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ABSTRACT OF THE DISSERTATION

Novel Efficient Implicit Methods
for Elastic Solids And Cloth

by

Yizhou Chen
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2024
Professor Joseph Michael Teran, Co-Chair

Professor Chenfanfu Jiang, Co-Chair

Physics-based simulation, coupled with the Finite Element Method (FEM), has emerged as
a powerful tool in understanding and analyzing the complex behavior of elastic materials.
Implicit Discretization is essential for efficiently and accurately simulating elastic solids and

cloth.

In this thesis, we first explore ways of creating volumetric mesh for embedding surface
mesh. The embedded surface mesh has many small self intersections. We devise an efficient
and robust way of generating a hexahedron mesh to embed the triangle mesh, so that the
self-intersecting regions are correctly duplicated. We then simulate the hexahedron mesh

using Finite Element Method and interpolate to the embedded triangle mesh.

The second part explores different ways of improving the core simulation solver of Finite
Element Method. We improve on the Position Based Dynamics (PBD)/Extended Position
Based Dynamics (XPBD) framework. PBD/XPBD are known for their robustness under

a very small computational budget. However, they have several limitations. PBD/XPBD
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does not converge when the computational budget is sufficient. PBD/XPBD also supports
limited hyperelastic constitutive models. We devise PXPBD (Primary Extended Position
Based Dynamics) to address these issues. The PXPBD methods improves convergence rate

of PBD/XPBD and support arbitrary hyperelastic models.

PBD/XPBD framework does not support quasistatic simulation either. We note qua-
sistatic simulation is important for generating training data for machine learning based
simulation approaches such as QNN (Quasistatic Neural Network). We also notice that the
constraint-based Gauss-Seidel approach in PBD/XPBD causes loss of information on the
node solve. So we design Position-Based Nonlinear Gauss Seidel (PBNG), where the hyper-
elastic energy from FEM is optimized per node, instead of per constraint. Doing so not only
boosts convergence rate, but also enables high quality quasistatic simulation, which runs

much faster than the existing methods such as Newton’s method.

The last part of my thesis uses a machine learning-based approach to simulate human
musculature effectively. We use a neural network to model the deformation of human soft
tissues such as muscle, tendon, fat and skin with high fidelity. By deploying a biomechanics-
based approach, we estimate the activation of single muscle during deformation. The acti-
vation parameters are then incorporated into an active neural network (ANN). which adds
per-vertex deformation on top of Linear Blend Skinning (LBS). Our neural network achieves
more than 1000X speed up as compared to traditional FEM approaches, but it has the same

level of visual fidelity.
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List of Figures

B

(Left) Our method can generate a consistent volumetric mesh for a facial geome-

try that contains self-intersections e.g. around the lips. (Middle) Two interlocking

Mobius-strip-like bands separate freely at various spatial resolutions of the back-

ground grid, despite many near self-intersections in the surface geometry. (Right)

T'wo bunny geometries can naturally separate despite significant initial overlaps.|

'T'wo overlapping bunnies naturally separate. T'he top part of each subfigure shows

the meshes generated by our algorithm, while the bottom part ot each subfigure

shows the corresponding surtace meshes.| . . . . . . . . .. ... ... ... ...

Intersection-free mapping. Two mappings from a non-self-intersecting re-

gion SV to self-intersecting boundary S are shown. The second mapping (right)

requires the existence of a negative Jacobian determinant. | . . . . . . . . . . ..
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Algorithm overview. Given an initial input surface mesh S, there are three

major steps in the computation of the final volumetric extension mesh V: Vol-

umetric Extension, Interior Extension Region Creation, and Interior Extension

Region Merging. (Volumetric Extension) In this step, we create a precursor mesh

tor each element in S, and compute preliminary signing information for the ver-

tices. We then merge the precursor meshes to create the volumetric extension V°

and correct the signing information where necessary. (Interior Extension Region

C'reation) In preparation for growing the volumetric extension into the interior,

we first partition the nodes of the background grid using the edges cut by S.

We decide which regions are interior and count the copies of each region using

the vertices of V° which have negative sign. For each interior region j' with at

least one copy, we then create a hexahedron mesh Vi'< for each copy c. (Interior

FEztension Region Merging) The merging process begins with copying relevant

hexahedra from V° into V7' . First, certain vertices of V' are replaced by cor-

responding vertices from V°. Hexahedra to be replaced are then removed from

Vi'e hefore the boundary hexahedra are copied in. We then merge the various

meshes V7' ¢ by first determining where different meshes overlap, and then using

these hexahedra overlap lists to perform the final merge. |. . . . . . . . . . . ..

Mesh conventions. (Left) A sample triangle mesh is shown, along with the

vector m”. The incident elements Z7 for vertex 6 are also shown. The first 10

faces, visible from the front, have been labeled on the mesh. (Right) The left pair

ot triangles are consistently oriented; the orientations of the edge induced by the

normals point in opposite directions. For the right pair, the orientations on the

common edge point in the same direction; this is not consistent. | . . . . . . ..

xii



13.6

Mesh merge. An example of two meshes merging together. Vertices 2, 3, 4 and

5 merge with vertices 9, 10, 12 and 13, respectively. A new vector m, is created

to hold all of the hexahedron vertices post-merge, and the extra hexahedron (in

red) is then removed. | . . . . ...

Precursor meshes. (Left) Surface element #; creates quadrilateral mesh V5.

(Right) Surface element t7 creates quadrilateral mesh VY. Each element cre-

ates copies of the grid cells i1t intersects by introducing new vertices which are

geometrically coincident to grid nodes. |. . . . . . . . ... ... 0oL

A face surface with self-intersecting lips is successfully meshed. The right-hand

side of each of the first two frames shows the detormed hexahedron mesh, while

each left-hand side shows the corresponding surtace mesh. The wireframe boxes

represent Dirichlet boundary condition regions. In the bottom four subfigures,

lip intersection 1s visualized in the input surtace and subsequent hexahedron mesh. 21

Precursor merge. The 12 vertices bordering the cell marked in yellow are

merged into 8 resulting vertices. Blue vertices 0, 1, 4, 5 and green vertices 12,

13, 15, 16 are merged, respectively. However, magenta vertices 19, 20, 21, 22 do

not merge with the blue or green vertices since their associated surtace element

18 topologically distant. | . . . . . . . ...

Closest facet. (Left) The four vertices in yellow all have ambiguous signs.

(Middle) To sign vertex 5, we generate the local patch Ssv, which are the segments

shown in yellow. The closest facet (indicated in cyan) lies on a face. (Right) A

similar process is illustrated for vertex 8, but here the closest facet is a vertex. |

xiil

39
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Patch expansion. The local patch S;v corresponding to the yellow vertex is

shown. The initial patch is indicated in red, and the closest facet is a vertex of

the red patch. We add the missing incident triangles (turquoise) and recompute

the closest facet. This is again a vertex with incident triangles not in the patch,

so we repeat the process (with new triangles in dark yellow). The closest feature

1s now on an edge, and we proceed to the edge criteria for signing. | . . . . . . .

Region over-count. As the process of partitioning the grid only uses connec-

tivity based on grid edges, it 1s possible for a contiguous region to be split into

multiple regions. Shifting some of the vertices of & on the left results in the

geometry on the right, which contains an additional region in the upper right

corner since no edge connects this grid node to the larger blue region. | . . . . .

Connected regions. (Left) The surface partitions the background grid into

contiguous regions. (Middle) The exterior regions are removed. (Right) The

volumetric extension V” is shown, along with the negatively signed vertices in

green. Multiple geometrically coincident vertices are indicated using blue circles

with green centers. |. . . . . . . . . L

Copy counting. The two regions from Figure |3.13[ having multiple copies are

shown. Each copy is displayed with its corresponding connected component of

vertices with negative sign. | . . . . . . . . ... ..o L

Edge cut criterion. Grid nodes X; of a region are shown, along with two

examples showing that adjacent grid nodes may have their common edge cut

by a triangle (cut edges are indicated by the dashed yellow lines). In this case,

. . . . . . il0 .
adjacencies are not built between the corresponding vertices in V! * to avoid

unwanted sewing. | . . . . .. ...

Xiv



B.16

Preliminary merge. The construction of the volumetric extension V° may

result in geometrically coincident vertices which do not come from topologically

distant parts of the mesh. Green vertices have negative signs, while purple vertices

have positive sign. Above: The process in Section |3.5.1/ merges these vertices into

a single vertex. Below: We do not merge coincident positive vertices, to avoid

unnecessarily sewing the exterior. | . . . . . . . .. ...

43

Vertex adjacency. The merge process between vertices of Vi'e and Cgl. For

the cell highlighted in yellow, there are 2 hexahedra from V7' and therefore 4

pairs of geometrically coincident vertices. The two negatively signed vertices (in

4 . . . .
green) from CJ' are matched to the vertices which came from an interior connected

component (marked in cyan) and not the ones which did not (marked in pink). |

Merge with boundary. We illustrate the process of Section|3.5.1] following the

preliminary merge of negatively signed vertices. First, specific vertices of V7' are

merged with vertices of Cg']. Next, hexahedra to be replaced are removed from

the Vi’ <. Finally, copies of hexahedra from V° are added to this mesh. | .....

Overlap lists. A closeup of the overlap region from the geometry ot Figure|3.17|

1s shown here. At the upper left, the seeds for the overlap between the two copies

are shown in purple, as well as the incident negative vertices (green) to the seeds

from each copy. At each step, the current seed is marked with a cyan border.

New geometrically coincident neighbors of the seed hexahedra are then added in

the next step. When all seeds have been traversed, the process stops. |. . . . . .

XV



3.20

Deduplication. We show two of the four copies of the central region (yellow),

corresponding to the right and left segments of V°. Each of copies 0 and 1 create

an overlap list with the upper region (blue). The overlap list for copy 0 creates

a pair between a non-boundary yellow hexahedron and a boundary hexahedron

from the blue region. This boundary hexahedron is in a pair with a boundary

hexahedron of copy 1, allowing us to deduce that copies 0 and 1 of the yellow

region are duplicates. We then repeat the boundary merge process to create a

| deduplicated copy with complete boundary information. | . . . . . . . . . .. .. 45
[3.21 Coarsening. An example of fine mesh connections. Hexahedra 0 and 1 are |
| totally connected, while hexahedra 1 and 2 are connected by a face. After merging |
| the vertices of the coarse mesh (blue), the duplicated hexahedron (indicated in |
| red) isremoved. | . . ... 46

Hexahedra tetrahedralization. (Left) a standard interior face in V. The

the tetrahedra (red). (Middle) a standard boundary face uses a face center instead

of the missing incident hexahedron center. (Right) a non-standard interior face

1s shown. 'T'he right-most incident hexahedra are geometrically coincident. We

form hexahedra pairs/faces (0,1), (0,2) and treat them respectively as standard

| interior, as in the left-most image. | . . . . . . .. .. ... 0000 46
[3.23 A selt-intersecting shape is suspended from a ceiling. The geometry deforms |
| under gravity, and both sides freely move regardless of the initial overlap.|. . . . 47
[3.24 A ribbon with a more complicated initial self-intersection is also treated properly |
| by our method.| . . . . . . ... 47
[3.25 A tace with multiple boundary components and initially selt-intersecting lips is |
| successtully animated.| . . . . . . ... oo 48

xXvi



[3.26 Simple selt-intersecting 3D geometries are able to separate and unturl with our

| algorithm.| . . . . . . . . . 48
[3.27 Two intersecting Mobius-strip-like geometries (pink) naturally fall and separate |
| under our method. The associated hexahedron meshes are shown in the right halt |
| of each framel . . . . . . . . . L 49
[3.28 Running the example shown in Figure [3.27] at different spatial resolutions. In |
| each frame, from left to right, the background grids have Ax = 0.556, 0.278, and |
| OS9 © e 50
[3.29 A complex mesh ot a dragon is allowed to fall under gravity. The left-hand side of |
| each subfigure shows the deforming mesh we generate, and each right-hand side |
| shows the corresponding surface mesh.| . . . . . . ... .. ... ... .. .... o1
[3.30 Several ball-like geometries with intricate slices and holes are successfully meshed |
| with our algorithm and then deform and collide under an FEM simulation.| . . . 52
[3.31 We simulated dropping our 3D examples into a box with a FEM sim.| . . . . . . 53
[3.32 Our method can successfully separate the torus and bristle geometry proposed in |
C ISJPI3L - 54

4.1 30 Objects Dropping (left). Our Blended PXPBD (B-PXPBD) approach ro-

| bustly handles large elastic deformations. FEM Residual Comparison (right).

| stagnate in a representative step of a hyperelasticity ssmulation.| . . . . . . . .. 55
4.2 Equal Budget Comparison. From left to right: Newton (converged), Newton, |
| FP-PXPBD, B-PXPBD, XPBD. With a limited budget, XPBD-style methods |
| are stable, whereas the Newton’s method suffers from instability. Frame 0, 10, |
| 60 are shown in the figure| . . . . . . . . .. ... oo 58
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(a) Primal Residual Comparison: Stagnation. While XPBD reliably re-

duces the secondary residual, its omission of the primary residual in the lineariza-

tion causes its primary residual to stagnate, making its true (Newton) residual

stagnate as well. (b) Primal Residual Inclusion: Instability. XPBD is

unstable when the primal residual term is not omitted. | . . . . . . . ... . ..

Muscle Box Activation. A rectangular bar with both ends clamped falls under

gravity. T'wo seconds later, the muscle box 1s activated and contracts along the

horizontal direction. The level of activation i1s shown on the right side ot the

images. t = 0.0333, 1.2, 2.9 seconds are shown in the footage| . . . . . . . . . ..

Triangle Mesh Coloring. A step-by-step illustration of coloring a mesh in 2D

1s shown. Each node registers the colors used by its incident triangles. We go

over each triangle to determine its color as the minimal color unregistered by its

incident nodes. All its incident nodes then register the triangle’s color as used.

71

Grid-based Mesh Coloring. A step-by-step grid-based simplex mesh coloring

scheme for 2D 1s shown. The illustration assumes the grid uses linear interpolation

where interpolation over a cell only requires the 4 grid nodes on its corners. An

element can have at maximum 12 incident grid nodes. After the first element is

colored green, 9 grid nodes that are incident will register green as a used color.

The elements incident to those nodes then cannot be labeled green. |. . . . . . .

BT

XPBD Hyperelastic. Defining the XPBD constraint as the square root of the

hyperelastic potential is not stable (top). Results at frame 0, 10, 30 are shown.| .

A3

XPBD Neohookean. XPBD is less volume-conserving than FP-PXPBD when

the cube is squeezed. Results at frame 1, 25, 52 are shown.[. . . . . . . . . . ..

xviil
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1.9

(a) Grid-Based Residual vs. Iterations. The residual norm vs. iterations is

plotted at a representative time step with grid-based collision. Newton’s method

and B-PXPBD reliably reduce the residual, but XPBD stagnates. (b) Grid-

based Residual vs. Runtime. The residual norm vs. computation time

1s plotted at a representative time step. Grid-based B-PXPBD and grid-based

XPBD take an extra 1 second at the beginning of each timestep to compute pre-

processing data. Note that B-PXPBD achieves fasters convergence than Newton'’s

| method. | . . . . . . . 7
[4.10 Four Bars Twisting. Grid-based B-PXPBD is capable of handling large defor- |
| mation and complex collisions.|. . . . . . .. ... 00000 78
[4.11 Muscle. Large-scale muscle simulation using grid-based B-PXPBD. Frames 0, |
| 30, 60, 140 are shown.| . . . . . . . . ... 79
4.12 Dropping Dragons. Grid-based simulation with B-PXPBD exhibits many |
| collision-driven large deformations.| . . . . . . . . . . ... ... 80

1

Quasistatic Muscle Simulation with Collisions. Left. Our method (PBNG)

produces high-quality results visually comparable to Newton’s method but with

a 6x speedup. PBD (lower left) becomes unstable with this quasistatic example

after a few iterations. Middle. In this hyperelastic simulation of muscles, we use

weak constraints to bind muscles together and resolve collisions. Red indicates

connective tissues. Right. A dress of 24K particles is simulated with MPBNG

on a running mannequin. ['he rightmost image visualizes our multiresolution mesh.| 82
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5.2

PBNG vs XPBD. Muscle simulation demonstrates iteration-order-dependent |

behavior with XPBD and quasistatics. A zoom-in view under the right armpit |

region is provided. FEach method is run for 130 iterations. PBNG converges to the |

desired solution, binding the muscles closely together. XPBD-QS and XPBD-QS |

(Flipped) fail to converge, leaving either artifacts or gaps between the muscles. |

Details on XPBD-QS and XPBD-QS (Flipped) can be found in Section [5.9} . . 87

Left. Clamped blocks under gravity. The green block is XPBD, and the yel- |

low one 1s PBNG. Right. PBNG 1s able to reduce the Newton residual to the |

tolerance, whereas XPBD’s residual stagnates. | . . . . .. ... ... .. ... . 90

MPBNG Illustration. We visualize the cloth multi-resolution hierarchy. Straight |

lines 1llustrate constraints between vertices on the finer level to their targets on |

the coarser level. | . . . . . . . 96

MPBNG approach in a representative clothing simulation. |. . . . . . . .. . .. 97

(a) Dual Coloring . Node based coloring (top) is contrasted with constraint |

based coloring (bottom). When a node is colored as red, its incident elements |

register red as used colors. When a constraint is colored yellow, its incident |

particles register yellow as used colors. (b) Constraints-Based Coloring. A |

step-by-step constraint mesh coloring scheme is shown. The dotted line indicates |

two weak constraints between the elements. The first constraint is colored red, |

all 1ts incident points will register red as a used color. Other constraints incident |

to the first constraint have to choose other colors. (c) Node-Based Coloring. |

A step-by-step node coloring scheme is shown. The constraint register the colors |

used by its incident particles. The first particle is colored red, so all its incident |

constraints will register red as used. Other particles incident to the constraints |




[5.7  Comparisons with Different Computational Budget. A block is stretched/compressed

| while being twisted. With a sufficiently large computational budget, Newton'’s |

| method 1s stable, but it becomes unstable when the computational budget is |

| small. PBD and XPBD-QS do not significantly reduce the residual in the given |

| computational time, resulting in noisy artifacts on the mesh. PBNG maintains |

| relatively small residuals and generates visually plausible results of the deformable |

| block even it the budget 1s imated.| . . . . . . . . ... ... 0000000 110

(5.8  Different Mesh Resolution. PBNG produces consistent results when the mesh |

| 1s spatially refined. The highest resolution mesh in this comparison has over 2M |

| vertices and only requires 40 iterations to produce visually plausible results| . . 111

59 DItk C T ifve Models PENC sl . — T l

| els. We showcase the corotated, Neo-Hookean, and stable Neo-Hoookean models |

| through a block twisting and stretching example.| . . . . . . . . ... ... ... 111

[5.10 Linear Gauss-Seidel vs. PBNG. PBNG achieves superior residual reduction |

| and visual quality compared to Newton’s method with linear Gauss-Seidel. | . . 112

[>.11 Hessian Comparison. The top three bars are simulated using Newton’s method |

| with different linear solvers (QR, BICGSTAB and linear Gauss-Seidel respec- |

| tively). The bottom bar is simulated using PBNG. The top bar uses the exact |

| Hessian and becomes unstable. The bottom bar uses our Hessian projection and |

| stays stable. | . . . . . . e 112

[5.12 Acceleration Techniques. The convergence rate of PBNG may slow down as |

| the iteration count increases. Chebyshev semi-iterative method and SOR eftec- |

| tively accelerate the Newton residual reduction. |. . . . . . . . . ... .. .. .. 113
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CHAPTER 1

Introduction

Physics-based simulation is a crucial aspect of computer graphics. Finite Element Method
is a fundamental framework for simulating object deformations efficiently. In this thesis,
we explore various aspects of Finite Element Methods including mesh generation, numerical
method for accelerating convergence rate and machine learning-based approach to model

musculature deformation.

1.1 Grid-Meshing Algorithm for Embedding Self-Intersecting Sur-

faces

The creation of a volumetric mesh representing the interior of an input polygonal mesh is
a common requirement in graphics and computational mechanics applications. Most mesh
creation techniques assume that the input surface is not self-intersecting. However, due to
numerical and/or user error, input surfaces are commonly self-intersecting to some degree.
The removal of self-intersection is a burdensome task that complicates workflow and generally

slows down the process of creating simulation-ready digital assets.

We present a method for the creation of a volumetric embedding hexahedron mesh from a
self-intersecting input triangle mesh. Our method is designed for efficiency by minimizing use
of computationally expensive exact/adaptive precision arithmetic. Although our approach
allows for nearly no limit on the degree of self-intersection in the input surface, our focus

is on efficiency in the most common case: many minimal self-intersections. The embedding



hexahedron mesh is created from a uniform background grid and consists of hexahedron
elements that are geometrical copies of grid cells. Multiple copies of a single grid cell are
used to resolve regions of self-intersection /overlap. Lastly, we develop a novel topology-aware
embedding mesh coarsening technique to allow for user-specified mesh resolution as well as

a topology-aware tetrahedralization of the hexahedron mesh.

The highlights of our method are the following:

e An efficient technique with reduced use of exact /adaptive precision arithmetic for build-
ing an embedding hexahedron mesh for an input self-intersecting triangle mesh from a
uniform grid that is equivalent to pushing forward one unambiguously defined from a

self-intersection-free state.

e A topology aware embedding mesh coarsening strategy to provide for flexible resolu-

tion/element count.

e A topology aware BCC approach for converting the embedding hexahedron mesh into

an embedding tetrahedron mesh.

1.2 Toward More Accurate and Efficient Simulations of Elastic

Solid and Cloth

Various methods have been proposed for solving the FEM-discretized equations of mo-
tions for large strain hyperelastic solids and cloth [LGL19, NOB16, BMLI14l [TSI05, [GSST15,
MMCT16l, [KYT06, [ZBK18| [ZLB16]. Thorough summaries of the state of the art are given by
Zhu et al. [ZBK18] and Li et al. [LGL19]. The preferred approach in a given application gen-
erally depends on the relative importance of constitutive accuracy, robustness/stability and
computational efficiency. There is no one method that is optimal in all computer graphics
as different applications place different relative importance on these considerations. These

equations are nonlinear, and an iterative solver must be used to improve the accuracy of

2



an initial guess by reducing the magnitude of the system residual. While Newton’s method
[NWO6] generally requires the fewest iterations to reach a desired tolerance (often achieving
quadratic convergence), each iteration can be costly and a line search is typically required
for stability [GSS15]. However, it is not always necessary to reduce the residual beyond a few
orders of magnitude for satisfactory visual accuracy (see discussion in Liu et al. [LBO13],
Bouaziz et al. [BMLI14], Zhu et al. [ZBKI§|). In these cases, Newton’s method is often
outperformed by alternative techniques. Methods like the Alternating Direction Method
of Multipliers (ADMM) [BPC11), NOBI16], the limited-memory Broyden-Fletcher-Goldfarb-
Shanno algorithm (L-BFGS) [Ber97, ZBK18, LBK17, WWD21] and Sobolev preconditioned
gradient descent (SGD) [Neu85, BML14, [LBO13, [SA07] do not require computation of the
exact energy Hessian and many of these simplifications leverage direct solvers based on pre-
computed matrix factorizations of simplified discrete elliptic operators to allow for reduced

per-iteration cost compared to Newton’s method.

1.2.1 Primary Extended Position Based Dynamics

The Position Based Dynamics (PBD) approach of Miiller et al. [MHHOQT7] is remarkably
powerful due to its robust and stable behavior in applications with minimal computational
budgets. PBD has gained wide adoption since there are often no other methods that can
provide comparably reliable behavior under extreme computation constraints. For elastic
materials, PBD uses a constraint view of the material resistance to deformation and is sim-
ilar to strain limiting [Pro95] and shape matching [MHTO05] techniques. In the context of
elasticity, this has been shown to be equivalent to a Gauss-Seidel minimization of an elastic
potential that is quadratic in the constraints [LBO13| BML14, MMCI16]. However, constitu-
tive control over PBD behavior is challenging as effective material stiffnesses etc. vary with
iteration count and time step size. The Extended Position Based Dynamics (XPBD) ap-
proach of Macklin et al. [MMCI6] addresses these issues by reformulating the original PBD

approach in terms of a Gauss-Seidel technique for discretizing a total Lagrange multiplier



formulation of the backward Euler system for implicit time stepping. This formulation has
similarities to PBD, but with the elastic terms handled properly where PBD can be seen
as the extreme case of infinite elastic modulus (or hard strain constraints). In this case,
the Lagrange multiplier terms can be interpreted as stress-like and associated with enforcing
the constraints (e.g. pressure in an incompressible fluid [BBB07]). With this view, XPBD
handles these terms correctly as weak constraints (e.g. as in weakly compressible materials
[SSJ14, [KSG09]) where PBD can be interpreted as a splitting scheme where non-stress based

forces are first integrated, followed by a projection step.

Despite its many strengths, XPBD can only discretize hyperelastic models that are
quadratic in some notion of strain constraint [MMCI6, [MM21]. This prevents the adoption
of many models from the computational mechanics literature, e.g., for many biomechanical
soft tissues. Furthermore, while XPBD is based on a Gauss-Seidel procedure for the La-
grange multiplier formulation of the backward Euler equations, it simplifies the system by
omitting the Hessian of the constraints and the residual of the primary (position) equations.
The omission of the primary equations is perfectly accurate in the first iteration, but as
Macklin et al. [MMCI6] point out, less so in latter iterations when constraint gradients vary
significantly. We observe that this rapid variation occurs for many hyperelastic formula-
tions and that its omission degrades residual reduction. However, the inclusion of this term

introduces instabilities into XPBD.

We provide a modification to the XPBD position update that more accurately guarantees
that the primary residual is zero and may be omitted. We call our approach Primal Extended
Position Based Dynamics (PXPBD). It can be done in two ways. The first (B-PXPBD)
uses fixed-point iteration to zero the primary residual after the Gauss-Seidel update of the
Lagrange multiplier. The second (FP-PXPBD) is a reformulation of XPBD that allows for
arbitrary hyperelastic models. We observe that the constraint Hessians and primary residual
terms are exactly zero and can be omitted with no error if the first Piola-Kirchhoff stress

[BWOS] is used as the auxiliary unknown (in place of the Lagrange multipliers in the original



XPBD). We advocate for two models because each have relative strengths and weaknesses
in their resolution of the primary residual omission in XPBD. B-PXPBD can be done with
a simple modification to an existing XPBD code, however it requires the use of a blending
parameter (see Section since accurate fixed-point iteration is too costly. FP-PXPBD
is a larger modification to an existing XPBD code and requires element-wise Newton solves,
but it exactly resolves the the issues with both Hessian and residual omission in XPBD.
Furthermore, FP-PXPBD allows for arbitrary hyperelastic models while B-PXPBD is based

on constraint formulations as with XPBD.

We demonstrate our method with collision-intensive scenarios by applying it to the
updated-Lagrangian formulation of hyperelasticity where the simulation mesh is embedded

in a regular grid at each time step as in [JSS15]. We summarize our contributions as:

e B-PXPBD: A modification to the XPBD position update that improves residual re-

duction with hyperelasticity.

e FP-PXPBD: A first Piola-Kirchhoff formulation of the XPBD auxiliary variables that
both guarantees zero primal residual for improved total residual reduction and gener-

alizes XPBD to arbitrary hyperelastic models.

e A local affine transformation that decouples strain and translation variables in each

FEM element for added efficiency with FP-PXPBD.

e A Sherman-Morrison rank-one quasi-Newton technique for each first Piola-Kirchhoff

stress in FP-PXPBD.

1.2.2 Position-Based Nonlinear Gauss Seidel

Despite its many strengths, PBD/XPBD has a few limitations that hinder its use in qua-
sistatic applications. First, XPBD is designed for backward Euler and omitting the inertial

terms for quasistatics is not possible (it would require dividing by zero). Indeed Chentanez



et al. [CMM20] generate quasistatic training data with XPBD by running backward Euler
simulations to steady state. We show that PBD when viewed as the limit of infinite stiffness
in XPBD (as detailed in Macklin et al. [MMCI6]) is an approximation to the quasistatic
equations. Unfortunately, this limit incorrectly and irrevocably removes the external forcing
terms. Second, PBD/XPBD can only discretize hyperelastic models that are quadratic in
some notion of strain constraint [MMCI6, MM21]. As noted in [CHC23], simply interpreting
the square root of the hyperelastic potential as the constraint results in instability. This pre-
vents the adoption of many models from the computational mechanics literature. Lastly, as
noted in Chen et al. [CHC23] the constraint-centric Gauss-Seidel iteration in PBD/XPBD
does not reliably reduce time stepping system residuals. We show that in quasistatic prob-
lems this causes artifacts near vertices that appear in different types of constraints (see
Figure .

We present a position-based (rather than constraint-based) nonlinear Gauss-Seidel method
that resolves the key issues with PBD/XPBD and hyperelastic quasistatic time stepping. In
our approach, we iteratively adjust the position of each simulation node to minimize the
potential energy (with all other coupled nodes fixed) in a Gauss-Seidel fashion. This makes
each position update aware of all constraints that a node participates in and removes the
artifacts of PBD/XPBD that arise from processing constraints separately. Our approach
maintains the essential efficiency and robustness features of PBD and has an accuracy that
rivals Newton’s method for the first few orders of magnitude in residual reduction. Further-
more, unlike Newton’s method, our approach is stable when the computational budget is
extremely limited. Lastly, since our approach is based on Gauss-Seidel, we show that its
convergence is naturally accelerated with successive over relaxation (SOR), Chebyshev and

novel multiresolution-based techniques.

We summarize our contributions as:

e A position-based, rather than constraint-based, nonlinear Gauss-Seidel technique for

hyperelastic implicit time stepping.



e A hyperelastic energy density Hessian projection to efficiently guarantee definiteness of
linearized equations that does not require a singular value decomposition or symmetric

eigen solves.

e A node coloring technique that allows for efficient parallel performance of our Gauss-

Seidel updates.

e A novel multiresolution acceleration technique for reducing iteration counts at high

resolution.

1.3 A Neural Network Model for Efficient Musculoskeletal-Driven

Skin Deformation

Animation of human body motion is one of the most important aspects of computer graphics,
and when animations accurately represent the underlying physics and physiology of move-
ment, they can even have broad applications in biological and clinical research. Motion is
typically created at the skeleton level, with the outer skin kinematically driven by the motion
of underlying bones. The highest level of realism is achieved with biomechanical modeling
and physical simulation of soft tissues like the muscle, tendon and fat that lie between the
bones and the visible skin [LSN13| [FLP14 [PLE14l MZS11l, [LST09, SGK18]. However, this
requires expensive modeling and simulation which is not feasible in real-time and inter-
active applications. Recent approaches have shown that neural networks can be used to
create efficient character rigs trained to approximate expensive simulation-based techniques
[BOD18, LMR15, LMR23, SGO20, JHG22, [CMM20]. In these approaches, a neural net-
work typically provides a trained delta corrective to an efficient technique like linear blend
skinning (LBS) [MLT89]. While promising, past approaches have failed to incorporate how
muscles activate and deform, a key driver of the skin and body deformation we observe in

the real world. We show that a neural network model is indeed able to capture these effects.



More specifically, we show that a machine learning model can be used to compress the
muscle deformation data generated over a wide range of FEM simulations with the efficiency
of piece-wise linear models and the accuracy of FEM. We first capture inactive, cadeveric
muscle deformation with a passive neural network (PNN) model like many used in the liter-
ature [BOD18, [LMR15, LMR23, [SGO20|, JHG22l [CMM20]. Specifically, our network learns
correctives applied to standard LBS deformation of musculotendon geometry designed to
better capture deformations observed with FEM simulation. To capture the effects of active
contraction, we train a second active neural network (ANN) to resolve the deformation of
each muscle as it is activated over a representative range of values. The PNN and ANN
decouple the dependence on skeletal kinematic and muscle activation states to reduce the
volume of training data required in practice. We couple them together by linear blend skin-
ning the active deformation generated by the ANN forward to the given skeletal state. We
demonstrate the efficacy of our approach in a number of representative character animations,
including body building with varying body composition and amount of lifted weight. Our
results demonstrate considerable gains in realism over standard LBS techniques with modest

additional costs. Our primary contributions are as follows:

e A passive neural network for estimating muscle fiber lines of action in inverse dynamics

and activation calculations.

e Decoupled passive and active networks for skeleton driven soft tissue deformation with

tractable training data burden.

e Biomechanics-based estimation of muscle activation that reproduces observed muscle

activity for several common movements.
e A decoupled muscle/fascia/fat model to generate simulated training data.

e Control of body fat percentage during skinning.



CHAPTER 2

Continuum Mechanics and Finite Element Method

In this section, we review some fundamental ideas from continuum mechanics and derive
the fundamental equations used for finite element method simulations. The equations are

derived from a Lagrangian perspective. The derivations are based on Jiang et al. [JST16].

2.1 Continuum Mechanics

2.1.1 Kinematic Theory

We represent the deformation of the material using the undeformed positions X, its deformed
positions x and the deformation map ¢(X,t). We usually call x world positions and X
material positions. More specifically, at a given time ¢ we have x = ¢(X,t). Differentiate

with time we get:

¢

V(X 1) = 52X, 1) (2.1)
A(X,t) = %—tf(x, t) = %—Y(X, ) (2.2)

where ¢ : Q0 — Q1 Q% Qf € R4, d = 2 or 3 is the dimension of the space. Let v(x,t) =
V(¢ '(x,1),t) be the velocity in world space.

2.1.2 Deformation Gradient

We define the deformation gradient as the Jacobian of the deformation map ¢ with respect to

the material coordinates X. It is useful in elastic simulations because most of the hyperelastic

9



models use this term for energy computation. We define deformation gradient F as:

F(X,t) = g—i(x, t) = g—;(x, ) (2.3)

In the discrete form F' is a 2 X 2 matrix or 3 X 3 matrix depending on if the simulation is in
2D or 3D. F can also be a 3 x 2 matrix if the cloth is simulated because the material space of
cloth is essentially 2D, and the object is being simulated in 3D. We define J(X,t) = det(F)
to be the determinant of F. In the case F is 3 x 2, we define J = \/m.

2.1.3 First Piola-Kirchoff Stress

For hyperelastic materials, the energy density ¥ is usually a function of deformation gradient
F. We define first Piola-Kirchoff stress to the derivative P = g—g. Note that P is a matrix of
the same dimension as F. It is common in engineering literatures to relate P with Cauchy

stress o through the relationship o = %PFT. Or in other words, P = JoF 7.

2.1.4 Governing Equations

We derive the governing equations based on conservation of mass and conservation of mo-

mentum.

2.1.4.1 Conservation of Mass

Let R(X,t) be the density of the material at position X at time ¢ and p(x,t) be the density
at world space such that p(¢(X,t),t) = R(X,t). For any particle X in the material space,
given a ball B! or radius € around x(X, t), the conservation of mass states that the mass of
the ball B! is constant through out time. In other words,
R(X,0dX = [ p(x,t)dx = R(X,t)J(X, t)dX (2.4)
BY B! BY

Take limit of € — 0 then we have R(X,0) = R(X,#)J(X, ).
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2.1.4.2 Conservation of Momentum

We first define the traction field t(-,¢,n) : Q — R%. Consider again the ball B! at time ¢. The
force on the surface is [, t(x, n(x))ds. It can be shown that there is a matrix o(x, ) € R™?

such that t(x,n(x)) = o(x,t)n. By Newton’s second law we have the following:

ext _ d
/e;Bgt(X’n(X))dS+/13zf dx = - . p(x, ) v (x, t)dx (2:5)
:% R(XHV(X, 1) JdX (2.6)
o
=l R(X,0)V (X, t)dX (2.7)
:/OR(X,O)A(X,t)dX (2.8)

For the left hand side of the equation, we change coordinates to material space:

/ 6(x, n(x))ds + / ot g — / (X, )o(b(X, 1), )FT(X, t)Nds + / Fe ) (X, £)dX
oBt B! oB?

B?
(2.9)
= / P(X,t)Nds + / F'J(X, t)dX (2.10)
oB? B?
:/ VXP(X,t) + F*J(X, t)dX (2.11)
BO

€

where F™*(X, t) = f(¢(X, t), ). Then we have the equation R(X,0)A(X,t) = V*P(X, t)+
Fo (X, 1).
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CHAPTER 3

A Robust Grid-Based Meshing Algorithm for

Embedding Self-Intersecting Surfaces

Figure 3.1: (Left) Our method can generate a consistent volumetric mesh for a facial geom-

etry that contains self-intersections e.g. around the lips. (Middle) Two interlocking Mébius-
strip-like bands separate freely at various spatial resolutions of the background grid, despite
many near self-intersections in the surface geometry. (Right) Two bunny geometries can

naturally separate despite significant initial overlaps.

3.1 Algorithm Overview

The input to our algorithm is a triangulated surface mesh S. The output is a uniform-
grid-based embedding hexahedron mesh counterpart V to S that is well-defined (i.e., free
from numerical mesh ”glueing” artifacts) even when S is self-intersecting (see Section for

examples).
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(c) Frame 54 (d) Frame 81

Figure 3.2: Two overlapping bunnies naturally separate. The top part of each subfigure
shows the meshes generated by our algorithm, while the bottom part of each subfigure

shows the corresponding surface meshes.

We briefly summarize the three main stages of our algorithm, as detailed in Figure[3.4 In
the first stage, volumetric extension (Section [3.3)), we create a hexahedron mesh V* from the

background grid that only covers the input surface S with connectivity designed to mimic it.
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Figure 3.3: Intersection-free mapping. Two mappings from a non-self-intersecting region
SV to self-intersecting boundary S are shown. The second mapping (right) requires the

existence of a negative Jacobian determinant.

We sign its vertices depending on inside/outside information derived from the hypothetical
self-intersection-free counterpart S. We emphasize that this volumetric extension mesh only
surrounds S§. Accordingly, the second stage of the algorithm is interior extension region
creation (Section . Nodes of the background grid are partitioned using the edges cut
by &, and then we decide which regions are interior. Interior regions will be copied to
approximate the number of times portions of the interior of the hypothetical self-intersection-
free counterpart SV will need to overlap after being pushed forward by the hypothetical
mapping qbg. For each interior region j! with at least one copy, we create a hexahedron mesh
Vi'e for each copy c. In the third stage of the algorithm (Section , interior extension
regions meshes V7"¢ are sewn together and into the volumetric extension V° to produce the
final output mesh. We additionally provide a coarsening approach in Section to provide
user control over the embedding mesh resolution as well as a topologically-aware technique

for converting the hexahedron mesh V into a tetrahedron mesh 7.

14



Volumetric Extension Interior Extension Region Creation
Create Precursor Meshes Merge Precursors  Partition Background Grid Count Copies Create Interior Extensions
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Merge With Boundary Overlap Lists Final Merge
Interior Extension Region Merging

Figure 3.4: Algorithm overview. Given an initial input surface mesh &, there are three ma-
jor steps in the computation of the final volumetric extension mesh V: Volumetric Extension,
Interior Extension Region Creation, and Interior Extension Region Merging. (Volumetric
FEztension) In this step, we create a precursor mesh for each element in S, and compute pre-
liminary signing information for the vertices. We then merge the precursor meshes to create
the volumetric extension V° and correct the signing information where necessary. (Interior
Extension Region Creation) In preparation for growing the volumetric extension into the
interior, we first partition the nodes of the background grid using the edges cut by S. We
decide which regions are interior and count the copies of each region using the vertices of
VS which have negative sign. For each interior region j!/ with at least one copy, we then
create a hexahedron mesh V3" for each copy c. (Interior Eztension Region Merging) The
merging process begins with copying relevant hexahedra from V* into Vi'e First, certain
vertices of V7' are replaced by corresponding vertices from V. Hexahedra to be replaced
are then removed from V3" before the boundary hexahedra are copied in. We then merge
the various meshes V4" by first determining where different meshes overlap, and then using

these hexahedra overlap lists to perform the final merge.
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m® = [09,10,20,11,31,21,
05,62.,79,03,23,63,
24,84,64,25,35,85,
36,96,86,67,117,77,
65,88,115,89,99,119,
010,410,110,111,411,511,
112,512,312,013,713,413, ) B
414,714,1014,415,1015,515,
516,1016,916,317,517,917,
718,1118,1018,919,1019,1119]

5 = [7,11,14, 21, 24] /

Figure 3.5: Mesh conventions. (Left) A sample triangle mesh is shown, along with the

9. The incident elements Zj for vertex 6 are also shown. The first 10 faces,

vector m
visible from the front, have been labeled on the mesh. (Right) The left pair of triangles are
consistently oriented; the orientations of the edge induced by the normals point in opposite
directions. For the right pair, the orientations on the common edge point in the same

direction; this is not consistent.
3.2 Definitions and Notation

We take a triangle mesh S = (x*, m”) as input. We use x° = [x§,...,x3s_,] € R3N: to

denote the vector of triangle vertices x¥ € R? and m* € N3 ¢ to denote the vector of indices

S corresponding triangles t°; , 0 < L%j < N¥. For example, for the mesh

14]
S in Figure , triangle ¢ is made up of vertices x° 3 with j = 2,3,8. We assume that S is

S
mj

mf for vertices in x

closed (every edge in the mesh has two incident triangles) and consistently oriented (each edge
appears with opposite orientations in its two incident triangles). For each vertex x7 of S, we

use Z to denote the set of incident mesh indices j such that i = mJS . Figure|3.5|demonstrates

these conventions. We output a hexahedron mesh V = (x¥, m") with x" € R*™" denoting

\%4 \%4

the vector of hexahedron vertices and m" € N8 denoting the vector of indices in x

corresponding to vertices in hexahedron hY, 0 < e < NY. Each hexahedron in the mesh is

16



10 13

0 .2 .4 6 @@@

8 11
| —
my = [0,2,3,1,2,4,5,3,4,6,7,5]
m; = [8,11,12,9,9,12,13,10]
m, = [0,2,3,1,2,4,5,3,4,6,7,5,8,11,4,2,2.4,5, 3]
m, = [0,2,3,1,2,4,5,3,4,6,7,5,8,11, 4, 2]

Figure 3.6: Mesh merge. An example of two meshes merging together. Vertices 2, 3, 4 and
5 merge with vertices 9, 10, 12 and 13, respectively. A new vector m, is created to hold all

of the hexahedron vertices post-merge, and the extra hexahedron (in red) is then removed.

geometrically coincident with one grid cell in a background uniform grid Ga,. We denote
the spacing of this grid as Az (uniformly in each direction). For ease of visualization, we
use 2D counterparts to S and V in illustrative figures. In this case, S is a segment mesh and

V is a quadrilateral mesh.

3.2.1 Merging

We construct the final hexahedron mesh V by merging portions of various precursor hexahe-
dron meshes in a manner similar to techniques used in [TSB05, WDG19, WJS14] [LB18]. As
with V, each hexahedron in a precursor mesh is geometrically coincident with background
grid cells. All precursor meshes share the same vertex array x", although its size will change
as we converge to the final V. At various stages of the algorithm, we will merge certain

geometrically coincident precursor hexahedra. To perform a merge, we view the set of all

17



vertices in x"

as nodes in a single undirected graph and introduce graph edges between
nodes corresponding to geometrically coincident vertices. In subsequent sections, we refer
to such edges in the undirected graph as adjacencies to distinguish them from edges in the
various meshes. Once all adjacencies are defined, we compute the connected components of
the graph using depth-first search. All vertices in a connected component are considered to
be the same and we choose one representative for all mesh entries. We note that this opera-
tion may be carried out on more than two meshes at once and that it can lead to duplicate
hexahedra and in this case we remove all but one. Furthermore, replacing all vertices in a
connected component with one representative results in unused vertices in x"'. We remove

|4

all unused vertices in a final pass, changing indexing in m" accordingly. We illustrate the

connected component calculation, vertex replacement and unused vertex removal in Figure

(3.6l

3.3 Volumetric Extension

We first create a volumetric extension V° of the surface S. It is a hexahedron mesh that
contains the input surface S and is designed to have topological properties analogous to
S. Since it is an extension of S, we can sign the vertices of V¥ depending on which side
of the surface they lie on. Overlapping regions in S complicate this process, but it can be
disambiguated by considering the pre-image of the surface to its overlap-free counterpart S
under the mapping qbg. Signing points in R? depending on whether or not they are inside S
is well-defined and our procedure for signing the vertices in the volumetric extension V* is

designed considering its pre-image under qbg.

3.3.1 Surface Element Precursor Meshes

In order to mimic the topology of the S, we create its volumetric extension V* from precursor

\4 Vs

meshes V5 = (x, m"”) associated with each triangle t2 in S. Note that all precursor meshes
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m{ =[1,5,6,2,2,6,7,3,

mY{ = [12/15,16,18,13/16,
: 4,8,9,5,5,9,10, 6] 17/14,16,19,20,17)
A
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Figure 3.7: Precursor meshes. (Left) Surface element t; creates quadrilateral mesh V.

(Right) Surface element #; creates quadrilateral mesh V;. Each element creates copies of
grid nodes.

the grid cells it intersects by introducing new vertices which are geometrically coincident to

share the common vertex array x” and that this process begins its evolution to the final

V vertex array. For each triangle t¥ in S, we define a hexahedron mesh from the subgrid

QX‘fj of Ga, defined by the grid-cell-aligned bounding box of tJ. We add a new hexahedron
to V7 corresponding to each background grid cell in GXEQS: intersected by t°. We perform
this operation using the intersection function from CGAL’s 2D /3D Linear Geometry Kernel

Gz, however the vertices introduced into the vertex vector x

[The20, BEG20]. The hexahedron is geometrically coincident to the intersected grid cell in
v

are copies of the background
grid nodes associated with the sub grid gXej. Note that even though different triangles may

intersect the same grid cells, their respective hexahedra correspond to distinct vertices in

S
xV. Further note that mesh elements in V¥ inherit the connectivity of the sub grid QX;,, that

. . . . . Vs . . .
is, hexahedra share common vertices if they are neighbors in G, . We sign the vertices in

each V2 depending on which side of the plane containing the triangle 5 that they lie on. We
19



illustrate this process in Figure[3.7] Lastly, we note that these signs are low-cost preliminary
approximations to the signs in the final volumetric extension V°. In some cases the signs
computed in this phase will not be accurate in the volumetric extension, and we provide a
more accurate but costly signing when this occurs (discussed in Section however, in
many cases, they are equal to the final signs, and their comparably-low computational cost

improves overall algorithm performance

3.3.2 Merge Surface Element Meshes

We merge portions of the precursor meshes V¥ to form the volumetric extension hexahedron
mesh V? by defining adjacency between vertices in x¥ as described in Section . We
define this adjacency from the mesh connectivity of S using its incident elements Z? for
each vertex x;. Geometrically coincident vertices in Vf ‘

i70/3]
are defined to be adjacent if each are on hexahedrons in their respective meshes which

and ij51/3J for jf()?jfl €I’

are geometrically coincident. Note in particular that this is different from requiring that

s
135/3]
other words, all geometrically coincident hexahedra in element precursor meshes associated

geometrically coincident vertices in V for j7 € Z7 (see the geometry of Figure[3.16)). In

with triangles that share a common vertex are merged (see Figure|3.9)). Merged vertices retain
the sign they were given in V¥ when possible. However, if merged vertices have differing
signs, e.g. in regions with higher curvature (see Figure [3.10)), then we must recompute the

sign from their geometric relation to S.

In regions of higher curvature where the preliminary signs of vertices in V¥ cannot be
adopted in V¥, we use an eikonal strategy [OF03] to propagate positive signs from & in the

direction of the surface normal and minus signs in the opposite direction. This is well defined

\%
)

in light of the assumed existence of the pre-image S of S under qz’)g Here, each vertex x

in the volumetric extension V? is associated with some collection of precursor meshes Vfi

v

where x; was created in the merge of vertices in the V(i . This defines a local patch S;v of

v

7 )

surface triangles ti in S associated with x}. When propagating signs from S to x!, only
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(b) Frame 40

(c) Interior view of lips

Figure 3.8: A face surface with self-intersecting lips is successfully meshed. The right-hand
side of each of the first two frames shows the deformed hexahedron mesh, while each left-
hand side shows the corresponding surface mesh. The wireframe boxes represent Dirichlet
boundary condition regions. In the bottom four subfigures, lip intersection is visualized in

the input surface and subsequent hexahedron mesh.
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these triangles are considered. It is important to only use this local surface patch since there
may be triangles in S that are geometrically close to x} but topologically distant. Note that
this precludes the use of global point-in-polygon algorithms based on ray casting or winding
numbers since those will not give correct results when S has self-intersection. Instead we
adopt the local point-in-polygon method of Horn and Taylor [HT89]. First, we compute the
closest mesh facet (triangle, edge, or point) in S;v to x}. The closest facet calculation is
performed by first storing S;v in a CGAL surface mesh and then using its class functions
and the locate function from the Polygon Mesh Processing package [BSM20, [LRT20]. If the
closest facet is an edge or a point, we add triangles from S that are incident to the vertices
in the edge or the point respectively to the patch S;v (if they are not already in it). If more
triangles were added, we recompute the closest mesh facet. We illustrate this process in
Figures and [3.11] If the closest facet is a triangle, we compute the sign depending on
the side of the plane containing the triangle that the point lies on. If the closest faces is an

edge or point we use the conditions from [HT89], which we summarize below:

e If the closest facet is an edge, then the sign is —1 if the edge is concave (as determined

by the normals of the incident faces) and +1 if it is convex.

e [f the closest facet is a vertex, then there exists a discrimination plane with an empty
half-space. Choosing any such plane, the sign is —1 if the edges defining the plane are

concave and +1 if they are convex.
A discrimination plane is defined by two non-collinear incident edges and it has an empty

half-space if all incident faces and edges lie on one side of the plane or on the plane itself.

3.4 Interior Extension Region Creation

We grow the volumetric extension V¥ on its interior boundary (defined by vertices with

negative sign) to create the remainder of the volumetric mesh V. We determine where to
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grow the extension by examining connected components of the background grid defined by
its intersections with §. We compute these components using depth-first search (as discussed
in Section , where adjacency between nodes in the background grid is defined between
edge neighbors not divided by S. We again use CGAL’s intersection function from the
2D/3D Linear Kernel to determine whether or not an edge is divided. This is a simplistic
criterion which can lead to an over-count in the number of interior regions, as demonstrated
in Figure A more accurate criteria would use material connectivity determined from
the intersection of the surface S with the relevant background grid cells, similar to the CSG
operations in [SDEF0T7]. However, as noted in [LBI18| these operations are extremely costly
and our approach is robust to over-counting the number of interior regions since they are all

merged together appropriately in the later stages of the algorithm.

Each connected component of background grid nodes constitutes a contiguous region.
Regions that have a grid node with at least one geometrically coincident vertex in x¥ with
negative sign are defined to be interior. Exterior regions, those not containing a grid node
with a geometrically coincident vertex in x" with negative sign, are discarded. We create
at least one hexahedron mesh V7' for each interior region j!. Multiple copies of interior
meshes are created near self-intersecting portions of S since here they represent multiple
overlapping portions of the volumetric domain. We illustrate this process in Figure We

-1
note that as before, each hexahedron mesh 17 uses the common vertex array x".

We determine interior regions j that require multiple copies as those with grid nodes
that have more than one geometrically coincident vertex in x" with negative sign. For these
regions, we create a copy W/ "¢ for each connected component ¢ of vertices in x” with negative
sign that are geometrically coincident with a grid node in the region, as shown in Figure
[B.14 Adjacency between these vertices is defined if they are in a common hexahedron in
the volumetric extension V. In general, this will be an over-count as multiple connected
components may ultimately correspond to the same copy. We note that this process is

analogous to the cell creation portion of the method of Li and Barbi¢ [LB1§|]. They show
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that in the case of simple immersions, the correct number of copies is equal to the winding
number of the region. We do not compute the winding number since our over-count is
typically resolved during the merging process described in Section 3.5 However, failure
cases occur when the background uniform grid Ga, cannot resolve thin features or high-
curvature in §. In these cases, an over-count that cannot be resolved in the later merging
stages occurs. The background grid must be refined to resolve these cases, however using
a strategy similar to that of Wang et al. [WJS14] we use a topology-preserving coarsening
strategy (see Section after the algorithm has run to prevent excessively small element
sizes and associated high element counts. We also note again that unlike Li and Barbic
[LB18], we cannot handle non-simple immersions.

As with V°, we construct the first copy of the hexahedron mesh for each interior region
Vi'0 from precursor hexahedron meshes V0 = (xV, m}/jl’o). Here x; are the grid nodes in
region j7. Tt should be noted that these are different than the vertices x; € x" and that
i = (dg,11,172) is used to denote the grid multi-index associated with the node. For each x;,

vilo

m;

consists of 8 hexahedra which are geometrically coincident with the 8 local background
grid cells incident to x;. Copies of x; and the 26 background grid nodes surrounding x;
(whether or not they are in region ;%) are introduced into x" to achieve this. We again merge
these precursors as described in Section where adjacencies between the vertices of x"
are defined as follows. For each pair of grid nodes x; and x; in region j’, the geometrically

coincident vertices in xV

corresponding to the hexahedra of Vij "0 and ij 0 are adjacent if
x; and x; are connected by an edge in Ga, that is not cut by a triangle in §. This edge cut
criteria prevents connection between geometrically close but topologically distant features,

as illustrated in Figure [3.15, We reemphasize that as described in Section the final

vil.o

i

I
m"” " is formed by concatenating all of the arrays m

(modified to account for merged

vertex numbering) and removing any duplicated hexahedra. The remaining copies }’ "¢ are
N .

created by duplicating m"” " with new vertices distinct from those corresponding to Vi’

and any other copy.
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3.5 Interior Extension Region Merging

Having created the interior extensions V7 "¢ the merging of these meshes with the volumetric
extension V¥ and with each other (to account for possible over-counting in their creation)
is carried out in multiple steps. We first merge hexahedra from V* into Vi'ein a process
described below. We then determine which of the interior extensions should merge to each
other, using hexahedra from V¥ which merge into multiple V7 " to generate a list of overlap-
ping hexahedra between meshes of different regions and copies. Next, we use these overlaps
to determine which copies of the same region are duplicated and merge the duplicates to-
gether. Finally, these overlapping hexahedra are used to define the adjacencies in the final

merging process.

3.5.1 Merge With Boundary

Recall from Section that in regions with more than one copy, we create a copy W’ "¢ for
each connected component ¢ of vertices in x" located in region j! with negative sign. We
use ng to denote the collection of these nodes in the connected component c. For regions
with only one copy, Cgl instead denotes the collection of all vertices in x¥ located in region
51 with negative sign, as we do not generate connected components in this case. Not that
for these single copy regions, the vertices of Cgl need not be connected (see the geometry
of Figure where the vertices CSI are composed of two connected components on the
outer and inner boundaries). We merge vertices of 17 "¢ with vertices in cg’ using the merge
described in Section [3.2.1] Before this merge, we first perform a preliminary merge of vertices
in cg" which are geometrically coincident. Here, two vertices of xV are adjacent if they are
geometrically coincident and both in Cgl. The effect of this preliminary merge is to close
unwanted interior voids without ‘sewing’ the exterior and without merging topologically
distant vertices of V°, as shown in Figure . The merge between the vertices of Vi'e

and CJ" is then defined by the following adjacency. Vertices of V/'¢ and CJ' are adjacent
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if they are geometrically coincident and the vertex of Vi'e was created from an interior
connected component of vertices in the Vij "0 that gave rise to Vi'e via the merge described
in Section [3.4] Here, an interior connected component is one that contains the center vertex
(as opposed to one of the surrounding 26 vertices) introduced in the creation of ij "0 for
some grid node x; in the region j’. This requirement effectively means that vertices of CgI
should only merge to the those vertices of V7 "¢ which are actually interior to the region, and
not the vertices which are overlapping from a topologically far part of Vi'te  We illustrate
this in Figure Note that after this merge has been performed, we update the indices

in Cgl accordingly as this set will be used in latter steps of the merging procedure.

We next use a strategy different to that in Section for merging hexahedral elements
in V7 to their geometrically coincident counterparts in Vi'e This modified merging strategy
is designed to prefer the structure of V° over that in Vi'e  For instance, if two hexahedra
of V¥ are geometrically coincident but share only vertices on one face, then they will still
have this connectivity after merging to Vi'e  We merge the hexahedra in V? incident to

the vertices in CZI to their geometrically coincident counterparts in V', Specifically, for

cach vertex x with i € /" and k¥° € Z¥°, the hexahedron Lkizsj is marked for merging.
We denote the collection of hexahedra in V° marked to be merged with their counterparts
in copy ¢ of region j! as I}; “. Note that it is possible that some hexahedra of V* are not
included in any such collection. To perform this modified merging procedure, we first remove
hexahedra from mVjI’c that are geometrically coincident with a hexahedron from I}{I “ and

I
V7 can only be incident to a node

incident to a vertex in cg". Note that a hexahedron in m

in cg" after the merge described in the previous paragraph has been completed. Next, copies
] il c . . .

of the hexahedra in I}{I “ are added to m"” . The process following the preliminary merge

is outlined in Figure [3.18
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3.5.2 Overlap Lists

We next merge differing regions Vit along their appropriately defined common boundaries.
The boundary region between any two region copy meshes Vioeo and Viter is grown from
seeds which we define by hexahedra in the respective meshes that are equal and in V°. For
example, suppose that Vioo and Vi1 contain such a hexahedron. In this case there are

v
V10»CO

il c . . .
o ,h}/oh’ ' € N sharing the same vertices as a hexahedron in V*

hexahedra with indices h

with index h;/os € N such that

Vibsco _ o vite _ VS ‘e
m =m"" =m i©€{0,1,...,7}. (3.1)

T : vS | er
8RYI0" pje Shyojl’cl tie 8hgy +i

When these hexahedra exist in two region copies j{,cy and j{,¢; we use the notation q =

(3¢, co, ji, 1) to denote a pair of region copies with common boundary (that which will
T ¢ .[YC . .

eventually merge). We define s§ = (h;/ojo’ ’ h}gl ") as a seed between the pair of region

copies. Furthermore, we use p® = [sg,...,s to denote the collection of all such seeds

1)
between jl, co and ji, c; with N& being the number of seeds. This collection, which we call
an overlap list, is grown into the complete overlapping common boundary between 5/, ¢y and
g el

We expand the initial seed collections p? by first marking background grid cells geomet-
rically coincident with hexahedra in the seeds as being visited. Then, starting with the seed
sg, we compute the neighbor hexahedra of each hexahedron in the seed (the neighbors of a
hexahedron are those which share a common vertex). Geometrically coincident neighbors
of the two hexahedra in the seed are added to p? if the background grid cell to which they
are geometrically coincident is unvisited. We then mark the cell as visited, and continue
until every seed has been processed in this way. At the end of this expansion, p? is a list

of overlapping hexahedra that will be used to sew the regions together. We illustrated this

process in Figure [3.19]
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3.5.3 Deduplication

As mentioned in Section [3.4] the number of copies is generally an over count. We use the
overlap lists p9 to deduce which copies ¢ of a region j! are redundant. For each hexahedron
hZ in V5 we create a list of hexahedra from geometrically coincident counterparts in interior
region copies. This list is formed by considering each pair q: if either hexahedron in a seed of
p9is a copy of Y (i.e. it uses the same vertices in x° as in Equation ), both hexahedra in
the seed are added to the list associated with k5. Note that while the hexahedron pairs of the
initial seeds in p9 are both copies of hexahedra from V° in accordance with Equation (3.1]),
subsequent seeds added during the overlap process may have both, one, or neither hexahedra
equal to copies of hexahedra from V*. Should any list for any hexahedron A2 in V¥ contain
hexahedra from multiple copies ¢y and ¢; of the same region j7, copies ¢ and ¢; are considered
to be redundant duplicates of each other. Redundant copies are merged using the process of

Section [3.5.1] This process is shown in Figure [3.20}

For each region, we compute connected components of its copies using duplication as the
notion of adjacency. For each connected component of copies, we take the copy with the
smallest index ¢; as the representative copy. However, this copy’s mesh only has the vertices
of the component ¢;. Likewise, only copies of the hexes in Zj; are in Vi'ei  We remedy this
by repeating the merge with boundary process of Section on updated data. Specifically,
we replace the connected component ¢; of vertices with the union of all components ¢; for
copies in the connected component of copies. We then form an updated collection of incident
hexahedra Zj; before repeating the boundary merge process. Finally, we update the overlap
lists. Any overlap list corresponding to a duplicated copy is recreated using the minimum
representative in place of the original copy to account for updated hexahedron ordering.

Redundant overlap lists resulting from this update are then discarded.
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3.5.4 Final Merge

We now merge the vertices of x" using the pattern of Section with adjacencies defined
by the overlap lists. For each seed s in an overlap list, the geometrically coincident nodes
of the two hexahedra in s are considered adjacent. We then create the final mesh V by
combining all of the arrays mVjI’C from copies which are either the minimum representative,
or not duplicated. Recall from Section that some hexahedra of V° are not copied into
any copy’s mesh. We add all such hexahedra to V to guarantee that V° is contained in this

final mesh, completing the interior extension region merging process.

3.6 Coarsening

Our method requires high-resolution (small Ax) background grids for high-curvature/detailed
surfaces. We provide a topology-aware coarsening strategy to provide user control over the
final volumetric mesh resolution/element counts. After the hexhedron mesh V is created,
we coarsen the underlying grid by doubling Az. We then create a maximal coarse mesh M
based on the fine mesh V. For each index m}/ in V, we define the initial connectivity for M
as mj’ = j. We then bin the center of each fine hexahedron h" € NV into the coarsened
grid and keep track of its multi-dimensional grid index i"". We initialize the position array
xM for M from the coarse grid cell corners of cell i*"'. Specifically, for each hexahedron in
hM in M we define xé‘fLM tie = x?}ﬁ} + 0, where 0;c is an offset from the coarse cell center
Xfﬁvf to the eight respective corners of the coarse grid cell i"". To build the final coarsened
mesh, we merge portions of the maximal coarse mesh using Section [3.2.1| where adjacencies
are defined from a hexahedron-wise notion of connectivity. Two maximal coarse hexahedra
R and hM are connected if their corresponding fine hexahedra hy = h{! and h} = hM
share a face £ = [f¥, Y, f%. f4] € N*in V. We define two types of connection: totally
connected and partially connected. Maximal coarse hexahedra are totally connected if they

M
hl

have the same coarse grid index i"’ = i"" and their corresponding fine hexahedra h} and
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hY are not geometrically coincident. Maximal coarse hexahedra are partially connected if
they are connected but are not totally connected. We define vertex adjacency from our
notions of hexahedron connectivity. If two hexahedra h)’ and h in the maximal coarse

mesh are totally connected, then their eight respective geometrically coincident vertices are

M
8h{! +ic

is adjacent to vertex mM 0 <11 <8 If

defined to be adjacent, i.e. vertex m ShM e
1

they are partially connected, then their corresponding fine hexahedra h}, hi{ share a face

£V = [f1, i, f%, f%]. We then identify an analogous face in each of h{ and h{" which we

Vk,V

Oay V1o

define in terms of the indices & a € {0,1,2,3}. Only the vertices corresponding to

the analogous face are defined to be adjacent
Migpar g = Mg, @ € {0,1,2,3}. (3.2)

There are two cases that define the analogous face. First, if the fine hexahedron counterparts
hy . hi are geometrically coincident, then the analogous face is the one on the analogous side
of the coarse hexahedron. If they are not geometrically coincident, then the analogous face is
the one geometrically coincident with the fine face defined from f. The general coarsening

procedure is illustrated in Figure |3.21

3.7 Hexahedron Mesh To Tetrahedron Mesh Conversion

We design a topologically-aware BCC-based approach for the creation of a tetrahedron mesh
T from the hexahedron mesh V. We initialize the particle array for the tetrahedron mesh x”
to be the same as x¥, but we add a new vertex in the center of each hexahedron and each
boundary face. Tetrahedra are computed from the faces in the mesh V. Normally a face in V
would have one (boundary face) or two (interior face) incident hexahedra. However, since V
is comprised of many geometrically coincident hexahedra there are more cases. We classify
them as: standard boundary face (one incident hexahedraon), standard interior face (two
non-geometrically coincident incident hexahedra), non-standard interior (more than two in-

cident hexahedra, some geometrically coincident and some not geometrically coincident) and
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non-standard boundary (more than one incident hexahderon, all geometrically coincident).
Each face contributes four tetrahedra to 7 in the case of standard boundary and standard
interior faces. The tetrahedra consist of two vertices from the face and the cell centers on
either side of the face in the case of standard interior faces. In the case of standard boundary
faces, the face center is used in place of the second hexahedron center. For non-standard
interior faces, we take all pairs of non-geometrically coincident incident hexahedra and add
tetrahedra as if their common face was a standard interior face. For non-standard boundary
faces, tetrahedra are added for each incident hexahedron as if it were incident to a standard

boundary face. We illustrate this procedure in Figure [3.22]

3.8 Examples

We consider a variety of examples in both two and three dimensions. To illustrate the
capabilities of the final mesh connectivites, we treat the objects as deformable solids and
run a finite element (FEM) simulation [SB12]. Performance statistics for the 3D examples
are presented in Table . All experiments were run on a workstation with a single Intel®
Core™ 19-10980XE CPU at 3.00GHz.

3.8.1 2D Examples
3.8.1.1 Single Overlap

Figure [3.23| shows a deformable FEM simulation using a volumetric mesh produced by our
algorithm. As evidenced by the geometry’s ability to separate and freely move, our algorithm
produces a mesh that properly resolves the single self-intersection present in the initial

configuration.
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3.8.1.2 Ribbon

Our algorithm can also handle more complex self-intersections. In Figure [3.24] one end of
a ribbon shape passes through the other, partitioning the surface into several components.
These intersections are successfully resolved, and the mesh is allowed to move as in the

previous example.

3.8.1.3 Face

Figure demonstrates a similar scenario. In this case, the lips of the face geometry
initially overlap; and, as an added challenge, the boundary of the input geometry consists
of multiple disconnected components. Our method successfully treats cases like these by

design.

3.8.2 3D Examples
3.8.2.1 Two Boxes & Simple Overlap

We begin our 3D examples by demonstrating that our algorithm is able to quickly generate
consistent meshes for simple self-intersecting geometries. In Figure basic hand-made
geometries are allowed to separate and unfurl from their initial self-intersecting states. The
two boxes in the left-hand side of each subfigure were meshed using a background grid
resolution of 66 x 64 x 86 cells and Az = .00955671, taking 2.80219s to generate the resulting
256,368 hexahedra in the output mesh. The simple overlapping shape in the right-hand side
of each subfigure was meshed using a grid with 194 x 64 x 194 cells and Az = .00328125,

resulting in 1,606,296 hexahedra in the output mesh.
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Table 3.1: Performance of generating volumetric meshes using our algorithm for various 3D

examples. All times are in seconds and represent the total runtime of the algorithm.

Example Grid dim. Ax # Hex Time (s)
Two Boxes 66 <64 x 86 0.00955671 | 256368 2.80219
Simple Overlap | 194x64x194  0.00328125 | 1606296  24.0179
Double Mobius | 294x288x64  0.0347391 903653 33.6324
Twin Bunnies | 162x166x128 0.0203027 1525821  31.1815
Dragon 512x690x520 0.0708709 20110457 303.301
Fancy Ball 130x132x128 2.82671 515400 25.8388
Head 512x830x 718 0.000501962 | 62444819 839.951
Sacht 52x104x42 4.26331 112682 9.64888
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3.8.2.2 Double Mo6bius

Figure m shows two Mobius-strip-like geometrief] falling and separating under the effects
of gravity, despite substantial intersections at the start of the simulation. This example was
run using a background grid with 294 x 288 x 64 cells and a Ax of 0.0347391. The resulting
hexahedron mesh has 903,653 elements. Generating the volumetric mesh using our algorithm

takes 33.6324s.

We also consider repeating this example at multiple spatial resolutions in order to demon-
strate the effect of resolution on the quality of meshing results (see Figure[3.28). The coarsest
grid (corresponding to the leftmost meshes in each subfigure) is 21 x 19 x 5 with Az = 0.556.
An intermediate grid resolution of 39 x 37 x 9 cells with Az = 0.278 corresponds to the
middle meshes in each subfigure. The rightmost meshes in each subfigure come from using
a grid with 75 x 73 x 17 cells with Ax = 0.139. Proper separation is achieved at all three of
these tested resolutions, and in particular, our algorithm performs quite well on this example

even at extremely low spatial resolution.

3.8.2.3 Twin Bunnies

Another standard example is the Stanford bunny. Figure demonstrates that two almost
completely overlapping bunny meshes can naturally separate under our method. No issues
are encountered as different segments of the bunnies pass through one another. This example
uses a grid resolution of 162 x 166 x 128 cells with Ax = 0.0203027, resulting in a mesh with
1,525,821 hexahedra.

L“Mobius Bangle” by |Creative_Hacker is licensed under (CC BY 4.0.
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https://www.thingiverse.com/thing:126984
https://www.thingiverse.com/creative_hacker
https://creativecommons.org/licenses/by/4.0/

3.8.2.4 Dragon

The most complicated geometry we test our method on is the dragonﬂ shown in Figure m
(and also shown in Figure . Adequate resolution is required in order to resolve all the
fine-scale features of this mesh; accordingly, we use a grid resolution of 512 x 690 x 520
cells with Az = 0.0708709. Our final mesh, generated in five minutes, contains just over 20

million hexahedra.

3.8.2.5 Fancy Ball

Figure shows another interesting case where several ball-like geometriesﬂ deform and
collide after being meshed with our algorithm. Each ball has a number of thin cuts and

fine-scale features, which our algorithm is able to resolve using a grid with 130 x 132 x 128

cells and Az = 2.82671. The 515,400 resulting hexahedra are generated in 25.8388s.

3.8.2.6 Head

Modeling of the human body often gives rise to self-intersection. This is particularly common
in the faces, where lip geometries often self-intersect. To that end, we consider a real-world
head geometry in Figure [3.8] Note that the lips separate effectively. This example results
in a volumetric mesh with over 62 million elements, using a background grid resolution of

512x830x 718 cells and Az = 0.000501962. Generating the hexahedron mesh takes 839.951s.

3.8.2.7 Collection

Various objects from 3D examples are dropped in a tank in Figure|3.31] The objects naturally

deform and collide without meshing or simulation issues.

2«Asian Dragon”| by Lalo-Bravo.

3«Abstract object” by |sonic art.
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https://www.cgtrader.com/free-3d-print-models/art/sculptures/asian-dragon-86daa8ef-302b-465a-b164-b3c76817c877
https://www.cgtrader.com/lalo-bravo
https://www.turbosquid.com/3d-models/object-abstract-3d-model-1707700
https://www.turbosquid.com/Search/Artists/sonic-art

3.8.2.8 Sacht et al. Mesh

Finally, we demonstrate that our method, like that of Li and Barbi¢ [LB18], can successfully
separate the geometry shown in Figure that is not supported by the method of Sacht
et al. [SJP13]. In [SJP13], the bristles in this geometry get locked by the surrounding torus.
However, both our method and [LBI8| properly resolve all self-intersections. Of note, for a
similar number of output mesh elements (112,682 vs. 112,554), our method runs noticeably

faster than that of Li and Barbi¢ [LBI§] (9.65s vs. 22.5s).

3.9 Discussion and Limitations

Our method has various limitations, most of which are attributed to our reduced use of
exact/adaptive precision arithmetic. The most prominent limitations of our approach are in
the types of input surface mesh S that we support. Fine-scale features, e.g., thin parallel
sheets, can cause negatively signed vertices to be located in regions of the grid corresponding
to an incorrect region. This may result in exterior regions erroneously generating copies, or
interior regions creating extra copies which will not be correctly merged or deduplicated.
In these pathological cases, the output mesh will have undesirable extraneous collections of
hexahedra. We resolve these issues by refining the background grid, but very fine features
may require refinement to an unreasonable resolution. However, our coarsening approach
is designed to mitigate this. Even using added resolution and subsequent coarsening, our
methodological simplifications prevent us from handling certain classes of cases that Li and
Barbi¢ [LB18] can handle, e.g., we cannot resolve non-simple immersions. It would be inter-
esting to investigate whether our minimal-exact-arithmetic approach could be extended to
handle non-simple immersions as well. Other future work includes improvements to the al-
gorithm to handle known pathological cases without the need for refinement and subsequent

coarsening, as well as improved detection mechanisms for such cases.
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Lastly, Figure illustrates an interesting case which neither our approach, that of Li
and Barbi¢ [LBI18] nor that of Sacht et al. [SJP13] can handle. In this case, which is
common near e.g. elbows and even shoulders in an upper torso, a portion of the domain
overlaps in such a way that (;bg must have negative Jacobian determinant in some regions.
Our approach returns a mesh for this case, but it does not properly copy the overlap region
and one of the two copies that would be required is rejected. I.e. our approach does not give
a result consistent with creating a mesh in SV and pushing it forward under ¢g. In Li and
Barbi¢ [LB18], this is noted as a case for which an immersion does not exist and Sacht et
al. [STP13] explicitly require the Jacobian determinant of ¢)g to be non-negative. However,

this is a commonly occurring case which would be beneficial to resolve.
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Figure 3.9: Precursor merge. The 12 vertices bordering the cell marked in yellow are

merged into 8 resulting vertices. Blue vertices 0, 1, 4, 5 and green vertices 12, 13, 15, 16 are

merged, respectively. However, magenta vertices 19, 20, 21, 22 do not merge with the blue

or green vertices since their associated surface element is topologically distant.
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Figure 3.10: Closest facet. (Left) The four vertices in yellow all have ambiguous signs

(Middle) To sign vertex 5, we generate the local patch Ssv, which are the segments shown

in yellow. The closest facet (indicated in cyan) lies on a face. (Right) A similar process is
illustrated for vertex 8, but here the closest facet is a vertex.
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Figure 3.11: Patch expansion. The local patch S;v corresponding to the yellow vertex is
shown. The initial patch is indicated in red, and the closest facet is a vertex of the red patch.
We add the missing incident triangles (turquoise) and recompute the closest facet. This is
again a vertex with incident triangles not in the patch, so we repeat the process (with new
triangles in dark yellow). The closest feature is now on an edge, and we proceed to the edge

criteria for signing.
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Figure 3.12: Region over-count. As the process of partitioning the grid only uses con-
nectivity based on grid edges, it is possible for a contiguous region to be split into multiple
regions. Shifting some of the vertices of S on the left results in the geometry on the right,
which contains an additional region in the upper right corner since no edge connects this

grid node to the larger blue region.

Figure 3.13: Connected regions. (Left) The surface partitions the background grid into
contiguous regions. (Middle) The exterior regions are removed. (Right) The volumetric
extension V* is shown, along with the negatively signed vertices in green. Multiple geomet-

rically coincident vertices are indicated using blue circles with green centers.
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Figure 3.14: Copy counting. The two regions from Figure |3.13| having multiple copies are

shown. Each copy is displayed with its corresponding connected component of vertices with

negative sign.

Figure 3.15: Edge cut criterion. Grid nodes x; of a region are shown, along with two
examples showing that adjacent grid nodes may have their common edge cut by a triangle
(cut edges are indicated by the dashed yellow lines). In this case, adjacencies are not built

-1
. . . 0 . .
between the corresponding vertices in V  to avoid unwanted sewing.
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Figure 3.16: Preliminary merge. The construction of the volumetric extension V° may
result in geometrically coincident vertices which do not come from topologically distant parts
of the mesh. Green vertices have negative signs, while purple vertices have positive sign.
Above: The process in Section merges these vertices into a single vertex. Below: We

do not merge coincident positive vertices, to avoid unnecessarily sewing the exterior.
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Figure 3.17: Vertex adjacency. The merge process between vertices of Vi'e and Cgl. For

the cell highlighted in yellow, there are 2 hexahedra from Vi'e and therefore 4 pairs of

geometrically coincident vertices. The two negatively signed vertices (in green) from cg" are

matched to the vertices which came from an interior connected component (marked in cyan)

and not the ones which did not (marked in pink).

Figure 3.18: Merge with boundary. We illustrate the process of Section [3.5.1

following

the preliminary merge of negatively signed vertices. First, specific vertices of V7 " are merged

with vertices of Cgl. Next, hexahedra to be replaced are removed from the yite, Finally,

copies of hexahedra from V° are added to this mesh.
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Figure 3.19: Overlap lists. A closeup of the overlap region from the geometry of Figure
is shown here. At the upper left, the seeds for the overlap between the two copies are
shown in purple, as well as the incident negative vertices (green) to the seeds from each copy.
At each step, the current seed is marked with a cyan border. New geometrically coincident
neighbors of the seed hexahedra are then added in the next step. When all seeds have been

traversed, the process stops.
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Figure 3.20: Deduplication. We show two of the four copies of the central region (yellow),
corresponding to the right and left segments of V°. Each of copies 0 and 1 create an overlap
list with the upper region (blue). The overlap list for copy 0 creates a pair between a
non-boundary yellow hexahedron and a boundary hexahedron from the blue region. This
boundary hexahedron is in a pair with a boundary hexahedron of copy 1, allowing us to
deduce that copies 0 and 1 of the yellow region are duplicates. We then repeat the boundary

merge process to create a deduplicated copy with complete boundary information.
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Figure 3.21: Coarsening. An example of fine mesh connections. Hexahedra 0 and 1 are
totally connected, while hexahedra 1 and 2 are connected by a face. After merging the

vertices of the coarse mesh (blue), the duplicated hexahedron (indicated in red) is removed.

..

s

Rad
Rad

centers of the two incident hexahedra are combined with two face vertices to form the
tetrahedra (red). (Middle) a standard boundary face uses a face center instead of the missing
incident hexahedron center. (Right) a non-standard interior face is shown. The right-most

incident hexahedra are geometrically coincident. We form hexahedra pairs/faces (0,1), (0,2)

Rad
Rad

Rad
Rad

/|:|

Figure 3.22: Hexahedra tetrahedralization. (Left) a standard interior face in V. The

and treat them respectively as standard interior, as in the left-most image.
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(a) Frame 0 (b) (c) Frame 27 (d) Frame 60

Figure 3.23: A self-intersecting shape is suspended from a ceiling. The geometry deforms

under gravity, and both sides freely move regardless of the initial overlap.

(a) Frame 0 (b) Frame 14 (c) Frame 59 (d) Frame 74

Figure 3.24: A ribbon with a more complicated initial self-intersection is also treated properly

by our method.
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(a) Frame 0 (b) Frame 8 (c) Frame 21 (d) Frame 92

Figure 3.25: A face with multiple boundary components and initially self-intersecting lips is

successfully animated.

) Frame 4 ) Frame 9
) Frame 33 ) Frame 48

Figure 3.26: Simple self-intersecting 3D geometries are able to separate and unfurl with our

algorithm.

48



(a) Frame 0

(b) Frame 20 (c) Frame 44

(d) Frame 78 (e) Frame 110

Figure 3.27: Two intersecting M&bius-strip-like geometries (pink) naturally fall and separate
under our method. The associated hexahedron meshes are shown in the right half of each

frame.
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(a) Frame 0

(b) Frame 16

(c) Frame 33

(d) Frame 84

Figure 3.28: Running the example shown in Figure

3.27]

(e) Frame 115

at different spatial resolutions. In

each frame, from left to right, the background grids have Az = 0.556, 0.278, and 0.139.
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(a) Frame 0 (b) Frame 100

(c) Frame 200 (d) Frame 300

Figure 3.29: A complex mesh of a dragon is allowed to fall under gravity. The left-hand side
of each subfigure shows the deforming mesh we generate, and each right-hand side shows the

corresponding surface mesh.
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(c) Frame 45 (d) Frame 80

Figure 3.30: Several ball-like geometries with intricate slices and holes are successfully

meshed with our algorithm and then deform and collide under an FEM simulation.
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(c) Frame 100 (d) Frame 200

Figure 3.31: We simulated dropping our 3D examples into a box with a FEM sim.
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(a) Initial State (b) Separation

Figure 3.32: Our method can successfully separate the torus and bristle geometry proposed

in [SJP13].
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CHAPTER 4

Primal Extended Position Based Dynamics for

Hyperelasticity

= Blended PXPBD
= FP-PXPBD
~——XPBD

Tolerance

10 20 30 40 50
Iters

Figure 4.1: 30 Objects Dropping (left). Our Blended PXPBD (B-PXPBD) approach
robustly handles large elastic deformations. FEM Residual Comparison (right). B-
PXPBD and FP-PXPBD reduce the backward Euler residual while XPBD stagnate in a

representative step of a hyperelasticity simulation.
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4.1 Methods

4.1.1 Equations

We consider implicit time stepping methods for integrating the FEM-discretized partial

differential equations (PDEs) describing momentum balance with hyperelastic materials

0*x oPE ot B . e
o3 =g T PE(x) = ;@(F (x))Ve. (4.1)

Here M € R3V>3MNp is a lumped (diagonal) mass matrix, x € R3M» are the deformed positions
of the FEM mesh and the potential energy PFE in the system is related to the hyperelastic
potential energy density as W. We use linear interpolation over tetrahedron (3D) or triangle
(2D) meshes in our FEM formulation. V¢ is the volume (3D) or area (2D) of the undeformed
e element arising from the piecewise constant terms in an integrands associated with linear

fext

interpolation. are external forces (gravity etc.). The hyperelastic potential ¥ is a

function of the deformation gradient in the e element (F¢) which is related to deformed

positions as
e ONi e
Flg(x) = Ez fﬂma—Xﬁ(X ) (4.2)

where N; are the piecewise linear interpolation functions in the FEM formulation and X¢ is
the centroid of the undeformed element. We refer the reader to the Bonet and Wood [BWOS§]
and Barbi¢ and Sifakis [SB12] for more details.

4.1.1.1 Hyperelastic Energy Density

The hyperelastic potential defines the constitutive response of the material. We demonstrate
our method with the fixed corotated potential from Stomakhin et al. [SHS12]

U (F) = p|F — R(F)|% + %(det(F) —1)% (4.3)

Here R(F) is the closest rotation to F which we compute from the polar singular value

decomposition |[GEJ16] and g and A are the Lamé coefficients. XPBD assumes that the
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potential is of the form
1 1
PE(x) = EC §Cc(x)a—cCc(x) (4.4)

The corotated potential ¥*" can be adapted to this from in terms of the following constraints

(in element) on the deformation gradient
Cy(F) = |F — R(F)|p, Co(F) = det(F) — 1. (4.5)

The gradient of Cy is not defined when F = R(F) (a common occurrence) and we use the
modification C; = \/ C’% + €, where € is an arbitrary positive constant to ensure that the gra-
dient is always defined. We use constraints C¢(x) = C; (F¢(x)) and C5(x) = C(F¢(x)) with
weighting p and A respectively (in element e). This is equivalent to using the hyperelastic

potential ¥ 4 € so it produces the same behavior as the corotated model.

We also demonstrate our method with an anisotropic model for muscle contraction (see

Figure . Here the potential is

i Omaz
wanzso(F) = e 3 . (fa + aactfp) (46)

where the parameter o, € [0, 1] controls the degree of active contractile tension and f, and

f, are based on the anisotropic fiber terms in Blemker et al. [BPD05]. More specifically, f,

and f, are computed as the following:

( 1€

0.0076 X0 "ot Y = 0.05(1¢ — Aopt) 16> dopr
fp = (4.7)
\O otherwise
(
0 1° < 0.4)0p
3)\0ﬂ()\l—eﬂ — 04)3 0-6>\on > [¢ > 0‘4/\ofl
Ja = =0.6612005 +1° = 1.33Nopu(5 — 1)* 14\, > 1° > 0.6M, (4.8)
0.6774Xop1 + 3Xopi (5, — 1.6)° L.6Aos > 16 > 14N,
| 0.6774N,p 1°> 1.6\,p

where [¢ = F¢v® and v° is the fiber direction of the element e.
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N N

Figure 4.2: Equal Budget Comparison. From left to right: Newton (converged), Newton,
FP-PXPBD, B-PXPBD, XPBD. With a limited budget, XPBD-style methods are stable,

whereas the Newton’s method suffers from instability. Frame 0, 10, 60 are shown in the

figure.

4.1.1.2 Implicit Time Stepping

We consider both backward Euler and quasistatic time stepping schemes

xtlxn  _p
M (At—v> = _W;E(Xnﬂ) 4 fext, (4.9)

At ox

Here x™, v" represent the time t" = nAt position and velocities. Quasistatic time stepping is
the same but with the left hand side of Equation replaced with 0. Note that we also may
constrain some vertices x',0 < ¢ < N, in practice to enforce boundary conditions and these
equations are removed from Equation , however we omit the explicit representation of

this for concise exposition.

4.1.2 XPBD

Macklin et al. [MMCTI6] solve Equation (4.9) with the introduction of a Lagrange multiplier
e associated with each constraint C.. They assume the potential energy gradient is of the

form

At?

OPE _ > 9Ce (%) (4.10)

8xm (91:m
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where they introduce A\, = —i—tch as an additional unknown which converts Equation (4.9))

into the system

g(x" A) =M (x" —x) = > AVC.(x") =0 (4.11)
n n A‘
h(x""1 A) = C(x"™) + A =0 (4.12)

Here x = x" + At(v" +M~1fe*") are the positions updated under the influence of inertia and

external forces, A is the vector of all Lagrange multipliers and A is a diagonal matrix with

entries equal to a.. The solution is approximated iteratively with X"Jrl and A, denoting the
n+1

k™ iterates. g(x;t", Ax) is used to denote the residual of the position (primary) unknowns

and h(x}™ A.,) to denote the residual of the Lagrange multiplier (secondary) unknowns.

XPBD uses a nonlinear Gauss-Seidel procedure based on the linearization

M+ A G () =VOIeq™) \ [ Axen | [ sl (4.13)
VC( nJrl) ﬁ A)\k+1 h(Xk+17)‘k)

In XPBD, the red terms are omitted to enable the update

(CT( OMTIC(x ) + Aiﬂ) AN = —h(xT ) (4.14)

AXk+1 1VC( ntl )A)\k+1 (415)

Furthermore, Equation (4.14)) is updated in a Gauss-Seidel fashion where the d'" Lagrange
multiplier is updated via

—ha(x} Aka)
VCI(xpH M-IV Cy(x ) + N E

Note that we distinguish A)\k—f—ld in Equation (4.16]) from from AM;i14 in Equation (4.14])

A/N\kJrld =

Net1d = Med + AN 1a- (4.16)

since only one one step of Gauss-Seidel iteration is performed on the linear system. Then

the positions associated with the constraint are updated via Equation (4.15)) to create
Xy =%+ M7 VCa(x; AN 14 (4.17)

The system (Equations (4.11)-(4.12))) is then re-linearized (Equation (4.13])) and the process
(Equations (4.16))-(4.17))) is repeated iteratively.

29



4.1.3 Primary residual XPBD (PXPBD)

The motivation for the omission of the residual and constraint Hessian terms (red) in Equa-
tion is natural. The constraint Hessian is non-diagonal and its retention would pre-
clude the decoupling of primary variables from the Lagrange multipliers in Equation (4.14)).
Furthermore, the primary residual term g(xZ“, Ar) requires more floating point operations
and generally a gather operation for efficient parallel evaluation. As Macklin et al. [MMCI6]
point out, the initial guess of Ag = 0 and xj "' = % means that g(x{™, A\g) = 0. However,
its omission is harder to justify in latter iterates, though Macklin et al. [MMC16] argue that
it is justified when the constraint gradients vary slowly and further that its omission makes
the approach similar to that of Goldenthal et al. [GHE(07]. While omission of secondary
information is commonly done in quasi-Newton approaches, we observe that omission of
the primary residual terms can lead to stagnation in residual reduction (see Figure [£.3(a)).
Unfortunately, we also notice that inclusion of this term can cause XPBD to lose its favor-
able stability properties (see Figure |4.3(b)). We note though that if the global system in
Equation is solved with sufficient accuracy (e.g. with a Krylov method and without
omission of the red terms), then stability and residual reduction can be achieved, however

this is more costly than Newton’s method for Equation (4.9) since the system size is larger

with the inclusion of the A unknowns.

4.1.3.1 Blended Primal XPBD (B-PXPBD)

We believe that the stability of XPBD is due to the omission of this primary residual term
g(x*t' A,). We observe that this omission can be done without any error if the position
update is chosen to guarantee that the primary residual is zero. This can be done by solving
Equation for XZLI with Ay fixed after the update (of a single Lagrange multiplier
Ak+14) in Equation . We again note that in this context, the Lagrange multipliers A,

are similar to stresses. Indeed as the a. are taken to infinity we can see similarities between
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Figure 4.3: (a) Primal Residual Comparison: Stagnation. While XPBD reliably
reduces the secondary residual, its omission of the primary residual in the linearization
causes its primary residual to stagnate, making its true (Newton) residual stagnate as well.
(b) Primal Residual Inclusion: Instability. XPBD is unstable when the primal residual

term is not omitted.

Equations (4.11))-(4.12)) and the discretized equations for incompressible fluids and for finite

values of a. the formulation is similar to the compressible formulations in Stomakhin et al.

[SSJ14] and Kwatra et al. [KGET10]. Therefore, the process of solving Equation for
xZIll with Mgy fixed is akin to solving for the change in positions given a fixed stress state
(that does not depend on positions).

Unfortunately, solving Equation for XZLI is complicated by the dependence of
the constraint gradient VC(XZLI) on positions and solving it accurately would be nearly as
difficult as solving the original system in Equation . Furthermore, this dependence of

the constraint gradient on positions means changing the stress in one constraint propagates
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to changes in positions in adjacent constraints and therefore throughout the mesh. For
example if fixed point iteration were used to solve for XZH given Ag,; where the only change
to Ay was in a single constraint d (as in Equation ), then first only the positions of
the vertices in the constraint would be changed, but then in the second iteration, any other
constraint gradients with dependence on these positions would change, and all positions
associated with those constraints would change, and so on. This would quickly become
computationally inefficient, however performing one iteration results in an update that only

changes the positions involved in the constraint associated with the Lagrange multiplier

update in Equation (4.16))
X =%+ > MM TVC(xH) + MT'VC(x ) Adg 4. (4.18)

Note that when the residual g(x;, "1 \;.) = 0 is zero this update coincides with that of Equa-
tion (4.15). We found that even using this first fixed point iterate was enough to improve
residual reduction, however we also found that it reduced the stability compared to Equa-

tion (4.15)). We remedy this by taking a linear combination of the updates in Equations (4.15])

and ([E18)
xp i =¢ <M_1V0d(XZ+1)A5\k+1d> (1 - QAx)?, +xpHt (4.19)

Axgil =X+ Z MeMTIVO () + ANy 1aM TV Gy (x ) — xp Tt (4.20)

The parameter ¢ can usually chosen to be 0.5. We increase it if we observe instability and

raise it if we see residual stagnation.

4.1.3.2 Implementation

Blended P-XPBD can be implemented as a small modification to XPBD. At the m" iteration,

total __

we store AxYP =", <m AXpq at the d™ constraint where

Axia = ¢ (M7VCL ) ANg) + (1= Qax]?. (4.21)
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Then we can obtain Ax]” easily by
AXI? = N MV O (x7HY) — Axlotel, (4.22)

Pseudo-code similar to that of XPBD in Macklin et al. [MMCIG6] is provided in Algorithm
itk

ALGORITHM 1: B-PXPBD Simulation Loop
Initialize Ax'el = 0.

while not reached maximal iterations do

for constraint d do

1. Compute Al as in Equation [4.16] ;

2. Compute Axgp using Equation [4.22| ;

3. Update x"*! using Equation [4.20 ;

4. Update A\xy14 using Equation [4.16, ;

5. Update Axtel «— Axtl + Axyy;

end

end

Figure 4.4: Muscle Box Activation. A rectangular bar with both ends clamped falls under
gravity. Two seconds later, the muscle box is activated and contracts along the horizontal
direction. The level of activation is shown on the right side of the images. ¢ = 0.0333,1.2,2.9

seconds are shown in the footage.
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ALGORITHM 2: FP-PXPBD Simulation Loop

while not reached mazimal iterations do

for element e do

while not converged or reached mazximal iterations do
begin Solve Newton system

1. Compute Newton residual via Equation (4.29));

2. Compute bf_; via Equation |4.33

3. Compute 0Fj_ ;; via Equation with the approximation in

Equation [4.48;

4. Compute 0xj_ ;; as in Equation (4.32[;

; n+1 e e .
5. Update the nodes on the element with x| = Xic, . ; + 0Xfep 15

6. Update P{_ ., = %(Fe(xﬁiuﬂ))?

end

end

end

end

4.1.3.3 First Piola-Kirchhoff Primal XPBD (FP-PXPBD)

Noting that the auxiliary Lagrange multiplier variables are similar to stresses, we observe
some convenient properties that arise from choosing an alternative stress measure in an
analogous primary /secondary formulation of Equation . In a general FEM-discretized
hyperelastic formulation (see Barbi¢ and Sifakis [SB12]), the potential energy gradient has
the expression

() = 37 P ()8 - (XY (4.23)

where .45 is the Kronecker delta tensor and P = g% is the gradient of the hyperelastic

potential energy density with respect to the deformation gradient. This is the first Piola-
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Kirchhoff stress [BWO0S]. If we introduce it as an unknown (analogous to \.), then tensor

B = 0o i (X)V® is analogous to the VC, terms in XPBD since they convert the

aBax,
auxiliary (stress) terms to force in the expression in Equation (4.10]). With this formulation,

(&
iafBy

an analogous method consists of

g(x"! PPy = M (x"! — %) + APBP = 0 (4.24)
v
he(x"+ Pty = Z—F(Fe(x"“)) —Pc=o0. (4.25)

Note that with this expression, the tensor B does not depend on the positional unknowns
x"1. In contrast, the analogous expression VC(x"™!) in Equations does have this
dependence, and it is precisely this issue that leads to the red terms in the linearization in
Equation (4.13). Therefore, a formulation based on Equations (4.24) and (4.25)) rather than
Equations and will automatically satisfy the constraint that g = 0 at each

Gauss-Newton iteration and will not require the omission of the constraint Hessian since it
is exactly zero. We adopt this strategy and iteratively solve Equations and
for primary position unknowns x}' and secondary element stresses P in a Gauss-Seiedel
manner analogous to that of the original XPBD. We observe that this retains the favorable

stability properties of XPBD, while allowing for accurate residual reduction and application

to arbitrary hyperelastic constitutive models.

This approach shifts the difficulty from the primary Equation to the secondary
Equation . It is trivial to maintain a zero primary residual, which simply requires
plugging the current guess for the element stresses P into Equation to define the
current guess for XZ“. We update this guess iteratively by solving for the positions XZE’G
in element e that satisfy Equation (4.25)). This is equivalent to solving the nonlinear system

equations for one element with the stresses in all adjacent elements held fixed, with their

dependence on the element positions ignored. We use 2¢ to denote set of the mesh vertices
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1€ in element e and solve

Me(x;1¢ — X°) + A#*BPy | = f° (4.26)
8\11 e n e
OF = (F(x kﬁ)) —Pi =0 (4.27)

where fi = AP(fE — 3o se 5 Biears Fins), £ is the external force. In index notations

Equation [4.26| can be written as:

Zmle 650!5 (‘xk—&—ljeﬁ x]eﬁ + At2 ZB a'y&PkJrl'yé - ieeak (428>
je.B 7,6

Here Equation (4.27) can be satisfied trivially by setting P{,, = SL(F¢(x}1})). With this
simplification, Equations (4.27))-(4.28]) can be rewritten as

=~ a\Ij n e
Me(x ¢ — %°) + AtQBea—F(Fe(xkﬂ’ ) —f=0 (4.29)

where ME¢

feajep = Micicjedqp is portion of the mass matrix (where mye is the mass of node i)

n+1l,e

composed of entries only in the element and x and x° are extractions of element-wise

positions from x; ™ and X respectively. Note that 2% (Fe(x} 1)) = 9% (Fe(x}{)) since the
element deformation gradient only depends on the nodes of the element. Lastly, B¢ has

= bor D2 (X)VE from Equation (4.23)).

entries Bf. .5 = Oay 55

We use Netwon’s method to solve Equation (|4.29)). X?j,;ifl denotes the [*" iteration of the

lth

local Newton procedure for computing the k + 1" global iteration, which modifies the nodes

n+1le n+1,e

€
i¢ of element e. These nodes are updated in Newton’s method as Xjc;, 1, 1 = X;e, 10Xy

To solve for 0x5.; ,;, we make the following approximation:

8\:[] e n e 62 e n e e e
F = (Fe(x kﬂiﬂ)) I Ay (FO(x killl ) 0FG y + Phiy (4.30)

and solve the system

02w e
Me6x5,q, + APB—— T (F(xp)0F L = —8ktu (4.31)
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where gf,, = Me(x} 11 — x°) + AtQBeg—%’(Fe(xZillf)) — f¢. This is a linear system of size
12 x 12 (6 x 6 in 2D). To reduce the size of the system, we use an affine basis for the change

in positions determined by a Newton step:

0XGepq1 = OF (X — Xeom) + by (4.32)

com

where 0Fj_, are distortional degrees of freedom in the element, b, are translational
degrees of freedom and X¢  is the center of mass of the element in the undeformed con-
figuration. Similarly, X{. refer to the undeformed positions of the vertices in the element.
Distortional and translational degrees of freedom can be decoupled for more efficient solu-
tion. This can be seen by first summing over i¢ € ¢ in Equation K31] and noting that
> iceqe Bieays = 0 (when the interpolating functions Nje satisfy the partition of unity prop-

erty)

D Micajesbfe sy

ie7j67ﬁ
0* +1
+ Z At Bzea'ycSaF 5aF (Fe(xk—‘rll’ ))5Fel/k+1l -
1€,7,0,0,U av

§ e
mieéxieakJrll.
Z‘e

= One( X%, — X ) relating the original variables to the affine

com

Next, by defining tensor D,

°eT

: e _
Wlth 5:L‘ieak+ll - 2677' zea676F67k+1l + bak+1l we see that

§ :mleél‘zeak—‘rll - E mZeDz oze7' e7'k+1l + E mZEbak+ll

1€ ,€,T

— € e e _ e
- § (mBXTcom — Me Tcom)(;F Tk+11 + mebakJrll - mebak+1l

where m® = ) .. . mye is the element mass and the undeformed element center of mass is
defined as X°¢ = # > e MieXje. Therefore the translational degrees of freedom can easily be

obtained from

. —1
k+11 — Z giek+11- (4-33)

€ jeeQe
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Once the translational component bf ; is determined from Equation (4.33), we multiply
Equation E31] on the left side by DT to reveal a decoupled system of equations for the

distortional degrees of freedom JF7

(M + 28V SR ) ) 0P = ~Gi (434
where
k1l = ZDzeany (Gicakr1t + Mieby 1) (4.35)
M., = Z DM e 5 DS e (4.36)
e

For efficiency note that the matrix M€ is block diagonal with the structure M. afys = 5awM 580
where interestingly M¢ = 3. mje(Xje — X6, )(Xie — X¢,)7 is the affine inertia tensor used

com

in [JSS15]. This can be seen from

M;I/GT = Z Dz anumi55ieje(5045D]€'€/BeT

Ze 7.] aMB

= Z 50”] Vcom))”?‘leé‘l'E 5aﬂ5ae( _Xﬁcom))

Ze 7] a7/8

= 6775 Z e (Xieey - Vcom) (Xe X:com>

However note that unlike in [JSST5] , the matrix M is not in general diagonal.

4.1.3.4 Partition of unity and reproduction of linear functions

We note that the expression in Equation H34 relies on the identity DB = V¢I. This

can be shown when the interpolating functions N; form a partition of unity >, N; = 1 and

68



reproduce linear functions as X = > . X; N;(X). In particular, we show

(D7B)ersy = Divues Bl (4.37)
= 3 st X = X g (XY (439
= V" (X = K X (439)
= 8V} (X)X, - (X)X i) (4.40)
= 3V (S G KX~ (D G DX (011
=0V (0 G X, — PRI ()
= 8aV(3 e (XXE, — T (X Xe) (4.43)
= 0,5V° g]; (X)X (4.44)
— V6,56, (4.45)

4.1.3.5 Quasi-Newton

In general, solving Equation (4.34]) for the distortional JF§ requires the solution of a 9 x 9
linear system (4 x 4 in 2D). However, we generally know (or can compute with minimal
effort) the eigen decomposition of %(Fe(xzﬂf)) [TST05, SGKT9]. Since M€ is constant
and block diagonal, its inverse can be precomputed with minimal storage and the inverse of
M* + A?ZY(F.(x)11,)) can be approximated using the Sherman-Morrison rank-1 update
formula [Hag89]. However, if all eigen modes are used, this computation can be costly. We
therefore use just a few modes in a quasi-Newton strategy, where the cost of the slow down

in Newton convergence must be balanced against higher computational time per iteration,

brought by using more modes in the Sherman-Morrison formula. In the case of the corotated
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model, we can use

PU . OR(F) Odet(F¢)  0Odet(F°)
oz (F) =20l 42— + A= @ —— (4.46)
o\ 02 det(F€)
+ A det(F )W (447)
N ddet(F°¢) Odet(F°)
2l AT @ (4.48)

where Tis the 9x9 (4 x4 in 2D) identity matrix. Note the term 2 25E) 8F ) 4 X det(Fe) e ((let()lz L

omitted in the approximation. With this approximation, we can use the Sherman-Morrison

formula for

W - Z¢ (We @ W¢) Z¢
M + AV — (Fe(xf] ~ L — 4.49
( + aFg( ( k+1l))) 1 +We . (ZEWB) ( )
where W¢ = 8d§;e and Z¢ = (M° + 2VeAt?uI)~'. Note that Z¢ is constant and has the

same symmetric block diagonal structure as M¢ so its inverse can be precomputed and stored

with only 6 floats (3 in 2D).

While the procedure outlined in Section |4.1.3.5| requires some elaborate notation, we note
that it is effectively a standard Newton’s method for FEM-discretized hyperelasticity on a
single element. The only difference is that the stresses from the neighboring elements do
not change when the element nodal positions change. This is inherent in the introduction
of the stresses P¢ as additional variables in Equations -. The stresses from
the neighboring elements just contribute forces that effect the right hand side of the Newton
procedure, but not the matrix in the linearization. We summarize the process in Algorithm 2|
In general, we run with 1-5 Newton iterations. As discussed in Section [4.1.3.5] with our
novel approximation of the Hessian, the cost of solving the linear system becomes trivial.

The major cost of the computation time for both XPBD and FP-PXPBD is computing the

singular value decomposition of F¢. As shown in Section [4.3.1] 4.3.2] [4.3.3]and [4.3.4] the
speed of FP-PXPBD is comparable to XPBD.
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Figure 4.5: Triangle Mesh Coloring. A step-by-step illustration of coloring a mesh in
2D is shown. Each node registers the colors used by its incident triangles. We go over each
triangle to determine its color as the minimal color unregistered by its incident nodes. All

its incident nodes then register the triangle’s color as used.

4.2 Parallelism

Computation of the element-wise updates must be done in parallel for optimal efficiency.
Even though we use a Gauss-Seidel (as opposed to Jacobi) approach, we can achieve this
with careful ordering of element-wise updates. This was discussed by Macklin and Miiller
[MMZ21], however their approach is limited to tetrahedral meshes created from hexahedral
meshes. We provide a simple coloring scheme that works for all tetrahedron meshes. The
coloring is done so that elements in the same color do not share vertices and can be updated
in parallel without race conditions. For each vertex x; in the mesh we maintain a set Sy,
that stores the colors used by its incident elements. For each mesh element e, we find the
minimal color that is not contained in the set Ux,ccSx,.. Then, we register the color by

adding it into Sx,. for each x;e in element e. This coloring strategy does not depend on the
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topology of the mesh and requires only a one-time cost at the beginning of the simulation.

The process is illustrated in Figure E.5

For the grid-based variation mentioned in Section [£.3.5 we do a similar process as the
coloring scheme for the mesh, except the incident points of an element are now a subset of
the grid nodes. Since the particle positions are interpolated by grid nodes, an element would
be incident to all the grid nodes that interpolate to its incident particles on the mesh. So for
each element, we choose its color as the the color with the least color index such that it is
not yet registered by the incident grid nodes. The process is illustrated in Figure [4.6] Since
grid nodes incident to an element change every timestep, the elements have to be recolored
every timestep. We speed up the coloring process by using the coloring results from previous
timestep as an initial guess. We note that Fratarcangeli et al. [FVP16] develop a randomized

and effective ordering technique that could be used here as well.

Table 4.1: Timing Comparisons: runtime is measured for each frame (averaged over the

course of the simulation). Each frame is run after advancing time .033.

Example # Vertices # Elements. XPBD Runtime B-PXPBD Runtime FP-PXPBD Runtime XPBD # iter B-PXPBD # iter FP-PXPBD # iter
Residual Reduction (Figure b)) 4K 17K 200ms 200ms 216ms 40 40 40

Equal Budget Comparison (Figure 33K 149K 210ms 210ms 200ms 7 7 5

XPBD Hyperelastic (Figure 4K 17K 22ms - 44ms 4 - 4

XPBD Neohookean (Figure 4K 17K 795ms - 345ms 400 - 40

Simple Muscle (Figure 5k 20k - - 160ms - - 4

4.3 Examples

We demonstrate our methods in a variety of representative scenarios with elastic deforma-
tion. Our approach has comparable computational complexity to XPBD, so we only provide
limited run-time statistics in Table Examples run with the corotated model (Equa-
tion use the algorithm from |GEJ16] for its accuracy and efficiency. All the examples
were run on an AMD Ryzen Threadripper PRO 3995WX CPU with 64 cores and 128 threads.

In each of the examples, we compute the mass m; of node x; from a user-specified density
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Figure 4.6: Grid-based Mesh Coloring. A step-by-step grid-based simplex mesh coloring
scheme for 2D is shown. The illustration assumes the grid uses linear interpolation where
interpolation over a cell only requires the 4 grid nodes on its corners. An element can have
at maximum 12 incident grid nodes. After the first element is colored green, 9 grid nodes
that are incident will register green as a used color. The elements incident to those nodes

then cannot be labeled green.
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p. We denote Z to be the set of elements that contain node i. We define
Vep

Ne

m; =
ecT

(4.50)

Then the mass matrix is set with M;, ;3 = 0;;0,5m;. We compute Lamé parameters ;o and A

with Poisson ratio v and Young’s modulus F. They are computed as following:

E Ev
S N T T ) (4.51)

For all the examples in this paper we set Poisson ratio v = 0.3 and density p = 10.

4.3.1 Residual Comparison

We compare the residual reduction between XPBD, B-PXPBD and FP-PXPBD. Figure
1 (right) shows the residual reduction in a representative time step of a simple elasticity
simulation. While B-PXBD and FP-PXBD continually reduce the nonlinear backward Euler
residual, XPBD stagnates. Note that XPBD effectively reduces the auxiliary residual, but
not the primary residual and that it makes rapid initial progress when the omission of

the primary residual is well-justified. The example setup is the same as the one shown in

Figure [4.3((b). B-PXPBD has blending parameter ¢ = 0.5.

4.3.2 Equal Budget Comparison

In Figure [4.2] we compare methods when simulated with a restricted computational budget.
At the left we show Newton’s method run to full-convergence (residual of Equation less
than 1e®), which is computationally expensive. Then, we compare (from left to right) New-
ton’s method, FP-PXPBD, B-PXPBD and XPBD when only allowed 200ms of computation
time per frame. Newton’s method is remarkably unstable, but the XPBD-style methods are
stable and visually plausible. Here we fix the left side of the tetrahedron mesh created from
a 32 x 32 x 32 grid and apply gravity. The Young’s modulus is £ = 1000 and the time step
is At = 0.01. B-PXPBD has blending parameter ( = 0.1.
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4.3.3 XPBD Hyperelastic

In this example we demonstrate that XPBD is incapable of dealing with certain hyperelastic
models. The top bar is simulated with XPBD and the corotated model, where the constraint
is reformulated as C,(x) = /Wer(F¢). The middle bar is simulated with FP-PXPBD and
the bottom bar XPBD as formulated in Equation (4.5). As demonstrated in Figure @,
the top bar becomes unstable after a couple of time steps. The reformulation at the top is
a simple means of addressing general hyperelasticity with a XPBD formulation, however it
does not behave stably. For this example we take a rectangular mesh and clamp both ends
which are then stretched and then squeezed. We set Young’s modulus as £ = le* and time

step At = 0.01.

Figure 4.7: XPBD Hyperelastic. Defining the XPBD constraint as the square root of the

hyperelastic potential is not stable (top). Results at frame 0, 10, 30 are shown.

4.3.4 XPBD Neohookean

In this example we compare XPBD and FP-PXPBD when used with the Neo-Hookean model
proposed in Macklin et al.[MM21]. We generalize the low-rank approximation to the Hessian
from Equation [£.48 to this model as

0*v Jdet(F¢)  Odet(F°)
oz o) ¥ A5 g

(4.52)
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Similarly, we can approximate the Hessian inverse as in Equation with Z°¢ = (1\7[6 +
VeA#?uI) ™. The test scenario is similar to that in Section We use Young’s modulus
E = 1000 and time step At = 0.01. Results are shown in Figure The top bar is
simulated with XPBD and is run with 100 iterations per time step. However, it does not
converge to the ground truth run with Newton’s method, which is shown in the bottom row.
It is also visibly less volume conserving. On the other hand, FP-PXPBD converges to the

ground truth with 10 iterations per time step.

Figure 4.8: XPBD Neohookean. XPBD is less volume-conserving than FP-PXPBD when

the cube is squeezed. Results at frame 1, 25, 52 are shown.

4.3.5 Grid-Based B-PXPBD Examples

We showcase the versatility and the robustness of B-PXPBD through a variety of collision
intensive examples. We use the grid-based approach of Jiang et al. [JSS15] since this
approach does not require modification of the potential energy to address collision/contact
and therefore clearly demonstrates our solver performance. Here, the backward Euler degrees
of freedom are over a regular grid where the tetrahedron mesh is embedded/interpolated
from its motion. That is, we use B-PXPBD to solve the system of equations for implicit
time stepping outlined in Jiang et al. [JSS15], but where the energy is written in the
XPBD way using the constraints Equation . This requires a modification to the coloring
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Figure 4.9: (a) Grid-Based Residual vs. Iterations. The residual norm vs. iterations
is plotted at a representative time step with grid-based collision. Newton’s method and B-
PXPBD reliably reduce the residual, but XPBD stagnates. (b) Grid-based Residual vs.
Runtime. The residual norm vs. computation time is plotted at a representative time step.
Grid-based B-PXPBD and grid-based XPBD take an extra 1 second at the beginning of each
timestep to compute preprocessing data. Note that B-PXPBD achieves fasters convergence

than Newton’s method.

strategy used for parallel implementation (see Section for specifics) but is otherwise a

straightforward application of our techniques so we omit explicit detail.

In Figure 1, we drop 30 objects stacked on top of each other into a glass box. The objects
include bunnies, dragons, balls, boxes and tori. The bunny mesh used is obtained from
[TL94] The total vertex count of the mesh is around 800,000. We visualize the convergence
behaviors of grid-based XPBD, grid-based B-PXPBD and Newton’s method in Figure (.9
While the residual of grid-based XPBD stagnates, grid-based B-PXPBD continually reduces
the nonlinear residual. Though grid-based B-PXPBD has a convergence rate that is slower
than Newton’s method, it has a much lower computational budget than Newton’s method.

As the right plot in Figure indicates, given the same computational budget, grid-based
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B-PXPBD would reduce residual more than Newton’s method. On average, the grid-based
B-PXPBD takes 17.6s/frame, whereas Newton’s method takes 58.9s/frame. We demonstrate
more collision-intensive scenarios in Figures [4.10] and Figure [4.11, For these examples,
the Young’s modulus is £ = 1000 and CFL number is .4. B-PXPBD has blending parameter
¢ =0.5.

=58 RN ERE S,

it
SEEsEsane

Figure 4.10: Four Bars Twisting. Grid-based B-PXPBD is capable of handling large

deformation and complex collisions.

4.4 Discussion and Limitations

Our framework effectively addresses XPBD convergence issues with hyperelasticity and al-
lows for generalization to arbitrary constitutive models. Furthermore, we attain the favor-
able stability and efficiency properties that make PBD and XPBD techniques so powerful.

However, our approach does have limitations.

With B-PXPBD the blending parameter ¢ can require numerous simulations to establish
a useful value. FP-PXPBD is more general, but the local step may be more costly and the
Sherman-Morrison formula must be applied on a case-by-case basis for different constitutive
models. Lastly, while the grid-base approach of Jiang et al. [JSS15] is an easy way to
handle collisions within our framework, it is not ideal for many applications since a grid-
based CFL must still be used. Furthermore, it does not naturally allow for use with FP-
PXBPD because the accelerations we apply in the local step are not directly applicable. We
provide two approaches B-PXPBD and FP-PXPBD since both have different strengths and
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Figure 4.11: Muscle. Large-scale muscle simulation using grid-based B-PXPBD. Frames 0,
30, 60, 140 are shown.

weaknesses. While B-PXPBD is simple to implement (and requires only a small modificaiton
to an existing XPBD code), it requires the tuning of the blending parameter and does not
address general hyperelastic models models. Alternatively, FP-PXPBD can be applied to
general models but it requires a larger deviation from an existing XPBD code. Furthermore,
the number of iterations in the Newton method for each element effects the efficiency of
the approach relative to B-PXPBD. In practice, these considerations must be weighed when

deciding which approach to use.
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Figure 4.12: Dropping Dragons. Grid-based simulation with B-PXPBD exhibits many

collision-driven large deformations.
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CHAPTER 5

Position-Based Nonlinear (Gauss-Seidel for Quasistatic

Hyperelasticity

5.1 Equations

We consider continuum mechanics conceptions of the governing physics where a flow map
¢ : Q" x[0,T] = R? d =2 or d= 3, describes the motion of the material. Here the time
t € [0, 7] location of the particle X € Q° C R? is given by ¢(X,t) € Qf C R? where Q° and
Q! are the initial and time ¢ configurations of material respectively. The flow map ¢ obeys

the partial differential equation associated with momentum balance

%
0 X ex
R_atzzv ‘P (5.1)

where R is the initial mass density of the material, P is the first Piola-Kirchhoff stress and

fex* is external force density. This is also subject to boundary conditions

(X, 1) = xp(X,1), X € 90° (5.2)

P(X,t)N(X,t) = T(X,t), X € 90% (5.3)

where N is the outward-pointing normal to the initial boundary Q° and 9° is split into
Dirichlet (9Q}) and Neumann (0€2y ) regions where the deformation and applied traction
respectively are specified. Here T denotes externally applied traction boundary conditions.

For hyperelastic materials, the first Piola-Kirchhoff stress is related to a notion of potential
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Figure 5.1: Quasistatic Muscle Simulation with Collisions. Left. Our method
(PBNG) produces high-quality results visually comparable to Newton’s method but with
a 6x speedup. PBD (lower left) becomes unstable with this quasistatic example after a few
iterations. Middle. In this hyperelastic simulation of muscles, we use weak constraints to
bind muscles together and resolve collisions. Red indicates a vertex involved in a contact
constraint. Blue indicates a vertex is bound with connective tissues. Right. A dress of
24K particles is simulated with MPBNG on a running mannequin. The rightmost image

visualizes our multiresolution mesh.
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energy density ¥ : R4 — R as

P(X.) = S (G (X.0), PE@(.0) = [ w(G2)ax (5.4)

where PE(¢(-,t)) is the potential energy of the material when it is in the configuration
defined by the flow map at time t. Note that we will typically use F = % to denote
the spatial derivative of the flow map (or deformation gradient). We refer the reader to

[GS08, BWOS] for more continuum mechanics detail.

In quasistatic problems, the inertial terms in the momentum balance (Equation ({5.1])

can be neglected and the material motion is defined by a sequence of equilibrium problems
0=V* P (5.5)

subject to the boundary conditions in Equations ((5.2)-(5.3). This is equivalent to the mini-

mization problems

argmin
o(-,t) = PE(T) — / £ Y dX — T - Yds(X) (5.6)
YT ewWw o 000,

where W = {Y : Qy — R?|Y(X) = xp(X,t), X € 99% }. We note that even though the
velfocity does not affect the quasistatic equilibrium equations in Equation (5.5)), the time
dependence in the boundary conditions gives rise to solutions ¢(X,t) that change with

respect to time.

5.1.1 Constitutive Models

We demonstrate our approach with a number of different hyperelastic potentials commonly
used in computer graphics applications. The “corotated” or “warped stiffness” model [MDMO02],
EGS03, MG04, [ST08, [CPS10] has been used for many years with a few variations. We use

the version with the fix to the volume term developed by Stomakhin et al. [SHS12]

)\(det(F) —1)% (5.7)

() = ulF — R(F)2+ 5
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Here F = R(F)SS(F) is the polar decomposition of F. Neo-Hookean models [BW0§| have
also been used since they do not require polar decomposition and recently some of them have

been shown to have favorable behavior with nearly incompressible materials [SGK18].

o 1 A 1
U(F) = 5/¢]F]% | §(det(F) -1- X)2. (5.8)

Here \ = 1+ A. A and p are the Lamé parameters and are related to the Young’s modulus

(E) and Poisson’s ratio (v) as

FE Ev

NS T A=) (5.9)

Note that we distinguish between the A used in Macklin and Miieller [MIM21] and the Lamé
parameter \; we discuss the reason for this in more detail in Section We also support

the stable Neo-Hookean model proposed in [SGKIS]

. 1 1 3, 1
W) = Spul|F[f — d) + 5 (det(F) — 1 — 75)* = Splog(1 + [F[7). (5.10)

5.2 Discretization

We use the FEM discretization of the quasistatic problem in Equation ([5.5])

f,(x") + £ =0, X, ¢ QY (5.11)

X1-H_1 = XD<Xi,tn+1), X, € QOD (512)

7

Here the flow map is discretized as ¢(X, ") = Z;VZ‘E)_I X7 x;(X) where the x;(X) are

piecewise linear interpolating functions defined over a tetrahedron mesh (d = 3) or triangle
mesh (d = 2), and x’*' € R?, 0 < j < NV are the locations of the vertices of the mesh at
time t"*1. Note that we use x"*! € R™" to denote the vector of all vertex locations and

:E?BJF ! to denote the 0 < 8 < d components of the position of vertex i in the mesh. The forces
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are given as

OPE
£ E_— 1
i(y) dy. (¥) (5.13)
A~ ~ U A WC
PE(y) =PE (y)+PE (y) (5.14)
v NE_1 NV -1 8X
1 — AT (xee 0
PE") = 30 MO v (K (5.15)
foxt :/ feXtXidX—i—/ T x;ds(X) (5.16)
Qo 208,

where PE" : R 5 R is the discretization of the potential energy, ij:‘;_l yj%(Xe) is
the deformation gradient induced by nodal positions y € R*" in tetrahedron (d = 3) or
triangle (d = 2) element e with 0 < e < N, %(Xe) is the derivative of the interpolating
function in element e (which is constant since we use piecewise linear interpolation) and V°
is the measure of the element. We refer the reader to [BWOS|, [SB12] for more detail on the
FEM derivation of potential energy terms in a hyperelastic formulation. Also, note that we
add another term to the discrete potential energy PE":R¥M 5 Rin Equation to
account for self-collisions and similar weak constraints (see Section [5.2.1)). Similar to the

non-discrete case, the constrained minimization problem

argmin . R
xrtt = 8 PRy -y (5.17)
Yy € WAx

where Wit! = {y e RNV ly; = xp(X;, "), X; € 89%} is equivalent to Equations (5.11))-
G.12).

85



5.2.1 Weak Constraints

We support weak constraints for self-collision and other similar purposes (as in [MZS11]).
These are terms added to the potential energy in the form

Nwe—1

A~ __WC 1
PE" (y) =5 > Cely)"K.Culy) (5.18)
c=0
NV -1
Cly) = Y wiyo; — wi;yj. (5.19)
7=0

Here the wg;, wy; are interpolation weights that sum to one and are non-negative. This
creates constraints between the interpolated points Z;V:‘;fl wg;Yo; and Zj.\gfl wi;y1;. The
stiffness of the constraint is represented in the matrix K.. This can allow for anisotropic
responses where K, = k,nn” + k. (Tng + TlTlT). Here n”7, = 0, i = 0,1 and k, is the
stiffness in the n direction while k;, is the stiffness in response to the motion in the plane
normal to n. 747, = 0 and ||7;]| = 1,4 = 0,1. In the case of an isotropic constraint
(ke = kn = k.), we use the scalar k. in place of K, since K, = k.I is diagonal. We note that,

in most of our examples, the anisotropic model is used for collision constraints where n is

the collision constraint direction.

5.3 Gauss-Seidel Notation

Our approach, PBD and XPBD all use nonlinear Gauss-Seidel to iteratively improve an
approximation to the solution x"*' € R¥Y of Equation (5.11)) (or equivalently, Equa-
tion ((5.17))). Here we introduce detailed notation to help clarify the specific details of our

method as well as its convergence behaviors. We refer to one Gauss-Seidel iteration as the

n+1,0 n+1

process of updating all vertices once and use [ to denote the iteration count as x A X
During the course of one Gauss-Seidel iteration, individual vertex degrees of freedom in the
approximate solution will be updated in sub-iterates (indexed by k) which we denote as

n+1, ANV - GS n+1,l _ _n41l n+1, _ n+1l+1
Xy € R with 0 < k < N*¥°. For example, X =X and X Nv_np_1) = X
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Figure 5.2: PBNG vs XPBD. Muscle simulation demonstrates iteration-order-dependent
behavior with XPBD and quasistatics. A zoom-in view under the right armpit region is
provided. Each method is run for 130 iterations. PBNG converges to the desired solution,
binding the muscles closely together. XPBD-QS and XPBD-QS (Flipped) fail to converge,
leaving either artifacts or gaps between the muscles. Details on XPBD-QS and XPBD-QS
(Flipped) can be found in Section .

for PBNG. To further clarify, with PBD/XPBD in the k' sub-iterate, the nodes in the k"
constraint will be projected/solved for and so N will be equal to the total number of
constraints. In our position-based approach, in the k" sub-iterate, only the d components
of a single node i, will be updated. It is important to introduce this notation, since unlike
with Jacobi-based approaches, the update of the £*" sub-iterate will depend on the contents

of the k — 1" sub-iterate.

5.4 Position-Based Dynamics: Constraint-Based Nonlinear Gauss-

Seidel

Macklin et al. [MMCI6] show that PBD [MHHOT7] can be seen to be the extreme case of a
numerical method for the approximation of the backward Euler temporal discretization of

the FEM spatial discretization of Equation (5.1

NV -1 —
(x’”’l —2x7 + x;-‘ !

; mij | = At

) = fi<Xn+1) + fieXt, Xz ¢ QOD (520)
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Here m;; = fQO Ry;dX and m;; = 0, j # 4 are entries in the mass matrix. However, Macklin

et al. [MMCI6] require that the discrete potential energy in Equation (5.15)) is of the form

aNE_1

NN 7 1

PE (y)= Y 5. Ce(¥), y € R™". (5.21)
c=0 ¢

To demonstrate the connection between Equation (5.20) and PBD, Macklin et al. [MMC16]

develop XPBD. It is based on the total Lagrange multiplier formulation

NV -1
y n+l _ n+1 )\n—l-l — 0 X QO 5.29
jZO T ( Z axz ¢ ( )
n+1 n+l __
Ce(x") + AtQ)\C =0,0<c<P (5.23)
where x; = 2x7 — x}‘_l - ﬁ—iff"t and A"*! € R” is introduced as an additional unknown.

The x"*! € R¥™N" in Equations (5.22)-(|5.23)) is the same in the solution to Equation (5.20]).

P is the number of constraints. Macklin et al. [MMCI6] use a per-constraint Gauss-Seidel

update of Equations ({5.22))-(5.23))

n+ll n+ll n+1,l

Xilk+1) = + Ax Xi(k+1) X; ¢ Qp (5.24)

n+ll

n+1,l k+1 )e 0C,, n+1,

AX; i(k+1) — My - %, (X(k) ) (5.25)
-C (Xn—i-l,l) OéckC ( n+1 l)

n+1,l Ck\(k) At2

AN, = — : (5.26)

- 1 d—1 n+1,1 Qe
5 2 b= (axﬁ( X (k) >> R

Here the k + 1'" sub-iterate in iteration [ is generated by solving for the change in a single

n+1,1

(et 1)e associated with a constraint ¢; that varies from sub-iteration

Lagrange multiplier A\
to sub-iteration. However, as pointed out in [CHC23|, this Gauss-Seidel procedure does
not converge to a solution of Equation (5.20). [CHC23| isolates the root cause of this as
the omission of the residual of Equation in the update of the Lagrange multiplier in

Equation (5.26)) and moreover that inclusion of the residual in the update leads to unstable

behavior. We demonstrate this behavior and contrast with our approach in Figure [5.3|
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5.4.1 Quasistatics

As noted by Macklin et al. [MMCI6], the XPBD update in Equations (5.24))-(5.26) is the
same as in the original PBD [MHHOT] in the limit a,. — 0. By choosing a stiffness inversely
proportionate to a parameter s > 0 and examining the limiting behavior of the equations
being approximated, we see that the original PBD approach generates an approximation to
the quasistatic problem (Equations (5.5))), albeit with the external forcing terms omitted.

More precisely, define ¢, to be a solution of the problem

P e, ex
sROW = VX . P 4 st (5.27)

subject to the same boundary conditions in Equations —. This is equivalent to
scaling the a, that would appear in Equation (through P) by s. The a. are inversely
proportionate to the Lamé parameters, so as s — 0, the material stiffness increases. Since
the inertia and external force terms in Equation vanish as s — 0, it is clear then that
the original PBD formulation generates an approximation to the solution of a quasistatic
problem with the external forcing f*** omitted. Note that PBD does include the external
forcing term in its initial guess x7™ = x? + Atv? + ﬁl—iff’“. However, the effect of the initial
guess vanishes as the iteration count is increased. We demonstrate this in Section 9.3 of the
paper. Also, note that this is not the case in the XPBD formulation where o, > 0, as it is

the inverse stiffness term.

Unfortunately, XPBD cannot be trivially modified to run quasistatic problems. For
example, omitting the mass terms on the left-hand side of Equation makes the Gauss-
Seidel update in Equations — impossible since there would be a division by zero.
The simplest fix for quasistatic problems with XPBD is to run to steady state using a
pseudo-time iteration as in [CMM20]. This prevents the need for scaling the a, which
inherently removes the external forcing terms and does not introduce a divide by zero in
Equation ([5.25). However, this is very costly since each quasistatic time step is essentially

the cost of an entire XPBD simulation. We refer to this technique as XPBD-QS (see for
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example). In addition to the excessive cost of this approach, we also observe severe iteration-
order dependent behavior of XPBD-QS in the presence of spatially varying constraints and
where constraints of different types affect the same vertices (see Figure . We believe
the omission of the primary residual noted by Chen et al. [CHC23] is the cause of this
iteration-dependent behavior. Intuitively, the Gauss-Seidel update would have information

about adjacent constraints if it could be added stably.

104 ‘ ‘ * * *
e X PBD
e
5 10°
Z
(9\]
E
) II.O_6
g
x
[
% 10”7
Z I
_g| Tolerance
10 T T T T T T T T T T T T T e e e e
0 5 10 15 20 25

lters

Frame 15

Figure 5.3: Left. Clamped blocks under gravity. The green block is XPBD, and the yellow
one is PBNG. Right. PBNG is able to reduce the Newton residual to the tolerance, whereas

XPBD'’s residual stagnates.

5.5 Position-Based Nonlinear Gauss-Seidel

To fix the issues with PBD/XPBD and quasistatics, we abandon the Lagrange-multiplier for-
mulation and approximate the solution of Equation ([5.11)) using position-centric, rather than

constraint-centric nonlinear Gauss-Seidel. This update takes into account each constraint
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that the position participates in. Visual intuition for this is illustrated in Figure (a). More

specifically, in the k™ sub-iterate of iteration I, we modify a single node i; with X;, ¢ 9Q9

as
n+l,l n+1 l n+1,1
Xk iy = Xkyin T BX(kr 1) (5.28)
11 argmin ., . .
A i, = PE(x("" + C*Ay) — Ay - £

Ay € R?

Here C* € RIN"*4 ig a selection matrix that isolates the degrees of freedom on the node iy,

and has entries é’;gﬁ = 0j;,005. We solve this minimization by setting the gradient to zero

0 = i, (x(p) " + CH AL ) + + £ (5.29)

(k+1)i

We use a single step of a modified Newton’s method to approximate the solution of Equa-

tion (5.29) for AXZ;:_Ill € R%. We use AX?,;:_Ill) = 0 as the initial guess. We found that

using more than one iteration did not significantly improve robustness or convergence. Our

update is of the form

AXn—Hl <An+ll )‘1 <f'

(k+1 ik 1k

() + ff;t> (5.30)

Here A?,j:ll ~ —g}f,—'i/“(x?Jrl’l) € R4 is an approximation to the potential energy Hes-
ik

sian/negative force gradient.

5.5.1 Modified Hessian

n+1,0

(k1) TO minimize its computational cost. The

We choose the modified energy Hessian A

of,
true Hessian 5. k. E R4 has entries

Of; NP—-1 d-1 ONE 8]\/ .

—(y)=— C —=V— 5.31

ayzkﬁ (Y) ; 6;0 a’yﬁ&( )aX an ( )
Nwe—1

2
(w81k - wilk) KCOZB) 0 S 0[76 < d
c=0
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_1 ANt . ) . .
where C§55(y) = %(Zyz‘; 1yj8—)g) is the Hessian of the potential energy density
evaluated at the deformation gradient in element e and K,z is the stiffness tensor associated

with weak-constraints.

The primary cost in Equation (5.31)) is the evaluation of the Hessian of the energy density

¢ 5s(y) which is a symmetric fourth order tensor with d* x d* entries. Furthermore, this
tensor can be indefinite, which would complicate the convergence of the Newton procedure.
We use a definiteness projection as in [I'SI05] and [SGK19]. However, we use a very simple
symmetric positive definite approximation that (unlike [TSI05, [SGK19]) does not require

the singular value decomposition of the element deformation gradient Z ! y] 5% Also

note that Teran et al. [T'SI05] also require the solution of a 3 x 3 and three 2 x 2 symmetric

eigenvalue problems; our approach does not require this. Our simple approximation is
Cornpn(¥) = 201005815 + AT (F) 3 (v) T (F)34 (y). (5.32)

Here JF¢(y) = det(F¢(y)(F¢)~T(y) is the cofactor matrix of the element deformation gradi-

ent Fe(y) = YV 7y, o8

i—0  Yigx- We note that the cofactor matrix is defined for all deformation

gradients F¢, singular, inverted (negative determinant) or otherwise. This is essential for
robustness to large deformation. We note that this approximation works for any isotropic
potential energy density ¥ where pu and A\ are the associated Lamé parameters computed
from Young’s modulus E. We discuss the motivation for this simplification in Chapter [7]
but note here that it is clearly positive definite since it is a scaled version of the identity with
a rank-one update from the cofactor matrix. With this convention, our symmetric positive

definite modified nodal Hessian is of the form

NP1 d—1
ON{ ONf
n+1 n+1l 7 0
Al yias = D D Conaa(x(y) GX: ax, et (5.33)
e=0 0,y=0
Nve—1
(w;, — w$,)" Keap, 0 < 0, 8 < d. (5.34)
c=0
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5.5.2 Collision against kinematic bodies

We add support for hard collision constraints against kinematic geometry (collision bodies
that do not deform). At the beginning of each time step, each vertex x; detects its closest
point X; on the kinematic body. We use n; to denote the unit outward normal to the collision
body at the closest point. x; is then classified as penetrating if (x; — X;) - n; < 0. For each
penetrating x;, we project it to X; before the simulation. Then for each PBNG iteration, we
check if Ax?k’f)i -n; < 0. If so, we project Ax?k’:l)i to A)‘(%i = (I— ninzT)AX?,;l)i to allow for

sliding tangential to the constraint surface.

5.5.3 SOR and Chebyshev Iteration

PBNG is remarkably stable and gives visually plausible results when the computational
budget is limited, but it is also capable of producing numerically accurate results as the
budget is increased. However, as with most Gauss-Seidel approaches the convergence rate of
PBNG may decrease with iteration count (see Figure for details). We investigated two
simple acceleration techniques to help mitigate this: the Chebyshev semi-iterative method (as
in [Wan15]) and SOR. The Chebyshev method uses the update x4 = wy, (v(xpinva ' —
XMLl o xn ALl et L) 4 xnd LD where x™ L denotes the accelerated update and
xpini! denotes the standard PBNG update. Here wyyy = 4_;;2% for I > 2, ﬁ for l =2
and 1 for [ < 2. ~ is an under-relaxation parameter that stabilizes the algorithm. For
our examples, we set p = .95. PBNG is very stable, and this allows for the use of over-
relaxation as well. We set v = 1.7. The SOR method uses a similar, but simpler update

n+1,014+1

x"THHL = w(xping . — XD 4 x LWL We use w = 1.7 for this under-relaxation

parameter. Chebyshev and SOR behave similarly in terms of residual reduction and visual

appearance (see Figure [5.12)).
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5.6 Cloth Simulation

Our method can also naturally handle cloth simulation by adding a surface mesh contribution
PE(y) directly to the potential energy in Equation (5.17). We use the sum of a membrane

hyperelastic potential and a bending term:
] cm /rmem 1 2
PE(y) = Z VEEF () A + Sk > e(y)*. (5.35)
t e

The membrane term is a simple generalization of the fixed corotated model [SHS12] to the
case of surfaces

cm

cm mem cm mem mem )\
W) = i [Fe — R[4 2

(J(F™em™) —1)2 (5.36)

Here p™ and A\“™ are derived from Young’s modulus E°" in a similar fashion as p and A in

Section . Fr™(y) = >,y g;‘é (X;) € R**? is the deformation gradient computed over the

triangle  where ¥; are piecewise linear interpolating functions over the triangles. A; is the

reference area of the triangle ¢ and J(F™™) = \/ det(Fmem™Fmem) denotes the multiplicative
change in the triangle area under motion defined by y. The term R(F™™) in Equation (/5.36))
is the rotational part of the polar decomposition of F™*™ = R(F™™)SS(F™™) with the con-

vention that R(F™™) € R**? has orthogonal columns and SS(F™™) € R?**? is symmetric.

For bending resistance in Equation ([5.35]), we adopt a similar approach to Baraff and

Witkin [BWOS|]. For each edge e with vertices y°,y! that is incident to two triangles with

unit normals nl(y),n?(y), we define 6.(y) € [0,7) as the bending angle where 6.(y) =

1

atan((ne(y)lfl?s)(?gg'(%é_yg)). ky is the bending stiffness parameter. Note that as in [BW9S], we

do not use an area weighting on the bending term.

5.6.1 Modified Hessian

Similar to Section [5.5.1] we modify the Hessians of the above models to ensure posi-

. . . . . . 82\1,()11] —~ cm
tive semi-definiteness. We make the simple approximation W(Y) R 2U 00045 +
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cm
A JPLEem LE™ where

[rem — fmem((Fmem)Tgpmem) =T 4 pmem (pmem)Tgpmem)=1 = For the bending model, we use

the rank one approximation

1(9203 00, % 00,
20x2 " Ox ~ ox’

(5.37)

The bending potential in Equation (5.35) is quadratic in . so a rank-one term consisting
of the outer-product in Equation (5.37)) is a simple PSD Hessian approximation. See the

Chapter [7] for more details.

5.6.2 Multiresolution Acceleration

When a solid and a piece of cloth have the same particle count, the max topological distance
between the particles in the cloth is bigger than that in the solid because a cloth is essentially
a 2D object. Since Gauss-Seidel only does local updates, it needs to propagate information
further for cloth to converge. In practice, cloth will look overly stretchy when propagation
has not proceeded sufficiently (see Section [5.9.5]). This slowed convergence with increased
resolution is the motivation for techniques like multigrid [Bra77, WLEF18]. We develop a
multiresolution techniques along these lines: MPBNG (or multilayer PBNG). For a given
piece of cloth yg, we remesh it to create a nested mesh hierarchy xo D x1 D X2 D Xn-
Usually the number of vertices is reduced by approximately a factor of 4. These layers
equally divide the stiffness and mass density of the original material as in a multi-species
continua model [ACT6]. We then bind each two successive layers using weak constraints
(Equation ) and define a multi-layer iteration as follows: 4-6 PBNG iterations are first
applied on the coarsest level. Then all particles on U,.,Y; are iterated over in a standard
PBNG manner. This is done in parallel, utilizing coloring that takes into account all layers
and the constraints between them. After the multi-layer iterations have been applied, we do
a final pass of 6-8 PBNG iterations on the finest layer. The weak constraints are visualized

in Figure Note that we found this three-pass approach to be more effective than a
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Figure 5.4: MPBNG Illustration. We visualize the cloth multi-resolution hierarchy.
Straight lines illustrate constraints between vertices on the finer level to their targets on

the coarser level.

standard multigrid V-cycle in practice.

After each multiresolution iteration [, we reduce the stiffness of the weak constraints and

. 2 .
the mass on the coarse layers. We define a scaling factor k; = /1 — rlz where rg. is a user-

des

specified radius of descent. We choose 7qes = kmax + pad Where kpax is the maximal number

of iterations and 7p,q € [.05,2]. In practice, rp.a does require much tuning and rp.q = .05

typically suffices. This factor is multiplied to the mass of the nodes on the coarse layers (i.e.
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all layers except xo) and k. of all weak constraints. As [ becomes larger, k; decreases to a
small number, which means the problems converges to the original one. The same approach
can be applied to solid simulation as well, however we observed that MPBNG achieves less

residual reduction than PBNG in this case (with a fixed computational budget).

© 2024 Epic Games, Inc © 2024 Epic Games, Inc

© 2024 Epic Games, Inc © 2024 Epic Games, Inc

Figure 5.5: Multiresolution Dress. We illustrate the multiresolution meshes used with

our MPBNG approach in a representative clothing simulation.

5.7 Lamé Coefficients

The parameters of an isotropic constitutive model are often based on Lamé coefficients
and A which are themselves set from Young’s modulus E and Poisson’s ratio v according to
Equation (5.9)). This relationship is based on the assumption of linear dependence of stress

on strain, or quadratic potential energy density

Ue(F) = ptr(e*(F)) + %tr(e(F))Q (5.38)
€= %(F +F") - L (5.39)

97



Furthermore, Equation is derived from the model in Equation by holding one end
of a cuboidal domain fixed and applying a displacement at its opposite end. The remaining
faces of the domain are assumed to be traction-free. Young’s modulus is the scaling in a linear
relationship between the traction exerted by the material in resistance to the displacement.
The Poisson’s ratio correlates with the degree of volume preservation via deformation in the

directions orthogonal to the applied displacement.

The use of Lamé coefficients with nonlinear models is not directly analogous since the
relation between displacement and traction is not a linear scaling in the cuboid example.
When using Lamé coefficients with nonlinear problems, the cuboid derivation should hold if
the model were linearized around F = I. All isotropic hyperelastic constitutive models can

be written in terms of the isotropic invariants I, : R>? - R, 0 < a < d
Iy(F) = tr(F'F), [,(F) = tr((FTF)?), I,(F) = det(F) (5.40)
U(F) = U(Io(F), [(F), Ir(F)). (5.41)

See [GS08] for more detailed derivation. Note, when d = 2, I;(F) = tr((FF)?) is not used.

With this convention, the Hessian of the potential energy density is of the form

U &L av o, § o2 oI, o 01
B)

B 1.0, OF = OF

BF? ~ 2 OL, oF? (542)

If Lamé parameters are to be used with a nonlinear model, the Hessian %(F) should match
that of linear elasticity when evaluated at F = I. For example, this is why we adjust the

Lamé parameters used in [MM21] in Equation (5.8)). See Chapter [7|for derivation details.

We choose our approximate Hessian in Equation 9 in the paper based on this fact. That
is, by omitting all but the first and last terms in Equation (5.42)), our approximate Hessian
is both symmetric positive definite and consistent with any model that is set from Lamé

coefficients (e.g. from Young’s modulus and Poisson’s ratio)

o 62]0 6Id_1 0Id_1
~ o TAGF © R

(5.43)
Again, see Chapter [7]for derivation details.
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Figure 5.6: (a) Dual Coloring . Node based coloring (top) is contrasted with constraint

based coloring (bottom). When a node is colored as red, its incident elements register red
as used colors. When a constraint is colored yellow, its incident particles register yellow as
used colors. (b) Constraints-Based Coloring. A step-by-step constraint mesh coloring
scheme is shown. The dotted line indicates two weak constraints between the elements. The
first constraint is colored red, all its incident points will register red as a used color. Other
constraints incident to the first constraint have to choose other colors. (c) Node-Based
Coloring. A step-by-step node coloring scheme is shown. The constraint register the colors
used by its incident particles. The first particle is colored red, so all its incident constraints
will register red as used. Other particles incident to the constraints have to choose other

colors.

5.8 Coloring and Parallelism

Parallel implementation of Gauss-Seidel techniques is complicated by data dependencies in
the updates. This can be alleviated by careful ordering of sub-iterate position updates. We
provide simple color-based orderings for both PBD and PBNG techniques. For PBD, colors
are assigned to constraints so that those in the same color do not share incident nodes.
Constraints in the same color can then be solved at the same time with no race conditions.
For each vertex x; in the mesh, we maintain a set Sx, that stores the colors used by its
incident constraints. For each constraint ¢, we find the minimal color as the least integer
that is not contained in the set Uy, c.Sx,. We then register the color by adding it into Sk,

for each x; in constraint c. With PBNG, we color the nodes so that those in the same color
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Table 5.1: Number of Colors Comparison. Runtime is measured per iteration (averaged
over the first 200 iterations). PBNG does more work per-iteration than PBD, but has

comparable speed due to improved scaling resulting from a smaller number of colors.

Example # Vertices # Elements. # Particle Colors # Constraint Colors PBNG Runtime/Iter PBD Runtime/Iter
Res 32 Box Stretching 32K 150K 5 39 28ms 26.8ms

Muscles Without Collisions 284k 1097K 13 82 131ms 140ms

Res 64 Box Stretching 260K 1250K 5 39 65ms 137ms

Res 128 Box Stretching 2097K 10242K 5 40 1520ms 1080ms

Dropping Simple Shapes Into Box 256K 1069K 11 52 270ms 140ms

Res 16 Box Dropping 4.1K 17K 5 39 3.6ms 4.1ms

Table 5.2: Methods Comparisons. We show runtime per frame for different methods.

Each frame is & seconds.

30
Example # Vertices # Elements. PBNG Runtime Newton Runtime PBD Runtime PBNG # iter PBD # iter Newton # iter
Box Stretching (low budget) 32K 150K 170ms 170ms 170ms 6 6 2 (7 CGs)
Box Stretching (big budget) 32K 150K 1.3s 1.3s 1.3s 40 40 11 (10 CGs)
Muscle with collisions 284k 1097K 67s 430s - 510 - 34 (200CGs)

do not share any mesh element or weak constraint. For each element or weak constraint c,
we maintain a set S. that stores the colors used by its incident nodes. For a position x;, we
compute its color as the minimal one not contained in the set Uy,e.S.. Then we register the
color by adding it into S, for each element or weak constraint x; is incident to. We observe
that coloring the nodes instead of the constraints gives fewer colors. This makes simulations
run faster since more work can be done without race conditions. We provide more details on
the coloring process in Figure [5.6l The performance gain is listed in Table [5.I} Note that

we use the omp parallel directive from Intel’s OpenMP library for parallelizing the updates.
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Table 5.3: Performance Table of PBNG. Runtime is measured for each frame (averaged

over the course of the simulation). Each frame is written after advancing time .033.

Example # Vertices # Elements # Triangles PBNG Runtime / Frame PBNG # Iter/Frame # Substeps Model

Box Stretching (low budget) 32K 150K 0 170ms 6 1 Corotated
Box Stretching (big budget) 32K 150K 0 1300ms 40 1 Corotated
Muscle with Collisions 284k 1097K 0 67000ms 510 17 Corotated
Res 64 Box Stretching 260K 1250K 0 1300ms 20 1 Corotated
Res 128 Box Stretching 2097K 10242K 0 61000ms 40 1 Corotated
Dropping Simple Shapes Into Box 256K 1069K 0 49800ms 136 17 Corotated
Two Moving Blocks Colliding 8.2K 33K 0 1630ms 136 17 Corotated
Box Stretching 32K 150K 0 1300ms 40 1 Stable Neo-Hookean
Box Stretching 32K 150K 0 825ms 40 1 Neo-Hookean
Armadillos Dropping 344K 1320K 8K 101200ms 360 9 Corotated

5.8.1 Collision Coloring

For simulations with static weak constraints, the coloring is a one-time cost. Otherwise,
the colors have to be updated every time the weak constraint structure changes, e.g. from
self-collision (see Chapter . We propose a simple coloring scheme for this purpose: only
nodes incident to the newly added weak constraints need recoloring. We first compute all
nodes x$*" that are incident to newly added weak constraints. For each x$*" we compute
the used color set Ux?xtraecsc. We use the color of x3*"# from the previous time step as an
initial guess. If it already exists in the used color set, then we find the minimal color that
is not used. This is generally of moderate cost, e.g. in the muscle examples with collisions

(Figures [5.1] and , our algorithm takes less than 680ms/frame for recoloring, while

the actual simulation takes a total of 67s to run.

5.9 Examples

We demonstrate the versatility and robustness of PBNG with a number of representative

simulations of quasistatic (and dynamic) hyperelasticity. Examples run with the corotated

model used in the algorithm from [GEJ16] for its accuracy and efficiency. Example [5.9.2.4]
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and are dynamic simulations. The rest are quasistatic simulations. All the
examples use Poisson’s ratio v = 0.3. We compare PBNG, PBD, XPBD, XPBD-QS and
XPBD-QS (Flipped). For XPBD-QS we do the hyperelastic constraints first, followed by
weak constraints. For XPBD-QS (Flipped) the order is swapped. All the examples were run
on an AMD Ryzen Threadripper PRO 3995WX CPU using 8 threads. In Table [5.3] we
provide comprehensive performance statistics for PBNG. In Table [5.2, we provide runtime
comparisons between PBNG and the other methods. Note that for efficiency we did not use
a line search with Newton’s method in our experiments. We note adding line search requires
evaluating Newton residuals multiple times, which would further increase cost. As in Figure

[5.7 line search would further reduce number of Newton iterations, making it less stable.

5.9.1 Stretching Block

We stretch and twist a simple block in a simple scenario. The block has 32K particles
and 150K elements. Both ends of the block are clamped. They are stretched, squeezed
and twisted in opposite directions. The block has R® = 10kg/m? and Young’s modulus
E = 10°Pa. There is no gravity. The simulation is quasistatic. We compare performance
between Newton’s method, PBD, PBNG and XPBD as described in Section [5.4] In Figure
, these methods are run under a fixed budget. Every method has a runtime of 1.3s/frame.
With an ample budget, PBNG converges to ground truth, while PBD and XPBD do not.
In Figure 5.7, we show a simulation where every method has a runtime of 170ms/frame.
Newton’s method is remarkably unstable. PBNG looks visually plausible. PBD and XPBD-
QS have visual artifacts and fail to converge. Residual plots vs. time are shown at the

bottom of Figure
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5.9.1.1 Resolution Comparison

In this example, we demonstrate PBNG’s versatility by running the block stretching and
twisting with various resolutions. As shown in Figure [5.8] the top block has 32K particles
and 150K elements. The middle block has 260K particles and 1250K elements. The bottom
block has 2097K particles and 10242K elements. Even at high-resolution (bottom block),

PBNG is visually plausible after only 40 iterations and 61 seconds/frame of runtime.

5.9.1.2 Constitutive Model Comparison

In this example, we apply PBNG to various constitutive models on the same block examples.
All three blocks have 32K particles and 150K elements. Frames are shown in Figure [5.9
The blocks from top to bottom are run with corotated (Equation , stable Neo-Hookean
(Equation and Neo-Hookean (Equation models respectively. With 40 iterations

per frame, they are all visually plausible.

5.9.1.3 Comparison with Linear Gauss-Seidel

In this example, we show the superior performance of the nonlinear Gauss-Seidel strategy
in PBNG against Newton’s method with linear Gauss-Seidel used at each iteration (see
Figure . We compare on a representative block example with 32K particles and 150K
elements. The simulation is run with both low iteration counts and a high iteration counts.
Note that we match the iteration count instead of runtime, because computation of the
explicit matrix and residual for linear Gauss-Seidel once (620ms) already exceeds the total
simulation cost of PBNG (170ms) in the low iteration count setting. For low iteration counts
PBNG runs with 6 iterations/frame and linear Gauss-Seidel uses 2 Newton iterations with 3
Gauss-Seidel iteration each. For high iteration counts PBNG runs with 42 iterations/frame
and Newton + linear Gauss-Seidel runs 6 Newton iterations with 7 Gauss-Seidel iteration

each.
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Table 5.4: Runtime Breakdown: We compare the runtimes of linear Gauss-Seidel and
PBNG. Newton Overhead refers to the cost of computing the Newton residual and explicit

Hessian in each iteration (a cost which PBNG does not require).

Tteration Count Newton Overhead Linear GS Runtime/Iter PBNG Runtime/Iter Linear GS SOR PBNG SOR PBNG Runtime/Frame Linear GS Runtime/Frame

6 620ms 35ms 27ms 1.3 1.7 170ms 1345ms
40 620ms 35ms 27Tms 1.3 1.7 1080ms 5358ms

We observe that PBNG has several advantages. It only uses the diagonal blocks on the
Hessian with local solves, resulting in a much lower per iteration cost than linear Gauss-
Seidel, as shown in Table PBNG does not have the overhead of computing the global
Hessian and global residual, which are typically more costly than the entire simulation bud-
get in real-time applications. PBNG achieves clearly superior nonlinear system residual
reduction, as shown in Figure [5.10] Lastly, we observe that linear Gauss-Seidel requires a
smaller SOR w because it is less stable than PBNG in practice. For this example w = 1.3
for linear Gauss-Seidel and w = 1.7 for PBNG.

5.9.1.4 Approximate Hessian Comparison

In this example we demonstrate the efficacy of our Hessian approximation (Equation .
All four blocks have 4K particles and 20K elements (see Figure . The top three bars are
simulated using Newton’s method with the exact Hessian and different linear solvers. The
top bar uses an exact solve (QR decomposition). The second bar uses an iterative solver
(BICGSTAB since the true Hessian is not positive definite) and the third bar uses linear
Gauss-Seidel. The bottom bar is simulated using the approximate Hessian in Equation [5.32,
All approaches using the exact Hessian lead to unstable results, while our approximation

leads to a correct converged result.
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5.9.1.5 Acceleration Comparison

In this example, we compare the effects of the Chebyshev semi-iterative method and the
SOR method. In Figure [5.12] we stretch and twist the same block with 32K particles and
150K elements. The top bar is simulated with plain PBNG. The middle bar is simulated
with PBNG with Chebyshev semi-iterative method with v = 1.7, p = .95. The bottom bar
is simulated with PBNG with SOR and w = 1.7. 10 iterations are used for each time step.
With a limited budget, plain PBNG is less converged than accelerated techniques. Figure
shows the convergence rate of the three methods vs. the number of iterations at the

first time step. We can see that the acceleration techniques boost the convergence rate.

5.9.2 Collisions

Here we demonstrate our approach with examples that require collision resolution. For all
examples in this section, we use a time step of At = .002s and detect collision every time
step. We illustrate how weak constraints are dynamically created for collision with a simple

two-block colliding example.

5.9.2.1 Two Blocks Colliding

We demonstrate the generation of dynamic weak constraints with a simple example. We take
two blocks with one side fixed and drive them toward each other. This is a dynamic/backward
Euler simulation. The blocks have R® = 10kg/m? and Young’s modulus E = 1000Pa. The
weak constraints have stiffness k, = 10® and k. = 0. The dynamic weak constraints are

visualized in Figure [5.13|as red nodes in the mesh.
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5.9.2.2 Dropping Objects

40 objects with simple shapes are dropped into a glass box. The objects have a total of
256K particles and 1069K elements. The simulation is run with dynamic/backward Euler.
Some frames are shown in Figure [5.14 We show PBNG’s capability of handling collision-
intensive scenarios. The example is run with At = 0.002s, R® = 10kg/m3, Young’s modulus

E = 3000Pa and weak constraint stiffness k,, = 10® and k, = 0.

5.9.2.3 Muscles

We quasistatically simulate a large-scale musculature with collision and connective tissue
weak constraints. The mesh has a total of 284K particles and 1097K elements. The muscles
have R = 1000kg/m?, Young’s modulus E = 10°Pa, and the connective tissue (blue) weak
constraint stiffness is isotropic: k, = k, = 10%. Dynamic collision (red) weak constraint
stiffness is anisotropic: k, = 10® and k, = 0. We show several frames of muscles simulated
with PBNG and dynamically generated weak constraints in Figure [5.15] PBNG takes 67
seconds to simulate a frame, while Newton’s method takes 430s. In Figure [5.1] we show that
PBNG looks visually the same as Newton, while running 6-7 times faster. We also show that
PBD and XPBD-QS fail to converge. In Figure [5.1, we show PBD becomes unstable. In
Figure [5.2] we demonstrate sub-iteration order-dependent behavior with XPBD-QS. XPBD-
QS has weak constraints processed last, which leads to excessive stretching of elements.
XPBD-QS (Flipped) has weak constraints processed first, which degrades their enforcement

and leaves a gap.

5.9.2.4 Dropping Armadillos

We showcase the capability of PBNG with a simulation coupling cloth with solids. In this
example 20 armadillos are dropped onto a piece of cloth with four corners held fixed. Frames

are shown at Figure [5.16, After 3.33s, one end of the cloth breaks free and armadillos drop
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into a glass box. Each armadillo has 17K vertices and 66K particles. The rectangular cloth
has 4K particles and 8K triangles. We set At = 0.004s, R = 10kg/m3, E = 1000Pa. For
the rectangular cloth we set R® = 10kg/m?, E°°Y = 10000Pa, k, = .05. We set Poisson
ratio v = 0.3 for all objects and k, = 10® for weak constraints. The average runtime is

101.2s/frame.

5.9.3 XPBD with Varying Stiffness

In this example, we demonstrate that XPBD-QS fails to resolve quasistatic problems with
varied stiffness. In Figure [5.17] we show the initial setup for the simulation. The simulation is
quasistatic. Both block meshes have R = 10kg/m? and Young’s modulus E = 1000Pa. The
first block mesh has its top boundary constrained. The second block is weakly constrained to
the first block. The springs have stiffness k, = k, = 10%. There is gravity in the scene with
acceleration —9.8m/s® in the y—direction. As we show in Figure m PBNG converges to
a plausible state. XPBD-QS and XPBD-QS (Flipped) fail to converge. Depending on the
order of the constraints, it either leaves a gap between the two blocks or a very stretched top
layer of the bottom block. This example also serves as a simplified version of the connective
bindings on the muscles, which are used in Figure [5.2] The residual plot is shown on the
right of Figure [5.17]

5.9.4 Quasistatic PBD/XPBD and External Forcing

In this example, we show how PBD eliminates the effects of external forcing as the number
of iterations increases. We clamp the left side of a simple bar mesh. We run a quasistatic
simulation with gravity (acceleration —9.8m/s* in the y—direction). The bar has R’ =
10kg/m?3 and Young’s modulus E = 1000Pa. As shown in Figure , PBD converges to
a rigid bar configuration. PBNG converges to a plausible solution. XPBD-QS appears to

resolve the issues with PBD and quasistatics. However, XPBD-QS with 10 iterations per
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pseudo-time step appears more converged than XPBD-QS with 1 iteration per pseudo-time

step.

5.9.5 Multiresolution Test: Cloth Stretching

We demonstrate how our multi-layer (MPBNG) approach resolves excessive stretching with
PBNG when the iteration count is low. A rectangular shape cloth with 8K vertices is
suspended from two corners under gravity. The cloth has density R® = 10kg/m?, Young’s
modulus £ = 1000Pa, k, = 0. We run both PBNG and MPBNG with a budget of 1.8s/frame
of computation each. We take dt = 0.005s and use 30 frames per second. PBNG is run
with 44 iterations per timestep and MPBNG is run with 13 iterations per timestep with
Tpad = 0.05. As shown in Figure PBNG appears to be much stretchier than the
converged simulation, while MPBNG is less stretched and almost indistinguishable from the
well-converged ideal solution (despite MPBNG having the same computational run time as

PBNG).

5.9.6 Multiresolution Test: Clothing on Mannequin

We demonstrate the ability of MPBNG to reduce excessive stretching with a dress example.
The dress has 24K vertices, density R° = 10kg/m?, Young’s modulus F = 1000Pa and
k, = 0.01. The simulation is run with At = .012s and a fixed budget of 840ms/frame.
PBNG has 84 iterations per frame with this budget and MPBNG has 24 iterations. We
create a mesh hierachy of four layers, where the layers have .5K, 1.5K, 6K and 24K particles
respectively (see Figure [5.5). As shown in Figure PBNG is stretchier than MPBNG
given the same computational budget. We further demonstrate MPBNG’s capabilities when
the mannequin runs (see Figure [5.1). We take dt = 0.003s and use 20 iterations per time

step with 7paq = 2.
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5.9.7 XPBD

We run a simple dynamics example to show that XPBD cannot reduce the backward Euler
system residual in practice, as discussed in Chen et al. [CHC23]. We take a simple block with
the left side clamped. It falls under gravity and oscillates. The simulation scene is shown
on the top of Figure [5.3] The block has 4.1K particles and 17K elements. This simple but

representative example demonstrates superior convergence behavior of PBNG over XPBD.

5.10 Discussion and Limitations

We show that a node-based Gauss-Seidel approach for the nonlinear equations of quasistatic
and backward Euler time stepping has remarkably stable behavior. We show that it is
capable of reducing the nonlinear system residuals in practice, in contrast to PBD/XPBD.
Furthermore, we show that our node-based Gauss-Seidel approach resolves fundamental
issues with PBD/XPBD for quasistatic problems, particularly for applications that require
efficient and reliable creation of training data. However, our approach is mostly tailored to
isotropic hyperelasticity. In future work, generalizing to the case of transverse and general

anisotropy is of interest.
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Figure 5.7: Comparisons with Different Computational Budget.
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A block is

stretched /compressed while being twisted. With a sufficiently large computational bud-

get, Newton’s method is stable, but it becomes unstable when the computational budget

is small. PBD and XPBD-QS do not signiﬁffﬁlﬂy reduce the residual in the given compu-

tational time, resulting in noisy artifacts on the mesh. PBNG maintains relatively small

residuals and generates visually plausible results of the deformable block even if the budget

is limited.
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Figure 5.8: Different Mesh Resolution. PBNG produces consistent results when the mesh
is spatially refined. The highest resolution mesh in this comparison has over 2M vertices and

only requires 40 iterations to produce visually plausible results.
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Figure 5.9: Different Constitutive Models. PBNG works with various constitutive mod-
els. We showcase the corotated, Neo-Hookean, and stable Neo-Hoookean models through a

block twisting and stretching example.
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Figure 5.10: Linear Gauss-Seidel vs. PBNG. PBNG achieves superior residual reduction

and visual quality compared to Newton’s method with linear Gauss-Seidel.
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Figure 5.11: Hessian Comparison. The top three bars are simulated using Newton’s

QR QR

PBNG

method with different linear solvers (QR, BICGSTAB and linear Gauss-Seidel respectively).
The bottom bar is simulated using PBNG. The top bar uses the exact Hessian and becomes

unstable. The bottom bar uses our Hessian projection and stays stable.
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