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Abstract

Scattering Resonances for Convex Obstacles
by
Long Jin
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Maciej R. Zworski, Chair

In the setting of obstacle scattering in Euclidean spaces, the poles of meromorphic con-
tinuation of the resolvent of the Laplacian on the exterior region are called the resonances
or scattering poles. Each resonance corresponds to a resonant wave. The real part of a
resonance corresponds to the frequency of the wave, while the imaginary part corresponds to
the decay rate of the wave. Consequently understanding the distribution of the resonances
is important in understanding the long time behavior of the solution to wave equations in
the exterior domain.

We study the distribution of resonances in the case of a strictly convex obstacle with
smooth boundary. In particular, under general boundary conditions, we prove the existence
of the cubic resonance free regions near the real axis. Moreover, if the obstacle is close to
a sphere, in the sense that it satisfies certain pinched curvature conditions, we prove that
the resonances close to the real axis are separated into cubic bands and in each band, the
counting function of resonances satisfies a Weyl law. We also generalize these results to
totally convex obstacles in more general asymptotic Euclidean metrics.
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Chapter 1

Introduction

1.1 Statement of results

In this thesis, we study the distribution of resonances for convex strictly obstacles O in the
Euclidean space R™ or more generally, in a Riemmanian manifold X which is diffeomorphic
to R™ and equipped with an analytic, non-trapping, asymptotically Euclidean metric g.
We also consider general boundary conditions including the Dirichlet boundary condition
u|go = 0, the Neumann boundary condition d,ulgo = 0 and the Robin boundary condition
dyu + nu|po = 0, where n € C*(00).

1.1.1 Notations

Let @ be the second fundamental form of 9O and SOO be the sphere bundle of 00. We
suppose that 0O is strictly convex, in the sense that minggp @@ > 0. We shall write

Kk = 2713 cos(m/6) 15115(1;1 Q*3, K =2"Y3cos(n/6) max Q3.
Let Ai be the Airy function,
0<G << <G <Gy <+
be the negative of the zeroes of Ai and
0 < << <<y <o

be the negatives of the zeroes of Ai'.

We shall write Res(P) to be the set of resonances of the resonances of P = —A on
the exterior region R" \ O. For A € Res(P), we write mp(A) to be the multiplicity of the
resonance .
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1.1.2 Euclidean case: resonance-free region

There is a cubic resonance-free region near the real axis. More precisely, there exists a
constant C' > 0 such that there are no resonances in the region

C<Re), 0<—ImA<k((ReN)Y? —C (1.1.1)

in the case of Neumann or Robin boundary condition and with ¢{ replaced by (; in the case
of the Dirichlet boundary condition.

1.1.3 Euclidean case: band structure

If the obstacle is close to the sphere, then the resonances close to the real axis are separated
into cubic bands by cubic resonance-free strips. More precisely, in the case of Neumann or
Robin boundary condition, suppose we have the following pinched curvature condition

3/2
maxgoo ¢ < ( J,‘o+1>

3 !
mingpo @ o

for some j, > 1, then there exists a constant C' > 0 such that for all 0 < 7 < jp, there are
no resonances in the regions

C <Re)X, KCReN?+C < —ImA <kl (Re M) = C. (1.1.2)

J

Moreover, we have a Weyl law for the counting function for the number of the resonances in
each band,

Z{mp()\) : A € Res(P), |\l <, /@C]'-(Re)\)l/g —C < —ImA < K(j(Re M4 (1.13)
= (14 o(1))(2m) "™ vol(B"1(0, 1)) vol(O)r™*,

where B"71(0,1) is the unit ball in R"!.
Again, the same statements hold in the case of Dirichlet boundary condition if we replace
¢; by -

1.1.4 Asymptotically Euclidean case

We also extend the results above the case of totally convex obstacles on analytic asymptoti-
cally Euclidean case. We need to make assumptions such that the dynamics of the geodesics
are similar to the Euclidean case. For the detailed assumption, we refer to section 7.1.1.

1.2 History and previous results

The study of the distribution of resonances for convex bodies dates back to the work of
Watson [39] on electromagnetic scattering by the earth almost a hundred years ago. In
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\

Resonance-free region

. * —Im\ = k(1 (ReA)!/3 — C

Resonance band

—ImA = K¢ (Reh)/2 4+ C

esonance-free region

—TIm\ = ko (ReM)Y/3 — C

Figure 1.1: Resonance bands and resonance free regions.

that case, for the Dirichlet problems, the resonances are given in terms of the zeroes of
Hankel functions. The study of these zeroes has been conducted by Watson [39], Olver [24],
Nussenzverig [23] and others. See Stefanov [36] for a modern account and references. For
more general convex obstacles, the resonances have been studied by Babich-Grigoreva [2],
Bardos-Lebeau-Rauch [4], Filippov-Zayaev [41], Hargé-Lebeau [9], Lascar-Lascar [15] and
Sjostrand-Zworski [27, 35, 28, 30].

1.2.1 Resonance free region

A resonance free region is a gap near the real axis in which there are no resonances. The
work of Lax-Phillips [16] and Vainberg [37] connects the presence of such regions to the
propagation of singularities for the wave equations and hence to the geometry of the obstacle.
For example, if the obstacle is smooth and non-trapping, in the sense that all the reflecting
rays escape to infinity, then there are no resonances in the region

Im\ > —Mlog [\ + Cy

for any M > 0.

When the boundary is real analytic, and the obstacle is nontrapping, the work of Lebeau
[18] on propagation of Gevrey-3 singularities implies that the resonance free region is cubic,
see Popov [25] and Bardos-Lebeau-Rauch [4]. This result is sharp as was shown already in
[4] where the analysis of Gevrey-3 singularities of the wave trace gave a string of resonances
near a cubic curve, see also [28], [15].
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A remarkable discovery was made by Hargé-Lebeau [9] who showed that for smooth
strictly convex obstacles and the Dirichlet boundary condition, the resonance free region is
also cubic. In [35], Sjostrand-Zworski gave a more direct proof of the cubic resonance free
region. The case of general Robin boundary condition is given in [13].

1.2.2 Number of resonances

A global optimal upper bound for the counting functions of resonances was proved in Melrose
[21] in odd dimension and Vodev [38] in even dimension

> {mp(N) N <ry< O+ C

Sjostrand-Zworski [31] proved the same result in the general black-box setting. However,
an optimal lower bound for the counting functions is still unknown. Lax-Phillips [17] gave
a general lower bound for resonances on the imaginary axis. In fact, they proved that for
star-shaped obstacles with smooth boundary in odd dimensions,

(i (0)" < Y {mp(N) 1 € < [T A| < 7, Red = 0} < e (rp(0))" ",

Here r; and ro are the inscribed radius and superscribed radius of the obstacle, respectively.
Away from the imaginary axis, Sjostrand-Zworski [34] proved a weaker lower bound

D {mp(N): C <A <1 ReA#0} 27" 17/C, >0

for the Dirichlet boundary condition when n = 4k + 1, and for the Neumann boundary
condition when n = 4k — 1, see also [33]. On the other hand, optimal lower bounds for
counting functions have been obtained for obstacles with trapping trajectories for the broken
geodesic flow. In general, the recent work of Christiansen [6] and [5] show that the order
of the counting function is n for generic star-shaped obstacles in odd dimensions and all
obstacles in even dimensions. For more results on the distribution of resonances in other
settings, we refer to the surveys for resonances [20] and [42] and the book [8].

1.3 Open problems

Although the study for the resonances for convex obstacles has a long history, there are still
many open problems. Here we list a few of them that are related to the current research.

1.3.1 Sharp constants

The constant S = k(] (or k(; in the Dirichlet case) in (1.1.1) is optimal if the obstacle O is
a ball. This can be seen from Weyl’s law on counting function in the band (1.1.3). However,



CHAPTER 1. INTRODUCTION d

in general, a better constant S is given in [4] and [28] for analytic obstacles under Dirichlet
boundary condition and in [15] for Gevrey-s (s < 3) obstacles:

1 T
S =273 cos(m/6)¢y Jim ?/ Q(y()* at
—00 0

where v = 7(t) varies in the set of geodesics on the boundary 0O with unit speed. This
reflects the heuristic picture of the formation of resonances by waves creeping along the
geodesics on the boundary and losing energy at a rate relating to the curvature. It is also
shown in [4] that this constant is optimal under certain assumptions on the geodesics on the
boundary. The optimal constant S in other cases is still unknown.

1.3.2 Sharp error terms

The error term in Weyl’s law (1.1.3) is only a very weak one and very likely not optimal in
general. For the ball, the error term is O(r"?). The general sharp error terms are unknown.
However, it seems the best one could get from our treatment for the problem is O(r"~%/3).

1.3.3 Other problems

As discussed previously, the general optimal lower bounds of size " on the counting number
of resonances are still unknown. Another difficult problem is to study whether there is a
Weyl’s law for the resonances on the imaginary axis in odd dimensions. In Lax-Phillips [17],
the proof of upper bound and lower bound is based on comparison principles. It is unclear
what kind of geometric properties of the obstacles govern the behavior of pure imaginary
resonances and give such a Weyl’s law.

1.4 Outline

In chapter 2, we first review the definition of scattering resonances in the general black box
setting and other equivalent characterizations of resonances in the special case of obstacle
scattering in Euclidean spaces. Then we review some basic facts about Airy functions Ai
and Airy differential operators D? + ¢ which are crucial in our analysis. Finally we study
the distribution of resonances when the obstacle is a sphere using the method of separation
of variables, where we mostly follow [36].

In chapter 3, we review necessary background from semiclassical microlocal analysis,
including two important tools: the Fourier-Bros-lagolnitzer(FBI) transform and the second
microlocalization with respect to a hypersurface.

In chapter 4, we review the method of complex scaling which originates from the work of
[1], [3] on continuous spectrum of Schrédinger operator. We follow the framework developed
by Sjostrand and Zworski [31], [27], [35]. This method characterizes the resonances as
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eigenvalues of a non-selfadjoint operator and thus allows us to apply microlocal techniques
for partial differential operators.

In chapter 5, we prove the presence of the cubic resonance-free region in the Euclidean
case. The strategy is similar to the proof of Dirichlet case given by [35]. Near the obsta-
cle, we use the tool of FBI transform on a smooth manifold developed in [40] and reduce
the study the lower bound of an Airy differential operator. However, to deal with general
Robin boundary conditions, we have to start with such an Airy differential operator with
no boundary conditions, thus non-selfadjoint. The argument is based on viewing this as a
perturbation of the Neumann boundary conditions and the lower bounds involve Neumann
boundary terms. Away from the obstacle, the scaled operator is elliptic and thus a better
lower bound is available. Combining these lower bounds we get a global lower bounds on
the complex scaled operator which implies the cubic resonance free region. This chapter is
based on [13].

In chapter 6, we prove the band structure under pinched curvature conditions. Our
approach is based on a modification of the work [30] in which a Grushin problem is built to
further reduce the problem to an operator on the boundary of the obstacle, often referred
as the effective Hamiltonian operator, whose symbol is in certain exotic classes arise from
second microlocalization. The key observation is that in the semiclassical setting, the Robin
boundary operator is a perturbation of the Neumann boundary operator. We build the
complex scaled differential operator and the boundary operator together into the Grushin
problem and obtain the effective Hamiltonian. Then the symbol properties of this operator
will connect the geometry of the boundary to the distribution of the resonances. In particular,
we obtain the band structure and Weyl’s law for counting functions. This chapter is based
on [14].

Finally in chapter 7, we extend the results to the case of totally convex obstacles in
analytic asymptotically Euclidean manifolds. We first describe the dynamical assumptions
needed for the manifolds and the obstacles. Then we construct modified complex scaling
contours and associated escape functions which are used to construct microlocally weighted
spaces that the scaled operators act on. Next we prove a lower bound on the scaled operators
and deduce the cubic resonance free region. Finally we construct a global Grushin problem
as before and prove the result on resonance bands.



Chapter 2

Preliminaries

In this chapter, we review some basic results in the field of obstacle scattering. First, we
give the definition and some equivalent characterization of scattering resonances. Then we
review some basic properties of the Airy function and the Airy differential operators. Finally
we study the special example of scattering by the unit sphere in the Euclidean space.

2.1 Resonances in obstacle scattering

In this section, we start with the general setup that O is a smooth obstacle in R, i.e. an
open bounded set with smooth boundary 9dO. The scattering problem is to understand
the Laplace operator P = —A|gn o on the exterior domain realized with certain boundary
conditions on d0. We restrict ourselves to the Dirichlet boundary condition

D(P) ={u € H*(R"\ O) : ulyo = 0}
or the Neumann/Robin boundary condition
D(P) = {u € H*R"\ O) : d,u + nujso = 0} (2.1.1)

where v is the exterior normal derivatives on 0O and 7 is a real-valued smooth function on
00. When n = 0, the boundary condition is the Neumann boundary condition. Most of our
analysis will be focused on the case of the Neumann/Robin boundary condition, while the
case of Dirichlet boundary condition could be easily dealed in the same way.

2.1.1 Definition of resonances

By the general spectral theory, P is a self-adjoint operator on L*(R™ \ O) with continuous
spectrum [0, c0), (possibly with a finite number of eigenvalues in the case of Robin boundary
condition). Therefore the resolvent

R(\) = (P—-))"': L*R"\ O) = D(P) C H*(R"\ O) (2.1.2)
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is holomorphic (or at least meromorphic with finite number of poles on the positive imaginary
axis) in the upper half plane {A € C : Im{ > 0}. We are interested in the meromorphic
continuation of the resolvent (2.1.2) across the continuous spectrum, to an operator

R(A) = Rp(A) : Lip(R"\ O) = Dioe C Hig(R"\ O)

comp

where L2, is the space of compact supported L* functions, Hp, is the space of locally H?

functions and Dy, is the space of locally H? functions satisfies the given boundary conditions
at 00.

Equivalently, we can consider the Green function, G(\, x,y) defined as the kernel of the
resolvent (2.1.2):

ulx) = / GO\ 2y f()dy, [ € C2u (R O),
R™\O

if u is the solution to the boundary value problem

(=A = Mu(2) = f(z), z€R"\O;
Oyu(x) +n(z)u(z) =0, z € 00.
The Green function has a meromorphic continuation across the real line {\ : Im A = 0} to
the whole complex plane C when n is odd; and to the logarithmic plane A defined as the

logarithmic covering space of the punctured complex plane C\ {0} when n is even. This fact
is a special case in the black box framework of more general scattering problem.

Definition 2.1.1. The poles of this meromorphic continuation of the Green function G(\, x,y)
, or equivalently, the resolvent R(\) are called the resonances or scattering poles of the op-
erator P. The multiplicity of a pole Ay is defined as

m(A) = mp(Ao) = rank 7§ Ro(V2Ad), 0 < e< 1. (2.1.3)
|>\—>\0|:£

2.1.2 Black box scattering in R"

Now we briefly review the black box frame work. Let H be a complex separable Hilbert
space with an orthogonal decomposition

H =Hp, ® L*(R"\ B(0, Ry))

where Ry > 0 is fixed and B(z, R) is the ball of radius R centered at x. The orthogonal
projections are denoted by

u — Lp0,r0)t = U|B(0,Ry) € Hro
U = 1o\ B(0,Ry) U = U|rm\B(0.Ry) € L*(R™\ B(0, Ry)).
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For any bounded continuous function y such that y = ¢y is a constant on B(0, Ry), we can
define yu € ‘H for u € H to be

Xu = co(ul Bo,ry)) + (X[rm\B(O,Ro)) (UlRm\ B0, R0) )-

To study the scattering problem, we also have a smaller space of compactly supported
elements in ‘H

Heomp = {t € H : ulrm\(0,R70) € Liomp(R™ \ B(0, Ro))},
and a larger space of elements that locally in H:
Hioe = Hro @ Lie(R™ \ B(0, Ry))-

We consider an unbounded selfadjoint operator P : H — H with domain D C H and assume
that
Lpo\so.re)D C H*(R™\ B(0, Ro))

and if u € H*(R™ \ B(0, Ry)) with u = 0 near dB(0, Ry), then u € D. We also assume that
for u € D,

1R”\B(0,R0)(PU) = _A(U|R”\B(O,Ro))-

Later on, we shall also consider a long range perturbation in the semiclassical setting so that
the assumption above is replaced by

1R”\B(0,Ro)(PU) = Q(U\R"\B(O,RO))-

Here @ is a formally self-adjoint second order semiclassical differential operator

Qu = Z ao(x; h)(hDy)%u,

laf<2

where the coefficients a,, are bounded in Cp° when h varies and the principal terms a,(z; h) =
ao (), |a| = 2 are independent of h. Moreover, we assume that there exists a constant C' > 0
such that for all £ € R",

1
3 an(x)e” > SleP
|a|=2

and as |z| = oo,

3 aa(a; h)E — €2

laf<2

uniformly in h.
We equip D with the h-dependent Hilbert space norm by

lullp = llully, + 1P(h)ull3,
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and define the spaces
Dcomp =DnN Hcomp

and
Dloc = {u S Hloc X S CooaX: I on B<07R0) :>X'LL S D}

We make the final assumption that
15(0.ro)(P(h) + 1)~ is compact.
Then we have (see [31])

Proposition 2.1.2. If Q = —A, then the spectrum of P in (—o0,0) is discrete and (P —
AL H — D is meromorphic for ImA > 0 and has a meromorphic continuation to a
family of operator

R(A) : Heomp = Dioc

for A€ C ifn is odd; X € A if n is even.

Now just as before, we can define the resonances of P as the poles of the meromorphic
continuation for R(A) and define the multiplicities of resonances as in (2.1.3).

In the case of long range perturbation, under certain analyticity assumptions that will
be specified in section 7.1.1, we have a meromorphic continuation of the resolvent to a sector
near the real axis, and the poles are called the resonances of P.

2.1.3 Other characterizations for resonances

Although the definition of the resonances is simple, it is hard to study the distribution of
resonances directly using the definition with meromorphic continuation. In practice, we often
use other characterizations for resonances. From both the theoretic and computational view,
the most useful one is given by the method of complex scaling which we shall review in the
next section. In this part, we give several other equivalent characterizations in the Euclidean
case. For details, we refer to [§].

Outgoing solutions and resonance states

Let Ro(\) = (—A —X?)~! be the resolvent of the free Laplacian on the Euclidean space, first
defined for Im A > 0, then analytically continued to A € C if n is odd; A € A if n is even.
Then a solution to

(P—=X)u=f € Heomp
is called outgoing if there exists g € L2 (R") such that u = Ry(\)g on R™ \ B(0, R) for

comp
some large R > 0. Then X is a resonance for P if and only if (P — A?)u = 0 has a nonzero

outgoing solution. In this case, we call the outgoing solutions the resonance states.
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Resonance expansion for solutions to wave equations

Under certain assumptions, the solution to the wave equation
(@2 + P)u =0, U’t:o = Jo, atu’t:O = fi

has an asymptotic expansion on compact sets

mp(Aj)—1
u(t,z) ~ Y Y e ity (). (2.1.4)
Aj€Res(P) k=0

For example, if there are only finitely many resonances in {Im A > —A} for some A > 0,
then we can truncate the sum in (2.1.4) to a finite sum over all resonances with imaginary
part greater than —A and get an error term which is of size e™** in any reasonable local
norms.

Scattering matrices

For any A € R\ {0} and any g € C*°(S"™!), we can find a unique f € C*°(S"™') and v € Dy,
such that (P — A?)v = 0 and v satisfies the asymptotic formula

u(rf) = 15 (€N F(0) + e g(0)) + O(r~ "),

The the scattering matrix S()) is defined to be unitary operator S(\) : L%(S"!) — L*(S"!)
which maps ¢(6) to i1 f(—6). Roughly speaking, the scattering matrix maps the income
pieces of the solution to the outgoing pieces of the solution. The resonances are exactly the
poles of the meromorphic continuation of S(\).

Lax-Phillips semigroups

Lax-Phillips scattering theory [16] gives another characterization of resonances from the view
of wave equations in odd dimensions. Let U(t) and Uy(t) be the unitary group of solution
operators to the perturbed and unperturbed wave equations, respectively. Let D, and D_ be
the spaces of initial values for which the solution to the unperturbed wave equations are out-
going and incoming, respectively. Let II be the projection onto the orthogonal complement
to Dy & D_, then the Lax-Phillips semigroup is defined as

Z(t) = MU (111,

Then the infinitesimal generator of the Lax-Phillips semigroup has discrete spectrum and
the eigenvalues coincide with the resonances (up to multiplication by 7). For the details of
Lax-Phillips semigroups for black-box operators, see [34].
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Boundary layer potentials and Dirichle-to-Neumann operators

In the case of obstacle scattering, one can also use boundary layer potentials and Dirichlet-to-
Neumann operators to describe the resonances. The formulations depends on the boundary
conditions. We omit the details and refer to [21].

2.2 Airy functions and Airy differential operators

In this section, we review some basic properties of the Airy function Ai and the Airy dif-
ferential operators A = D? 4+ t. They play crucial roles in our analysis near the convex
obstacle.

In the real variables, the Airy function Ai is given by the integral formula

1 , ,
Ai(t) = — / B+t g (2.2.1)
27 Imo=6>0
or equivalently,
1 [ 53
Ai(t) = — — + st)ds.
i(t) 77/0 COS(3 st)ds

In the complex variable, Ai is an entire function given by the same integral formula (2.2.1).
From the integral formula, it is clear that Ai satisfies the Airy differential equation (also
known as the Stokes equation)

Ay=—y"+ty=0 (2.2.2)

in the real domain as well as the complex domain. Its initial data is given by

1 1

= —0.258....

2.2.1 Asymptotic properties of the Airy function

The Airy function and its derivative have different asymptotic behaviors in different direc-
tions in the complex plane. For example, in the positive real direction, they decay superex-
ponentially:

Ai(t) = (2v/m) Ve T3 (14 017,

232 (2.2.3)
V(1) = — (2y/m) e 3 (14 (),
as t — oo; while in the negative real direction, they oscillate faster and faster,
. 1y21ja (w232 | T -3/2
Ai(—t) =n""4t sm(§t + Z) + Ot ") |,
(2.2.4)

2 .
Ai'(—t) = — a1/ <cos(§t3/2 + %) + O(t_‘m)) ,
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as t — 0o. Moreover, the formulas (2.2.3) actually hold away from the negative real axis,

Ai(z) = 2vm) e 21+ O TY),

2.2.5
AV(2) = = VA1 + O, 229

uniformly for 0 < |argz| < m — 4§, where § > 0 is fixed. Here ¢ = 22%? and we choose the
branch such that if z is real and positive, then so is (. Another asymptotic formula similar
to (2.2.4) holds uniformly in the sectors 0 < |arg z — 7| < 27 — 6 for fixed 6 > 0. In fact, we
can extend the formulas above to full asymptotic expansions.

All the zeroes of Ai and Ai’ are real, negative and simple. We write 0 < (; < (o < ---
and 0 < (] < ¢, < --- to be the negatives of the zeroes of Ai and Ai’, respectively. They
appear alternatively in the sense that for any j, ¢} < ¢; < (j,,. The first several zeroes are
given by

(1=2338..., ({=1.018...;
G =4807..., ¢,=3.248..;
(3=5520..., ¢t=4.820....

By Sturm’s comparison theorem, the distances between the zeroes get closer as j — oo,
le.

Cj—l—l_Cj \Oand CJ/+1_C], \‘O, j—>OO
As a consequence, as j — 00, (j+1/¢ N\ 1, (i1 1/ (1. The first several ratios are given by

GofG =1.748..., (L)¢L =3.188...;
(3/C=1.350..., C,/CL=1.483....

In fact, we have more precise asymptotic formula for the zeroes:

G = (Cj— DmPRa+ 0(2)

g (2.2.6)
G = (57 =3)m)*P(1+0(7).

The other data at the zeroes also have the asymptotic formula

AY(=G) = (~1 V2 (4 — )m) o1+ O )

Ai(—g) (—1)j—17r—1/2(§(4j _ 3)#)_1/6(1 + O(j_g)).

8

2.2.2 Airy differential operators

Now we turn to the Airy differential operator A = D?+¢, in particular, we only consider A on
the positive half-line (0, 00). With the natural domain D(A) = C§°[0, 00) C L? = L*(0, c0),
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it is clearly a symmetric positive operator. It has deficiency indices (1, 1) and thus by von
Neumann’s theory of self-adjoint extensions, it has a one-parameter family of self-adjoint
extensions. Each self-adjoint extension can be realized by fixing a boundary condition at
0. For our purpose, we only consider two special cases: the Dirichlet boundary condition
u(0) = 0 and the Neumann boundary condition «’(0) = 0. We shall write Ay and A; to be
the Dirichlet and Neumann realization of the Airy operator A, respectively. Their domain
are given by

D(Ay) = {u € L?: D*u,tu € L* u(0) = 0},
D(A)) = {u € L*: D?u,tu € L* 4/(0) = 0}.

Both Ag and A; has discrete spectrum and all the eigenfunctions are given by translations
of the Airy function

(D? +1) Ai(t — ;) = ¢ Ai(t — ),
(D7 + 1) Ai(t — ¢}) = (At — ¢).

In particular, by the spectral theorem, for any u € C§°[0, 00), if u(0) = 0, then
((Df + t)u, u) > Gullull*; (2.2.7)
if Dyu(0) =0, then
((Df + t)u, u) > full*. (2.2.8)
We also need the normalized eigenfunctions
e;() = Ai(- =), ¢ = || Alllra(—g 00
()= A= (), i =]Al 22—t 00)-

To compute the norms, we notice that for any z # w, integration by parts gives

2(Ai(t — 2), Ai(t — w)) 2
= ((D? + 1) Ai(t — 2), Ai(t — w)) 2

= Ai'(—2)Ai(—w) — Ai(—2)Ai'(—w)

+ (Ai(t — 2), (D} + 1) Ai(t — w)) 2
Al (—w) +

w(Ai(t — 2), Ai(t — w)) 2.

= Ai'(—2)Ai(—w) — Ai(—2)Ai'(—w)

Therefore

AV (=2)Ai(—w) — Ai(—z)Ai’(—w)'

Z— W

(Ai(t — 2), Ai(t —w)) 2 =

Take z = (;, we have

(At — (), At — w)) 2 = @A)

G—w
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Let w — (;, using Ai(—(;) = 0, we have
¢; = [ ALl1Z2(_¢; 000 = [1AI( = G172 = [ AT (=)

Similarly, if we first take z = (7, then let w — (}, and use Ai/(—CJ’) = 0 as well as the Airy
equation (2.2.2), we obtain

7 = 1AL T2 o) = 1 AL = G)IIZ2 = — Ai(=C}) AT"(—¢}) = GGl Ai(—¢})[*.
Finally, we can obtain the other initial data for the normalized eigenfunctions

U0 = | MG A=G) = 1P 220
(0) = (VA=) A=) = (-1

2.3 Scattering by a sphere

In this section, we consider the special case of scattering by the unit sphere, i.e. the obstacle
O = B(0,1) is the unit ball in R™. For simplicity, we assume that n is odd, so that the
resonances are in the complex plane C.

Our main tool will be the method of separation of variables, and to apply such method,
we restrict ourselves to either Dirichlet boundary condition u|sp = 0 or Neumann/Robin
boundary condition d,u + nu|so = 0 with 7 a real constant.

In the polar coordinates z — (r,w) = (|z],z/|z]) € RT x S*™! where S*~! is the unit
sphere in R™, the Laplace operator has the following form

_d2 n—14d 1
dr? r dr r?

A

where Agn-1 is the Laplacian on the unit sphere.

The eigenfunctions of Agn—1 are called the spherical harmonic functions. We shall choose
an orthonormal basis {Y;™ : 1 =0,1,...;m = 1,...,m(l)} of L*(S™™') consisting of spherical
harmonics

—Agn1Y)"(w) =l +n—-2)Y"(w).

Here the multiplicity of the eigenvalue p; = I(l + n — 2) is given by

m(l)

n—3

_21+n—2 l+n—3
) '

If we write the solution to the Helmholtz equation (—A — A?)u = 0 in the form

u=7y g"ry"(w),
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then g = ¢;" solves the equation

2
7’2% + (n— 1)7‘% + [N2r? =1l +n—2)]g = 0.

Write g(r) = (\r)!=2 H(Ar), then H solves the Bessel equation
2H() + 2 H(2) + (22— A H(2) =0, v=1+ g —1 (2.3.1)

For u to be outgoing, i.e. the Sommerfeld radiation condition

lim Y729, — iN)u =0

7—00

holds, H is a multiple of the Hankel function Hﬁl)(z), also known as the Bessel function of
the third kind, which is the unique solution to (2.3.1) satisfies the asymptotic properties

H(l)(Z) ~ iei(z—mr/Q—W/ll)

v Tz

Y

as z — oo in the sector —27 + 9 < argz < m — d where § > 0 is a fixed small constant.
Therefore the corresponding outgoing solution is

u(@) =Y am(Ar) P HD ()Y (w).

Im
An explicit definition of the Hankel function H, ,Sl)(z) is given by
HWY(2) = J,(2) + 1Y, (2),

where J,(z) is the Bessel function of the first kind given by

(22/4)"
(v+k+1)

=) = (5 D (-1

k=0
and Y, (z) is the Weber function, also known as the Bessel function of the second kind,

Jy(z)cos(vm) — J_,(2) ‘

sin(v)

Y, (z) =

An integral formula is valid when —7/2 < argz < T,

9 i(z—vm/2—m/4) o0 v—1/2
ngl)(Z) — _6—1/ e Sgv1/2 <1 — i) ds.
Vrz T(v+ 5) Jo 21z
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We introduce the following variables: £ = w3/ 2

2 141 - 22
p(Z)ZgCZJ’/Z:log%—Vl—zQ

for | arg z| < 7 and if z is real then ( is real. Then the Hankel function H, o

asymptotic expansions

1
. 4¢ \1* -
1) ~ 9o~ T3 TS 27rz/3
H}”(vz) ~ 2e (1_22) [ WC 5 2k+3
k=0

+ o2mi/3 Ai’(e%i/?’V%C)

has the following

and

D
+ A¥ (/) ZO Vzi(fg)}

uniformly in |arg z| < 7 — 9§, for any fixed 6 > 0. All the coefficients Ay, By, Cy and Dy are
real smooth functions of ¢ € R.
First, we consider the Dirichlet boundary condition u|s.-1 = 0, which implies that for

some [,m, H (1)(/\) = 0. Therefore the resonances are given by the zeroes of the Hankel

function H,E . Recall that —(j, is the k-th zero of Ai, using the first term in the asymptotic
expansion (2.3.2), approximate resonances can be given by

~ . ; 2
0 =gy - (1 ()

For Neumann/Robin boundary condition % + nu|sn-1 = 0, the resonances are given by
the zeroes of

ga(2) = 2H{(2) + (1= 5 + ) H (2)

Similarly, we can use the zeroes of Ai’ to give approximate resonances

~ . ) 2
NY et mif3,,=2/303/2y ), -1 432 .
vk VC (6 v Ck; ) vp v\ 3 k
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Figure 2.1: The Resonances for S? with Dirichlet boundary condition, from Stefanov [36].
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Chapter 3

Semiclassical microlocal analysis

In this chapter, we review some basic results from semiclassical microlocal analysis. The
standard references are [7],[43] and [19].

3.1 Symbol classes and quantization

3.1.1 Semiclassical pseudodifferential operators on R*"

Let m = m(z,&) € C°°(R?") be an order function in the sense that
10“m| < Cym, Va € N*™.

The symbol class S(m) is the collections of all smooth functions a = a(z, &; h) such that
|0%a| < Cym, Va € N*".

We also consider the symbol class S§* (m,k € Z,0 < § < 1/2) of all smooth functions
a = a(z,&, h) such that

|8§8§a(x, & h)| < Caﬁh—m—5(|a\+lﬁl)<€>k—(1—5)\6\+5la|7 Va, 3 € N™.

The semiclassical principal symbol of a € Sg"’k is the equivalence class of a in Sgl’k/Sg%_Hd’k_l.
We also write

goome = (S,

m,k

The Weyl quantization of a symbol a € S(m) or Sg”’k to be the operator Opy (a) =
a®(z,hD) € ¥(m) or U7 defined as

Ovf@)(e) = s [ [ e utyyayae (3..1)
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Let H;(R™) C 8’'(R™) be the semiclassical Sobolev space of order s with the norm
s 1
lull ey = [¢hD) ul| 2y, (hD) = (1 + (hD)?)2.

If a € Sj*, then h* OpY(a) is uniformly bounded Hj(R™) — H:~™(R") for any s.
Moreover, for any A € \I/;n’k, B e \I/gn,’k/, the composition AB € \IJ?”Lm,’Hk/ and the
commutator [A, B] € \IJ?J“m/_l’Hkl_l. If a = 0(A) and b = o(B) are the principal symbol of
A, B, respectively, then o(AB) = ab and o([A, B]) = ih~*{a,b} where {-,-} is the Poisson
bracket.

For A = Opy(a) € S§"* we say that (zo,&) € R*" is not in the semiclassical wave front
set WFp(A) if |0%a| = O(h™) near (z¢, &) for any a. We have if WF,(A) = (), then for any
N, ||A||H;NHH£’ = O(hoo)

We say that a € S§**(R") is elliptic on U C R*" if for (z,£) € U

la(w, )] = CT'hTHE)™

and A € \I/gn’k is elliptic if its principal symbol a = o(A) is elliptic. If A is elliptic on U and
WF,(B) C U, then
| Bul| s < Ch*||ABu|

s+m.
Hh

Finally we recall the sharp Garding’s inequality which states that if A =€ \IJS’O(R”) has
principal symbol a > 0 on U C R?", then for any B € \118’0 with WF,(B) C U, then

<ABU, BU>L2(]R") = _OhHBuH%Q(RQ”)

3.1.2 Semiclassical pseudodifferential operators on a compact

manifold
Let X be a compact smooth manifold, we can choose a finite cover Xj,..., X, of X where
Xi,...,X, are coordinate charts with local coordinates x;,...,z,. Then there exists a

partltlon of unity x; € C5°(X;), >, x; = 1. We define the semiclassical Sobolev space
H;(X) to be the space of all u € D’(X) such that

3

’UHHs Z Ix;(hD) XJUHL2(X o0.

For different choice of the coordinate charts and partition of unity, the norms are equiv-
alent uniformly for h > 0. Also, another equivalent norm can be given by

| x) = [[(I = B*A)2u]|2(x),

where A is the Laplacian operator with respect to some Riemannian metric. From this norm,
we see that Hj(X) is a Hilbert space with inner product

<U7U>H}SL(X) = <(] — th)%u, (I — hQA)%U>L2(X).
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We can also generalize the symbol class Sgn’k to a compact manifold X:
SPHT*X) = {a € C®(T*X x (0,1]) : [0207 a(x, & h)| < Cogh™m0IFIAN (e)k=(1=0)I+dlaly

For any a € SJ""(T*X), we can quantize a to an operator Op,(a) : C®(X) — C™(X) by
using a partition of unity and (3.1.1) in local coordinate patches.

A linear operator A : C*°(X) — C*°(X) is said to be in Wj"*(X) if

(i) for each coordinate patch (U,v) where v : U — V C R*" is a diffeomorphism, there
exists a symbol a € S;n’k such that

pA(u) = v Opy(a)[(v71) " ()],
for any ¢, ¢ € C°(U,) and u € C*(X);
(ii) for any x1, x2 € C°°(X) with disjoint support and any N,
HXlAX2HH—N(X)—>HN(X) = O(hoo)'
We have a quantization map
Opy, = ST X) — UM (X)
and the principal symbol map
o UR(X) = SPR(TE X)) /SR T X)),

The semiclassical wavefront set WF,(A) of A € U"*(X) is defined in local coordinates
as in the case of R", since it is invariant under change of variables. All the results for
semiclassical wavefront set extend to the case of a compact manifold.

Finally, we remark that the notion of ellipticity and the sharp Garding inequality can be
extended to the case of a compact manifold without difficulty.

3.1.3 Trace operator on the boundary

Now we go back to the setting that O is a convex obstacle in R™ with smooth boundary
00. We consider the trace operator Tr : C®°(R" \ O) — C*(00),u — ulgo. In the
normal geodesic coordinates given in the previous section, it is equivalent to the operator
Tr: C°(X x [0,00)) — C°(X), Tru(y) = u(y,0).

Proposition 3.1.1. For u € C§°(X x [0,00)), we have || Tru||§{’11(X) < Chil”“”?{,ﬁ(){x[(},m))'

Proof. Since u € C§°(X x [0,00)), we know there exists L > 0 such that u is supported in
X x [0, L]. Therefore

||TTU||§1;L(X) = _h_l/o th”u('vt)“iI}L(X)dt < 2h‘1/0 [(hDyu(-, ), ul-, 8)) x|t

< / (IR DeC Ol oy + s, BBy ot < OB [l s -
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s 1
Remark 3.1.2. A more careful analysis will give Tr = Oy(h™2) : Hp(Q) — H, *(092) when
s > %, Q CC R™ an open set with smooth boundary. We do not need this strong version in
our argument.

3.2 Second microlocalization with respect to a
hypersurface

In this part, we review some facts about second microlocalization with respect to a hyper-
surface. For details, see [30].

We always assume that X is a n-dimensional compact smooth manifold and ¥ C T*X
is a smooth compact hypersurface. In our application, X = 0O will be the boundary of the
obstacle and ¥ = ¥, = {(2/,¢') € T*00 : R(2/,¢') = w} will be the glancing hypersurface.
Here R(2',&') = |£'], is the first fundamental form and w is in a compact subset of R.

We shall also fix a distance function d(X,-) on 7*X as the absolute value of a defining
function of X. In particular, d(X,-) vanishes only on ¥ and behaves like () near the infinity
in T"X.

For any 0 < § < 1 we define a class of symbols associated to ¥: a € Sggkhk? (T*X) if

near ¥ : Vi --- Vi, Wi -+ - Wia = O(h™™ 0 (R72d(%, -))™),

where Vi, ..., V], are vector fields tangent to X, 391
and Wy, ..., W, are any vector fields; (3.2.1)
away from X : 6§8§a(x,§; h) = O(h—m—5k1 <§>k2—|5\)'

To define the corresponding class of operators \I!gfl””, we start locally by assuming

is of the normal form ¥y = {&; = 0}. Then near & = 0, we can write a = a(x, &, A\; h) with
A = h7%¢,. Then (3.2.1) becomes

020 Bhalr, €0, ) = O(h™) (W)
which we shall write a = O(h~™(\)*). Then we can define

1
(2mh)™

Opp(au(z) = / O € h0Ey, hyuly)dyde.

Then as in the standard semiclassical calculus, we have the composition formula: for a =
O(h=™ (\)¥1) and b = O(h=™2(\)2),

Opy,(a) o Op,(b) = Opy(a#tsb) mod W—~(X),
where

1 / ~
a#hb(a:,g, )‘; h) = Z a(hagl)a (ha& —+ hl_‘S@)\)alang c O(h—m1—m2</\>k1+k2)'

aeN"
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We also have a version of Beals’s characterization of pseudodifferential operators: Let A =
Ay S(R™) — S'(R") and put 2’ = (2, ..., 2,). Then A = Op,,(a) for some a = O(h~"(\)¥)
if and only if for all N,p,q > 0 and every sequence [;(2',£'),5 =1,..., N of linear forms on
R2("=1) there exists C' > 0 such that

|| adll(l,,,th,) O-++-0 ale(x/ﬁDI,) O(adhlfépml )p o (adxl)qAU”(q—min(k,O))

< CRNTEIETD 1y a.0))

where [[ulp) = [lullzz + |(h*~° Dz, )Pul 2. N

The global definition of the class \Ifg”f k2 X') relies on the invariance of Op,(O((\)™))
under conjugation by h-Fourier integral operators whose associated canonical relation fixes
{& = 0}. See [30, Section 4.2]. Now we define A € \Ifgfl’kZ (X) if and only if
(1) for any my € ¥ and any h-Fourier integral operator U : C*(X) — C*°(R") elliptic
near ((0,0),my) whose corresponding canonical transformation s satisfies x(mg) = (0,0),
k(XNV) C {& = 0} for some neighborhood V' of my, we have UAU ! = 6f)h(0~(h_m<)\>k1),
microlocally near (0,0);
(2) for any mg outside any fixed neighborhood of 3, A € Wm*+okik2( X} microlocally near my
in both classical and semiclassical sense.

In particular, we have a quantization map

Ops, : S5 (17 X) — W™ ™(X),
and the principal symbol map

0_27}1 . \Ilg,(;fl,kz (X) — S;’I;,ékl,kg (T*X)/S;’l;é—l-i-(s,kl—l,kz—l(T*X).

For a € S¢ ’(Skl’foo we introduce a notion of essential support. We say for an h-dependent
family of sets V), C T X,
esssuppa NV, =0

if and only if there exists x > 0, xy € S*%7°°(T*X), such that
Xlv, = 1,xa € ST (T"X).

As in the standard case, if a,b € Sg;;k’_oo(T*X) satisfies Opy;,(a) = Opg,(b), then
esssupp a = esssupp b. Therefore we can define for A € \1172”;“ "%°(X) the semiclassical wave
front set as WF(A) = esssuppa if A = Opy,;,(a).

Now we generalize the symbol class to an arbitrary order function m and vector valued op-

erators from a Banach space B to another Banach space H. We assume that m = m(z, &, \; h)
is an order function with respect to the metric g = dx? +d&?/(€) +dN\?/()\) in the sense that

9@wen (W,m )] < = C7lm(z, 6 A) <m(z +y, €+ 0. A + p) < Cm(z, €, N).

(See [12] for instance.) We also assume that B and H are equipped with (z, £, A; h)-dependent
norms || + ||y, || - [lm, Which are equivalent to some fixed norm (may not uniformly in h),
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respectively. In addition, we assume that the norms are continuous with respect to the
metric g, uniformly with respect to h. Then we say that a € Sy s(T* X, m, L(B,H)) if

la(z, & Pty e rny < CU, &N D) ||l ms(ie anys A = h2d(E, -, for all u € B,

and if this statement is stable under applications of vector fields in the sense of (3.2.1),
namely,

near ¥ : V.-V, Wy Wia = OE(&H)(mh—(szl)7
where Vi, ..., V), are vector fields tangent to X,

and Wy, ..., W, are any vector fields;
away from X : 8?8?@(1;,5; h) = OL(B,’H)(m<§>7|B|)-

Then we can obtain a class of operators ¥y, 5(X;m, L(B,H)) and the corresponding principal
symbol map

o Uss(X;m, L(B,H))
— Ses(T"X;m, L(B,H))/Sss(T*X;m(h°d(%,-)) ", L(B, H)).
3.3 The Fourier-Bros-lagolnitzer(FBI) transform

3.3.1 FBI transform on R"

Let ¢ = ¢(x,y) be a holomorphic quadratic form on C® x C". Then we can find n X n
matrices A, B, D with complex entries such that AT = A, DT = D and

8(e.) = (A2, 2) + (Ba,y) + 5(Dy.y).

Here (-, -) is the complex bilinear product on C" given by

(z,y) = Z LYy
j=1

We assume that

2
det (“igy =det B#0
and )
Im 8_342 =ImD > 0.
We also let

O(z) = sup —Im ¢(z, y).

yeR™
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The supreme is attained at a unique point y = y(z) € R". Now we define the Fourier-Bros-
[agolnitzer transform associated to ¢ to be the operator T" defined on .#’/(R") by

Tu = Tyu(x; h) = cyh™>"/* / ey (y)dy,

n

where
co = 27234 (det Tm 92, ) /4| det 92, 9)|.

The image Tu is an entire function and satisfies
| Tu(z; h)| < Ch=N (z)NeP@)/h

for some N depends on u. Moreover, if u € L,
[Tul < Ch™"|ul| o e/

if u € (R™), then for every N, there exists a constant C'y depends on wu,
Tu| < Cyh™4(z)NeP@/h,

We can view T as a semiclassical Fourier integral operator, then the associated linear
canonical transformation is given by

wr i €3 (g~ (x.)) — (.6 (x.y)) € T

Then we have
200

kr(R*™) = Ag = {(z, %(x)),x e C"}.

i
We consider the complex symplectic form

o= dn; Ady

Jj=1

on C?. A submanifold of C*" is called an IR-manifold if it is Lagrangian for Im o and
symplectic for Reo. An example of IR-manifold is R?". Since k7 is canonical for o, we see
Ag is also an IR-manifold. This means that ® is strictly plurisubharmonic:

0?®

050z~

To consider the mapping properties of T, we consider the following weighted space
LZ(C") = L*(C", e~ 2*@)/ 1 [(dz)) with Hilbert norm

fully = [ e o)
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We also consider the space of holomorphic functions in L3,
Hg(C") = A(C™) N L3 (C™).

Then T is a unitary operator from L?(R") — Hg(C") with formal adjoint

n

T*v(y) _ Eaphgn/4/ efiqﬁ*(x,y)/hv(x)efwb(x)/hL(dx>

where ¢*(z,y) = ¢(Z,y) is holomorphic. So T*T = I and Il = TT* is the orthogonal
projection from L% onto Hg.

Now for the purpose of applying the method of complex scaling, we consider a slight
different contour and consider an FBI transform T : L*(Ty) — Hg,(C") where the contour
[y is given by Im z = ¢y Rex where ¢y > 0 is a small fixed number:

Tu(zx; h) = c¢h3”/4/ @Vl (1) d.
To

Then the associated canonical transformation k7 maps T*I'y C C** given by
T*FO = {(1 + iEo)ZE, (1 - ZEO)&) : (ZL‘7§) € R2n}

to an IR-manifold
Aq;o = {(ZL‘, ;W(ﬂf)) T € Cn}

Here
Dy (z) = sup —Im ¢(z,y) = ®(x) + O(eo|[*)

yelo

is again a strictly plurisubharmonic quadratic function. All the previous properties also hold
for this FBI transform.

Example 3.3.1. A standard example is given by

oz, y) = %(iv —y)?,

then {
O(x) = Q(Im r)?

and we get the Bargmann transform

n

Tu(z;h) = 2_"/2(7rh)3"/4/ e~ =07 2hy () dy
R

We can compute the associated canonical transformation

rr(r, ) = (v =€, §)
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and thus it is easy to check that
kr(R*™) = Ag = {(2, —Im2x) : x € C"}.

We also have the FBI transform T : L*(Ty) — Hg,(C") associated to the contour Ty and we
have

Qo(z) = sup —Im¢(z,y) = (o Rex — Imx)?.

yelo B 2(]‘ - E%)
We can also check that
KJT(T*P()) = Aq>0 = {((L’,

1 — ¢

—(60 Rex —Imz)) : z € C"}.
1—é

If we identify z = x — i€ € C™ with (z,&) € T*R™, then this FBI transform on L?(R") is
related to the classical form of FBI transform (see [19])

Thu — TU(QJ, g; h) _ 2_n/2(ﬂ'h)_3n/4/ e—(;p_y)Q/2h+i(m—y)-§/hu(y)dy

n

by
Tu(z,&h) = 6_§2/2hT’LL(Z; h).

The classical FBI transform T}, is an isometry from L*(R™) into L*(R*") with image
TW(L*(R")) = L*(R™) n e S/ A(C) )
where A(C™) is the space of entire functions in C". The adjoint T} : L*(R*") — L*(R") is

gien by
T;:v(y) = 2_"/2(7rh)_3”/4/ e~ (@) /2h—i(z—y)-L/h v(z, &)dxdé.
R2

3.3.2 Pseudodifferential operators with holomorphic symbols

Now we consider the actions of pseudodifferential operators. We shall only discuss the case
for FBI transform on R”, the situation for Iy is exactly the same.
Let m be an order function, S(Ag, m) be the space of all smooth functions a on Ag such
that
0% = Ou(m), Vo € N>

Here we identify Ag linearly with R2". Then for u = O({z)~>)e®@/" we put

z(:ry@/h (L’—i—y 9)()61 d9

Oph( )

I'(x)
where the contour I'(x) is given by

200 x4y

0= zax( 2 )
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Let m be a second order function on Ag, and we view both m and m to be functions on
C? by the natural identification 7, : A 3 (z,&) — x € C*. We consider the spaces

L} = L*(C"m?e**"L(dx), Hem = A(C")NLE .

Then for a € S(Ag, m), Opy,(a) extends to a bounded operator from Hg s to Hg m/m With
norm uniformly bounded in h. Moreover, if b € S(R?*",m o r7) be such that

aoky =20,

then
Opp(a) o T =T o Op,(b).

Now we assume that a(z,§) is holomorphic in a neighborhood Ag + W of A where W is
an open neighborhood of 0 € C". Let a € S(m) in Ag + W, where m is an order function
first defined on Ag, then extended to Ag + W by m(z, &) = m(z, 222(z)).

’ 4 Oz
We can perturb the contour in the definition of pseudodifferential operators by

Zl’ x+
Opy,(a)u( @ 0/hg(Z Y 0y (y)dydd,

where the contour I'.(x) is given by

200 x+y C,_
i 0$< 9 9)+2_($_y)a

Lo(x):0= 5

so that for ¢ small, ['e.(z) C Ag + W.
Consider ®(x) = ®(z) + f(x) where f € C!(C") is supported in some fixed compact
set. Moreover, we assume

[fllerr = IV flluip + Sup /]

is small. We can define the Hilbert spaces Hg ; which coincides with Hg 7 as spaces, with
equivalent norms for fixed A, but not uniformly as h — 0. The associated Lipschitz manifold

20D

Ag: &= Z&C()

coincides with Ag outside a compact set and is close to Ag in the sense of Lipschitz graphs.
We can replace the contour in the definition again by

200 x+y) . T—9

Le(r) + 6 = zax( 2 (x —y)

Then Opy(a) is a bounded operator from H ; to Hg ;/,, With norm uniformly bounded in

h. Moreover, we can approximate such operators by multlplication operators
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Theorem 1. Let a € S(m) be a holomorphic symbol as above and ® a small perturbation of
®, then foruw € Hg ;.

Opy(a)u(x) = alz, &(x))u(z) + Z ag )(hDq; = &i(x))u(z) + Ru(z),

j
where £(x) = %g—; and R =0(h) : Hg 5 — Lé '’
As a corollary, we get results on scalar products

Proposition 3.3.2. Let a € S(m,) and b € S(my) be holomorphic symbols as above, ¢ (x)
locally Lipschitz on C" such that for some order function my,

"i(x) = O(my(a)), ol <1

(1) If my and my are order functions such that mym, < mims, then for u € Hg
}I~

D mo

S

ymi’

(¥ Opy(a)u, v)rz = Cn@/)(l“) a(x, §(@))u(x)v(@)e > O Lide) + O |[ulluy, olln,, -

(2) If my and mq are order functions such that mymgmy < myms, then for v € Hy
NS Hci>

ymi’

,ma’

(¢ Opy,(a)u, Opy,(b)v)r2 = . (w)alz, &(@))u(@)b(z, &(@))o(w)e >N L(dx)
+O0WM)|lullm,, Nvlla,

@mQ

(8) In particular, we have for u € Hé,ma’
| Opulaully, = lla(e. §@u()]2 + Ol .

3.3.3 FBI transform on a compact smooth manifold

In this section, we consider a form of FBI transform on a compact smooth manifold, which
is motivated by the classical form of FBI transform. We follow the presentation in [40].
Now let (X, g) be a compact Riemannian manifold. We write y to be a point on X, dy
to be the volume form on X; (z,&) a point on 7*X (where 2 € X, ¢ € Ty X) and dzd¢ to be
the canonical volume form on 7% X.
Let A C T*X x X be the diagonal set

A={(x,{,y) eT"X x X :x =y}
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An admissible phase function (z,&,y) is a smooth function on T*X x X satisfying the
following conditions:

Therefore near the diagonal A, ¢ = ¢ - (z —y) + (Q(z, &, y)(x — y), (r — y)) where Q is a
symmetric matrix-valued symbol of degree 1 in £ with Im Q|a ~ (&)1.

The symbol class th}’;hg(T*X x X) is defined to be the collection of all smooth functions

a= a(x7€7y; h) ~ hm<ak('r7§7y> + hak—l(x7€7y) + - )

where a;(z, £, y) are polyhomogeneous symbols of degree j in £ and the asymptotic expansion
means that A A
ja —h"(ag + -+ Wag_y)| < ORI ] > 1

The symbol class th}’,fhg(T *X) is defined similarly, without the y-components.
A symbol a € h™S}, is called elliptic if the principal part |az| ~ (£) uniformly with

respect to other variables. The quantization of a is defined as the operator

1
(2mh)"

Op(a)uly) = s [ o7 D ala, & yi byu(e)(y, o),
where exp is the exponential map with respect to g on X. We shall write h™W*(X) to be
the algebra of all operators Op(a) + R,a € h™S*, R = O(h*>®) : C~*(X) — C®(X).

Then following [40], an FBI transform on X is an operator T, : C*(X) — C*(T*X)
given by

Thu(z,€) = /X e @EN M (x, &y h)x(x, & y)u(y)dy. (3.3.1)

Here ¢(x,&,y) is an admissible phase function; a(z, &, y; h) € h~3"/45"/* is an elliptic poly-

homogeneous symbol; x(z, &, y) is a cut-off function to a small neighborhood of the diagonal

A={(z,&y) € T*X x X : x =y} such that Imp < —C~'d(x,y)? on the support of .
The following properties of the FBI transform were proved in [40]:

(1) Ty, : L*(X) — L*(T*X) is bounded for h < hy;

(2) We can choose a suitable phase ¢ and elliptic symbol a such that

Tl zz-x) = (1+ O()) Jull 2. (33.2)

i.e. Ty is an isometry modulo A*°.
From now on, we shall always use such kind of FBI transforms. Furthermore, we know
from [40]:
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Lemma 3.3.3. Let P = Op(p) € h*V™(X), then T;pT}, — P € h*1gm-1,
We can apply this to prove the following

Proposition 3.3.4. (1) For any u € C*(X),
) Thul| 27 x) < Cllullmyx)- (3.3.3)
(2) If A(x,hD,) is a second-order differential operator on X, then for any u € C*(X),
1A, ) TullZaix) = | Al@, hDy)ull12(x) + O(h)Jull . (3.3.4)
Proof. (1)

&) Thull® = ((€) T, (&) Thu) = (T; (€)*Thu, w)
= <([ - A)U, u> + <Ru7 u> = ||u||H;1L(X) + <RU’7 u>7

where R € h¥'. So (Ru,u) = O(h)HuHiIl/Q(X).
(2) Notice that by symbol calculus '

(AA)(x,hD) = A(z,hD)*A(x,hD) mod h¥?
we have the following
1Az, ) TullZa i x) = (Alw, §)Tu, Az, ) Tu) = (T*| Az, §)[*Tu, u)
= (A(z,hD)* A(z, hD)u,u) + (Ru,u) = ||A(z, hD)u|* + (Ru, u),

here R € h¥3. So (Ru,u) = O(h)||ul|? . 0
where 0 (Ruyu) = OW)[ul

Remark 3.3.5. We also notice that all the discussion above work for functions with value
in a Hilbert space 7. In our case, we shall choose X = 00 and A = L*([0,0)).
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Chapter 4

The method of complex scaling

In this section, we review the method of complex scaling to characterize the resonances in
scattering by convex obstacles following a series of works of Sjostrand-Zworski [31, 27, 35].
The advantage of this method is that it gives a characterization of resonances as eigenvalues
of a non-selfadjoint differential operator to which we can apply the microlocal techniques for
partial differential equations.

4.1 Complex scaling in the black box setting

A smooth manifold I' C C" is called totally real if
T.I'ni(T,I')=0, Vexel

where ¢ denotes the natural action on tangent vectors induced by the multiplication by the
imaginary unit. It is clear that if I' is totally real, then dimI' < n. A natural example
is given by I' = R". Since totally real manifolds are mapped to totally real manifolds
under holomorphic diffeomorphisms, we can extend the notion of totally real manifolds to
submanifolds of complex manifolds.

Let Q2 € C™ be open and I' C €2 be a totally real smooth manifold of dimension n. For a
differential operator

P(z,D,) = Y ao(x)DS
lal<m

with coefficients holomorphic in €, then we can define a differential operator Pr : C*°(T") —
C*°(I") with smooth coefficients. We identify 7" with a submanifold of C" x C" via

T*T 3 (z,dp(z)) — (z,0,6(z)) € T x C",

where ¢ € C°(I';R) and ¢ is an almost analytic extension of ¢ which can be defined since
' is totally real. Then the principal symbol pr of the differential operator Pr is given by

Pr = P|T*r-



CHAPTER 4. THE METHOD OF COMPLEX SCALING 33

The key result is the following deformation result which is standard and proved in [31].

Proposition 4.1.1. Let w C R" be an open set, f:[0,1] x w > (t,y) — f(t,y) € C" be a
smooth proper map such that

(1) det(D, (t,9)) # O for all (t,1);

(2) f(t,-) is injective;

(3) f(t,y) = f(0,y) fory € w\ K where K is a compact subset of w.

We write I'y = f({t} xw). Let P(z, D,) be a partial differential operator with holomorphic
coefficients defined in a neighborhood of f([0,1] xw) such that P|r, is elliptic for0 <t < 1. If
ug € Z'(To) and Pryug extends to a holomorphic function in a neighborhood of f([0,1] x w),
then uy extends to a holomorphic function in a neighborhood of f([0,1] X w).

Now we construct the complex scaled operator for the black box operator. To do this we
need an additional assumption on the analyticity of the coefficients:

There exists a constant C' > 0 such that the coefficients a,(z; h)
extend holomorphically in z to {# € C";|Imz| < C~'(Rez)}, and

the relevant estimates remain valid.

Now we construct the contour I'y for the complex scaled operator. For given ¢y > 0,
Ry > Ry, we can construct a smooth function f : [0,7] x [0,00) 2 (0,t) — fa(t) € C,
injective for every 6 such that

(1) fg(t) =tfor 0 < t < Rl;

(2) 0 < arg fo(t) < 0,0.fs # 0;

(3) arg fo(t) < arg O, fo(t) < arg fo(t) + €o,

(4) fo(t) = €t, for t > Ty where Ty only depends on ¢y and R;.

Consider the map

ko :R" 22 =rww— fyp(r)jweC"

where (r = |z],w = x/|z]) € (0,00) x S*7! is the standard polar coordinates on R™. The
image ['y = kyg(R™) is a totally real manifold of dimension n which coincides with R" along
B(0, Ry).

For 0 < 6 < 6y, where 6, is small, so that the coefficients of () has analytic extension to
all I'y, we define the complex scaled Hilbert space to be

Hy = Hpr, ® L*(Ty \ B(0, Ry)).

Via the map kg, we can identify Hy with H and define Dy = D. Let x € C5°(B(0, Ry)) be

equal to 1 on a neighborhood of B(0, Ry), then we can define the complex scaled operator
Py : H — H with domain D by

Pyu = P(xu) + Qr,(1 — x)u.
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Figure 4.1: The contour for complex scaling on R".

We start with the Laplacian —Ap,. Again, via the map ky, we see that in polar coordi-
nates

1 2 n—1 . -2
—Ar, = (WDT) - WZDr + (fo(r)) " Agn

with principal symbol

7,*2 w*2

Poo = + ;
fo@)? fo(t)?
where (r*,w*) are the dual variable of (r,w). If € > 0 is small, then —Ap, is elliptic. Its
principal symbol py ¢ takes values in a sector of angle 2¢, for any fixed r, and globally in

—2(0 4 €) < argpop < 0;

near infinity it satisfies arg pyy = —20.

Now if we choose R; large enough, then in R™\ B(0, Ry), h™ 2P is an elliptic differential
operator with classical principal symbol takes values in a sector of angle < 3¢y over any fixed
point in 'y, and globally in the sector

—20 — 3eg < arg z < €.

When z € I'y — o0, all the coefficients of Py — e~2%(—h%?Ags) tend to zero uniformly in h.
From [26], we have

Proposition 4.1.2. If z € C\ e %%(0,00), then Py — z : D — H is a Fredholm operator of
index 0. In particular, such a z belongs to o(Py) if and only if

ker(Py — z) # 0,
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i.e z is an eigenvalue of Py. Moreover, if 0 < 0) < 0y < 0y, and z € C\ e~ 2190921[0, 00), then
dimker(Py, — z) = dim ker(Pp, — 2).

Therefore, we have a discrete subset Res(P, ) of the sector e=#[0%)[0, 00) which agrees
with o(Py) in e~2199[0, c0) for any 6 € [0, 6] counting multiplicity. Moreover, this is exactly
the set of resonances of Fy.

Proposition 4.1.3. The resolvent R(z) of the black box Hamiltonian P, first defined for
Imz > 0, can be estended meromorphically across (0,+00) to the sector e~'%200)(0, +00)
with poles in Res(P, 0y) counting multiplicity.

4.2 Complex scaling all the way to the obstacle

From now on, we let O be a strictly convex, bounded open set in R” with smooth boundary
00, then d(x) = dist(x, O) is a smooth convex function in R™\ O. Moreover, d”(z) > 0 and
dimker d”(x) = 1, generated by x — y(x) where y(x) is the closest point to x on 00O, so that
d(xz) = |x — y(z)|. At y(x), the exterior unit normal vector of 0O is

r —y(x)

y(a)) = Vl(y(a)) = oo

We introduce the following normal geodesic coordinates on the exterior domain R™ \ O:
r= (2, 2,) = 2 +x.v(2), 2=y(x)edO, x,=dx00),

where v(z') = v(y(x)) is the exterior unit normal vector to O at z’. Then in this coordinates,
we have the following expression for the Laplacian operator in the exterior domain

—Agmo = Din + R(x', Dy) — 22,Q(xp, 2", D) + G2y, 2') D,

where R(2', D), Q(z,, ', D,/) are second order operators on 00O:

n—1

Rz, Do) = =Ago = (det(g”))"/? Y Dy, (det(gy))*97 Dy,

1,j=1

is the Laplacian with respect to the induced metric ¢ = (g;;) on 00 and Q(2', Dy) =
Q(0,2’, D,) is of the form

n—1

det(g")"* 3" Dy (det(g,,))ai; D,

ij=1
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in any local coordinates such that the principal symbol of () is the second fundamental form

of 00 lifted by the duality to T*00:
n—1
QW' &) =Y ai(a")&;.
ij=1

Thus the principal curvatures of 0O are the eigenvalues of the quadratic form Q(z’,¢’) with
respect to the quadratic form R(z',¢').
Now following we introduce the family of complex scaling contours (0 < 6 < 6)

Lp={z=ax+if'(x):2 € R"\ O} CR"\ O +iR"

where f : R"\ O — R is a smooth function such that for x near O, f(z) =
f'(x) = d(z)d' ().

If we parametrize I'y by 2 € R™\ O, then we can compute the principal symbol of —A|p,:

po(x, &) = (1 +40f"(x))™1E, (L +i0f"(z)) " €) = ag — iby

d(z)?, so

1
2

where
ag = {(1 = (0f"(2))%¢, ),
b9 = 2€<f”(.f)§, £>
£=(L+(0f"(2))*)7"¢.
In normal geodesic coordinates, we can write the contours I'y as the image of
U x [0,00) 3 (2, 2,) = 2’ + (1 +i0)x,v(2") € C",

locally for z,, small. In the global version, by rescaling ¢t = |(1 + i)|x,,, the contours I'y are
the image of
00 x [0,00) 3 (2/,t) = ' + go(t)v(2") € C",

where gp : [0,00) — C is a smooth injective map such that

1+ 0
=1 0)=0 t) =t
for ¢ near 0;
1+ ip(0)
g(t) =t———7
O = g0)]

outside a small neighborhood of 0 and
arg(l 4+ ip(f)) < argg(t) < arg(1 + i0),

%arg(l +ip(0)) < argg'(t) < arg(1 +40).
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Figure 4.2: The contour for complex scaling all the way to the obstacle.

We shall choose ¢(f) small enough such that I'y satisfy the conditions given above. In
particular, we shall work on the contour I' = I'y for § = 6; such that g = g, (t) equals to
te™/3 for t near 0 (later on we shall use ¢ € [0, L™!] for L large enough).

Now we introduce the semiclassical parameter h, then on this contour I,

—R*Alp =

1
g/(t>2 (th>2 + R(l’/, h‘Dy) - 2g<t)Q<y7 hDy)
+O(t*(hDy)?) + O(R)hD, + O(h?),
which is elliptic in both semiclassical sense and the usual sense.
For t small such that g(t) = te™/3,

—h*A|r = e 3 ((hD,,)? + 22,Q(xpn, &', hDy; b)) 4+ R(2', hDy, h) + RF (,,, 2" )hD,, .

Let p be the principal symbol of —h?A|r. We notice that as in [27], if g = gg,, ¢ = ©(61)
are chosen suitably, then p lies in the lower half plane and for every § > 0, there exists € > 0
such that

t>2d=>e< —argp<m—=¢

Moreover, we can extend I' to a totally real submanifold T" in C” such that the classical
symbol of —Al|; takes values in

. 2
arg(l +1i0) < —argz < §7T + €.

Now we consider the boundary condition. In the normal geodesic coordinate (z/,x,) €
00 x [0,00), the Robin boundary condition becomes

O, U+ M|, —0 = 0
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Therefore in the scaled operator, we shall choose the boundary condition

or

Oyu + kulsgr =0 (4.2.1)

where £k : OI' — C is a smooth function.
We shall define the scaled operator P = Pr = —A|p : D,(T") — L*(T) where

D) = {u € H*(T)|0,u + kulsr = 0}.
Again, we regard P as an operator on R" \ O by the parametrization of I' given above.

Proposition 4.2.1. The spectrum of —Ar 1is discrete in —20y < argz < 0 and the reso-
nances of —Agrm\o in the sector —0, < arg( < 0 are the same as the square root of the
eigenvalues of —Ar with corresponding boundary condition in —20y < argz < 0. Moreover,
they have the same multiplicities:

mo(¢) = m(z) :=tr = (—Ap — 2)"'dz

271

|Z—z|=e
where z = (%, 0 < € < 1 so that there are no other eigenvalues of —Ar in |Z — z| < e.

To prove the proposition, we only need the following lemma from [27] and combine it
with proposition 4.1.3.

Lemma 4.2.2. Let u € C®°(R"\ O) satisfy (—A — N\2)kou = 0,0%|pq = U, € C®(09) in
a neighborhood of xy. Then there exists a complex neighborhood W of xy such that (1) u
extends holomorphically to a function U in a complex open neighborhood of W N U\0|<ao Y,
(2) ug = Ulr, is smooth up to O'y = 00;

(3) <_A|Fe — )\2)kOUQ = 0, aO‘UQ‘arg = Ugq m Fg NnNw.

Moreover, we may replace R™ \ O by any fized I',, with |n| < 6.

Part (1) and the first equation in (3) follows from Lemma 4.1.1 by choosing intermediate
contours between I'y and R™\ O away from the boundary. The difficulty lies in justification
of the boundary condition for which we need to estimate the norm of ug. To do this, we first
review the strong uniqueness property of the scaled operator and its corollary.

Proposition 4.2.3. Assume P is an m-th order differential operator with holomorphic co-
efficients, T' a totally real submanifold of C™ of maximal dimension such that P|r is elliptic.
Then if u € Z'(T') satisfies Pru =0 on I' and uw = 0 in a neighborhood of some xy € T', then
u=0.
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Corollary 4.2.4. Let P,I" be as in the proposition above, )y CC Qs CC Q3 C I' are open
sets, then there ezists some constant C > 0 such that for all w € H™(§23),

ul| 7m0,y < C([|Pull oy + Jullmo@san))- (4.2.2)

Also if P,T',,0, €3 depends continuously on some parameters varying in some compact
set, then we have the estimate for some constant C' independent of the parameters.

This corollary shows that if Pu = 0, then the part of w in 3 \ €; controls the whole
part of u in €2y. We shall apply this property to a family of intermediate contours between
[y and R™\ O and use the part in R™ \ O to control the part in T'y.

Now we describe our family of intermediate contours. To do this, we first blow up a
neighborhood of xy by introducing the following change of variables:

T T, x =Y+ €T

where y € 0O is some boundary point near xy, € > 0 is a parameter which we will let tend
to 0. We shall choose &y such that |Zo| = 1 is close to the normal direction to boundary
through y and focus on the region B(Zg, 1) in the new coordinates.

The intermediate contours are constructed as follows: Let I'y , . be the image of I'y in the
complexified Z-space. Since I'y is parameterized by z = x + 0 f'(x), we have the following
parametrization of I'g,

F=7 40 f(y+ex) =T +i00: f. (%)
where f., (%) = e 2f(y + ez). The derivatives of f., can be estimated as follows:
[ O(E) i a] <2
Oi fey(T) = { O(E|a|—2) if Ja| =2 -

We choose a cut-off function x € C§°(B(Zo,3)),0 < x < 1 and x = 1 on B(Z, ;). Out
intermediate contours will be the image of

By 5 =0 +i005(x foy (7))

and we will write Qg, 1,9, Q3 to be the images of the balls B(Z, i), B(zy, %), B(zy, g),
B(Zo, %), respectively. See Figure 2(where we omit €)5).

By the strong uniqueness property of (—A; — €2\?)% and (4.2.2), we have the following
estimates uniformly with respect to y in a neighborhood of zy and e small,

[oll 20 (s) < CUN=Az = X% [ 50(0y) + V] ros\00))-
We shall only use the following weak version:

ol 22y < CI(=Az — €X) | 12(0) + V] 22(05\02))- (4.2.3)
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Since in the # coordinates, @(Z) = u(z) satisfies the equation (—Az; — e2\?)*og = 0.
By Lemma 4.1.1, @ extends to a holomorphic solution U of (—A; — €2X2)U = 0 over
a neighborhood of a family of intermediate contours between B(Z,2) and Iy .« including
Qy C Ty Back to the z-coordinates, we get the holomorphic extension U of u in W N T
if we let y varies near zy and € goes to 0.

Substitute v = Ug, in (4.2.3), noticing that Q5 \ Q; C R2, so U = @ on Q3 \ Qy, we have
10122y < Cllillz2n\0)-

Back to z-coordinates, we will have similar estimate for U and u with the same constant
C' uniformly for all y near zy and € > 0. In particular, this shows that uy = Ulr, is well-
defined in L? near zy. Since uy satisfies the non-characteristic equation (—A, — A\?)ug = 0,
if we identify I'y with R™ \ O and use the normal geodesic coordinate (z’,z,) (again, only
locally near ), then up € C([0,¢€); Z'(R"™1)). In particular, it has a boundary value
ug(2',0) € 2'(R"1). (For the proof of this, see e.g. [11].)

Now it only remains to show that wuy(2’,0) coincides with the original boundary value
(z"). To do this, we substitute v = U — %(0) in (4.2.3), noticing that @(0) = a(y),

) in
(—A: = XU = a(0)) = —(=e2N%)"a(0),
we have
|0 = (0) | 2@y < C((2A)[iU(0)] vol(3)2 + [l — @(0) [ 2(@\0))-

Since u is smooth, the last term tends to 0 when € — 0. Therefore

vol(Q0) U — @(0)[|72(q,) = o(1),€ = 0.
Back to z-space and use the normal geodesic coordinates (2, z,,), we have

€ "ug(x) — ﬂ(:v')||23((x,,e)&) =0(1),e >0 (4.2.4)
uniformly in z’. Now let x,, € C°(R), X'(2') € C°(R™1) be cut off functions with support
close to 1 and 0, respectively. Also let [ x,(2,)dx, = [ x'(2')dz’ = 1. Then for any test
function ¢ € C§°(R" 1),

(ug(a',0) — ('), p(a")) = lim(ug(x) — a(2"))e " xn (e 2n) (") da

e—0

= lim / / ) — a(a"))xn (€ ) (€& — ) ()’ = 0,

e—0

since €™ [ (ug(z ) (")) X (e ta) ) (e (2 — y’)) («')dz has a uniformly compact support
with respect to ¢’ and tends to zero uniformly in y’ by Cauchy-Schwarz inequality and (4.2.4).

To get the desired global deformation with suitable boundary condition, we only need to
glue all the local deformation together using the strong uniqueness property.

For higher order derivatives, we can repeat the argument for every 0%u which satisfies
the differential equation (—A — A% (%) = 0 to get the holomorphic extension of 9%u.
The strong uniqueness property shows that this is exactly the derivative of the holomorphic
extension of w.
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Chapter 5

Euclidean case: Resonance-free region

In this chapter, we prove the following theorem on resonance-free region in the Euclidean
case under general Robin boundary conditions.

Theorem 2. Let O be a bounded, strictly convex open set with a smooth boundary 0O. Let
P = P™ be the Laplacian —Agrm\o on the exterior region with Robin boundary condition
dyu + nulgo = 0. Then there are no resonances of P in the cubic region

Im¢ > —S|¢|Y3 + C, (5.0.1)

for some C' > 0, depending on n and O. The constant S is given by

2/3
S =k =23 cos (n/6) ] ( ~ min Ki(y)) (5.0.2)

with K;(y) the principal curvatures of 00 at y, —(; the first zero of the derivative of the
Airy function.

5.1 Estimates for model Airy operators
In this section, we give the lower bounds for the ordinary differential operator
P = e 2™B((hDy)? +t) + O(h)hD; + O(h + t%) (5.1.1)

defined on [0, c0) with general conditions at ¢ = 0.

5.1.1 The Dirichlet and Neumann realization

We start by considering the semiclassical version of the Airy differential operator (hD;)? +t.
By changing the variables t = h?/3s, we have

(hD,)* +t = h*3(D? + ).
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For u = u(t), we define v(s) = h'/3u(h?/3s), then
u(t) = b7, lull gz = [lv]l2z

and

(hDy)* + t)u(t) = hl/?’(Df + s)v(s).

Therefore
((RDy)* + tyu,u) 2 = h**((D? + s)v,v) 2.

Applying the estimates (2.2.7) and (2.2.8), we have for u € C§°[0, 00), if u(0) = 0, then
((hDg)? + tyu,u) = R |ul)? (5.1.2)

if Dyu(0) = 0, then
((hDe)? + tyu,u) =GR ul? (5.1.3)

We also have the following useful identity: for u € C§°([0,00)),u(0) = 0 or D;u(0) = 0,
(hDWY? + tyu, ) = (AD)Pu,u) + (tu, ) = |yl + [[£/2u]

and consequently
((hDy)* + t)u, u) > ||hDyu))?; (5.1.4)
>

(hDy)* + t)u, u) > ||t (5.1.5)
Now we could estimate ||((hD;)? + t)u|| by the Cauchy-Schwartz inequality

I((hDe)? + t)ulllull = (((hD)* + tyu, u).
If u(0) = 0, then by (5.1.2),
1((RD)? + t)ull = A |ul), (5.1.6)
and by (5.1.4)
1((RD)? + t)ul® = GR**(((hDe)? + tyu, u) > Gh*P||hDul)?,

thus
1((hDe)? + tyul| > /Gh"?||RDyul| (5.1.7)

Similarly, if Dyu(0) =0, by (5.1.3) and (5.1.4), we have
I((hDy)? + tyull = G |ul; (5.1.8)

|((hDy)? + t)ul| = /¢ hY?||hDyul. (5.1.9)
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Another way to estimate ||((hD;)* + t)ul| is to use the following identity: If u(0) = 0 or
Dyu(0) = 0, since (u, hD;u) is real

I((hDe)? + tyull® = [|(hDy)ul|* + ltull* + 2 Re(tu, (hDy)*u)

= [[(hDy)*ul|* + ||tul|* + 2 Re(hD,(tu), hDu)

(hDy)
)

(5.1.10)

2
|(hDy)ul|* + ||tul|* + 2 Re(thDsu, hDu) + h Re =(u, hD;u)
7
= ||(hDy)u||® + ||tu|® + 2||tY2hDyul?.
This gives us the following estimates

I((hD)?* + t)ull® = [|(hDe)*ull* + [tull® > [|(hDy)*ull*. (5.1.11)

5.1.2 General condition

Now we remove the Dirichlet or Neumann condition at ¢ = 0 and try to get a lower bound
of {(((hDy)? + t)u,u). In this case, (hD;)? 4+t is no longer a self-adjoint operator, but the
semiclassical setting allows us to view it as a perturbation of the Neumann realization. We
shall start with the following basic estimate:

|hDyul||* = (hDyu, hDywu) = ((hD;)*u,u) — ih? Dyu(0)u(0)
< A((hDy)* + t)u, u) — ih* Dyu(0)u(0).

Since the right hand side is real, we have

IhDyul|? < Re(((hDy)? + t)u, u) — Re(ihD,u(0)a(0))
Re(((hDy)? + t)u, u) + h2|Dyu(0)]|u(0)]
R

e(((hDy)? + t)u,u) + O(h*)|Du(0)]* + O(h*)|u(0)[?,

INCIN

or

Re(((hD,)? + t)u,u) = ||ADul]® — O(h?)| Dyu(0) 2 — O(h?)|u(0) . (5.1.12)

which is the analogue of (5.1.4) for general u. Next we try to get an analogue of (5.1.2) and
(5.1.3) with bounary terms.

Lemma 5.1.1. Suppose u € C§°([0,00)), then we have the following estimate:
Re(((ADy)* + tyu, u) > GR*P(1 — O(h*?))|[ul* — O(h*)| Dyu(0) (5.1.13)
| Tm{(((hD;)* + t)u, u)| < O(h*3) Re(((hDy)* + t)u, u) + O(h?)| Dyu(0)|?. (5.1.14)

Proof. Write Dyu(0) = a for simplicity. First, we use the scaling t = h?3s, v(s) =
h'/3u(h?/s) as before. We have

(((hDo)? + tyu, u) 1z = h**((DF + s)v,0) 12,
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and more importantly, Dsv(0) = hD;u(0) = ha. Now let v(s) = w(s) + hasx(s) where
X € C5°([0,00)) is a fixed function such that y = 1 near 0. Then we get the decomposition

(D3 + s)v,v) =
(D2 + s)w, w) + ha({(DF + s)sx, w) + ha((D + s)w, sx) + h?|a* (D + s)sx, 5X).
Since w satisfies the Neumann condition Dsw(0) = 0, we know the first term is real.

We can integrate by parts to rewrite the third term as —ha(Dw, Ds(sx)) + ha(w, s*x).
Therefore for the real part, by the Cauchy-Schwarz inequality;,

Re((D5 + s)v,v) > (D5 + s)w,w) — O(h)|al[| Dswl|| — O(h)|al[lw]| — O(h*)|al?
> (D + s)w,w) — O(h*?)]al* — O(h*P)(|[w]|* + || Dsw]]®).
From
IDsw|* = (Dsw, Dsw) = (Diw, w) < (D3 + s)w, w)
lwl* < GH(DS + s)w,w)  (by (22.7)),
we have

Re((D? 4 s)v,v) = (1 — O(R**)((D? + s)w, w) — O(h*?)|a)?. (5.1.15)

By (2.2.7) and

lwl* = (vl = Ihasx|)* = [[v]|* — OR)lall[v]| + O(h*)]al*
> (1= O(h*)||v]* — O(h*)al?,
we get
Re((D3 + s)v,v) = (1(1 = O(h*7))|jw]|* — O(h*/?)|al”
> (1= O(R*F))|v]* — O(h*)]al.

For the imaginary part, we have

O(h*?)]al* + O(h*P)([lw]|* + [ Dsw]?)

[ Im((D7 + 5)v,v)| <
< O(hYP)|af* + O(R*P){(D3 + s)w, w).

Using (5.1.15) again, we have
| Tm((D? + s)v,v)| < O(hY3)|a* + O(h*3) Re((D? + s)v,v).

Scaling back from v to u, we get the desired estimates (5.1.13) and (5.1.14). O
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Finally, we need an analogue of (5.1.11). In the equation (5.1.10), we show that
2
(R D)* + tyull* = [|(AD)*ull* + [ltul* + 20["*hDyu]* + hRe = (u, hDyu).

Although the last term is no longer zero, we can calculate it through integration by parts.
Since

(u, hDyu) = (hDyu,u) — hz’|u(0)|2,

we have h

Im(u, hDyu) = —§|u(0)|2.
Therefore 5

Re g<u,thu> = —h|u(0)?,
and we get

I((hDy)* + t)ull® = [|(hDy)*ull* — h*[u(0)[* (5.1.16)

5.1.3 Restriction to a small interval

Now we restrict the support of u to a small fixed interval and get a better estimate.
Lemma 5.1.2. If L > 0 is sufficiently large, 0 < h < ho(L), then the following estimates
holds uniformly for v € C§([0, L7):
L
Re(((hDy)? + t)u,u) > (¢ h*3 — O(hL))|ul|* — O(h?)|Dyu(0)|* + §||tu||2. (5.1.17)
Proof. We choose Y, x1 € C*°(R) such that

Xo+xi=10<y <1
Xo=1 on (—o0, h'/?]
x1 =1 on [2h'% 0)
9°x; = Oa(h™2),a=0,1,2.

Then we can deduce that

Xolx0, (hD2)?] + x1[x1, (hD4)*] = —[x0(hDy)?*(x0) + x1(hD:)*(x1)] = O(h).
We notice that

((RDy)? + tyu,u) = (xo((hDe)* + t)u, xou) + (x1((ADy)* + t)u, xau)
= (((hDy)* + t)xou, xou) + (((hD)* + t)x1u, x1u)
— {(xolxo0, (WDo)*] + xa [x1, (D)) Ju, ).
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Since xju(0) = 0, also you and u have the same condition at ¢ = 0, we can apply the
estimates (5.1.5) and (5.1.13) to get
Re(((hDy)* +t)u,u) = (A3 (1= O(h*7)) | xoul]® + ([t x1u]|* = O(h?)| Deu(0)* — O(h) |[ul >
From the construction of g, x1, it is easy to see

lull® = Ixoull® + [Ixaull®, fltul® = [[txoull* + [[xawl*.

Therefore we only need to prove for some ¢y = O(L), we have

L
cohllxoull” = 3 lltxoul? (5.1.18)

and
L
1£72xaul* = (¢TR*° = coh)lIxaull* + §||tX1U||2- (5.1.19)

Since xo is supported on [—o00, 2h'/?], we only need to choose ¢y = 2L to get (5.1.18). To
prove (5.1.19), we need to show that for ¢ € [h'/2, L7,

L
t>§#“—%h+§ﬁ

or equivalently,

L 1
5@—L*f<§z+mw—(my?

The left hand side achieves its maximum at t = h'/2, so we only need
12 < ~172/3 L
B2 2 R — o+ Sh

which can be achieved by choosing h < hg(L) small enough. This finishes the proof. O]

5.1.4 Airy operator with lower order terms

Now we shall include the lower order terms in (5.1.1) and prove the main result of this
section.

Proposition 5.1.3. Let P be in the form (5.1.1) and wy € C with argwy € (—m/6,57/6).
If L > 0 s sufficiently large, h > 0 sufficiently small depending on L and wy, then for
u e Cge([0,L7Y)),

I(P = woyull® = (| 2wy — (Ih*2[* — O(RL)) Jul|?

+ C7[(hDy)*ul* = O Dy (0)[* — O(h*)|u(0) . (5.1.20)
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Proof. We begin with the following identity
(P = wo)ul® = [|(e7>™*((hDy)* + 1) — wo)ul]® + [[[O(R)hD; + O(h + *)]ul|?

+2Re((e7*™((hDy)* + t) — wo)u, [O(R)AD, + O(h + *)]u)
> |72 ((hD1)?* + t) = wo)ull® = [O(R){((hD)* + t)u, hDyu)

+ O(h){u, hDyu) + ((RDy)* + t)u, O(h + t*)u) + (u, O(h + t*)u)].

The lower order terms are estimated as follows,

(MII((hDy)* + t)ull® + O(h) || hDyul*
(MII((hDy)* + tul® + O(h) Re{((hDy)* + t)u, u)
W) Dau(0)* + O(R)[u(0)]*  (by (5.1.12));

|

|

O(h){((hDy)? + t)u, hDyu) <
<
@)
O(h){u, hDyu) (R)||ul|* + O(h)||hDyul?

(h u||2 + O(h) Re(((th)2 + t)u, u)

O(h*)| Deu(0) > + O(A*)|[u(0)]*  (by (5.1.12));
(R){((hDy)* + t)u,u) + O1){((RD,)? + t)u, t*u)
(WII((hDy)? + t)ul® + O(R)[|ull?

sII((hD)? + t)ul® + O(1)|[t?ul?,

(u, O(h + t*)u) < O)||ull* + O(1)||tu]*.

NN

)
)
(
)
)
(
(((hDy)* + t)u, O(h + t*)u) )
)

(@)
(@)
_|_
(@)
(@)
+
<O
<0
_'_

For the leading terms, we use the following identities

||<e—27ri/3((th)2 + t) — WO)UHQ = ||((th)2 + t)U||2 + |w0|2”ul|2
— 2Re(e ™3 ((hD,)? + t)u, wou),

and

—2Re(e”2™/3((hDy)? + t)u, wou) = 2 Re[e™ 3o (((RDy)? + t)u, u)]
= Re(2e™/3@g) - Re(((hDy)* + t)u, u)
— Im(2e™3) - Im(((hDy)? + t)u, u).

By (5.1.14), the second term is bounded below by
—2|wo|| Tm(((hDy)? + t)u, u)| = —O(R*?) Re(((hDy)? + t)u, u) — O(h*)|Dyu(0)]*.
Therefore

— 2Re(e 23 ((hDy)* + t)u, wou)

> (2cos((m/3) — argwy) — O(h*?))|wo| Re(((RDy)? + t)u, u) — O(h?)|Dyu(0) .

47
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Now combining all the terms together, we get the following estimate
I(P — wo)ull* (2 cos((w/3) — argwo) — O(h*?))|wo| Re(((hDy)* + t)u, u)
+ (lwol* = O [[ull® + (3 = OW)I((hD)* + t)ul?
= O()[[tul* = O)[[t*ul* — O(h*)| Deu(0)]* — O(h*)[u(0)]*.

Since |(7/3) — argwy| < 7/2,cos((m/3) — argwy) > 0, when h is small enough, we can
apply (5.1.17) to the first term and use

|w0’2 . 2Re(€_2ﬂ—i/3w()><-ih2/3 — ’627ri/3w0 . <{h2/3’2 . O(h)
to get
I(P = wo)ull* > ((|e*™wy — R[> = O(hL)) Jull* + ((1/2) — O(h) [|((AD:)? + t)ul|?

+ (|wo| cos((7/3) — argwo) — O(h))L — O(1)) [tull*
— O)[[t?ul]* = O(h*)| Dyu(0)]* — O(h*)[u(0)|*.

Since u is supported in [0, L7!], we have |[t?u|* < L72%||tul|?>. So if L > Lg(wy) large
enough, h < ho(L,wp) small enough, we get

I(P = woyull® = (|e*™wy — GIh*P12 — O(L)[[ull* + ((1/2) — O(R)) [[((hDy)? + t)ul|?
+ C 7 L|tul]* = O(h*)| Dyu(0)* — O(h*)[u(0)[*.

Applying (5.1.16), we conclude the proof of (5.1.20). O

Remark 5.1.4. If we replaced (hD;)? +t by (hD,)? + Qt, then the estimates (with (|h*3
replaced by C\Q*3h?3) remain uniform for

QelC,C), |wpl € [C4,C) and arg(ws) € [~(x/6) + 6, (57/6) — ]
if 0,C >0 are fized.

Remark 5.1.5. For the Dirichlet and Neumann realization, we can get the same estimate
without the last two lower order terms —O(h*)|Dyu(0)|* — O(h*)|u(0)|>. For Dirichlet real-
ization, we can also improve (| to (;.

5.2 Lower bounds on the scaled operator

In section 4.2, we defined the scaled operator P = —A|r and find the explicit formula in
normal coordinates with respect to the boundary: Q > z — (y,t) € 90 x (0,00). If we
freeze (y,n) € T*0O, then the (semiclassical) symbol of h2P is given by

P(y,t;n,hDy) = e *™2((hDy)? + 2tQ(y, 1)) + R(y,n) + Ot + h)(n)* + O(h)hDy. (5.2.1)

In this section, we first estimate P(y, t;n, hD;) — wy and then through the FBI transform 7},
defined in (3.3.1) to get a lower bound on h?P — wy.
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5.2.1 Estimate in the glancing region

When Rewy — R(y,n) is small, the principal part of P(y,t;n, hD;) — wy is given by the Airy-
type operator e=2™/3((hD,;)? + 2tQ(y,n)). We shall apply our previous results to get the
following estimate. We notice that such (y,7n) lies in a compact subset of T*00.

Lemma 5.2.1. Let wy € C with Rewy > 0,Imwy = rg > 0. Suppose | Rewy — R(z', &) < ¢
where ¢ is sufficiently small, L is large enough and 0 < h < ho(L). Then For any v €
Cso([0, L71)), we have

I(P(y,t,n, hDy) = wo)wl|* > [ro + 28 (Rewo)**h** — O(h)[*||v]|?

5.2.2
O BD ol — 00D O — o o)
where S = k(] is given by (5.0.2).

Proof. Let ¢ = rotan(m/6), then since |Rewy — R(y,n)| < ¢, we have

arg(wo — R(y,n)) € [r/3,271/3].
It follows immediately from (5.1.20) by replacing wy with wy — R(y, n) that
1(P(y, t, 0, hDy) = wo)vll* = (lwo — R(y,n) — ¢ "¢ (2Q(y, n))**h**[> = O(hL)) o]
+C7H(hDy)?o|* = O(h?)| Dyw(0)]* — O(h?)[v(0) .

The uniformity of the constants follows from the ellipticity of () and R.
Now we need to find a uniform lower bound for

lwo — R(y,n) — e 2™/3¢(2Q(y, m))**h3)?
= [Rewy — R(y,n) + sin (%) C1(2Q(y, m))**h*P? (5.2.3)

+[ro + cos (T ) €1 (2Q(y m) n2

over (y,n) such that | Rewy — R(y,n)| < ¢. The minimum is obtained at R(y,n) = Rewy +
O(h*3) and the minimum of ¢{(2Q(y,7n))** under such constraint. Since the principal
curvatures are the eigenvalues of the quadratic form Q(y,n) with respect to the quadratic
form R(y,n), we have

Thus
(5.2.3) > |ro + 25(Rewp)¥3h%3)2 + O(h*/3)

which completes the proof of (5.2.2). O
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5.2.2 Estimate away from the glancing region

When |Rewy — R(y,n)| is bounded from below, 2tQ(y,n) is dominated by R(y,n) — wy for
small ¢. In this case, we can give a better estimate for P from e~2"/3(hD;)? + R(y,n) — wo.

Lemma 5.2.2. Suppose that wy € C with Rewy > 0,Imwg =19 > 0, | Rewy — R(y,n)| > ¢,
then for L large enough, h sufficiently small, and v € C§°([0, L™1)),

I(P(y. t.m, hDy) — wo)vl* = (ro + C7H)?|[ol* + CH([(RD)*0]* + (m)lv]*)

— O(h?)(n)?[v(0)]| Dy (0)]. (5.2.4)

Proof. Since
[P(y,t,1,hDy) = wolv = [e™*(hDy)* + R(y,n) — wolv + [O(t* + t + h)(n)* + O(h)hDi]v,

we have
(Pt hD0) = wo)oll® > (lle™ (D) + Ry ) - wolol 525
— [0 +t+ h){n)* + O(R)hDyJol|)*.
Now
lle="2(hDy)* + R(y, ) — wolvl* = [|[(ADy)*v[* + [R(y, 1) — wol*|[v]|? (5.2.6)
+2Re[e >3 (R(y,n) — @o){(hDy)*v,v)],
where
Rele™ 7 (Rly, 1) = @) (kD0 )] = Rele™*"*(R(y,) — Gu)] Re{(D)00)
— Im[e™*™*(R(y,n) — @0)] Tm((hD;)*v, v).
Notice that o
((hDy)*v,v) = ||hDwl|* + ih* Dyw(0)v(0).
Therefore
Re((hDy)%v,v) = |hDw||> + Re(ih®Dyw(0)v(0)) = —h?|Dyw(0)||v(0)]; (5.2.8)
| Im{(hD,)*v,v)| = |Im(ih2Dtv(0)W)] h?| Dy (0)]|v(0)]. (5.2.9)
We can compute that
Rele ™3 (R(y,n) — )] = —%(R(y, 1) — Rewp) + ?ro.

In the identity

Re[e™2™/3(R(y,n) — @o)] Re((hD;)?*v,v) = — =(R(y,n) — Rewy) Re((hD;)?v, v)

N —

+ —19 Re((th)%, v),

o5
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we apply (5.2.8) to the second term and

1
|(R(y,n) — Rewo) Re((hDy)*0, v)| < S([(hD2)*]|* + [(R(y, n) — Rewo) *[|v]]*)
to the first term, and get
-2 ~ 1
Rele™*3(R(y, 1) — @) Re{(hD)?v, v) > = 7(IhDall* + [Rly, ) ~ Rewol o]

(5.2.10)
1Y D))

By (5.2.9), we also have
—Imle ™" (R(y, n) — @) Im{(hD,)*v,v) = —h*|R(y,n) — wol|Dew(0)[[v(0)].  (5.2.11)

Combining (5.2.6),(5.2.7),(5.2.10),(5.2.11) together, we have

—273 1 1
Il (hD1)? + R(y,m) = wololl* > | (Aol + (7 + 5 1R(y,m) = Rewo*) o]

— W*(|R(y,n) — wo| + V3r0)[ Dyw(0)[[v(0)].
(5.2.12)

Now we estimate the remainder terms, since |R(y,n) — Rewo| > ¢ and R(y,n) is a
quadratic form in 7, we have

C~H(n)? < |R(y,n) — Rewo| < C(n)* (5.2.13)

for some constant C' > 0 independent of y and 1. Therefore if L is large enough and h is
small enough, we have for v € C§°([0, L),

IO +t + h)(n)* + O(h)hDiol|* < C7*| Ry, n) — Rewo[*|[v]|* + O(h?) | hDy]|*.

We can apply

((hDy)*v,v) = ||hDyl||* + ih*> Dy (0)v(0)

again to get

IhDevl|* < [((hDe)*v, v)| + h*[Deo(0) [[(0)] < 5 (I (RD)*0]* + [[v]]*) + h?| Dev(0)[v(0)].

DN | —

Therefore

IO +t + h)(n)* + O(h)hDyol|* < C*(|R(y, n) — Rewo|*|v]|*

It is easy to prove the following elementary inequality:

(Va—h2 — VC~2a+ h4b)* > (1 —2C Ya — 2h%b (5.2.15)
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for C' large and h small, independent of a,b > 0.
Applying (5.2.15) with

0 = SID)PP+ 3+ L) ~Reca PR b= (R(w.n)—ol + ) Do) 1o 0)]
by (5.2.5),(5.2.12) and (5.2.14), we have
WP@%WWDO—WMMF>(L—ﬂfwgwhmfﬂf+ﬁﬁ+;R@Jﬁ—R%M%WW]
~O(W*)(|R(y,n) — wol + V3r0)| Dw(0)[[u(0)].

Now by our assumption, |R(y,n) — Rewy| > ¢ = rotan(n/6), and (5.2.13), we finish the
proof of the lemma. O

5.2.3 Lower bounds for the scaled operator near the boundary

We first consider an estimate valid for functions supported in a sufficiently small neighbor-
hood of the boundary.

Proposition 5.2.3. Suppose that u € C*(R™ \ O) satisfies supp(u) C 00 x [0,L7Y), and
the Robin boundary condition 0,u + ku|go = 0 for k € C*(00,C). Then

[(R?P — wo)ul®> = |ro + S(Rewo)?*h¥3 — O(R)?||ul*. (5.2.16)
Proof. Recall that T' is the FBI transform defined in (3.3.1), by (3.3.2), we have
HUH%Q(BOX[O,L*U) = ||Tu||%2(T*8O><[O,L*1)) +O(h)|ull7-.
By (3.3.4), we have

||U||§{g(a(9x[o,bl)) ~ H<77>2TUH%2(T*6O><[O,L*1)) + H(th>2Tu||%Q(T*BOX[O,L*U)7

also
1(h* P — wo)ullZ200x 0.1y = I(P(y, t,0, hDy) — wo)Tul| 7290 (0.0-1)) + O(h)HUH?{g‘

Now (5.2.2) shows that if |R(y,n) — Rewy| < ¢,
/ \(P(y,t,1, hD;) — wo)Tul?dt > (ro + 2S(Rewy)**h*/3 — O(h))z/ | Tu|dt
0 0

+o! /OOO |(hDy)*Tuldt — O(h%)| Dy Tu(0)* — O(h*)| Tu(0)
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and (5.2.4) shows that if |R(y,n) — Rewy| > ¢,
/OO [(P(y,t, 1, hDy) — wo)Tul?dt > (ro + C~')? /OOO [ Tul?dt +C™' /OOO |(hDy)*Tul?dt
0
+C )" /Ooo [Tul*dt — O(h?*)(n)*| D Tu(0)||Tu(0)].
If we integrate [ |(P(y,t,n, hD;) —wo)Tul?dt in (y,n) € T*00, we get

|(P(y,t,n, hDy) — WO)TUH%Z(T*&’)X[O,L*))
> (ro +25(Re w0)2/3h2/3 - O<h))2HTUH%2(T*8O><[O,L—1))

+C! </ / |(th)2Tu|2dt+/ / (n>4|Tu|2dt> ( )
*00 J0 |R(y,n)—Rewqg|>c /0
= O(h*)[[(m) DeTuly, n, )| Z2(r-00) — OB Tuly, n, 0)|Z2(7-00)-

Here D, Tu(y,n,0) = T(Dyu(-,0))(y,n) = T(—ku(-,0)), so by (3.3.3),

1m) DeTuly, 0. 0) |72 (r+00) =I{MT k(- )ul-, )1 Z2(7+00)
<C|k(y)uly, )HHl 80) CHkH%ﬁ(aO)HU(%0)”?{;(80)3
[ Tu(-, 0) 122700y <Clluly, 0)l17 @0)-

Now we can apply Proposition 3.1.1 to the last two terms in (5.2.17) to show that they
are bounded by O(h)|[ul|z2-
Notice that if |R(y,n) — Rewp| < ¢, then (y,n) lies in a compact region of T*00, we have

/ / ()| Tudt < ClTularesoron 1),
|R(y,n)—Rewp|<c J0O

thus

[ [ iwpprapars | | irafa > max{o,c - ull ~ Cluls).
*00 J0 |R(y,n)—Rewqg|>c J 0 '

Therefore from (5.2.17), we have

0P = coyul® >(ro-+ 25 (Row" 1 — O(h) Pl
+ 0 max{0, 0 ull % — Cllull32} — O Jul%s.

This concludes the proof of (5.2.16). O
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5.2.4 Lower bounds for the scaled operator

The estimate away from the boundary is now combined with elliptic estimates away from
the boundary to give the lower bounds for the scaled operator

Proposition 5.2.4. There exists some € > 0 such that for wy satisfying argwy € (€, 5 — €),
Rewp € (1—¢,14¢€), and u € CX(R™\ O) satisfying the Robin boundary condition, we have

|(R2P — wo)ul|® > |ro + 2S(Rew)2h¥? — O(R) |*||ul|*. (5.2.18)
for all sufficiently small h > 0.

Proof. We only need to estimate the part away from the boundary and connect it with
(5.2.16). Let g, p1 € C*(R™;[0,1]) such that @3 +¢? = 1, supp o C {z : d(x) < L'}, ¢, =
0 on {z:d(z) > (2L)~'} where d(z) is the distance from z to O. We claim that

[(R?P — wo)prul|* = (1o + 25 (Re wo)¥3h%3)?||p1ul|>. (5.2.19)

In fact, we recall that in Section 4.2, the symbol p of —A|r when d(z) > (2L)~! takes its
values in € < —argz < m — € for some € > 0. So by the assumption on wy,

inf [p — wo| > Im(e"wy) = |wo|sin(e + arg wp)
> |wo| sin(argwy) + 25 (Re wo)*/3n*/3
= 79+ 25(Rew)?3n%3.

We have the estimate (5.2.19).

Since
(W*P — wo)pju = ¢;(h*P — wo)u — [, i Plu,
we have
[(h*P — wo)pjull* = [l (h* P — wo)u — [@;, b Plul|?
< [l (R* P — wo)ul|* + 2| (h* P — wo)ull||[¢;, h* Plul|
+ ||, W Plull?,
thus

(B2 P —woyull® =Y llwy (WP —wo)ul

j=0,1
> (WP —wo)psull® = D llej, h*Plul)®
j=0,1 Jj=0,1

= > lles (P —wo)ullllliy, h*Plul.

§=0,1
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The commutators can be estimated by
Il 22 Plull = O (Ih Dl a0 any-+.- + ull) < OW)N(H2P = n)u] + ]
since h*P — wy is elliptic when d(x) > (2L)~!. Therefore
(P = woull® = Y (h*P — wo)psull® = OR)(|(B* P — wo)ull® + fJul®).
j=0,1
Now we can conclude that

I(B*P —wo)ul® = (1 = O(h) ) (h*P — wo)psul® — O(h)ul?

§=0,1

> (1= 0(h)) Y Iro+ 25(Rewo)**h** — O(R)llul® — O(R)ul|*

j=0,1
> |ro + 25(Rew0)2/3h2/3 - (’)(h)]2|]uH2.

5.3 The pole-free region

Now we prove Theorem 2. An equivalent formulation is to say that there are no resonances
for P in the region
Re¢ > ¢, 0 < —Im(¢ < S(Re )Y — ¢4 (5.3.1)

for some constant ¢y, c; > 0. We suppose that ( is a resonance of P™ such that
0<—Im¢ < S(Re)? —¢.

Then by proposition 4.2.1, A = (? is an eigenvalue of P. Let h = (Re()™!, then h%¢? is an
eigenvalue of h2P: h*Pu = h?C*u for some u € D(R" \ O). Now we apply proposition 5.2.4
to u and wy = Re(h?¢?) + irg,ro > 0. Since hRe( = 1, we have

Re(h?¢?) = h*(Re()? — h3(Im ()% = 1 4+ O(h¥/?);

and

Im(h*¢?) = 2h%(Re () (Im¢) = 2hIm ¢ = O(hY?).

It is easy to choose some rg such that wy satisfies the condition in Proposition 5.2.4, say
ro = 1. Therefore we get

(12 = willlullZe = (h*P — wo)ull7> > [ro + 25 (Rewo)**h** — O(h)*|[ulZ-,

where

h?(? — wo = i(Im(h*¢?) — 1) = i(2h Im ¢ — 1);
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and

Rewy = Re(h*¢?) =1 — h*(Im)*.
Thus we have
Iro — 2hTm ¢|* > |ro + 2S[1 — A*(Im ¢)?)*/2h*/® — O(h)|.
It follows that
—Im¢ > S[1 — A2(Im ¢)4¥3h~Y3 — M.

Now by the assumption that —Im ¢ < Sh™%3 — ¢;, we can choose ¢; large, say ¢; > S + M,
so that we have
1 — h1/3 > (1 o h2(1m €)2)2/3 — (1 o O(h4/3))2/3.

Let h — 0, we have a contradiction. Therefore we can choose ¢y, ¢; > 0 large such that there
are no poles in (5.3.1).
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Chapter 6

Euclidean case: Band structure

In this chapter, we prove the band structure of the resonances near the real axis under
pinched curvature conditions.

Theorem 3. Suppose we have the following pinched curvature condition

3/2
maxspo @ _ ( 50“) (6.0.1)

3 !
mingpo jo

for some jo = 1. Then there exists a constant C' > 0 such that for all 0 < j < jo, there are
no resonances in the regions

C <Re)X, KCReN?+C < —ImA <kl (ReN)? —C. (6.0.2)
Theorem 4. Under the assumption in theorem 3, for some C > 0 and all 1 < 7 < 7o,
D {Mo(N) : [ <7, kGReN)? = C < —Im A < K(j(Re \)'? + C}
= (14 o(1))(2m)" " vol(B"~(0,1)) vol(8O)r" ",
where B"1(0,1) is the unit ball in R".

(6.0.3)

6.1 More preparations

6.1.1 A simple model

We conclude this section by presenting a simple model motivating our approach to boundary
value problems using a Grushin reduction for an operator combining a differential operator
and a boundary operator.

We consider the differential operator P = —% with Neumann boundary condition on the
interval [0, 7]. The spectrum of the operator is discrete: o(P) = {\; = k*: k=0,1,2,...}
and each eigenspace is one-dimensional:

By, ={f € H*[0,1]|f'(0) = f'(1) = 0,—f" = A\ f} = Ccos kx.
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We set up a Grushin problem to capture the first m eigenvalues using a finite matrix.
For simplicity, let us consider the case m = 1 so that the first eigenvalue is Ay = 0 with unit
eigenvector eg = % Put

(P_Z fi- ) :Dx C— L*0,7] x C,

R, 0
where
D = {u € H*0,7]: v/ (0) = /(%) =0}
and
" 1 " U—
Pu=—u", Ryu=(u,eq) = —/ udr, R_u_=u_eqg= —.
T Jo T
Then

(e 5 00) =)

is equivalent to

We can integrate the first equation on [0, 7] to get

() — o (0)) —z/ﬂuda:—l—u —/Oﬂvd:v

0

and thus

u_ = (u'(m) —d'(0)) + z/ udx +/ vdx = mzuy +/ vdzx.
0 0

0

It is then not difficult to see that for z < 1, we can use this u_ to solve v uniquely. Therefore
the Grushin problem is well-posed with inverse

EOB\
<E_ E_+).L[O,7T]XC—>D><C,

which has an explicit expression and we have seen that F_, = mz which is invertible if and
only if z # A\g = 0.

The situation is somewhat similar to our case of obstacle scattering if we regard the
left end point * = 0 as the boundary, and the right end point x = 7 as infinity. Recall
that in the case of obstacle scattering, since the outgoing condition becomes L2-condition
after complex scaling, we get a “boundary condition” at infinity. Now, we consider another

Grushin problem for —dd?, or rather the following operator

( _%1_ o ) : D' = {u e H*0,1]|u/(x) =0} — L?*[0,1] x C



CHAPTER 6. EUCLIDEAN CASE: BAND STRUCTURE 59

where y,u = u/(0). We use the same R, and R_ as above to construct the Grushin problem

d2
vl —z R_
" 0 : D' x C — L*0,7] x C x C.
Now ,
—%—z R_ u v
" 0 < u ) =1 w
R+ 0 B Vg

is equivalent to

u 1 [
—u" —2u+—=v, UW(0)=vy, — [ udr=nuv,.
7T 7 Jo

Again, integrating the first equation gives

—(u(m) —u'(0)) — z/ udr +u_ = / vdzx
0 0
and thus
u_ = (u'(m) —d'(0)) + z/ udx +/ vdx = —vy + wzU4 —|—/ vdzx.
0 0 0

Again, using this u_, it is not difficult to solve u uniquely for z < 1. Hence this Grushin
problem is also well-posed with inverse

(EKE+

.72 /
K E_+).L[O,7r]><C><C—>D x C,

which again has an explicit expression. We find that £, = 7wz coincides with £_, we found
in the previous Grushin problem.

Of course in this trivial example we can compute everything explicitly without Grushin
reduction. The importance of the Grushin problem is that we can perturb the operator
and the invertibility of the perturbed operator is captured by the finite matrix £_, (in our
case it is a 1 x 1 matrix, i.e. a scalar.) This reduces the infinite-dimensional problem to a
finite-dimensional one. The second Grushin problem also allows us to perturb the boundary
condition at 0 which turns out to be crucial in our setting.

6.1.2 Further reductions to a combined operator

We work in the semiclassical setting and introduce P(h) := —h?Ar. Near the boundary, we
have the expression

P(h) = e /3((hD,, )* 4 22,Q(xn, ', hDy; h)) + R(z',hDy; h) + hF (2, 2')hD,, . (6.1.1)
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Also forw € W € (0,00) and |Im 2| < C, |Rez| < 67!, welet P—z = h™23(P(h) —w) — 2,
so near the boundary;,

P — 2= e B(D? + 2tQ(h*3t, ', hD,; b))

+ h_2/3(R($l, th/; h) _ ’LU) + F(hz/?’t,m’)hQ/?’Dt —z, (612)
where t = h=%/3z,,.

There are certain difficulties in working with Robin boundary conditions with the domain
(2.1.1). In normal geodesic coordinates introduced above, the domain will change as the
function 1 changes and this causes the difficulty in the formulation of the model problem
later.

To avoid this issue, notice that in the ¢-coordinates, the condition (4.2.1) can be rewritten
as

atu + h2/3ku\t:0 = O,
where k = ¢™/%5). The top order term in h corresponds to the Neumann boundary condition.
This motivates us to consider the Robin boundary problem with general n € C*(90) as
a perturbation of the Neumann boundary problem. To achieve this, we shall combine our
differential operator P — z with the boundary operator and consider

( P; : ) L HA(R™\ 0) = LX(R"\ O) x H'(90) (6.1.3)

where for Dirichlet problem, [ = 2,
=1 : H3(R"\ O) = H¥?(00), u s ulpo;
and for Neumann or Robin problem (k = ¢™/3y) that we shall focus on, [ = 1,
v =03y 4 ko) - HA(R™\ O) — HY2(00), u s h**(0,u + ku)|so. (6.1.4)

(71 is defined by equation (6.1.4)). In the coordinates (¢, '), we have y(u) = u(0, -) (Dirichlet)
or
v(u) = (B + h*3ku)(0,-) (Neumann or Robin).

Therefore from now on we shall think of P — 2z as the first component of the combined
operator (6.1.3), i.e. the differential operator from H*(R"™ \ O) to L*(R" \ O) instead of an
operator with a smaller domain (2.1.1). Moreover, to avoid confusion, we shall write Rp(z)
to be the resolvent of P with domain (2.1.1), or in other words, Rp(z) is the right inverse of
P —z: H* — L? satisfying YRp(2) = 0. We wish to use our new operator (6.1.3) to give an
equivalent description of resonances instead of

1
m(h?(w + h*%2)) = tr o — Rp(3)dz, 0<e< 1. (6.1.5)
e

|zZ—z|=€
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Proposition 6.1.1. The eigenvalues of P are exactly the poles of

( P; ‘ )1 L LX(R™\ 0) x H(90) — HA(R"\ O) (6.1.6)

as a meromorphic operator-valued function in z. Moreover, they have the same multiplicity:

. 1 P-z:\'d[(P-:
-2 2/3 0\ — 4 _ _ z 1
m(h™"(w + h*°z)) = tr il ( y ) E ( y ) dz, (6.1.7)

where 0 < € < 1 is chosen in a way that there are no other poles for the operator (6.1.6) in
|2 — 2| <e.

Proof. Let K be a right inverse of v:
K : L*(00) — H*(R™\ 00), vKg=g, Vg€ H(00). (6.1.8)

One possible choice is the so-called Poisson operator, but any choice will be good for us.
Then we have

(P;Z >_1 — (Rp(2), K — Rp(2)(P — 2)K), (6.1.9)
In fact, for any (v,g) € L3(R"\ O) x H'(0O), let
u=Rp(z)v+ (K = Rp(2)(P — 2)K)g,
by the construction of K, (6.1.8), and the fact that yRp(z) = 0,
(P—2u=v+(P—2)Kg—(P—-2)Kg=v, yu=~vKg=g.

Therefore (6.1.9) gives

( P;Z )_1% ( P;Z ) = (Rp(2), K — Rp(2)(P — 2)K) ( _01 ) — —Rp(2).

Now (6.1.7) and the proposition follows directly from (6.1.5). O

6.2 Model Grushin problem

In this section, we shall study the model problem for ordinary differential operators by setting
up a suitable Grushin problem. Recall that we have the combined operator (6.1.3)

( P;Z ) HX R\ 0) = 2R\ O) x HY2(90),
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where P — z is given by
P—z=h"2B(=h?Ar —w) — z: H*(R"\ O) = L*R"\ O)
and v is given by

v = W3y 4 k) HA(R™\ O) — L2(00), u— h¥3(0,u + ku)|so.

—2/3

In local coordinates (t = h™*/®x,, ') near the boundary, we have

P—z= e_QM/S(DtQ + 2tQ(h2/3t, -Tla hDa:’; h))
+ BB (R(x', hDy; h) — w) + F(h*3t, 2 )2 D, — =,

and
(1) = () + B2 ko () = (D + h3ku) (0, ).

Therefore we start by ignoring the lower order terms and considering a model operator
Py—z=¢e 3D} 4 put) + X — 2 (6.2.1)

with 1 : u — 4/(0), where A € R, C™' < o < C and |Im 2| < C} with C} large but fixed.
Here we regard A as h™2/3(R(2',hDy) — w), and u as Q(0,2', hD,/). The other terms will
be small perturbation.

The model above is only necessary for handling the region near the glancing hypersurface
Yo = {R(2,&) = w}. In the situation that |A] > 1+ |Rez|, i.e. away from the glancing
region, since @ is bounded by R, we can also treat the term e=2"/3ut as a perturbation and
instead consider the model operator

Pf —2=eBD2 4\~ 2 (6.2.2)

with the same y; and A € R, |Im z| < C}. Here we note that (6.2.2) is elliptic as [A—Re z| > 1
and thus this model is easier to work with.

In this section, we shall first review some properties of the Airy function and estimates of
Airy operators and boundary operators. Next we solve the Grushin problem for the model
Airy operators in the case p = 1. Then we treat the easier model operator (6.2.2) in the
same way. Finally we shall show how the additional parameter p affects our construction
and that all the estimates are uniform for p in a compact subset of (0, 00).

6.2.1 Some basic estimates

In this part, we give more estimates on the Airy differential operators and the boundary
operators.
Consider the Airy operator D? +t¢: B C L? — L? and the boundary operators

Yo:B—=C, ur—u(0), m:B—=C, u—u(0).
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Here L? = L?(0,00) and B = {u € L?: D?u,tu € L?} is a Banach space equipped with the
norm
lullz = | DFul| + [[tull + o], (6.2.3)

where we use || - || to represent the standard L?-norm on (0, 00).
It is clear that ||(D? + t)u|| < C|lu||g. More precisely, we have the following identity,

I(D? + t)ul® = | Dfull® + tull* + 2] VEDeu|]* = Jyoul?, (6.2.4)

for any u € C§°([0,00)). The proof is based on a simple integration by parts. To see this,
let (,) be the standard L? inner product on (0, c0). Then

(D7 + t)ull* = [ Diull* + [[tul* + 2 Re(D}u, tu)
= [|D2ul|* + ||tu||® + 2 Re(Dyu, Dy(tu))
= || D?u|]® + |[tu||* + 2 Re(Dyu, t Dyu) + 2 Re %(Dtu, w)
= | Dful® + [tull* + 2|V Dyul* — youl*.
Here in the last step, we use again the integration by parts
(Dyu,u) = {u, Dyu) — ilu(0)[? (6.2.5)
to get '
Re%(Dtu,w = Tm{ Dy, u) = — fu(0)

Next we give some estimates of vy and ;. For any u € C§°([0,00)), by the Cauchy-
Schwartz inequality and (6.2.5), we get

oul® < 2]| Dyul[fJull,

and similarly
[ul® < 2/ Dfull|| Dyl
Another application of integration by parts and the Cauchy-Schwartz inequality also gives
IDul|* = (Dfu,u) — u(0)u'(0)
< Inullyoul + ([ D ulll|ul
< 2|\ Dful| 2|l Deul| + | DFul|[[ul]

which leads to the standard interpolation estimates
IDeull < (V2 + V)| DFul[V2||ul]'2. (6.2.6)
As a consequence, for any € > 0,

houl < CIDFulY|ul* < €| DEull + Ccul

<
(6.2.7)
mul < CDFul>|ul|* < el DFull + Cclfull.



CHAPTER 6. EUCLIDEAN CASE: BAND STRUCTURE 64

Now from (6.2.3) and (6.2.4) we get
lulls < Cllullzz + [[(DF + t)ul|z2) (6.2.8)

and
[voul < Cllullp,  |Imul < Cflulls. (6.2.9)

We finish this part by using these two estimates to show that elements in B can be
written in a unique way as a linear combination of the Neumann Airy eigenfunctions (e})52,
introduced in the previous section and one other element f € B with v, f # 0. We remark
that (e}) is not an orthonormal basis in B, so this expression might be different from the
orthogonal expansion in L2

On one hand, if the sum }_;uje} converges in B to some u, then by (6.2.9) we have
Yiu = Y u;n€; = 0. On the other hand, if u € B satisfies yyu = 4/(0) = 0, then we can

consider the L?-orthogonal expansion
u= Z(u, e})el. (6.2.10)
J

By (6.2.8), we have for any finite subset J of Z,

1D (ueieills <O (uepesll + 1(DF +16) Y (u, &)l

JjeJ jedJ jeJ
CUD (u el + 11> ¢u,
JjeJ jeJ
CID (u el + 1> (u, (D} + t)el)es|)
JjeJ jeJ
CID (u el + 1 {(DF + tyu, ef)ef).
JjeJ jeJ

which shows that the sum (6.2.10) converges to u in B since (D? + t)u € L?.
Therefore if we fix some f € B such that v, f = f'(0) # 0, then every u € B can be
uniquely expressed in the form

u=upf + Y use (6.2.11)
j=1

where the sum converges in B. We simply choose uy first such that v, (u — ugf) = 0, then
write the orthogonal expansion of u — ugf by (€}) in L* ie u; = (u—upf, e’).

6.2.2 Model Airy problem

The operator in (6.2.1) (taking p = 1) combined with the Neumann boundary operator

(PAW_Z):B%LQXC (6.2.12)
1
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may not be invertible for all z with |Imz| < C;. In fact, let us take N = N(C}) as the
largest number such that

[ Tm e ™3¢ | < O,
so that e ™/3¢) + X — z # 0 for j > N + 1. Then (6.2.12) is not invertible precisely when
e~ 2m/ 3(; + A —2 =0 for some j = 1,..., N since €] is in its kernel. Therefore we need
to correct this operator in a suitable way to make it invertible. We shall also modify our
spaces by putting an exponential weight. Moreover, we also need to add correct powers of

(A — Rez) in the norm.
More precisely, let us consider the following Grushin problem for (6.2.12):

P)\ —Z R(l
7))\(2) = g r— : Bz,)\,r — Hz,)\,r (6213)
R0
(Later on we shall always choose r_ = 0.) Here the spaces and the norms on the spaces are
given by
Bz,)\,r = Bz,)\,r X CNa
()] =l o
= B, ar —1s
U Bz,)\,r ’
HZ,A,T = Lz X C()\—Rez>1/4 X Cé\)f\—Rezw (6214)
v
Vo = ||v[lz2 + (A — Re 2)*ug| + (A — Re 2)|vy|.
'U+ ,Hz)\,r
with | - | fixed norms on C or C and
L? = L*([0,00),e"™dt), B, x, = {u € L?; D}u,tu € L2}.
The norms are given by the standard weighted L*-norm || - ||z and

oy, = (A= Re2)|lullzz + (| Dfullz + [[tul 2, (6.2.15)

[l
respectively. Moreover, the operators are given by

Py—z:B,— L2 u~ (e 3(D? 41)+ X - 2)u;
B, = C, ur u(0);

RS : B, — CcN, u— (<U,€;>)1<j<N;

N
R :CN = L2 u_ Zu_(j)e;-;
=1

N
r:CN = C, u_ eru,(j).

Jj=1
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We remark that the heuristic reason for the weight (A —Re z)/* in the second component
C on H, », is that (A — Re z) roughly represents the Laplacian on the boundary (Ago) (up
to some parameters). Therefore if v € H?(R"\ O), then by the well-known property of
boundary operators d,u|go € HY?(00) the norm of which corresponds to (A — Re z)/4. We
can also see that this is the correct weight by rescaling the estimate (6.2.7). For the same
reason, if we wish to work with Dirichlet boundary operator, then we need to replace this
weight (A — Re z)'/* by (A — Re z)%/4.

Moreover, to handle powers of ¢ which will appear in lower order terms, it is necessary to
introduce the exponential weight ¢’*,7 > 0 in the definition of spaces B, », and H. »,. This
will be explained in full details in the next section.

For r = 0, it is clear that the space B, o is just B in the previous section with an
equivalent norm (of course not uniformly in z, \) and Py(2) : B, x0 — Hz 0 is a uniformly
bounded operator. Now we look for the inverse of Py(z). Let

PA@)( ) )= ;jo : (6.2.16)

Then explicitly we have
(P —2)u+Ru_=v
w'(0) +r_u_ = vy

0, _
Riu=wv,.

We express v in terms of the orthonormal basis (¢/)52, in L*:

oo
v = E V€5,
Jj=1

and we write vy = (v4(j))1<j<n. Then we look for solutions with v € B as in (6.2.11)
u=uof + Z ;e
j=1

and
u- = (u-(4))1<j<n-
Let us write
for=110), fi=1(fe), nj=e PG +A= 2

then we have

*x /

(Py — z)ef; = nse), (Px—2)"€¢) = n€).
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where (Py — 2)* = e¥™/3(D? 4+ t) + \ — z is the formal adjoint of Py — z. Moreover,
((Py = 2)f€f) = e Bei(0) fo + (f. (Pa = 2)"¢)) = €727} (0) fo + 1 -
Then we can rewrite the system (6.2.16) as an infinite system of linear equations:
[e72™/3€/(0) fo + mj fluo + mju; + u_(j) = v;, (1< j<N)
[6727%/36;-(0)_]60 + Ujfj]Uo + n;u; = vy, (j = N + 1)
N
. (6.2.17)
Jouo + eru_(]) =1
j=1
ij(] + U; = U+(j), (1 <] < N)

It is not difficult to see that as long as
N
1 — e 2m/3 Z r;€5(0) # 0,
j=1

we have a unique solution for (6.2.17),

N

vy + Z ri(njve () — v;)

N -1
ug = |1 — e 2/3 ere;(O)] fit
j=1 j=1
uj =vi(j) — fjwo, (1<j<N)
uj =05 (v = (e7*7P¢5(0) fo + i fi)uo), (5= N +1)
u_(j) = v; — njus(j) — e 2e(0) fouo, (1< j < N).
For simplicity, henceforth we shall choose fy = 1,7_ = 0 (though other choices are also
possible). Then the solution becomes

Ug = Vo
wj =0 (0 — e P O0)w) = fivo, (1 N +1) B
u_(j) = v — 6_27”/36;-(0)’00 —nv4(3), (1<j<N).

Now we need to estimate the norm.

Lemma 6.2.1. The Grushin problem (6.2.13) is well-posed for r = 0. In other words,
suppose (6.2.16), then we have

ullB, .o + lu-| < C(||v][z2 + (A — Re 24 vo| 4+ (A — Re 2) v ). (6.2.19)

where C' is independent of \, z.
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Proof. We first observe that for 1 < j < NV,
;| < C(A = Rez)
while for j > N + 1
nj] = CH((A = Rez) + ().

The first inequality just follows the definition n; = e~/ 3{’]' + A — z and the assumption
| Im z| < €. When (A —Rez) > C(j, we can get the second inequality simply by estimating
the real part using [Ren;| > [\ — z| — C(}. Otherwise we use the imaginary part Imn; =
—(sin 27/3)¢} — Im 2 which does not vanish from the assumption on N. Therefore | Imn;| >
C'_lC]’» and we also get the second inequality.

From the last equation in (6.2.18), we easily get

lu_| < C(||v||r2 + [vo] + (A = Re z) vy |). (6.2.20)

To estimate u, we first write its orthogonal expansion in L? following the first three equations
in (6.2.18)

o0

/

u=upf + E u;e;
J=1

o (f -2 fﬂ?‘) + ) v(e + Y 0yt = e (0)u)e]
j=1 j=1 j=N+1
N

= v+ D> m (v — e e (0)vo)e]
j=1 j=N+1
which shows that
N o)
lull72 = D 1o (D + D il oy — e >™/3e(0)vo
j=1

j=N+1

< Cloif* + O =Rez) ol + Cluo* Y il *lef (0
J=N+1

To treat the last term, we need a careful study of Airy functions. Recall from (2.2.9)
. . i1 1—1/2
¢(0) = A=)/l At 2oy = (=177,

and the asymptotic formula (2.2.6)

&= (G +o(1)), - oo
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As a consequence, we have

GO0 = )1+ (1)), - oo

Now we can compute
Y. PGP <C Y0 5N = Rez) +¢) 7
j=N+1 j=N+1

<C Z FTH3((N = Rez) + j2/3)72

j=N+1

< C/ s72B3((N = Rez) + s¥3)"2ds
1

< C(\—Re z>3/2/ t723(1 4+ 2/3)72dt < C(\ — Rez) %2
0

69

where in the last step we use the change of variable s = (A — Rez)*?t. This gives the

following estimate on the L2-norm of u:

A =Re2)|lullz < C(|vlz2 + (X = Re 2)Y4|ug| + (A — Re 2)|v ). (6.2.21)

Now since .
(D} + t)u = ™3 (v — RPu_ — (A — 2)u),

we have
1(D? + tyull > < C([lvllze + lu-| + (X — Re 2)|ul|z2)

Now we can use a variation of (6.2.8)
lulls. o < CUDE + t)ullze + (A = Re 2)]Jul|2)

and (6.2.21) to get (6.2.19).

]

The next step is to consider adding a small exponential weight, i.e. r € (0,rq) for rg

small.

Lemma 6.2.2. There exists 7o > 0 such that the Grushin problem (6.2.13) is uniformly

well-posed for r € (0,19). More precisely, suppose (6.2.16), then we have

lulls. s, + lu-| < C([vllzz + (A = Rez)*Jug| + (A = Rez) . ]). (6.2.22)

where C' is independent of X,z and r.
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Proof. We introduce

€Tt/2 0 0 e—rt/2 0
Pi)=( 0o 1 0 7>A< . 1>
0 01
ert/QP)\e—rt/2 _ P)\ (6rt/2 _ 1)R(i
=Pi(z) + (e 2 1) 0
RO (e7/2 — 1) 0

By the interpolation estimate (6.2.6), we have
Dy =O((\—=Rez)"V?): B, o — L?
thus
e"2Pye 2 — Py = e 3(ir Dy — irQ) = O(r(A\—Rez)"?): B, o — L*.
Next, by (6.2.7),
Yo =0((A=Rez)"*%): B, o — C,
SO

L, r _
(e~ 1) = 5% = O(r(A—Rez)""2): B,y o — Cir—Rez)1/a-

Also by the super exponential decay of €},j = 1,..., N: (e~ — 1)es(t)||2 = o(1) as
r — 04, so
RS (e —1) = 0(1) : B.po = C\_pesy-

Similarly, we have ||(e"/? — 1)€/(t)|| 2 = o(1), and
(e — 1)R® =o(1) : CN — L~
We see that P5(z) is a small perturbation of P,(z) in the sense that
Pi(z) = Pa(z) = 0(1) : Boao — Hano
uniformly in z, A as r — 0+. Therefore
Pi(2) : Baxo — Hano
is uniformly invertible when r € [0, 7] for some small rq > 0. Now we note that

rt/2

HuHBz,/\,T ~ ||e u”Bz,)\,O

uniformly in z, A and r € [0, ] which again follows from the interpolation estimate (6.2.6)
for D,. This finishes the proof of the lemma. O

In particular, from (6.2.18), we see that the inverse of P,(z) is given by

EFE K FE
EA(Z> = ( E K. E_++ ) : Hz,/\,r — Bz,)\,ra

where
E_ € hom(CY,CY), (E_y)icjken = =10 (6.2.23)
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6.2.3 Dependence on parameters

Now we shall modify our Grushin problem so that we get nice global symbolic properties.
For 0 < § < 1, we put
e (t) = A2l (AL), A = (5N)'/2

J
which also forms an orthonormal basis for L?([0, 00)). We notice that

OKA = Ok(1)6" A2, |95 12 = Ok(1)6" A"

In particular,

1€ — €|l 12 < A

We define Ri‘r’(s and R™ by replacing € with e;-/\’(s in the definition of R} and R° and then
construct

P)\ — Z Ri’d
7);\5(2) - 71 0 : Bz,)\,r — Hz,)\,r- (6224)
Ry 0
Then we have
0 O(|A]0)
P3(z) = Palz) = 0 0 By — Hop
O(|A]6) 0

(Here we no longer use the notation P} and instead abuse the notation to put parameter
§ on top.) Thus for [A|§ < 1 we get the uniform invertibility of P¢(z). To get the same
estimate for all A\, we need to assume

1
|Re z| <« 5 (6.2.25)

. - Py — . .
so that |[A| > 1+ |Re z| and we have the invertibility of < /\7 : ) without the correcting
1
terms Ri"s given by the following lemma.

Lemma 6.2.3. For |\| > 1+ |Rez| and |Imz| < Cy, there exists a constant C' > 0
independent of z and X\ such that for any u € B, ),

[{(Py — 2)u,u)| + (A — Re 2) 2 |yjul? > O\ — Re 2)||ul|2.. (6.2.26)

Furthermore, for small r,

(P77 )u=(0) = Mullas, <ol + A= R al). (0227
1 0



CHAPTER 6. EUCLIDEAN CASE: BAND STRUCTURE 72

Proof. 1t is possible to repeat the argument as in Lemma 6.2.1 using orthogonal expansion
with respect to (e;). We present here another proof by using the Poisson operator K : C —
B, 0, satisfying

P,\[()\IO7 ’YlK)\:Id

This Poisson operator is given by multiplying f = f\ which is the solution to the equation
e BDI ) f +Af =0, f(0)=1.
We can give an explicit expression of f in terms of the Airy function:
falt) = AT (e2™BN) T Ai(t + e/,

Notice that all the zeroes of Ai and Ai’ lie on the negative real axis, this expression is
well-defined as A is real.

We shall apply the asymptotic formulas for the Airy function and its derivatives (2.2.5)
to study the L?-norm of f,. First we consider the case A > 0. Then

Ai/(ezwi/?))\) — _(2\/%)7167”'/66)\3/2)\1/4(1 + O(}\fB/Z))_

and
Ai(t + e¥™BX) = (2y/7) e 271+ O(I¢17Y)
where 5
z=t+ BN |z = (P —tA+ N)Y2 (= 523/2.
We change variables by letting arg z = 5 — 6. Then 6 € [-%,7) and

A 3 3 3 ;
t= 3 + %)\ tan, |z| = \/7—)\ secl, (= %)\3/261(3”/4_39/2) sec’/2 6.

We have the following uniform asymptotic formula in A and 6 for f(t):

fi(t) = g(/\)€>\3/21p(9)6—i(77r/24—0/4) (sec_1/4 0)(1 + O()\_?’/2 sec—3/2 9)),

where
§0) = (VB/2) A1+ OO, (6) = —2 — LEetoml o) o
Therefore
||f’\H%Q(O,oo) = ?MQO‘)F /_7;//26 eAg/QW(G)(Secg/2 0)(1+ O()F?’/2 sec3/2 6))do,
where

B B 2 V3 4, 3r 30
©(0) =2Rey(0) =2 [_§ — = sec QCOS(Z - 7)
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satisfies
—7/6) =0 li 0) = —
p(=m/6) =0, lim (0) =—o0,

and 3 3

3V3 3 0 3V3

'(0) = e sec5/295in(£ — 5) <-—5 < 0, fe [—%, g)
Therefore integration by parts gives us
LAl = O(A%). (6.2.28)

Now for every u € B, o, let v = u — K\(11u) = v — u/(0) fn. We have ¢'(0) = 0. Now we
can write

((Px = 2)u,u) = ((Px = 2)v,0) + 7u((Py = 2)v, i)
—z(yu){fr,v) = 2w O fallZ-

For the second term on the right-hand side, we integrate by parts:

(P — 2)v, f) = — e 2™39(0) 4 (v, (Py — 2)* f»)
= — e TBy(0) + (M1 — ¥™/3) — 2) (v, f).

Therefore
(P — 2)u,u) = e ™D} + t)v,v) + (A = 2) o] — e (Frm)v(0)
+AUA(L = ™) = 2)(v, fr) = 2(nw)(fr o) = 2mul?[ A7
where we notice that ((D? + t)v,v) is always nonnegative. This gives
[(Py — 2)u,u)| = Re(e™3((Py — 2)u,u)
> %((Df +t)v,v) + C~HN = Re2)||v? — e(A — 2)Y2|v(0)?
—e(A=Rez)|[o]* = O((A = 2)7*)nuf
Now by choosing € small enough but fixed and using
(A= 2)2u(0)]* < 20 = 2)2|IDyoll[[v]] < | Dewl|* + (A = Rez)lv]]”
and ((D? + t)v,v) > ||Dyv||* to deduce that
[{(Py — 2)u, u)| = C7HA = Re 2)||v]|* — C(A — Re z) " V2|yul?

by ||ul|? < C(||v||? + (A — Re 2)~3/2|y,ul?), we can conclude the proof of (6.2.26) for A > 0.
For A < 0, we can get similarly || fx| = O(J]A|~*/*) and then use

[{(Px = 2)u, w)| = Re(=((Px = 2)u, u))
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to reproduce the argument above and prove (6.2.26).
Now we prove (6.2.27). For r = 0, we can see from (6.2.26),

lullZe < OO =Re2) HI(Py = 2)ullzzflull 2 + C (A = Re 2) ™2 |yuf.

Therefore
|lullrz2 < C(A\—Re z>_1||(P)\ —2)ul| + C{A — Re z)_3/4|71u|2

which proves (6.2.27) for r = 0. For small r, we can simply repeat the conjugation and
perturbation argument as in Lemma 6.2.2 to conclude the uniform invertibility. O]

Now we give the desired invertibility for the full operator in the Grushin problem.

Proposition 6.2.4. For |A| > 1/(C¢) and |Rez| < 1/6, r € [0,10] with ro¢ > 0 small

enough,
u ! u
)= ) = 0
Uy

Moreover, we have the following mapping properties of P3(z) and its inverse E{(z2): for every
k,

v
<Cll| w . (6.2.29)

Bz e (O

Hz,/\,r

1OYPS ()| 2(Bon s o) < Ci{A — Rez) 7",

<
6.2.30
||8’§5§(z)||£(HZYAWBZ’A7T) < Ck</\ — Re Z>_k. ( )

Proof. Again, we start with »r = 0. Let
N
M=R Ry:L*— (ker R,)" =Image R_ = @ Ce;f\"s
j=1

be the orthogonal projection. Then since

HD?@/,)‘#S“LQ o O(<5)\>)’ Htel)\,(SHLQ _ O<<5A>71/2)’

J J

we have [[(Py — 2)|image r_ || = O((A —Rez)). Also it is easy to see ||R;| = ||R—|| = 1. Since
[lu = R_-Riu = R_v,;, we have
M|z < foi]

and
|(Py — 2)u||zz < O((A — Rez))|vy]. (6.2.31)

On the other hand, by the previous lemma,
I(7 = ullz> < CA = Rez)  [((Py— 2)(I — I, (I — Mu)
+ C(A = Re2) 32|y (I — Mul?
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For the first term, we have

((Py — (I = Ty (I — T} = {(1 = T)(P, — 2)(7 — )u, u)
= (({ = II)(P\ — z)u,u) — (I — II)(Py — 2)1u, u)
(I =II)(v — R_u_),u) — ((P\ — 2)lu, (I — I)u)
(I —1I)

For the second term, we use 1111 = 0 to get

(I = Iu = yu = vy.

Therefore
I = Mulz> < CA = Rez) " ([[vllz2 + [|(Py — 2)Iu 2)|(1 — )u|
+ C(\ = Re 2) 32|y
and thus
(7 = Mullze < CA = Rez) " ([[vllz2 + [[(Py = 2)Iul[2) + C(A = Re z)~*Juy|

6.2.32
(A =Re2) |2 + [vi| + CO = Rez) " 4uy). ( )

Combining (6.2.31) and (6.2.32), we have
(A —Re2)||ullze < C(J|v]lz2 + (A — Re 2)"*|vo| + (A — Re 2)|v|.).

Since

u-=RiR u_=Ri(v—(P\—2)u) = Rv— Ry (P\— 2)u,

we have

N
fu-l < Jollzz + IR (Py = 2)ullze < ollze + C D0 (P = 2)u, ).

J
j=1

To estimate the sum, we integrate by parts and get

((Py— 2)u, ) = (u, (Py — 2)"™) + e 2™/54/(0)€(0).

where (P — 2)* = ™/3(D? + t) + A — Z is the formal adjoint of Py — z so
[(Py— Z)*eg\’éﬂm = O((N —Rez)).

In addition, we have u/(0) = vy and by definition of e;-’\"s,

¢} (0) = O((aN)),

J
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which shows that

{(Py — 2)u, €M) < C(\ = Re 2)||ul| + C(\ — Re 2)4|uy).

J

As a consequence,
u-| < C(J[ollzz + (A = Re 2)*oo] + (A = Rez)[vy ).

Now as in Lemma 6.2.1, we can use the equation (P\—z)u = v— R_u_ to give the estimates
on the L? norm of D?u and tu. This finishes the proof of (6.2.29) for r = 0.
To extend this to r € [0, ry] for some small ry > 0, we notice that

H(ej:rt/Z . 1)6;>\’6|| _ ‘|(6ir<5)‘>_1/2t/2 o 1)€;H — 0(1)

uniformly as r — 0 which allow us to repeat the argument in Lemma 6.2.2.
Finally, since for k > 1,

01 a])fRi’é
NPL(2) = 0 0
HKRM 0

and
||a';e;*5||Lg = Ox(1)8%(6N) % = 0,(1)(A — Re 2) 7",

we get the mapping properties of P§(z) in (6.2.30). For its inverse £2(z), (6.2.29) gives the
mapping property when k = 0. The case k > 0 follows directly from the case £ = 0 and the
Leibnitz rule. O]

To end this part, we study the (—+)-component of £:

Proposition 6.2.5. For any ¢ > 0, |\| < 1/(CV9),|Rez| < 1/V$ sufficiently small de-
pending on e, .
IE?  (2,\) — diag(z — A — e ™3| < e (6.2.33)

Also, det E°_(2,A) = 0 if and only if
z= A4 e (¢ (6.2.34)
for some j =1,...,N. Each zero is simple. Moreover, for |[\| > 1+ |Rez|,
1B (2, ) en o = O((A — Re2) ™) (6.2.35)
Proof. The (6.2.33) follows from the perturbation

IE? (2, 3) — diag(z — A — 273 | < OA3]) (A — Re ).
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Let us recall the general fact, (which is essentially the Schur complement formula, see e.g.
[10] or [32] in the setting of Grushin problems),

-1 A6
5 yv-1_ _prxe [ PAx—z R
(o)™ =Ry ( g ) ( 0 ) '

Since ( P/\V_ : ) is not invertible precisely when 7; = 6*2”/3@’- + A — 2z =0, (in which case
1
¢/ is in the kernel), the same is true for E° . This gives the zeros of det E° , (6.2.34). The

simplicity of the zeros is a consequence of the fact that each kernel is of one-dimensional.

Finally, in the case |A| > 1+ |Rez|, by 6.2.3, < P’\’y_ : > is invertible. Therefore E° . :
1
(Cﬁ_Re o CV is also invertible, which gives (6.2.35). O

6.2.4 The “easy” model

When [A| > 14 |Rez| and | Im z| < C}, we can consider an even simpler model problem with
the operator (6.2.2) which is already invertible. To obtain the uniform symbolic properties,
we shall construct the Grushin problem using the same correction terms R}° as in (6.2.24).
We define

A
Pl = m o |:Bf -HL. (6.2.36)
RY 0

where the spaces BﬁT and /Hfm are defined by

()

MY,
v
v = Jlollzz + W)Y wo] + (M) v ].

Bf =B} xCV,Bf ={uel?: Dlucl?},

= (Mlullzz + [IDfull 2 + -],

BY,
- L? X C<)\>1/4 X C?){), (6237)

Proposition 6.2.6. For |A| > 1+ |Rez|, and r € [0,r0] with ro > 0 small enough, P¥ (z) :
Bf’jr — HZ\%T s uniformly invertible. We have the mapping properties for Pf(z) and 1its

inverse EF (2):

Ha]/\gpf(z)”qsﬁwyﬁﬂ Ck<)‘>_k
—k

<
(6.2.38)
I05EE (et sty < CrlA)
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Moreover, the (—+)-component of EF satisfies:
E* (2,7t =0(\)™). (6.2.39)

Proof. The proof is almost identical to the Airy model problem we discussed above. To make
the argument work, we only need to replace the Poisson operator K by Kf satisfying

P),\#‘[();\éé - Oa’le)?\# = 07
which is given by multiplying the function
f;\fﬁ _ _em'/S)\—l/Z eXp(_e—m/B)\l/Zt)'

When ) is negative, we choose the branch /2 = i(—\)/2 so ff has exponential decay. An
easy calculation shows that

1£3llz2 = O(IA[7/1),
and therefore all our arguments in Lemma 6.2.3, thus in Proposition 6.2.4 and 6.2.5 can be
carried out in the same way. We shall omit the details here. O

6.2.5 The py-dependent construction.

Now we shall put the parameter p back into the operator and describe the necessary modifi-
cations we need to make in the model problem. The idea is to change coordinates t = p~ /3¢
in (6.2.1) which will reduce to the case = 1. From our discussion, it will be clear that when
u varies in a compact subset of (0,00) all the estimates will be uniform in p provided that
we construct all the operators accordingly and replace the the eigenvalues ¢} of Neumann

Airy operator D} +t by */3¢}. More precisely, we have the following Grushin problem

Py—z RM*
)= m 0 | Boxs = Hops (6.2.40)
RA#S,N 0
+

where the spaces B, »,, H., are as before and we reintroduce the additional parameter p
in the operators

Py—z=e B(D} 4 put) + A — 2z

RY™Mu = ((u, € 1<jen
N
B2 = 3 u-(i)ey
j=1
with
e;’i(t) _ M1/66;/\,6(M1/3t) _ ,ul/ﬁ<5)\>1/4€;<,u1/3<5)\>1/2t)' (6.2.41)

In the mean time, we also replace the Rj‘f in the easy model by Ri"s’“ . Then all the previous

results hold uniformly in p € [C™!,C] C (0,00) with possibly a smaller ry > 0 due to the
change of variable t = p~/3¢.
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6.3 Microlocal Grushin problem

6.3.1 Analysis near the glancing hypersurface

We can use |R(2', &) —w| as our distance function to the glancing hypersurface 3,, for which
we shall perform the second microlocalization. First, we work near the glancing hypersurface,
ie. |R(z',¢) —w| <2C~'. Then

A =h"3(R(, &) —w) = O(h™3).

We shall think of this as a perturbation of the principal symbol

( Py—z ) _ < e 23(D2 4 ) + X — 2z ) | (6.3.1)

4! 94!

where

p=12Q, ¢)e[C Ol
As in the previous section, we set up the Grushin problem by letting Ry = R;\E"S there. Then
we have the operator-valued symbol

PO —z R_
R. 0

which is uniformly invertible in £(B, x,, H.x,) with inverse &(z).
For simplicity, let us pretend for now that () does not depend additionally in h, then by
Taylor expansion with respect to z,, = h?/3t, we have

P(2) = Polz) + Ko + Y B¥PTIP; 4+ " h¥PT971D;.

j=1 j=1
Here
0 0
Ko=| k(@) 0 |,
0 0
L2e=2m/30]Q(0,2',¢') 0
P; = 0 01,
0 0
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and
t 00
T=1000
000

To find the inverse of such symbols, we shall take an approach similar to Sjostrand [29,
section 1] which is motivated by the work of Boutet de Monvel-Kree [22] on formal analytic
symbols. Instead of considering a symbol ¢ = ¢(x,&; h), we deal with the formal operator

Q=alr.&+hDih) = S~ 0¢qle, &M)(HD.)"
aeNn—1

The symbol q itself can be recovered by the formula

q=Q(1).
The advantage of working with this setting is that the composition formula
1 (0% (0%
aftb= Y —(hde)*aDgb
aeNn—1

becomes the formal composition of the corresponding formal operators A and B:
a#nb = Ao B(1).

Therefore finding the inverse of such a symbol is equivalent to finding the inverse of the
corresponding formal operator.
For this purpose, we shall consider operators of the form

A=Y (W T Aol € X h) DS

x>
k.,

where

f4ha:‘BaAm'_>?{akw-

The inverses of such operators should be of the form

B = (W T) Bya(a', &\ h)DS,
k,a

where
Zgha :7{LAJ _%ZSAAJ'

However, we should notice that the T in the second class of operators should be interpreted

as
t 0
=0 0)
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acting on B, , instead of on H, ,. When needed, we shall write this one as Tp and the
previous one as T’.

There are several technical issues about these two different operators T that we have to
deal with. First, T"is not a bounded operator on B, », or H, »,. We can deal with this issue
by relaxing the exponentially weighted space.

TF = O()CFE*(r — ') ™" 1 Boyyr — Bow

if » > o' and similarly for H, , — H,r,. Therefore we can work on the formal level
and interpret the formal operators in the end as operators from B, ,, to H, s (or similar
operators with the weight function in the codomain relaxed to 7’.)

The second issue comes from the non-commutativity of the operators 7" with Ay or Bj.
When composing two such operators 2 and B, we are hoping to get operators of the form

¢ = Z(hZ/gT)ka,CV(x/? §I7 )‘)Dg”
k,a

where
Ck,a : Hz,)\,r — Hz,)\,v“ or Bz)\,r — Bz)\,’r;

depending on the order of composition. This composition will involve the “commutators”
adr = [T, -] which we interpret as

adT(A) = THA — ATB,

adT(B) = TBB — BT'H,

when it acts on different classes. We shall also need adr to act on the two different classes
of € and we shall interpret it accordingly.

This involves the study of stability of mapping properties of Ay and By under the “com-
mutator operation” ady. We first consider Py to see its mapping properties and then adjust
our definition of formal operators in a suitable way.

Lemma 6.3.1. For |Rez| < 1/§, we have
adl} P() = Ok(d_k/2<)\ — Re Z>_k/2) : Bz,,\yr — sz)\ﬂ«. (633)
Proof. We have seen in the last section that this is true for £ = 0. A simple calculation gives
ad¥(Py —2) t"R_
adk. Py = (—1)kyytk 0 :
(=DFR "0
where ad; = [t, ] is the commutator with multiplying t. For k = 1,

ady(Py — 2) = 2ie”>™/3Dy = O((\ — Re2) V%) : B\, — L2
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For k = 2, }
ad?(Py — 2) = =27 2™/ = O((A\ = Re2) ") : B.\, — L2
For k > 2,
ad¥(Py —2) = 0.
For k =1,
(-1)k’}/1tk =Y = O(</\ — Re Z>_1/2) : Bz,)\,r — C()\—Rez)l/4'
For k > 1,

Also for k > 1, we have
RTt* = Op(07F/2(\ = Re2) %) . B, \, — CV;
(—=1)"t*R™ = Op(6 7 ¥2(\ = Re2)*?) . CN — L2
Combining all these estimates together, we get the desired mapping properties for adl% Po. O

On the other hand, we also need the stability for Py(z) under differentiation in 2/, &', A
which will give the second microlocal symbol class which is simply

Po(z) € Sx,,,2/3(00; 1, LB xrs Harr))-
We shall combine the two types of mapping properties together to get
aﬁ’@gaé\ a’d];“ PO(Z) = O<5_k/2</\ — Re Z>_l_k/2) : Bz,)\,r — Hz)\,’rv

with the constants depending on k,[, a, 8. Now each of J,/, 0,0y and adp is a derivation
provided we interpret adr suitably. We get similar estimates for the inverse:

02050, adh Ey(2) = O(6™*(N = Re2) ™ 7%2) : H. \, = Bar,

since we have seen the estimates for £ = [ = 0,a = f = 0 in last section. We can replace
(A —Rez) by (A) at the expense of d-dependent constants.
Also we have the symbol properties for P;, D; and Ky:

020505 adh Pj(2) = O((N) T 72) : B. s — Hanrs (6.3.4)
02050, adh Dj(2) = O((N V272 L Bxy = Mo, (6.3.5)

and
02060 adh Ko(2) = O((N)"V2752) - Bsy — Mo (6.3.6)

We remark that we neglect a number of simplifying features here, for example, for 9, 85'8, ok adl} Ko =

0, unless 3, k and [ are all zero.
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Now we can introduce the suitable class of formal operators: these take the form
A = > (WY (BB~ R (R3O A s (2, €N, 2) DS, (6.3.7)
aeNn—1 5 k1 meN

with the mapping properties for A, j x.1m
%050k adh Aujpim = O(N) M) D By, — Hon e (6.3.8)
Now we restore the dependence on h of () and rewrite the operator P as
P(2) = W*PICo(a) + Y W¥BTI(Pi(a! &N, 2 h) + h*/*Dya (2 1)),
5=0

where K is the same as above, while P; and D; satisfy the same symbol properties (6.3.4)
and (6.3.5).
Then the associated formal operator 3 is given by

1
= > —05(P(a,€', A, 2; 1)) (hDar)"

aeNn—1

]- 1 , , N
= Y L10E@ + o) I A s (D)

aeNn—1

]_ "
= Z a[(ha&/>a (hafl + h1/3a)\>a17)]<x/’ fla )‘7 2 h)Dg/

aeNn—1

= 1Ko+ Y h¥ATITID;

7j=1
1 . . ot . v
+ Z 5 Z h23/3T3[(h8§n) (hagl + h1/38)\) Pj](l’/, f/, )\, Z, h)Dz,

aeNn—1 " jeN

It is of the form (6.3.7) with terms satisfying (6.3.8), and has principal term Py(2', &, A, z) =
Po(z). Here we write o = (v, a”).

For the inverse, we consider operators 8 of the same form as A with A, jx;m» replaced
by Ba jkm satisfying

%000k adh Bojim = O(N M) Moy, — Buy, (6.3.9)
Then the composition of 2 and ‘B,
C=2A0B, (or BoA),
is of the same form as 2 and B with Aq jx1m or Bajkim replaced by Cq jkim satisfying

%000k adk Bojim = O(N) M%) Moy, = Hon,e (6.3.10)
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(OI‘ Bz)\,r — Bz,k,r')
Now the construction of the formal inverses is through the standard techniques of Neu-
mann series.

Lemma 6.3.2. Let 2 be of the form (6.3.7) with terms satisfying (6.3.8), and with Ay
invertible. Suppose that By = Ay' satisfies

BO = O(l) : Hz,)\,r — Bz,/\,r-
Then there exists B as above with the principal term By such that
AoB =1d, BoA=1Id.

Proof. Let € = 2008, where B, = By, then € is as above with Cy = Ago By = Id. Therefore
we can form the formal Neumann series

D = 1d+(Id—€) + (Id—€) o (1A —€) + - --

which again gives a formal operator as above. Then we can simply take B = By 0o ® to get
the right inverse. The left inverse can be constructed in the same way and the standard
argument shows that the two must have the same formal expansions. And it is clear from
the construction that the principal term of B is By. O

Now applying this lemma to 3, we get an inverse €. Letting & = &(1), we get a
parametrix for P(z) in the region |R(z2/,&) —w| < 207"

E@ & N zh)y =Y (WY BN 2R3N B E jaam (@ €N 2) (6.3.11)
7,k,l,meN

with o o
05000 adk, o jim = O(N) %)t 1o np = B, (6.3.12)

In particular, the principal term is exactly & as we constructed in the previous section.

6.3.2 Analysis away from the glancing hypersurface

Now we deal with the region |R(2',¢') — w| > C~%. In this case, Q < |\ = h"?3|R — w|
so that we are working with the second model operator in last section where we regard
tQ(h?/3t,2', ¢') also as a perturbation. Let

P =e?™BD}+ X, A=hPR(,¢) —w),
and Ry as before. The operator-valued symbol

Po# -z R_
Pl = m o |:Bf,>H], (6.3.13)
R, 0
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is uniformly invertible with inverse £ (z) since |\| = h~%3/C > | Re z|. Moreover,
Pi (2) € S5, 2/3(00; 1, L(BY,, HE,)).

Recall the definition for the symbol class that away from the glancing hypersurface, the
symbol behaves classically and we do not need to specify the derivative in A. However, we
need to consider the possibility that ¢ may get large. More precisely, the symbol properties
for 773#é and 53# are given by

0506 adi P (2) = O((€) I NM2) - BY, — Y,
0500 ad- P (2) = O((&) PN T2) 1T, — BY;
where we notice that |A|7%/2 ~ (h=1/3(¢"))7% and Q(0,2/,¢") = O(h*?)|A|. For the lower
order term in the expansion
P(z) = WKy + Z(hQ/?’T)ij(m,ﬁ, z;h)
j=0
with 7T, ICy as before and
05305 ady P = O(1)(E)PI(hM¥e) ™" B, — ],
We proceed exactly as before to define the associated formal operator
1
Pr= >, —((hde)*P)D3.
aeNn—1

This motivates us to consider the general class of formal operators of the form

W= D (WPTY ()AL (€ =)D (6.3.14)
acNn—1 5 keN
with L ) )
O3 O ady Ao i = O((E) (M) B, — HY, (6.3.15)

So we see that 8% is in this class. The same argument as in the case near the glancing
hypersurface shows that JB# has a formal inverse ¢# of the same form satisfying the estimates
with H# and B# exchanged. Therefore we have an inverse of P(2) in the region |R(z', &) —
w| > C™,
EH( €, 5 h) = € (1) = S RPTY(E)ERW €. (63.16)
j,keN

with the following mapping properties

%05 adk £, = O(L)(&) I3k - 1t — BE,. (6.3.17)
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6.3.3 Analysis in the intermediate region

In the intermediate region C™' < |R(2/, &) — w| < 2C~1, we observe that both cases reduce
to simpler expansions that coincide with each other. The key point is that in this region
both A and ¢ will be irrelevant. In fact, |¢/| is bounded and A ~ h~%3. Therefore we have
the expansions

E(@ & zh) = > (WPTYRE (2, €, 2 h)

j,kEN
where -
0200 ads £ = O(W?) : My, — Bass
and
EF (2, € 2 h) = Z (h2/3T)jhk5fk(x',§/, z; h)
j,k€EN
where

020 adk 1 = O(W®) : 1Y, — BY,.
Of course the same is true for P with B and H exchanged. Therefore we introduce spaces
B and H which agree with B, ), and H, ,, microlocally in |R(2’,¢') — w| < 2C~!, and also
agree with Bf; and Hj\%r microlocally in |R(x',&’') —w| > C~'. Then this coincidence on the
intermediate region shows that the symbol P and & satisfy the global construction at least
near the boundary.

6.4 Estimates away from the boundary

In this section, we review the proof of the following proposition which provides a parametrix
away from the boundary in [30]. We write

D(a) ={z € R"\ O :d(x,00) > a}.

Proposition 6.4.1. Let 0 < ¢ < 2, |[Rez| < L, [Imz| < C, then there exists hg = ho(L)
such that for 0 < h < ho(L), there exists maps E., K. defined on C°(D(he)), with the
properties (P — 2)E. = 1 + K, and

E. = O(R**~) : L*(D(h?)) = H{(R"\ O),

IR ) (6.4.1)
K.=O(e ) : LX(D(he)) — HFR™\ 0), Vk € R.

Moreover, for any fized v € (0,1), we can construct E. and K. such that for u € C2°(D(h?)),
Eou and K.u are supported in D((1 — v)he).

We remark that we can not use Neumann series and this proposition to give an inverse
of P — z since the support of K.u is larger than that of u in general.

In a fixed distance away from the obstacle, we get the following better results which gives
a parametrix of P — z.
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Lemma 6.4.2. Ifv; € CX(R"\ O) satisfies supp(vy) C D(6) where § > 0, then there exists
up € C*(R"\ O) and vj € C(R™\ O) such that uy = 0 near 0 and

(P — 2)u; = v1 + vy, (6.4.2)

]| r2 @m0y + €l || @ D) (6.4.3)
+ eMvpl| w0y < Cyh* o1 || 2@ 0)-
for any k,v > 0.
For the region D(h¢)\ D(0) = {h® < d(z,00) < 0} which is h°-near to the obstacle, we
have the following lemma.

Lemma 6.4.3. If vy € C(R"\ O), supp(v2) C {x : h* < d(x,00) < 0}, then there exists
ug € CX(R™\ O) such that uy = 0 near 00 and

(P — 2)uy = vy + 03, (6.4.4)

Ch71+3c/2
(| w2l| £k e\ D((1—)he)
Ch71+3€/2

w2l r2@n\0) + €
+ Mgl g (145 + € 05|l gm0 (6.4.5)
< hQ/g_EH”QHB(Rﬂ\O)
The proof of the proposition then follows from the two lemmas by decomposing any
v e CP(R"\ O) with suppv C D(h) into
v =11+ vy, v,09 € C(R"\ O), ||v1]lrz + ||v2]lzz < 2||v]| L2

and suppv; C D(6/2), suppuvy C D(he)\ D(9). (6.4.6)

6.5 Global Grushin problem

6.5.1 Setting up for global Grushin problems
To study the global Grushin problem, we introduce the spaces for w € W € (0,00), 0 <
01,0 r<rg:
Burs = H*(R"\ O) x L*(00;C"),
Hepr = LX(R"\ O) x H/2(00) x H*(00;C).
with the norms microlocally compatible with the ones introduced in section 6.2, (6.2.14),

(6.2.37) in each of the regions we considered. We need to translate the norms to x,-
coordinates by the relation z,, = h?/3t.
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Let

()

— rY(Tn 2/3
— 23| @2 DL Y| e o)

Bw,r,5
_ TP (Tn /
+ B3t (g 18) 0l L2 o)
e ) A (1 Ao — w))ull o)
+ W23 e 2 (1 — o (2,/8) )l 2 gm0
5.1
+ 22wl 2 posemy, o
v /
r(zn 2/3
v _ He Y(zn)/2h U”LQ(Rn\O)
U+ /

+ WP (= kP Ao — w)>1/4UOHL2(aO)
+ ' PR3 (=h* Ago — w))v 1| L2(00,cN),

where the weight function ¢ € C>([0,00);[0,1]) satisfying ¢(t) = ¢ for t < 3 and ¥(t) =
for t > 1; and the cut-off function x € C*(]0,00);[0,1]) satistying x(¢) = 1 for ¢ < 1 and
x(t) =0 for t > 2. Here we still use the geodesic normal coordinates (2, z,,) € 90 x (0, 00)
for R™\ O as introduced before.
First we claim that
P—2z 0
M 0 : Bw,r — Hw,r-
0 0

In fact, we can decompose v € H?(R"\ O) as u = u; + uy where suppu; C {z, < 36}
and supp us C {z,, > 20}. Then we see that
(%)
Bw,r‘,é

w,r,0
We notice that

U — Ty /
H( 0 > ~ 723 eren 2 (WD, V| 20

Bw,r,é

Bw,r,é
_ I /
+ h 2/3”6 /2h2 SX(xn/(S)xnuHLQ(R"\O)
TTn /: -
+ He /2h? 3<h 2/3(—h2A3(9 — w)>UHL2(Rn\O),

so the estimate

||er¢ rn)/2h2/3(P - Z)U1||L2 < H ( %1 )

Bw,r,é
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follows from the change of variable x,, = h%/3t and Lemma 6.2.2. Also notice that

U2

0
so we can easily deduce that

Herw zn)/2h2/3(P _ Z>U2HL2 < H ( 162 )

2/3
~ h 2/3||€r1/}(xn)/2h
Bw,r,é

Us || H2(R"\O)>

Bw,r,S
Finally we need to estimate yu. We shall use the fact that

Y0 =O0(h™'?) : HY(R"\ 0) = H,"*(90)
and

hyr = O(h™"?) : HA(R"\ O) — H,/*(00)

which follows from the estimates of non-semiclassical restriction operators. Therefore we
have

W32 (= h* Ao — w)) 4 (yu)| L2 00
< hl/GHVUHH h1/6|‘h2/371“”1{1/2 @0) T h1/6||h2/3k%u||Hi/2(a
+ ChYoull s

1/2 (90)
Bl 1

0)

N

1/2 (50) 3/2 (50)

< Ch™2? [ull 2@ 0)-
Now we need to correct this operator with
Ry : H*(R"\ O) = L*(00;CY),

and
R_, : L*(00;CY) — L*(R™\ 0).

They are obtained by quantizing the symbols that appeared in section 6.2. Let e be as in
(6.2.41), then we shall define

Ry = Opg, 4(€)) : L*(R™\ 00) — L*(00;CN), (6.5.2)

where
& € S, 2/3(00; 1, L(L*[0,00); CM))
is given by

& (j)u(p) = / W= B3 () e 2 (h™ B, u(a,)dan,, p € T*0O
0
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with A = h=?3(R(p) — w), u = Q(0,p). Similarly, the operator R_,, can be defined as the
formal adjoint of R, , or more precisely,

R_u = Opg, 5((&,)7) : L*(R"\ 00) — L*(90;C"),

where

(€2,)" € Sx,,2/3(00; 1, L(CY; L([0,00)))
is given by

N
Bu(p) =Y b x(@a)eys (b e )u_(j),p € T*0O.
J=1

Then we have the Grushin problem for

P,—2z R_,
Pu(z) = 0% 0 : By = Hu - (6.5.3)
R, . 0

Our goal is to construct an inverse of P, (z) for all A small depending on 4,

_ Ey,(2) Ky(2)  Euy(2) .
Eu(z) = < Eu (2) Ko (2) Ew () ) t Huwyr — By (6.5.4)

where E,, _(2) has nice properties that will be specified later.

6.5.2 Construction of the inverse operator

To construct the inverse operator, we first divide phase space into three different parts:
near the boundary and glancing hypersurface, near the boundary away from the glancing
hypersurface and away from the boundary. In this section, we again work with w = 1 for
simplicity and it will be clear that the analysis is uniform for w in a fixed compact subset of
(0, 00).

We consider the case near the boundary and glancing hypersurface first. Let us translate
the space B, ), and H, », in section 6.2 into the z,-coordinates and scale it by h'/3 due to
the change of coordinates. In this stage, we drop the dependence on z and introduce the
same weight function ¢ as previously.

()

v
ry(x /
|| o = [|ervian)/2n? 3U||L2([07m)) + R3OV g |e + R3O oy |en.

U+ H)\,r

- rip(xn / - rip(xn /
—} 2/3||e W(xn)/2h2 3(hng)2uHL2([0,oo)) +h 2/3”6 Y(zn)/2h? 3$nu||L2([o,oo))
B)\,r

(2 2/3
+ <)\>||6 ¥(@n)/2h U||L2(R"\O) —+ h1/3|u_|(CN,
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Lemma 6.5.1. Let 0 < ¢ < 2/3, x1 € ¥%9(90) be such that WF;,(x1 — Id) C {m :
d(m,X) > C} and WF,(x1) C {m : dim,X) < 2C}. Then there exists EL(2),EE(2) €
Uy 9/3(00; 1, L(Hyy, Bar)) such that

P = (MM 1) e ri)

x(xn/h) 0 0
P(2)ER(2) = x1 0 Id 0 | +RE(2),
0 0 Id

where the remainder terms satisfy
Rf(z) € \112,2/3(80; hN<)\>_N, ,C(B)\Jn, B)\Jn))
RI(2) € Uso3(00; KN (NN, L(Har, Har))

for any N.

Proof. From section 6.3.1, we can construct an operator & € Uy 9/3(00; 1, L(Ha,y, Bay))
with WF, (&) C {m : d(m,X) < 2C} such that
51(2)73(2) =1d +Rf(z), P(z)c‘fl(z) =1d +Rf‘(z)

Here the remainder term RP satisfies that for any A € W%(90) with WF,(A) C {m :

d(m,¥) < C} and any k,
B k
ARL = ( ‘%” 8 )B,erh’“Aﬁ,

with
Aﬁ, B,f S \11212/3(8(9; L, L(Bxs, Byrr)).

We notice that for 0 < e < 2/3, the operator

( x(l’%/ff) I?i )

is bounded on B, ,. In fact, in ¢ coordinates, this becomes X(hz/ 3=¢t) whose derivatives are
all bounded. Therefore we can set

EH2) = < X/ 0 ) &(2).

Since (\) = O(h™2/3), it is clear that this operator satisfies the condition. Similarly, we can

construct
) X(@n/h) 0 0
El(2) = E1(2)xa 0 Id 0
0 0 Id
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Now for the case near the boundary but away from the glancing hypersurface, the spaces
Hj\é’ir and Bfm become

(:)
|

— rY(Tn 2/3 TY(Tn 2/3
= B3| P (WD )2l 20,0y (A €2 | 2 o) 4+ B U,

u— B#
v

2/3
v = [ @ | ago.c0y) + BNV Huolc + BN o e,
U+ H}\,T'
in the z,-coordinates. In this situation, we have

Lemma 6.5.2. Let 0 < € < 2/3, xo € ¥*900) be such that WF;,(x2 — Id) C {m :
d(m,%) < C} and WFy(x2) C {m : d(m,Z) > 1C}. Then there exists £5(z),E4(z) €
Us9/3(00; 1, L(Har, By,)) such that

P = () 4 i),

xX(x,/h) 0 0
P(2)ER(2) = x2 0 Id 0 | +RE(2),
0 0 Id

where the remainder terms satisfy
R (2) € Usoy3(00: BV (NN, L(BY,. BY,)
R3(2) € Usy3(00: BN (N) N, LM, HE,)
for any N.

Proof. We can repeat the same argument with the standard semiclassical calculus and notice
that (\) = O(h=%/3(¢')?) to get the properties of the remainder. O

Now combining the two lemmas above, we get the approximated inverse near the bound-
ary. More precisely,

Proposition 6.5.3. There exists EX(2), E8(2) : H, — B, such that

EL(2)P(2) = ( W%/ ) o ) +RE(2),

X(@n/h%) 00
P(2)ER(2) = 0 Id 0 | +R2),
0 0 Id
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where the remainder terms satisfy

(R? Do) RE (2) (R Apo)Y = O(BY) : B, — B,
(R Do0) " RE(2) (W Apo) = O(WN) : H, — H,,
for any N. Here (h*Apo)Y applies to all the components and the spaces B,.. are defined as

B,.s further truncated to the h¢-neighborhood of the boundary by x(x,/h¢).. Moreover, the
—+-components for the approximate inverses satisfy

B, (2) = BF (2) € Uy;7,(00; L(CN, CY)).

Proof. We can simply choose x; and x3 such that y; + x2 = 1 and set £'(z) = &;(2) + & (2),
- = L, R. To prove the last statement, we notice that from the construction,

E, = X1E_ 1+ X2 E_so, EFf, = E_iix1+ E_iaxe.

Near the glancing hypersurface, {m : d(m,%) < 1C}, x1 = Id while x, = 0. Away from
the glancing hypersurface {m : d(m,%) > 2C}, x; = 0 while x» = Id. In the intermediate
region, £_; = E_,5 from our discussion in section 6.3.3. Therefore EX, and EF,_ are

essentially the same in the \11%712’?3(8(’); L(CYN,CN)). O
Finally, we can combine this with the estimate away from the boundary to get the inverse.

Proposition 6.5.4. Let 0 < € < 2/3, 0 < h < ho(9), there exists E,(2) : Huwo — Buwo.e such
that
Pu(2)Ew(z) =1d, Eu(2)Pu(z) =1d

and B,y € Uy 7 1(00; L(CV,CY)).
Proof. Let us begin with an approximate right inverse
X(an/h) 00 il B
erzy=erz [ 0 1 o0 |+ ( Bl = Xlea/h)) 00 ) .
0 0 Id
Here x € C*°([0,00)) supported in {x = 1}. Then we can compute
P(2)ER(2) = 1d +KF(2)

where the remainder is given by

X(x,/h) 0 0 K.(1—x(z,/h)) 0 0
KE(z) = R (2) 0 Id 0 |+ ~vE(l—x(z./h)) 0 0
0 0 Id RyE.(1—X(z,/h%)) 0 0
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Since E.(1 — x)u is supported away from the boundary, we have vE. (1 — x(x,/h¢)) = 0.
Moreover, for any smooth u, since (1 — x(x,/h))u is supported in D(h¢), E.(1 — x(z,/h%))u

is supported in (D(1 — )h¢), so by the super-exponential decay of e}’j, we have

& (j)u(p, x,) = / W By (@n)el (2P an)u(p, xa)dw, = O(h™) (6.5.5)
0

which gives R, E.(1 — x(z,/h¢)) = O(h™®). Therefore we get KF = O(h™) : Hy — Ho and
hence for h small enough, (Id +Kf)~! = Id +.4 where A = O(h*) : Ho — Ho. We can now
put

E(2) = ER(2)(Id +A(2))

Suppose
An(z) Aw(z) Ais(z)
A(z) = | Az(z) An(z) As(z)
Azi(2) As(z) Ass(2)

then from the formula of I, we see it is lower triangular and thus the same is true for A.

Therefore
E_i(2) = EE, (2) + BE (2) Ass(2)

Here Az3(2) € U—°=°(90; L(CN,CN)) since it comes entirely from RE. Therefore E_(z) €

\I/%i’é/?’(f)@; L(CN CN)) is essentially the same as Ef, (and also as E-_). O

6.5.3 Reduction to E_

Now we state the main result of this section.

Theorem 5. Assume that W is a fized compact subset of (0,00) and € < 1. For every
w e W and z € C such that |Rez| < 1/0, |Imz| < C, there ezists

By 1(2) € U5 o (6.5.6)

where ¥, = {p € T*00 : R(p) = w}, N = N(Cy) such that for 0 < h < hy and some large
C>0:

(i) The multiplicity of resonances are given by

1 d
-2 2/3 - -1 % ~\ 7~
mo(h~(w + 1)) = -t ]f B0 B ()i (6.5.7)
(i) If By, (z1p. 1) = o5 p(Ew,—+(2))(pi 1), p € T*00, then
E, _.(z,p,h) =O(A—Rez)): CN - C", (6.5.8)

where A = h=?/3(R(p) — w).
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(ii) For |A| < 1/CV/3,
| By s (250, h) = diag(z = A = e ™G (p)) [ cevem < e (6:5.9)
Moreover, det E3,7+(z;p, h) =0 if and only if
z=A+ 6_27”/3(;-(19) (6.5.10)

for some 1 < j < N and all zeroes are simple. Here (i(p) = C]’-(QQ(p))Q/S.
(iv) For |\ = 1/CV/5, EY, . is iwvertible and

E&#(z,p, R)™'=0(X—Rez)!): cN -V, (6.5.11)

Proof. The statement (i) follows from the formula

—2/3 —w)—z\
( h (P(hfz ) ) — (Ew(z)wa(Z)) - Ew7+(Z)Ew,_+(Z)_I(Ew,—(z)7Kw,—(z))'

The other statements follow directly from our construction of £, (ii) follows from proposition
6.2.4 and the symbolic construction of & and £# in section 6.3; (iii) follows from proposition
6.2.5 and the fact that when |\ < 1/CV/4, the only contribution in the symbol comes from
&; (iv) follows from proposition 6.2.5 and 6.2.6. O

6.6 Proof of the theorem

6.6.1 Resonance Bands

We first prove Theorem 3. Under the pinched curvature condition, we have
K¢ <k, 1<i<jo
which can be translated to

max ¢j(p) <min i (p), 1<7 < Jo.
Suppose A is a resonance which satisfies that for some 1 < j < jo,
KCJ’-(Re)\)l/?’ +C<—ImA<k j’»+1(Re)\)1/3 —C.
Let ¢ = A2 = h™2(1 + h*?z) and h = (Re \)~}, then we have
KCh'?+C < —Im\ < k(b = C

and
Rez = h~23(h*Re( — 1) = O(h*3).
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—Imz = h?A(=h*Im() = =20 Im X € 2K} + Ch'/?, 2k¢,, — Ch'?].
Therefore for p € ¥4, i.e. R(p) =1,

il — A — ¢ 2703¢(p)] = Tm 2 + C(2Q(p)*"* cos(m/6) € [Im = + 2nC) T = + 2KC)
thus for at most one of k € {j,7 + 1},
Ifs = A — 293G (p)] > Ch
while for all other k € {1,...,jo},

» 1
| Im[z — X — e 2™/3¢ (p)]| > oy

Therefore we can decompose
E_y(2) = E1—4(2) = A(z)G—4(2) B(2)
where
A(2), B(z) € Uy 5(00; L(CN,CY))
are invertible and
G_1(2) € U5 5(00; L(CY,CY))

has principal symbol G?  (z), such that, near X,
Im G, (2) > Coh'/*Tdew

while away from 31,

Im G, (2) > h2/3(€)2,

o(1)

Now we choose () large enough, then we see that the imaginary part of the total symbol
of G_4(z) is bounded below by a positive symbol in 5511/2?};)2 The sharp Garding’s inequality
gives

1E_1()ullz2 > ClG_y(2)ullz2 = ChY|ullr2,  Vu € C*(90;CY).

Therefore E_,(2) is invertible for 0 < h < hg. Therefore when Re\ > C = hy', it
cannot be a resonance.

6.6.2 Weyl’s Law

In this part, we sketch the proof of Theorem 4. See [30, Section 9-10] for details of the proof.
Heuristically, we want to use the symbol of E,, _(z) to compute its trace, then use (6.5.7)
to count the number of resonances. However, this operator is not in the trace class. The first
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step is to construct a finite-rank approximation E,, _(z) € \11021 22/3(8(9; L(CY,CY)) which
is invertible and such that

Boi(2)™Y (A By (2))7Y, Buei(2) Byt (2) = O(1) : L2(00;CN) — L(90;CY)

where A, = (h"23(=h?Apso — w)) € \1’021 3 is elliptic. Moreover, we have E,, . (2) —
By, (2) is independent of z and of rank M = O(Lh'~"*%/3). Microlocally E is only different
from E on the the glancing region where E' is not invertible.

From this finite-rank approximation, we can solve another Grushin problem to reduce
E, 4 to a finite matrix. More precisely, we consider

0, (2) = ( A_;%i(;)(Z) RWO(Z) ) L2(00:CY) x CM s [2(0:CN) x CM, (6.6.1)

with bounded inverse

Fo(2)A Fy,4(2)
Folz) = ( Fou(2) Fui(2)

The construction of the Grushin problem is as follows: Let ey,..., ey be an orthonormal
basis of the image of A, (B, 4 (2) — Ew_+(2))*, then we set

) : L2(00;CY) x CM — L*(00;CY) x CM.

Ry u(j) = (u,€f), 1<j<M; Ry (2)u-=A"Ey_y(2)R}, ju_.

The inverse is given by

Fu(2) = (I = Ry, R ) B i (2)7
Fu(2) = Rw,+ (I - R, +Rw +)E +(z )_le,—Jr(Z)R;ku,w
Fu(2) = Ru Bus ()7,
Fu—4(2) = —Rw+Ew,—+( ) B ( R, 4

With these preparations, we can prove a local trace formula on the scale 1 in the z
variable for every w. This is on the scale h?/3 for the semiclassical variable w + h?/3z which
is the square of the resonances h?X2. We remark that this is the largest scale that we can
work with for each fixed w since the whole microlocal framework is built exactly on such a
scale.

For the jo-th band of the resonances, we consider a domain

1 1
W = {—§L<Rez< §L,A_ < —Imz<A+}

where
2K (), | < A_ < 2k(j, < 2K () < Ay < 2RC ;-
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Let OW = v = 71 Uy U3 U4 be the boundary of W, where 7, and ~3 are the horizontal
segments while v, and v, are the vertical segments. If we write Res, (h) = {z : mo(h™?(w +
h?/32)) > 0}, then we have the local trace formula

d

SRS ST O ANE LY
= v

z€Resy, (h)NW Jj=13 J (662)

3 d - .
B sl B s(3)] e OLI )

for any holomorphic function f defined near W such that |f(2)| < 1 near v, U~,. (In fact,
to make this argument work, we need to choose a slightly larger rectangular contour around
W and f holomorphic in an even larger domain. Also we need to the contour does not pass
through any of the poles of E;' | . These technical issues are handled in [30].)

The main idea to prove this local trace formula is to change the trace of ELIFE’_ 4=
E:iEN’L+ to the trace of F_{F’ = logdet F_, by using the Grushin problem (6.6.1) con-
structed above. We observe that F_| is an M x M matrix which is O(1) : CM¥ — CM under
the standard norm. This shows that logdet F_, = O(M) = O(Lh'~"2/3) and thus all the
contributions from the two vertical segment can be controlled by O(Lh'~"2/3) using lower
modulus theorem. Notice that this characterization of resonances by the poles of F_’}r also
gives a local upper bound on the number of the resonances

> mo(C) = O(h+2/3), (6.6.3)

|Re(—1|<Ch2/3,0<—Tm (<Ch2/3

In the local trace formula (6.6.2), we use the (second microlocalization) symbol to com-
pute the trace on the right-hand side and get

h17n+2/3

> 6 =Ty / O+ G ()i (9L ()

zE€Resy (R)NW

(6.6.4)
+ O(th—n+2/3> + Of,L(h2_n)

where (g,s) € ¥, X R is a local coordinates for a neighborhood of 3, € T*00O such that
sls, =0, Ly, (dgq)ds is the Liouville measure on 7% X, and

I(q) = {s € R: s+ e ™3¢ (q) € W},

For fixed L (and say f = 1), this does not give a better description of resonances than
the upper bound (6.6.3). However, if we make L large (which does not change the principal
symbol in our construction, but may potentially affect the lower order terms), and choose f
suitably, we can get a better estimate than (6.6.3). The idea is to let f to be very large in
W away from the v9 U 74 but remain bounded (|f| < 1 as required from the assumption in
(6.6.2)) near v U~vy. A standard choice is the Gaussian functions

1 1
fo(z) = (1 + O(eL))e~F /) Lemele=20)® 0 = —iA-+ Ay, el <1, eL? > log -
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Then from (6.6.4) we obtain

1-n+2/3

3 \/: ~e(Re(z=20)) :(1+0(6L))fé2ﬂﬁ / Ls, (dg) + O.p(h*™).

z€Resw (h)NW w

2/3

Finally, we let L = €%/ and integrate in w to get the Weyl’s law in the semiclassical

setting

Proposition 6.6.1. (see [30, Proposition 10.1]) For 0 < a < b, let

Ny(la,b];7) = Z mo(h™%2).
a<Re z<b,2n§j’-h2/3<—Imz<2KC}h2/3
Then under the assumption of 3, we have
1-n

Niu([a,b];7) = (1 + O(@)m

/ dx'de' + O (Rt H1/3) (6.6.5)
a<‘§/|2/<b

forany 1 < 7 < jg and € > 0.

Now the Weyl law (6.0.3) follows from a dyadic decomposition of the interval |A| < r and
applying (6.6.5) for each dyadic piece of the interval.
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Chapter 7

Asymptotically Euclidean case

7.1 General set up

7.1.1 Dynamical assumptions

Let M be a real analytic manifold which is diffeomorphic to R™ and equipped with a real
analytic metric g that is asymptotic Euclidean. More precisely, let

Q=—-h"Ay = an(z;h)(hD,)", (7.1.1)

|a|<2

then we assume that the coefficients a,(z; h) satisfies the following properties:

(1) for |a| =2, a, = a,(x) is independent of h;

(2) aa(z;h) = aqo(x) + O(h) has an holomorphic extension to the sector S = {z € C":
| Im z| < C~'(Rex)}, bounded in C* with respect to h in S;

(3) aq satisfies the following conditions:

> aale)e" > SleP
|a|=2

and

> aa(w; ) — &

laf<2

as |x| — oo uniformly in h.
Moreover, we assume that the geodesic flow on the manifold M is non-trapping. So if we

let
g(2,8) = aap()E”, (7.1.2)

then there are no trapped H,-trajectories in ¢~ '(1).
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Now let O be a convex obstacle in M which we assume to be also totally convex, in the
sense that

(1) for any x,y € 00, the unique geodesic connecting = and y lies in O;

(2) 00 is a C*° hypersurface in M with strictly positive principal curvatures.

In particular, the assumptions imply that the dynamics of the geodesic flow on ¢~!(1)
is the same as the one in the Euclidean case: all the geodesics escape to infinity in both
directions. Moreover, all the geodesics that leave the obstacle escape to infinity and never
come back to the obstacle.

Without loss of generality, we assume that 0 € O C {|z| < R}. Then Py = —Aluno,g)
with the Dirichlet/Neumann/Robin boundary conditions on 0O satisfies the assumption in
section 2.1.2 for the blackbox perturbation of (). Therefore we can define the resonances of
—A|mn0,9) in a sector

Res(FPy) C {z:0< —argz < p}.

As in the case of the Euclidean metric, we can find the normal geodesic coordinates near
00 on the exterior domain M \ O:

r = (2, 2,) — expy (z,v(2), 2" € 00, x, = d(x,00),
where v(2') is the exterior unit normal vector to O at z’:
v(z') € NyoO, |v()| =1.
Then near O, say in the region d(z,00) < L™,
Py=D} + R(z',Dy) — 22,Q(xn, 7', Dy) + G(2y,2") Dy,

where R(x', D), Q(xn, 2, D) are second order operators on 00:

n—1

R(', Dw) = =Ago = (det(g))"/* > " D, (det(gi;))/*g" Dy,

i,j=1

is the Laplacian with respect to the induced metric ¢ = (g;;) on 00 and Q(z2',D,) =
Q(0,2', D,) is of the form

n—1
det(g7)"* Y " Dy (det(gi;))"/*ai; Dy,

ij=1

in any local coordinates such that the principal symbol of () is the second fundamental form
of 0O lifted by the duality to T*00:

i
L

Q2,8 = ) ai(x))&&;.

J=1

<.

Thus the principal curvatures of 9O are the eigenvalues of the quadratic form Q(z’,&’) with
respect to the quadratic form R(z’,¢').
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7.1.2 Complex scaling contours

In this section, we construct a complex contour based on a slight modification of the one in
the Euclidean case. Consider the complex contour given by

R'\O3z—z=z+i(zx)f'(x) eT CR"\ O+ iR",
where the function f is a smooth function given by
1 2 Lo
fla) = 5d(z,00) x(2) + Fl2[*(1 = x(2))
and xy € C*°(R™; [0, 1]) satisfies x = 1 when d(z,00) < L™! and y = 0 when |z| > R;, where

L, Ry > 0 are chosen later to be large but fixed.
Near the boundary, we scale by the angle /3 as before

1 +i6(z) i /3 .
=", d(x,00) < (L), Li>2L
1+ i0(x)] (#00) <(La)™ L
and then we connect to the scaling with a smaller angle #(x) = 6, = arctane¢, when

d(z,00) > (2L)".
Then near infinity, say when |z| > R, I" coincides with T'y C C" given by

Imz = ¢y Rex. (7.1.3)

On the other hand, when d(z,00) < L™', we use normal geodesic coordinates (z',z,) €
9O x (0,L71), then T is given by

(@', ) — expy (g(z,)V) (7.1.4)

where g : [0, L) — C is smooth and injective such that g(t) = ¢™/® when z, < L;
g(t) = e when (2L)7! <z, < L™! and

Oy < argg(t) < 7/3, 6y/2 <argg'(t) < m/3. (7.1.5)

We define scaled operator P = —h?Ar as the restriction of the holomorphic Laplacian
on C"
Q=—hDg. = au(w;h)(hD.)"

laf<2

to I. Whenever there is no confusion, we shall identify I" with R"\ O. Then when d(x,00) <
L1, we have the following formula for the semiclassical complex scaled operator
1

P = W(thn)2 + R(z',hDy) — 29(2,)Q(zy, @', hDyr) + hE (x,, 2" )hD,,.  (7.1.6)
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O ' R

Figure 7.1: The contours for complex scaling on asymptotically Euclidean manifolds.

In particular, when d(x,00) < L,
P = e 7B((hD,,)?* + 220,Q (2, 7', hDy)) + R(z', hDy) + hF (2, ' )hD,, .

We also need to consider complex scaling contours on the whole space. We first extend
the function f restricted to d(x,d0) > (2L)~! to a function f on R" by

(o) = 5w, 000(w) + (1 - X(x),

where Yy € C*(R"; [0, 1]) equals to 1 when d(z,00) € ((2L)~', L) and x = 0 when |z| > R,
or d(z,00) < Li'. Then we have the contour

R" Sz z=x+ i f'(x) € Ty c C"

which agrees with I'; away from a compact set and agrees with I' when d(z,00) > (2L)~".
Moreover I'y is €p-close to I'y.

7.1.3 Escape functions

Now we construct an escape function G(z,§) associated to the geodesic flow of (M, g).
From the dynamical assumption, we see that on Xf = ¢~'([1 — ¢, 1 + ¢]), the function
Go(z,€) = f'(x) - € satisfies

H,Gy > Cyt (7.1.7)

when |z| > R as well as when L;' < d(z,00) < L~'. In fact, when |z| > R, we have
q(7, &) = qo(@,§) + o(1) where qo(z,§) = £ and

|(Deq — Dego) (2, ) = o(1), [(0zq — Buqo)(w,€)| = 0o(1){x) ™",
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as |z| — oo while 9,Gy and () '0:Gy remains bounded, so
|HqG0 - quGO(xagﬂ — O,

when ¥¢ 3 (7,&) — oo. Now when R > Ry,

so H,,Go = 2[£)? and thus we have (7.1.7).
When L;' < d(x,00) < L™, we use the normal geodesic coordinates (', z,). Then

q(z,8) = & — 22,Q(20, 2, ¢) + R(2', £),
and f(z) = 322, Go = @, - &,. Therefore
Hy(Go) = 26 + 22,Q(0, 2", &) + 2270, Q(2, 2, €).

Since Q(0,2',&’) is positive definite, we get (7.1.7) provided L is large enough.
Therefore by the non-trapping assumption, we can modify Gy by a compact supported
function G; € C2° to get an escape function G = Gy + G on the whole space T*M:

H,G >1/Cyon ¢ '(1). (7.1.8)

Moreover, Gy = 0 when d(x,00) € [Li*, LY.

7.1.4 FBI transform and microlocally weighted space

Now we consider the FBI transform
T : L*(Ty) — Hg, (T"To) (7.1.9)

where we replace the contour I'y by f‘o. Since fo is €p-close to I'y and agrees with I'y away
from the compact set, T*f‘o is an IR-manifold in an €p-conic neighborhood of T*I'g and thus
the associated canonical transformation s : C2* — C2* maps T*T'y to an IR-manifold in an
€o-conic neighborhood of k7 (T*Ty) = Ag,, thus of the form Az . As before, we identify Ty
with R” and 7*T'y with C" naturally.

We consider the IR-manifold

Ay - Im(x, &) = egHg(Re(x, §)).

We see that A, coincides with T *fo except on a compact set an~d is ep-close to T' *fo.
Therefore the IR-manifold r7(Acq) is a small perturbation of x7(7*T'g) and can be written

as Ao, , where @, = ®g outside a bounded set. In particular,

Peoa() = Po(w) + €0g(w, €0)
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where ¢ is smooth and has compact x-support.

Then as in section 3.3.2, for any order function m, we can define the microlocally weighted
Hilbert space Hg, ,m which coincides with Hg and has equivalent norm but not uniformly
in h. The theory of pseudodifferential operators with holomorphic symbols in section 3.3.2
also holds. In particular, we remark that for u € L?(Ty) such that suppu C {(2L)7! <
d(z,00) < L},

[Tull o, 0~ [l 2

since A, coincides with 7*Ty when (2L)~' < d(z,00) < L~'. We shall write

1l (2o ey = N7 s gy (7.1.10)

7.2 Lower bounds on scaled operators and resonance
free region

7.2.1 Lower bounds on the scaled operator on M

We first study the scaled operator @ = —h*Ay|; on the space H(Ty, ®e,). We consider the
symbol ¢., = ¢| Ay Using Taylor expansion, we have

qe()(x?g) = Q((xvé) + Z'EQHg(%,f)) = Q('ra 5) - Z>€0[{qG<x7 5) + O(€g<£>2)

Therefore

Re qeo (7, €) = ¢(2,€) + O(eo(€)?),
Imqeo(xag) < _60/01 + CEO|Q(xa§) - 1|

In particular, let wy = 1 + irg, then if ¢, is chosen small, we have

|q50(x,§) - w0|2 - T(2) = |Qeo - 1|2 — 27y IquO
2 |Qe0 — 1‘2 + 260/01 — 2CEO|QE0 — 1| 2 EO/Cl-

Therefore on ¢ 1 — €, 1 + €],
|90 (%, €) — wol* = 7§ + €/ Ch. (7.2.1)
Away from ¢ '[1 — €,1 + €, we even have
|Geo (2, €) — wol* = 1§ + €0/C1(€)*. (7.2.2)
We write @ = Op,(¢q)(z, hD; h) where

q(z, & h) = qlpep, (2, & h) = qo(x, &) + O(h{€)?),
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and Q =T oQoT ' = Op,(§)(z, hDy; h), where
(qNO HT(xa§7h)) :p($,€7 h)

Let m be the order function with m o kp = (£)* and §o be given by o o k7 = go. Then
the symbol ¢ is holomorphic in a tubular neighborhood of Aq>90 = kr(T*Ty) of the form
A(bgo + W, and in this neighborhood we have

q(z, & h) = O(m(z,€)), and q(x,&; h) = Go(x, &) + O(hm).
Now since
(jO’Aq>€0 o HT(%,&) = QEO(‘Ta g)v
using (7.2.1) and (7.2.2), we have the following lemma.

Lemma 7.2.1. Let &, be as above. For any u € Cé’o(fo), wo = 1 +irg where ry > 0, we
have

@~ whullyy ey > 1o+ 1/Co = O Tl (123)
Proof. Since T(Q — wo)u = (Q — wo)Tu, we have

(@~ wo)Tully, = / @0 — 1~ irP[TuP e oo/ da + O(R) [T,

Aq)eOG

> B Tully,, + (1/Co— OW)|Tully,
> (ro+1/Co — O(h)y”Tu”%z%G-
This finishes the proof. O

In particular, this lemma implies that there exists a constant hy > 0 such that for
0 < h < hyg, there are no resonances for @ in D(1,1/Cyp).

7.2.2 Lower bounds on the scaled operator in the exterior region

Now we define the space X to be the space L*(T") equipped with an equivalent norm || - || x
but not uniformly in h. Let x1, x2 € C*(R™) be such that x7 + x3 = 1 and x; = 1 when
d(z,0) < (2L)~! and x; = 0 when d(z,00) > L™'. We write

lull = Ixvullza) + Ixeullz e a, o) (7.2.4)

Here you can be viewed as a function on Ty, so we can define its H(Ig, A¢,)-norm with
no ambiguity. We consider P = —h?Ar : D — X to be the operator which has domain D
equipped with the norm

lull, = sl + 170G gy o oy (7.2.5)

Then we have the following lower bounds on P:
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Proposition 7.2.2. For any u € C°(I") with Neumann or Robin boundary condition, wy =
1+ irg where ro > 0, we have

I(P — wo)ullk > [ro + S(Rewo)**h?*? — O(h)[*|ul%- (7.2.6)
Here S = k(; is given by (5.0.2).
Proof. From theorem 5.2.4, we have the following estimates near the obstacle

I(P —wo)xaullZz = [ro + S(Rewo)**h** — O(h)[*||ul|Z.
Using lemma 7.2.1 and the fact that (Q — wo)x2 = (P — wp)x2, we have
1P~ wolxatlyg n. o = 1o+ Gt = O xatllygey . o
Therefore we can repeat the argument in theorem 5.2.4 to get
(P~ wo)ully > (P — woxaellZs + (P — wo)xaul 2z, a.y
= > Dy Plullze =2 > lIx (P = wo)ullxIDx, Plull 2.

j=12 j=1,2
Here the commutator [x;, Plu can be estimated by

1D Plull 2 < OR)(|(P = wo)ull L2y + lull22@y) < OR)([(P — wo)ullx + [Jullx).
We use the fact that supp[x;, Plu C @ = {z : d(z,00) € ((2L)™', L")} and thus the

X-norm and L2-norm are equivalent. [

7.2.3 Resonance free region

Now the cubic resonance free region follows from proposition 7.2.2 in the same way as in
section 5.3 and we omit the details.

7.3 Global Grushin problem and resonances bands
Now we follow the notation in section 6.5 to write

P—z=h"3(=h*Ar —w) — 2,

where w € W € (0,00) and |Rez| < L, [Imz| < C where C fixed. Again we also use the

notation
D(a) ={z e M\ O :d(z,00) > a}.
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7.3.1 Further estimates away from the obstacle

In this section, we prove the following lemma which allows us to glue the estimates away
from the obstacle with the Grushin problem considered in section 6.3.

Lemma 7.3.1. Assume that 0 < h < hy. If vy € C*(M \ O) is supported in D(0) where
§ = (2L1)7Y, then there exists u; € C(M \ O) supported away from the obstacle and
vy € C°(M \ O) such that

(P = z)uy = vy + v, (7.3.1)
and
luallp + e lurll gzt pa—pay + € 0ol mEanoy < CH2|lonl|x (7.3.2)
for any k,v > 0.
Proof. First since w + h*®z is not a resonance for Q = —h*Ap, , we can solve

(h_2/3(—h2A\f0 —w) — 2)a =
such that
||a||H(f0,Aeog,m) < h2/3||vl||H(1~“0,AEOG)'

By the standard weighted estimates for the resolvent of —h? A|f0’ we have
020 (~12Alg, — Q))(x,y) < Cope o™/,

when dg (7,y) > €and ¢ = w + h?/3z as above. If we truncate @ by a cutoff function equal
to 1 on D((1—2v)d) and 0 near O, we get u; satisfying the boundary condition and an error
term v} satisfies the estimates. O

Now we can follow the same argument as in 6.4 to obtain the following proposition.

Proposition 7.3.2. Let 0 < ¢ < 2, |[Rez| < L, |[Imz| < C, then there exists hg = ho(L)
such that for 0 < h < ho(L), there exists maps E., K. defined on C°(D(he)), with the
properties (P — 2)E. = I + K. and

E.=O(h*3 ) : X N L*(D(h°)) — D,

K. =0 " ") X 0 IA(D(h)) - HER\ O), Vk €R (7-33)
€ N h 5 .

Moreover, for any fized v € (0,1), we can construct E. and K. such that for u € C°(D(h)),
Eu and Ko are supported in D((1 — v)he).
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7.3.2 Construction of the global Grushin problem

Assume that W is a fixed compact subset of (0,00) and € < 1. For every w € W and z € C
such that |Rez| < 1/0, | Im z| < C, the same argument as in section 6.5 shows that we can
construct the global Grushin problem

P,—z R_,
Pu(z) = Y 0 By, — Hur
R . 0

with inverse

Here

= h_2/3‘|6”/1($n)/2h2/3(thn>2uHX

Bw,r,(s
— TYP(Tn 2/3
4 BT 2P (T8 E | 2 0)
rip(x / - -
len e )2 (2 Ao — w)ullx
B3| @n) 2R (L (3 16) )l p
+ WP u_| 2oy,
v /
(e 2/3
% = [l | x
Uy How

+ R (RT3 (=R Ago — w)) | 2200
+ B3R (=R Ago — w))v || L200:cm),

where the weight function ¢ € C>([0,00); [0,1]) satisfying ¢(t) =t for t < § and ¥(t) = 1
for t > 1; and the cut-off function x € C*(]0,00); [0, 1]) satisfying x(¢) = 1 for ¢ < 1 and
x(t) = 0 for t > 2. Here we still use the geodesic normal coordinates (z’, x,) € 9O x (0, 00)
for R* \ O as introduced before.

Moreover, the effective Hamiltonian F,, _(z) € \II%iQQ / satisfies the same properties as
stated in theorem 5.

7.3.3 Resonance band and Weyl’s law

The proof of the existence of resonance bands and Weyl’s law for counting functions in each
band now follows from the same argument as in 6.6 and we shall not repeat it here.
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