differential equa-
tion, written as Z(t) > Z(0)e~, ¥t € (0,¢*]. Thus, we have Z(t*) > Z(0)e=*" > 0, which

contradicts with the assumption (4.48). Hence,

Z(t)>0, vt>0 (4.50)

is proved. Then, by Maximum principle, it holds

u(x,t) >0, Vxe (0,s(), Vr>0, us(t),t)<0, Vt>0, (4.51)

s(t) >0, Vt>0. (4.52)

Imposing (4.50) and (4.51) on (4.39), we obtain

X(1) <0, Vi>0. (4.53)
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Thus, the following condition holds:
0<s(t)<sy, Vt>0. (4.54)

Finally, with the help of the conditions (4.52) and (4.54), as proven in Appendix C.2, the

exponential stability of the closed-loop system is ensured, which completes the proof of Theorem

10.

4.2 Actuator Delay Compensation

In the presence of actuator delay, a delay compensation technique has been developed
intensively for many classes of systems using a backstepping transformation [97]: see [94] for
linear ODE systems and [98] for nonlinear ODE systems. Using the Lyapunov method, [93]
presented the several analysis of the predictor-based feedback control for ODEs such as robustness
with respect to the delay mismatch and disturbance attenuation. To deal with systems under
unknown and arbitrary large actuator delay, a Lyapunov-based delay-adaptive control design was
developed in [19, 20] for both linear and nonlinear ODEs with certain systems, and [18] extended
the design for trajectory tracking of uncertain linear ODEs. For control of unstable parabolic PDE
under a long input delay, [96] designed the stabilizing controller by introducing two backstepping
transformations for the stabilization of the unstable PDE and the compensation of the delay. By
the similar technique, in [157] the coupled diffusion PDE-ODE system in the presence of the
actuator delay is stabilized. Implementation issues on the predictor-based feedback are covered

in [72] by studying the closed-loop analysis under the sampled-data control.
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Figure 4.2: Schematic of the one-phase Stefan problem with actuator delay.

Problem Setup and Main Result

Here we impose an actuator delay which is caused by several reasons such as computa-
tional time or communication delay. Specifically, the communication delay takes place during the
time in which the signals are transmitted from sensors to the controller and from the controller to
the actuator, and the computational delay is caused during the time when the controller completes
the computation after receiving the signals from the sensors. This configuration is shown in

Fig. 4.2. Thus, the Stefan problem with the actuator delay is formulated as follows;

T (x,t) = 0T (x,1), 0<x<s(1), (4.55)
—kT(0,1) = ge(t — D), (4.56)
T(s(t),1) = T, (4.57)
$(t) = =BT (s(2),1), (4.58)
and the initial values
s(0) =s0, T(x,0)=To(x), Vx€[0,50], ¢qc(t)=qco(t), ¥Vte[-D,0) (4.59)
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where D is the time delay of the input. Since the boundary input (4.56) is now described by
gc(t — D), all the statements in Lemma 2 and 3 are replaced by g.(t — D). Thus, the boundary
input is needed to be a bounded piecewise continuous function with generating nonnegative heat,

1.e.,
qgc(t—D) >0, Vt>0. (4.60)

Hence, we require the following assumption.

Assumption 3 The past input q.o(t) fort € [—D,0) is a bounded piecewise continuous function

and maintains nonnegative, i.e.
deo(t) >0, Vi e[-D,0). (4.61)

With Assumption 3, the model validity conditions (1.18) and (1.20) remain if g.(¢) > 0
for vt > 0.

The control objective is same as Chapter 2. As addressed in Section 2.1, we study the
energy growth. The plant (4.55)—(4.58) obeys the following energy conservation law:

s(t) t
% (2/0 (T (x,t) — Tim)dx+ %s(t) + quC(e)de) = qc(1). (4.62)

The control objective is achieved if and only if the following limit is satisfied:

lim <5 /0 ) - Tyt %s(t) + /, tD qc(e)de)

t—oo \ O

= %sr, (4.63)

which can be derived by substituting 7' (x,t) — Ty, s(t) — sy, and ¢.(t) — 0 into the left hand
side of (4.63). Taking integration of (4.62) from 7 = 0 to t = oo with the help of g.(¢) > 0 for

t > 0 and (4.63), the following assumption on the setpoint is provided.
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Assumption 4 The setpoint is chosen to satisfy

se>s0+B </OD CICIEI) dt + é /OSO(TO(x) — Tm)dx> . (4.64)

Next, we state our main result.

Theorem 1 Under Assumptions 3-4, the closed-loop system consisting of the plant (4.55)—(4.58)

and the control law

t k s(1) k
gc(t)=—c (/t_D qc(0)do + &/0 (T (x,t) — Try)dx+ B(s(t) - sr)) , (4.65)

where ¢ > 0 is an arbitral control gain, maintains the model validity conditions (1.18) and (1.20)

and is exponentially stable in the sense of the norm

t t
1T (x,0) = Tanl 3 (0 4(0y) + (5(8) = s0) + /t ~ ac(0)%d0+ /t _dc(6)d6. (4.66)

The proof of Theorem 1 is established through the remainder of this section and the

stability proof given in Appendix C.

Backstepping Transformation
Change of variables

Introduce reference error variables defined by

u(x,t) :=T(x,t) =T, X(t):=s(t)— st (4.67)
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Next, we introduce a variable

y(x,1) = M, Vx € [-D,0). (4.68)

Here, the variable x € [—D, 0] in (4.68) is not the spatial coordinate x € (0,s(¢)) of the system
(4.55)—(4.58), but a newly introduced variable for an alternative representation of the delayed
input, as introduced in [96]. Hence, the variable g.(t —x — D) in (4.68) still represents the
boundary heat input (not an input acting on the space x € (0,s(¢))), during the time period
from ¢t — D to t. Then, (4.68) gives the boundary values of current input v(—D,t) = g.(t) /k and
delayed input v(0,t) = g.(t — D) /k, and v(x,t) satisfies a transport PDE. Hence, the coupled

(v,u,X)-system is described as

ve(x,1) = —ve(x,t), —D<x<0 (4.69)
v(=D,1) =qc(t)/k, (4.70)
1 (0,1) = —v(0,1), 4.71)
ur(x,1) =0t (x,1), 0 <x<s(t) (4.72)
u(s(t),t) =0, (4.73)
X(t) =—Buy(s(t),1). (4.74)

Now, the control objective is to design ¢.() to stabilize the coupled (v,u,X)-system at the origin.
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Direct transformation

We consider backstepping transformations for the coupled PDEs-ODE system as

c 50 c
w(x,t) :u(x,t)—&/x (x—y)u(y,t)dy—E(x—s(t))X(t), (4.75)
(x,1) =v(x, ) + /0 (3,1)d +5/S(Z) (v 1)dy+ =X (1) (4.76)
) =v(xn) e | viyndy+ o | u(yndy X () :

The transformation (4.75) is the same nonlinear transformation as the one proposed in Section 2.3
for delay-free Stefan problem. The formulation of (4.76) is motivated by a design in fixed domain
introduced in [96]. Taking derivatives of (4.75) and (4.76) in x and ¢ along with the solution of

the system (4.69)—(4.74), we have

s(t)
() =) - / u(y,1)dy — %X(t), 4.77)
Ze(x,1) =ve(x,1) — cv(x,t), (4.78)
0 s(1)
2t (x,1) = —ve(x,1) — c/x vy (v, 1)dy + C/O uyy(y,1)dy — cux(s(t),1),
=—ve(x,1) +cv(x,1). (4.79)

By (4.78) and (4.79), we get z;(x,t) = —zy(x,7). In addition, by substituting x = 0 in (4.76) and
(4.77), wy(0,1) = —z(0,7) holds. On the other hand, because w transformation does not depend

on v, w system is not changed from the delay-free target system given in Section 2.3. Thus, the
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target (z,w,X)-system is obtained by

z(x,1) =—z¢(x,1), —D<x<0 (4.80)
2(=D,1) =0, (4.81)
wy(0,1) =—2(0,1), (4.82)
W (X,1) =0y (x,1) + %s‘(t)X(t), 0<x<s(t) (4.83)
wis(t),1) =0, (4.84)
X(1) =—cX (1) = Pwx(s(r),1). (4.85)

The control design is achieved through evaluating (4.76) at x = —D together with the boundary

conditions (4.70) and (4.81), which yields

s(1)
qc(t) = —ck (/_ZV(y,t)dy + é /O u(y,t)dy + %X(t)) : (4.86)

Finally, substituting the definitions (4.67) and (4.68) in (4.86), the control law (4.65) is obtained.

In a similar manner, the inverse transformations are obtained by

ts s(1)
) =)+ 2 [ty - s@)x () @87

0 B s(t)
vx0) =2e0) = [ ue=2)e0u0dy = cu) [ Cm0dy = CsOMDX (), (488)

where

y(x) = \/g_“sin <\/§x) : (4.89)

u(x) =ce, L(x) = %cos (\/gx) | (4.90)
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Physical constraints

Next, we prove that the closed-loop system with the control law (4.65) guarantees some

important properties.

Lemma 1 With Assumption 4, the control law (4.65) for the system (4.55)—(4.58) generates a

positive input signal, i.e.,

qc(t) >0, Vr>0.

Proof:

Taking the time derivative of (4.65) together with the solution of (4.55)—(4.58), we obtain

(1)
Jolt) =—c (qca) ~ai-D)+k Txx<x,r>dx—kn<s<r>,r>) |

=—c(qc(t) — qc(t — D) —kT(0,1)),

= —cqc(1).

The differential equation (4.92) yields

qe(t) = qe(0)e™ .

Additionally, substituting t = 0 into the control law (4.65) leads to

4e(0) = —¢ (/Och(e)de+ g /OS(’(TO(X) T+ (50— sr)) ,

B

Hence, Assumption 4 leads to

qc(0) > 0.

132

(4.91)

(4.92)

(4.93)

(4.94)

(4.95)



Applying (4.95) to (4.93), the positivity of the controller (4.91) is satisfied.

Hence, the model validity conditions (1.18) and (1.20) hold, i.e.,

T(x,t) >T, forall xe][0,s(z)]. (4.96)

s(t) >0, Vr>0, (4.97)

By the control law (4.65), the following relation holds under the closed-loop system:

t s(1)
(5(6) —57) = —%qc(t) - /t | qu(@)d0- K /0 (T (1) — Tin)dx, (4.98)

o

k
B
Applying (4.91) and (4.96) to the control law (4.65), it holds

so <s(t) <sp, Vr>0. (4.99)

Relation between the designed control law and a state prediction

As developed in some literature for ODE systems, the delay compensated control via the
method of backstepping is known to be equivalent to the predictor-based feedback where the
control law is derived to stabilize the future state called “predictor state”, see Section 2 in [97]
for instance. Hence, one might have a question whether our delay compensated control is also
equivalent to the predictor-based feedback. This is not a trivial question in the case of Stefan
problem due to the complicated structure of ODE dynamics whose state is the domain of the
PDE.

The nominal control design for delay-free Stefan problem developed in [82] is given by

o ks k
Ge(t) = —c (a /0 (T 1) = x5 (s(6) - sr)> , (4.100)

where we defined the notation g.(¢) to distinguish with the delay compensated control law (4.65).
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Thus, our interest lies in proving g.(t) = g.(t + D) because Gc(t + D) is the prediction of the

nominal control. We start from the expression of g.(z + D) which can be described as

B k [s@+D) k
qc(H—D):—c(&/o (T(x,t+D)—Tm)dx+E(s(t—|—D)—sr)> . (4.101)

Integrating ODE dynamics $(¢) = —7(s(z),) given in (4.58) from 7 to t 4+ D yields
t+D
s(t+D) = s(t)— B / T.(s(1), 7)dx. (4.102)
t

Next, integrating PDE dynamics 7; = a7y, given in (4.55) in time from 7 to ¢ + D leads to
T(x,t+D)=T(x,t)+ ftt+D Tix(x,T)dt. Furthermore, integrating the both sides in space from

0 to s(t + D), we obtain

s(t+D)
/ (T (x,1 4 D) — T)dx
0
s(t+D) s(t+D) i+D
:/ (T (x,t) — Try)dx+ OL/ / Tex(x,7)dtdx,
0 0 t
s(t+D) t+D
. / (T (x,1) — T)dx + 00 / (T(s(t + D), %) — T,(0,7)d,
0 t

-/ 1) - T+ o / st 0), e+ 2 / a®dE @103
0 : k Ji-p

Therefore, substituting (4.102) and (4.103) into (4.101), we get

s(t+D) 1+
qc(t+D):—c(§/0 ? (T(x,t)—Tm)dx+k/t ® (Tu(s(t+D),7) — Tu(s(), )t

t

+ [ el 5isto) —sr)). (4.104)
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Consequently, it remains to consider the following term

t+D
| (Ths+D)0 = Tls(e). vy

t+D  ps(i+D)
:/ / Tix(x,T)dxdr,
t s(1)

1 ps(+D) s~ (x)
=— / / Tr(x,T)ddx,
Q Js(r) t

:é /S(St()t+D) (T(x,s ' (x)) = T(x,1)) dx. (4.105)

where we switched the order of the integrations in time and space from the first line to the
second line with defining the inverse function s~!(x). The existence and uniqueness of s~ (x) is
guaranteed due to the continuous and monotonically increasing property of s(¢) provided g.(¢) > 0.
Thus, boundary condition T (s(t),t) = T,,, V¢ > 0 given in (4.57) implies T (x,s ! (x)) = T, from

which (4.105) is given by

t+D 1 ps(+D)
/ (Tu(s(t +D),7) — Tu(s(1),7))dT = — — / (T(x,1) — T,y) dx. (4.106)
t O Js(t)
Substituting (4.106) into (4.104), we arrive at
B B ks t k B
aetr4D) == (¢ [T Tt [ @zt 560 -5 ) =aclo). - @100

Therefore, we conclude that the delay compensated control (4.65) is indeed the prediction of the

nominal control law (4.100).

Robustness to delay mismatch

The results established up to the last section are based on the control design with utilizing
the exact value of the actuator delay. However, in practice, there is an error between the exact

time delays and the identified delays. Hence, guaranteeing the performance of the controller
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under the small delay mismatch is important. In this section, D > 0 is denoted as the identified
time delay and AD is denoted as the delay mismatch (can be either positive or negative), which
yields D + AD as the exact time delay from the controller to the plant. Thus, the system we focus

on is described by

Ti(x,1) =0T (x,1), x€ (0,5(7)), (4.108)
—kT(0,1) =q.(t — (D+ AD)), (4.109)
T(s(t),t) =T, (4.110)
$(1) = — BT(s(t) 1), 4.111)

with the control law given in (4.65) which utilizes the identified delay D. Since the control law is
not changed, the same backstepping transformation in (4.75) and (4.76) can be applied, but the
target (z, w, X )-system needs to be redescribed due to the modification of (4.109). The theorem
for the robustness to delay mismatch is provided under the restriction on the control gain, as

stated in the following.

Theorem 2 Under Assumptions 3-4, there exists a positive constant ¢ > 0 such that Vc € (0,¢) the
closed-loop system consisting of the plant (4.108)—(4.111) and the control law (4.65) maintains
the model validity conditions (1.18) and (1.20) and is exponentially stable in the sense of the

norm (4.66).

An important characteristic to note in Theorem 2 is that the existence of ¢ is ensured for
any given AD as long as D+ AD > 0. An analogous description with respect to the small delay

mismatch is given in the following corollary.

Corollary 1 Under Assumptions 3-4, for any given ¢ > 0 there exist positive constants € > 0 and
€ > 0 such that VAD € (—¢,€) the closed-loop system (4.108)—(4.111), (4.65) satisfies the same

model validity and stability property as Theorem 2.
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The proof of Theorem 2 can be seen in [84], and is emitted here.
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(c) T(0,7) converges to the melting temperature Ty, with maintaining 7'(0,7) > Tp,.

Figure 4.3: The closed-loop response of (4.55)-(4.58) with the delay compensated control law
(4.65) (red) and the uncompensated control law (4.100) (blue).
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Numerical Simulation

We study the simulation of the proposed delay compensated controller under the accurate

value on the delay and the delay mismatch.

Exact Compensation

The performance of the proposed delay compensated controller is investigated by compar-
ing to the performance of the nominal controller (4.100). The time delay, the past heat input, and
the initial values are set as D = 2 [min], ¢.(¢) = 500 [W/m] for V¢ € [-D,0), so = 0.1 [m], and
To(x) =T (1 —x/so) + Ty, with T = 50 [K]. The setpoint and the controller gain are chosen as
sy = 0.15 m and ¢ =0.01/s, which satisfies the setpoint restriction (4.64).

Fig. 4.3 shows the simulation results of the closed-loop system of the plant (4.55)—(4.58)
with the proposed delay compensated control (4.65) (red) and the uncompensated control law
(4.100) (blue). The closed-loop responses of the moving interface s(z), the boundary heat control
g (1), and the boundary temperature 7' (0,¢) are depicted in Fig. 4.3 (a)—(c), respectively. As stated
in their captions, the proposed delay compensated controller ensures all the derived conditions
with the convergence of the interface position to the setpoint, while the uncompensated control
does not provide such a behavior. Hence, the numerical result is consistent with the theoretical
result, and the proposed controller achieves better performances than the uncompensated controller

under the actuator delay.

Robustness to Delay Mismatch

To evaluate the delay robustness, the performance of the proposed controller is investigated
under the delay mismatch. First, the simulation is conducted with the underestimated delay
mismatch where the time delay from the actuator to the plant is 60 [sec] while the compensating
time delay in the controller is D = 30 [sec], i.e., the delay mismatch is AD = 30 [sec]. The

closed-loop responses are depicted in Fig. 4.4 with the choices of the control gain ¢ = 0.01 [1/sec]
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(c) The boundary temperature keeps above the melting temperature with smaller gain, while it reaches
below the melting temperature with larger gain, which violates the temperature condition for the liquid
phase.

Figure 4.4: The closed-loop response under the “underestimated” delay mismatch with D = 30

[sec] and AD = 30 [sec]. The simulations are conducted with the control gain ¢ = 0.01 [/sec]

(red) and ¢ = 0.1 [/sec] (blue). The delay-robustness is observed only with smaller gain in terms
of the model validity.
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(c) The boundary temperature is greater than melting temperature, which satisfies the temperature
condition for the liquid phase.

Figure 4.5: The closed-loop response under the “overestimated” delay mismatch with D = 90

[sec] and AD = —30 [sec]. The simulations are conducted with the control gain ¢ = 0.01 [/sec]

(red) and ¢ = 0.1 [/sec] (blue). In this case, all the constraints for the model validity are satisfied
with both smaller gain and larger gain.

(red) and ¢ = 0.1 [1/sec] (blue). Fig. 4.4 (a) illustrates the convergence of the interface position

to the setpoint, however, the monotonicity of the interface dynamics is violated with larger gain
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(red). From Fig. 4.4 (b) and (c) we can observe that the positivity of the control input and the
temperature condition for the liquid phase are satisfied only with the lower gain (blue) for all
time, while the simulation with the larger gain (red) violates these conditions too. Hence, with
the underestimated delay mismatch, the robustness is well illustrated for sufficiently small gain
¢ > 0, which is consistent with Theorem 2.

Next, we have studied the simulation with the over-estimated delay mismatch with the
same value of the time delay from the actuator to the plant 60 [sec] but the compensating time
delay in the controller is D = 90 [sec], i.e., the delay mismatch is AD = -30 [sec]. The closed-loop
responses are depicted in Fig. 4.5 with the same choices of the control gain as in simulation
of underestimated delay mismatch. While the magnitude of the delay mismatch is same as the
one conducted in the underestimated delay mismatch, we can observe from Fig. 4.5 (b) and (¢)
that the positivity of the control input and the temperature condition for the model validity are
satisfied for all time with both smaller control gain (red) and larger control gain (blue). Although
Theorem 2 guarantees these properties only for sufficiently small control gain ¢ > 0, the numerical
results illustrate that the restriction on the control gain to satisfy these properties is not equivalent
between the underestimated and over-estimated delay mismatch.

Indeed, as far as we have investigated the numerical results with the over-estimated delay
mismatch using other values of the control gain ¢ and the delay perturbation AD, the positivity
of the control input is satisfied for every cases and the convergence of the interface position to
the setpoint is depicted without overshooting. These observations from the numerical simulation
leads us to conjecture that the delay-compensated controller might exhibit greater sensitivity
to delay mismatch when it is underestimated rather than over-estimated in terms of the model
validation. Hence, once the user is faced with some range of the uncertainty in the actuator delay,
it is better to choose small control gain ¢ > 0, and additionally, it might be better to choose larger

value of the compensating delay in the controller to be conservative.
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4.3 What Can We Guarantee If the Solid Phase Remains? -

ISS

While all the aforementioned results are based on the one-phase Stefan problem which
neglects the cooling heat caused by the solid phase, an analysis on the system incorporating the
cooling heat at the liquid-solid interface has not been established. The one-phase Stefan problem
with a prescribed heat flux at the interface was studied in [140]. The author proved the existence
and uniqueness of the solution with a prescribed heat input at the fixed boundary by verifying
positivity conditions on the interface position and temperature profile using a similar technique as
in [55].

Regarding the added heat flux at the interface as the heat loss induced by the remaining
other phase dynamics, it is reasonable to treat the prescribed heat flux as the disturbance of the
system. The norm estimate of systems with a disturbance is often analyzed in terms of Input-
to-State Stability (ISS) [149], which serves as a criterion for the robustness of the controller or
observer design [6, 54]. The characterizations of ISS have been investigated in [147, 148], which
have been utilized for the derivation of small gain theorems [66, 67]. Recently, the ISS for infinite
dimensional systems with respect to the boundary disturbance was developed in [73, 74, 76]
using the spectral decomposition of the solution of linear parabolic PDEs in one dimensional
spatial coordinate with Strum-Liouville operators. An analogous result for the diffusion equations
with a radial coordinate in n-dimensional balls is shown in [23] with proposing an application to
robust observer design for battery management systems [118].

We incorporate the heat loss at the interface in the one-phase Stefan problem, as a cooling
effect from the solid phase. Here, we assume that the heat loss is a time-varying function, unlike

the two-phase Stefan problem which models the heat loss by the solid phase temperature that is
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state-dependent. Hence, we consider the following model

T(x,1) = 0T (x,1), 0<x<s(r), (@.112)
—KT(0,1) = (1), (@.113)
T(s(t),1) = Thn, (4.114)
§(0) = ~B(s0).0) ~ Par0) @.115)

where g¢(7) > 0 is a magnitude of the heat loss. The coefficient B/k is added from the physical
modeling, which yields the consistency in the physical unit. We impose the following assumption

on the heat loss.

Assumption 5 The heat loss remains non-negative, bounded, and continuous for all t > 0, and

the total energy is also bounded, i.e.,

ge(t) >0, vVt >0, (4.116)

M >0, s.t. /qf(t)dt<M. 4.117)
0

One critical difference of the system (4.112)—(4.115) from the systems we have studied

in previous sections is that the monotonicity of the interface dynamics does not hold, i.e.,

$(t) 20 (4.118)
which can cause the following scenario:

s(1) N\ 0 (4.119)

even under a physically reasonable situation. Namely, even if we keep injecting a positive heat

into the liquid phase, the material can be completely frozen to the solid phase due to the heat loss.
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Such a situation can be explained in the following lemma proven in [140]:

Lemma 10 Provided that q.(t) > 0 for all t > O, there exists 6 > 0 such that for any t < G where
0 < 6 < oo, there is a unique classical solution of the system (4.112)—(4.115). If G # oo, then

s(o) =0.

However, to validate the physical model under the feedback control, we need to show
s(t) >0, Vvr>0. (4.120)

Hence, the condition (4.120) stands as an additional constraint to hold under the closed-loop
system. Here, the heat loss g¢() is an unknown variable, and we study how the norm estimate is

described under the feedback control law designed in Section 2.3, namely, the control law is

ko s() k
%ap}w(&é (uxo—n@m+5@@—&0, @.121)

We impose the same assumption on the setpoint position as follows.

Assumption 6 The setpoint is chosen to satisfy
B [
&>m+a/(m@—nmu (4.122)
0

Finally, we impose the following condition of the control gain.

Assumption 7 The control gain c is chosen sufficiently large to satisfy ¢ > k%q_f, where s :=

SUP(<; <o 1G£() }-

The controller is feedback design of liquid temperature profile and the interface position
(T (x,t),s(t)). The heat loss g¢() is regarded as a disturbance, and the norm estimate of the

reference error is derived in a sense of input-to-state stability, as stated in the following theorem.
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Theorem 11 Under Assumptions 5—7, the closed-loop system consisting of (4.112)—(4.115) with
the control law (4.121) satisfies the model validity conditions (1.18) and (4.120), and is ISS with
respect to the heat loss q¢(t) at the interface, i.e., there exist a class-K L function C and a class- K

function n| such that the following estimate holds:

(1) <G(¥(0),1) +m < sup !qf(f)l) : (4.123)

1€[0,7]

forallt >0, in the Ly norm

() = (/Os(t) (T (x,1) — Tyn)?* dx + (s(1) — s,)z) . (4.124)

Moreover, there exist positive constants My > 0 and M, > 0 such that the explicit functions of {

and m are given by

L(P(0),1) =M ®(0)e ™, (4.125)
N( sup |gi(t)]) =M2 sup |gs(7)], (4.126)
1€[0,¢] 1€[0,¢]

where A = 3% min {%, c}, which ensures the exponentially ISS.

Backstepping transformation

Let u(x,7) and X (¢) be reference error variables defined by

u(x,t) :=T(x,t) — T, (4.127)

X(t) =s(t) — 5. (4.128)
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Then, the system (4.112)—(4.115) is rewritten as

th(x,f) :(xuxx(x,t)7

where d(t) = Bg(r).

We apply the following backstepping transformation

(1)
wien) =uen) ~ [ o yyutaay ot s)x (),

where the gain kernel ¢ is given by

Then, one can derive the following target system

wy(x,1) =0y (x,1) + $(2)0 (x — s(2))X (¢) + 0(x — s(2))d(2),
B
wk(ovt)‘_zi¢(0)u(0)a
w(s(t),1) =eX(t),

X(t) =—cX(t) — Pwu(s(t),t) —d(2).
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Inverse transformation

Consider the following inverse transformation

u(x,t) =w(x,t) — B W(x—y)w(y,t)dy—W(x—s(t))X(t). (4.139)

X

Taking the derivatives of (4.139) in x and ¢ along (4.135)-(4.138), to match with (4.129)-(4.132),

we obtain the gain kernel solution as
y(x) =e™ (p1sin (ex) +ecos (), (4.140)

where

[38 _ J4oc—(eB)?
T 7 402
1
P =50 (20c — (eB)?) (4.142)

(4.141)

and 0 <e < 2‘/§TC is to be chosen later. Finally, using the inverse transformation, the boundary

condition (4.143) is rewritten as

w(0.0) = Pe [ .- P / W(—y)w(r.t)dy—w(=s()X(1)| (4.143)

In other words, the target (w, X)-system is described by (4.135), (4.137), (4.138), and (4.143).
Note that the boundary condition (4.137) and the kernel function (4.134) are modified from the
one in Section 2.3, while the control design is equivalent. The target system derived in Section
2.3 requires #-norm analysis for stability proof. However, with the prescribed heat loss at the
interface, #;-norm analysis fails to show the stability due to the non-monotonic moving boundary
dynamics. The modification of the boundary condition (4.137) enables to prove the stability in L,

norm as shown later.
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Analysis of closed-loop system

Here, we prove the well-posedness of the closed-loop solution and the positivity conditions
of the state variables.
Taking the time derivative of the control law (4.121) along with the energy conservation

leads to the following differential equation

Ge(t) = —cqe(t) + cqs(t), (4.144)

which has the explicit solution as the following open-loop control:

t
ge(t) = qoe " +¢ / e~ ge(t)dr, (4.145)
0
where
k [% k
qgo = —c (—/ (To(x) — Ty )dx + < (so —sr)) . (4.146)
o Jo B

Hence, the closed-loop solution is equivalent to to the open-loop solution with (4.145). Since
Assumption 6 leads to gg > 0, the open-loop controller (4.145) remains positive and continuous
for all + > 0 by Assumption 5. Hence, applying Lemma 10, we can show that there exists ¢ > 0
such that for any 7 < 6 where 0 < 6 < oo, there is a unique classical solution of the system
(4.112)—(4.115).

Next, we show ¢ = oo by contradiction. Suppose there exists 0 < G < oo such that s(6) = 0.

Let E(¢) be an internal energy of the physical system defined by

() = g /0 " ) —Tm)dx+§s(t). (4.147)

Note that £(c) = 0 holds by the imposed assumption. Taking the time derivative of (4.147) yields
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the energy conservation
E(t) = qe(t) — g1(t)- (4.148)
In addition, the time derivative of (4.145) yields
Ge(t) = —c(ge(t) —g1(1)) - (4.149)
Combining these two and taking integration on both sides gives
(9c(t) = gc(0)). (4.150)
By (4.146) and (4.147), we get
qo0 = —c¢ (E(O) - %s) : (4.151)

Substituting this and (4.145) into (4.150), we have

E(t)y=e {E(O) + k—sr(e“ —1)— /t €CTQf(T)dT:| . (4.152)
p 0
Let f(¢) be a function in time defined by
f(t)=E0)+ %(6“ —-1)— /0[ e“ge(T)dT. (4.153)

Since E(t) = e f(t), we can see that E(r) > 0 for all # > 0 if and only if f(z) > 0 for all 7 > 0.

By (4.153), we have f(0) = E(0) > 0. Taking the time derivative of (4.153) yields

f(t)=e" (kgc —Qf(f))- (4.154)
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By Assumption 7, (4.154) leads to f'(¢) > 0 for all # > 0. Therefore, f(¢) > 0 for all r > 0, and
we conclude E(t) > 0 for all 7 > 0 which contradicts with the imposed assumption s(c) =0
where G # co. Hence, the existence and uniqueness of the solution holds globally V¢ > 0.

Since the open-loop system has a unique solution, the closed-loop solution has a unique

solution as well. Thus, the following properties hold:

qc(t) >0, (4.155)
u(x,t) >0, ux(s(z),r) <0, (4.156)
s(t) >0. (4.157)

Moreover, applying (4.155) and (4.156) to (4.121), the following condition is derived

0<s(t) < st (4.158)

ISS Proof

To conclude the ISS of the original system, first we show the ISS of the target system

(4.135), (4.137), (4.138), and (4.143) with respect to the disturbance d(t). We consider

1
V() = 5wl + ;—BX(I)z. (4.159)

Then, as proven in Appendix C.4, for a sufficiently small € > 0, the following inequality is

derived:

V(1) <—bV(t)+Td(1) +als@)|V (), (4.160)
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2
wherea:%ﬁsmax{l o‘Czsf},b: min{%,c},andl‘:&—l—zs; <%+8> . Let z() be defined

o0|—

’2[3383 o2
by
t
(1) == s(1) +2/ d(t)dr. 4.161)
0
By (4.117) and (4.158), we have
2BM
0<z(t)<z:= sr+BT (4.162)

The time derivative of (4.161) is given by

2(t) = —Pux(s(z),t) +d (1) (4.163)

Since $(t) = —Pux(s(r),t) — d(t) and recalling u,(s(¢),7) < 0 and d(t) > 0, the following inequal-
ity holds:

15(1)| < —Bux(s(r),t)+d(t) = z(1). (4.164)
Applying (4.164) to (4.160) leads to
V(1) <—bV(1)+Td(t)* +az(t)V(2). (4.165)
Consider the following functional

W(r)=V(r)e =0 (4.166)
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Taking the time derivative of (4.166) with the help of (4.165) and applying (4.162), we deduce
W(t) < —bW(t) +Td(r)>. (4.167)

Since (4.167) leads to the statement that either W (¢) < —%’W(t) or W(t) < 2Td(t)? is true,

following the procedure in [149] (proof of Theorem 5 in Section 3.3), one can derive

2
W(t) <W(0)e 2 + =T sup d(t)>. (4.168)
1€[0.1]
By (4.166), we have V() = W(t)e“®). Applying (4.168), we get V(1) < e“OW (0)e 3" +
%F SUPref0.]d (1)2. Again by (4.166), we have W (0) = V(0)e~%(%), Combining these two with

the help of (4.162), finally we obtain the following estimate on the L, norm of the target system

_ 2
V(1) SV(O)e“Zefgt—i— “Te sup d(1)% (4.169)
t€[0.1]

Due to the invertibility of the transformation from (u,X) to (w,X) together with the
boundedness of the domain 0 < s(t) < s,, there exist positive constants M > 0 and M > 0 such

that the following inequalities hold:

M¥(1)* <V(1) <M¥(1)?, (4.170)

where W(¢) is the L, norm of the original system defined in (4.124). Finally, applying (4.170) to

M, b

(4.169), one can derive the norm estimate on the original (7', s)-system as ¥ (z) < ﬁ “W(0)e 7 +

\/ % SUpPzc[o., 4(T), which completes the proof of Theorem 11.
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Table 4.1: Physical properties of the liquid paraffin.

Description Symbol | Value

Density p 790 kg -m~3
Latent heat of fusion | AH* 2107-g7!

Heat Capacity G 2.387J.g lec!
Melting Temperature | Ty, 37.0°C
Thermal conductivity | k 0.220 W-m™!

Numerical Simulation

Simulation results are performed for the one-phase Stefan problem by considering a
cylinder of paraffin whose physical properties are given in Table 4.1. The setpoint and the initial
values are chosen as s; = 2 [cm], so = 0.1 [em], and Ty(x) — T, = To(1 —x/s¢) with Tp = 1 [°C].
Then, the setpoint restriction is satisfied.

The control gain is set as ¢ = 5.0 x 1073[/s], and the heat loss at the interface is set as

gi(t) = gre X, 4.171)

where K = 5.0 x 1070 [/s]. The closed-loop responses for gg = 1.0 x 102[W/m?] (red), 2.0 x
102[W/m?] (blue), and 3.0 x 10°[W/m?] (green) are implemented as depicted in Fig. 4.6. Fig.
4.6 (a) shows the dynamics of the interface, which illustrates the convergence to the setpoint with
an error due to the unknown heat loss at the interface. This error becomes larger as gr gets larger,
which is consistent with the ISS result. In addition, the property 0 < s(z) < s, is observed. Fig.
4.6 (b) shows the dynamics of the proposed closed-loop control law, and Fig. 4.6 (c) shows the
dynamics of the boundary temperature 7(0,7). Hence, we can observe that the simulation results

are consistent with the theoretical result we prove for the model validity conditions and ISS.
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= | - gr = 1.0 x 10? [W/m?]
= e - G = 2.0 x 10* [W/m?]
. N - @y =3.0 %10 [W/m’)
0 1 2 3 4 5

Time ¢ [hour]

(a) Convergence of the interface is observed with offsets from the setpoint depending on the magnitude
of the heat loss.

C1500[ g, 210 x 107 [W/m?)
TN ha =200 (W]
E 1000 ¢ \“ gr =3.0x 102 [W/m?]
bl A\
S 500 [ \\\\ <
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0 ‘
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(b) Positivity of the closed-loop controller maintains.
80 = gr = 1.0 x 10° [W/m?]
O e I
o | \\\ N Qf = o.U X m
Q 60 /l S \\ ~ o
o'\ I S N
B ﬁ ____________
401 ‘
0 1 2 3 4 S

Time ¢ [hour]
(c) The model validity of the boundary liquid temperature holds, i.e., T(0,¢) > Tp,.

Figure 4.6: The responses of the system (4.112)—(4.115) with the heat loss g¢(¢) = gre X" under
the feedback control law (4.121).
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4.4 Sampled-Data Design

The aforementioned results assumed the control input to be varying continuously in time;
however, in practical implementation of the control systems it is impossible to dynamically
change the control input continuously in time due to limitations of the sensors, actuators, and
software. Instead, the control input can be adjusted at each sampling time at which the measured
states are obtained or the actuator is manipulated. One of the most fundamental and well known
method to design such a “sampled-data” control is the so-called “emulation design” that applies
“Zero-Order-Hold” (ZOH) to the nominal “continuous-time” control law. A general result for
nonlinear ODEs to guarantee the global stability of the closed-loop system under such a ZOH-
based sampled-data control was studied in [68], and the sampled-data observer design under
discrete-time measurement is developed in [69] by introducing inter-sampled output predictor.
As further extensions, the stability of the sampled-data control for general nonlinear ODEs under
actuator delay is shown in [71, 72] by applying predictor-based feedback developed in [97], and
results for a linear parabolic PDE are given in [75] by employing Sturm-Liouville operator theory.
The sampled-data control for parabolic PDEs has been intensively developed by Fridman and
coworkers by utilizing linear matrix inequalities [4, 57, 58, 136]. However, none of the existing
work on the sampled-data control has studied the class of the Stefan problem described by a
parabolic PDE with state-dependent moving boundaries “(a nonlinear system)”.

We consider the one-phase Stefan problem in Section 2.3:

T(x,1) = 0T (x,1), 0<x<s(r), (4.172)
—kT:(0,1) = g (1), (4.173)
T(s(1),t) = Tn, (4.174)
$(t) = —BTi(s(1),1), (4.175)
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In practical implementation, the actuation value cannot be changed continuously in time.
Instead, by obtaining the measured value as signals discretely in time, the control value needs to
be implemented at each sampling time. One of the most typical design for such a sampled-data
control is the application of ”Zero-Order-Hold”’(ZOH) to the nominal continuous time control
law. Through ZOH, during the time intervals between each sampling, the control maintains the
value at the previous sampling time. Let ¢; be the j-th sampling time for j =0,1,2,---,, and 1;

be defined by
Tj=1j+1—1j. 4.176)

The application of ZOH to the nominal control law (4.121) leads to the following design for the

sampled-data control

s(t)
qc(l‘) :—C(g/o (T(x,tj)—Tm)dx—l—g(s(tj)—s,)) , Vte [lj,lj+]), “4.177)

of which the right hand side is constant during the time interval ¢ € [tj,7;11). Let us denote
qj = qc(t) for t € [tj,tj11). Hereafter, all the variables with subscript j denote the variables at

t = t;. We introduce the following assumptions on the sampling scheduling.

Assumption 8 The sampling schedule has a finite upper diameter and a positive lower diameter,

i.e., there exist constants 0 < r < R such that

sup {7;} <R, (4.178)
JEZT

inf {T;} >r. 4.179
jéZJr{ jy=r ( )

Our main theorem is given next.

Theorem 3 Consider the closed-loop system (4.172)—(4.175), (4.177) under Assumptions 6, 8.
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Then for every 0 < r < R < 1/c, there exists a constant M := M(r) such that the closed-loop

system has a unique solution satisfying the following estimate:
Y(t) < MY(0)exp(—bt), (4.180)

where b= %min {%, c},for allt >0, in the Ly norm ¥(t) = fos(t) (T (x,1) — T)? dxc+ (s(1) — 5,)2

The positive constant M in (4.180) has a dependency on r > 0 as

M,
M(r)=M; + —, (4.181)
") 1—(1—cr)®e¥
for some positive constants M1 > 0 and M, > 0 that are not dependent on r > 0.
Analysis of the closed-loop system
We introduce the following reference error states:
u(x,t) =T(x,t) — Ty, X(t)=5(t)—s,. (4.182)

The governing equations (4.172)—(4.175) are rewritten as the following reference error system

r (%, 1) =0ty (x,1), (4.183)
ue(0,1) = — qc (1) /K, (4.184)
u(s(t),1) =0, (4.185)
X (1) = — Buy(s(1),1). (4.186)
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Define the internal energy of the reference error system as follows:

_ )
Er) = g /O u(x,t)dx—i-gX(t). 4.187)

Taking the time derivative of (4.187) along the solution of (4.183)—(4.186) leads to

d ~
ZE(1) = gelo). (4.188)

Noting that g (¢) is constant for t € [tj,j41) as gc(t) = ¢ under ZOH-based sampled-data control,
taking the integration of (4.188) from 7 =1; tot =1¢;; yields

Ejr1—Ej=1jqj, (4.189)

where E i= E (tj) and t; = ;41 —t;. The sampled-data control (4.177) and the internal energy

(4.187) at each sampling time satisfy the following relation:
qj=—ckE;. (4.190)
Substituting (4.190) into (4.189), we obtain
Ej1 = (1—ct)) Ej, (4.191)

which leads to the explicit solution as follows:

Ej=EoJ](1—cm). (4.192)
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Substituting (4.192) into (4.190) yields

j—1
qc(t) =qj=q [ (1 —cw), Vi€ltjtj1), Vjezt (4.193)
i=0
where
k [ k
o= —c (— / (To(x)—Tm)dx+—(so—s,)). (4.194)
o Jo B

Therefore, the closed-loop system under the sampled-data feedback control (4.177) is
equivalent to the open-loop solution with the control input (4.193). Moreover, under Assumptions
6, 8, and the fact that ¢ < 1%, the input (4.193) is shown to be a bounded piecewise continuous
function and g.(¢) > 0 for all # > 0. Thus, the existence and uniqueness of the solution is ensured.

One can deduce
s(t) >0, V>0, (4.195)
and thus so < s(¢) for all # > 0. Integrating (4.188) fromr =¢; tot € [t;,¢;41) leads to
E(t)—Ej=(t—1))q;, Vte€ltjtin). (4.196)
With the help of (4.190) and (4.192), equation (4.196) yields

E(t)=(1—c(t—1t;))E;, Vt€[tjtjs1). (4.197)

By Assumption 8 and since ¢ < I%, we have 0 < ¢ < Tl] for all j € Z". In addition, for all

t € [tj,tj+1) and for all j € Z*, it holds r —¢; < t;. Hence, we have 1 —c¢(r —¢;) > 0, for all
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t € [tj,tj+1) and for all j € Z". Applying this to (4.197) and noting that

E;<0, Vjez", (4.198)
one can obtain

E(t) <0, Vt>0. (4.199)
Substituting (4.199) into (4.187) and applying u(x,z) > 0 for all x € (0,s(7)) and ¢ > 0, we have

X(1) <0, Vt>0, (4.200)

which leads to

so < s(t) <sp, Vt>0. (4.201)

Target system

We use the same backstepping transformation as (4.133) (4.134). Thus, we get the target

system

wr(x,1) =0wry(x,2) + ()0 (x — s(1)) X (2), (4.202)
w(s(t),t) =eX(¢), (4.203)
X(t) =—cX(t) — Pwa(s(2),2). (4.204)

The boundary condition at x = 0 is obtained by

() B c (50 ¢
wa(0,0) =— 28— Beuo.n) - £ /0 uly.a)dy— £X (1), (4.205)
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Substituting the design of the sampled-data control g.(t) = g; = —cE jforallz € [tj,tj41) and for
all j € 2", and recalling the definition of E(¢) in (4.187), the boundary condition (4.205) can be

written as
wie(0,1) = — % (E(t) - Ej) - geu(o,z). (4.206)
Moreover, substituting (4.197), we can describe (4.206) as
wy(0,8) =f(t) — geu(O,t), (4.207)

where f(¢) is an explicit function in time defined by

2

C .
f(t):?Ej-(t—tj), Vi€ tjtjs1), jEZ. (4.208)

The closed form representation of (4.207) using variables (w,X) is given by using the same

inverse transformation as (4.139) (4.140), which yields

s(1)
w0.0) -8 [ymine—wsoxo| . @20

Be

o

wx(0,0) =£(1) —

Therefore, the closed form of the target (w, X )-system is described by (4.202), (4.203), (4.204),
and (4.209).

Stability proof

For a given t > 0, we define the most recent sampling number as

n={ne€zt, <t <ty1}, (4.210)
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and we firstly apply Lyapunov method for the time interval z € [t;,¢;,1) forall j=0,1,--- ,n—1,

and next for the interval from ¢, to ¢. For both cases, we consider

1 €
V= —|lw|?+—X()% 4211
20L||WH +2B (t) ( )

where ||w|| denotes L, norm defined by ||w|| =1/ [y ) w(x,)2dx. As proven in Appendix C.4,

and applying s(¢) > 0, for a sufficiently small € > 0, the following inequality is derived:

V <—bV+2s5.f(t)* +as(t)V, (4.212)
where
1 . ([« 2Be oczs,
b:§mln{§,c}, a:?max{l,m}. (4213)

Consider the following functional
W = Ve (), (4.214)
Taking the time derivative of (4.214) with the help of (4.212), we deduce

W < —bW + 25, f(1)%e” 1)

< —bW +25.f(1)%. (4.215)

() Forz e [tj,tjs1),forall j=0,1,--- ,n—1,

Applying comparison principle to (4.215) for z € [tj,¢j11) leads to

t
W(r) <W(t)e P01 425,678 | & f(1)?dr. (4.216)
J

t:
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Setting t =t and recalling f(r) = %Ej(t —t;),Vt € [tj,tj41), we get

j+1 je 2 e j Jo ( . )
where Wj =W (l‘j), and Ij is defined by

l‘.
Ij:= / M) (1 )24, (4.218)
t

J

Then, by introducing the variable s = b(t — ;) and integration by substitution, with the help of
bt < %c‘c i< % for all j € Z" derived by (4.213), Assumption 8 and the fact that ¢ < I%, one can

derive the following inequality:

1 bt; J

li=— SsPds < — 4.219

j /0 e's7ds < L3 ( )
1

where J is defined by J := [ e’s?ds. Applying (4.219) to (4.217) yields

Wi <Wje "% +B;, (4.220)

where B; is defined by

4
- 2JC Sre_brjgz

B; = [ET i (4.221)
Applying (4.220) from j =n —1 to j = 0 inductively, we get
b n—1 . niz _bzﬂ*l T;
Wy <Woe PLi0 % 4B, + Y Bie Vhi=i, (4.222)

i=0
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By (4.221) and the solution of E j given in (4.192), we have

n—2 nel
Z Bie_ij:i+l T
i=0

~ n—1
2 4 E2 =bY' T — i1
< Jcts, kg; j Z H 1 —ety) 2 eszzlor,

~ n—1
2] 4 ,-Ez *bzl':()’tj n—
== k%; : 1+Z H —cm)? e . (4.223)

Since b = %min { %, c} < §» by using r =inf;c 7+ {1;} > 0 given in Assumption 8, the following

inequality holds

(1—ct)?e" < (1—cr)?es :=8<1, Vjezt (4.224)

Thus, the inequality (4.223) leads to

4o 72, bYi T n—2
ZBe bzn H.]TJ <2JC SrEOe j=0"J <1+ 281>
=1

b3
g%e—bﬂé Y, (4.225)
In the similar way, we get
B VESES s (4.226)

<
=23 (1-9)

Recalling that T; =, —¢; and 7o = 0, we get Z;f;é T; = t,. Applying (4.225) and (4.226) to

(4.222), we arrive at

W, < (Wo+AE})e bn, (4.227)
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2]c4sr
k2p3(1-8)"

where A =
(ii) For ¢ € [tn7tn+1)’

Applying comparison principle to (4.215) from ¢, to ¢ € [t,,1,41), We get

W(t) <Wye Pt 4 B blt—tnt1)

<We™PU=1) L AEZe™"". (4.228)
Finally, combining (4.227) and (4.228), the following bound is obtained
W () < (Wo+24E3)e ™. (4.229)

Recalling the relation W = Ve~%() defined in (4.214), and applying 0 < s(¢) < s,, the norm

estimate for W in (4.229) leads to the following estimate for V:
V(1) < e®r(Vo+2AER)e ™. (4.230)
We consider the Ly-norm of (u,X)-system defined by
s(1)
¥(t) = / u(x,1)2dx+ X (1) (4.231)
0

Due to the invertibility of the transformation from (u,X) to (w,X) together with the boundedness
of the domain 0 < s() < s, there exist positive constants M > 0 and M > 0 such that the following

inequalities hold:

MY(tr) <V(t) < MY¥(z). (4.232)

Moreover, due to the definition of the reference energy E(r) = £ ) u(x,t)dx+ %X (t) given in

165



(4.187), using Young’s and Cauchy Schwarz inequalities one can show that
E} < K'Y, (4.233)

where K = 2k? max %, é} Applying (4.232) and (4.233) to (4.230), we deduce that there exists

positive constant M > 0 such that the following inequality holds
W(r) < MWoe ™, (4.234)

which completes the proof of Theorem 3.

Numerical Simulation

We use the same physical parameters of paraffin, the initial conditions, and the setpoint
as those used in the last section for ISS. We consider periodic sampling with period given by
T; = R =10 [min], for all j € Z. The control gain is set as ¢ = 5.0 x 1073/s, by which the
requirement R < % is satisfied. The time responses of the interface position, the control input,
and the boundary temperature under the closed-loop system are depicted in Fig. 4.7 (a)—(c),
respectively. Fig. 4.7 (a) illustrates that the interface position s(¢) converges to the setpoint
s, monotonically and smoothly without overshooting, i.e., s(¢) > 0 and 5o < s(z) < s, hold for
all + > 0. Fig. 4.7 (b) shows that the proposed sampled-data control law maintains constant
positive value for every sampling period and is monotonically decreasing to zero. Fig. 4.7 (¢)
illustrates that the boundary temperature 7 (0,7) keeps greater than the melting temperature 7p,
with accompanying “spikes” at every sampling time ¢ = T; up to 2 hours. Such spikes are caused
by the large drop of the control input g () at sampling time observed from Fig. 4.7 (b), which
affects the boundary temperature directly as given in the boundary condition. Therefore, the

numerical results are consistent with the theoretical results we have established for the required
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Time ¢ [hour]

(a) Convergence of the interface to the setpoint is observed without the overshoot.

0 1 2 3 4 5
Time ¢ [hour]

(b) The sampled-data controller maintains positive value.

80

O
— 60"
-~
S
=~

401 | | | ]
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Time t [hour]

(c) The boundary temperature accompanies “spikes” at every sampling time.

Figure 4.7: The responses of the system (4.172)—(4.175) under the ZOH-based sampled-data
control (4.177).

properties and in Theorem 3 for the closed-loop stability.

167



4.5 Acknowledgment

Chapter 4, in part, is a reprint of the material as it appears in:

S. Koga, R. Vazquez, and M. Krstic, “Backstepping Control of the Stefan Problem with

Flowing Liquid”, American Control Conference, 2017,

S. Koga and M. Krstic, “Delay-Compensated Control of the Stefan Problem”, IEEE

Conference on Decision and Control, 2017,

S. Koga, D. Bresch-Pietri, and M. Krstic, “Delay-Compensated Control of the Stefan Prob-
lem and Robustness to Delay Mismatch”, International Journal of Robust and Nonlinear

Control, vol. 30, no. 6, pp. 2304-2334, 2020,

S. Koga, I. Karafyllis, and M. Krstic, “Input-to-State Stability for the Control of Stefan

Problem with Respect to Heat Loss”, American Control Conference, 2018,

S. Koga, I. Karafyllis, and M. Krstic, “Towards Implementation of PDE Control for Stefan

System: Input-to-State Stability and Sampled-Data Design”, Automatica, under review.

The dissertation author was the primary investigators and author of this paper. The author would

like to thank Rafael Vazquez, Delphine Bresch-Pietri, and lasson Karafyllis for their collaboration.

168



Chapter 5

Two-Phase Stefan Problem

Recall that in Section 4.3 we deal with a non-monotonic interface dynamics by incorpo-
rating a heat loss at the interface in the one-phase Stefan problem. However, such a heat loss
should be physically modeled by the heat flux from the solid phase, which renders additional
PDE of the solid phase temperature, and the control design to asymptotically stabilize such a

PDE-ODE-PDE system is quite challenging, let alone for Stefan systems of moving boundary.

5.1 Description of the Physical Model

The two-phase Stefan problem describes the repetitive model of the phase change phenom-
ena of melting and freezing (solidification) process. As depicted in Fig. 5.1, two complementary
time-varying sub-domains x € [0,s(7)] and x € [s(¢),L] are occupied by the liquid phase and the
solid phase, respectively. Let Tj(x,7) and T(x,t) be the temperature profiles of liquid and solid,
respectively, and s(z) be the position of the interface between liquid and solid. Then, the energy

conservation and heat transfer laws give the following PDE-ODE-PDE model of the temperature
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1 Tz, t) Ts(z,1)

T

T
0 S(N

Figure 5.1: Schematic of the two-phase Stefan problem. The temperature profiles of both the
liquid phase and the solid phase are dynamic.

profile
aT; T
g(x,t) :OLIW(x,t), 0<x<s(t), (5.1)
T, 0°T;
g(x,t) —OLSW()C,I), s(t) <x <L, (5.2)
T _ qe(t) % _
a(oat) - kl ) ax (L,l) - 07 (53)
Ti(s(t),t) =Tm, Ts(s(t),t) = Tm (5.4)
o 0T o7y
'YS(f)——klg(S(l‘),t)—I—ksg(é‘(t),t), (55)

with the initial data 7j o (x) := Tj(x,0), T o (x) := T5(x,0), 50 := s(0), where g(¢) > 0 is a boundary

heat input. Here, o; = %, where p;, ¢;, k; for i €{1, s} are the density, the heat capacity, the
thermal conductivity, and the heat transfer coefficient, respectively and the subscripts “I” and *“s”
are associated to the liquid or solid phase, respectively. Also, Yy = pjAH* where AH* denotes the

latent heat of fusion.
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5.2 Difficulties by Non-Monotonic Interface Dynamics

There are underlying assumptions to validate the model (5.1)-(5.5). First, the liquid phase
is not frozen to the solid phase from the boundary x = 0. This condition is ensured if the liquid
temperature 7j(x,t) is greater than the melting temperature T,. Second, in a similar manner, the
solid phase is not melt to the liquid phase from the boundary x = L, which is ensured if the solid
temperature T(x,?) is less than the melting temperature. Third, the material is not completely
melt or frozen to single phase through the disappearance of the other phase. This condition
is guaranteed if the interface position remains inside the material’s domain. In addition, these
conditions are also required for the well-posedness (existence and uniqueness) of the solution in
this model. Taking into account of these model validity conditions, we emphasize the following

remark.

Remark 3 7o keep the physical state of each phase meaningful, the following conditions must be

maintained:

Ti(x,1) 2T, Vx€(0,s(z)), Vi>0, (5.6)
Ti(x,t) <Ty, Vxe (s(t),L), Vt>0, (5.7)
0<s(t)<L, Vt>0. (5.8)

For model validity, we state the following assumption and lemma.

Assumption 9 0 < 5o < L, Tio(x) and T; o(x) are piecewise continuous functions, and there exist

Lipschitz constants Hy > 0 and Hg > 0 such that

T <Tio(x) < T+ H(so—x), Vxel0,s0], (5.9)

T +Hg(s0 —x) <T;o(x) < T, Vx€ [so,L]. (5.10)
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The existence and uniqueness of the two-phase Stefan problem was proven in [25]
(Theorem 1 in p.4 and Theorem 4 in p.8) by employing the maximum principle, which is stated

in the following lemma.
Lemma 2 Under Assumption 9, and provided that q.(t) is a piecewise continuous function that
satisfies

qc(t) >0, Vrel[0,r), (5.11)

there exists a finite time T := sup,(o .+ {t|s(t) € (0,L)} > 0 such that a classical solution to
(5.1)—(5.5) exists, is unique, and satisfies the model validity condition (5.6)—(5.8) for all t € (0,7).

Moreover, if t* = oo and it holds

t
0< ysoo+/ qc(s)ds <L, (5.12)
0
forallt > 0, where
s -—s+ﬁ/so(T (x)—T)dx+ﬁ/L(T (x) = Tin)dx (5.13)
oo - 0 oy Jo 1,0 m s s, s,0 m y .

then t = oo, namely, the well-posedness and the model validity conditions are satisfied for all

t>0.

The variable s.. defined in (5.13) is se = lim; . 5(¢) under the zero input g.(z) = 0 for
all # > 0. For (5.12) to hold for all # > 0, we at least require it to hold at # = 0, which leads to the

following assumption.

Assumption 10 The initial conditions that appear in s« in (5.13) satisfy

0 < s < L. (5.14)
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5.3 State Feedback Control Design

As in the last chapters, the control objective is to stabilize the temperature profile and
the interface position (7;,Ty,s) at a reference setpoint (7,,, T, s,). We approach this problem
by means of energy shaping control, that is originally developed for underactuated mechanical
systems such as robot manipulators [49]. The thermal internal energy of the total system in

(5.1)—(5.5) is given by

ki s(1) ke [L
=— | (Gi(x,1) =Tm)dx+ —= [ (Ts(x,1) — Tim)dx +7s(7), (5.15)

E(t
() o Jo Os Js(1)

which includes the specific heat of both liquid and solid phases and the latent heat. Taking the
time derivative of (5.15) along the solution of (5.1)—(5.5), one can obtain the energy conservation

law formulated as

E(0) =qc(0). (5.16)

To achieve the control objective, the internal energy (5.15) must converge to the following setpoint

energy

lim E(t) = ysr. (5.17)

f—>o0

Taking the time integration of (5.16) from ¢ = 0 to oo, and imposing the input constraint (5.11)
required for the model validity as stated in Lemma 2, in order to achieve (5.17) we deduce that

the following restriction on the setpoint neccesary:

Assumption 11 The setpoint s, is chosen to satisfy

Soo < 8y < L. (5.18)
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Figure 5.2: Illustration of Assumptions 9—11 and control objective.

A graphic illustration of Assumptions 1-3 and the control objective is depicted in Fig. 5.2.

With Assumption 11, due to the energy conservation (5.16), the following control law

qe(t) = —c(E(1) — Ex), (5.19)
=—c <§11 /OS(t)(Tl(x,t) — Tm)dx—l-i—ss S(Lt)(Ts(x,t) — Tin)dx +y(s(r) — sr)> , (520

drives the internal energy E(¢) to the reference energy E;. We state the following theorem.

Theorem 4 Under Assumptions 9—11, the closed-loop system consisting of the plant (5.1)—(5.5)
and the control law (5.20) where ¢ > 0 is an arbitrary controller gain, maintains the conditions

(5.6)—(5.8), and there exists a positive constant M > 0 such that the following exponential stability

estimate holds:

W(t) < MP(0)e ¥ (5.21)
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forallt >0, where d = %min{%, %,c}, in the Lr-norm

Y(r) = /0 " (Ti(x,1) — Tn)*dx + /s (L[) (Ts(x,) — Tn)dxc+ (s(t) — 5% (5.22)

Error variables relative to melting temperature

Let u(x,t) and v(x,t) be reference error temperature profiles of the liquid and the solid

phase, respectively, defined as
u(x,t) =Ty(x,t) — T, v(x,1) =Ts(x,1) — Tpy. (5.23)

Then the system (5.1)—(5.5) is rewritten as

ur(x,1) =0y (x,), 0<x<s(t) (5.24)
ux(0,1) = — q2§t)’ u(s(t),1) = 0, (5.25)
vi(x,1) =0gva(x,1), s(t) <x<L (5.26)
(Ly1) =0, v(s(t).1) =0, (5.27)

$(t) == Puax(s(2),1) + Bsvx(s(t), 7). (5.28)

The system (5.24)—(5.28) shows the two PDEs coupling with the ODE describing the moving
boundary. The stabilization of states (u,v,s) at (0,0,s,) is aimed by designing the control law of

gc(t) in (5.25), however, the multiple PDEs are difficult to deal with as themselves in general.
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Change of variable to absorb the solid phase into the interface

To reduce the complexity of the system’s structure in (5.24)—(5.28), we introduce another

change of variable. Let X () be a state variable defined by
Bs [*
X(t)=s(t)—sr+ —/ v(x,t)dx. (5.29)
N

s Js(t)

Taking the time derivative of (5.29) and with the help of (5.26)—(5.28), we get X (t) = —Bju(s(t),?)
which eliminates v-dependency in ODE dynamics (5.28). Thus, (u,v,s)-system in (5.24)—(5.28)

can be reduced to (u,X)-system as

ur(x,1) =0uxe(x,2), 0<x<s(z) (5.30)

u(0.0) =— LW i) = o0, (5.31)
ki

X(r) =—PBrux(s(1),1). (5.32)

Therefore, the control problem is now redescribed as designing the boundary control g, (¢) in
(5.31) to stabilize the (u,X)-system in (5.30)—(5.32) at the zero states (0,0), which is equivalent
problem as in the stabilization of the one-phase Stefan problem studied in Section 2.3. The main
difference with Section 2.3 is that the monotonicity of the velocity of the moving interface, i.e.
s(t) > 0, is not guaranteed in the two-phase Stefan problem due to the reversible melting and

freezing process.
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Backstepping transformation

We use the same backstepping transformation as (4.133) (4.134), namely,

s(t)
W) —u(x, 1) — E—j [ o vputyyay — ot s(ex o), (5.33)
o(x) =Bi<cx— €), (5.34)
[

where € > 0 is a parameter to be determined in the stability analysis. Thus, the associated target

system is derived as

Wi (x,) =0uwre(x, ) + és’(t)X(t), (5.35)

w(s(t),1) =~ X (1), (5.36)
B

X(t) = —cX(t) — Bywa(s(t),1). (5.37)

Taking the derivative of (5.33) in x, we obtain

s(1)
e, ) =i (x,1) — O%u(x,t) _ o% / u(y,1)dy — éx(r). (5.38)

For a standard backstepping procedure, the boundary condition at x = O of the target system leads
to the control design. If we chose w,(0,7) = 0, we obtain a stable target system in the case of
fixed domain. However, the Stefan problem imposes the heat input to maintain positive in order
to guarantee the model validity condition. The choice of wy(0,7) = 0 leads to the control design
which does not ensure the positivity. Instead, by the energy conservation law (5.15), (5.16), we
can see that the following choice of the state feedback controller ensures the positivity

) ==c (o [ ubnay+x(0) ). 539)

oy Jo
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as developed in “energy shaping control”. Hence, we design the control law with respect to X (¢)
as (5.39) and obtain the boundary condition of the target system. Setting x = 0 in (5.38) and

applying (5.39), the boundary condition at x = 0 is obtained by

wy(0,1) = —O%u(O,t), (5.40)

of which the right hand side should be rewritten with respect to (w, X ) by using the same inverse

transformation as (4.139) (4.140).

s(1)
wx(0,1) :_0% [Ww’t)_(%/o Y(=y)w(yt)dy —y(=s())X (1) | (5.41)

Therefore, the target (w, X)-system is written as (5.35)—(5.37) and (5.41) as a closed form. Note
that this target (w, X )-system is not a standard choice due to its complicated structure through the
coupling between each state. Nevertheless, the target system is proven to satisfy the exponential

stability estimate in L, norm with the help of the properties derived in the next section.

5.4 Analysis of the Closed-Loop System

Guaranteeing the conditions of the model validity

Analogously to the problems so far, we prove the positivity of input. Taking the time

derivative of the control law (5.39) along the solution of the system yields

Ge(t) = —cqc(1). (5.42)
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Hence, the state feedback control law achieves the same solution as the exponentially decaying

function in time, described by

ge(t) = gc(0)e™“. (5.43)

Since Assumption 11 is equivalent with g.(0) > 0, (5.43) ensures

qc(t) >0, Vit >0, (5.44)
Applying Lemma 2 directly leads to
u(x,t) >0, uc(s(t),r) <0, (5.45)
v(x,t) <0, wvy(s(r),r) <O, (5.46)
0 < s(r) <L. (5.47)

Stability analysis for the liquid phase with modified interface

We show the stability of (w,X)-system given in (5.35)—(5.37) and (5.41) by using the
same approach as the one in Section 4.3 for d(¢) = 0. Namely, by considering the Lyapunov

function

_ b 2, & 2
V() =5 P + 5 X 0 (549)

179



where the L, norm is denoted as ||w|| := 1/ [; ) w(x,1)2dx, we can derive that for sufficiently

small € the time derivative satisfies the following inequality:

V< g P X’

BOINNE: ?
+2—0€1 ((Ex(z)) -1—2E ) . (5.49)

Since u,(s(t),t) < 0 and v, (s(7),¢) < 0 by (5.45) and (5.46), we have |s(1)| < —Bju,(s(t),t) —

s(t)
/ w(x,1)dxX (1)

Bsvi(s(t),t). Let us introduce

B L
+= /( )v(x,t)dx <0, (5.50)
s(t

S

where the negativity follows from (5.46) and (5.47). Taking the time derivative of (5.50) yields

Z(t):_Blux(s<t)7t)_stx(s(t)at) >07 (5.51)

where the positivity follows from (5.45) and (5.46). Applying this inequality and Young’s and

Cauchy Schwarz inequalities to the last term of (5.49), we arrive at

2(t) (AL
V<= gl - 2+ 5 (250

< bV +az(t)V, (5.52)

] 2 i ) .
where b = min { 5 }, a= 2%[ max { 2025 L,4£}. Consider the following functional

W = Ve %), (5.53)

180



Taking the time derivative of (5.53) and applying (5.52), one can deduce the following differential
inequality:

W= (V—az(t)V)e =0 < —bw. (5.54)

Hence, W (1) < Woe ™" is satisfied, which leads to

V(t) < =0 ype ™ < §vpe (5.55)

where 9 is defined as a constant which bounds & > e‘“z(o), of which the existence is ensured by

Assumptions 9-11. Hence, (w,X)-system is shown to be exponentially stable.

Consider the Lyapunov function

(1)
Vi = ||ul? :/0 u(x,1)dx. (5.56)

Due to the invertibility of the transformations, there exist positive constants M > 0, M > 0 such

that the following norm equivalence between (u,X )-system and (w, X )-system holds:

M (Vi(t)+X()?) <V(t) <M (Vi(t) +X(1)?). (5.57)

Hence, by (5.55), the following exponential stability estimate of the (u,X)-system is shown:

Vi) +X(1)* <

NN

S(Vi(0)+X(0))e ™. (5.58)
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Stability analysis for the solid phase

Let V, be the Ly-norm of the reference error of the solid temperature v defined by

L
Va(r) = |v]|? = / ( )v(x,t)zdx. (5.59)

NU

Taking the time derivative of (5.59) along the solution of (5.26)—(5.27), and applying Poincare’s

inequality with the help of 0 < s(f) < L, we obtain

o
— 2—lj2V2. (5.60)
By comparison principle, the differential inequality (5.60) yields the following exponential decay

of the norm

Qs

Va(t) < Va(0)e 222", (5.61)

Stability of overall liquid-interface-solid system

Applying Young’s and Cauchy Schwartz inequalities to the definition of X given in (5.29)

with the help of 0 < 5(7) < L yields the following norm estimate

2 2LB;
X(0F 2V (1) + =5V, (5.62)
S

where we defined Y (¢) = |s(t) — s,|>. On the other hand, the bound of Y (¢) with respect to X (¢)?

and V are also obtained the similar manner to (5.62), which yields

2132
Es Vs. (5.63)

S

Y(t) <2X(1)* +
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Finally, summing the norms of the liquid temperature, the interface position, and the solid
temperature, respectively, and applying (5.63), (5.55), (5.61), and (5.62), we can see that there

exists a positive constant M such that the following estimate of the norm holds:

Vi(t)+Y(t)+ Va(r)

<M (V;(0) +Y(0) +V2(0))e_min{b’2%}l, (5.64)

which completes the proof of Theorem 4.

5.5 Robustness to Uncertainties of Physical Parameters

The control design (5.20) requires the physical parameters of both the liquid and solid
phases, however, in practice these parameters are uncertain. Guaranteeing the robustness of the
stability of the closed-loop system with respect to such parametric uncertainties is significant.

Suppose that the proposed control law is replaced by

s(1)
ge(t) :—c<§—11(1—1—81)/0 (Ti(x,1) — To)dx

ks L
+ Es(l + &) /S(I)(TS(X’I) — Tin)dx +y(1 +&p)(s(2) — sr)) , (5.65)

where €], €, and &¢ are the uncertainties of physical parameters satisfying € > —1, & > —1, and

€r > —1. We state the following theorem.

Theorem 5 Under Assumptions 9, 10, and assuming that the setpoint is chosen to satisfy q.(0) >
0 with (5.65) and s; < L, consider the closed-loop system consisting of the plant (5.1)—(5.5) and

the control law (5.65). Then, for any perturbations (€, €s,€¢) satisfying

€ > & > &, (5.66)
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there exists R > 0 such that if

€ — €
14+¢

<R, (5.67)

then the closed-loop system maintains model validity (5.6)-(5.8) and the exponential stability at

the origin holds for the norm defined in (5.22).

Theorem 5 implies that if we know lower and upper bounds of the physical parameters as
ki <k < ki, oy <oy <aj, and Y < v <Y, then the most conservative choice of the control law to
satisfy the condition (5.66) is given by

ki [s@
ge(t) = —c X /O (Ti(x,1) — Ton)dx +9(s(1) — 1) ) . (5.68)

o -

which does not incorporate the solid phase temperature. This design requires less information
than the exact feedback design (5.20), however, the conditions g.(0) > 0 and s; < L, which lead
to

ki

50
so+ —/ (Tio(x) — T)dx < s, < L, (5.69)
Y Jo

are more restrictive than Assumption 11 for the unperturbed design (5.20), which causes a tradeoff
between the parameters’ uncertainty and the restriction of the setpoint.
The proof of Theorem 5 is established by following similar steps.

Closed-loop analysis

First, we derive an analogous result on the properties of the closed-loop system to those

derived in Section 5.4 by employing contradiction approach twice. Assume that there exists a
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finite time * > 0 such that

qc(t) >0, Vtel[0,r), (5.70)

gc(t") =0. (5.71)

Then, by Lemma 2, for t € (0,7) where 7 := sup,¢ o+ {t[s(t) € (0,L)}, the solution exists and
unique with satisfying (5.6)—(5.8). If 7 < ¢*, then it implies s(f) = 0 or s(f) = L hold. However,

under Assumption 10 and g (¢) > O for all 7 € [0,7%), it holds that

s(t) > 5 >0, Vte(0,t7), (5.72)

and hence s(7) # 0. Moreover, applying g.(¢) > 0 and (5.6) and (5.7) for all ¢ € (0,7) to the
feedback design (5.65), one can see that s(7) # L. Hence, f = ¢*. Taking the time derivative of the

control law (5.65), we get the following differential equation:

oTi
Gelt) = = c(1 +1)ge(r) — (&1~ &r)chis ~(s(1).1)
+ (& —ef)cks%(s(t),t), (5.73)
Z—C(l+81)qc<t), Vit € (Ovt*)a (574)

where the inequality from (5.73) to (5.74) follows from (5.66) and Hopf’s lemma with the help
of (5.6) and (5.7) for all ¢ € (0,7*). Therefore, applying comparison principle to (5.74), one can

show that

qc(t) > qe(0)e ", Ve (0,7), (5.75)
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which leads to the contradiction with the imposed assumption (5.71). Thus, there does not exist

such #*, from which we conclude
qc(t) >0, Vt>0, (5.76)

and the well-posedness and the conditions (5.6)—(5.8) holds for all # > 0.
Next, we prove the stability of the perturbed closed-loop in the similar manner as the
proof of Theorem 4. Let ¢ = ¢(1 +¢€), and redefine the gain kernel function as ¢ = ﬁ(éx —€)

associated with the backstepping transformation (5.33). Then, the target systems is described as

Wi, 1) =awer(x, 1)+ Bi_ls'(t)X(t), (5.77)

w(s(0),0) ==X (1), (5.78)
Bi

X(t) = — &X (1) — Brwa(s(t),1), (5.79)

and the boundary condition at x = 0 is given by

wi(0,1) = — aiu(o,r)+d(t)7 (5.80)
1

where d(t) is the perturbation caused by the parametric uncertainties, given by

€ — & ks /L &—¢ ¢
d(t) = v(x,t)dx + —X(1). 5.81
(1) 1+g ko Js(r) (1) 1+¢& Kk ®) (581)
We consider the Lyapunov function defined by (5.48). The time derivative of V (¢) = 2%(1 ||w] |+
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X (¢)? along the perturbed target system (5.77)—(5.80) satisfies the following inequality

N (e T
(5 e (3+ 32‘12)))(0)2 —w(0.0d(0)

_€_
2p?

_B_lz 2 o (04]
sO) (e 2 [0
30 ((Ex(t)) +ZE /0 w(xJ)dxX(t))- (5.82)

Applying Young’s and Agmon’s inequalities, the perturbation is bounded by

1
—w(0,1)d(t) §8—Lw(0,t)2—|—2Ld(t)2,
1
<w(s(),1)* + Ellwx|\2+2Ld(t)2,

1
<o X7+ 5wl P +2Ld (1) (5.83)

Moreover, applying Young’s and Cauchy Schwarz inequalities to the square of (5.81), we get

N2 N\ 2
€ — & ks L &—¢€ ¢
dn? =2 (= L/ ,tzdx+2< —) X(r)2. 5.84
®) ( 14+g k]()(.s) s(1) vint) 14+¢€ k ®) ( )

that the following inequality holds

Applying (5.83) and (5.84) to (5.82), we can see that there exists sufficiently small € > 0 such
W (LT P
~ 1612 4BF K
2\ 2
€ — & ks L )
+41% (= > / v(x,t)“dx
( L+¢& ko ) Js) (1)

HONNE SR
+2—%<(EXO)) +ZE/0 W(x;f)dxX(f)>~ (5.85)

& —§
1+¢g
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Therefore, if

2 2
&—g ek;
— 5.86
I+e |  32B8iL¢ (:50)
then the differential inequality (5.85) is led to
V< — sl - X (0 +ar? (S 2/L CORE
——|W||" — = —_— v(x
=7 1612 832 Lt kios ) sy
. 2
S(l‘) (8 ) c/s(f)
+— —X(t +2— w(x,t)dxX(t) | . (5.87)
ml(ﬁlo 5, e

Since v-system is equivalent to the one in previous sections, the time derivative of V5 = ||v||?

satisfies the inequality (5.60), which is

0l

V, < —
2="912

V2. (5.88)

Combining (5.60) and (5.87) with applying comparison principle, one can derive that there exist

positive constants M; > 0 and d; > O such that the following decay of the norm holds

V(1) +Va(t) < My (V(0) + V5(0))e . (5.89)

Using the procedure in the last section, we conclude Theorem 5.

5.6 Numerical Simulation

Simulation results are performed by considering a zinc whose physical parameters are
given in Table 1. Under the identical choice of the physical parameters in the plant and control,

we compare the performance of the proposed design in (5.20) (hereafter “two-phase design™) and
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Table 5.1: Physical properties of zinc of both the liquid phase and the solid phase.

Description Symbol | Value
Liquid density P 6570 kg-m—>
Solid density Ps 6890 kg - m~>
Liquid heat capacity ¢ 390J-kg~ ! K!
Solid heat capacity Cs 390J-kg ' -K~!
Liquid thermal conductivity | k 130 W-m™!
Solid thermal conductivity | ks 100 W-m™!
Melting temperature T 420 °C
Latent heat of fusion AH* 120,000 J - kg !
the design
k s(1)
ge(t) = —c (51 /0 (Ti(x, 1) — Ton)x + ¥(s(7) — sr)) , (5.90)

(hereafter “one-phase design”). The stability under the “one-phase design” is guaranteed by
Theorem 5 for the robustness analysis of the closed-loop system under the restriction of the
setpoint to satisfy g.(0) > 0 for (5.90).

The material’s length, the initial interface position, and the setpoint position are chosen
as L =1.0m, so = 0.4 m, and s, = 0.5 m. The initial temperature profiles are set as 7j o(x) =
Tio(1 —x/s0) + T and Ty o(x) = Ts0(1 — (L —x) /(L — s0)) + Tm With 719 = 10 °C and T =
—200 °C. Then, the setpoint restrictions for both “two-phase design” and “one-phase design” are
satisfied. The control gain is set as ¢ = 1.0 x 107%/s.

The closed-loop responses are implemented as depicted in Fig 5.3a-5.3c for both “two-
phase design” (solid) and “one-phase design” (dash). Fig 5.3a shows the dynamics of the interface
s(t). We can observe that s(¢) decreases at first due to the freezing caused by the initial temperature
of the solid phase, and after some time the interface position increases and converges to the
setpoint owing to the melting heat input. Moreover, the interface dynamics under the “two-phase

design” achieves faster convergence than that under the “one-phase design” with having a little
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0.5
E 0.45
1;/ 0.4 —Two-phase design
--One-phase design
5 . —Setpoint Sr
0.35 == ‘ ‘

0 100 200 300 400
Time ¢ [min]

(a) Convergence of the interface to the setpoint s; is observed for both controls, however, the proposed
two-phase design achieves faster convergence as seen in the settling time in Fig. 5.4.

x10°

I

—Two-phase design
--One-phase design

qe(t)[W/m?]

200 300 400
Time ¢ [min]

(b) Positivity of the heat input is satisfied for both control designs.

800 —Two-phase design
200 --One-phase design
06 —Melting temperature Ty,
<600
S
& 500

200 300 400
Time ¢ [min]

(c) The boundary temperature maintains above the melting temperature, and hence there is no appearance
of a new solid phase from the controlled boundary x = 0 in the liquid phase.

Figure 5.3: The closed-loop responses under the proposed “two-phase” design (pink solid) and
the “one-phase” design (pink dash).

overshoot as seen from Fig. 5.3a. Fig 5.3b shows the dynamics of the closed-loop control, and

Fig 5.3c shows the dynamics of the boundary temperature of the liquid phase 7j(0,7). Fig 5.3b
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Figure 5.4: Settling time of the interface convergence in Fig. 5.3 (a) with respect to the error €.

illustrates the positivity of the heat input g.(¢) > 0, and Fig. 5.3c illustrates the liquid boundary
temperature being greater than the melting temperature, both of which are consistent with the
derived properties. Hence, we can observe that the simulation results are consistent with the
theoretical result we prove as model validity conditions and the stability analysis.

To compare the performance on the convergence speed between “two-phase design” and
“one-phase design,” we investigate the settling time T¢ with respect to the error € [%] of the

interface position relative to the setpoint, mathematically defined by

15(6) — 1] < |50 — 8¢ —= VtZ‘c}. (5.91)

Te = %EB{T 100’

Fig. 5.4 shows the value of t¢ with € = 10, 5, 2, 1 [%]. From the figure, it is observed that the
convergence speed of “two-phase design” compared to the speed of the “one-phase design” is
approximately four times faster for € = 10[%], two times faster for € = 5 [%], one and half times
faster for both € =2 [%] and 1 [%], respectively. Hence, Fig. 5.4 validates superior performance

of the proposed “two-phase design” compared to the “one-phase design”.
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5.7 Conclusion and Future Work

In this chapter, we presented the full state feedback control law of a single heat boundary
input for the two-phase Stefan problem to stabilize the moving interface position at a desired
setpoint. The main contribution is that we theoretically prove the global exponential stability of
the closed-loop system of the two-phase Stefan problem with designing the state feedback control
law by employing energy shaping and backstepping. While our present result is only on the
stabilization of the moving interface at the setpoint with restricting the equillibrium temperature
to only the uniform melting temperature, the simultaneous stabilization of the interface position
and the temperature profile at arbitrary setpoint and temperature profiles following recent results
in [177] for traffic congestion control with moving shockwave is considered as our future work.
The application of extremum seeking control for online optimization of static maps to the Stefan

problem following the recent results of [119, 51] is also a potential direction.
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Chapter 6

Sea Ice

6.1 Importance of the Arctic Sea Ice for Global Climate Model

The Arctic sea ice has been studied intensively in the field of climate and geoscience. One
of the main reasons is due to ice-albedo feedback which influences climate dynamics through the
high reflectivity of sea ice. The other reason is the rapid decline of the Arctic sea ice extent in
the recent decade shown in several observations. These observations motivate the investigation
of future sea ice amount. Several studies have developed a computational model of the Arctic
sea ice and performed numerical simulations of the model with initial sea ice temperature profile.
However, the spatially distributed temperature in sea ice is difficult to recover in realtime using a
limited number of thermal sensors. Hence, the online estimation of the sea ice temperature profile
based on some available measurements is crucial for the prediction of the sea ice thickness.

A thermodynamic model for the Arctic sea ice was firstly developed in [112] (hereafter
MUT71), in which the authors investigated the correspondence between the annual cycle pattern
acquired from the simulation and empirical data of [159]. The model involves a temperature
diffusion equation evolving on a spatial domain defined as the sea ice thickness. Due to melting

or freezing phenomena, the aforementioned spatial domain is time-varying. Such a model is
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called “Stefan problem” [60] which is described by a parabolic partial differential equation (PDE)
with a state-dependent moving boundary driven by a Neumann boundary value.

Refined models of MU71 have been suggested in literature. For instance, [138] proposed
a numerical model to achieve faster and accurate computation of MU71 by discretizing the
temperature profile into some layers and neglecting the salinity effect. An energy-conserving
model of MU71 was introduced in [15] by taking into account an internal brine pocket melting
on surface ablation and the vertically varying salinity profile. Their thermodynamic model was
demonstrated by [14] using a global climate model with a Lagrangian ice thickness distribution.
Combining these two models, [173] developed an energy-conserving three-layer model of sea ice
by treating the upper half of the ice as a variable heat capacity layer.

Remote sensing techniques have been employed to obtain the Arctic sea ice data in several
studies. In [61], the authors suggested an algorithm to calculate sea ice surface temperature using
the satellite measured brightness temperatures, which provided an excellent measurement of
the actual surface temperature of the sea ice during the Arctic cold period. The Arctic sea ice
thickness data were acquired in [105] through a satellite called "ICESat” during 2003-2008 and
compared with the data in [133] observed by a submarine during 1958-2000. More recent data
describing the evolution of the sea ice thickness have been collected between 2010 and 2014 from
the satellite called ”CryoSat-2” [104].

On the other hand, state estimation has been studied as a specific type of data assimilation
which utilizes the numerical model along with the measured value. For finite dimensional
systems associated with noisy measurements, a well-known approach is Kalman Filter. Another
well-known method is the Luenberger type state observer, which reconstructs the state variable
from partially measured variables. For the application to sea ice, [52] developed an adjoint-
based method as an iterative state and parameter estimation for the coupled sea ice-ocean in
the Labrador Sea and Baffin Bay to minimize an uncertainty-weighted model-data misfit in a

least-square sense as suggested in [175], using Massachusetts Institute of Technology general
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—h(t) 4

sea-ice

Figure 6.1: Schematic of the vertical one-dimensional model of the Arctic sea ice.

circulation model (MITgcm) developed in [111]. In [53], the same methodology was applied to
reconstruct the global ocean and ice concentration. Their sea ice model is based on the zero-layer
approximation of the numerical model in [138], which is a crude model lacking internal heat

storage and promoting fast melting.

6.2 Thermodynamic Model of Arctic Sea Ice

The thermodynamic model of MU71 describes the time evolution of the sea ice tem-
perature profile in the vertical axis along with its thickness, which also evolves in time due to
accumulation or ablation caused by energy balance.

Fig. 6.1 provides a schematic of the Arctic sea ice model. During the seasons other than
summer (July and August), the sea ice is covered by snow, and the surface position of the snow
also evolves in time. Let Ty(x,t), T;(x,7) denote the temperature profile of snow and sea ice, and

h(t) and H () denote the thickness of snow and sea ice. The total incoming heat flux from the
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atmosphere is denoted by F;, and the heat flux from the ocean is denoted by F;,. The Arctic sea
ice model suggested by MU71 gives governing equations of a Stefan-type free boundary problem

formulated as

Fy—Iy—o(Ty(—h(t),t) +273)* —|—ks%(—h(t),l)

ox
0, if To(—h(t),t) < T,
_ it T(=h(1).1) < T o
—qh(t), if Ty(—h(t),t) =Tn1,
oT, 9T,
Pscog(xaf) —ksW(X,I),VX S <_h(t>70)a (62)
T5(0,1) =T;(0,1), (6.3)
0T, _ oT;
ksg«)at) _kog(()?t)? (64)
T 27
pci(Ti,S)%(x,t) :ki(Ti,S)M(x,t) + ke N, Vx e (0,H (1)), (6.5)
ot ox?
Ti(H(t),t) =T, (6.6)
) oT;
gH (1) =ki = (H(1),1) = Fy. (6.7)

where Iy, ©, ks, Ps, co, ko, P> Tm1, Tm2, and g are solar radiation penetrating the ice, Stefan-
Boltzmann constant, thermal conductivity of snow, density of snow, heat capacity of pure ice,
thermal conductivity of pure ice, density of pure ice, melting point of surface snow, melting point
of bottom sea ice, and latent heat of fusion, respectively. The total heat flux from the air is given

by

Fa:(l_a)E+FL+Fs+Fi7 (6.8)

where Fy, F1, Fg, Fj, and o denote the incoming solar short-wave radiation, the long-wave radiation
from the atmosphere and clouds, the flux of sensible heat, the latent heat in the adjacent air, and

the surface albedo, respectively. The heat capacity and thermal conductivity of the sea ice are
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affected by the salinity as

S
- k(TS() =ko+%, (6.9)

Y18 (x)

¢i(Ti,S(x)) =co+ W

where S(x) denotes the salinity in the sea ice. y; and Y, represent the weight parameters. The
thermodynamic model (6.1)-(6.7) allows us to predict the future thickness (h(7),H(t)) and the
temperature profile (7, T;) given the accurate initial data. However, from a practical point of
view, it is not feasible to obtain a complete temperature profile due to a limited number of thermal
sensors. To deal with the problem, the estimation algorithm is designed so that the state estimation

converges to the actual state starting from an initial estimate.

6.3 Annual Cycle Simulation of Sea Ice Thickness

For the computation, we use boundary immobilization method and finite difference semi-
discretization [102] with 100-point mesh in space, and the resulting approximated ODEs are

calculated by using MATLAB odel5 solver.

Input Parameters

The input parameters are taken from [112] in SI units and Table 6.1 shows the monthly
averaged values of heat fluxes coming from the atmosphere for each month. Table 6.2 shows the

physical parameters of snow and sea ice. Following [15], the salinity profile is described by

S(x) =A [1—cos{n (%)WH (6.10)

where A = 1.6, n = 0.407, and m = 0.573.
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Table 6.1: Average monthly values for the energy fluxes.

Symbol F 128 F R o
Unit | W/m? W/m? W/m? W/m?
Jan. 0 168  19.0 0
Feb. 0 166 123  -0.323

Mar. 30.7 166 11.6 -0.484 0.83
Apr. 160 187 4.68 -145 0.8l
May. 286 244 726  -743  0.82
Jun. 310 291  -6.30 -11.3 0.78
Jul. 220 308 484 -103 0.64
Aug. 145 302 -6.46 -10.7 0.69
Sep. 59.7 266 274 -630 0.84
Oct. 6.46 224 1.61 -3.07 0.85
Nov. 0 181 9.04 -0.161 ---
Dec. 0 176 12.8 -0.161

Table 6.2: Physical parameters of snow and sea ice.

Symbol Meaning Unit Value
Ps density (snow) kg/m> 330
kg conductivity (snow) W/m/°C | 0.31
p density (ice) kg/m? 917
o heat capacity (ice) Jkg/°C | 2110
ko conductivity (ice) W/m/°C | 2.034
Y1 weight of heat capacity kJ °C/kg | 18.0
Y2 weight of conductivity W/m 0.117
Iy solar radiation W/m? 1.59
Kj penetration rate /m 1.5

T melting temperature of sea ice at surface °C -0.1
T2 melting temperature of sea ice at bottom °C -1.8

Simulation Test of MU71

Using the given data, firstly the simulation of (6.1)-(6.7) is performed and showed in
Fig. 6.2 to recover the evolution of 4(¢) and H(t) in the annual season as in [112]. The dynamic
behavior of the snow surface and the bottom of sea ice are shown in Fig. 6.2 (a), and the time
evolution of the temperature profile in sea ice is illustrated in Fig. 6.2 (b). We can see that both of

Fig. 6.2 (a) and (b) have a good agreement with the simulation results shown in [112].
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Figure 6.2: Simulation tests of the plant (6.1)—(6.7) on annual cycle. Both (a) and (b) are in
good agreement with the simulation results in [112].

6.4 Temperature Profile Estimation

In this section, we derive the estimation algorithm utilizing some available measurements

and show the exponential convergence of the designed estimation to a simplified sea ice model.
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The ice thickness and surface temperature are measured in several studies [61, 105, 133]. It is
indeed typical to check observability before observer design, at least for systems on a constant
domain (see [118] for instance). Here, we start with the observer design that is accompanied by a

proof of exponential stability, which ensures the states’ detectability.

Simplification of the Model

For the sake of the design and stability proof, we give a simplification on the system (6.1)-
(6.7). The effect of the salinity profile on the physical parameters is assumed to be sufficiently
small so that it can be negligible, i.e. S(x) = 0. Therefore, the heat equation of the sea ice
temperature (6.5) is rewritten as
I 1y =D LB () o™, V€ (0.H(1)) ©.11)
—(x,t) =Dj = (x e Vx .
at ) laxz ) (UL I ) )
where the diffusion coefficient is defined as D; = ko/pco. Next, we impose the following

assumptions.

Assumption 12 The thickness H(t) is positive and upper bounded, i.e. there exists H > 0 such

that 0 < H(t) < H, for all t > 0.
Assumption 13 H(t) is bounded, i.e., there exists M > 0 such that |H(t)| < M , for allt > 0.

According to [105], the observation data of the sea ice’s thickness from the 1950s to
2008 show that the maximum value including the uncertainty is less than 5[m]. Moreover,
the largest variation of the thickness in a snow-covered season of a year essentially happens
from December to March as an accumulation, and most of the literature shows at most 20
[cm] accumulation per month. Hence, conservatively it is plausible to set 4 = 10 [m], and

M = 50[cm/Month] = 1.9 x 10~ [m/s].
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Mathematically, the existence of the classical solution of the simple Stefan problem given
by (6.11) and (6.6)—(6.7) has been established in literature. We refer the readers to follow [60]
for the detailed explanation. The solution of the original sea ice model (6.1)—(6.7) has not been

studied due to its high complexity.

Observer Structure

Suppose that the sea ice thickness and the ice surface temperature are obtained as mea-

surements 9 (¢) and 95(z), i.e.

21(t) =H(1), 92(t) =Ti(01). (6.12)

The state estimate T; of the sea ice temperature is governed by a copy of the plant (6.11) and

(6.6)-(6.7) plus the error injection of H(t), namely, as follows:

O ) =D ) o™ = pa () (10— A(0) . Ve (OLH()  (613)
1:(0,1) =95(r) — p2(¢) (91(1) = A (1)) , (6.14)
Ti(H(t),1) =Tz — p3(1) (97(1) = H (1)), (6.15)
) = pa) (9500 H0) + B 0300 -, ©6.16)

where 3 := %. Next, we define the estimation error states as

A A

T(x,t) = —(G(x,t)—Ti(x,r), H(t):=H(t)—A(r), (6.17)

where the negative sign is added to be consistent with the description developed in Chapter 3 for

the liquid phase. Subtraction of the observer system (6.13)-(6.16) from the system (6.11) and
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(6.6)-(6.7) yields the estimation error system as

) =D ) = prle) (). v e (0.1(0) 6.19)
T(0,1) =— pa(1)H (1), (6.19)
F(H().1) = ps() (). (6.20)
() = = pa(01(0) B (H(0).1). 621)

Our goal is to design the observer gains pj(x,7), pa(t), p3(t), pa(t) so that the temperature error

T converges to zero. The main theorem of this paper is stated as follows.

Theorem 12 Let Assumptions 12 and 13 hold. Consider the estimation error system (6.18)-(6.21)

with the design of the observer gains

pa2(t) =0, (6.23)
p3(t) =— %H () —&, (6.24)
palt) =c — % (1 _ k;’l()?z) + 2317)2 eH (1), (6.25)
where A > 0, ¢ > 0, and € > 0 are positive free parameters, z is defined by
z:=\/M(H(1)? —x2), (6.26)

where A = Dii, and I;(-) denotes the modified Bessel function of the j-th kind. Then, there exist

positive constants ¢* > 0 and M > 0 such that, for all ¢ > c*, the norm

d(1) := / H(I)T(x t)%dx+H(t)* (6.27)
* O ) .
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satisfies the following exponential decay
D(r) < MP(0)e MMM, (6.28)

namely, the origin of the estimation error system is exponentially stable in the spatial L, norm.

Remark 4 The observer gains (6.22)-(6.25) include the thickness H(t), so the gains are not
precomputed offline, but are easily calculated online, along with the state estimation. Owing to
the slow dynamics of the sea ice model, the computation time is much less than the time step size,

which enables the real-time computation of the proposed observer.

Remark S The measurements (6.12) are assumed to be noiseless; however, in practice, the
measured data accompany with some noise. Preferably the observer needs pre-filtering to deal

with the noisy measurements.

To handle the discrete-time measurements in practice as in [129], the designed observer
should be discretized in time such as Euler or Runge-Kutta methods so that the estimation can be
computed at every sampling of the discrete-time measurements. The free parameters A, ¢, and €
have their physical units [1/s], [1/s], and [°C/m], respectively. Hence we can see the consistency

of the physical units in the estimation error system (6.18)—(6.21) together with (6.22)—(6.25).

Gain Derivation via State Transformation

For the estimation error system (6.18)—(6.21), we apply the following invertible transfor-

mations:

T(x,1) =w(x, 1) / o w(y,1)dy —y(x, H(t) A (1), (6.29)

~ H ~
w(,t) =T (x / T(y,0)dy — 0(x, H(e)) A (1), (6.30)
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which map the estimation error system (6.18)-(6.21) into the following target system:

wy(x,1) =Diwr(x,1) — Aw(x,2) — H(t) f(x, H(¢))H (t), Vx € (0,H(t)) (6.31)
w(0,1) =0, (6.32)
w(H(t),t) =eH (1), (6.33)
H(t) == cH(t) — Bwe(H (1), 1), (6.34)

where f(x,H(t)) is to be determined. Taking the first and second spatial derivatives of the

transformation (6.29), we get

Te(x,1) =wy(x,1) + q(x,x)w(x,1)

() .
[ sy v )G 639)
Tox (,1) =wx (30, 2) + q (o6, 0) Wy (x, 1) + (qx(x,x) + %q(x,x)) w(x,t)
() .
_ / M ey )y — e (x, HOVA (D). (6.36)

Next, taking the time derivative of (6.29) along the solution of the target system (6.31)—(6.34),

using integration by parts, and substituting the boundary condition (6.33), we get

T;(x,t) =Diwxx(x,1) + Dig(x,x)wx(x,1) — (A + Digy(x,x) )w(x,1)
+ (Bwy(x,H(t)) — Diq(x, H(t)))wx(H (t),1)
+ (Diggy (x, H(1)) + cy(x, H(t)))H (1)
H(r)
+ /x (Ag(x,y) = Digyy (x,y))w(y:t)dy
—H(1)H(t) (eq(x, H(t)) +Yu (x, H(t))

H(t)
HHO) - [ g 0HOD ). 637
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Thus, by (6.36) and (6.37), we have

Ti(x.1) — DiTlal) + 1 (6 (D)
__ <k+2Di%q(X,x)> w(x, )
F (B H()) — Digle H(O)wolH (1)1
+ (Diegy (e H1)) + Do, () + (s, HO) + p (6)) ()
[ g+ Digual) ~ Digy e 9wl
— H(OA() (eqx HO) -+ (o H D)

H(t)
HIGHO) - [ ) 0HO)D ). 638)

Substituting x = 0 and x = H () into (6.29), we get

N - H(r)
T0.0)+paA0) == [ aO3)w(n0dy
+ (p2(t) = W(0,H(1))H (1), (6.39)

T(H(t),t) + ps(0)H(t) =(e —y(H,H) + p3(1) H (¢). (6.40)

Moreover, substituting x = H(¢) into (6.35) yields

H(t)+ pa(t)H(t) + BT (H(1),1)

=(pa(t) —c+B(eq(H (1), H(t)) — vx(H(t),H(1))))H (1). (6.41)
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Therefore, for the equations (6.18)—(6.21) to hold, the gain kernel functions must satisfy the

following conditions:

Qe (%,) — qyy(x,¥) = — Ag(x,y),
d A
Eq(x,X) =3 q(0,y) =0,

By (x,H(r)) =Dig(x,H(1)),

and the observer gains must satisfy

p1(x;1) = = Di(eqy(x, H(1)) + Yux (x, H)) — cW(x, H),

pa(1) =w(0,H(7)),

pa(t) =c—PB(eq(H (1), H(1)) — wx(H(1), H(1))),

and the function f(x, H(¢)) must satisfy

H
Pl H) +eqle.H) i H) = [ a(e.) 10 H)d.

The solutions to (6.42)—(6.44) are uniquely given by

i () = - gt

(6.42)
(6.43)

(6.44)

(6.45)
(6.46)
(6.47)

(6.48)

(6.49)

(6.50)

(6.51)

where 7 is defined by (6.26). Then, using (6.50)—(6.51), the conditions (6.45)—(6.48) are led to

the explicit formulations of the observer gains given as (6.22)—(6.25). In the similar manner, the
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conditions for the gain kernel functions of the inverse transformation (6.30) are given by

rac(%,y) = ryy (x,5) =hr(x, ), (6.52)
d A

EV(X,X) :Ea r<07y) = 07 (653)

Bo(x,H(t)) =Dir(x,H(t)), (6.54)

and, the function f(x, H(t)) is obtained by

fO,H (1) = r(x,H(t)) p3(H(1)) + ¢ (x, H(7)). (6.55)

The solutions to (6.52)—(6.54) are given by

T (/A2 —x2)
r(x,y) :5\4)( ( - )7 ¢(X7H):%x‘]1—(Z)7
My? —22) :

(6.56)

where J; is Bessel function of the first kind. Using the solutions (6.56), the function f(x,H(z)) is
obtained explicitly by (6.55), which also satisfies the condition (6.49). Hence, the transformation

from (T,H) to (w,H) is invertible.

Stability Analysis

We prove the exponential stability of the origin of the estimation error system (6.18)-(6.21)
in the spatial L, norm. First, we show the exponential stability of the origin of the target system

(6.31)-(6.34). We consider the following Lyapunov functional

1 2, &m0
V= 2||w|] +2BH(t) ) (6.57)
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Taking the time derivative of (6.57) together with the solution of (6.31)-(6.34) yields

. €C ~ H(t) -~
V = — Dillwsl 2= Al — EH(r)M%eZH(r)Z

_H()H() /0 ) e H ) (6.58)

Applying Young’s and Cauchy-Schwarz inequalities to the last term in (6.58) with the help of

Assumption 13, and choosing the gain parameter c to satisfy

By’ f
> Me 6.59
¢ > ol 4 Bite, (659
one can obtain the following inequality:
V < —min{A,c}V. (6.60)

Applying comparison principle to the differential inequality (6.60), we get
V(t) SV(0)e ke, (6.61)

Hence, the target system (6.31)-(6.34) is exponentially stable at the origin. Due to the invertibility
of the transformations (6.29) and (6.30), there exist positive constants M > 0 and M > 0 such
that for the norm ®(¢) defined in (6.27) the inequalities hold M®(r) < V() < M®(r). Hence,
we obtain (6.28) by defining M = M /M, which completes the proof of Theorem 12. Note that
the designed backstepping observer achieves faster convergence with a possibility of causing
overshoot since the overshoot coefficient M /M is a monotonically increasing function in the
observer gains’ parameters (A, c).

While we have focused on the simplified PDE (6.11) to derive a rigorous proof of

the proposed state estimation design (6.13)-(6.16) with observer gains given by (6.22)—(6.25),
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simulation studies are performed by applying the estimation design to the original thermodynamic

model (6.1)-(6.7) including salinity.

Initial conditions

The simulation results of temperature estimation T; computed by (6.13)-(6.16) along with
the available measurements obtained by the online calculation of (6.1)-(6.7) are shown in Fig.

6.3. Here the initial temperature profiles are formulated as

ko(To — T
73(x,0) =<0 ~T0) ,‘:;IO 2+ 1, (6.62)
S
Tor — T, 4
Ti(x,0) =%00x+ Ty +asin (Hi;“) : (6.63)

where Ty = 7;(0,0) which is obtained by solving fourth order algebraic equation from (6.1) and

the input data, and a is set as a = 1 [C°]. The estimated initial temperature is chosen as

Tml - TO

i 0) = =l
(,0) H2(1—2d)

(x? —2dHox) + Ty (6.64)
with setting d = 1/4. Hence, the initial temperature estimate is lower than the actual temperature.
This initial condition satisfies the boundary conditions (6.14) and (6.15). The initial state of
the estimated ice thickness A (0) is set as that of the true thickness, i.e., H(0) = H(0), which is

feasible because the thickness is actually measured.

Tuning method for gain parameters

The design parameters (A, c,€) are selected as follows:
(i) Choose € =~ B for the norm (6.57) to be similarly weighted.
(i1) Select A to be the inverse of a desired time constant (i.e., the time at 63% decay of the

estimation error is achieved): here we set as one day, leading to A ~ 153600 = 1-2-107°.
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(iii) Select ¢ sufficiently larger than A so that the decay rate min{A,c} is not reduced and (6.59) is
satisfied.

Finally, these parameters are varied around these reference values until we observe a smooth
and sufficiently fast convergence. Throughout the simulation, we see that the minimum value
of the time step size in ode solver is more than 1 minute, while the computation time of each
time update is less than 0.1 seconds, which shows its real-time implementability as addressed in

Remark 4.

Simulation Results

Numerical Simulation of State Estimation

The contour plot of the simulation results of T;(x,#) and T;(x,t) for open-loop estimation
by setting all the observer gain to be zero is depicted in Fig. 6.3 (a), and those for the proposed
estimation are depicted in Fig. 6.3 (b) and Fig. 6.4 (a)-(b) with observer gains (6.22)—(6.25),
respectively, by using input data on January. For the proposed estimation, we fix the parameters
of ¢ =3.0 x 107 and € = 1.0 x 10~%, and use the parameter of A =5.0 x 107 in Fig. 6.3
(b), A =1.0 x 107 in Fig. 6.4 (a), and A =5.0 x 10~/ in Fig. 6.4 (b). The figures show that
the backstepping observer gain makes the convergence speed of the estimation to the actual
value approximately 5 to 10 times faster at every point in sea ice. As seen in Fig. 6.4, while the
larger value of A makes the convergence speed faster, it causes more overshoot beyond the actual
temperature. Hence, the tradeoff between the convergence speed and overshoot can be handled
by tuning the gain parameter A appropriately, thereby the parameters used in (b) achieve the
desired performance. The overshoot behavior is noted at the end of Section 6.4 from a theoretical
perspective. Consequently, the stability properties stated in Theorem 12 for the simplified model
can be observed in numerical results of the proposed estimation applied to the original model

(6.1)-(6.7). To visualize the convergence of the estimated temperature profile used in 6.3 (b)
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(a) Open-loop estimation, i.e., pj (x,¢) = 0 and p;(¢) =0 for i = 2,3,4.
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(b) The proposed estimation with the observer gains given in (6.22)—(6.25).

Figure 6.3: Simulation results of the plant (6.1)-(6.7) and the estimator (6.13)-(6.16) using
parameters on January. The designed backstepping observer achieves faster convergence to the
actual state than the straightforward open-loop estimation.

more clearly, Fig. 6.5 illustrates the profiles of both true temperature (black solid) and estimated

temperature (red dash) on January 1st to 3rd in (a)—(c), respectively. We observe that the estimated

temperature profile becomes almost the same as the true temperature profile on January 3rd,
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(a) The proposed estimation with larger value of A than Fig. 6.3 (b). The overshoot beyond the true
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(b) The proposed estimation with smaller value of A than Fig. 6.3 (b). The convergence speed gets slower
than the result of Fig. 6.3 (b).

Figure 6.4: Simulation results of the plant (6.1)—(6.7) and the bacsktepping estimator (6.13)-
(6.16) with some chosen free parameters.

which is two days after the estimation algorithm runs. Moreover, Fig. 6.5 (d) depicts the time

evolution of A (t), which is an estimation error of the ice’s thickness. We observe that the error
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is “enlarged” from A (0) = 0 due to the error of temperature profile, and returns to zero after the
temperature profiles become almost indistinguishable on January 3rd, from which the necessity
of the estimator of the ice’s thickness is ensured while the thickness is actually measured.
Finally, we have studied the robustness of the proposed observer by varying the parameters
D, B, and F,, in the observer (6.13)-(6.16) and the gains (6.22)—(6.25) to D;(1+ 1), B(1+ ),
and Fy, (1 + 83) with setting 8; = 0.3, 8, = —0.3, and 83 = 0.4. Fig. 6.6 (a) shows the contour
plots of estimated and true temperature profiles and Fig. 6.6 (b) shows the evolution of H(t).
From both figures, we can see that the observer states converge and stay around the true states
with a modest error after 5 days, which illustrates robust performance of the proposed observer

under the parameters’ uncertainties.

6.5 Conclusion and Future Work

In this chapter, we develop the estimation algorithm for temperature profile in the Arctic
sea ice via backstepping observer design. The observer gains are derived so that the convergence of
the state estimate to the actual state is guaranteed theoretically for a simplified model. Numerical
simulation is employed to investigate the performance of the observer design with the original
thermodynamic model, which illustrates ten times faster convergence of state estimation to the
actual temperature than the straightforward open-loop estimation.

While we have assumed the online availability of the measurements, these data acquired
by satellites typically accompany a time-delay due to the communication. Such a time-delay can
be compensated by extending the method developed in [84] for control design under actuator
delay to the estimator design under sensor delay following the procedure in [97]. In addition, the
physical parameters used in this paper are uncertain variables in practice, where the uncertain
parameters can be assumed to be constants at each month, and hence it is significant to design a

simultaneous state and parameter estimation algorithm such as [118] using a reduced-order model
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(d) The time evolution of thickness estimation error H (z).

Figure 6.5: Simulation result of the plant (6.1)—(6.7) and the estimator (6.13)-(6.16) with
parameters used in Fig. 6.3 (b).

via Pade-approximation and [12] using data-driven extremum seeking as an iterative learning

method. Instead of adaptive estimation, interval observers for the state estimation of uncertain
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(b) H(t) dynamically varies first and stays at a value near zero after 5 days.

Figure 6.6: Robustness of the proposed estimation with significant parametric errors: 30[%] in
diffusion coefficient Dj, 30[%] in latent heat parameter 3, and 30[%] in heat flux F,, from the
ocean.

parabolic PDEs have been proposed in [79]. Moreover, applying the optimal control of the Stefan

problem developed in [63, 13, 3] to the estimation of the sea ice model is also an interesting

direction. These extensions will be considered as our future work.
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Chapter 7

Lithium-Ion Batteries

7.1 Battery Management Systems

Battery management is crucial for safe and efficient use of numerous kinds of electronics
such as smartphones and laptops, and electric vehicles. Among several chemical materials
used for electrodes of lithium-ion batteries, Lithium Iron Phosphate (LFP) has several attractive
features as an active material in lithium-ion batteries such as thermal safety, high energy, and
power density [120]. LFP and other common active materials show unique charge-discharge
characteristics due to an underlying crystallographic solid-solid phase transition. Electrochemical
models for lithium-ion batteries with single phase materials do not allow to capture these unique
characteristics and thus a mathematical description of phase transitions needs to be added to these
models. Electrochemical models are of interest for the design of accurate estimation algorithms
in battery management systems. Estimation algorithms based on these models provide visibility
into operating regimes that induce degradation enabling a larger domain of operation, therefore,
increasing the performance of the battery in terms of energy capacity, power capacity, and fast
charge rates [27, 124]. Electrochemical model-based estimation is challenging for several reasons.

First, measurements of lithium concentrations outside specialized laboratory environments is
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impractical. Second, the concentration dynamics are governed by coupled and nonlinear partial
differential algebraic equations (PDAE) [158]. Finally, the only measurable quantities (voltage
and current) are related to dynamic states through a nonlinear function.

Electrochemical models describe the relevant dynamic phenomena in lithium-ion cells:
diffusion, intercalation and electrochemical kinematics (see Figure 7.1). These models predict ac-
curately the internal states of the battery, however, their complexity renders a challenging problem
for estimation algorithms. For this reason, most approaches develop estimation algorithms based
on simplified models. Among the various simplified models, the single particle model (SPM) has
been broadly used in the observer design problem, see [41, 118, 171, 36, 123, 117, 155]. The
main characteristic of the SPM is the use of a single spherical particle to represent diffusion of
lithium ions in the intercalation sites of the porous active materials in the electrodes.

LFP has been extensibility used in lithium ion cells due to its thermal stability, cost
effectiveness, non-toxic nature, and long cycle life [120]. An electrochemical model for LFP
batteries was proposed in [150] based on a core-shell model, where the concentration at the core
is assumed constant and diffusion is allowed for the phase in the shell. The LFP model with
phase transition electrode was revisited in [184] with a more complete core-shell model, allowing
diffusion in both phases of an LiCoO, cathode.

The estimation problem for batteries with LFP electrodes has been relatively less studied;
a particle filter was derived in [135] and a Sequential Monte Carlo filter was derived in [109].
The core-shell model proposed for phase transition electrodes is described by a parabolic PDE

with a state-dependent moving boundary.

7.2 Electrochemical Model with Phase Change Electrode

The electrochemical model for lithium-ion cells with a phase transition material in the

positive electrode follows [150]. We restrict the problem to particular initial conditions of the
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Figure 7.1: Schematic of lithium-ion battery and the description of particles in electrochemical
models. The concentration dynamics of lithium-ion is governed on the geometry of each particle.
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concentration of lithium ions in the particles (i.e. intercalation sites) of the positive electrode and
consider only discharge processes. The initial concentration of lithium ions in the particles of the
positive electrode follows a core-shell configuration where the core has a constant distribution of
lithium ions in a low concentration phase (the o phase), and the shell has a constant distribution
of lithium ions in a high concentration phase (the  phase). During discharge, the fluxes of
lithium ions at the surface of the particles in the positive electrode are positive, thus, increasing
the concentration of lithium ions in the shell and the phase boundary is moving to the center, i.e.,

a shrinking core process as depicted in Figure 7.2.

Single Particle Model

The single particle model is a simple electrochemical model that accounts for some
phenomena in lithium-ion cells. The main simplification in this model comes from the assumption
that a single diffusion equation in an spherical particle can be used to model the diffusion of
lithium ions in all the intercalation sites of the active material of each electrode. In the SPM, the
ionic molar fluxes j, +(¢) on both electrodes are proportional the current density /(¢) applied to

the cell

(1)

S 7.1
v iFLy (7.1)

jn,:l:(t) =+

where as + =3¢ +/ Ry, + is the interfacial area (per unit volume), & + is the volume fraction of
active material in each electrode, Ry + is the averaged radius of the intercalation sites (particles) in
the electrodes, F' is the Faraday constant, and L is the thickness of each electrode. Throughout
this paper, the subscripts 4+ and — indicate that the variable corresponds to the positive or negative
particle. The concentration dynamics of lithium ions in the negative electrode (single phase)

follow the Fick’s law for diffusion

dcs,— _ D, -
> (rt) = ;) g{r 5 (r,t)}, (7.2)

220



for r € (0,Rp,—), t > 0 with boundary conditions

(0,0 =0, (1.3)

Dy == (Rp,—,1) = —jn,- (1), (7.4)

and initial condition ¢y € C(0,Rp —). Diffusion in the positive particle follows a core-shell
model. In the core of the particle, i.e., for r € (0,7(¢)), lithium ions are in the o-phase. The
concentration in the core is assumed to be constant and equal to the equilibrium value of the
o-phase, i.e., ¢ 4 (r) = ¢s,q for all r € (0,7,(¢)) . In the shell of the spherical particle, i.e. for
r € (rp(t),Rp 4 ), the concentration of lithium ions is in B-phase. The concentration dynamics of

lithium-ions in the shell of the positive particle follows the Fick’s law for diffusion

_ Ds ¢ d 2aCS,+
ot (ral)_ ) $|:l” or (I’,[) ’ (7.5)

for r € (rp(t),Rp,+) with boundary conditions

Cs,+(1p(t),1) = c5 s (7.6)
dcs )
D=5 (Ry 1) = —jn+ (1), (17

and initial conditions ¢ + € C(rp(0),Rp +). The time-evolution of the moving interface r,(z)
is not given explicitly. Instead, mass balance at the moving interface yields the following

state-dependent dynamics:

(Csﬁ - Cs,oc>— = —Ds’_i_?(rp(t)’t). (78)
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Overpotentials M (¢) are found by solving the nonlinear algebraic equation

sl = RO [0 _ =] (7.9)
iO,:l:<t> = Fky [Css,:t(t)]occ [Ce70 (Cs7max,:|: - Css,:l:(t))]aa ) (7.10)

where cgs +(f) := cs + (Rp +,t). The electric potential in each electrode is given by
¢s,:|:(t) = T]:l:(l) + U:I: (CSS,:I: (t)) +Rf,ian,:t<t)' (7-11)

Finally, output voltage is computed as the difference between the electric potential in each

electrode

V(t) = 0s (1) — s —(2). (7.12)

Equations (7.5) -(7.12) form a complete description of the single particle model with a phase
transition electrode, and it provides the following property on the moving interface during the

discharge process.

Remark 6 During the single discharge process, the current density I(t) maintains positive,
i.e. 1(t) > 0 for Vt > 0. This current positivity ensures the moving interface being shrinking.

Furthermore, the initial interface position is less than the cell radius. Hence,

drp(t)
0 7.13
5 < (7.13)
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Figure 7.2: Phase transition in the positive particle during discharge. The particle starts with a

large core of low concentration phase o and a small shell of high concentration phase 3. During

discharge there is a positive flux of lithium ion in the surface of the positive particle, increasing
the concentration and increasing the size of the B-phase shell.

Mass Conservation

In this model, the total amount of lithium ions is conserved. The mathematical description

of this property is given in the following lemma.

Lemma 11 The total amount of lithium ny ; in solid phase ( moles per unit area ) defined as

nLi(Z) = 857—L—Es,—(t) + 857+L+Es7+(t)a (7.15)

where €, _(t) and Cs 4 (t) are the volumetric averages of the concentrations

— 3 Ry - 2
Cs.— (1) :3—/ cs—(rt)redr, (7.16)
’ Ry _Jo
3 Ry,
Cs,+(1) =— " Cs + (r,t)rzdr7 (7.17)
Rp+ Jo

is conserved, namely dny;(t)/dt = 0.

Lemma 11 was derived in [81] for electrodes with a single phase, and we can show that
this result extends to electrodes with phase transition materials.
Proof:

In our problem formulation there is a single phase in the negative particle and there are two
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phases in the positive particle, i.e., o--phase in the core and B-phase in the shell. The concentration
in oi-phase at the core is assumed to be constant (at its equilibrium value ¢ ). Under these

assumptions, the time derivative of (7.15) is given by

dnL- . . 3e, L
dr - (t) =—as-L_jn—(t) = as+ Ly jn+(t) = %’%(I)
p,+
dr, dcs
— 20 [esp—coa] + Doy = (p(0),1) | (7.18)

Hence, the molar flux equations in (7.1) and the dynamics of the moving interface in (7.8) lead to
dny;(t)/dtr = 0. In a more general formulation introduced in [78, 77], i.e. when both electrodes
have multiple phase transitions not necessarily at the equilibrium, mass conservation of lithium

ions is guaranteed with the following interface dynamics

drl[a’b] 1 Jc | [ab] oc, [ab]

1) = Dy=—(r; 7 (t) " yt) = Dp=—(r; (1) "1 7.19
dt () Ch— Ca aar(rl () ’> bar(rz () 7) ) ( )
where rl[a’b] is the interface radius between any two phases (phase a and phase b) in any electrode.

Each phase has a distinct equilibrium c,, ¢}, and diffusion coefficient D, Dp.

7.3 State-of-Charge Estimation

Now, a state estimation algorithm for concentration of lithium ions, in both negative and
positive electrodes, is provided in this section from the single particle model. The state observer
for the positive electrode is derived via the backstepping method for moving boundary PDEs, and

the observer for the negative electrode is derived from the mass conservation property.

224



Observer for Phase Transition Positive Electrode

The state observer is a copy of the diffusion system (7.5)-(7.7) in the positive electrode

together with output error injection

aé\s,_i'_

Dy 0 [0,
ot (1) = r> or [r or (1)

+P(7p(1),r) [ess. 1 (1) = G s (Rp 1,1)] (7.20)

for r € (7(),Rp,+) with boundary conditions

8S7+(’/‘£J(t)at> =CB; (7.21)

+ O(7p(1)) [ess, 1 (1) — s (Rp4,1)] (7.22)

and initial conditions ¢o 4 € L?(7(0),Rp.+) and 7(0) € (0,Rp, ). Observer gains are given by

P30 = Do T 1)) 2E), (7.23)
Q7 (1)) = ﬁp—i (%sm + 1) , (7.24)

where I,(-) is a modified Bessel function of the second kind and

_

=g (7.25)
s(t) =Rp+ —1p(t), I(t)=r—1p(t), (7.26)
(1) = /R [s(0)2 — 107, (7.27)
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The parameter A > 0 is designed to achieve faster convergence of the estimated concentration
to true concentration. Moreover, the estimator for the moving interface position is given by the

following dynamics:

dry(t R
(¢5,p—Cs.a) ;l( ) = —K [ess 4 (1) = & 1 (Rp 1,1)]
JCs +
—Ds = (Fp(0),1), (7.28)

where the parameter ¥ > 0 is designed to achieve fast convergence of the estimated interface
position to the true value.

The stability of the estimation error system is theoretically proven for the PDE observer
(7.20)—(7.22) with gains (7.23), (7.24) under the assumption 7 (¢) = r,(¢) for all # > 0 in the next
section. As the moving interface position () is unknown in practice, we construct the estimator
(7.28), and use the estimated interface position 7,(¢) in the gains (7.23), (7.24) of PDE observer.

The sign of the observer gain in (7.28) (first term in the right hand side) is determined
based on the monotonic relation, namely, as the surface concentration CSS7+(I) is increased the
moving interface position 7 (¢) is decreased. Physically, as the battery is discharged, the domain
of the lithium rich B-phase in the positive electrode is expanded from the outer region. Hence,
the observer (7.28) is designed so that if the measured surface concentration is larger than the
estimated surface concentration, the battery is discharged more than estimated, and the domain of

B-phase for the estimator is driven to be expanded.

Stability Analysis of the Estimation Error System with Known Interface

Position

Let c¢;+(r,t) be an estimation error defined by ¢ (1) := cs +(r;t) — ¢s +(r,t). The

stability analysis of the estimation error system is presented in the following theorem.
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Theorem 13 Consider the plant PDE (7.5)—(7.7) and the PDE observer (7.20)—(7.22) with
observer gains (7.23) and (7.24) under the properties of (7.13), (7.14), and the assumption
7p(t) = 1p(t) for allt > 0. Then, for any initial estimation error cs 1 (r,0), the estimation error is

exponentially stable at the origin in the sense of the norm

Rov o 2
r cs 4+ (r,t)"dr. (7.29)
rp(t)

Note that subtracting (7.20)-(7.22) from (7.5)-(7.7) under 7,(t) = rp(t) yields the estimation error

dynamics

s D 0 [ ,9¢ ~
a’+ (r,t) = r; 5 { 2 af (r,t)] — P(ro(1),r)e 1 (Rp.+,1), (7.30)
Z:S,+(rp(t)7t> :07 (731)
Jcs, ~
DS7+%(RP7+,Z) =— 0 (rp(t)) Gt (Rp.11). (7.32)

Change of coordinate

First, we introduce the following change of coordinate and state variable to simplify the

structure of the estimation error dynamics in a cartesian coordinate:

X=Rp.—r, (7.33)
i(x,1) = 18+ (1), (7.34)
s(t) = Rp 4+ — 1p(2). (7.35)
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The estimation error dynamics (7.30)-(7.32) is rewritten by the new coordinate and state as

i e _ N
a—b;(x,t) - DS,+a—);‘(x,t) — P(s(t),x)i(0,1), (7.36)
u(s(t),1) =0, (7.37)
o o
2(0,1) = —Q(s(1))ii(0.1), (7.38)
where
P(s(1),x) = ——P(rp(1).7), (7.39)
Ry +
— 1 1
0s(1) = 5~ 5 0lrl0) (7.40)

With respect to the variable (7.35), the properties (7.13) and (7.14) presented in Remark 6 are

equivalent to

$(t) >0, (7.41)

0<s(t) <Rp+. (7.42)

Derivation of observer gains

Consider the following invertible transformation from the estimation error u(x,) to the

transformed state w(x,7):

W) = i) + [ aEm ) (143

ix,r) = W)+ [ pEF)T0D, (7.4
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where X = s(t) —x, y = s(¢) — y. Similarly to observer design in Section 3.4, we can show that if

the gain kernel functions and the observer gains satisfy the following conditions:

0? 02 _
572 (©3) ~ 5 (55) == Rp(x.9), (7.45)
p(%,x) zgf, (7.46)
p(0,3) =0, (7.47)
02 02 -
572 59~ 31 (5:7) =g (£.5). (7.48)
q(¥,x) =— %X, (7.49)
4(0,3) =0, (7.50)
P(s(1),x) =Ds,+ p5(%,s(t)), (7.51)
O(s(t)) =—p(s(1),s(1)), (7.52)
then, the following target w-system is obtained:
ow 0%w N X
S = Do S () M) +5(0) [ q/(55)
< (50w + [ pls2pwta0az) .59
w(s(t),r) =0, (7.54)
ow
S0,1) =0, (155)
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where ¢'(x,y) = %(E,y) + g—g()_c,y). The equations (7.45)—(7.50) lead to the following explicit
solutions:

I < AP —)‘ﬂ)

p(x,y) =Ax = 5 (7.56)
A [y —x%
N ( A —22])

q(x,y) =—Ax = ) (1.57)

A [y —x%

with a modified Bessel function /;(-) and a Bessel function J; (-) of the first kind, respectively.

Substituting the solution (7.56) to the conditions (7.51), (7.52) (note that dl(‘i—gz) = @ for all z),

and taking back to the original coordinate and variables, the observer gains are derived as (7.23)

and (7.24).

Stability proof

As done in Section 3.4, we consider the time evolution of the following Lyapunov function:
1 /s _ )
W)= / (x,1)2dx. (7.58)
0
Taking the time derivative of (7.58) along with (7.53)-(7.55) yields

o

W(r) =Dy, OS(’) < 2 (x,t)) Y /0 " )
) [t [ [

(wy,t) + /0 yP(y,Z)W(z,t)dz> dy] d. (7.59)

Applying Young’s, Cauchy Schwartz, and Poincare’s inequalities with the help of the properties

(7.41) and (7.42), one can show that there exists a constant @ > 0 such that the following inequality
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holds: (refer to Section 3.4 for the detailed steps)

W(t) < —bW(t) +as(t)W (1), (7.60)

Ds,+
2
4Rp.+

where b = + A. With the help of (7.41) and (7.42), it yields the exponential decay of W (¢)

as

W(r) < e®orw(0)e . (7.61)

Hence, the origin of w-system is shown to be exponentially stable, from which we conclude

Theorem 13.

Observer for Negative Electrode

The observer design for lithium ion concentration in the negative electrode is constructed

by the copy of the dynamics (7.2)-(7.4) together with the output injection of the positive electrode

9%, . Dy [, _
Yo ) =25 g [P )| P (0 (R (7.6

for r € (0,Rp,—), t > 0 with boundary conditions

3,

5 (0.1) =0, (7.63)
oCs.— ) -
Dy S (Rp o) == (1) + O (1p(0)) &+ (Rps.1). (7.64)
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Observer gains in the negative electrode are computed to conserve the total amount of lithium

ions in the state observer defined as

N 3es+ Ly [Ro+ e L [Ro—__
ni(t) = s’3+ +/ ' cs7+(r,t)r2dr+ 8’3 / ' cs7_(r,t)r2dr. (7.65)
va+ 0 prf 0

Taking the time derivative of (7.65) along with the dynamics (7.20)—(7.28) and (7.62)—(7.64)

leads to

dny; + . . _

7 = — a57+L+]n’+(l‘) — Cls’_L__]m_ (t) + FCS7+ (Rp,-i-?l)a (766)
where F' is defined by

F=as Ly (Rzi?p(f)z + Q(?p(t))> +as L_Q_(7p(t))

Pyt
38s,+L+

Iep.Jr Y Y
o / P2P((t),)dr + s L_P_(7(1)). (7.67)

(1)

By the balance of the ionic molar fluxes given in (7.1), the first line in the right hand side of (7.66)

is canceled. Therefore, by designing the observer gains as

L .

Q_(rp(t)) = _Z#—; <Q(rp(t)) +R2Lrp(t)2> , (7.68)
S, p,+
s+L+ 3 R+

P_(rp(1)) :—iv*—L+RS—+ [ / . P(rp(t))rzdry (7.69)
§,— = I\p rpll

dny; 4

one can show that i

= 0 from (7.66). Hence, the observer error in the negative electrode

approaches to zero uniformly in space with the help of Theorem 13.

232



T9 T3 rN—2 TN-1

r
1

1]
N

r1 = 1p(t) rN = R,

——

Figure 7.3: Non-uniform grid for spatial discretization.

7.4 Numerical Simulation

Description of the proposed algorithm

For the spatial discretization of the diffusion equations in the single particle model and the
observer, we use a finite volume method with non-uniform grid [181]. The reason to use a finite
volume method is to guarantee the mass conservation property after discretization. The grid, is a
set of N points r(t) = [r(t),r2(t),...,ry—1(t),rn(t)], that divide the domain (r,(z),Rp) (or (0,Rp)
for the negative electrode) in a finite set of non-uniform intervals, as depicted in Figure 7.3, and
allow us to define a fine discretization near the boundaries of the domain without increasing the
size of the finite-dimensional state significantly. Briefly speaking, in the finite volume method, one
defines a finite-dimensional state ¢4(t) = [cs2,...,cs N—1,Cs,n], Where each element corresponds
to the concentration at one of the spatial discretization points. Then, solving the diffusion equation
within each of the intervals ”%J’”, %] and using a linear interpolation, a set of ordinary

differential equations is obtained; that define the dynamics of the finite-dimensional state. For

example, in the positive electrode, the dynamic equation for the finite-dimensional approximation
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in B-phase is

dcg

MO (0) = A(0)es(0) + BOu(r), (7.70)
Cos i = Ces(t), (7.71)
with
u(t) = [jn(t),csp] (7.72)
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and continuous matrices M(¢),A(t) € RN"PN=1 B (1) ¢ RVN=1X2 /€ € R"N~! defined as

Jna(t) §vs(t)
() ()
0 %\{7, (Z‘)
0 0
0 0
azn (l‘) a3 (l‘)
a372(t) ass (t)
0 ass (l‘)
0 0
0 0
0 b172(l‘)
0 0
0 0
bN,l 0 i

V4(l‘)

ZV4(1’)

W oo|—

a3,4(t)

asa (l‘)

an N—1(t)

In (7.73), the volumes v;(¢) are computed based on the geometry of the grid, that is

Vl'(l‘) =

(

ri(t) +ripa(2)
2
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, (7.73)
. )
0
0
, (7.74)
an—1N—1(t) an—1n(t)
aN.N (l) |
(7.75)
(7.76)

ri(t) +ric1 (1))’
),



forie {2,3,...,N—1}, and

3
\mmw=<@aw(f“”2W1@)>. a7

The diagonal entries of the matrix A(z) in 7.74 are

_ Dy (risa () +ri(6)? Dy (rie) +rioa (1)
aill) = =7 r,:l(t)—rl(t) 4 () —ria() (7-78)

forie {2,3,...,N—1}, and

Dy (Ry(t) + -1 (1)

4 Ry(1) —rn-1(7) 7.79)

aN7N(t) =

The entries in the line above the diagonal are

. (1))
ajjs1(1) = %<rr’:'+ll((t t))+_ ri((tt))) , (7.80)

fori € {3,4,...,N}, and the entries in the line below the diagonal are

(1) 4 1ot (0))?
ai,i—l<l):%(r;i((tt))t r,-_ll((tt))) , (7.81)

forie {2,3,4,...,N —1}. The non-zero elements of the matrix B(z) in (7.75) are

(7.82)

by1=—R2. (7.83)

The initial conditions for (7.70)-(7.71) are the evaluation of the initial concentration profile at

each point of the grid r. For the discretization of the continuous-time finite-dimensional system

236



we use the Euler backward method, which leads to

Cs,[k4+-1] = Cs,[k+1]
Tt 1) — Tk

My = A1), [k+1] T Bl 1)Jk+15 (7.84)

Css k+1 = CCSJ{—FI) (7.85)
where the quantities with subscript [k] € {0,1,...,K}, correspond the quantities at the discrete

times {to,11,...,tn; }. The discretization of the boundary dynamics follows a discrete version of

(7.8), derived properly to guarantee mass conservation, that is

3 3
T Y "2, K] ) F ot k1] B (7.86)

(csp—eso) =7 =~ (1wt~ 1) Ds ( 5 PA———

The time update of the spatial grid, corresponding to the increase of domain in time is
performed carefully to ensure mass conversation while keeping the size of the grid constant over
time. For this reason a new point in the discretization grid at every time step according to the
dynamics of the moving boundary is introduced, if a threshold in surpass. If the threshold is not
exceed, the corresponding mass change is added to a mass memory variable for consideration in
the next time step. To the new point in the grid we associate a new state equal to cg. Then, to
avoid an increase of the number of states at every time step, an interpolation is performed from
the grid with the additional point, that is, with size N + 1, to a new grid defined in the larger
domain but with N point. The interpolation is linear and is corrected for mass conservation (see

the description in Algorithm 5).

Test with Constant Discharge Input

To test the observer we run a numerical example with a constant discharge current of 5

[C-rate]. We are assuming cgs 1 is available directly from measurements to be used as output error
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Algorithm 5: Time Update for Increasing Domain (Shrinking Core)

Data: Priovided some spatial grid rjg = [ry 1], 72,k]> - - - » v, [ ]> State value
Co k] = [c&l’[k],c&z?[k], e ,cS7N7[k]] , at time ), and memory of mass difference
Am[k_l] (the right hand side of (7.86))
compute the mass change Amy due to non-zero flux at the interface, i.e., the right
hand side of (7.86) and add it to the mass change memory
k] = M+ M)
if M[k] > Mihreshold then
compute a new for the boundar/y3 from the interface dynamics (7.86):
m 1
I’p,[k] < (l"&[k] - Csﬁ—[kis,oc) ’
add this value as a new point to the grid:

) = [P R T2 T ]
add a new entry to the state concentration with the value cg:
Cs k] € (0B Cs,1,[K]> €52, /K] - -+ Cs N,k )
define a new non-uniform grid rfk] = [rll,[k]’rlz,[k} yeees rllv,[k]] such that rll,[k] =1p[K

interpolate (linearly) the concentration state to the new grid:
¢l « interp (¥, r,cs)
compute average concentrations ¢} and ¢ over the spherical volumen

correct for mass conservation with the scaling factor ¢5/c/:
/ C_S /
Cg — =Cq
¢
return updated grid rfk] , updated state value c; K and set memory my) = 0.

else
return unchanged spatial grid ry, unchanged state value ¢ ], and updated mass

memory my.

end
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Figure 7.4: Voltage plot for different (constant) current discharge inputs, which shows the
analogous behavior to [150].
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Figure 7.5: Normalized concentration of lithium ions in a growing -phase region. The plot
corresponds to a 5[min| simulation of constant 5[C — rate| discharge. The plot does not show
the o-phase portion of the concentration since it is assumed to be constant.
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Figure 7.6: Estimate of the concentration of lithium ions in the positive particle. Starting from
the initial error, the estimated profile converges to the true profile in Fig. 7.5.
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Figure 7.7: Averaged concentration of true value (black solid) and estimated averaged concen-
tration (blue dashed) in the positive particle normalized by the maximum concentration.
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Figure 7.8: The estimated interface position becomes the same value as the true interface
position after 0.5 [min].

injection in the observer. In practice, this quantity could be estimated from measurements. Figure
7.6 shows the estimated concentration of lithium ions in B-phase in the positive particle; one can
compare this to the true concentration in Figure 7.5. Figure 7.7 shows the averaged concentration
in the positive particle, both true value (black) and estimated value (blue). Convergence of the
estimate to the true value is achieved within 0.8 [min], a relatively short time. Furthermore, Fig.
7.8 shows the time evolution of the moving interface of the both true value (black) and estimated
value (blue), which also illustrates the convergence of the estimate to the true value. Note that
SoC is directly proportional to the averaged concentrations; then the importance to evaluate the

estimation of this quantity.

7.5 Conclusions and Future Work

This chapter develops the estimation algorithm for SoC via electrochemical-model based

moving boundary PDE observer, and provides the numerical study illustrating the desired perfor-
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mance of the proposed method. Towards a complete SoC estimation algorithm for lithium ion
batteries with phase transition materials, an extension the existing SoC estimation algorithms from
SPM to complex electrode settings will be considered, as was already achieved for electrodes with
multiple active material [24]. It was noted in [151] that two different particles sizes are needed to
correctly model LFP electrodes, this correction can be added to our results following [24]. One of
the main assumptions for the model in this paper is the restriction to only two coexisting phases
in a single particle reduced further to a single phase problem by assuming a constant core phase.
The relaxation of this assumption could be achieved through designing the state observer of
concentration of lithium-ions in two phases together with the estimation of the interface position,
by extending the method for control design in Chapter 5 to the observer design. Furthermore,
the robustness of the estimator’s performance under some additive measurement noise can be
studied in terms of input-to-state stability (ISS) following [23]. These further investigation will

be addressed in our future work.
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Table 7.1: Parameters of LFP used in the simulation.

Parameters

Negative  Separator Positive

Lm]* 50x107% 25x107% 74x107°

™ mol/m3* 27760 20950
¢s.o[mol/m?]® 0.0480% ¢
¢s g[mol /m?]° 0.8920 x ¢4

Ry m]* 11x107° 52x 1077
Dy [m?/s]* 9 x 1014 8x 10718
&[] 033 0.27
Ri [Qm?]°  1x 1077 0
R. [Qm?]° 0 6.5x 1073
k [m?3 /mol®3s]* 3 x 1073 3x 1071

Other Parameters and Physical Constants

A [m]® 1
F [As/mol] 96487
R [J/Kmol] 8.314472

T [K]> 298
ce [mol/m3)®  1x10°
Oy, O [—]? 0.5
2 borrowed from [151]

b assumed
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Chapter 8

Polymer 3D-Printing via Screw Extrusion

8.1 Emergence of 3D-Printing

On the verge of new manufacturing techniques, additive manufacturing stands out as a
versatile tool for high flexibility and fast adaptability in production. It is applicable in a variety
of producing industries, ranging from tissue engineering [114], thermoplastics [162], metal
[106] and ceramic [137] fabrication. One of the most popular types of 3D printing is Fused
Deposition Modeling (FDM) [115], which uses filaments as raw material, that have to be precisely

manufactured to achieve a good final product quality [21].

8.2 Screw Extrusion Process

From the polymer processing and extrusion cooking industry, screw extruders are well-
known devices. Results stated in [116, 154, 101, 108] give an in-depth description of screw
geometrics, extruder setups and describe the dynamics of extrusion process consisting of a
conveying zone, a melting zone, and a mixing zone. A mathematical description of such a model

is derived by mass, momentum, and energy balances and appears as coupled transport equations
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coupled through a moving interface. This model is used in [108] to describe an extrusion cooking
process. The boundary control of a similar model is achieved in [38, 39] under the assumption of
constant viscosity.

More recent contributions considered screw extrusion as a useful technology for 3D
printing applications [162, 40, 37], allowing to manufacture a wider variety of materials than
FDM, while using polymer granules as raw material [162]. In [37], a time-delay control was
developed on a model consisting of two phases, similarly to [108]. In both cases, stabilization
of the moving interface separating a conveying and a melting zone is achieved with a fast
convergence rate. Another approach which enables to control screw extruders in 3D printing is
proposed in [40], where an energy-based model is established, simplifying the implementation
of the control law and circumventing difficulties with state measurement. In other words, the
control of the outflow rate at the nozzle only relies on the measurement of the heater current and
the screw speed.

In the screw extrusion process, the solid material is convected from the feed to the nozzle
located at the end of a heating chamber. The solid raw material is melted and mixed before
being expelled through the nozzle as a thin filament. For this process, the thermal behavior is
an important factor which characterizes final product quality. Indeed, heat is supplied into the
system by the heaters surrounding the extruder’s barrel on the one hand and by the viscous heat
generation due to a shearing effect [108] on the other hand. The process of the phase transition
from the solid to the liquid polymer can be described as the Stefan problem. In this context, the
dynamics of the solid-liquid phase interface is derived from the energy conservation in which
the latent heat required for melting is driven by the internal heat of the liquid phase, resulting in
the interface velocity to be proportional to the temperature gradients of the adjacent phase. For
instance, in [44], the Stefan problem for a polymer crystallization process is described, and the

analytical crystallization time is derived.
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Figure 8.1: Schematic of screw extruder for original description (left) and model description
(right).

8.3 Thermodynamic Modelling

We focus on the thermodynamic model of the screw extrusion process in one-dimensional
coordinate along the vertical axis, motivated by [154] which developed a thermodynamic phase
change model for polymer processing. The model provides the time evolution of the temperature
profile of the extruded material and the interface position between the fed polymer granules and
the molten polymer. The granular pellets are conveyed by the screw rotation at a given speed
b along the vertical axis while the barrel temperature is uniformly maintained at 7;,. Defining
Ti(x,t) and Tj(x,?) as the temperature profiles of solid phase (polymer granules) over the spatial

domain x € (0,s5(7)) and liquid phase (molten polymer) over the spatial domain x € (s(¢),L),
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respectively, the following thermodynamical model

o7, 9%T, oT,

g(x,t) :(XSW()C,I)—bg(x,t)—i—hs(Tb—TS(x,t)), 0<x<s(t), (8.1)
o, . 0T oT;
E(XJ) —OCIW(XJ)_bg(x7t)+hl(Tb_Tl(xat))v s(t) <x<L (8.2)

is derived from the energy conservation and heat conduction laws. In this paper, we consider the
temperature distribution in the liquid to be static as stated in (8.11) and in Assumption 14 (see
Section 8.4). Here, o; = % and h; = %, where p;, ci, ki, and h; for i € {s,1} are the density,
the heat capacity, the thermal conductivity, and the heat transfer coefficient, respectively and the
subscripts s and [ are associated to the solid or liquid phase, respectively. Referring to [163] which
introduces a model of spatially averaged temperature for screw extrusion, we incorporate the
convective heat transfer through the barrel temperature in (8.1) (8.2). The boundary conditions at

x =0 and x = L follow the heat conduction law, and the temperature at the interface x = s(z) is

maintained at the melting point Ty, described as

o7

S20.1) = —q‘;—(st), Tu(s(1),1) = T, (8.3)
T, .
a—xl(L,t) - %, Ti(s(1),) = Ton, (8.4)

where g¢(t) < 0 is a freezing controller at the inlet and ¢}, > 0 is a heat flux at the nozzle which
is assumed to be constant in time. The interface dynamics is derived by the energy balance at the

interface as

psAHS(t) = ks%(s(t),t) —lq%(s(t),t). (8.5)

The equations (8.1)-(8.5) are the solid-liquid phase change model known as the “two-phase”

Stefan problem. Such a phase change model was developed for polymer processing. Here, we
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give the following remark to emphasize the conditions for the model (8.1)-(8.5) to be physically

validated.

Remark 7 In this paper, we assume the pressure in the chamber to be static, and the melting
temperature is constant to avoid supercooling. Then, to keep the physical state of each phase, the

following conditions must hold:

T(x) ST, Vxe (0,s(1), Vi >0, (8.6)

Ti(x,t) >Tm, Vxe(s(r),L), Vt>0, (8.7)

which represent the model validity conditions.

Remark 8 We assume the existence of a heating/cooling system that maintains the pellets at
a controlled temperature, as stated in (8.3), which describes the heat flux control at the inlet.
Extruders can be equipped with raw material preconditioners as intermediate unit operators,
which for instance help to pre-heat ingredients before they enter the extruder chamber by adding
steam. The preconditioners are usually located between the inlet and the extruder chamber, and a

continuous flow of material from the feeder to the preconditioner is maintained [131, 48].

8.4 Ink Production Control Based on Screw Speed

To ensure a continuous extrusion process, the control of the quantity of molten polymer
that remains in the extruder chamber at any given time is crucial. By definition, the volume of
fully melted material contained in the chamber is directly related to the position of the solid-liquid
interface that needs to be controlled, consequently. Physically, any given position of the interface

along the spatial domain corresponds to a melt temperature profile along the extruder.
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Steady-state solution

An analytical solution of the steady-state temperature profile denoted as (Ts,eq (x),Tieq (x))

for any given setpoint value of the interface position defined as s;, can be computed by setting the

time derivative of the system (8.1)-(8.5) to zero. Hence, from (8.1) and (8.2) the following set of

ordinary differential equations in space are obtained

0= 0T q(x) = BT, g (x) +hs (T — Taeq()) ,

S,€q S,€q

0= T}y (x) =BT oq(x) + 1 (Tp — Tieq(x))

and the boundary values are given as

T eq(0) = _%27 TS@q(Sr):Tma

s,eq

Yi:eq(L) - qk_rfﬂ Tl,eq(sr) - Tm-

At equilibrium, the interface equation (8.5) satisfies the following equality:

O :ksT/ (Sr) - kl]i:eq<Sr).

s,eq

The solution to the set of differential equations (8.8) has the following form
T],eq(x) = ple‘II(for) _|_p2€q2(xfsr) + Tb,
Ts,eq(x) = p3eq3(X—Sr) _|_ p4eq4(x—sr) + Tb,

where

_b+ \/ b2+4061/’11 . b—\/b2—|—4061h1

q1 =
204 204
b+ +/b? + 4oshs b —+/b? + 4oshs
= 20 BT 20, ’
S S
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(8.9)

(8.10)

8.11)

(8.12)

(8.13)



Let r = Ty, — Tpy. Substituting (8.11) into the boundary conditions (8.9) and (8.10), we obtain

220 + g3

P1 queql [ — (8.14)
g gt
P2 =— qleql(L_sr) _qzeqz(L_Sr)a (815)
K/k
3 :%7 (8.16)
—rqg3—K/k
pa :rcq;—q/s, (8.17)
3—q4
klr(—CIIClz) (eql(L—Sr) — e‘h(L—Sr)) + (611 _qz)q;"n ‘15
K= qleql(L—sr) o qzeqz(L—Sr) ) ( . )
and the steady-state input is given by
g =p3q3e” P+ pagae” 4. (8.19)

Hence, once the parameters (sy, Ty, q5,) are prescribed, the steady-state input is uniquely obtained.

Barrel temperature condition for a valid steady-state

For the model validity, the steady-state must satisfy (8.6) and (8.7), which restricts the

barrel temperature to some physically admissible values.

Lemma 12 [fthe barrel temperature satisfies

—q4<Tp—Tn <4, (8.20)
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where

(@@ m
g - Gden ) q= _quzeqz(L*Sr) 9 (821)
don = — kiq 12 (eql (L—s7) _ eqz(L—so) + kg3 (Qleql (L-s7) _ qzeqzu—sr)) , (8.22)
then the steady-state solution satisfies (8.6) and (8.7).
Proof:
Since Tj eq(sr) = Tn, it is necessary to have 7} eq(sr) > 0 which yields
Pi1q1+p2g2 > 0. (8.23)
Substituting (8.14) and (8.15) into (8.23), we get
Ty — Ty > (91 = 42) G (8.24)

= hqiqa (e (L) — ea(lms))

knowing that g1g> < 0. With the help of (8.23) and from (8.11) the derivative of 7j ¢q (x) satisfies
Teq(¥) > P11 (e‘f r=s) e‘”()‘“‘f)) : (8.25)

Thus, the sufficient condition of 7, (x) > 0 for all x € (s, L) is p1g1 > 0 which yields

,eq

Im

o< dm
Ty = Tm kigre?? (L—sr)

(8.26)

Next, the solid steady-state satisfies T eq(sr) = Tm, 50 it is necessary to have T{ . (s;) > 0 leading

to p3q3 + paqs > 0 which trivially holds under condition of (8.23). Hence, from (8.11), the
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derivative of T ¢q(x) satisfies

s,eq

T! (%) > paga (_6613(36*80 +eq4(X*Sr)> _ (8.27)

Then, the sufficient condition for T} ., (x) > 0 is psqs4 > 0, which yields

S,€q

(01— a2)
dden

Ty —Tn > — (8.28)

One can notice that condition (8.28) is less conservative than condition (8.24). Hence, combining

(8.26) and (8.28), we conclude Lemma 12.

Estimator Design of the Temperature Profile

Generally, the full-state feedback control law 1s designed by assuming that the spatially
distributed temperature profile can be measured. Some imaging-based thermal sensors, such as
the IR camera, enable to capture the entire profile of temperature. However, these sensors include
high noise and detect the temperature of the chamber, which contains a nominal error from the
temperature of the polymer inside. Instead, single point thermal sensors such as thermocouples
enable to accurately measure the surface temperature at the inlet of the extruder. Moreover, the
interface position between the polymer granules and the melt polymer can be detected by cameras
via image signal processing. Thus, we build an observer to estimate the temperature profile by
utilizing these two available measurements.

Let T(x,t) be the estimated temperature profile. The observer design for T3 (x,?) is stated

in the following theorem.

252



Theorem 14 Consider the plant model (8.1), (8.3) with the two available measurements of

Yi(t) =s(r), Ya(t) = T;(0,1), (8.29)

and the following PDE observer

ot 02T, o7,
g(x,l‘) _OCSW(XJ) —bg(x,t)

+hs (T, — Ty(x,1)), 0<x<Yi(1), (8.30)
o7 g (1) .
g(o,r)z— A —y(Ya(r) = T5(0,1)), (8.31)
Ti(s(t),t) =T, (8.32)

where Y = 2%5. Assume that s(t) € (0,L) and s(t) > 0 for all t > 0. Then, the observer error

system is exponentially stable at the origin in the sense of the norm
D(t) == ||Ts(x,0) = s (x,1) |- (8.33)

More precisely, there exists a positive constant M > 0 such that the following inequality holds:

- s _ b2 as
d(1) < MD(0)e 2 dg i) (8.34)

Remark 9 As stated in Lemma 14 (Section 8.4), the assumption s(t) > 0 for all t > 0 holds under

the closed-loop control law proposed in Section 8.4.

Proof:
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Let ii be the estimation error state defined by

i:=T—1;. (8.35)

Subtraction of the observer system (8.30)—(8.32) from the plant (8.1) and (8.3) yields the following

estimation error system:

di i dii

a—l:(x,t) . 2 xt) - bB—Z(x,t) — hii(x,1), (8.36)
dii )

a_x(oﬂt) :'YM(O,Z'>, (837)
i(s(t),1) =0. (8.38)

Let us introduce the following change of variable

2(x,1) = di(x,1)e ™. (8.39)

Then, i-system in (8.36)—(8.38) is converted into the following Z-system:

07 az~

5, =t — Az, (8.40)
07
Z(s(t),t) =0. (8.42)

where A = hy + 4%5. To study the stability of the estimation error state at the origin, we consider

the Lyapunov functional

V—E/s(t)( 1)2dx+ - / —Z 1)%d (8.43)
—2 0 X X ) a X X. .
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Taking the time derivative of (8.43) along the solution of (8.36)—(8.38) leads to

azz 2 2

s|13.2
ox Ly

%
ox L,

)

<v
I

07
A LY

—(as+k)‘

Note that we used g—f (s(t),1) = —s(t) %(s(t),t) derived from the time derivative of the boundary
condition (8.42). With the help of s(¢) € (0,L), Poincare’s inequality gives ||Z| ]%2 < 4L7|| az IF; 1,
and || |2 7, <AL aig |IZ,- Applying these inequalities and s(r) > 0 to (8.44) leads to the follow-

ing differential inequality

% §—2<k+ f?) v (8.45)

Applying the comparison principle to (8.45) yields
4L2) . (8.46)

By the definition of 7 given in (8.39), for the norm of #i-system, the following upper and
lower bounds hold |[3[[?, < [|a|lf, < ™[22, ||%[, < 2||2/|p, +2llal?,, ||%]];, <

2671 !a—§| ‘Lz +v|2| ‘Lz)' Hence, by defining ®(r) = ||if| \}[1, the following inequalities hold
MV <® <MV (8.47)

where M| = 1/max{3,2y’}, and M, = ¢ max{3,2y*}. Applying (8.46) to (8.47) with defining
M = M, /M| leads to the conclusion in Theorem 14.
In addition, the estimated temperature can maintain not greater value than the true temper-

ature in the plant, as stated in the following lemma.
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Lemma 13 Ifii(x,0) > 0, Vx € (0,s0), then

i(x,1) >0, Vxe(0,s(r)), Vt>0, (8.48)

=—(s(t),2) <0, Vt>0 (8.49)

Proof:
Applying Maximum principle to Z-system governed by (8.40)—(8.42) leads to the statement that
if Z(0,7) > 0, Vx € (0,50) then Z(x,7) > 0, Vx € (0,s5()),Vt > 0. By the relation between Z and i

given in (8.39), we prove Lemma 13, with the help of Hopf’s lemma.

The properties in Lemma 13 are required to guarantee the positivity of the boundary heat

input under the output feedback control design which is given in the later sections.

Oly
75 as

Remark 10 The convergence speed of the designed observer is characterized by hg+ 4b—(is +a

seen in the estimate of the norm (8.34), which cannot be chosen arbitrary fast for given physical
constants and the manufacturing speed. The performance improvement to fasten the observer’s

convergence can be achieved by adding the measurement error injection to the observer PDE

formulated by
o7 02T, o7 R
g(x,l‘) —asm(x,t) —bg(x,t) —|—I’lg (Tb - Tg(x,t))
+p(x,1)(Ya(t) = 14(0,1)), 0<x<Yi(r), (8.50)

where the distributed observer gain p(x,t) can be designed using backstepping method as
developed in Chapter 3. However, with the PDE observer (8.50), it is challenging to ensure the
positivity of the output feedback control law. Since this paper’s primary focus is on control design,

we use the PDE observer given in (8.30)—(8.32).
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Control Design of Boundary Heat

When the solid pellets are injected and heated into the extruder chamber, the amount
of the molten polymer expands, reducing the quantity of solid material into the chamber. Thus
a cooling effect arising from the continuous feeding of cooler pellets enables to maintain the
interface at the desired setpoint. The setpoint open-loop boundary heat control g¢(f) = g5 (see
(8.9)) is not sufficient to drive the solid-liquid interface position to the desired setpoint. In this
section, we develop the control design of the boundary heat at the inlet to drive the interface to

the setpoint while stabilizing the temperature profile at the steady-state.

Reference error system for a dynamics reduced to a single phase

First, we impose the following assumption on the liquid temperature.
Assumption 14 The liquid temperature is at steady-state profile, i.e. Ti(x,t) = Tj ¢q(x).

Assumption 14 reasonably describes the case where the entire extruder chamber is
filed with molten polymer at equilibrium temperature at the initial time. Thus, under the
setup introduced later in Section 8.4, the L?>-norm of the reference error temperature ||v(x,t) =
Ti(x,t) — Tjeq(x)|| ;2 converges to zero according to a straightforward Lyapunov analysis. Under
Assumption 14, the two-phase dynamics governed by (8.1)—(8.5) is reduced to a single-phase

model. Let (u(x,?),(x,1),X(r)) be the reference error variables defined by

u(x,t) = — ks(To(x,1) — Ty eq(x)), (8.51)
f(x,1) = — ks(Ts(x,1) — Ty eq(x)), (8.52)
X(t) =s(t) — s¢. (8.53)

Note that the negative signs are included in (8.51) and (8.52) to make the states (u,) have

positivity properties for the model validity conditions to hold. Then, the estimation error state
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i defined by (8.35) yields i(x,1) = ii(x,t) — u(x,t). We rewrite the original system (8.1)—(8.5)
using the reference and estimation error states (i, X, ). Substituting x = s(¢) into (8.52) with the

help of (8.32), we get
In addition, rewriting (8.5) in term of #i(x,7) with i(x,t) leads to the following equation of

interface dynamics

i _ [ 0il ol =
X0 =B (G010~ 51600 ) +B (W6 - T 60) . 859
where B = (p;AH )_1. Taking a linearization of the right hand side of (8.54) and (8.55) with
respect to s(¢) around the setpoint s, and by the steady-state solutions in (8.11), the dynamics of

the reference error system is obtained by

o 2% o
a—;t(x,t) :Ocsa—xbzt(x,t) - ba—Z(x,t) — hyii(x,1), (8.56)
i 3

= (0.0) == U (1) +a(0,1), (8.57)
a(s(r),t) =CX (1), (8.58)

. el _ il
X () =AX (1) = Bz (s(2), 1) +B=—(s(1). 1), (8.59)

where

U(t) =— (g:(t) — ), (8.60)
C =ks (p3q3 + paqa) (8.61)
A =B (k(p3g3 + paqz) — ki(prai + P243)) - (8.62)
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Backstepping transformation

A well-known design method of the output feedback control for PDEs is achieved by
introducing the backstepping transformation which maps the observer PDE with using the gain
kernel function derived for the full-state feedback control. Therefore, we consider the following

transformation:

B s(t)

w(x,t) =i(x,t) — 5
S JX

O(x —y)a(y,1)dy — 0(x —s(2))X (1), (8.63)

where ¢ is the gain kernel function derived in Section 4.1, which satisfies the following differential

equation with the initial condition:

_ Bb
asd” (x)—(b+ BC)O (x) — (A - ISX—C+hS> o(x) =0, (8.64)
S
c
where ¢ > 0 is a control gain. The solution to (8.64) with (8.65) is uniquely given by
c
O(x) = =—— (eB¥—eP¥) | (8.66)
B(di —d2) < )
where d1, d;, are defined by
b++/D b—+/D
dy = dr = 8.67
1 2(er ’ 2 2(15 ) ( )
7 3 ) Bb
b=b+BC, D=b"+4as|A——C+h). (8.68)
S
The full-state feedback control law is designed by
B s
Uni(t) = =yu(0,0) = o~ | f(x)ulx)dx = f(s(0))X (1), (8.69)
S
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J(x) =0 (—x) —yd(—x), (8.70)

=50 ((d = v)e™ = (dy — e ). 8.71)

The associated output feedback control law is generally designed by replacing the plant state in
the full-state feedback control law with the observer state. Since X (¢) in (8.69) can be directly
measured and its observer state is not constructed, we keep the term X (¢). Moreover, for the sake
of proving the positivity of the designed control law later, we also hold the boundary value term
u(0,¢) in (8.69), which can also be directly measured. Hence, the resulting observer-based output

feedback control law is designed by

B st
U() =—yu(0.0) 2 [ F)iedx— Fs)X0), 8.72)

O JO

Then, taking the derivatives of (8.63) in x and 7 along the solution of (8.56)-(8.59) with the gain
kernel function (8.66), the transformed (W, X )-system (so-called "target system”) is described by

the following dynamics

20 ) = 8 1)~ b2 (1)~ () + s0)gle— )X 0
o —s() 22 (5(0),1), 0 <x < (1) .73
% 0.0) =o(0.0), (8.74)
W(s(e).0) =CX 1), .79
X(0) = (A=0)X () B (s(0).0) + B s(0).), (8.76)

where g(x) = ¢/(x) — O%Cq)(x). Rewriting the control law (8.72) with respect to the boundary

heat control g¢(t), the estimated temperature T:, the reference steady-state 7 ¢q, and the measured
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variables Y (¢) and Y»(¢), the resulting output feedback control is described by

Bk

ar(r) =g = Ths(1a(0) = Tica(0) — =

+M @) () = s5)- (8.77)

Theoretical Analysis for a Specific Setup

While the controller is designed through the backstepping method, the stability of the
target system is not proven theoretically. Moreover, the condition of model validity needs to be
satisfied under the control law. To achieve a theoretical result, in this section, we impose the

following assumptions.

Assumption 15 The initial condition of the estimated temperature profile is not higher than that

of the true temperature profile, i.e., Ty(x,0) < Ty(x,0), for all x € (0,s¢), where so := s(0).

Assumption 16 The barrel temperature is set as melting temperature and the external heat input

is zero, i.e., Ty, = Ty, g5, = 0.

Corollary 3 Under Assumption 15, it holds ii(x,t) > 0 and %(s(t),t) <0, for all x € (0,s(1))

and for all t > 0, as proven in Lemma 13.

Corollary 4 Under Assumption 16, the steady-state profiles (8.11), and steady-state input (8.19)

becomes T ¢q(x) = T, T eq(x) = T, and gi = 0. Also, C =0 and A = 0.
In addition, the following setpoint restriction is given.

Assumption 17 The setpoint is chosen to satisfy

6> 50+ P& [P SO o g 0))ax. (8.78)

os Jo f(so)
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The physical meaning of Assumption 4 is that the user needs to choose the setpoint
position s; sufficiently closer to the outlet of the extruder than the initial interface position sq
depending on the initial temperature profile of the solid polymer granules. Such a choice of the
setpoint position becomes more restrictive as the initial temperature profile in the solid polymer
decreases.

The main theorem is stated as follows.

Theorem 15 Let Assumptions 14—17 hold. Then, the closed-loop system consisting of the plant
(8.1)—(8.5), the measurements (8.29), the observer (8.30)—(8.32), and the control law (8.77)
satisfies the conditions for model validity (8.6), (8.7), and is exponentially stable at the origin in

the norm
(1) :=||Ts(x,1) = Toeq()|] 5 + 1T (x,2) = T (x,1) | 3 4 [5(1) — s, (8.79)

namely, there exists a positive constant M > 0 such that ®(t) < M®(0)e" holds, where d =

i Os b
mln{ To5: + do, —|—hs,c}.

The proof of Theorem 15 is established by showing that (8.6) and (8.7) are satisfied and

employing a Lyapunov analysis through the remaining of this section.

Model validity condition

Let Z(t) be defined as

= /0 v F(x)a(x,r)dx— f(s(2))X (). (8.80)

The following lemma is stated.
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Lemma 14 The following properties hold:

Z(t) >0, Vr>0, (8.81)
u(x,t) >0, $(t)>0 Vxe(0,s(t)), V>0, (8.82)
5(0) <s(t) < s, Vt>0. (8.83)

Proof:
Taking into account A = C = 0, the differential equation for ¢ in (8.64) is given by 0" (x) —

b¢' (x) — hsd(x) = 0. Thus, recalling f(x) = ¢'(—x) —y0(—x), we have

o f" (x) + bf' (x) — hs f(x) =0, (8.84)

05 f'(0) + (b — ) £(0) =O0. (8.85)

Taking the time derivative of (8.80) along with the solution of (8.56)—(8.59), and substituting

(8.84), (8.85), we obtain

Z(t)>—cZ(t)—s@)f (s(t)X(t), Vt>0, (8.86)

where we used Corollary 3 and f(x) > 0. We prove (8.81) by contradiction approach. Assume

that (8.81) is not valid, which implies Jt* > 0 such that

Z(t) >0, Vte(0,r), Z(t*)=0. (8.87)

Similarly to Lemma 13, by Maximum principle and Hopf’s lemma, we get

u(x,t) >0, s()>0, Vxe(0,s(r)), Vre(0,t7), (8.88)
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which, with the help of Lemma 13, leads to

a(x,t) >0, s(t) >0, Vxe(0,s(z)), Vre (0,7). (8.89)

Applying (8.87) and (8.89) to (8.80) with f(x) > 0 leads to X (r) < 0, for all # € (0,¢*). Therefore,

applying this inequality and (8.88) to (8.86) leads to

Z(t) > —cZ(t), Vte (0,%). (8.90)

Applying Gronwall’s inequality to (8.90) leads to Z(¢) > Z(0)e~“, V¢t € (0,¢*]. Thus, we have
Z(t*) > Z(0)e™*" > 0, which contradicts with the assumption (8.87). Hence, (8.81) is proved.
Then, by Maximum principle, (8.82) holds. Imposing (8.81) and (8.82) on (8.80), we obtain
X (t) < 0 which leads to (8.83).

Stability analysis

Taking into account A = C = 0, we study the stability of the target (w, X )-system governed

by (8.73)—(8.76). Let Z be a variable defined by

2(x,1) = w(x,r)e ™. (8.91)
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Applying (8.91) and 7 := iie™ ™ in (8.39), the target (w, X )-system in (8.73)—(8.76) leads to the

following (Z,X)-system

N 2A
%(X, t) :OLS%()C, 1) —A2(x,t) +$(t)g(x—s(t))X (t)e ™
—Bo(x— s(t))%(s(t),t), 0<x<s(t) (8.92)
02
=.(0.1) =0, (8.93)
2(s(t),t) =0, (8.94)
X(t) = —cX (1) — pe*® <%(s(t),t) - %(s(t),t)) : (8.95)

where A := hg + 4 . Consider the following functional

— 2/ 2(x,1 2dx+2/ ( (x, t)>2dx—|—§X(t)2, (8.96)

where p > 0 is to be determined. Taking the time derivative of (8.96) along with the solution of

(8.92)—(8.95), and applying Young’s, Cauchy-Schwarz, and Agmon’s inequalities, we get

A o5 4pPrse?tr || 0% 2
VS_(?‘# o
oz |2 ) pc
ot )| 2| g - Exy?

a2 o2 (11 Pﬁzemr 92 2
#(BIIE (5 5 )+ 2 ) 600

+?(<1+g> WP+ slPlIP+ |5 ) .97
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. —2ysr . .
where g 1= max ()¢ (o,s,) (g(0)?+g(—s(t))>+]|g'l|*). Choosing p = 6?26[32; , the inequality (8.97)

1s led to

5 o ||922]]2 0z ||? . pc
b < %22 —<ocs+>»>\ g - Eoxy
. kAl
+as()V + || 55 | (8.98)

where a = max{@, lg|1?, 1}, My =4, (BZH(M B <2th + OCLS) + 1%‘;). Thus, using the Lyapunov
function V in (8.43) for the estimation error Z-system (8.40)—(8.42), we define the Lyapunov

function for the total (2, X,Z7)-system as

M

A2
V=V+ V. (8.99)

S

Combining the inequalities (8.44) and (8.98) leads to

V<—dv+asit)V, (8.100)

where d = min { 1%§r +A, c}. Following the procedure in Chapter 2, the inequality (8.100) with

(8.82) and (8.83) leads to the exponential norm estimate
V() < O350y (0)e™ ¥ < ey (0)e ™. (8.101)

Let ¥(r) = ||w] |§{1 +X(t)2. Then, we have MV <¥(t) < MV where M = 2 max{e?*r(1+7%), 117},
M = (max{2(1+7*), 5 )71. Therefore, ¥(r) < %eaSI‘I’(O)e_‘” , which proves the exponential
stability of the target w-system in j-norm. Since the u-system in (8.56)-(8.59) and the target
w-system in (8.73)-(8.76) have equivalent stability property due to the invertibility of the back-
stepping transformation (8.63), the exponential estimate in #-norm is also guaranteed for the

u-system, which concludes the proof of Theorem 15.
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Table 8.1: HDPE parameters obtained by [154].

melting point T, 135°C

specific heat solid ¢ 1895Jkg 'K~!
specific heat melt c  2640Jkg~'K~!
therm. conduct. solid kg 0.373Wm~'K™!
therm. conduct. melt k& 0.324Wm~'K™!

solid density ps  955kgm~3
melt density pi 780kgm3
heat of fusion AH 39000Jkg~!

8.5 Simulation Results

Setup and method

For numerical study to investigate the controller’s performance in different operating
conditions, we have employed the simulation of the original “two-phase” model governed by
(8.1)—(8.5) without assuming that the liquid phase is at stead-state, run the PDE observer given
in (8.30)—(8.32), and implemented the associated output feedback controller (8.77). We used
the boundary immobilization method to obtain a fixed boundary system and discretized the
system with finite differences to construct a finite dimensional representation of the model and
the estimate.

Using Matlab’s ode23s solver, we simulated the setup with three different advection speeds
b ranging from 2[mm/s] to 5S0[mm/s], to cover a wide spectrum of operating modes. The material
parameters are chosen from [154], in which distinct values for high-density polyethylene in solid
and liquid state were experimentally derived (see Table 8.1). The extruder length is given by a
physical device, and here we used L =10[cm]. The initial conditions of the true temperature profile
and the estimated temperature profiles are set as linear profiles with the boundary temperature 7
and T, namely, Ty(x,0) = (T — Tpy) (1 — x/s0) + T, Ts(x,0) = (T — Tp) (1 — x/s0) + Trn. In the

simulation, we set T = 125[°C] and T = 105[°C] to satisfy Assumption 15.
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(a) The time evolution of the interface position.
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(b) The time evolution of the boundary temperature.

Figure 8.2: The closed-loop responses under the control gains ¢ =0.05[/s] (dash), ¢ =0.2[/s]
(solid), and ¢ =0.4[/s] (dotted). The convergence of the interface position is sufficiently fast and
the boundary temperature remains a reasonable range for ¢ =0.2[/s] (solid).

The free parameters are the constant barrel temperature 7y, the auxiliary heat input g, at

the outlet, and the control gain c. The barrel temperature and the auxiliary heat input are chosen

so that they neutralize the cooling effect of the initial temperature in the solid phase within a
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(a) For each operating speed, the interface position is stabilized after 6 minutes.
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(c) The boundary temperature maintains reasonable value for the material and safe operation.

Figure 8.3: The closed-loop responses under the proposed output feedback control law for each
operating speed.
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Figure 8.4: The comparison of the true and estimated temperature profiles at =0 [s], 1 = 0.2
[s], and t = 0.4 [s].

range close to the conditions imposed in Section 8.4, namely, the barrel temperature is chosen
close to the melting temperature 7;, and the auxiliary heat input is chosen as a positive value
close to zero. Since the initial profile of the estimated temperature is slightly below the melting

temperature, the cooling effect of the initial temperature is limited, and thereby we set the free
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parameters sufficiently close to the specific setup, 7, = 145[°C] and ¢, = 100W/m? .

Gain tuning

For a given advection speed, the control gain c is adjusted so that the following two

properties are observed:

e The convergence of the interface position to the setpoint position is achieved sufficiently

fast.
e The temperature in the solid phase maintains a reasonable value during the process.

As the control gain gets larger, the convergence becomes faster, however, the temperature in the
solid phase can reach an unreasonably low value due to the large amount of the cooling input.
Hence, we aim to choose a suitable value of the control gain c. First, we test three simulations
under the small advection speed b =2[mm/s] by setting the control gain as ¢ =0.05[/s], ¢ =0.2[/s],
and ¢ =0.4[/s], respectively. The closed-loop responses of the interface position s(¢) and the
boundary temperature 7(0,7) are depicted in Fig. 8.2 (a) and (b), respectively. From Fig. 8.2 (a),
we can observe that the convergence of the interface position with ¢ =0.05[/s] takes approximately
10[min], while those with ¢ =0.2[/s] and ¢ =0.4[/s] take 6[min]. Additionally, from Fig. 8.2
(b), the boundary temperature with ¢ =0.4[/s] reaches a value around 20[°C] that is a relatively
low temperature while the boundary temperatures with ¢ =0.05[/s] and ¢ =0.2[/s] remain the
reasonable range 80[°C]-135[°C]. Therefore, the control gain ¢ =0.2[/s] is a suitable value which

satisfies the two desired properties.

Simulation results

Following the gain tuning, the simulation results for higher advection speed b =10[mm/s]

and b =50[mm/s] are performed, and the control gain is adjusted as ¢ =1.0[/s] and ¢ =5.0[/s],
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respectively. For these advection speeds and the adjusted control gains, the closed-loop responses
of the interface position s(¢), the boundary control input g¢(¢), and the boundary temperature
T;(0,¢) are shown in Fig. 8.3 (a)—(c), respectively. The interface responses, depicted in Fig. 8.3
(a), have quite similar behaviors in all three setups. However, the control input, shown in Fig. 8.3
(b), appears to act faster for higher advection speeds but exhibits similar qualitative behavior.
Similar properties were observed in the boundary temperature response in Fig.8.3 (c). Note that
all three figures have different time ranges.

Moreover, for the fast operating condition » =50[mm/s], the comparison of the estimated
temperature profile and the true temperature profile at t =0[sec], 0.2[sec], 0.4[sec] are shown in
Fig. 8.4 (a)—(c), respectively. We can observe that the estimated temperature profile gets almost
the same as the true temperature profile at 0.4[sec], associated with the expansion of the solid
granules’ region. Hence, the convergence of the designed observer to the true temperature profile
is approximately 1000 times faster than the convergence of the interface position to the setpoint

position, which is a sufficiently quick performance of the temperature estimation.

Comparison with PI control
For comparison, we also tested a closed-loop setup with PI control given by

t

gi(1) = ¢ + Ko(s(t) — s2) + Ki / (5(T) — s1)d, (8.102)

To

where Kp and Kj are gain parameters to be tuned in order to achieve the desired performance.
However, for any choice of the parameters we have tried, the closed-loop response of the interface
position does not stabilize at the setpoint s;. Fig. 8.5 depicts the responses under PI control with
a relatively suitable choice of the gains. The plot in Fig. 8.5 (b) shows that the temperature at
the inlet of the extruder gets above the melting temperature at approximately 2.9 [min], which

violates the validity condition (8.7) of the solid polymer temperature, while our proposed output
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(b) The boundary temperature is heated up after 1 (min) and gets above the melting temperature after 2.9
(min), which violates the condition for the solid phase temperature.

Figure 8.5: The closed-loop response under PI control. The performance is bad due to the
violation of the physical condition.

feedback control guarantees to satisfy the condition under the closed-loop system. Such an
overshoot behavior beyond the melting temperature might be reduced by PID control; however,
the velocity of the interface position is nearly impossible to measure online, and the differentiator
generally causes high noise. Overall, the proposed output feedback control law illustrates superior
performance to PI control in terms of both convergence to the setpoint and the validity condition.

From the simulations, we conclude that our control design achieves a stable interface

position, even with very fast advection speeds 50 mm/s, with which a particle inserted in the inlet
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will travel in two seconds through the extruder, when assuming a 10 cm extruder.

8.6 Conclusion and Future Work

In this chapter, we designed an observer and the associated output feedback control to
stabilize a filament production process of the screw extrusion-based polymer 3D-printing. The
steady-state analysis is provided by setting the setpoint as a given value, and the control design to
stabilize the interface position is derived. The simulation results illustrate the effectiveness of the
boundary feedback control law for some given screw speeds. While the theoretical analysis in
this chapter is established under the assumptions on the liquid phase temperature maintaining
the steady-state temperature and on the heat flux at the outlet being zero, it is expected to further
developing the control law for the two-phase system following Chapter 5, and guaranteeing the
robustness of the control with respect to the non-zero heat flux at the outlet following Chapter 4,

which could relax the aforementioned two assumptions.
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Chapter 9

Metal 3D-Printing via Selective Laser

Sintering

9.1 Selective Laser Sintering

Metal Additive Manufacturing (AM) is a state-of-the-art manufacturing technology which
has emerged rapidly in the recent decade as observed from the growth in global market. AM’s
impact relies on products and supply chains in numerous industries such as automobiles, consumer
electronics, aerospace, medical devices, etc [32]. While industrial AM systems for polymer
materials can produce reasonable quality for customers, AM for metallic materials still has room
for quality improvement.

Selective Laser Sintering (SLS) is the most common technique of the powder-bed fusion
AM processes that fabricate structurally sound three-dimensional products from a computer-aided
design (CAD) models [1]. Using a high powered laser, a thin layer of the metal powder at the
surface of the bed is fused to produce a desired geometry. A melt pool created by the laser
solidifies to a solid metal component. Such a layer-by-layer process to fabricate the entire object

enables a relatively fast process speed together with complex geometry.
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As the phase transformation of the metal powder occurs in a short time scale while
operating a fast scanning speed of the laser, SLS yields an inhomogeneous temperature field
which leads to a complex computational prediction of the geometry of the melt pool (see for
example [91]). The large thermal gradient inside the metal can lead to brittle parts, and thus
the temporal evolution of the temperature field has a significant role to guarantee the quality
of the fabrication. Using a thermodynamic model for phase transformations, several research
articles have studied the evolution of the melt pool in SLS by means of Stefan problem [60], and
employed Finite Element (FE) methods to obtain computational models [132, 2, 29, 34]. The
Stefan problem is governed by a parabolic Partial Differential Equation (PDE) for temperature
field defined on the time-varying spatial domains of the melting front, whose evolution is given
by the Neumann boundary value of the PDE state at the front position. A comprehensive review
of the thermal modeling of melt pool dynamics in SLS can be found in [182].

Process control for SLS has been developed to guarantee sufficient mechanical properties
of the fabricated three-dimensional object. For instance, in [183] a control system to eliminate
thermal gradients in the post-sintering temperature is designed using an IR camera as a sensor
and laser power density as an actuator. Repetitive control methods for SLS-based AM have been
developed in [164, 165] by utilizing three-dimensional finite element simulation for the melt-pool
evolution. As a powder deposition process, [26] proposed a control design for laser power and
scanning speed to drive the solid-liquid interface position in the melt pool to some pre-determined

setpoint geometry using an adjoint-based optimization for the Stefan problem developed in [63].

9.2 Physical Model

SLS is a common AM technique as layer-by-layer process to fabricate a 3D-object through
repetitive phenomena of the melting and solidification. At each layer, firstly the solid object

under the process of fabrication is covered by a thin granular metal powder layer at the surface.
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Powder

Figure 9.1: Schematic of the powder-bed metal AM via Selective Laser Sintering (SLS). The
melt pool is generated due to the emission of the laser energy.

Next, a laser beam is injected through reflection by scanner mirrors to heat up and fuse the metal
powder at selective areas of the surface. A local melt pool is developed by the laser power in the
metal powder. Through a phase change phenomena, the domain of the melt pool is given by the
position of the melting front that is varying in time. This configuration is depicted in Fig. 9.1.
The physical modeling of the melt pool dynamics has been developed in literature by means of
a Stefan problem. Following the work in [2] for one-dimensional approximation of the Stefan

problem in the vertical direction, and incorporating the in-domain effect of the laser power to the
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temperature dynamics, we consider the following governing equations:

L () = )+ g()aclt). x€ (0.(0) 0.1
20,0 =4 ©2)
T(s(0).0) =T ©3)
$() =B (s0).0), ©0:4)

where T'(x,t) denotes the temperature profile in the melt pool along the vertical coordinate

x € (0,s(t)), o := p—lép is the diffusion coefficient, & is the thermal conductivity, p is the density,

cp is the specific heat capacity, Ty, is the constant melting temperature, f3 := ﬁ with the latent
heat of fusion Hy, and ¢.(t) is the controlled laser power. By Beer’s law for optical penetration of
the energy, in [132] the spatially varying function g(x) is given by g(x) = p%ps exp (—3%), where 8
is called optical penetration rate. Here, we consider a broader class of the spatial function g(x)

satisfying the following assumption.
Assumption 18 The spatially varying function g(x) is positive, i.e., g(x) > 0, Vx > 0.
The condition to validate the physical model (9.1)—(9.4) is given in the following remark.

Remark 11 The model (9.1)—(9.4) is physically valid if and only if
T(x,t) > Ty, Vxe(0,s(¢)), Vt>0. 9.5)

Based on the above condition, we impose the following assumption on the initial data.

Assumption 19 sp:=1s(0) >0, Ty(x) := T (x,0) > Ty for all x € [0, s0], and To(x) is continuously

differentiable in x € [0, so].

A sufficient condition to guarantee (9.5) is given by the following lemma.
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Lemma 3 If q.(t) > 0 forallt € [0,1) for some t; > 0, then T (x,t) > Ty, for all x € (0,s(t)) and
forallt €[0,t1). Moreover, if qc(t) > 0 for allt > 0, then T (x,t) > Ty, for all x € (0,s(¢)) and

forallt > 0.

Lemma 3 is proven by applying the maximum principle and Hopf’s lemma for parabolic PDEs as
shown in [50] (p. 26, Corollary 2). Therefore, the condition g.(¢) > 0 for all # > 0 stands as a
constraint of the laser power input, which needs to be ensured after the feedback control law is

designed.

9.3 State Feedback Control

Problem statement and main result

The steady-state solution (Tiq(x),Seq) of the system (9.1)-(9.4) with zero laser power
gc(t) = 0 yields a uniform melting temperature Teq(x) = Ti, and a constant interface position
given by the initial data. As proposed in [26], driving the depth of the melt pool to the setpoint is
desired in AM, and thus we design g.(z) > 0 such that the interface position s(¢) converges to the

setpoint s,. A restriction on the choice of the setpoint is given in the following assumption.

Assumption 20 Given the initial conditions Ty(x) and so, the setpoint s, is chosen to satisfy the

following inequality:
B
5> 50+ /0 (To(x) — Tyn)dx. 9.6)

The necessity of Assumption 20 can be derived by considering the energy conservation

law described by

% (k /OS([)(T(x,r) — Tn)dx + fs(,)> (1 + K /OS([) g(x)dx) qc(1). (9.7)

o B
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Imposing the constraint ¢.(f) > 0 for all # > 0 and taking the time integration of (9.7) from
the initial time to infinity, the condition given in Assumption (20) is obtained. Under these

assumptions, we design the control law and state our main result as follows.

Theorem 6 Under Assumptions 18-20, the closed-loop system consisting of the plant (9.1)—(9.4)

and the control law

k rs@) k
ge(t) = —c (& /0 (T (1) = T+ 5 (5() —s,)) , ©9.8)

where ¢ > 0 is a control gain, satisfies the model validity condition (9.5), and there exists a

positive constant M > 0 such that the norm
(1) := ||T(x,1) = Tl [3 + (s(6) —5,)°, 9.9)
satisfies the following exponential decay

®(1) < MP(0)e ™, (9.10)

[03

@’C}’ namely, the origin of the closed-loop system is exponentially stable in

where b = min{

the spatial H, norm.

Remark 12 The control law (9.8) is equivalent to the design developed in Section 2.3 for the
system without in-domain effect, as we can see that (9.8) is not dependent on the spatially
varying function g(x). Hence, the stability of the closed-loop system is robust with respect to the

uncertainty of g(x) as far as Assumption 18 holds.

The proof of Theorem 6 is established through the remainder of this section by following

the steps in Chapter 2.
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Reference error and target system

We define the reference error states as follows

u(x,t) =T(x,t) — T, X(t)=s(t)— s, (9.11)

Using these variables, the original system (9.1)—(9.4) 1s led to the following reference error system

ty (34,1) =Oltte (x,1) + g()ge 1), x € (0,5(1)), 9.12)
—kux(0.1) =qc(t), 9.13)
u(s(t),r) =0, (9.14)
X(1) = — Bux(s(t),1). (9.15)

Following the procedure in Chapter 2, we introduce the following backstepping transformation

c [s)
w(x,t) =u(x,1) —&/x (x—y)u(y,t)dy+

c

(50 —0X (). 9.16)

Taking the time and spatial derivatives of (9.16) along the solution of (9.12)—(9.15) yields the

following target system

Wi 06,) 00w 0,) + (DX (1) + 805, 5(0)) e 1), 9.17)
w(s(t),1) =0, (9.18)
wy(0,1) =0, (9.19)
X (1) =—cX(t) = Bwx(s(1),1), (9.20)
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where

s(1)
8rsr) =) = 5 [ (=gl ©21)

The boundary condition (9.13) leads to the control design

qe(t) = —ck (é /OS([) u(x,t)dx+ %X(t)) , (9.22)

which is equivalent to (9.8).

Model validity conditions

To guarantee the condition (9.5) for the model validity to hold under the closed-loop

system, we provide the following lemma.

Lemma 4 The closed-loop system of (9.12)—(9.15) under the control law (9.22) satisfies the

following properties:
qc(t) >0, VvVt >0, (9.23)
u(x,t) >0, Vxe€(0,5()), Vir>0, (9.24)
s(t) >0, Vit >0, (9.25)
so < s(t) <sp, Vt>0. (9.26)
Proof:

First, we use contradiction approach to prove (9.23), namely, we assume that there exists a
finite time ¢* > 0 such that g.(¢) > 0, V¢ € [0,¢*) and g.(¢*) = 0. Then, by Lemma 3, we have
u(x,t) > 0,Vx € (0,s(t)), Vr € [0,¢%), and s(¢) > 0, V¢ € [0,#*). Then, by the control law (9.22),

we deduce 0 < sg < s(t) < sy, Vt € (0,7*). Taking the time derivative of the control law (9.22)
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leads to

ety =—c(1+% s(”g<x>dx) 4e(0). ©27)

Applying s(¢) < s, ¥t € (0,¢*) with the help of g(x) > 0 yields the following inequality
k [
q(t) > —c (1 + &/ g(x)dx) qc(t), Vte(0,t). (9.28)
0
Applying comparison principle to (9.28), we get the following inequality
(76(1+Kfsrg(x)dx)t) *
qc(t) > qc(0)e oo , Ve (0,r7). (9.29)

Hence, g(t*) > qc(0)exp (—c (1+ § Jo" g(x)dx) *). However, Assumption 20 for setpoint re-
striction ensures g.(0) > 0, and hence g.(¢t*) > 0, which contradicts with the imposed assumption
qc(t*) = 0. Thus, the positivity (9.23) is proven. Moreover, the properties (9.24)—(9.26) are
shown by applying Lemma 3 for infinite time domain, and extending the manner we presented at

the beginning of this proof for finite time domain to the infinite time domain.

Moreover, we have the following lemma.

Lemma S The control law (9.22) under the closed-loop system satisfies the following inequalities
g (0)e (0l s@d)) 0 (1) < g (0)e ™, ¥t >0, (9.30)

Applying the conditions (9.23) and (9.26) to (9.27) with the use of comparison principle directly
leads to (9.30).
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Stability proof

In this section, we prove the exponential stability of the closed-loop system by Lyapunov
method with the help of the properties shown in Lemmas 4 and 5. First, we prove the stability of
the target (w,X)-system given in (9.17)—(9.20). Note that for this target system, Poincare’s and

Agmon’s inequalities are given by

(1wl <dsllwel?, - [wel > < ds7 w2, (9.31)

wi(s(t),1)* <ds,||wl|*. (9.32)

Let V be the Lyapunov function defined by

1 2 1 4 2
V(f)zz—S%HWH +§||Wx|| +§X(Z) . (9.33)

Taking the time derivative of (9.33) along the solution of (9.17)—(9.20) leads to

. c s(t) s(t)
V() == Sl P+ 5s0X0) [ wlendes 5 [T gsto) i) dsae(0

— ][> = SSEOX (0 wels(0)1) — 550 wels(0), 1)

B
a /()S(t) G(x,s(1))wxx (x,1)dxqe () — peX () — pPX () wx(s(t),1) (©.34)

Applying Cauchy Schwarz, Young’s, and Poincare’s inequalities to the term on the second line in

(9.34), for a positive constant y; > 0, we get

s _ 2 > e 2
/0 g(x,s(t))w(x,t)dxqe(t) < 2visy||wyl| +2—YngH qe(t)” (9.35)

284



Applying Young’s and Cauchy Schwarz inequalities to the term on the fifth line in (9.34), for a

positive constant y» > 0, we get

181

s(1)
—/0 80w () bxge(1) < S |24 2 (1)

:Z\QZ 2
Applying Young’s and Agmon’s inequalities, we get

2pB°s,
C

—pBX (1)wi(s(0).1) <&

X(t)2+ HWXXHZ-

Therefore, by applying (9.35)—(9.37) to (9.34) with setting

ho o, el
Py 12 o 4B2%s,’

r

we arrive at
; o 2, 1 2\ PCy 2
V() <— - - ~Px
0 < g (w4 lIwI?) - x)
3.2 5 1 5  8s,cp 5
— t )| == —=X(¢
+ 21lPac 0 (5wl 22 2x
3
<=V +as(t)V+ || 2qe(1)?,
where

1 8s,c . o
a=max{ —, , b=minq —,c¢.
s, o 452

Let W be the functional defined by
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(9.36)

(9.37)

(9.38)

(9.39)

(9.40)

(9.41)



With the use of (9.39), the time derivative of (9.41) is shown to satisfy
. 3
W(e) <—ow(r)+|lg] 2ge(t)?e 0. (9.42)

Recalling the definition of g in (9.21) and applying Young’s and Cauchy Schwarz inequalities,

the spatial L, norm is bounded by

1515 22/(:0) (g(X)2+ (é /xm) (x—y)g(y)dy)2> dx
2

) c2 s) s(t)
<2||gll +2@/0 /x (x—y)g(y)dy ) dx

024

s 2
<2(1+1525 ) el 0. ©.43)

which is time-independent. By Lemma 5, the square of the controller is bounded by

ge(1)? <gc(0)%e™2. (9.44)

Applying (9.43) and (9.44) to (9.42), we get

W(t) < —bW(t) 4+ Ngc(0)2e >, (9.45)

where N is a positive constant defined by

6 czsf 5
N: a (1 —|— 12(12) Hg”Lz(O,Sr)' (946)

Applying comparison principle to (9.45) leads to

t
W (1) <Wpe ” 4+ Ngc(0)2e / e~ 2e=brge (9.47)
0
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Noting b = min { &, c} given in (9.40), it is easy to see that 2c¢ > b. Thus, through the calculation

of the integration, the inequality (9.47) is led to

2
w < (s V4O -or (9.48)
2c—b

By V = We®(), (9.48) leads to the inequality of V as

2
V <o) (WO+ Ngc(0) > e

2c—b
Ng.(0)?
<o (Vo + —zqiz > e (9.49)

By the invertibility of the transformation, there exist positive constants M > 0 and M > 0 such

that for the norm of the original (u,X)-system and the norm of the target (w, X )-system, it holds

M®(1r) <V(t) < MP(1), (9.50)

where
D(1) = [|ul[5; +X (1), (9.51)

Moreover, since the control law is ¢ () = —ck (é I ) u(x,t)dx+ %X (t)), taking the square of
the control law and applying Young’s and Cauchy-Schwarz inequalities lead to the following

inequality

qc(0)? < LD(0), (9.52)
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where L = 2c*k* max{ 3, é} Combining these, we arrive at

asy _ NL
D(1) < eM (M+ ﬂ) Doe ', (9.53)

from which the origin of the closed-loop system of (u,X) is shown to be exponentially stable.

9.4 Observer and Output Feedback Control Design

Here, we construct a state observer to estimate the temperature profile with measuring
only the position of the melting front s(z), and design an output-feedback control law for the
actuated laser power by utilizing the estimated temperature profile. Therefore, the measured

output y(¢) is given by

y(t) = s(1). (9.54)

Throughout this section, we assume that the output (9.54) does not include a disturbance for the
purpose of proving the stability of the closed-loop system. In later section, we study the numerical

simulation with including the disturbance in the measurement (9.54).

Observer for the temperature profile

Let ii(x,7) be the estimate of the reference error of the temperature u(x,t) = T (x,t) —

Trn. We design the PDE observer for # as a copy of the plant (9.12)—(9.14) with utilizing the
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measurement y(¢) as the domain of the PDE estimator as follows:

A (x,1) =0y (x,1) + 8(x)gc(t), x€(0,y(1)), (9.55)
_kﬁx(()?t) :CIC(t)J (956)
a(y(t),1) =0, (9.57)

where g(x) is the guess of the spatial function g(x) in the plant, which is essentially uncertain.
Let ii be the estimation error state defined by i := u — &i. Then, the dynamics of ODE (9.15) can

be rewritten with respect to # and 7 as follows:

X (1) = — Baax(s(t),) — Biax(s(1),1). (9.58)

Subtracting the observer PDE (9.55)—(9.57) from the plant PDE (9.12)-(9.14), we get the dynam-

ics of the estimation error as follows:

iy (x,1) =0y (x,2) +&(x)qc(2), x€(0,s(2)), (9.59)
(0, 1) =0, (9.60)
i(s(r),r) =0, (9.61)

where g(x) := g(x) — g(x).

Output feedback control design and stability proof

The output feedback control law is designed by replacing the plant state u in the full-state

feedback control law (9.22) with the observer state #, resulting in the following description

aot) = e (& [V atwnar 5000 -5.). ©0.62
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To prove the stability of the closed-loop system, we require the following assumptions.
Assumption 21 #(x,0) > u(x,0) > 0 for all x € (0, s0).
Assumption 22 g(x) > g(x) > 0 forall x € (0,s,).

Assumption 23 The setpoint s, is chosen to satisfy
B [0
s> y(0)+ a/ i(x,0)dx. (9.63)
0

Remark 13 $(x) can be chosen so that Assumption 22 holds. In laser sintering, g(x) is given by

X
5, and the penetration rate coefficient O is highly uncertain. However, it is possible

g(.X) = pclpae

to know the upper bound 8 and lower bound §, i.e., 0 < 8 < § < § < oo. Thus, a conservative

choice of §(x) to satisfy Assumption 22 is

NS X
g(x) = perd exp ( S) . (9.64)

The theorem for the observer-based output feedback control is given below.

Theorem 7 Under Assumptions 21-23, consider the closed-loop system consisting of the plant
(9.12)—(9.15), the measurement (9.54), the observer (9.55)—(9.57), and the output feedback

control (9.62). Then, for any §(x) satisfying

/0 (g(x) — 8(x))%dx < 80?%,’ (9.65)

the closed-loop system satisfies the model validity condition (9.5), and there exists a positive

constant M > 0 such that the norm

D(1) = [[ull54 + (s(1) = 5,)* + Il |5, (9.66)
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satisfies the following exponential decay

O(1) < MD(0)e ", (9.67)

where b = %min {%, c}, namely, the origin of the closed-loop system is exponentially stable in

the spatial Hy norm.

The proof of Theorem 7 is provided in the remainder of this section.

Model validity conditions

First, we prove the following lemma that is analogous to Lemma 4.

Lemma 6 The closed-loop system satisfies the following properties:

qe(t) >0, vt >0, (9.68)
i(x,t) <0, Vxe(0,s(¢)), Vr>0, (9.69)
iy(s(t),t) >0, V>0, (9.70)
u(x,r) >0, Vxe(0,s(r)), Vt>0, (9.71)

so < s(t) <sp, Vt>D0. (9.72)

Proof:
We use the contradiction approach. Assume that there exists a finite time #; > 0 such that (9.68)
is violated, namely, g.(t) > 0 for all # € (0,¢;) and g.(¢;) = 0. Then, owing to g(x) < 0 given by
Assumption 22, the estimation error PDE (9.59) satisfies i (x,7) < iy, and thereby applying

maximum principle to i#-system leads to the negativity of the solution, i.e., ii(x,7) < 0, for all
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x € (0,s(t)), forall t € (0,¢1), and
y(s(t),t) >0, Vre(0,n). (9.73)

Taking the time derivative of the control law (9.62) along the solution of (9.55)—(9.58) leads to

the following differential equation

s(1)
Ge(t) = —c (1 + g/o g(x)dx) qc(t) + ckiiy(s(t),1). (9.74)

Applying (9.73) to (9.74) leads to

k s@)
%m>—c0+—/ g@m)mm Vi € (0,1). (9.75)
a Jo

Using the same procedure as the derivation in Lemma 4, the differential inequality (9.75) leads to

the following inequality of the solution
ge(t) > ge(0)e(—U+a "8 v ¢ (0,1y). (9.76)

Thus, we have g (1) > 0, which contradicts with the assumption g.(¢;) = 0. Hence, we deduce
(9.68), and again applying the maximum principle to (9.59)—(9.61) leads to the properties (9.69)
and (9.70) for all + > 0. The conditions (9.71) and (9.72) are derived by same procedure as in

Lemma 4.

Stability analysis

To study the stability of the plant states (#,X) under the output feedback design (9.62),
we prove the stability of coupled i-system (9.59)—(9.61) and (&, X )-system (9.55)—(9.58). As

in full-state feedback design, we introduce the following backstepping transformation from
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(i, X)-system to (W, X )-system:

C

s(t)
w0 =) =< [ = y)idy+

Cc

550 —0X (). (9.77)

Taking the time and spatial derivatives of (9.77) together with (9.55)—(9.58) yields the following

target system:

oy (x,1) =00 (x,1) + ()X () + 3(x, (1)) e (1)

p
—c(s(r) —x)itx(s(2),1), (9.78)
w(s(t),t) =0, (9.79)
Wi (0,1) =0, (9.80)
X(1) =—cX (1) = Bx(s(r),1) — Bai(s(1),1). (9.81)

First, we prove the stability of the coupled i-system (9.59)—(9.61) and (W, X)-system (9.78)—
(9.81). Consider the functional V defined by

~ 1 ~112 1 ~ 112
V:2—S%||M|| +§||Mx|| : (9.82)

Taking the time derivative of (9.82) along the solution of (9.59)-(9.61), we get

. 5(0) :
V= Sl + [ atn)0asa0) ~ 500,07~ ol
s(1)
‘/o fice (%,1)8 () dxg (7). ©-83)

Applying Young’s and Cauchy-Schwarz inequalities to (9.83) leads to

V<-—

N[ R

_ o 5.
el [2 = 5 el [* + 51121 ge () (9.84)
2
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In the stability proof of the full-state feedback system, the square norm of the control law was
shown to be bounded by an exponential function in time prior to Lyapunov analysis with the
help of the closed-form of the differential equation of the controller. However, under the output
feedback control design, as observed from the differential equation (9.74) including the extra term
of ii,(s(t),t), it is hard to apply the same approach. To deal with the problem, we additionally

consider the functional Q(¢) defined by

o) = ch(t) (9.85)
The time derivative of (9.85) with the help of (9.74) yields the following
. ko [s) ) _
0 =—c (145 [ 8)ar) o) +china(s(0).1)ac(0)
c
S_EQC(I>2+2Ck25rHﬁxxH27 (9.86)

where we used Young’s, Cauchy-Schwarz, and Agmon’s inequalities for the derivation from the

first line to the second line. We consider the following functional

Q) =V+

0. (9.87)

8ck?s,

Taking time derivative of (9.87) and applying the inequalities (9.84) and (9.86) with the help of
(9.65) yields

. o o o
O(1) < = llinl|* = 55l |* = 555 lae ()] (9.88)

- 32k2s,
Additionally, as defined by (9.33), we consider the following functional

A

V(1) = P

1
[+ S 1ol |2+ 2X ()7, (9:89)

1
252
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co,
4B2s,

in (9.78) and (9.81), one can deduce that the time derivative of (9.89) is bounded by

where p = . Referring to the derivation of (9.39) with additional terms involving i (s(t),t)

A o 2 1 2 pc 2 18S§C2 o - 2
<— = —=—X(t — 4+ — 1)t
D) <oy (w4 S Il) - Zx2 + (S5 4 25 ) atsto)n)
3.2 > . 1 , 8srep o
= — —EX(t
 2118Pae)+50) (Gl vl + 25 Dx)
b, 5,3 7257 c? i
<= SVHasV +lzlPge ) + (ﬁw) ] [ (9.90)
Finally, by defining
V() =V (t)+rO(t), (9.91)

for sufficiently large r > 0, taking the time derivative of (9.91) and applying (9.90) and (9.88)

leads to
V<20 ason— %o % o
- 2 1652 32k2s, ’
<—DbV +as(t)V, (9.92)
where
-1 . o
b :Zmln{@,c} . (993)

Applying comparison principle to (9.92) with the help of s(z) > 0 and sp < s(¢) < s, leads to the

exponential decay of the norm as

V(t) < eV (0)e (9.94)
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Table 9.1: Physical properties of Ti6Al4V alloy given by [113].

Description Symbol | Value

Density (liquid) P 3920 kg-m~>
Density (solid) Ps 4200 kg-m~3
Latent heat of fusion Hs 2.86 x 10° J-kg~!
Heat capacity (liquid) Cp,l 830J-kg'-K!
Heat capacity (solid) Cp,s 7307 kg~ !-K~!
Thermal conductivity (liquid) | k 325W-m~!
Thermal conductivity (solid) | kg 260 W-m~!
Melting temperature T 1650 °C

Let W(r) = [|all3, +X(1)* +[|al[3, and ®(r) = |al3, + X (2)*+ [[a|[3, + gc()*. Due to the
invertibility of the transformation from (i, X) and (W, X), the norm equivalence between V and
W holds, i.e., there exist positive constants M > 0 and M > 0 such that M\P(¢) <V (t) < MP(t)
holds. Furthermore, using the bound of g.(t)? derived in (9.52) (g.(t)*> < L¥(t) for some L > 0),

we obtain W(¢) < W(¢) < (1+L)¥(¢). Therefore, we get

W(r) < e —(1+L)P(0)e . (9.95)

NEY

Finally, the norm equivalence between (u,X,ii)-system and (i, X, ii)-system holds due to the
relation u = @ + i, and therefore the exponential decay of the norm holds for the functional

D(1) = ||u] |§[l +X(2)% + ||d ’%‘[1 from which we conclude Theorem 7.

9.5 Numerical Simulation

In this section we provide two illustrations. First, we show that the controller is effective
even when applied to a considerably more complex and realistic model than the one for which
the design was conducted and the theorems proven. Second, we push the model mismatch to the

point of the controller failing, identifying the size of the modeling error which is intolerable for
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the controller.

Incorporating the freezing effect from the solid phase

The dynamics of the moving interface (9.4) is given under the assumption that the freezing
effect from the solid metal part is negligible, however, we incorporate the freezing effect in the

numerical simulation by modifying the dynamics as

T oT;
(1) = — Pr=—10(s(7),¢ —(s(2),1 9.96
S() Blax(s( )7 )+BS ox (S( )a )7 ( )
where the variables with subscript I and s denote those of the liquid phase (melt pool) and the solid
phase (metal part), respectively. Similarly to PDE for the liquid phase, the governing equation of

the solid phase is given by

o7, 9*T;

g(x,t) :Ocsa—xz(x,t), x € (s(t),L), (9.97)
aT; B

L =0, (9.98)
Ti(s(t),t) =Ty, (9.99)

where L is the thickness of the metal part. For computation of the Stefan problem (9.1)—(9.3),
(9.96)—(9.99), we use boundary immobilization method combined with finite difference semi-
discretization [102] for both the liquid and solid PDEs. The resulting approximated ODEs are
calculated by using MATLAB odel5 solver.
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Input parameters

We use the physical parameters of Ti6Al4V which is a popular composite material for

metal AM, as given in Table 9.1. The initial values are set as so = 50 [um], and

_ l+cos (’;—g)
Ti(x,0) =T——F—+Tm, Vx € [0, 0], (9.100)
f](x,O):?(l—ﬁ)JrTm, Vax € [0, 0], (9.101)
S0
N L—x
T(x,0) :Z<1—L p )+Tm, Vx € [so0,L], (9.102)
—930

where T = 10 [°C], ? =50[°C], and T = —100 [°C]. Note that the profiles have boundary values
7,(0,0) = T + Ty, Ti(x,0) = T + Ty, and Ty(x,0) = T + Ty, . The setpoint is chosen as s, = 200
[um], which is a reasonable value for layer thickness of the SLS-based AM. Then, the setpoint
restriction (9.6) is satisfied. The control gain c is set to have a reasonable value for the laser power

at initial time, and here we choose ¢ = 10000 [1/sec]. The spatially varying function is set as

glx) = pclpse_% following [132], where 8 = 10 [um]. The thickness L of the metal part is set as

L =2 [cm].

Practical setup for the observer design

As presented in Remark 22, the spatially varying function g(x) in the observer (9.55)-
(9.57) is chosen as (9.64), where the upper bound and the lower bound of the penetration rate are
chosen as 6 = 8 [um] and §=12 [um]. Moreover, we incorporate the measurement uncertainty

as the constant bias d, namely, the measured value y(¢) for the interface position s(¢) is given by

y(t) =s(t)+d. (9.103)
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In the simulation study, we investigate the results with noise-free d = 0, the positive bias d > 0,

and the negative bias d < 0.

Simulation results
Robustness of the performance under the small perturbations

The simulation results of the interface position, the laser power controller, and the surface
temperature are given in Fig. 9.2 (a)—(c), respectively, for the cases of the measurements under
noise-free d = 0 [um] (red), the positive bias d = 5 [um] (blue), and the negative bias d = —5
[um] (green). Fig. 9.2 (a) shows that under the noise-free measurement (red) the interface position
s(t) converges to the setpoint s, without overshooting in a short time scale 10 [msec], which
illustrates sufficiently fast process of the melting each layer. On the other hand, in the presence of
the measurement bias, a modest error of the converging position of the interface from the setpoint
position is observed in both positive and negative bias. From Fig. 9.2 (b) we observe that the
implemented output feedback control maintains positive value under noise-free measurement and
even in the presence of the measurement bias, which satisfies the constraint for the input laser
power. Owing to the positive valued input, Fig. 9.2 (c) shows that the temperature at the surface
position remains above the melting temperature 7i,, which ensures the condition (9.5) for the
validity of the model addressed in Remark 11 under both noise-free measurement and the biased
measurement. Therefore, the numerical results illustrate that the proposed observer-based output
feedback control law performs robustly even in the presence of the measurement uncertainty.

Fig. 9.3 depicts the snapshots of the true temperature profile (solid line) and the estimated
temperature profile (dash line) at t =0, 1, 5 [msec] in the presence of the positive bias. From Fig.
9.3, we observe that the estimated temperature profile gradually converges to the true temperature
profile, albeit the convergence speed is not fast. Nevertheless, the control objective and the

model validity conditions are well satisfied as observed in Fig. 9.2, which shows the sufficient
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(a) In spite of the interface measurement bias d in (9.103), the regulation near the interface setpoint is
achieved.
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(b) Positivity of the laser power control is maintained.
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(c) The model validity of the boundary liquid temperature is maintained, i.e., 7(0,z) > Tp,, in spite of the
presence of the solid phase and of the interface measurement bias.

Figure 9.2: The responses of the system (9.1)—(9.3) and (9.96)—(9.99), under the output feed-

back control law (9.62) associated with the observer (9.55)—(9.57). The proposed method is

successful: the convergence of the interface, the positivity of input, and the required condition

for the liquid temperature are all achieved for both positive and negative measurement biases,
namely, for d = 0,5, —5 [um], and in the presence of the solid phase.
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Figure 9.3: The snapshots of the true temperature profile (solid line) and the estimated tempera-
ture profile (dash line) at r = 0, 1, and 5 [msec] under the positive bias.

performance of the observer for the purpose of stabilization of the melt pool in SLS.

Limitation of the performance under large perturbations

However, under large uncertainty in model caused by the cold (the negative heat) in the
solid metal, or by the measurement uncertainties, the proposed method is shown to, expectedly,

violate the required conditions for the physical model. Fig. 9.4 depicts the interface response
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Figure 9.4: The interface response of the closed-loop system under very cold initial temperature

of the solid phase. The proposed method fails, in this caricatured scenario, and the melt pool

gets entirely frozen, as observed from the disappearance of the interface position around ¢t = 14
[msec].

under an initial very low temperature in the solid phase (9.102), namely, 7 = —1630 [°C] that
results in the boundary value T(L,0) = T + Ty, = 20 [°C], which is still physically possible. As
we observe from Fig. 9.4, the interface disappears and with it the molten metal phase, at around
14 [msec] due to the complete solidification of the melt pool. This is caused by an insufficient
amount of the laser power input for the given “deeply” frozen solid metal initial state. The
limitation of the proposed control law can be relaxed by designing a ’two-phase”-based control
law proposed in the absence of radiation in Chapter 5, which will be considered with radiation in
future work.

Next, we investigate the closed-loop response under d = —30 [um], namely, a large
negative bias in the measurement. Fig. 9.5 shows the response of the control input and the
boundary temperature. Fig. 9.5 (a) illustrates that the controlled laser power reaches negative
value after = 2 [msec], which violates the input constraint. Due to the negative input, Fig. 9.5 (b)
illustrates that the boundary temperature of the melt pool reaches below the melting temperature,

which physically causes the solidification of the melt pool from the controlled boundary and
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(a) The input of the laser power reaches negative value, which cannot be implemented in practice.
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(b) The liquid temperature can be below the melting temperature, which causes the solidification of the
melt pool from the controlled boundary.

Figure 9.5: The response of the closed-loop system under a large negative bias d = —30 [um].
The proposed method fails due to the violation of the positivity of the input and of the condition
of the liquid temperature.

therefore the condition of the model is violated. Hence, there is a limitation of the performance

of the proposed control law with respect to the level of the measurement uncertainty in the case
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Figure 9.6: Plot of the minimum value of the control input over time through varying the bias d
from —5 [um] to —15 [um]. Positivity of the input is violated under the bias d < —8 [um)].

of negative bias. Fig. 9.6 shows the plot of minimum value of the control input g.(¢) over the
time interval 7 € [0,#] where fy = 20 [msec] under the bias d ranging from —5 [um] to —15 [um].
From Fig. 9.6, we observe that the critical value of the bias violating the positivity of the input is
between —7 and —8 [um], which is approximately 15 % of the initial interface position so = 50
[um]. On the other hand, under the positive bias, as long as Assumption 23 holds, we observe

that the performance of the control law is robust as we have seen in Fig. 9.2.

9.6 Conclusion and Future Work

In this chapter we have developed the control design of laser power in SLS for metal AM
by using the PDE backstepping method in a form of both full-state and output feedback design.
The governing equation is given by the one-phase Stefan problem with in-domain effect of the
controlled laser power to the PDE dynamics. The closed-loop system is shown to satisfy some

required conditions for the physical model to be valid, and the exponential stability at the origin
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is proven. Numerical simulation is performed by computing the full ”two-phase” Stefan model
incorporating the cooing from the solid metal part and adding the measurement uncertainty. The
simulation results illustrate that the proposed output feedback control design enables sufficiently
fast process of the laser melting to drive the depth of the melt pool to the desired setpoint, and
the performance is robust under perturbations of the model and the measurements. We push
the proposed control law to its failure limit by exhibiting the closed-loop responses that violate
the required conditions of the physical states under the large perturbations of the model and the
measurement.

The limitation of the controller’s robustness might be exploited analytically in the sense of
Input-to-State Stability (ISS), by using the Lyapunov method for the perturbed system including
the model and measurement uncertainties, similarly to ISS analysis in Chapter 4. One challenge
lies in the fact that the model and the estimator are defined on a distinct range of the spatial
domains, (0,s(z)) and (0,s(f) +d(t)), under the measurement uncertainty of the moving interface.
Such a discrepancy of the domains makes the analysis of the estimation error system much harder.
Moreover, while we have focused only on the stabilization of the melt pool’s depth in this chapter,
the stabilization of the surface area of the melt pool is also a significant task for the scanning
process. This motivates us to exploit the control design for the Stefan problem along the surface
geometry of the powder bed in metal AM process, which is also challenging due to the movement

of the scanner mirror. We will consider these problems as future work.

9.7 Acknowledgement

Chapter 9, in part, is a reprint of the material as it appears in:

e S. Koga, M. Krstic, and J. Beaman, “Laser Sintering Control for Metal Additive Manufac-

turing by PDE Backstepping”, IEEE Conference on Decision and Control, 2019,

e S. Koga, M. Kirstic, and J. Beaman, “Laser Sintering Control for Metal Additive Manufac-

305



turing by PDE Backstepping”, IEEE Transactions on Control Systems Technology, under

review.

The dissertation author was the primary investigators and author of this paper. The author would

like to thank Joseph Beaman for the collaboration.

306



Chapter 10

Experimental Study using PCM

There are a few results on the experimental application of the backstepping design for
boundary control and observer of PDEs. In [122], the tracking control for flexible articulated
wings on a robotic aircraft is designed by combining PDE backstepping for feedback stabilization
and feedforward trajectory planning, and the performance of the designed boundary controller
is demonstrated by conducting the experiment of bending a long thin beam. The validation
of the backstepping boundary observer design using experimental data have been studied in
[80] for microfluidic systems, in [62] for oil drilling, and in [178] for congested freeway traffic
following their design in [179, 176]. However, there has not been any experimental results on the
boundary control and observer for the Stefan system which is governed by a parabolic PDE with
state-dependent moving boundaries “(a nonlinear system)”.

The fidelity of the Stefan model has been validated in several experimental studies.
Among the various materials in the aforementioned applications, phase change materials (PCMs)
in latent heat thermal energy storage systems for numerous applications (e.g. heat pumps,
solar engineering, and spacecraft thermal controls) have been intensively used to investigate the
correspondence of the experimental data with the numerical model of the Stefan problem (see

[42] for detailed review on simulations of PCMs). While there are several materials of PCMs,
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T(x,t)

v

Figure 10.1: Schematic of one-dimensional model of paraffin as a Phase Change Material
(PCM) in vertical coordinate.

paraffins have been utilized owing to the attractive features on safe temperature range for melting,

low cost, non-corrosive, and predictable thermal and chemical behavior [139].

10.1 Modelling of PCM

We consider a cylindrical paraffin with the diameter R and the total length L, which
is enclosed with an acrylic container serving as a thermal insulation. Hence, the geometry of
the model is represented by a cylindrical coordinate (r,0,x) which denotes the radial distance
from the center, the angular degree from a base, and a displacement from the upper side of the

container, respectively (see Fig. 10.1). In the phase change material, the liquid-solid phase
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boundary exists as a domain inside the coordinate. We establish the physical model under the

following assumptions.

Assumption 24 The temperature profile of the paraffin is uniformly distributed along the circle-

shaped cross section of the cylinder. Mathematically, we can describe the property as

T(r,0,x,t)=T(x,t), Vre[0,R],V0 € [0,2n) (10.1)

Moreover, the domain of the phase boundary is uniform along the cross section of the cylinder,

which enables to describe the location as x = s(t).

Assumption 25 There is no convection in the liquid phase.

Owing to the cylindrical geometry and the thermal insulation along the side, if Assumption
24 holds at the initial time ¢ = f¢ then it holds for all time ¢ > ty. By Assumption 24, the geometry
of the physical model can be described by one dimensional coordinate in x. In addition, by
Assumption 25, the governing equation is only given by the energy conservation without imposing
a mass and momentum balance. Combining the local energy conservation law inside the liquid
phase domain x € (0,s(¢)) and the Fourier’s thermal conduction law, the time evolution of the

temperature profile is given by the following parabolic PDE

oT 0’T
g(x,t) :OCW(X,I), 0<x<s(t), (10.2)
where o := picp with a density p, heat capacity C, and the thermal conductivity & for liquid phase,

respectively. At the surface x = 0, there is a heat loss due to the convective heat transfer through

the surrounding air, which yields the following energy balance

kIL(0.0) =ge(r) ~ H(T(0.1) T, (103)
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where ¢ () is a manipulated heat flux per unit area, & denotes the heat transfer coefficient, and 7,
denotes the ambient temperature (room temperature). As a fundamental physical condition of the
thermal phase change, the temperature at the liquid-solid phase boundary x = s(#) maintains the

constant melting temperature 7y,, which renders the boundary condition as
T(s(t),t) = T. (10.4)

Moreover, the local energy balance at the position of the liquid-solid phase boundary x = s(t)

leads to the Stefan condition defined as the following nonlinear ODE

oT
PAH"(r) = k5 (5(1),1) ~ g1 (10.5

where AH* and g5 denote the latent heat of fusion and heat loss at the interface, respectively.

Remark 14 7o maintain the model (10.2)-(10.5) to be physically validated, the following condi-

tions must hold:

T(x,t) >Tn, VYxe€(0,s(r)), V>0, (10.6)

0<s(t) <L, Vt>D0. (10.7)

The conditions (10.6) and (10.7) are proven to hold after the design of the heat input g (7).

10.2 Nominal Feedback Control Design

Control objective and steady-state solution

The objective is to drive the phase boundary location s(¢) to a desired setpoint s; by

controlling the heat flux ¢.(z). As a desired state, the stead-state solution of the temperature
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profile 7,(x) at s(f) = s, needs to be considered. By setting the time derivative of the physical

model to be zero, the steady-state of the temperature is obtained by

Then, at the steady-state, the heat flux input must have a balance with the heat loss at the surface

and the interface, which is described as
N hsy
g = 1+7 Gios +h (T —Tp) . (10.9)

Continuous-time full-state feedback control design

While the governing equations (10.2)—(10.5) are given by the local energy balance law at
each location in the domain x € [0,5(7)], in order to prescribe the growth of the internal energy
through the heat input and heat loss, the macroscopic energy conservation should be considered.

The internal energy of the system is composed of the specific heat and the latent heat given by

k s k
E(t)= = / (T (x,1) — To)dx+ ~s(1), (10.10)
o Jo B
where P := ﬁ. Taking the time derivative of (10.10), we obtain the macroscopic energy
conservation law as
E(t) = qc(t) = h(T(0,1) = Ta) = Gos- (10.11)

The setpoint energy is given by substituting the steady-state solution (7;(x),s;) into (10.10), which
yields
k _ 6]lossr2 k

E—= /0 (1 (x) ~ T + o= T2 4o, (10.12)
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To achieve the control objective driving the system states (7', s) to the reference setpoint (7;,s;), it
is necessary that the internal energy E(¢) grows to the setpoint internal energy E,. The idea of our
control design originates from parabolic PDE-ODE backstepping in [95] but in this section we
provide a simplified exposition based on energy shaping. Namely, we define the reference error

of the internal energy as

E(t) =E(t) - Ey, (10.13)
and design the control law as follows:
qe(t) =—cE(t) +h(T(0,1) = Ta) + qios (10.14)
ks k
——c( o [T w0~ Tadr+ 550 —50)
o Jo B
2
+ % +h(T(0,1) = Ta) + qios- (10.15)

Here, we impose the following restriction on the setpoint position .

Assumption 26 The setpoint sy is chosen to satisfy

s+ E/S()(To(ﬂ — Tn)dx < sy + Piios >, (10.16)
oo kot T

Then, the control (10.15) ensures the conditions (10.6) and (10.7), and we state the following

theorem.

Theorem 16 Consider the closed-loop system consisting of the plant (10.2)—(10.5) with the
control law (10.15). Then, the conditions (10.6) and (10.7) for the model validity hold, and

there exists a positive constant g, . > 0 such that for all qios € (0,4, ) the closed-loop system is
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exponentially stable in the sense of the norm
s(7)
/ (T(x,1) — T () 2dx + (s(7) — 1) (10.17)
0

The proof of Theorem 16 is given at the end of this chapter. For accelerated convergence,

the backstepping PDE-ODE control design in Theorem 2 in [95] would have to be pursued.

10.3 Implementable Control Algorithm Using Sensors and
Software

This section presents the feedback control algorithm that we actually implement in the
experiment. Note that the full-state feedback control design developed in Section 10.2 requires

the following three assumptions:
e the spatial profile of the temperature is available,
e the spatial integration of the temperature profile is computed,
e and the measurements are obtained and the controller is manipulated continuously in time.

The first assumption is relaxed by introducing a state observer governed by a PDE to estimate
the entire temperature profile under measured temperature only at the surface and the measured
position of the phase interface, and re-designing the controller by associated output feedback
control law. The block diagram is depicted in Fig. 10.2. Next, the PDE observer is approximated
by an ODE observer through the truncation of the observer state and then the spatial integration
in the output feedback control law is approximated by the trapezoidal rule, which removes the
second assumption. Finally, the third assumption is relaxed by further improving the observer
and the output feedback control by sampled-data design implemented under the measurements

obtained at each discrete sampling time by following the idea of the sampled-data observer [69].
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qe(t
Controller ( )= Phase Change Model >
X Measurements
T(x,t t) = (s(t),7'(0,¢t
(2, 1) Estimator y(t) = (s(t), T'(0, 1))
s(t)

Figure 10.2: Block diagram of the observer-based output feedback control. The interface
position s(¢) and the surface temperature 7'(0,7) are available as two measurements.

PDE observer and output feedback design

Suppose that we have the following two measurements:

YW (1) =s(t), (10.18)

Y@ (1) =T(0,1), (10.19)

for all > 0. The state observer for the PDE system (10.2)—(10.4) is designed by

. )

%—f(x,t) zu%(x,t), 0<x <y, (10.20)
_k?)—z;((), 1) =qe(t) —h(P (@) = T,) + k1 P (1) = T(0,1)), (10.21)
T(y(l)(l‘),t) :Tmu (1022)

for all > 0, where k; > 0 is the observer gain tuned by the user. To study the performance of the

observer, we introduce the estimation error variable 7 (x,#) defined by

T(x,t) :=T(x,t) — T(x,1). (10.23)
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Subtracting the observer system (10.20)—(10.22) from the plant (10.2)—(10.5) leads to the estima-

tion error system as follows:

oT 0°T

E(x,t) :ocw(x,t), 0<x<s(r), (10.24)
8T _K1 ~

a(o,t) _TT(o,z), (10.25)
T(s(r),r) =O0. (10.26)

Then, the performance of the PDE observer (10.20)—(10.22) is guaranteed by the following

lemma.

Lemma 15 The estimation error system (10.24)—(10.26) is exponentially stable in the spatial

Ly-norm ||| =/ 3 T (x,1)2dx.

In addition to the PDE observer given in (10.20)—(10.22) to estimate the temperature
profile, we introduce the following observer reconstructing the interface position as a copy of
(10.5) plus the measurement injection of the interface position:

oT B .

§(1) == B (s(1),1) = 105 + K2 (s(1) = 8(1)), (10.27)

where K, > 0 is an observer gain. The observer (10.27) is not essential to estimate the interface
position since we suppose that we can accurately measure the interface position in continuous
time. However, in the next section we propose the re-design of the observer under the sampled-
data measurements, and the observer (10.27) is required to reconstruct the unmeasured interface
position during the sampling time period. By defining §(¢) := s(z) — §(¢), the dynamics of §(¢) is

given by

5(t) = —B=—(s(t),1) — 125(2). (10.28)
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The stability of (7', 5)-system in (10.24)—(10.26), (10.28) is addressed in the following lemma.

Lemma 16 Assume that there exists § > 0 such that 0 < s(t) < §forallt > 0, and 0 < gjos < %S.

holds. The estimation error system (10.24)—(10.26), (10.28) is exponentially stable in the norm

B(t) = ||T|1> +[| 511> +5(1)>

The proof of Lemma 16 can be done by analyzing the time derivative of ®(¢) and applying
Lyapunov’s method, of which the detail is omitted here. The associated output-feedback control
is given by replacing the true temperature profile in the full-state feedback control law (10.15)
with the estimated temperature T(x, t) calculated by the observer (10.20)—(10.22), resulting in

the following form:

ks, k
qc(t)=—c (&/0 (T (x,2) — Tpn)dx+ E(s(t) —sr))
2
+%+h(no,z) “T) + Glos. (10.29)

Then, owing to the separation principle, it is shown that the output feedback control law stabilize

the plant states (7'(x,),s(z)) at the desired reference (7;(x), s;).

Theorem 17 Assume that T (x,0) > T (x,0) for all x € [0,s¢]. Consider the closed-loop system
consisting of the plant (10.2)—(10.5), the observer (10.20)—(10.22), and the output feedback
control law (10.29). Then, the conditions (10.6) and (10.7) for the model validity and T(x,t) <0
hold for all x € (0,s(t)) and for all t > 0, and there exists a positive constant qj, > 0 such that

for all qios € (0,q5.,) the closed-loop system is exponentially stable in the sense of the norm

1T = T2 + (s(r) — 50)* + [ T

The proof of Theorem 17 is also presented at the end of this chapter.
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ODE observer derived from discretized PDE

To implement the designed observer via numerical computation, we derive the spatially
discretized model of (10.2)—(10.5). Let N € A be the number of grids for the spatial discretization,
Ax be the width defined by Ax = +, and ¢V (¢) be defined by

0 (t) =T (iAxs(t),t) — T, i=0,1,2,--- N, (10.30)

o) =0 (1),0% (1), 0% (1), . 0™ ()] (1031)
Note that taking the total time derivative of (10.30) yields

or BT) (10.32)

o (1) = (5 (1) o

x=iAxs(t)

Then, the spatially discretized model of (10.2)—(10.5) is governed by the following coupled

nonlinear ODE:s of the states ¢(7) and s():

0)(1) =a(s(0))0) 1) + p(s(0)0(1) +b(s(0)) (1) (1033
0(0) =a(5(1))6” (1) + R(5(1))0(1) + £(6(0),5(0), (1034)
5(6) =4(s(6))0(0) ~ Lo (1035)
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als(t) == s (10.36)

bs(0) =i (1037)
20

p(s(t)) :W{ 1 Opn—1 }7 (10.38)

q(s(1)) :W{ 1 Oy } (10.39)

g(S(t))=—2s(gAx { Oy 1 —4 ] (10.40)

0; ; € R™/ denotes a matrix in which all the elements are zero, and R(s(¢)) € RV=1*N=1 hag its

elements r; ; at i-th row and j-th column given by

Vi=1,2,--- ,N—1 (10.41)

Tij=—

TH_]J' :I”l'7l'+] :W’ \V/l:1,2, ,N—l, (1042)

and all other elements are zero. The function f(¢(¢),s(¢)) is a nonlinear function of the dynamics

derived from the last term in (10.32), which has its i-th element

Ax B ) 20 10.43
fi=i (g(s(t))(j)(t)—%qk,s) T oAw() (10.43)
Hence, by defining the state vector y € RV !
T
Y= [ 00 o s ] (10.44)

the coupled dynamics (10.33)—(10.35) can be described by the following ODE on the state :

W =A(s)y+B(s)gc + F(y) + 6, (10.45)
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where

a(s) p(s) 0
A(s)=| q(s) R(s) O [, (10.46)
0 g(s) O
- T
B(s)=| b(s) Ojn_1 o} , (10.47)
- T
FW)=|0 f£(d,5) 0} , (10.48)
- T
0=10 01y —%qlos] . (10.49)

Let y € R? be the vector associated with the measurements (10.18) and (10.19) defined by
T

The measurement vector is described by

y=Cy+d, (10.51)
where
0 Ornv—1 1
C= : (10.52)
I Ojny—1 O
T
d:{o Tm} _ (10.53)
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Following the same procedure, the continuous-time PDE observer designed in (10.24)—(10.26) is

implemented by the following ODE observer:
b =A0") 0+ BOM)Ge + F () +6+K(y—3) (10.54)

where § = CJ+d, and K € RVN*22 is defined by

K= Oyv_11 Ov_1p |- (10.55)

Sampled-data design of ODE observer and output feedback

The measured data are obtained not continuously in time but at each sampling time
{tj: j=0,1,2,---}. Here, we consider the sampling scheduling as periodic sampling with period

T, which leads to the sequence of the sampling time as
ti=to+jt, j=12,-- (10.56)
Hence, the sampled-data measurements are obtained by

yWD(t)) =s(t;), (10.57)

YD(t)) =T(0,1)). (10.58)

We employ the methods proposed in [69], namely, we introduce the so-called “Inter-Sample-
Predictor” (ISP) which serves as an estimate of the measured variables during the sampling
periods given the measurements at each sampling time as an initial state, and compute the

continuous-time observer coupled with ISP as an estimate of the state variables.
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Let w1 (r) and w(®)(r) be the ISP states reconstructing y(") (¢) = s(r) and y? (r) = T'(0,1),

respectively. At every sampling time # =7;, we set
w () =yV(y), w1 =y2), (10.59)
Fort € [tj,tj;+1), by referring to (10.33) and (10.35), the dynamics of ISP is given by

W () =g(3())0(r) — %qlos, (10.60)

(10.61)
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The dynamics of the continuous-time observer state \/ is given by the copy of the observer (10.54)

with replacing the measurement states by ISP states as follows:
G =AW+ Bw)ge +F () +0+K(w—3) (10.62)

where w = [ w32 } T. Furthermore, the states w(!), w(2) \p are discretized in time with the
time step At, and ODEs (10.60)—(10.62) are computed numerically by forward Euler method,
which leads to Algorithm 1 providing ISP-based sampled-data observer at each sampling time.
Using the sampled-data observer states, the associated output feedback control law given in

(10.29) under the availability of the continuous-time PDE observer is re-designed by

(M (¢ N 52
el =20 (%@(z) (1)~ T) + _2¢<’><r,->> +oge = 0() =)

+ R (t)) — Ta) + Gos, (10.63)

where we use trapezoidal rule for approximating the spatial integration.
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Algorithm 6: ISP-based sampled-data observer at sampling time ¢; for j €
{(), 1,--- }
Input : 1 (2;), y@ (1), ¥
2
@>ewnm 2=y
for/=0,1,---,1, d0
i< jT+1;
),’\i < C\Tll +d,;
1 A
1(—5—)1 z( : + At (g(sz) i~ %qms>§
l(+)1 — wl(z) + At (a(f')

Bt G+ A O + BO ) + F (1) + 0+ K(wi— 5):
end for
Output : ;)

10.4 Experimental Setup and Calibration of Unknown Param-
eters

This section presents the experimental setup and the results under a constant heat input to

validate the sampled-data observer in Algorithm 1.

Sample preparation and heating chamber

PCM-37 (Microtek laboratories, inc. Dayton, OH, USA) is chosen as the phase change
material for our experiment. Its melting temperature is 37 [°C]. Thermal properties of PCM-37 are
summarized in Table.1. Cylindrical rod is prepared by casting of molten PCM-37 with an acrylic
container with 63.5[mm] diameter and a flat bottom. Molten PCM-37 is poured through a paper
filter to remove particles and casting can be done by keeping container in a room temperature for
12 hours. The rod of PCM-37 is pushed out from the mold once it becomes solid, then inserted
into another acrylic chamber for a heating experiment.

Fig. 10.3 illustrates a structure of the chamber to heat the cast rod from top side. Our

experiments show this configuration has least influence of convection. A removable lid on top
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(a) Schematic of the apparatus for melting paraffin.
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(b) The real experiment of melting paraffin with sensors and an actuator.

Figure 10.3: The images of the experimental apparatus and setup using PCM-37.

of chamber has a heater and thermocouple sensor and the PCM-37 rods are inserted so that it

contacts with the heater firmly. The space above the heater is prepared for thermal insulation
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Table 10.1: Thermophysical parameters of PCM-37.

Description Symbol | Value

Density p 790 kg -m—>
Latent heat of fusion | AH* 2107-g7!

Heat capacity Cp 2387).¢g71.K!
Melting temperature | T, 37°C

Thermal conductivity | k 022W-m~!

and avoids an accumulation of small bubbles on the heater, which are generated when PCM-37
is melted. Due to the transparency change of PCM-37 upon a phase change, the position of the

boundary is measured by using a digital camera with interval shuttering.

Experiment under a constant input

The boundary heat actuator g.(¢) is controlled by an electric current i.(¢) connected with

the film heater under the following relation:

2
io(t) ~ 4/ q“(;ﬂ, (10.64)

where R is the radius of the cylinder, and R, is the resistance of the film heater at room temperature.
In this experiment, we had R = 3.175 [cm] and R,; = 13.9 [Q]. Due to the limitation of the

equipment, the electric current is bounded by the constant ij,y, i.€.,
0 <ic(t) < imax- (10.65)

We conducted an open-loop melting test by keeping the current input at the maximum value
imax = 0.79 [A] for 2 hours after the phase interface reaches 0.5 [cm]. Then, we observed that
the phase interface position was evolving uniformly along the vertical coordinate of the cylinder,

which validates Assumption 24. The image of the experiment is shown in Fig. 10.3 (b).
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Figure 10.4: The estimated values (blue dash) with 7 =20 [W/m?K] and gjo; =400 [W/m?],
which have good agreement with the measured data (green dots) and satisfy (10.68)
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(b) The surface temperature.
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Calibration of unknown parameters

Let 1y be the time we observe that s(f9) = 0.5 [cm], and fix as #o = 0. Let t; = 2 [hours] be

the process time. We measured the phase boundary position and the surface temperature at every
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10 [min] as a sampling time period, namely, the sampling scheduling is described as 7; = 1o+ jT
for j=1,2,---m with T = 10 [min] and m = ¢/t =12. Let e be the normalized estimation error

vector defined by

ez[(l) (1) (1 @ () (2) (10.66)

€y €1 5 ,lm €0 €1yl |,
where

MDY ) 10 =01, m. (10.67)

Using the measured data, the heat transfer coefficient / and the freezing heat from the solid
phase ¢jos are calibrated to minimize the estimation error. However, for the sake of sustaining the
robustness of the control algorithm, the estimated temperature profile should be higher than the
true temperature profile, for the condition shown in Theorem 17 holds. Since both the measured
surface temperature and the measured interface position are monotonically increasing as the
temperature profile gets larger, both the estimated surface temperature and interface position
should be higher than the measured values. Taking these into account, the unknown parameters

are calibrated so that

mine’ e, subject to e >~ 0, (10.68)

h,qios

where > denotes an element-wise inequality.

We varied the parameters in a range 0 < 4 < 30 and 0 < g1os < 500 with the step sizes
Ah =1 and Aqos = 20, respectively. Then, we observed that the problem (10.68) is achieved
with the parameters 1 =20 [W/m?K] and ¢jos =400 [W/m?]. Fig. 10.4 shows the comparison of
the measured data with the estimated values of the interface position and the surface temperature

under the obtained parameters. We can observe that the estimated values have good agreement

326



with the measured data and satisfy the constraint (10.68). A reference value of the convective
heat transfer coefficient 4 for plastic is reported in [31] as h =21 + 2[W/m2K], which also shows

a good agreement with the identified value.

10.5 Experiment of Closed-Loop Control

In this section, we present our main result on experimental validation of the proposed
feedback control algorithm. The paraffin was completely solidified at the initial time of the

experiment.

Gain tuning

The control gain ¢ > 0 is an essential free parameter for the input current i.(¢) to satisfy
the constraint (10.65). Here we provide how to tune the gain. First, the current input is kept as
imax While the paraffin starts to be molten from the top and the liquid-solid interface position is
less than sg := 0.5 [cm] from the top. At the time when the interface position reaches to sg, we

measured the surface temperature y(?) (fo), and compute

£ _kSO (2) QIosSr2 k
Ep “a (y <ZO) Tm) 20 + B(SO Sr)a (10.69)
2
Restas — 1(y@(19) — Tu) — qos

(10.70)

Cmax = =

max —EO
Then, at least we require ¢ < cmax, since the input becomes i (f) = imax When ¢ = cmax by (10.63)
and (10.64). Moreover, from the results in Section 4.4, for the sampled-data state feedback control
of the Stefan problem, given a sampling time period T > 0, the control gain needs to be chosen to

satisfy ¢ < % to ensure the conditions of model validity and the closed-loop stability. Considering
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these two conditions, we take the gain tuning as

1
c:Smin{cmaX,E}, (10.71)

where § € (0, 1) is a free parameter. In this experiment, we used 6 =0.8.

Proposed control law

The control algorithm in the experiment is explained as follows.

1. The input current i.(¢) is injected at the maximum value imax (0.79 [A]).

2. Once we observe that the liquid-solid interface arrives at 0.5 [cm], the surface temperature
is measured and only the observer is computed by Algorithm 1 with keeping the maximum

input current.

3. After that, at every sampling time 10 [min], both the surface temperature and the interface
position are measured, and the observer is computed by Algorithm 1 and the heat controller

is obtained by (10.63).

4. Given the value of the controller, the current input is given by (10.64). We repeat 3) and 4)

for 5 hours.

Experimental results

We conducted the experiment of melting paraffin by implementing the control algorithm
above. The setpoint position is chosen as s; = 2 [cm], and the time step size in the observer
is At = 0.05 [sec]. Fig. 10.5 depicts the results of the experiment by showing measured data

of the phase interface position, Fig. 10.6 shows the input current and the surface temperature,
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(a) The plot is depicted at every 0.1(cm) increase until the interface reaches 2(cm) and after that depicted
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~oh B mmE 2 B o

o
—

5h

heater

interface

d

!i 4h |

|

(b) The snapshots of the melting paraffin at every hour is given right, which shows the interface evolution
by a ruler attached on the acrylic chamber.

Figure 10.5: The experimental result of the time evolution of the interface position under the
proposed feedback control algorithm. The experiment was successful: the liquid-solid interface
position converged to the setpoint position s, = 2(cm).

and Fig. 10.7 depicts the estimated temperature profiles of the liquid paraffin and the measured

temperature profile of the acrylic chamber obtained by IR camera, respectively.

From Fig. 10.5 (a), we can observe that the experiment was success: the phase interface

position reached to the value so = 0.5 [cm] at fo = 25 [min] and converged to the chosen setpoint
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(a) The input current started from the maximum value in,x of the input constraint, and the feedback
control was implemented from 35(min). After 4 hours, the current input stayed at the steady-state input

calculated by (10.9).
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(b) The estimated surface temperature has a similar behavior to the measured surface temperature together
with a nominal error around 5 — 10(°C).

Figure 10.6: The experimental result of the proposed feedback control algorithm and the surface
temperature.
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(a) The estimated temperature profile of the liquid paraffin at every hour. The profile gradually converged
to the reference profile given by (10.8) and almost corresponded to the reference after 4 hours.
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(b) The measured temperature profile of the acrylic chamber obtained by IR camera at every hour. The
profile is given along the white arrow in the thermography.

Figure 10.7: The time evolution of the estimated temperature profile and the measured tempera-
ture profile of the cylinder by IR camera.

position s, = 2 [cm] asymptotically and stays at the setpoint after 4 hours. This result can be

also visually seen in 10.5 (b) which are snapshots of the melting paraffin at every hour. A ruler
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attached on the acrylic chamber shows the distance from the position of the heat actuator, which
gives the measured value of the phase interface position depicted in the left plot, and hence the
convergence of the interface position is visually observed. Fig. 10.6 (a) shows that the input
current starts from the maximum value iy,x = 0.79[A] under the constraint and the feedback
control is implemented at every sampling time 10 [min] from ¢ = 35 [min] which is 10 [min]
after tp = 25 [min]. After 4 hours, the current input stays at the steady-state input calculated by
(10.9) and (10.64). From 10.6 (b), we can observe that the estimated surface temperature has
similar behavior to the measured surface temperature together with a nominal error around 5 — 10
[°C], of which the cause is discussed later. Fig. 10.7 (a) illustrates that the estimated temperature
profile converges to the reference profile given by (10.8) and almost corresponds to the reference
after 4 hours. The thermography included in Fig. 10.7 (b) is obtained by IR camera taken at t = 2
hours, which illustrates that the temperature is the highest (white color) at the position of the heat
controller and is monotonically decreasing as the vertical position goes towards the bottom. The
temperature profiles of the acrylic in the plot are given by referring to the temperature along the
white arrow in the thermography. We observe that the profiles are almost linearly distributed
in the space at every hour, of which the property is also observed in the estimated temperature
profiles of the liquid paraffin shown in Fig. 10.7 (a), though the material of the focus is distinct
and the temperature value is different. Moreover, the slope of the profiles are dropped from ¢ = 1
hour to t = 2 hours in Fig. 10.7 (b), which is also similarly observed in Fig. 10.7 (a). Thus, while
it is not accurate to refer to the thermography of the acrylic chamber as a temperature profile of

the paraffin inside, we see some similar behavior of the evolution of the temperature profiles.

Discussion

While we observe that the control objective is successfully achieved in the experiment,
the temperature estimation accompanies a nominal error from the measured value as illustrated

in Fig. 10.6 (b). Since the estimated surface temperature is lower than the measured one, the
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Figure 10.8: Simulation of the closed-loop system with setting 7 =16 [W/m?K] in the model

while 4 =20 [W/m?K] in the observer. The plot is similar to Fig. 10.6 (b), by which we

conjecture that the estimation error of the surface temperature in Fig. 10.6 (b) is caused by the
parameter error of A.

incorporated heat loss in the observer is higher than the true heat loss in paraffin during the
closed-loop experiment. This might be caused by over-estimating the calibrated heat transfer
coefficient 4. To investigate the validity, the numerical simulation of the closed-loop system of the
model (10.45), the measurement (10.50), the observer in Algorithm 1, and the output feedback
control law (10.63) is studied, where the heat transfer coefficient in the observer is set as 4 =20
[W/m2K] while the one in the model is set as # =16 [W/mZK]. Fig. 10.8 depicts the evolution of
the measured surface temperature (green dots) at every sampling time and the estimated surface
temperature (blue line), respectively. We observe that the plot in Fig. 10.8 is in good agreement
with Fig. 10.6 (b), which leads us to conjecture that the cause of the estimation error lies in the
parametric error of the calibrated heat loss 4. Nevertheless, the control’s performance was robust

as we see in Fig. 10.5.
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10.6 Proof of Theoretical Results

Hereafter we define

(10.72)

Proof of Theorem 16
Guaranteeing conditions of model validity

First, we prove the following lemma to guarantee the conditions of model validity.

Lemma 17 Under Assumption 26, consider the closed-loop system consisting of the plant (10.2)—

(10.5) with the control law (10.15). Then, the following properties hold for all t > 0:

T(x,t) >Tm, Vxe(0,5(1)), (10.73)

oT
5, (8(0),1) <0, (10.74)
qc(t) >qios, (10.75)
0< s(e) <5 s+ P 1076
<s(t) <§:=s:+ R (10.76)

Proof:
The proof of Lemma 17 is established by analysis of the energy and the use of maximum principle.
Substituting the control law (10.15) to the conservation law (10.11) with respect to £(¢) defined

by (10.13) leads to

E(t) = —cE®). (10.77)
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The explicit solution to (10.77) is given by E(¢) = E(0)e “’. Since Assumption 26 leads to

E(0) < 0, we have

E(r) <o0. (10.78)

Then, clearly (10.14) leads to ¢.(t) — k(T (0,t) — T,) > 0 for all # > 0. With the help of this
inequality, we can apply the theorem in [140] (page 3) to the governing equations (10.2)—(10.5),
and thereby for any 7 < ¢ where 0 < ¢ < oo, there is a unique solution of the system (10.2)—(10.5)
with satisfying the properties (10.73) and 0 < s(¢) < L for all t € (0,7), and if G # oo then s(c) =0
or s(6) = L. However, by (10.11), (10.14), and (10.78) with the help of E(0) > 0, we obtain

E(r) > 0, which at least ensures that s(G) # 0. In addition, by (10.78), we have

B [s® Besz
&/O (T (,1) = T)dx < —s(0) ¢+ _F- (10.79)

forall # € (0,7). Applying (10.73) to (10.79) with the help of Assumption 26 yields (10.76) for all
t € (0,7). Thus, we also derive s(G) # L. Therefore, 6 = oo, and the properties (10.73), (10.74),
and (10.76) hold for all # > 0. Finally, applying (10.78) and (10.73) to (10.14) leads to (10.75),

from which we additionally have the following property
2
€
I5(t) —s:| <M = max{%,sr}. (10.80)

Backstepping transformation

Next, we define the reference error states (u,X) as

u(x,t) =T (x,t) —Tr(x), X(t)=s(t)—s. (10.81)
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Then, rewriting the system’s dynamics (10.2)-(10.5) with respect to (u,X) leads to the following

reference error system:

%(x,t) :oc.(a)%l(x,t), 0<x<s(t), (10.82)
%(O,t) =—G.(t) /k, (10.83)
u(s(r),t) =eX(t), (10.84)
X(t)=— B%(s(t),t), (10.85)
where
Ge(t) :==qc(t) = H(T(0,1) — Tz) — qios = —cE(7). (10.86)

Referring to the procedure in Chapter 2, we introduce the following backstepping transformation:
B s
w(x,t) =u(x,t) — (—x/ O(x—y)u(y,t)dy — d(x—s(2))X (1), (10.87)
X
where the gain kernel function ¢ is given by
0(x) =7x. (10.88)

We derive the transformed (w,X)-system. Taking the time and spatial derivatives of (10.87)

together with the solution of (10.82)—(10.85), and substituting he control law (10.15), the target
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(w, X )-system is derived as follows:

2
%—v:(x,t) :a%(x,t) —ceX(t) — (1) <§(x—s(t))£— %) X(t), (10.89)
ow I )
g(o,t) =— ﬁX(I) , (10.90)
w(s(t),t) =eX (1), (10.91)
X(t) =—cX(¢) —Baa—v:(s(t),t). (10.92)
Stability analysis

We prove the stability of (w, X )-system governed by (10.89)—(10.92) using Lyapunov’s

method. Let V be the Lyapunov function defined by
1
V= —a||w||2 +—X(1)% (10.93)

Note that Poincare’s and Agmon’s inequalities for the system (10.89)—(10.92) with 0 < s(¢) < §

lead to

owl|?

||w||? <25€2X (1)* + 45 | (10.94)
X
2 2 RICL ?
w(0,7)” <2e°X(t)” 445 il (10.95)
X
Taking the time derivative of (10.93) along the solution of (10.89)—(10.92) yields
: 2
. 8(t) 2 ||owl]]” e /s(t) ce )
V= T w(s(t),t) ‘ . « Jo w(x,t)dxX (1) + 20cw(O,t)X(t)
; s(t)
_ “’SO(Z) / F o) w(x,1)dxX (1) — %X(r)z, (10.96)
0
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where [ = é(x —s(t))e— % Applying Young’s inequality to the two terms in the second line of

(10.96), we get

S(0)
T e X (1) < S x (1)? +BC€SHW|\2 (10.97)
o Jo 2B
cE 2 1 2 §C282 4
—_— < — . .
2OCw(O,t)X(t) _Ss_w(O,t) + Y2 X(t) (10.98)

In addition, applying Young’s and Cauchy-Schwarz inequalities to the term in third line of (10.96),

we get

cs(t)
o

s(t) cls
[ rwtnax) < S0 (\%Hf|!2||vv||2+\/€|X(t)|2)- (10.99)

Applying (10.97)—(10.99), and (10.94)—(10.95) to (10.96) with the help of |X| < M derived in

(10.80) leads to the following inequality:

: 1 Pees ce &  sfe’M? 2 SO 2y 12
ve (L _ v X(1)2+ 2 e2x
= (8‘2 2oc2)H P~ (2[5 5 aer )XW S EX0)

O (JelPie+ Ve ). (10.100)

200

Noting the property (10.74), the dynamics (10.5) yields the following bound:

l5(2)] < —B%—Z(s(t),t) + Be. (10.101)
Let z(¢) be a variable defined by
2(t) = s(1) + 2Bet. (10.102)
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The time derivative of (10.102) is given by

1) = —Baa—z(s(t),t) +Be > 0. (10.103)

Therefore, |s(f)| < z(¢) holds. Applying this inequality to (10.100), and supposing that the

following inequalities hold:

8Pces’
1> (10.104)
2¢  25ceM?
2 et (10.105)
B~ s o2
we get
V< bV +ai(t)V (10.106)

where a = &max{% (82—5_ + %) , (£ + &> }, b= min{%, %} Consider the functional W
defined by

W = Ve %), (10.107)
Then, the time derivative is shown to satisfy
W < (V —az(t)V)e @ < —bW (1), (10.108)

which leads to W (¢) < W(0)e~", and hence

V(t) <ea(z(l)—z(0))v(o)e—bt _ ea(s(t)—s(O))eZaBstV(O)e—bt

b

<e®V(0)e 2, (10.109)
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under the condition 2afe < %, which is equivalent to

8Bc 25 § Be? e

7max{zowé (WJF@),B\/&L7 <m1n{E,c}. (10.110)
Finally, all the conditions (10.104), (10.105), (10.110) introduced in the stability proof hold for
sufficiently small € > 0, i.e., there exists a positive constant €* > 0 such that for all € € (0,€")

the conditions hold and therefore the decay of the norm (10.109) is satisfied, from which we

complete the proof of Theorem 1.

Proof of Theorem 17

Since the procedure of the proof of Theorem 17 is analogous to the proof of Theorem 16,
we omit here. We show only the proof of the properties in Lemma 17. Here, the reference error

of the energy (10.13) is redefined by

- s(t) sz
E(r) zg (/0 (T (x,1) —Tm)dx—%f> +§(s(t) — ). (10.111)

Taking the time derivative of (10.111) with the help of (10.20)—(10.22) and (10.29) leads to

E=—cE(1)+xT(0,1) —k%—Z(s(r),z). (10.112)

Applying the maximum principle and Hopf’s lemma to (10.24)—(10.26) yields the following

properties:

T(x,t) <0, Vxe[0,s(t)], Vi>0, (10.113)

%—i(S(t),t) >0, Vr>0. (10.114)
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Thus, (10.112) yields £(t) < —cE(t), and applying the comparison principle, one can obtain
E(t) < E(0)e " . Finally, applying the same steps from (10.78) to (10.80), we deduce that the
all the properties in Lemma 17 hold under the output feedback control system. Then, using the

same procedure as in the proof of Theorem 16 leads to Theorem 17.

10.7 Conclusion and Future Work

This chapter has shown the experimental validation of a boundary feedback control
algorithm developed for the phase change process. The physical model is formulated by the
Stefan problem governed by a parabolic PDE with a state-dependent moving boundary described
by an ODE, with unknown heat losses at both the surface and the phase interface. The nominal
continuous-time full-state feedback control has been presented by means of energy-shaping and
the closed-loop stability is proven by applying the backstepping-based state transformation and
Lyapunov method. Then, an implementable control algorithm is developed by further designing
an observer-based output feedback with finite-dimensional approximation, under the sampled-
data measurements of the surface temperature and the interface position. The experiment was
conducted by melting the paraffin with a cylindrical shape. The unknown parameters of the heat
losses are calibrated using the experimental data under a constant input. Finally, the proposed
feedback control was implemented in the experiment, which provided a successful result of the
convergence of the phase interface position to a priori chosen setpoint position.

This chapter has provided the first experimental result of the boundary feedback control for
the phase change process modeled by the Stefan problem. Therefore, there are several potential
future work of the experimental validation of the extended models such as the two-phase Stefan
problem in Chapter 4, the Stefan problem under materials’ convection modeled for the polymer
3D-printing in Chapter 8, and the delay-compensated control under the actuator delay in Chapter

4. Developing event-triggered control is also an interesting problem, which can be achieved
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for PDE dynamics referring to [45, 46, 47] for both hyperbolic and parabolic systems using
backstepping approach. Another direction is designing an adaptive control to simultaneously

regulating the input and learning the unknown parameters following [146, 70].
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Appendix A

Bessel Functions

Bessel function of the first kind is a solution to the following Bessel’s differential equation:
oy dy 5
X ( )y=0, (A.1)

where n is generally an arbitrary complex number but here we consider a positive integer

ne€{1,2,---}. A series representation of the solution y = J,,(x) is described by

= (1) (52
Jn(x):mz"o m!(m+n)!

(A.2)

Modified Bessel function of the first kind is a solution to the following modified Bessel’s

differential equation:
x* —n?)y=0. (A.3)

A series representation of the solution y = I,,(x) is described by

o0 x/z)n+2m

=X i

A4
m= 0 'm+n ( )
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Some properties of the functions are given by

20 (x) = x(Jp—1 (%) + Jpp1 (%)),
Tn(—=x) = (—=1)"Ju(x),

Li(x) =i "a(ix), I(ix) = i"Ju(x),
200y (x) = x(Ly—1 (xX) — L1 (%)),

Li(—x) = (= 1)"L,(x).

Derivatives are given by

&) = 10— () = ()~ i (0,
C W 00) =1 (1), () = i (3,

00 =5 (1 () 1 (0) = ")+ (),
D) =1 (), () = (),
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Appendix B

Some Inequalities

B.1 Cauchy-Schwarz Inequality

1/2 1/2

. ( [ g<x)2dx) (B.1)

[ regoa < ( | Df<x>2dx)

B.2 Poincare’s Inequality

D D
/ w(x)?dx <2Dw(D)? +4D? / wy(x)2dx (B.2)
0 0

D
/ w(x)%dx <2Dw(0)? 4-4D? / wy(x)dx (B.3)
0 0
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Proof:

D
/w(x)zdx:xw |0—2/ aw(x)wy(x
0

—2/ xw(x)wy(x)dx
< 2/ 2dx-|—2/ xwx )2dx

Thus, we arrived at (B.2).

/OD (x)2dx = (x— D)w |0—2/ x— D)w(x)wy(x)dx

—2/ (x — D)w(x)wy(x)dx

< 2/ 2dx—|—2/ x—D)?wy(x)2dx

Thus, we arrived at (B.3).

B.3 Agmon’s Inequality

Agmon’s Inequality (Case 1)

[Iw]12 < w(0)% +21[wl[2[will2

(B.4)
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Proof:

Taking absolute values and triangle inequality,

w(x)? < w(0)> +2 /O W) [ () |dx

< W(O)2 _|_2/0D lw(x)||wy(x)|dx

Because the left hand side doesn’t depend on x, we arrive at (B.5).

Agmon’s Inequality (Case 1:Extended)

[IW][2 < 2w(0)” +4D||w4 |2 (B.5)
Proof:
By (B.5) and applying Young’s inequality with YD, we have
12 < (0 s 1wl 3+ 9Dl b
< D
2 ’ 4
< l-l-? w(0)*+ [ —+7 | D||w«l|2 (B.6)

Y

Setting y = 2 leads to the inequality.
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Agmon’s Inequality (Case 2)

D+1
w(0)2 < =[P +[[wi (B.7)
Proof:
Taking integral, we have
! 1 2 2
= [ wlmwa)dx = S (4(0)? ~ w(x))
0
In addition, by Young’s inequality, we have
X X 1 2 2
= [T w@pmndr < [ (w0 w57 dy
1
<3 (P + 1wl %) (B.8)
Taking integration, we have
b1 2 2 D1 2 2
SOV O () < [ (Il + Il ) d B.9)
0o 2 0o 2
For non-x-dependent terms, we obtain
Dw(0)* —[|w|[> < D (||wl [ +]wx|*) (B.10)
Therefore, we arrive at
D+1
w(0)2 < == [|wl[* + [ (B.11)
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In the same way, we have

b 1
| @ =3 (0(D) < w(x)?)
xD D 1
| wlomdx <[5 (w0 4wy (%) dy

<5 ([[wI? + [lwxl?)

Therefore, we arrive at

D+1
WD) < =l P [
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Appendix C

Stable Systems and Their Proofs

C.1 One-Phase Stefan Problem With Monotonic Interface

Consider the system

Wi (x,1) =0 (x,1) +5(1)¢' (x — 5(1))X (1), (C.1)
wx(0,1) =0, (C2)
w(s(t),r) =0, (C3)
X(1) =—cX (1) = Pwx(s(1),1). (C.4)

Lemma 7 With the conditions

s(t) >0, 0<s(r) <3, (C.5)

for some positive constant § > 0, (w,X)-system in (C.1)—(C.4) is exponentially stable at the origin
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in the sense of the spatial H-norm defined by
S l‘
D(1) ::/ xtzdx—i—/ (1) 2dx+ X (1)?

Proof:

s(1)
Vi = l/ w(x,t)zdx.
2 Jo

Taking the time derivative of (C.7), we have

) s(r)
V= /0 w(x, 1) wy (x,1)dx + %s’(t)w(s(z‘),t)2
s(1) s(1)
—a /0 W, wee 0, 1)+ $()X (1) /O o (x— (1)) w(x, 1)dx
= ow(x,1)wy(x, t)y 0()—OL/S(I) o(x,1)dx + 5(1) / o (x—s(t

s(1)
= —oc/ wy(x,1)2dx +5(1) / o' (x — s(2))w(x,1)dx.
0

Next, we consider V, defined by

1 50 5
Vo= —/ wy(x,1)7dx.
2Jo
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t)dx

(C.6)

(C.7)

(C.8)

(C.9)



Taking the time derivative of (C.9), we get

s
vy — /O wx(x,t)th(x,t)dx+%S(t)wx(s(t),t)z
s
:wx(x,t)w,(x,t)ﬁ;f)( ) —/0 W (X, 1)y (x,2)dx + %s'(t)wx(s(t),t)2
(1)
=ws(0). i ls(r),1) = [ w2

s(t)
—$(6)X (1) /0 o' (x — s(t) ) (x,1)dx + %s'(t)wx(s(t) 1)?

Taking the total time derivative of (C.2) on both sides, we obtain the following

which yields

wi(s(2),t) = —s(t)wy(s(z),1).

(C.10)

(C.11)

(C.12)

Moreover, the integration by parts in first term in the last line in (C.10) with the help of (C.2) is

given by

s(t) / / s(t) 7
L = sl ndn = 0 @mals(0.0 — [0 = 0w
0

Therefore, plugging (C.12) and (C.13) into (C.10), we arrive at

) s(r) ) 1 )
Th——a / w02 — 2S(0wils(1),1)
0

s(1)
—$(1)X () (d)’(O)wx(s(t),t) _/o (I)”(x—s(t))wx(x,t)dx) :
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Next, we consider V3 defined by
Vs ==X()% (C.15)
Using (C.4), the time derivative of (C.15) is given by

V3 =X(1)X(1)

= —cX(1)? = BX()w(s(1),1). (C.16)
Let V be the functional defined by
V=Vi+V,+pVi. (C.17)
By (C.8), (C.14), and (C.16), the time derivative of (C.17) is given by

) s(1) s(1)
g /0 Wee(x,1)2dx — ot /0 we(x,1)2dx — peX (1)? — pBX (1) wa(s(t),1)
50X (1) /O 5 ()

1)
o' (x—s(t))w(x,t)d —TWX(s(t),t)2
s(t)
—$(1)X (1) <¢ (0)wx(s(t),1) —/0 ¢"(X—S(f))wx(x7f)dx> : (C.18)

Using the fact that s(¢) > 0 and applying Young’s inequality yields

B (0.0 <2 (ex(7 + B0, C.19)

sox) [ " o s(e) i) < (wX (1)? +% < / " o= S(t))w(x,t)dx)2> |
(C.20)
~SOXOF Owr(s0)0) <5 (0 02XOP + S 6(00.07) a1
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for some positive constants y; > 0 and > > 0. Here we choose
n=007° m=L (C22)

Also, by Cauchy-Schwarz inequality, we have

( [ ¢’(x—s(r>>w(x,r)dx)2 < ( [ st ())2dx> ( | s(”w<x,t>2dx>

<§ / w(x,1)2dx. (C.23)

where §' = [ ¢/(—x)%dx. Applying (C.19)—(C.23) to (C.18), the following inequality on V is

derived
V< —OL/S(l)w (x,1)%dx — a/s(t) o(x,1)2dx — pe EXx)?+ &w (s(1),1)?
= XX 9 0 2 20 X Y
/ s(t)
+5(1) (2¢'qz o / w(x,1)2dx+¢'(0 ) (C.24)

Applying Poincare’s and Agmon’s inequalities which give [; ) w(x,t)2dx < 45 [ ) wy(x,1)2dx

and w(s(t),1)> < 4s‘fos(t) Wi (x,1)%dx, the inequality (C.24) becomes

: 25\ 5 s(t)
V<-— (Oc— 20P S) / W (x,1)2dx — OL/ wy(x,1)%dx — %X(I)Z
0 0

c

N s(1)
+ (1) ( 5 qu o /O w(x,t)zdx—i—(b’(O)zX(t)z) : (C.25)
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col

Therefore, by choosing p = i We arrive at

) s(r) s(t)
V<-— %/0 wy(x,1)%dx — %/0 w(x,1)2dx — %X(t)2
T/ s(1)
+5(t) (%/0 w(x,t)zdx—l—q)/(O)zX(t)z)

<—bV +as(t)V

! 2/02 .
Wherea:max{%, ¢1(7) },b:mm{%,c}.

(C.20)

However, the second term of the right-hand side of (C.26) does not enable to directly

conclude the exponential stability. To deal with it, we introduce a new Lyapunov function W

defined by
W = Ve (),
The time derivative of (C.27) is written as
W= (V-as(t)V) e~
and using (C.26) the following estimate can be deduced
W < —bW.
Hence, W(¢) < W(0)e ", and using 0 < s(¢) < § and (C.27), we obtain

V() <e®V(0)e ™.
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C.2 One-Phase Stefan Problem With Convection and Heat
Loss

Consider the system

W (x,1) =Wy (x,1) + bwy(x,1) — hw(x,1)

+50)0' (x—s())X(t), 0<x<s(t) (C.31)

wx(0,2) =yw(0,1), (C.32)

w(s(t),t) =0, (C.33)

X (1) ==X (t) = Bwi(s(r),1), (C.34)

where b is an arbitral parameter (can be positive or negative), h > 0, ¢ > 0, and Y > max { 0,— % }
Lemma 8 With the conditions

s(t) >0, 0<s(r) <sy, (C.35)

for some positive constant sy > 0, (w,X)-system in (C.31)—(C.34) is exponentially stable at the

origin in the sense of the spatial H,-norm defined by
s(7) s(7)
(1) := / w(ox,1)2dx + / wy(x,1)%dx+ X (1)? (C.36)
0 0

Proof:

We consider a functional V| defined by

1 /s )
Vi = 5/ w(x,t)"dx. (C.37)
0
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Taking the time derivative of (C.37) along with (C.31)—(C.34), we have

, s(t)
vi= w(x,t)wt(x,t)dx—i—%s’(t)w(s(t),t)z
0
s(1)
zoc/ w(x, )Wy (x, 1 dx+b/ w(x, ) wy(x,t)dx — h/ w(x,1)%dx
0

X (1) /O o (x — s(1))w(ix, 1)dx

; s(1)
=0 (x, ) wy(x, 1) [ _ f)( ) —(x/o w(x,1)2dx+ g(w(s(t),t)2 —w(0,1)?)
s(1)
_h / w(x, 1) 2dx+ $(0X (1) /O o (x— (1) )w(x, 1)dx
— -l - (oot 5 ) wio.r?

s(1)
—|—s'(t)X(t)/0 o (x—s(2))w(x,t)dx. (C.38)

Applying Young’s inequality with the help of s(¢) > 0 and 0 < s(¢) < s;, we have

s(1) _
X (1) /O o (v s()wixr)dr < 2 (X2 + 37wl (C.39)

where ¢ := SUP(1)e(0,5,) \/ I ©) &' (x — s(r))2dx. Thus, applying the above inequality to (C.38), we

get
- 2 2 b 2 S(t) 2 22
Vi< =t 2 = hflwl P = (vt 5 ) wi0,1) +T(X(t) O | |wl| ) (C.40)
Next, we consider V, defined by
1 [s@) 5
Vo = E/ wy(x,1)"dx. (C41)
0
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Taking the time derivative of (C.41), we get

T
vy = /0 wx(x,t)wx,(x,t)dx+%s’(t)wx(s(t),t)z
)
st (D[ = [ w0+ 550w 5(0), 02
) s(1)
:Wx(s<t) t)wt(s(t) t) _YW(O t>Wt(0 t) _O('wax“ _b/ Wxx(x I)Wx(x’t>dx
~|—h/ Wi (X, 1)w(x,1)dx — s(t / O (x — s(t) )W (x, ) dx

+ %s'(t)wx(s(t),t)z (C.42)

The boundary condition w(s(z),7) = 0 yields
wi(s(2),t) = —s(t)wy(s(z),1). (C.43)

Moreover, we have

s(1)
/O 0 (x — (1)) wre (x, 1)l
s(1)
=4O~ (w00~ [ ¢ sOmendn €4

Therefore, plugging (C.43) and (C.44) into (C.42), we arrive at

. s(1)
Vo =— Oc||wxx||2 —b/o wxx(x,t)wx(x,t)a’x—th(O,t)2 —h||wx||2 —yw(0,1)w;(0,1)
s(1)
—$()X () (¢'(0)Wx(S(f),f)—Y¢'(—S(I))W(0J)—/O ¢”(X—S(l))wx(x»f)dx)

— %s’(t)wx(s(t),t)z. (C.45)
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Applying Young’s and Cauchy-Schwarz inequalities, we get

2

b
_HWxH (C-46)

s(7) o ’
—b/o Wi (X, )Wy (x,8)dx < EHWxxH + 0

Moreover, applying Young’s inequality with the help of s(¢) > 0, we get

X0 Owils(e). ¢ >s%<wx< P HYOPK0P), (€4
$(H)X (1) (Yd)’( / wx(x,t)dx)
= (<¢_;2+1>x<r>2+v2w<o,t>2+W wauz) 49

where ] = sup,(y)c 0. [0'(—s(1)], and & = sup o \/ Jo 0 (x — s(1))2dx. Applying

these inequalities to (C.45), we have

: a b?
Vs = Gl (g1, ) = 0,7 (0.0}, 0,

200
s(1)

+ 22 (@02 87 + DX ()2 +7w(0,)2 +87|[wa ) (C49)

Next, we consider V3 defined by

(C.50)
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The time derivative of (C.50) and applying Young’s and Agmon’s inequalities, we get

Vs =X (0)X (1)

=—cX(t)” = BX ()wa(s(t),1)
¢ 2 B 2
<_Z L
¢ B 2
<-— §X(t) +— > (2w, (0,1)% + dse| [ wie| )
E ( BZYZ 2 2STBZ||W ||2
2 c XX
c 4s 2s
§—§X(t)2+%yzylwx“2 i | XXHZ (C5D)
Let V* be the functional defined by
VE=Vs+ %(w(o,z)2 Vs, (C.52)
where p = 852 . By (C.49) and (C.51), the time derivative of (C.52) satisfies
e o o c
7 <= Sl + (2 + TE ) = 0. - 2o
S@) (112 | 2 2 2 | T2 2
+ = (00 +5 + DX (1) +7w(0,0) +9" [wl*) (C.53)
By Poincare’s inequality, we have
[Wel|? < 250w (0,1) + 452 || wi| > = 257 w(0,1)% + 452 ||we| |* (C.54)
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Applying this to (C.53), we get

. o b? o o
e <— w2+ (— 4+ —h> el 2+ < 872 —yh> w(0,0? — EEx (12

=7 652 20 2 S 5
+ % ((<1>/(0)2 + 0+ )X ()2 +Pw(0,1)? +W2wa||2) . (C.55)

Finally, let V be defined by
V=V*44V, (C.56)

where g > 0 is a positive parameter to be determined. Then, the time derivative of V satisfies

o o [b? o o
i+ L (E T8 )l =g () I

1652 2 \2a ' 2 852

(
- (q (yoc+ 13) _or +yh> w(0,6)2 — Zx (1)

V<-—

2 8y 2

(@02 +07" +1+9)X (1) +q@ Il +YPw(0.0) 2+ § wil ) . (€5T)

Therefore, by choosing

b
y>max{0,—ﬁ}, (C.58)
b? ory(2ys; + 1)
_ — 4y, L C.59
K max{oc2 v 1653 (Yo + ) )

there exists a positive constant @ > 0 such that
V < —dV +asV, (C.60)

holds, where d = min { ﬁ +h, c}. Using the same approach as Appendix C.1, we can deduce
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that it holds

V(t) < e™v(0)e . (C.61)

Recall the definition of ® = ||w||? + ||wy|[> + X (¢)? given in (C.36). Then, with the help of

Agmon’s inequality, we can obtain the following bound:

MP <V <M, (C.62)
where
M= %min{q, 1,p}, M= %max{q, 1 +4ys:, p}- (C.63)
Finally, by combining (C.61) and (C.62), we obtain
d(r) < geast(O)ed’, (C.64)

by which we complete the proof of Lemma 8.
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C.3 One-Phase Stefan Problem With Delay

Consider the system

z(x,t) =—zc(x,1), —D<x<0
z(—D,t) =0,
wy(0,¢) =—2(0,1),

c
wy(x,1) =0y (x,1) +

ES'(Z)X(I), 0<x<s(r)

X(t) =—cX(t) — Bwi(s(t),1).
Lemma 9 With the conditions

s(t) >0, 0<s(r) <sy,

(C.65)
(C.66)
(C.67)

(C.68)

(C.69)

(C.70)

(C.71)

for some positive constant sy > 0, (w,X)-system in (C.65)—(C.70) is exponentially stable at the

origin in the sense of the spatial H,-norm defined by

0
I1(z) ::/ Zx(x,1) 2dx+/ w(x,t 2dx—|—/ (o, 0)2dx+ X ()%

Proof:

Change of variable

Introduce a change of variable

o(x,1) =w(x,1) + (x—s(1)) z(0,1).
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Using (C.73), the target (z,w, X )-system (C.65)—(C.70) is described by (z, ®, X )-system as

z(=D,t) =0, (C.74)
(1) = —ze(x,1), —D<x<0 (C.75)
@x(0,7) =0, (C.76)
(1) =051 ~ (v=5(0) 200 +50) (§X() ~200.0 ), 0<x<5() €T
o(s5(1),1) =0, ©78)
X(6) =~ X (1) — Blex(s(t),1) — (0,1)). 79

Stability analysis of (z, ®, X )-system

Firstly, we prove the exponential stability of the (z,®,X)-system. Let V; be the functional

defined by

0
V) = / e, (x,1)2dx, (C.80)
)

where m > 0 is a positive parameter. (C.80) satisfies
||Zx‘|%2(—D7O) Wi < emDHZxH%z(—D,O)- (C.81)

Note that (C.74) yields zy(—D,t) = 0 through taking the time derivative and applying PDE (C.75).
With the help of it, taking the time derivative of (C.80) together with (C.74)-(C.75) leads to

0
Vi :—2/ e ™Mz (X, 1) Zex (x,1)dx
-D

0 /d
=—e ™ (6, 1)2 20 )+ / (—e_mx> ze(x,1)%dx
_p \dx
0

— (0,02 =m / e (), (C.82)
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Let V, be the functional defined by

2
Va=3 (S_z 10117, 0,5(r7) + Il |i2<0’s(”)>

L1 2 2
:5/0 (s—zw(x,t) + oy (x,1) )dx. (C.83)

(C.83) satisfies max{s?, 1}||0| @[1(075([)) <2V, < max{1/s2,1}||o| ]%(O7S(l)) Note that taking the
total time derivative of (C.78) yields @y (s(z),7) = —s(¢)wx(s(¢),?). Taking the time derivative of

(C.83) together with (C.76)-(C.78), we obtain

b= (Sots(0.07 +ar(s0.02)
N /O 0 <ém(x,t)0);(x,t) + cox(x,t>coxt<x,t>) dx
=007
b [ 0tn) (0atr) — =520, +50) (520 0. ) )

+ @ (s(2), )0 (s(r),1) — @, (0,7) e (0,7) — /OS(I) Oy (x, 1) (x,1)dx

1 s(t)
- S—||03x| |%2(o,s(t)) - S—sz(Oyl)/O (x—s(t)) o(x,t)dx

c s(t)
(BX(t) —z(0, t)) /0 ©(x,1)dx — o | @y |§2(075(t)) +2:(0,1)®(0,1)
— me(s(t),t)2 —$(1) (%X(t) — z(O,t)) o (s(t),1). (C.84)
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Applying Young’s and Cauchy Schwarz inequalities to the second terms on the first and second

line of the (C.84) with the help of 0 < s(z) < s, yields

M 1 (1) 2
S ( /O (x—s(t))(o(x,t)dx) ,
%Zx(() 1)?

Y e sezan) ([ onax)
271 /o /0

3
n or
<500+ g0l 0,0

M 25;
EZx(O»f)z + 3—%wa\ 2 0.50): (C.85)

s(1)
2:(0,1) /O (x— (1)) ©(x,1)dx

122(0,0)0(0,0)] < 22,(0,1 + (0,12,

?Z_ 12162
72 25,
EZX(O t) +Y_H xHLz 0,s(t))> (C.86)

where we utilized Poincare’s inequality ||| ]iz 05(0)) < 452 |0y | ’iz(o s(r)) and Agmon’s inequality

0(0,1)% < 4sr||0)x||%2(O s(r)> @nd ¥1 > 0 and v, > 0 are positive parameters to be determined.
5 3

Hence, applying (C.85) and (C.86) to (C.84) with the choice of y; = % and Y, = %, the

following differential inequality is deduced

. o o 16s;
Va<— EHO)XXH%Q(O,s(t)) - 2_S%H('0XH%2(O7S(I)) a (0,1)?
. c? 1
+35(1) (2@;((;)2 +22(0,1)> + 2—S§\|w| |§2(07s(m> . (C.87)

Let V3 be the functional defined by

(C.88)
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Taking the time derivative of (C.88) and applying Young’s and Agmon’s inequalities, we obtain

V3 =—cX(1)* — BX (1)(@(s(t),1) —2(0,1))
4B, 4DP?

c 2
<——X(t
<=3 ()" +

el 17, 0.500y) + = 2:lIEy 0 (C.89)

Let V be the functional defined by

V=gV +Va+pVs, (C.90)

where g > 0 and p > 0 are positive parameters to be determined. Combining (C.82), (C.87), and

(C.89), we get

. o 8pPB2s; ) o 2 165} )
V=3 (1= 280 foul 0.0~ gzl By — (4~ ot ) :00)

4DB? pc
(g0 ) ladpoy - 5 X0

. c? 1 s
+35(r) <2§X(I)2+ZZ(OJ)2+2—S§ /0 m(x,t)zdx). (C.91)

Hence, by choosing the parameters as

co 165} Do
_ _ 165y Do C.92
P 16B2s,’ 1 max{ 3a ’Zer}’ (€92)

the inequality (C.91) leads to

Vs = Jlloxllz, o0 ~ Q_S%H(OXHLQ(O’SU)) —m (q—l’% lzxllz,(-p.o) = 5 X )?
: e », 1L W0 2
+5(1) (2@X(t) +22(0,1) +2—S3/0 o(x,t)dx |,
1
<- 8—v2 - %e—mDvl . %X(z)z +5(t) (62 Vs 4+ 8DV, + V2> (C.93)
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from which we obtain the form of

V <—bV +as(t)V, (C.94)
where
o 8D 1 4c?
b=mind ZemP X b g —max{ 22 2 L (C.95)
2 8s7 q s’ pp?

Hence, applying 0 < s(¢) < s, the exponential stability of (z,®,X)-system is shown as

V() <V(0)e®re™™. (C.96)

Stability analysis of (z, w, X )-system

Taking the square of (C.73) and applying Young’s and Cauchy Schwarz inequality, we

obtain
101154 (0.500y) <2IWII34 0,500y T K1ll2xlIZ,—p0) (C.97)
W13 0.5y 20154 (0 500y + Killzal 17, 0y (C.98)
where K| = 81;53 + 8Ds;. Consider the following norm
T1(1) = ||zl 17, -0y + W13 0.5y +X O (C.99)

Then, recalling ||zl|,p,g) < Vi < €"llanl|L, o) and Kallollsg g ) < 2V2 < K30l )

where K, = max{s2, 1} and K3 = max{1/s2,1}, applying (C.98) to (C.99) yields the following
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bound:

IT<(1+K1)|[z] |i2(71),0) +2|[o] |§{1(o,s(;)) +X(1)?,

<(1+K1)Vi +4KaVa +2V3. (C.100)

Moreover, recalling V = gV 4+ V> 4 pV3 and applying the above inequalities, the following bound
on V is derived:

K
D[, |2 3 2 4
V <qe"™ [zl l1y-p.o) + 5 1101134 0.500)

+5X(0)?,
KiK:
< (qemD+ =12

2
K
2 3 2 p 2
) >HZXHL2(D7O)+ 5 HWH}[I(OJ(;))"}_—X(O :

7 (C.101)

Therefore, (C.100) and (C.101) leads to the following equivalence of the norm V and IT:

8V (1) <T(r) <8V (1), (C.102)
where d = 1

K K
max{qemDJr—l2 3 .,K3,%}

and § = max{%} (Ki+1),4K, %} By (C.96) and (C.102), we
have

(1) < <I1(0)e™re ",

|l ol

(C.103)

which yields the exponential stability of (z,w, X )-system, and we complete the proof of Lemma 9.
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C.4 One-Phase Stefan Problem With Non-Monotonic Inter-
face and Disturbances

Consider the system

Wi 06,) =00wa () + GS(OX(1) +0x = 5(1))d (1), (C.104)
0.0 =) - Be [0 =B [ v —vi-soxa]. caos)
wis(r),1) =eX (1), (C.106)
X(r) = —cX (1) — Bwx(s(r),1) —d(0), (C.107)

where € > 0, ¢ > 0, and ¢(x) and y(x) are bounded continuous functions in x.

Lemma 10 Suppose that there exists a positive constant § > 0 such that
0<s(t) <s. (C.108)
Let V (t) be a Lyapunov function defined by
V() = ||+ =X ()2, (C.109)
20, 2B

Then, there exists a positive constant €° > 0 such that for all € € (0,€") the following inequality

holds:

V(t) <—bV(t) +Td(t)*> +25f(t)> +als(t)|V (1), (C.110)

i 4y 2
where a = 2#Esmax{l, 2%6328% } b= %min{s%,c}, and ' = ﬁ + %X—S; (%S +£> . Moreover, suppose
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that there exists a time-varying function z(t) which satisfies
H0) > [s0)], z<z() <z (C.111)

for some constants z € R and 7 € R. Then, the system (C.104)—(C.107) is exponentially ISS with
respect to f(t) and d(t).

Proof:

Note that Poincare’s and Agmon’s inequalities for the system (C.104)—(C.106) with 0 < s(¢) < §

lead to

Ilwl> < 25€2X (1)? + 457| [we ||, (C.112)

w(0,7)? < 262X (1) +45]|w.| . (C.113)

Taking the time derivative of (C.109) along with the solution of (C.104)—(C.107), we have

— EeX (4 Dew(0.0)? —w(0.0)£(1)

B
——eth{/ Y(—y)w(y,1)dy+y(— ())X(t)}

V(r) =~

3
- EX(t)d(t) T+ / 0= s(t)w(i1)dxd (1)
+s'(t) ( B/ w(x,1)dxX (1 )) (C.114)

Applying Young’s inequality to the last term in the first line, the second, third, and fourth lines of

(C.114), we obtain

—w(0,0)7(e) < (0,0 4257 (1), (C.115)
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—w(0,1) [E

o

s(1)
[ sy w-sex)]

i ?

<30+ B ([ vt ) snwesoxer. e

s(1)
- %X(r)d(t)—ké /O O(x—s(1))wlox, 1) dxd (1)
2

1 (e 2 (h+v) 1 (1)
§2_Y2 (BX(I)) +%d(t)2+ % (/0 q)(x—s(t))w(x,t)dx) , (C.117)

where v; > 0 for i = {1,2,3}. Applying (C.115)-(C.117) and Cauchy Schwarz, Poincare, and

Agmon’s inequalities to (C.114) with choosing y; = % Y = B ,and y3 = 25 (Cﬁs + e) we have

v <-(3- 2 (64“ 3)e) bl

e+ #06) ) X0+ a0 4 257007

+ |S§2| (e%{(r)%%

/ X (1)
0

), (C.118)

where I' = M and g(€) = g5 — 5= — ’ <%¢Ca§2 +3> 2. Since g(0) = gg > 0 and g (e) =

—5— o (@ + 3) < 0 for all € > 0, there exists €* such that g(€) > 0 for all € € (0,€*) and

g(€") = 0. Thus, setting € < min {g*, m} , the inequality (C.118) leads to

V(t) <—bV(t)+Td(t)* +25f(1)*

§ ¢ s(1)
H (exr | [ winanx)

) , (C.119)

where b = %min {s%,c}. Applying Young’s inequality to (C.119), the inequality (C.110) is

derived.
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