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A common problem i n  cos t -benef i t  a n a l y s i s  and o t h e r  types of  app l i ed  

w e l f a r e  a n a l y s i s  is t o  eva lua te  t h e  e f f e c t  of p r i c e  changes on a  consumer's wel- 

f a r e  us ing  d a t a  on observed consumption choices.  There a r e  two approaches t o  t h e  

s o l u t i o n  of  t h i s  problem. One i s  based on t h e  Marshal l ian  concept of  consumer's 

s u r p l u s  and t h e  eva lua t ion  of a r e a s  under ord inary  demand curves .  The o t h e r  is 

based on p r i c e  index theory  and t h e  computation of weighted p r i c e  r a t i o s .  Over 

t h e  l a s t  30 y e a r s ,  fol lowing t h e  pioneering work of Houthakker (1951-52) and 

Lancas ter  (1966), t h e r e  have been s e v e r a l  a t t empt s  t o  extend t h e  economic theory 

of consumer behavior t o  a l low f o r  d i f f e r e n c e s  i n  t h e  q u a l i t y  of c o m o d i t i e s  and 

t o  e x p l a i n  choices  among a l t e r n a t i v e  q u a l i t i e s .  The corresponding problem i n  

app l i ed  wel fare  a n a l y s i s  i s  t o  eva lua te  t h e  e f f e c t  of  a  q u a l i t y  change on a  con- 

sumer's we l fa re  us ing  da ta  on observed 'onsu-nption cho ices .  The problem a r i s e s  

i n  many d i f f e r e n t  con tex t s ,  inc luding  t h e  es t imat ion  of t h e  b e n e f i t s  t o  recrea-  

t i o n i s t s  from changes i n  water  q u a l i t y  a t  r e c r e a t i o n  s i t e s ,  and t h e  eva lua t ion  

o f  government programs which r e g u l a t e  product q u a l i t y .  It has  heen approached 

i n  terms of both a r e a s  under demand curves (Stevens, 1966) and p r i c e  i n d i c e s  

cnlcul.ated from "hedonical ly ad jus ted"  p r i c s s  (Adelman and G r i l i c h e s ,  1961, 

nnd, before  t h a t ,  t io fs ten ,  1952, and Court,  1939).  

The purpose of t h i s  paper i s  t o  analyze s y s t e m a t i c a l l y  these  two approaches 

t l  t h e  wel fare  economici of q u a l i t y  change sad  t o  compare then v i t h  each o t h e r ,  

a :~d wi th  t h e  corresponding approaches t o  t h e  we l fa re  economics o f  p r i c e  changes. 

Ttie ques t ions  addressed he re  inc lude  t h e  fol lowing.  Do t h e  cond i t ions  under 

which t h e  s tandard  Marshal l ian consumer's srirpliis measure provides an accura t e  



i n d i c a t i o n  of  t h e  we l fa re  e f f e c t s  of a p r i c e  change c a r r y  over  t o  t h e  consumer's 

s u r p l u s  measure of q u a l i t y  changes? For p r i c e  changes, without imposing any 

r e s t r i c t i o n s  on the  form of t h e  u t i l i t y  func t ion ,  one can always o b t a i n  bounds 

on t h e  magnitude of t h e  we l fa re  change from observable  da ta  v i a  t h e  Laspeyres 

and Paasche p r i c e  i n d i c e s ;  do s i m i l a r  bounds e x i s t  f o r  hedonic p r i c e  i n d i c e s ?  

Does t h e  hedonic p r i c e  index approach t o  measuring t h e  wel fare  e f f e c t s  of 

q u a l i t y  change provide any s i g n i f i c a n t  p r a c t i c a l  advantage over t h e  consumer's 

s u r p l u s  approach? 

I n  cons ider ing  t h e  consumer's s u r p l u s  approach t o  q u a l i t y  change, i t  i s  

u s e f u l  t o  d i s t i n g u i s h  between t h e  circumstances under which t h i s  provides  a n  

a c c u r a t e  i n d i c a t i o n  of t h e  - d i r e c t i o n  i n  which t h e  consumer's w e l f a r e  changes, 

and those  under which i t  provides  an a c c u r a t e  i n d i c a t i o n  of  t h e  magnitude of 

the  we l fa re  change. A b a s i c  r e s u l t ,  e s t a b l i s h e d  by FIaler (1974) is  t h a t  if 

t h e r e  a r e  one o r  more commodities which a r e  "weakly complementary'' with t h e  

q u a l i t y  v a r i a b l e s  which change ( a s  def ined  below), t h e  t r u e  compensating o r  

equ iva len t  v a r i a t i o n  f o r  the  q u a l i t y  change can he represented  a s  t h e  d i f f e r e n c e  

between t h e  a r e a s  under t h e  compensated demand funct ions  f o r  t h e  complementary 

goods eva lua ted  a t  t h e  o l d  and t h e  new q u a l i t y  l e v e l s .  It  fo l lows t h a t  t h e  

d i f f e r e n c e  between t h e  a r e a s  under t h e  corresponding o rd ina ry  demand f u n c t i o n s  

--the Marshal l ian  measure--correctly measures the  magnitude of t h e  t r u e  wcl-fare 

change i f  the  complementary goods have zero income e l a s t i c i t i e s  of  demand. J t  

i s  shown t h a t ,  i f  t h e  complerientary goods have the snr:c? income e l a s t i c i t y  of  

demand w i i i c i ~  is independent of  t h e i r  p r i c e s  and thc  q , in l i t y  v a r i a b l e s ,  th;? ?:;irshallian 

measure c o r r e c t l y  i n d i c a t e s  tho d i r e c t i o n ,  but  not i:i~i:i:ssarily t h e  magnitlid*, 

of t h e  welF;?rc change. I f  the  ciimp1e:nentary goods h:?;:tr tile same income e l  !sii- 

c i t y  of c!cr.iand, not  n e c e s s a r i l y  independent of p r i c a s  o r  q u a l i t y  v a r i a b l e s ,  tile 

Marshal l ian  q u a n t i t y  i s  pa th  independent but  i t  need n o t  provide a c o r r c c t  

i n d i c a t i o n  of e i t h e r  t h e  magnitude o r  t h e  d i r e c t i o n  of t h e  we l fa re  change. 

These t h r e e  r e s u l t s  a r e  shown t o  p a r a l l e l  those which hold f o r  t h e  s tandart i  



wel fa re  a n a l y s i s  of p r i c e  changes. The l a s t  r e s u l t  involves  a  cond i t ion  which 

t u r n s  o u t  t o  be equ iva len t  t o  a  "demand interdependence" assumption invoked by 

Bradford and Hildebrandt  (1977) and Wi l l ig  (197f?), who c la im t h a t  i t  l e a d s  t o  

an e q u a l i t y  between Marshal l ian consumer's s u r p l u s  and t h e  t r u e  wi l l i ngness  

t o  pay f o r  marginal  q u a l i t y  changes. This  claim is ques t ioned-- i t  i s  shown 

t o  hold  only a t  t h e  po in t  of zero  q u a l i t y  change. However, i t  i s  shown t h a t  

i f  t h e  complementary goods a r e  a l l  normal ( i n f e r i o r ) ,  t h i s  cond i t ion  ensures 

t h a t  t h e  Marshal l ian  measure i s  an upper (lower) bound on t h e  t r u e  measure of 

w e l f a r e  change. 

The theory  of  hedonic p r i c e  i n d i c e s  has  evolved independently of t h e  

consumer's s u r p l u s  a n a l y s i s  of  q u a l i t y  changes. However, i t  i s  shown t h a t ,  

a s  w i t h  p r i c e  changes, t h e  two approaches a r e  i n  p r i n c i p l e  equ iva len t .  There 

is one important  d i f f e r e n c e  between p r i c e  and q u a l i t y  changes. For hedonic 

p r i c e  i n d i c e s ,  t h e r e  i s  nothing s i m i l a r  t o  t h e  Laspeyres and Paasche bounds 

of s t anda rd  p r i c e  index theory  which can be app l i ed  wi thout  imposing any 

r e s t r i c t i o n s  on t h e  form of t h e  u t i l i t y  func t ion .  The two main con t r ibu t ions  

t o  hedonic p r i c e  index theory  a r e  those  of Adelman and G r i l i c h e s  (1961) and 

W i l l i g  (1978). Adelman and G r i l i c h e s  develop hedonic p r i c e  i n d i c e s  which can 

be c a l c u l a t e d  without  r e s t r i c t i n g  t h e  form of t h e  u t i l i t y  func t ion ;  bu t  i t  i s  

shown t h a t  t h e i r  i n d i c e s  do n o t  l ead  t o  any u s e f u l  bounds on t h e  d i r e c t i o n  

o r  magnitude of we l fa re  change. It is shown t h a t  Wil . l ig 's  approach l e a d s  

t o  a  s e t  of h e C ~ n i c a l l y  ad jus t ed  p r i c e s  which, i f  they cou ld  be  c a l c u l a t e d ,  

would provid..? bounds on t h e  t r u e  wcl.fare change without requiring any r e s t r i c -  - 
t i o n s  on t h e  Eorm of t h e  u t i l i t y  func t ion .  However, t h e s z  hedonica l ly  ad jus t ed  

p r i c e s  canns: be c a l c u l a t e d  f r o 3  o1>:;ervnble consumption d a t a  u n l e s s  t h e  u t i l i t y  

func t ion  s n t i s i i e s  t h e  "interdependen: demand" condi t ion  mentioned above. 

Moreover, I show t h a t  w i th  t h e  s p e c i a l  types of u t i l i t y  func t ion  f o r  which t h e  



hedonica l ly  ad jus t ed  p r i c e s  can be e a s i l y  c a l c u l a t e d ,  i t  usua l ly  t u r n s  out 

t h a t  t h e  t r u e  compensating o r  equiva lent  v a r i a t i o n s  f o r  t h e  q u a l i t y  change 

can be computed d i r e c t l y  from t h e  observed demand func t ions .  I. conclude, 

t h e r e f o r e ,  t h a t  t h e  hedonic p r i c e  index approach does not  possess  any s i g n i f -  

i c a n t  advantage i n  p r a c t i c e  over  t h e  consumer's s u r p l u s  approach t o  eva lua t ing  

t h e  w e l f a r e  e f f e c t s  of a  q u a l i t y  change. 

This  paper i s  organized a s  fol lows:  Sec t ion  I con ta ins  a  br.ief summary 

of t h e  standard we l fa re  theory of  p r i c e  changes, emphasizing those  a spec t s  

which c a r r y  over  t o  q u a l i t y  changes. Sec t ion  11 examines t h e  consumer's 

s u r p l u s  approach t o  t h e  we l fa re  theory  of q u a l i t y  changes, and Sec t ion  I11 

examines t h e  hedonic p r i c e  index approach. The conclusions a r e  summarized 

i n  Sec t ion  I V .  



I. THE STANDARD WELFARE IWtALYSIS OF PRICE CHANGES 

I n  t h e  s t anda rd  n e o c l a s s i c a l  u t i l i t y  model an ind iv idua l  consumer f aces  

a  f i x e d  vec to r  of p r i c e s ,  p ,  has a  f i x e d  income, y ,  and chooses a  consumption 

v e c t o r ,  x, by maximizing a quasiconcave u t i l i t y  func t ion ,  u ( x ) ,  s u b j e c t  t o  a  

i 
budget c o n s t r a i n t .  This  y i e l d s  a set of o rd ina ry  demand func t ions ,  h  (p ,  y) ;  

t h e  Lagrangean m u l t i p l i e r ,  A (p,  y ) ;  and t h e  i n d i r e c t  u t i l i t y  func t ion ,  v  (P ,  Y)  Z 

u [h (p ,  y) ] .  The dual  problem i s  t o  minimize t h e  expenditure requi red  t o  a t t a i n  

a  given l e v e l  of u t i l i t y .  This  l eads  t o  a  s e t  of compensated demand func t ions ,  

gi (p ,  u) ; t h e  Lagrangean m u l t i p l i e r ,  u ( p ,  u ) ;  and t h e  expendi ture  funct ion ,  

i 
m ( P ,  u) Z C pi g (p, u) .  Suppose t h a t  t h e  consumer's income changes from 

0 1 0  1 y t o  y  , whi le  p r i c e s  change from p  t o  p  . Let J be  t h e  index s e t  f o r  t h e  

0 0  1 1 
p r i c e s  which change and 5 i t s  complement, so t h a t  p  = ( pJ, p j  ) and p = cpJ,  p3). 

n o 1 
Accordingly, t h e  consumer's we l fa re  changes from u  f v(p  , t o  u1 - v(p , y l ) .  

1 1 0 Let  Ay = y - and hu - u - u . A monetary measure of t h e  e f f e c t  of  t h e  

change on t h e  consuxer 's  we l fa re  is t h e  compensating v a r i a t i o n ,  C ,  def ined  

i m p l i c i t l y  by v  C p l ,  y1 - C) = v (p 
0 , yo) o r ,  equ iva len t ly ,  by 

where 

P ' 
t h e  l i n e  i n t e g r a l  hein: pa th  independent.  An a l t e r n a t i v e  measure i s  t h e  equiva- 

l e n t  v a r i a t i o n ,  E ,  de i ined  i m p l i c i t y l y  by v C p l ,  y l )  = v yo + E) o r ,  

These a r e  two senses  i n  which t h e  q u ? . ~ t i t i e s  C and E can h e  regarded a s  

wel fare  measures. !.i i? well  known, they l o t h  provide a  c o r r e c t  i n d i c a t i o n  

of t h e  d i r e c t i o n  i n  w h ~ c h  t h e  consumer's w s l f a r e  changes, s i n c e  



6.  

s i g n  ( ILL)  = s i x n  ( C )  = sig:? (E) .  

A m r t -  i n t c r e s t i n ,  ques t i , in  i s  rzhi ther  t i le  % n i t u d i  C o r  E n a s  rn:; ? . . - r r :~ t l :~  

.. 
s i g n i f i c a n c t . .  T h e  q u i s t i c i n  h a s  been answered by f < i l l i g  (1970) anc  ?;n?er (147:) 

u s i n g  two arguments .  ( 1 )  A n e c e s s a r y  c o n d i t i o n  f o r  t h e  Ka ldor -S icks  c r i t e r i c n  

t c  Sc  s a t i s f i e ; '  i s  t h a t  t h e  a g g r e g a t e  o f  t h e  i n d i v i d u a l  C ' s  be  p c s i t i x - e  i r h i l e ,  

i f  t h e  a g g r e g a t e  o f  t h e  i n d i v i d u a l  E ' s  i s  p o s i t i v e ,  t h i s  is a  s u f f i c i e n t  c o n d i t i o n  

f u r  t h e  S c i t o v s k y  c r i t e r i o n  t o  be s a t i s f i e d .  I f  some i n d i v i d u a l s  g a i n  from t h e  

change b u t  o t h e r s  l o s e ,  o n e  n e e d s  t o  know t h e  magni tude of t h e  i n d i v i d u a l  C ' s  

o r  E ' s  i n  o r d e r  t o  a p p l y  t h e s e  c r i t e r i a .  ( 2 )  Suppose t h e r e  is a  Bergson ian  so- 

c i a l  w e l f a r e  f u n c t i o n ,  G! = W 1 H 
(U , .. . , u ), where uh i s  the u t i l i t y  o f  t h e  h t h  

1 H i n d i v i d u a l .  T h i s  s o c i a l  w e l f a r e  f u n c t i o n  can a l s o  b e  w r i t t e n  a s  h' ( t  , . . . ,  t ) 

h  0 h  h  0 1 l h  
where t. ( u )  Z m (p  , u  ) = f + The c h a n ~ r  from (p  , t o  (p , y f 

h h  induce:; 3 change i n  s o c i a l  w e l f a r e  amount ing t o  ilii = I: k' t = I: Wh E: , v!iere ii 
h  h  

i s  t h e  d e r i v a t i v e  of  W(-) w i t h  r e s p e c t  t o  i t s  h t h  argument.  T h e r e f o r e ,  t h e  

magni tude  of  t h e  i n d i v i d u a l  E ~ ' S  matters. 1 

In  a p p l i e d  s t u d i e s ,  w e l f a r e  e v a l u a t i o n s  a r e  o f t e n  b a s e d  on t h e  > l n r s h a l l i a n  

measura  of  consumer ' s  s u r p l u s  i n v o l v i n g  a r e a s  under  o r d i n a r y  demand f u n c t i o n s ,  

P 
S = ty + S  , where  

ii 
0 I 

T h e r e  ha; been  a l o n g  d e b a t e  an  t h e  a d e q u ~ c y  of sP as a w e l f a r e  m e a s u r e ,  

f o c u s i n g  on t h r e e  main i s s u e s :  (1) w h e t h e r  t h e  l i n e  i n t e g r a l  i n  (3 )  i s  p a t h  

indepen3cn:; ( 2 )  whe the r  sP c o r r e c t l y  i n d i c a t e s  t h ?  d i r e c t i o n  o f  w e l f a r e  

changf-- i . .e . ,  whe the r  s i g n  (sP) = s i g n  ( c P ) ;  (3) wl .e thcr  sP c o r r e c t l y  mici:iires 

D 
t h e  magni tude  of w e l f a r e  change--i.e., whe ther  S- = c ~ . ~  The r e s o l u t i o n  oE 

t h e s e  i s s u e s  i n v o l v e s  t h r e e  d i f f e r e n t  a s sumpt ions  a h o u t  t h e  n a t u r e  o f  

con5ur.er p r e f e r e n c e s ,  which a r e  d e s c r i b e d  i n  T a b l e  I .  It c a n  b e  shown t h a t  

assu?ipt ionq ( I a ) ,  ( b ) ,  and  ( c )  a r e  e q u i v a l e n t .  I n  t h e  case o f  assumpt ioni ;  



Table I. Assumptions Employed i n  t h e  12elfare Analysis 

of P r i c e  Changes 

Assumption I. 

( a )  The r a t i o  (vi /v.)  is independent of  y f o r  a l l  i, j E J. 
3 

(b) v (P ,  Y) = T I$  (pJ,  pS), p j ,  Y I .  

(c) The income e l a s t i c i t i e s  of demand f o r  a l l  t h e  goods i n  J a r e  

t h e  same. 

Assumption XI 

(a )  X(p, y) is independent of  pJ.  

(b) v ( p ,  y) = $(pJ, p5) + @ ( ~ j ,  Y). 

(c) The income e l a s t i c i t i e s  of demand f o r  a l l  t h e  goods i n  J a re  

t h e  same, and a r e  independent of p 
J' 

I 

Assunption 111 
i 

(a) Xfp, y) is independent o f  ( p J ,  y) .  

(b) v(p,  Y) = $(pJ, p j )  + y ' Q(pj).  

fc)  The income e l a s t i c i t i e s  of demand f o r  a l l  t h e  goods i n  J a r e  

zero .  



(11) and ( I I I ) ,  ( a )  aqd  (3) a r e  e q u i v a l e n t ,  and each i m p l i e s  ( c ) ;  t h e  converse  

i s  n o t  t r u e ,  h o d e v e r ,  i f  c o n t a i n s  more than  o n e  e l m t e n t .  The s t a t u s  of  sP a s  

a  v e l f a r e  measure  can be  sumnar ized  a s  f o l l o t i s - - i t  w i l l  b e  shown i n  t h e  n e x t  

s e c t i o n  t h a t  ana logous  r e s u l t s  h o l d  f o r  t h e  w e l f a r e  a n a l y s i s  of q u a l i t y  

changes  : 

PROPOSITIOX 1: I f  ass i tmpt ion ( I I I c )  h o l d s ,  t h e n  SP = cP, and SP is p a t h  

i n d e p e n d e n t .  

P  PROPOSITION 2 :  I f  a s sumpt ion  ( I I a )  h o l d s ,  t h e n  s i g n  (SP) = s i g n  (C ) ,  and 

P .  S is p a t h  i n d e p e n d e n t .  

PROPOSITIOS 3: I f  a s s u m p t i o n ( I ) h o l d s ,  t h e n  S' is p a t h  i n d e p e n d e n t ,  b u t  

P  i t  d o e s  n o t  f o l l o w  e i t h e r  t h a t  SP = cP o r  t h a t  s i g n  (SP) = s i g n  (C ). 

3 It s h o u l d  a l s o  b e  n o t e d  t h a t ,  when a s s u m p t i o n ~ I I l h o l d s ,  C- c a n  i n  p r i n c i p l e  

b e  c o n s t r u c t e d  d i r e c t l y  from t h e  o b s e r v e d  demand f u n c t i o n s .  I n  t h i s  c a s e ,  

b y  Roy 's  lemma, t h e  o r d i n a r y  demand f u n c t i o n s  f o r  t h e  goods i n  J must have t h e  

s p e c i a l  s t r u c t u r e  

i 
h ( p ,  Y )  = - C i  ( p J ,  p j ) / e 1  ( p j ,  sf i c J  

5' ( 4 )  

I f  o n e  r e c o g n i z e s  t h e  s p e c i a l  s t r u c t u r e  o f  t h e s e  o r d i n a r y  demand f u n c t i o n s ,  

by i n t e g r a t i o n  o n e  c a n  r e c o v e r  t h e  f u n c t i o n s  Y (pJ ,  and : (p5, Y ) ,  and  

one c a n  t h e n  c a l c u l a t e  cP from t h e  fo rmula  

I f  a s s u n ~ p t i ? n ; ( i ; o r ( I I ) d o  n o t  a p p l y ,  t h e r e  a r e  two way5 t a  per fo rm 

e ~ p i r i . c a l  welfrtr: e v a l u a t i o n s .  One i s  t o  a p p l y  W i l l i g ' s  (1'17". well-known 

P  
a p p r o x i m a t i o n  a n z l y s i s ,  which u s e s  S' t o  bound t h e  t r u e  va!uc of C . The 

0 0 
o t h e r  d e r i v e s  frc-:! p r i c e  i n d e x  t h e o r y .  For  t h e  change Erorr ( p  , y ) t o  

1 
( p  , y l ) ,  t h e  t r u e  c o s t - o f - l i v i n g  indz:,: i s  d e f i n e d  f o r  some r < > f e r e n c e  

0 
u t i l i t y  l e v e l  u  ?r n(u)  Z m ( p l ,  u)/m ( p  , u ) .  Two n a t u r a l  i n < i c e s  are 

0 
T 5 n(u  ) ,  whir', i n v o l v e s  a  w e l f a r e  co- ipa r i son  l i k e  t h a t  u i ~ l e r l y i n g  t h e  
C 



1  compensat ing v a r i a t i o n  measure  C ,  and T E -(u ) ,  which i n v o l v e s  a  w e l f a r e  
E 

compar ison l i k e  t h a t  u n d e r l y i n g  E.  When used  t o  d e f l a t e  money income, t h e s e  

i n d i c e s  p r o v i d e  a  c o r r e c t  i n d i c a t i o n  of t h e  d i r e c t i o n  o f  w e l f a r e  change 

s i n c e  

1  1 
s i g n ( u ,  = s i g n  ( - yo) = s i g n  /Y - yo) . 

\ i i ~  
( 6 )  

The magni tude  of  t h e  change i n  real ir-come h a s  t h e  same n o r m a t i v e  s i g n i f i c a n c e  

as t h a t  of C o r  E s i n c e ,  from t h e  d e f i n i t i o n s .  

Thus ,  w e l f a r e  e v a l u a t i o n s  can  be b a s e ?  on t h e  compensat ing o r  e q u i v a l e n t  v a r i a -  

t i o n s  and on t h e  t r u e  c o s t - o f - l i v i n g  I n d i c e s  w i t h  e q u a l  j u s t i f i c a t i o n :  a l l  t h e  

4 
i n f o r m a t i o n  c o n t a i n e d  i n  t h e  one  c o n c r p t  is a l s o  encoded i n  t h e  o t h e r .  As i s  

w e l l  known, w i t h o u t  impasin:, an>  r e s t r i c t i o n s  on t h e  u t i l i t y  f u n c t i o n ,  one  c a n  

a lways  p l a c e  sonic bounds on t h e  t r u e  w e l f a r e  measures .  T h i s  i s  u s u a l l y  done i n  

t h e  c o n t e x t  o f  t h e  c o s t - o f - l i v i n g  i n d i c e s  v i a  t h e  Laspeyres  and Paasche  p r i c e  

1 0 . .  0  0  
i n d i c e s ,  5 E 1 p  x /, p  s and F f Z p1 x1/2 xl, where  x0 = h  (pO,  yo) and 

1 1 1  
x = h  (p  , y  ) .  The bounds a r e  A L r < L, where i. = min C - - 

- - i 

- E -  
3 -: ii < X ,  where ) = nax I n  t e rms  o f  t h e  compensat ing and equ iva -  

1 
l e n t  v a r i a t i o n s ,  t h e  bounds a r e  Z (xl - xO) p1 - < C - < y  - y O - . and 

1: 0  0 
( y  f h  - y ) ( E ( i: (Y.' - x f pa.  The q u e s t i o n  of whe ther  s i i n i l a r  bounds  

e x i s t  f o r  hedon ic  p r i c e  i n d i c e s  w i l l  be  examined i n  S e c t i o n  T T I .  



11. C0SSY::tii'S SUWLITS PiEASl'RES FOR QI'ALlIY CIIAYGES 

I 2 . .  T,.-. -:~A2*<' 

The suk,.ji>it of t h i s  s e c t i o :  i i -  t i le  u t i l i t y  maximizat ion model,  

n 3 ~ .  u  ( x  . . . , b  . . , b  s u b j e c t  t o  X p .  x .  = y. 
"X '  1 1  

( i i  
s . 0 . .~ 

The u t i l i t !  f u n c t i o n ,  u  ( s ,  b ) ,  h a s  t h e  s t a n d a r d  p r o p e r t i e s  of  a  u t i l i t y  func- 

t i o n  xcith r e s p e c t  t o  x ,  b u t  i t  a l s o  c o n t a i n s  a  v e c t o r  of  parameLers b  which 

a f f e c t s  t h e  c o n s u n e r ' s  w e l l - b e i n g  bu t  i s  n o t  t h e  o b j e c t  of h i s  c h o i c e  and d o e s  

6 
n o t  e s p l i c i t l y  e n t e r  h i s  budget c o n s t r a i n t .  S e v e r a l  i n t e r p r e t a t i o n s  a r e  pos- 

s i b l e .  Fo l lowing  ? la le r  (1974) and Bradford  and H i l d e b r a n d t  (1977) ,  o n e  c a n  

i n t e r p r e t  t h e  components of  b  a s  t h e  l e v e l s  of  s u p p l y  of  v a r i o u s  p u b l i c  goods.  

Fo l lowin2  F i s h e r  and S h e l l  (1967) and h ' i l l i g  (1978) ,  one  c a n  i n t e r p r e t  t h e n  a s  

i n d i c a t o r s  of  t h e  q u a l i t y  of  v a r i o u s  goods.  The l a t t e r  i n t e r p r e t a t i o n  c a n  be 

e l a b d r s t c d  a s  f o l l o w s .  T h e r e  a r e  X commodi t ies ;  and a s s o c i a t e d  w i t h  eac'l  con- 

m o ~ l i r v  i s  a  p a r t i c u l a r  p r i c e ,  p i ,  and a  p a r t i c u l a r  bundle  of  K a t t r i b u t e s .  Thus ,  

- 
1 = 3: an: b  = { b .  } ,  where b .  is  t h e  amount o f  t h e  k t h  a t t r i b u t e  a s s o c i a t e d  

lk lk 

7 
w i t ) .  n u n i t  o f  conmodity i .  I n  t h i s  c a s e  t h e  u t i l i t y  model (8)  is a g e n c r a l i -  

z a t i o n  of L a n c a s t e r ' s  (1966) well-known model where t h e  u t i l i t y  f u n c t i o n  t a k e s  

t h e  s p ~ c i a l  f o r m ,  u  ( s ,  b)  = u  ( Z  xi bil,  . . . , I: x b . F i n a l l y ,  t h e  u t i l i t y  
i i K  

i i 
mode! (8)  c a n  be d e r i v e d  from a  "household  p roduc t ion"  model o f  t h e  form: 

ma:: u ( z l ,  ..., z  ) s a b j c c - t  t o  z = z (x,  b )  and 1 p .  x .  = y.  I n  t h i s  c a s e  
Q P q  1 1  x > o  

th-G co::.?onents of  b  a r e  p x r n n e t e r s  o f  t h e  household  p r o d u c t i o n  functic>::!:, z  1.1; 
q 

a  c11.?nze i n  b cou ld  reprc,r:cn:, f o r  example,  a  change i n  t h e  techno log^; o f  h ~ u s e -  

ho ld  p r o d u c t i o n .  For convc,nir:nce, I s h a l l  adop t  t h e  second i n t e r p r e t n t i . ~ r !  and 

r e f e r  t o  t h e  components of  b a s  measures  o f  connod i ry  q u a l i t y .  

.. 
F ~ > l l o w i n g  X a l e r ,  B:az!i,>rd and H i l d e b r a n d t ,  a 1 ~ 1  i2 i l l ig - -bu t  n o t  I .a:?~. .?stcr--  

a 
I  assiirie t h a t  t h e  s o l u t i o n  of (8) i s  a n  i n t e r i o r  one.  T h i s  y i e l d s  n sibi o f  



i o r d i n a r y  dennnd f u n c t i o n s ,  h  ( p ,  b ,  y ) ,  t h e  L z g r a r g e a n  ~ u l t i p l i c r ,  ' (p, 5 ,  y ) ,  

and t h e  i n d i r e c t  u t i l i t y  f u n c t i o n ,  v ( p ,  b ,  y )  5 u [ h  ( p ,  b ,  y ) ,  b ] ,  a l l  o f  which  

a r e  f u n c t i o n s  o f  t h c  f u l l  s e t  o f  q u a l i t y  v a r i a b l e s ,  b ,  as w e l l  a s  o f  p r i c e s  and 

i n c o r e .  The d u a l  problem i s  = i n  i p ,  x .  s u b j e c t  t o  u  (x, h )  = u .  Aga in ,  assume 
1 1  

an i n t e r i o r  s o l u t i o n .  T h i s  y i e l d s  a  s e t  o f  conpensaced  demand f u n c t i o n s ,  

i 
g  ( p .  b ,  u ) :  t h e  Lagrangean m u l t i p l i e r ,  L ( p ,  b ,  u ) ;  and t h e  e x p e n d i t u r e  func-  

i 
t i o n ,  m ( p ,  b ,  u )  Z 1 pi g  ( p ,  b ,  u ) .  Some p r o p e r t i e s  o f  t h e s e  f u n c t i o n s  a r e  

d e s c r i b e d  i n  t h e  Appendix.  

W i t h i n  t h i s  f ramework,  one  can  a n a l y z e  t h e  w e l f a r e  e f f e c t s  o f  c h a n g e s  i n  

t h e  c o a p o n e n t s  of  b as w e l l  as i n  p r i c e s  and i n c o n e .  Suppose  t h e r e  i s  a  change  

0 0 0  1 1 1  
f rom (p , b , y  ) t o  (p  , b  , y ). A c c o r d i n g l y ,  t h e  c o n s u m e r ' s  w e i f a r t .  changes  

0  0  0  1 1 1  1 0  
f r o r n u 0 5 v  ( p ,  b ,  y )  t o u l E v  ( p ,  b ,  y  ) ;  l e t  G u r u  - u .  I n  t h i s s e c -  

t i o n  I w i l l  f o c u s  on  t h e  c o n s u m e r ' s  s u r p l u s  a p p r o a c h  t o  m e a s u r i n g  t h e  change  i n  

w e l f a r e ;  i n  S e c t i o n  111 I w i l l  t a k e  up t h e  p r i c e  i n d e x  a p p r o a c h .  By a n a l o g y  

- 
L - i t h  ( 1 1 ,  I d e f i n e  t h e  c o x p e n s a t i n g  v a r i a t i o n  measu re  o f  t h e  w e l f a r e  cl;angc, C.  

1 1  - 0  0 0  
by t h e  i m p l i c i t  e q u a t i o n  v (p  , b , y1 - C )  = \. ( p  , b . y  ) o r ,  e c , i : i v a l e n t l y ,  b:,. 

0 
; I )  i 

=~ , 
1 0  

Z g  ( p ,  b ,  u )  d : ) .  
i ,  1 

P 

and  



- 
I h i i s ,  C i s  t i ic  su.1 of  a  c n n p e n s n t i o ~ l  f o r  t h e  incone  c h a n g t ,  y ;  a  c o n p e n s a t i c n  

- 
f o r  t h e  p r i c e  change ,  C P ,  which i s  e s s e n t i a l l y  t h e  same a s  cP i n  t h e  p r e v i o o s  

- b  
s e c t i o n ;  and a  c a n p e n s a t i o n  f o r  t h e  q u a l i t y  change ,  C , which i s  new. S i m i l a r l y ,  

- 1 1  0 0 
I d e f i n e  t h e  e q u i v a l e n t  v a r i a t i t ~ n ,  E ,  by  v ( p i ,  b  , y  ) = v (p , b , yo + E) or  3~ 

- 0 0 1  
E = m ( p , b , u ) - y  

0  

= + EP + ~ b  

where  

0  0  1 1 0 1  
E P : m ( p , b , u ) - m ( p , b , u )  

and 

- 
The q u : ~ n t i t i e s  C and a r e  w e l i a r e  measures  i n  e x a c t l y  t h e  same way a s  

t h e  q u a n t i t i e s  C and E d i s c u s s e d  i n  t h e  p r e v i o u s  s e c t i o n .  F i r s t ,  t h e i r  sir:: 

i n d i c a t e s  t i ie  d i r e c t i o n  i n  which t h e  consumer ' s  w e l f a r e  changes,  s i n c e  

s i g n  (Lu) = s i g n  (C) = s i g n  (E). 

Second,  one  can  make e x a c t l y  t h e  s m e  a rguments  f o r  t h e  n o r m a t i v e  s i g n i f i c a n r c  

o f  t h e  magni tudes  o f  ? and based on t h e  Kaldor-Hicks and S c i t o v s k y  w e l f a r e  

c r i t e r i a  o r  t h e  s o c i a l  w e l f a r e  f u n c t i o n  c o n c e p t .  

fbl WeZfzr; A,; rZ;,sis orid Areas Lil;?. rs :'c~srir! Czuues' 

I now t a k e  up t h e  q u e s t i o n  o f  ::hctl~er t h e  w e l f a r e  i;;c.?sures 5: and f C . I ~  

b e  approximated by a r e a s  under  orc!ir?ary demand c u r v e s ;  f o r  conven ience ,  I f o c u s  

on E .  C l e a r l y ,  EP can  b e  approximat:ed by t h e  > l a r s h a l l i a n  q u a n t i t y  Z P ,  d e f i n e d  

i 1 0  as i n  (3 )  b u t  u s i n g  t h e  o r d i n a r y  d t n a n d  f u n c t i o n s  h  ( p ,  h , y ) ; P r o p o s i t i o r ; ~  1 ,  

-b 2 ,  and  3 c a r r y  over  d i r e c t l y  t o  SP .  T h e r e f o r e  t h e  q u e s t i o n  i s  w h e t h e r  C can  be 



approxinated by a  sum of a r e a s  under ord inary  deaand cu rves ,  and whether analogues 

of P ropos i t ions  1, 2 ,  and 3 e x i s t  f o r  t h i s  approximation. 

-b 
The f i r s t  s t e p  is t o  r e l a t e  C t o  a r e a s  under compensated demand curves;  

X8ler (1974) was t h e  f i r s t  to  show how t h i s  could be done. For t h e  sake  of  

g e n e r a l i t y ,  l e t  R be  t h e  index s e t  f o r  t h e  components of  b which change and 

[ 1 : 3 - [.Ib: = .g3- The vec to r  b i s  p a r t i t i o n e d  i t s  complement--i.e., R = r  b # b and R = 

0 
accordingly :  b = (bR, bE) .  Let BR = = a bR + (1 - a) b 

R' 3 
Two assumptions a r e  r equ i red .  The f i r s t  is t h a t  t h e r e  e x i s t s  a t  l e a s t  one and 

poss ib ly  more commodities wi th  t h e  proper ty  t h a t ,  i f  t h e s e  commodities a r e  not  

consumed, t h e  marginal  u t i l i t y  from a  change i n  t h e  covponenrs of b i s  zero. 
9 

R 

Let  I be t h e  index s e t  of t h e  c o m o d i t i e s  w i th  t h i s  proper ty  and i t s  complement. 

P a r t i t i o n  t h e  v e c t o r  x  accordingly :  x  = (xI ,  xT). When x .  = 0 f o r  a l l  i E T ,  t h e  
1 

consumption v e c t o r  i s  w r i t t e n  (0, x?). The assumption is t h a t :  

(A) There e x i s t s  a  nonempty index s e t  I such t h a t  

0 
;u (0, xy, bRv bE) 

a b = 0 a l l  r E R ,  bR E ZR 
r 

The second assumption is t h a t :  10 

(B) l h e  c o m u d i t i e s  i n  I a r e  nonessen t i a l .  

With t h e s e  assumptions, M6ler proves t h e  fol lowing r e s c l t :  

LG'fM 1 :  I f  assumptions (A) and (B) ho ld ,  t h e r e  e x i s t s  a  f i n i t e  p r i c e  

* 
v e c t o r ,  p I ,  such  t h a t  g  

i * 0 0 0 
(PI ,  pT ,  b R ,  bR,  u ) = 0 f o r  a l l  i c I and b E BR, and 

* 

-b . A na tur , i l  approximation t o  C mvolving  a r e a s  under o rd ina ry  demand curves 

- b 
is t h e  quan t i ty  S , def ined  by 



i 0 0  C 
where i s  such t h a t  h  (PI ,  PI ,  bR,  bR ,  y  ) = 0 f o r  a l l  i E I and bR I B~ 

(assumption (B)  ensures  t h a t  a  f i n i t e  p e x i s t s ) .  This  appears t o  have been f i r s t  
I 

suggested by Stevens (1956); i t  has  s i n c e  been widely used i n  empi r i ca l  s t u d i e s  

of t h e  w e l f a r e  e f f e c t s  of changes i n  environmental q u a l i t y .  One can ask whether 

t h e  l i n e  i n t e g r a l  i n  (11) is pa th  independent,  and whether i t  is t r u 2  e i t h e r  t h a t  

-b -b -b -b 
s i g n  (S ) = s i g n  (C ), o r  t h a t  S  = C . I n  o r d e r  t o  answer t h e s e  ques t ions  i t  is 

necessary  t o  invoke t h e  t h r e e  s e t s  of assumptions about  consumer preferences  

which a r e  l i s t e d  i n  Table I I a n d  w h i c h a r e  n a t u r a l  analogues of t h e  assumptions i n  

Table I. It can be shown t h a t  assumptions (1') ( a ) ,  (b) and (c)  a r e  equiva lent .  

I n  t h e  case  of  assumptions (11 ')  and ( I I I ' ) ,  (a )  and (b) a r e  equ iva len t ,  and each 

impl ies  ( c ) ;  t h e  converse i s  not  t r u e ,  however, i f  i conta ins  more than one 

element. The s t a t u s  of 3b a s  a we l fa re  measure i s  descr ibed  by t h e  following 

t h r e e  p ropos i t ions  : 

-b -b 
PROPOSITLOX 4 :  I f  assumptions ( A ) ,  (B) and ( I I I ' c )  ho ld ,  then  S  = C , and 

-b . S rs pa th  independent.  

-b 
PROPOSITION 5: I f  assumptions (A), (B), and ( I I ' a )  ho ld ,  then  s i g n  (S ) = 

= s i g n  ( E ~ ) ,  and zb i s  pa th  independent.  

-b 
PROPOSITIOK 6 :  I f  assumptions (A), ( B ) ,  and (1 ' )  ho ld ,  then S i s  pa th  

-b -b -b -b 
independent ,  bu t  i t  does not  fol low e i t h e r  t h a t  S  = C o r  t h a t  s i g n  (S ) = s i g n  ( C  ) 

The proof of P ropos i t ion  4 fo l lows d i r e c t l y  from Lemma I.  The proof of 

0 1 0  0 
P ropos i t ion  5 is prei;i:i:tcd i n  t h e  Appendix. Let  A u  E v (p , b , y - v C p 0 ,  b  , yo) 

- t) 
niid n o t e  t h a t  s ign  ( C  ) = s i g n  (&). The proof c o n s i s t s  of s!io..iiii;; t h a t ,  under 

-b 
assunpt ion  ( I I ' a ) ,  sb = ASIA. Actua l ly ,  when assumption ( 1 1 % )  h o l d s ,  C can i n  

p r i n c i p l e  be cons t ruc ted  d i r e c t l y  from t1:e observed demand f u a c t i n n s ,  s ince  t h e i r  

f u n c t i o n a l  s t r u c t  4 ) .  By i n t e g r a t i o n  one can recover 



Table 11. Assumptions Employed i n  t h e  Welfare Analysis 

of  Q u a l i t y  Changes 

I Assumption ( 1 ' )  

(a )  The r a t i o  ( v  / v  ) is independent of y f o r  a l l  i € I and r E R. r i  

(b) v (P ,  b ,  Y) = T[ $ (p,  b ) ,  pi., bfi, y l .  

( c )  The income e l a s t i c i t i e s  of  demand f o r  a l l  t h e  goods i n  I a r e  

t h e  same. 

Assumption (11 ')  

(a)  X (p, b ,  y) i s  independent of (pI ,  bR). 

(b) v (p,  b ,  Y) = $ (p ,  b) + O (p f ,  bE, y ) .  

( c )  The i n c o r r  e l a s t i c i t i e s  of demand f o r  a l l  t h e  goods i n  I a r e  

t h e  same, a n d  a r e  independent of ( p I ,  bR). 

I 
Assumption (111')  

(a)  h (p,  b ,  y )  i s  independent of (p I ,  bR, y) .  

(b) v (p ,  b ,  y )  = $(p ,  b) + Y ' t (P:, bE). 

(c) The incorue e l a s t i c i t i e s  of demand f o r  a l l  t h e  goods i n  I a r e  

zero.  



-b 
t h e  f u n c t i o n s  5 ( p ,  h )  and $ ( p f ,  hE, y ) ,  and one c a n  t h e n  c a l c u l a t e  C from a 

f o r m u l a  ana logous  t o  ( 5 ) .  The p a t h  independence  p a r t  o f  P r o p o s i t i o n  6 i s  s t r a i g h t -  

f o r w a r d ,  s i n c e  assumpt ion  ( 1 ' )  i m p l i e s  t h a t  f o r  i , j E I 

v  v  
r v  = -  r 

v .  = - 
r y  v  

v .  . 
i l Y  v j  JY 

i j 
Hence v .  v . = v  v . which ,  i n  t u r n ,  i m p l i e s  t h a t  h . ( - )  = h i ( . ) .  The rest o f  

3  Y =  i YJ J 

P r o p o s i t i o n  6 i s  somewhat l e s s  obv ious .  B r a d f o r d  and  H i l d e b r a n d t  (1977) and 

W i l l i g  (1978) p r o v e  t h e  f o l l o w i n g  r e s u l t :  
11 

LEMMA 2 :  I f ,  and  o n l y  i f ,  a s sumpt ions  ( A ) ,  (B) and (1') h o l d ,  t h e n  

However, t h i s  lemma h a s  no p r a c t i c a l  i m p l i c a t i o n s  f o r  nonmarg ina l  q u a l i t y  changes .  

-b 
It d o e s  n o t  imply t h a t ,  u n d e r  t h e  s t a t e d  c o n d i t i o n s ,  s i g n  ( S  ) = s i g n  ( A < ) ,  s i n c e  



un les s  v (.) is a l s o  independent of b which then implies  assumption ( I I ' a ) .  
Y R '  

-b -b 
Does t h e  lemma imply t h a t  S = C ? No, because 1 2  

0 1 0 _ - b  + m (pO> bO, u ) - m (pO, b  , u ) = c . 
This completes t h e  proof of P ropos i t ion  6. 

What, then ,  i s  t h e  s i g n i f i c a n c e  of Lemma 2 f o r  app l i ed  w e l f a r e  a n a l y s i s ?  

W i l l i g  (1978, p. 228) desc r ibes  i t  a s  "cha rac te r i z ing  cond i t ions  under  which t h e  

marginal va lue  of product q u a l i t y  i s  t h e  q u a l i t y  d e r i v a t i v e  of Marsha l l i an  c o x u n e r ' s  

surp lus ."  This may b e  q u e s t i o ~ e d .  The right-hand s i d e  of (12a) is c l e a r l y  t h e  

-b 1 
q u a l i t y  d e r i v a t i v e  of Marshal l ian  consumer's s u r p l u s ,  -2s l a b r .  Is t h e  le f t -hand 

s i d e  of (12a) t h e  marginal  va lue  of product  q u a l i t y ?  Sot i f  one means by t h i s  

1 .  
- a ~ ~ / a b  .Ince r 



1 The r ig l i t -band  s i d e s  of  (13a)  and (13b) c o i n c i d e  o n l y  a t  t h e  p o i n t  b  = b  0 

D e s p i t e  t h e s e  n e g a t i v e  c o n c l u s i o n s ,  i t  t u r n s  o u t  t h a t  a s sumpt ion  (1') does  

have a  p r a c t i c a l  i m p l i c a t i o n  f o r  a p p l i e d  w e l f a r e  a n a l y s i s - - i t  p e r m i t s  u s  t o  

-b -b 0 1 0  - b 0  0 .  
u s e s  a s a @ o n C .  D e f i n e  u - v  ( 7 ,  h ,  y ) a n : E  = m  ( p ,  b , u ) -  

0  l - b  '-b 
n ( p  , b  , ;) and n o t i  t h a t  s i g n  (C ) = s i g n  ( r  ) .  The f o l l o w i n g  r e s u l t ,  which 

i s  a  s i n p l e  e x t e n s i o n  of  one  proved bq & l e r  (1974,  pp. 130  and 1 3 1 ) ,  i s  t h e  

a n a l o g u e  o f  t h e  well-known p r o p o s i t i o n  f o r  t h e  s t a n d a r d  u t i l i t y  model of  Sec- 

t i o n  I t h a t ,  when a l l  p r i c e s  change i n  t h e  same d i r e c t i o n  and a l l  goods whose 

P  13 p r i c e s  change  a r e  normal ,  cP  ' SP < E : 

LDPts. 3: If  assumpt ions  ( A ) ,  ( B ) ,  and  ( 1 ' )  h o l d ,  and i f  a l l  comoonents 

o f  bR change i n  t h e  -- s a n e  d i r e c t i o n ,  

-b < gb < ;b 
( a )  i f  m r u  < 0 f o r  a l l  r E R ,  t h e n  C 

( b i  i f  n i l  > 0 f o r  a l l  r r R ,  t h e n  cb jb ib. 

T!!r p r a c t i c a l  problem i n  a p p l y i n g  t h i s  l e m a  i s  t o  v e r i f y  t h e  s i g n  of  c. . How- 
r u  

c;.er, i t  t u r n s  o u t  t t i , i t ,  w i t h  a s s u m p t i o n f I ' ) ,  t h i s  s i g n  can b e  deduced f ro -  t h a t  

o :  t h e  income e l a s t i c i t i e s  of demand: 

LEPli 4 :  F<>r ariy b r .  i f  t h e r e  e x i s t s  a n  index s e t ,  I r '  
suci ,  that ( v ~ / v , )  

i 
is i n j e p e n d e n t  o f  ? f o r  a l l  i E I then  s i g n  {h  } = - s i g n  {m ? fox. a l l  i E I . 

r ' Y r u  r 

The l e m m a  i s  proved i n  t h e  Appendix; when combined w i t h  Lemma 3 ,  it  l e a d s  t o  

t h e  f o l l o w i n g :  14 

PROPOSITIO?: 7: I f  a s sumpt ions  ( A ) ,  (K), and  (1 ' )  h o l d ,  and i f  a l l  t h e  com- 

p o n e n t s  o f  b  change i c  t h e  same d i r e c t i o c ,  
R  

-b < Sb 
(a )  i f  a l l  t i1 .2 goods i n  I a r e  norr:?l ,  t h e n  C 

-b > Sh 
(b) i f  a l l  t h e  goods i n  I a r e  i n f c t r i o r ,  t h e n  C  

Iii t h e  n e x t  s e c t i o n  I d i s c u s s  a n  a l t e r n a t i v e  approach t o  bounding t?ie magni tude 

of w e l f a r e  cha2ges  bnscd n o t  o n  consumer ' s  s u r p l u s  measures  b u t  r::ther on h e d o n i c  

p r i c e  i n d i c e s .  



111 . HET>;I::II: P R I C E  I!;DEX THEORY 

It was shown i n  Sec t ion  I t h a t ,  f o r  p r i c e  changes. t h e  consumer's s11rn111s znd 

p r i c e  indes  approaches both convey t h e  same information about t h e  d i r e c t i o n  an,? 

nagnitude of  we l fa re  ctranjies. The same holds t r u e  f o r  q u a l i t y  changes. The s e t u p  

is a s  i n  Sec t ion  I1 and is based on t h e  u t i l i t y  model (8) .  P r i c e s ,  q u a l i t i e s ,  

0  0  0  1 1  1 
and income change from (p , b  , y  ) t o  (p  , b  , y  ), and t h e  consumer's u t i l i t y  

1 1  
changes from u0 E v  (pO, bO, t o  u1 E v  (p l ,  b  , y  ). I d e f i n e  t h e  t r u e  

cos t -of - l iv ing  index f o r  some re fe rence  u t i l i t y  l e v e l ,  u ,  t o  be  t h e  r a t i o  n(u)  = 

0  0  0  1 
= m b l ,  u)/m (p , b  , u) .  Two n a t u r a l  i n d i c e s  a r e  - n(u ) and nE S n(u ) 

C = 
which correspond,  r e spec t ive ly ,  t o  ? and a s  def ined  i n  (9) and ( 10).  I f  one 

s u b s t i t u t e s  and r f o r  n  and 7! and C and E f o r  C and E ,  equat ions ( 6 )  and 
C E C E'  

(7) s t i l l  apply.  

It w a s  a l s o  noted i n  Sec t ion  I t h a t  one can always o b t a i n  p r a c t i c a l  bounds 

on n  and n  without  making any assumptions about t h e  form of t h e  u t i l i t y  func t ion .  C E 

I n  t h i s  s e c t i o n ,  I i n v e s t i g a t e  whether t h e  same conclusion holds f o r  7: and ? 
C E '  

These i n d i c e s  can be  decomposed i n t o  a  pure p r i c e  component and a  pure  q u a l i t y  

- - -b - - 1 0  1 0 - p -  
coaponent: n  = - n and 71 = G P  - sb where nP E m cp , b  , u  ) f y  , % = C C' E E E '  C 

1  0 1 1  
y / m ( p , b , u ) ,  

;h - m  ( p l ,  b ,  
1 0  0 1 1  

- b = m ( p , b , u )  " )  , a n d n  - 
' C  1 0  0 

r d p , b , u )  
E 

m bO, u l )  

- 
I n  e f f e c t ,  lip ;':?d cp a r e  t h e  p r i c e  ind ices  one might calcul .ate  ignor ing  t h e  

C E 
-b 

qi inl i ty  change, and T U  and n  a r e  t h e  r e s p e c t i v e  c o r r e c t i o n  f a c t o r s  which a d j u s t  C E 

f o r  t h e  q u a l i t y  than-2. The i n d i c e s  7' and GP have t h e  same p r o p e r t i e s  a s  t h e  
C E 

i n d i c e s  n  and nE. in p a r t i c u l a r ,  by adapting Po l l ak ' s  (1971) proof ,  one o b t a i n s :  
C 



LE:.P:I 5: For an:: (b, y) and f o r  any two p r i c e  y e c t o r s ,  p '  and p", 

- 
v ! ~ e r ~  ... ; = a i n  (p : . /p ; )  and X = mae (p : ' / p : ) ;  and 

1 1 1  
i i 

- 
where  ). = c ~ i n  ( p  and A = ma?: ( p f / p i ' ) .  

1 1  
i i 

It f o l l o w s  t h a t  ?rE < Z and  Gp > P, where  and iS are t h e  L a s p e y r e s  and Paasche  
E - 

i n d i c e s  

1 n 
What c a n  b e  s a i d  a b o u t  t h e  i n d i c e s  G~ and cb? C l e a r l y ,  i f  b t b  , t h e n  n: 5 1  

C E 
-b 0  -b 

C 
-b > 1. But  t h e r e  does  n o t  and nE 5 1 ;  c o n v e r s e l y ,  i f  b1 < b  , t h e n  n 2 1 and nE - 

-b 
a p p e a r  t o  b e  any r e s u l t  a n a l o g o u s  t o  Lemma 5 which p r o v i d e s  g e n e r a l  bounds on 7 

C 
- b  

and x w i t h o u t  r e q u i r i n g  any r e s t r i c t i o n s  on t h e  form o f  t h e  u t i l i t y  f u n c t i o n .  E 
-b -b 

I n s t e a d  of  t r y i n g  t o  o b t a i n  bounds on IT and IT t h e  l i t e r a t u r e  on hedon ic  
C E '  

p r i c e  i n d i c e s  h a s  pursued  a  d i f f e r e n t  c o u r s e - - i t  h a s  s o u g h t  some way t o  a d j u s t  

p r i c e s  t o  a l l o w  f o r  t h e  change i n  q u a l i t y ,  s o  t h a t  i f  o n e  u s e s  t h e  a d j u s t e d  p r i c e s  

1  
i n s t e a d  of p0 and p  and computes a p r i c e  i n d e x  s i m i l a r  t o  EP o r  IT s a y ,  o n e  

C C' 

o b t a i n s  a  c o r r e c t  measure  of t h e  w e l a r e  change a s s o c i a t e d  w i t h  t h e  change f rom 

1 1  
bO) t o  ( p  , b  ). T h i s  i d e a  was f i r s t  deve loped  s y s t e m a t i c a l l y  by Adcln:xc 

and  G r i l i c h c s  (1961) ;  t h e i r  approach  is a n a l y z e d  i n  s e c t i o n  ( c ) .  A v a r i a n t  wai :  

d e v e l o p e d  by V i l l i g  (1978) ;  t h i s  i s  ana lyzed  i n  s e c t i o n  (b ) .  I n  b o t h  c a s e s  T 

examine whe the r  t h e  h e d o n i c  p r i c e  approach  p r o v i d e s  any p r a c t i c a l  b e n e f i t s  as 

compared t o  t h e  consumer ' s  s u r p l u s  approach  d e s c r i b e d  i n  S e c t i o n  11. 



C o n s i d e r  t h e  p r i c e  v e c t o r ,  ?** ,de f ined  by 

*... 3 v  (p ", b  , 1: 1 1 1  
, b , y ) .  (14) 

T h i s  is a  car :d idare  f o r  a  q u a l i t y - a d j u s t e d  p r i c e  v e c t o r  s i n c e ,  i f  q u a l i t y  d i d  

n o t  change bu t  p r i c e s  were a t  t h i s  l e v e l ,  t h e  consumer ~ o u l d  be  j u s t  a s  we l l  

1 1  o f f  a s  h e  i s  w i t h  (p  , b  ) .  Suppose one  g o e s  ahead  and  c o n d u c t s  t h e  w e l f a r e  

0 ** e v a l u a t i o n  as though p r i c e s  had changed f rom p  t o  p , w i t h  no change  i n  q u a l i t y .  

One c o u l d  c a l c u l a t e  t h e  e q u i v a l e n t  v a r i a t i o n  f o r  t h i s  change ,  i.e., t h e  q u a n t i t y ,  

0  1 0  0 E**, s u c h  t h a t  v (p**, b  , y ) = v  (p , b , yo + E**); and o n e  c o u l d  c a l c u l a t e  t h e  

-** ** 0 1 0 0 1  c o r r e s p o n d i n g  t r u e  c o s t - o f - l i v i n g  i n d e x  nE m (p , b  , u  )/m (p , b  , u ). DO 

t h e s e  r e a l l y  g i v e  a t r u e  i n d i c a t i o n  o f  t h e  change i n  w e l f a r e ?  Yes, b e c a u s e ,  by 

- ** -** - - i n s p e c r i o n ,  E = and  K - r T h e r e f o r e ,  p** is a  v a l i d  h e d o n i c a l l y  a d j u s t e d  
E '  

p r i c e  v e c t o r .  A second  c a n d i d a t e  i s  t h e  p r i c e  v e c t o r ,  p*, d e f i n e d  by 

* I 0  0 0 0  
v ( p . b , ~ ) = v ( p , b . ~ ) .  (15) 

I f  q u a l i t y  w f r e  a t  t h e  new l e v e l  bu t  p r i c e s  were  p*, tnc  consumer would be j:;;,t 

0  
a s  w e l l  o f f  a s  ht. was o r i g i n i l l l y  with (pO,  b  ) .  Suppose o n e  p r e t e n d s  t h a t  p r i c e s  

1  
had o r i g i n a l l y  been  p* and had c1,anged t o  p l ,  w h i l e  q u a l i t y  had a l w a y s  been b . 
L e t  E X  be  t h e  compensat ing v a r i a t i o n  f o r  t h i s  change- - i . e . ,  ?* s a t i s f i e s  

1 1 1  C*)  = v  (p  
* 1 C -* 

v ( p , b , !  - , b  , y ) Let  n C be  t h e  c o r r e s p o n d i n g  t r u e  c o s t -  

1 1 0  * l o  
of- l iv in : . ,  i n?c :< ,  5" = n ( p  , b , u ),'m ( p  , b  , u  ) .  By i n s p e c t i o n ,  C* = C 

C 

and :A = z T h u s ,  p* i s  a l s o  n v ? l i d  h e d o n i c a l l y  s d j u s i e d  p r i c e  v e c t o r .  
C ' C '  

! :  r n o t  t h e s e  two ';~r.:lorii: p r i c e  v e c t o r s  a r c  i i s e f u l  i n  p r a c t i c e  d:- 

A. * * 
?endi: or ( i  j e a s e  w i t ? )  whit!; ?'. 2nd p  c a n  be cali:,;;ated f rom observed l.i:a 

-* -** 
and ( i ~ )  whether  o r  n o t  one  ca?  o h t a i n  s i m p l e  bound* o n  .ir o r  WE C 

I g n o r i n - ,  t h e  f i r s t  q u e s t i o n  f o r  tile moment, I c a n  answer t h e  second by apply-in:: 

- - 
Le::rin 5 t o  t l i c s c  c o s t - o f - l i v i n ; ;  i r 3 i c e s  and ,  hence ,  t:) -: and i! E'  D e f i n ~ .  C: ., 

C 



Li;:r.-...ri. ;- , - .' nr,d p a .  . . . .  :,e-r... . 9 e  i r d  i:.cs: 

0. 
L* &-:: h  ( P * ,  b l ,  v  1 p** = X I - -  ~ 9 :  . 0  1 and  A - 

h  * - b  , y _ l  
1 0  Z p* - h  (p*,  b ,  y  ) 

0  1 Z p0 . h (p*", b , y ) 

* ** PROPOSITIOS 8: Given  p  and  p , 
- 

( a )  - ). - < Si i L* -;- A, C - 

w h e r e  

1 = min and  A = mar  - 
i i 

One c a n  u s e  t h i s  r e s u l t  t o  o b t a i n  s i m p l e  t e s t s  f o r  t h e  w e l f a r e  e f i e c t s  o f  t h e  

0 0 1 1  1 1 0 c h a n g e  f r o m  ( p  , b , t o  ( p  , b  . y ) .  For  example ,  i f  ( y  lL*)  ; y , t h e n  

. ~, ,, 1 -a-,. 0  
- 1 1  0; o r ,  i f  0. I.-- ̂ j  .: y , t h e n  :ti < 0 .  

5 0  f a r ,  I hab r r  i - posed  no  r e s t r i c t i o n s  o n  t h e  fo rm o f  t h e  u t i l i t y  f u n c t i o n ,  

ti (>:, b ) .  Gilli.: (197;S examines  t i re  i s s u e s  wh ich  I h a v e  j u s t  d i s c u s s e d  under  

the. a s s u m p t i o n s  of n p a r t i c u l a r  r e s t r i c t i : ' n  o n  t h e  u t i l i t y  f u n c t i o n ,  n a n e l y ,  a s s u n p -  

t i o n  (1') i n  T a b l e  11. H e  a r g u e s  t h a t  t h i s  a s s u m p t i o n  makes i t  easier t o  c a l c u -  

* 
l a t e  t h e  h e d o n i c a l l y  a d j u s t e d  p r i c e s ,  p  a n d  p**, and  t h a t  i t  l e n d s  t o  a set  o f  

p r a c t i c a l  b o u n d s - - d i f f e r e n t  f r o c  t h o s e  i n  P r o p o s i t i o n  8--which s i - p l i f y  w e l f a r e  

c.v:iluation.; .  I will i,:,:a-inc b o t h  a r g u m e n t s ,  s t a r t i n g  w i t h  t h e  I a t r e r .  

The b?undi,  ~ ~ i i i c i ,  ; i i l l i ?  p r o p o s e s  2 l - c .  

H i s  p r o p o s i t i o r ,  ic, t ' i n t ,  i f  a s s u m p t i o i l  (1') t r o l d s ,  t h e n  % < :'' dnd % > L ' .  
C - E - 

T h i s  p r o p o s i t i o n  i? a c t r i a l l y  i n c o r r e c t .  I i i l l i g  f i r s t  p r o v e s  ( t i i s  Lemma 1) 



. . - 
t h a t  % < L and a > 2' where 

C - E - L  

,.. - Z p" h  (PO, bO, YO) 
and 

2. = Z p1 h  ( p l ,  b l ,  y l )  
0 0 0  1 1  1 

z p O h ( p , b . y )  Z P ' ~ ( P , ~ , Y )  

w i t h  p' and p" d e f i n e d  by 

and 

He p o i n t s  o u t  t h a t  t h e s e  bounds a r e  u n l i k e l y  t o  be o f  p r a c t i c a l  impor tance  

s i n c e ,  i f  one cou ld  c a l c u l a t e  them, t h e r e  would be s u f f i c i e n t  i n f o r m a t i o n  t o  

- 
c a l c u l a t e  n and T d i r e c t l y .  Howevfr, h c  t h e n  a r g u e s  ( h i $  Theoren 4 )  t h a t ,  

C E 
* .,. 

i f  a s sumpt ion  (1 ' )  h o l d s ,  p  = and p'". = p"; h e n c e ,  L '  = L" and ;l' = - .  ;' 

But t h i s  r e s u l t  d o c s  n o t  f o l l o w  f r o r  a s s i i ? p t i o n ( I ' ) ;  one a c t u a l l y  n e e d s  t o  in-  

voke t h e  more r e s t r i z t i c e  assumpt ion  ( I I ' a )  t o  e n s u r e  t h i s  r e s u l t .  
15 

The c o r r e c t  

- - 
theorem is t h a t ,  if ( I I t a j  h o l d s ,  then  - C  ;:, 2' and n > ?. 16  

B u t ,  a s  no ted  abo-.rt, 
E - -  - - 

if ( l l ' a )ho lds ,  C 3 r d  E c a n  be  c o n s t r u c t e d  d i r e c t l y  from t h e  o b s e r v e d  ordinar:., 

- - 
demand f u n c t i o n s  and o n e  does  n o t  need bounds o n  'iiC o r  nE. I f  f l l ' a )  o r  (1 ' )  

do h o l d ,  t h e  more g e n e r a l  bounds i n  P r o p o s i t i o n  8 are s t i l l  a v a i l a b l e .  

* ** I t u r n  now t o  t l !?  problem of  c a l c u l a t i n ~  p  and p  . I f  t h e s e  cannot  be 

c a l c u l a t e d  sir;!p?.; i r . ~ ; : ~  obse rved  d a t a ,  t h e  whole purpose  of  t i le  h c d o n i c  p r i c e  

mcthodo lo~ ,> .  i s  lo:::,  .ind n e i t h e r  P r o p n s i t  ! o n  8 n o r  W i l l i g ' s  t i i e ~ r e n  h a s  any 

p r . i c t i c a l  v n l u r .  i t  i s  c l e a r  t h a t  so:-,C i - c . . t r i c t i o n s  on t l le  fo r7  of  t h e  u t i l i t y  

f u n c t i o n  are req::i:-L.'. Consider  what 11 . ; ; ; ~ n r ;  when no res t r i c t i . ) : ; . ;  a r e  i ~ p o s s d .  

*- ii * 
S i n c e  t h e  probli!~?:; r ' f  c ; i l c u l a t i n g  p  zni i. a r e  t h e  same, 1 Foi.irs on p  . One 

0 0 0 
nr,i:ds t o  i i n d  a sc. ;  ;I€ f u n c t i o n s ,  , : . i i ; l i  t h a t  v [ p ( b ) ,  b ,  ?. ] = v b  , y 1 ;  

3 
1 once  t h e s e  funct ion. :  a r t .  found,  *!= p ,  (!., j .  These  f u n c t i o n s  s a t i s f y  

J 3 



w h i r  a :  h r e g a r d e d  as a  s::ster: o f  p , a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ;  w i t i l  b c~ id .3 r ; -  

0 0 
c t - n d i t i o r i s ,  p .  ( h  ) = p . .  Howevcr ,  i f  o n e  had  enougt i  i . n f o r m a t i o n  t o  s e t  up a::%: 

J J 

s g l v e  t t ~ e s e  d i f f e r e n t i a l  e q u a t i o n s ,  i . e . ,  i f  o n e  knew t h e  f u n c t i o n  v ( p ,  b ,  y ) ,  

- 
he c o u l d  c a l c u l a t e  5 arid - d i r e c t l y ;  t h e r e  would b c  no need  f o r  p" o r  p*". C E 

Su;ipos: t!in: p r o p e r t i e s  ( A ) ,  ( B  ) ,  and  a') h o l d ,  i h i i l l i g ' ?  :.suit-- 

Leny,n 2 abi i ; -< , - - impl ies  t i i :~t 

I n  t i : i s  c a s e ,  a t  l e a s t ,  o n e  c a n  s e t  up t h e  s y s t e m  of  d i f f e r e n t i a l  equa t i c ! n s  

f r o :  o i s e r l s a b l e  d a t a ,  na;:.el?., t h e  o r d i n a r y  deriand f u n c t i o n s ;  b u t  i t  w i l l  n o t  

n e c i s a r i l : :  fie eas:: t o  s o l v e  t h e n .  However,  V i l l i 2  p o i n t s  o u t  t h a t ,  f o r  SO:-E 

u t i l i t i .  f u n z t i o n s  whici. a r e  s p e c i a !  c a s e s  01 ( 1 ' )  a s i m p l e r  way t o  ca lc i ! ln : r  

p* a":, c a n  b e  foun;  S z i c d  on i n f o r m a t i o n  a - < . i i l a b l e  f r o m  t h e  o r d i r i l r y  dcxiznd 

- 
f u h ~ t i ~ ~ n s .  He d e a l s  w i t ) .  t h e  s p e c i a l  c a s e  i n  w h i c h  I = {l! and  R = C. Hz 

po in t . ,  ou:, r : I  t t l : i t ,  i f  t h e  o r d i n a r y  di.:;and f u n c t i o n  f o r  g o d  1 t a k e s  

t h e  for:. .  

1 - 1 
h  ( p .  b ,  y )  = h  [ p l  $ ( b ) ,  P 1  Y] $ ~ ( b ) ,  ( 18a) 

- 
w h e r e  p  f (p7, ..., p K ) ,  t h e  i n p l i e d  i n d i r e c t  u t i l i t y  f u n c t i o n  h a s  t h e  f o r n  - 

v ( F ,  h, y )  = [ p l  Q ( b ) ,  p, y l ,  ( l a b )  

- 17 an.:. t t r c ; o r e .  p* = 6;. ;.o) :+nd .** = (p;*, p , , IGilere 

S i i i i . i  t i , : .  s u b f u n c t i o n  j ,,,In b e  r e c o g n i z e d  fro::; t h e  f o r n u l a  f o r  t i , ,  r i -d inar !  

, c a n  b e  c a l c u l a t e d  v i a  ( 1 9 ) .  He o b t ? i ; l ;  s i r i -  der;i:~:! f t inct  i o n ,  (18:1), p" c,r -,"" 

13r r e s u l t s  f o r  thc! ordic,~:-:; i!cr,and f u n c t i o n  

- I  ,.I : ti [ p l - $  ( h ,  p ) ,  ;, y l  $ ( b ,  F),  



wtiic t i  i s  di!rive<i frk>z! 

v  r .  b ,  V) = ; [pl.$ ( b ,  F ) ,  5, y l ,  

and fc,r t h e  o r d i n a r y  derand f u n c t i o n  

1  - 1 - 
h (p,  b ,  y) = ti l p L  + $ ( 5 5  51, p ,  (21a)  

whicii i s  d e r i v e d  from 

v ( p ,  b ,  y )  = ; [ p l  + O ( b y  6 ) .  F, s.]. (215) 

In  b o t h  c a s e s  t h e  s u b f u n c t i o n s  ) o r  ) c a n  be  i d e n t i f i e d  from t h e  for mu!^ 

* 
f o r  t h e  o r d i n a r y  demand f u n c t i o n ,  and p o r  p** c a n  be c a l c u l a t e d   fro^ a  f o r n u l a  

a n a l o g o u s  t o  (19) .  
17 

However, f o r  t h e  demand f u n c t i o n s  (18a) ,  (Zna) ,  and ( Z l a ) ,  one may be a b l c  

- - 
t o  d c  b e t t e r  t h a n  c a l c u l a t i n g  p" o r  p*" and boundin; n and RE;  i t  ma:,. be pos- C 

- - 
s i b l t  t o  c a l c u l a t e  C o r  E e > : p l i c i t l y .  The key t o  t h i s  is t h e  f a c t  t h a t  t h e  

ind i r i zc t  u t i l i t y  func t ion :  O S S ) ,  (?Oh) ,  and (21'0) a r e  " t r a n s l a t i o n s "  o f  a s t a n d -  

- 
a r d  n i o c l a s s i c a l  i n d i r e c t  u t i l i t ; :  f u n c t i o n ,  v  ( p l .  5, y ) .  T h e r e f o r e ,  t h e  o b s e r v e ?  

1 
o r d i n a r y  denand f u n c t i o n ,  h (p ,  b ,  y ) , i s  a  c o r r e s p o n d i n g  t r a n s l a t i o n  o f  t h e  

- 
o r d i n a r y  denand funce i o n  a s s ~ r ~ c i a t e d  w i t h  v (p ,  v ) ,  deno ted  by 5' (p,  , p, y)  . I f  

on:,. czn  i d e n t i f y  t h e  forni i l - i  f o r  t h e  compensated demand f u n c t i o n  a s s o c i a t e d  w i t h  

( p ,  >.), d e n o t e d  by g1 (p,, , G ,  U )  , he c a n  deduce t h e  fo rmula  f o r  t h e  compensated 

-b 
d e - , ~ . ~ ! !  f u n c t i o n  a s s o c i a t e d  r;it l i  v (p ,  b ,  y )  and c : i l c u l a t e  CP and C o r  zP and E~ 

- 1 - 
..,i I'., g iven  g ( p l y  p ,  u ) ,  t h e  corcpensated demand d i r z ~ t  1:: ironi t h i s .  For c . j i ; i . - , ~  

fiinr:i,i;i corresponding!. t o  (18::) i s  

-1) 
a n  t !  for nu!;^ f o r  C' tlir!n , ill!: to be  

1: 
1 

-h  -1 - 0 
g ( T ,  p ,  " ) <!:, (2 ) 

li 
0 

w l l i  I i 
t 0 t 

= p  ( b  , t = 6, I .  S i m i l ~ r  r e s u l t \  <.*I b c  o b t a i n i ~ d  f o r  (?'ln) 

and ( 2 1  I ) .  
18 



; !L:vi ~ i ; ~ > , : i ;  t t i : i t ,  i '  i,~?:, r ou l i i  z n l c u l a t t .  t h t  p r i c e  v e c t o r s  p* an?  p"', 

t i  : I  i 1 boiind.; c:i t l i i  d i r e c t i o n  o r  m a g n i t u d e  o f  w e l f a r e  chan;;e 

1;i:ii~'g: r tc j i l i r  iris any r t . ; t r - i c t  i i > n s  or1 t l ic  fo rn .  of  t h e  lit  i l i  t i .  f u n c t i o n .  Hr..%,- 

-9. ,~ .,. .. ,. 
i ; . c t - ,  1)- iiiiil p c a n n a t  hi. c ~ l c u l a t e d  fro.. o b s c r v a h l r  d rnand  d a t a  w i t h o u t  r e -  

s t r i c t i r l :  t i i ~  u t i l i t y  i i ~ n c t i o n .  l l o r e o v e r ,  f o r  t h e  s p e c i a l  t y p e s  of  u t i l i t : :  

* *. J. 

f u n c t i o n  y i e l d i n g  denand f u n c t i o n s  fro: w l ~ i c h  p  and p  c a n  b e  e a s i l y  coxpu:i:d, 

i t  u s u n l l :  t u r n s  o u t  t h a t  ? and can  be  c o n s t r u c t e d  d i r e c t l y  f rom t h e  dezand  

f u n c t i o n s .  I c o n c l u d e ,  t h e r e f o r e ,  t h a t  t h e  h e d o n i c  p r i c e  methodolog:\, o u t l i n e d  

i n  t h i s  s e c t i o n  d o e s  n o t  pos! 2ss an:+, s i g n i f i c a n t  a d v a n t a g e  i n  p r a c t i c e  o v e r  t h e  

c o n s u n c r ' s  s u r p l u s  a p p r o a c h  t o  e v a l u a t i n g  t h e  w e l f a r e  e f f e c t s  o f  a q u a l i t y  c h a n z e .  

I n  t i l t  n e x t  s e c t i o n ,  I exaci inc a n  a l t e r n a t i v e  h e d o n i c  p r i c e  me thodo logy  proposed  

by A d e l r a n  and G r i l i c h e s .  A l though  t h e i r  q u a l i t y - a d j u s t e d  p r i c e s  c a n  b e  c a l c u -  

l a t e d  w i t h o u t  i n p o s i n g  an:: r e s t r i c t i o n s  on  t h e  u t i l i t y  f u n c t i o n ,  I s h o x  t h a t  t h e y  

d o  n o t  l e a d  t o  a n y  u s e f u l  bounds  o n  t h e  d i r e c t i o n  o r  m a g n i t u d e  o f  w e l f a r e  chanpe .  

(c! 5 s  Ad~Znm-GriZiekes .?cdononi'c +iei Indez Ap~roacii 

The f i r s t  t a s k  i n  d i s c u s s i n s  t h e  h e d o n i c  p r i c e  a d j u s t m e n t  p r o c e d u r e  proposed  

by Ade lnan  and G r i l i c h e s  ( 1 9 6 1 ) - - h e n c e f o r t h ,  AG--is t o  d e t e r m i n e  t h e  u t i l i t y  

model i n  terr:.; o f  which i t  s h o u l d  be  e v a l u a t e d .  AG d e s c r i b e  t h i s  procedure hi. 

r e f e r e n c e  t o  H o u t h a k k e r ' s  (1951-52) u t i l i t y  mode l ,  wh ich  is d i f f e r e n t  f r o c  (8). 

The c e n t r a l  c t l n t r i b u t i o n  o f  H o u t h a k k e r ' s  model  i s  t h e  n o t i o n  o f  a h e d o n i c  price, 

f u n c t i o n ,  i . . ,  t h e  n o t i o n  t i n t  t h e r e  e x i s t s  "a ' r e a s o n a b l y  w e l l - f i t t i n : '  rcl::. 

t i o n  betweeii  t i le  p r i c e  of d i f f e r e n t  mi,dels [ o f  a  c o m o d i t y ]  a n d  t h e  l e v e l  o f  

t h e i r  v ; ~ r i o i i s  h u t  no t  t o o  nuneroxJs  c h a r a c t e r i s t i c s "  ( G r i l i c h e s ,  1 9 7 1 ,  p.  4 ) .  

Houthakke r  sug;;ested a  l i n e a r  h e d o n i c  p r i c e  f u n c t i o n ,  p i  = u i  + yi b i ,  where  

b .  i s  a  ( v ~ c t o r  o r  s c a l a r )  measo re  o f  t h e  q u a l i t y  o f  good i ,  a .  is t h e  " p u r t ~  
1 1 

q u a n t i t y  p r i r i "  o f  a  u n i t  o f  t h e  itnod, and y. i s  t h e  "q i i ;~L i ty  p r i c e 1 ' - - i . e . .  t!!t, 1 



m e t r i c  e s t i - a t e s  o f  hedonic  p r i c e  f u n c t i o n s  have tended t o  s u p p o r t  n o n l i n e a r  
, . ,.. ~. 

f i in i - t ions .  siicti a s  p .  = exp (~I. + i h i )  . I 9  ?fore general]::, I s h a l l  k r i t i  
1 1 i 

3 .  = b .  ( ~ L .  + . t .  h i ) ,  L i  ' 0. Ttii. c h i e f  purposc  o f  A S ' S  hedon ic  p r i c e  n e t h -  
1 1 1  1 

odolo;? i s  t o  e v a l u a t e  t h e  e f f e c t s  of " v a r i a t i o n s  i n  t h e  q u a l i t y  of p r o d u c t s  

a v a i l a b l e  i n  t h v  market  p l a c e " - - i . e . ,  changes  i n  b , i n  t h e  c o n t e x t  of  t h e  u t i l i t ; :  
..: .;, 

model ( 8 ) .  I t  can  be  shoim t h a t  t h i s  i s  no t  a  mean ingfu l  concep t  i n  t h e  c o n t e x t  
.<. 
," ... o f  H o u t h a k k e r s s  u t i l i t y  model. 20 I would a r g u e ,  t h e r e f o r e ,  t h a t  t h e  a p p r o p r i a t e  
.. 

t h e o r e t i c a l  s e t t i n g  i n  which t o  e v a l u a t e  A G ' s  h e d o n i c  p r i c e  methodologv i s  t h e  

u t i l i t v  model (81, modif ied  bj. t h e  i n c l u s i o n  of  t h e  hedon ic  p r i c e  f u n c t i o n  con- 

c e p t .  Thii; i s  no t  i n c o m p a t i b l e  w i t h  m: p r e v i o u s  f o r n u l a t i o n  o f  ( 8 ) ,  whit! 

mere ly  r e q u i r e d  t h a t  some p a r t i c u l a r  p r i c e  and s e t  o f  q u a l i t y  c h a r a c t e r i s t i c s  

be  a s s o c i a t e d  w i t h  each  good. I f  one a d j o i n s  t h e  p r i c e  f u n c t i o n s  

p .  = . ( 2 .  . b .  t o  ( 8 ) .  remenherinp, t h a t  t h e  n a x i n i z a t i o n  is performed 
1 1 1  1 1  

w i t h  respec:  t o  s b u t  n o t  b ,  a l l  t h e  r e s u l t s  a s s o c i a t e d  r i i t h  t h e  model carr:,. 

o v e r ,  excep t  t h a t  o n e  s u b s t i t u t e s  , (.) f o r  p ,  i n  t h e  o r d i n a r y  demand funct ion: : ,  
'i 1 

t h e  e x p e n d i t u r f  f u n c t i o n ,  t h e  i n d i r e < t  u t i l i t y  f u n c t i o n ,  e t c .  
, . 

!,. 
The e s s e n c e  o f  A G ' s  hedonic  p r i c e  method is t h a t  one o b t a i n s  a n  e n p i r i c ~ i l  

.'. .. e s t i m a t e  of  t h e  p r i c e  f u n c t i o n s  p('), e . g . ,  by r e g r e s s i o n  a n a l y s i s ,  and use:; 

t h i s  t o  f o r r  q u a l i t y - a d j u s t e d  p r i c e ' ,  which are  t h e n  co3bined i n  a  price-indc: .  

f o r m u l a .  Tht, p i t - t i c u l a r  forniula w h i , l ,  AG enp loy  involve:; a c t i a i n i n g  procetlu1-c. 

i n  which t h e  w 8 : i g h t s  a r e  cont inuo: i~; i~:  ripdated a s  i n  a  D i v i . : ; i l  i n d e x .  Sinci .  t!:, 

c h a i n i n g  proi.8 u r c  i s  p e r i p t i c r a l  t  : i ~ ; ,  main i s s u e  o f  t i i t ,  v a l i d i t y  o f  tt:e 

qua l i ty -ad ju i t : ; i , n t  method, I ign i>r3 .  i t  i o r  t h e  moment. Tt!c, s i t u a t i o n  i s  ttiii:: 

q u a n t i t y  and q i i . i l i t y  p r i c e s ,  t h e  :<i: ci q u a l i t y  l e v e l s  of f e r e d  t o  t h e  consti:- ;:-, 

0 0  I l l  
and inconw ; i l l  c'i;lny>e from (crO, ,', ii , y  ) t o  (a , i. , b . ? I ) .  T i ~ u i ,  t i i t .  

1 1  
a c t u a l  p r i c e ?  p ! id  change from = (,LO + yo bO)  t o  p  fli (a + 1' h i ) .  



0 _ 0 0 0 i . ! ,  I : n 7  t i i t  I :  f r o  u  = v [, (.* + -fO h'). b ,  y ] 

1 1  1 1  
t (>  u1 E v (5' + i. h  , b , y 1 .  As i n  t h e  ~ r e v i o u s  s e c t i o n ,  t h e  two t r u e  

c o s t - o f - l i v i n g  i n d i c e s  on  which  I f o c u s  a r e  

X ' s  s t a r t i n g  p o i n t  i s  t h e  d e c o m p o s i t i o n  o f  t h e  a c t u a l  p r i c e  change  i n t o  

twu p a r t s :  

d p  = d p '  + (%) 0 d h .  

The f i r s t  t e r n  on  t h e  r i g h t - h a n d  s i d e  "is t h a t  p r i c e  movement which  would have  

o c c u r r e d  i n  t h e  a b s e n c c  o f  q u a l i t y  v a r i a t i o n s , "  w h i l e  " t h e  second  t e r m  r e p r e -  

s e n t s  t h c  combined e f f e c t  o f  t h o s e  p r i c e  movements which  a r e  due  s o l e l y  t o  change  

1 0  i n  q u . t ? i t y U  ( A G ,  p .  539) .  L e t  dp  = p - p  , d p '  = p ' l  - p t 0  and dh  = h1 - h  
0 

s o  t h a t  ( 2 3 )  h e c m e i  

0  1 1  
Suppose t h a t  f rom a  r c ? , , r e s s i o n  a n a l y s i s  onc knows (a0, y ) and ( a  , y ) .  U s i n g  

t i l i s  i n f o r m a t i o n ,  one  <,:in c a l c u l a t e  two a l t e r i i . i t  i v e  q u a l i t y - a d j u s t e d  p r i c e  

vcc  t o r s  

(J p' = ~,i (i + y O bl )  and p'. = $ (a1 + y1 b O ) .  125) 

... kith p a ,  ont: c a n  c o n ; t r u c t  a  deco r ip i~ . ; i t  i c n  o f  t h e  a c t u a l  p r i i c  ~.k,.ini:e wtiicli, 

I c l i i m ,  i s  e q u i v a l i ; , t  t o  (23 )  o r  ( 2 4 ) :  

A s t a n d a r d  p r i c e  ind t .  ... i i : i c i i  i g n o r e d  t h v  qt1:11 i t j  change  would t ak r .  t i le  f o r m  

t 1 t 0  
x p  /Z: x p  , wiii.rt. L = 0 o r  I .  Inst i . ; , , ! ,  A!: p r o p o s e  t o  cnlcul . i :c .  nil inde?: 



, I  ,0 :>asei. on t h e  "pu re"  p r i c e  change, p  - p , witic?, a l l o w s  f o r  tile c h a n g e  i n  

t , 1  t ,0 q u a l i t y :  i: x p  /Z x p  . I n  f o r m i n g  t h i s  i n d e x ,  A(; a s s e r t  t h a t  " i n  t h e  

0 b a s e  p ? r i ; , d ,  p" i s  t a k e n  t o  be eqiial t o  p  by d e f i n i t i o n "  (AG, p. 5 4 3 ) ,  i n  

w h i c h  c n i e  o n e  o b t a i n s  fro::# ( 2 4 )  a n d  ( 2 C . ) :  

They t a k e  b a s e - p e r i o d  q u a n t i t y  w e i g h t s  f o r  t h e i r  i n d e x ,  w h i c h  becomes:  

However ,  a , c o m p a r i s o n  o f  ( 2 4 )  and ( 2 6 )  shows t h a t  AG are i n  e r r o r  when t h e y  s t a t e  

0 0 1 , O  
t h a t  p '  = p . A t r u e  s t a t e m e n t  i s  t h a t ,  by d e i i n i t i o n ,  p = p  , w h e r e a s  p  = p' 

t t 1 T h u s ,  t h e i r  i n d e x  s h o u l d  b e  Z x p ' l / ~  x t  p'' = 1 x p  / Z  xt p.. I n  t h i s  c a s t  

i t  would b e  n a t u r a l  t o  t a k e  t h e  f i n a l - p e r i o d  q i i a n t i t i e s  as w e i g h t s ,  w h i c h  l e a d s  

t o  a  P n a s c h e - t y p e  i n d e x :  

So f a r ,  I h a v e  workcd w i t t i  e h e  q u a l i t y - a d j u s t e d  p r i c e s  p " .  I f  o n e  u s e s  

p' ' i r i i t e a d ,  t h i s  1en:li; ic: :I:> a l t e r n a t i v e  d<-z iv? ; i i> s i t i on  of t h r  acti~;: l  p r i c e  

ci! i;.,:;. a n a l o g o u s  t o  (25) : 

1 0 0 1  
- 1 ) )  = (p" - p  1 + ( p  - p") ( 2 7 )  

o r ,  i r  t h e  AC, n o t n t i i i i i ,  



HerL, i t  v o u l d  be nn tu i - . i l  t o  u s e  t i l e  b a s c - p c r i o d  q i i a n t i t i c s  as  w e i g k t s ,  wi . i c :~  

1e.125 t<, a  L a i n e y r e s - t y p e  i n d e x  ( p r o b a b l y  t h e  i n d e s  i n t e n d e d  by AG): 

T v ~ s  o t h c r  i n d i c e > >  wi i i rh  o n e  c o u l d  c a l c u l a t e  b y  a n a l o g y  w i t h  t h e  i n d i c e s  5* a n i  

,-,x* o f  t h e  p r e v i i > a s  i c c t i : , n  zrr. 

. l o 1  .. 0  1 .. 
b , v ) p  .. - L h  ( p  ?.____ - z h ( p  , b , y ) p . .  

j = and  P" = - 1 0 .  
; t ( p b , ? I p  Z h  ( p - . ,  bO ,  p l )  p0 

The q u a l i t y - a d j u s t e d  p r i c e  v e c t o r s  p '  a n d  p" a re  s t r a i g h t f o r w a r d  t o  c a l c c -  

* * l a t e ,  u n l i k e  t h e  p r i c e s  p* and p  d e f i n e d  i n  ( 1 4 )  a n d  (15). T h e  key  

AG , .. 
q u e s t i o n  i s  r;iiet:ier t h e  i n ? i c t . ,  formed f rom t h e s e  p r i c e s - - s u c h  a s  L , ;. , -  , 

- * .  
F ' ,  an;! r --hnirc an: s i ~ n i f i c i i n c r  f o r  w e l f a r e  e ~ ~ n l t i n t i o n s ;  i . e . ,  d o  the! pr.\.- 

- 
v i d e  u p p e r  o r  l o w e r  b o u n d s  on  t h e  t r u e  c o s t - o f - l i v i n s  i n d i c e s ,  7 a n d  d ' 1:: 

C E '  

a p p l y i n , :  Leri-.A 5 ,  o n e  c a n  c.li;':- tiicit t h e y  d o  n o t .  I n  t h e  c a s e  o f  L', f o r  cx:i:i;>:i, 

a p p l i c a t i o n  o f  t h e  leinma y i e l d s  

0  .. 0  0 
~f o i ie  co~i!d stiow t h a t  iii b l ,  ii 1 5  ni ( p  . b  , v ) .  i t  would  folio:; t i . ! !  

- i , i  i g  

n . U t i t  t h i s  c a n n o t  bc  i ; ! i i> ia i .  Suppose  t h a t  b1 b O , s o  t h a t  m ( p  . P , 8,: ) < 
C - - 

1 0  
rn ( p  , b  , u O j .  However ,  b1 - ' b0 i m p l i e s  p1 - :. p.. ajn.1, ht:ncc, 



1 0 If b D , t h e  i n e q i i a l i t i e s  a r t  r e v t , r s e d .  I t  can b e  shoiiii t h n t ,  f o r  s i x i l a r  

- 
r e a s o n s ,  one  canno t  o b t a i n  u s e f u l  upper  bounds on n f r o n  L~~ o r  L., o r  lower 

C 
- 

I on f r o r  F' o r  F'". 
E 

These c o n c l u s i o n s  s t i l l  hold i f  one  emplo>.s t h e  D i v i s i a  f o r n u l a  i n  con- 

p u t i n $  t h e  hedonic  p r i c e  i n d i c e s  a s  G r i l i c h e s  ; 1 9 i l ,  p. 6 )  s u g g e s t s .  Indeed ,  

t h i s  c a u s e s  a n  a d d i t i o n a l  c o m p l i c a t i o n  s i n c e ,  a s  R i c h t e r  (1966) and Samuelson 

and Swamy (1974) have shown, D i v i s i a  i n d i c e s  a r e  e x a c t  i f ,  and o n l y  i f ,  t h e  

u t i l i t y  f u n c t i o n  is homothe t i c .  Suppose,  f o r  e x a n p l e ,  t h a t  o n e  computes t h e  

D i v i s i a  i n d e x  c o r r e s p o n d i n g  t o  L' and P" 

1 

I = e x  1 E x ' ( s )  [ d p '  ( s ) / d s l  ils, 
i x ' ( s )  ? ' ( s f  

t 
U 

where 

and 

By a d a p t i n g  t h e  proof  i n  Samuelson and Swamy (1974,  pp. 578 and 5791, on: can  

show t h a t ,  i l  u  (x, b) i s  h o ~ : ~ s t l l : , t i c  i n  x ,  t h i s  i n d e x  i s  e q u a l  t o  t h e  r a t i o  on 

- - 
t h e  l e f t - h a n d  s i d e  of  ( 2 8 )  Ir, tiois c a s e ,  of  coursiz,  r = n b u t  n e i t h e r  i s  

C E' 

e q u a l  t o  I aitr!, by t t ie  argurnen: i:i:-t.n above ,  n e i t h e r  i-; bounded by i t .  

I conc l i i Ju ,  t h e r e f o r e ,  tll;lt tiit, h sdon ic  p r i c e  r.ii,t!i~>ilology proposed by A:: 

h a s  l i t t l e  - . i i i ue  f o r  w e l f a r e  a!i.!l:sis. Obvious ly ,  i t  i!,::; c o n s i d e r a b l e  v a l i ~ c  3;- 

a  descrAti ' ii .  - - -- t o o l  f o r  decorrposi;: - :ti<. s o u r c e s  of  pi- ic, .  changes  i n t o  a qi!:qlit\- 

~hang;?  conp:i:ir1it and a  p u r e  i i i f l n : i ~ > n  component on t i t c ,  l i n e s  of ( 2 6 )  a n J  ( 2 7 )  . 
But i t  do?:: no: p r o v i d e  a  p r n c t j . : ~ l  n t~t i iod f o r  assc.:;siil,; t l ic  d i r e c t i o n  o r  ;ti.ii,!:i- 

t u d e  o f  wrlfnrc change 



The pur-?msc o f  t h i s  p a p e r  h a s  been  t o  r t sv iew p r a c t i c a l  me thods  f o r  e \ ,a lunr-  

i n ;  t ' t ~ ,  v.- t i .cc:  o f  I c  i n   ti:^, q u a l i t y  o f  goods  on a  c o n s u m r ' s  w c l f z ~ r i  

u s in .  dnt.3 o r  o b i c r ~ . ( . d  c o n s u ~ n p t i o n  c h o i c e s .  I compared two a p p r o a c h e s  t c  t i i i  

s v ~ i l ? i . i t i ~ ~ : i  o f  \ . : e l fa re  chan:ci;--onc based  on t h e  c o n c e p t s  of  c o m p e n s a t i n g  and 

e q u i v a l e n t  v a r i a t i o n  and tire o t h e r  based  on  the  c o s t - o f - l i v i n g  i n d e x  c o n c e p t .  

I showed t h a t  b o t h  c o n c e p t s  convey e s s e n t i a l l y  t h e  s a n e  i n f o m a t i o n  and a r e  

e q u a l l y  e a s y  ( o r  d i f f i c u l t )  t o  i n p l e m e n t  e m p i r i c a l l y .  I a l s o  showed t h a t  f o r  

qual i t : :  c h a n s e s ,  u n l i k e  p r i c e  c h a n z e s ,  i t  i s  n o t  p o s s i b l e  t o  o b t a i n  s i m p l e  

bound5 on t h i  w s l f a r c  chnn?,e w i t h o u t  i n p o s i n g  r e s t r i c t i o n s  on  t h e  f o r n  o f  t h e  

u t i l i t y  f u n c t i o n .  The n o r i ? l  of  t h e  s t o r y  i s  t h a t ,  when d e a l i n g  w i t h  q u a l i t y  

c h a n r ~ s ,  i t  i s  n o t  e n o u ~ h  t o  p o s s e s s  d a t a  on m a r k e t  ou tcomes - - i . e . ,  p r i c e s ,  

q u a l i t i e s .  and  q u a n t i t i e s  c h o s e n .  One must  be  a b l e  t o  deduce  f r o n  t h e  d a t a  

i n f o r r z t i o n  a b o u t  t h e  c o n s i l v e r ' s  p r e f e r e n c e s ,  a t  l e a s t  t o  t h e  e:.:tent o f  f i t t i n g  

o r d i n a r y  denan<! f u n c t i o n s ,  i n  o r d e r  t o  p c r f o r n  t h e  w e l f a r e  e v a l u a t i o n .  Meth- 

o d o l o g i e s  whicti dc, n o t  f o c u s  e x p l i c i t l y  on t h e  demand s i d e ,  s u c h  as A G ' s  h e d o n i c  

2 1 
p r i c e  t e c h n i q u e ,  a r e  i n a d e q u a t e  f o r  t i i is  t a s k .  



I d e s c r i b e  h e r e  some o f  t i i i .  p r o p e r t i e s  o f  t h e  demand f u n c t i o n s ,  ex?en.'i- 

t u r t  f u n ~ . t  i:-n. e t ? .  , a s s o c i a t e , !  :;i t i )  t l i i  u t i l i t y  model ( 8 )  and  p r o v e  so re  re- 

s u l t s  l e f t  u n 7 r o v e n  i n  S e c t i o n  1 1 .  

f r o -  t h e  d e f i n i t i o n  o f  t h e s e  f u n c t i o n s ,  t h e  f o l l o w i n ?  r e l a t i o n s  h o l d  a s  

i d e n t i t i e s :  

T t .ese  i d e n t i f i e s  a r e  u sed  t o  p r o v e  s e v e r a l  o f  t h e  r e s u l t s  i n  t h e  p a p e r .  The  

e x p e n d i t u r e  f u n c t i o n  and  i n d i r e c t  u t i l i t y  f u n c t i o n s  c a n  be shown t o  p o s s e s s  t h e  

s t a n d a r d  p r o p e r t i e s  i n c l u d i n g  

i 
m. ( p ,  b,  U )  = g ( P ,  b ,  u )  
1 (A. 7) 

u  [g (p,  b, u ) ,  b l  r 
m ( p ,  b ,  u )  = - .- .. .- r (A.8)  u ( ,  b ,  U) 



However, t h e  s e c o n J  t e r n  on  t h e  r i g h t - h a n d  s i d e  o f  ( A . 1 3 )  v a n i s h e s  s i n c e ,  by 
r 

c o n s t r u c t i o n ,  h i  p ,  bR,  bi. y 
i 

= 0 ,  a n d ,  by a s s u m p t i o n  (A) and ( A . 1 1 1 ,  

T h u s ,  (.A. 13)  h e c o n i s  

i 
A s u i f i c i e n t  c o n d i t i o n  f o r  t h e  pat!, i n d e p e n d e n c e  of  S~ i s  t h a t  h .  ( p ,  b ,  y f  = 

1 
j hi ( p ,  h ,  y )  i ,  j E I .  Now, 

Tl ic  con t i i ! : i i t : :  o f  v ( ' )  e n s u r e s  t i l i t  v . .  = v . . ,  and  t iw  i r ~ . i c p ~ , n d e n c e  from p cf i 
'J J 1 T 

i i 
i m p l i e s  v = L, = 0 ,  i ,  j E 1. Tiius, h .  = h: i ,  j 6 I .  

!; i y j J 1' 

PROOF OF' LE!.:>L\ 4 :  F o l l o w i n g  ~ s l i i ,  I assur ie  t h a t  si:n j?: f p ,  b, u ) }  i s  t ' . .  r u  

same f o r  a l l  u .   fro^ ( A . 9 ) .  n (p ,  b ,  u )  = rn (p, h ,  u )  = -U f p ,  b ,  u)/ 
rii u r r 

2 u ( p ,  b ,  u )  . S i n c e  u > 0, 



- sign in (p,  b, u)!  = sign :; (p, b ,  ti)). 
r u  r 

Sincc (V  /v.) is independent of v ,  v .  = v vi/vr By ( A . 1 0 ) .  
r 1  1. r: 

Since v > 0 ,  b3- assumption, v. < 0 ,  'v > 0, and v = v 
r  1 ? ry  yr' ( A . 1 5 )  inplies 

7 v (P, b, y )  
(p, b, y ) (  = sign ip, b, y )  - r  

(p, b, v )  . (A.16) 
v (P, b, y )  y:: . 1; 3 

o r ,  by (A.8) and (A.ll), 

v ip, b, y )  r 
r [p. b, v (p, b ,  y ) ]  = v  (p, b ,  y j  - v  (p, b, p) .---- 

K ?'r YY v ip, b ,  1.') . (~.1:) 
Y 

Combining ( . \ . I & ) ,  ( A . l 6 ) ,  and (h .17)  vitlds the desired result. 



FOOTSOTES 

" G i a n n i n i  Foundat ion P a p e r  No. . I am e x t r e m e l y  g r a t e f u l  t o  Irma Adelnap 

and  Richard  J u s t  f o r  t \e i r  h e l p f u l  comments. 

h o t  o n l y  does  t h i s  argument e x p l a i n  t h e  n o r m a t i v e  s i g n i f i c a n c e  of  t h e  mag- 

n i t u d e  of  E ,  as opposed t o  i ts  s i g n ,  b u t  i t  a l s o  p r o v i d e s  a n  e m p i r i c a l  p r o c e d u r e  

f o r  a g g r e g a t i n g  e q u i v a l e n t  v a r i a t i o n s  a c r o s s  i n d i v i d u a l  consumers .  Atk inson  

(1970) and o t h e r s  have  p roposed  c e r t a i n  f u n c t i o n a l  forms f o r  s o c i a l  w e l f a r e  

f u n c t i o n s  which c a n  b e  u s e d  t o  o b t a i n  t h e  w e i g h t s ,  Wh, f o r  a g g r e g a t i n g  t h e  

i n d i v i d u a l  e q u i v a l e n t  v a r i a t i o n s .  

' ~ e c e n t  c o n t r i b u t i o n s  i n c l u d e  Chipman and Moore (1976) a n d  D i x i t  a n d  i i ' e l ler  

(1979).  Note t h a t  a n a l o g o u s  r e s u l t s  f o r  E' c a n  be  o b t a i n e d  b y  s u b s t i t u t i n g  y 
1 

f o r  i n  ( 3 ) .  

1 3 ~ s  a n  example ,  c o n s i d e r  t h e  c a s e  where  J = {I] ,  5 = 121,  a n d  h  f p ,  Y) = 
-> ?-" ,, -a a-1 

A p1 p, y . One r e c o g n i z e s  t h a t  ( p l .  p2)  = A p1 p2  and  S ( P ~ .  Y)- '  - - 
Y 

1 -  7 
p, y . By i n t e g r a t i o n ,  
'. 

r - (p,.  p 2 )  = A \ o  - and C ( P , , Y ) =  -- 

4 
The i d e a  o i  u s i n g  a p p r o x i m a t i o n s  o f  7 and n t o  a p p r o x i m a t e  C and E v i a  ( 7 )  

C E 

i s  e x p l o i t e d  i n  Lake,  Hanemann, and O s i e r  (1979) .  

5 
For  a p r o o f ,  s e e  P o l l a k  (1971,  pp.  12-19) 

6  
I a d o p t  t h e  con-,:ectic,n t h a t  t h e  conponc, l t s  of  b  a r e  measure?  i n  s u c h  a  way 

t h a t  u  5 ?u/;b 0 .  Throughout t h i s  p:ip( r ,  t h e  s u b s c r i p t s  r arc; s w i l l  d e n o t e  
r r -  

t h e  p a r t i a l  d e r i ~ a t i o n s  of a  f u n c t i o n  w i t h  r e s p e c t  t o  t h e  c o n p s n c n t s ,  b r  and bS ,  

of b .  The s u b s c r i p t s  i and j w i l l  d e n o t c  t h e  p a r t i a l  d e r i v a r i : - e s  w i t h  r e s p e c t  

t c  ? and p ,  o r  x .  a n d  x . ,  depending on tilt c o n t e x t .  The s u b s c r i p t s  y and u  
'i 3 1 J 

7 ~ n d e r  t h i s  i i i t i . r p r e ; a t i o n ,  each brand of a  good i s  t r e a t e d  a s  a  s e p 3 r ~ : e  



c o r r , d i t v .  A c o n s u x i r  ctioclses a p 3 r t i c u l ' i r  1es.el of q u a l i t y  o f  a  goo? by+- c h o ~ s -  

i n e  - .  a p a r t i c u l ~ r  b rand .  

 he c a s e  o f  a  c o r n e r  s o l u t i o n  t o  (6)  is t r e a t e d  i n  Hanernann ( f o r t h c o m i n g )  

9  
T h i s  i n p l i e s  a n  i n t e r d e p e n d e n c e  i n  u t i l i t y  between some components of  b  

and some components of  x .  Bradford  and H i l d e b r a n d t ,  who r e g a r d  t h e  components 

o f  b as p u b l i c  goods and t h e  components of  x a s  p r i v a t e  goods ,  g i v e  s e v e r a l  ex- 

amples  o f  such a n  i n t e r d e p e n d e n c e ,  e . g . ,  be tween p u b l i c  highways and p r i v a t e  

v e h i c l e s .  I f  o n e  t h i n k s  o f  t h e  components of  b  a s  c h a r a c t e r i s t i c s  o f  commodi- 

t i e s ,  t h e  assumpt ion  o f  i n t e r d e p e n d e n c e  is s t i l l  l i k e l y  t o  be s a t i s f i e d :  t h e  

m a r g i n a l  u t i l i t y  of  a n  a t t r i b u t e  is l i k e l y  t o  be  z e r o  i f  t h e  commodity w i t h  

which t h e  a t t r i b u t e  i s  a s s o c i a t e d  is n o t  consumed. 

1°l'he i m p l i c a t i o n . ;  o f  a s s u ~ p t i o n s  (A) an?. ( B )  f o r  t h e  i n d i r e c t  

u t i l i t y  f u n c t i o n  a r e  s p e l l e d  o u t  by W i l l i g  [19;6, e q u a t i o n s  (46)  an2  ( 4 7 ) ] .  

1 1  
For t h e  d e r i v a t i o n  o f  ( 1 2 a ) ,  see Bradford  and H i l d e b r a n d t  (1977,  pp. 122 

and 1 2 3 ) ;  f o r  ( l ? b ) ,  s e e  W i l l i g  (1978,  T h r o r e n  1 ) .  S o t e  t h a t  ( l 7 b )  c a n  be  ob- 

t a i n e d  from (12a)  by d i v i d i n g  bo th  s i d e s  by x = - v . / v  . 
J 3 Y 

12 
I make u s e  h e r e  o f  (A .3) ,  ( A . 5 ) ,  (A.6) ,  (.?.8), (A.11),  and f A . 1 2 ) .  

-b 
1 3 ? 1 ~ l e r  p roves  t h a t ,  i f  m < (>) 0 f r r  a!! r E R ,  C < (>)  E ~ .  Assunpc ions  

r u  
-b -b -b 

( A ) ,  ( B ) ,  and (1') a r e  needed i n  o r d e r  t o  r r l ; ? t  S t o  C and E . 
14  -h 

Lemmas 3 and 4 a l s o  es? l ; i in  why empi r i rn !  e s t i m a t e s  of  C and Fb o b t a i n e d  

frr.7 b i d d i n g  games an.; :!il.liilgness-to-pa); s?Jr:,.ys a r e  o f t e n  different h:.. a n  o r d e r  

c,: z;r:nitu;ie. W i l l i , ; ,  ( i ' ~ 7 6 )  shows  t h a t ,  fc.r wide  r a n g e  o f  incone ~ 1 ; i s t i c i t i e s  

P P c .  d ,  C and E s!lr>L:?:i be of approxiz,:it!,!,, t h e  same o r d e r  o f  magni tude .  

I w r i t e r s - - f o r  a  R o w ,  d l A r g e ,  a  Brooksh i re  (1960,  p.  8)--appcr?r 

-b - b  
t..) :;::;,;est t h a t  t h e  s.i--:, s!inu?d be t r u e  o f  C 1:1J E . I n  f a c t ,  a s  Lemmas 3  an:! 

i? ; ' ly ,  t h i s  i s  no t  s o .  I t  r an  be  sho&'rl t i , r i t  : i i l l i , " ' s  a p p r o x i n a t i o n  for i i iu las  do 

-b --;. 
n c;irry over to C , ' and  - .. . 



I I 
Prt;pi.rt:: ( i l ' a )  s t a t e -  tiirit xr i s  inr!c;>;nJeni o f  t!;e p r i c e s  and qi in l i t !  .. 

* * * 1ei.t-1.; vi,ic:i ctinngi.. T:!i.-, is cli :r ir ly r e q u i r e d  t o  e n s u r e  t h a t  p  and p , wllic-h 

s a t i s f y  ( 1 4 )  and ( 1 5 ) ,  a l s o  s a t i s f y  (16)  and ( 1 7 ) .  

I 6  
I t  s!iiiuld he noted t!lnt V i l l i : :  a c t t i a i l ?  c o n s i d e r s  t h c  c a s e  where on ly  one 

0  0 - - - 
r e  c a n ,  i e . .  p  = ( p l ,  p) and p' = ( p i .  5) where p  = ( . .. , p,) 

I n  t h i s  c a s e ,  one can  go beyond Paasche-  and Laspeyres - type  bounds on ?i and % 
C t 

* s i n c e  t h e n  = (p l ,  F), p  ** = (p;* 
, p),  and ,  by P r o p o s i t i o n s  8 ( a )  o r  8 ( b ) ,  

- - 1 0  A = A = n o r  ii . Hence, s i g n  (Au) = s i g n  f ( y  /y ) - A]. - C f 

1 8  -b  . 0 t -0 -5 
For (?On),  C i s  g i v e n  by (22)  w i t h  nt = pl ( b  , p  1 ;  f o r  ( 2 1 a ) ,  C i s  

t 0 t -0 giveti  b~ (22)  ~ i t l ,  n = pl + C (h , p  ) .  

19 
- Fcr  a  suvmar? of  t h e s e  s t u d i e s ,  s e e  G r i l i e h e s  (19711. 

20 
T h i s  is d i s c u s s e d  i n  Hanensnn ( f o r t h c o m i n g ) ,  where t h e  d i f f e r e n c e s  between 

t h e  ut i l i : :  model (8) and Houthakker ' s  model a r e  exanined i n  some d e t a i l .  

2 1 
T h i s  c o n c l u s i o n  a l s o  a p p l i e s  t o  t h e  " p r o p e r t y  v s l u e "  method of a s s e s s i n g  

t h e  wor th  of  env i ronmenta l  and  l o c a t i o n a l  a m e n i t i e s .  The i m p l i c a t i o n s  of  m:y 

a n a l y s i s  f o r  t h i s  methodolo7,y w i l l  be ana lyzed  i n  a s e p a r a t e  p a p e r .  
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