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Abstract

We study several problems about P(n), the symmetric space associated with the real Lie group
SL(n,R). We endow the symmetric space P(n) with an SL(n,R)-invariant premetric proposed
by Selberg as a substitute for the Riemannian distance. The problems addressed in this study
are linked to an algorithm designed to determine generalized geometric finiteness for subgroups
of SL(n,R), similar to the algorithm proposed by Riley in hyperbolic spaces based on Poincaré’s
fundamental polyhedron theorem.

The main results of this dissertation are twofold. The first part consists of Chapters 3-4, focusing on
the ridge-cycle condition in Poincaré’s fundamental polyhedron theorem. This condition requires
us to determine whether given hyperplanes in P(n) are disjoint. We establish several criteria for
the disjointness of hyperplanes in P(n) and construct an angle-like function between hyperplanes.
The second part, spanning Chapters 5 to 7, concerns the proposed Poincaré’s algorithm for SL(n, R).
We describe and implement an algorithm that computes the face-poset structure of Dirichlet-Selberg
domains for finite subsets of SL(n,R). This constitutes a crucial aspect of the proposed Poincaré’s
algorithm. Notably, Poincaré’s algorithm for a given subgroup will not terminate if the subgroup
lacks a finitely-sided Dirichlet-Selberg domain. This observation motivates us to categorize the
Abelian subgroups of SL(3,R) based on whether their Dirichlet-Selberg domains are finitely-sided

or not.
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CHAPTER 1

Introduction

1.1. Overview

This dissertation is motivated by the following question that concerns discrete subgroups of the Lie

group SL(n,R), | ]:

QUESTION 1.1.1. (1) Given elements v1,...,v € SL(n,R), determine if the subgroup T' <
SL(n,R) generated by these elements is free of rank k or finitely presented and if this
subgroup is discrete.

(2) Given a presentation of a word hyperbolic group T' and a homomorphism p : T' — SL(n,R),
determine if this homomorphism is faithful or has a finite kernel and if the image of the

homomorphism is discrete.

Past research studied similar questions for specific classes of groups, including surface groups
[ | and knot groups [ |. One way to understand this question is by studying the action
of SL(n,R) as a Lie group on the corresponding symmetric space, namely SL(n,R)/SO(n).

This action is analogous to the well-known SO (n, 1)-action on the hyperbolic n-space H". There

is a specific type of discrete subgroups, namely convex cocompact subgroups of SO (n,1):

DEFINITION 1.1.2. A discrete subgroup T' < SOT(n, 1) is called a convex cocompact subgroup if T

preserves a non-empty convexr subset C C H™, such that the quotient space C /T is compact.

It is known that convex cocompact subgroups are always finitely-presented, [ ].

More generally, one considers a semisimple Lie group G of non-compact type acting on the corre-
sponding symmetric space X = G/K, the quotient space of G by its maximal compact subgroup
K. The Morse property is a suitable generalization of the convex cocompactness for subgroups
of G. Similarly to convex cocompact subgroups of SO (n, 1), Morse subgroups of G are discrete

and finitely presented.



Kapovich, Leeb, and Porti | ] described an algorithm, known as the KLP algorithm, which
determines if a homomorphism p from a given hyperbolic group I' to G is Morse. The KLP
algorithm checks if the orbit map g — g.x for a point x € X sends geodesic paths of the Cayley
graph of I to paths in X with good geometric properties (i.e., Morse properties).

In the context of hyperbolic spaces, an alternative algorithm called the Poincaré’s Algorithm

[ |, determines if a subgroup of SO (n,1) is geometrically finite:

DEFINITION 1.1.3. Let T’ be a discrete subgroup of SO (n,1). A fundamental polyhedron for T
s a convex polyhedron P in H" such that:
e Forany g #e €T, int(P)Nint(g.P) = 2.
e The union Ugerg.P = H".
e The family {g.P|lg € T'} of subsets of H" is locally finite, i.e., for each point x € H",
there is a neighborhood U 3 x in H™ that meets only finitely many sets g.P in the family

{g9.Plg €T}
See Chapter 2 for a rigorous definition of hyperbolic convex polyhedra.

DEFINITION 1.1.4. A discrete subgroup T' < SO*(n,1) is called geometrically finite if T admits

a fundamental polyhedron P that satisfies the following:

o The fundamental polyhedron P is exact: every facet F' of P is an intersection PN g.P for
an element g € I.

o The fundamental polyhedron P is geometrically finite: for each point a € P N OH", there
is a neighborhood U C H™ of a, such that for each face F of P that meets U, the closure

F contains a.

Convex cocompactness and geometric finiteness have alternative definitions in terms of the limit
set of I' | ]. One views the convex cocompactness through such equivalent definitions as a
stronger version of the geometric finiteness. Therefore, one can modify Poincaré’s Algorithm to
check if a subgroup of SO (n,1) is convex cocompact.

Poincaré’s Algorithm relies on a significant result in geometric group theory, namely Poincaré’s
Fundamental Polyhedron Theorem. In the algorithm, one constructs convex polyhedra in H”

called Dirichlet domains for finite subsets of a given subgroup I'; these Dirichlet domains are
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finitely-sided. Then, one examines if such convex polyhedra satisfy the two conditions of Poincaré’s
theorem. We will describe the details of Poincaré’s theorem and Poincaré’s Algorithm in Chapter
2.

We expect to resolve Question 1.1.1 by performing an analog of Poincaré’s Algorithm for the
SL(n,R)-action on SL(n,R)/SO(n). However, in the symmetric space SL(n,R)/SO(n), the direct
analog of the Dirichlet domain is non-convex and impractical to study. Selberg proposes a two-point
invariant under the SL(n,R)-action on SL(n,R)/SO(n) as a substitute of the Riemannian distance
[ ]. One defines Dirichlet-Selberg domains | , | by replacing the Riemannian
distance in the definition of Dirichlet domains with Selberg’s invariant. Dirichlet-Selberg domains
are convex polyhedra in SL(n,R)/SO(n). We adopt Selberg’s invariant for our proposed analog of
Poincaré’s Algorithm for SL(n,R).

The symmetric space SL(n,R)/SO(n) has more intricate properties compared with the hyperbolic
space H™. Consequently, a few questions emerge when generalizing Poincaré’s algorithm to the
symmetric space SL(n,R)/SO(n) equipped with Selberg’s invariant. In the next section, we will

introduce the questions we encountered and our results for answering and resolving such questions.

1.2. Organization of the Dissertation

In Chapter 2, we review the background material. In Section 2.1, we recall the definition of
symmetric spaces of non-compact type. Afterward, we derive models of the symmetric spaces H"
and SL(n,R)/SO(n) directly from the corresponding Lie groups. In Section 2.2, we recall the
Poincaré’s Fundamental Polyhedron Theorem and the Poincaré’s Algorithm in the context of H™.
We introduce Selberg’s invariant and describe a generalized Poincaré’s Algorithm for the symmetric
space SL(n,R)/SO(n).

In Chapter 3, we address a problem related to the ridge cycle condition in the symmetric space
SL(n,R)/SO(n). The original ridge cycle condition involves the Riemannian angle for hyperplane
pairs; however, such an angle in SL(n,RR)/SO(n) varies as the choice of the base point changes. One
wishes to formulate the ridge cycle condition using an angle-like function for pairs of hyperplanes
as a substitute, while the angle-like function satisfies particular properties. In the generic case, we
explicitly construct such a function; for particular pairs of hyperplanes, we show that they are not

in the domain of any invariant angle function.



In Chapter 4, we describe a criterion that determines if two hyperplanes of SL(n,R)/SO(n) are
disjoint. We describe an algorithm to examine this practically. Based on such a criterion, we obtain
a sufficient condition for the disjointness of Selberg bisectors Bis(z,y) and Bis(y, z) in terms of
the distances and angles between points x,y,z € SL(n,R)/SO(n). This condition is analogous to
a sufficient condition in the context of the hyperbolic n-space | |; the latter is related to the
quasi-geodesic property of piecewise geodesic paths in H™.

In Chapter 5, we describe and implement an algorithm to compute the partially ordered set (poset)
structure of finitely-sided polyhedra in SL(n,R)/SO(n) from the equations of the hyperplanes
that bound the polyhedron. Our algorithm uses the BSS computation model | |, which
accomplishes computations with polynomials in one step.

Our algorithm has some similarities and differences with the algorithm proposed by Epstein and
Petronio for computing the face posets of polyhedra in hyperbolic spaces | |. The difference
between them comes from the following fact: a facet of an H"-polyhedron is an H" !-polyhedron,
which has no analogy for facets of an SL(n,R)/SO(n)-polyhedron. This fact leads us to introduce
a sub-algorithm determining if the intersection of a collection of hyperplanes in SL(n,R)/SO(n) is
non-empty.

The algorithm described in Chapter 5 is an essential step in Poincaré’s algorithm. The algorithm
allows us to compute the ridge cycles of the Dirichlet domain for a given finite set of words in the
generators g1, . .., gn € SL(n,R). Therefore, we can check if the ridge cycle condition in Poincaré’s
Fundamental Polyhedron Theorem is satisfied.

One knows that the isometry group SO7(4,1) of the hyperbolic 4-space contains a geometric-
finite subgroup that does not admit a finitely-sided Dirichlet domain | ]. In such a case,
Poincaré’s algorithm does not terminate. In Chapter 6, we construct similar subgroups of SL(n,R).
In particular, we classify Abelian subgroups of SL(3,R) with positive eigenvalues depending on
whether their Dirichlet-Selberg domains are finitely-sided.

Despite such drawbacks, we apply Poincaré’s Theorem to confirm that particular subgroups of
SL(2n,R) are free over their generating sets. Indeed, we show that such subgroups have Dirichlet-
Selberg domains with pairwise disjoint facets. The freeness of such subgroups was initially proved
by Tits | | via a different approach. Our research reveals a connection between such subgroups

with Schottky groups | ] in SOt (n,1).



CHAPTER 2

Background

2.1. The hyperbolic space and the symmetric space SL(n,R)/SO(n)

Both the hyperbolic n-space H" and the space SL(n,R)/SO(n) are Riemannian symmetric spaces

of non-compact type. We refer to | | for the concepts and statements in this section.

2.1.1. Riemannian Symmetric spaces of non-compact type. A Riemannian symmetric

space is a Riemannian manifold with some special geometric properties:

DEFINITION 2.1.1 (| |, Section IV.3). For a Riemannian manifold X, a geodesic symmetry
at a point © € X is an isometry s, € Isom(X), such that s, (v(t)) = v(—t) for all geodesics 7 in
X with v(0) = x, and for all t in the domain of .

A (globally) Riemannian symmetric space is a connected Riemannian manifold X, such that

a geodesic symmetry s, exists for all points x € X.

Riemannian symmetric spaces are homogeneous; that is, the action of Isom(X) on a Riemannian
symmetric space X is transitive. The existence of geodesic symmetries on X implies that X is
geodesically complete. Therefore, for any two points z,y € X, a geodesic ¢ of length d(z,y)
connects them, thus the geodesic symmetry s, € Isom(X) at the midpoint m of ¢ swaps the
points x and y. This implies that the isometry group I'som(X) acts on X transitively.

The products of Riemannian symmetric spaces are also Riemannian symmetric spaces. We say that
a Riemannian symmetric space X is irreducible if it is not the product of two or more (non-trivial)
Riemannian symmetric spaces.

Both the spherical n-space S™ and the hyperbolic n-space H"™ are symmetric spaces. Indeed, they

represent two types of symmetric spaces characterized by the sectional curvature:

DEFINITION 2.1.2 (cf. | |, Chapter V, Theorem 3.1). An irreducible simply connected sym-
metric space X is of compact type (non-compact type, respectively) if the sectional curvature

on X is not identically zero and is non-negative (non-positive, respectively).
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Simply connected symmetric spaces decompose as products of Euclidean spaces and symmetric

spaces of compact and non-compact types:

ProposITION 2.1.1 (| |, Chapter V, Proposition 4.2). Any simply connected Riemannian

symmetric space X 1is isometric to a product:
X=E!x X, xX_

for certain d > 0, where E? is the d-dimensional Euclidean space; Xy and X_ are products of

irreducible Riemannian symmetric spaces of compact- and non-compact types, respectively.

In this thesis, we study irreducible Riemannian symmetric spaces of non-compact type. Such spaces

relate to simple Lie groups with non-compact Lie algebras:

PROPOSITION 2.1.2 (| ], Chapter IV, Theorem 3.3). If X is a Riemannian symmetric space
of non-compact type, then the identity component Isomg(X) is a connected real Lie group with a
non-compact Lie algebra.

On the other hand, if G is a connected semisimple Lie group with a non-compact Lie algebra, let K
be a mazimal compact subgroup of G. Then the quotient space X = G /K equipped with the quotient
metric is a Riemannian symmetric space of non-compact type. Moreover, Isomo(X) = G.

In addition, if the symmetric space X is irreducible, then the corresponding Lie group G is simple,

and vice versa.
An important tool to study symmetric spaces is the Cartan decomposition of Lie algebras:

PROPOSITION 2.1.3 ( | |, Section IIL.7). Let go be a semisimple Lie algebra over R with the
Killing form (—, =)k : g0 X g0 — R. Then go admits a Lie algebra automorphism 0 : go — go,

called a Cartan involution, such that 6> = Id and (A, B)g := —(A, 0B) k4 is positive definite on

go-

The Cartan involution is unique up to an inner automorphism of Aut(go), i.e., 0 — php~1, where
¢ € Aut(go).

DEFINITION 2.1.3 ( | |, Section I11.7). Let go be a semisimple Lie algebra over R. The Cartan

decomposition of go is the eigendecomposition of go for the Cartan involution 6 € Aut(go):

go = & D po,
6



such that 0|y, = Id and 0|,, = —Id. The Cartan decomposition is unique up to Int(go), the adjoint

group of go.
COROLLARY 2.1.1. With the notions above, it follows that

[0, 0] = €0, [E0,P0] =Po, [P0, Po] = o,

which implies that g is a Lie subalgebra of go.
The Cartan decomposition of a Lie algebra induces a decomposition of the corresponding Lie group:

THEOREM 2.1.4 (| ], Chapter V, Theorem 6.7; Chapter VI, Theorem 1.1). Let G be a con-
nected Lie group for go and o : G — G be the group automorphism induced by the Cartan involution
0 of go. That is to say, o is the automorphism such that its differential map doe : T.G — T.G
equals 0 : go — go-

Then K = exp(ty) is a Lie subgroup of G. More precisely, it is the fixed-point subgroup for

o € Aut(G). Moreover, G admits a decomposition
G =KP = PK,

where P = exp(po). That is, each element g € G is uniquely expressed as a product of an element

i K and an element in P in either order.

In the non-compact case, the Cartan decomposition of a Lie group G relates to the maximal compact

subgroup of G:

PROPOSITION 2.1.4 ( [ |, Chapter VI, Theorem 1.1). Let G be a connected semisimple Lie
group with non-compact Lie algebra gy over R, and G = K P is the Cartan decomposition of G as

in Theorem 2.1.4. Then K is a maximal compact subgroup of G.

Consequently, one identifies the Riemannian symmetric space X = G/K of non-compact type with

the subset P of GG in the Cartan decomposition.

COROLLARY 2.1.2 (| |, Chapter VI, Theorem 1.1). The map P — G/K, p — p- K is a

diffeomorphism.



Furthermore, one defines on X = G/K a G-invariant Riemannian metric tensor (—, —)gz: Ty X X

T, X — R forx € X, such that
(A+t0, B+ to)erc = (A, B)kii, YA, B € po,

and (X, (—,—)) is the symmetric space of non-compact type corresponding to the Lie group G.

Let us describe the action of G on its corresponding symmetric space. The action of G on G/K is
given by left multiplications, i.e. x.(¢K) = (zg)K for any = € G. However, this does not yield an

explicit form of the G-action on P. Instead of P, one may consider the subset

S={s=p-op lpe P}

as a model of the symmetric space X, where o : G — G is the automorphism induced by the Cartan

involution.

PROPOSITION 2.1.5 ( | ], Chapter VI, Exercise A.5). The subset S of G is diffeomorphic to
P by the map
P—S pp-oph).

Under this mapping, the action G ~ S is given as
gs=g-s-o(g7h), Vgeq, scS.

PROOF. Since the group G acts transitively on both P and .S, it suffices to show that the map

P — S is a diffeomorphism at the identity e. This is true since the differential
T.P—>1T.5 X —2X

is an isomorphism.
For the second claim, we take any s = p-o(p~!) € S. Then for any g € G, there exists an element
k € K, such that

gp=g-p-k.
8



Therefore,

gs=(gp)-o(lgp) ) =g-p-k-o(lg-p-k)"

=g-p-k-olkNolp Nolg ) =g-p-alp (g )=g-s-olg™).

2.1.2. Example: The hyperbolic n-space as a symmetric space. It is worth reviewing
the hyperbolic n-space and recognizing it as a symmetric space of non-compact type. Throughout

this subsection, let G = SO (n, 1), the identity component of the signature (n, 1) orthogonal group:
SOT(n,1) ={g=(gij) € SL(n+ 1,R) |¢" 19 = In1, gn+1mt1 >0},

where

The corresponding Lie algebra, go = so(n, 1), is given as
so(n,1) = {A € Mat,+1(R) ‘ATIml +1,1A= 0} )
The Killing form on so(n,1) is
(A,B)ki = (n—1)tr(A- B),

while the Cartan involution on so(n,1) is §(A) = —AT. Indeed, the bilinear form (A, B)y =

(n — 1)tr(A - BT) is positive definite. Consequently, go has the following Cartan decomposition:

A1 0 O a
go=%t Dpo, ¥t = Ai €s0(n) p, po= acR"”
ot 0 al 0

Therefore, the maximal compact subgroup K of G is isomorphic to SO(n). By computing matrix

exponentials, one shows that the other factor P in the Cartan decomposition G = K P is

J (2
ro €RY, z; €R, 23 — g 7 =1

14+x0
X5 X i—1
I 0/ 1<ij<n ’

P:



In the case G = SO™(n, 1), the right multiplication of K = SO(n) leaves the (n + 1)-th columns of
elements in G unchanged, thus all elements in the same coset gK = ¢g-SO(n) € G/K share the same
(n + 1)-th column vector. This fact implies that we can assign an (n + 1)-dimensional coordinate
system to the symmetric space X = G/K, such that the coordinate of an element gK € G/K
consists of the entries of the (n + 1)-th column vector of any of its representatives in gK. That is,

n
X = {X: (m‘Oy-..,xn) ER”+1|$O > 0, x%—Zgj? = 1}
=1

Furthermore, the group SO (n,1) acts on X via the left-multiplication of (n + 1)-dimensional
vectors.
The tangent space of X at the identity element e = (1,0,...,0) coincides with pg. Again, let the

entries of the (n + 1)-th column of an element a € pg be the coordinates of a € Te X:
ToeX = {a = (ag,...,a,) € R"|ag = 0}.
The metric tensor at e is

(a,b) =2(n— 1)) a;b;, Va,b € TeX.

i=1
For a general point x = (zg,z1,...,2,) € X, the left multiplication of the element
Y ’ € Pc SOt (n,1)
T 0/ 1<ijzn

takes x and the tangent space Tx X to e and T X, respectively. Thus computations show that the
tangent space is

n
T X = {a S R"+1|1:0a0 — Z T,a; = 0},
i=1
and the metric tensor at x is

(a,b) =2(n —1) ) a;bi — 2(n — 1)agho, ¥a,b € T X.
=1

The space X equipped with the metric tensor (—, —) described above is the hyperboloid model

for the hyperbolic n-space H™.

10



2.1.3. Example: The symmetric space P(n) = SL(n,R)/SO(n). Now we proceed to the
case of G = SL(n,R). The Lie algebra of G is

go = sl(n,R) = {A € Mat,(R)|tr(A) = 0},
and the Killing form on sl(n,R) is
(A, B)kip = 2ntr(A - B).

Similarly to the so(n,1) case we explained in the previous subsection, the Cartan involution on

sl(n,R) is §(A) = —AT. Therefore, the Cartan decomposition of gg = sl(n,R) reads as
go =t ®po, E=s0(n), po={A€sl(nR)A" = A}.

The Cartan involution # induces the Cartan automorphism o € Aut(G), o(g) = g_lT. By comput-

ing the exponential map, it follows that the Cartan decomposition of G is
G=KP, K=50(n), P={z e Sym,(R), det(z) =1, = > 0},

where Symy,(R) is the vector space of n x n real symmetric matrices, and = > 0 means that x is
positive definite.

Let us derive a model for the symmetric space SL(n,R)/SO(n). The sets S and P described in
Subsection 2.1.1 are the same subset of SL(n,R), with the diffeomorphism P — S, x + x2. The
group G = SL(n,R) acts on S as g.x = grg".

The tangent space at the identity element e = I, € S is
TS =T.P =po = {A € Sym,(R), tr(A) = 0},

with the linear map T, P — TS, A — 2A. Since the Killing form on T, P is (A, B) gy = 2ntr(AB),

the metric tensor on TS is
(A, B) = 2ntr(A/2 - B/2) = gtr(AB), VA, B € T.S.
For a general point € S, the action of /2 € SL(n,R) takes z to e. We see from this that

TS = {A € Sym,(R)|tr(z~/2A27Y2) = 0} = {4 € Sym,(R)|tr(z1A) = 0},

11



and the metric tensor at x is
_n —1/2 g —1p.—1/2y _ 1 1 4.—1
(A,B) = §tr(x Az~ Bz~ /%) = §tr(:): Ax""B), YA,B € T, S.

The space S equipped with the metric tensor above describes a model of the symmetric space for
the Lie group SL(n,R). We denote this symmetric space by P(n). For convenience, we omit the

(n/2) factor from the metric tensor above:
DEFINITION 2.1.5. The (symmetric matrixz model of ) symmetric space for SL(n,R) is the set

P(n) = {z € Sym,(R)|det(xz) =1, = > 0},
equipped with the metric tensor

(A,B) =tr(z 'Az7'B), VA, B € T, P(n).
Our dissertation also considers another model of this symmetric space:
DEFINITION 2.1.6. The projective model of P(n) is the following set:

P(n) = {[z] € P(Syma(R))z > 0},
which is identified with the symmetric matriz model by the following diffeomorphism:
Poroj(n) = Prat(n), [z] — (det(z)) /") - 2.

One defines the standard Satake compactification and Satake boundary of P(n) through

the projective model.

DEFINITION 2.1.7. The standard Satake compactification of P(n) is the set

P(n)g = {[z] € P(Syma(R))[z = 0},

and the Satake boundary of P(n) is the set

0sP(n) = P(n)g\P(n).

Here, x > 0 means that x is positive semi-definite.

12



From now on we adopt a different group action: SL(n,R) ~ P(n), g.x = g*xg. This is a right

group action isomorphic to the left group action g.z = gxg’ we used previously in this section.

2.1.4. Rank and vector-valued distances for symmetric spaces. One way to classify

the symmetric spaces is by their rank:

DEFINITION 2.1.8. Let X be a symmetric space. A submanifold ¥ C X is called totally geodesic
if every geodesic of 3 equipped with the pullback metric from X is also a geodesic of X.

The rank of X is the maximal dimension of flat (i.e., zero curvature) totally geodesic submanifolds

of X.
Totally geodesic submanifolds of X correspond to Lie triple systems of the Lie algebra for X:

DEFINITION 2.1.9 ( | |, Section IV.7). A Lie triple system of a real Lie algebra gg is a
subspace s C go that is closed under the ternary operator [—,[—, —]], where [—, —] denotes the Lie

bracket on go.

PROPOSITION 2.1.6 ( | |, Chapter IV, Theorem 7.2). Let G be the Lie group for the symmetric
space X of non-compact type, go be the corresponding Lie algebra, with the Cartan decomposition
go = £ ® po, and exp : go — G be the exponential map.

Suppose that s is a Lie triple system of gy contained in po. Then 3 = exp(s) is a totally geodesic
submanifold of X.

On the other hand, suppose that X is a totally geodesic submanifold of X that contains the identity.

Then % is the image of a Lie triple system s in po under the exponential map.

PROPOSITION 2.1.7 ([ |, Chapter V, Proposition 6.1). The totally geodesic submanifold > of
X is flat if and only if the corresponding Lie triple system s is Abelian, i.e., the Lie bracket [—, —]

vanishes on s.

Using Propositions 2.1.6 and 2.1.7, one obtains the rank of a symmetric space directly from the

structure of its corresponding Lie algebra.
EXAMPLE 2.1.10. Let go be the Lie algebra so(n,1). Recall that the subspace

0O x
po = xeR" 5,
xT 0
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is identified with R™, with the basis {e1,...,en}, €, = Ejni1+ Ent14 € go. For any i # j,
[ei,ej] = Ei' — Ej' 7& 0,

which implies that po does not contain any Abelian subspaces of dimension > 1. Thus, the corre-

sponding symmetric space H" is of rank 1.

EXAMPLE 2.1.11. Let go be the Lie algebra sl(n,R). Then
po={X" = X, tr(X) =0}

contains an Abelian Lie subalgebra of dimension (n — 1) that consists of all the diagonal elements
in po. Furthermore, one verifies that this is a maximal Abelian Lie subalgebra contained in pg.
That is to say, the rank of the symmetric space P(n) is (n—1). The corresponding mazimal totally

geodesic flat submanifold of P(n) is
F ={diag(z1,...,zp)|z; >0, Hx’ =1}

By taking logarithm on F and letting a; = log x;, one identifies F' with a hyperplane in the Fuclidean
n-space

{(a1, ..., an) €R"Y a; =0},

The Riemannian distance is not the complete two-point invariant in a symmetric space X of rank
> 2. The actual invariant is a vector-valued function whose range dimension equals the rank of X.
We refer to | | for the concepts below.

Let X be a symmetric space of non-compact type, and suppose that rank(X) = r > 2. Fix a
maximal flat totally geodesic submanifold F,,,q of X that contains the identity element, we call it

a model flat of X. The dimension of F,,q equals r = rank(X).

PROPOSITION 2.1.8. The isometries of Fy,oq induced by elements in G = Isomg(X) form a subgroup

Warr < G. Furthermore, Woyr is a semi-direct product
Waff =R" x VV,

where R™ acts on Foq as translations, and W is a finite reflection group fixing the identity element

of X. We call W the Weyl group of the symmetric space X.
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DEFINITION 2.1.12. We call the quotient space A = F,,q/W the (Euclidean) model Weyl cham-
ber of X.

PROPOSITION 2.1.9. One has a natural identification
(X xX)/G=X/K 2 A.

That is, for any pair of points (x1,x2) € X x X, there is a unique element g € G, such that g.x1 = e

and g.xo2 € A.

DEFINITION 2.1.13. Define the vector-valued distance da : X x X — A as the quotient map

induced from the identification (X x X)/G = A.

The identification above shows that the vector-valued distance da is G-invariant. Moreover, it

relates to the Riemannian distance on X by d = ||da||.

EXAMPLE 2.1.14. Recall that the model flat of P(n) is Fpea = {(a1,...,an) € R"| > a; = 0}. The
Weyl group for P(n) is the symmetric group &y, realized as the permutation group of the n diagonal

entries of Fyoq. Thus the model Weyl chamber of P(n) is
A:{(ala'”van) eRn‘al > > Gy, Zai :O}

To understand the vector-valued distance between points x,y € P(n), we note that the element
1?2 eq = SL(n,R) takes x to the identity and takes y to Y 2yz=Y2. Furthermore, there is
an element in K = SO(n) that fizes the identity and diagonalizes the matriz z='/2yz="2. The
diagonal entries of such a diagonalization are the eigenvalues of x~/2yx=1/2, which coincide with
the eigenvalues of x~1y.

Therefore, the vector-valued distance from x toy € P(n) reads as

da(z,y) = (log A1, ..., log\,) € A,
where A1 > -+ > A, are the eigenvalues of v~ 1y.

2.2. Poincaré’s Theorem and Algorithm

The algorithm we study in the dissertation is closely related to Poincaré’s Fundamental Polyhedron

Theorem. Poincaré’s theorem was initially proven for spaces of constant curvature, i.e., spherical,
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Euclidean, and hyperbolic spaces. Thus, we will first review Poincaré’s theorem and algorithm in
the context of the hyperbolic n-space.
Here we realize H" via the hyperboloid model, which is a hypersurface in R**1. We refer to [ ]

for the contents in this section.

2.2.1. Poincaré’s Fundamental Polyhedron Theorem for hyperbolic spaces. We be-

gin with convex polyhedra in the hyperbolic n-space:

DEFINITION 2.2.1. A d-plane of H" is the non-empty intersection of H™ with a (d+1)-dimensional
linear subspace of R"1. An (n — 1)-plane of H" is called a hyperplane.
The complement of a hyperplane in H™ consists of two connected components; each of them is called

an open half-space of H". A closed half-space is the closure of an open half-space.

PROPOSITION 2.2.1. For any x # y € H", the bisector between them:
Bis(a,y) = {z € H"|d(z, ) = d(y, 2)}.

is a hyperplane of H™. Here and in what follows, d(—,—) is the Riemannian distance on H™.

PROOF. Suppose that = = (xg,x1,...,2,) and y = (yo, y1,- - -, Yn), then

n

Bis(z,y) = {2z € H"|[(z, 2) = (y,2)} = {z € H"|(w0 — y0)20 — Z(ﬂci —yi)zi = 0}
i=1

Here, (—,—) is the bilinear form of signature (n,1). The bisector Bis(x,y) is non-empty as it
contains the midpoint between = and y. This equation is linear and thus satisfies our definition of

a hyperplane of H". O

DEFINITION 2.2.2. A (closed) convex polyhedron in H" is the intersection of a locally finite
collection of closed half-spaces in H". That is to say, it is an intersection (;.z H;, where H;’s are
closed half-spaces in H™; furthermore, for each point x € H™, there is a neighborhood U 3 x in H",
such that the subset

{i e Z|0H; N U # o}

is finite.

We note that the definition of convex polyhedra in H" allows the situation that 0H; = 0H; =

H; N H; for specific ¢, j € Z. This case yields a polyhedron that lies in the hyperplane 0H; C H".
16



DEFINITION 2.2.3. The dimension of a convex polyhedron P is the dimension of the minimal plane
Y C H" containing P. Such a plane is unique and denoted span(P).

A facet of a convex polyhedron P is a mazimal subset F C OP such that F itself is a convex
polyhedron in H". We denote by S(P) the set of facets of P.

A face of a convex polyhedron P is defined inductively as follows:

e The convex polyhedron P is a face of itself.
o A facet of a face of P is yet also a face of P.

We denote by F(P) the set of proper faces of P.
A ridge of P is a codimension 2 face of P. We denote by R(P) the set of ridges of P.

An element g € SO*(n, 1) takes hyperplanes, half-spaces, and convex polyhedra to the same types
of geometric objects, respectively. Thus, one considers the action of elements in SOT(n,1) on
convex polyhedra in H”. In particular, one asks if a discrete subgroup of SO*(n,1) admits a

fundamental polyhedron in H" (see Definition 1.1.3). The answer to this question is positive:

DEFINITION 2.2.4. For a point x € H" and a discrete subgroup T' < SO (n, 1), define the Dirichlet

domain for I" centered at x as
D(z,T') = {y € H"|d(z,y) < d(g.z,y), Vg € T'}.

PROPOSITION 2.2.2. The Dirichlet domain D(x,T") is a convex polyhedron bounded by the bisectors
Bis(z, g.x) for some elements g € I'. Moreover, if the stabilizer subgroup Stabr(x) is trivial (which

holds for a generic choice of x), then D(x,T") is a fundamental polyhedron for T.

For computational purposes (see Subsection 2.2.2), we also define the Dirichlet domain D(x,T") in
the same way if T is a discrete closed subset of SO™(n,1).

The converse question is more difficult: one asks if a given convex polyhedron P is the fundamental
polyhedron of any discrete subgroup I' < SO*(n,1). One answers this question by Poincaré’s

fundamental polyhedron theorem. We will state this theorem after a couple of definitions.

DEFINITION 2.2.5. A convez polyhedron is exact, if for any F' € S(P), there exists an element
gr € SO™(n, 1), such that
F=Pngr.P,
17



and such that F' = g;l.F is also a facet of P. Such an isometry gr is called a facet pairing

transformation for the facet F of P.

DEFINITION 2.2.6. For an exact convex polyhedron P, a facet pairing is a set
® = {gr € SO (n,1)|F € S(P)},

such that:

e For any facet F € S(P), gr is a facet pairing transformation for F.

e For the facet F' = g}l.F, its corresponding facet pairing transformation gpr coincides with

gp'.

If P is a polyhedron equipped with a facet pairing, one sees that g;,l.F’ = F for any F € S(P).
That is, facets of P occur in pairs {F, F’}. One considers the space obtained by gluing the paired

facets of an exact convex polyhedron equipped with a facet pairing.

DEFINITION 2.2.7. Two points x,z’ in an exact convex polyhedron P are said to be paired by the
facet pairing ®, written x = x', if there is a pair of facets F, F' € S(P) such that x € F, 2’ € F’,
and x = gp.x’. The pairing for points in P defines an equivalence relation, namely, two points
x~x €Pifand only if v =11 Z 19 = ... = 2y, = 2 for a finite number m.

This equivalence relation defines a quotient space M := P/ ~, and the metric on P descends to a
path-metric on M. This metric space M is called the quotient space of P obtained by gluing the
facets of P together.

If P is a fundamental domain of a discrete subgroup I' < SO (n, 1), one shows that the resulting
quotient space of P is isometric to the hyperbolic manifold or orbifold H" /T | ]. Moreover,
the metric space H"/T" is complete. Therefore, if an exact convex polyhedron P is a fundamental

polyhedron for a certain discrete subgroup I', two conditions should be satisfied:

e The quotient space M = P/ ~ is either a hyperbolic manifold or orbifold.

e The quotient space M is complete.

The second condition is usually formulated as a cusp link condition, which is omitted here (in

Poincaré’s Algorithm, one does not need to test this condition; see Proposition 2.2.4 below).
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Regarding the first condition, one knows that M is an orbifold (or manifold) whenever the ridges

of P satisfy certain conditions:

DEFINITION 2.2.8. A ridge cycle of the facet pairing ® for P is an equivalence class [x] under the

equivalence condition ~, where x is an interior point of a ridge r € R(P).

PROPOSITION 2.2.3. Any finite ridge cycle of ® is a set [x] = {x1,...,zm}, where the point x; is
contained in the ridge r;, such that:

o The points x; = x;41 fori=1,...,m, i is taken modulo m.

e foranyi>1,r; = FZ»’_1 NFE;, and gp, ,.r; = 1i—1, 1 15 taken modulo m.

The cycle [x] is called eyclic if all x;’s are distinct. It is called dihedral if m is even, x; = Tpi1-i,

and F; = F) _,, i is taken modulo m.
DEFINITION 2.2.9. For a finite ridge-cycle [x] = {z1,...,Zm}, define its dihedral angle sum as
m
Olz] = 0(xs),
i=1

where 0(x;) is the dihedral angle of P along the ridge r; containing x;.

THEOREM 2.2.10 ( | ], Theorem 13.4.2). Let P be an exact convex polyhedron in H" equipped
with facet pairing ®, and M be the quotient space obtained by gluing the facets of P together.
Suppose that all ridge cycles [x] of ® in P satisfy the ridge cycle condition, i.e.:

e The ridge cycle [z] is finite, and

e The dihedral angle sum 0[x] = 27 /k, where k € N.
Then, M is a hyperbolic orbifold or manifold. Specifically, if all ridge cycles are cyclic with 0[z] =

27, then M is a hyperbolic manifold.

Poincaré’s Fundamental Polyhedron Theorem claims that the two conditions above suffice for P to

be a fundamental polyhedron:

THEOREM 2.2.11 (Poincaré). Let P be an exact convex polyhedron in H™ equipped with a facet
pairing ®, and let M be the quotient space resulting from gluing P by ®. Assume that
o The facet pairing ® for P satisfies the ridge cycle condition.

e The quotient space M is complete.
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Then the following holds for the convex polyhedron P:
e The group T = (®) generated by the facet pairing ® is a discrete subgroup of SO*(n,1).
e The convex polyhedron P is a fundamental polyhedron for I'.
e The group I' has a presentation with the generating set ®. The relators for this group
presentation consist of the words grgp: corresponding to the facet pairing transformations,

and the words (gr, ... gr, )" corresponding to the ridge cycles.

Here, the notions of the facets Fi, ..., Fy, agree with those in Proposition 2.2.3, and k € N is the

divisor appeared in the ridge cycle condition in Theorem 2.2.10.

2.2.2. Poincaré’s algorithm for hyperbolic spaces. Let us introduce Poincaré’s Algorithm
based on Poincaré’s Fundamental Polyhedron Theorem. The algorithm checks if a subgroup of
SOT(n,1) is geometrically finite. A similar algorithm was initially suggested by Riley [ | for
the case n = 3 and by Epstein and Petronio | | for the general case.

Recall that in Definition 2.2.4, we defined Dirichlet domains for discrete subsets of SOT(n,1). In
particular, we consider Dirichlet domains for finite subsets of SO (n, 1); such domains are finitely-

sided. A benefit of having finitely-sided Dirichlet domains is the completeness property:

PROPOSITION 2.2.4 ( | ]). Suppose that T is a finite subset of SO*(n,1), x € H", and the
Dirichlet domain D(x,T') satisfies the ridge cycle condition. Then the quotient space for D(x,T)
is complete, hence the polyhedron D(xz,T') satisfies the assumptions for Poincaré’s Fundamental

Polyhedron Theorem.

Below we describe Poincaré’s Algorithm, starting with a finite set of generators {gi,...,gm} of a
subgroup I' < SO (n, 1), as well as a center z € H".

Poincaré’s Algorithm.

(1) Starting with [ = 1, compute the subset I'; C T" of elements represented by words of length
< [ in the letters of g; and gi_l, i =1,...,m. The result is a finite subset of SO*(n,1).

(2) Compute the Dirichlet domain D(z,I;) centered at x for the finite set I';. Namely, we
compute the equations for all ridges of D(z,I';). Epstein and Petronio | ] provide an
algorithm for this task.

(3) Having the data for all ridges of D(x,T';), we check if this convex polyhedron is exact.

That is, for any g € I'y and facets Fy;, F;-1 of D(z,I;) contained in Bis(z,g.x) and
20



Bis(z,g~!

.x) respectively, we check if g.F,-1 = F;;. Algorithms for this task can be found
in, e.g., | ].

(4) We check if this convex polyhedron satisfies the ridge cycle condition in Poincaré’s Fun-
damental Polyhedron Theorem.

(5) If the condition is not satisfied, replace [ with (I + 1) and repeat the steps above.

(6) If the ridge cycle condition is satisfied, then Proposition 2.2.4 implies that D = D(x,T)
satisfies the requirements for Poincaré’s theorem. Therefore, D(x,I) is the fundamental
domain for the group IV = (I';). Check as follows if g; € T” for each generator g¢;, i =
1,...,m. First, we connect x and g;.z with a path avoiding the I'-image of the ridges of
D. This path determines a word in letters of the facet pairings of D. Then we check if
this word equals the generator g;. | ]

(7) If there is a generator g; ¢ I, we replace | with (I + 1) and repeat the steps from the
beginning.

(8) If all generators g; € I, then I' = I is a discrete subgroup of SO™(n,1). Moreover, T’

is finitely presented; we derive the relators for the presentation of I' from the ridge-cycle

data of D(x,TY).

REMARK 2.2.1. For n > 4, Bowditch [ | gives examples of discrete subgroups of SO™*(n,1)
that admit finitely-sided fundamental domains while all their Dirichlet domains are infinitely-sided.
Although Poincaré’s algorithm fails for such subgroups, the algorithm works for all convex cocompact

subgroups [ /.

2.2.3. Selberg’s invariant and convex polyhedra in P(n). ! In Section 2.2.1 we intro-
duced Dirichlet domains in the context of hyperbolic spaces. However, studying Dirichlet domains
in the symmetric space P(n) is impractical due to the nonlinear nature of the Riemannian distance
on P(n). Selberg | ] introduced a function for pairs of points in P(n), which is invariant under

the SL(n,R)-action:
DEFINITION 2.2.12. For X, Y € P(n), define the Selberg’s invariant from X toY as

s(X,Y) = tr(X LY.

Yrom now on, we denote points in P(n) by capital letters such as X or Y. This notation should not be confused
with the notation X for a symmetric space; the latter will not appear for the rest of the dissertation.
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PROPOSITION 2.2.5. The function s(—,—) satisfies the following properties:
e The function s(—, —) behaves similarly to a distance function: s(X,Y) > n for any X,Y €
P(n), and s(X,Y) =nif and only if X =Y.
o The function s(—,—) is SL(n,R)-invariant: for any g € SL(n,R) and X,Y € P(n), one
has s(X,Y) = s(9.X,9.Y).

PROOF. For the first claim, we notice that s(X,Y) = tr(X 12y X~1/2), while X 1/2y X ~1/2

is a positive definite matrix with determinant 1. Thus, the trace of X ~1/2Y X ~1/2 which is the sum

of the eigenvalues of X 1/2Y X~Y2 is no less than n. If the equality holds, then all the eigenvalues
of X~1/2Y X~1/2 are equal to 1. Therefore, X 1/2Y X~Y2 = I, which implies that X =Y.

For the second claim:
_ 1o_1 T-1 1o _
s(9.-X,9.Y) = tr((g.X) "N (g.Y)) = tr(¢7' X Tg" g Yg) = tr(g7 ' XY g) = tr(XTY) = 5(X,Y).

0

REMARK 2.2.2. Selberg’s invariant relates to the vector-valued distance on P(n) as follows:

s 3 expl(dy).
=1

where (dy,...,d,) = da. This fact also implies Proposition 2.2.5.
Bisectors defined via Selberg’s invariant are linear:

PROPOSITION 2.2.6. Define the (Selberg) bisector Bis(X,Y) for X, Y € P(n):
Bis(X,Y) = {Z € P(n)|s(X, Z) = s(Y, Z)}.

Then for any X,Y € P(n), Bis(X,Y) is defined by a linear equation over the entries of the

symmetric matriz Z .

PROOF. One has that Bis(X,Y) = {Z € P(n)|tr((X~! — Y~1)Z)} = 0, which is obviously

linear. O

The linear nature of Selberg’s invariant on P(n) allows Selberg to define a polyhedral analog of the
Dirichlet domain. We begin by defining convex polyhedra in P(n) with respect to the symmetric

matrix model of P(n):
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DEFINITION 2.2.13. A d-plane of P(n) is the non-empty intersection of P(n) with a (d + 1)-
dimensional linear subspace of the vector space Symy,(R) = R*™D/2 An ((n — 1)(n +2)/2 — 1)-
plane of P(n) is called a hyperplane of P(n).

We define (open and closed) half-spaces of P(n) and convex polyhedra in P(n) analogously to
Definition 2.2.1 and 2.2.2.

We define the dimension of convexr polyhedra in P(n), as well as facets, faces, and ridges of
convez polyhedra in P(n) analogously to Definition 2.2.5.

The group SL(n,R) acts on convex polyhedra in P(n). We define fundamental polyhedra for a

discrete subgroup I' < SL(n,R) analogously to Definition 1.1.3.

Following Selberg, we define Dirichlet domains in P(n) with respect to Selberg’s invariant instead

of the Riemannian distance:

DEFINITION 2.2.14. The Dirichlet-Selberg domain for a discrete subset I' C SL(n,R) centered
at X € P(n) is the set

DS(X,T)={Y e P(n)|s(X,Y) <s(9.X,Y), VgeT}.

PROPOSITION 2.2.7 ( | ). For a discrete subgroup ' < SL(n,R) and a point X € P(n),
the Dirichlet-Selberg domain DS(X,T) is a convex polyhedron in P(n). Moreover, if Stabp(X) is
trivial, DS(X,T') is a fundamental polyhedron for T'.

2.2.4. Poincaré’s algorithm for P(n). Poincaré’s theorem for P(n) is similar to that for
hyperbolic spaces. However, the dihedral angle in hyperbolic spaces lacks an analog in P(n). The

tiling condition, avoiding using dihedral angles, is equivalent to the ridge cycle condition: [ ]

DEFINITION 2.2.15. Let P be an exact convex polyhedron in P(n), [z] = {x1,...,zm} be a finite
ridge cycle, and x; is contained in the ridge r; for i = 1,...,m. For any i, the ridge r; is the
intersection F; N F]_;, where i is taken modulo m. The facet F| = g;ilFi is paired with F; by
gr, € SL(n,R) (c¢f. Proposition 2.2.3). The ridge cycle [x] satisfies the tiling condition if there

exists a neighborhood U of r = ry in P(n) such that:

o The set U is a union

km i—1
U=, Ui =] 9r)V
j=1

=1
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for a number k € N. Here V; is a neighborhood of r; in P, i is taken modulo m.

e The intersection

int(U;) N int(Uj) =0,

for any i # j.
o The intersection

i—1
Si=U;NUi1 =UN (H gr;)-Fi,
j=1
for anyi=1,... km taken modulo km. Ifi— j # +1 modulo km, the intersection
u,nuU; =r.

We say the convex polyhedron P satisfies the tiling condition, if every ridge cycle of P is finite and

satisfies the tiling condition.

Intuitively, for a ridge cycle of a polyhedron D, the tiling condition implies that the facet pairing
transformations glue the neighborhoods of the ridges in D together. This is the condition one needs

for Poincaré’s Fundamental Polyhedron Theorem:

THEOREM 2.2.16 (Poincaré’s theorem for P(n) | ). Let P be an exact convex polyhedron
in P(n) with facet pairing ®. Let M be the quotient space resulting from gluing the facets by @,

equipped with the quotient path-metric from the convex polyhedron P in P(n). Suppose that

e The facet pairing ® satisfies the tiling condition.
o The quotient space M is complete.
Then the following holds:

e The group I' = (®) is a discrete subgroup of SL(n,R).

e The convex polyhedron P is a fundamental polyhedron for T'.

o The group T' is finitely presented, with the generating set ®. The set of relators for the
presentation consists of the following: the words grpgp: corresponding to the facet pairings,
and the words gr, ...gr, corresponding to the ridge-cycles, as we defined in Definition

2.2.15.

We finally arrive at the analog of Poincaré’s algorithm for Dirichlet-Selberg domains in the sym-

metric space P(n). Suppose we have a finite set of generators {gi,...,9n} C SL(n,R) and a
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point X € P(n) as the center of Dirichlet-Selberg domains. The algorithm below determines if the
subgroup I' < SL(n,R) generated by {g1,...,gn} is discrete and finitely presented.

Poincaré’s Algorithm (tentative).

(1) Starting with [ = 1, compute the subset I'; C T" of elements represented by words of length
< 1 in the letters of g; and g; '. This is a finite subset of SL(n,R).

(2) Compute the Dirichlet-Selberg domain DS(X,T;) for the finite set I;.

(3) Having the data of ridges of DS(X,I';), we check if this convex polyhedron is exact.

(4) We check if this convex polyhedron satisfies the tiling condition. (To implement this
step, we consider a “ridge cycle condition” in Chapter 3, which is equivalent to the tiling
condition.)

(5) If the condition is not satisfied, replace | with (I + 1), and repeat the steps above.

(6) If the ridge cycle condition is satisfied, we check if the quotient space is complete. If so, then
DS(X,I) satisfies the conditions in Poincaré’s theorem for P(n). Therefore, DS(X,I})
is the fundamental domain for the group I generated by I';. For each generator g; in the
generating set, check if g; € I/, similarly to the algorithm for hyperbolic spaces.

(7) If any generator g; ¢ I, replace | with (I + 1) and repeat the steps from the beginning.

(8) If all generators g; € IV, then T' = T" is a discrete subgroup of SL(n,R). Moreover, I is
finitely presented. We obtain the relators of the presentation for I' from the ridge-cycle
data of DS(X,TI7).

Regarding step (6), Kapovich conjectures that finitely-sided Dirichlet-Selberg domains DS (X, I)

satisfy the completeness property (similarly to Dirichlet domains in the hyperbolic spaces):

CONJECTURE 2.2.17 ( [ ). Let D = DS(X,I) be a finitely-sided Dirichlet-Selberg domain

in P(n) that satisfies the tiling condition. Then, the quotient space M = D/ ~ is complete.

2.3. Preliminaries

Below we review the necessary preliminaries before presenting the main results of this dissertation.

2.3.1. Matrix pencils and generalized eigenvalues. Some of our main results use matrix

pencils. We briefly review the concepts related to our research.
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DEFINITION 2.3.1. A real (or complez) matriz pencil is a set {A — AB|\ € R} (or A € C,
respectively), where A and B are real n x n matrices. We denote this matriz pencil by (A, B).

We say a matriz pencil (A, B) is regular if det(A — AB) # 0 for at least one value A € C
(equivalently, for almost every X\). We say (A, B) is singular if both A and B are singular and
A — A\B s singular for all A € C.

We define the generalized eigenvalues of a matrix pencil:

DEFINITION 2.3.2. A generalized eigenvalue of a matrix pencil (A, B) is a number \g € C such
that A — \oB is singular.

For a regular pencil (A, B), the multiplicity of a generalized eigenvalue Ao is the multiplicity of
the root X\ = Ao for the polynomial det(A — AB) over A.

If B is singular, we adopt the convention that oo is a generalized eigenvalue of the pencil (A, B).
The multiplicity of oo is n — deg (det(A — AB)).

In particular, every A\ € C = CU {oo} is a generalized eigenvalue of a singular matriz pencil.

A matrix pencil (4, B) is symmetric if both A and B are symmetric matrices. We define defi-

niteness for symmetric matrix pencils:

DEFINITION 2.3.3. We say that a symmetric matriz pencil (A, B) is (semi-) definite, if either A or

B is (semi-) definite, or if A — AB is (semi-) definite for at least one number X € R.

We define congruence transformations of symmetric matrix pencils as

(4,B) = (QTAQ, Q" BQ),

where @@ € GL(n,R), and A, B € Symu(R). Generalized eigenvalues are invariant under these

transformations:

PROPOSITION 2.3.1. For any Q € GL(n,R), the matriz pencils (A, B) and (QTAQ, QT BQ) have

the same generalized eigenvalues as well as the same multiplicities of them.

PRrOOF. Notice that det(PTYAP — APTBP) = det(P)?det(A — AB), while det(P) # 0. Thus,

these polynomials have the same roots as well as the same multiplicities of roots. ]
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If A" and B’ are linearly independent linear combinations of A and B, the generalized eigenvalues

of (A’, B') relate to those of (A4, B) by a Mdbius transformation:

LEMMA 2.3.3.1. Suppose that A1, ..., A, are the generalized eigenvalues of the matriz pencil (A, B).

Then for any p,q,r,s € R with ps — qr # 0, the generalized eigenvalues of (pA+ qB,rA+ sB) are

I ._ PAitq
)\i T ori+s?

1=1,...,n.

PROOF. Notice that

PA+¢q (ps — qr)(A — AB)
A+ qB) — A+ sB) = .
(pA+4B) r)\—i-s(r +3B) rA+s
Since ps — qr # 0, one has that 1;:\\% is a generalized eigenvalue of (pA + ¢B,rA + sB) if and only

if \ is a generalized eigenvalue of (A, B).

If 0o is a generalized eigenvalue of (A, B), then B is singular. Therefore,

P _rA-pB (¢ —ps)B
T r r

is singular. That is, £ is a generalized eigenvalue of (A’, B"). This agrees with the statement of the

poo+gq as 2

lemma if one interprets the formal expression ©-> s "

In both cases, the corresponding eigenvalues are related by a Mobius transformation: C — C, A —

pAtq
rA+s’ .

Our work uses a normal form of matrix pencils under congruence transformation. For this reason,

we introduce block-diagonal matrix pencils:

DEFINITION 2.3.4. A block-diagonal matrix pencil is a matriz pencil (A, B), where

A =diag(Ayx, ..., An) and B = diag(By,...,Bp); fori=1,...,m, A; and B; are square matrices
of the same dimension d;.

The blocks of an n x n block-diagonal matriz pencil (A, B) define a partition of the set {1,...,n}.
We say the matriz pencil (A, B') is (strictly) finer than the matriz pencil (A, B) if the partition
corresponding to the pencil (A, B') is (strictly) finer than the one corresponding to (A, B), up to a

permutation of the n numbers.

Uhlig characterizes the “finest” block-diagonalization of regular symmetric matrix pencils:
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THEOREM 2.3.5 ( [ ). Let (A, B) be a symmetric matriz pencil with A invertible. Suppose
that the Jordan canonical form of B™'A is Q 'B™1AQ = J = diag(Jy,...,Jm), where J; is a
Jordan block of dimension d;, i = 1,...,m. Then (A',B") = (QTAQ,QTBQ) is a block-diagonal
matriz pencil; the block (A;, B;) is of dimension d; for i = 1,...,m. Moreover, (A',B’) is finer

than any matrix pencil in its congruence equivalence class.

DEFINITION 2.3.6. For a regular symmetric matriz pencil (A, B), suppose that there exists ¢ € R
such that B+cA is invertible, and Q1 (B+cA)~LAQ is the Jordan canonical form of (B+cA)~1A.

Define the normal form of (A, B) under congruence transformations as
(4, B") = (QTAQ,Q"BQ).
Blocks of (A’, B) satisfy additional properties:

LEMMA 2.3.6.1. In the notation of Theorem 2.3.5, let (A;, B;) be the diagonal blocks of the congru-

ence normal form (A’, B") of the matriz pencil (A,B), i =1,...,m. Suppose that A; = (aj’k)?ikzl

3
and B; = (bZ’k)?szl. Then the entries ag’k satisfy:

(1) a¥* = a{/’k/, forany j+k =7 +F,

(2) af’k =0, for any j+ k < d;.

The entries bg’k satisfy the same property.

PRrOOF. The matrices satisfy the relation A; = B;J;, where J; = Jy, 4, is the d; x d; Jordan

block matrix with the eigenvalue A;. Thus, for any j and any k£ > 1,
ik ik jk—1

i1 i1
and a]” = \bl.

Since both A; and B; are symmetric, for any j, k > 1,
i—1,k _ 1 k—1,j k,j k,j j j jk—1
b] =b, 7 =a =N =alt = N =0,

which is the property (1).

For any k < d;,

1,k 1 1 1,k+1 k+1,1 1,1
bi7 :ai,k'i' _Aibi7+ :ai'f'a _Aibf+7 —0.
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Therefore, if j + k < d;, property (1) implies that

ik 1j+k—1
b’ —...=ptkl

7 )

which is the property (2). The entries of A; satisfy the same property since A; = B;J;. O

The normal form in Theorem 2.3.5 does not apply to singular symmetric matrix pencils. Never-

theless, Jiang and Li prove the following result:

LEMMA 2.3.6.2 (| ). Let (A, B) be a singular symmetric n X n matriz pencil. Then (A, B) is

congruent to (A', B'), where the matrices A" and B’ satisfy

A O O B, By, O
A=1o0 o of|, B=|Bf 0 o],
O 0 O O O Bs

for ny xny1 matrices Ay and By, an ny X ng matrix Bs, and an ng X ng matric Bs, n1+no+ns = n.

Moreover, A1 and Bs are invertible.

2.3.2. Co-oriented hyperplanes. We introduce co-oriented hyperplanes, which will be

utilized to define invariant angle functions in Chapter 3:

DEFINITION 2.3.7. The normal space of a nonzero matriz A € Sym,(R) is defined as
At = {X e P(n)|tr(X - A) = 0},

which is a hyperplane in P(n) whenever it is non-empty. We designate A as a normal vector of the
hyperplane A+. A hyperplane associated with a normal vector is called a co-oriented hyperplane.
The normal vector of a hyperplane is unique up to a nonzero multiple. Identical co-oriented hyper-
planes with normal vectors that differ by a positive multiple are regarded as the same co-oriented
hyperplanes. Identical co-oriented hyperplanes with normal vectors that differ by a negative multiple
from each other are said to be oppositely oriented. If o is a co-oriented hyperplane given by A™L,
then the co-oriented hyperplane with the opposite orientation is denoted by —o or (—A)> .

We say that a co-oriented hyperplane o lies between two co-oriented hyperplanes A+ and B+ if

the normal vector associated with o is a positive linear combination of A and B.
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The idea of a co-oriented hyperplane lying between two co-oriented hyperplanes is presented in

Figure 2.1. We also define the co-orientation for facets of convex polyhedra in P(n):

Ay

01

FiGURE 2.1. The hyperplane o9 lies between the hyperplanes o1 and o3.

DEFINITION 2.3.8. Let P be a convex polyhedron in P(n). A facet F € S(P) associated with a
normal vector A of span(F) is called a co-oriented facet of P.

For any facet F € S(P), the convex polyhedron P lies within one of the two closed half-spaces
bounded by span(F'). When there are no special instructions, we make a convention that the normal

vector A associated with F is selected so that
Pc{X eP(n)tr(X - A) <0},

and say that A is outward-pointing (and —A is inward-pointing). We also make a convention that

span(F') is associated with the same normal vector as F'.
The lemma below is self-evident.

LEMMA 2.3.8.1. Let P be a convex polyhedron, with r € R(P) being a ridge of P such that r =
S1 NSy, 51,82 being facets of P.

Suppose that a hyperplane o contains r and divides P into two convexr polyhedra Py, and Ps, where
S1 C Py and Sy C Ps. Denote S = oN P, which is a facet of P1 associated with an outward-pointing
normal vector (thus a facet of Py associated with an inward-pointing normal vector).

Under these assumptions, span(S) lies between —span(S1) and span(S2).
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CHAPTER 3

Angle-like Functions between Hyperplanes

Our first goal is to formulate an analog of the angle sum condition that is equivalent to the tiling
condition in Definition 2.2.15. This analog requires us to introduce an angle-like function for pairs
of co-oriented hyperplanes in P(n). Such an angle-like function must satisfy specific properties; for
instance, it is natural to assume that this function is additive and invariant under the SL(n,R)-

action, akin to the dihedral angle in hyperbolic spaces.

3.1. Main Result

Below we define an invariant angle function for P(n):

DEFINITION 3.1.1. An invariant angle function 6(—,—) is a function for pairs of co-oriented hy-

perplanes (o1,02) in P(n) with the following properties:

(1) For any co-oriented hyperplanes o1 and o2, 0 < 0(o1,092) < 7. Furthermore, 0(o1,02) =0
if and only if o1 = o9, while 0(o1,02) = 7 if and only if o1 = —09.

(2) For any co-oriented hyperplanes o1 and o2 and any g € SL(n,R), 0(g.01,g.02) = 0(01,02).

(8) For any co-oriented hyperplanes o1 and o3, 6(02,01) = 0(01,02), 0(—01,02) = ™ —
0(o1,09).

(4) For any co-oriented hyperplane oo lying between o1 and o3, 0(01,092)+0(02,03) = (01, 03).

ProprosITION 3.1.1. Let 6 be an invariant angle function. For any exact convex polyhedron P in
P(n), the tiling condition for P as defined in Definition 2.2.15 is equivalent to the following angle

sum condition for P:

e Any ridge cycle [x] is a finite set, [x] = {z1,...,Tm}.
e Furthermore, 0lx] = Y ", 0(x;) = 2w /k for k € N. Here, 0(x;) = 0(F;, F]_,) represents
the invariant angle 6 for the two co-oriented hyperplanes spanned by the two facets Fj,

F!_| of P containing x;.
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PROOF. A finite ridge cycle for the polyhedron P is a set of points {z1,...,x,,} in P, where
the ridges r; = F; N F/_; D x;, F; and F] are facets of P, i =1,...,m. We suppose that all facets
of P are co-oriented via outward-pointing normal vectors.

On one hand, suppose that a ridge cycle [z] in P satisfies the tiling condition. That is, the ridge

r = 71 containing x = x; has a neighborhood U in P(n), such that

km
U=Ju,
=1

and the sets U;, ¢ = 1,...,km satisfy the conditions in Definition 2.2.15; specifically, U; =
(H;;ll gFj) .V;, V; € P. Denote

i—1 i—1
P = HgFj P S = HQF]- Fi,
=1 i=1

then §; is a facet of both P; and P41, and U;NU;+1 C 5;. Let S; be co-oriented by associating it with
an outward-pointing normal vector for P; (thus an inward-pointing normal vector for P;;1). Let
o; = span(S;) denote the co-oriented hyperplane with the same co-orientation by S;, i = 1,..., km.
There exists a certain 1 < j < km such that the hyperplane o¢ intersects with U; and then divides
Pj into two convex polyhedra. Denoted these polyhedra by P/ and P, where S;_; C P and
Sj C Pj. The polyhedra Py, ..., Pj_; and P} lie within the same connected component of of, and
Sy is inward-pointing as a facet of Py. Consequently, the normal vector associated with —oq is
outward-pointing with respect to P]f . According to Lemma 2.3.8.1, —oy lies between o;_1 and o;.
For any 0 < i < j—1, o; lies between og and o;_;. Therefore, by properties (3) and (4) of invariant
angle functions,

7j—1

29(01‘,0,'_1) + H(Uj_l, —0'0) = 9(00,(7]‘_1) + 9(0']'_1, —0'0) = T.
=1

Similarly we have

km
0(—00,05) + Z 0(0i,0i-1) = 0(—00,05) + 0(0j,0km) = 0(—00,0;) + 0(0j,00) = .
i=j+1

Since —oy lies between 0;_1 and o},

Q(Jj_l, —Uo) + 9(—00, Uj) = Q(Uj_l,(Tj),
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by property (4) of invariant angle functions. Therefore,

km
Z Q(O'i, 0'1;1) = 2.
=1

By property (2) of invariant angle functions,

i1 i1
0(ci,0i1) = 0] [ 9, Fi, [ [ 9p, - Fi—1) = 0(Fy, F{_1) = 0(=),
j=1 g=1

where ¢ is taken modulo m. Thus,

km m
o = Z;Q(aci) =k- Z; 0(x;) = kO[],

i.e., the ridge cycle [z] satisfies the angle sum condition.
On the other hand, suppose that a ridge cycle [z] in P satisfies the angle sum condition. The ridge

r is contained in the convex polyhedron

i—1
Pz = H gF; P7
j=1
for all t = 1,..., km. Moreover, r is the intersection of the facets
i—1 i—1
H gF; F, | N H JF; EF_,]:=58N0S8_-1
j=1 j=1

of P;. Analogously to the proof of the other direction given above, the angle sum condition implies
that 32" 0(S;, S;_1) = kf[z] = 2r. Therefore,

km—1
So=Fy= T[ 95 | -Fem == Sm
j=1

i.e., the sets P; and Py, meet at Sy = Sk,,. Moreover, since 23:1 0(S;, Si—1) < 27 for i < km, the
interiors int(P;) are pairwise disjoint for i = 1,..., km.

Let U be a sufficiently small neighborhood of the ridge r in P(n), such that for any i = 1,..., km,
the set U does not intersect with P, at facets other than S; and S;_1. Let U; = U N F;, then the
union U = Uf:i U; satisfies the conditions in Definition 2.2.15. In other words, the ridge cycle [x]

satisfies the tiling condition. O
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Proposition 3.1.1 implies that, to formulate the tiling condition for convex polyhedra in P(n), it is
sufficient to construct an invariant angle function that satisfies properties (1) to (4) as defined in
Definition 3.1.1. For generic pairs of co-oriented hyperplanes, we explicitly construct an invariant

angle function, which is presented in the main theorem below.

THEOREM 3.1.2. Let 01 = A+ and 0o = B' be co-oriented hyperplanes in P(n) and suppose that

the matriz pencil (A, B) is regular.

(1) Suppose that the set of generalized eigenvalues of (A, B) contains nonreal numbers, denoted

by Mi,..., A and XT, ..., A;. The following serves as an invariant angle function:
1 k
(3.1) 0(01,00) = - Z; larg ()]

(2) Suppose that all distinct generalized eigenvalues of (A, B) are real or infinity, ordered as
A > -+ > A\, where k > 3. The following serves as an invariant angle function (which

is the limit as A\, — 00 if 00 is a generalized eigenvalue):

Zk Ait1+A;
=1 Ajyp1—A;

Zk 1 Zk (Nig1+Xi)?

(3.2) 6(o1,02) = arccos

(8) If (A, B) has at most 2 distinct generalized eigenvalues and all of these are real, then

(01,02) is not in the domain of any invariant angle function.
REMARK 3.1.1. We will describe the motivation of the formula (3.2) in Appendiz A.

We say that a given pair of co-oriented hyperplanes (o1, 09) = (A+, BY) in P(n) is of type (1), (2),
or (3) if the set of generalized eigenvalues of (A, B) corresponds to case (1), (2), or (3) in Theorem

3.1.2, respectively. The following fact is a direct consequence of the properties of matrix pencils:

PROPOSITION 3.1.2. (1) For any g € SL(n,R) the hyperplane pairs (o1,02) and (g.01,g.02)
share the same type.

(2) If o3 lies between o1 and oo, both (01,03) and (o2, 03) belong to the same type as (o1, 02).

PrOOF. Claim (1) is clear. For claim (2), suppose that A and B are the normal vectors
associated with o1 and o9, respectively. After positive rescalings of A and B, we assume that the

normal vector associated with o3 is C = A + B. Suppose that the generalized eigenvalues of the
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pencil (A, B) are \;, where i = 1,...,n. Lemma 2.3.3.1 implies that the generalized eigenvalues of
(A,C) are (1 + \;) and the generalized eigenvalues of (C, B) are ﬁ, i =1,...,n. Note that A is

real if and only if 1%\ is real, which implies claim (2) of the proposition. ([l

Following Proposition 3.1.2, we will prove the three statements in Theorem 3.1.2 individually in

the subsequent sections.

3.2. Proof of Theorem 3.1.2, case (1)

We will prove that the function
k
1
b(on,00) = 5 2 fore(v)

defined for all pairs (o1, 02) of type (1) satisfies the properties listed in Definition 3.1.1.

PrROOF OF THEOREM 3.1.2, CASE (1). To begin, we establish the well-definedness of the func-
tion for pairs of co-oriented hyperplanes in (3.1). According to Lemma 2.3.3.1, %)‘i and %Aj will
be the nonreal generalized eigenvalues of (c1 4, coB), for any c1,c2 > 0, where i = 1,...,k. The
arguments of these numbers equal the arguments of A\; and A}, respectively. Consequently, (3.1)
implies that ((c1A)*, (c2B)*) = (AL, BL) for any c1,c2 > 0, i.e., the expression (3.1) remains
the same for (c1 A, coB).

Furthermore, since |arg(Af)| = | — arg(\;)| = |arg()\;)|, the outcome of (3.1) remains unchanged
when replacing \; with 7.

Next, we will verify properties (1) to (4) in Definition 3.1.1 for the function 6 defined by (3.1). The
property (1) is obvious. Regarding the property (2), we notice that (g~")T.4 and (¢-")T.B serve
as normal vectors of g.oy and g.09, respectively. Since the pencil ((¢7!)*. 4, (¢71)T.B) shares the
same generalized eigenvalues as (A, B), the angle 6(g.01, g.02) = 0(01, 02).

To verify the property (3), notice that the pencil (B, A) possesses generalized eigenvalues /\i_1 and
A\ where i = 1,..., k. Since arg(\; ') = — arg(\;), it follows 6(09, 01) = 6(01,02). Furthermore,
the generalized eigenvalues of the pencil (—A, B) equal —\; and —\}, where ¢ = 1,...,k. Since
|arg(—\;)| = 7 — |arg()\;)|, we deduce that 0(—o1,09) = m — 0(01, 02).

Lastly, we verify the property (4). The normal vector C of o3 is a positive linear combination
of A and B. Since positive rescalings of A and B preserve the angles (AL, Ct), §(C*, A1) and

0(A*, BY), we assume that C = A 4+ B. Under this condition, Lemma 2.3.3.1 shows that the
35



nonreal generalized eigenvalues of (A C) are (14 ;) and (1 + A}), while the nonreal generalized

eigenvalues of (C, B) are 11)\ and where i =1,..., k.

1+/\*’

We note that arg ( ) > 0 if and only if arg(\) > 0. Thus,

0(c1,03) + 0(02, 03) = kz<|arg L+ )|+ arg<lii)\A>D
_liz:(arg(l—i—)\i)—i—arg(l_i_)\)') kz arg(\)|) = 0(o1, 09).

This concludes the verification of the property (4) in Definition 3.1.1. In summary, the function

14X

defined by (3.1) serves as an invariant angle function. O

3.3. Proof of Theorem 3.1.2, case (2)

We will prove that the function

Zk Ait1+A;
=1 Ajp1—A;

Zk 1 Zk (Nig1+Xi)?

defined for all pairs (o1,02) of type (2) satisfies the properties listed in Definition 3.1.1. For

0(o1,09) = arccos

simplicity, we define

k xit1+x;
Do
t(z1,...,xp) = = Tl ,
k 1 ko (ziga+z)?
\/(Zz‘—l W_xi) (Zi:1 ﬁ)
and t(z1,...,2k) = t(4y,...,Ts,), where {o1,...,0} represents the permutation of {1,...,k}
such that z,, > - - > x,,. Our first lemma concerns the compositions of ¢ and Mébius transfor-

mations:

LEMMA 3.3.0.1. Let ¢ be a Mébius transformation on R = RU{oc}, and let A\, > -+ > Ay represent

real numbers. If ¢ is orientation-preserving, then

(3.3) (A1), (M) = (A1), -+ (M)

If ¢ is orientation-reversing, then

(3'4) %(90(/\1)’ s 790()‘16)) = _t(@(/\l)a s 790()‘16))'
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PROOF. Let (01, ...,0k) denote the permutation of (1,...,k) such that

‘P()‘Uk) > > 0(Agy)-

If ¢ is orientation-preserving, then (o1,...,0%) is a cyclic permutation, satisfying t(x1,...,x)
t(Toy,- -+ Te,) for any z1,. .., z. Hence, equation (3.3) holds.

If ¢ is orientation-reversing, then (oy,...,0%) is a cyclic permutation of (k,...,1).
t(xg,...,x1) = —t(x1,...,2k) for any z1,...,x. Therefore, equation (3.4) holds.

We also need the following lemma:

LEMMA 3.3.0.2. Let A\ > --- > A1 be real numbers, then the following inequalities hold:

(Nig1+ A — Ajp1 — )2
(A1 — M) (Nj1 — Af)

2+ Nip1 + Ng)?
(35b) Zf:l ( s = Y )
i+1 — g

(3.5a) D i<igi<k >0,

> 0.

PROOF. Denote

si = Ait1 + iy di = Aip1 — A,

Note that

0

where the index is taken modulo k. Then the numbers s;, i = 1,...,k satisfy the following

inequalities:

§1 <8 < - < Sgp—1, S1 < Sk < Sk—1,

and the numbers d;, i = 1,..., k satisfy
di,...,dp_1 >0, dk:—Zdi<0.

In terms of s; and d;, inequalities (3.5a) and (3.5b) reduce to

Z (Si — 8j)2 > 0’ Ek: (2 + Sl‘)2 > 0.

1<i£j<k did; =
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Assume that j is the number satisfying s; < s < sj41, 1 < j <k — 2, then

(s1=sk-1)" _ (51— s)* + (s —s6-1)® (51— s)®  (s6-1—sp)?
didi—1 drdy—1 dydy, d—1dy,
(si —s1)° (5 — sp)? . .
— A 1< k—1
dd; > dedi 1+1 <1< ,
(si — sp-1)? (si — sp)? o
Wiz k)™ o WiZ %)y o<
dy—1d; ~ dipd; =)

These inequalities yield (3.5a).

We divide the proof of inequality (3.5b) in two cases. If s +2 < 0, then

9 2 2 2
(24 k) <(2+8k) <(2+81) '
dy, dy dy

If sp +2 >0, then

s 24?2 sre)?
dy, dp—1 dp—1

For both cases, inequality (3.5b) holds. O

We return to the proof of Theorem 3.1.2.

PROOF OF THEOREM 3.1.2, CASE (2). Firstly, we show that (3.2) always yields real values.

That is,
N ]
1< D iet Nor1 =N

<1,
k 1 ko (Qur1+Xi)?
\/ (Ch i) (2 G22)
for any real numbers A\;, > --- > A;. By the Cauchy-Binet identity,

Zk: zk: i+1 +)\ Z Ait1 +)\ :lz(/\i-&-l"'/\i_)\j-&-l_/\j)Q
P >\z+1 Aig1 — Aig1 — 24 (Mg = M) (N — Ag)

i=1 iF£j

Lemma 3.3.0.2 implies that the right-hand side is positive.
Next, we will prove properties (1) to (4) in Definition 3.1.1. Properties (1) and (2) are proved
similarly to the corresponding arguments in Section 3.2. To show that the property (3) holds,

notice that the generalized eigenvalues of (B, A) are )\;1, which are values of an orientation-reversing
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Mobius transformation of A;, ¢ = 1,..., k. By Lemma 3.3.0.1,

cosf(og,01) = t()\fl, o -,Agl) =-

Zk 1 Zk ()‘;+1+)‘;1)2
i=1 y—1 =1 = B —T1
=1 Air1— N =1 AN

Since
k k k k
Aiit1 Xit1 — A Aiit1 (Nit1 + N)?/4

S = = (M e ) = X O
i—1 2+1 i— +1 — i—1 i+1 ) i—1 i+1
k=1, \—=1\2  k

AT AL ( - 1 )

Wi T A1) AL - A +5
; A=A Z_; Ao m AT R Z )\z+1

Mpr

Ai +)‘erl Z z+1+)\
- )\‘1 Nig1 —

%

we have f()\fl, .. ,)\,;1) =t(\1,...,\g), implying that 6(o2,01) = 6(01,02). Moreover, the gener-

alized eigenvalues of (—A, B) are —\y > --- > —\;. Therefore,

Zk Air1+N
cosf(—o1,09) = t(=A1,...,—Ap) = — = et ,
k 1 k ()\i +>\i)2
\/(Zi—l ,\,.f_,\i) (Zi:l ,\::1_& )
which implies that f(—/\l, cey = AR) = —i()\l, ey )\k); ie., 0(—o1,00) =7 — 0(01,0’2).

Finally, we will prove the property (4). If we denote 8 = 0(01,02), 01 = 0(01,03) and 03 = 0(03,02),

the property (4) reduces to
(%) cos(0) = cos(fy) cos(f2) — sin(fq) sin(s).

Similarly to the proof given in Section 3.2, we assume that o3 = (A+ B)+ without loss of generality.

The generalized eigenvalues of (A, A+ B) are (1+ ;) and (1+ A}), and the generalized eigenvalues

of (A+ B,B) are 113\1 and %, where i = 1,...,k. Both sets of generalized eigenvalues are
orientation-preserving Mobius transformations of A; and A}, ¢ = 1,..., k. Lemma 3.3.0.1 implies
that

Sk 2R th
=1 Ajp1—XN

cos(by) = |
V(B ) (Sh )
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and

Zk i1 FXN 20041
1=1 Ait1—A;

B () (4Niy1) k N1+ 20X 41)2
| (Sh, S50 (S, Gepheniun )

Zk CHAi+Ait 1) Qit1+Ai) + Ai /\z+1
i=1 2(Ait1—A)

Zk (2+)\i+)\i+1)2+)\i*)\i+l Zk ()\i+1+)\i)2+ A2 A,
=1 4()\2+1—A1) 4 =1 A’H—l_)‘z 1+)\2 1+)\'L+1

Zk C+Ni+HAir1) Aig1+Ai)
=1 Ait1—Ai

k (2—}—)\1'—‘,-)\7; )2 k ()\1 +>\7;)2 .

(S, SRy (o, G
By applying the Cauchy-Binet identity, we have

k 1 ko 24+Xip1+X)? Eo24hieta )2
1 =
k 1 Eo (2+HXig1+A)2
V(B o) (S, ety

\/ Z Nig1+Xi—Xjr1—X5)?
77 i1 =) Ay+1—2)

)
Zk‘ 1 Zk (24+XNig1+M:)?
i=1 NN i=1" 1M

cos(b2) =

sin

and

Ek (2+Ni+rig1)? Zk Nir1+2)2\ Zk 24+t 1) (N1 +Ni)
=1 Aip1—XN =1 Xip1—A i=1 Ait1—Ai
(02) =
Zkz (24+Xi+Ai41)? Zk (Nig1t+Xi)2
i=1 " Api—M i=1 " A1 —M;
\/l S AQAip 1A= Ai1—A))?
2 £<i7] i1 — ) (Aj1—y)
Zk (2+Xi+Ait1)? Zk (Nig1+X:)?
=1 >\i+1_)\i =1 >\i+1_)\i

Inequalities (3.5a) and (3.5b) imply that

sin

sy 2Nig 1+ A= A1 =)
2 [ £<i#7 (Rip1—A)(Nj1—X)
(24 Xit14+X:)2 k 1 ko (Nig1+X)?
)sz Aip1—Ai ZiZI Ait1—A Ziil Ait1— A
Z 21 HAi— A1 —X)?
2 2] Qi1 =) (Aj41—2))

ko (24HNip1+A)?2 k 1 ko (it1+Xi)?

sin(6q) sin(fy) =
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By combining the equations above and using the Cauchy-Binet identity again, we have

cos(61) cos(fz) — sin(6;) sin(62)

Zk 24-Xir1+N Zk (24X +Xit1) (Nigp1+Ns) _lz 2(Xip1+Ai—Aj11—X;)?
=1 Ajp1—X; =1 Ait1—Ni 2 £wi#j  (Aip1—A)(Njr1—A))

k (2+)\¢+1+/\¢)2 k 1 k ()\i+1+/\¢)2
Zn Ait1+A Zn (24+Xir1+0:)?
=1 Aip1—N; =1 Ap1=N
= = cos(f).

E o (2HXig1+N)2 k 1 Eo Qig14Xi)?
(Zz:l )\i+l_>\i Z’L:l A'H»l_)\i Z’Lil )\iJrl_)\i

This proves the property (4) in Definition 3.1.1. In conclusion, the function 6 given by (3.2) is an

invariant angle function. (|

3.4. Proof of Theorem 3.1.2, case (3)

To prove the statement (3) in Theorem 3.1.2, we begin by establishing the following lemma:

LEMMA 3.4.0.1. Let K; = es®e € Mat,(R), l=1,...,r, and define

s+t=r+l

T r—1
X = ZCEZKI, X = leKl+1.
=1 =1

Then for any s > 0 and t € R, there exists an element g € GL™ (n,R) satisfying the conditions:

(3.6) g.X =X,

(3.7) g.X =sX +tX.
PROOF. We claim that there exists a matrix g of the form
(3.8) g= Z sr/2_j+1pl(j_l)el ® e;
I<j

that satisfies equations (3.6) and (3.7).
First, we note that the entries above the anti-diagonal on both sides of both equations vanish for g

that follows equation (3.8). The entries on the anti-diagonal of both sides of (3.6) vanish, as well.
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Next, we will prove by induction on k that there exist numbers pl(k) € R, wherel =1,...,r — k,
such that all entries under the anti-diagonal of both sides of (3.6) are equal, and those under or on
the anti-diagonal of both sides of (3.7) are equal.

We start with the base case £ = 0. If we set pl(o) =1forl=1,...,r, then the (I + 1,7+ 2 —1)
entries of both sides of (3.6) are equal to x1, and the (I + 1,7 + 1 — 1) entries of both sides of (3.7)
are equal to szq, where [ =1,...,7 — 1. For the entries above (I + 1,7 +2 —[) of (3.6) and above
(l+1,7+1—1) of (3.7), their expressions involve pl(l), which will be determined in the k = 1 case
of the induction. Thus, we do not need to discuss these entries in the £ = 0 case.

We proceed to the general case k > 0. Assume that the solutions pl(k,) are determined for 0 < k' < k.

Forl=2,...,r—k, we compare the (I+k,r+2—1) entries of both sides of (3.6). Equality of both
(k) (k)

sides yields (r — k — 1) equations in unknowns py /..., p, ;:
_ k k k
(3.9) sk ($k+1 + xl(Pl( ) +p£_)k+2_l) + Rl( )) = Tk+1,
where Rl(k) is a polynomial in terms of z1,...,z and pgl), .. ,p§k_1). Since PTXP is symmetric,

Rl(k) = Rik)k, 42> Which implies that the [-th equation coincides with the (7 —k+2—1)-th equation.

Thus, the number of distinct equations reduces to L%J

Forl=1,...,7r—k, we compare the (I+k,r+1—1) entries of both sides of (3.7). Equality of both
(k) (k) .

sides yields (r — k) equations in unknowns p;~,...,p, .:
_ k k k
(3.10) stk ($k+1 + CEl(pl( ) +p$—)k;+1—l) + Ql( )) = 8Ty1 + Xk,
where Ql(k) is a polynomial in terms of z1,...,z; and pg.l), . ,pg.k_l). Since PTX P is symmetric,

Ql(k) = leg_)k+1_l, which implies that the [-th equation coincides with the (r —k-+1—1)-th equation.

Thus, the number of distinct equations reduces to L#J

By combining equations (3.9) and (3.10) together, we derive a linear equation system consisting of

| =AH | + |55 | = (r — k) equations in unknowns pgk), . ,pfﬂk_)k:

P p ™ = g (P + 55 g — g — QW) = Q)

ps + pf"k—)k = o7 (5 21 — 2per — RY) = Ry,

P8+ = ot (Fap + P — e — QF) = QY
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®) )

T;k +1 'r;k +17

If (r — k) is even, the last equation is 2p

2p(rli)12q+1 = Q/r(%ﬂ-
(k) (k) (k) (k)

If we arrange the (r — k) unknowns as p; ', p, ", Dy v Pl
=z

if (r — k) is odd, the last equation is

, the coefficient matrix for this
linear equation system is an invertible Jordan matrix .J; ,_;. Thus, a unique solution pgk), ey pf@k
for (3.9) and (3.10) exists, dependent on s, ¢, x1,...,2x1 and pg-k), where 1 < j < r — k' and

kK < k.

By induction, a solution set pl(k) for (3.9) and (3.10) exists in terms of z1, ..., z,, s, and ¢, where k =
1,...,r—1land [ =1,...,7—k. That is to say, there exists a matrix g = Zigj 37/2_j+1pl(j_l)el ®e;
that satisfies (3.6) and (3.7). O

Lemma 3.4.0.1 implies the following;:

LEMMA 3.4.0.2. (1) Suppose that (A, B) is a regular pencil of symmetric n X n matrices with only
one distinct eigenvalue A € R, and let C = A — AB. Then, for any s > 0 and t € R, there is an
element g € GLT (n,R) such that:

gC=C, ¢g.B=sB+1tC.

(2) Suppose that (A, B) is a regular pencil of symmetric n X n matrices with only two distinct
eigenvalues \,\' € R, and let C = A — \B, C' = A — NB. Then for any s,s' > 0, there is an
element g € GL™ (n,R) such that:

g.C =sC, g¢g.C'=5C".

PRrROOF. (1) Suppose that the pencil (A4, B) has one distinct eigenvalue A € R. According to

Lemma 2.3.3.1, we may assume that the matrix pencil is in the normal form:
A= diag(Al, ves ,Ak),

and

B = diag(Bla e 7Bk)7

where A; = BjJxy,;. Here and after, J), denotes the Jordan block matrix of dimension r and

eigenvalue A. Thus,

C = A— \B =diag(By, ..., By),
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where Bj = BjJO,rj-
According to Lemma 3.4.0.1, for any s > 0 and ¢ € R, there exist elements g; € GL™(rj,R) such
that:

gj-Bj = Bj, gj-Bj = SB]' + tBj.

Let g = diag(g1,...,9x) € GLT(n,R), then g.C = C and ¢g.B = sB + tC.
(2) Suppose that the pencil (A, B) has exactly two distinct eigenvalues A\, \" € R. We may assume

that the matrix pencil is in the normal form:
A= diag(Al,...,Ak, /1,.. .y E),

and

B :diag(Bl,...,Bk, 17"'?Bl/)7

where A; = B;Jy,; and A} = B}JX’T;. Thus,
C = diag(By, ..., By, Bj + (N = A\)B},...,Bl+ (N = \)B))

and

C' = diag(B1 + (A — N)Bi,...,By + (A= XN)By, B},...,B)),

where B; = BjJo,r;, and B; = B;-Jo,r}. According to Lemma 3.4.0.1, for any s,t > 0, there exist

matrices g;, j = 1,...,k, such that

~ ~ t t—s =~
gj'Bj = Bj, gj-Bj = ;BJ -+ mBj,
and matrices g}, j=1,...,1, such that
YY) 1 S s—t =,

Let g = diag(v/sg1, - - -, V/Sgk, Vtg,, ..., V/tg]) € GLT(n,R), then ¢g.C = sC and g.C' = tC’. O

Lastly, we come back to the proof of the main theorem.

PROOF OF THEOREM 3.1.2, CASE (3). Recall that a positive scaling of the normal vector

does not change the associated co-oriented hyperplane. Therefore, we can replace the part “g €
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SL(n,R)” in Definition 3.1.1 with “g € GL*(n,R)”. We will prove the statement (3) of the theorem
by exhausting all possible cases.

(1). Suppose that (A, B) has only one eigenvalue A € R, and A > 0. By Lemma 3.4.0.2, there
is an element g € GL*(n,R), such that g.C = C and g.B = AB+ C = A. For k € Z, denote
A =¢"%.Aand of = A#. Then A; = A, Ay = B, and

0(ok, ok+1) = G(ALvAIJc_—&-l) = 0((glik'A)J_7 (glik’B)J—) = G(AJ‘, Bl) = 0(01,02).

The relations g.C = C and g.B = AB+C = A imply that g.(A—AB) = (A—AB) and g.(A—B) =
A(A — B). Thus,

(Ap = Mp1) =g F(A=AB)=A—-AB, (Ax— Ap;1) =9 ".(A-B)=)\"%A-DB),

and

W = DAy = (A" = N Ap + (A= 1) Ay,

for all £ > 1. Therefore, Ay is a positive linear combination of A; and Ag,1, i.e., 0 lies between
01 and 6y 1. The property (4) of invariant functions implies that

-1

O(o1,0m) = O(ok,0k11) = (m — 1)0(01,02)
1

3

>
Il

for any m > 1. However, for m large enough, 6(o1,0p,) = (m — 1)8(0o1,02) > 7, a contradiction
with the property (1) of invariant angle functions.

(2). Suppose that (A, B) has only has only one eigenvalue A € R, and A < 0. The previous case
implies that 0((—A)*, BY) does not exist. If (A, B+) exists, then §((—A)*, BY) = n—0(A+, B1),
a contradiction.

(3). Suppose that (A, B) has only one eigenvalue A and A = 0. In this case, C' = A. There exists

an element g € GL*(n,R) such that
gA=A, ¢gB=B+A.
Thus

0(A+, BY) = 0(A+, (A4 B)Y) +0(BL, (A+ B)Y) > 0(A+, (A+ B)Y) = 0((g.4)%, (9.B)),
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a contradiction with property (2) of invariant angles.

(4). Suppose that the pencil (A, B) has exactly two distinct eigenvalues A\ and A, both A and B
are positive linear combinations of C' = A — AB and C' = A — NB. Lemma 3.4.0.2 implies the
existence of an element ¢ € GL™(n,R) such that g.A = B, g.C ~ C, and g.C’ ~ C'. Here, g.C ~ C

denotes that ¢.C differs from C by a positive multiple. Let A, = g'~*.A, and 6}, = Aﬁ, then
O(o1,0m) = (m —1)0(01,09),

similarly to case (1). The angle exceeds 7 for m large enough, leading to a contradiction with the
property (1) of invariant angle functions.

(5-7). Suppose that the pencil (A, B) has exactly two distinct eigenvalues A and )\, each of A and
B is either a positive linear combination of C' = A — AB and C' = A — M B, or a positive linear
combination of —C' and —C”. Then either (A, —B), (—A, B), or (—A, —B) is in case (4). Therefore,
6(AL, B+) does not exist.

(8). Suppose that the pencil (A, B) has exactly two distinct eigenvalues A and )\, where A is
a positive linear combination of C and C’, while B is a positive linear combination of —C and
C’. Note that C’ is a positive linear combination of A and B. Lemma 3.4.0.2 yields an element
g € GLT(n,R) such that g.C = sC, g.C' = s'C’, where s’ > s. The latter assumption implies that
g.A is a positive linear combination of A and C’, and ¢.B is a positive linear combination of B and

C’'. Consequently,
(3.11) (A", BY) = 0(A, (9.A)") +0((g.A)", (9.B)") + 6(B*, (9.B)") > 0((g.A)", (9.B)™),

which is a contradiction with property (2) of invariant angles.

(9-11). Suppose that the pencil (A, B) has exactly two distinct eigenvalues A and X', where A is
either a positive linear combination of C and C’, or a positive linear combination of —C and —C"’,
and B is either a positive linear combination of C' and —C’, or a positive linear combination of —C'
and C’. Then either (A, —B), (—A, B), or (—A,—B) is in case (8). Hence, §(A*, B1) does not
exist.

In conclusion, for all symmetric matrix pencils (A4, B) of type (3), (A1, B+) is not in the domain

of any invariant angle function. 0
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CHAPTER 4

Criteria for Disjoint Hyperplanes

To apply the ridge cycle condition introduced in Chapter 3 to a given convex polyhedron P in P(n),
we need to identify the ridges of P. We propose an algorithm to ascertain that a Dirichlet-Selberg

domain DS(X,I) satisfies the ridge cycle condition, where I'; C SL(n,R) is a finite subset:

(1) We initiate by taking a pair of elements g, ¢’ € T'; and perform a sub-algorithm, detailed in
Section 4.2, to determine whether the bisectors Bis(X, g.X) and Bis(X, ¢’.X) are disjoint.

(1’) As an alternative to step (1), we check the condition given in Section 4.3, which is formu-
lated in terms of the length and angles between X, ¢g.X, and ¢’.X. This condition implies
that the bisectors Bis(X, g.X) and Bis(X,¢'.X) are disjoint.

(2) For any pair (g,¢’) in I'j, if either the sub-algorithm in step (1) shows that Bis(X,g.X)
and Bis(X,¢'.X) intersect, or the condition in step (1’) does not hold, we assume that a
ridge r of DS(X,T) is contained in Bis(X,¢.X) N Bis(X, ¢ .X). Subsequently, we verify
the angle-sum condition for the ridge cycle [r].

(3) If the angle-sum condition is satisfied for all possible ridge cycles as in step (2), then

DS(X,T) satisfies the ridge-cycle condition.

We note that not every finitely-sided Dirichlet-Selberg domain meeting the ridge-cycle condition
can be conclusively identified by this algorithm. Nevertheless, the above algorithm gives a more
efficient approach than the thorough algorithm described in Chapter 5.

We will describe and prove the results mentioned in steps (1) and (1’) in the sections below.

4.1. A criterion for intersecting hyperplanes
We seck an equivalent condition for (),.; 0; # @, where Z is a finite set. Let A; € Sym,(R) be the

normal vector of o; for i € Z, we denote the collection of symmetric matrices,

A={A; € Sym,(R)|i € Z}.
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Moreover, we denote the collection of hyperplanes,
Y. ={o; CP(n)|i €I}
The definiteness of a collection of symmetric n X n matrices is defined as follows:

DEFINITION 4.1.1. We say the collection A = {A; € Symy,(R)|i € I} is (semi-) definite if there
exist numbers ¢; € R for i € I such that
A = Z CiAi
1€T

is a non-zero positive (semi-) definite matriz.

REMARK 4.1.1. The collection {A} consisting of a single n x n symmetric matriz is definite if and
only if A is either positive or negative definite. The collection {A, B} is definite if and only if the

symmetric matriz pencil (A, B) is definite.

We will need more notations, related to the Satake compactification P(n) C P(Sym,(R)) (See
Definition 2.1.7):

DEFINITION 4.1.2. For A € Sym,(R), define

N(A) = {X € P(Symn(R))[tx(4 - X) = 0},

and define AL =P(n) N N(A).
The main theorem of this section establishes a relationship between the definiteness of A = {4;}

and the emptiness of the intersection () A

THEOREM 4.1.3. The collection A = {A;}¥_, of n x n symmetric matrices is semi-definite if and
only if the intersection ﬂle A is empty. Furthermore, A is (strictly) definite if and only if
NAL = 2.

PRrOOF. Throughout the proof, we use the projective model of the space P(n).
First, we prove the statement for k = 1, i.e., A consists of a single matrix {A}. By applying the

SL(n,R)-action, we assume that A is a diagonal matrix diag(l,, —I4, Os) without loss of generality.
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We begin by assuming that A is definite, i.e., A = I,, or A = —1I,,. For any point in P(n) represented
by an n x n semi-definite matrix X, either tr(A.X) = tr(X) > 0 or tr(4.X) = —tr(X) < 0 holds.
In both cases, Al =g,

Next, assume that A is semi-definite but not definite, i.e., A = tdiag(l,,Os) with s > 0. In this
case, AL = @ for the same reason. However, the matrix X = diag(O,, I5) represents a point in
dsP(n) that satisfies tr(A.X) = 0, implying that AL is non-empty.

Lastly, assume that A is indefinite, i.e., A = diag(I,, —I;, Os) with p,q¢ > 0. A matrix X =
diag(I,/q,1,/p, Is) represents a point in P(n) that satisfies tr(A.X) = 0, implying that AL is
non-empty.

Having established the statement for & = 1, we now extend it to general k € N. We first assume
that A = {A;,..., Ay} is definite. By definition, there exist real numbers ¢; € R for i = 1,...,k

such that 3 ¢; A; is positive definite. If ﬂAiZl is non-empty, say X € () A, then tr(X.(3 ¢ 4;)) =
> citr(X.A;) = 0. However, the statement for & = 1 implies that tr(X - (3] ¢;A4;)) > 0, leading to
a contradiction.

Next, assume that A is semi-definite but not definite. Then ﬁAZL = @, for the same reason
as in the previous case. On the other hand, if ﬂAilL is empty, then the subspace (N (4;) C
P(Sym(n)) is disjoint from the closed convex region P(n) C P(Sym(n)). Therefore, there exists
a support hyperplane N(B) C P(Sym(n)) such that (\N(4;) € N(B) and N(B)NP(n) = @.
The first condition implies that B € span(A,..., Ax), while the second condition, together with
the statement for k£ = 1, implies that B is definite. However, our assumption that A4 is indefinite
contradicts this conclusion.

Lastly, assume that A is not semi-definite. Analogously to the previous case, if ) AZ-L is empty, there

exists a supporting hyperplane N (B) C P(Sym(n)) such that [ N(A;) € N(B) and N(B)NP(n) =

@. This leads to a contradiction for a similar reason. O

We focus on the case k = 2. If two hyperplanes A+ and B are disjoint, we have the following

supplement to Theorem 4.1.3:

LEMMA 4.1.3.1. If two hyperplanes A+ and B* in P(n) are disjoint and (A, B) is regular, then all

generalized eigenvalues of (A, B) are real numbers.
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This result is needed to prove the classification theorem in Section 4.2. The proof of Lemma 4.1.3.1

requires some algebraic results.

LEMMA 4.1.3.2. Suppose that ty is a real generalized eigenvalue of a symmetric n X n matriz pencil
(A,B). We define a continuous function A(t) in a neighborhood of t = to such that A(t) is an
eigenvalue of A — Bt and \(tp) = 0.

Then, in a neighborhood of t = tg, the function \(t) can be expressed as a product:

At) = (t —t0)"p(t),

where s € Ny and p(t) is a continuous function with p(to) # 0.

PROOF. The graph of A = A(¢) locally represents a branch of the algebraic curve { (A, t)|det(AI+

tB — A) = 0}. Thus, A(t) has a Puiseux series expansion

M) = 3 It — to)"

n>s
in a neighbourhood of (A, t) = (0,tp), where s and d are positive integers, and I5 # 0.
If d > 2, then this algebraic curve has a ramification of index d, denoted by A(*) (¢) = D on>s lpe2kmi/d(t—
to)” e k=0,...,d—1 (see, e.g., | ]). Some of the branches take nonreal values in a punctured
neighborhood of t = ty. However, for any t € R, all eigenvalues of the real symmetric matrix A— Bt

are real, which leads to a contradiction. Hence d = 1, and

A(t) = (t—t0)* S La(t — o)™ = (¢ — to) (1)

n>s

in a neighborhood of ¢ = ty. Moreover, ¢(tg) = s # 0. O

PROOF OF LEMMA 4.1.3.1. First, we assume that A+ and BT are disjoint. Theorem 4.1.3
implies that the pencil (A, B) is (strictly) definite.
Let A" and B’ be another basis of span(A, B), such that B’ is a positive definite matrix. By Lemma
2.3.3.1, it suffices to prove that all generalized eigenvalues of (A’, B’) are real.
Suppose that the polynomial det(A’ — ¢B’) has distinct real zeroes t; of multiplicity r;, where

i=1,...,k. For each i, there is a neighborhood U; D t;, on which the eigenvalues of (A" —tB’) are
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smooth functions \;(t) of t, j = 1,...,n. Thus,

det(A" — tB') f[

By Lemma 4.1.3.2, if \;(¢) changes sign at ¢ = t;, then \;(¢) has a factor (¢ —t;). Since the
multiplicity of the zero t = t¢; of det(A" — tB’) is r;, at most r; eigenvalues change their signs at
t = t;, meaning the signature of A’ — tB’ changes by at most 2r; at t = ¢;.

As B’ is positive definite, there exists a number M < oo such that the matrix (A’4+ M B’) is positive
definite, and (A’ — M B’) is negative definite. Therefore, as t changes from —M to M, the signature

of (A" — tB’) increases by 2n. Hence,

k
Z 2r;) <22m < 2.

i=1
Consequently, > r; = n, implying that all zeroes of (A" — tB’) are real. Thus, all the generalized
eigenvalues of (A’, B’) are real.
Now we assume that A+ and B~ are disjoint. We approximate (4, B) € (Sym.,(R))? by a sequence
{(Ai, B;)}2, consisting of strictly definite matrix pencils. As discussed earlier, all generalized
eigenvalues of (4;, B;) are real. Since the generalized eigenvalues of (A, B) are the limits of those

of (4;, B;) as i — oo, all the generalized eigenvalues of (A, B) are real as well. O

4.2. Classification and algorithm for disjoint hyperplanes

The following theorem is the main result of this section, which characterizes pairs (A, B) of sym-

metric matrices such that the hyperplanes A+ and B~ are disjoint in P(n).

THEOREM 4.2.1. Hyperplanes A+ and B+ in P(n) are disjoint if and only if either of the following
holds, up to a congruence transformation of (A, B):
(1) The matriz pencil (A, B) is diagonal and semi-definite.
(2) The matriz pencil (A, B) is block-diagonal, where the blocks are at most 2-dimensional.
Moreover, all blocks (A;, B;) of dimension 2 share the same generalized eigenvalue X\, while

A — \B is semi-definite.

LEMMA 4.2.1.1. Suppose that Ay, By € Symp,(R) and A = diag(Ap,O),B = diag(By,0) €

Symn(R). Then At N BL = & if and only if Ay N By = @ (in P(m)).
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PROOF. On the one hand, if Xo € Ay N By, then X = diag(Xo, I,—m) € A* N B+. On the
other hand, if X € A+ N Bt = diag(Ag, Op—m)* Ndiag(Boy, On_m)*, suppose that

X X5

X, Xj
where X7 is a m X m matrix. Then X; is positive definite, and ¢ - X7 € A& N BOL for certain

c>0. O

PROOF OF THEOREM 4.2.1. The “if” part is straightforward. The “only if” part of the proof
is divided in two cases, depending on whether (A, B) is regular.
Case (1). Suppose that (A, B) is a regular pencil. Without loss of generality, assume that B is
invertible. Lemma 4.1.3.1 implies that all generalized eigenvalues of (A, B) are real. By Lemma
2.3.3.1, up to a congruence transformation, we can assume that (A, B) is a real block-diagonal
matrix pencil, and B~ A is a real matrix in Jordan normal form. Moreover, the dimensions of the
blocks of (A, B) are the same as those of the Jordan normal form B~1A.
Suppose that the Jordan normal form B~'A contains a block J; = J \;,d; of dimension 3. Lemma

2.3.6.1 implies that
0 0 «a 0 00

Bi=10 a b|, A—=ABi=|0 0 af-
a b ¢ 0 a b

for real numbers a, b, c. Moreover, a # 0 since B is invertible. Therefore, all elements in span(A4;, B;) =
span(B;, A; — M\;B;) are indefinite, i.e., the pencil (A, B) is indefinite. By Theorem 4.1.3, A+ and
Bt intersect. Similarly, A+ and B intersect if the Jordan normal form B~'A contains a block of
dimension greater than 3.

Suppose that the Jordan normal form B~'A contains a block J; = J. \i,d; of dimension 2. Similarly
to the previous case, elements other than B; — \;A; in (A;, B;) are indefinite. Thus, if A+ and
B are disjoint, i.e., (A, B) is semi-definite, then B; — \;4; is the unique semi-definite element in
the pencil (A;, B;). Therefore if (A, B) is semi-definite, all blocks of dimension 2 share the same
eigenvalue A\, and B — AA is a semi-definite matrix. In this case, the matrix B — \A is diagonal

since all 2-dimensional blocks B; — A\; A; are diagonal.
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Suppose that the Jordan normal form B~'A is diagonal, i.e., both A and B are diagonal. Hyper-
planes A+ and B' are disjoint if and only if (A, B) is semi-definite.

Case (2). Now suppose that the matrix pencil (A, B) is singular. According to Lemma 2.3.6.2,
(A, B) is congruent to both

A O O B1 By O
(4.1) rfap=|0 o ol|., P'BP=|BF 0 0|,

O 0 O O O B
and

Al A, O B, O O
(4.2) PTAP' =|aFr o o], P'BPP=|0 0 o],

O O As O O O

where Ay, B3, Ay and Bj are invertible.

Suppose that both A% and By # O. The nonzero AY implies that A contains an indefinite principal
minor, thus A is indefinite. Consequently, A; is also indefinite.

We proceed to construct a positive definite matrix that is orthogonal to both A and B. According
to Theorem 4.1.3, A7 is nonempty. Let X; € A{ and choose X3 to be an arbitrary positive definite
matrix of the same size as Bs. As By # O, there exists a matrix X of the same size as By such
that 2tr(Xs- BY) +tr(X; - By)+tr(X3- Bs) = 0. Since X is positive definite, there exists a positive

definite matrix X4 such that

X1 X
X5 Xy
is positive definite. Hence,
X, Xo O X1 Xo O

xr' x, o|>0,x=P (xT x, o] -PTeatnB"
O 0 X3 O 0 X3

For the reason above, AL and B are disjoint only if either A} = O or By = O. Without loss of

generality, suppose that By = O, then (A, B) is congruent to (diag(Ao, On—m), diag(Bo, On—m)),
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where (Ao, By) := (diag(A1, O), diag(Bi, Bs)) is an invertible pencil of dimension m. According to
Lemma 4.2.1.1, the condition A N Bt = @ is equivalent to AOL N BOL =g.
Therefore, A-N B+ = @ only if either of the two cases in Theorem 4.2.1 holds for the regular pencil

(Ao, Bp). Consequently, either of the two cases holds for (4, B) as well. O

To check if two hyperplanes A+ and B are disjoint, we describe the following algorithm derived
from the proof of Theorem 4.2.1.
Algorithm for certifying disjointness of two hyperplanes. For given normal vectors A, B €

Symy,(R) of hyperplanes in P(n), the following steps ascertain if A+ N B+ = &.

(1) Determine if (A, B) is regular by computing the coefficients of the polynomial det(A—t¢B).

(2) If (A, B) is regular, assume that A is invertible without loss of generality. Compute the
Jordan normal form of A~'B = PJP~! using the standard algorithm.

(3) If any Jordan block of J has dimension > 3, then A+ and B* are not disjoint.

(4) Otherwise, compute Ay = PTAP and By = PTBP. If J has blocks of dimension 2, check
if all these blocks share the same eigenvalue A and if the diagonal matrix Ag — ABjg is
semi-definite. This condition holds if and only if A+ N B+ = @.

(5) If J is diagonal, both Ay and By are diagonal. Check if Ay and By have a positive
semi-definite linear combination. This condition holds if and only if A+ N B+ = @.

(6) If (A, B) is singular, compute the standard form of (A4, B) as in equations (4.1) and (4.2)
following the algorithm described in | ].

(7) In the standard form mentioned above, if both matrices By and A} are nonzero, then A+
and B are not disjoint.

(8) Otherwise, assume that Bo = O. Let Ag = diag(A;,O) and By = diag(Bi, B3), then the
matrix pencil (Ag, By) is regular. Check if A5 N B = & by performing steps (2) to (5).

According to Lemma 4.2.1.1, this is equivalent to A+ N B+ = @.

4.3. A sufficient condition for intersecting bisectors

In this section, we formulate a sufficient condition for disjointness of bisectors Bis(X,Y) and
Bis(Y, Z) in terms of the distances and angle between X,Y and Z € P(n). A similar condition

was proven in the context of hyperbolic spaces | ]:
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PROPOSITION 4.3.1. Bisectors Bis(z,y) and Bis(y, z) in H" are disjoint if cosh £ sin ¢ > 1, where

L = min(d(z,y),d(y, 2)), and o = Lzxyz.

This disjointness condition implies a quasi-geodesic property of piecewise geodesic paths in H"

which is utilized in the Kapovich-Leeb-Porti (KLP) algorithm | | for hyperbolic spaces. For

symmetric spaces of higher rank, the quasi-geodesic property in the KLP algorithm requires that

the vector-valued distances da (Y, X) and da (Y, Z) are away from the boundary of the model Weyl

chamber A of P(n) (see Subsection 2.1.4).

To formulate a sufficient condition for the disjointness of Selberg’s bisectors Bis(X,Y') and Bis(Y, Z),
it appears that the vector-valued distances da (Y, X) and da(Y, Z) must be away from certain hy-

perplanes in A, in contrast with the result mentioned above:
DEFINITION 4.3.1. We divide the model flat Fy,0q of P(n) into (2™ — 2) chambers, denoted by
AT = {X = diag(x;) € Froal0 < 2; <1, Vi€ Z; ;> 1, Vi¢ T}

For any number t € (0,1), define

min | log z;|

Al ={XxenT|— =2 >4,
max | log z;]|

AT is a cone contained in the chamber AT and is away from the chamber boundary.

Consider a given point Y € P(n) and a given maximal totally-geodesic flat submanifold F' 3 Y in
P(n). Subsection 2.1.4 implies that there exists an element g € SL(n,R) that maps F' to the model
flat F},,,q and maps Y to the identity. As I = ¢.Y = (Y/2g)T(Y1/2g), we have that Y/2g € SO(n).

THEOREM 4.3.2. Let X,Y, Z be points in P(n), and L = min(s(Y, X), s(Y, Z)). There exist elements
gx and gz € SL(n,R) that map Y to the identity and map X and Z into Fyeq, respectively. Let 6
be the mazimum angle between the corresponding column vectors of Y'/2gx and Y'/2%g, € SO(n).
Suppose that there is a number t € (0,1) and a subset Z C {1,...,n} such that the points gx.X €
AL, g7.7 € AF, and

4.3 .
(43) cosf —/n—2sinf — n—1

Then the bisectors Bis(X,Y) and Bis(Y,Z) in P(n) are disjoint.
95

— . . t/2
14++v/n—2sinf < Vi <L 1) .



Lemmas for proving Theorem 4.3.2 are presented below.

LEMMA 4.3.2.1. Let X = diag(w;) € A and s(I,X) > L. For anyi € T and j € I¢,
ot — 1 <L—1>t
T 2t :
\xj — 1] n—1

Proor. Without loss of generality, assume that Z = {1,...,k}, where k < n. Since X € A7,

there exists v > 0 such that
et <gi<ed, Wik e v<ug<e ™ Vi<k.
Since s(I, X) => z; > L,
(n—k)(e*—1)>L—ke ™ —(n—Fk)>L—n.

Let e* — 1 = v, then

For any i € 7 and j € Z€,
o7t =1 et —1  (1+wv)t-1
ot =1 T l—et 1 (L4w)7l

It is self-evident that

(I+v)f -1 ( v)' — t t
— = (1 . > (1 —(1 =t(1 .
(o) (14wv) a v)—l_( +v)—(1+4v) (14 wv)
Therefore,
1 t
-1 L1
|x11 |2t(1+v) >t
|z — 1 n—1
]
g1 g2 1
LEMMA 4.3.2.2. Suppose that g = € SO(n), where g1 € Maty(R). Then, g = g+g9_",
g3 94
where
e R R R r o
9+ = ) g- = 1 1
0] I —94 93 9y



PRroOOF. Notice that

g1 g2 I 0 91— 929193 9291 "

93 91) \~91'93 a;' 0 I
It suffices to prove that (g7 1)T = g1 — g2g; ‘g3 and (97 1) g3 = —gog; - Indeed, since gTg = I, we
have
9192+ 9391 =0,
therefore
(91 95 = —(97") " (91 9291") = —g291 -
Since ggT = I, we have
9191 + 9203 =1, g3g1 + gag2 = O,
therefore
)T

()T =91+ 9203 (07 )T = 91 — 92097 L9390 (07 )T = 91 — 9297 195

LEMMA 4.3.2.3. Dezine
o,.(A) = max a;il, o0¢(A) = max ;i
(4) ; jE 1 |agj| (4) ¢ ; 1 |agj|

for a matriv A = (a;5) € Mat,(R). If there exist elements A, B € Mat,(R) such that 0,(A) < a

and 0,(B) <b, then o.(AB) < ab. A similar conclusion holds for o..

PROOF. We present the proof for o, only. For any 1 < ¢ < n,

n

D

J=1

n

< S aanllbggl =D lawl | D bigl | <D lai] b < ab.
k=1

Gk=1 k=1 j=1

n
E by

k=1

Thus, 0,(AB) < ab. O

LEMMA 4.3.2.4. Consider a matriz A = (a;;) € Mat,(R), where ai; > a and 3, |ai;| < a’ for all
1

- A similar

i=1,...,n, and a > a' are real numbers. Then A is invertible, with o.(A™') <

conclusion holds for o.
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PRrROOF. We provide the proof for o, only. It is well-known that diagonally dominant matrices

are invertible. For such a matrix A, we have
A7l = A AT

where
Ay = diag(a;;"), Az = (ai;/ai)} -

The entries of A; are bounded by a~!, thus o,.(4;) < a~!. Moreover, note that

o0

AP =1 - Ay,

k=0
while the lemma assumption implies that o.(I — A3) < a//a. By Lemma 4.3.2.3, o,.(I — A2)F <
(a’/a)¥ for any k € N. Therefore,
or(43") <Y (d/a) =1/(1 —d'/a).
k=0

Using Lemma 4.3.2.3 again, we conclude that

- _ 1
or(A7h) < or(A)or(4;1) < ——.

PROOF OF THEOREM 4.3.2. Applying the SL(n,R) action, we can assume that Y = I, X is
diagonal, and Z = {k+1,...,n}, where 1 <k <n. Then gz := g = (¢55) € SO(n). Lemma 4.3.2.2
implies a decomposition g = g4 g~'. Since g € SO(n), i.e., g.I = I, we have g_.I = g,.I. Denote
the diagonal matrices X = X and g.Z = Zo, then (¢7')T € GL*(n,R) takes X to (g;")T.Xp, and
takes Z = ((9=")Tg¥L).Zo to (=) Zo.

The theorem reduces to
Bis((g7") " Xo, (971" 1) N Bis((9=")" . Z0, (9-")".1) = 2,
or equivalently,

) (9+-(Xg ' =) N (9--(Zy ' = 1I)*" =2,



under the assumption (4.3).

Let Xy = diag(x;) and Zy = diag(z;). Then,
Xyt - I =diag(z; ' — 1), Zyg' -1 =diag(z; ' —1).
Since s(I, X), s(I,Z) > L, Lemma 4.3.2.1 implies that for any i < k and j > k,
;! =1 L—1\' |51 -1 L-1\*
-1 >t ) 1 >t .
A CEY R F TR U

Thus, there exist positive constants ¢, and c, such that for any ¢« < k and j > k,

L-1\'
cx(az-l—l)zt-< >, —1<ec(z;t=1)<0.

J n—1 !
(4.4) .
-1 L-1 -1
ez —1)>t- 1) —1<e(z —1)<0.
If we let
(gD —(gr")Teg
h = (hij) = 1_1 1_1 :
—94 93 9y
then h is decomposed as h = hglhb, where
T 19) I _ T
[ e By T %
O g -g3 1

The assumption of the theorem implies that the angle between e; and the i-th column vector of g

is at most 6, i.e., the diagonal elements of h, are no less than cos. For i < k,

> Igij\ﬁ\/(kl) > g% <V/(k—1)sing < /(n—2)sin.

JFLI<k JFuLj<k

Similarly, for i >k, 7. ; i~ |9i5] < /(n —2)sind. Hence, by Lemma 4.3.2.4:

1
cosh —/n—2sinf

Moreover, the assumption of the theorem implies that o,(hs), oc(hy) < 1+ +/n — 2sinf. Applying

or(h;1), oc(h;l) <

Lemma 4.3.2.3, we deduce that

1++v/n—2sinf
cosh —/n—2sinf
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We establish the condition (*) by proving the positive definiteness of the linear combination ¢, -

gr-(Xg =D+ g-(Zyt = T). Let cp - g+.( X5 — 1) = (&;) and ¢, - g—.(Zy !

1 < k, we have the following inequalities:

Hence,

&ii + i > t((L —

>Zar |hll|_zhlz>Z|hl]||hll’_zhlz_ Do Thullhigl = 1 + Gl

i =Y hiie ' =1) > =Y " hi,

1<k 1<k

SOl < D0 allhggllay =11 < > (hallhgl,

i i, 1<k J#i, 1<k

Gi= (5" =1+ > hi(z = 1) = t(L—1)/(n—=1))" = > hi,
1>k >k

DGl < D Thuallhullz = 10< D V-

i j#i, 1>k j#i, 1>k

. 2 n
1/(n - 1)) Zhh_< e I S BTN
=1

cosf —+v/n—2sin6

j#i,1<1<n ji

— 1) = (Gy). For

n

=1

For i > k, the inequality & + i > >2;;|&; + Gij| holds analogously. This implies that ¢, -

g+-(Xg = I)+e.-g-(Z5"

Theorem 4.1.3, Bis(X,Y) and Bis(Y, Z) are disjoint.
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CHAPTER 5

Algorithm for Computing Dirichlet-Selberg Domains

This chapter aims to present a sub-algorithm for step (2) of Poincaré’s algorithm for SL(n,R),
as described in Subsection 2.2.4. Specifically, for a given point X € P(n) and a given finite set
Iy ={g1,...,9x} € SL(n,R), we seek an algorithm that computes the poset structure of faces of

the Dirichlet-Selberg domain
P=DS(X,T)) ={Y e P(n)|s(Y,X) < s(Y,¢;.X), V1 <i <k},

where the inclusion relation between faces serves as the partial relation on F(P). The Dirichlet-
Selberg domain DS(X,I';) can be expressed as the intersection of k half-spaces in P(n):

DS(X,T)) = (n] H;

i=1
where

H;={Y € P(n)[tr(((g:.X)"' = X~1)-Y) > 0}.

Thus, we pose a more general question:

QUESTION 5.0.1. Describe an algorithm that computes the poset structure of the P(n)-polyhedron

k
P=()Hi, Hi={Y € P(n)ltr(4;Y) > 0},
=1

for the given elements Ay, ..., Ax € Sym,(R).

We need to choose an appropriate computational model for such an algorithm. Following the
work of Epstein and Petronio [ |, we adopt the Blum-Shub-Smale (BSS) computational
model | | for our algorithm. In the BSS model, arbitrarily many real numbers can be stored,
and rational functions over real numbers can be computed in a single step. We assert that a BSS

algorithm exists that computes the poset structure of finitely-sided convex polyhedra in P(n):
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THEOREM 5.0.2. There is a BSS algorithm with an input consisting of a point X € P(n) and a
finite list of elements A}, ..., AL, € Symy(R) which yields an output describing the poset structure
for the face set F(P), where
k/
P = ({Y]tr(4}Y) > 0}.

i=1
Specifically, the output consists of the data A, LT, LP° and L5*™P, where
(1) A={Ay,..., Ay} is a subset of the input set {A},... AL}
(2) L1 is a two-dimensional array comprised of numbers from the set {1,...,k'}, describing
the set {Fy,...,Fy} of faces of P. Specifically, L1 is a 2D array {L{ace,...,Lf;fce},
where m = |F(P)|, and such that

span(F;) = ﬂ A, 7=1,...,m.
ierfece

(8) LP°% is a two-dimensional array comprised of numbers from the set {1,...,m}, describing

the inclusion relation among the faces of P, namely
L ={1<1<m|l C Fj}, j=1,....,m.

(4) L*¥™P is an array of elements in P(n) serving to describe sample points associated with
the faces of P:

L™ e Fy, j=1,...,m.

We will describe the algorithm claimed by Theorem 5.0.2 in the subsequent sections.

5.1. Sample points for planes of P(n)

In this section, we describe an essential step of the algorithm claimed in Theorem 5.0.2. This
sub-algorithm is designed to check the emptiness of the intersection of the given hyperplanes and

to yield a sample point in this intersection.

LEMMA 5.1.0.1. There is a numerical algorithm with an input consisting of matrices Ay, ..., A; €

Symp(R), yielding the following outcome:

o [f the intersection ﬂﬁzl A = @, the algorithm outputs false.
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o If ﬂi‘:l Af- is mon-empty, the algorithm outputs true and provides a sample point in

l
Niz1 A -
We utilize the following lemma to prove Lemma 5.1.0.1:

LEMMA 5.1.0.2. Suppose that By, ...,B; € Sym,(R) are linearly independent matrices, and that
span(By, ..., B;) contains an invertible element. Then span(Bi, ..., B;) contains a positive definite

element if and only if

(5.1) > 4B >0

holds for a real and isolated critical point (z}, . .., zk) of the homogeneous polynomial P(x!, ... x') =

det(> 2 B;) restricted to the unit sphere S!=1.

PROOF. The “if” part is self-evident. To prove the “only if” part, we assume that X' = >_ 2" B;
is a positive definite element in span(Bi,. .., B;), where (2') := x’' # 0 € R,
We first show the existence of a critical point of P|gi—1 satisfying (5.1). Without loss of generality,
we assume that x’ is a unit vector. Let ¥ be the connected component of S/1\{P(z!,... 2!) = 0}
containing b. Since X’ = Y 2/'B; is positive definite, > #'B; is also positive definite for all
x = (2%) € X. Furthermore, as P|gs = 0, ¥ contains a point xo = (z})) which is a local maximum
point of P|gi-1. Consequently, X is a critical point of P|gi-1 with Y x{ B; being positive-definite.
We proceed to show that the critical point x¢ = (:c(l), . ,xf)) is isolated. Suppose to the contrary
that the critical set of P|gi—1 contains a subset S C S!~!  which is an algebraic variety with
dim(S) > 1 and x¢ € S. By replacing x¢ with another point in S, we assume that x¢ is a regular
point in S. Consequently, xgo is contained in a smooth curve x : (—¢,¢) — S'™1, where x(t) is a
critical point of P|gi—1 for each t € (—¢,¢€).

The smooth function x admits an expansion:
x(t) = xo + tyo + t*zo + O(t%),
where yg # 0. Since the curve x lies in the unit sphere,

! ! !
o 1 .

" xhy =0, > x626+§§ (yh)> =0,

i=1 i=1 =1
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2
implying that both yg and zg + @xo lie in TXOSlfl. Since x¢ is a critical point of P|gi-1,
the derivatives of P at xo along both yo and zg + MXO vanish. By letting X (t) = Y 2%(¢) B,
Xy = ngBi, Yy, = ZyéBi, and Zp = ZzéBi, the vanishing of these directional derivatives is

formulated as

2
Iyl

_ _ _ n
tr(XO 1YO) = Oa tr(XO 1ZO) = (XO 1X0) = 7§”y0||2

On the other hand, since the points x(t) = (z'(t),...,2'(t)) are critical points for —¢ < t < ¢,
Sard’s Theorem implies that det(X(¢)) = P(x(t)) = P(x0) = det(Xy), leading to:

DAi=0 D AN+ =0,
=1 1

1<i<j<n i=

where A\; and u;, ¢ = 1,...,n are eigenvalues of Xo_lYo and Xo_lZg7 respectively. Since Xo, Yy and
Zy are real symmetric matrices, \; and p; are real numbers. Combining the equations above, we

obtain that

n n n l
0<Y A =0 2=20 ) =2> i =2tx(X;"'Z0) = —n Y _ [lyoll* <0,
i=1 i=1 i<j i=1 i=1
which is a contradiction. OJ

PROOF OF LEMMA 5.1.0.1. Suppose that Ay,..., A; € Sym,(R) is the input, and {By, ..., By}

is a basis for the orthogonal complement of span(Aj, ..., 4;) in Symy(R). Then,

l
ﬂ A} = span(By, ..., By) N P(n).
i=1

If P(21,...,2y) = det(> 2°B;) = 0, neither matrix in span(By, . . ., By) is strictly definite, implying
that ﬂﬁzl A is empty.

Otherwise, P(x1,...,xy) is a homogeneous polynomial of degree n in variables x1,...,zy. Since
S'~1 is compact, the restriction of the polynomial P(x1,...,2y)|gr—1 has finitely many isolated
critical points, and there exist well-known numerical BSS algorithms to find them, e.g., | ].
Let x1,...,X,, denote these isolated critical points, where x; = (:L'jl, e ,xé) It m;Bl is positive

definite for a certain j € {1,...,m}, Lemma 5.1.0.2 implies that ﬂﬁzl Ai is non-empty with a
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sample point ) x;Bz Conversely, if > a;;BZ is not strictly definite for all j, Lemma 5.1.0.2 implies

that ﬂizl AZ-l is empty. The algorithm we described terminates within a finite number of steps. [

5.2. Situations of face and half-space pairs

Similarly to the case of hyperbolic spaces (cf. | ]), the algorithm claimed in Theorem 5.0.2
will involve a step determining the “situation” of pairs (F, H). Here, F is a face of a given convex
polyhedron P, and H is a given half-space in P(n). We begin by defining the relative positions of

such pairs:

LEMMA 5.2.0.1. Let P be a polyhedron in P(n), and H be a half space in P(n). For any face
F € F(P), one of the following relative positions holds for the pair (F, H):
(1) The face F lies on the boundary of H, i.e., F C OH.
(2) The face F' lies in the interior of H, i.e., F' C int(H).
(3) The face F lies in H and meets its boundary, i.e., F C H, FNOH # &, and FNint(H) #
.
(4) The face F lies in HS, i.e., FNH = &.
(5) The face F lies in (int(H))® and meets its boundary, i.e., F Nint(H) = @, F N0H # O,
and FNH® # @.
(6) The face F crosses OH, i.e., FNint(H) # & and F N H® # &.

Here HC refers to the complement of H.

PROOF. There are 8 cases regarding whether FNH®, FNOH, and FNint(H ) are empty. Among
these cases, it is impossible for all three intersections to be simultaneously empty. Furthermore, if
both F'N H¢ and F Nint(H) are nonempty, then F' N OH must also be nonempty. The remaining

six cases correspond to the six relative positions listed in the lemma. O

DEFINITION 5.2.1. Let H be a half-space and P be a convex polyhedron in P(n). Fori=1,...,6,
we denote fg)(P) as the set of faces F' € F(P) such that (F, H) belongs to relative position (i).

As described in the following lemma, the relative position of a pair (F, H) is determined by the

relative positions of pairs (F’, H), where F’ are all proper faces of F.

LEMMA 5.2.1.1. Consider a half-space H and a polyhedron P in P(n). Let F' € F(P), such that

OF # @, F # H, and F # H¢. Then, the relative position of (F, H) is determined as follows:
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(1) If F has a proper face F' € ]—‘}?)(P), then F € Fg)(P).

(2) If F has a proper face F| € Fl(f)(P) U fS)(P) and another proper face Fj € .7:1(;)(]3) U
FOUP), then F € FO(P).

(8) If the previous two cases do not apply and F has a proper face F' € Fg)(P) U fg)(P) U
FOUP), then F e FP(PYUFPD (P)UFD (P).

(4) If F' € .7-"1({2)(P) for all proper faces F' of F, then F &€ .F}IG)(P) if FNOH # @, and
FeF2(P)if FnoH = 2.

(5) If F' € fg)(P) for all proper faces F' of I, then F € ]:J(L?)(P) if FNOH # &, and
FeF(P)if FNoH = o.

PRrROOF. Case (1). If a proper face F’ € ]-"gi)(P), then F'Nint(H) contains F' Nint(H ), which
is non-empty, and F' N H® contains F’' N H¢, also non-empty. Therefore, F' € f}?)(P).
Case (2). If a proper face F| € .7:[({2)(P) U .7:1({3)(1:’), then F' Nint(H) contains F{ Nint(H), which
is non-empty. Additionally, if another proper face Fj € F I(;l )(P) U FS’)(P), then F'N H€ contains
F} N H€, which is also non-empty. Therefore, F' € F 1(1? ) (P).
Case (3). Suppose that neither case (1) nor case (2) occurs. If a proper face F' € fg)(P) U
FOPYUFD(P), we claim that F ¢ FO(P).
IfF' e ]-"]({3) (P), then OH meets F' at OF', thus 0H N F’ is a proper face of F” in ]-'}})(P). Similarly,
if F' € F2)(P), then 9H N F' is also in F4)(P). This implies that 9F N OH # @ holds. Since
F # H and F # HE, neither F O int(H) nor F > H® is satisfied. Therefore, if F € F\0)(P), then
OF Nint(H) # @ and OF N H® # &. However, this condition has been excluded by the two cases
above.
Since F'NOH contains F' N JH, which is non-empty, F € f}{l)(P) U fg’) (P)U fs)(P).
Case (4). If F' € .Fg)(P) for all proper faces of F', we have that 0FNOH = UF{EJC(F) (F/NoH) =
o. If Fe ]:S) (P), then the conditions F' C H and F N OH # @ imply that OH meets I on the
boundary of F', which is a contradiction.

For any proper face F/ C F, F Nint(H) contains F’ N int(H ), which is non-empty. Knowing that

F¢ fg’)(P), we have either F' € fg)(P) or F e ]-';?(P), depending on whether F'N0H is empty.
Similarly, the claim holds if we replace F I(f ) (P) with F I(;L )(P). O
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5.3. Output data for the new polyhedron

Suppose that we have determined the relative position of (F,H) for all F € F(P) for a given
polyhedron P and a half-space H in P(n). We will then compute the output data required by
Theorem 5.0.2 for the intersection P N H, namely the lists L€, LP°% and L**™P describing the
face set F(P N H), the poset structure on F(P N H), and sample points of the faces in F(P N H),

respectively. The set of faces F(P N H) is characterized by the lemma below:

LEMMA 5.3.0.1. Let P be a polyhedron and H be a half-space in P(n). Then F(PNH) consists of:

e Faces F' € ]:](Lll)(P) U ]:g)(P) U ]:S’) (P), and
o Intersections F N H and F'NOH, where F € .7:[({6)(P).

PROOF. The polyhedron P in P(n) is described as the intersection ﬂi-:ll H;, where H; =
{tr(Y-A;) > 0} fori =1,...,k—1, each H; is a half-space in P(n). Let H = Hj, = {tr(Y - Ay) > 0}.
A face F' of PN H = ﬂle H; can be expressed as

F ={Y eP)|tr(Y - A;) =0, Vie T, t(Y - A;) > 0,¥j € T},

where Z and J are disjoint subsets of {1,...,k}. Here, we assume that the matrices A; for i € T
are linearly independent, and the set of inequalities tr(Y - A;) > 0 is irredundant. We consider
three cases: when k ¢ ZU J, when k € Z, and when k € J.

If k ¢ TUJ, then F' is a face of P. Since F' ¢ PNH C H, F' € FP(P)UFP(P)u FP (P).

If £ € Z, the set

F={Y e P(n)[tx(Y - A;) = 0,¥i € T\{k}, tx(Y - A;) > 0,Vj € T}

is a face of P, and F' = FNOH. Since F N OH is non-empty, F' ¢ fg)(P) U Fg)(P). Since the
equations defining F’ are irredundant, F’ = F NOH is not a face of P, implying that F' € F 1(1? )(P).
If £k € J, the set

F={Y e Pm)ltr(Y - A;) =0,Vi € T, tr(Y - A;) >0,V € J\{k}}

is a face of P, and F/ = F N H. Since the inequalities are irredundant, F’ C F, thus F'N H® is

non-empty. Moreover, '\ H # F NOH. These together imply that F' € .FJ(LIG)(P).
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On the other hand, if F € F'(P) U FP(P)u FP(P), then F ¢ PN H, implying that F ¢
F(PNH). IfFe fgi)(P), both F'N H and F NOH are subsets of PN H, implying that FF N H
and F NOH € F(P N H). O

The poset structure of F(P N H) is described in the following lemma:

LEMMA 5.3.0.2. Let P be a polyhedron and H be a half-space in P(n). For a given face of PN H,

we categorize its proper faces:

e For F € Fg)(P) U J—"}?)(P) U fs)(P), the set of its proper faces in F(P N H) remains
unchanged compared to those in F(P).
e For F e ]-"I(f) (P), the proper faces of F N H include:
— Proper faces F' of F where F' € fg)(P) UFI(?)(P) UFS’)(P),
— Intersections F' N H and F' N OH, where F' € fl(f)(P) is a proper face of F, and
— The intersection F N OH.
e For F e fgi)(P), the proper faces of F'NOH include:
— Proper faces F' of F where F' € .7:1(;)(]3), and

— Intersections F' N OH, where F' € ]:I(f) (P) is a proper face of F.

PrOOF. A face of F'N P falls into one of the three cases listed in Lemma 5.3.0.1. On the one
hand, it is evident that the faces of P N H enumerated in Lemma 5.3.0.2 are proper faces of F',
FNH, or FNOH, respectively. On the other hand, we aim to show that these are indeed all
possible proper faces of F', F N H, or F'N0H, respectively.

Proper faces of F € ]:]({1)(]3) U .FI({Z)(P) U ]-"S’)(P). If F’ is a proper face of F' in F(P), it follows
that F” is also in F(P N H).

Proper faces of FNH, F € FS) (P). Proper faces F” of FN H are faces of PN H. We consider
three cases according to Lemma 5.3.0.1:

(1) If F” is a face of P, then F” € fg)(P) U]—‘S)(P) U]:IS)))(P). Since " CFNHCF, F"isa
proper face of F' in F(P).

(2) Suppose that F” = F' 0 H, where F' € FO(P). Since (FFNF)NH C F'NH = (F'NH)N
(FNH)=(F'NF)NH, replacing F' with F' N F maintains F’ N H. Hence, we can assume that

F' is a face of F. Furthermore, F' N H C F'N H, implying that F’ is a proper face of F.
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(3) Suppose that F” = F' N OH, where F' € .7:[(?) (P). Analogously, (F'FNF)NOH C F'NoH =
(FFNOH)N(FNH)=(F' NnF)NJH, thus replacing F’ with F/ N F maintains F' N 0H. Hence,
we can assume that F’ is a face (not necessarily proper) of F'.

Proper faces of FNOH, F € ]-"I(f) (P). Proper faces F” of F N OH are faces of P N H with
F" C OH. Thus, we consider two cases:

(1) If F” is a face of P, it follows that F" € ]-"E)(P). Since F" C FNOH C F, F" is a proper face
of F in F(P).

(2) Suppose that F” = F' N 9H, where F' € F\W(P). Since (F'NF)N0H C F'noH =
(F'NOH)N (FNOH) = (F' N F)N0oH, replacing F’ with F’ N F' maintains I’ N 0H. Hence, we
can assume that F’ is a face of F. Furthermore, F' N OH C F N OH, implying that F’ is a proper
face of F. O

Lastly, we describe a sub-algorithm that obtains sample points for faces of P N H:

LEMMA 5.3.0.3. There exists a BSS algorithm with inputs consisting of the lists L¥%€ LP°S aqnd
L59™P for a polyhedron P in P(n), along with the equation for a half-space H in P(n), and yields

sample points for the faces of PN H.

PROOF. By Lemma 5.3.0.1, F(P N H) consists of faces F; € fg)(P) U fl(?)(P) U fS)(P) and
intersections F; N H and F; N 0H for F; € .FJ(L?)(P). A sample point of the face Fj € FJ(L})(P) U
F I(LIQ )(P) UF g’ )(P) is given in the list L3¥™P, Thus, our task reduces to computing sample points of
F;N H and F; N 0H, where F; € FO(P).

We begin by obtaining a sample point of F’ = F; N 9H by induction on the dimension of F’. If F”
is a minimal face, we compute its sample point using the algorithm described in Lemma 5.1.0.1. If
F’ is not minimal, we assume by induction that we have obtained all sample points for the proper
faces of F'. If |F(F')| > 2, let X{, denote the barycenter of the sample points of the proper faces
of F'. Note that X, € F’ due to the convexity of F’, and X{ ¢ OF" due to the disjointness of the
interiors of its proper faces. Thus, the barycenter X lies in the interior of F’.

If F(F') = {F"}, then F” is minimal, and F” is a half-space in span(F’). Let X € F” be the

sample point of F”" and take an orthogonal basis By, ..., B,, of

TX(/)/span(F/) = {B € Symn(R)|B € spangym,,, &) (F"), tr((Xy)~'B) = 0}.
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For at least one choice i € {1,...,m} and a sufficiently small € > 0, either X + €B; € int(F’) or
X{ — €B; € int(F"). This point serves as a sample point of F’.

Knowing a sample point X{, of F’ = F; N 9H, we obtain a sample point of F' = F; N H as follows.
We take a orthogonal basis C, ..., C,, of Txy span(F'), which is given analogously to the previous
case. For at least one choice i € {1,...,m’} and a sufficiently small € > 0, either X|,+ €C; € int(F)

or X, — €C; € int(F). This point serves as a sample point of F. O

5.4. Description of the algorithm

In this section, we will describe the algorithm proposed in Theorem 5.0.2. The algorithm utilizes
the lemmas established in Sections 5.1 through 5.3.

Algorithm for computing the poset structure of polyhedra in P(n).

Consider a point X € P(n) and a list A" of matrices A}, where i = 1,...,k’. Define the half-spaces
H; = {tr(A;-Y) > 0}, and denote P, = 02:1 H;. We will use induction to show how to compute
the poset data of P, for [ =1,...,k’.

Step (1). We begin with [ = 0. Since the polyhedron Py is the entire space P(n), we initialize
Lface _ {@}’ oS — {@}’ samp — {)(}7

and A= @.

Step (2). We increase [ by 1. By the induction assumption, we possess the poset data of P,_;.
That is, we have a set A of n x n symmetric matrices, such that P_y = (4. 4{tr(4-Y) > 0}, as
well as lists denoted by Lfe¢ LP°5 and L% as required in Theorem 5.0.2.

Step (3). We will describe the computation of the poset data of P, = P,_1 N H; from that of P,_;.
To begin with, we remove the first element of the list A’, denoted by A;, and append it to A.
Step (4). We create a temporary list L™ = {0,...,0} of length equal to |F(P,_1)|.

Step (5). We will replace the element L;emp with a number from {1,...,6} indicating the relative
position of (F}, H;), where F; € F(P,_1). To achieve this, we first determine the relative positions
of the minimal faces in F(Pj-1), i.e., the faces F; such that L}” = &. Such a face F} is a plane
ﬂieL;face A in P(n).

(A;), then F; € ]:gl)(Pl_l), and we set L' = 1. Otherwise, we apply

If A € span, j

eL;ace
the algorithm described by Lemma 5.1.0.1 to determine if F; N H; = @. If it is not empty,
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F; € ]-'1(161)(]3;_1), and we set Lzemp = 6. If F;NH; is empty, we compute tr(4;X;), where X; = L™

is the sample point of F}. If tr(4;X;) > 0, we set L;emp = 2; if tr(4;X;) < 0, we set Lz.emp =

Step (6). Based on Lemma 5.2.1.1, we determine the relative position of F; when the relative

positions of all the proper faces of F; are determined. If L?fmp = 6 for any j' € LI, we set

Lz.emp =6. If L;.‘Zmp € {2,3} and L;Zmp € {4,5} for any ji,j5 € L5, we also set L;emp = 6.

If neither of the cases above applies to F; and L;fmp € {1,3,5} for any j' € L?OS, we check if

A € SPafLe [ foce (A;). If so, we set L;emp = 1. Otherwise, if tr(4;X;) > 0, we set L;emp = 3; if

tr(A4;X;) <0, we set L;emp = 5.

If none of the cases above apply to Fj, either L;?mp = 2 for all j' € LI, or L;‘fmp = 4 for all

j e L?OS. Suppose that the former holds. We check if span(F) N 0H; = @ by applying Lemma

5.1.0.1. If it is empty, set L;emp = 2. Otherwise, let Xy € span(F) N 0H; be the sample point we

derived from Lemma 5.1.0.1. If tr(XpA4;) < 0 for any 1 < i <[ —1, set L;emp = 2; otherwise, set
temp __

Lj = 6.

Step (7). We derive the data Lf% for P, according to Lemma 5.3.0.1. For any number j, if

L;emp € {1,2,3}, Fj remains in F(F;), and no action is taken for such j.

If Lz-emp € {4,5}, Fj no longer exists as a face of P, thus we remove the elements L;c ace L;emp ,

[, 5amp

S, and L. Moreover, we remove any number j that occurs in LP** and decrease by 1 any

number greater than j.

If Lzemp = 6, both F; and F; N H are faces of Fj. Since span(F; N H) = span(Fj), we keep the
element Lf “““ representing the new face F; N H instead of Fj. Furthermore, we append an element
Lf“ce U {1} to Lo representing F; N OH. Let this be the j-th element of L/

Step (8). We derive the data LP° for P, according to Lemma 5.3.0.2. The case L;emp € {4,5}
will not occur. If L;emp € {1,2,3}, no action is taken since the proper faces of Fj in Fg)(ﬂ_l) u
fs)(ﬂ_l) have been removed from L?OS in step (6).

If L;emp = 6, then F; N OH is a proper face of F; N H, and we append the element j to L?OS.
Additionally, for each [ € L?OS, we check the value L;emp . The case Lfemp € {4,5} will not occur,
and no action is taken if Lfemp € {1,2,3}. If Lfemp =6, F; N OH is a proper face of both F; N H
and F; N OH, thus we append [ to both L?OS and Lgos.

Step (9). We derive the data L**P for P, as decribed in Lemma 5.3.0.3.
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Step (10). We check if all numbers in {1,...,[} appear in L/, If a number i € {1,...,1} does
not appear, we remove A; from the list {Aj,..., A;}, decrease by 1 any numbers greater than i
appearing in L% and decrease [ by 1.

Step (11). Repeat steps (2) through (10) if A’ is non-empty. If A’ is empty, the algorithm

terminates, and the data A, Lfe LP° and L5¥™P are the required output of the theorem.
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CHAPTER 6

On the Finite-sidedness of Dirichlet-Selberg Domains

The objective of this chapter is to classify discrete subgroups I' < SL(3,R) into the following types:

e The subgroup I' belongs to the finitely-sided type, if for every X € P(3), the Dirichlet-
Selberg domain DS(X,T") is finitely-sided.

e The subgroup I" belongs to the infinitely-sided type, if for a generic choice of X € P(3),
the Dirichlet-Selberg domain DS(X,T') is infinitely-sided.

Our study will focus on discrete Abelian subgroups of SL(3,R) that consist of matrices with exclu-
sively positive eigenvalues. Such matrices have favorable properties within SL(3,R). In particular,
if all eigenvalues of g € SL(3,R) are positive, then g¥ € SL(3,R) for any k € R.

For every X € P(3), discrete subgroup I' < SL(3,R), and g € SL(3,R), the Dirichlet-Selberg
domains DS(X,T') and DS(g.X, g 'T'g) are isometric. Therefore, our initial focus will be classifying

the conjugacy classes of Abelian subgroups of SL(3,R) with only positive eigenvalues.

PROPOSITION 6.0.1. Let I' be a discrete Abelian subgroup of SL(3,R) where all eigenvalues of each
v € I' are positive real numbers. Then, I' is conjugate to a subgroup of SL(3,R) generated by either
of the following:

(i) For cyclic T, the generators are displayed below:

Type (1) (2) (3) (4)
110 1 10 e 0 0 et 1 0
Generator 01 0 01 1 0 e 0 0 €t 0
0 01 0 01 0 0 ¢ 0 0 e
(r+s+t=0; t#0)
(r,s,t) #(0,0,0))

TABLE 6.1. Generators of cyclic discrete Abelian subgroups of SL(3,R).

(ii) For 2-generated T', the generators are displayed below:
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Type (1) (1) (2) (3) (4)

110 1 00 110 e 0 0 et 1 0

Generators 010 011 011 0 e 0 0 €t 0
0 0 1 0 0 1 0 0 1 0 0 € 0 0 e 2

10 1 1 0 1 1 a b e’ 0 0 e a 0

010 010 01 a 0 ¢ 0 0 e 0

00 1 00 1 001 0 0 e 0 0 e
(b#ala—=1)/2)| (r+s+t= ((s,t) #(0,0))

r+s+t=0)

TABLE 6.2. Generators of 2-generated discrete Abelian subgroups of SL(3,R).

ProOOF. First, we suppose that I' is cyclic, generated by . As all eigenvalues of « are positive,

the Jordan canonical form of v falls into one of the types listed in Table 6.1.

Next, we suppose that I' is 2-generated, which breaks into the following cases:
(1) The subgroup I' is unipotent. For every non-identity element in I', the algebraic and
geometric multiplicities of the eigenvalue A = 1 are 3 and 2, respectively.

(2) The subgroup T is unipotent. For every non-identity element in T', the algebraic multi-

plicity of the eigenvalue A = 1 is 3, while for at least one element in I', the geometric

multiplicity of A =1 1is 1.
(3) All elements in I' are diagonalizable by similarity.
(4) The group I' contains both a non-unipotent and a non-diagonalizable element.

Case (1). We assume without loss of generality that one of the generators of I is

1 1 0
T=10 1 0},
0 0 1

and denote the other generator by vo. The conditions 172 = Y2y1 and det(A] — v) = (A —1)3
imply that

1 a b
=10 1 0], a,b,ceR.
0 c 1
Since the geometric multiplicity of the eigenvalue 1 of 9 is 2, we have rank(y2 — I) = 1, implying

that b=0o0or ¢ =0. If ¢ =0, then b # 0, as ' is discrete and 2-generated. Additionally, we can
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assume that b > 0, after replacing vo with 4 Lif necessary. Let

B3 0 0
g=10 b/ 0 1>
0 —ab 23 p=2/3

then

1 01

9 ' mg =", 9""eg=[0 1 0],

0 0 1
which correspond to type (1) shown in Table 6.2.
If b =0, then ¢ # 0. We can similarly take the generators ; and 72 to generators of type (1) via
a similarity transformation.
Case (2). Assuming that v; € I' is unipotent with its eigenvalue A = 1 having geometric multi-

plicity 1. Without loss of generality, we have

1 10
=10 1 1
0 01

Let 2 be another generator of I'. Since v1y2 = 271 and det(vy2) = 1, we deduce that

1 a b
Y2 = 0 1 a 9
0 0 1

where a,b € R. As T is 2-generated and discrete, 2 # 7¢, implying that b # a(a — 1)/2. Thus, the
generators 7, and -, correspond to type (2) shown in Table 6.2.

Case (3). If 4172 = =2y while both v; and -, are diagonalizable, they are simultaneously
diagonalizable. Hence, 1 and 2 correspond to type (3) shown in Table 6.2.

Case (4). Let 71 be a generator of I' that has eigenvalues other than 1. Without loss of generality,
we can assume 71 to be a Jordan matrix after applying a similarity transformation.

If v1 is diagonal, its diagonal elements cannot be pairwise distinct; otherwise, the other generator

723)

v2 will be diagonal, leading to a contradiction. Hence, we assume that v; = diag(e®, e, e , Where
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s # 0. Since y1y2 = Y2y1, we deduce that

* *x 0
Y=|%x x 0],
0 0 =

and -y is not diagonalizable. By a similarity transformation of the first two rows and columns, this

becomes
el 1 0
Y2=10 € 0 )
0 0 e
for a real number t.
If ~; is not diagonalizable, then
el 1 0

Y1 = 0 et 0 )
0 0 e 2

where ¢t # 0. The condition 19 = 7271 implies that

for some real numbers s and a. In both cases, 71 and 2 correspond to type (4) shown in Table 6.2.
In any of the four cases, let v3 € SL(3,R) have only positive eigenvalues and commute with both
~v1 and 9. It is easy to show that 3 = 'yfl*ygz for ki, ke € R, implying that (y1,72,73) is either 2-

generated or non-discrete. Hence, Abelian discrete subgroups of SL(3,R) with positive eigenvalues

are at most 2-generated. O

For clarity and organization, we further categorize cyclic groups of type (3) into two subtypes:

(3) The generator v = diag(e”, e®, '), where all of r, s, are nonzero.

(3’) The generator v = diag(e®,e™*%,1), with s # 0.

Using the classification of discrete Abelian subgroups of SL(3,R) with positive eigenvalues, we

present the main result of this chapter:
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THEOREM 6.0.1. Let I" be a discrete and free Abelian subgroup of SL(3,R), generated by matrices
with exclusively positive eigenvalues.
o IfT is a cyclic group of type (1), (3), or (4), or if it is a 2-generated group of type (1) or
(8), the Dirichlet-Selberg domain DS(X,T') is finitely-sided for all X € P(3).
o IfT' is a cyclic group of type (2) or (3’), or if it is a 2-generated group of type (1°), (2)
or (4), the Dirichlet-Selberg domain DS(X,T') is infinitely-sided for all X in a dense and

Zariski open subset of P(3).

6.1. An equivalent condition

Let T be a discrete subgroup of SL(3,R) and let X € P(3). A facet of the Dirichlet-Selberg domain
D = DS(X,T) lies in a bisector Bis(X,~.X), where v € I'. We denote such a facet by F,. The

following lemma characterizes the existence of such facets:

LEMMA 6.1.0.1. Let T be a discrete subgroup of SL(n,R). Suppose that there exists a smooth
function g : R™ — SL(n,R) such that T' = g(A), where A is a discrete subset of R™, 0 € A, and
g(0) =e. For A, X € P(n), define a function sg(’A :R™ = R, Sg(’A(k) = s(g(k).X, A).

Then for any ko € A\{0}, the facet Fyqy,) of DS(X,T') exists if and only if there exists a matriz

A € P(n) such that 0 and ko are the only minimum points of sg(’A\A.

PROOF. The existence of the facet Fyy,) is equivalent to the non-emptiness of

int (Fy(k,)) = Bis(X, g(ko).X) N ﬂ {Y|s(1,Y) < s(g9(k).1,Y)}
keA—{0ko}

Moreover, a point A € P(n) lies in this intersection if and only if

sk, a(ko) = 5% 4(0), s% (k) = 5% 4(0), Vk € A —{0,ko},
meaning that 0 and kg are the only points where s% ,[a attains its minima. O

REMARK 6.1.1. Let X € P(n), A C R™ be a discrete subset, g : R™ — Symy,(R) a smooth function,
and I' = g(A) a discrete subgroup of SL(n,R). Lemma 6.1.0.1 implies the following:

e If for all but finitely many points k € A and for every A € P(n), the function Sg(?A|A

attains the minimum at points other than k and 0, then F, is a facet of DS(X,I') for
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only finitely many elements v = g(k) € I'. Thus, the Dirichlet-Selberg domain DS(X,T)
18 finitely-sided.

e [f there are infinitely many points k € A such that k and 0 are the only two minimum
points of sg(’A|A for a certain A € P(n), then F is a facet of DS(X,T') for infinitely many
elements v = g(k) € I'. Thus, the Dirichlet-Selberg domain DS(X,T') is infinitely-sided.

Below is a generalization of Lemma 6.1.0.1:

COROLLARY 6.1.1. LetT' < SL(n,R) be a discrete subgroup. Suppose that there is a smooth function
g:R™ — SL(n,R) such that ' = g(A), where A C R™ is a discrete subset, 0 € A, and g(0) = e.
Define the functions ngA analogously to Lemma 6.1.0.1.
Suppose that there exists a matric A € P(n) and a finite subset Ag C A satisfying the following
conditions:

(1) The point 0 € Ag.

(2) There ezists a nonzero point ko € Ao such that Sg(7A(k0) = sg(,A(O).

(3) For any k € Ao, s% 4(k) < 5% 4(0); for any k € A\Ao, s% 4(k) > 5% 4(0).

Then the Dirichlet-Selberg domain DS(X,T') has a facet Fyqy for at least one element k € Ao\{0}.

PROOF. Assume that Ag = {0, ko, ki, ..., k,}, where

Define
A, = (A\Ag) U{0,ko,...,k;}, i=0,...,m,
thus A/ = A. We will prove the following assertion by induction on i:
(*) The Dirichlet-Selberg domain DS(X, g(A})) contains a facet Fy ) for a certain j €
{0,...,i}.
By Lemma 6.1.0.1, DS(X, g(Ap)) contains the facet Fyq,). This serves as the base case for the

assertion (*).

Assume that the claim (*) holds for (i — 1). To prove the assertion for i, note that

DS(X, g(A)) = DS(X, g(A}_1)) N Hy, Hy = {Y]s(LY) < s(g(k;).L,Y)}.
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Let Fyae,)) € F(DS(X,g(A]_;))) be the facet in the induction assumption, where j' € {0,1,...,i—
1}. If the position of (DS(X, g(A;_,)), H;) is not case (6) in Lemma 5.2.0.1, then Fyx,,) remains
a facet of DS(X, g(A})). If it is case (6) in Lemma 5.2.0.1, then 0H; N DS(X, g(A}_,)) is the facet
Fy,) of DS(X,g(A})). This confirms the claim (*).

Particularly, when i = r, (*) is equivalent to the lemma’s statement. O

The proof of Theorem 6.0.1 consists of a series of assertions that will be described in the subsequent
sections. For clarity, we shall consistently denote the (i,7) entry of X~ and A by 2% and @ij,

respectively.

6.2. Subgroups of SL(3,R) with finitely-sided Dirichlet-Selberg domains

In this section, we will examine the cases when the Dirichlet-Selberg domain DS(X,T") is finitely-

sided for all X € P(3), as asserted in Theorem 6.0.1.

PROOF OF THEOREM 6.0.1, CYCLIC GROUP OF TYPE (1). We interpret the group I' gener-

ated by
110
Y=10 1 0
0 0 1
as the image of Z under the 1-variable function
1 k0
gk)=10 1 of, VkeR
0 0 1

In this case, the function sg( 4 in Lemma 6.1.0.1 becomes

% 4(k) = s(g(k). X, A) = tr((4")F XA%)1.4)

=z agk? + Z(xuau + 22499 + xl3a23)k: +s(X, A),

which is a quadratic polynomial in k. Since both X and A are positive definite, the leading term
of 5%(,,4 has a positive coefficient. If Sg(,A evaluates the same at 0 and kg, then Sg(’A(kZ) < 5§(7A(0)

for any k between 0 and kg.
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Therefore, if sg( A‘Z attains its minimum at both 0 and kg, the integer kg can only be 1 or —1.
Lemma 6.1.0.1 with A = Z implies that the Dirichlet-Selberg domain DS(X,T") is 2-sided for any
X € P(3). O

PROOF OF THEOREM 6.0.1, CYCLIC GROUP OF TYPE (3). We interpret the cyclic subgroup I'

of type (3) as a one-parameter family given by
g(k) =+ = diag(e™, e*,e'*), k € Z,

where 1+ s+t =0 and r, s,t # 0. Without loss of generality, we assume that r > s > 0 > ¢. For a

given X and A € P(3), the function 3&7 4 becomes
SgQA(k;) _ xllalle—Qrk + $22a226_28k + $33a336_2tk + 21_23a236'rk + 2x13a13esk + 2$12a12€tk‘
Since 2%, a;; > 0 for i = 1,2, 3, there is a unique k. € R such that
Vallaje ™ 4 \/222a99e %% = \/a33azqe e,
Therefore, sg(jA(k) =c- f(k—k.), where
f(n) = 20T 4 2paize™ + 2(1 — p)agse™ + pPe ™ + (1 — p)’e 2" + 2p(1 — p)asge” "HI,

and

Vallay e ke z"a;

—E(O 1) Njj = —F/————— .
33 —tk »= J 7

Vv xe2azze " tRe Vartxdlagag;

& < 1 and depends only on X. For any 0 < p <1 and

c= x33a336_2tk6 >0, p=

|2*7]

i’

For any i # j, |ayj| < & := max;4;
any —¢ < g < &, limy, o0 f'(n) = 00 and lim,,,_ f'(n) = —oco. Since f'(n;p, ay;) is continuous

with respect to p and «;;, there exists a number N > 0 determined by r, s, ¢, and £, such that
f/(n;pa az]) > 07 Vn > N7 f/(n;pa aZ]) < 07 Vn < _Na

for every (p, 12, 13, a3) in the compact region [0, 1] x [—&,&]3. If k = 0 and k = kg are the only
minimum points of s% 4|z, then (~k.) and (ko — k) are the only minimum points of f|z—x,.. Thus
|ke|, ko — kc| < N + 1, implying that |ko| < 2(N + 1). Since there are finitely many choices of such
ko, Lemma 6.1.0.1 with A = Z implies that the Dirichlet-Selberg domain DS(X,T') is finitely-sided

for any X € P(3). O
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PROOF OF THEOREM 6.0.1, CYCLIC GROUP OF TYPE (4). We interpret the cyclic subgroup I

of type (4) as a one-parameter family given by

ek Les(k—1) 0
gky=+"=10 e 0 |.kez

0 0 ek

where s # 0. Without loss of generality, we assume that s > 0. The function s% , becomes

4 1 2 —5.2
sg(’A(k‘) = 13 ag3eF + (2z13a13 + 202 a3 — 2ke *x 3a13)e‘9k

+ (xnau + 2%2a99 + 22 %a1 — 2ke_5(x12a11 + 1‘22&12) + k26_25$22a11)e_25k.

A unique k. € R exists such that

(\/mllan + V22a90 + e_sx/ac”an)e_SkC = \/233ag5e2Fe.

Hence, sg(,A(k) =c- f(k—k.), where

f(n) = e*" + (2a13p + 2003q — 2B3(1 — p — g)n)e"

+ (p* + ¢* + 2c19pq — 2(B1p + B2q)(1 —p — g)n + (1 — p — ¢)*n?)e 2",

and
¢ = 2B gaaethe 5 0. p— Vallapre=she  \/z22q5e~ 5k
- 33 P B ek 1T [P gggeske
i j 12 23
s — x”aij ,8 . X ,8 o a2 ,8 _ r77al3
i = e Pl = Y, P2 = —V——, 03 =
vV xrrlagag; Vallg22 3/ 11022 Va22z33aiiass

|z ]
i

where p,q¢ > 0, p+q < 1, |agj,[B1], | B3] < & := max;; Wt and |f2| < 1. Analogously to the
proof for cyclic groups of type (3), there exists a number N > 0 determined by s and &, such that

f/(n;p7q7aijaﬁi) > 0’ vn > N7 f/(nvp’q)a’bjaBZ) < 07 VTL < _N7

and for every (p,q,ai;,3;) in the compact region {(p,q)|p,q > 0,p + ¢ < 1} x [=&,€]° x [-1,1].
Hence, if k = 0 and k = ko are the only minimum points of s% 4|z, then |ko| < 2(N +1) analogously.

Lemma 6.1.0.1 with A = Z implies that DS(X,T") is finitely-sided for any X € P(3).
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We now consider 2-generated subgroups. To utilize Lemma 6.1.0.1, we investigate the level curves

: g9 .2
of the function Sxoat R% — R.

PROOF OF THEOREM 6.0.1, 2-GENERATED GROUP OF TYPE (1). We interpret the group I as

a two-parameter family

1k I
gk, )=~ =10 1 0], Y(k1) € Z%
00 1

Thus, the function sgg 4 is expressed as
% a(k, 1) = an (@ (k — ke)® + 207 (k — ko) (1 — 1e) + 2(1 = 10)?) + const,

where
L N ZE12$33 _ x13x23 l a3 N
T ay | x22233 — (223)2" T 4y | x2233 — (x23)2"

1’13.’E22 _ x12x23

As 22233 > (223)2] the level curves of sgC , are ellipses centered at (kc,[.). These ellipses share the
same eccentricity, depending solely on X.

If (0,0) and (ko,lop) are the only minimum points of Sg(’A|ZQ, then there exists a level curve of Sg(,A
that surrounds these two points and excludes all other points in Z2. Since any circle of diameter
greater than v/5 encompasses at least 3 points in Z2, the minor axis length of the mentioned level
curve is at most v/5. Thus, the major axis length of the level curve is bounded by a constant
depending solely on X. Consequently, there are only finitely many choices of (kg,lp) such that
(0,0) and (ko,lo) are the only minimum points of s% 4. By Lemma 6.1.0.1 with A = 72, the
Dirichlet-Selberg domain DS(X,T") is finitely-sided for any X € P(3). O

PROOF OF THEOREM 6.0.1, 2-GENERATED GROUP OF TYPE (3). We interpret the group I as

a two-parameter family
g(k,1,m) = diag(e*, ', ™), V(k,I,m) € A,
where the domain of g is the 2-plane

{(k,1,m) € R3|k + 14+ m = 0},
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and A = Z(r,s,t) @ Z(r',s',t') is contained in this 2-plane.
The function s% , is given by
s% 4(k,l,m)
= (:cuall)emC + ($22a22)e2l + (z33ag3)e®™ + (233230,23)67’6 + (2.%13(113)671 + (222a19)e™™

— 0(62(k_kc) + 62(l_lc) + 62(m_mc) + 2&236_(k_kc) + 2a136_(l_lc) + 20{126_(m_mC)),

where

2120, 13y 223053

e, Q3T e, (23 = e
Y Y )
Vallz®2aiiag Vallzariass Va*2rHazass

3
c= \/901196223733%1&22&33, 12 =

and
L 1 ] $11a11 I 1 ] $22a22 1 ] x33a33
e=——log—u-—+ l,=—log——— m.=—-log———"o—
3 T VaPr3agass 3 T Vallz3ajiass 3 T Vallz?ai a9

Here, the point (kc,l.,m.) lies on the plane {k + 1+ m = 0}. For any i # j, the coefficient
|2 ]

laj| < & := max;x; TariaiT where £ < 1 and depends only on X. Thus,

fo(k = kel —leym —me) < sggA(k:,l,m)/c < folk— kel —leym —me), Yo+ 1+m =0,
where
f:l:(k _ kc,l _ lc,m _ mc) = eZ(k‘—kC) + eZ(l—lC) + 62(m_mc) + 25(6—(]6—/%) + e—(l—lc) + €_(m_mc)).

Let d = d(k,l,m) represents the Euclidean distance between (ke,l., m.) and (k,I,m). When d is
fixed, it is evident that fi(k — k., —Il., m —m,) reaches its maximum at (k — k¢,l —l.,m —m,) =
(\2/—65, —%, —%), and f_(k — ke, l — lc,m — m,) reaches its minimum at (k — ke, [ — o, m — me) =

(—\2/—%, %, %). Therefore,

21— &e? —age 2 e = f (d) < 5% 4(k,1,m)/c < fau(d) = 26> + 4€e™? + 2(1+ e

If a level curve of sg(’ 4(k,1,m) surrounds only two points (0,0,0) and (ko, lo, mo) among the points
in A, the inscribed radius of the level curve is less than a certain constant p > 0 determined
by A. Since £ < 1, it follows that limg ,o f—(d) = co. Hence, there exists a constant R < oo

depending solely on ¢ and p, such that fi(p) = f—(R). Consequently, the value taken on this level
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curve is less than fi(p) = f_(R), implying that the diameter of the level curve is less than 2R.
Therefore, there are only finitely many choices of (ko, lo, mg) € A, such that (0,0,0) and (ko, lo, m0)
are the only minimum points of Sg(,A- By Lemma 6.1.0.1, the Dirichlet-Selberg domain DS(X,T)
is finitely-sided for any X € P(3). O

6.3. Subgroups of SL(3,R) with infinitely-sided Dirichlet-Selberg domains

We proceed to the cases when the Dirichlet-Selberg domain DS(X,T") is infinitely-sided for a generic

choice of X € P(3) as asserted in Theorem 6.0.1.

PROOF OF THEOREM 6.0.1, CYCLIC GROUP OF TYPE (2). We interpret the cyclic group I" of

type (2) as a one-parameter family

1k k(k+1)/2
gk):=~+"= [0 1 k ke
0 0 1

Thus for any A = (a;;) and X = (z/)~! € P(3), the function s% , is expressed as

ska(k) = s(7*. X, A) = tr((4*)T X4") 71 4)
= (w33a11/4)k4 + (—x33a12 + (x33/2 — 1‘23) a11) k3

+ 1733@13 + 23 a22 + (31’23 .1'33)&12 + (x33/4 — B 4B 4 $22) au) k2

+ ( 2033 a93 + (z° — 29023)@13 — 22%a99 + (a;23 — 2213 — 29022)@12 + (ac13 — 23712)@11) k

+ (a:33a33 + 222099 + M ar + 22 a3 + 223a13 + 29512@12),

a quartic polynomial in k. We will demonstrate that for any X € P(3) and any ko € Z, there exists

a positive definite matrix A such that
s%alk) = k*(k — ko)? + const,

representing a quartic function whose global minimum points are £ = 0 and k = kg. By comparing

coefficients of the k* and k3 terms, we derive

x33a11/4 =1, —1’330,12 + ($33/2 — .’B23) a1l = —2ko,
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implying that
ann =4/2% >0, arp = (2(ko + 1)z — 42) /((2°%)?).

Furthermore, we let ase be sufficiently large, so that ajjazs > aj,. By comparing the coefficients

of the k% and k' terms, we deduce:

#3Ba1s + 23a + (322 — 233)ags + (m33/4 .~ S . $22) a11 = ko2,

— 2233a93 + (3333 — 2:523)@13 — 228099 + (:E23 — 2zt — 2x22)a12 + (:U13 - 21‘12)@11 =0,
which is a linear equation system in the unknowns ai3 and as3. This linear equation system has
an invertible coefficient matrix, thus has a unique solution for a13 and aog3.

Lastly, we determine as3 by setting det(A) = 1. These steps yield a matrix A € F.r. By Lemma
6.1.0.1 with A = Z, the Dirichlet-Selberg domain DS(X,T") is infinitely sided for any X € P(3). O

PROOF OF THEOREM 6.0.1, CYCLIC GROUP OF TYPE (3’). We interpret the cyclic group I' of

type (3’) as a one-parameter family
g(k) :=~* = diag(e**, e7** 1), k e Z.
Thus, the function sgg 4 is expressed as
sgf 4(k) = s(’yk.X, A) = a29272*F 4+ 2095273 + 2a132 3¢ + ap 2t te2F + const.

Additionally, we assume that 223, 2'3 # 0. We will demonstrate that for any kg € Z, there exists a

positive definite matrix A such that
Sg( A(k) — e?sk _ 2(esko + 1)esk _ 2esk0 (esko + 1)e—sk + erkoe—st + const,

which represents a function with minimum points at £ = 0 and k = kg. A suitable solution is given

by:
all = e%ko/xu, a2 =0, a9 = 1/1:22, a3 = f(etko + 1)/x23, a3 = fetko(etko + 1)/x13,

and ags is determined by det(A) = 1. Analogously to the preceding case, the existence of such a

solution for A implies that DS(X,I") is infinitely sided whenever the center X does not belong to

the proper Zariski closed subset {X = (z%)~! € P(3)|x!3223 = 0}. O
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We proceed to consider the cases of 2-generated subgroups:

PROOF OF THEOREM 6.0.1, 2-GENERATED GROUP OF TYPE (1’). We interpret the group I

as a two-parameter family, given by

10 1
gk )= =10 1 k|, Y(k1) €Z?
00 1

and the function sg(, 4 is expressed as
% a(k,1) = 2% (aga(k — ke)? + 2a12(k — ke) (1 — 1) + a11 (I — 1c)?) + const,

where

23 13
€T 11023 — 412013 € 22013 — 412023
k:c == + 3 lc — + .

2
aij1a22 — ajs .1‘33

2
a1z — ajs

We claim that for any coprime pair (ko,lp) € Z?, there exists a matrix A € P(3) such that s% ,|z2
achieves its global minimum at (k,l) = (0,0) and (k,l) = (ko,lo). Specifically, we claim that the

matrix A can be chosen so that
(6.1) s 4(k, 1) = (ko(k — ko/2) + lo(l — 10/2))? + (lo(k — ko/2) — ko(l — l0/2))? + const

for arbitrarily small € > 0. In other words, a particular level set of sg( 4 is an ellipse, with its major
axis being the line segment between (0,0) and (ko, lp), and its minor axis length being € times the
length of the major axis.

A comparison of the coefficients of the k2, kl and [? terms yields that:
ai] = 62l(2) + k‘g, a9 = —(1 — 62)]6'0[0, ag9 = 621438 + lg

Therefore, ajjags — a2y = 262(]6(2) + l%)2 > 0. A comparison of the coefficients of the k' and I' terms
implies that:

23 13
/9 — k= L a11a23 = A12043 o, (22013 — (12023
0/2 =k, = /2 =10 = .

233

233

2
a11G22 — G719 a11G22 — G719
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This can be interpreted as a 2-variable linear equation system in the unknowns a3 and ags. The

coefficient matrix of the equation system is

ail —a12

—ai2 022
which is invertible. Thus, a unique solution for a1z and aeg is determined by kg, lp, € and X.
Finally, we determine ags by setting det(A4) = 1.
The matrix A we constructed is positive definite. Furthermore, a certain level curve of sg(? 4 is an
ellipse whose major axis is the line segment between (0,0) and (ko,lp). Assuming that ko and [y
are coprime, the ellipse will exclude all other points in Z? if the minor axis is sufficiently short, i.e.,
the number ¢ is sufficiently small. By Lemma 6.1.0.1, the Dirichlet-Selberg domain DS(X,I") is
infinitely-sided for any X € P(3). O

PROOF OF THEOREM 6.0.1, 2-GENERATED GROUP OF TYPE (2). We interpret the 2-generated

subgroup I of type (2) for given constants a and b as a two-parameter family:

1 —k k2—1
gkl)=10 1 -k |, V(kl)eA=Aa,b),
0 0 1

where
A(a,b) = {(k,l) ’k =x+ay,l= % (a*(y* — y) + 2azy + 2by + 2 — 2), (7,y) € Z}
is a discrete subset of R%2. The function sgg 4 is expressed as
s% Ak, 1) = (a1127 420102 +agea™ ) (k—ke) *+2(an1 2% +a102%) (k—ke) (I—-1e) +(a11 %) (I-1.) *+const,

where k. and [, are given by:

2
a%l(l.12$33 _ $13$23) + a11a12(x22:v33 _ (.%'23) )

2
+ (ar11a22 — G%Q)CUQSI?’S + (ar1a23 — a12a13)(x33)

ke = —
‘ a? (2223 — (223)%) + (a11a22 — ady) (2%3)?
2
a%l(xlsxw . $12$23) . allalg(x12x33 o $13$23) + (at1a13 — a%2)(x22$33 _ (x23) )
2 2
L= _ + (a13a22 — (1126023)(1’33) — (ar1a23 — a12a13)$233333 + (ar1a22 — a%g)($13$33 — (x23) )
c — .

afy (#2233 — (a%)%) + (an1a2 — afy)(23)’

87



We assert that for any sufficiently small § > 0, there exists € = (X, d) > 0, such that e = O(6?) as
9 — 0. Furthermore, for any (ko,lp) € A with |ko/lo| = 9, there exists a positive definite matrix A

such that the equation (6.1) holds. In other words, the following properties hold:

e A certain level curve of s% 4 is an ellipse whose major axis is between (0,0) and (ko, o).

e The minor axis length is € times the length of the major axis.

By comparing the coefficients of the k2, kl and [? terms, we obtain:
a11x22 + 2a12x23 + a22x33 = 62/68 + l%, (1111'33 = EQZ% + k‘%, a11x23 + a12x33 = (62 — 1)k0l0.

This equation system has a unique solution, namely

kg + (K3 + 213)aB + kolo(1 — €2)a®
ailr = T’alz = - 332 )

(2 + 6%8)3;332 + 2kolo(1 — €2)a2233 — (kE + €213) (222233 — 237232)
2333

a22 =

In order to satisfy the positive definite condition ai1a99 > a%% the following inequality must hold:

_lé(xz%% _ $232)64 . (kg + l3)2x332 . 2k§l3(m22x33 _ $232)62 - ké(m22x33 . $232)

> 0.
2334 2334 2334

As ko/lp — 0, the roots of the quartic function on the left-hand side are ¢ = +e; and € = +e_,

where ex = e (ko/lp) have the following series expansions:

233 ) N/ 2233 _ 232 ) 4
€+ = \/W + O ((k()/lo) ) y €— = x33 (kO/ZO) + O ((kO/ZO) ) )

with all coefficients determined by X. We let § = |ko/lo| and set € = €(d) such that €(J) > e_(9)

and €(d) ~ e_(8) as 6 — 0. This choice ensures the positive definite condition ajjae > a?,.
By comparing the coefficients of the k' and I! terms, we deduce that k. = ko/2 and I, = ly/2.
Substituting the solution for a1, ajo and ase above, the denominators of the expressions for both

k. and [. are

2 2
aj; (a%2% — (2%)7) + (a11a22 — afy)(2*®)" = —€*(k§ + 1§)* # 0.
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Thus, the equations k. = ko/2 and [, = ly/2 form a linear equation system with unknowns a3 and
a3, with an invertible coefficient matrix. Consequently, the equation system has a unique solution
for a13 and ags. Finally, we determine ass by setting det(A) = 1.

We continue the proof by utilizing Corollary 6.1.1. Our proof consists of two cases, depending on
whether the entry a of the generator - is rational.

Case (1): a € Q. Assume that a = p/q, where (p, q) are coprime. The first components of points

in A take values in (1/¢)Z, and we have
An{(k, D)k =1/q} ={(1/q,ln)|ln = (a(a — 1) — 2b)gn + ly, n € Z},

where [y is a constant depending on a and b. Let &, = (1/q)/ln, then 6, = O(n~!). Our construction
of the matrix A yields a level curve of s% ,, whose major axis is the line segment between (0,0)
and (1/q,1,), and the minor axis length is €, times the length of the major axis. Here, €, = €(d,,) =

O(n~2). Consequently, the level curve intersects with the line {{ = 0} at k = 0 and

en/a(1/¢* +12) 4
e O

For sufficiently large n, the level curve we constructed does not surround any points other than (0, 0)
and (1/¢,l,) in A. By Lemma 6.1.0.1, the Dirichlet-Selberg domain DS(X,I") is infinitely-sided.

Case (2): a ¢ Q. Choose any (k1,l1). Our construction yields a point A; € P(3) and a level
curve of sgg 4, surrounding (0,0) and (k1,l1). We choose the points (k;, ;) inductively as follows:
suppose we have chosen points A; € P(3) and (kj,l;) € A, where j =1,...,(: — 1). Let A; be the
set of points in A surrounded by the level curve of sg(,Aj through (0,0) and (k;,1;), then the union
U;;11 A;j is a finite set. Since a ¢ Q, we can choose (k;, ;) € A such that k; is sufficiently small and
l; is sufficiently large, ensuring that the level curve of sg(y 4, in our construction excludes all points
in U;;ll Aj\{(0,0)}. By Corollary 6.1.1, DS(X,I') has a facet Fy 1y, where (k;,1;) € A;\{(0,0)}
for all ¢ € N. Our construction implies that these points are pairwise distinct. Thus the Dirichlet-

Selberg domain DS(X,T") is infinitely-sided. O
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PROOF OF THEOREM 6.0.1, 2-GENERATED GROUP OF TYPE (4). A 2-generated subgroup T

of type (4) is interpreted as a two-parameter family

ek _le k0
gk,D=1 0 ek o0 |, VD) eA=(t1DZD (s,a0)Z C R,
0 0 e2k

where (s,t) # (0,0) and a € R. The function s% , is expressed as:

Sg(,A(k7 l) = eZk(auxn + 2a12x12 + a22x22 + 2[((111.%‘12 + CL12$22) + l2a11x22)

+ 267’{(&13%13 + a23x23 + la13x23) + 674ka33x33.
We assert that if X = (2%)~! satisfies 223 # 0, then for any (ko,lp) € A where ko # 0, there exists
a point A € P(3), such that:

e A level curve of sg(’ 4 is connected and passes through (0,0) and (Ko, lo).
e The level curve lies between the lines k£ = 0 and k = kg, and is tangent to these lines at

(0,0) and (ko, lo), respectively.

Indeed, the level curve s% , = ¢ is the union of graphs of the following functions:

L=1s(e %) =lo(e7%;¢) £ \/li(e7F; ),

where
12 23
—k € a12 a13T~" _3p
bee)==-—m+—]— 55€
X a1l apjlx
12,.23 13,22 22,.23
_k ara3(r 2™ — 2w%?) + %2 (a12a013 — a11a23) 3,
li(e "c) =2 e
a2, p222
11
22,33 2 ,.232 11,.22 122 2
a11a3s3xr="r=" — ajzx —6k C —2k rr- —x aijiaz — ajs
- 2 2 € +—c - 2 2 ‘
aj,x?? a11722 z?? af;

The function [; is a polynomial in t = e™* of degree 6, with a negative leading coefficient. If
t=e*=1andt=e"*=e7 are the only positive zeroes of I;(t), then I;(e~*) > 0 if and only if
0 < k < kg, implying the connectedness of the level curve. Thus, it is sufficient to select numbers
a;j, such that the matrix A = (a;5) € P(3), and

e The values of the function I = lg(e™*;¢) at k = 0 and k = kg are 0 and Iy, respectively.
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e The only positive zeroes of the function [;(t;c) are t = 1 and t = e~*o,

We set a1 = 1. The first requirement yields a linear equation system in the unknowns a5 and a3,
with a unique set of solutions

z12 lye3ko lpe

a2 = ——55 — 5 ——=, 013 = — 33
222 g3ko _ 17 3 (e3Fo — 1)223

3ko .’1322

With aq1, a12 and a;3 given above, the second requirement yields a linear equation system in the

unknowns as3 and ags, resulting in a set of solutions in terms of kg, lg, X, ¢ and ags:

a3 = (_a2266k0$222$23 + a22x222x23 4 ceth0y22,23 022,23 L €6kolgx222x23

4 26301 12222523 4 9pOk0]1,12,,22,23 _ 263k0l0x13x222 _ oOko,11,22,23 | o 6ko, 122,23 |
11,2223 2551225523) / (2 <€3k0 _ 1) x22x232> 7

33 = — (€3k0 (_a22€3k0$222 4 a22$222 Toeeh0g22 _ 22 4 63k018x222 + 2¢3k0 12422

2 2
_ 3o 11,22 | 9 3ko 122 | (11,22 o 12 )) / ((e3k0 _ 1) x22x33) ‘

With ags and as3 given above, the determinant det(a;;) forms a quadratic polynomial in ¢, with
coefficients depending on ko, lo, X, and ass. The coefficient of the ¢? term is

(L+ef)” (14 o)’
4 (eko 4 e2ko 4 1)? 2237

We select ¢ = ¢(ko, lg, X, az2) to be the maximum point of this quadratic function. Assuming this,
det(a;;) becomes a quadratic polynomial in the variable ass, whose coefficients are in terms of ko, lo,

and X. The coefficient of the a3, term is

o4ko (621@%232 (O ekO)Z (1+ e2k0) $22$33>

> 0.
(1 + €ko)? (1 + e2ko)? 4332

Hence, when a9 is sufficiently large, both det(A4) > 0 and ajia2 — a%Q > 0 hold. This results in a
positive definite matrix A = (a;;); up to a positive scaling, it yields det(A) = 1.
To show that t = 1 and ¢t = e~ are the only positive zeroes of I;, we note that the derivative I (t)

contains terms of t°, 2, and t! only, implying that I} (¢) has a zero t = 0. The other zeroes of I/ (t)
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satisfy 3at* = 38t + co, where

22,.33 2 ,.232 12,.23 13,.22 22,.23
411a33C7°T7" — Q13T a11a13($ T — T )+J) T (a12a13—a11a23) C

o = 752 , C0 =

2 .222 2 ,.222
allx a11$

a2’

We have o > 0. Moreover, (0,0) lies on the level curve, thus ¢ = tr(X ! - A) > 0, implying that
co > 0. Consequently, I} (¢) has at most one positive zero, and [;(¢) has at most two positive zeroes,
which must be t =1 and ¢t = e %o,

The remainder of the proof is divided in two cases, based on whether a := t/s is rational. If
a = p/q € Q, then the first components of points in A = (¢,1)Z @ (s,a)Z take discrete values
(s/q)Z. If a ¢ Q, there exists a point (kp,l,) € A where k), is arbitrarily large and [,, is arbitrarily
close to 0. Analogously to the previous case, the Dirichlet-Selberg domain DS(X,T") is infinitely-
sided whenever the center X does not belong to the proper Zariski closed subset {X = (z¥)~! €
P(3)|z* = 0}. O
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CHAPTER 7

Schottky Groups in SL(n,R)

Using Dirichlet-Selberg domains in P(n), we extend the notion of Schottky groups | ] to
subgroups of SL(n,R):

DEFINITION 7.0.1. A discrete subgroup I' < SL(n,R) is called a Schottky group of rank k if there
exists a point X € P(n), such that the Dirichlet-Selberg domain DS(X,T') is 2k-sided and is ridge

free.

Similarly to the case of SOT(n,1), we establish the following property for Schottky groups in
SL(n,R):

PROPOSITION 7.0.1. Suppose that I' < SL(n,R) is a Schottky group, and the facets of DS(X,T")
are Bis(X, ;. X) and Bis(X,g;*.X), i = 1,...,k for a point X € P(n). Then T is generated by

gi,--., gk and is free over those generators.

PrOOF. Since DS(X,T") is a fundamental domain of the discrete subgroup I', T" is generated
by the facet pairing transformations of DS(X,T"), namely g1, ..., gk.

To show that I is free over g1, ..., gr, we assume that
w=g;'...g7"

is an arbitrary reduced word in letters of gi,...,gx, where iq,...,4, € {1,...,k} and €1,...,¢ €
{1,—1}. Since DS(X,T') is bounded by the 2k bisectors Bis(X, g;t.X) and is ridge-free, the com-

plement of int(DS(X,T")) consists of 2k disjoint half-spaces, namely
+ + .
H> ={Y|s(g;". X,Y)>s(X,Y)}, i=1,...,k

Furthermore,
gF(HF) =int(HF), i=1,...,k
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As w is a reduced word, it follows that

g, - X €int(H;!) C (H,®)S, (95, 9;2).-X € int(H?) C (H;,®), ..., w.X € int(H]").

22 23

Therefore, w.X ¢ DS(X,T'), implying that w # Id. Hence, T is free over the generators g, ..., gg.
]

In this Chapter, we show that Schottky groups in SL(n,R) exist in the generic case when n is even

and only exist in a degenerated case when n is odd.

7.1. Schottky groups in SL(n,R): n is even

DEFINITION 7.1.1. For any A € SL(n,R) with only positive eigenvalues, one defines the attracting

and repulsing subspaces of RP™"! as follows:
C:}_ = spanAi>1(vi)/RX, CZ = Span0<)\j<1(vj)/RX7
where v; denotes the eigenvector of AT associated with the eigenvalue N, i =1,...,n.

THEOREM 7.1.2. (cf. [ ]) Suppose that Ai,..., A € SL(2n,R) are such that the attracting
and repulsing spaces Cii, i=1,...,k, are all (n — 1)-dimensional and pairwise disjoint. Then
there exists an integer M > 0 such that the group T = (AM ... ,AQ@ 1s a Schottky group of rank
k.

PROOF. Denote the eigenvalues of A; by
ANil =2 XNn > 1> X122 N >0, 0=1,... k.

We claim that there exists an integer M satisfying the following conditions:
e For any real numbers mzi > M,i=1,...,k, the 2k bisectors Bis(I, Aznj.l), Bis(I, Ai_mi_.l)
are pairwise disjoint.
e For each bisector ¢ among the 2k ones, the center I of the Dirichlet-Selberg domain and

the other (2k — 1) bisectors lie in the same connected component of o€ = P(2n)\o.

To prove our first claim, we define

A™ T 2
o =t (M8 20 1) g0 = (5020 2 1) v e,
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which are smooth functions on RP?*~!. For any x € Ci"

lim fiﬂ(x) =0,

m—00

while for any x ¢ C’i,

. + o
L Fini(X) = 0o

Since RP?" ! is compact and the (n — 1)-dimensional submanifolds Ci' are pairwise disjoint, there

exists a positive number M, such that for any mzi > M, the sum of any two among the 2k functions

fii pi=1. k is positive. That is, the sum of any two among the 2k symmetric matrices
mj mj -1 —-m; —-m; -1 .
N1 (A7 =1), N (4 D) = 1),i=1,...,k

+
is a positive definite matrix. By Theorem 4.1.3, the bisectors Bis(A;tmi I, T) are pairwise disjoint
for any numbers mz:»t > M.

To prove our second claim, we assume the opposite: there are bisectors g1 and o9 among the 2k

+
bisectors Bis(Al-imi I,1), m;t > M, such that o9 and the center I lie in different components of
of. Without loss of generality, we suppose that o1 = Bis(A]".I,I) and o9 = Bis(Ay?.1,I). Let
X be an arbitrary point in Bis(A5"?.1,I); the assumption implies that I and X lie in different
components of of. Since

lim s(A7".1,I) = lim s(A7".1,X) = oo,

m— 00 m— 00

the points I and X lie in the same component of Bis(AT".I,I)¢ for m large enough. Thus, there

exists a real number m’l > my > M such that
X € Bis(A]" .1, 1).

However, X € Bis(Ay"?.1,1), implying that Bis(A5"?.1,T) and Bz’s(ATll.I, I) intersect at X, which
contradicts our first claim. This completes the proof of our second claim.

In conclusion, there exists a number M > 0 such that the Dirichlet-Selberg domain DS(I,T") of
I'= <A{V[, e ,Aﬂ@ is bounded by the 2k bisectors Bis(AiiM.I, I) and is ridge-free. Consequently,

I" is a Schottky group of rank k. O
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7.2. Schottky groups in SL(n,R): n is odd

Note that for odd n, Schottky groups in SL(n,R) can be obtained from these in SL(n — 1,R) via

the inclusion map SL(n — 1,R) < SL(n,R), g — diag(g,1):

EXAMPLE 7.2.1. Consider the matrices

3.0 0 5/3 4/3 0
A =diag(Ao,1)= [0 1/3 0|,B =diag(Bo,1)=|4/3 5/3 0
0 0 1 0 0 1

It is evident that each pair from the four matrices (A*.1)~' — I) = diag((AZ.1)~" — 1,0) and
((B*.I)"'—1I) = diag((BF.T)"' —1,0) has a positive semi-definite linear combination. By Theorem
4.1.8, the bisectors Bis(A*.I,1) and Bis(B*.I,I) are pairwise disjoint. Moreover, for any bisector
o among these four, the point I and the other three bisectors lie in the same connected component

of 0¢. Thus, I" is a Schottky group. In fact, I projects to the Schottky group (Ao, Bo) in SL(2,R).

In contrast, Bobb and Riestenberg proved that SL(3,R) does not contain Schottky groups in the
generic case. We show that for odd number n, SL(n,R) does not contain Schottky groups under

the following non-degeneracy assumption.

DEFINITION 7.2.2. We call the discrete subgroup I' < SL(n,R) a non-degenerate Schottky group of
rank k, if there is a point X € P(n) satisfying the following criteria:

e The Dirichlet-Selberg domain DS(X,T') is 2k-sided and ridge free.

e For any facet Bis(A;. X, X) of DS(X,T) where A; € T and i = 1,...,k, and for any

eigenvalue \; j of A; where j =1,...,n, the absolute value |\; ;| # 1.
THEOREM 7.2.3. For any odd number n, there are no non-degenerate Schottky groups in SL(n,R).

PROOF. Assume to the contrary that I' = (A,..., A;) C SL(n,R) is a non-degenerate Schot-
tky group of rank k, i.e., there exists a point X € P(n) such that the Dirichlet-Selberg domain
DS(X,T) is ridge-free, with 2k facets Bis(A;. X, X) and Bis(Ai_l.X, X), i1 =1,...,k. Without
loss of generality, we can assume that X = I after an isometry of the Dirichlet-Selberg domain
DS(X,T); the Dirichlet-Selberg domain after the isometry corresponds to a subgroup conjugate to

T.
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We extend the notions of attracting and repulsing subspaces:

Ch ¢ = spang,x,1>1(v4)/C*, Cf ¢ = spang x,j<1(v;)/C*,

where v; € C" is the eigenvector of AZT associated with the eigenvalue ;. Then, C’Xh(c and CZZ-,(C are
proper subspaces of CP"~!. Since I' is assumed to be non-degenerate, dimc(C’ji’C) +dim‘C(CZ¢,C) =
n—2,i=1,..., k. That is, either dimC(CZ“C) > (n—1)/2 or dim¢(Cy, ) = (n—1)/2. Without
loss of generality, we can assume that dimc(C;{hC),dimc(CZ%C) > (n —1)/2. Consequently, the
intersection

- +
ChLcNChc#9.

On the one hand, for any m € N, the bisectors Bis(A}".I,I) and Bis(Ay'.1,I) are disjoint. For
m = 1, this follows from the definition of Schottky groups. For m > 2, we note that the bisectors
Bis(A™.1,I),i=1,...,k do not intersect the Dirichlet-Selberg domain DS(I,T'). In other words,
Bis(A®.1,1) lies in DS(I,T")¢. Therefore, the bisector Bis(A]".I,I) and the point A7".I lie in the

same connected component of DS(I,I")¢. Since A7".I lies in the component
int(H;") = {V]s(4;.1,Y) > s(1,Y)},

the bisectors Bis(A".I1,1I) and Bis(A4'.I,I) belong to different components of DS(I,T")¢. Thus,
they are disjoint.
On the other hand, we will derive a contradiction by showing that the bisectors Bis(A}".I,I) and

Bis(A4.1,1) intersect for sufficiently large m € N. Take vectors
veCh «NCL o, we (CF cUCH, o).
Similarly to the proof of Theorem 7.1.2, we establish that
wH (A" —Dw >0

and

w* (A7)~ — Dw > 0,

97



for sufficiently large m. Furthermore,
VIATD T = (AT P = (e W) < 1™ - [1vI?

where ¢ represents the restriction of the linear transformation (AII)T to the AT-invariant subspace

C- C:" ¢ of C". Gelfand’s theorem implies that
1,

lim [|@™||Y/™ = = max |\ 7! < 1,
Jim (77 = () = ma ||
where p(y) denotes the spectral radius of . It follows that lim,,_,« ||¢"|| = 0, and consequently

: * my—1_ __
ngnoov (A7) "'v=0.

Similarly,

: * m\—1. __
W%gnoov (A3") " "v=0.

Thus, inequalities

V(AT D) —T)v<0

and

V(AR —T)v <0

hold for sufficiently large m.

The inequalities above imply that the pencil
(A7)~ =1, (A3~ = 1)

is indefinite for sufficiently large m. According to Theorem 4.1.3, the bisectors Bis(A}".I,I) and

Bis(Ay'.1,I) intersect for sufficiently large m, leading to a contradiction. O
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APPENDIX A

Motivation for the Angle-like Function

This appendix describes how we discovered the equation (3.2), particularly the methodology em-

ployed to identify a suitable function:
0: PO 0,7, (A,B) — 0(A-, BY)

which fulfills the properties (1) through (4) in Definition 3.1.1. Here, i) represents the set
consisting of pairs (A, B) € Sym,(R)? for which the corresponding co-oriented hyperplane pair
(A+,Bt) is of type (2), and that the generalized eigenvalues of the pencil (A, B) are pairwise
distinct. Furthermore, Z%O) represents the set consisting of pairs (4, B) in Sym,(R)?2, such that
A,B # O and B = c¢- A for some ¢ € R; that is, the corresponding co-oriented hyperplanes A+ and
Bt are either identical or oppositely co-oriented.

We begin by observing that a restriction of 6 factors through S x S!. Here and after, we consistently

regard S! as R/27Z.

LEMMA A.0.0.1. For any pair (A, B) € 222), Ol (span(a,B)—{0})? factors through S! x S! via
(span(A, B) — {0})? 224 81 x 8! 5 [0, 7],

where ¢ is a map @4 py : span(A, B) —{O0} — St and / : S' x St — [0, 7] is the Euclidean angle.

PRrOOF. Consider an arbitrary pair (A, B) € 253). We define the map ¢4 p) as follows:

e For any ¢ > 0, we have p(c- A) = 0; for any ¢ <0, p(c- A) = 7.
e If C is a positive linear combination of B and A, or B and —A, then ¢(C) = §(A+,Ct).
e If C'is a positive linear combination of —B and A or —B and — A4, then ¢(C) = —0(A+,C*).

The definition of ¢ ensures that Z(p(C1),0(C2)) = 0(C{, Cy) whenever C; € span(A) or Cy €
span(A).
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Next, we will show that £ (¢(C1), ¢(C2)) = 6(Cf, Cy-) holds for any Cy, Cy € span(A, B)—span(A).
After a positive scaling of Cy and C5, we can assume that C1 = e1B + 1A and Cs = 2B + oA,
where c¢1,c2 € R, and €1, €2 € {1, —1}. The proof is divided in three cases:

Case (1). Assume that € = e = 1 and ¢; > ¢o. In this case, C} is a positive linear combination

of A and Cy. The property (4) of 6 in Definition 3.1.1 implies that
0(A+,Cy) — 6(A*,CT) =0(Ct,Cy) > 0,
which leads to 0 < ¢(C1) < ¢(Ca) < m. Hence, the angle is computed as
£(p(Ch), p(C2)) = p(C2) — p(C1) = O(A", C3) = (AT, C1) = 0(Ci, Cy ).

Case (2). If ¢; = e = —1, we can show that Z(p(C1), ¢(C2)) = 0(Ci-, Cs-), following a reasoning
analogous to the Case (1).
Case (3). Assume that ¢; = 1 and ea = —1. When ¢; + ¢3 = 0, it follows that Co = —C;. The

property (3) of € in Definition 3.1.1 implies that
p(Co) = —0(A, —C1) = =1 + 0(AY,Cf ) = ¢(Cs) — ,

leading to the conclusion that Z(¢(C1), p(C2)) = m = 6(C{, Cy).
When ¢; + ¢ > 0, A is a positive linear combination of C; and Cy. The property (4) of 6 in

Definition 3.1.1 implies that
0(Ct,Cy) = 0(A, 01 ) + 0(AF, Cy) = 9(C1) — ¢(Ca).
Therefore, p(C1) and p(Cy) € St satisfy that 0 < p(C1) — p(Cs) < m, leading to the conclusion:
0(C1,Cy) = p(C1) — p(Ca) = £(p(C1), (C)).

When ¢; + ¢ < 0, we can show that Z(p(C1),0(C2)) = 0(C{-, Cs-), analogously to the preceding

argument. O

To construct an invariant angle function 6 on 27(12) U Z%O), we aim at constructing a family of

maps ¢(4,g) : span(4, B) — {0} — S! for (A, B) € 2 that satisfies particular properties. We
(2)

note that the definition of invariant angle function requires a connection between pairs in >, "~ .
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Specifically, the property (2) in Definition 3.1.1 suggests a connection between the pairs (A, B) and
(9.4, g.B) for any g € SL(n,R). Moreover, the pairs (A, B) and (A’, B') are inherently related when
span(A’, B") = span(A, B). This observation motivates us to introduce an equivalence relation on

Z,(f), formalized as follows:

DEFINITION A.0.1. Two pairs (A, B), (A',B’) € 27(12) are equivalent if

(A",B') = (9.(pA +¢B),g.(rA + sB)),

for an element g € SL(n,R) and numbers p,q,r,s € R with ps—qr # 0. We denote this equivalence
relation by (A, B) ~ (A’, B').

The concept of the cross-ratio plays an important role in characterizing the equivalence classes on

zﬁf), as will be introduced in Section A.1.

A.1. Further insights to the family of functions ¢4 p)

We refer to | | for the following concepts and propositions related to the cross-ratio:

DEFINITION A.1.1. The cross-ratio of four distinct points p; = [z; : y;] € RPY, i = 1,2,3,4, is

defined as
(w3y1 — y31)(@ay2 — Ya2)
(z3y2 — y3w2)(Tay1 — yaz1)

Ry (p1,p2;p3,04) =

For points x; € R? — {(0,0)}, the cross ratio Ry (X1,%X2;%3,%4) denotes Ry ([x1], [x2]; [x3], [x4]),

where [x;] € RP!, fori=1,2,3,4.

PROPOSITION A.1.1. Consider points p; € RP! fori =1,2,3,4. The cross-ratio Rx (p1,p2;p3, 1)
is greater than 1 if and only if the points p1, p2, p3, and ps are arranged on RP' according to their

cyclic order.

PROPOSITION A.1.2. Identify points p; € RP! as one-dimensional linear subspaces of R?, where i =
1,2,3,4. Denote by 0; the angle between p; and p;+1 fori =1,2,3. The cross-ratio Ry (p1, p2; p3, p4)
1s expressed as a function of 0;:

sin(f; + 62) sin(62 + 03)
sin 6y sin(fy + 6 + 63)

Ry (p1,p2;p3,p4) = Ry (01,02,03) :=
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ProprosiTION A.1.3. Consider two-dimensional vector spaces V. and W and an invertible linear
map p:V = W. Let p; € V and q; € W represent distinct points for i =1,2,3,4. Assuming that

qi = @(pi) fori=1,2,3, then the equality
Ry (p1,p2;p3,04) = Rx(q1, 625 G3, q4)

holds if and only if q4 is a non-zero multiple of v(p4).

REMARK A.1.1. Invertible linear maps on R? correspond to Mdbius transformations on RPY. Thus,
Proposition A.1.3 remains valid when the parts “two-dimensional spaces” and “invertible linear

map” are replaced by “projective lines” and “Mobius transformation” respectively.
The cross-ratios of consecutive points among n > 4 points in RP! depend on each other:

LEMMA A.1.1.1. Consider n > 4 distinct points p1,...,p, € RP!, denote R; = Ry (pi, Pit1; Pit2, Pit3)
fori=1,...,n, with indices being taken modulo n. It follows that R,_o, R,_1, and R, are deter-

mined by Ry through R, _3.

PROOF. A unique Mo6bius transformation exists that takes p1, po and ps to 0, 1 and oo, respec-
tively. As noted in Remark A.1.1, M6bius transformations preserve the cross-ratios among points
in RP!. Consequently, we may assume that (p1, p2, p3) = (0, 1, 00) without loss of generality. Under
this assumption, equations R; = Ryx (pi, Pi+1; Pi+2,Pi+3), ¢ = 1,...,n — 3 uniquely determine the
points p4 through p,. Hence, the cross-ratios R,_2, R,—1 and R,, are also uniquely determined. [

We return to the equivalence classes in zﬁf).

DEFINITION A.1.2. Define M, as the (n — 3)-dimensional space given by
M;l = {(Rl, - ,Rn) S RZHR@‘ = Ri(Rl, e ,Rn_g),i =n—2,n— l,n},

where Ri(Ry,...,Rn—_3), fori=n—2,n—1,n, are as described in Lemma A.1.1.1. Introduce the

following equivalence relations on M), :
(Rl,...,Rn) ~ (Rn,...,R1>, (Rl,...,Rn) ~ (Ri+17---7Ri+n)a 1= 1,...,7’L— 1,

with indices taken modulo n. Define M, = M,/ ~ as the quotient space by these equivalence

relations.
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For a point in M, represented by (Ry,...,Ry,) € M/, denote by st ype get consisting of pairs
(A,B) € Eg), such that the generalized eigenvalues of (A, B) are ordered as A\, > -+ > A1, and
their cross-ratios

R := Ry (Ni, Aig15 Xigas Aigs), i=1,...,n,

satisfy that (Ry,...,Ry) ~ (R},...,R]). For conciseness, we omit the last three components from

the superscript and denote the set above by SEt-fn=s

LEMMA A.1.2.1. Each equivalence class in 253) 1§ contained in 251""’&“3 for a specific element

(Rl,...,Rn) e M,.

PRrROOF. For each (A, B) € 27(12) with eigenvalues A\, > --- > A1, Proposition A.1.1 implies that
the cross-ratios R; = Ry (Ai, Nit1; Nit2, Nit3) > 1fori=1,... n.
Consider a pair (A, B) € sfe s here (Ry,...,Ry) € M,. According to Proposition 2.2.4,
the generalized eigenvalues of (g.A4, g.B) are equal to those of (A4, B) for any g € SL(n,R). Thus,
(9.A,9.B) € B3 Noreover, for any p,q,7, s € R with ps — qr # 0, Lemma 2.3.3.1 demon-
strates that the generalized eigenvalues of (pA + ¢B,rA + sB) are equal to (pA; + q)/(rA; + s),
where i = 1,...,n, which are the images of Ay, ..., A\, under a Mobius transformation. According
to Remark A.1.1, Mobius transformations preserve the cross-ratios. Additionally, such transforma-
tions alter the order of \;, i = 1,...,n by a cyclic permutation with/or a reversal, thus they alter
the order of Ry (Ai, Ait1; Nit2, Ait3), @ = 1,...,n in the same manner. Such permutations preserve

the equivalence classes in M/ . Hence, (pA + qB,rA+ sB) € it B3 a9 welll. O

REMARK A.1.2. For (A, B) € 211121,...,1%71_3’ the set of singular matrices in span(A, B) consists of n
lines, specifically span(A — \;B), where A\;, i = 1,...,n are the generalized eigenvalues of (A, B).
Additionally, R; = Rx (A — X \iB, A — X\iy1B; A — \iy2B, A — \i13B) fori=1,...,n.

We make a further assumption on the family of maps ¢4 p). For any (Ri,...,Ry) € M,, we
assume that the angles 0; = Z(p(4,5)(Ci), ¥(a,8)(Ci+1)) remain constant despite different selections
of (A, B) € $f

span(A, B), with R; = R« (C;,Ci11;Ciy2,Ciys), i = 1,...,n. According to Proposition A.1.2, the
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angles 0;, i = 1,...,n, satisfy the following condition:

n
E 0; =,
i=1

Rx(ai,0i+1,ei+2) = Ri, Vi = 1, e,

(A1)

Denote by © a proposed function that takes (Ri,...,R,) € M! to (61,...,0,) € (S')" satisfying
(A.1). Note that a cyclic permutation of the elements C1, ..., C, results in identical permutations

of both (Ry,...,Ry) and (61,...,0,). Consequently, we establish another condition:

@(R1+j, ce aRn+j) = (91+j7 .. .,0n+j), \V/] = 0, ey — 1,
(A.2)

O(Rp,...,R1) = (02,01,0,,...,03).

We describe the requirements for the family of maps ¢4 p) as below.

PROPOSITION A.1.4. Suppose that there exists a map © : M}, — (S1)" satisfying conditions (A.1)
and (A.2). Moreover, assume that for each tuple (Ri,...,R,) € M), and and the corresponding
output (01,...,0n) = O(Ra, ..., Ry), there is a family of maps 4 ) : span(A, B) — {0} — St for
(A,B) € sBeHn=s gotistying the criterias

(1) The map ¢(a,p) is the composition of a linear map P4 gy : span(A, B) — R? and the
canonical quotient map R? — {0} — (R? — {O})/R* = S
(2) Suppose that Ci,...,Cy is any set of pairwise linearly independent singular elements in

span(A, B) satisfying that
Ry (Ci, Cit1; Ciy2, Cigs) = Ry,

fori=1,...,n, and Cy,...,C,_1 represent positive linear combinations of C1 and C,,

where the indices are taken modulo n. Then the relationship

i—1
(A3) @(A,B)(Cl):n_’_zah i=1,...,n,
j=1

holds for a specific n = n(Cy,...,Cp) € St.

Under these criteria, the function

0(AL, B) == Z(¢a,p)(A), ¢(a,5)/(B))
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is well-defined and serves as an invariant angle function.

PROOF. We begin by proving the uniqueness, up to an additive constant, of the map ¢4 ).

Assuming that ¢4 p)(C1) = 0, the criteria (1) and (2) imply the expressions
Yea,B)(C1) = k1(1,0), ¥(a,5)(C2) = ka(cos01,sin601), 1(a,5)(Cn) = kn(—cosby,sinby),

where k1, k2, and &y, are positive scalars. This determines a unique linear map (4, gy up to a positive
multiple, implying the uniqueness of ¢4 p) under the assumption ¢4 5)(C1) = 0. Consequently,
©(4,B) is unique up to a constant without this assumption. Thus, the function 6 is uniquely
determined and is independent of 7.

Properties (1), (3) and (4) in Definition 3.1.1 are inherently fulfilled by the angular nature of 6.
Regarding the property (2), suppose that a choice of singular elements Ci,...,C,, in span(A, B)
satisfies the criteria in the proposition. Thus, the elements ¢.C1, ..., g.C,, satisfy these criteria for

span(g.A, g.B). The uniqueness of ¢, 4,4 p) implies that

P(9.4,9.8)(9-C) = ¢a,B)(C),

for any C € span(A, B) — {O}. Hence,

0((9-A)", (9-B)) = 2(0(g.1,9.8)(9-A), 0(g.4,9.8)(9-B)) = Z(p(a.5)(A), o(a,5)(B)) = 0(A*, B).
O

REMARK A.1.3. The proof of the existence of the map ¢4 p), guaranteed by the equation (A.1), is

omitted here for conciseness.

The objective now shifts to identifying an appropriate map © : M/, — (S!)". We will deal with

this in the next section, focusing on cases with small values of n.

A.2. Examples: cases n =3, 4, and 5

In this section, we demonstrate the derivation of the formula (3.2) when n takes the values 3, 4,

and 5.

EXAMPLE A.2.1. Suppose that n = 3. In this case, M3 is reduced to a point. Consider any pair

(A,B) € Ei(f) whose generalized eigenvalues are arranged as A1 < Ay < A3. Both choices of singular
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elements C;, i = 1,2, 3, satisfy the criterion (2) in Proposition A.1.4:
Ci=A—MB, Co=A—XB, C3=A—)\3B,

or

Ci=A—X B, Co=A—)\3B, C3=—(A—-\DB).
Thus the function ¢4 py satisfies (A.3) for either choice of C;, yielding that
(m,m+01,m+ 01 +02) = (' + 01,7 + 01+ 02,1 +7),

where 1,1’ are specific elements in S'. This condition implies that 01 = 0y = 03 = 7/3, a choice

that also satisfies the equation A.2. Consequently, the criterion (1) in Proposition A.1.4 implies

Yiam(A—\B) =k (cos ((i _31)7T> sin <(i _31)7T>> . i=1,2,3,

where k;, 1 = 1,2,3 are positive numbers. To determine these numbers, we note that the matrices

that

Ci=A—-\B, i=1,2,3, are linearly dependent, expressed as:

1 1
)\3 — )\1 (03 B Cl) )\2 )\1

—(Cy = ).

Therefore,

1 1
m(w(A,B)(C?,) —a,B)(C1)) = .

(¥a,8)(C2) — ¥(a,B)(Ch))-

Combining these equations, we derive a solution, which is unique up to a positive multiple:

1 1 1

ky = ky = ks = .
WSV VS VD VW

Therefore, we determine V¥4 gy(A) and (4 p)(B) up to a positive multiple, particularly determining

the angle between them. Straightforward computations show that

cos H(AL,BJ‘) = coS 4(¢(A,B)(A)’¢(A,B)(B))
(A.4) A A A3 A3+ AAS 4 AoA3 + AsAT — 6 Ao
2\/@% X3+ 23— Ada — Aahs — Ashy)

(A2X3 4+ A202 + 2202 — A2o)g — A3 — A2 )
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EXAMPLE A.2.2. Consider the case where n = 4. Let py, p2, p3, and py € RP and denote their
cross-ratio by R = Ry (p1,p2;p3,pa). The cross-ratios of these points in different orders are as

follows:

R R

R (p2,p3ip4:p1) = s B (P, paipr.p2) = Ry R(papiipa,ps) = -

Therefore, My = Rs1 /{R ~ 25}, For any R € My and (A, B) € SF with generalized eigenvalues
A1 < A2 < A3 < Ay, both choices of the singular elements C;, i = 1,2,3,4, satisfy the criterion (2)
in Proposition A.1.4 with Ry (Cy,Co;Cs3,Cy) = R:

Ci=A—MB, Co=A— B, C3=A— 3B, Ci=A— \B,
or
Ch=A—X\B, Co=A—\B, C3=—(A—\B), Ci=—(A— \DB).

Thus, the function o4 p) satisfies (A.3) for both choices of C;. Similarly to Example A.2.1, this
condition implies that

01 =03, 03 =04.
This condition also satisfies equation (A.2). Moreover, Proposition A.1.2 implies that

sinm/2 - sin7/2 1
sin(m/2 — 61)sin(7/2 +601)  cos?6;’

R =Ry (01,02,03) =

hence we have:

01 = 03 = arccos\/1/R, 0y = 0, = arcsin/1/R.

Consequently, the criterion (1) in Proposition A.1.4 implies that 14 p) : span(A, B) — R? is

characterized by:
Yeap)(A—MB) =ki(1,0), Yap)(A—B)=ka(l,VR 1),

Yea,B) (A —A3B) = k3(0,1), ¥a,5)(A—MB) =ks(~VR—1,1),
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for some positive numbers k;, i = 1,2,3,4. By a straightforward computation similar to Fxample

A.2.1, we determine these numbers and derive the following formula:

cos O(AY, BY) = cos Z(¢a,p)(A), ¥(a,5)(B))
(A.5) B AgAo — A3\
\/(>\4 — A3+ Ay — )\1)()\4)\3)\2 — MA3A + Ao — /\3)\2)\1)

EXAMPLE A.2.3. We consider the case where n = 5. For points p; € RPY, i =1,....5, we define

the cross-ratios as usual:
R; = Ry (i, Pit1; Dit2, Dit3)-

As asserted by Lemma A.1.1.1, cross-ratios Rs, R4y and Rs are dependent on Ry and Ro. This is

clear from the following relationships:

R2 1 Rl
Ry=——"— Ry = , R = ———.
3 Rl(RQ — 1) 4 Ry + Ry — R1Ry 5 RQ(Rl — 1)
For any (A,B) € E?l’}b with generalized eigenvalues A\ < --- < A5, the following choice of
singular elements C;, i = 1,...,5, satisfies the assumption in criterion (2) with cross-ratios
(Rasgs -y R5pj) € My:
Ci=A- /\j+1B, ceey 05_j =A- A5 B, CG_]' = —(A — )\13), vy, Oy = —(A — )\jB),

where 7 = 0,...,4, and the indices are taken modulo 5.

To find a function © satisfying equations (A.1) and (A.2), we note that 05, 04 and 05 are dependent
on 01 and 0y according to Proposition A.1.2. Specifically, if we set ¢; = cotf;, i = 1,...,5, then

the second equation in (A.1) implies that

R, — (ci+1 +ci)(civ1 + Cita) i=1 5
1 T ) - AR | M
CiCit1 + CiCipo + Cip1Ci42 — 1

Consequently, we regard c3, c4 and cs as rational functions of ¢1 and ca, with parameters Ry and
Ry. After straightforward computation, the condition Y 60; = m appears superfluous. We define

5
F(er, 003 Ry, Ro) = c1+ca+ Y cjer, ea3 Ry, Ry),
=3
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which is a rational function of (c1,c2) € R? with parameters Ry and Rs. Further computation

reveals that F'(c1,c2) has a unique minimum point at:

o = (RlRQ — Ry — RQ)(RlRQ — R+ Ry + 1)
(Ri — 1)(R2 — )(RiR2 — R, — R»)
- (3R2R2 — 6RyR2 — 6R2Ry + 3R? + 3R% + 5R1 Ry — 3R, — 3R»)
(R1 — 1)(R% +2R1Ry + Ry — RlR% — Rl)

Cy =
(Ry —1)(Re — 1)(R1Ry — Ry — Ry)
-(3R?R% —6R1R3 — 6R?Ry + 3R? + 3R% + 5R1 Ry — 3Ry — 3Ry)

(A.6)

PROPOSITION A.2.1. Let © : Mt — (SY)?, ©(Ry,...,R5) = (01,...,05) := (arccotcy, . . ., arccotes),
where ¢; = c1(R1, R2) and ca = ca(R1, R2) are given by (A.6), and ¢; = cj(c1,c2; R, Re) for
j=3,4,5 are described above. Then, © satisfies the conditions (A.1) and (A.2).

Proor. It suffices to show that ©(Ri4j, Rotj) = (P14, ..,0545) for j = 1,...,4, where the
indices are taken modulo 5. Suppose that ©(Ri4j, Rotj) = (01;,-..,05,;). By definition, both

(01,...,05) and (0], ...,05) are points on the variety
{(01,...,65)|Rx(0:,0i41,0i42) = Riyi =1,...,5},

that minimize Z?Zl cot §;. We have verified that such a minimum point is unique. Therefore,

0/ =0;fori=1,....5. O

From the function © : My — (S')5 constructed above, we derive the following formula by a straight-

forward computation, analogously to Examples A.2.1 and A.2.2:

(A7)
cos (AT, BL) = cos Z(Ya,p)(A), V(a5 (B))
_ 2B AA3A1 + BN AaAsA] — APARAL — A AsA] — MAZAs A — AdaAfAa) — 10A Ao A3

9 (Z()\%)\z)\g + )\1)\2)\?)) + )\%)\3)\4 — )\%)\g — A1 A2A3 Mg — )\1)\%)\3))
(Z()\%)\%/\g)u; + /\%)\2)\3)\2 + )\1)\2/\%)\421 — /\1)\%)\%)\4 — )\%)\%/\i — )\%/\2)\3)\4)\5))

We can further simplify Equation (A.7). Noticeably, the cyclic sums appearing in equation (A.7)

represent cyclic sums of products of linear terms in Ay, ..., A5, namely,

D (A A2ds + MA2A3 + A AsAs — ATAS — Adads s — AiA3As)

cyc

S Z(Al —A2) (A2 — A3) (A3 — M) (Mg — As),

cyc

109



D (BA A2AsAs 4 3A A AsA] — ATAZAL — ATAsAT — MAAsAs — MAeAZAs) — 10A A2 Ashads

== >+ 2) (A = A2) (A2 = A3)(As = A) (Mg = As),

and

43 T(ATAS A3 A + ATA2A3A] + A A2A3AT — MASAS AL — ATAAT — AT daAsAa)s)

cyc

== (A +25)2 (A = A2) (A2 — A3)(As — Aa) (A — As),

cyc
implying that

25 A1+
=1 XNip1—N\;

)
25 1 25 (Air1+X:)?

which is a special case of equation (3.2) when k = 5. After obtaining such an equation for general

cos0(A,B) =

k, it is notable that equations (A.4) and (A.5) are special cases of the equation (3.2) when k = 3
and k = 4, respectively. This observation motivates us to prove that the function given by (3.2) is

an invariant angle function for every k > 3.
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APPENDIX B

Infinite-sidedness for the Integer Heisenberg Group

In this appendix, we consider the Heisenberg group:

DEFINITION B.0.1. The Heisenberg group over a ring R is defined as

1 a b
Hg(R): 01 clla,bceR
0 0 1

The Heisenberg group over R is a 3-dimensional non-Abelian nilpotent Lie group. The geometric
structure of the Heisenberg group, known as the Nil geometry, is one of Thurston’s eight model
geometries | ]

The real Heisenberg group H3(R) is a 3-dimensional Lie subgroup of SL(3,R), while the integer
Heisenberg group Hj3(Z) is a discrete subgroup of H3(R) and thus of SL(3,R). The latter group
is interesting among non-Abelian discrete subgroups of SL(3,R). It is worth exploring a question
analogous to the question raised in Chapter 6, namely whether the Dirichlet-Selberg domain for
Hs3(Z) in P(3) is infinitely-sided when centered at a given point X € P(3). At least for certain

choices of X, the answer is affirmative:

PROPOSITION B.0.1. Suppose that X € P(3), with X1 = (2¥)? and 2?3 = 0. Then the

ij=1
Dirichlet-Selberg domain DS(X, H3(Z)) is infinitely-sided.
PROOF. We view H3(Z) as a three-parameter family:
-1
1 m km+1 1 —m -l
gk,lm)=10 1 k =|lo 1 —k| ,Vkim)eZ
0 0 1 0 0 1

and express the function sg( 4 as:

5§7A(k, l,m) = x33(a22(k — /{C)2 + 2a12(k — ke)(l — 1e) + a11 (1 — lc)2) + x22a11(m — mc)2 + const,
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where A = (a;;) as usual, and

13 22 12
b — aj1a23 — 12013 L= T a22013 — A12023 a1z +ane
c= 2 ‘e T 33 3 Me= 22
411022 — 7y x 411022 — 7y a1

We separate the variables as sggA(k, l,m) = s1(k,1) + s2(m) + const, where
s1(k, 1) = 233 (aga(k — k) + 2a12(k — k) (1 — 1) + a11.(I — 10)?), s2(m) = 2%2a11(m — m,)?.

The function s; coincides with sgg 4 for two generated groups of type (1) that appeared in Chapter
6. As we have proven, for any coprime pair (ko,ly) € Z?2, there is a family of matrices A = A(e) €
P(3), 0 < € < €, such that (0,0) and (ko,lp) are the only minimal points of si|z2. Here, ¢ is a
positive number dependent on ko and ly, and the matrix A(e) is dependent on kg, lp as well as 2%/,
Among these coprime pairs, infinitely many pairs (kg,lo) € Z? exist for which the matrix A(e)
constructed above ensures that ss|z has a unique minimum point at m = 0 when € approaches 0.
Indeed, s2(m) is a quadratic polynomial with a positive leading coefficient. Consequently, m = 0

is the sole minimum point of sa|z if and only if |m.| < 1/2; the latter condition yields that

222 _ 9,12

22 9,12
— (B ko + ko) < —(1 = Al < (€15 /ko + ko).

2x22

As € tends to 0, the above inequality simplifies to:

12 12
x 1 x 1
(x22—2> ko <lp < (x22+2>k‘0,

which holds for infinitely many coprime pairs of integers (kog, ly). For each of these pairs, there exists
a sufficiently small €, dependent on k¢ and [y, such that a level curve of Sg(, A6) solely encloses integer
points (0,0) and (ko,lp). Thus, these are the only minimum points of s1|z2, while m = 0 serves as
the only minimum point of sa|z. Consequently, (k,I,m) = (0,0,0) and (k,l, m) = (ko, lo,0) are the
only minimum points of sg(,A(k, I,m). Lemma 6.1.0.1 with A = Z? implies that the Dirichlet-Selberg
domain DS(X, H3(Z)) is infinitely sided for any X € {X = (2¥)~! € P(3)[2?3 = 0}. O

The assumption 222 = 0 ensures that the variables of the function sg( 4 can be separated, allowing

a concise proof of the proposition. We ask if the proposition still holds without this assumption:

CONJECTURE B.0.2. Is there any X € P(3) such that the Dirichlet-Selberg domain DS(X, H3(7Z))
is finitely sided?
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