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Abstract

From 3-manifolds to modular data
by

Yang Qiu

The progress of TQFT has revealed connections between the algebraic world of ten-
sor categories and the topological world of 3-manifolds, such as Reshetikhin-Turaev and
Turaev-Viro theories. Motivated by M-theory in physics, Cho-Gang-Kim recently pro-
posed another relation by outlining a program to construct modular data from certain
classes of closed oriented 3-manifolds. In this thesis, we will talk about our mathematical

exploration of this program. The main results in this thesis is based on the joint works:

e [10] Shawn X Cui, Yang Qiu, and Zhenghan Wang. From three dimensional mani-

folds to modular tensor categories. arXiv preprint arXiw:2101.01674, 2021.

e [9] Shawn X Cui, Paul Gustafson, Yang Qiu, and Qing Zhang. From torus bundles

to particle-hole equivariantization. Letters in Mathematical Physics, 112(15), 2022.
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Chapter 1

Introduction

Quantum topology emerged from the discovery of the Jones polynomial [19] and the
formulation of topological quantum field theory (TQFT) [2] 34] in the 1980s. Since
then, rapid progress of the subject has revealed deep connections between the alge-
braic/quantum world of tensor categories and the topological/classical world of 3-manifolds.
One bridge connecting these two worlds is given by TQFTs. More precisely, quantum
invariants of 3-manifolds and (2 + 1)-dimensional TQFTs can be constructed from mod-
ular tensor categories, a special class of tensor categories. Two fundamental families in
(2+1)-dimensions are the Reshetikhin-Turaev [26] and Turaev-Viro [31] TQFTSs, both of
which are based on certain tensor categories. Both families serve as vast generalizations
of the Jones polynomial to knots in arbitrary 3-manifolds. Quantum invariants induced
by TQFTs provide insights to understand 3-manifolds. For example, they can distinguish
some homotopically equivalent but non-homeomorphic manifolds.

Recently M-theory in physics suggests another surprising different connection: clas-
sical topological invariants such as Chern-Simons invariants of SL(2, C)-flat connections
and SL(2, C)-adjoint Reidemeister torsions of a 3-manifold X can be packaged together

to produce a (2 + 1)-topological quantum field theory (TQFT) [§], which is essentially

1



Introduction Chapter 1

equivalent to a modular tensor category [30]. It is further conjectured in [8] that every
modular tensor category can be obtained from a 3-manifold and a semi-simple Lie group.
In this thesis, we study this program mathematically, and provide strong support for
such a program. The program as outlined in [8] produces an algorithm to generate the
potential modular T-matrix and the quantum dimensions of a candidate modular data.
The modular S-matrix follows from essentially a trial-and-error procedure. Our main
result is a mathematical construction of the modular data of a premodular category from
each Seifert fiber space over S? with three singular fibers and torus bundle over the circle
with Sol geometry. The modular data constructed from Seifert fiber spaces are related to
Temperley-Lieb-Jones categories and SU(2), categories, and the ones from torus bundles
can be realized by Z,-equivariantization of certain pointed categories [10, [9]. A resulting
premodular category is modular if and only if the three manifold is a Zs-homology sphere.

The program from 3-manifolds to modular tensor categories is a far-reaching progeny
of the mysterious six-dimensional super-symmetric conformal field theories (SCFTSs)
spawned by M-theory. Our strong support for the program indirectly provides evidence
for these 6d SCFTs. The dimension reduction or compactification of these 6d SCFTs
to 3d depends on a 3-manifold X, and in general the resulting theory T'(X) is a super-
conformal field theory. When X is non-hyperbolic, it is argued in [§] that T'(X) flows
to a TQFT in the infrared limit and super-symmetry is decoupled, thus we obtain a
(2+1)-TQFT labeled by X, hence a MTC Cx. The program outlined in [8] centers on an
algorithm to produce the quantum dimensions and topological twists of a MTC, and a
trial-and-error algorithm for the modular S-matrix. The assumption on the three mani-
folds X in [8] includes that X is non-hyperbolic and the SL(2, C) representation variety
of the fundamental group 7 (X) consists of finitely many conjugacy classes that all could
be conjugated into either SU(2) or SL(2,R) subgroups of SL(2,C). Our examples show

that all but the non-hyperbolic assumption can be dropped. One subtlety is that we
2



Introduction Chapter 1

need to use indecomposable reducible representations in our torus bundle over the circle
examples and certain Seifert fiber spaces examples.

The efforts in [§] and [10}[9] suggest a far-reaching connection between 3-manifolds and
(pre)modular tensor categories. However, this program is still at its infancy, and there
remain many questions to be resolved. First and foremost, the program currently only
provides an algorithm to compute the modular S- and T-matrices. Other data such as
the F-symbols and R-symbols, which specify the associators and braidings, respectively
[32], are still missing. Secondly, even for the modular data, the computation for the
S-matrix essentially follows a trial-and-error procedure. A definite algorithm to achieve
that is in demand. Thirdly, there are also a number of subtleties in choosing the correct
set of characters as simple objects, determining the proper unit object, etc. We hope the
insights obtained will lead to an intrinsic understanding of how and why this program
works.

The content of the thesis is as follows. In Chapter 2, we review the ingredients
about 3-manifolds contained in the program. In Chapter 3, we recall the notions about
premodular tensor categories. In Chapter 4, we outline our version of the program and
show its application on Seifert fiber spaces and torus bundles as mentioned before. In

chapter 5, we discuss the related future questions that we will work on in the future.



Chapter 2

Aspects about 3-manifolds

2.1 Non-hyperbolic 3-manifolds

In this thesis, we mainly consider oriented closed compact 3-manifolds with 6 of 8

e~

Thurston’s geometries including E3, S§* x R, H? x R, SL(2,R), Nil, and Sol. Especially,
we focus on Seifert fiber spaces over S? with three singular fibers which refer to the first

5 geometries, and torus bundles over S* with Sol geometry.

2.1.1 Seifert fiber spaces

We will recall some basics about Seifert fiber spaces from [28].

Definition 2.1.1. A Seifert fiber space (SFS) M is a closed 3-manifold together with a
decomposition into a disjoint union of circles (called fibers) such that each fiber has a

tubular neighborhood that forms a standard fibered torus.

We can denote the SFSs by the notation

M = {b; (0,9); (p1>Q1), <p27QQ)7 T 7(pn7qn>}

4
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as explained below. The quotient space of a SFS M, called the base orbifold B, by
sending each circle, called a fiber, to a point is a topological surface. The symbol (o, g)

means that the base topological surface B is an orientable closed surface of genus g.

Remark 2.1.2. Here we only consider the orientable Seifert fiber spaces M with an

orientable base surface B. Generally, neither of M and B is necessarily orientable.

Each fiber has a product neighbourhood D? x S* in the SFS M except n singular fibers
labeled by (pi,¢;),i = 1,--- ,n. The neighborhood of the i-th singular fiber is obtained
from D? x [0, 1] by identifying the point (z,0),z € D?* with the point (rq, ,,(z), 1), where
Ta;p; 15 the rotation of the disk D? by the angle 2ma;/p;, where a; € Z satisfies a;q; = 1
mod p;. The pair of coprime integers (p;, ¢;) are the corresponding surgery coefficient.

The fundamental group of M fits into a short exact sequence

1 — m(F) = m (M) = 79%(B) = 1,

where 7, (F) = Z for a regular fiber ' = S! and #¢"°(B) is the orbifold fundamental
group of B (not the same as the fundamental group m;(B) of the topological surface B
in general). The integer b in the notation is the obstruction class, which is also the order
of the generator of 71 (F) in 7¢"°(B).

The fundamental group of M = {b;(0,9); (p1,q1), (P2,92), -+ » (Pn, @)} has a presen-

tation

7T1(M) = <aj,bj,$i,h’ j:1’ ’g’izlj... 7/n/‘

[aj, h] = [bj, h] = [xi, h] = 2V'h% =1, 1 -+ 2u[a1,bi] -+ [ag,b,] = BY). (2.1)

In particular, the fundamental group of M = {0; (0,0); (p1,q1), (P2, ¢2), (p3,q3)} over base

S? and with three singular fibers, denoted simply as {(p1, q1), (P2, ¢2), (p3, q3) } sometimes,
)
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m (M) = (x1, 9, x3, h|2V h% = 1, 2;h = hx;, x10903 = 1). (2.2)

The following changes for the symbol will not change the homeomorphism type of M.
(1) Change the sign of both p;, g;.
(2) Add 1 to b and subtract p; from g;.
(3) Add a fiber of type (1,0).

Since we consider SFSs as 3-manifolds up to homeomorphism rather than as fibered

spaces, we may always set b to 0.
Given M = {b;(0,9); (p1,q1) (P2,42), -, (Pn>qn)}, define the Euler number e(M) of
M and the Euler characteristic x(B) of its base orbifold B by

n

e(M)=">b+ Z %,
X(B) = x(Bo) = Y (1= ),

where x(Bp) is the usual Euler characteristic of the underlying topological surface By of

the orbifold B. The behavior of M depends on the sign of e(M) and x(B).

We can give a surgery diagram for {0; (0,0); (p1,q1), (2,42)," - , (Pn, qn)} as shown in
Fig. 2.1, Here we remove the regular neighbourhood of each component of the link and
reattach a solid torus with the corresponding coefficient besides it. For the presentation
of m (M) in , x; corresponds to the meridian of i-th vertical circle and h corresponds

to the meridian of the horizontal circle.
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pi P2 Pn
q1 q2 qn
0
Figure 2.1

2.1.2 Torus bundles with Sol geometry

Definition 2.1.3. A torus bundle M over S! is a mapping torus of 2-torus with a gluing

a b
map A = € SL(2,Z).
c d

The fundamental group of M has the presentation,
m (M) = (z,y,h | 2% = h~'xh, 2"y = b~ yh, ayz~'y™ = 1), (2.3)

where x and y are the meridian and longitude, respectively, on the torus, and A corre-
sponds to a loop around the base S'.
In this thesis, we pay attention to the torus bundles with Sol geometry, i.e. |a+d| > 2.

We will briefly recall Thurston’s geometries in next subsection.

2.1.3 Thurston’s 8 geometries

Let X be a simply connected smooth manifold and G be a Lie group. A model
geometry is a pair (X,G) together with a transitive action of G on X with compact
stabilizers. A model geometry is called maximal if G is maximal among groups acting

smoothly and transitively on X with compact stabilizers.
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A geometric structure on a manifold M is a diffeomorphism from M to X/I" for some
model geometry (X, G), where I' is a discrete subgroup of G acting freely on X. If a given
manifold admits a geometric structure, then it admits one whose model is maximal.

Thurston has classified 3-dimensional geometries and there are 8 geometries as the

following theorem shows.

Theorem 2.1.4 (Thurston). Any maximal, simply connected, 3-dimensional geometry

which admits a compact quotient is equivalent to one of the 8 geometries: H?, S3, E3,

e~

$? x R, H? x R, SL(2,R), Nil, and Sol.
Scott [27] has proved the uniqueness of the geometric structure on a closed 3-manifold.

Theorem 2.1.5 (Scott). If M is a closed 3-manifold which admits a geometric structure

modelled on one of the eight geometries, then the geometry involved is unique.

Moreover, Scott classified the closed 3-manifolds which admit a non-hyperbolic geo-

metric structure.

Theorem 2.1.6 (Scott). Let M be an oriented closed 3-manifold.

(1) M admits a geometric structure modelled on Sol if and only if M is finitely covered
by a torus bundle over S' with an Anosov gluing map which is an automorphism of the
2-torus given by an invertible 2 by 2 matrix whose eigenvalues are real and distinct.

(2) M admits a geometric structure modelled on one of S3, E3 S§? x R, H? x R,

SL(2,R), or Nil if and only if M is a Seifert fiber space. Furthermore the geometry for
M is determined by x(B) and e(M) as follows:

Remark 2.1.7. Seifert fiber spaces account for all oriented closed manifolds in 6 of 8
Thurston geometries including S3, E3, §? x R, H? x R, SL(2, R) and Nil geometry. Since
fundamental groups of manifolds with S* geometry are Abelian and we focus on non-

Abelian SL(2, C) representations of fundamental groups in this paper, our examples refer

to all nonhyperbolic geometries except S* geometry.
8
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x>0 x=20 x <0

e=0 S?x R E3 H? x R

e#£0 S3 Nil SL(2,R)
2.2 SL(2,C) character

2.2.1 Non-Abelian character

We recall some algebraic sets of SL(2,C) characters of 3-manifolds. Suppose M is

an orientable connected closed compact 3-manifold. Then (M) is a finitely generated

group.

Definition 2.2.1. A SL(2,C) representation of M is a homomorphism p : 7 (M) —
SL(2,C). A SL(2,C) character is the function x, : m (M) — SL(2,C) by x,(a) =

Tr(p(a)).

Set G = SL(2,C). Denote by R(M,G) the set of SL(2,C) representations, by
X(M,G)) the set of SL(2, C) characters. There is a natural map ¢ : R(M,G) — x (M, G).
Both R(M,G) and x(M,G) admit the structure of a affine algebraic variety such that
X(M, @) is an algebro-geometric quotient of R(M,G). In this thesis, we do not consider
this structure.

There are three obvious nontrivial automorhphisms of SL(2, C) by sending an element
g € SL(2,C) to its complex conjuagte g*, its transpose followed by inverse (¢g*)~!, and
the composition (g')~! of the previous two operations. For each representation of (M)
to SL(2, C), post-composing with one of the three automorhphisms of SL(2, C) gives rise
to another representation, hence representations in R(M,G) come in group of four in
general. Another obvious way to change a representation p in R(M,G) is to tensor p

with a representation of 71 (M) to the center Z(G) of G. Representations of 71(M) to the
9
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center Z((G) are in one-to-one correspondence with cohomology classes in the cohomology
group H' (M, Z(@Q)).

For our purpose, we consider the non-Abelian characters as follows.

Definition 2.2.2. Let x € x(M,G) be an SL(2, C)-character of a 3-manifold M. We
say X is non-Abelian if at least one representation p : m (M) — SL(2,C) with character
X is non-Abelian, i.e. p has non-Abelian image in SL(2,C). The set of all non-Abelian

characters of M is denoted by x"*(M).

Remark 2.2.3. Irreducible representations do not share their characters with reducible
ones, and the characters of irreducible representations one-to-one correspond to the con-
jugacy classes of irreducible representations [I1]. Thus the set of non-Abelian characters
is the union of two disjoint parts: irreducible characters and reducible ones. For a re-
ducible character, there can exist two representations within the same character, but

different conjagacy classes.

2.2.2 Computation

We compute the non-Abelian characters of the examples we will consider.
Let M = {0;(0,0); (p1,q1), (P2, @2), (p3,q3)} be a Seifert fiber space over S! with sin-

gular fibers, and its fundamental group has the following presentation,

m(M) = (1,29, @3, h|2*h® =1, xph = hay, v129203 = 1,k =1,2,3)

Let p : m (M) — G be a non-Abelian representation. Since h is in the center of 7 (M)
and p is non-Abelian, p(h) must be £1. It follows that each p(xy) has finite order, and is
diagonalizable in particular. Moreover, any p(z) does not commute with another p(x;).

This implies neither p(xy) can be +1. Up to conjugation, we assume p(zy) take the

10
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following form (writing p(xy) simply as xy),

0 e cd 0 e i 0 e ios

where 0 < ap < 7, ad — bc = 1, and b and ¢ are not simultaneously zero. We have the

following linear equations for a and d.

Tr(zy) =€ + e =a+d (2.5)

Tr(x3) = i eI — el 4 e (2.6)

Hence, given the ajs, or equivalently Tr(xy), a and d are uniquely determined, and a = d.
Moreover, when |a| # 1 implying bc # 0, this also determines p up to conjugacy. When

la| = 1 implying be = 0, there are precisely two conjugacy classes with

Ty = or Ty = (2.7)

It can be checked that these two representations are complex conjugate to each other
up to conjugacy, and that their characters take real values. They give rise to the same
character. There are two types of non-Abelian representations. One type is irreducible
satisfying b, ¢ # 0. Characters of representations of this type one-to-one correspond to
conjugacy classes of representations [I1]. The other type is reducible with exactly one of
b, c zero. Each character of this type corresponds to two conjugacy classes.

To summarize, the triple (g, aq,a3) and Tr(h) uniquely determine the character.
Next, we find all possible such triples.

If h = I, each € is a p-th root of 1. If h = —I, then € is a p-th root of 1

11
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if g, is even, and a pg-th root of —1 if g is odd. We claim all triples satisfying the
above conditions can be realized by some representations. Indeed, given such a triple
(a1, g, a3), we define p(z1) and p(zs) as in Equation 2.4 and let p(z3) == (p(z1)p(x2)) .
Equations[2.5] [2.6]determine a and d, and we arbitrarily choose b and ¢ such that ad—bc =
1. Again, Equations , guarantee that p(zy) so defined has eigenvalues =™ and
therefore they satisfy all the relations in the presentation of 7y (M).

Set oy, = 27;7% and p(h) = ™[, A =0,3. If A =0orif A = 5 and g is even, then ny,
is an integer strictly between 0 and £r. If X\ = % and ¢, is odd, then n, is a proper half
integer strictly between 0 and 2. The quadruple (n1,n,,n3,A) completely characterizes
a character.

For an integer p > 0, denote by [0---p| the set of integers {0,1,---,p}, and by
[0---p]® (resp. [0---p]°) the subset of even (resp. odd) integers in [0---p|]. The non-

Abelian character variety of M is given as follows,

. b1 a1 jsl 1Y) | 5
X WM)={<ﬁ L ) Uk€m~4m—ﬂk}

2 7 2 2 72
h+1 jo+1 jz+1 (28)
J1 J2 J3 .
U 0 0---pr—2/°
{25252 2500) Live e -2,
where ¢, = ‘e’ if g is odd, and €, = ‘0’ otherwise. For (ni,n,n3,\) € x"**(M), a
2min i

corresponding representation p has e 7 as the eigenvalue of p(x;,) and p(h) = ™.

The size of x™**(M) is

)] = 22 By B 2

where |z] is the greatest integer less than or equal to x.

12
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For instance, if all the g,s are odd, then x™@ (M) can also be written as,

nab i+l jo+1 js+1 (j1+1) mod?2
= Ty T 2 )

|k €10 pe = 2], j1=J2=13 m0d2}

Remark 2.2.4. M has reducible characters if and only if the greatest common divisor

of p1,p2,ps is 1.

a b
Let M be a torus bundle over S! with monodromy map A = € SL(2,Z) such

c d
that |a + d| > 2. For simplicity, we assume that a,b,c,d > 0 and set N = a + d + 2. Its

fundamental group has the presentation

(M) = (z,y,h | 2%° = h'zh, 2% = h'yh, ayz~ly~ = 1), (2.9)

Let p : m (M) — SL(2,C) be a non-Abelian representation. First, we consider the
case where p(z) is diagonalizable. Up to conjugation, assume p(z) is diagonal. Since
y commutes with x, p(y) is also diagonal, and moreover, p(z) and p(y) cannot be both
contained in the center {£/}. (Otherwise, the image of p would be Abelian.) If p(x) #
+1, it follows from the relation z%y¢ = h~'zh that p(h), up to conjugation, simply
permutes the two eigenvectors of p(x). The same conclusion is obtained if p(y) # +I.

Hence, we may assume p takes the following form (abbreviating p(x) simply as x),

a 0 B 0 0 1
= . oy = ., h= , (2.10)

0 ot 0 gt -1 0

where Im(a) > 0 and either o # +1 or 5 # +1. The presentation of m (M) yields the

13



Aspects about 3-manifolds Chapter 2

following equations for p,

anrlﬁc — ab5d+1 — 17 (211>

from which we deduce the relations,

aotIt2 — patdt2 (2.12)

2nik 2mil

Let N = |a+d+2|. Hence o and § are both N-th root of unity. Set a =e™~ | f=¢e'~

such that 0 < k < %, 0 <1< N, and either k # 0, % or [ # 0, % Then, Equationm
can be equivalently written as,

(a+1)k+cl=uN
(2.13)

bk+(d+1)l =N
Since the coefficient matrix for Equation is nonsingular (its determinant is £N),
each irreducible representation is determined by the pair (u,r) and denoted Y (i, v).
Next we consider the case where p(z) is not diagonalizable. Then neither is p(y)
diagonalizable. Up to conjugation, we may assume that p(z) and p(y) are both upper
triangular, each have a single eigenvalue +1 or —1 lying on the diagonal, and p(h) is

diagonal. Thus, p takes the form,

r = (=1)% .y =(—1)% . h= e (2.14)

where €, ¢, € {0,1} and u # 0. From the presentation of m; (M), we deduce the equations

14
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to be satisfied,

(a+1)e; +cey, =0 mod 2

(2.15)
bey +(d+1)e, =0 mod 2
2 2 1
cu+(a—du—b=0, v°= . (2.16)
cu—+a
Equation [2.16|is equivalent to,
1o v2—a
(v+ov ) =a+d+2, u= , (2.17)
c

From Equation we see that for each fixed €, and ¢,, there are four inequivalent
representations, but only two characters. We choose a representative for each character

by setting,

d— d)? —4 d— d)?—4
a++/(a+4d) )2 1 a+ \/(2a+ ) . (2.18)

u: =
2¢ ’ cu+a

The solution set to Equation depends on the parity of the entries of the mon-
odromy matrix. Let P be the quadruple that records the parity of the entries (a, d;b, c)
and we use ‘¢’ to denote for ‘even’ and ‘o’ for ‘odd’. For instance, P = (e, e; 0, €) means
b is odd and the rest are even. The solutions contain the following possible values for €,

and ¢,

e ¢, =0, ¢=0;
e ¢, =1, ¢ =1 onlyif P=(ee0,0) or P=(0,0;€,€);

o ¢, =0, ¢, =1, only if P = (0,0;0,€) or P = (0,0;¢,¢);
15
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e ¢, =1, ¢ =0, onlyif P=(0,0;e,0) or P=(0,0;¢,¢).

We can also refer to pairs (e, €,) in (i, v)-coordinates using Equation and defin-
ing k = €,(N/2) and | = €,(N/2). From Equation[2.17 we see that for each fixed €, and
€y, there are four inequivalent representations but only two characters, which we denote
by X*(u,v).

To summarize, the non-Abelian characters of M contain two types, the irreducible
and the reducible ones. The irreducible characters take the form of Equation [2.10] and
are determined by Equation [2.13] The reducible characters take the form of Equation
and are determined by Equation and the possible values of €, and ¢, discussed
above.

We consider solutions (k,) of Equation in Zy X Zy. Note that, for now we do
not place any additional restrictions on the solutions. We denote this solution space by

G.

Lemma 2.2.5. G is a subgroup of Zy X Zy isomorphic to Z, X Zx~ , where r = gcd(a +

1,e,b,d+1).

Proof: Let f:7Z X Z — Zxn X Zx be the group homomorphism given by

14 d+1 —c 1

v b a-+1 v

The solution space G is the image of f and a subgroup of Zy X Zy.

g 7 a+1 c
Define the chain complex Z X Z — Z X 7 —— Zy X Zy where g =

b d+1
Then Im(f) = Z x Z/Ker(f) and Ker(f) = Im(g). By considering the Smith normal

form of g, we obtain an isomorphism G = Z, X Zy/, where r = ged(a+1,¢,0,d+1). O

We can use G to characterize non-Abelian characters of M by the following lemma.
16
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Lemma 2.2.6. The irreducible characters Y (u, v) of M are in one-to-one correspondence
with subsets {g, —g} C G where 2g # 0. In addition, the pairs X*(u,v) of reducible
non-Abelian characters are in one-to-one correspondence with elements g € G such that

2g = 0.

Proof: Suppose that (u,r) € G corresponds to a representation p as in Equation
2.10] which is not necessarily non-Abelian. We first show that p is non-Abelian if and
only if 2(u,v) # 0. According to the previous subsection, p is non-Abelian if and only
if p(x), p(y) do not both take values in {I, —I}, which is equivalent to the statement
that p(x?), p(y?) are not both I. Since 2(u,v) corresponds to the representation (z —
p(z?),y — p(y?),h — p(h)), the claim follows from the fact that the representation
(x— I,y I,h+ p(h)) corresponds to 0 € G.

Suppose that (i1, 11), (42, 2) € G correspond to the same irreducible character. Let
(k1,11) and (ks,l3) be the corresponding solutions to Equation , and p; and p, be the
corresponding representations as defined in Equation 2.10] Then either p(z) = po(z)
and p1(y) = p2(y), or pi(x) = p2(z™") and pi(y) = p2(y~"), which implies that (u1, 1) =
+(ju9, 12). This proves the first part of the lemma.

For the second part, let p denote a reducible non-Abelian representation, and let
€z,€, € {0,1} be the corresponding sign exponents as defined in Equation m By
considering the diagonal entries of p(x) and p(y), such a representation p exists if and

only if the following equations are satisfied.

N N
(a+ 1)61;5 teg o = uN

N N
beLE? + (d+ 1)@5 =vN

The solutions of above equations are in one-to-one correspondence with elements in GG of

17
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order 1 or 2. Fixing (e, €,), the corresponding characters occur in pairs X*(u, v). This

proves the second part of the lemma. O

2.3 Adjoint Reidemeister torsion

The Reidemeister torsion (R-torsion) 7(M) of a celluation K, of a manifold M uses
the action of the fundamental group (M) on the universal cover [f(\]\//[ to measure the
complexity of the celluation of M. It is a topological invariant of M from determinants
of matrices obtained from the incidences of the cells of [/(?1; The R-torsion makes es-
sential use of the bases in the chain complex of the universal cover, while the homology
and homotopy groups do not see the geometric information encoded in the based chain
complex. For our purpose, we need the non-Abelian generalization of R-torsion twisted
by a representation p : m(X) — G for some semi-simple Lie group G, in particular the
Reidemeister torsion for the adjoint representation of SL(2,C), introduced in [25]. We
recall some basics here, for more details, please refer to [23] 25, 29).

Let

Co=(0—C, 20 20 0 25 00— 0)

be a chain complex of finite dimensional vector spaces over the field C. Choose a basis ¢;
of C; and a basis h; of the i-th homology group H;(C,). The torsion of C, with respect
to these choices of bases is defined as follows. For each i, let b; be a set of vectors in C;
such that d;(b;) is a basis of Im(d;) and let h; denote a lift of h; in Ker(8;). Then the set
of vectors b; 1= i1 (biv1) U h; U b; is a basis of C;. Let D; be the transition matrix from

¢ to b;. To be specific, each column of D; corresponds to a vector in bi being expressed

18
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as a linear combination of vectors in ¢;. Define the torsion

T(Ck, i, hy) =

[T det(Dy)0™
=0

Remark 2.3.1.

(1) The torsion, as it is denoted, does not depend on the choice of b; and the lifting of
h;.

(2) Here we define the torsion as the norm of the usual torsion, thus we do not need

to deal with sign ambiguities.

Let M be a finite CW-complex and (V, p) be a homomorphism p : m (M) — SL(V).
The vector space V turns into a left Z[ry(X)]-module. The universal cover M has a
natural CW structure from M, and its chain complex C,(M) is a free left Z[ry(M)]-
module via the action of 7 (M) as covering transformations. View C,(M) as a right

Z[m (M)]-module by 6.9 := g~'.0 for 0 € C,(M) and g € 71(M). We define the twisted
chain complex C,(M;p) = C,(M) Qzimony) V. Let {e}a be the set of i-cells of M
ordered in an arbitrary way. Choose a lifting €, of €’ in M. Tt follows that Cl(ﬁ ) is
generated by {€.}, as a free Z[mr(M)]-module (left or right). Choose a basis of {v,}, of

V. Then ¢;(p) := {€}, @ v, } is a C-basis of C;(M; p).

Definition 2.3.2. Let p : m (M) — SL(2,C) be a homomorphism, Adj : SL(2,C) —
GL(sl3(C)) be the adjoint representation of SL(2,C) on its Lie algebra. We call p,q =
Adj o p an adjoint SL(2,C) representation of M. If C,(M, paq) is acyclic, we call p is

adjoint acyclic. Define the adjoint Reidemeister torsoin of p to be

Tor(M, p) == 7(M, paa).
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Remark 2.3.3. In this thesis, we will only deal with the adjoint Reidemeister torsion

of p. For that matter, we simply call it the torsion of p. When no confusion arises, we

abbreviate Tor(M, p) as Tor(p).

The following result will be useful in computing torsions.

Multiplicativity Lemma Let 0 — C! — C, — C” — 0 be an exact sequence of
chain complexes. Assume that C,, C?, C” are based by c,,c,, ., respectively, and their

homology groups based by h,, b, h!, respectively. Associated to the short exact sequence

is the long exact sequence H, in homology

- — H;(C}) — H;(C,) — H;(CY) —— H;_1(C)) — -~

with the reference bases. For each i, identify ¢, with its image in C; and arbitrarily choose
a preimage ¢; of ¢ in C;. If the transition matrix between the bases ¢; and ¢, LI ¢/ has

determinant +1, we call ¢, ¢, ¢/ compatible. In this case, we have

7(Cy, ce, hy) = 7(CL, L, hL) 7(CY L R 7(H,, {he UR, LU A!}).

2.4 Chern-Simons invariant

In this section, we recall some basics about Chern-Simons invariants. Given an ori-
entable connected closed three manifold M, a morphism p of its fundamental group
m1(X) to a simply connected semi-simple Lie group G can be identified as the holonomy
representation of a flat connection A, on the trivial principal G-bundle over X. There-
fore, in the following we will use the terms a representation p and a flat connection A,

interchangeably via such an identification.

Definition 2.4.1. Let M be an oriented closed 3-manifold and p : 7 (M) — SL(2,C)
20
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be a SL(2, C) representation. Denote by A, the corresponding Lie algebra sly(C)-valued
I-form on M. The Chern-Simons (CS) invariant of (M, p) is defined as

82

1 2
CS(p) = — / Tr(dA, N A, + gAp NA,NA,) mod 1, (2.19)
M

where the integral with its coefficient in the front is well-defined up to integers.
Remark 2.4.2.

(1) The CS invariant depends on the orientation on M. To be specific, let M be the

same manifold as M with reverse orientation, then CS(M) = —CS(M) mod 1.

(2) The CS invariant CS(p) depends only on the character x(p) of p [2I], hence it

descends from the representation variety R(M) to the character variety x(M).

(3) Generally, the CS invariant of a representation can be a complex number, such as
the one of the holonomy representation of the hyperbolic structure on a hyperbolic
manifold. However, the CS invariants of the examples we consider in this thesis are

all rational numbers.

CS invariants can be computed by cutting manifold M into several pieces. For our
purpose, we recall the method proposed by Klassen and Kirk in [21].

Let T be a torus and consider x(7'), the character variety of 7" to SL(2, C). It is direct
to see that x(T') can be identified with Hom(7((T),C*)/ ~ where f ~ g if f(-) = g(-)~".
We now describe a ‘coordinate-version’ of x (7).

Let H be a group with the presentation,

H = (z,y,b] [2,y] = babx = byby = b* = 1),
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and define an action of H on C? by

#(,f) = (a+1,5), y(a, ) = (a, f + 1), bla, B) = (=, =f).

Denote the image of (o, 3) € C? in the quotient space C?*/H by [«, 8]. Let @ = (v, vg)

be any Z-basis of Hy(T), and define the map,
fo: C/H — x(T),
such that fz[a, 8] € x(T') sends
vy €Ty @28

It can be checked that fy is a homeomorphism. A representation of m1(7T") that induces

the character f3a, 5] is given by,

e?m‘a 0 e27ri,6’ 0

0 672m'a 0 6727riﬁ

Furthermore, the homeomorphism f3 is natural in the following sense. Let @ be another
basis such that @ = vA for some A € GL(2,Z) (viewing «w and ¢ as row vectors), and
define the map ®;,;: C* — C? by right multiplying (row) vectors of C? by A on the
right. Then ®; 5 induces a homeomorphism, still denoted by ®; 5, from C%*/H to C*/H,

and the following diagram commutes,

c?/H 2 ¢?/H

T

22
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Hence, we think of each C?/H with a choice of basis ¥ as a coordinate realization of

x(T). In fact, x(7T) is isomorphic to the direct limit]] of {(C*/H)z, ®sa},
~ 1 2 —
X(T') = lim (C*/ H)g,

where (C?/H)z is a copy of C?/H indexed by .
Next, we introduce a C* bundle over x(T'). Define an action of H on C? x C* lifting

that on C? by

z(a, By 2) = (a+ 1, B; 2e*™P),
y(a, B; 2) = (a, B+ 1; 2¢ 72,

b((l/, Ba Z) = (—OZ, _57 Z)
The canonical projection C? x C* — C? induces a projection
p: C* x C*/H — C*/H,

which makes C?> x C*/H a C* bundle over C*/H. Given two bases 0, @ of H,(T) with
W = UA, @55 can be covered by a bundle isomorphism. Explicitly, define &)g’wl C? x
C*/H — C?xC*/H which maps [a, 3; 2] to [(a, ) A; 29°%4]. Then the following diagram

commutes,

t

(C2x C*/H)y —=5 (C2 x C*/H)y

l’” lp (2.20)

(C2/H)y — =" (C?/H)g

Let E(T) be the direct limit of {(C? x C*/H)y, ®55}. Then Equation induces a

'Here all maps involved are isomorphisms, so the notion of direct limit and inverse limit do not make
a difference.
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map p: E(T) — x(T) which makes E(T) a C* bundle over x(T), and the diagram below

commutes,

e

(T) «— (C*x C*/H);
p lp
X(T) «——— (C*/H);
We often represent an element of E(T') by a ‘coordinate’ [a, 3; z]5 with respect to a basis
v. Changing the basis to W = U/A induces the equality

. Zdet (A)]

)

[Oé,ﬂ; Z]ﬁ

I
8
=

=

—

wH

and when the bases involved are clear from the context, we will omit them.

We also need an ‘orientation-version’ of E(T). Now assume T is oriented, and define
E(T) to be the direct limit of {(C? x C*/H)y, ®y5} where the limit is taken only over
positive bases U of Hy(T'), namely, those ¢’ such that v; A vy matches the orientation of 7'
Apparently, E(T) and E(—T) are both bundles over x(7'), and are both isomorphic to
E(T). However, it will be of conceptual convenience for latter calculations to distinguish
E(T) from E(-T).

There is a fiber-wise pairing ( , ) defined on E(T) x E(—T) as follows. Given e €
E(T), € € E(—T) such that p(e) = p(€’), choose an arbitrary positive basis ¥/ = (vy, vq)
of Hi(T') and hence ¥ := (—wvy,v2) is a positive basis of Hy(—1"), and write e = |, (; 2]z,
e =[—a,B;]y (or ¢ = [a,—F;2'] ). Then (e, e’) := zz'. It can be checked that the
pairing is well defined.

Lastly, the above notions can be generalized to multiple tori in a natural way. Let
S = UF_,T; be a disjoint union of k oriented tori. Then x(S) = x(T1) x -+ x x(Tk).
The group H* acts on (C?)* component-wise and the quotient is a ‘coordinate-version’ of

x(S). The action of H* can also be lifted to (C?)* x C* where the i-th component H; in
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H* acts on the i-th copy of C? in (C?)* times C*, and E(T) is the quotient of (C?)* x C*

by this action. For n < k, similar to the pairing above, there is a generalized ‘pairing’:
EMu---uTy) x BE(-Thu---U-T,) = E(T, 1 U---UTyg).

With the above notations, we recall several theorems in [21]. Let M be an oriented
compact 3-manifold with toral boundaries M = U T; and p: m (M) — SL(2,C) be a
holonomy representation. It is well-known that CS(p) in Equation is not well defined

since M has boundary. Let

CM(p) _ 627ri CS(p).

Theorem 2.4.3 (Theorem 3.2 of [2I]). The Chern-Simons invariant defines a lifting
ey 2 X(M) — E(OM) of the restriction map 7 from the character variety of M to the

character variety of OM,

/l

X(M) —— x(OM)
Moreover, if Y = M; U M, is a closed oriented 3-manifold such that M; and M, are glued

along toral boundaries OM; = —0Ms, then for x € x(Y), we have

275 CS(x)

e = (ean (x1), ean (X2))

where y; denotes the restriction of y on M;.

The following theorem is also due to [2I] which the authors proved for the case
of SU(2) representations (Theorem 2.7), but an almost identical proof also works for

SL(2, C) representations.

Theorem 2.4.4. Let M be an oriented 3-manifold with toral boundaries M = UF | T;
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and p(t): m (M) — SL(2,C) be a path of representations. Let («;(t), 5;(t)) be a lift of

x © p(t)|7, to C? with respect to some basis of Hy(T;). Suppose

cx(p(t)) = [aa(t), Br(t), -~ s an(t), Bi(t); 2(t)]
Then

2(1)2(0)™! = exp <2’/TZZ/ o dt _ % do; )>

In particular, if p(1) is the trivial representation, then

ex(p(0) = [ 1(0), B2(0), -+ ax(0), (0 ex 2mz / ot = 5, %5)]

The following two facts are proved for SU(2) representations in [2I] (Theorems 4.1

and 4.2, respectively). Similar methods combined with Theorems and above

show that they also hold for SL(2, C) representations.

Fact 1 Let M be an oriented 3-manifold with toral boundaries M = U? ;7. Assume
H,(M) is torsion free. Choose a positive basis (u;, A;) for H1(T;). Let {z; | j =1,--- ,m}
be a basis of Hy(M) and p; = > a;jz;, \i = Y b;;xj. Suppose that p : m (M) — SL(2,C)

is an Abelian representation and Tr(p(z;)) = €™ 4+ e=2™ for some v; € C. Then

= [Zalj%, Zblj’Yj, ttt Zanj/yju anj’yja 1i|

Fact 2 Let F' be a genus g oriented surface with & punctures. The fundamental group

of F' has the presentation,

7Tl(}?) - <CL1,b1,"' 7a‘g7bg7x17”' y Lk | [abbl]"'[agubg]xl'”xk = 1>7
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where x; corresponds to the oriented boundary (induced from F') of the j-th puncture.
Let Y = F x S' be endowed with the product orientation and let h = % x S* be the

central element of 7, (Y") corresponding to the oriented S' component. Then 9Y = I_Ié?lej

with 7; the torus corresponding to the j-th puncture and (z;, l~1) is a positive basis for
H,(T}). Suppose p : m(Y) — SL(2,C) is a non-Abelian representation, which implies
Tr(p(h)) = 2 cos 2n3 for some f € {0, 3. Suppose Tr(p(z;)) = €*™ + e~?™ for some

a; € C. Then

k
CY(p) = O‘l?ﬁ?' o ,CJ{n,B;eXp(—QﬁiﬂzO{j)} :
j=1

Note that ¢y (p) does not change under the replacement of some «; by —a;.

2.5 Computation about CS invariants and adjoint R-
torsions

For our purpose, we compute the Chern-Simons invariants and adjoint Reidemeister

torsions of Seifert fiber spaces and torus bundles as follows.

2.5.1 R-torsions of Seifert fiber spaces

Freed computed R-torsions of Brieskorn homology spheres for the adjoint representa-
tions of irreducible SU(2) representations in [16]. Kitano computed torsions of SFSs for
standard irreducible SL(2, C) representations in [22]. We need to compute R-torsions of
SFSs for the adjoint representations of nonAbelian SI(2, C) representations containing
both irreducible and reducible ones. This may be known to experts, but we did not find a
reference for explicitly doing so. To make the paper self-contained, we provide a detailed
derivation of these torsions, generalizing the work of [16] and [22].

Let M be the SFS {0; (0,0); (p1,q1), (P2, ¢2), (p3,q3)}. Decompose M as U3_, A; U B
27



Aspects about 3-manifolds Chapter 2

along U_, T; where B = (S? —4pts) x S*, and By, B;(i = 1,2, 3) are solid tori attached to
B by index 1, £ along Ty, T;, respectively. Let p : m (M) — SL(2,C) be a non-Abelian

representation, V' = sl(2, C) be the adjoint representation of p with the basis

From Section , p is parametrized by (ni,n2,ns, h) where 0 < n; < &, n; € 3Z,

h =0, % Assume that r;, s; € Z, such that p;s; — r;q; = 1.

Proposition 2.5.1. When p is nonAbelian, C,(M) @z, ) V is acyclic and

DP1P2p3

Tor(M; p) =
(M3 p) H?:l 4 sin? —2”;;2”1'

Proof:  Denote C, ®zjr,) V by C,,, twisted homology by H,, and the matrix of
element in 7; under p by the same letter.

Given CW structure on M, we have the following exact chain sequence
3 3
0— P Cun(Ti) — @ Cup(A) ® Cy(B) — Cip(M) — 0

=0 i=0

and long exact sequence

0 — H3(T;) — H3(A;,B) — Hy(M) — - --

— Hy(T;) — Ho(A;, B) — Ho(M) — 0
Construct cell structure as follows.

Co(B) =< wvp >,Co(T;) =< vp, >,Co(A;) =< vy, >
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Cl(B) =< T, T2,T3, h >, 01<II;) =< mi,li >, Cl(Az) =<b; >
Cy(B) =< u1,p,uz 5, us,p >, Co(T;) =< ug, >

where v, are base points of connected spaces, x; generate m(S® — 4pts), h = x x S' €

71 (S?—4ptsx SY), my, I; are meridians and longitudes of T} respectively, b; are longitudes of

boundary of A;, u; p are squares with boundary z;hx; th=1, ur, are squares with boundary

milym; ;Y. Ti(i = 1,2,3) are attached to x; X h by identity map and boundary of A,

by T . Ty is attached to zyxews X h and boundary of Ay by identity map.
Ty Pi

X1, Ta, o3, h generate m (M) as follows.

7T1(M) =< $1,$2,x3,h’$pihqi = 1,5[,’Zh = thi,x’leQiL’g =1>

For matrix under p, we have

G 0 0
zi~10 1 0 | ,h=1

00 ¢*

where (; is a p;-th root of unity. m; = x;, b; = z

‘, l; = h. Here we use 1-cell with ends
points attached as element in 7.

The work of [16] can be generalized to irreducible representations of SL(2,C). Thus
we focus on reducible and nonAbelian representations. According to [2.7] taking upper

triangular ones for example, they have the following form.

ap 0 as 1 a; Gy  —ay

0 a;' 0 ay' 0 a1as
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where ay, as, a3 = a;'ay’ are roots of 1 or —1.
For joint representation, we have
a;> 0 0 a;® 2a;' —1
T = 0 1 0| ,22= 0 1 —ao
0 0 a? 0 0 a3
ala? —2ay; —ap’
143 2 ay
T3 = 0 1 a1_2a2_1 (221)
0 0 a;’ay’
4ming 1 dming
Let wii be the eigenvectors of z; for eigenvalue (; = a;° = e » ,(;' = e »

respectively and w) be the eigenvector of z; for eigenvalue 1. Then w;" are the eigenvectors

of o for ¢* and w{ be the eigenvector of z}* for 1. By scaling, assume that |[wFw?]| = 1

in V. According to , wi,w, is a basis of V. Similarly, for lower triangular ones in

, wi, wy is a basis of V.

For T;(i = 1,2, 3), we have

0 — Co,(T3) 25 CL(T}) -2 Co o (T}) — 0

where

2
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We have

Hg(ﬂ) =< ﬂ'Ti & U)? >

0

H\(T;) =< m; @ w?, I; @ w? >

Hy(Ty) =< g, @ w? >

Choose preference basis h, for H.(T;) as above and similarly with others. Without

confusion, we omit h, in the expression as c,.

[l ® (2, — DwE,m; @ wl, l; @ w?,m; @ wl]
[ar, @ w?, g, ® wii][f}Ti Q@ w?, i, @ (x; — I)w;t]
- [l~i®(<ii1 - 1)wftumi®wgal~i®w?ami®wﬂ
= or, @ ud i, © wF o, ® 0l o, © (&) — Duf]

=1 (2.22)

7(Cep(Th)) = | |

For Ty, we have 0y = 0,0; = 0.
HQ(T[)) =< aTO & e; > (Z = 1,2,3)
Hy(Ty) =< g ® €3, @ e; >
HO(TO) =< U1, @ e; >
7(Cip(To)) =1 (2.23)
For A;(i =1,2,3), we have

00— CLp(Ai) — 007p(Ai) — 0
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where 0 = 2" — I.

We have

= — (2.24)
G =16 =1
For Agy, we have 0; = 0.
Hy(Ay) =< by®e; > (i =1,2,3)
HO(AO) =< Uy, ®e; >
7(Cip(Ag)) =1 (2.25)

For B, we have

0 — Co,p(B) 25 C1,(B) -2 Co,p(B) — 0
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where
O O O
O O O
Oy = ,31:<x1—] ro— 1 x3—1 O)
O O O
l‘l—[ .272—[ .I’g—[
We have

HQ(B) =< az’,B ® w?, (ﬁl,B + 712,3%1 + ﬂ3,3$2$1) ® €; > (’l = 1, 2, 3)

H1<B) =<T;® ’UJ?, (531 + ZToxq + .fgflfgxl) X e; >

7(Cip(B))
= |[ip @, i ® e;, 11 p @ WY, Ugp @ wy |

[0p @ (21 — Dwy,, U @ (x5 — Nwy ]~

(7 @Y, % ® e, h ® (21 — Dwi, h @ (x5 — Dwy , & @ wiE, &y @ wy]|
= |[tlip @, U ® e, 11, p @ WY, lpp @ wy ]

[op @ (¢ = D', 05 © (61 = Dwy ]~

(7 @ wl, 7@ e h @ (G = D, he (G = Dy, 81 © wi, F2 © wy |
= [t @ W), 0@ e;, 1,5 @WT,, Top ®wy | i @ wi, U5 @ wy ]!

(7 @Y, % @ e;, h @ wi, h @ wy, ¥ @ Wy, Ty @ wy]|

=1 (2.26)

where T = 5]1 + fgl’l + Z%g.l’zl‘l, U= lNLLB + ﬂQ’Bxl + 1~L3’BJI2L’E1.
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In the long exact sequence for twisted homology group, we have isomorphisms
0 — H.(T;) — H.(A;,B) — 0

Then C, ,(M) is acyclic as follows.
We have

where 0(r, ® w?) = ¥4, @ WY, (7, @ €;) = Va, ® €, det(0) = 1.

3 3
0 — P Hi(T;) — €D Hi(Ai) & Hi(B) — 0
i=0 i=0
B3m122) ® €5, Wl @ €;) = by ® €5, Q; = dSj T Py= 21;;—01 27", det(0) = prpaps.
3
0 — €P Ho(T)) — Hy(B) — 0
i=0
where (7, @ w)) = ;g ® w?, (g ® €;) = (U1, + U2,pT1 + U3 pToT1) @ €;, det(d) = 1.

According to Multiplicativity lemma, Equations [2.22] 2.23] 2.24] 2.25] [2.26] and the

calculations about homology above, we have

P1p2pP3
3 . T
[, 4sin? 2mrin
i=1 pi

Tor(C. (M) =

2.5.2 CS invariants of SFSs

Auckly computed the CS invariant of SFSs for SU(2) representations in [3]. The CS
invariant of SFSs for SL(2,C) representations may be known to experts. However, to

make the paper self-contained, we provide a proof to compute that using method from
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21].

Proposition 2.5.2. Let M = {0;(0,9); (p1,q1), (p2,92), -+, (Pr,qx)} be an SFS with
the presentation of (M) given in Equation with b = 0. Choose integers s; and
r; such that p;s; — g;r; = 1. Suppose p : m (M) — SL(2,C) is non-Abelian such that

Tr(p(z;)) =

b’
Z mod 1, p(h) =1

= P
2
j

k
Zr]n_

\ j=1 p]

G35y mod 1, p(h)=—I

Remark 2.5.3. The formula for the CS invariant in Proposition differs from that

in [3] with a negative sign. We believe this discrepancy is due to conventions.

Proof: Let Y = F x S* be as in Fact 2 above with the chosen generators z; and
h. Set h = h™'. Then M is obtained from Y by gluing k solid tori where the j-th solid
torus A; is glued along T by sending the meridian to x?j h%. The generators x; and h
match those as presented in Equation . Choose a meridian-longitude pair (y;, A;) for
Aj; such that (u;, A;) is a positive basis of H;(0A;). The gluing of A; to Y provides the
transition of basis,
pj T
(:U’ja )‘]) = (‘rj7 h)

4 Sj

Since p is non-Abelian, p(h) is 1. By assumption,

Tr(p(z;)) = exp( 22 2T To(p(h)) = 2 cos(2mm), m = 0, ~.

)+ exp(—

Dj pj

\)
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Therefore,

k
[E, —my %, —m; exp(27rimz 2
D1 Dk =1 P

CY(p) = >] (@1,—h;+ zp,—h)

e, (p) = [0, =+ symi g, )
J

= [~q;(= + sym),ring + s;pm; Uy )

J

_ [% — sjo,m+ a5 1], (setting oy = n; + gym)
J

_ [_j — sja, m; exp(2mi(rjo,) (= — Sjaj))]
Dj Pj

— {ﬁ,m; exp(ZWi(rjaj)(% — 55005) + 27”'(53'0‘3')7”)}
' J

Note that the relation x?j h% = 1 implies that a; must be an integer. Applying the

pairing on cy (p) and each cy4;(p) one by one, we obtain,

k
CS(p) = Z(rj@j% + s;a;m + m&)

= j bj
rin?
= Z(# + s;m(n; + aj))
=1 Pi
k 2

— sjqjm2).

:Z(

=1 P

2.5.3 R-torsions of torus bundles

In this subsection, we compute the adjoint R-torsions for the torus bundle over the

a b
circle M with the monodromy map € SL(2,Z) where |a+d| > 2. Its fundamental

c d
group has a presentation given in Equation
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xayc

Figure 2.2. A cell structure for the torus bundle with monodromy matrix ¢ For conve-
nience but no other purposes, mark the vertical edges green, the horizontal on the top
face red, and the 45°-slope edges on the top face blue. Edges of the same color and the
same arrow are identified. The front and back faces are identified by the obvious map,
and so are the left and right side faces. The bottom face is identified to the top via
the monodromy map ®. Hence, the single-arrow edge and the double-arrow edge at the
bottom face are homotopic to x%¢ and z’y?, respectively.

Construct a cell structure for M as follows. See Figure 2.2l The cell structure

contains,
e a single O-cell v;

e three 1-cells corresponding to the generators z, y, and h in the presentation of

T (M);

e three 2-cells corresponding to the three relations in the presentation of m1(M). Ex-
plicitly, denote them by sy, sy and s3 such that 9s; = yry 'z~ dsy = h~twh(z%y°) !,
and ds3 = h(2®y?)h~Ly~!. Graphically, s;, sy and s correspond to the top face, the
back face, and the left face, respectively, in Figure with the induced orientation

of the cube.

e a single 3-cell £. Think of a 3-cell as a cube. Then the attaching map is determined

by the identification of faces described in Figure

Let V be a representation p : m (M) — GL(V), and let {v; | j = 1,2,---} be an

arbitrary basis of V. We now construct the chain complex. For simplicity, assume that
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a,b,c,d>0,a>c,b>d. Other cases can be dealt similarly. Fix an arbitrary preimage
v of v. For each other cell o, fix a lifting ¢ starting at the base point ©. We have the

following chain complex,
s B2 o
0—Cy—=0C, —=C, —Cy—0

where C; = C’Z(M ) @z ) V. As a vector space, C; has the following basis, C5 =
span{t®@uv; | j =1,2,---}, Cy =span{3; ®v; | i =1,2,3, j=1,2,---}, O} = span{s ®
vj|lo=uxz,y,h, j=1,2,---},Co =span{o®v; | j = 1,2,---}. We present the boundary
map 0; as a block matrix with each entry a dim(V') x dim(V) block. Also, denote
S : Z[m(M)] — Zlm(M)] the antipode map that sends a group element g € (M) to
its inverse ¢~! and linearly extends to the whole ring. Lastly, for a matrix A with entries
in Zlr(M)], po S(A) is meant applying p o S to every entry of A. With the above

conventions, the boundary map is given by,

1 — hw(x,y)
O3 =poS 1—y
1—2z
y—1 1-hY 02 hZZ-’:lxi
0= oS |10 —het Ly by -

0 x—1 1—y

01=p05(q;—1 y—1 h—l)

where w is a polynomial of z,y with the sum of its coefficients equal to 1.

For each of the non-Abelian characters of m (M) to SL(2,C), we will compute its
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torsion below and show (implicitly) that the associated chain complex is always acyclic
and the torsion does not depend on the representation chosen in the equivalence class of
a character.

For an irreducible representation p given in Equation that satisfies Equation

2.13] its adjoint representation has the form,

0 0 a? 0 0 g2 -1 0 0

Denote by I and O and 3 x 3 identity matrix and zero matrix, respectively, and let

A=10 0 0. B=1]0 0 1

010 0 00
Define the block matrices,
A 0O A
Kl = Ol K2 = ) KS - (I)
B O B

It can be checked directly that the columns (as vectors in C;_1) of 0;K; is a basis of

Im(9;). Set K4 = K to be the empty matrix. Now for i =0, 1,2, 3, let

A; = ( Oir1 Kina : K; > )
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then the columns of A; give a basis for C;. By direct calculations, we obtain the torsion,

det(A;) det(As)

_la+d+2
det(Ag) det(Ag) N ’

Tor(p) = :

Now we compute the torsion of the reducible representations p given in Equation

[2.14] The associated adjoint representation takes the form,

1 -2 -1 1 —2u —u? > 0 0
=10 1 1 |,y=[0 1 wu |-h=]10 10 [,
0 0 1 0 0 1 0 0 &%

which are clearly independent on the sign terms ¢, and ¢,. Let,

Define the block matrices,

E A O
K1: O 7K2: B C 7K3:(I)
F O D

The matrices K; have the same properties as outlined in the case of irreducible rep-

resentations above, and in the same way define the matrices A;. It can be computed
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that,

det(Al) det(Ag)

Tor(p) = | 3et(Ay) det(Ay)

= la+d+2|

Some details for the derivation are as follows, where the condition cu? + (a —d)u —b =0

is used to simplify expressions,

Tor(p) = |

(20u+a—d)(b—u+du)(a—b+1+(c—d—1)u)|
u(l —cu—a)?>(u—1)
(2cu+a—d)(b—u~|—du)(a—b—|—1+(c—d—1)u)|
(cu>+ (a—Du)(cu’+ (a—1—cJu—a+1)
2cu+a—d)(b—u+du)(a—b+ 1+ (c—d—1)u)

(d=1Du+b)((d=—c—1Nu+b—a+1) |
(d—c—Nu+b—a+1
2(c—d—1)cu2+(20(a—b—|—1)+(a—d)(c—d—1))u+(a—d)(a—b+1)|

(2c(a—b+1)—(a—d)(c—d—1)u+(a—d)(a—b+1)+2b(c—d—1)
(d—c—1Nu+b—a+1 |
(a+d+2)((d—c—1)u+b—a+1)|
(d—c—Nu+b—a+1

=la+d+2|

2.5.4 CS invariants of torus bundles

Any irreducible representation of (M) to SL(2,C) can be conjugated to one into

SU(2) (see Equation [2.10), and Kirk and Klassen computed its CS invariant in [20]. Here

we use methods in [21I] to compute the CS invariant of both irreducible and reducible

but indecomposable ones, the latter of which can not be conjugated to SU(2).

Let T; (1 = A, B) be two copies of the torus, and I be the interval [0,1]. Then M

is obtained by gluing the two T; x I such that Tp x {0} is glued to Ty x {1} via the

a b
identity map and T x {1} is glued to T4 x {0} via the map . Let (w4, \;) be a

c d

positive basis of H;(T;) so that, under the embedding 7; x I < M, p; and \; are sent
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to « and y, respectively. For k = 0,1, denote by uf the element of H,(T; x {k}) that

corresponds to u; in Hy(T; x I), and by Af in a similar way. Then (u}, \}) is a positive

basis for Hy(T; x {1}) and (—u?, \?) is a positive basis for H(T; x {0}). These basis are

identified as follows,

a b
(15 2%) = (uh, AL, (ks Ap) = (15, A%) ;
C

Set N = |a+ d + 2|. For an irreducible representation p in Equation where

2ni k 27il
a=e ~ and f=e~ , we have

El k1
erxr(p) = [N’ NN N 1](u},xg),(ug,xg)
k1 ko1
= [N7 N7 _Na Na 1](;%1,)\11),(—#?,)\?)
Hence,
cryx1(p)
kol k1
=y v v 7 Uenan e
k1l ak+cl Ok+dl
=y v v v ek whap)
k1 k bk + dl bk + dl 1k + ¢l
= [Na Na _N7 ; ;exp(27ri(—v) ]_\t )]7 (V = %)
k1 k [ bk + dl k bk + (d + 1)1
- [Na Na _Nu _N7 exp(?m(—u) QWZ(_IU)_)L (:U’ = N )
k1 k1 .
= [Na Na _Na Nv eXp(ZTmf)](uh,)\}A) (—pbAL)
where,
bk +dl ko kp—lv
f=v N MN =T N + pv.
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Note that, by Equation 2.13]  and v are both integers. Also,

s~ Ul L) (-ug 00
l .
3 1 (ul AL (-t L)

Crp XI(p) = [

By taking the pairing on ¢z, «1(p) and cr,<1(p), we obtain that,

kp —lv

CS(p) = f = . (2.27)

For reducible representations pe, ., in Equation depending on the values of ¢,
and €, (see Section ?7), the computation of the CS invariant proceeds in the exactly the

same way as for irreducible representations by making the substitution,

™

k_)m l_)ey
N 2" N 2

Consequently, by setting

(a+1)e, + cey bey + (d+ 1)g,
V= Y ILL = )
2 2
we obtain that,
Exfl — €YV Exfl + €V
CS(p. )= —
_ (a+d+ 2)exiy + be, + cey (2.28)

It can be checked that CS(p,.,) € 3Z-
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Aspects about algebra

3.1 Modular tensor category

We recall some basics about modular tensor category. We choose C as base field and

denote the set of isomorphism classes of objects of category C by O(C).

3.1.1 Monoidal category

Definition 3.1.1. A monoidal category is a quintuple (C,®,a, 1,lx,rx) where ® : C X
C — C is a bifunctor, a.(— ® —) ® — — — ® (— ® —) is a natural isomorphism called
associativity isomorphism, 1 € C is an object, Ix : 1® X — X andrx : X ® 1 — X
are natural isomorphisms, subject to the two axioms as shown in Fig. 3.1 3.2

(WeX)eY)® Z

aw,x,y @ ig AWRX,Y,Z
WeXeY))eZ WeX) (Y ®Z)
AW, XQY,Z aw,.X,Y®Z

Weo(XeY)®Z) We XY ®2)

dQaxyz

Figure 3.1. Pentagon axiom
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X®(1eY)
ax1y
idx®ly
(X®1)Y —yn X®Y

Figure 3.2. Triangle axiom

3.1.2 Fusion category

Definition 3.1.2. An object X* € C is said to be a left dual of X if there exist morphisms
evy : X*® X — 1 and coevy : 1 — X ® X*, called the evaluation and coevaluation,

such that the following compositions are identity morphisms.

X BRI (X o X e X U X o (X X) IS X (3.1)
X ESTY xe g (X @ X TEET (X e X) @ X T x (3.2)

A right dual *X of X can be defined similarly.
The left or right dual of an object is unique up to a unique isomorphism.

Definition 3.1.3. An object in a monoidal category is called rigid if it has left and right

duals. A monoidal category C is called rigid if every object of C is rigid.

Definition 3.1.4. A fusion category is a finite, semisimple, rigid, C-linear monoidal

category with a simple tensor unit.

Let C be a fusion category. We denote the set of isomorphism classes of simple objects
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of Cby L(C) ={Xo =1, -+, X,_1}. We have the fusion rules given by
X;®X; =Y NEX; (3.3)
k

where N}, = dim Hom(X; ® X, X},) are called the fusion coefficients. For any X; € L(C),
the fusion matrix N; is given by (N;)i,; = ij- The largest positive eigenvalue of NN;
is called the Frobenius-Perron dimension (or FP-dimension) of X; and is denoted by
FPdim(X;) (cf. [I4]). A simple object X € L(C) is called invertible if FPdim(X) =1. A

fusion category C is pointed if any X € C is invertible.

3.1.3 Spherical category

Definition 3.1.5. A pivotal sturcture on a fusion category C is a natural isomorphism
ax : X — X** for every X € C.

Given ax defined as above and any f : X — X, define left and right quantum traces

Teb(f) 1% x* @ X 20 x g x 9% (3.4)
TeR(f) : 125 X o X+ "2 X o X+ 2551 (3.5)

A pivotal structure is spherical if Tr"(f) = Te®(f) for any f € End(X). A spherical
category C is a fusion category with a spherical structure. For any X € L(C), define the

quantum dimension of X by

dim,(X) = Tr(idy) € End(1). (3.6)

Without making confusion, we omit the subscript a. Define the global dimension D of C
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XY ®Z),,YoZ2)0X

(XoY)®Z Y ®(Z®X)
cxy @1 1d ® cx, z

YeX) 2" 2 (X ®Z)
(X®Y)® 24, ZR(XQY)

XRZYm(X®2)QY

Figure 3.3. Hexagonal axiom

D? = zn: dim(X;)?, (3.7)

where X; € L(C).

Theorem 3.1.6 (P. Etingof, D. Nikshych, and V. Ostrik 05). Let C be a spherical

category, then dim(X)? > 0 for any X € L(C).
Accoring to the above theorem, D? is always a positive number. Generally we choose

the positive value for D.

3.1.4 Premodular tensor category

Definition 3.1.7. A braiding on C is a natural isomorphism cxy : X ® Y — YV ® X

for any X,Y € C satisfying the hexagonal axiom as shown in Fig. [3.3]
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Definition 3.1.8. A twist on C is an element 6 € Aut(idc) such that

Oxay = (0x @ Oy)cxyey,x (3.8)

0 is called a ribbon structure if 0% = Ox~. A premodular tensor category is a braided

fusion category with a ribbon category.

Theorem 3.1.9 (C. Vafa 88, G.Andersen and G.Moore 88, B. Bakalov and A. Kirillov

Jr. 01). Let C be a premodular category. Twist fx is a root of unity for any X € L(C).

Definition 3.1.10. (1) The T-matriz of C is a n by n diagonal matrix diag{fx,} for

(2) The S-matriz of C is a n by n matrix with each entry Sx, x, defined by
SXin = Tr<ch,XiCXi,Xj) (39)
for any X;, X; € L(C).

S, T-matrix are called the modular data of C.

Definition 3.1.11. A modular tensor category is a premodular category with a nonde-

generate S-matrix.

Theorem 3.1.12 (P. Etingof, S. Gelaki, D. Nikshych and V. Ostrik 15...). Let C be a

modular category. S and T-matrix form a projective representation of SL(2,Z).

3.1.5 Unitary category

Definition 3.1.13. A Hermitian ribbon category C is a ribbon category with a conjuga-

tion": Hom(X,Y) — Hom(Y, X) for any X,Y € C, such that

1) f=ffog=Ff®g fg=3f.
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(2) Cxy = C)_(’ly.

(3) Ox = 0;(1, coevy = evxex x+(fx ®idx+), evx = (Idx- ® 0;(1)0)_(1*,Xcoevx.

C is unitary if the Hermitian form (f, g) = Tr(fg) is positive definite on Hom(X,Y)
for any X,Y € C.

On a unitary ribbon category, the quantum dimension of every object is a positive

real number.

3.2 Examples

We recall some algebraic examples that will be used in the program.

3.2.1 Temperley-Lieb-Jones category

Let A be an indeterminant over C, and d = —A? — A=2. We will call A the Kauffman
variable, and d the loop variable. Let F = C[A, A™!]. Let I = [0,1] be the unit interval,
and R = I x I be the square in the plane. The generic Temperley-Lieb-Jones category
TLJ(A) is defined as follows. An object of TLJ(A) is the unit interval with a finite
set of points in the interior of I, allowing the empty set, with each point colored by
a natural number. Given X,Y € TLJ(A), morphisms in Hom(X,Y) are formal F-
linear combinations of uni-trivalent graphs connecting X, Y with admissible compatible
colorings, modulo d-isotopic relation. TLJ(A) has a tensor product from horizontal
juxtaposition of formal diagrams. The empty object is a tensor unit. Every object is
self-dual. The involution X — X is the duality. For more details, please refer to [33].

TLJ(A) is not a premodular tensor category. But by setting A to be some roots of
unity, we will get (pre)modular tensor categories. The following theorem is known to

experts.
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Theorem 3.2.1.

(1) If A € C/{0} such that the loop value d is not a root of any Chebyshev polynomial,

then the structure of TLJ(A) is the same as generic TLJ(A).
(2) If A is a primitive 4r-th root of unity, then TLJ(A) is a modular tensor category.

(3) If r is odd, and A is a primitive 2r-th root of unity, then TLJ(A) is a premodular

tensor category with S—matrix S = Seyen ® where Sgyen 18 the submatrix
11

of S indexed by even labels. Furthermore, See, is nondengenerate.

3.2.2 SU(2); anyon model

For each integer r > 2, there is a unitary MTC, usually denoted by SU(2),_o [,
which is closely related to the Temperley-Lieb-Jones categories. Here r — 2 is called the

level of the MTC. It has the same label set as TLJ(e% ), say L = {0,1,...,r — 2}, but

27
4r

differs from it in modular data by some signs. Explicitly, setting A = e ,’ the modular

data for SU(2),_5 is given as follows where i,j € L,

2mi j(j+2)
4r

0, = AU — T (3.10)

gip (EDG+DT
S =[G+ +1ja = ——L—. (3.11)

sin *
.

In particular, its quantum dimensions are all positive (since it is unitary),

, sin—(jtl)7r
dj = [j+1a = ——F—, (3.12)

sin T
T
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and the total dimension is

r 1
D=,/= . 3.13
\/;sing ( )

Note that d; = |d;(A)| and D = D(A), where d;(A) and D(A) are the quantum dimension

of j and total dimension of TLJ(A), respectively.

3.2.3 Pointed category

Let C be a premodular tensor category. We say an object X € C is invertible if
dim(X) = 1. We call C a pointed category if every object in C is invertible. Every pointed
category is equivalent to Vecg, which is the category of finite dimensional vector spaces
graded by a finite group G with the associativity given by the 3-cocycle w € Z3(G,C*)
[13].

Let G be a finite abelian group, ¢ : G — C* be a quadratic form, and xy : G — C*
be a character such that x> = 1. As shown in [I2], there exists a pointed premodular

category C(G, q, x) with the following properties:

e the simple objects of C(G, ¢, x) are parametrized by G, and the monoidal product

is given by the group product;

o S, =0b(g,h)x(g9)x(h), where b is the bicharacter b(g, h) := qq;gqh) ; and

Moreover, every pointed premodular category is equivalent to some C(G,q, x). When x

is trivial, we simply denote it as C(G, q).
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3.2.4 Equivariantization

Let G be a finite group, and C be a fusion category. We recall some notions about

equivariantization. For more details, please refer to [5] [12] 24].

Definition 3.2.2. Let G be the fusion category whose objects are elements of G' and

morphisms are identities. The tensor product is given by the multiplication of G.
Define the action of G on C by the tensor functor 7' : G — Autg(C); g — T,. For

any g,h € G let v, be the isomorphism 7, o T}, ~ T}, that defines the tensor structure

on the functor 7T'.
Definition 3.2.3. Define the G-equivariantization of C as follows.

e An object of C¢ is a pair (X, u), where X € C and u = {ug Ty (X) > X |ge€ G},
such that wugp 0 v, = ugy 0 Ty (up) for all g,h € G. (X, u) is called G-equivariant

object.

e The morphisms between equivariant objects are morphisms in C commuting with

ug,9 €G.

e The tensor product given by (X, u) ® (Y,w) := (X ® Y,u ® w), where (v @ w), :=
(ug @wg) o (uy) " and py : Ty(X)@T,(Y) = T,(X ®Y) is the tensor structure
for T

CY is a fusion category.
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From 3-manifolds to modular data

4.1 Program to construct modular data

The modular data of an MTC or a premodular category consist of the modular S- and
T- matrices. Given a 3-manifold M with certain conditions, [§] contains an algorithm
for choosing the T-matrix and the first row of the S-matrix, i.e. all quantum dimensions.
The next step for the full S-matrix is a trial-and-error algorithm based on finding the
right loop operators for each simple object. When all the loop operators are given, then
the modular data can be computed. There are no general algorithms to define loop
operators, but in the cases of SFSs and Sol manifolds, we find the relevant loop operators

completely.

4.1.1 From adjoint-acyclic non-Abelian characters to simple ob-

ject types

Each premodular category has a label set—the isomorphism classes of the simple

objects, and a label is an isomorphism class of simple objects, so we will refer to a label
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also as a simple object type. In physics, an anyon model is a unitary MTC and a label
is called an anyon type or a topological charge.

A candidate label from a 3-manifold M and SL(2,C) is morally an irreducible repre-
sentation of the fundamental group m (M) to SL(2, C). But the precise definition is more
subtle and based on our examples later, we make the following definition. In particular,
we discover that reducible but indecomposable representations cannot be discarded and
play important roles in the construction of premodular categories from torus bundles
over the circle. Our definition is specific for representations to SL(2,C) and we expect

an appropriate generalization is needed for other Lie groups such as SL(n,C),n > 3.

Definition 4.1.1. Let x € x(M) be a non-Abelian SL(2, C)-character of a 3-manifold
M.

e A non-Abelian character y is adjoint-acyclic if each non-Abelian representation
p:m (M) — SL(2,C) with character x is adjoint-acyclic, namely, the chain complex
associated with the universal cover M twisted by Adj o p is acyclic (see Definition
2.3.2), and furthermore, the adjoint Reidemeister torsion of all such non-Abelian

representations with character y are the same.
e A candidate label is an adjoint-acyclic non-Abelian character.

e A candidate label set L(M) from a 3-manifolds M is a finite set of adjoint-acyclic
non-Abelian characters in (M) with a pre-chosen character such that the difference
of the CS invariant of each character L(M) with that of the pre-chosen character

is a rational number.
The pre-chosen character is the candidate tensor unit.

Note that by definition, the adjoint Reidemeister torsion is well-defined for adjoint-

acyclic non-Abelian characters. The CS invariant only depends on characters, and is
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hence also well-defined for such characters.

In this paper, our candidate label set is in general maximal in the sense it consists of
all the adjoint-acyclic non-Abelian characters of the given three manifold. It is also true
that the CS invariants of all the candidate labels including the candidate tensor unit are
all rational in our examples. We are not aware of any example of a candidate label set

for which not all CS invariants are rational numbers.

4.1.2 Vacuum choices, loop operators, and modular data

Each simple object x of a premodular category C has a quantum dimension d, and a
topological twist 6,. The set T'd(C) := Uicrc){da,, 0, } Will be called the twist-dimension
set of C, where L(C) is the label set of C and {z;,7 € L(C)} form a complete representative
set of simple objects of C. A candidate label set of a three manifold M will lead to a
candidate twist-dimension set in the following.

The choice of a tensor unit or vacuum from a collection of adjoint-acyclic non-Abelian
characters is not unique in general and it is known that different choices could produce
different premodular categories. Once a vacuum is chosen, then the adjoint Reidemeister
torsion of each character is scaled to the absolute value of normalized quantum dimension
and the difference of the CS invariant of the character with that of the vacuum is the
conformal weight of the simple object up to a signE].

Given a 3-manifold M and a Lie group G, a central representation of m (M) is a
homomorphism from (M) to the center Z(G) of G. For G = SL(2,C), a central
representation of (M) is simply a homomorphism from 7 (M) to Z,. The group of
central representations can be identified with H'(M,Z,). A central representation o €

HY(M,Zs) of mi (M) naturally acts on R(M) by tensoring p € R(M), i.e. by sending p to

IThe sign and hence the negative sign in front of CS invariant below is not important and the choice
is made to be the same as in [§].
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p®o. Moreover, this action induces an action of central representations on the character

variety x(M).

Definition 4.1.2. 1. Given a candidate label set L(M) from a 3-manifold M, a cen-
tral representation o is bosonic with respect to L(M) if the action of o keeps L(M)
invariant and preserves the CS invariant of every candidate label. If the action of
o changes the CS invariants of all candidate labels in L(M) by either 0 or %, then

x is called fermionic if it is not bosonic.

2. Two candidate labels are centrally related if they are in the same orbit under the

action of H'(M,Z,) and they have the same CS and torsion invariant.

Given a candidate label set L(M) of M that is invariant under the action of H'(M, Zy),
the candidate symmetric center s(M) consists of all characters in L(M) that are cen-
trally related to the candidate tensor unit. Let Go(M) be the maximal subgroup of
H'(M,Zsy) such that Go(M) maps the candidate tensor unit onto s(M). The action of
Go(M) separates L(M) into orbits {Oy, - - - , Oy, }, where each subset O; of L(M) consists
of candidate labels that are centrally related to each other, and Oy is the subset for the
candidate vacuum.

We often represent a candidate label (a character) by arbitrarily choosing a represen-

tative (a representation of w1 (M)) for it.

Definition 4.1.3. A candidate label set L(M) = {p,} of a three manifold M with pg
the candidate vacuum is admissible if the following two equations hold with the notations

as above:

1
> o) 1, (4.1)

pa€L(M)

exp(—2mi CS(p,)) | _ 1 /I50D)]
Z 2Tor(pq) sy 2Tor(po) (42)
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where sy, = 1 if all central representations in G,(M) are bosonic and s;, = /2 if there is

a fermionic one.

The conditions above are derived from the conjecture that the Mueger center of the
potential premodular category is a collection of Abelian anyons parameterized by the
subset Op. In the condensed category, each subset O; will be identified into a single
composite object which has the same quantum dimension as that of any simple object
in O; and which splits into a number of simple objects of the same quantum dimension.
The resulting condensed category is either modular or super-modular depending on if
there is a fermion in the candidate Mueger center. In a particular case when M is a Z,

homology sphere, that is, H'(M, Z,) = 0, Equation reduces to,

2Tor(py,) V/2Tor(py)

Given an admissible candidate label set L(M) with the chosen candidate tensor unit

Z exp(—27mi CS(pa)) | 1 (4.3)

po, then the candidate twist-dimension set is constructed as follows:

9, = e 2miCS(pa)=CS(p0) (4.4)
D? = 2Tor(py) (4.5)
2 D2

2=
¢ 2Tor(pa)’

where D? is the total dimension squared of the candidate premodular category.

Next, we discuss the construction of the S-matrix.

Definition 4.1.4. Given a three manifold M, a primitive loop operator of M is a pair
(a, R), where a is a conjugacy class of the fundamental group m; (M) of X and R a finite

dimensional irreducible representation of SL(2, C).
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Given an SL(2, C)-representation p of (M) and a primitive loop operator (a, R),
then the weight of the loop operator (a, R) with respect to p is W,(a, R) := Trr(p(a)).
Denote by Sym’ the unique (j + 1)-dimensional irreducible representation of SL(2,C).
Then W,(a,Sym’) can be computed from the Chebyshev polynomial A;(¢) defined re-

cursively by,

Ajialt) = t8500(8) = Ay(8), Aolt) = L A1) = 1. (4.7)

Explicitly,
W,(a, Sym?) = A(t), £ = W, (a, Sym?) = Tr(p(a)). (4.8)

From the above two equations, it follows that W,(a, Sym?’) only depends on the character

x induced by p. It is direct to check that,
A;j(2cos0) =sin((j +1)0)/sind, Aj(—t) = (=1 A,(¢). (4.9)

A fundamental assumption in constructing the S-matrix is that each candidate label

pa should correspond to a finite collection of primitive loop operators:
pa = {(ag, R5) - (4.10)

Obtaining the above correspondence involves a guess-and-trial process as follows. With

a guess in hand and a choice € = £1, we define the W-symbols

Wi(a) = [ Wep,(ai, RD) = [ Trns(eps(ar)),  pa,ps € LIX). (4.11)
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The W-symbols and the un-normalized S-matrix S = D S are related by,

Ws(a) = Sag o Sas = Wa(a)Wo(B), (4.12)

Sos

where 0 denotes the tensor unit py. In particular, the quantum dimension
da = Wo(a) (413)

Hence, we can try to guess a correspondence between candidate labels and loop op-
erators so that the quantum dimension computed by Equation matches (in absolute
value) with that computed by Equation .

We expect that the resulting modular data corresponds to a MTC if and only if
HY(M,Zy) = 0. Note that, this is purely a topological condition, independent of the
choice of loop operators. Hence, if H'(M,Zsy) = 0, we can also validate a choice of the
loop operators by checking whether the resulting S and 7" matrices define a representation

to SL(2,Z).

4.2 Modular data from Seifert fiber spaces

Depending on different choices of the characters for a unit, we found that modular
data from three components Seifert fiber spaces can be realized by Temperley-Lieb-Jones

categories and SU(2), MTCs, respectively.

4.2.1 Realization of Temperley-Lieb-Jones categories

We will show that the modular data constructed from 3-component SFSs for some

choice of unit are related to the Temperley-Lieb-Jones categories at root of unit. So let
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us collect some basic facts about those. For references, see for instance [33].

Let A be a complex number such that A* # 1. For an integer n, define the quantum
integer [n]a = A5=A2". So [0]a = 0, [1a =1, [2J4 = A% + A~2 For each A, usually
called the Kauffman variable, such that A* is a primitive r-th root of unity for some
integer r > 2, there is an associated premodular category, called the Temperley-Lieb-
Jones category and denoted by TLJ(A). The category has the label set (simple objects)
[0---r — 2] where the label 0 is the unit object. For i,j € [0---r — 2], the quantum

dimension is
CA2H2 _ A-2-2
J

A2 _ A2

d;j(A) = (=17[j +1Ja = (-1)

the twist is

and the (un-normalized) S-matrix is
Sii(A) = (=1)™M[(i + 1)(5 + 1)]a.

The total dimension can be computed directly,

V2r

P =)

Denote by TLJ(A)p (resp. TLJ(A)o) the subcategory linearly spanned by even (resp.
odd) labels. We call TLJ(A)y and TLJ(A); the even and odd subcategory of TLJ(A),
respectively. The even and odd subcategory has the same dimension, both equal to %.

It is well known that if A is a primitive 4r-th root of unity, then TLJ(A) is non-
degenerate. If r is odd and A is a primitive 2r-th root of unity, then TLJ(A) is degenerate,

but the even subcategory TLJ(A)y is non-degenerate.
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Now we consider the construction of modular data. As before, set

M = {0; (0,0); (p1,q1), (P2, 92), (P3.43) }

. Here each pair (py, qx) are co-prime. Choose integers s and 7 such that pgs,—qpry = 1.
If qp is odd, set ¢, = prqesy — rx. Otherwise, set ¢, = prqese — ri(pe — 1)%  Let
A = — exp(%ck). Note that while ¢;, depends on the choice of s, and r,, A, does not.
Moreover, Ay is a primitive 4p,-th root of unity if ¢; is odd, a primitive 2p.-th root of
unity if ¢z = 0 mod 4, and a primitive pg-th root of unity if g, = 2 mod 4. In the latter
two cases, py clearly must be odd. Hence, in all cases, A} is a primitive p;-th root of
unity.

If some ¢s are even, we re-arrange the elements of y"**(M) as follows. For (p,q)
co-prime, j € [0---p — 2], let

11— .
P==1, qeven and j even

Npq(J) =
Jj+1

5 otherwise

Then from Equation 2.8 x"**(M) can also be written as

. . 1 .
{(npl,m(jl)vnp2,lI2(]2)7nP3,(I3<]3>7 5) ‘ Jk € [O Pr — 2] 7k = 17 273}
(4.14)

U {(nm,th (jl)v Mo ,q2 (jQ)anp37q3 (j3)> 0) | ]k € [0 Pk — 2]0’ k= 1a 27 3}

Thus, the elements of x***(M) are indexed by 7 € [[_;[0---px—2] U T[,_,[0- - pr—
2]°. Givensuch a j = (j1, ja, j3), denote a corresponding representation by p;- (The choice
of a representative is irrelevant.)

Proposition [2.5.1] shows that all non-Abelian characters of M are adjoint acyclic and
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Proposition shows that the CS invariants of non-Abelian characters are all rational.
We choose the candidate label set L(M) to be x"**(M).
We propose the correspondence between L(M) and loop operators by the following

map,

py = {(z3, Sym’*) | k =1,2,3}. (4.15)

Moreover, we designate pg = p(,0,0) as the unit object, which of course corresponds to

the loop operator
1= pg— {(z*,Sym°) | k =1,2,3}. (4.16)

The following two lemmas are direct consequences of Proposition and Proposi-

tion [2.5.1] respectively.

Lemma 4.2.1. Let M, ¢;,, Ay, be given as above. For each j = (i, ja, j3) € [0 pr—

21° U [2_,[0- - px — 2]° with p; a corresponding representation, then

3
= __ 1)2 4.17
() = 3 3o+ (417
As a consequence,
3 3
—27rzCS(p H Jk+1)2 —A A2A3 H ij Ak (418)
k=1 k=1

Lemma 4.2.2. Let M, ¢, Ay be given as above and let D = D(A;)D(A3)D(A3)/2. For

each j = (j1,ja, j3) € 1‘[221[0 cepe — 2]¢ U 1‘[2:1[0 -+ +p, — 2]° with p; a corresponding
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representation, then

Dk
TOl"(pj-') - H : Q(TFTk(jk+1))7 (419)

and hence,
Jk Ak [ [T i (40| (4.20)

D

M\H

(2T0r pj

[

The main result of the section is the following theorem.

Theorem 4.2.3. Let M = {0; (p1,¢1), (P2, ¢2), (p3,¢3)} and { Ak }r—1 2,3 be given as above.
With the operators and tensor unit given in Equations and respectively, the

modular data constructed from M matches that of the following premodular category,
C:= (R}, TLI(A)o ) P (R}, TLI(A): )

Proof:  Since A} is a primitive pg-th root of unity, the label set for C is clearly
= T 00 pe —2° U T[_,[0---pr — 2]°, the same index set for L(M). The
modular data of C can be easily expressed in terms of that of the individual TLJ(Ag).

Fori,j € L,
3 ~ 3 ~
d] = H djk (Ak), 9; = H ejk (Ak)> SU = H Sikjk (Ak)
k=1 k=1 k=1

Also, the total dimension of C is D = D(A;)D(As)D(As)/2.
Lemma shows that, up to a global phase, the Chern-Simons invariant gives the

twist,

e—27r7,CS _ 9_‘

and Lemma [4.2.2] shows that the torsion matches the absolute value of the normalized
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quantum dimension,
1
(2Tor(p;)) 2 = D

-

Lastly, We check the S-matrix computed from local operators. Given i = (11,19,13), J =

(41, J2,j3) € L, we have (choosing € = —1)

3

Wii) = [ [ Trsymon (—ps(ai)).

k=1
Note that,
2 ) 1
Te(piaft)) = 2c08 a0 g o et Dt
Pk Dk

where the second equality holds irrelevant of the parity of ¢;. Combining the previous

two equations, we get
(int+1) (Gpt1)mer

3 . 3 :
- (Zk—i-l)ﬂ'ck . S
Wii) = [T An(-2eos 0T = T i —
k=1 k=1 Dk

where A, (+) is the Chebyshev polynomial (see Equation . Therefore, the (7,7)-entry

of the potential un-normalized S matrix is,

(n+1)(Gptd)mer

3
Wi())Ws() = H<_1)ik+jk sinfi
Pk

which is precisely S; of C.
The premodular category produced in the previous theorem may not be modular in

general, and it depends crucially on the topology of the three manifold. For a three-
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component SFS M, it is a Zy homology sphere, i.e., H'(M, Zy) = 0, if and only if

p1p2p3(2 + kEd + @) €2Z+1

b1 P2 D3
Lemma 4.2.4. Assume that r is odd. Suppose that
T(p,j,1,%) = Z <e(j+l)mr%i _elmhmrgi  (—jmrgi e(fjfl)mr%z)
me|p]*

where * = 1,0, and [p]* denotes the set of odd integers from 1 to p — 1 if % is 1 and the
set of even integers in the same range otherwise.

When p is odd, j # 1, j + [ is odd,

0 j+1+#p

(=)'p j+l=p

T(pajyla *) =

When pis odd, j # 1, j + 1 is even,

T(p7j7l7 *) = 0

When p is odd, j =1,

T(p7j7la *) =D

When p is even, j # [, j + [ is odd,

T(p7j7l7 *) = 0
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When p is even, j # [, j + [ is even,

' 0 j+1#p

T(p,j.l, %) =
(=1)p j+i=p

When p is even, 5 =1,

, —p JHIFp

T(p,j,1,0) =
0 7+l=p
, -p jHlF#p

T(p,j.1,1) =
—2p J7+1l=0p

Proof: We prove the lemma by direct computation.

When p is odd, j # 1, 7+ [ is odd,

p—2
T(p L )= 3 (UHDmsi_ (=dmdi y (=Dl-mirdi _ (Gh-mrdiy

m=1,m odd

p—2 p—1
= Z (6(]+l)mr%z _ eli=hmry z + Z pl—hmri e(ﬁ_l)mr%z)
m=1,m odd m=2, even
p—1
= Z (J+0) r;z m oy Z(_e(]—l)’l’%l)m
m=1
0 j+l#p
-p j+l=p
= —T(p,},1,0)

Similarly, we get other cases.

Proposition 4.2.5. Given a three-component SF'S M, the premodular category C,; pro-
duced in Theorem is modular if and only if M is a Zy homology sphere.
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Proof: Since the structure from the above subsection respects the change of parametriza-

tion of Seifert fiber space, it suffices to verify the following 5 cases for (%, Z—z, 1;—:).

(odd odd 0dd> (odd odd even> (odd even even>
odd’ odd’ odd’’ “odd’ odd’ odd "’ ‘“odd’ odd’ odd’’

(even even even) (odd odd odd)
odd " odd’ odd’’ “odd’ odd’ even

The first two cases correspond to Zs-homology sphere. In the following, we will explicitly
calculate S?, which directly implies the proposition.

When ¢, ¢2, q3 are odd, j; = jo = j3 mod 2, [y = [, = [3 mod 2.
Up to a scalar,

3
; .. ™
S(jlij?j3)7(l17l27l3) = (_1)j1+l1 Hsm‘jklkrk_

Pl Pk
(52)(j1,j27j3),(11,l2713)
3
= Z (_1)j1+m1+m1+ll H sin jkmkml sin mklkal
(i mams) iy Dk Pk
_ 51 . .y o o . o
— (_1>J1+l1 Z H _Z_L(e(]kJFlk)mkrkpkl _ pUrml)mur i (k) mare g

(m1,m2,m3) k=1

+ e(_jk_lk)mkrk ﬁZ)

_ (_1)j1+l1< Z + Z )...

(m1,m2,m3),m; odd  (m1,m2,ms3),m; even

3 3
= (_]‘>j1+ll(H T(pkv.]ka lk7 ]-) + H T(pkajk:, lk7 O))
k=1 k=1
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When pq, p2, p3 are odd,

0 (j1,72,73) # (l1,12,13)

P1P2p3
32

(52)(j1,j27j3)7(l1,l27l3) -

(jlaj27j3) = (ll7l27l3)

When py, ps are odd, p3 is even,

0 (j17j27j3) 7é (l17l2)l3)

b1p2p3
32

(Sz)(j17j27j3)7(117l27l3) =

(j1,j2;j3) = (l1712,l3)

Thus S? = ¢l for the above two cases.

When p; is odd, po, p3 are even,

P1p2p
(52) % (11712713) = (17171)7<1ap2_17p3_1)
(1,1,1),([1,l2,l3) ==
0 otherwise
p1p2p
13; & (llv ZQ? l3) - (L 17 1)7 (17p2 - 1ap3 - 1)

<S2>(1,p2—1,p3—1)7(l11127l3) =
0 otherwise

(5% a1 = (5 (1pa-1p5-1)

When py, p2, p3 are even,

Pip2p
- o (il = (LL1), (Lpy — Lps — 1)
(1,1,1),([1,l2,l3) ==
0 otherwise
p1p2p
13; ’ (llv ZQ? l3) = (L 17 1)7 (17p2 - 1ap3 - 1)

<S2>(1,p2—1,p3—1)7(l11127l3) =
0 otherwise
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(511 = (5% @pa-1ps-1)

S? is degenerate for above two cases.
When ¢, ¢ are odd, ¢3 is even, j; = jo mod 2, [{ =l mod 2, j3 = 0 mod 2, I3 = 0

mod 2.

2 3
<S2)(jl,j27j3)7(l1’l27l3) = H T(pka Ik U, 1)T<p3, J3: I3, 0) + H T<pk7jk7 Iy, O)
k=1

_ k=1

When pq, ps, p3 are odd,

) _plg;p?) (l17l2,l3) == (1;172>7(p1 - 17p2_ 172)
(S%)(1,1,2),(11 ko 0s) =
0 otherwise
—plf;;p?’ (i, la,13) = (1,1,2), (pr — 1,p2 — 1,2)

(52)(pl*l,p2*1,2),(11,12,l3) =
0 otherwise

S? is degenerate.

It is worth noting even if every TLJ(Ax) appearing in the construction of Cj; in
Theorem [4.2.3]is not modular, Cys could still be modular. For instance, for the SF'S M, =
(0: (0,0); (5,1),(3,2), (5,4)), the corresponding Kauffman variables are A; = —e15, Ay =
—e%, Ay = —e’5. It is direct to see that TLJ(A,) is modular, but TLJ(A,) and TLJ(A3)
are not. However, M, is a Z, homology sphere, by Proposition [£.2.5 Cyy, is modular, a
rank-8 MTC.

4.2.2 Realization of SU(2), MTCs

Here we study a special class of SFSs with three components, namely, M (r) :=
{0;(0,0);(3,1),(3,1),(r,1)}. We show explicitly that different choice of characters as
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the unit object may lead to different theories. In fact, it will be proved that from M (r)
we can construct either the MTC SU(2),_5 or TLI(e % ).
For each integer r > 2, there is a unitary MTC, usually denoted by SU(2),_o [4],

which is closely related to the Temperley-Lieb-Jones categories. Here r — 2 is called the

level of the MTC. It has the same label set as TLJ (e%), but differs from it in modular

data by some signs. Explicitly, setting A = e%, the modular data for SU(2),_, is given
as follows,
0, = Ai6+2) 67%@9”)
(D)D)
. sin ~——————
S = [(i+1)(j+1 - r
e

In particular, its quantum dimensions are all positive (since it is unitary),

, sin —(jtl)”
dj = [j+a = ——5—,
Sln;

D= \/Z .
2sm§

Note that d; = |d;(A)| and D = D(A), where d;(A) and D(A) are the quantum dimension

and the total dimension is

of j and total dimension of TLJ(A), respectively.
We will use notations from Section 2.2 The non-Abelian characters of M (r) is given

by

010 ={ (5555 5) 10.0.0) € 03 x 0} x 0-or 21}

u{(m,j%l,o) (1,1,5) € {1} x {1} x [O~~~7‘—2]0}. 2

Thus, each j € [0---r—2] corresponds to a non-Abelian character indexed by (j mod

2,7 mod 2, 7). We denote the corresponding representation by p; (instead of using the
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triple as the subscript). The eigenvalues of p;(z3) are e* S The eigenvalues of p;(z;)

a7

and those of p;(zq) are both e*73 Z, where a; = 1 if j even and a; = 2 otherwise.

27

Also, it is direct to see that ¢; =y =c3 =1, and A} = Ay = —e%, Ag = —ear .
In Section ??, we chose the candidate label set L(M(r)) to be x"**(M (r)), and defined

the following map from x"**(M (r)) to local operators,
Pj = = {(‘rla Sym] mod 2)7 (1'2, Sym] meod 2)7 (33'3, Sym])} (422>

It can be checked directly that for i,5 € [0---7 — 2], Tr(p;(z1)) = Tr(p;(z2)) = £1, and

it follows that,

Wz(]) = TrSymj mod 2(_p2(x1)) TrSymj mod 2(_pl(m2)) TrSymj(_pi(x3))

= TrSymj (_p1($3))
Hence, we may as well choose a simplified map to local operators,
pj =+ { (w3, Sym?) }. (4.23)

The unit object was chosen to be py which corresponds to the local operator (x3, Sym®).

By Theorem [£.2.3] the modular data match that of the premodular category,

Crugy = (B TLI(A)o ) €D (R} TLI(Ap): ) (4.24)

Note that TLJ(A;) = TLJ(—e ) has label set {0,1}, the twists 6y = 1, 6; = 4, and

un-normalized S-matrix,
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This means that Cys(,) has the same twists for even labels and S-matrix as TLJ(A3). The
twists for odd labels differ by a minus sign between the two theories. Let A(r) = —A3 =
e . Note that a change of the Kauffman variable from A to —A does not change the
S-matrix. It follows that Cps( and TLJ(A(r)) has the same modular data. In fact, they
are isomorphic.

Therefore, by using the local operator correspondence in Equation and letting
po be the unit object, we recover the MTC TLJ(A(r)).

Now we examine an alternative choice of the unit object. Since M (r) is a Zy homology

sphere, a potential unit object p,, can be determined by the equation,

N |=

Z exp(—2miCS(p)) _ (2Tor(pa,))

(4.25)
2Tor(p
pEXEP (M (1)) or(p)

Such a p,, would have quantum dimension in absolute value equal to 1 in any MTC
produced by M (r). Since we already know that we can produce TLJ(A(r)) from M(r)
and the only non-unit object in TLJ(A(r)) whose quantum dimension is 1 in absolute
value is p,_o, we can choose p,_5 as the unit object in a new theory.

In this case, we reverse the previous order of the simple objects. Denote by p; =
Pr—o—j, j €[0---7—2]. Set py = p,_2 as the unit object. The correspondence between

characters and local operators is now defined as,
pj = (w3, Sym?). (4.26)

We claim that with above choice of unit object and local operators, the modular data
produced from M (r) matches that of SU(2),_5 where p; corresponds to j in the label set

of SU(2),_2. See the above section for a collection of facts about SU(2),_».
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Firstly, by Lemma [£.2.T], up to an irrelevant phase factor,

CS(p;) = —j(j4j: 2) + Lo E;Dj mod 1. (4.27)

Then rewriting above equation in terms of p;, we get, again up to an irrelevant factor,

(719
CS(p;) = U+ (4.28)
4r
Thus,
e 2miOS(py) TR (4.29)
is the twist 6; of SU(2),_.
Next, we check the S-matrix.
T si G+D)=
Woli) = Trgyms(~oes)) = Aj(2eosT) = 221 (4.30)
r sin T
and the (j,7)-entry of the potential S-matrix is,
Wi(§)Wo (i) = Trgys (—pi(z3)) Wo (i) (4.31)
41
= A;(2cos i+ )F)Ai(Q cos Z) (4.32)
r r
sin @+ G+Dm
S (4.33)
sin T
which is sz’ of SU(2)T_2.
Lastly, by Lemma [£.2.2]
-4 1 |drea(As)]
(2Tor(p)) * = (2Tor(pr—2-;)) * = sz‘lg)’ (434
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where we used the fact that in TLJ(A;) = TLJ(A2), the two simple objects have quantum
dimensions +1 and thus the dimension of the category is D(A;) = v/2. Also note that
Ay = —e%, then |dy—2—;(A3)| = |d;(As3)| and D(A3) are equal to the quantum dimension
d; and the total dimension D, respectively, in SU(2),_,. Hence, the torsion invariant

computes the normalized quantum dimension,

(4.35)

SIES

(2Tor(5y)) * =

To summarize, for the SF'S M(r), two choices of the unit object together with appro-
priate definition of loop operators produce the MTCs TLJ(e % ) and SU(2),_», with the

former non-unitary and the latter unitary.

4.2.3 Graded product of graded premodular categories

In the above subsection, we have seen that the premoduar category resulting from
three-component SFSs is formed from three Temperley-Lieb-Jones categories, by taking
the Deligne product of the even sectors, that of the odd sectors, and suming them up.

Here we generalize the operation.

Definition 4.2.6. Let C = @©,ccCy and D = $ycqDy be two G-graded premodular tensor
categories for some finite group G (which must be Abelian). The graded product of C
and D is again a G-graded premodular category C X, D = @®4eq(C K, D), such that
(CK,, D), :=C,XD,.

The monoidal and braiding structure on C Xy, D is defined in the obvious way which
make it into a premodular category. Another way to see this is that C X, D is a full
subcategory of the premodular category C X D and is closed under tensor product and

braiding. The graded product operation X, is associative up to canonical equivalence.
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For a Kauffman variable A, TLJ(A) is a Zo-graded premodular category with TLJ(A)g
spanned by even labels and TLJ(A); odd labels. Hence, Theorem states that, for
a three-component SFS M = {0; (0,0); (p1, q1), (P2, q2), (p3, q3)} with Ag, k = 1,2,3, the
premodular category resulting from M is Cy; = TLJ(A;) K, TLJ(Ay) X, TLI(A3).

The graded product operation provides method to construct new premodular cate-
gories from old ones. A very interesting question is when the graded product of two
pre-modular categories is modular. For instance, take A; = —e%, Ay = —e~ 5. Here A,

is a primitive 12-th root of unity and A, a primitive 5-th root of unity. Hence TLJ(A;)

is modular of rank 2 and TLJ(As) is none modular of rank 4. Their S-matrices are given

by,
1 ¢ ¢ 1
~ 1 -1 ~ o —1 -1 ¢
-1 -1 p —1 —1 ¢
1 ¢ ¢ 1

where ¢ = 1(1—+/5). Then the S-matrix of TLJ(A;)X,, TLJ(A,) with its simple objects
ordered as {0X0,0X 21X 1,1 KX 3} is,

1 p —p -1

(@)}
I

(4.37)

-1 —p —¢p -1

which can be checked straightforwardly to be non-degenerate. Thus TLJ(A;)X,, TLJ(A,)
is modular.
We leave the question of when the graded product of two arbitrary graded (and more

generally multiple) premodular categories is modular as a future direction. In the rest
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of this section, we focus on the case where the group is Z, and study a special class of
Zy-graded modular categories, namely SU(2);. For basic facts, see Section [4.2.2]

Let C = Cy @ Cq be a Zy-graded MTC. Denote by I the label set of C and partition
I = Iy I, where I, consists of objects of I that are in the C, sector. To avoid confusion,

when there is more than one MTC present, we write 1(C), S(C), etc.

Proposition 4.2.7. Let C and D be two Z,-graded MTCs. Then CX, D is a proper (i.e.,
degenerate) premodular category if and only if there exist ¢ € I(C), j € I(D), scalars
c0(C), ¢1(C), co(D), and ¢1(D), such that,

1. 7 and j belong to sectors of the same parity;

2. the following equations concerning S-entries hold:

$C)a = c0(C)di(C) k€ Lh(C) 5(D) =

C1(C)dk<C> k S [1(C) Cl(D)dk<D> k c Il(D)

co(D)di(D) k€ Io(D)

3. c(C)/c1(C) = c1(D)/co(D) # 1.

Proof: The main idea is to show that the conditions presented in the statement
of the proposition are equivalent to the property that in the S-matrix of C X, D, the
row corresponding to the object ¢ X j is proportional to the first row (i.e., the row

corresponding to the unit object).

Remark 4.2.8. In the above proposition, the conditions ¢y(C)/c1(C) # 1 and ¢1(D)/co(D) #
1 are used to eliminate the trivial case where ¢ and j are both the unit object. When
neither of ¢ nor j is the unit object, those conditions automatically hold since other-
wise the S-matrix of C or D would be degenerate. Also, note that if either Cy or Dy is

non-degenerate, then ¢ and 7 must be in the sector of odd parity.
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For m > 0, SU(2),, is a Zy-graded MTC with (SU(2),,), spanned by even labels and
(SU(2),,), by odd labels.

Theorem 4.2.9. For m,n > 0, SU(2),, K, SU(2),, is an MTC if and only if the pair
(m,n) have different parity. In particular, SU(2),, X . SU(2),, is always degenerate.

Proof: In SU(2),,, the un-normalized S-matrix is given by,

) gipy (DD

m—+2
Sab = . p
Sin m—+2

Hence, Sy = (—1)"Sgs = (—1)"dy. For (m,n) with the same parity, with the notation
from the statement of Proposition [£.2.7, we choose i = m,j = n. Then the relevant con-
stants are ¢o(SU(2),,) = ¢o(SU(2),) = 1, c1(SU(2),m) = ¢1(SU(2),,) = —1 which satisfies
the conditions stated in that proposition, and hence SU(2),, X . SU(2),, is degenerate.
For the converse direction, it can be seen that the only non-unit simple object in SU(2),,
for which ¢q(SU(2),,) and ¢;(SU(2),,) exist is the object m. Therefore, if (m,n) have
different parity, the only pair of indexes for (i,7) is (m,n) which contradicts the first

condition of Proposition [4.2.7] This implies that SU(2),, ¥, SU(2),, is non-degenerate.

Example 4.2.10. By Theorem {4.2.9, SU(2); X, SU(2)3 is an MTC of rank 6. Its un-

normalized S-matrix and T-matrix are given by,

1 L1+ Vv5) 1 Li+vE) e V2
3 (1+V5) ~1 L(1+V5) ~1 -2

S

V2

. 1 L (14 V/5) 1 Li+vE) -8 -2
1 (14/5) ~1 L(1+5) ~1 V2 S

V2 Lty V2 — Lo 0 0
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(]
[N
L
@]
(-]
aw] ] (a)

0
0
0
0
0

3im

0 O 0 0 0 —ies

Since SU(2)y X, SU(2); contains the even part of SU(2); as a subcategory which is
itself an MTC (Fibonacci), SU(2)2 Xy, SU(2)3 must split. In fact, SU(2), K, SU(2);3 =~
Fib X TLJ(—ie¥).

4.3 Modular data from Sol torus bundles

We will show that the modular data constructed from torus bundles with Sol geometry

can be realized by the Zs-equivariantization of pointed categories.

4.3.1 Equivariantization of Z, symmetry

Let C(G,q) denote the premodular category associated to a finite Abelian group
G and a quadratic form ¢ : G — C as defined in [I2]. In this section, we con-
sider the Zs-equivariantization C(G, q)%2 of this premodular category, where the action
Zy — Autg(C(G, q)) corresponds to the involution g — —g in G. Commonly referred to
as the “particle-hole symmetry,” this action previously appeared in the classification of
metaplectic modular categories [1I, [7, [6] and equivariantization of Tambara-Yamagami
categories [I7]. It is clear that this action preserves the braiding as well since any
quadratic form is invariant under inversion of its argument, and for any braided pointed

fusion category C(G, ¢) the braiding is given by the bilinear form associated to g¢.
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Proposition 4.3.1. As a fusion category, C(G, ¢)%* has the following simple objects:
Invertible objects: X,", X, , for each b € G such that b = —b.
Two-dimensional objects: Yi, _q} for each a € G such that a # —a.

For simplicity, we denote Y; := Y{, 4}, and hence Y, = Y_,.

The fusion rules of C(G, q)%2 are given by
Xi® Xy = Xi5y,
X[f ® }/;J, = Y(l+b7

Xfoe X, @Y, ifa==+d,

I

Y, @Yy where €, ¢’ = +1.

Y¢1+a’ D Ya_a/, if a 7& ia’,

Proof: ~ We can pick the following representatives for each isomorphism class of
simple objects: X is given by (g,u®), where uF : g — g is given by uF = (£1)%id,
for every € € Z,. Similarly, for all g # —g, there is a Zy-equivariant object Y, given by

(9 ® —g,u), where ug: g —g — g & —g is given by

while u; : —g® g — g & —g is given by

0 id,
id_, 0

To see that these objects are simple, one can easily check that their endomorphism

rings are one-dimensional. For example, if f : Y, — Y| is a Zj-equivariant morphism,
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then f = zid, ®yid_, and fou; = w3 o T1(f) = wy o (zid_, ® yid,) = yid, & xid_,.
This implies z = y.

These simple objects are clearly pairwise non-isomorphic (except Y, = Y_, as men-
tioned in the statement of the theorem), and the fusion rules follow from a simple cal-
culation. To see that they form a complete set of representatives, one can compare the
sum of the squares of their Frobenius-Perron dimensions with the categorical dimension
of C(G, q)?2, which must be twice that of C(G, q) by [13, Prop. 7.21.15].

Table goes into more detail in the special case G = Z, X Zyy,.

(7, g) X(jé,b) ‘L(C (Zr X ZNyrs Q);Zj)‘ Yo Number of Y{q )
a/: 1’... ’ﬂ’ _
(07 0) (aﬁ b) S <(O7O)> 2 b—=1.-.. N/%“*l N2 .
- 9 9 2
= r—1
(0,¢) | (a,b) € ((0,)) 4 a=L g N
) ’ ) op b _ ﬂ - 1 B
) ) 2r
(o) | (ab) € ((5.0) 4 a=bog Ly
) ) 29 h—1.. N/r—1 2
) b 2
(e,e) | (a,b) € {(5,0),(0,2)) 8 e=1-35-1 N
) ) 27 b ) 21" b _ 1 o ﬂ _ 1 2
) ) 2r

Table 4.1: Simple objects for C(Z, X Znyy, q)%2. In the first column, we use ‘e’ to denote
‘even’ and ‘o’ for ‘odd’.

4.3.2 S- and T- matrices in a special case

We now specialize to the case that the minimal number of generators for G is at most
2. Fixing a surjective homomorphism Z x Z — G, we further assume the existence of a

well-defined quadratic form ¢ : G — Zy given by

q(z1,12) = 125 + caT 79 + C373 (4.38)
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for some ¢y, ¢o, c3 € Z and independent of the choice of representative (x1,xs) € Z X Z.
We denote the associated bilinear form by A\, where A : G x G — Zy defined by
Mz,y) = §(z +y) — q(z) — G(y), where x = (z1,72),y = (y1,42) € G. Thus A can be

expressed explicitly as
Mz, y) = 2c121y1 + ca(@1y2 + Toy1) + 2¢322%. (4.39)

In this case, we consider the pointed premodular category C(G,q) where ¢ is a
quadratic form ¢ : G — U(1) defined by ¢ = exp 2”—]\;‘1 Let F : C(G,¢9)"* — C(G,q)
be the forgetful functor. We can equip the fusion category C(G, ¢)%* defined in the pre-
vious section with a premodular structure as follows. We define the braiding cxy in
C(G,q)™ by cxy = cp(x),p(y)- Similarly, we define 0y for X € C(G, q)%2 by O0x = Or(x)-

Combining the twists with the fusion rules described in Proposition [4.3.1]} we compute

the corresponding S-matrix using the balancing equation:

[ ] + +
Xawy X )

-
= exp (%)\(a, b, a’,b’));

211
° SX(j;,b)vY(a’,b’) = 2€Xp (WA

(a,b,d’, b’)>;
2T A
¢ SY(a,b)»Y(a/,b') = 4cos W)‘ (a, b,a’,b ) .

4.3.3 Realization of Z,-equivariantization

Let M be a torus bundle over S' with Sol geometry, i.e., the monodromy map A =

a
€ SL(2,7Z) satisfies |a 4+ d| > 2. Set N = |a+d+ 2| > 0.

c d

Recall the Chern-Simons invariants and adjoint Reidemeister torsions in 2.5 In par-
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ticular, we have

d+ 2
M, p is irreducible
Tor(p) = 4 (4.40)

la+d+2|, pisreducible

and
kv —lu

p is irreducible

CS(p)=¢ N 4.41
(p) (a+d+ 2)ee, + be, + ce, (4.41)

4

p is reducible

We now define a map ¢ : Z x Z — Zy by q(p,v) = cv? + (a — d)uv — bu?.
Lemma 4.3.2. The map ¢ induces a quadratic form ¢ : G — Zy.

a+1 c !
Proof:  Since Ker(f) = Im(g) = i,j €Z p, it suffices to

b d+1) \j
show that q(u+a+1,v+b) = q(u,v) and q(u+c,v+d+ 1) = q(p, v) for general p and

v. We have

q(u+a+1,v+0b) —q(p,v) =c(v+b)°+ (a—d)(up+a+1)(v+0)
—b(p+a+1)* —q(u,v)
=—b(d—a+2a+2)u+ (2bc+ (a —d)(a+ 1))
—b(=be+ (d—a)(a+1) + (a+1)%)
:(—2—|—2ad—ad+a2+a—d)u
—b(l—ad+ad—a*+d—a+a®+2a+1)
=(—24a(-a—2)+a®+a+2+a)v

=0,
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and

qut+cv+d+1)—qpv)=cv+(d+1)°+(a—d)(p+c)(v+d+1)
—b(p+¢)* = 4(p,v)
=c(2(d+ 1)+ (a — d))v+ ((a — d)(d + 1) — 2bc)p
+e((d+1)2+ (a—d)(d+1) — be)
=(—d*—d+a—ad+2)u+c(d+1+ad+a— be)

=0

Thus ¢ induces a well defined map g : G — Zy. It is routine to check that this map is a
quadratic form. O

We define the loop operators for non-Abelian characters by
X (p,v) = (2™y", Sym®)

Y(p,v) = (2™y", Sym')

where m = —bu + (a — 1)v, n = (—d + 1)p + cv, and Sym?’ denotes the unique (j + 1)-
dimensional irreducible representation of SL(2,C). We choose X (0,0) to correspond to
the monoidal unit object. Each character can be represented by infinitely many repre-
sentatives (i, v) € Z x Z, but as the following lemma shows, the S-matrix is independent

of this choice.

Lemma 4.3.3. Let S! be the S-matrix constructed from loop operators as above, then

S 1

1), X E(p2,v2)
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l _

SXi(MLVl)vY(M%W) =2
2w

Sé/(ul,m)y(uz,uz) = 4cos (F)‘ (#17 V1, K2, VZ))

where A(u1, 11, o, v2) = q(pn + po,v1 + v2) — q(pa, 1) — q(pe, vo) is the bilinear form

associated to the quadratic form ¢ : G — Zy defined in Lemma

Proof: From Equation [4.11} we have the following W -symbols
WXi(m,m)(Xi(H?? VQ)) = WY(#1,V1)(Xi(H27 VQ)) =1

W (uy ) (Y (2, v2)) = Tr(XF (pg, 1) (272y"2))
WY(M17V1)(Y(:U'27 V2>) = Tr(Y(Nla V1)<xm2yn2>>

Thus,
SNt (i) X (poarn) = Wt (uawa) (X (11, 11)) Wt 0,0y (X (12, 12)) = 1

SNt ) ¥ (owrn) = WY () (X (1, 1)) Wt 0,0) (Y (a2, v2)) = 2

Si/(m,m),y(m,w) - WY(Mz,Vz)(Y(Ula Vl))WXﬂO,O)(Y(M% ve)) = 2Tr(Y (g, v2) (2™ y™))

84



From 3-manifolds to modular data Chapter 4

and

Tr(Y (p2, v2)(z™'y™)) = 2cos (ZWM)

N

2 ko
= 2cos N \mom

o —b —-d+1 d+1 —c 112
(Ml Vl)
a—1 c b a+1 Vo

= 2cos

27T —2b a—d 2
=2cos | — [ v

2m
= 2cos (N)\<M1, vy, Ua, VQ)) .

]

2mwig(x)

Defining ¢ : G — U(1) by q(z) = e~ ~ , we have the premodular category C(G, q)

and its Zy-equivariantization C(G, q)%2 as described in the above subsection. Our main

theorem is the following.

Theorem 4.3.4. The S- and T-matrices constructed from torus bundles with Sol geom-

etry coincide with those of the Zy-equivariantization C(G, q)%2.

Proof:  From Equations [2.13| and [4.41} we have CS(p) = _CV”L(d_Js)’w”Lb“Q = —Q(’]‘\}”).

Thus, the T-matrix of C(G, ¢)** as defined in Section coincides with the one con-
structed directly from the torus bundle as defined in Equation [4.4]
Let S¢ denote the S-matrix from the Zj-equivariantization C(G,¢)%* as defined in

Section [4.3.2, and let S! denote the S-matrix from the loop operator construction as
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defined in Lemma [4.3.3] We first consider the following entry:

e Cq(X (g A+ po, i+ 1))
*(u1,01), X+ (u2,v2)
X o) X5 202) ™ 0 (X (g, 11) ) q(X (a2, 12))

When X (p1,v1) = X (u2, 12), according to the group structure of G we have X (uy +

pi2,v1 + v2) = X(0,0). Thus S5 = 1. Similarly, if X (u;,v;) = X(0,0) for

p1,v1), X F (p2,v2)

either ¢, then clearly S)e(i( =1.

p1,1), X E (p2,v2)

When X (p1, 1) # X (p2,v2) and (u;, v;) # (0,0) for all ¢, then the characters X (u; +
po, 1 + ), X(p1,v1), and X (uz,v2) are all distinct. Using the notation of Section 77,
these characters must correspond to the cases (e,,¢€,) € {(1,0),(0,1),(1,1)}. As men-
tioned in that section, this can only occur if the parities of (a, d; b, ¢) are (0, 0; e, €). Using
the fact that ad—bc = 1, one obtains that N = a+d+2 = 0 (mod 4). Thus Equation
reduces to CS(X (p,v)) = (be, + ce,) /4. By inspection, one finds that applying ¢(u, v) =
exp(—2miCS(X (u, v))) to the (p, v) corresponding to (e, €,) € {(1,0), (0,1), (1,1)} yields
either the multiset —1,—1,1 or 1,1,1. Thus ngi(uth),Xi(m,Vz) =1

Next we consider

. . q(Y (p1 + p2, 1 + 1))
+ v 2,v2) ‘
X=E(p1,01),Y (p2,v2) q(X(,ul,l/1>)q(Y(,u27V2))

Without loss of generality, we only need to consider two cases: (u,1,) corresponding
to (k1 = %, 1 = 0) where the parity of (a,d;b,c) is (0, 0;¢e,0), and (u, 1) corresponding

to (k1 =, = %) for (0,0;¢,¢) and (e, €;0,0).
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When k; = % and [; =0,

2m‘<k2 + ) (e +5) = bo(ps + 42) — kovy + lopir — %>
N

.NVQ—Fkgb— ZQ(CL—F 1))

(

o (2l
(
(

2
i o
i_ZQ(a+ d+ 2))

,NVQ_’_VQN_ lg(d—f— ].) — lg(a—f- 1)>

2N

Since ly = —bus+(a+1)vy and b, a+1 are both even, I, is even. Thus S;i( = 2.

p1,v1),Y (p2,v2)

When k; = % and [; = &

2

. 2mi N b+d+1 N a+c+1
SXE(u1n).Y (pawa) = 2 €XP (W((kz + 5)@2 + T) —(lo+ =) (2 + ———

2 2
N(a+c—|—b~|—d+2)))
4

)

—kovy + lopig —
= 2€Xp (%(N(VQ — /Lg) + k’z(b + d+ 1) - lg(a +c+ 1)))
T
= 2exp (N(N(Vg — pi2) + Nvg — (d+ 1)1,
+Ea(d+1) — Npo + kola + 1) —lg(a+1)))

= 2 exp (%(k;g —b)(a+d+ 2))

= 2exp (mi(ky — I2))

Since ke —ly = (b+d+ 1)ps — (a+c+ 1)y and b+ d+ 1, a+ ¢+ 1 are both even,

ko — l9 1s even. Thus S}f(i( = 2.

M17V1)7Y(M27V2)
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Lastly, it follows from their definitions in Lemma and Section that

e ol
SY(M11V1)7Y(M27V2) - SY(MlaVl)»Y(#zw)'
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Future Questions

The program is still at its infancy, and there remain many questions which we want to
resolve. We hope the insights obtained will lead to an intrinsic understanding of how

and why this program works.

(1) The program only provides an algorithm to compute the S- and T-matrices. Other
data such as such as the F-symbols and R-symbols, which specify the associators

and braidings, respectively [32], are still missing.

(2) Even for the modular data, the computation for the S-matrix follows a trial-and-

error procedure. A definite algorithm to construct S-matrix is in demand.

(3) There are also a number of subtleties in choosing the correct set of characters as

simple objects, determining the proper unit object, etc.

(4) Connect sum of two 3-manifolds should correspond to Deligne product of the cor-

responding categories which need to be verified.

(5) The current program concerns closed manifolds whose Chern-Simons invariants are
all real, thus hyperbolic manifolds do not fit in with the program to some extent.
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The interaction between the program and hyperbolic manifolds is still mysterious.

(6) M-theory also suggests possibility about constructing vertex operator algebra from
4-dimensional manifolds [15], and the category of modules over a vertex opera-
tor algebra is a modular tensor category [I8]. We are interested in a potential

relationship of the two frameworks.
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