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Three-Dimensional Majorana Fermions in Chiral Superconductors

Vladyslav Kozii, Jörn W. F. Venderbos, and Liang Fu
Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

Through a systematic symmetry and topology analysis we establish that three-dimensional chiral
superconductors with strong spin-orbit coupling and odd-parity pairing generically host low-energy
nodal quasiparticles that are spin-non-degenerate and realize Majorana fermions in three dimensions.
By examining all types of chiral Cooper pairs with total angular momentum J formed by Bloch
electrons with angular momentum j in crystals, we obtain a comprehensive classification of gapless
Majorana quasiparticles in terms of energy-momentum relation and location on the Fermi surface.
We show that the existence of bulk Majorana fermions in the vicinity of spin-selective point nodes is
rooted in the non-unitary nature of chiral pairing in spin-orbit-coupled superconductors. We address
experimental signatures of Majorana fermions, and find that the nuclear magnetic resonance (NMR)
spin relaxation rate is significantly suppressed for nuclear spins polarized along the nodal direction as
a consequence of the spin-selective Majorana nature of nodal quasiparticles. Furthermore, Majorana
nodes in the bulk have nontrivial topology and imply the presence of Majorana bound states on
the surface that form arcs in momentum space. We conclude by proposing the heavy fermion
superconductor PrOs4Sb12 and related materials as promising candidates for non-unitary chiral
superconductors hosting three-dimensional Majorana fermions.

INTRODUCTION

Chiral superconductors exhibit Cooper pairing with
finite angular momentum thus spontaneously breaking
time reversal symmetry [1]. Two-dimensional chiral su-
perconductors have been extensively studied in the con-
text of Sr2RuO4 [2]. They are generally expected to
have a full superconducting gap and support topolog-
ically protected quasiparticles at the edge and in the
vortex core. In contrast, three-dimensional (3D) chiral
superconductors generally have nodes. A well-known ex-
ample is superfluid He-3 in the px + ipy paired A phase,
which has two point nodes on the Fermi surface along
the pz axis [3]. Quasiparticles near these nodes are spin-
degenerate and correspond to Weyl fermions [4, 5]. In-
terestingly, when spin-orbit coupling is present, chiral su-
perconductors with odd-parity (e.g., p-wave) pairing may
have non-unitary gap structures and spin-selective point
nodes [6]. In this case, despite that the Fermi surface
is spin degenerate, only states of one spin polarization
at the nodal points are gapless in the superconducting
state, whereas states of the opposite spin polarization
are gapped. Consequently, low-energy nodal quasipar-
ticles arise from pairing within states of the same spin.
These quasiparticles are identical to their antiparticles
and thus are the solid-state realization of 3D Majorana
fermions.

Majorana fermions in condensed matter have recently
attracted a great deal of attention [7, 8]. Much of the
studies so far has focused on localized Majorana fermion
zero modes in quantum devices. In contrast, 3D Majo-
rana fermions that are naturally occurring as itinerant
quasiparticles in bulk chiral superconductors, have been
little studied. In particular, it has been unclear what dis-
tinctive properties these Majorana quasiparticles have,
and in what materials they are likely to be found.

In this work, we develop a systematic approach to clas-
sifying different types of Majorana quasiparticles around

spin-selective point nodes in chiral superconductors. We
present the criterion for such Majorana nodes on high-
symmetry axis based on the symmetry of the supercon-
ducting order parameter and the band symmetry in the
normal state. We further infer the presence of Majorana
nodes away from high-symmetry axis from the topology
of gap structures in the momentum space. We show that
the Majorana nature of nodal quasiparticles gives rise
to a strongly anisotropic spin relaxation rate depending
on the spin direction, which can be directly measured
in NMR experiment. Similar to Weyl fermions in topo-
logical semimetals, the presence of Majorana quasiparti-
cles in chiral superconductors leads to a nodal topological
superconductor phase which exhibits Majorana fermion
surface states. As we demonstrate explicitly, zero-energy
Majorana surface states form arcs in the surface Brillouin
zone, which end at the bulk Majorana nodes. Finally we
propose the heavy fermion superconductor PrOs4Sb12 as
a promising candidate for chiral superconductor hosting
Majorana quasiparticles.

RESULTS

Symmetry analysis of quasiparticle gap structures

We start with a general symmetry-based analysis of su-
perconducting gap nodes in chiral superconductors with
strong spin-orbit coupling and inversion symmetry. We
assume that time reversal symmetry is present in the
normal state and is spontaneously broken in the super-
conducting state due to the chiral pairing. We assume
that chiral Cooper pairs carry a nonzero total angular
momentum (including both orbital and spin) J along
a crystal axis of n-fold rotation Cn, which acts jointly
on electron’s coordinate and spin. Here n can only be
2, 3, 4, 6 for discrete rotation symmetry of crystals and J
is only defined mod n. Moreover, since ±J corresponds
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to time-reversed chiral states, it suffices to consider pos-
itive integers J = 1, ..., n/2 for n = 2, 4, 6, and J = 1 for
n = 3.

In this work we address the gap structure associated
with the points on the Fermi surface along the n-fold
axis (hereafter denoted as z), whose momenta are given
by ±K = ±kF ẑ, where kF is Fermi momentum. Our ap-
proach to derive the gap structures relies on both sym-
metry and topological arguments. First, on the basis of
a systematic symmetry analysis we show that the form
of the gap structure at ±K, i.e., the Cn-invariant Fermi
surface momenta, is entirely determined by the total an-
gular momentum J of the Cooper pair and the angular
momentum of energy bands at ±K in the normal state.
Following the symmetry analysis, we invoke a topologi-
cal constraint on the nodal structure of the quasiparticle
spectrum to deduce the full low-energy gap structure,
both at and away from ±K. Using these two comple-
mentary methods we will demonstrate the existence of
two types of point nodes, located on and off the Cn axis
respectively.

In the presence of both time-reversal (Θ) and inversion
(P ) symmetries, spin-orbit-coupled energy bands remain
two-fold degenerate at each momentum and we label the
degenerate bands by a pseudospin spin index α =↑, ↓.
For simplicity, we will simply refer to α as spin. The
presence of Cn, Θ and P symmetries guarantees that
one can choose a basis for Bloch states at ±K such that
(i) the state with α =↑ (↓) has angular momenta j (−j),
i.e.,

Cnc↑(↓)C
−1
n = e±i2πj/nc↑(↓), (1)

where j is a positive half-integer; (ii) PcKαP
−1 = c−Kα;

(iii) ΘcKαΘ−1 = εαβc−Kβ , where εαβ is Levi-Civita sym-
bol.

Having specified the angular momentum J of the chi-
ral Cooper pair and the angular momentum ±j of Bloch
electrons, we are ready to deduce the gap structure near
±K by symmetry analysis. Only pseudospin-triplet pair-
ings, which have odd-parity symmetry, may generate
spin-dependent superconducting gaps necessary for 3D
Majorana fermions. There are three triplet pairing oper-
ators between states near ±K, denoted by

Γ1
q = c†K+q↑c

†
−K−q↑,

Γ2
q = c†K+q↓c

†
−K−q↓,

Γ3
q = (c†K+q↑c

†
−K−q↓ + c†K+q↓c

†
−K−q↑), (2)

where Γ1,2,3 at q = 0 carry angular momentum 2j, −2j
and 0, respectively. In general the pairing potential near
±K is a mixture of these three pairing operators, with
corresponding form factors

Hp =
∑
q

∑
i

∆i(q)Γiq + H. c.. (3)

Since we are interested in the gap structure near q = 0,
it suffices to expand ∆i(q) to the leading order in q:

∆i(q) = C+
i q

ai
+ + C−i q

bi
− , (4)

Cn j J = 2j l (mod n) Pairing ∆q

n = 2 j = 1
2

J = 1 l = 0 ∝ 1

n = 3 j = 1
2

J = 1 l = −1 ∝ q−
n = 4 j = 1

2
J = 1 l = −2, 2 ∝ q2−, q2+

j = 3
2

J = 3 l = −2, 2 ∝ q2−, q2+
n = 6 j = 1

2
J = 1 l = 2 ∝ q2+

j = 3
2

J = 3 l = 0 ∝ 1

j = 5
2

J = 5 l = −2 ∝ q2−

TABLE I. Classification of pairing potentials. Table
summarizing the classification of pairing potentials ∆q ≡
∆2,q of the spin-↓ states c†±K+q↓ to lowest order in (q+, q−),
with q± = qx ± iqy. The potentials are classified for given
combination of (n, j), where n describes an n-fold rotation
axis and j is the spin angular momentum. The chiral super-
conductor has total angular momentum 2j and the effective
orbital angular momentum of ∆q is given by l.

where we defined q± = qx ± iqy, and (qx, qy) is the mo-
mentum tangential to the Fermi surface at ±K. The ex-
ponents ai, bi are integers greater than or equal to zero.
When ai 6= bi, the smaller of the two determines the lead-
ing order behavior of the gap function, while the other
can be neglected. When ai = bi, both terms are equally
important and should be kept together.

Importantly, the form of ∆i(q) is constrained by the
requirement that the pairing term Hp carries the angular
momentum J . This completely determines the exponents
ai, bi, i.e., the analytic form of ∆i(q) at small q, allowing
us to deduce the gap structures in the vicinity of ±K.

Consider first the case J = 0 mod n, i.e., when the
superconducting order parameter has effectively zero an-
gular momentum with respect to the Cn rotation axis. In
this case, the triplet pairing component with zero angular
momentum Γ3 is allowed at ±K, i.e., ∆3(q) is finite at
q = 0, creating a full pairing gap without any low-energy
quasiparticles.

Next consider nonzero (mod n) J . If J 6= 2j mod n,
none of the three triplet pairing terms can be finite at
±K, i.e., ∆i,q → 0 as q → 0 for all i = 1, 2, 3. This
implies that both spin ↑ and ↓ electrons are gapless at
±K, resulting in spin-degenerate nodes at ±K and non-
Majorana nodal quasiparticles. The low-energy Hamil-
tonian for such gapless quasiparticles can be determined
from Eqs. (3) and (4).

Majorana nodes on rotation axis. The type of
chiral pairing giving rise to the Majorana nodal quasi-
particles — the focus of this work — corresponds to
J = 2j mod n. This implies odd J and we exhaus-
tively list all such cases in Table I. Except for two cases
(n, j) = (2, 1

2 ) and (6, 3
2 ) to be addressed separately later,

we have 2j 6= −2j mod n. Under this condition, the spin
↑ states carrying angular momentum j are allowed to
(and generally will) pair up and form Cooper pairs car-
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rying total angular momentum 2j, while the spin ↓ states
remain gapless at±K due to the angular momentum mis-
match. The resulting nodal quasiparticles are therefore
spin non-degenerate Majorana fermions.

The low-energy Hamiltonian for these quasiparticles is
given by

H =
∑
q

ξq(c†q1cq1 + c†−q2c−q2) + (∆qc
†
q1c
†
−q2 + H.c.),

(5)

where we have defined cq1,2 ≡ c±K+q↓ and ∆q ≡ ∆2,q.
In addition, ξq ≡ εK+q−µ where εk is the single-particle
energy-momentum relation and µ is the chemical poten-
tial. For small q we have ξq = vF qz, where vF = kF /m
is Fermi velocity in the ẑ direction.

It is instructive to write H in Nambu space by intro-
ducing the four-component fermion operator Ψ†q:

Ψ†q = (c†q1, c
†
q2, c−q1, c−q2), (6)

so that H can be expressed as

H =
1

2

∑
q

Ψ†qH(q)Ψq, (7)

with the 4× 4 matrix H(q) taking the general form

H(q) =


ξq 0 0 ∆q

0 ξ−q −∆−q 0
0 −∆∗−q −ξ−q 0

∆∗q 0 0 −ξq

 . (8)

Importantly, the four-component quantum field Ψ satis-
fies the same reality condition as Majorana fermions in
high-energy physics, which reads as Ψ†q = (τxΨ−q)T , in

momentum space, or equivalently, Ψ†r = (τxΨr)
T in real

space, where the Pauli matrix τx acts on Nambu space
and ΨT is the transpose of Ψ. This reality condition
demonstrates that the low-energy quasiparticles can be
regarded as Majorana fermions in three dimensions.

At small q, the pairing term ∆q in (8) can be expanded
in powers of q+ or q−. The exponent is determined by the
mismatch between the angular momentum of the Cooper
pair J = 2j and that of the spin ↓ pairing operator Γ2 at
q = 0 which is equal to −2j. Hence, one finds that

∆q ∝ [qx + i sgn(l)qy]|l| with l = 4j mod n (9)

The smallest allowed integer |l| gives the form of ∆q to
the leading order. For any given (n, j) and with J = 2j
fixed, the corresponding l is listed in Table I (more details
can be found in the Appendices).

From Table I, we find three types of pairing terms ∆q

with different l’s, which give rise to two types of Majo-
rana fermions with different energy-momentum relations.
First, for (n, j) = (3, 1

2 ) one has l = 1 mod n, hence

|∆q| ∝ q⊥, where we defined q⊥ = (q2
x + q2

y)1/2. This

implies that the quasiparticles near the nodes ±K dis-
perse linearly with q in all directions, as governed by the
following effective Hamiltonian to first order in q,

H(q) = vF qzσz + v∆σx(qyτx − qxτy). (10)

where σz = ±1 denotes the two nodes ±K, and v∆ is
defined via |∆q| = v∆q⊥+O(q2). Except for the velocity
anisotropy, H(q) is identical to the relativistic Hamilto-
nian for Majorana fermions in particle physics.

Second, we find several cases for which l = ±2 mod
n. According to Eq. (9), this implies that the gapless
quasiparticles disperse quadratically in qx, qy and linearly
in qz (see Table I), as governed by the following effective
Hamiltonian H(q) to second order in q:

H(q) = vF qzσz +
1

2m∆
σy[(q2

x − q2
y)τy + 2qxqyτx], (11)

where m∆ is an effective mass defined by |∆q| =
q2
⊥/(2m∆).
In the case of fourfold rotational symmetry, i.e., n = 4,

both q2
+ and q2

− terms, with angular momenta l = 2
and −2 respectively, are allowed in ∆q. As a result, the
Hamiltonian H(q) takes a more involved form, which is
discussed in the Appendices.

The above cases of chiral pairing with |l| = 1 and 2
both give rise to gapless Majorana quasiparticles at ±K.
According to Table I there are two remaining cases which
both have l = 0 mod n: (n, j) = (2, 1

2 ) and (6, 3
2 ). The

property l = 0 mod n implies that spin ↓ states at ±K are

allowed to pair and form a Cooper pair Γ2
q=0 = c†K↓c

†
−K↓

carrying the same angular momentum 2j = −2j mod n

as the spin ↑ Cooper pair Γ1
q=0 = c†K↑c

†
−K↑. As a result,

both Cooper pairs coexist in the superconducting state
and generate a full gap at ±K.

Spin-orbit coupling and non-unitary pairing . It
is clear from our derivation of the Majorana nodal quasi-
particles that these can only be present in chiral super-
conductors with non-unitary gap structures, i.e., with
a spin non-degenerate quasiparticle spectrum such that
spin ↑ and ↓ states have different gaps [9]. Non-unitary
superconductors have so far received much less atten-
tion than their unitary counterparts. Even though non-
unitary pairing states have been discussed in relation to
UPt3 [10–13], to Sr2RuO4 [2, 14, 15], and recently to
LaNiGa2 [16, 17], the only established example of non-
unitary pairing is superfluid 3He in high magnetic fields
[18], known as the A1 phase. However, from a symmetry
point of view, non-unitary pairing is generic and more
natural (in a theoretical sense) in chiral superconductors
with strong spin-orbit coupling. This is a consequence
of the lack of spin-rotational symmetry, replaced by the
symmetry of combined spin and momentum rotation un-
der the crystal point group. In such cases, there are typ-
ically more than one pairing components with different
spin S or orbital angular momentum L, but the same
total angular momentum J = L + S. As a result, the
full bulk gap function ∆k of the chiral superconductor,
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FIG. 1. Schematic structure of Majorana point nodes of spin-orbit coupled chiral superconductors with total
angular momentum J = 1 with an n-fold (n = 2, 3, 4, 6) rotation axis along z. Two types of Majorana nodes are
shown: on-axis and off-axis nodes. Whereas the former are pinned to the rotation axis (i.e., ±K), the latter appear at generic
Fermi surface momenta. (A) Shows the C6-symmetric case with double Majorana nodes at ±K; (B) shows the C4-symmetric
case; (C and D) show the C3-symmetric and C2-symmetric cases, respectively, including a view from the top (projection on
the xy plane). The gap structure of the C3-symmetric superconductor has both on-axis and off-axis nodes, whereas that of the
C2-symmetric superconductor only has off-axis nodes. Nodes with positive (negative) monopole charge C [see Eq. (18)] are
indicated by solid black (white) dots, with the monopole charge (i.e., C = ±1,±2) explicitly given. In case of C4 symmetry,
the sign of the Majorana node monopole charge at ±K depends on microscopic details (see Appendices).

defined through H∆ =
∑

k (i∆ksy)αβc
†
kαc
†
−kβ + H.c.,

is generally a mixture of these pairing components, all
belonging to the same irreducible representation of the
point group. Specifically, ∆k can we written as

∆k = ∆0

∑
t

λtF
J
t (k), (12)

where F Jt (k) are pairing components (i.e., crystal har-
monics) with total angular momentum J but different L
and S, and λt are dimensionless coefficients describing
the admixture of these different components. For each
pairing channel J , the set of allowed pairing components
F Jt (k) depends both on the point group symmetry of the
crystal and the spin angular momentum j. In Table II,
we present a full list of gap function components F Jt (k)
for trigonal (C3), tetragonal (C4), and hexagonal (C6)
superconductors, and for general spin angular momen-
tum j. Table II thus generalizes standard gap function
classifications for j = 1

2 Bloch electrons [19], and applies

to energy bands of, for instance, j = 3
2 electrons, such

as reported in half-Heusler superconductors YPtBi and
LuPtBi [20, 21]. In addition, the heavy fermion super-
conductor UPt3 has recently been proposed to have j = 5

2
bands [22].

As an example of ∆k in Eq. (12), consider the follow-
ing gap function of a J = 1 superconductor of j = 1

2
electrons, consisting of two pairing components with

(L, S) = (1, 0) and (L, S) = (0, 1), respectively,

∆k = λak+sz + λbkzs+, (13)

where we defined k± = kx ± iky and s± = sx ± isy. It is
straightforward to verify that the pairing is non-unitary
as a result of the second (L, S) = (0, 1) term. The first
term of Eq. (13) corresponds to the gap function of the
A phase of superfluid 3He [3]. The spin-degenerate quasi-
particle spectrum of 3He A phase is known to host Weyl
fermions at low energies [23, 24], which can be viewed as
a complex quantum field made up of two degenerate Ma-
jorana fields. The admixture of the (L, S) = (0, 1) com-
ponent, which is enabled by spin-orbit coupling, gaps out
the spin ↑ states at ±K and gives rise to gapless spin ↓
excitations governed by Hamiltonian (11) (Appendices).

This example illustrates a general feature of spin-orbit
coupled chiral superconductors: lack of spin-rotation
symmetry naturally leads to non-unitary pairing, which
serves as a spin-selective gapping mechanism and cre-
ates spin-non-degenerate nodal excitations which obey
the Majorana reality condition.

As we pointed out earlier, the Majorana condition
makes the quantum field Ψq a four-component real field.
One may be tempted to rewrite (5) in terms of a two-

component complex quantum field f†q ≡ (c†q1, c−q2):

H = f†q(ξqσ
z + ∆qσ

+ + ∆∗qσ
−)fq, which is invariant

under the U(1) transformation f† → f†eiϕ. However,
this U(1) symmetry is only present in the presence of
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(J, j) Trigonal (C3) Tetragonal (C4) Hexagonal (C6)

(1, 1
2
) k+sz, kzs+, k−s−, kzk

2
+s−, k+sz, kzs+, kz(k4+ − k4−)s+, k+sz, kzs+, kzk

2
+s−,

kzk
2
−sz, (k

3
+ − k3−)s+ kzk

2
+s−, kzk

2
−s−, k

3
−sz k5−sz, kzk

4
−s−, kzk

6
−s+

(1, 3
2
) k+sz, k+s+, k+s−, k+sz, kzs−, k

3
−sz, k+sz, kzk

2
−s+, kzk

2
−s−,

kzk
2
−sz, kzk

2
−s+, kzk

2
−s− kzk

2
−s+, kzk

2
+s+, kzk

4
+s− k5−sz, kzk

4
+s+, kzk

4
+s−

(1, 5
2
) k+sz, k−s+, kzs−, k+sz, k

3
−sz, kzk

4
+s+, k+sz, k

5
−sz, kzs−,

k3+s−, kzk
2
−sz, kzk

2
+s+ kzs+, kzk

2
+s−, kzk

2
−s− kzk

2
+s+, kzk

4
−s+, kzk

6
+s−,

(2, 1
2
) ∼= (−1, 1

2
) k+s+, k−s−, kzk

2
+sz, k+s+, kzk

2
+sz, kzk

4
−sz

k3+s−, k
3
−s+, kzk

2
−sz k3+s−, k

3
−s−, k

5
−s+

(2, 3
2
) ∼= (−1, 3

2
) k+s−, kzk

2
+sz, k

3
+s+, kzk

2
+sz, k−s+, k−s−,

k−s+, kzk
2
−sz, k

3
−s− kzk

4
−sz, k

5
+s+, k

5
+s−

(2, 5
2
) ∼= (−1, 5

2
) kzk

2
+sz, kzk

2
−sz, k+s+, kzk

2
+sz, kzk

4
−sz, k+s−,

k3−s+, k−s−, k
3
+s− k5−s−, k

3
−s+, k

3
+s+

(3, 1
2
) ∼= (0, 1

2
) ∼= (−1, 1

2
) k3+sz, kzk

2
+s+, kzk

4
+s−,

k3−sz, kzk
2
−s−, kzk

4
−s+

(3, 3
2
) ∼= (0, 3

2
) ∼= (−1, 3

2
) kzs+, kzs−, kzk

6
+s+,

k3+sz, k
3
−sz, kzk

6
−s−

(3, 5
2
) ∼= (0, 5

2
) ∼= (−1, 5

2
) k3+sz, k

3
−sz, kzk

2
−s+,

kzk
4
+s+, kzk

2
+s−, kzk

4
−s−

TABLE II. Complete set of gap functions for chiral spin-orbit coupled superconductors. Table listing allowed gap
function components F J

t (k) of Eq. (12) for the chiral pairing channels J = 1, 2, 3, (pseudo)spin angular momentum j = 1
2
, 3
2
, 5
2
,

and crystal rotation symmetries Cn with n = 3, 4, 6. For each combination (J, j) a complete set of components is given;
any other allowed gap function component F J

t (k) ∆k is generated by multiplying with fully point group symmetry invariant
functions [19]. Since angular momenta are only defined mod n, some entries in the Table are equivalent, e.g., (2, 1

2
) ∼= (−1, 1

2
)

under C3 symmetry, where (−1, 1
2
) is the time-reversed partner of (1, 1

2
). Recall that s± = sx± isy and sx,y,z are Pauli matrices

acting on the Bloch electron (pseudo)spin.

translational symmetry and broken by impurity-induced
potential scattering between the nodes. To see this, con-
sider the spin-conserving inter-node scattering term

Hs =
∑
q

M(c†q1cq2 + c†q2cq1), (14)

where M is the scattering amplitude at the momentum

2kF . In terms of the complex field f†q, Hs involves f†qf
†
−q

terms, and thus removes the emergent U(1) symmetry in
the clean limit. In terms of the four-component Majorana
field Ψ, Hs is given by

Hs = M
∑
q

Ψ†qσxτzΨq, (15)

Including (14) in the Majorana Hamiltonian (8), the en-
ergy E of the Majorana nodes with linear dispersion,
Eq. (10), is given by E2 = (vF qz)

2 + v2
∆(q2

x + q2
y) +M2.

Thus the effect of inter-node scattering is to generate
a mass term without U(1) symmetry, i.e., a Majorana
mass term. As a result, the fundamental quantum field
describing the gapless quasiparticles is a four-component
real field, i.e., a field obeying the Majorana condition.

We note that spin-non-degenerate point nodes also
occur when the Fermi surface in the normal state is
already spin-split due to magnetism—as theoretically
shown in magnetic topological insulator-superconductor
heterostructures [25] and ferromagnetic p-wave supercon-
ductors [26], mixing of chiral d- and p-waves [27], or due
to spin-orbit coupling in noncentrosymmetric supercon-
ductors [28–37]. This is different from our case where the
spin-selective point nodes occur via non-unitary pairing
in a spin-degenerate normal state. Also, the present case
of non-unitary pairing does not assume any special fea-
ture in the band structure, and should be distinguished
from theoretical surveys of possible pairing states in Weyl
and Dirac semimetals [38–45].

Off-axis point nodes. A key result of our symmetry
analysis presented in the first part of this section, is the
presence of nodal Majorana excitations at the rotation-
ally invariant Fermi surface momenta K on the principal
rotation axis for nonzero l mod n, see Eq. (9). Rota-
tional symmetry further dictates the form of the energy-
momentum dispersion of these on-axis Majorana quasi-
particles. Interestingly, we find that spin-orbit coupled
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odd-parity chiral superconductors can have additional
point nodes located at generic Fermi surface momenta
away from the north and south poles, i.e., off-axis Majo-
rana nodes. We will first illustrate the presence of these
point nodes using examples and then explain their topo-
logical origin.

As a first example, let us consider a chiral supercon-
ductor with C3 symmetry and angular momentum J = 1.
We now show that its gap structure can exhibit nodes at
Fermi surface momenta other than ±K. The full pairing
potential ∆k of Eq. (12) is given to leading p-wave order
by (see Appendices and for details)

∆k =
∆0

kF
(λak+sz + λbkzs+ + λcik−s−), (16)

where λa,b,c are three real admixture coefficients. In
addition to the on-axis nodes at k = ±K, the quasi-
particle spectrum corresponding to ∆k of Eq. (16)
exhibits six nodes located at off-axis Fermi surface
momenta. Writing the Fermi momenta as kF =
kF (cosϕkF sin θkF , sinϕkF sin θkF , cos θkF ), the location
of these nodes can be expressed as the relations cos θkF =

±λ2
a/
√
λ4
a + 16λ2

bλ
2
c and sin 3ϕkF = ∓1 [? ]. There are

three nodes on the northern Fermi surface hemisphere,
which are related by threefold rotation C3, and each of
these nodes has a partner on the southern hemisphere
related by inversion P , as shown in Fig. 1(c).

As a second example, consider a J = 1 superconductor
with twofold rotational symmetry C2. The pairing poten-
tial ∆k is composed of all terms which are odd under C2

and to p-wave order in spherical harmonics is given by

∆k =
∆0

kF
[(λak+ + λbk−)sz + kz(λcs+ + λds−)]. (17)

At the Fermi surface momentum K one has ∆K =
∆0(λcs+ + λds−), which implies a pairing gap for both
c±K+q↑ and c±K+q↓, in agreement with the result of Ta-
ble I. Even though no nodes exist on the twofold z-axis,
it is straightforward to verify that for general nonzero
admixture coefficients two pairs of nodes are located on
the Fermi surface, each pair related by twofold rotation
with the partners of a pair related by the inversion P .
Taking λb = 0 (λa = 0), for instance, the nodes are lo-
cated on the intersection of the Fermi surface with the
yz (xz) plane, as shown in Fig. 1(d).

In both these examples, all point nodes located at
generic rotation non-invariant Fermi surface momenta
are spin-non-degenerate, and the gapless quasiparticles
are therefore Majorana fermions. We call these nodes
off-axis Majorana nodes. The presence of the off-axis
Majorana nodes in these examples motivates the ques-
tion whether these are accidental, or whether the off-axis
nodes are related to the Majorana nodes on the rotation
axis at a deep level.

We now address this question by focusing on the topo-
logical nature of the Majorana point nodes. We will show
that the classification of different types of low-energy Ma-
jorana quasiparticles in terms of location on the Fermi

surface (i.e., on-axis or off-axis) and energy-momentum
dispersion (i.e., linear or quadratic) is linked to a topo-
logical property of point nodes in momentum space.

In band theory crossing points of (quasiparticle) energy
bands are endowed with an integer topological quantum
number given by the Chern number C defined as

C =
1

4π

∫
Ω

F · dS. (18)

Here F = ∇k × A(k) is the Berry curvature, i.e., the
field strength of the momentum space gauge Berry con-
nection A(k), which is integrated over a surface Ω en-
closing the point node. Hence, C quantifies the Berry
curvature monopole strength of the point node. Since
monopoles cannot be removed unless they annihilate with
a monopole of equal but opposite strength, point nodes
which carry a nonzero monopole charge are topologically
protected.

It is straightforward to show that the Majorana nodes
with linear dispersion described by Eq. (10) have
monopole charge C = ∓1 at ±K similar to Weyl fermions
in topological semimetals [46, 47], and that the Majorana
nodes of Eq. (11), which disperse quadratically tangen-
tial to the Fermi surface, have monopole charge C = ±2,
similar to double-Weyl fermions [48]. Therefore, the for-
mer may be called single Majorana nodes and the latter
double Majorana nodes. These single and double on-axis
Majorana nodes, corresponding to C3 and C4,6 symme-
try, respectively, are schematically shown in Fig. 1, with
the monopole charge C explicitly indicated.

From the perspective of topology, the presence of the
off-axis Majorana nodes in superconductors with C3 or
C2 can be understood from monopole charge conserva-
tion. For instance, the C3-symmetric superconductor
with the gap function (16) can be viewed as a descen-
dent of the C6-symmetric superconductor with the gap
function (13), obtained from lowering the symmetry. As
a result of lower symmetry, additional gap functions can
mix in with the J = 1 channel, and according to our
symmetry analysis this transforms the C = 2 double Ma-
jorana node at K of a C6 superconductor into C = −1
Majorana node at K of a C3 superconductor. Since the
total monopole charge must be conserved, and the gap
structure must preserve C3 symmetry, there must exist
three additional point nodes with monopole charge of
C = +1. This effective “splitting” of a C = 2 Majorana
node into four single nodes is in agreement with the ex-
plicit analysis of Eq. (16) and is schematically shown in
Fig. 1. An analogous argument explains the existence of
two C = +1 off-axis Majorana nodes in case of the C2-
symmetric superconductor, which has a full pairing gap
at K. The nodal structure of the C2 superconductor is
depicted in Fig. 1. It is therefore natural to think of the
off-axis Majorana nodes as originating from on-axis dou-
ble Majorana nodes in a J = 1 superconductor, obtained
by lowering C6 or full rotational symmetry to trigonal
(C3) and orthorhombic (C2) symmetry.

These topological arguments demonstrate that the chi-
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ral superconductors discussed here are topological nodal
superconductors. Topological nodal superconductors
are superconductors with topologically protected gapless
quasiparticle excitations, in a way which parallels the
protection of Weyl fermions in Weyl semimetals [46, 47]
(see also Section “Surface Andreev bound states: Majo-
rana arcs”). In particular, the gapless Majorana quasi-
particles are topologically protected by monopole charge
conservation.

Detecting 3D Majorana fermions

In this section we explore ways to detect the 3D Ma-
jorana nodal quasiparticles in chiral spin-orbit coupled
superconductors. Since the Majorana fermions arise as a
result of a spin-selective gapping mechanism associated
with non-unitary pairing, we first address the experi-
mentally observable consequences of non-unitary pairing
from a general perspective, and then turn to a specific
probe sensitive to the spin-polarized low-energy Majo-
rana quasiparticles: the NMR spin relaxation rate.

Signatures of non-unitary chiral superconduc-
tors. The non-unitary gap structure of chiral spin-
orbit coupled superconductors gives rise to a num-
ber of distinctive experimental signatures. The most
prominent characteristic of non-unitary pairing, the non-
degenerate quasiparticle excitation spectrum, leads to a
spin-dependent density of states: the density of states
N↑,↓(E) for (pseudo)spin-↑, ↓ excitations are unequal,
i.e., N↑(E) 6= N↓(E), and in particular, low-energy
branch of the spectrum consists of fully spin-polarized
states near the point nodes. As a consequence of the
non-degenerate spectrum, the total density of states∑
αNα(E) can exhibit two distinct peaks, rather than a

single peak at ∆0 which is characteristic of conventional
s-wave superconductors. This can lead to a two-gap like
feature in the specific heat, as is demonstrated more ex-
plicitly on the basis of simple examples in the Appen-
dices. Therefore, experimental signatures that are com-
monly attributed to multiband superconductivity may
actually originate from non-unitary pairing in a single
band.

A well-known and discriminating property of nodal su-
perconductors is the characteristic temperature depen-
dence of a diverse set of dynamic and thermodynamic
quantities such as the electronic part of the specific heat,
the London penetration depth, and the NMR spin re-
laxation rate T−1

1 [49]. The low-energy branch of the
quasiparticle spectrum of chiral non-unitary supercon-
ductors consists of C = ±1 or C = ±2 point nodes,
and this implies that the density of states N(E) in the
regime E � ∆0 takes the form N(E)/N0 ∼ (E/∆0)n,
where N0 is the normal state density of states. The ex-
ponent n depends on the nature of the point node: it
equals n = 2 for C = ±1 and n = 1 for C = ±2. The
form of the density of states at the nodes is responsible
for the typical power law temperature dependence of the

specific heat, the penetration depth, and the spin relax-
ation, which probe the density of quasiparticle states, at
temperatures T � Tc ∼ ∆0.

In the next section we consider the NMR spin relax-
ation rate in more detail. In case of chiral superconduc-
tors with low-energy Majorana quasiparticles, not only
should the spin relaxation rate T−1

1 exhibit power law
temperature dependence at low temperatures, the tem-
perature dependence of T−1

1 is expected to crucially de-
pend on the direction of the nuclear spin polarization.
This follows from the fact that the only quasiparticle ex-
citations available at low-energy are spin-↓ states, which
is intimately related to the non-unitary nature of the
superconducting state. Therefore, we derive below the-
ory of NMR spin relaxation in non-unitary superconduc-
tors, which serves as a powerful tool to identify Majorana
nodal quasiparticles.

NMR: spin relaxation rate . The measurement of
the NMR spin-lattice relaxation rate 1/T1 at low tem-
perature is a well-established experimental technique to
probe to the gap structure of superconductors. The tem-
perature dependence of 1/T1 at temperatures T � Tc ∼
∆0 can be used as a measure of the density of low-
energy quasiparticle states, and allows to distinguish fully
gapped, point nodal, and line nodal gap structures [9].

The coupling of quasiparticle states to the nuclear spin
originates from the hyperfine interaction between the nu-
clear spin and itinerant electrons. The hyperfine coupling
Hamiltonian Hhf is given by

Hhf = γNAhf

∑
kk′

gij(k,k
′)Ŝic†kαs

j
αβck′β , (19)

where Ŝi are the components of the nuclear spin op-
erator, si are Pauli matrices representing the electron
pseudospin (summation of repeated spin indices α, β im-
plied). Furthermore, γN is the gyromagnetic ratio of
the nuclear spin, Ahf is the hyperfine coupling constant,
and gij(k,k

′) is a momentum-dependent tensor describ-
ing the coupling of the nuclear spin to the pseudospin
of electrons in spin-orbit-coupled materials. The form
of this tensor can be complicated and material-specific.
However, since only quasiparticles around the nodes con-
tribute to the spin relaxation at low temperature, it suf-
fices to consider gij(k,k

′) at the nodes, a key simplifica-
tion that enables us to find universal features of the spin
relaxation rate below.

Our aim is to derive 1/T1 for chiral non-unitary su-
perconductors hosting 3D Majorana fermions. Since the
Majorana nodes are non-degenerate with definite pseu-
dospin, the low-energy quasiparticles couple anisotropi-
cally to the nuclear spin. To demonstrate this, consider
the case of gapless Majorana particles pinned to ±K.
Projecting the Hamiltonian (19) into the space of Bloch
states near ±K (P projects onto the low-energy Hilbert
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space) one finds

PHhfP = γNAhf

∑
qq′

Ŝz
[
g1
zzc
†
q1cq′1 + g2

zzc
†
q2cq′2

+g3
zzc
†
q1cq′2 + g3∗

zzc
†
q2cq′1

]
, (20)

where g1 = g(K,K), g2 = g(−K,−K), and g3 =
g(K,−K) are the g-tensors evaluated at the nodes. Im-
portantly, only the z-component of the nuclear spin en-
ters the low-energy Hamiltonian due to the rotational
symmetry of the crystal around the z axis. As a result,
we expect that the nuclear spin relaxation time 1/T1 is
highly direction dependent, and to leading order approx-
imation, diverges when the nuclear spin is initially polar-
ized along the z direction.

As we will show below, the strongly anisotropic spin
relaxation rate is a generic consequence of spin-selective
nodes, whereas the divergence for nuclear spin polariza-
tion along the nodal direction is an artifact of the leading-
order Hamiltonian (20). We now go beyond this leading-
order approximation and expand the full form factor
gij(k,k

′) into crystal spherical harmonics. Keeping the
lowest-order s-wave component, we have gij(k,k

′) ∼ δij ,
reducing the hyperfine coupling to

Hhf = γNAhf

∑
kk′

Ŝic†kαs
i
αβck′β . (21)

With Eq. (21) we proceed to calculate the NMR relax-
ation rate 1/T1 for a non-unitary superconductor explic-
itly. For simplicity we consider a nuclear spin of S = 1/2.
The spin relaxation rate 1/T1 is expressed through the
transverse spin susceptibility χ−+(p, ω) (i.e., transverse
to nuclear spin direction) and reads as [50, 51]

1

T1
= γ2

NAhf
2T lim

ω→0

∑
p

Imχ−+(p, ω)

ω
. (22)

When evaluating 1/T1 it is important to distinguish uni-
tary and non-unitary pairing states. In case of the for-
mer, it can be shown that the spin relaxation rate does
not depend on the direction of polarization of the nu-
clear spin. (This result is reviewed in the Appendices.)
The case of non-unitary pairing requires separate and
more careful treatment. For concreteness, here we first
consider the C6-symmetric J = 1 superconductor, which
only has double nodes at ±K. Other nodal non-unitary
superconductors are discussed towards the end of this
section.

The gap structure of the J = 1 superconductor with C6

symmetry is given by Eq. (13). The full BdG Hamilto-
nian is diagonalized in terms of Bogoliubov quasiparticle
operators which we define as akα. Writing the hyper-
fine interaction Hamiltonian (21) in terms of the Bogoli-
ubov quasiparticle operators, the spin susceptibility can
be readily evaluated. Since at low temperatures (i.e.,
∼ T � ∆0 min{λa, λb}) only low-energy excitations con-
tribute to the relaxation rate, we can restrict to Bogoli-
ubov quasiparticle states with small momenta q relative

to ±K and only keep the low-energy gapless states aq
corresponding to energies Eq = [ξ2

q + (q2
⊥/2m∆)2]1/2 [see

Eq. (11)], where q⊥ = (q2
x + q2

y)1/2. Then, to the leading
order in small momentum q, the Hamiltonian (21) reads
as

Hhf
∼= γNAhf

∑
qq′pp′

a†qpaq′p′
[
ŜzFpp′(q,q

′)+

p′Ŝ−G(q,q′) + pŜ+G
∗(q′,q)

]
, (23)

with the form factors Fpp′(q,q
′) and G(q,q′) defined as

Fpp′(q,q
′) =

1

2q⊥q′⊥

(
q+q
′
−P− − q−q′+pp′P+

)
,

G(q,q′) =
1√

8m∆∆̃0

(
q⊥q

′
+

q′⊥
P+ −

q+q
′
⊥

q⊥
P−

)
,(24)

and the momentum-dependent factors P± =√
(1± ξq/Eq)(1± ξq′/Eq′). Here p, p′ = +1 (−1)

for the north (south) node.

In Eq. (23) the anomalous terms aqaq′ and a†qa
†
q′ have

been omitted, since they do not contribute to 1/T1 due to
energy conservation. The effective mass m∆ of the the
Bloch states c±K↓ and energy ∆̃0 associated with the
Bloch states c±K↑ are defined in terms of gap function
parameters in the Appendices. Equation (23), which is
the projection of Hamiltonian (19) into the space of low-
energy Bogoliubov quasiparticles, should be compared to
the projection into the space of low-energy Bloch states
given in Eq. (20). The former contains a coupling to

Ŝ± = Ŝx ± iŜy originating from the nonzero support of
the Bogoliubov quasiparticle states on the Bloch electron
states c±K+q↑. The support is vanishingly small near

the nodes as a result of q±/(m∆∆̃0)1/2 ∝ q±/kF � 1,
indicating a suppression of the spin relaxation rate for a
nuclear spin initially polarized along the z-direction. In
the limit that such coupling is strictly absent, as in Eq.
(20), spin initially polarized along the z-direction does
not relax.

Using the projection of the hyperfine coupling into the
space of low-energy Bogoliubov quasiparticles given by
(23) it is straightforward to calculate NMR relaxation
rate given by Eq. (22) in the low temperatures limit
T � ∆0 min{λa, λb} (Appendices). We find 1/T1 to be
given by

1

T1
= D⊥T

3S2
⊥ +Dz

T 4

∆̃0

S2
z , (25)

where S⊥ and Sz are the projections of the nuclear spin
polarization on the xy plane and z axis, respectively, and
the coefficients D⊥,z are given by

D⊥ = γ2
NA

2
hf

π

96

(
m∆

vF

)2

, Dz = γ2
NA

2
hf

9ζ(3)

4π2

(
m∆

vF

)2

(26)
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Equation (25) proves that there is a strong anisotropy of
spin relaxation depending on the polarization of the nu-
clear spin. For a nuclear spin polarized perpendicular to
the z axis, the spin relaxation behaves as 1/T1 ∼ T 3, as
expected for C = ±2 point nodes with quadratic disper-
sion and linear dependence of density of states on energy.
Instead, for a nuclear spin polarized along the z axis, the
spin relaxation rate is suppressed by a factor of T/∆̃0,

i.e., the zeroth order term in an expansion in T/∆̃0 is
absent.

The strong relaxation rate anisotropy can be intu-
itively understood from a simple physical picture. The
hyperfine interaction leading to nuclear spin relaxation
is given by Eq. (21), and consequently, nuclear spin re-
laxation occurs simultaneously with an electron spin flip.
At low-energies, however, only c±K+q↓ Bloch states are
available, implying that a nuclear spin initially polarized
along z is vanishingly improbable to relax. This phys-
ical picture is captured by Eq. (20). The qualitative
difference of this result compared to the case of unitary
pairing [9] can be understood in a similar way. In the case
of the latter, the quasiparticle energy spectrum is doubly
degenerate, implying that both spin species are present
and, consequently, leading to the same temperature de-
pendence of 1/T1 for all nuclear spin polarizations.

A qualitatively similar anisotropic spin relaxation
rate has been predicted for two-dimensional Majorana
fermions, which live on the surface of a 3D topological
superfluid, i.e., the 3He-B phase [52, 53]. In that case,
where the 2D surface Majorana modes are described by a
two-component real quantum field, the anisotropy in the
spin relaxation arises since one can only construct Ising
spin operator, which points perpendicular to the surface
and takes the form of a Majorana mass term. This is
different from our case, i.e., the 3D Majorana fermions,
where the spin operator constructed from the low-energy
quasiparticles does not correspond to a mass term.

Based on the result for the J = 1 superconductor with
C6 symmetry and quadratic point nodes at ±K, Eq.
(25), we now comment on other chiral non-unitary su-
perconductors. First, consider the J = 1 superconductor
with C4 symmetry shown in Fig. 1 and discussed in more
detail in Appendix A. Since the C4-symmetric supercon-
ductor only has on-axis Majorana nodes with C = ±2,
Eq. (25) remains valid and a significant suppression of
1/T1 for the nuclear spin polarized along z-axis is ex-
pected.

Next, consider the J = 1 superconductor with C3 sym-
metry with gap function (16). In this case, the low-energy
gap structure consists of eight single Majorana nodes
(i.e., linear dispersion), two of which located at ±K, and
six at off-axis Fermi surface momenta (see Fig. 1). Such
nodal structure complicates the explicit derivation of an
analytical expression for 1/T1, but the final result, how-
ever, can be inferred from the C6 symmetric case. For a
weak trigonal anisotropy and intermediate temperatures
given by the condition ∆0λc < T < ∆0 min{λa, λb}, the
trigonal λc-term can be neglected and one can expect the

same behavior as in the hexagonal case with the relax-
ation rate given by Eq. (25).

At the lowest temperatures given by T �
∆0 min{λa, λb, λc}, however, the linear dispersion of the
nodes comes into play: the density of states becomes
a quadratic function of energy, leading to 1/T1 ∼ T 5.
Whereas at the on-axis nodes still only quasiparticles
with definite spin ↓ are available at low-energies, the low-
energy quasiparticles at the off-axis nodes are mixtures
of spin ↑ and ↓. As a result, the temperature dependence
of 1/T1 will exhibit the same power law behavior, i.e.,
∼ T 5 for all nuclear spin polarizations. The numerical
prefactors will reflect a directional anisotropy, however,
which may be large.

Superconductors with C2 symmetry, due to the four
off-axis linear nodes, are expected to show the behav-
ior similar to C3 crystals, exhibiting strong anisotropy
in the functional temperature dependence at intermedi-
ate temperatures and point node power law behavior at
the lowest temperatures for all nuclear spin polarizations.
Again, numerical prefactors will generically be different.

Surface Andreev bound states: Majorana arcs

Chiral superconductors with point nodal quasipar-
ticle excitations are topological nodal superconductors
due to the nonzero Berry monopole charge of the point
nodes [54], as discussed following Eq. (18). Via the
bulk-boundary correspondence, the topological nature of
the bulk superconducting state is reflected on a surface
boundary separating the superconductor from the vac-
uum or, equivalently, a gapped s-wave superconductor.
The surface Andreev bound states of topological nodal
superconductors take the form of arcs in surface momen-
tum space, connecting the projections of the topological
bulk nodes onto surface momentum space, schematically
shown in Fig. 2. A canonical example of surface states
in nodal topological systems are the surface Fermi arcs
of the superfluid 3He A phase, which originate from and
terminate at projections of the bulk Weyl nodes [55, 56].
A similar surface state structure has been explored in the
context of UPt3 [57].

Weyl nodal fermions have recently attracted a great
deal of attention in semimetallic materials, referred to as
Weyl semimetals [46, 47, 58–60], which are semimetals
with non-degenerate point nodal touchings of bulk energy
bands, associated with nonzero Berry monopole charge,
and Fermi arcs on the surface. The Weyl semimetal state
has recently been predicted and observed in the TaAs
materials class [61–68], and photonic crystals [69–71].
The superconducting analog of Weyl semimetals was first
considered in Ref. 25 based on a topological insulator-s-
wave-superconductor heterostructure model. The surface
arcs connect the projections of the non-degenerate bulk
nodes in the Bogoliubov quasiparticle spectrum, and due
to the redundancy built into the BdG mean-field descrip-
tion these surface arcs are Majorana arcs.



10

(A) (B)

FIG. 2. Schematic representation of arc surface An-
dreev bound states of nodal superconductors. For a
given surface termination, the projections of the bulk Ma-
jorana nodes onto the surface momentum space (transpar-
ent gray planes) are connected by the surface Majorana arcs
(thick blue lines). The surface Majorana arcs must start
and terminate at nodes with opposite monopole charge. (A)
Arc structure on a side surface of the A phase of 3He. (B)
Schematic arc structure of C3-symmetric J = 1 chiral super-
conductor for a side surface in the y direction (see also Fig.
3). The projection of bulk Majorana nodes (coming from
northern Fermi surface hemisphere) on the top surface is also
shown, cf. Fig. 3(B).

In general, non-degenerate nodal touchings of energy
bands can only occur when at least one of two sym-
metries, time-reversal symmetry Θ or inversion symme-
try P , is broken [72]. The experimentally found Weyl
semimetals in TaAs and related materials all break in-
version symmetry, and even though much effort has
been devoted to looking for time-reversal breaking Weyl
semimetals [46, 48, 58, 59, 73–80], their conclusive obser-
vation in materials remains an open challenge.

The chiral superconductors of this work break time-
reversal symmetry and have odd-parity pairing, implying
that they preserve a Z2 symmetry given by τzP (see Ma-
terials and Methods). Hence, the only symmetry mani-
fest at any surface is particle-hole symmetry. Since the
bulk point nodes are Majorana nodes, the surface states
of chiral non-unitary superconductors are Majorana arcs.

In this section we calculate and study the structure of
the Majorana arcs of chiral non-unitary superconductors,
with a focus on J = 1 superconductors with C6 and C3

symmetry with gap functions (13) and (16), respectively.
The profile of surface Majorana arcs depends on the pro-
jections of the bulk Majorana nodes onto the surface,
and therefore depends on boundary geometry. Here we
will consider two different semi-infinite geometries: (i) a
boundary in the xz plane, separating the vacuum (y < 0)
and the superconductor (y > 0), and (ii) a boundary in
the xy plane (i.e., vacuum z < 0 and superconductor
z > 0).

Starting with a boundary in the xz plane, the
first quantized Hamiltonian is given by HBdG(k, r) =
HBdG(k)θ(y) with HBdG(k) the (first quantized) BCS-
BdG Hamiltonian of the superconductor with pairing po-
tential (13). We solve the equation HBdG(−i∇, r)Ψ(r) =
EΨ(r) for zero-energy solutions E = 0, localized at the
boundary, i.e., wave functions decaying exponentially at
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FIG. 3. Majorana arc surface states. Plots of the zero-
energy (E = 0) surface Majorana arc states in surface mo-
mentum space for chiral J = 1 superconductors with C6 sym-
metry (A) and C3 symmetry (B–D), and gap functions (13)
and (16), respectively. Panels (A), (C), (D) show the Ma-
jorana arc states of a surface boundary in the xz plane, i.e.,
semi-infinite superconductor at y > 0, whereas (B) shows
the Majorana arc states of surface boundary in the xy plane
(superconductor z > 0). As all panels show, the surface Majo-
rana arcs connect the projections of the bulk Majorana nodes.
The dashed circle shows the radius of the Fermi surface pro-
jection. In panel (A) the straight dashed blue line denotes
the Fermi arcs of superfluid 3He-A for comparison. The pa-
rameters used are given by λa∆0/µ = 0.013, λb∆0/µ = 0.01,
and λc∆0/µ = 0.004, 0.009 in (B, C) and (D), respectively.

y → ∞ and satisfying the Dirichlet boundary condi-
tion Ψ|y=0 = 0. In this geometry, kx and kz remain
good quantum numbers and we substitute ky → −i∂y
in HBdG(k).

The gap function of a C6-symmetric superconductor,
given by Eq. (13), gives rise to non-degenerate C = ±2
bulk nodes at ±K. To solve for the zero energy states
of the Majorana arcs, we look for a general solution of
the form Ψ(y) ∝ exp(αy) with the condition Reα < 0.
The equation HBdG(−i∇y)Ψ = 0 then translates into a
polynomial in α of degree eight, whose roots determine
the wave function solutions. The roots can be found ex-
plicitly and are given by

α3(4) = α∗1(2), α2
1,2 = −k2

⊥ + 2λ̃2
a + 2iλ̃bkz

± 2

√
(λ̃2
a + iλ̃bkz)2 − λ̃2

a(k2
F − k2

z), (27)

where we defined k⊥ ≡
√
k2
F − k2

x − k2
z , λ̃a(b) ≡

∆0λa(b)/vF , and the eigenvalues with Reα1,2 < 0 are im-
plied, as only they can be used to satisfy the localization
condition Ψ|y→+∞ → 0. These four eigenvalues are then
used to construct the solution that satisfies the Dirichlet
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boundary condition at y = 0, Ψ|y=0 = 0. This condi-
tion results in the implicit equation for the zero energy
Majorana arc profile in the kx − kz plane. The implicit
equation reads as

|kx(α1 + α2)| = |k2
⊥ − α1α2|. (28)

The resulting profile of (zero energy) Majorana arc states
has a “bow-tie” shape in surface momentum space and is
shown in Fig. 3(a). The zero energy solutions are non-
degenerate, apart from the surface momentum (kx, kz) =
(0, 0), but are related by particle-hole symmetry. Such
profile should be compared to the fully degenerate sur-
face Majorana arcs of superfluid 3He-A, corresponding to
λb = 0 in Eq. (13) and shown with a dashed line in Fig.
3(a) (see also Fig. 2). As a result of the degeneracy of
the two sheets of Majorana arcs they effectively form a
single complex Fermi arc.

In the vicinity of (kx, kz) = (0, 0), the structure of
the Majorana arcs of the C6-symmetric chiral supercon-
ductor can be obtained within the semiclassical or An-
dreev approximation (we follow Ref. 81). Defining k⊥ =√
k2
F − k2

x − k2
z as the semiclassical momentum perpen-

dicular to the boundary and assuming k⊥ � kF (∆0/εF ),
one obtains the Andreev Hamiltonian from the BdG
Hamiltonian as HBdG(k, r) → H⊥(k⊥,−i∇y) + H‖(k‖),
with k‖ ≡ (kx, kz) and H⊥,‖ (Appendices). In obtaining
the surface Majorana arc Hamiltonian, one first solves
H⊥(k⊥,−i∇y) for zero energy solutions at k‖ = 0 and
projects H‖(k‖) into the subspace of these solutions. At
k‖ = 0 we find two solutions from which we construct
second quantized operators γk‖1 and γk‖2 satisfying the

Majorana condition γ†k‖1,2 = γ−k‖1,2. Projecting H‖(k‖)

into the subspace of γk‖ = (γk‖1, γk‖2)T we obtain

H‖ = − ∆0

2kF

∑
k‖

γT−k‖ (λakxI2 + λbkz s̃z) γk‖ , (29)

where s̃z = ±1 labels the surface Majorana degree of
freedom and I2 is a 2× 2 identity matrix. The profile of
zero energy states is simply obtained as |λakx| = |λbkz|,
in agreement with Eq. (27) and Fig. 3.

Next, we consider the case of the C3-symmetric super-
conductor with gap function (16). As discussed in the
Section “Symmetry analysis of quasiparticle gap struc-
tures”, the gap structure consists of eight single Majo-
rana bulk nodes shown in Fig. 1 (and Fig. 2 including
projections onto surface momentum space). An analyti-
cal expression for the zero-energy mode profile analogous
to Eq. (27) cannot be obtained in this case, and we solve
the characteristic polynomial numerically. The result is
shown in Figs. 3(c)-(d).

Similarly to the case of C6 superconductors, the Hamil-
tonian of the surface Majorana arcs can be constructed in
the vicinity of k‖ = 0 within the Andreev approximation.
Again, we obtain two surface state Majorana operators

γk‖1,2. The Hamiltonian of the Majorana arcs reads as

H‖ =
∆0

2kF

∑
k

γT−k

(
AxkxI2 +

√
λ2
ck

2
x +A2

zk
2
z s̃z

)
γk,

(30)
where the coefficients Ax and Az are given by Ax = (λ2

c−
λ2
a)/
√
λ2
a + λ2

c , Az = λ4
aλ

2
b/(λ

2
a + λ2

c)
2. The zero-energy

states of the Majorana arcs in the vicinity of k‖ = 0

are then given by the equation k2
x(λ2

a − 3λ2
c)(λ

2
a + λ2

c) =
k2
zλ

2
aλ

2
b and exist only provided λ2

a > 3λ2
c . Only in this

range of parameters Hamiltonian (30) is meaningful (oth-
erwise, there is no low-energy excitations near k‖ = 0).
This result is in total correspondence with the exact nu-
merical solution shown in Figs. 3(c)-(d).

To conclude, we consider a surface boundary in the xy
plane. In this geometry, the bulk C = ±2 nodes of the
C6 superconductor project to a single surface momentum
kx = ky = 0, such that no well-defined Majorana arcs
exist in this case. In contrast, the projections of the six
off-axis C = ±1 nodes of the C3 superconductor do not
coincide and are connected by Majorana arc states, as
shown in Fig. 3(b). As is clear from Fig. 3(b), threefold
rotational symmetry is preserved.

The above analysis shows that spin-orbit coupled chi-
ral superconductors are topological nodal systems with
characteristic surface arc states. Chiral superconductors
hosting Majorana fermions in the bulk have spin-non-
degenerate Majorana arcs on surface boundaries, unlike
complex fermions in Weyl semimetals or spin-degenerate
boundary states in superfluid 3He-A.

Candidate materials

The purpose of this section is to connect the general
theory of spin-orbit coupled odd-parity chiral supercon-
ductors presented in the Section “Symmetry analysis of
quasiparticle gap structures” to reported experimental
evidence for chiral and nodal pairing in certain known
superconductors. Since chiral non-unitary pairing criti-
cally relies on spin-orbit coupling, we focus the search for
candidate materials hosting Majorana fermions on mate-
rials with spin-orbit coupling.

Heavy fermion materials are typically strongly spin-
orbit coupled, and the vast majority of known heavy
fermion superconductors are believed to have unconven-
tional pairing symmetry. Of particular interest to the
present study are two heavy fermion compounds with
filled skutterudite structure: PrOs4Sb12 [82, 83] and
PrPt4Ge12 [84]. For both materials signatures consis-
tent with point nodes have been observed, although the
determination of the pairing state is not yet definitive
and the Majorana nature of nodal quasiparticles remains
to be tested.

The skudderudite superconductor PrOs4Sb12 has
tetrahedral crystal structure with point group Th. Ther-
mal transport measurements are indicative of a super-
conducting phase with point nodes [85]. The presence of
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point nodes has been further corroborated by the tem-
perature dependence of the specific heat [82, 86], the pen-
etration depth and NMR spin relaxation rate [87], and
especially Sb-NQR [88] finding spin relaxation rate pro-
portional to T 5 at temperatures considerably below Tc.
In addition, µSR measurements have been interpreted as
supporting time-reversal symmetry breaking in the su-
perconducting state [89], and Knight shift measurements
are suggestive of triplet pairing [90]. Very recent Kerr
angle measurements provide even more support for time-
reversal symmetry breaking in the superconducting state
[91].

A number of theoretical studies have proposed uncon-
ventional pairing symmetries as possible descriptions of
the superconducting phases in PrOs4Sb12 [92, 93]. It has
been argued that, assuming broken time-reversal sym-
metry and the existence of point nodes, in order to best
fit experiments, the phenomenological order parameter
should be of three-component Tu symmetry [93]. The
time-reversal symmetry broken phase then corresponds
to the chiral combination (i.e., phase difference e±iπ/2)
of two components with different amplitude. Within this
framework, the resulting chiral superconductor is a non-
unitary pairing state with twofold rotational symmetry
and non-degenerate point nodes not pinned at a twofold
axis. Such quasiparticle spectrum can be captured by the
pairing gap function given by Eq. (17). As a result, the
heavy fermion superconductor PrOs4Sb12 is a promis-
ing candidate for realizing the off-axis gapless Majorana
fermions.

Another member of the family of filled skutterudites
with the same crystal structure as PrOs4Sb12 is the ma-
terial PrPt4Ge12. Superconductivity has been observed
in PrPt4Ge12 [84], and penetration depth in combination
with specific heat measurements have provided evidence
of point-like nodes [94, 95]. Furthermore, a subsequent
µSR study has reported a spontaneous magnetization
below Tc, which is suggesting time-reversal symmetry
breaking [96]. These results point towards PrPt4Ge12 as
a second candidate to host gapless Majorana fermions.
An NQR spin relaxation study has, however, provided
support for a weakly coupled BCS superconductor with
anisotropic s-wave pairing gap with point nodes [97]. In
addition, it should be noted that some experimental stud-
ies have found evidence for two-band superconductivity
in PrPt4Ge12 [98–100], similar to the case of PrOs4Sb12

[101–103]. As discussed when we considered the experi-
mental detection of Majorana fermions, this may still be
consistent with non-unitary superconductivity.

DISCUSSION

A central pillar of this paper is the fact that time-
reversal breaking pairing in crystals with strong spin-
orbit coupling is generically non-unitary, leading to a
(spin) non-degenerate quasiparticle gaps structure. In
spin-orbit coupling systems, chiral pairing channels are

labeled by the total angular momentum J of the Cooper
pairs, and the gap function is a general linear superpo-
sition of spherical harmonics degenerate in the pairing
channel. As shown in the Section “Symmetry analysis of
quasiparticle gap structures”, the resulting gap function
typically is non-unitary.

A consequence of the non-unitary nature of the pair-
ing is the presence of non-degenerate point nodes, which
satisfy the same Majorana reality condition as in high-
energy particle physics and therefore constitute Majo-
rana fermion quasiparticles in three dimensions. Depend-
ing on the (discrete) n-fold rotational symmetry of the
crystal, and the angular momentum j of the Bloch elec-
trons, these Majorana nodes can be single nodes with lin-
ear dispersion, or double nodes with quadratic dispersion
tangential to the Fermi surface. In addition, symmetry
may pin the nodes to the rotation axis, in which case we
call them on-axis nodes. When the rotational symme-
try of the crystal is low, the on-axis nodes can be split
and off-axis nodes, i.e., nodes at generic non-rotation in-
variant Fermi surface momenta, can appear. The split-
ting of Majorana nodes and the appearance of off-axis
nodes is determined by the conservation of the topolog-
ical monopole charge associated with point nodes. As
such, it is an analog of the trigonal warping of 2D Dirac
fermions in bilayer graphene [104]. Here, we find both
trigonal and orthorhombic warping of Majorana nodes.

We note that our symmetry-based approach is gen-
eral and complete in the sense of treating the general
case of Bloch electrons with angular momentum j form-
ing Cooper pairs with total angular momentum J in Cn-
symmetric crystals. In particular, our analysis applies to
superconductors where the pairing is not between spin-
1
2 electrons, but more generally between spin-j electrons

such as j = 3
2 as in half-Heusler compounds [20, 21], or

j = 5
2 [22].

Experimental manifestations of non-unitary pairing,
and consequently of Majorana nodal fermions, can be
looked for by means of probes sensitive to the differ-
ence in spin ↑ and ↓ gap structure. For instance, the
density of states clearly reflects the non-degeneracy of
the quasiparticle spectrum, giving rise to two-gap fea-
tures reminiscent of multi-band superconductors. Per-
haps most prominently, we demonstrated that the NMR
spin-relaxation rate in non-unitary superconductors with
spin-selective low-energy quasiparticle excitations shows
a marked anisotropic dependence on the polarization of
the nuclear spin. We find that for a nuclear spin initially
polarized along z the relaxation rate is significantly sup-
pressed, which serves as a discriminating feature of non-
unitary superconductivity.

Chiral superconductors hosting Majorana fermions be-
long to the class of topological nodal superconductors.
Topological nodal superconductors are analogs of topo-
logical semimetals called Weyl semimetals. Similarly to
the latter, topological nodal superconductors have spe-
cial surface states: Majorana arcs in momentum space
connecting projections of bulk nodes. Whereas in uni-
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tary superconductors the Majorana arcs come in (spin-
)degenerate pairs (effectively forming Fermi arcs), non-
unitary superconductors have non-degenerate Majorana
arcs at surface boundaries, as demonstrated in the pre-
vious section.

Most superconductors extensively studied in the lit-
erature are examples of unitary pairing states. Com-
paratively, non-unitary superconductors have received
less attention. As discussed in the first part of the re-
sults, from a conceptual standpoint, relying on symme-
try arguments, non-unitary pairing is natural and po-
tentially widespread in spin-orbit coupled systems. We
propose the heavy fermion superconductor PrOs4Sb12 as
a promising candidate of such non-unitary pairing, and
consequently as a realization of Majorana fermions in
three dimensions.

MATERIALS AND METHODS

Details on Symmetries and BCS-BdG mean-field
theory

This section introduces BCS-BdG mean field theory
and the implementation of symmetries from a more for-
mal perspective. In crystals with strong spin-orbit cou-
pling and in the presence of both time-reversal (Θ) and
parity (P ) symmetries, all electronic bands remain two-
fold degenerate and the bands are labeled by an effective
pseudospin α =↑, ↓. In the presence of Θ, P , and crystal
rotation symmetry Cn symmetry, one can choose a a ba-
sis such that the electron ckα transform under Θ and P
as

ΘckαΘ−1 = (isy)αβc−kβ , P ckαP
−1 = c−kα, (31)

respectively, and under n-fold rotation as

CnckαC
−1
n = (U†n)αβ ck∗β , Un =

(
e−iθj 0

0 eiθj

)
, (32)

where here k∗ = Cnk. Furthermore, θ = 2π/n is the
angle of rotation and ±j is the total angular momentum
of the Bloch electrons ckα. Note that as a result α =↑, ↓
labels the general angular momentum ±j states.

The normal state Hamiltonian is given by H0 =∑
k c
†
kH0(k)ck with H0(k) = ξkδαβ . The energy rela-

tive to the chemical potential, given by ξk = εk − µ, is a
scalar function of momentum composed of terms invari-
ant under the crystal symmetry group. The invariance of
the normal state Hamiltonian under n-fold rotation Cn
is explicitly expressed as UnH0(k)U†n = H0(Cnk).

In a BCS-BdG mean-field theory formulation, the pair-
ing Hamiltonian H∆ is expressed as

H∆ =
∑
k

(i∆ksy)αβc
†
kαc
†
−kβ + H.c., (33)

where the pairing matrix ∆k is the momentum dependent
gap function and sx,y,z are Pauli spin matrices acting on

α =↑, ↓. We define the Nambu spinor Φk in the canonical
basis in the following way

Φk =

(
ckα

εαβc
†
−kβ

)
. (34)

In terms of the Nambu spinor the mean-field the-
ory BdG Hamiltonian takes the form HBdG =

(1/2)
∑

k Φ†kHBdG(k)Φk with

HBdG(k) =

(
ξk ∆k

∆†k −ξk

)
. (35)

The pairing Hamiltonian transforms as ΘH∆Θ−1 un-
der time-reversal, which implies for the gap function:
∆k → (isy)∆∗−k(−isy). Chiral superconductors break
time-reversal symmetry and one has (isy)∆∗−k(−isy) 6=
∆k. Similarly, odd-parity pairing defined as PH∆P

−1 =
−H∆ implies ∆−k = −∆k for the pairing gap func-
tion. As a result of the latter, the BdG Hamiltonian pos-
sesses an effective Z2 symmetry given by τzP such that
τzPHBdG(k)(τzP )−1 = HBdG(−k). In addition to these
symmetries, the BdG Hamiltonian manifestly obeys a
particle-hole symmetry ΞHBdGΞ−1 = −HBdG, which im-
plies for HBdG(k): τxHBdG(k)τx = −H∗BdG(−k).

Details on chiral non-unitary superconductors with
angular momentum J

This paper studies odd-parity chiral superconductors
in which the Cooper pairs have total angular momentum
J = L+S. Due to spin-orbit coupling only total angular
momentum is a good quantum number. The pairing gap
function of angular momentum J chiral superconductors
is defined through the n-fold rotation Cn, which we as-
sume to be a rotation about the z axis. Concretely, the
pairing gap function satisfies

U†n∆CnkUn = eiθJ∆k, θ =
2π

n
(36)

In a crystal with discrete Cn rotation symmetry angular
momentum is only defined mod n, which is manifest in
Eq. (36). As a consequence of Eq. (36), total angular mo-
mentum J = L + S labels the different pairing channels
of the chiral superconductors. Specifically, the gap func-
tion takes the general form of Eq. (12), and all functions
F Jt (k) with combinations (L, S) such that L+S = J are
allowed to mix in with coefficient λt.

The superconducting gap function of Eq. (12) can be
explicitly expanded in the spin matrices sx,y,z as ∆k =
d(k)·s, where d(k) is momentum dependent vector. One

then finds for ∆†k∆k

∆†k∆k = |d|2I2 + id∗ × d · s. (37)

When d∗ × d = 0 the pairing is said to be unitary, and
the quasiparticle spectrum of unitary pairing states is
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manifestly twofold (spin-)degenerate. In contrast, when
d∗ × d 6= 0 the pairing is said to be non-unitary and the
quasiparticle energies are given by Ek± = (ξ2

k + |d|2 ±
|d∗×d|)1/2. Consequently, non-unitary pairing states are
characterized by a non-degenerate quasiparticle energy
dispersion, with different gap structures for the spin ↑
and spin ↓ electrons.

As a consequence of spin-orbit coupling and the lack
of spin-rotation symmetry, a generic gap function given
by Eq. (12) corresponds to non-unitary pairing states.
This is easily seen with the help of Table II.

Details on NMR spin relaxation calculation

This section briefly recapitulates how the NMR re-
laxation rate is obtained. We calculate the NMR re-
laxation rate using Fermi’s Golden Rule, which can be
shown to be equivalent to Eq. (22). Defining the nu-
clear spin coherent state |S〉 for a spin initially polar-
ized along S = (sin θ cosϕ, sin θ sinϕ, cos θ) as |S〉 =
[cos(θ/2), eiϕ sin(θ/2)]T (we consider nuclear spin 1/2 for
simplicity), Fermi’s golden rule for the NMR relaxation
takes the form

1

T1
= 2π

∑
kk′ss′

|〈−S, aks|Hhf|S, ak′s′〉|2×

fk′s′(1− fks)δ(Es′k − Esk′), (38)

where aks are Bogoliubov quasiparticles, fk is Fermi-
Dirac distribution function, and E1,2(k) are eigenenergies
of BdG Hamiltonian.

Details on Majorana arcs in the Andreev
approximation

This section explains how the Majorana arcs are calcu-
lated within the Andreev approximation. To derive the

Majorana arc surface states within the semiclassical or
Andreev approximation (following Ref. 81), we solve the
BdG Hamiltonian (35) in the presence of a spatially de-
pendent pairing potential ∆k(r). Specifically, we assume
that ∆k(r) is given by ∆k(r) = ∆kΘ(y), i.e., a surface
boundary in the xz plane. Substituting k → −i∇, the
first-quantized BdG equation reads as

HBdG(−i∇)Ψ(r) = EΨ(r). (39)

Here Ψ(r) is a (first-quantized) spinor wave function
which we further decompose into Ψ(r) = ψk‖,±(r)Ψ0,

where Ψ0 is a spinor, k‖ = (kx, kz) is the momentum
parallel to the boundary surface, which is a good quan-
tum number, and the functions ψk‖,±(r) take the general
form

ψk‖,±(r) =
1

N
eik‖·r‖e±ik⊥yχ(y) (40)

Here N is a normalization constant, the parallel coordi-
nates are given by r‖ = (x, z), and k⊥ = (k2

F − k2
‖)

1/2

is defined as the semiclassical momentum perpendicular
to the boundary surface. χ(y) is a scalar function. We
will demand that the wave functions satisfy the Dirich-
let boundary condition at y = 0 and y → ∞, i.e.,
Ψ(r)|y=0 = 0 and Ψ(r)|y→∞ = 0. The function χ(y)
will always be such that the latter is satisfied, and to
satisfy the former we take superpositions of incident and
reflected waves.

In the semiclassical approximation, defined by the con-
dition k⊥ � kF (∆0/εF ), the BdG equation (39) takes
the form of the Andreev equation for χ(y), given by

Eχ(y)Ψ0 =
[
H0(k‖)±H⊥(k⊥,−i∇y)

]
χ(y)Ψ0. (41)

Here the Hamiltonian H0(k‖) depends only on the mo-
menta k‖ and H⊥(k⊥,−i∇y) is a function of p̂y = −i∇y
and the semiclassical momentum k⊥. Our strategy will
be to solve Eq. (41) for the case k‖ = 0 and E = 0, and
then obtain the effective Hamiltonian of the Majorana
arcs in the vicinity of k‖ = 0 by projecting H0(k‖) into
the space of zero energy solutions of H⊥(k⊥,−i∇y).
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Appendix A: Details on the symmetry analysis of
low-energy gap structures

This section provides a more detailed version of the
symmetry analysis presented in the section “Symmetry
analysis of quasiparticle gap structure” of the main text.

First, we expand the single-particle Hamiltonian H0

near ±K to obtain the low-energy band dispersion in the
normal state.

H0 =
∑
q,α

ξq(c†K+qαcK+qα + c†−K−qαc−K−qα). (A1)

Here ξq ≡ εK+q − εK = εK+q − µ is the single-particle
energy of Bloch states with small momentum q relative
to the node at K and is given by

ξq = vF qz + (q2
x + q2

y)/2m (A2)
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to lowest order in q, where vF is Fermi velocity in the
z direction and m parametrizes the curvature of Fermi
surface at K.

Next, we expand the pairing Hamiltonian (33) in small
momenta q. Specifically, projecting the Pairing Hamil-
tonian into the subspace of the c±K+qα states reads as

H∆ =
∑
ν=±,q

(i∆νK+qsy)αβc
†
νK+qαc

†
−νK−qβ + H.c..

(A3)

The pairing matrix ∆νK+q is then expanded in spin space

and the small momenta q as follows

∆νK+q =
1

2
∆1ν(q)s+ +

1

2
∆2ν(q)s− + ∆3ν(q)sz, (A4)

where ν = ± and s± = sx ± isy. The momentum de-
pendent functions ∆iν(q) (i = 1, 2, 3) are constrained by
the odd-parity property of the gap function: ∆K+q =
−∆−K−q. This leads to ∆i+(q) = −∆i−(−q) and we
need only to consider ∆i+(q) ≡ ∆i(q)/2, with the gap
functions ∆i(q) as defined in Eq. (3).

Once the total angular momentum J of the supercon-
ductor and the angular momentum j of the Bloch states
are specified, the transformation of the gap function un-
der rotations given by Eq. (36) becomes

U†n∆K+CnqUn =
1

2
∆1(Cnq)U†ns+Un +

1

2
∆2(Cnq)U†ns−Un + ∆3(Cnq)U†nszUn

= eiθ2j
1

2
∆1(Cnq)s+ + e−iθ2j

1

2
∆2(Cnq)s− + ∆3(Cnq)sz

= eiθJ∆K+q, (A5)

where θ = 2π/n and Un is given by Eq. (32). The three
pairing functions ∆i(q) satisfy

∆i(Cnq) = eiθli∆i(q), (A6)

and using Eq. (A5) this implies for the orbital angular
momenta li

2j + l1 = J mod n,

−2j + l2 = J mod n,

l3 = J mod n. (A7)

These relations determine the structure of the pairing
functions ∆i(q). More specifically, the pairing functions
can be explicitly expanded in the tangential momenta
q± = qx ± iqy as follows (see also Ref. 48)

∆i(q) =
∑
ai,bi

Caibiq
ai
+ q

bi
− , (A8)

where Caibi are complex coefficients and ai, bi must sat-
isfy ai−bi = li mod n. Since we are interested only in the
terms which are of lowest order in q±, we keep term of

the form C+
i q

ai
+ + C−i q

bi
− in (A8), which gives Eq. (4) of

the main text. Then ai, bi are the smallest nonnegative
integers matching orbital angular momentum li mod n.

We proceed to particularize to the case when 2j = J
mod n which is the main focus of the main text (section
“Majorana nodes on rotation axis”). Since l1 = 0 the
spin ↑ states can pair at K, and we thus focus on ∆2(q) ≡
∆(q). With the definition of Ψq in Eq. (6) and the
normal state Hamiltonian (A1), the Hamiltonian of the

low-energy Ψq quasiparticles reads as

H(q) = ξ+
q τz + ξ−q σz +

1

4
(∆qσ+ −∆−qσ−)τ+

+
1

4
(∆∗qσ− −∆∗−qσ+)τ− (A9)

where (as in the main text) a set of Pauli matrices
σx,y,z is introduced which act on the nodal degree of
freedom given by ±K (i.e., σz = ±1 corresponds to
±K). Furthermore, we defined ξ±q = (ξq ± ξ−q)/2 and
σ± = σx ± iσy (similarly for τ±). In the section titled
“Symmetry analysis of quasiparticle gap structures” of
the main text we work with ξq = vF qz and therefore
ξ+
q = 0.

From Eq. (A7) one finds that l2 ≡ l = 4j mod n, and
if in addition we define l′ = −4j mod n (note that in this
way l, l′ are both nonnegative integers) we can expand
∆q as

∆q =


C l = l′ = 0

C+ql+ l < l′

C−ql
′

− l > l′

C+ql+ + C−ql
′

− l = l′ 6= 0

(A10)

Here C± and C are complex numbers. Applying the
above formula to the case of C6,4,3,2-symmetric super-
conductors yields Table I. All these cases are discussed
in the main text, except for the C4-symmetric case. The
case (n, j) = (4, 1

2 ) is an example of l = l′ = 2, giving

rise to ∆q = C+q2
+ + C−q2

−. The corresponding Hamil-
tonian for the low-energy Majorana quasiparticles then
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takes the form

H(q) = vF qzσz +
1

2
iσy(C+q2

+ + C−q2
−)τ+

− 1

2
iσy[(C+)∗q2

− + (C−)∗q2
+]τ− (A11)

The monopole charge of the node at ±K of such Hamil-
tonian is given by ±2 sgn(|C+| − |C−|), from which we
conclude that in case of Cn symmetry there exist double-
node Majorana fermions on the rotation axis, with a sign
that depends on microscopic details. A schematic repre-
sentation of the sign ambiguity of the double nodes is
given in Fig. 1.

In chiral superconductors a mirror symmetry M of the
crystal with a mirror plane that includes the rotation
axis is broken. However, when the mirror operation is
combined with time-reversal Θ, the combined operation
ΘM is a symmetry of the chiral superconductor. In this
case, one can show that C− = (C+)∗ in Eq. (A11).

Appendix B: Derivation of Majorana nodes

In this section we explicitly derive the on-axis nodal
Majorana quasiparticles at the Cn-invariant Fermi sur-
face momenta ±K from the gap functions ∆k defined
in Eqs. (13) and (16) of the main text. To obtain the
low-energy Hamiltonian of the Majorana fermions, we ex-
pand the full pairing Hamiltonian (35) in small momenta
q measured from ±K. We define the low-energy long
wavelength Nambu fields Ψqα (where α =↑, ↓) as

Ψqα =


cK+qα

c−K+qα

c†K−qα
c†−K−qα

 . (B1)

With this definition both fields Ψqα satisfy the Majorana
reality condition Ψ†qα = (τxΨ−qα)T . Clearly, Ψq↓ is the
Majorana quantum field defined in Eq. (6). In terms
of the fields Ψqα the Hamiltonian near ±K takes the
general form

HBdG '
1

2

∑
q

(
Ψ†q↑ Ψ†q↓

)(
H↑↑ H↑↓
H↓↑ H↓↓

)(
Ψq↑
Ψq↓

)
. (B2)

Our objective here is to obtain the Hamiltonian of the
Ψq↓ field to lowest order in q. The Ψq↑ quasiparti-
cles, i.e., the quasiparticles governed by H↑↑, are high-
energy quasiparticles since they have a pairing energy gap
∼ ∆0. The coupling to the low-energy gapless quasipar-
ticles Ψq↓ can be treated by doing perturbation theory in

1/∆0. The effective Hamiltonian H̃(q) of the low-energy
gapless quasiparticles to lowest order in (qx, qy) is then
obtained from perturbation theory as (see for instance
Ref. 104)

H̃(q) = H↓↓ −H↓↑(H↑↑)−1H↑↓ + . . . (B3)

1. J = 1 superconductor with C6 symmetry

We start with a C6-symmetric superconductor. The
gap function ∆k to linear p-wave order in spherical har-
monics is given by Eq. (13) (see also Table II). The
Hamiltonian H↓↓ appearing in Eq. (B2) only contains
the part coming from the normal state dispersion, and
therefore, to capture the effect of pairing, we need the
second term of Eq. (B3).

The Hamiltonian H↑↑(q) is given by

H↑↑(q) =

 vF qz 0 0 −2∆0λb
0 −vF qz 2∆0λb 0
0 2∆0λb vF qz 0

−2∆0λb 0 0 −vF qz


= vF qzσz + ∆̃0σyτy, (B4)

where ∆̃0 = 2∆0λb is the energy scale associated with
the Ψq↑ particles. The Hamiltonian block H↑↓(q) of Eq.
(B2) which describes the coupling of the low- and high-
energy degrees of freedom takes the form

H↑↓(q) = H↓↑(q) =
∆0λa
kF

 0 0 0 q+

0 0 q+ 0
0 q− 0 0
q− 0 0 0


=

∆0

kF
λaσx(qxτx − qyτy). (B5)

Using Eq. (B3) and expanding (H↑↑)
−1 to lowest order

in ∆−1
0 , and keeping terms up to order O(q2) from the

second term in Eq. (B3) we find the result

H̃(q) = vF qzσz −
1

2m∆
σy[(q2

x − q2
y)τy + 2qxqyτx], (B6)

where the effective mass m∆ for the Ψq↓ quasiparticles
defined in Eq. (11) is given by

1

m∆
=
λ2
a∆0

k2
Fλb

. (B7)

2. J = 1 superconductor with C3 symmetry

We proceed to consider the C3-symmetric chiral super-
conductor. The gap function to leading p-wave order is
given by Eq. (16), which differs from Eq. (13) by the
admixture of the gap function component ik−s−. The
latter component belongs to the J = −2 mod 6 channel
of a C6-symmetric chiral superconductor.

We simply find that the low-energy gapless quasipar-
ticles Ψq↓ are governed by the Hamiltonian H↓↓(q) to
lowest order in q. Using Eq. (16) we find H↓↓(q) to
linear order in q as

H↓↓(q) =

 vF qz 0 0 v∆iq−
0 −vF qz v∆iq− 0
0 −v∆iq+ vF qz 0

−v∆iq+ 0 0 −vF qz


= vF qzσz + v∆σx(qyτx − qxτy). (B8)
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The effective Fermi velocity v∆, which is a property that
characterizes the low-energy Majorana quasiparticles and
was defined in Eq. (10), is expressed in terms of the gap
function parameters as

v∆ ≡ 2∆0λc/kF . (B9)

Appendix C: Two-gap feature in DOS

In this section we demonstrate the two-gap feature in
density of states (DOS). The energy spectrum in non-
unitary superconductors is non-degenerate, thus leading
to a distinctive two-gap feature in the total density of
states. The easiest way to see it is to consider Hamil-
tonian (35) and put λa = 0 in the pairing potential of
Eq. (16). In this case spin up and spin down sectors are
completely decoupled. For spin up, the pairing potential
has the form of polar phase of 3He, ∆↑ = 2∆0λbkzτx/kF ,
while spin-down sector possesses gap structure of 3He A-
phase, ∆↓ = 2∆0λc(−kxτy + kyτx)/kF . The correspond-
ing densities of states are equal to

ρ1(ε) = N0
ε

2∆c
ln

ε+ ∆c

|ε−∆c|
, A− phase

ρ2(ε) = N0
ε

∆b
Re

(
arcsin

∆b

ε

)
, polar phase

(C1)

where we defined ∆b(c) = 2∆0|λb(c)|, N0 = mkF /2π
2 is

the normal density of states per one spin projection. The
total density of states ρ(ε) = ρ1(ε) + ρ2(ε), indeed, has
two distinctive peaks at ε = ∆b and ε = ∆c.

Analogously, in the other limiting case λb = 0, λa,c 6=
0, total density of states is given by ρ(ε) = ρ1(ε) + ρ2(ε),
with

ρ1,2(ε) = N0
ε

2∆1,2
ln

ε+ ∆1,2

|ε−∆1,2|
,

∆1,2 = ∆0(
√
λ2
a + λ2

c ± λc), (C2)

expressing the same two-gap behavior.
We emphasize that this two-gap feature appears in the

single-band model and is purely due to non-unitary na-
ture of pairing potential.

Appendix D: NMR Calculations

In this section, for completeness, we first briefly re-
view the NMR relaxation rate calculation using Fermi’s
Golden Rule for unitary pairing and then consider non-
unitary pairing corresponding to Eq. (13).

1. Unitary pairing

In case of unitary pairing, defined by ∆k∆†k ∝ I2 [see
Eq. (37)], the BdG Hamiltonian of Eq. (35) is diagonal-

ized by a unitary transformation Û which has the simple
form

Û =

(
ûk v̂k
v̂∗−k û∗−k

)
, (D1)

with matrices ûk and v̂k given by

ûk =
(Ek + ξk) · I2

[(Ek + ξk)2 + ∆2
k]

1/2
= uk · I2,

v̂k =
−∆k

[(Ek + ξk)2 + ∆2
k]

1/2
= −vk∆k. (D2)

Here we defined ∆2
k = (1/2)Tr∆k∆†k, and Bogoli-

ubov quasiparticle energy spectrum is given by Ek =√
ξ2
k + ∆2

k. Using the matrix Û which relates electron
and hole operators to the Bogoliubov quasiparticle op-
erators ak, the hyperfine coupling Hamiltonian (21) can
be reexpressed in terms of the Bogoliubov quasiparticle
operators. In such an expression, all anomalous terms

of the form ∼ akak′ and ∼ a†ka
†
k′ can be neglected as

they do not contribute to the relaxation rate due to en-
ergy conservation (the delta-function in Fermi’s Golden
Rule).

The next step is to calculate the (square of the) matrix
elements 〈−S, aks|Hhf|S, ak′s′〉. It follows from straight-
forward calculation that cross-terms, i.e., terms involving
different components of nuclear spin Ŝ, sum to zero due
the unitary condition dk × d∗k = 0 [see Eq. (37) and
subsequent discussion]. Then, using the expressions for

the nuclear spin matrix elements given by |〈−S|Ŝz|S〉|2 =

S2
⊥/4 and |〈−S|Ŝ±|S〉|2 = (1 ∓ Sz)2/4, one finds for the

relaxation rate

1

T1
= 2π(γNAhf)

2
∑
kk′

fk′(1− fk)δ(Ek − Ek′)

×
(
|uk|2|uk′ |2 + |vk|2|vk′ |2|dk|2|dk′ |2

)
, (D3)

with uk, vk defined in Eq. (D2). Observe that this does
not depend on S⊥ and Sz. Making use of the identities
(Ek + ξk)2 + ∆2

k = 2Ek(Ek + ξk) and |dk|2 = ∆2
k =

E2
k − ξ2

k, we arrive at

|uk|2|uk′ |2 + |vk|2|vk′ |2|dk|2|dk′ |2 =
1

2

(
1 +

ξkξk′

EkEk′

)
.

(D4)
Substituting this into (D3), the second term vanishes af-
ter the momentum summations, and after standard ma-
nipulations one ends up with the final expression for the
relaxation rate for unitary pairing given by

1

T1
= π(γNAhf)

2

∫
dEfE(1− fE)ρ2(E). (D5)

Here the density of quasiparticle states ρ(E) is defined
as ρ(E) =

∑
k δ(E − Ek).

The final expression shows that in case of unitary pair-
ing 1/T1 does not have a dependence on the initial po-
larization of the nuclear spin. The reason can be traced
back to the spin-degeneracy of the Bogoliubov quasipar-
ticles spectrum.
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2. Non-unitary pairing

The calculation of the NMR relaxation rate for non-
unitary pairing states proceeds along the same lines. As
an example, we consider J = 1 chiral superconductor in
crystals with C6 symmetry and gap function (13) (with-
out loss of generality we choose λa, λb > 0).

The first step is to obtain the unitary transformation
Û which diagonalizes the BdG Hamiltonian. It takes
the general form Û = {u1+,u2+,u2−,u1−}, where u1,2±
are (normalized) eigenvectors corresponding to the BdG
energies Ek1,2± = ±Ek1,2. The explicit expressions for
the eigenvectors are rather involved, however, since we
only need the low-energy part of the spectrum for our
purposes (i.e., at low temperatures only the low-energy
gapless excitations contribute to 1/T1), we can work with
the simpler approximate expressions for the low-energy
eigenstates. The branch of quasiparticle states with en-
ergy Ek2 is gapped and we therefore neglect it altogether.
Of the Ek1 branch, we only keep the low-energy quasi-
particle states near the nodes at ±K and expand the
eigenvectors u1+ and u1− in powers of small momentum
k⊥. Specifically, written explicitly in components, the
initial electron operators can be expressed in terms of
the Bogoliubov quasiparticles ak1 as

ck↑ = uk↑ak1 − vk↑a†−k1,

ck↓ = uk↓ak1 − vk↓a†−k1, (D6)

with the coefficients u↑(↓)k and v↑(↓)k given to the leading
order by

uk↑ ≈
λak⊥

2λb|kz|

√
1

2

(
1 +

ξk
E1k

)
,

vk↑ ≈
λak⊥
2λbkz

√
1

2

(
1− ξk

E1k

)
,

uk↓ ≈
kzk+

|kz|k⊥

√
1

2

(
1 +

ξk
E1k

)
,

vk↓ ≈
k+

k⊥

√
1

2

(
1− ξk

E1k

)
, (D7)

and the excitation energy equals E1k ≈ (ξ2
k +

λ4
ak

4
⊥/4λ

2
bk

2
z)1/2. Near the nodes, kz ≈ ±kF , from which

we see that the coupling of spin-up electrons to Bogoli-
ubov quasiparticles is k⊥/kF � 1 times weaker than the
coupling of spin-down electrons. This is the origin of the
strong anisotropy of NMR relaxation rate.

Using (D6), the hyperfine interaction Hamiltonian (21)
can then be written in terms of the Bogoliubov quasipar-

ticles as follows

Hhf
∼= γNAhf

∑
k,k′

a†k1ak′1

[
Ŝ+(u∗↓ku↑k′ − v∗↓−k′v↑−k)

+ Ŝz(u
∗
↑ku↑k′ − v∗↑−k′v↑−k − u∗↓ku↓k′ + v∗↓−k′v↓−k)

+Ŝ−(u∗↑ku↓k′ − v∗↑−k′v↓−k)
]
, (D8)

where the anomalous terms akak′ and a†ka
†
k′ have been

ignored. Substituting the expressions for uk↑,↓ and vk↑,↓,
one obtains Eqs. (23) and (24).

We are now in a position to calculate 1/T1 from Eq.
(38), assuming a spherical Fermi surface for simplicity.
Under this assumption, it is clear that cross terms do
not contribute to the relaxation rate as they vanish upon
averaging over the directions on Fermi surface. Ulti-
mately, using the explicit expressions for matrix elements
|〈−S|Ŝz|S〉|2 = S2

⊥/4 and |〈−S|Ŝ±|S〉|2 = (1∓Sz)2/4, we
find (at low temperatures given by T � ∆0 min{λa, λb})

1

T1
= (γNAhf)

2
[
f1(T )S2

⊥ + f2(T )S2
z

]
, (D9)

where f1(T ) is given by

f1(T ) =
π

2

∑
kk′

(
|u↓k|2|u↓k′ |2 + |v↓k|2|v↓k′ |2

)
× fk′(1− fk)δ(E1k − E1k′) =

πλ2
bk

2
F

96λ4
av

2
F

T 3 (D10)

and f2(T ) is given by

f2(T ) = 2π
∑
kk′

(
|u↑k|2|u↓k′ |2 + |v↑k|2|v↓k′ |2

)
× fk′(1− fk)δ(E1k − E1k′) =

9ζ(3)λbkF
8π2λ4

av
2
F

T 4. (D11)

Rewritten in terms of the effective low-energy parameters
m∆ = k2

Fλb/λ
2
a∆0 and ∆̃0 = 2∆0λb, we obtain the final

result quoted in Eq. (25).

Appendix E: Semiclassical calculation of Majorana
arc surface states

In this section we present the calculation of the Ma-
jorana arc surface states of the C6- and C3-symmetric
superconductors within the semiclassical approach.

1. C6-symmetric superconductor

We first consider the J = 1 odd-parity chiral super-
conductor with hexagonal symmetry. In this case, the
gap function is given by Eq. (13). We take λa > 0 for
definiteness; the case λa < 0 is fully analogous.
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For the gap function (13) the Hamiltonian H0(k‖)
takes the form

H0(k‖) =
∆0

kF
[λakxszτx + λbkz(sxτx − syτy)], (E1)

and we find the Hamiltonian H⊥(k⊥,−i∇y) as

H⊥(k⊥,−i∇y) = k⊥

[
τz
−i∇y
m
− ∆0

kF
λas

zτy
]
. (E2)

Solving H⊥(k⊥,−i∇y)χ(y)Ψ0 = 0 is straightforward and
one finds χ(y) = e−κy with κ = ∆0λa/vF . The corre-
sponding spinor solutions Ψ0,α (α = 1, 2) are given by

Ψ0,1 =
1

2

−1
1
1
1

 , Ψ0,2 =
i

2

 1
1
−1
1

 . (E3)

The wavefunction that satisfies proper boundary condi-
tion, Ψ(r)|y=0 = 0, is given then by

ψk‖(r) =
1

N
eik‖·r‖ sin(k⊥y)Θ(y)e−κy, (E4)

where N = k⊥/2
√
κ(k2
⊥ + κ2) ≈ 1/2

√
κ is the normal-

ization constant.

Using the solutions of Eq. (E2), we return to a second-
quantized formulation of the low-energy surface degrees
of freedom by introducing the Majorana operators γk‖1,2
as

γk‖1 = (ck‖↑ + c†−k‖↑ + ck‖↓ + c†−k‖↓)/2

γk‖2 = i(ck‖↑ + c†−k‖↓ − ck‖↓ − c
†
−k‖↑)/2 (E5)

It is clear that these operators satisfy the reality condi-

tion, i.e., γ†k‖α = γ−k‖α (α = 1, 2), and indeed correspond

to Majorana quasiparticles.

Finally, projecting Hamiltonian (E1) into the subspace
of Majorana operators γk‖ = (γk‖1, γk‖2)T we obtain

H‖ = − ∆0

2kF

∑
k‖

γT−k‖ (λakxI2 + λbkz s̃z) γk‖ , (E6)

where s̃z = ±1 labels the surface Majorana degree of
freedom. The zero-energy profile in the vicinity of k‖ = 0
is given then by |λakx| = |λbkz|.

2. C3-symmetric superconductor

In the C3 symmetric case the order parameter ∆k is
given by Eq. (16). In this case, the Hamiltonian H0(k‖)
is given by

H0(k‖) =
∆0

kF
[λakxszτx + λbkz(sxτx − syτy)

+ λckx(syτx − sxτy)], (E7)

whereas the operator H⊥(k⊥ − i∇y) takes the form

H⊥(k⊥,−i∇y) = k⊥

[
τz
−i∇y
m
− ∆0

kF
λas

zτy

+λck⊥(syτy + sxτx)] . (E8)

Solving H⊥(k⊥,−i∇y) one can easily find the bound-
state solutions as

Ψα(r) =
1

Nα
eik‖·r‖ sin(k⊥y)Θ(y)e−ηακyΨ0,α, (E9)

with dimensionless η1,2 = [1+(λc/λa)2]1/2±λc/λa (recall
κ = ∆0λa/vF ), and the spinors Ψ0,α given by

Ψ0,1 = e−iπ/4

−1
iη1

η1

i

 , Ψ0,2 = eiπ/4

 1
iη2

−η2

i

 . (E10)

The normalization constants are equal to N1,2 ≈
√
κ[1 +

(λc/λa)2]1/4.
Introducing a set of second-quantized Majorana op-

erators γk‖ = (γk‖1, γk‖2)T corresponding to the solu-

tions (E9), the effective Hamiltonian reads as H‖ =

(∆0/2kF )
∑

k‖
γT−k‖H(k‖)γk‖ with

H(k‖) =
λ2
c − λ2

a√
λ2
a + λ2

c

kxI2 + λckxs̃z +
λ2
aλbkz

λ2
a + λ2

b

s̃x, (E11)

where again s̃z = ±1 labels the surface Majorana degree
of freedom. After the diagonalization we find

H(k‖) =
kx(λ2

c − λ2
a)√

λ2
a + λ2

c

I2 +

√
λ2
ck

2
x +

λ4
aλ

2
bk

2
z

(λ2
a + λ2

c)
2
s̃z.

(E12)

The zero-energy profile in the vicinity of k‖ = 0 is given

by k2
x(λ2

a − 3λ2
c)(λ

2
a + λ2

c) = k2
zλ

2
aλ

2
b . It follows from this

equation that the zero-energy solutions at k‖ = 0 exist

only provided λ2
a > 3λ2

c . As a result, the Hamiltonian
(E12) only has meaning under this condition.


	Three-Dimensional Majorana Fermions in Chiral Superconductors
	Abstract
	 Introduction 
	 Results
	 Symmetry analysis of quasiparticle gap structures 
	 Detecting 3D Majorana fermions 
	 Surface Andreev bound states: Majorana arcs 
	 Candidate materials 

	 Discussion 
	 Materials and Methods
	 Details on Symmetries and BCS-BdG mean-field theory 
	 Details on chiral non-unitary superconductors with angular momentum J 
	 Details on NMR spin relaxation calculation 
	 Details on Majorana arcs in the Andreev approximation 

	 References
	 

	A Details on the symmetry analysis of low-energy gap structures 
	B Derivation of Majorana nodes
	1 J=1 superconductor with C6 symmetry 
	2 J=1 superconductor with C3 symmetry 

	C Two-gap feature in DOS 
	D NMR Calculations
	1 Unitary pairing
	2 Non-unitary pairing

	E Semiclassical calculation of Majorana arc surface states
	1 C6-symmetric superconductor
	2 C3-symmetric superconductor





