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Bouc-Wen class models have been widely used to describe the hysteretic behaviors of structures in nonlinear
dynamic and stochastic analyses. Since the existing Bouc—Wen class models cannot fully represent the hysteretic
characteristics of reinforced concrete (RC) columns with structural degradation, the model fitted to the
hysteresis loop from a specific input loading may not provide accurate response predictions under general
loading conditions. To address this issue, we first identify two hysteresis mechanisms of RC columns, namely
acute deterioration and pinching relaxation. Next, a new Bouc-Wen model is proposed to describe the
hysteresis mechanisms based on the modified Bouc~-Wen-Baber-Noori (m-BWBN) model. The proposed model
considers the hysteresis mechanisms by two additional parameters, which are adequately bounded to facilitate
the parameter identification process. Two different input loadings, i.e., a monotonically increasing one and the
other with a sudden increase and decrease of the amplitude, are introduced to investigate the effects of the
input loading patterns on the model calibration. The fitted models are applied to predict the responses under
a quasi-static cyclic loading and a real earthquake ground motion. The effectiveness of the proposed model is
demonstrated by comparison with nonlinear finite element analyses of RC columns in a database. While the
m-BWBN and the proposed model show good agreements in the model calibration, only the proposed model
calibrated by the input loading with sudden amplitude changes successfully predicts the responses of degrading
RC columns. The proposed model will contribute to highly efficient and accurate predictions by nonlinear
dynamic and stochastic analyses of a degrading structure modeled by an equivalent single-degree-of-freedom
system.

1. Introduction parameters are intuitive and thus make the model identification con-

venient. On the other hand, SHMs utilizing differential equations are

Nonlinear hysteretic systems are widely used in mechanical,
robotics, geotechnical, and civil engineering fields. However, their
path-dependent relationship between deformation and resisting force
makes the performance evaluation challenging. In particular, it is hard
to predict the hysteretic behavior of a reinforced concrete (RC) struc-
ture because of its large uncertainties in the material properties. Since
a dynamic or stochastic analysis with a full-scale three-dimensional
finite element model would demand high computational costs, many
researchers have used an equivalent single-degree-of-freedom (SDOF)
hysteretic system to represent an RC structure or subsystem [1-5].

Such hysteretic models are classified into polygonal hysteresis mod-
els (PHMs) and smooth hysteresis models (SHMs) [6]. The PHMs,
e.g., the elasto-plastic model [7] and Ibarra pinching hysteresis model
[1], are widely used because the physical implications of the model
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mathematically versatile and tractable [8] and facilitate nonlinear
stochastic analyses.

One of the most widely used SHMs is the Bouc-Wen class model,
initially developed by Bouc [9] and later generalized by Wen [10].
The Bouc-Wen class models have been applied to various engineering
problems because the models require only one auxiliary nonlinear
differential equation to describe the hysteretic behavior. Moreover,
such mathematical tractability enables closed-form expressions for the
coefficients of the equivalent linear system, which facilitates the use of
the Bouc-Wen class model in nonlinear stochastic analyses [11,12]. In
particular, the Bouc-Wen-Baber—Noori (BWBN) model [13] has gained
immense popularity because it can describe a large variety of hysteresis
shapes of RC components, including pinching effects and degradation
in stiffness and strength. Several researchers validated the applicability
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of the BWBN model by calibrating the model to experimental data of
various RC structures, including frames [14], beam—column joints [15],
walls [16], and columns [6,17,18].

The fact that the model has shown a satisfying agreement with
specific experimental data does not guarantee that the calibrated model
can predict the equivalent resisting force for general input displacement
time histories [19]. The functional redundancy inherent in the existing
Bouc-Wen class models leads to the lack of robustness in the prediction
over general loading conditions [8,20,21]. In addition, the parameters
of the Bouc-Wen class models do not necessarily describe the physical
meaning inherent in the hysteresis [20], which can serve as a significant
source of the functional redundancy. Thus, for a reliable prediction of
the hysteretic behavior of an RC structure, the model parameters should
be able to describe its hysteresis mechanisms effectively and concisely.
However, the mechanisms have been investigated using a limited num-
ber of similar loading conditions suggested by several guidelines and
design codes [22-25]. Therefore, a thorough investigation of the
hysteresis of RC structures using various loading histories is needed.

This study aims to develop a Bouc-Wen class model that can con-
sider the hysteresis mechanism of RC columns in nonlinear dynamic
analysis. To this end, we first characterize two hysteresis mechanisms
of RC columns that the existing Bouc-Wen class models cannot fully
describe. After carefully examining the mathematical formulations of
the existing Bouc-Wen class models, a new Bouc-Wen class model
is developed by incorporating the suggested features into the math-
ematical formulation through two additional model parameters. We
specify bounds for each model parameter and explain the parameter
identification procedure in detail to promote practical applications.
Moreover, an algorithm for estimating the resisting force given an input
displacement vector and a dynamic analysis method using the proposed
model are provided in the appendices. Next, the extended coverage
of the newly proposed model is examined by calibrating the model
to the results of nonlinear finite element (FE) analyses of RC column
test cases. The proposed model’s prediction performance under a quasi-
static cyclic load and a dynamic load of seismic excitation is tested and
demonstrated compared to an existing model. Concluding remarks and
discussions are provided at the end regarding further research on the
proposed model and its applications.

2. Review: BWBN and m-BWBN models
2.1. Bouc—Wen-Baber-Noori (BWBN) model

The modeling approach based on an idealized SDOF system is
widely used to simulate structural responses under stochastic excita-
tions, especially during the design phase [26-28]. In such an approach,
a structural system, e.g., frame structure, is simplified in terms of a
global degree of freedom or modeled as an assembly of SDOF systems
representing interconnected elements, e.g., beams and columns. The
following second-order nonhomogeneous ordinary differential equa-
tion describes such an idealized SDOF system subjected to dynamic
excitations:

mii + cit + f(u,u) = F(t) (€8}

where u, 4, and ii respectively denote the relative displacement, ve-
locity, and acceleration of the system; m is the mass; ¢ is the viscous
damping coefficient; F(7) is the time-dependent forcing function; and f;
is the resisting force describing the force-deformation relationship. The
Bouc-Wen class models describe the hysteretic behavior of a structural
element by introducing a hysteretic displacement z to the resisting force
in Eq. (1) in the form

fs (W, z) = akpu + (1 —a)kyz 2)

where « is the post-to-preyield stiffness ratio; and k, is the initial
stiffness. Note that the resistant force is elastic if « = 1, and purely
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Fig. 1. Modeling a hysteretic structure by an equivalent SDOF system using a
Bouc-Wen class model.

inelastic if @ = 0. Fig. 1 illustrates an equivalent hysteretic SDOF system
described by a Bouc-Wen class model.

Among various Bouc-Wen class models, a Bouc~-Wen-Baber-Noori
(BWBN) model is widely used to represent the hysteretic behavior of
RC structural elements owing to its capability to describe the stiff-
ness/strength deteriorations and pinching effects [13,19]. The hys-
teretic displacement z in the BWBN model follows a nonlinear differ-
ential equation

,_ h(z€)
gy =0
n(e)
where h(z,€), n(¢), and v (¢) are the functions of the cumulative energy
¢, introduced to describe the pinching effect and degradations in stiff-
ness and strength degradations, respectively; A is the scale parameter;
n controls the sharpness of the yielding transition; # and y are the basic
shape parameters describing hardening and softening, respectively;
and sgn (-) is the signum function. The cumulative hysteretic energy
follows the rate equation

i[A—|z|" (r + sgn (u2)) v (¢)] 3

é=(—-a)kgzu 4

Compared to the Bouc-Wen model [9,101, h(z, €), 1 (¢), and v (¢) are
newly introduced in the BWBN model. The degradation functions # (¢)
and v (¢) are defined as linear functions of ¢ as follows:

nE)=1+6,e 5)
v(e)=1+6,¢ (6)

where §, and §, determine the rates of degradations in stiffness and
strength, respectively. The pinching function takes the form

(z-sgn(@)— qzu)2
h(ze)=1-§ @Eexp| ———F—— %)
& (©)
. . . . e _ A Un
in which ¢ controls the pinching initiation; z, = (W) is the

ultimate value of z; and ¢, (¢) and ¢, (¢) represent the progress of
pinching as

€1 () = §o (I —exp (—pe)) (8
HE=(w+6,)(A+©) ©)

where ¢, is a measure of the total slip; p controls the rate of the initial
drop in the slope; y relates to the pinching magnitude; 6, contributes
to the rate of pinching; and A controls the variation of the functions
¢, () and &, (¢). Although the stiffness and strength degradations are
respectively controlled by 4, and §, as shown in Egs. (5) and (6), the
pinching effect is governed by a set of parameters: p, g, ¢, ¥, 8,,, and A.
Note that the pinching phenomenon is not considered when 4 (z,¢) = 1.

In summary, the BWBN model has 14 parameters: {a, ky, A, f,
¥s My 8y Bys Dy 45 $os W5 Bys A} The parameters of the BWBN model
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are known to be functionally redundant, i.e., there exist multiple sets
of parameters that can produce an identical hysteresis loop [8,20,21].
Several studies have adopted a constraint on A being 1 to alleviate this
issue. However, such constraint still does not guarantee the identified
parameter set to be unique to the hysteretic characteristics of a given
structural element. This redundancy issue will be further handled in the
new model proposed in Section 4. (By adopting the constraint A = 1,
the number of parameters used in the BWBN model is reduced to 13.)

2.2. Modified Bouc—Wen—Baber-Noori (m-BWBN) model

Although the BWBN model can effectively describe various hys-
teretic characteristics of structures, it cannot explicitly control the yield
strength of hysteresis, i.e., determined by the combination of the 13 pa-
rameters. Since the yield strength determines the level of nonlinearity
of structures under seismic excitation, it is essential to explicitly adjust
it for an effective simulation of the force-deformation relationship. Kim
[19] and Kim et al. [29] addressed this issue by proposing a modified
Bouc-Wen-Baber—-Noori (m-BWBN) model, in which the resisting force
f, in Eq. (2) is altered to

fs (w,2) = akou + (1 —a) Fyz (10)

where F, denotes the yield force of a system. Thereby, the hysteretic
displacement z is given as a unitless variable. For consistency with
Eq. (10), Egs. (3) and (4) are modified to

— %u[A—lzl"(y+ﬁsgn(uz))v(5)]I;—(; an
é=(l-a)F,zi (12)

All the other model parameters are the same as those in the BWBN
model.

Substituting « in Eq. (10) for the yield displacement u, = F, /k,, we
find that z, must be 1 to guarantee that the resisting force f (u,z) is
set as F, at the yield point. It is noted from z, = (A/v(f + y))l/ " that,
when there is no strength degradation, i.e., v (¢) = 1, the ultimate value
of zisz, =1/ + /", Therefore, the additional constraint g + y = 1
is introduced in the m-BWBN model to assure F, as the yield strength
of the structure [19,29].

As a result, the m-BWBN model has a total of 13 independent
parameters: {a, ko, F,, p (or y), n, 8,, 6,, p, 4, &, ¥, &, A}. Kim
[19] proposed a two-step procedure for adequately identifying the
parameters of the m-BWBN model either from refined FE models or
from experiments. First, the three most important parameters, a, k,
and F, are identified from the monotonic force-deformation relation-
ship, i.e., pushover curve. Next, the other parameters describing the
details of the inelastic behavior are determined using the results of
a quasi-static cyclic analysis. Compared to the BWBN model, the m-
BWBN model with the two-step identification procedure shows better
prediction accuracy and reduces the computational costs required to
find the optimal parameter set [19].

3. Hysteresis mechanisms of RC columns
3.1. Acute deterioration

The difference in the strengths of concrete and reinforcement steel
causes the deterioration of RC columns under cyclic loading. When RC
columns are subjected to relatively small lateral forces, both concrete
and steel resist the lateral forces. However, a repeated cyclic loading or
a large amount of lateral force may incur a significant loss of the lateral
resistance capacity of the concrete. As a result, if the concrete exceeds
its yield strength, an RC column’s deterioration level may change
even under similar loading conditions. Therefore, such a hysteresis
mechanism should be reflected in the hysteretic energy part of the
BWBN or m-BWBN model to accurately simulate the degradation in RC
columns.
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The relationship between the degradation level and the hysteretic
energy is identified by comprehensive computational simulations of an
RC column subjected to a cyclic loading using the nonlinear finite el-
ement analysis program VecTor2. The VecTor2’s capability to describe
the hysteretic behaviors of RC columns has been proved in previous
research [30-33]. The FE models used in this study generate hysteresis
loops nearly identical to those obtained from the actual experiments,
as presented in Section 5.2. Fig. 2(a) shows a typical hysteresis loop
of an RC column with strength degradation, simulated by VecTor2.
The loading history applied for the hysteresis loop is shown in the
upper left corner of the figure, in which A, B, C, and D stand for the
maximum displacement &, of the first, second, third, and fourth cycles,
respectively. To investigate the level of strength degradation, Fig. 2(b)
shows the hysteresis in the red square of Fig. 2(a). The maximum
force at §, has deteriorated as the cyclic loading proceeds. However,
the level of deterioration between A and B is different from that of
B and C, or C and D. From the stress—strain analysis of each fiber in
the numerical model, we found that both reinforcement and concrete
resist the lateral forces at A, while the lateral forces are resisted
primarily by the reinforcement steel at B, C, and D. In other words,
once the concrete loses its functionality in terms of lateral resistance,
the strength deterioration of the RC column is mainly determined by
that of steel.

However, in the hysteretic energy, such an acute deterioration aris-
ing from the loss of resistance capacity in concrete is not distinguished
from the gradual deterioration in steel. The cumulative hysteretic
energy over the load steps in Fig. 2(c) shows that the differences
between the hysteretic energy at the four points, i.e., the differences
between €4, €3, £¢, and ¢, are comparable, which contradicts the
trends of the deterioration level shown in Fig. 2(b). Since the acute
deterioration appears obviously under loading conditions entailing a
sharp change in deformation, such as near-fault ground motions, it
is desirable to modify the mathematical formulation of the m-BWBN
model to accurately simulate the hysteretic behaviors of RC columns
under general excitations. The modification proposed for incorporating
the acute deterioration is presented in Section 4.1.

3.2. Pinching relaxation

The pinching effect refers to a sudden loss of stiffness, primarily
caused by damage of structural components [13]. The occurrence of
pinching is often associated with a shear lock, reinforcement slippage,
and crack closure in RC columns [18]. Pinching stems from the mutual
relationship between reinforcement and concrete and the effective
area’s change due to the crack’s opening and closure. Therefore, the
pinching effect may not be observed under a relatively small external
force even after the RC columns have experienced prominent cyclic
behaviors, i.e., cracks have already been developed, because no crack
openings or closures will occur in such cases. Investigating such a
“pinching relaxation” phenomenon is essential because the seismic
loading generally shows nonstationary behaviors.

To further elaborate on the pinching relaxation, Fig. 3 shows a
typical hysteresis of an RC column showing the pinching effect from
the RC simulation model. The displacement steps for the hysteresis are
provided in the upper left corner of Fig. 3, where A and B respectively
denote the maximum and minimum peaks corresponding to the first
and the last cycles. In the figure, the slope of the unloading path from
the peak of relatively large deformation, e.g., point A, is determined
initially by the stiffness degradation. After that, the pinching effect
occurs as the unloading path goes toward the origin, making the slopes
decrease sharply. On the other hand, when the peak deformation is
relatively small, e.g., point B, the stiffness during the unloading path
is determined by the stiffness degradation, and the pinching effect is
hardly observed over the whole path. Since the level of the pinching
effect is affected by the opening and closure of cracks, the pinching
effect does not appear during the unloading path from small peak
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Fig. 2. Illustration of inconsistency between degradation and hysteretic energy: (a) typical hysteresis loop showing strength degradation obtained by the repeated cyclic load shown
in the upper left; (b) the magnified view for the red box in Fig. 2(a); and (c) the cumulative hysteretic energy over the load steps.

A

-

Fig. 3. A typical hysteresis loop obtained under the loading history in the upper left.

deformations that cannot open a sufficient amount of cracks. In other
words, the stiffness of the RC column within relatively small peak defor-
mations is governed primarily by the stiffness degradation parameters
even after a significant deterioration has occurred in the column. Note
that according to the m-BWBN model, as shown in Eq. (11), the stiffness
of hysteresis is governed by stiffness deterioration 5 (¢) and pinching
effect h (z,¢) within the small z values where the pinching effect takes
place.

The pinching relaxation cannot be described by the mathematical
formulation of the m-BWBN model. According to Eq. (7), the pinching
function is determined by z, ¢;, and ¢,. In addition, from Egs. (8) and
(9), we can find that {; and ¢, asymptotically reach their limits and
become constants as the cumulative hysteretic energy ¢ increases. This
implies that the pinching function 4 becomes a univariate function of
the hysteretic displacement z when a significant amount of hysteretic
energy ¢ has been accumulated, i.e., the element has experienced a
large amount of deterioration. Thereby, in the m-BWBN model, the
pinching effect is involved whenever z is small enough.

Fig. 4(a) provides a general illustration of the pinching mechanism
used in the m-BWBN model. The color in the figure describes the
severity of the pinching effect: the pinching effect is severe in the red
areas (h(z,€) ~ 0) and does not occur in the black areas (A (z,¢) = 1).
Under such a mechanism, as shown in Fig. 4(b), the m-BWBN model
cannot simulate the pinching relaxation presented in Fig. 3. Fig. 4(b)
shows the numerical test results using a Bouc-Wen class model that is
calibrated for the hysteresis loop presented in Fig. 3. In this numerical
example, to examine the pinching relaxation only, a parameter c; that
describes the acute deterioration (details are covered in Section 4.1.1)
is added to the m-BWBN model. To highlight the inability of the m-
BWBN model in describing the pinching relaxation, the corresponding
hysteresis loop obtained from the FE analysis software VecTor2 is
presented in a gray dashed line (which is equivalent to Fig. 3), while
the severity of pinching is visualized by color to be consistent with

Fig. 4(a). In Fig. 4(b), the magnitude of the pinching function depends
only on the value of z, as illustrated in Fig. 4(a). According to such
a univariate mechanism, the stiffness at the same z values should
decrease along the displacement steps due to the stiffness degradation,
especially within small z values where the stiffness is governed only by
the pinching effect and stiffness degradation. However, it contradicts
the actual trend of stiffness observed from comprehensive numerical
tests denoted by the gray dashed lines. In Fig. 4(b), for example, the
stiffness at the points crossing the x-axis which shows a similar level of
pinching function increases as the load proceeds, owing to the pinching
relaxation. The modification proposed for incorporating the pinching
relaxation is presented in Section 4.2.

4. Proposed Bouc-Wen class model

A new Bouc-Wen class model is developed to describe the two
hysteresis mechanisms: acute deterioration and pinching relaxation.
To this end, two additional parameters are introduced. The hysteresis
from the new Bouc-Wen model, i.e., the hysteretic force for the given
displacement step, can be obtained using the algorithm presented in
Appendix A.

4.1. Mathematical formulations

4.1.1. Consideration of acute deterioration

The m-BWBN model describes the deterioration level using a func-
tion of the cumulative hysteretic energy, as shown in Egs. (5) to (9).
As discussed in Section 3.1, the equations cannot adequately describe
the acute deterioration. Therefore, a deterioration energy term is newly
introduced to replace the cumulative hysteretic energy in defining the
deterioration level and pinching effects. Since different crack prop-
agations can be developed for both positive and negative moments
along with the external load cycles, the deterioration energy is defined
in positive (push) and negative (pull) directions, respectively. Given
the fact that the acute deterioration occurs when the structure experi-
ences a deformation larger than the previous maximum deformation,
the following mathematical description is proposed by adopting the
Heaviside step function H (-) for the difference between the current and
the maximum displacements in both directions that the RC column has
experienced:

E,=(14c H(u—up,))é= (1+c§~H(u—umaX))(l—a)Fyzu 13)

é_=(1+c; H(upy—u))é=(1+c-H(upp—u)) 1 -a)Fpzi  (14)
where £, and £_ respectively denote the derivatives of the deterioration
energy for the positive and negative directions under the cyclic loading;
Uk and uq; are the previous maximum and minimum displacements,
respectively (Note that u;, implies the maximum deformation in the
negative direction but is denoted as the minimum considering the
negative sign.); and ¢, is an amplification factor newly introduced
to amplify the deterioration energy when the current displacement is
larger than the previous maximum displacement or smaller than the
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Fig. 4. Demonstration of the pinching mechanism in the existing models for two examples: (a) general hysteresis loop; and (b) the calibration result using the hysteresis loop in
Fig. 3. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

previous minimum displacement. It is noted that the rate equation of
the m-BWBN model is used in Egs. (13) and (14).

By introducing another Heaviside function, the positive and nega-
tive deterioration energies are combined to determine the deterioration
energy

é=¢, Hw+é_-(1-H@) (15)

which supersedes the cumulative hysteretic energy ¢ in Egs. (5) to (9).
By introducing the amplification factor and the Heaviside step func-
tions, it is possible to properly consider the effects of the displacement
increments in the deterioration and pinching effects. It is also noted
that Eq. (15) is equivalent to Eq. (12) when ¢; = 0.

4.1.2. Consideration of pinching relaxation
As discussed in Section 3.2, the pinching relaxation is determined
by the deformation at the previous peak. To consider this mechanism,
the pinching relaxation function 4, is newly introduced as a function
of the deformation of the previous peak as follows:
h, (u,) =1—exp|—cp - M 16)
uy

where ¢, is a pinching relaxation coefficient, which is newly introduced
in this study; u, is the yield displacement of the system that can be
defined as F,/ky; and u, is the last peak displacement. To define u,
mathematically, the set of load steps corresponding to the peaks up to
the load step i is first defined as

P, = {j|(uj| > et | 0 || > (ujﬂ‘} for je{1,2,....i—1} an

Therefore, the set P; contains all load steps up to the ith one for which
the displacement exhibits a local maximum in magnitude. The last peak
displacement is then given simply by

Di 'max P; (18)

u, =u

in which u, is the last peak displacement at the ith load step. In
Eg. (16), ¢, controls the level of pinching relaxation; and u, is nor-
malized by u, to make &, a unitless variable. Eq. (16) is designed
to guarantee the following conditions: (1) h, always lies between 0
and 1 by introducing an exponential function, and (2) the effect of
material/sectional properties of RC columns is considered by ¢;,. These
conditions enable the proposed model to incorporate the inherent
pinching mechanism into the mathematical expression and become the
original model when the pinching relaxation is hardly observed in the
element. Finally, A, is combined with the original pinching function A
as follows to describe the pinching relaxation:

(z-sen(@) —qz,)
h(z.8) =1~ @exp | ——m— | b, (u,) 19)
5@

4 5 6 7 8 9 10
|up|/uy

Fig. 5. Realizations of the pinching relaxation function 4, for four different values of
pinching relaxation coefficient c;,.

Table 1
Summary of the model parameters: roles and bounds.

No. Parameter Role Bounds

a Post-yield stiffness ratio
ko/m Normalized initial stiffness
F,/m Normalized yield force

0<a<05
0.04 < ko/m < 1,600 [s72]
0.05g < F,/m < 1.5g

1

2

3

4 B (or y) Basic hysteretic shape control 0<p<1(r0<y<l
5 n Sharpness of yield 1<n<5

6 8, Stiffness degradation ratio 0<6,<039
7 8, Strength degradation ratio 0<4, <036
8 p Pinching slop 0<p<1.38

9 q Pinching initiation 001<¢g<043
10 & Measure of total slip 0<¢ <1

11 W Pinching magnitude 0.1 <y <085
12 s, Pinching rate 0<6, <0.09
13 y Pinching severity 0.01<1<08
14 c; Deterioration energy amplification 0 <¢; <200
15 [ Pinching relaxation 0.05<¢, <30

Note that the deterioration energy & replaces ¢ in Eq. (7).

To further examine the role of the pinching relaxation coefficient,
Fig. 5 shows the four realizations of the suggested pinching relaxation
function with |up‘ /u, for four different values of ¢,. A large value of ¢,
makes the pinching relaxation function reach near 1.0 at a relatively
small u,. This indicates that the element does not involve the pinching
relaxation phenomenon.

In summary, Egs. (13), (14), and (16) introduce two new param-
eters, which makes the proposed Bouc—Wen model has a total of 15
parameters: {a, ko, F,, f (O v), n, 6,, 8,, P, 4, {o» W5 8,5 4 Cz, ¢y} The
roles of the parameters in the existing models and the proposed model
are summarized in Table 1.



S. Oh, T. Kim and J. Song

4.2. Bounds on model parameters

An ideal approach to determining the bounds of the model param-
eters for RC columns is to examine many parameter sets calibrated
using the data from either numerical simulations or actual experiments.
However, since it is arduous to obtain such a large volume of data
for hysteresis loops, Kim [19] proposed bounds for all parameters of
the m-BWBN model based on the Structural Performance Database
[34] compiled by the Pacific Earthquake Engineering Research Center
(PEER). The database covers 416 RC columns subjected to quasi-static
cyclic tests. Kim [19] used a genetic algorithm to identify the model
parameters from each experimental dataset. We adopt the bounds pro-
posed by Kim [19] for the parameters of the proposed Bouc-Wen class
model, except c; and ¢, that are newly introduced in this study. For
¢; and ¢, the bounds are determined basically by physical reasoning
and complemented by comprehensive numerical investigations. The
upper bound of ¢, is determined as 3.0 so that the pinching relaxation
function h, = 1 — exp(—cy, - ‘upl / u,) is larger than 0.95 when ‘up‘ =u,.
Although not explicitly linked, such an upper bound implies that more
than 95% of cracks are opened when the last peak displacement equals
the yield displacement. The lower bound for ¢; is set to 0, which
means no acute deterioration. The remaining bounds for ¢; and ¢,
are determined by fitting the parameters to the PEER database using
a genetic algorithm. The bounds for all parameters of the proposed
Bouc-Wen class model are summarized in Table 1, where g is the
gravitational acceleration. Note that the bounds for the normalized
initial stiffness are compatible with the range for typical natural periods
of civil and architectural structures of 0.05 s to 10 s.

4.3. Parameter identification procedure for proposed Bouc—Wen class model

Parameter identification of hysteresis models is a global optimiza-
tion problem that seeks the optimal values of a set of parameters that
replicate the given input force-displacement relationship, i.e., hystere-
sis loop. For the proposed Bouc-Wen class model, we aim to identify the
values of the parameter vector 0 = [a, ko, Fy, B 1, 6,,8,, P, 4,805 W, 8,5 As
Ces c,,]T that minimize the objective function

N 1/2
1 ~ 2
OF (6) = ~ [2 (r.0-7.019) ] (20)
i=1
where N is the number of the data points or loading steps; f; (i) denotes
the resisting force measured from the experiment at the ith loading
step; and ﬂ (1;16) represents the resisting force at the ith loading step
predicted by the proposed Bouc-Wen class model with the param-
eter set 6. The parameter identification problem is then formulated
as a nonlinear single-objective optimization problem of minimizing
OF (0) while satisfying the constraints by the lower and upper bounds
specified in Table 1.

In this study, we solve the optimization problem using a genetic
algorithm, widely used in parametric identification for Bouc-Wen class
models [15,17,35]. The genetic algorithm identifies the best solution
through the following three phases: crossover, mutation, and selection.
Each generation consisting of the three steps continues until the pop-
ulation yields a lower fitness value than the pre-specified tolerance
or the population converges to a specific parameter set. More details
of the generic-algorithm-based identification of Bouc-Wen class model
parameters can be found in [17] and [19]. Following Kim [19], one
modification has been made in the mutation step from the standard
genetic algorithm such that the level of randomness decreases as the it-
eration proceeds. This modification introduces the simulated annealing
effect [36], which can increase the population’s diversity and prevent
a premature convergence to local minima.
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Table 2
Statistics of the 253 RC columns used for numerical investigations (Std.: standard
deviation, CoV: coefficient of variation).

Column property Max Min Mean Std. CoV

Depth (mm) 914.4 80 301.6 118.2 0.392
Aspect ratio 7.638 1 3.438 1.384 0.403
Axial load ratio 0.9 0 0.265 0.197 0.742
Longitudinal steel ratio, p;, (%) 6.03 0.68 2.374 1.003 0.423
Transverse steel ratio, p; (%) 6.7 0 1.018 1.136 1.116

5. Numerical investigations

Tests on the performance of the proposed Bouc-Wen class model
require the force-deformation data of a wide variety of RC columns
under various types of loading histories. To this end, a nonlinear finite
element analysis program VecTor2 was used. In addition, experimental
datasets for RC columns are adopted from the Structural Performance
Database [34] compiled by the Pacific Earthquake Engineering Re-
search Center (PEER). The following subsection provides the details
of the modeling procedures, followed by the results of the numerical
investigation.

5.1. Experimental data in structural performance database

A total of 416 sets of experimental data are available in the PEER
database. The database consists of 253 rectangular-shaped and 163
spiral-shaped RC columns. In addition to the results for quasi-static
cyclic loading tests, i.e., the measured lateral loads and the global
deformations at the tip, the details for the column and the experiment
are specified in the database, including material properties, reinforce-
ment layout, geometric properties, experimental configurations, and
failure type of each column. All the load-deformation data from various
test configurations are reduced to the case of an equivalent cantilever
column for consistent comparisons of the columns.

Among the available 416 datasets, 253 rectangular-shaped RC
columns are used to evaluate the performance of the proposed model.
The influences of the axial load on the lateral load, i.e., P-A effects, are
removed according to each loading configuration. The details for the
loading configurations and the procedure to remove the P-A effect can
be found in [34]. Table 2 summarizes key statistics of the rectangular-
shaped RC columns used in this study, including aspect ratio, axial
load ratio, and longitudinal and transverse reinforcement ratios. The
percentages of the three failure types, flexure, shear, and flexure-shear,
are 78.7%, 7.11%, and 14.2%, respectively.

5.2. Finite element models for reinforced concrete columns

For comprehensive numerical investigations, this study uses a non-
linear finite element analysis program, VecTor2, which is specialized
in analyzing two-dimensional RC structures based on the Modified
Compression-Field Theory [37] and the Distributed Stress Field Model
[38,39]. The performance of VecTor2 has been demonstrated by the
accurate simulation of the behavior of numerous RC structures under
quasi-static or dynamic loading conditions [30-33,40]. In this study,
we used the default constitutive laws of concrete and reinforcement
steel provided by the VecTor2 (The details of the default settings can
be found in the program manual [41]). The FE model uses four-node
quadratic elements whose size range from 10 mm to 30 mm depending
on the column’s dimensions while keeping the height-to-width ratio
below 1.5. The size of the elements is determined to ensure at least
15 elements along the transverse and the longitudinal directions.

A typical example of the constructed FE model is shown in Fig. 6.
The longitudinal reinforcements are shown as vertical lines, while the
transverse reinforcements, i.e., stirrup steels, are smeared with the core
concrete. The axial and lateral loads are imposed through a steel load-
ing plate to prevent an unrealistic local failure on concrete elements
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Fig. 6. A typical FE model for an RC column using VecTor2. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

from stress concentration. In addition, to represent the out-of-plane
confinement effects in the concrete near the support plane, out-of-
plane reinforcements are added to the neighboring elements so that
the ductility of the FE models can reach that of the experimental data
without shear failures near the support plate. This calibration technique
has often been used to ensure the ductility of FE models, despite some
strength enhancement [33]. The dark green and light green elements
near the foundation represent the confined concrete with the additional
out-of-plane reinforcement of 5% and 2.5%, respectively.

In this way, we constructed 253 FE models, 50 of which were
compared to the actual experimental data to confirm the validity of
the constructed FE models. Fig. 7 shows the force-deformation relation-
ships of six representative FE models representing RC columns showing
flexural, shear, and flexural-shear failures (2 for each failure type).
The FE analysis results show good agreements with the experimental
data from the PEER database. These six models will be presented as
benchmark examples in the following numerical investigations.

For performance assessment of the constructed FE models, their hys-
teretic energies are compared to those in the experimental dataset, as in
the previous studies [6,17]. Fig. 8 shows a scatter plot of the hysteretic
energies obtained from the experimental and FE analyses for 50 out of
253 RC columns. The points representing 50 columns are distributed
around the diagonal line in the figure, which implies that the FE models
well describe the hysteretic behaviors of the corresponding RC columns.

5.3. Model calibrations

Two different cyclic input loadings in Fig. 9 are used to examine
the performances of the m-BWBN model and the proposed model in
simulating realistic hysteresis loops. The input loading in Fig. 9(a) is the
one recommended in the report from the American Concrete Institute
[22], which has been commonly used for RC structures. The input
loading in Fig. 9(b) is introduced to investigate the simulating capacity
of the models under the loading histories distinct from the conventional
one. In particular, the second input loading shows a sudden increase in
amplitude and revisits the elastic region.

The parameters of the proposed and the m-BWBN models are iden-
tified for 253 RC columns by the procedure described in Section 4.3.
Fig. 10 shows the force-displacement data obtained under the first
input loading for the six benchmark models presented in Fig. 7. The
calibrated m-BWBN and proposed models are shown by the blue dashed
and the red dashed lines in Fig. 10, respectively. Both models show
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a reasonable agreement with the FE analysis results. Moreover, the
calibration results of all 253 RC columns are checked in terms of
hysteretic energy, as shown in Fig. 11. The satisfying performances of
the two models for the first input loading can also be found in the
scatter plots as the points are distributed along the diagonal.

Similarly, the model parameters are identified using the second
input loading in Fig. 9(b). Both models show a reasonable agreement
with the FE analysis results, as shown in Figs. 12 and 13. However, it
is noteworthy that the proposed model fits overall better. The superior
performance is prominent in simulating hysteresis of the RC columns
showing flexural failure, which are the two cases on the left side of
Fig. 12. The proposed model provides more robust performance in
model calibration against cyclic loading histories.

It should be noted that reasonable agreements with the hysteresis
loops under specific input loadings do not necessarily imply that the
fitted model represents the actual hysteresis mechanisms. Especially
for the first input loading, the parameters associated with the acute
deterioration and the pinching relaxation might not be accurately
identified because the input loading does not cause such hysteretic
behaviors. It is, however, noted that such hysteretic characteristics are
observed under different loading conditions (see Fig. 12) and should be
considered to accurately predict the seismic responses of RC columns.
Therefore, in the next subsection, the calibrated models are tested in
terms of their capability to predict responses under quasi-static and
dynamic loading histories.

5.4. Response predictions

The following four models are tested: (1) m-BWBN model calibrated
with the first input loading; (2) proposed model calibrated with the
first input loading; (3) m-BWBN model calibrated with the second
input loading; and (4) proposed model calibrated with the second input
loading. Those four models will be referred to as M1, P1, M2, and P2
for brevity.

The following two loads are used to explore their response pre-
diction capabilities: (1) a quasi-static cyclic load different from the
loading histories used for the model calibration; and (2) a dynamic
load of seismic acceleration. Fig. 14(a) shows the quasi-static cyclic
load compatible with an envelope function widely used for generating
artificial ground motions [42]. Fig. 14(b) presents the acceleration
record of the 1940 El Centro earthquake.

First, Figs. 15 and 16 represent the quasi-static response predic-
tion results of M1 and P1, respectively, for the six benchmark RC
columns. M1 tends to overestimate the cumulative hysteretic energy.
The numerical experiments by FE analysis show acute deterioration
in the first cycle among the three cycles with the largest amplitude.
However, the three cycles simulated by M1 show a comparable level
of deterioration (in terms of the amount of reduced area). Moreover,
especially for the RC columns showing flexural failure (the two subplots
on the left sides of Figs. 15 and 16), M1 underestimates the stiffness
during the cycles of decreasing amplitudes. The univariate pinching
mechanism described in terms of z contradicts the FE results showing
a larger stiffness after a sufficient amount of deterioration due to the
pinching relaxation. Such tendency is hardly observed in the other
four RC columns experiencing shear or flexural-shear failures. This
may be attributed to the small-to-moderate magnitude of amplitudes
used for those specimens. Even a small amount of damage can lead
the column to collapse in shear-failure or flexural-shear failure RC
columns. Therefore, a large magnitude of deformations that produces
many cracks could not occur, which prevents the pinching relaxation
stemming from crack opening and closure.

On the other hand, the proposed model calibrated with the first in-
put loading (P1) provides quasi-static response predictions closer to the
numerical experiment results. In particular, the hysteretic energy over-
estimation issue is alleviated. However, the stiffness underestimation
issue during the cycles of decreasing amplitudes remains unresolved,
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failure; (b) shear failure; and (c) flexural-shear failure.

(9%

(=

(=]
N,

N
O
(=)
N\,

200 -

100 /

W
(=]
(d

L

(=}

FE analysis Hysteretic Energy (103 kN-mm)
I
[=}
o,

0 100 200 300

Experimental Hysteretic Energy (103 kN-mm)

Fig. 8. Hysteretic energy by the FE analyses and the experiments.

which implies that P1 fails to consider the pinching relaxation. Al-
though the proposed model can describe the pinching relaxation, the
related parameters cannot be adequately identified in P1 because the
first input loading in Fig. 9(a) does not have amplitude-decreasing
cycles. In addition, the hysteresis loop of P1 during such cycles is
excessively thin compared to the FE results and underestimates the
hysteretic energy. As demonstrated later, this issue exacerbates the
response prediction under a dynamic load.

Similarly, Figs. 17 and 18 show the results using M2 and P2,
respectively. The hysteretic energy overestimation issue is alleviated by
calibrating the models with the loading condition containing a sudden
increase in amplitudes. However, the stiffness underestimation issue
within small deformations remains in the m-BWBN model, while the
proposed model accurately predicts the stiffness.

As a summary of the quasi-static response prediction results for
the 253 RC columns, Fig. 19 presents the four models’ normalized
deviations of the hysteretic energies. In calculating the energies, the
loading history is divided into the increasing and decreasing parts to
investigate each model’s coverage of acute deterioration and pinching
relaxation. Fig. 19(a) shows that M1 significantly overestimates the
hysteretic energy. In contrast, the other three models accurately pre-
dict the hysteretic energy within about a 10% error rate. The decent

performance of P1 demonstrates the robust prediction capability of
the proposed model against the selected input loading. On the other
hand, the m-BWBN models significantly underestimate the energy in
the decreasing-amplitude part for both loading protocols. Such an error
is somewhat alleviated in P1 and further mitigated in P2. The quasi-
static response prediction results from Figs. 15 to 19 confirm that the
prediction performance of the proposed model is superior to the m-
BWBN model and less sensitive to the input loading used for the model
calibration.

Next, the dynamic analysis results using SDOF systems modeled by
the four models are compared to those by FE simulations. To this end,
VecTor2 is used with the Rayleigh damping and the implicit constant
acceleration method. The damping ratio for the first mode is set to 2%
and large damping ratios are assigned to higher modes (e.g., 40%) to
simulate the dynamic behavior of the RC columns to ensure the numer-
ical stability for dynamic analyses in VecTor2 [32,43]. Subsequently,
an equivalent damping ratio for the SDOF system is determined based
on the first mode damping ratio in VecTor2. However, a more direct
comparison could be made between the responses of the SDOF system
and the FE model if the damping ratio can be set as zero. For SDOF
systems, the Runge-Kutta methods of orders four and five solve the
equation of motions given in Eq. (1). Appendix B details the dynamic
analysis using an SDOF system with the proposed model.

Fig. 20 shows the response time histories under the El Centro
earthquake predicted using the four models for the first RC column
in Fig. 7(a). The response time histories predicted using the P1 and
P2 models match the FE analysis results well. In contrast, the stiffness
underestimation issue of M1 and M2 shown in Figs. 15 and 17 results in
the overestimated displacements shown in the left two plots in Fig. 20,
respectively. Next, Fig. 21 provides the histograms of the global errors
for the 253 RC columns. The global error for the dynamic response
prediction is defined as the root mean square error (RMSE) between
the displacement time histories of the FE models and the corresponding
Bouc-Wen class models. Fig. 21 and Table 3 confirm that the prediction
performances of P1 and P2 are superior to those of M1 and M2.

The scatter plots in Fig. 22 confirm that P1 tends to underesti-
mate the hysteretic energy while P2 provides unbiased predictions.
This tendency of P1 arises from the excessively thin hysteresis loop
during the cycles after a large amount of deterioration (see Fig. 16).
P1 shows a good prediction regarding the overall trajectories during
seismic excitation since it can describe hysteretic behaviors of RC
columns subjected to a sudden deformation increase, which takes a
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identification of the related model parameters. The proposed model
identified by the second input loading (P2) satisfies both conditions and
thus provides superb performance in response predictions.

large part in calculating the global error. However, the deficiency in
describing the behaviors after a loading history incurring a significant
deterioration may hamper a reliable dynamic response prediction. In
contrast, P2 shows satisfying prediction results for the overall trajec-
tories and the hysteretic energy. These results indicate that a reliable
prediction of quasi-static and dynamic responses by an equivalent SDOF
system requires (1) a Bouc-Wen class model that can describe the
target phenomenon, and (2) a loading protocol that facilitates adequate

6. Conclusions

Aiming to improve the predictive performance of the Bouc-Wen
class models for RC columns under general loading conditions, this
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study first identified two hysteretic characteristics that the existing
Bouc-Wen class models could not describe effectively — acute deteri-
oration and pinching relaxation. Based on a thorough examination of
the hysteresis mechanisms, we introduced two parameters into the m-
BWBN model by Kim [19]. The bounds of the model parameters and
the detailed identification procedure were provided for practical use of
the proposed model. A numerical algorithm for estimating the resisting
force given displacement vector was also provided in Appendix A.

10

Numerical investigations using nonlinear finite element analyses
of RC column cases in an experimental database demonstrated the
proposed model’s capabilities in model calibrations and response pre-
dictions. For model calibrations, two different input loadings are used
to test the consistent predictive accuracy of the m-BWBN and proposed
models. Both models provided suitable matches with the FE analysis
results for both input loadings, while the m-BWBN model showed a
slight difference. Based on the calibrated models, the responses of
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Fig. 16. Response prediction results of the proposed model calibrated with the first input loading (P1) under the quasi-static cyclic load.

Table 3
Statistics for the histograms by the four models in Fig. 21 (RMSE: root mean square
error, and Std.: standard deviation).

Model RMSE (mm)

Mean Median Std.
M1 5.824 3.831 4.761
P1 3.371 2.178 3.745
M2 6.121 4.793 4.738
P2 3.140 2.111 3.103

RC columns were predicted under a quasi-static cyclic load and the
ground acceleration time histories of the El Centro earthquake. The
proposed model showed good agreements for the quasi-static cyclic
load no matter which input loading was used for the model calibration.
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In contrast, the m-BWBN model could not provide accurate response
prediction results. Furthermore, the proposed model calibrated with the
input loading showing sudden increase and decrease in the amplitude
showed the most accurate results in terms of the overall trajectories
and cumulative hysteretic energy for the El Centro earthquake.

The findings in this study widen the possibility of future research.
To reduce the impact of the additional functional redundancy of the
Bouc-Wen model from the introduced parameters, an effective and
robust parameter identification technique is needed with a general
input loading cycle. By developing a robust protocol that captures holis-
tic hysteretic characteristics of structural elements and systems, the
performance of the proposed Bouc-Wen class model and the existing
ones can be further improved. Although this paper focuses on hysteretic
behaviors of RC columns, the proposed Bouc-Wen class model could
be used for various structural elements composed of materials having
different mechanical properties.
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Fig. 18. Response prediction results of the proposed model calibrated with the second input loading (P2) under the quasi-static cyclic load.
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Fig. 19. Normalized deviations of hysteretic energy by the four models for (a) the amplitude-increasing part; and (b) the amplitude-decreasing part of the quasi-static loading
history. (epz and egy, stand for the hysteretic energies calculated from the FE analyses and the Bouc-Wen class models, respectively. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.))
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and the Bouc-Wen models, respectively, as elements, n represents the number of time step, and ||-|| indicates the norm of the argument.)

Appendix A. Algorithm to determine the resisting force of the
proposed Bouc-Wen class model

In analyses using the proposed model, the resisting forces given dis-
placement steps are determined incrementally based on the algorithms
previously developed for other Bouc-Wen class models [18,19,44,45].

13

From Eq. (10), the resisting force f, at time 7,,; is expressed in

incremental form as follows:

Fsipy = kot + (1 =) Fyz;

(A1)
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Fig. 22. Scatter plots of hysteretic energies (unit: 10> kN mm) by FE analyses and the proposed models: (a) P1; and (b) P2.

where i indicates the load step. The differential equation of z in Eq. (11)
is discretized using the Backward Euler scheme as follows:
higy (i1 — ;)

Ziy = 2; + At——
i+1 i Niv1 At

(i1 — ;) k
X [1 = lzim|" <7 + B sgn <%zi+l Vitl F(y)
h. Ui | — U;
:Zi"‘Ll(“iH _”i) l_|Zi+1|n y+B-sgn MZHI
Mit1 At

ko
X Vip1 - (A.2)
y

In addition, the deterioration energy £ defined in Egs. (13) to (15) can
also be expressed in an incremental form using the Backward Euler
method as follows:

Bt = (£ H )+, - (1= H (1)) ) (a3)
&y =&t (1 +c;-H (ui+1 = Uax,,, )) (1 —a) Fyz;yy (g1 —u;) (AD)
e, =&+ (1 +c;-H (uminm - “H—l)) (1 —a) Fyz;yy (uip1 —u;) . (A5)

Subsequently, z should be found by solving the above incremental
equations, Egs. (A.2) to (A.5), and substituted into Eq. (A.1) to de-
termine f,. The details for solving the incremental equations by the
Newton-Raphson method for incremental displacement (u;,; —u;) are
presented below.

1. Step 1 — Calculate the evaluation function I (z,,,)
The evaluation function I'(z,,) for the Newton-Raphson
method is defined as

k

r (ZH—I) =2z —Z— hipa (“i+1 - ”i) FO (A.6)
y

where a, = (1-|zy|"avig1) /mis; a1 = v + B - sgn

(g1 =) 231 /At); Vigy = 1+ 8,€;415 141 = 1+ 8,€;,,; and the
pinching function A, is given by

2
(”i 1~ ”1)
hi‘“ =1- glm eXpl— (zi'“ - sen <+T> - qz“m) /§221+1

Ju

Piv1

X |1 —exp|—c,——
¥

(A7)

where z,, = (viyy (B + y))_]/n; &1,y = & (1 —exp (=péiyy)); and

&,y = (w+8,&41) gﬂ +4,,, ) The definition for u, can be
found in Eq. (18), and &, is obtained from Egs. (A.3) to (A.5).
2. Step 2 — Evaluate the derivative of I' (z;,,) with respect to z;,

14

The derivative of the evaluation function I (z;,,) is expressed
as follows:

k
I’ (z;4)=1- (h,’.+]a2 +hi+1a’2) (g —u;) FO (A.8)
y

in which the derivatives of &, and @, are written as

Hy=as (¢, —atass) (A9)
1 -
“; =5 ['7,"+1 (1 - |Zi+1|nalvf+l) —Hiy1 (” |Zr’+l |n 1‘11‘4'+| - sgn (ZH—I)
M1
Hlzal"a,) | (A.10)

where a3, a4, and a5 are given as

2
(i1 —u;)
az = —exp|— <Zi+l - sgn <#> - qZum) /clz,,,.

’”pi+1 ‘

X |1 —exp|-— (A.11)

y

2C1i (u'+1 _u')
a=— - <Zi+l - sgn <# -49Z,,,
§21+]
U1 —U:
X (sgn <%> - qZ;M) (A.12)

2
2 -
as = —= (ZM ‘Sgn<( a ) ~ 2, (A-13)

! _ = 2. et _ ' =t
where §1Hl = pCoexp(—pe,-H)eM, §2H] = u/Zj]Hl + MWSH_I +
= 3 ! . / —_ =/ . ! —_ = . ! —_
Oy bint T Oy ENG) S MLy = GEL 5 Vi = 0EL 5 g, =

-1 P
-V, (vig1 B+1) /n / (nv;y,); and &, is written as

=t =

g =&, H(up)+& - (1-H(uy)) (A.14)

i+

where & and &  are given as
i+1 i+1

- (1 +c;-H (uH,l — Upax,,, )) (1-a)F, (w1 —u;)  (A15)

Fit1

g = (1 +c:-H (14,,,,-,,i+1 - ui+1>> (I=a)F, (w4 —u;). (A16)

i+1
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3. Step 3 — Obtain the trial value of z7}
The trial value in the Newton-Raphson method is calculated as

follows:

F(zi+l)
new — z. | — —————. A.17
o =z ) ( )

4. Step 4 — Update the trial value
Using the trial value obtained from Eq. (A.17), z,,, is updated
as follows:

old _ — hew
Zipl T ZiHD 2kl T 2

(A.18)

5. Step 5 — Iterate until convergence
Iterate from Steps 1 to 4 until the following convergence condi-
tion is achieved:

old
i+1

f’i’l" -z < g (A.19)

where ¢, represents the prescribed tolerance for the convergence
check.

Appendix B. Dynamic analysis of an SDOF system with the pro-
posed Bouc-Wen class model

The incremental algorithm for the proposed Bouc-Wen class model
(described in Appendix A) enables solving the equation of motion for
an SDOF system given in Eq. (1) using various numerical integra-
tion schemes, such as a Runge-Kutta method. Since the Runge-Kutta
method requires the equation of motion to be converted into a system
of first-order ordinary differential equations, the equation of motion
in Eq. (1) is transformed into a first-order, state-space equation of the
form as

y=gW+f (B.1)
where
y=[wizé e ] (B.2)
i
— (cit+ akgu+ (1 — ) F,z) /m
g = z(u,it,z,8,,8_) (B.3)
£, (uu,z)
L E_(u,2) i
f= [0, FT(’),O, 0, o]T (B.4)

where z(u,it,z,,,€_) can be found by substituting ¢ with ¢ into
Eq. (11); and £, (u,1,z) and £_ (u, 1, z) are given in Eqgs. (13) and (14),
respectively. Dynamic analyses for an SDOF system with the proposed
model can be performed by solving Egs. (B.1) to (B.4) using a numerical
integration scheme.
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