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Optimization problems in finance, physics and computer science are typically very hard to tackle in
classical computing and quantum computing could help speed up computations and provide efficient
methods for tackling large problems. Typically, to treat the problem with a quantum computer,
the optimal solution is cast as the ground state of a diagonal Hamiltonian. We develop a new
method, called ITE-BE, based on a recent imaginary time algorithm, which requires no variational
parameter optimization as all parameters can be derived analytically from the target Hamiltonian.
We also demonstrate that our method can be successfully combined with other quantum algorithms
such as quantum approximate optimization algorithm (QAOA). For illustration, here we study the
MaxCut problem. We find that the QAOA ansatz increases the post-selection success of ITE-BE,
and shallow QAOA circuits, when boosted with ITE-BE, achieve better performance than deeper
QAOA circuits. For the special case of the transverse initial state, we adapt our block encoding
scheme to allow for a deterministic application of the first layer of the circuit.

I. INTRODUCTION

The advent of quantum computers has spurred a wide
range of research into quantum advantage: problems that
can be solved much faster, and/or at a much larger scale
through quantum computing. Some of the most well
known cases are integer prime factorization [1], and un-
structured search [2], to name a few. An interesting
venue of research is discrete optimization problems [3].
These problems can be expressed as the minimization of
a polynomial function of binary variables, and the cost
function can be written as a diagonal Hamiltonian which
encodes the optimal solution in the ground state [4, 5].
For instance, Quadratic Unconstrained Binary Optimiza-
tion (QUBO) models several problems such as MaxCut,
minimum vertex cover, and graph coloring [6, 7]. These
problems have found applications in industry [8, 9], con-
densed matter physics [10], and beyond.

Apart from special cases, finding the exact ground
state of such diagonal Hamiltonians is usually difficult,
and generally NP-hard [4, 5]. Often classical heuristic
and approximate methods, such as simulated anneal-
ing [11] or semi-definite programming [12], are used to
approximate solutions. Simulated annealing motivated
by the annealing process in statistical mechanics, is a
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probabilistic method where an appropriate temperature
and annealing schedule is defined to ‘cool’ the system,
while the new configuration is accepted with an appro-
priate acceptance probability.
Semi-definite programming (SDP) minimizes a linear

cost function subject to a semi-definite constraint, result-
ing in convex optimization problem which can be solved
efficiently [13]. SDP could be applied by relaxing the
original optimization problems (e.g., the MaxCut prob-
lem), followed by an appropriate rounding scheme to ob-
tain approximate solutions [12].
Quantum computers could potentially find solutions

beyond the realm of classical computation [3] as quan-
tum hardware moves beyond the noisy intermediate-scale
quantum (NISQ) era to fault-tolerant computing [14].
Many quantum algorithms such as quantum approximate
optimization algorithm (QAOA) [15–19], adiabatic evo-
lution [20], or imaginary time evolution methods [21–24]
have been proposed to help determine the ground state.
All these methods have their own drawbacks too, such
as barren plateaus [25, 26] and other optimization re-
lated issues for QAOA [27], longer depth circuits for im-
plementing adiabatic evolution[28] and larger number of
measurements for successful post-selection of block en-
coded implementation of imaginary time evolution[29].
QAOA has been widely explored recently in large

sparse graphs, and spin glasses [30], in particular in
Sherrington-Kirkpatrick (SK) model of spin glass [31],
on MaxCut problems [32] in both software and hard-
ware [33–35]. In addition to two-body interactions,
QAOA has also been applied to four-body interactions,
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such as the low autocorrelation binary sequences (LABS)
problem [9].

Imaginary time evolution, otherwise known as Wick
rotation [36], connects Euclidean and Minkowski space
by performing an analytical continuation from real to
imaginary time (see figure 6.1 from [37]), and has been
used extensively in auxiliary field diffusion Monte Carlo
studies [38–40]. This approach exponentially improves
the overlap towards the ground state when applied to
an initial state with non-zero overlap with the ground
state. Since it is a non-unitary operation, implementing
it on a quantum computer is not trivial, and there has
been several approaches in the literature. One approach
is to find equivalent unitary evolutions, with appropriate
quantum measurements and classical computations, such
as in variational imaginary time evolution [21, 41, 42]
where a fixed ansatz is updated to follow McLachlan’s
variational principle. Another approach discretizes the
imaginary time evolution and approximates each step by
a unitary constructed through tomography [22, 43, 44].
These methods require classical processing and multiple
measurements during the time evolution which scale with
both system and length of time. Other methods such
as block-encoding schemes [45–47], encode the desired
non-unitary operation in a bigger unitary matrix, which
can then be implemented with ancilla qubits and post-
selection. Recently an exact block-encoding scheme for
discretized imaginary time evolution, based on unitary
Restricted Boltzmann Machines (RBM), has been pro-
posed [29] (for similar recent implementations see [24]).

Here we utilize this imaginary time evolution block en-
coding (ITE-BE) scheme of the first order Trotter de-
composition, to implement imaginary time evolution in
solving classical optimization problems such as MaxCut.
We also implement a new parametrization that allows
to correct for failed post-selection when the initial state
is in the traverse state. We find that ITE-BE is ben-
eficial in providing solutions to MaxCut, and also as a
boosting technique to improve other methods such as
QAOA. In Sec. II we define the MaxCut problem, QAOA
and the block encoding method ITE-BE. Then, we pro-
ceed to perform numerical evaluations of these methods
in Sec. III. In Sec. IV we summarize our findings and
discuss their implications.

II. PRELIMINARY

A. The MaxCut Problem Definition

In this work, we focus on the MaxCut problem for
a given undirected graph G = (V, Ẽ), where V =

{1, . . . , N} represents the set of vertices, and Ẽ =
{(⟨j, k⟩, wjk)} denotes the set of edges with non-negative
weights wjk ≥ 0 associated with the edge connecting ver-
tices j and k. The objective of this problem is to partition
vertices of graph G into two disjoint subsets such that
the sum of weights of the edges linking the two subsets

is maximized.
To solve the MaxCut problem, one approach is to for-

mulate it as an integer quadratic programming problem,
where the goal is to find a solution s⃗ ∈ {−1,+1}N that
maximizes the cost function

C(s⃗) =
1

2

∑

⟨j,k⟩∈Ẽ

wjk(1− sjsk). (1)

Here, the solution s⃗ defines a partition of the graph G,
with each node j is labeled by sj ∈ {−1,+1} indicat-
ing which of the two subsets it belongs to. Approxima-
tion algorithms, such as the Goemans-Williamson algo-
rithm [12], are employed to find near-optimal solutions
efficiently. The Goemans-Williamson algorithm gives the
highest known approximation ratio of r ≈ 0.87856 among
all other classical algorithms for generic graphs [12],
while the bound becomes r ≈ 0.9326 for u3R graphs [48],
where r = C(s⃗)/Cmax and Cmax is the maximum total
cost of the cut.
Quantum computing-based methods can also solve the

MaxCut problem, which are designed to search for a
quantum state that maximize the quantum cost function
−⟨HC⟩. The diagonal Hamiltonian HC for the MaxCut
problem on graph G is given by

HC = −
∑

⟨j,k⟩∈Ẽ

wjk

2
(I − ZjZk), (2)

where I is identity operator for N qubit Hilbert space,
Zj and Zk are Pauli-Z operators acting on qubits cor-
responding to vertices j and k. Ideally, we expect the
quantum algorithm to return a quantum state |ψ⟩ as a su-
perposition of computational basis |z⃗⟩, where z⃗ ∈ {0, 1}N
is a binary string representing a solution of the problem.
In this context, each state |z⃗⟩ is an eigenvector of ZjZk

with eigenvalue ±1 for any edge ⟨j, k⟩, and the quantum
cost function C(z⃗) = −⟨z⃗|HC |z⃗⟩ has a similar structure
to the classical cost function C(s⃗) in the integer quadratic
programming problem.

B. Quantum Approximate Optimization Algorithm

The Quantum Approximate Optimization Algorithm
(QAOA) is a parameterized quantum algorithm designed
to tackle general combinatorial optimization problems,
including MaxCut. A p−level QAOA utilizes two pa-
rameterized unitary operators, U(γ) = e−iγHC and
U(β) = e−iβHB , to construct a wavefunction for the
graph G = (V,E),

|ψ(β⃗, γ⃗)⟩ = e−iβpHBe−iγpHC . . . e−iβ1HBe−iγ1HC |+⟩⊗N .
(3)

Here, HB =
∑N

j=1Xj is called the mixing Hamiltonian,
where Xj are Pauli-X operators acting on qubit j. The
expectation value of HC can be obtained by repeated



3

j • •

k

RZkXa
(2Wjk)





|ψ⟩

|0⟩a RXa
(2sjkWjk) |0⟩a

(a) RBM inspired block encoding requires post-selection
of the ancillary qubit on |0⟩.

|+⟩j • •

|+⟩k
RZX(2W ′

jk)

|0⟩ Rx(π/2) •

(b) Conditional operation based on the ancilla qubit for
the physical initial state |+⟩j ⊗ |+⟩k removes the need for

post-selection.

FIG. 1: Block-encoding-based circuit implementations for the imaginary-time propagator e−τwjkZjZk/2 with (a) a
generic input state |ψ⟩ and (b) the input state |+⟩j ⊗ |+⟩k. Circuit parameters are given in Eq. (8) and Eq. (A4).

These block encodings can be applied for a generic Pauli string propagator e−K
∏

i σi .

measurements of the quantum system in the computa-
tional basis,

⟨HC(β⃗, γ⃗)⟩ = ⟨ψ(β⃗, γ⃗)|HC |ψ(β⃗, γ⃗)⟩ =
∑

z⃗

Pr(z⃗)⟨z⃗|HC |z⃗⟩,

(4)
where Pr(z⃗) is the probability of measuring the compu-
tational basis state |z⃗⟩.
To find the optimal parameters (β⃗, γ⃗), one typically

starts from an initial guess and then performs numeri-

cal optimization to maximize ⟨HC(β⃗, γ⃗)⟩ using feedback
from the quantum computer. This iterative process con-
tinues until the maximum cost function value is found. A
good choice of initial parameters can significantly reduce
the computational cost of optimization. Heuristic strate-

gies have been proposed to optimize ⟨HC(β⃗, γ⃗)⟩ with

respect to parameters (β⃗, γ⃗) using a good initial guess
[34]. Moreover, instead of searching on an instance-by-
instance basis, the optimal parameters can be determined
in advance for some special cases, including p ≤ 8 QAOA
for Sherrington-Kirkpatrick (SK) model [31] and p ≤ 17
QAOA for MaxCut on large-girth D-regular graphs [49].
These values have been adopted in some software pack-
ages for QAOA simulation such as QOKit from JPMorgan
Chase [50].

C. ITE-BE Method

Imaginary-time evolution (ITE) is a widely used ap-
proach to determine the ground state of a Hamilto-
nian H, by evolving the quantum system through the
imaginary-time propagator

|ψ(τ)⟩ = e−τH |ψ(0)⟩ , τ > 0. (5)

As long as the initial state |ψ(0)⟩ is not orthogonal to the
ground state and τ is sufficiently large.

The ITE method can also be applied to classical op-
timization problems if the classical cost function can be
expressed as the expectation value of a problem Hamil-
tonian. For example, the ITE method can solve the

MaxCut problem by finding ground states of Hamilto-
nian HC , which maximize the MaxCut cost function. In
this case, the imaginary-time propagator is given by

e−τHC = eτ
∑

⟨j,k⟩
wjk
2 Ie−τ

∑
⟨j,k⟩

wjk
2 ZjZk . (6)

Here, eτ
∑

⟨j,k⟩
wjk
2 I is a global phase factor that can be

ignored, and the second term can be exactly decomposed
as

e−τ
∑

⟨j,k⟩
wjk
2 ZjZk =

∏

⟨j,k⟩
e−τ

wjk
2 ZjZk , (7)

which does not incur Trotter error because all ZjZk oper-
ators in the sum on the left-hand side commute with each
other. Therefore, we can choose a sufficiently large time
step τ to ensure convergence. Since each term on the
right-hand side is non-unitary, we implement them us-
ing a block-encoding-based method proposed in Ref. [29].

The circuit block for e−τ
wjk
2 ZjZk is shown in Fig. 1a, and

the parameters in the circuit block can be determined
analytically by

Wjk =
1

2
cos−1 [exp(−|τwjk|)] ,

sjk = sign(Wjk).
(8)

In this approach, data will be discarded unless the ancilla
qubit is measured to be |0⟩. If the input state to a cer-
tain circuit block is |+⟩j ⊗|+⟩k, we can modify the block
encoding parameters to deterministically apply the imag-
inary time propagator, see Fig. 1b. In particular, the last
CNOT gate could “fix”the data qubit if ancilla is mea-
sured to be |1⟩, so no post-selection is needed for this
circuit block. We refer readers to Appendix A for fur-
ther details. For a given undirected graph G = (V,E),
the ITE-BE method requires |V | + 1 qubits if reusing
ancilla qubit for each block in Fig. 1 and a circuit with
O(|E|) depth according to Eq. (7).
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III. PROTOCOLS AND EVALUATION

In this section, we design two protocols built upon the
imaginary-time evolution to solve the MaxCut problem.
The first protocol is a purely ITE-BE method starting
with initial state |+⟩⊗N . In this case, we adopt the circuit
shown in Fig. 1b for the first layer, which improves the
post-selection rate, and apply the circuit in Fig. 1a for
the subsequent layers. The second protocol starts with
the QAOA circuit, followed by ITE-BE, see Fig. 2. In
essence, this method uses a QAOA circuit to prepare an
initial state with a non-minimal overlap with the ground
state. Then, the state is evolved through ITE-BE to
significantly enhance the overlap.

Both methods can be applied to general settings. As
proof of concept, we numerically evaluate the perfor-
mance of these protocols on unweighted 3-regular (u3R)
graphs with vertex number 6 ≤ N ≤ 12. We finally re-
port the 99.7% uncertainty intervals for approximation
ratio r, the probability of obtaining the optimal solution
popt = Nopt/Ntot and the post-selection rate. Here, Ntot

is the number of measurements made on data qubits af-
ter the post-selection of the ITE-BE method, and Nopt

is the number of times one of the optimal solutions is
obtained. Both metrics estimate the average quality of
an algorithm, but popt is more conservative because it
directly reflects the algorithm’s ability to find exact so-
lutions. The post-selection rate denotes the success rate
of the block encoding procedure, which is the probability
in getting all |0⟩ state for the ancilla qubits.

A. ITE-BE Only

Our first method is purely based on the imaginary time
evolution. Since all ZjZk terms commute in the sum on
the left-hand side of Eq. (7), we can rearrange the or-
der of multiplication on the right-hand side of the same
equation and separate them into two parts V1 and V2.

For the first part, we define V1 =
∏

⟨j,k⟩ e
−τ

wjk
2 ZjZk us-

ing edges ⟨j, k⟩ that form a maximal matching in the
graph, i.e., a set of disjoint edges without common ver-
tices that includes as many nodes as possible. All imagi-
nary propagators in V1 can be implemented by the circuit
with correction shown in Fig. 1b when the protocol starts
with initial state |+⟩⊗N . The second part consists of all
remaining edges in the graph, and they can be only im-
plemented using the circuit in Fig. 1a as the input state of
each block is no longer |+⟩j⊗|+⟩k. We have verified that
this choice enhances post-selection success. To reduce the
overhead of this approach, ancilla qubits for each block
can be reused by performing mid-circuit measurements
and resetting them to |0⟩. In this case, the current shot
terminates and a new shot begins if any of the ancilla
qubits in the second part is measured to be |1⟩. All data
qubits are measured only after all circuit blocks for the
imaginary time propagator e−τHC have been executed.

We then apply this method to solve the MaxCut prob-
lem on 100 randomly u3R graph instances generated by
networkx Python package with fixed N , where wjk = 1
for any j, k in edges E and each node is connected exactly
to three other nodes. The imaginary time τ is varied from
0 to 2 which allows us to observe how the results evolve
until they are sufficiently close to the ideal solutions. For
each τ , we run the ITE-BE circuit with 105 shots for each
individual graph and calculate the approximation ratio,
the probability of obtaining the optimal solution, and the
post-selection success rate using data from successful ex-
ecutions. We repeat this process 10 times to accumulate
enough samples and reduce statistical fluctuations. Fi-
nally, we exclude graphs with at least one overall failure
(i.e., all 105 shots discarded) in 10 repetitions, and re-
port 99.7% uncertainty intervals of above three metrics
in Fig. 3. All quantum circuits were simulated with the
AerSimulator backend provided by the Qiskit Python
package [52].
Our simulation shows that, as expected, both the ap-

proximation ratio r and the probability of obtaining op-
timal solutions popt increase monotonically with imagi-
nary time τ across all graph sizes and eventually saturate
near the optimal value of 1.0 as τ approaches 2. Mean-
while, the post-selection success rate decreases exponen-
tially with τ , which is consistent with the prediction in
Ref. [29]. Such behavior is typical of repeated applica-
tions of block encoding due to the post selection probabil-
ity being less than 1. If one chooses to employ a separate
auxiliary qubit per Pauli string in the Hamiltonian, and
post select at the end of all propagator applications, then
one can resort to amplitude amplification [53] to improve
the post-selection rate. In addition to the increased cost
in terms of the number auxiliary qubits, this additional
step would also increase the overall circuit depth. We
note that smaller graphs converge more quickly to the
ground state and exhibit higher post-selection success
rates compared to larger graphs due to fewer terms in
the Hamiltonian.
Further analysis shows that for bipartite graph, the

ITE-BE method shows a faster convergence to the ground
state and higher success rate compared to non-bipartite
graphs of the same size. As a result, we do not consider
bipartite graphs in Fig. 3 and provide a detailed inves-
tigation of the ITE-BE method on MaxCut problem for
them in Appendix B.

B. QAOA + ITE-BE

Our second method combines the QAOA with the
imaginary time evolution (see Fig. 2). In the first part of

the protocol, we directly use near-optimal values (β⃗, γ⃗)
presented in Ref. [49] without any further training of
QAOA to prepare an input state for the ITE-BE part.
The QAOA output state has a higher overlap with the
ground state than the standard equal superposition state
|+⟩⊗n. As such we expect this protocol to improve the
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Prepare input state with QAOA Imaginary Time Propagator for E edges

|+⟩

e−iγ1HC

Rx(β1)

e−iγpHC

Rx(βp)

exp(−τ wjk

2 Zj1Zk1) exp(−τ wjk

2 ZjEZkE
)

|+⟩ Rx(β1) Rx(βp)

...
· · · ...

· · · ...

|+⟩ Rx(β1) Rx(βp)

|0⟩ |0⟩ |0⟩ |0⟩

FIG. 2: The protocol of QAOA+ITE-BE method with a p−level QAOA circuit state preparation for ITE-BE rather
than using the equal superposition state |+⟩⊗n.
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FIG. 3: The averaged approximation ratio r, probability of obtaining optimal solution popt, and the post-selection
success rate for randomly generated unweighed 3-regular graphs within three standard deviations of the mean for

ITE-BE method. Here, the approximation ratio starts from 0.5 at τ = 0, which is expected according to
Section 6.2.1 of Ref. [51]. This method guarantees convergence to the optimal solution, while the post-selection

success rate decays exponentially. The convergence becomes slower and the success rate decreases when the problem
size N increases.

post-selection success rate in the subsequent ITE-BE
part. In the second part, we apply the ITE-BE method to
further search for the optimal solution, where each imag-
inary time propagator for edge ⟨j, k⟩ is implemented by
the circuit block in Fig. 1a. To implement the overall
protocol for a given undirected graph G = (V,E), we
could reuse ancilla qubits for each circuit block in the
ITE-BE part such that only |V | + 1 qubits is required.
The data qubits are measured only after all circuit blocks
have been executed. Also, the circuit depth of e−iγkHC

in state preparation is O(|E|), so the circuit for overall
protocol has O(p|E|+ |E|) depth.
In order to evaluate its performance, we apply this hy-

brid approach to solve the MaxCut problem on the same
set of randomly generated unweighted 3-regular(u3R)
graph instances as in Sec. III A, following the same set-
tings. We report the 99.7% averaged uncertainty interval
for the averaged approximation ratio r, probability of op-
timal popt and post-selection success rate as a function of
imaginary time τ for graphs with N = 12 and different
QAOA levels in Fig. 4.

Similar to the pure ITE-BE results, both r and popt
increase monotonically with time τ , and the final results

always converge to the ground state at τ ∼ 2 regard-
less of the QAOA level. Also, the post-selection success
rate decays exponentially with τ , but this trend is inde-
pendent on the QAOA level. These observations suggest
that a shallow QAOA+ITE-BE circuit with a lower p
and a large τ is sufficient to obtain the optimal solu-
tion. Additional results for graphs with N = 6, 8, 10 lead
to the same conclusion, and the data can be found in
Appendix C. For bipartite graphs, this method demon-
strates rapid convergence and high success rate which
eventually reach a plateau. We do not consider bipar-
tite graphs in Fig. 4, but study the performance on Ap-
pendix B.

It is worth noting that at τ = 0, the imaginary time
propagator does not act on the input state. Thus, the
values of both r and popt at τ = 0 reflect the perfor-
mance of p−level QAOA with near-optimal parameter
values from Ref. [49]. As shown in Fig. 4, the QAOA
output state achieves a higher approximation ratio but a
lower probability of obtaining optimal solution. This be-
havior indicates that the QAOA output state is a super-
position of the ground state and multiple excited state,
|ψ⟩ = ∑

j cj |z⃗j⟩. The presence of excited states lead to a
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FIG. 4: The averaged approximation ratio r, probability of obtaining optimal solution popt, and the post-selection
success rate within three standard deviations of the mean for the QAOA+ITE-BE method. Here we use p−level
QAOA circuit for state preparation, where p = 4, 6, 8, 10, 12. The QAOA input state leads to faster convergence of
ITE-BE and a post-selection rate that is one order of magnitude higher than using an equal superposition state to
solve same graph for p = 12. As comparison, we show the results from purely ITE-BE method labeled as p = 0 in
above figures, which indicates that the ITE-BE has faster convergence to the optimal solution and nearly 10 times

higher post-selection rate when using p-level QAOA input state.

lower popt, but their total contribution to the cost func-
tion ⟨HC⟩ is significantly smaller than that of the ground
state, which results in a high approximation ratio. We
can conclude that parameter values in Ref. [49] are tuned
to maximize r rather than popt, and the ITE-BE layer
significantly enhance performance of QAOA to achieve a
higher popt while also improving r.
Another interesting comparison can be made on the

post-selection rate as function of the initial state. Not
only does the ITE-BE method improve the results of
QAOA, but also the intitial state provided by QAOA in-
creases the post-selection rate with respect to the |+⟩⊗n.
Indeed, for τ = 2 and N = 12 the post-selection rate
increases by about an order of magnitude.

IV. CONCLUSION AND OUTLOOK

In this paper, we propose two quantum algorithms
based on the block-encoding implementation of the imag-
inary time evolution propagator (ITE-BE) and evalu-
ate their performance on the MaxCut problem. We
conduct numerical simulations on randomly generated
unweighted 3−regular graphs with vertex number from
N = 6 to N = 12. Using circuits with N qubits and
O(|E|) depth, our results show that both ITE-BE based
methods converge to the ground state when the imagi-
nary time τ is sufficiently large. This performance sur-
passes that of the QAOA algorithm. In comparison to
classical MaxCut solvers, current semi-definite program-
ming approaches can solve dense graph instances (den-
sity up to 0.9) for up to N = 100 nodes (BiqMac [54])
or N = 180 nodes (BiqBin [55]). Moreover, modern lin-
ear programming solver can handle sparse graphs with
hundreds or thousands of nodes [56], and even more than
N = 10,000 nodes (McSparse [57]). Thus, demonstrating

quantum advantage would require access to more than
100 qubits. However, the guaranteed convergence of the
ITE-BE based methods still indicates their promising po-
tential for solving MaxCut problems on large graphs.
The success of QAOA+ITE-BE method emphasizes

the importance of concatenating quantum algorithms in
order to boost overall performance and overcome indi-
vidual limitations. When preparing the initial state with
a p−level QAOA for the ITE-BE layer, our results show
a faster convergence of ITE-BE to the optimal solution
and a post-selection rate that is an order of magnitude
higher than using |+⟩⊗n as initial state. The result
of QAOA+ITE-BE also reveals a trade-off between the
QAOA level p and the imaginary time τ , namely, one
can choose a lower QAOA level with a large τ to en-
sure convergence using a shallow circuit, or choose higher
QAOA level to have quicker convergence with higher
post-selection rate. Moreover, integrating QAOA with
the ITE-BE method also benefits QAOA, as it avoids
the need for additional training of QAOA with near-
optimal parameters to achieve better accuracy. Instead,
the subsequent ITE-BE layer enhances the result with
only O(|E|) circuit depth, where |E| is the number of
edges in the graph. This improvement is particularly sig-
nificant when solving MaxCut on large graphs.
Our work focuses mainly on the MaxCut problem, but

the principle of both the ITE-BE and QAOA+ITE-BE
methods can be applied to other combinatorial optimiza-
tion problems such as the Traveling Salesman problem or
the Knapsack problem. The practical application of these
methods is limited by the exponential decay in post-
selection success rates with increasing imaginary time τ
and graph size N . Therefore, developing methods to im-
prove the post-selection success rate or enhance the con-
vergence speed is a crucial research direction we leave for
exploration in future work. By solving this challenge with
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advanced algorithm designs, we will be able to realize the
full potential of imaginary time evolution on optimization
problems and achieve practical quantum advantage.
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Appendix A: ITE Parameters

We provide here the general form of the ansatz for a
single qubit (the same analysis applies to n-qubit Pauli
string),

e−τKσr = N⟨0a|e−i(cσx
a+Wσrσ

x
a)|0a⟩, (A1)

where W is the coupling between ancilla qubit a and
the target qubit r. For a generic initial state, |Ψ⟩ =
α|0⟩+β|1⟩ with |β|2 = 1−|α|2, the ratio of the probability
to measure |0a⟩ versus |1a⟩ is,

P (0a)

P (1a)
=

∣∣∣∣
α cos(c+W ) + β cos(c−W )

α sin(c+W ) + β sin(c−W )

∣∣∣∣
2

. (A2)

In [29], the values of the parameters are,

N = exp(|τK|)/2,

W =
1

2
cos−1 [exp(−2|τK|)] ,

c =Ws, s = sign(K).

(A3)

When post-selection fails, one must repeat the opera-
tion. However, for special cases, one can correct instead
of re-starting computations. For instance, instead of the
parameters in the (A3), we can use the following param-
eters,

N =

√
e4τK + 1

2
√
e2τK

,

W = tan−1
(
e2τK

)
− π/4,

c = π/4.

(A4)

The state post operation is,

U(|Ψ⟩ ⊗ |0a⟩) =
1√

e4Kτ + 1
(α|0⟩+ βe2Kτ |1⟩)⊗ |0a⟩

− ie2Kτ

√
e4Kτ + 1

(α|0⟩+ βe−2Kτ |1⟩)⊗ |1a⟩.
(A5)

Thus, when the ancilla is measure in the |0a⟩ state, the
desired operation is performed in the system qubit, and
when the ancilla is measure in the |1a⟩ state, the oppo-
site operation is performed. If α = β, we can flip the
amplitudes with a CX gate, effectively correcting post-
selection, and no measurement is required. The ancilla
can be reset for re-use.

Appendix B: The MaxCut Solution of Bipartite
Graphs

During the process of data analysis, we observe that
both ITE-BE methods converge more quickly for some
graphs than for others in our sample. Moreover, these
graphs have higher post-selection success rate compared
to other graph with same size, and the success rate
reaches a plateau after a certain imaginary time τ . To un-
derstand the conditions under which the ITE-BE method
converges more quickly, we compute the spectra of both
the adjacency matrices and Hamiltonians of these spe-
cial graphs. We found that the minimum eigenvalue of
the adjacency matrices of these graphs is −3, which is a
characteristic feature of unweighted bipartite 3−regular
graphs. In addition, the minimum eigenvalue of their
Hamiltonian HC is given by (3N2 − 1)/2, where 3N

2 is the
total number of edges in a 3−regular graph. This implies
that the MaxCut solution is a partition where all edges in
the graph connect the two parts of the partition. These
observations conclusively identify the special graphs as
bipartite 3−regular graphs.
To verify whether the ITE-BE method converges

quickly on other bipartite 3-regular graphs, we randomly
generate 40 instances of bipartite graphs with 6 ≤ N ≤
12 nodes, and solve the MaxCut problem using both ITE-
BE and QAOA + ITE-BE methods. The numerical sim-
ulation setting and data analysis process are consistent
with those described in the main text. The results are
shown in Fig. 5 and Fig. 6.
It is worth noting that any bipartite graphs with non-

negative weights and only one connected component, the
solution to the MaxCut problem is unique up to a “flip-
ping” of all vertices and corresponds to the bipartition
of the graph. This is because, in a bipartite graph, all
edges connect vertices from one part to the other, so the
total weight of the edges crossing the bipartition is max-
imized and cannot be increased further. In this case, the
MaxCut solution can be found using classical algorithms
such as breadth-first search (BFS) or depth-first search
(DFS) with linear time complexity O(V + E).

Appendix C: QAOA+ITE-BE Results for Graphs
with 6, 8, 10 Nodes

In this appendix, we show the results of the
QAOA+ITE-BE method on u3R graph instances with
N = 6, 8 and 10 in Fig. 7. Due to the optimal param-
eters for QAOA, at τ = 0, the approximation ratio is
already above 0.9 and further improves with ITE-BE.
The popt at τ = 0, on the other hand, is smaller in value
and decreases significantly as the system become larger,
compared to approximation ratio, for the optimal QAOA.
The application of the ITE-BE layer increases the overlap
with the ground state, as expected.
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FIG. 5: The averaged performance of pure ITE-BE method on 40 randomly generated bipartite 3−regular graphs
for N = 6, 8, 10 and 12. The ITE-BE method converges faster than non-bipartite graphs and the success rate

reaches a plateau after imaginary time τ ∼ 0.6.
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FIG. 6: The averaged performance of QAOA+ITE-BE method on 40 randomly generated bipartite 3−regular
graphs for N = 6, 8, 10 and 12. In this case, the QAOA initial state is very close to the optimal solution so the

ITE-BE method have only smaller improvement. The success rate reaches a plateau after imaginary time τ ∼ 0.4.
The p = 0 curves give the results from purely ITE-BE method on same bipartite graphs.
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FIG. 7: The averaged performance of QAOA+ITE-BE method on 100 randomly generated u3R graphs for
N = 6, 8, 10. The ITE-BE layer further enhances the performance of QAOA especially for large graphs. We also

show results obtained from purely ITE-BE method (p = 0) on same u3R graph instances as a comparison.
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