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PREFACE

This paper is the sixth working paper of a group that has as their
common concern the development of statistical methods for the analysis of
the spatial structure of population and employment in urban areas and
regions, Its principal concern is ia application of quadrat analysis to
spatial sampling.

This work 1s being conducted under the sponsorship of a grant from
the Economic Development Administration of the U.S., Department of Commerce,
A complete listing of the Working Papers under this grant appears on the
back page of this paper. They deal with regional patterns, development,

and policiles,

Andrei Rogers
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November 1, 1969
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1. Introduction

Let a random variable X have the density

(1.1) £(x; {6} )»

where {9} 1s a set of parameters, There are a number of questions
that can be asked with respect to (l.1):

1. What is the form of f£?

2, What are the elements of {6} ?

3, What are the specific values of the elements of {6} given that
f is specified?

4, Does {6} change over time and/or space?

5. Given (g} , what mechanism could have resulted in the specific
{6} ?

6. Given f, what is an effective sample design to obtain the
(a) estimates of {p} ?; (b) power to discriminate between alternative
hypotheses?

7. Given £(x; {8} ) and Y = H(X), how can this information be
utilized in obtaining information about the variable ¥?
The questions 1, +.¢, & and 6 are ‘''classical’ in statistical analysis,
The fifth question is a much neglected, but an extremely important one,
Andrei Rogers has in a recent paper [A. Rogers (1969) pp. 70.+.73] pointed
out its relevance for statistical inference.

In this paper I shall be concerned with questions of type 7. I
shall present some analytical tools for dealing with the problem, and an

application. These tools have wide applicability, and will turn out to be



efficient in complex problems. Therefore I consider it important to
present them here, even though the application I worked out turned out
to be solvable by somewhat simpler methods.

The problems of sampling related to questions of type 7 should
be worked out along the lines of the theory of ratio estimates, I
shall not deal with these questions in this paper since the applica-

tion I chose could be solved by analytical methods.,



2, The General Nature of the Problem

Suppose a certain population (X) is spread over a two-dimensional
space in a clustered way (see Fig. l).

Suppose elements in A are similar

-

. e . o w.r.t. some characteristic Y, and

elements in B are similar w.r.t.

elements in A are different from

elements in B w.r.t. Y, i.e.

[

o PO S the same characteristic Y, but
{
L

if y €Y, theny, # Yge

Now if we know the distribution of X we can take advantage of that know-
ledge when we are interested in a characteristic Y that is related to X,

provided that we know the functional relationship of Y to X. The prop-

erties of Y can then be derived., Since the elements of the clusters
are at least to some degree homogeneous w.r.t. Y, clustered sampling

of Y would be much more efficient than random sampling, if we chose to
sample Y directly instead of deriving its distribution from the density
of X.

3. Functions of Random Variables, Derived Distributions.

Let the problem be to derive the demsity function of a random
variable Y from the knowledge of the density of another random variable
X when Y = U(X). Tor example suppose that X has the density

.1 O<x<1

(3.1) £(x) =
Y} elsewhere

and let Y =8~ 2



One way to derive the distribution of Y is the use of the cumulative
distribution, In the next paragraph I shail present the more efficient
method of characteristic functions.
Denote the density and the cumulative distribution of Y by g(y)
and G(Y), respectively, From (3.1) we have
0 for x £0

(3,2) F(X) = of‘ £(x) dx = of" ldx = x for 0<x<1

1 for x 21
where F(X) = P(X £X) is the distribution of X, From the definition of a
distribution function we get
G(Y) =P(YS y) = P(8X =~ 2 <y) = P(X él.%‘..z- Yo
From (3.2) we finally get
P(X éx;g_.z-) =0 for L‘Qt_z £0 {,es for y< =2

G(y) = { P(X ’__fy'é'z)'-'y;'z for 0 <Y_.'8t.2.. <1 i.e, for =2< y< 6

P(X .S.L%'_.Z) =1 forL;—-g- >1 f.e, for 6< y

To get the density g(y) we differentiate G(y) at points where the
derivative exists:

Gly) = L.t2 ; deyy=l4dg =1,
g oW 53 °0) 3

Thus we obtain the desired density

cy) =1 2<y <6
8
=0 elsewhere,

4, Characterigtic Functions

Many problems in probability theory, particularly those comnected

with sums of independent random variables, can be tackled by means of



characteristic functions (the name "Fourier transformations' is used in
analysis).1

Definition: The expected value of the random variable eitx is
called the characteristic function of the random variable X; X is a real

parameter, i is the complex part. Denote the distribution function of X

by F(X). The characteristic function is then

(

_Jf%itxf(x) dx in the con- -:

(Def) s %{(t) = E(eit‘{) = ﬁitxdF(x) ={ @ tinuous case
jz eitxp(x) in the 4is-
crete case

x=0
Where £(x) and p(x) denote the density of X (i.e., [X = x]), and the first
integral is the Stieltjes integral,
The following properties Lold for a characteristic function:
(1) A characteristic function exists for all distribution
functions, i.e., for all random variables.
(ii) £ (0) =1,
(1ii) |g(t)] ¢ 1.
(iv) ¢ (t) is uniformly continuous over the whole real line,
(v) Let X and Y be two random variables, and a and b two

constants. Then, for the linear combination Y = a +bX we have

ity JltlabXly oo ita 1ebX) _  itap  itbX

) = E( )

= olta 5 (tb)

Cx(t) = E(e

(vi) The characteristic function of an independent random

variable is equal to the product of their characteristic functdoss:

EZXj(t) = E(eitzxj) = (et elthy ooe eitxn) =ﬁgx (t).

——————— j=1 J
1Characteristic functions and moment generating functions are very similar
in their essential features., By dropping the complex part of a character-
istic function, one reduces it to a moment generating function. However,
chaiagieristic functions are more general since they exist for all random
variables,



Note: This is only a necessary, but not a sufficient condition for
independence,

(vii) If X has an absolute moment of nth order, then its

characteristic function has a k™ derivative (k2 n):
(k) (k)
d (k) d itx k. k itx
t) = t) = =
e 0O CX( ) = g () ey fe TdF(x) =1 fxe dF(x).

From the last property we can derive useful expressions for the mean and
the variance (and, as a matter of fact, also for higher order moments).

By definition

Far@) = B,
Then, if we evaluate the first derivative of the characteristic function

at t = 0, we have that
gt = 0) = 1 fxe®dF(x) = 1/xdF(x) = 1iE{X).
Thus ER) =1 p
s X) T cx(o).

Similarly, consider the second derivative at t = 0O:
2©) - 1 slarem = 125 = £,

Thus, E(X°) = ~22(0)

Hence

var () = £ - [E®]Z = -g0) + [gL1%

(viii) A distribution functicen ig uniquely determined by its
characteristic function,
Note 1: There exist characteristic functions vwhose values coincide on
an interval as large as we please and which are not identically aqual,
Ncte 2; It is possible to find indcpendent random varisbles Xl, XZ’ and
X3 such that the probability distribution of X2 and X, are different but

3

that the distribution functions of the sums x1 4+ X2 and X1 + x3 are



identical (Gnedenko, p. 300). This is ancther explamation to the result
observed by Rogers (logers, p». 73) that the same distribution seems to fit
data generated by different compound mechanismg,

Consider now an exaumple, Calculate the characteristic function
for the negative binomial distribution, Use the characteristic function
to derive the mean and the variance of the distribution,

To derive the negative binomial distribution, let p denote the
probability of success and q denote the probability of failure of a given
event, Let p(x) be the probability that exactly x + r trials will be
required to produce r successes, The last trial must be a success, and
its probability is therefore p. Among the other trials there must be rel

- ’ -
successes, and the probability of this is (x tr 1) r-l x

r-1 4o

Thus

TR =(x +r - l)pr-qup = (x +r - 1) r x

e -1 (P4 [(Mood and Graybill
(1963)’ Po 72)]0
This distribution is called the negative binomial distribution, Mood's
derivation, which I have followed above, differs slightly from that of

other authors, This is due tc the fact that (x : f ; 1) = (x + ; - 1).

The characteristic function for the negative binomial distribution is then

given by
22y y d
o dtxx+r -1} rx r it x (x +1 = 1!
t) = { ) = 2 TEVE -2 ¢
cX( ) ‘_Je \re-1 P s e ZE:(Q' G EE N EEEIE
X=0 X=0

it x , -
-2 Z.(.QE.. Lt r =D apta - q=1% T

The fivrs# and the second Jerdiwstive of [ (L) are

p() = v’ - geCyer-l (-ga'T1)



X(0) = =rp" (1 5 Q)T -q1) = rp‘lqi.

ey = & 20T -qe!H T (qelti) = £ R o (t)gm.:z
% f(“’S' ET‘ de

g(
= rpt (L - qel®) T (wqelti?) + (-qe!ti) [(r = 1) (rpP) (A ~qel®)F

(-qe i)]

-1 2 =2 -2 2 =222 2 2,
Q(O) ==rp ~ q -+ (~qi)(~r"p "qi = rp “qi) = ~-rp 1q +rp "L + rp zq 12

-1 «2 2 2 =22 2 «2 2
= -rp q=1p q° =-1xrp q°=-rp “q° -xp q(l §)°

The mean and the variance are then
=1
E(X) = g{(O) -1 i P lqi =rp 'q=
2 2 =2 2 -1 =2 2
var @) = =g + (@17 = r%p™%q% +xpTra + D) - xp7

=7l + D) = L+ e

5. An_Application

The State Board of Equalization receives during any one period N
independent '"'contributions' from the retail establishments of our study
area, Let P(N = n) = p(n)., If we denote the shipments of collected sales
taxes by Yi2 Yoo eees Yy then the total tax revenue during the period is
the sum SN=y1 + Yy + see + Yy Let the random variables i be functions
of another random variable X = the number of stores in a given cell (block)
of the area; specifically, let y; =a - bxi, for all i, Furthermore, let
the distribution of the x's be known; specifically let the x's be iden=
tically distributed as the negative binomial distribution. Suppose we
wvant to find the distribution, the mean and the variance of SNo How can
we benefit from our knowledge about the functional relationship between
Y and X, and the distribution of X? Note that N is also a random variable,

By definition the distribution function of Y is

F(Y) = P(yi £2y), 1 =1, 2, ees



Let n be a fixed, arbitrary value for N. Then

(5e1)  P(Sy= y) = B(y; + ¥, +ese +y =)

which, using the assumption about independence, is

(5.2) = Fn* (y), (see Rogers, p. 33)

where n* denotes "n fold convulution,"

From Property (vi) of a characteristic function we then have that

(5e3)  gg (0) =[5 (0)]°
n

From the definition of a characteristic function it follows that
_it:SN ' itSn
God) g () =E M =E(Yp@e
N n
when N is a random variable,

Using Ep(n) - p(n) the expression (5.4) can be written as

itSn
(G5) g (®) =) p@EE ™
N

n

We recognize the latter term of the right hand side as a characteristic
its

function, namely E(e n) = SN(t)

Thus, using (5,3)

5.6) 5 (©) =) P ©1
N

n

e note that the first theorem of Helly states that any sequence of non=-
decreasing functions Fl(Z), F2(Z), soes Fn(Z)aoo, vhich are uniformly
bounded, contains at least one subsequence Fnl(z), Fnz(z), Seihs Fnk(Z) P
vwhich converges weakly 2to some non-decreasing function F(Z). (Gnedenko,
ps 280). Cleayly the distribution functions of y fulfill the conditions

of Helly's theorem. (A distribution function is always non=decreasing; the
functions are uniformly bounded since y = £(X), and the x's are uniformly

distributed,)

2Ye say that a sequence of non=~decreasing functions F, (Z), F.(Z); eees
F_(Z), ceo converges weakly to a non~decreasing function F(Z) if for n+ «
it converges to F(Z) at each of its points of continuity.
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Furthermore, by referring to the direct limit theorem, which says
that if the sequence of distribution functions converges weakly to F(Z),
then the sequence of corresponding characteristic functions converges weakly
to the characteristic function z(t), we can conclude that (5.6 converges,

since p(n) 1. Hence, (5,6) is the stem function3 of the sequence p(n).

[See also Note 4 at the end of the paper})., Denote a sten funcidon by B(Z).
Then

(57) g (£) = B(g[eD).
N

Recall that N is a random variable, Now if we assume that N is for example
Poisson distributed == which is a plausible assumption of the period we
are considering is a relatively short one ~~ we have to derive the stem
function of the Poisson distribution with parameter Cy(t)' Denote this

parameter by z for a moment. ‘Then

00
B(p[zl]) =j§:p(n, )\)zn where )\ is the parameter of the Poisson
o distribution
n=0

© n —_ n -
=VeMAs = AT B L A

No
n=0 ZL&
= e-)\ (1-2)0

By substituting z = Cy(t) we get from (5,7)

(5:8)  Beelg,®)] = AT o pepy
N

Finally we shall make use of our knowledge that Y = a + bX, Recall
Property (v) of a characteristic function:
£ () = e1t3Cx (b)),
3
If A(z) =§£:akzk converges somewhere when z varies, then we say that A(z)

k=
1s the stem function of the sequence (ak). z is a real or complex para=-
meter, A(z) is also called the generating function of the sequcnce,



i1

Insert this expression in (5.8):

ta
/xtb)

i
(5:9) CS (t) = e Ml e
N
Now the characteristic function (and hence the distribution of the sum SN)
is uniquely determined by known quantities and the unknown parameter of
the Poisson distribution,

To derive the mean and variance of Sn we need the first and second

derivatives of & (0). Note that, in general,
N

rx(tb) - Eeitbx - zeitbxp (x).

X

The first derivative of 2 (t) is then
N

2 =L e @-e' g [ep]) | =2 (et g [eb] e LLEb1eME

g (@) = e A AGOD (htio) 1y [0]1a) =abl0) + Ma = MGEIX] + a)
N

Thus
1
E(S) = § £ (0) =3 i(bE[X] +a) = AGE[X] + a).
N i N i
Now instead of using the second derivative (which gets quite messy, in
this particular case) to derive the variance I shall illustrate the
method of expected values:

E(Sy) = EME(y,) = >\E(yi) = Xa -+ bE[X])

N
var (S,) = Var (2 yy) = Var (v;) + Var (y,) + eeo + Var (), by

independence of the y's, There are N terms in the sumn, but since N is
random we have to use E(N) = ), Note also that Var (yi) = Var (a + bX) =

Var (a) + var (bX) = b2Var(X), for all i, Ve therefore have that

Var (SN) = ;ZVar(yi) = zg bZVar(X) = XbZVar(X)c Collecting the results:
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(t) = e' Ml'eita Cx[tb])

5

N
E(SN) = Ma + bE{[X])

Var (SN) =) b2Var x)

The only additional information we need is an estimate of ), the mean
value of the number of "shipments" arriving at the Board during the

period under consideration,

Note 1: The assumption of N being Poisson~distributed is not an essential
one. Any realistic distribution would do equally well; only the algebra
becomes then more troublesome,

Note 2: The fact that we were able to use eipected values to derive
Var(SN) must not lead the reader to the conclusion that characteristic
functions are unnecessary, and lead only to messy calculations. In more
complex situations the method of expected values will indeed lead to very
cumbersome calsulations, and the characteristic functions will prove to be
more convenient,

Note 3: SinceX is totally independent of X, there is no way we can benefit

from the knowledge of the distribution of X when we sample to get an
estimate of A

Note 4: After writing up this paper and after having read through it I
realized that equation (5.6) could directly have been established as a

stem function by referance to property (iii) of a characteristic function,
which s%*ates that |5K(t)l§ 1, Then a comparicon with the geometric series
£ 1,

snuws that (5.6) couverges at least for @X(t}
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