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QUALITY CHANCES, CONSUMER'S SURPLUS, AXND HEDONIC PRICE INDICES®
W. MICHAEL HANEMANN

I. The Standard Welfare Analysis of Price Changes, - II. Consumer's
Surplus Measures for Quality Changes, - III. Bedonic Price Index

Theory, - IV. Conclusions, -~ Appendix, .

A common problem in cost-benefit analysis and other types‘of applied
welfare analysis is to evaluate the effect of price changes on a consumer's wel-
fare using data on observed consumption cheices. There are two approaches {0 the
solution of this problem. One is based on the Marshallian concept'of consumer’'s
surplus and the evaluation of areas under ordinary demand curves.  The other is
based on price index theory and the computation of weighted price ratios. Over

the last 30 years, following the pioneering work of Houthakker (1951-52) and

Lancaster (1966), there have been several attempts to extend the ecomomic theory
,0? consumer behavior to allow for differences in the quality of commodities and
totexplaiﬁ choices among alternative qualities. The corresponding preblem in
applied welfare analysis is to evaluate the effect of a quality change on a con-
sumer's welfare using data on observed consumption choices. The proﬁlem arises
in many different contexts, including the estimation of the benefits to recrea-
tionists from changes in water quality at recreation sites, and the evaluation
of govermment programs which regulate product quality., It has been approached
in terms of both areas under demand curves (Stevens, 1966) and price indices
calculated from "hedonically adjusted” prices (Adelman and Griliches, 1961,
and, before that, Hofsten, 1952, and Court, 1939),

The purpose of this paper is to analyze systematically these two approaches
to the welfare economics of quality change acd to compare them with each other,
and with the correspending approaches to the welfare economics of price changes.

The questions addressed here include the following, Do the conditions under

which the standard Marshallian consumer's surplus weasgire provideés dn accurate
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indication of the welfare effects of a price change carry over to the consumer's

surplus measure of quality changes? For price changes, without imposing any

restrictions on the form of the utility function, one can always obtain bounds
on the magnitude of the welfare change from observable data via the Laspeyres
and Paasche price indices; do similar bounds exist for hedonic price indices?
Does the hedonic price index approach to measuring the welfare effects of
quality change provide any significant practical advantage over the consumer's
surplus approach?

In considering the consumer's surplus approach to quality change, it is
useful to distinguish between the circumstances under which this provides an
accurate indication of the direction in which the consumer's welfare changes,
and those under which it prévides an accurate indication of the magnitude of
the welfare change. A basic result, established by Maler (1974) is that if
there are one or more commadities which are "weakly complementary' with the
'quglity variables which change (as defined below), the true cowmpensating or
equivalent variation for the quality change can be represented as the difference
between the areas under the compensated demand functions for the complementary
goods evaluated at the old and the new quality levels. It follows that the
difference between the areas under the corresponding ordinary demand functions
—-the Marshallian measure-—correctly measures the magnitude of the true welfare
change if the complementary goods have zero income elasticities of demand. Tt
iz shown that, if the complementary goods have the same income elasticity of
demand which is independent of their prices and the quality variables, the Marshallian
measure correctly indicates the direction, but net necessarily the magnitude,
of the welfare change. 1If the complementary goods have the same income elasti-
city of demand, not necessarily independent of prices or qualiry variables, the

Marshallian quantity is path independent but it need not provide a correct



welfare analysis of price changes. The last result involves a conditiom which
turns out to be eguivalent to a "demand interdependence" assumption invoked by
Bradford and Hildebrande (1977) and Willig (1978}, who claim that it leads to
an equality between Marshallian consumer's surplus and the true willingness
to pay for marginal quality changes. This claim is questioned--it is shown
to hold only at the point of zero quality change. However, it is shown that
i1f the complementary goods are all normal (inferior), this condition ensures
that the Marshallian measure is an upper (lower) bound on the true measure of
welfare change.

The theory of hedonic price indices has evolved independently of the
consumetr's surplus analysis of quality changes. However, it is shown that,
as with price changes, the two approaches are in principle equivalent, There
is one important difference between price and quality changes. For hedonic
price indices, there is nothing similar to the Laspeyres and Paasche bounds
of étandaré price index theory which can be applied without imposing any
testrictions on the form of the utility function. The two main contributions
to hedonic price index theory are those of Adelman and Griliches (1961) and
Willig (1978). Adelman and Griliches develop hedonic price indices which can
be calculated without restricting the form of the utility function; but it is
shown that their indices do not lead to any useful bounds on the direction
or magnitude of welfare change. It is shown that Willig's approach leads
to a set ¢of hedonically adjusted prices which, if they coﬁld be calculated,
would provide bounds on the true welfare change without requiring any restric-
tions on the form of the utility function. However, these hedonically adjusted
prices cannot be calculated from observable consumption data unless the utility '
function satisfies the "interdependent demand” condition meationed above,

Moreover, I show that with the special types of utility function for which the



hedonically adjusted prices can be easily calculated, it usually turns out

that the true compensating or equivalent variations for the quality change

can be computed directly from the observed demand functions. 1 conclude,
therefore, that the hedonic price index approach does not possess any signif-
icant advantage in practice over the consumer's surplus approach to evaluating
the welfare effects of a quality change.

This paper is organized as feollows: Section I contains a brief summary
of the standard welfare theory of price changes, ewphasizing those aspects
which carry over to quality changes. Section II examines the consumer's
surplus approach to the welfare theory of quality changes, and Section IIT
examines the hedonic price index approach. The conclusions are summarized

in Section 1IV.



1. THE STANDARD WELFARFE ANALYSIS OF PRICE CHANGES

In the standard neoclassical utility model an individual consumer faces
a fixed vector of prices, p, has a fixed income, y, and chooses a consumption
vector, %, by maximizing a quasiconcave utility function, u(x), subject to a
budget constraint., This yields a set of ordinary demand functions, hi {p, ¥v)3
the Lagrangean multiplier, A (p, y); and the indirect utility function, v (p, y) =
u {h{p, ¥}]. The dual problem is to minimize the expenditure required to attain

a given level of utility. This leads to a set of compensated demand functions,

gi(p, u); the Lagrangean multiplier, u (p, u); and the expenditure functiom,

m (p, u) £ 1 Py gi (p, u). Suppese that the consumer's income changes from

YO to yl, while prices change from p0 to pl. Let J be the index set for the

- 1 1
prices which change and J its complement, so that pO = (pg, pj) and p = (pj, pj)e

0 -
Accordingly, the consumer’s welfare changes from u = V(po, yo) to ui = v(pl, yl)‘

Let Ay = yl - yO and Au - u1 - uo. A monetary measure of the effect of the

change on the consumer's welfare is the compensating variation, C, defined
1

implicitly by v (pl, y —-C}=vw (po, yO) or, equivalently, by
C = yl - m (Pl, uo) = Ay + c? (1)

where pO E

P - 0
c¥ o=
( z gy {(p, u’) dpi,

1
P

the line integral being path independent. An alternative measure is the equiva-
. . . . 1 1 0 0
lent variation, E, defined implicityly by v (p7, y) =v {p , ¥y + E) or,
equivalently, by
0 1 0 p
E=m(p,u) -y =0y +E. (2)

These are two senses in which the quantities C and E can he regarded as

welfare measures. As is well known, they both provide a correct indication

of the direction in which the copsumer's welfare changes, since
girection B



sign (Ju) = sign (C) = sign (E).
A rore interesting question is whether the magnitude of C or E has any normesivo

significance. The question has been answered by Willig (1976) and Maler (197%)
using two arguments. (1) A necessary condition for the Kaldor-Hicks criterion

to be satisfied is that the aggregate of the individual C's be positive while,

if the aggregate of the individual E's is positive, this is a sufficient condition
for the Scitovsky criterion to be satisfied. 1If some individuals gain from the
change but others lose, one needs to know the magnitude of the individual C's

or E's in order to apply these criteria. (2} Suppose there is a Bergsonian so-

cial welfare function, W = W (ul, acay uH),where uh is the utilitv of the hth

1 H

individual. This social welfare function can also be written as W (7, ..., t )
where th(u) I m (po, uh) = Eh + yOh. The change from (po, yG)h to (pl, yl)h
induces a change in soclal welfare amounting to AW = T wh th = I Wh Eh, where Kh

is the derivative of W{+*) with respect to its Ath argument., Therefore, the
magnitude of the individual £Ms matters.t
In applied studies, welfare evaluations are often based on the Marshallian

measure of consumer’'s surplus involving areas under ordinary demand functions,

S =ty + ST, where

sP = [ I e (p, vO) dp. . (3)

There has been a long debate on the adeguiey of 5P as a welfare measure,

focusing on three main issues: (1) whether the line integral in (3) is path
independent; (2) whether Sp correctly indicates the dirvection of welfare
change~-i.e., whether sign (Sp) = aign (Cp); (3) whether SP correctly measures

, B P2 .
the magnitude of welfare change--i.e., whether 5 = (. The resolution of

these issues involves three different assumptions about the nature of



Table L. Assumptions Employed in the Welfare Analysis

of Price Changes

Assumption T.
(a) The ratio (Vi/vﬁ) is independent of y for all i, i € J.
) v (p, v) =T W (p, py7)» P3s ¥1.

{c) The income elasticities of demand for all the goods in J are

the same.

Assumption II
(a) A{p, y) is independent of Py
) vip, ¥) = ¢lpy, p3) + ¢lp3, ¥

{c) The income elasticities of demand for all the goods in J are

the same, and are independent of Py

Assumption II1
(a) Ap, y) is independent of (ps, y).
(6) vip, y) = ¥lpy, py) +y ° ¢py).

(c¢) The income elasticities of demand for all the goods in J are

Zero .




(11) and (I1%), {(a) and (%) are equivalent, and each implies (¢}; the converse
is not true, however, if J contains more than one element. The status of sP as
a welfare measure can be summarized as follows —- it will be shown in the next
section that analogous results hold for the welfare analysis of quality
changes:

PROPOSITION 1: 1If assumption {IIIc) holds, then s? = Cp, and S° 1is path
independent.

" PROPOSITION 2: If assumption (ITa) holds, then sign (Sp) = gign (Cp}, and

SP is paﬁh independent.

PROPOSITION 3: If assumption(I}holds, then & is path independent, but
it does not follow either that SF = cP or that sign (Sp) = gign (Cp).
It should also be noted that, when assumption(1I)holds, ¢? can in principle
be constructed directly from the observed demand functions. Ia this case,
by Rov's lemma, the ordinary demand functions for the goods in J must have the

special structure

i . .
h™ {py ¥) = =¥ (py, pj)/dfi}, (py, ¥) i

1
L

(&)
If one recognizes the special structure of these ordinary demand functions,
by integration one can recover the functions ¥ (pJ, 93) and < (pj, v}, and

one can then calculate Cp from the formula

P o .. 0y 3
w\pi Pj)*’i(?jy yO*C):lb{PJ, Pg)‘*‘-(.ﬂ}a})- (5)

If agsumptions (I)or(I1})do not apply, there are two ways to perform
empirical welfarc evaluations. One is to apply Willig's (1976) well-known
approximation anzlysis, which uses sP to bound the true value of ¢, The
other derives from price index theory. For the change from {pe, yg) to
(pl, yl), the true cost-~of-living index is defined for some reference

urility level u as 7{u) = m (pl, u)/m (pG, u). Two naturazl indices are

T = ﬂ(uﬁj, which involves a welfare comparison like that underlying the
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compensating variation measure C, and ﬂE = ?(ul), which involves a welfare
comparison like that underlying E. When used to deflate money income, these

indices provide a correct indication of the direction of welfare change

since

_ ] 1
sign{’lu) = sign (g?~ yﬁ) = sign (gw— yo . (6)
C \"E

The magnitude of the change in real income has the same normative significance

as that of C or E since, from the definitions,

1
C = yl - yO m and E = %m - ye. (7}
E

Thus, welfare evaluations can be based on the compensating or equivalent varia-
tions and on the true cost-of-living indices with equal justification: all the
. . , . : . 4 .
information contained in the one concept is also encoded in the other. As is
well known, without imposing any restrictions on the utility function, one can
always place some bounds on the true welfare measures. This is usually done in
the context of the cost-of-living indices via the Laspeyres and Paasche price

indices, L = Z pl XO/Z pO xo and F £ £ pl xlfi pO xl, where xG = h (po, yo) and

il

xl = h (pl, yl}. The bounds are i.i,?c < L, where » = min (pi/@?)and

- - 5 | i
= ﬁE < A, where } = max (pij/pg). In terms of the compensating and equiva-
lent variations, the bounds are L (xl - xO) pl < C iryl - yo A and

(ylfi - yo) <E <L (xl - xo) pO. The question of whether similar bounds

exist for hedonic price indices will be examined in Section ITI.



IT. CONSUMER'S SURPLUS MEASURES FOR QUALITY CHANGES

I'4 e - =y
{2} Iniroiastion

The subject of this section iz the utility maximization model,

10t ¥y Bpsoeee bT) subject to X P, ®, =¥ (&)

The urility function, u (x, b), has the standard properties of a utilitry func-
tion with respect to x, but it alsc contains a vector of parameters b which
affects the consumer's well-being but is not the object of his choice and does
not explicitly enter his budget constraint.6 Several interpretations are pos-
sible. Following Maler (1974) and Bradford and Hildebrandt (1977), one can
interpret the components of b as the levels of supply of various public goods.
Following Fisher and Shell (1967) and Willig (1978), one can interpret them as
indicators of the quality of various goods. The latter interpretation can be
elaborated as follows. There are N commodities; and associated with each com~
modity is a particular price, P.s and a particular bundle of K attributes. Thus,
T = XK and b = {bik}' where bik is the amount of the kth attribute asscciated
with & unit of commodity i. ! In this case the utility model (8) is a generali-
zation of Lancaster's (1966) well-known model where the utility function takes

ciey, L X }. Finally, the utility

i
model (8) can be derived from a "household production” model of the form:

the special form, u (%, b) = u (? Xy bil’ 1 biK

max  u (zl,
x> 0

the components of b are parameters of the household production functions, zq(-};

ar ey ZQ) subject to zq = zq (x, b) and T P; X 5 Y. In this case

a change in b could represent, for example, a change in the technolegy of house-
hold production. For convenience, 1 shall adopt the second interpretation and
‘refer to the compenents of b as measures of commodity quality.

Following Maler, Bradford and Hildebrandt, and Willig—-but not Lancaster--

. 8 C .
I assume that the solution of (8} is an interior one. This yields a set of
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. : i R ) :
ordinary demand functions, h™ (p, b, v), the Lagrangean multiplier, 7 (p, b, v),

and the indirect utility function, v (p, b, ¥v) = v [h (p, b, v}, b}, ali of which
are functions of the full set of quality variables, b, as well as of prices and

income. The dual problem is min o PyoX; subject to u {x, b) = u. Again, assume

an interior solution. This vields a set of compensated demand functions,
i I .

g” {p, b, u); the Lagrangean multiplier, u (p, b, u}; and the expenditure func-
. - i . .

tion, m {(p, b, u) = ¥ P; 8 (p. b, u). Some properties of these functions are

described in the Appendix.
Within this framework, one can analyze the welfare effects of changes in

the components of b as well as in prices and income.  Suppose there is a change

from (po. bo, yo) to (P11 bl

from uG T v (po, bO, yo) to u

1 . -
, ¥ ). Accordinglv, the consumer’s welfare changes

1 }" yl); let fu = ul - uo. In this sec-

- 1
=v(p, b
tion I will focus on the consumer's surplus approach to measuring the change in

welfare; in Section IIT 1 will take uyp the price index approach. By analogy

with (1), 1 define the compensating variation measure of the welfare change, C,

- 0 0
by the implicit equation v (pl, bl, yl - C) = v (po, b", ¥7) or, eguivalently, by
- 1
C:}f“‘m(p,bsﬂ)
(9)
-y +cP+ P
where
Cpi‘ (PO) bl; UO) = m (i) ’ b > UG)
PO
.
= { i gl (p, bl, UO) dy
/ 1
I
and
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Thus, C is the sum of a compensaticn for the income change, Ly; a compensaticn
- . : wn PP . fe oa - ) S he R
for the price change, €, which is essentially the same as C° in the previous

: . =b . . s
section: and a compensation for the quality change, €, which is new. Similarly,

0 0

= 1 0 = .
I define the equivalent variation, E, by v (p°, b , ¥y ) =v (p , b, y + E} or by

- 1 8]
E=m ( » b s U ) -
P Y (10)
< Ay + B 4+ B
where
EP = m (}')0, bo, Ul) ~ ®H (Pl, boi Ul)
0
(P
= ze 6% uh
pl
and
Eb = m {pl, bO, ul) - m (Pl, bls Ul)-

The quantities C and E are welfare measures in exactly the same way as
the quantities € and E discussed in the previous section. First, their sign
indicates the direction in which the consumer's welfare changes, since

sign (Lu) = sign (C) = sign (E).
Second, one can make exactly the same arguments for the normative significance
of the magnitudes of C and E based on the Kaldor-Hicks and Scitovsky welfare

criteria or the social welfare function concept.

(b} Welfare Anclusis and dreas Urdor Demond Curves%
I now take up the question of whether the welfare measures C and E can
be approximated by areas under ordinary demand curves; for convenience, I focus
on C. Clearly, P can be approximated by the Marshallian quantity §p, defined
as in (3) but using the ordinary demand functions hi {p, b, yo); Propositions 1,

2, and 3 carry over directly to gpf Therefore the question is whether Eb can be



}

approximated by a sum of areas under ordinary demand curves, and whether analogues

of Propositions 1, 2, and 3 exist for this approximation.
The first step is to relate C to areas under compensated demand curves;

MHler (1974} was the first to show how this could be done. For the sake of

generality, let R be the index set for the domponents of b which change and R

| - i
its complement--i.e., K = {ribi # b?} and R = {ribi = b?]* The vector b 1is partitioned
ordingly: b = (b bx). Let B_ = b {b. = 0O bo + (1 - &) b1 0<ac<il
aCC 1“8 } . R! R R r R R R) —_— — .

Two assumptions are required. The first is that there exists at least one and
possibly more commodities with the property that, if these commodities are not
consumed, the marginal utility from a change in the components of bR is zero.9
Let I be the index set of the commodities with this property and I its complement.
Partition the vector x accordingly: x = (XI’ xi); When X = 0 for all 4 ¢ I, the

consumption vector is written (0, xy). The assumption is that:

(A) There exists a nonempty index set I such that

. 0
O XE, bR, bﬁ? =0 1l r R, b E
Bbr all £ R, r € Fp-

The second assumption is that:lo

(B} The commodities in I are nonessential.
With these assumptions, Midler proves the following result:

LEMMA 1: If assumptions (A) and (B) hold, there exists a finite price

* . e i * 0 0 0 \ B
vector, pps Such that g (pI, Pi> bR’ bﬁ* uy) =0 for all i ¢ T and bR £ R and
*
Pr
et i 0 . 0 i 0 0 0
¢ = L lg" (pys p7, b7 w) =g (py, pz, b, uldp .
0 igl
Py

. =b_ ; .
A natural approximation to C involving areas under ordinary demand curves

is the quantiry §b, defined by



13,

bl
= { N i -~ i O ..
S s (pys p% b, v -t (o> PY> v?, D1 e, G
] iel ' *
0
Py
where 51 is such that h™ (ﬁi, p%, bR, bg, yG) = 0 for all i € I and bR € BR

{(assumption (B) ensures that a finite ﬁI exists). This appears to have been first
suggested by Stevens {(1966); it has since been widely used in empirical studies
of the welfare effgcts of changes in environmental quality. One can ask whether
the line integral in (11) is path independent, and whether it is true either that
sign (§b) = gign (Eb), or that §b = Eb. In order to answer these questions it is
necessary to invoke the three sets of assumptions about consumer preferences
which are listed in Table IT and which are natural analogues of the assumptions in
Table I. It can be shown that assumptions (I') (a), (b) and (¢) are equivalent.

In the case of assumptions (II') and (III'), (a) and (b) are equivalent, and each
implies (¢); the converse is not true, however, if I contains more than one
element. The status of §b as a welfare measure is described by the following
three propositions:

PROPOSITION 4: 1If assumptions (A), (B) and (I11'e¢) hold, then §b = Eb, and

5" is path independent.

PROPOSITION 5: If assumptions (A), (B), and (II'a) hold, then sign (§b) =
= gign (Eb), and §b is path independent.

PROPOSITION 6: If assumptions (A), (B), and (I') hold, then §b is path
independent, but it does not follow either that §b = Eb or that sipgn (§b) = gign (Eb}.

The proof of Proposition 4 follows directly from Lemma 1. 'The proof of

~ 1
Proposition 5 is presented in the Appendix. Let Au T v (pO, B, yo) - v (po, be, vo}

and note that sign (Eb) = gign (M). The proof consists of showing that, under
assumption (I1'a), gb = AufA. Actually, when assumption (II') holds, Eb can In

principle be constructed directly from the observed demand functicns, since their

functional structure is similar to that in (4)}. By integration cne can recover



Table 1Y. Assumptions Employed in the Welfare Analysis

of Quality Changes

Assumption (1')
(a) The ratio (vr/vi) is independent of vy for all 1 € T and ¥ ¢ R,
(b) v (p} b! Y) = T{QJ(?: b)s Pfs bﬁn Y]'

(c) The income elasticities of demand for all the goods in 1 are

the same.

Assumption (I1Y)

(a) X {p, b, y) is independent of (pI, bR)'

(b) v {p, b, vJ = ¥ (p, bB) + ¢ (pi, bz, ¥).

{¢) The income elasticities of demand for all the goods in 1 are

the same, and are independent of (pT’ bR).

Assumption (III')
{a) A (p, b, ¥v) is independent of (pI, bos v,
(b) v (P: b, Y) = $(Pa b} + y ¢ @ (?T: bi)-

{c) The income eclasticities of demand for all the goods in I are

Zero,
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the functions ¥ (p, b) and 9 {pi, bﬁ’ v), and one can then calculate Eh from a
formula analogous to (5). The path independence part of Proposition 6 is straight-

forward, since assumption (I') implies that for i, j € I

v v
r r
Yeg TN, iy T W Viy o
y i Yy 3 iy
Hence v, v_. = v, v_, which, in turn, implies that h%(-) = hI(+). The rest of
I Lyl J i

Proposition 6 is somewhat less obvious. Bradford and Hildebrandt (1977) and
Willig (1978) prove the following result:ll

LEMMA 2: If, and only if, assumptions (A), (B) and (I') hold, then

0
10
vr(po,b,y) [P o 1 0
- = & ho (p, b7, ¥y) dp, (12a)
I N i
vy D . s ¥ b ic
and
0 .1 © P
xr(p,h,.\) 1

[ i 10
- = | L n_ (p, b, v7) dp.. (121)
vj (PO, bl, yO} Bt (po, bl, YO) }pO ie1 T 1

However, this lemma has no practical implications for nonmarginal quality changes.

It does mot imply that, under the stated conditions, sign (§b) = gign (AU), since

- P : i 6 0
R e I I T AR S I
jp icl
T ™3
- i
[ i 0 !
= j o - ) hr (s by ¥y db, | dpi
p isll"b” rrR )
1 ——
g’b z;} - ( b O) ‘ 1
= | 7o L b (p, by, y7) dp. db
Jp? riky Pn i€l 11 I
- (}“_!
{bl Y {“01 bs Y )%
= | LS db
ij Ry (FO, b, Yo)ﬁ r
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unless vy(') is also independent of by, which then implies assumption (II'a).

Does the lemma imply that §b = Eb? No, becausa12

C
b b’ V. % b, ¥0)
S =€l - 5 5o db_
b reR vy (p’y b, ¥7)
0
b
. 0 0
= J( 1 L mr [PO, b, v (? s by ¥ )} dbr
b” reR
. 1 0, _ =b
.',ém (pos boy UO) - In (p09 b s U ) = C .

This completes the proof of Proposition 6.

What, then, is the significance of Lemma 2 for applied welfare analysis?
Willig (1978, p. 228) describes it as "“characterizing conditions under which the
marginal value of product quality is the quality derivative of Marshallian consumer's
surplus.” This may be questioned. The right~hand side of (12a) is clearly the
quAlity de;ivative of Marshallian consumer's surplus, ua§b/abi. Is the left-hand
side of (12a) the marginal value of product quality? Not if one means by this

—BEbIBbi since

N C T S T N
5b1 3b™
Y T
= mr (po, bl, uO)

o le 6% bt w0, et

c 0 1 0
du{p, b7, u)

u  |h (po, bl, m (po, bl, uo), blj
DR 1 = 5 —_— {13a)
S SRR S
whiile
0 1 G O 1 O i
g ’ h s ¥ b b
—\r {p,b.iiﬁ“ir“[ (p . b l) E. (134)

( 1 0.
v (p_o_, bz,_. Vo) A (po. b, v
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The right-hand sides of (13a) and (13h) coincide only at the point bl = bo.

Despite these negative conclusions, it turns out that assumption (I') does
have a practical implication for applied welfare analysis——it permits us to

- - 0 1 G ~b O 0 -
use § as a bound on Cb. Define u=v (p , b, v )and E- =m {p, b", u) ~

™ (po, bl, u) and note that sign (Eb) = gipn (Eb). The following result, which
is a simple extension of one proved by Maler (1974, pp. 130 and 131), is the
analogue of the well-known proposition for the standard utility model of Sec-

tion I that, when all prices change in the same direction and all goods whose

. i3
prices change are normal, cP <« P < gP.

LEMMA 3:  If assumptions (A), (B), and {I') hold, and if all components
of bR change in the same direction,

-bh _ =b ~b
{(a) if L. < O for all r € R, then € < § < E

=b =b _ b
(b) if ™o > 6 for all r ¢ R, then C° > & > E".
The practical problem in applying this lemma is to verify the sign of L How-

ever, it turns out that, with assumption{I'), this sign can be deduced from that

0of the income elasticities of demand:

LEMMA 4 For anv br‘ if there exists an index set, Er, such that (vi/vr)
- . . i . - .
is independent of v for all 1 ¢ Ir’ then sign {hv} = ~gign {m{u} for all i € Ir'

The lemma is proved in the Appendix; when combined with Lemma 3, it leads to
the follow:ing:14
PROPOSITION 7: 1If assumptions {A), {B), and (I") hold, and if all the com-
ponents of bR change in the same direction,
(a) 1if all the goods in I are nermal, then Eb < 8
. . c =b _ b
(b) if all the goods in I are inferior, them € > § .
In the next section I discuss an alternative approach to bounding the magnitude

of welfare changes based not on consumer’'s surplus measures but rather on hedonic

price indices.
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I11. HEDONIC PRICE INDEX THEORY

{a) Introluocion
It was shown in Section I that, for price changes, the consumer’'s snrnlns and

price index approaches both convey the same information about the direction and

magnitude of welfare changes. The same holds true for quality changes. The setup

is as in Section II and is based on the utility model (8). Prices, qualities,

O, YO) to (pl, bl, yl), and the consumer's utility

1

and income change from (po, b

0

changes from uo =y (po, b, yO) to ul Y (pl, b, yI). I define the true

cost-of~1living index for some reference utility level, u, to be the ratio 7{u) =

= m (pl, bl, u)/m (po, bo, u). Two natural indices are %C = ﬁ(uo) and %E T H(ul)

which correspond, respectively, to C and E as defined in (9) and (10). 1f one

substitutes EC and %E for ﬁc and ﬂE, and C and E for C and E, equations (6) and

(7) still apply.
It was also noted in Section I that one can always obtain practical bounds

on T, and Te without making any assumptions about the form of the utility function.

In this section, I investigate whether the same conclusion holds for %C and %E'

These indices can be decomposed into a pure price component and a pure quality

component: T, = %3 . ﬁz, and T = ﬁg . %g, where %E T m (pl, bo, ul)/yo, ig =

c C E
1 0 1 1
y/m(p”, b7, u),
{ 1
=bh _m (pi, bl, uO) =b _m (po, b, ul)
1 .0 , and My = 0 .0 1. °
m(p, b, u m{p, b, u)

In effect, %E and EE are the price indices one might calculate ignoring the
quality change, and 3; and ﬁg are the respactive correction factors which adjiust
for the quality change. The indices %2 and %% have the same properties as the
indices m, and 7. In particular, by adapting Pollak's (1971) proof, one obtains:

C E
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LEMMA B3 For any (b, y) and for any two price vectors, p+ and p+*,

T o n [p-:—, b, v (p', b, \')] p z p** h (P'p b, ‘5) ;\:
{a) LA T [p', b’ v (p', b, y)} ’"'" Z p. h (P', b’ }”) s -
where o= min (py*/p}) and X = max (p; /p;); and
i i
b f: P' h (P.s b) }’) m [p.a b! v (P.’ b’ \’,)}f < I\
<5 - < A,
(b} L ST h (pe, b, ¥) —m [pre, b, v (p*, b, ¥)] —

where 2 = m;n (p;/pi‘) and A = ma (pi/pi J.

It follows that @b < I, and 75 > B, where I and P are the Laspeyres and Paasche

indices
0 1 1 1
) pl * h (pe, bo, vl and o= L pl * h (p, BT, ¥)
b= £ = 7
S I CANE S zp’ o n el b, vh
] -~b =h , 1 n b .
What can be said about the Indices Tes and ﬁE? Clearly, if b 2 b , then wc =1
and %g < 1; conversely, if bl 2 bo, then %E 2 1 and %g > 1. But there does not

appear to be any result analogous to Lemma 5 which provides general bounds on %E

and ﬁE without reguiring any restrictions on the form of the utility function.

Instead of trying to obtain bounds on %g and ﬁg, the literature on hedonic

price indices has pursued a different course~-it has sought some way to adjust
prices to allow for the change in quality, so that if one uses the adjusted prices
instead of p0 and p1 and computes a price index similar to %g or WC, say, one
obtains a correct measure of the welare change associated with the change from

0 0 1 1 . .
(p, b)) to (p, B ). This idea was first developed systematically by Adelmun

and Griliches (1961); their approach is analyzed in section (c). A variant was

developed by Willig (1978); this is analyzed in section (b). In both cases T

examine whether the hedonic price approach provides any practical benefits as

compared to the consumer’'s surplus approach described in Section 11,
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e i I PR i - .
(o) Willin'e Hodomie Friee Tnder Arvroash

Consider the price vector, p**, defined by

v (F**, bG, yl) = v (pl, bl, Yl). (14)

This is @ candidate for a qualitv-adjusted price vector since, if quality did

not change but prices were at this level, the consumer would be just as well

. . 1 1,
of§ ag he 1s_w1th {(p™, b }. Buppose one goes ahead and conducts the welfare

. . *% :
evaluation as though prices had changed from pO to p , with no change in quality,

One could calculate the equivalent variation for this change, ji.e., the quantity,

= 0 1 0 ,0 0 =%k=x

Ex*, guch that v (p**, b", y)=v (p, b, vy + E ); and one could calculate the
—k%k

corresponding true cost-of-living index T =MW (p**, bo, ul)/m (po, bo, ul). Do

these really give a true indication of the change in welfare? Yes, because, by

. . =kk o= —&x =
inspection, E = B and m"~ = L Therefore, p** is a valid hedonically adjusted

price vector. A second candidate is the price vector, p*, defined by

bO O

1
D (15

0
v (P*» k™, y7) = v (Pos

If gqualicy were at the new level but prices were p*, the consumer would be just

as well off as he was originally with (pO, bo). Suppose one pretends that prices
1

had originally been p* and had changed to pl, while guality had always been b .

Let C* be the compensating variation for this change--i.e., C* satisfies

- ; =% :
v (pl, bl, yl - Cc*) = v (p*, bl, yC}. Let HC be the corresponding true cost-
- 1 1, * 1 ¢ . . ok =
of-livinr index, ﬁé = 1 (pl, b, ufjfm (p", b°, u ). B inspection, C" = C
and ?é = ;C' Thus, p* iz also a valid hedonically azdjusted price vector.

Whether or not these two hedornic price vectors are useful in practice doe-

L

e

pends on {i) the ease with which p” and p** can be calculated from observad data

, . 5 ot k%
and (ii) whether ot not one can obtain simple bounds on Te OF T -

Ignoring the first question for the moment, I can answer the second by applving

Lemma 5 to these cost-of-living indices and, hence, to ﬁC and ﬁE. Define the
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Laspevres— and Paasche-tyvpe indices:
L""‘ = 3 Pl *h (?*: bl; VG) and nhE L P*}’ * h (}“*A bO, \l) .
L o* « h (p*, bl, yO) 5 pO ch (p*F, bO, \l)

PROPOSITION 8: Given p~ and p*¥,

NIRRT
(a) LEme LT A
where

X = min (p /p*) and A = max (p /v )
i t i

(b) Ao PP wp 24,
where

A = min (pj*/p?) and A o= max [ **/pe\
i AT

One can use this result to obtain simple tests for the welfare effects of the
change from (po, bO, yo) to (pl, bl, yl). For example, if (yl/L*) > yG, then
Sut e Gy oor, if (ylfP**) < yO, then Su < 0.
Se far, 1 have imposed no restrictions on the form of the utility function,
u (%, b). Willis (1978) examines the issues which I have just discussed under
the assumptions of a particular restriction on the utility function, namelv, assump-
tion (I') in Table 1I. He argues that this assumption makes it easier to caleu-
late the hedonically adjusted prices, p* and p**, and that it leads to a set of
practical bounds--different from those in Proposition 8--which simplify welfare

evaluyations. 1 will examine both arguments, starting with the latter.

The bounds which Willig proposes arc

. j 1 1 1 1
L _P,_.__ ; <p0 b b v Y ) ans F oz E p h (p 2 b = .}:,-_)_
St - - 1.
AR T NN £p*n ph, b, Wb
His proposition is that, if assumption (I') holds, then EC < P and %E z_ﬁ'_

This proposition is actually incorrect. Willig first proves (his Lemma 1)
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that 7 < L and T

- O .0 0 1 1 .1 1
o= fp b, b,y) o prip B {p,b,y)
0 0 0 0 1
Lp h(p’, b, yv) Epoh(pl,b,yl)
with p* and p°° defined by
.1
vipt, b, om 0% 8% uh = v % 6% w6, b0, Wb (16)

and

1

"

vipt, b0 m ol bh D1 = v it bl a ol vt WD 1. an

He points out that these bounds are unlikely to be of practical importance
since, if one could calculate them, there would be sufficient information to

calculate %C and EF directlv. However, he then argues (his Theorenm 4) that,

. ¥

s . * s Fak - e 'S -, -
if assumption{(3') holds, p” = p” and p° = p°"; hence, L' = L'" and P’ = F°,
But this result does not follow from assumption {(I'); onme actually needs to in-
' ‘ . . ' . 1
voke the more restrictive assumption (11'a) to ensure this result. The correct

thecrem is that, if (II'a) holds, then ;C-i 7' and ﬁE > I, But, as noted above,
. ey P = . . :
if (I a)holds, C and E can be constructed directly from the observed ordinarv
demand functions and one does not need bounds en Te or %E' If (IL'a) or (1I")
do not hold, the more general bounds in Proposition 8 are still available.
. . . * *k - .

I turn now to the problem of calculating p~ and p° . If these cannct be
calculated simply from observed data, the whole purpose of the hadonic price
methodology is lost, and neither Proposition § nor Willig's theorem has anv

practical value. 1t is clear that sone rvestrictions on the forrn of the utilicy

function are requiresd. Consider what huppens when no restrictions are imposed,

. ~ . ® . o *
Since the problems of calculating po aund p are the same, 1 focus on p . One

neads to find a set of functions, pj(b), suchk that v [p{b), b, ya} = v {po, bo, YOJ;

. 1 : .
once these functions are found, pj = pj(b }. These functions satisfy

. 0
dp. (by ..v_Ipb). by ¥y}
Py SRR S

= 0
db_ vi (2, b, v
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which may be regarded as a system of partial differential equations with bhoundary

_ 0 0 .
conditions, pj(b )y o= pj. However, if cne had encugh information to set up and

solve these differential equations, i.e., if one knew the function v {p, b, v),

he could calculate TC and TE directly; there would be no need for p* or p**.

Supposc that properties (&), (B), and I7 hold, Willig's s:sult--

Lemma 2 above—-implies thar

dp, (b) o .
T : 5 f £hl (p, b, ¥y dp.
r h? [p(b), b, y] b (b) i

In this case, at least, one can set up the system of differential equaticns
fror observable data, namelyv, the ordinarv demand functions; but it will not

necessarily be easv to solve them. However, Willig points cut that, for scre

utilitv functions which are special cases of (1'), & simpler way to calculare
*

) . . . . .
p" and »77 can be found based on information available frowm the ordinarv demand

functions. He deals with the special case in which I = {1} and R = ¢. He

Ut

&

peints out, for example, that, if the ordinary demand function for good 1 takes

the forns
1 -1 - ,
h" (p, by ¥) = b7 [p; W(B), v, ¥] Vb)), {18a)
where E z {Pv‘ ‘e pN), the implied indirect utilitv function has the form
v {p, b.y) = v [pg w(b), PV, (18b)
b f - e o -
and, therefore, p” = fp*, DO) and p*“ = (é*i, pll, where
i 1 ' 1 }
. 0 1
#* AHTY O %% wibTY 1
pl Fd ___";__ ;‘} and p}_ = ,\Ji_,._._(.}.“. pl‘ (}9)
e ()

Since the subfunction Yib) can be recopnized from the formula for the ordinary

demand funceion, (18a), p* or p™* can be calculated via (19). He obtains simi-

lar results for the ordinary demand function

h (ps b} \) - EI [Pl”\fi (b, 5); Bw }} Q’E (b, B)s {2063)
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which is derived from

v (py by ¥) = v [ped (b, B), B, vl (205)

and for the ordinary demand function

RY (p. by ¥) = b [p, + ¢ (b, Py py ¥, - (21a)
which is derived from

v (p, by ¥} = v [p, + ¢ (b, D), B, ¥]. (21b}

In both cases the subfunctions Y{(+*) or ¢{*) can be identified from the formula
for the ordinary demand function, and p* or p** can be calculated from a formula
17
analogous to (19).
However, for the demand functions (183), {20a), and {21z}, one mav be able

to do better than calculating p* or p** and bounding ﬁC and %E; it mayv be pos-

sible to calculate C or F explicitly. The kev to this is the fact that the
indirect utilitv functions (8b5), (20b), and (21k) are "translations” of a stand-
ard neoclaésical indirect utility function, v (pl, p, v}. Therefore, the observed
ordinaryv demand function, hl {p, b, y);is a correspeonding translation of the
ordinarv demand function associated with v (p, v), denoted by gl (pi, p, ¥v). If
one can identify the formula for the compensated demand function assocliated with
v (p, v), denoted by gl (PI’ p, u), he can deduce the formula for the compensated
demand function associated with v (p, b, v} and calculate E? and Eb or Ep and Eb

I . -1 -
direcrliy from this. For example, given g (pl’ p, u), the compensated demand

function corresponding to (152} is

1 -1 - o
g (p; bb li) = ?:’; {?1 * Q’(b), P; .‘-5} " {(J(D);
!
and the formula for €7 turns out to be

ﬂl

b =1 - 0

C - j »" (W, p, u ) dv, (22}
0
i

wheroe <t p? w(bt), t = 0, 1. Similar results can be obtained for (204}

18

and (210).
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i %

Iohave shown that, if one could calculate the price vectors p™ and p*”

¥
this would provide simple bounds en the direction or magnitude of welfare change

without requiring any restrictions on the form of the utility function. How-

(n [EPEN

ever, po oand p” 7 cannot be calculated from observable demand data without re-
stricting the utility function. Moreover, for the special types of utilite
function yielding demand functions frow which p* and p** can be easily computed,
it uwsuallv turans out that C and E can be constructed directly from the demand
functions. 1 conclude, therefore, that the hedonic price methodology outlined

in this section does not poss 2ss any significant advantave in practice over the
consumer's surplus approach to evaluating the welfare effects of a qualitv change.
In the next section, T examine an alternative hedonic price methodology.proposeﬁ
bv Adelman and Griliches. Although their quality-adjusted prices can be calcu-
lated without imposing any restrictions on the vtilicy function, I show that thev

do not lead to anv useful bounds on the direction or magnitude of welfare chance,

-

(¢} The Adelman-Griliches FHedowic Price Index Approach

The first task in discussing the hedonic price adjustment procedure praposei
by Adelman and Griliches (1961)-~henceforth, AG--is to determine the utility
model in terms of which it should be evaluated. AG describe this procedure by
reference to Houthakker's (1951-52) utility model, which is different from (8).
The central contribution of Houthakker's model is the notion of a hedonic price

L&

function, i.¢., the notion that there exists "a 'reasonably well-fitting' relu-

tion between the price of different medels [of a commodity] and the level of

. . ’ . . : . . ]
their various but not too numerous characteristics' (Griliches, 1971, p. 4).

Houthakker suspgested a linear hedonic price function, Py~ ai + Yi bi' where

£ 2 LAl s

b. is a (vector or scalar) measure of the quality of good i, o is the "pure
1

quantity price” of a unit of the pood, and Yy is the "quality price”--i.e., the
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cost per unit of gquality associated with one unit of the good. Subsequent econo-
metric estimates of hedonic price functions have tended to support nonlinear

19

functions. such as P, = e¥p (11 + Y5 bi) More generally, I shall write

: 1 N ~ £ - k)
by wi (ii + vy bi), T 0. The chief purpose of AG's hedonic price meth-

odology is to evaluate the effects of '"variations in the quality of products

available in the market place”--i.e., changes in b, in the context of the utility
model (8). It can be shown that this is not a meaningful concept in the context
of Houthakker®s utilitv model.20 1 would argue, therefore, that the appropriate
theoretical sectting in which to evaluate AG's hedonic price methodclogy is the
utility model (8), modified by the inclusion of the hedonic price function con-
cept. This is not incompatible with wv previeus formulation of (8), which
merely required that some particular price and set of guality characteristics

be asscciated with each good. If one adjoins the price functions

pi:= &i (@i -+ Yi bi) to (8), remembering that the maximization is performed

with tespect to x but not b, all the results associated with the model carry
over, except that one substitutes ;i(') for Py in the ordinary demand functiens,
the expenditure function, the indirect utility function, etc.

The essence of AG's hedonic price method is that eone cobtains an empirical
estimate of the price functions ¢(*), e.g., by regressicn analysis, and uses
this to form quality-adjusted prices, which are theﬁ combined in a price-index
formula. The particular formula which AG employ involwves a chaining procedurv
in which the weiphts are continuously updated as in a Divisia index. Since tho
chaining procodure is peripheral to the main issue of the validity of the

qualitv-adjustment method, 1 ignore it for the moment. The situation is this:

quantitv and quality prices, the set of quality levels coffered to the consumcr,
0 0 0 1 1 1 1 ,
and income all change from (QG, v, b, vy to (o7, Y, B, v ). Thus, the
. . 0 . 0.0 1 1 1.1
actual prices puaid change from p = ¥ (uo + Yy b ) top =y (x 4+ ¥y bl
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. 1 4 G 0.0
Accordinglyv, the consumoer's utility changes from uw Z v [v (i + v b7y, b

1 . , i 1.1 1 1 .
touw v [y (@ + vy b ), b, v]. As in the previous section, the two true

o G
y Y

cost-of-living indices on which I focus are

= . I [3L£?1 + yl bl), bl, uo} 5 . D fi (a1 + YE bl), bl, u{j_

T and i
m v 0+ 0%, 80, WY Eonw @+ 499, % b

ACG's starting point is the decompositicn of the actual price change into

two parts:

dp = dp' + (%%) db. {(23)
C

The first term on the right-hand side "is that price movement which would have

occurred in the absence of quality variations,” while '"the second term repre-

sents the combined effect of those price movements which are due solely to change
in quilit<" (AG, p. 539). Let dp = p' - pO, dp' = p'% =~ p'0 and db = bt - p°

so that (23) becomes

(Pl B PO) - (p!l _ va) + (—g-é\ (bl - bG) (24)

1

. . 0 it 1 1 .
Suppose that from a rezression analysis onc kaows (a7, ¥ ) and (@, Y ). Using
this information, one can calculate two alternative quality-adjusted price
verlors

o = v (” 0By ang  per = w @+ vt eY). (25)

With p*, one can construct a decomposition of the actual price change which,

1 claim, is equivalent to (23) or (24):

1 0 1 . . 0
(b7 = p )= Ap” - p"y+ (o7 - p). (26)
A standard price index which dgnored the quality change would take the form

b xt plfz xt po, where ¢ = 0 or 1. Instead, AG propose to calculate an index
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. , . 1 0 . .

sased on the “pure” price change, p'" - p'’, which allows for the change in
. - L 1,0t 0 . . . Ty

qualityv: 2 x /Z x7 p'". In forming this index, AG assert that "in the

p!
base period, p'o is taken to ke equal to pO by definition" (AG, p. 543), in

which case one obtains from (24) and (26):

1

1 l O r\‘f; 3 0
p' (p" ~p) ~ (gg) (b" =~ bo) + p'
0

o1 faw 1.0
=P (Bb)e (b b

pl - (p* - pO).

fl

Thev take base-period quantity weights for their index, which becomes:

- G G O 1 0 0 1 .
A = T h(p, b, v p' _Zh(p ,_bo, v ip - (p° - po)]

I h (po, bo, ,\’O) p'G L h (PO, ‘90, _VO) pe

However, a comparison of (24) and (26) shows that AG are in error when they state

that p‘o = po. A true statement is that, by definition, p'l = pl, whereas p'o = p°.
Thus, their index should be I x° p'E/Z vt p'O = T okt pl/E %t p . In this case

it would be natural to take the final-periocd quantities as weights, which leads

te a Paasche-type index:

1 i 1 1
PvEZh(P,baV)P
Ih (b, b, vh b

So far, ! have worked with the gquality-adjusted prices p'. If one uses

p 7 instead, this leads te an alternative decomposition of the actual price

chanye analogous to (24):

(P} - PO) = (p°" - ?O) + (@1 - p ) (27

or, in the AG notation,

G- = et - e e (;‘) CHIEENUR
SEVA
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o ie ‘ ' O o .
I this ca=c It ds true that p'° = p , while

, 1 1 4
P = p = (%ﬁ) {bl - bG)
1

Here it would be natural to use the base-period quantities as weights, which
leads to a Laspevres—type index (probably the index intended by AG):

S SN T N |
=i h 0 b0 (0 per IR G, b vy [pT - (3W/3b), (b - b))

o, b0, Y Rl

- o ,0 0, 0O
Lh(p,b,y)p

Twe other indices which one could calculate by analogy with the indices ¥ zng

F¥* of the previocus section are
- - . l {) l - LY O }. o s
se - L h{p", B, v p e« _Zh(p ,b,¥v)p
bs 10 and P = 6 1,0
Lhip, b, vy ‘{)‘ Ih (P‘.: by v )p

The qualitv-adiusted price vectors p° and p*" are straightforward te calcu-

late, unlike the prices p™ and p** defined in (14) and (15). The key

. . . . - . AG .
question is whether the indices formed from these prices--such as L7, L', 17,

"

" "—~have anv significance for welfare evaluations; i.e., do theyv pro-

vide upper or lower bounds on the true cost-of-living indices, ﬁC and TF? B

appliving Lemma 5, one can shoew that they do not. In the case of L7, for exanple,

application of the lemma yields

. G 0
“mym(rpw_._’._m_b__’__.?_h_}_ 9 t 78
i o o, b (28)

m {p, b7, u}

If one could show that m (p1¥ bl, UD} <m (p°°, bO, UO), it would follow chaa

i 1 i
T, < L', But thig cannot be shown. Suppese that b > bo,so that m (p~, &, =)
1 0 . . 1 . .. .
m{(p°, b, u). However, b > b implies p~ > p and, hence,

0 o

1 0 9.

m (pl, b™, u) <m (Pla bo- UO) Zmo(pTT, b

| A
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if b~ b, the inequalities are reversed. It can be shown that, for similar

reasons, one cannot obtain useful upper bounds on %C from LAG or L7, or lower
bounds on %E ffom F' or BTV,

These conclusions still hold if one emplovs the Divisia formula in com-
puting the hedonic price indices as Griliches (1971, p. 6) suggests. Indeed,
this causes an additional complication since, as Richter.(lgéé) and Samuelson
and Swamy (1974) have shown, Divisia indices are exact if, and only if, the
utility function is homothetic. Suppose, for example, that one computes the

Divisia index corresponding to L' and P

t
1
_ o I x'(s) [ap'(s)/ds]
Iweth L x"(s) p' () ds,
t
U
where
x'(s) = b [p'(s), b7, ¥(s)}
and

f

p'(s)

pls) - (@—;) [5(s) - 0]
s

U olads) + y(s) b°].

i

Bv adapting the proof in Samuelscen and Swamy (1974, pp. 578 and 579), ons can

show that, if u {x, b) is homothetic in %, this index is egual to the ratio on

the left-hand side of (28) In this case, of course, TC = %E’ but neither is
equal to I and, by the argument given above, peither is bounded by it.

T conclude, therefore, that the hedonic price methodology proposed by AC
hags little value for welfare analvsis. Obviously, it has considerable value as
a descriptive tool for decomposin. the sources of price changes into a quality-
change component and a pure inflation component on the lines of (26)and (27).,

But it does pot provide a practiral method for asscusing the direction or wmaeni-

tude of welfare .Ch..arnge. B . e



IV, CONCLUSTONS

30.

The purpose of this paper has been to review practical methods for evaluat-

inzg the eifects of a change in the quality of goods on a consumer's welfare
usins data orn observed consumption choices. 1 compared two approaches to the
evaluition of welfare changes--one based on the concepts of compensating and
equivalent variaticn and the other based on the cost-of-living index concept.
I showed that both concepts convev essentially the same information and are
equally easy (or difficult) to implement empiricallv. 1 alse showed that for
qualitv changes, uniike price chanzes, it is not possible to obtain simple
bounds on the welfare chance without imposing restrictions on the form of the
utilicy funcgion. The moral of the story is that, when dealing with quality
changes, it iz not enough to possess data on marker outcomes--i.e., prices,

qualities, and quantities chosen. One must be able to deduce from the data

information about the consumer's preferences, at least to the extent of fittins

ordinary demand functions, in order to perform the welfare evaluation. Meth-

odologies which do not focus explicitlv on the demand side, such as AG's hedonic

21
price technique, are inadeguate for this task.

Urniversity of California, Berkeley



APPENDIX

31.

I'describe here some of the properties of the demand functions, expendi-

ture functicn, etc., associated with the utiiity model (8) and prove some re-

sults left unproven in Section 11.

From the definition of these functions, the following relations hold as

identities:

g" (p, b, u) =h’ [p, b, m (p, b, u)]

i i

h™ (p, b, ¥y} =g [p, b, v {p, b, y)]

W (p, b, w) = A [p, b, m (p, b, u)]

A(p, b, ¥) =1 [p, b, v (p, b, V)]
u = v EP: b: m (P, b, U)]
ve=mun{p, b, v {p, b, v)].

(A.2)

(A.3)

(A.4)

(A.B)

These identifies are used to prove several of the results in the paper. The

expenditure function and indirect utility funcrions can be shown

standard properties including

m (ps by w) =g (p, b, u)

Ur [g (P» b, U), b]
W (p, b, u)

m (p, b, u) = -

1
mU {p' b, U) - u (,95 b’ U)
v {1y, b, v) i
v GTETyy T e b w)

v {p, b, vy} = u_ Ih (p, b, v), bl

Yy {(p, by, ¥) = 2 (p, b, v).

to possess the

(A.7)

(4.8)

(A.9)

{(A.10)

(A.11)

(A1D)
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PROGY OF PROFOSITION 31 One can decompzse ' as follows:

. 0 .1 -~ 1 0 G .0 . 0 - .0 0 ..
mU:‘{\ (p'b‘\' _}“'V(P,b,}’)]“iv (P;b;}’)“V(P,b;}’}}J

T T ST SRR ¢ B

0
d " 10 o o 10
= Tov, (e, b, vy = v, (p, b, ¥y dp, + [v (P, b, ¥y -
1 . e 3 ! 1
-~ izl - -
p (A.13)
v (3, bY, ¥,

However, the second term on the right-hand side of {A.13) vanishes since, by

- 0
construction, h' | p, be bﬁ‘ yo) = 0, and, by assumption (A} and (A.11),

N 0 . - 0 \ i
v (p. b, v ) = Gu jh} (p, b, b§’ yoj, x=, b bg*//ab =0 reR, b ¢ B,
Thus, {(A.13) becomes

LU= L v, (p, bl, FO} - vy (p, bo, yO}] dp, -

AS7, by assumntion (II'a).

H

A sufficient condition for the path independence of §b is that h; {p, b, ¥) =

hi {p, b, v} i, j & 1. Xow,

i 4 {mvi/v’) Vi oVes TV, Vi : . v,V .-V v,
h h = a p —k £ VJ ’}‘}“ 1 . and hg = __;L.__.Y_l__..__m)i_. «1}, »
J j (v.)© (v,)

The continuity of v{(*) ensures that Vii = Vji’ and the independence from P of 2

implies v . = v . =0, i, j € 1. Tuus, h; = hg, i, j € 1.

PROOF OF LEMMA 4: Following Maler, 1 assume that sipn {mru {(p, b, u)} is ti.

~ . ™ v - = - N , f
same for all wu. From (A.9}, B (o, b, u) L {p, b, u} Ur {p, b, u}/

u {p, b, u}z. Since u > 0,
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~ sign {mru (py b, u)i = sign {pr {(p, b, u)l. (A.1&)
Since (v_/v_) is independent of v, v, =v_ v./v . Bv (A.10),
r i iv rv i r
i 2
h™ = (v, v - V. v, 3w
v iyy Ty iy
o % /
= (v,/v.) v -y v_ . (A.15)
iy yy v ory ¥
¥ \, r /

. - ) sumpt § P . > - ) e
Since &r 0, by assumption, v, a, v, 0, and Vry er, (A.15) implies

h H

N b r ks . -
Yyr (00 00 v (P, b, ¥) ¥¥ (ps by ¥) ) - (4.16)

i ? 4 v (p, b, v)
sign {hv (p, b, ¥)p = sign {

From {A.3),

o (py by uw) = 2 Ip, By m (p, b, u)] + KV [p, b, m {p, b, )] m_ (p, b, u)

or, bv {(A.8} and (A.11),

v (p, b, )
w_Ip. by v (p, by, ¥J] = v (p, b, v} -~ ¥ (p, b, ¥} * (A.17)

T yr 4 v, (s by W)

Combining (A.14), (A.16), and (A.17) vields the desired result.
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*Giannini Foundation Paper No. . 1 am extremely grateful to Irma Adelman
and Richard Just for their helpful comments.

1Not only does this argument explain the normative significance of the mag-
nitude of E, as opposed to its sign, but it also provides an empirical procedure
for aggregating equivalent variations across individual consumers. Atkinson
(1970) and others have proposed certain functional forms for social welfare

functions which can be used to obtain the weights, W

b for aggregating the

individual equivalent variations.

2Recent contributions include Chipman and Moore (1976) and Dixit and Weller
(1979). Note that analogous results for EP? can be obtained by substituting y1

for yO in (3).

345 an example, censider the case where J = {1}, J = {2}, and n! (p, v) =
-7 TN

A\pl p?- vy . One recognizes that —wl (pl, pz) = A p; -1

a _a-1
pg and ¢y (pyr ¥) — =
piﬂr,g y'. Bv integration,

s

1-2a

Is P s /' 1-r
o = ; 1 A ¢ = E 1 -
v (py. py) = A \Q = )(pz) and ¢ pys ¥) = T - “)k%) .

The idea of using approximations of Te and KE to approximate C and E via (7)

is exploited in Lake, Hanemann, and Oster (1979).
5
For a proof, see Pollak (1971, pp. 12-19).

I adopt the conventicn that the components of b are measured in such a way

that L z §u/%br 0. Throughout this paper, the subscripts r and s will dencte

the partial derivations of a functicn with respect te the components, br and bs,
of b. The subscripts 1 and j will denote the partial derivatives with respect
te p, and pj or x, and xj, depending on the context. The subscripts v and u

i .

will denote partial derivatives with respect to y and u.

/Under this interprecation, each brand of a good is treated as a separate
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cormodity, A consumer chooses a particular level of gquality of a good by choos-
ing a particular brand.

8The case of a corner solution to (8) is treated in Hanemann {forthcoming) .

9This implies an interdependence in utility between seﬁe components of b
and some components of x. Bradford and Hildebrandt, who regard the components
of b as public goods and the components of x as private goods, give several ex-
amples of such an interdependence, e.g., between public highways and private
vehicles. If one thinks of the components of b as characteristics of commodi-
ties, the assumption of interdependence is still likely to be satisfied: the
marginél utilicy of an attribute is likely to be zero if the commodity with
which the atrribute is associated is not consumed.

19

The implications of assumptiomns (A) and (B) for the indirect

utility function are spelled ocut by Willig (1978, equations (46) and (47)].

11 , )
For the derivation of (12a), see Bradford and Hildebrandr (1977, pp. 122

and 123}); for (12b), see Willig (1978, Theorem 1). Note that (12bj can be ok~

tained from (12a) by dividing both sides by x. = ~v. /v .
. 3
12 -
I make use here of (A.3), (A.5), (A.6), (A.8), (A.11), and (A.12).
EBﬂ'a'ler proves that, if m < (*) 0 for all r € R, e < (>) BV Agsumprions

-b -b -
(A), (B), and (1') are nceded in order to relate 87 to € and E .

14 . ) =h ~b o
Lemmas 3 and 4 also explain why empirical estimates of C° and E chtained

from bidding games and willingness-—to-pay survevs are often different by an order

of maraitude. Willig (1976) shows that, for a wide range of income elasticities
- P P PP ; cnitude

of demand, € and E should be of approximateiv the same order of magnitude.

Sevural writers—-for cxample, Rowe, d'Arge, and Brookshire (1980, p. 8)--appear

=b b
to suzzest that the same should be true of C" and £ . 1In fact, as Lemmas 3 and 4

imply, this is not so. 1t can be shown that Yillig's approximation fermulas do

— Ty —

not carry over to £, FE7, and §7.
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5 .
Property {I1'a) stutes that v iz independent of the prices and quality

levels which change. This is clearly required to ensure that p* and p**, which

satisfy (14) and (15), also satisfy (16) and (17).

It should be noted that Williyg actually considers the case where onlv one

. , 0 o - - -
price changes, i.e., p = (pl, p) and pl = (pi, p) where p = (pz, ‘e pN).

In this case, one can go beyond Paasche- and Laspeyres-type bounds on ﬁC and Eg

i

since then p* (p;, P)s p** = (pt*, p), and, by Propositions 8(a} or 8(b),

A=A = EC or EE' Hence, sign (Au) = sign {(ylfyo) - Al.
ror (20a, b). b} = p0 - ¥ &%, 39w 6, 395 for (21a, b,
-0 1 -
pt=pl 4 0% 50 - oh D).

I8

For {(20a), Eb is given by (22) with wt o= p? /A (bt, ﬁo); for {2ia), ¢ is
given bv (22) with = p? + ¢ {bt, 50).

CY9:.¢ 2 summary of these studies, see Griliches (1971).

o_ . . . . A ,
This is discussed in Hanemann {forthcoming), where the differences between
the utilisv model (8) and Houthakker's model are examined in some detail.

21

This conclusion also applies to the "property value' method of assessing
the worth of envirommental and locational amenities. The implications of my

analvsis for this methodolegy will be analyzed in a separate paper.
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