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ABSTRACT 

A theoretical analysis of longitudinal dispersion in countercurrent 

columns has been made by Miyauchi (UCRL-3911), as a function of the rates 

of dispersion in the two phases, the mass-transfer coefficient, the equilibrium 

partition ratio, and the rates of fluid flow. In the study presented herein, 

the equations previously obtained have been solved numerically for a large 

number of typical conditions by use of the IBM 701 computer. The resulting 

concentration-distributions are tabulated in this report. 
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Alice K. McMullen, Terukatsu Miyauchi, and Theodore Vermeulen 

Radiation Laboratory and Department of Chemical Engi.neering 
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January 22, 1958 

INTRODUCTION 

'Longitudinal dispersion is known to control the performance of 

muitiçompartment agitated reactors, from the work of Yagi and Miyauchi; 4  

and of pulsed extraction.columns, from studies by Vermeulen, Lane, Lehman, 

and Rubin. 	More recently, the coefficients of longitudinal dispersion in 

packed columns have been measured by Jacques and Vermeulen. 1 

Thus it becomes important to be able to interpret experimental 

extraction data in terms of the combined effects of mass transfer and 

longitudinal dispersion; and to make design predictions for the result of 

these two effects. A complex, but exact, mathematical solution of this 

problem has been obtained, by Miyauchi. 
2 
 Numerical solutions for 

Miyauchis equations are developed in this report, which is to serve a two-

fold purpose. First, interpolation methods can be used to obtain theoretical 

concentration gradients for any given combination of operating variables. 

SecOnd, the exact results can be used fbr testing rapid approximate methods 

of calculation under development now and to be developed in the future. 

EQUATIONS 

For one-dimensional steady-state counterflow of two immiscible 

liquids, the continuity equation are 

E 
x x 
E d2 

x  
c /dz2 	

y x x z x x 
- F dc /d - K a (c - mc ) = 0 

, 	(1) 

E E d2 
y  

c /dz 2  
y y 	 y 

+ F dc y 
	x 	x 
/dz + K a (c - mc y ) = 0 

where E 
x 

and Ey  are the dispersion coefficients of the respective phases 

(each is assumed constant); F and F are the superficial velocities; E 
x 	y 	 x 

and E 
y 	 x 	y 

are the void fractions; c and c are the concentrations of the 

transferring component at the point of interest; m is the equilibrium 
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partition coefficient (assumed constant); Z is the length variable; K is 

the over-all mass-transfer coefficient relative to phase X; and a is the 

interfacial area per unit volume. 

Rearrangement of the equations' into dimensionless form gives 

d2C 
x 
 /dZ2-P 

 x 
 BdC 

 x 	ox /dZ - N P x 	x 
B(C -mC 

y 
 )0 

dC 
y 
 /dZ +P 

y 
 BdC 

 y 	oy 
/dZ+N P y 
	x 
B(C -mC 

y 
 )0 

	

where c = c Ic 0 
 C 	c Ic 	P 	u d/E , P = U d/E 

x x x 	y y x 	x x x 	y y y 

N = K aL/F K aL/F , B = L/d u = F /E , u = F /E 
ox 	x 	x 	oy 	x 	y 	 .x 	xx 	y 	y y 

and Zz/L. 

The boundary conditions have been shown to be 

atZO: x  -dC/dZP 
x  B(l - CxO ), 

-dC/dZO; 

	

y 	 (4) 

	

atZl: 	-dC/dZO, 

dCy/dZ = PB (C 1  - C') 

Eliminating the C term from Eq. (2) gives a single linear differential 

equation of fourth order, 

d4C/dZ 4  - a d 3 C /dZ 3  - pd 2 C /dZ2 - jdC/dZ = 0 	 (5) 

where a, 3, and y  are constants independent of Z, as defined below. 

With the appropriate boundary conditions, the solution of Eq. (5) is 

C -mC' 
A 1 exp(X 1 Z) +A2 exp(X 2 Z) + A3 exp(X 3 Z) + A4exp(X4 Z) 

l-mC 
y 	 (6) 

m(C - C) 
a 1 A 1 exp(X 1 Z) + a 2A 2exp(X 2 Z) + a 3 A 3 exp(X3 Z) + a 4A4exp(.X4 Z 

1-mC 
y 

wh e r e 

A 1  = DA1/DA, A2 = DAZ/DA, A3 = DA3/DA, A4 = DA4/DA 

'Numbered equations in this supplement are the same as in the original 

report (UCRL-3911), 
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x 2 	 x3 	x4  
1 PTh 	'PB 

DA= DA1 - 	 X 3 a 3 	 X4a 4  

X 2 exp (X 2 ) 	X 3 exp (X 3 ) 	) 4ep (X4 ) 

X 2 a 2 	 X4a 4  

= 	 X 2 exp( 2 ) 	 X 3 exp( 3)x exp ( 4 ) 

x 
(l±-)áexp(X 2 ) ( 1+ p-) aexp(X 3 ) (1+ _B)a4exp(X4) 

	

y 	 y 

X 3 a 3  

X 3 exp(X 3 ) \4exp(X4 ) 

X 4a 4 	 X 2 a 2 	 X 3 a 3  

DA3 = 	 andDA4 -  

X 2 exp(X 2 ) X4èxp(X4 ) 	 X 2 exp(X 2 ) 	X 3 exp(X 3 ) 

a. = 1 + X./N 	- X/N P B, with j 	1, 2, 3, and 4; 
3 	3 ox 	j 	oxx 

x l  = 0 

a./3 + 2 '.Jp  c o s (u/3) 

x 3 a/3+2cos(u/3.+zii/3) 

= a./3 + 2 	cos (u/3 + 4IT/3) 

where u is determined as an angle between 0 and TU such that 

3/2 
cosuq/p 



-6- 	 UCRL-3911 Supplement 

and 	 = (/3)2 + 

q =(a/3) + a/6 + 

with 

a=P 
x 
 B - P 

y 
 B 

=N PB+PBPB+N PB( oxx 	x y 	ox y A)  

=N PBPB(l-A) oxx y 

COMPUTATION 

The sequence of operations required to evaluate E. (6) is shown in 

Fig. 1. In the programming of this sequence for the 701 computer, the 

regional" method was selected. For this purpose the following subroutines 

from the Computer Laboratory library were utilized: 

602 	Program assembly 

022A To load regional binary cards 

410R Square root 

028 	To load absolute binary cards 

DF-P05 Decimal-punch routine for fourteen 5-digit decimal 

integers, with sign. 

DUAL Floating-point interpretive routine 

984 Memory dump 

925 	To correct the check sum on absolute binary cards. 

New subroutines were programmed in this study, in order to evaluate 

cos and tan functions. The approxiriations given by Hastings' were used: 

-1 	 21+1 tan v 	CZ.+l v 
i=0 

cos w = sin (- - w) = sin 	v 

3 
ST 1 	 2i+1 = L 
	C2.+,v 

i=0 
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where, in each case, -1 v 1, and the constants C or C are given by 

Hastings. Both these routines were accurate to at least six significant 

figures. 

The output cards from the 701 were run through the 514.Reproducing 

Punch, with a special board to shift columns; and then through the 650 to 

convert the parameter ratios to independent values for the different param-

eters involved, 

	

TABLES 	* 

The following arrangement of variables has been adopted for pre-

senting the numerical results of the foregoing computations: 

A 	0,625 (x2) 16; 

N' 	1 (x2) 8 (in three cases, extended to 64);  
ox 

P 
x  B 
	computed as a ratio to N ox : 0,125 0.5 1,2, 8; 

P 
y 	 xB B 	computed as a ratio to P : 0.25 2  1, 4. 

Values of A and N 
ox 

 are used as central subheadings for the respective 

blocks of columnar results. Concentration-profile values are given for 

the following positrons: 

Z 	0.00. 0.05, 0.15, 0.50, 0.85, 0.95, 	1.00 

The dependent variables are the generalized concentration values, 

1 	/ 	 1 
'

I X 	C -mC/1-mC 
x 	y 	 y 

and 
1 	 .1 

m(C - C ) / (1 - mC ) , 
y 	y 	 y 

where 11 X' 1  and "Y are the abbreviated designations used as column 

headings in the tables. 

As an aid in the development of simplified approximate relations, 

the following additional function has been computed: 

(PB)= 	
+PB1 
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The term (PB) is seen to be a composite Peclet group, reflecting the 

mixing contributions of PB and PB. Its values are given in the right-

hand column of the tables. 

A total of 675 combinations of the parameters were selected for 

computation; of these 45 fell beyond the scope of the program, and are 

therefore excluded from the tabulated results. Values for A = 1, with 

Py = P, were obtained by manual averaging of the results from A = 0.99 

and A 1.01. There is considerable duplication between the X' and the 

?U  tables, since "X" at A and N is equal to (1 - UYH) at 1/A and AN 
ox 	 ox 

Allowing for this duplication, the tables contain about 750 independent 

profiles. 

The computations were generally accurate to ±1 in the fifth place; 

since the figures were not rounded in printing the final four-place tables, 

the results are usually accurate to ±1 in the fourth place, 
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