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Pressure- and Temperature Dependence 

of Electronic Energy Levels in PbSe and PbTe* 

.. t . *) . 
M. Schluter, G. ,Mart1nez, and Marvin L. Cohen 

Department of Physics, University of California 

and 

Inorganic Materials Research Division, 

Lawrence Berkeley Laboratory, Berkeley, California 94720 

Abstract 

Using recent highly accurate pseudopotential 

bandstructures of PbSe and PbTe, the variation of 

the smallest gap at L with hydrostati~ pressure 

and· with temperature has been calculated. The 

experimental values of the pressure coefficient 

can well be reproduced assuming reasonable slopes 

of the pseudopotential form factor curves. 

Combining these values with experimental compressi-

bility and thermal expansion coefficients, the 

anharmonic part of the temperature coefficient has 

been evaluated and found to contribute about 50% 

to the total experimental temperature coefficient. 

The remaining contribution arising from electron-

phonon interactions has been analyzed using Brooks-

Yu and Fan-like scattering theory. While the 

inclusion of a Debye-Waller factor yields reasonable 

results for PbTe it predicts a temperature coefficient 
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of the opposite s1gn for PbSe. A detailed analysis 

of this discrepancy is presented. It is proposed 

that Fan-type intra-valley and inter-valley scattering 

can resolve the dilemma. First order estimates for 

Fan-type scattering contribution~ are presented. 

I. Introduction 

·The semiconductors PbTe and PbSe show a small {-0.2eV) ·· 

direct gap at the point L of the Brillouin zone. The 

dependence of this gap on pressure and on temperature has 

been a puzzling question for some time. In contrast to most 
. 1 2 3 

semiconductors this gap decreases with hydrostatic pressure ' ' 

3 4 5 arid increases with temperature. ' ' Though the effect of 

pressure could well be simulated by several bandstructure 

6 models, its origin has not been clarified sufficiently so 

far. The calculations presented in this paper are based on 

recently developed bandstructure models of very high accuracy 

for PbSe and PbTe. 7
'

8 The calculations serve both as a 

check on the quality of the bandstructure models and as an 

explanation of the n~ture of the negative pressure coefficient. 

The situation with regard to the temperature variation 

of the gap is even less clear and has been the object of 

. 9 10 ll 12 many stud1es. ' ' Straightforward application of Fan's 

theory fails because it always produces a positive temperature 

coefficient of the gap. However, as already pointed out by 

ll . 
Keffer et al., Fan's theory might give a different result 

if reformulated without neglecting the potentially important 
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interband terms. 13 Brooks and Yu have proposed a new theory 

of the temperature variation of electronic energy levels 

based on the introduction of a Debye-Waller like factor ln 

the calculation of band structures. This procedur~ was 

applied t6 PbTe by Keffer et al. 9 ' 10 and by Tsang et a1. 11 

and yielded fair agreement with experiment. The band structures 

used in the two cases, however, were incorrect near the band 

gap, since they predicted an inverted band ordering at L 

which on the basis of recent calculations is inconsistent 

with effective mass anisotropies. 7 Moreover, recent Debye-

. 14 
Waller type calculations of Guenzer et al. on HgTe have 

failed to give good values for the temperature variation of 

the band·gap. This seems to indicate that despite 

f 1 1 . . g,lO,ll . h D b W 11 several success u app lcatlons, ·. t e e ye- a er 

type treatment at finite temperatures may be incomplete; 

Using formal theory, it can also be argued that this is not 

unexpected. 

We shall show in this paper that the Brooks-Yu theory 

applied to very accurate band mddels of PbTe and PbSe is 

only partially successful and that the additional inclusion 

of generalized Fan type terms might give satisfactory results. 

In section II we shall analyze the variation of the gap in 

PbSe and PbTe with hydrostatic pressure and in section III" 

we shall discuss the gap variation with temperature. 
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II. Pressure Coefficient 

Both pressure and temperatu~e effects appear as second 

order corrections to the band structure. The most practical. 

way to compute these effects is to evaluate directly the 

derivatives of the energy levels with respect to pressure or 

temperature. For the case of hydrostatic pressure we can 

write for the change of a given electronic level with pressure . 
. 1:. 

at constant temperature: 

where Q is the unit cell volume and 

1 ani IT aP T = K 

is the compressibility of the material which 

experimentally. 15 The deformation potential 

is known 
()E 

n 
Q ~can 

(1) 

be 

evaluated from band structure data using perturbation theory: 

(2) 

The Hamiltonian we used to calculate the band structures of 

PbTe and PbSe is based on the pseudopotential scheme and 

7 
contains the following terms: 

(3) 

The matrix elements of H between plane waves ~ = ~+~ and 

K' = k+G' and spin sand s' have the form for the kinetic 

energy: 
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for the local pseudopotential: 

V = E S (K-K 1
) • V <IK-K 1 j) · ossl L a - - a - -

( 4) 
a 

for the non-local d-like pseudopotential: 

for t = 2 

for the p-like spin-orbit potential: 

'.(2t+l)4TI a . a . I ·• ~x~l I 

vso=~ sa<~-~h n AaBn,t<I~I>·Bn,t<l~ I> l~l·l~'r·<slals > 

for t = 1 

where mi( is an effective mass parameter introduced to simulate 
' ' 7 

non-locality to first order, S (G) is the structure factor 
a -

and V <IGI> is the local form factor of atom~. The non-local 
a -

potential VNL is used only for 1=2, the spin-orbit potential 

only for t=l, their respective strength being described by 

the two parameters A and A . Pn(cosB) is the Legendre poly-
a a 1V 

nomial of order t for an angle B between the wavevectors ~ 

and K1
• The functions B~,t<l~l> 

slowly varying functions of IKI, 

= f't:) Ra. n (r)j n (Kr)r 2dr are 
0 n,JV 1V . 

depending on the atomic radial 

functions R~,t(r) and on spherical Bessel functions j 1 (Kr). 

The quantity <sl~ls> represents the usual spin matrix element. 

Assuming the eigensolution for the energy E to be given by n 

the following pseudo-wavefunction 

~ _ ~ n(k). i(k+G)r 
vn - ~ aG - e - - - (5) 

n 
where the coefficients a8 (~) are spinors, we can evaluate 
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the contributions to the matrix element in Eq. (2) ar1s1ng 

from the different terms of Eq. (3). We find for the 

kinetic energy term: 

aEKin 
n 

and for the local potential term 

rl a~~L = ~ PLn<§lrl a\~§ll 

(6) 

(7) 

n n;': n 
with the charge fourier components pL (~) = E,a G'aG'+G" 

G . -. ·- -
Equation (7) represents a novel, very convenient way to 

express derivatives of local potentials in first order 

perturbation. The intrinsic properties of a particular 

energy level E (k) can easily be analyzed by inspecting 
n -

. n 
the various Fourier components of the charge density p~ (~) 

and their combination with the_corresponding Fourier compo

nents of the potential derivative. The derivative of the 

local pseudopotential with respect to volume can be obtained 

from 

to be 

1 J -iG·r VL<I~I> = n e - -·V(r)dr (8) 

( 9) 

by neglecting contributions arising from the crystal surface.~ 

Pressure dependence as well as temperature -dependence 

of m* have been neglected. For the non-local potential term 

and the spin-orbit term we find: 



and 
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avN1 (K_,~') E E n... nn 
a G'aG an 

G G I -

av 80 <K_ ,K_' > 
" " n... n,.., 
t.. t.. a G'aG~G an (11) 
G G I -

respectively, where 

= 

aBn~ (I~' I)) 
a I~' I . 

(12) 

and similarly for vso· 
In all derivatives of the potentials the first term 

a~ises from the 1/n scaling factor and the second term from 

the functional dependence of the potential on t,K' which in ~-

turn depend on the volume. Due·to its dependence on (~-~ 1 ) 

the derivative of the local potential can be written 1n 

terms of charge density fourier components. This is not 

possible for the non•local d-like potential and for the 

spin-orbit potential. However, their contributions to the 

total deformation potential are small and therefore can be 

neglected in discussing the physical origin of the pressure 

coefficient. From Eq. (9) we see that the result depends 

additional parameters l.e. 

turns out in practice that 

on the 
avL<I§I> 

slope.s a I 9 I . 
the pressure coefficient 

It 

· av1 < IGI> 
is rather sensitive to the values of . ol§l . and that 

calculations can be used to det~rmine the slopes 6f the 

the 

local pseudopotential very accurately rather than to check 

on 
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-
the quality of values v1 CI~I> of the pseudopotential itself. 

In Table 1 we list the values of the local pseudopotential 

parameters vs<l~l) and VACI~I) as used in Ref. 7 to calculate 

the band 
av8 

al§l and 

structures of PbSe and PbTe together with the slopes 
avA alGI determined by fitting the pressure coefficient 

of the 1-gap to experiment. 

7 In Table 2 we present the experimental and calculated 

energies for the gap at 1 between 1(5) and 1(6) and the energy 

differences between a secondary valence maximum E(5) (see 

ref. 3) and the top of the valence bands 1(5). This second 
. 3 

valence band maximum has been considered by several authors 

to explain anomalies in the experimental temperature dependence 

of the fundamental gap at 1. The energy difference 1(5)-

4 E ( 5) is found to be temperature dependent; the values given ·< 

in Table 2 are extrapolated to T = 0. In T~ble 2 we also 

list the pressure coefficients of the two energy gaps 

obtained experimentally and calculated in the manner described 

above. The experimental values have been derived from 

galvanomagnetic measurement assuming a band structure model 

3 with two valence band maxima (at 1 and E) of type M0 . From 

our band structure calculations it follows, however, that 

E(S) is an M
1 

critical point as long as· its energy is lower 

than 1(5). This fact might render the quoted experimental 

value of the pressure coefficient of E(S) doubtful and account 

for the difference between experiment and calculations. It 

is worth noting that though the introduction of the slope 

.. 
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av1 . 
values alGI added six new free parameters to the system, 

the ratio of the pressure coefficients of the two gaps 

(1(6)-1(5) and 1(5)-E(5)) remains relatively independent 

of these parameters. We shall now discuss the origin of the 

negative pressure dependence of the fundamental gap at L,. 

A detailed analysis shows that the negative coefficient 

arises from the anomalously strong deformation potential 

of ~he 1(5) valence level. 

Separating the contributions arising from the kinetic 

energy term and the potential terms we note the ddminant 

role of the kinetic energy part (see Table 3). Its contri-

butions however, are quite comparable for valence and conduc-

tion bahds in PbTe and to a somewhat less extent in PbSe. 

·Analyzing the potential contributions in the spirit of Eqs.' 

av1 2 oJ and < 9) we find that an is largest for 1 ~ 1 = s and 

2 I has a negative value. For smaller 1~1 values, v1<1~ ) 
is negative and cancels with the second term arising from 

the positive slope; for larger 1~1 2 
values both v1 <1~1) and 

the slopes become smaller. v1 CI~I) therefore changes most 

with volume for I~J-values where the form factor curve changes 

sign; translated into real space this means that volume 

changes are felt by the electrons mostly through oscillations 

with wavelengths of the order of interatomic distances. With 

this result we can approximate the potential contribution by 

n 2 av1<1~12=8) 
Pk < I ~ I = 8 ) • an ' 

indicating that sign and magnitude of pkn<l~1 2 =8) determine 
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the effect of the potential on the pressure coefficient. 

This term adds to the negative kinetic term, if pkn<I§I 2=B) 

is positive and therefore increases the absolute value of 

the pressure coefficient of the energy level and it subtracts 

from the kinetic energy term if pkn<l~l 2 =8) is negative. As 

. n I 12 . - n I 12 mentloned above pk ( ~ =8) or more generally pk ( ~O ) 

2 
where. I §o I is about the zero in the form factor curve, 

corresponds to charge density fluctuations ~ith wavelengths 

comparable to interatomic distances. Positive values of 

pkn<l~0 1 2 ) pile up charge at the atomic sites and therefore 

correspond to s-like states, negative values of pkn<l§0 1
2 ) 

pile up charge between the atoms and are found in p-like 
(we choose the orlgln at an atomic site) 

state~ .. This analysis shows that for approximately equal 

kinetic energy s-like states increase in energy_ faster with 

pressure than do p-like states. Applying these arguments 

to PbSe and PbTe we expect the 1(5) valence level to be more 

s~like (and less p-like) than the L(&) conduction level. 

Calculations done by angular projection7 confirm these ideas; 

the fractional theoretical values of s,p and d-like character 

on cation and anion are indicated in Table 3. 

III. Temperature Coefficient 

In a similar approach to the pressure case which gives 

Eq. (1), the change of an electronic level with temperatu~e 

under constant pressure can be written as: 

a En I - 1 an I aE I aE I ~ P - n aT P . n ann T + aT n V (13) 



The net change of E arises from two contributions: an n 

anharmonic lattice part given by the product of the thermal 

expansion coefficient a = 3 ~ ~~lp and a deformation potential 
3En 

3Q a-n-IT and from an electron-phonon interaction term 
3En arlv· The first term can easily be computed knowing the 

3En 
deformation potential Q an-,from the pressure coefficient 

calculations (see Table 3) and the thermal expansion 

coefficients a from experiment. 16 The thermal expansion 

coefficients are increasing functions of temperature up to 

about 150°K where they ,reach the constant value of 

-5 a = 2.10 . /°K for both PbSe and PbTe. Thus with the calcu-

l~ted deformation potentials of Table 3 we find that the 

gap at t opens up due to the thermal lattice expansion with 
3Eg -4 · . 

a linear coefficient of dT I anh = 1. 8 ·10 eV /°K for PbTe and , .. 

~, . -4 
aT anh = 2.3·10 eV/°K for PbSe for temperatures above lSOoK. 

· These values contribute about one half to the total 
3E · ·· 4 

experimental temperature coefficient ~~exp ~ 4.3·10- eV/°K 

for PbTe for temperatures between 150°K and 450°K and to 
aE · 
~~ ~ 3.S·l0-4eV/°K for PbSe 4 ' 5 for temperatures between aT exp 

150°K and 700°K. Above 450°K and 700°K respecti~ely the 
/ 

measured energy gaps become independent of temperature. For 
. 3 

this region there are speculations that the second valence 

band maximum at t takes over the role· of the topmost valence 

band at these temperatures and that it moves parallel to 

the first conduction band L(6) with further increasing 

temperature. This model however, would suggest that the 
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·character of the L:(S) states resembles the character of the 

L(6) states, which is not found in our calculations (see 

Table 3). Nevertheless the suggested model can neither be 

ruled out nor be confirmed unless an accurate calculation 

of the electron-pponon interaction for states at E has been 

performed. 

We shall now discuss possible approximations to the 

electron-phonon term of Eq. (13). Following the usual 
. 17 

method to describe the effect of lattice vibrations on the 

electronic band structure we write the energy of an electronic 

state as a function of atomic displacements 6~1 ,a where 1 

labels the unit 6ell and a the individual atom within this 

cell. If we displace each atom by 6~1 ,a we can write the 

Hamiltonian H' for the energy change caused by ~h~ displace- _ 

ment as follows 

H' = E E [V(r-Rn -6R 0 )-V(r-Rn )] 
51. a . _x,,a -""',a -~,a . 

(14) 

or expanding H' 1n powers of 6~SI.,a we get 

H' = E I [6Rn ·VV(r-R 0 )+~2 6Rn •6Rn ·VVV(r-Rn. )+ ••• ] 
1 a -x,,a - -x,,a -;v,a -x,,a ·-- -x,,a 

The ch~nge of energy, accurate to second order in the 

displacement is then given by 

+ E 
51.51.' 

~E (k) 
n -

aa'n',k' 

• 6R n • 6R n r r 
-;v,a -""' ,a 
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for an arbitrary set of atomic displacements {6R 0 }. We -;v,a 

now assume that the temperature dependent energy shift 

6E (k,T) is obtained by thermally averaging·over the products 
n - . 

of the atomic displacements. 

The first term, which is a first order perturbation 

term of a two-phonon process corresponds to the instantaneous 

. emission and absorption of two phonons (i.e. of the same 

phonon if thermal average is assumed). It has been shown 

by Brooks and Yu13 that contributions from this term can 
.. 

be obtained by introducing a temperature dependent Debye-

Waller factor e-w into the band structure calculation. This 

procedure, however, can lead to serious errors if non-local 

pseudopotentials are used in the band structure calculation. 

The energy of an electronic level at T = 0 in the presence 
, .. 

of a local and a non-local potential has the form: 

. * (lk+GI2 
E (k,T=O) = I a8n(k')~Gn(k) - : 68 G' 

n - G G' - . - m ' ' - - - -
+I sa<§-~');V:a<l§-~' l)+v:1 <§,§',~)}) (16) 

a 

where a 8n(~) are the eigen spinor components of the state. 

For finite temperature the structure fadtors S (G~~') are 
a - -

multiplied 
. 1 2 2 

by the Debye-Waller factor exp[-2(§-§') <o~a,T>] 

which is equivalent to replacing v1 a and v:1 by 

Va ·exp[-!(G-G') 2<oR 2 >]respectively. 
NL 2 - - -a,T 

(17) 
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Since v
1 

depends only on the difference C§-§'l the energy 

can partially be written in terms of charge Fourier components 

+ ~ a~n(~' )a 8n(k) ~ SaC§-§' )exp[-~(~-~· l 2 <oR~,T>]V~1C~,~~ ,~) 
G,G' a - .- CHI) 

As can be seen from Eq. (18), the inclusiort of a Debye-Waller 

factor merely damps the higher fourier components of the 

local potential v
1 

a( I§ I) whereas it destroys the angular 

charact~r of the non-local scattering potential V~1C~,§',~) 
by introducing an additional angular dependence through the 

.· 2 
factor expC-1§1 ·I~' I ·<Ra,i"cosB] where 8 is the angle between 

-~ 

G and G'. In practice this result can lead to serious errors; 

e.g. a non-local d-like potential which has been introduced 

into the T=O band structure calculation to control the 

position of higher d-like bands may at finite temperature 

operationally affect states which have ~o d-charab~er at 

all. In the calculation of the band structures of PbSe and 

PbTe at finite temperatures we therefore only included 

Debye-Waller factors into the local potential. With regard 

to the d-like non~local potential used in the band structure 

calculation this procedure does not introduce significartt 

errors since the states at the L or ~ gap contain ~nly little 

d-like character. The non-local spin-orbit potential is of 

short range and should therefore, on the basis of the 
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Born-Oppenheimer approximation, g1ve only small contributions 

due to lattice vibrations. Considering only contrib~tions 

from the local potential we can express the change of energy 

with temperature due to the Debye-Waller term in first order: 

(19) 

where we assumed the linear temperature dependence of 

·.<oR 2T> = T·F . Equation (19) can conveniently be written 
- Cl. ' Cl. 

as 

aE 
= E n • F 

a a<oR 2> a 
(20) 

-CI. 

1n order to emphasize the different contributions from 

different atoms a. The Debye-Waller "deformation" potentials 

aE /a<oR 2 > are listed in Table 4. Only contributions £or· 
n -CL 

181 2 < l6(2rr/a) 2 have been considered. Though the quantity - -
IGI 2 ·VCIGI> is still important for higher IGI 2

-values, their - - -
net effect on the final temperature coefficient is small 

n 
due to the drastic decrease ofpk(~) and cancellation effects 

through the atomic structure factor. The main contribution. 

arise from the G = {200} and the G = {222} sets of plane 

waves. The cutoff at 1~1 2 = l6(2rr/a) 2 therefore does not 

considerably influence the calculated values of the tempera

ture coefficients. Combining these calculated values with 

the experimental values18 of FPb = 1.1·10-4 ~2 /°K and 

Fse = 0.59·lo-
4X2/°K £or PbSe and FPb = l.l7·10-

4X2
/°K and 

FTe = 0.65•l0-4X2/°K for PbTe we obtain the following tempera

ture coefficients for the gap at L 
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aE .

1 

_
4 ~ DW = -3.6·10 ev/°K for PbSe and 

Adding these results to the anharmonic lattice contribution 

we find that the gap ln PbSe closes with temperature with a 

coefficient of -1.3·l0-4eV/°K and that it opens in PbTe with 
. . -4 -.:. 

a coefflclent of +3.9·10 eV/°K. These values have to be 

compared to th~ experimental results of +3.5±0.2·l0-4 eV/°K for 

PbSe and +4.3±0.2·l0-4eV/°K for PbTe. While for PbTe the 

results agree reasonably for PbSe even the sign of the 

temperature coefficient cannot be reproduced. 

It is interesting to compare these calculated coefficients 

to some· erroneous values of aE /aTIDw which would be obtained, 
g . . . 

if non-local and/or spin-orbit potentials are also scaled 

by Debye-Waller factors. The inclusion of the spin-orbit 

contribution would raise the coefficients by 100-200% 

whereas the inclusion of the non-local contribution would 

lower the coefficients by about 100% of the value obtained 

from the pu~e local contributions. This example indicates 

the scale of errors arising at incorrect use of Debye-Waller 

factors. _:.··. 

The r(5)-L(5) energy difference is found to be only 

weakly temperature dependent with a coefficient of about 

l·l0-4eV/°K for both salts. Before we analyz~ the or~gln 

of the difference between the calciulated values of ~E /aT 
g 

for PbSe and PbTe let us inspect how the sign of the 
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temperature coefficients could be changed as a function of 

{F }. Using the values of Table 4 for the deformation 
Ct 

potentials we find for PbSe that 

2 
<o~Pb ,r 

aE /aT > o if 
g 

. > 
<oRs2 T> 

- e' 
and for PbTe that aE /aT > 0 if 

g 
2 . 

2.3 

<o~Pb, T> 
2 > 1.1 . 

<oRT .....:>. - e ,T 

Even though the measured18 and calculated11 values of <oR 2 T > 
-et ' 

show large fluctuations, it 
. 2 

seems unlikely that <o~Pb,T> can 

of about 3.5 to give tDe correct 
2 . 

exceed <oR8 T> by a factor 
- e, 

temperature coefficient. 

Let us now analy~e the difference between .the temperatu~e 

2 coefficients of PbSe and PbTe fo~ given values of <oR T >. 
-et, 

To do this we examine valence L(S) and conduction L(6) bands 

separately. In both compounds the L(S) valence bands move 

up with temperatUre with about the same coefficients of 

8.6·l0-4eV/°K for PbSe and 9.l·l0-4eV/°K for PbTe~ Differences 

appear in the L(6) conduction bands; both move up with 

temperature but at very different rates: 11.2·10-4eV/°K 

for PbTe and only 5.0·l0-4eV/°K for PbSe. This difference 

is composed of about 80% fro~ the lead contributions. From 

Table 3 we see that L(6) is pure p-like around the lead 

atoms with 72% and 83% for PbSe and PbTe respectively of 

p-character in the wavefunctions. All 

these differences have their origin.in the band structure 
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or rathe~ iri the band ordering. While in PbSe the lowest 

conduction level, which has L
6 

symmetry including spin-orbit 

interaction is derived from a L
2 

level, in PbTe the L
6

-

conduction band is derived from a L3 level. Moreover, the 

second L6 bands at higher energies which in PbSe is derived 

from L3 and in PbTe from L2 show approximately r~versed 

temperature coefficients. We can thus conclude that the 

different conduction band ordering in PbSe and PbTe is 

responsible for the different signs of the temperature 

coefficient of the gap. On the other hand the different 

band ordering in the two compounds has been shown7 .to be 

the only possible ordering to account for the very diffe~ent 

effective mass anisotropies found experimentally for PbSe 

and PbTe. 

We like to add that earlier calculations6 , 11 of the 

temperature effect on the band gap based on band ·structures 

with "PbSe band-ordering" also gave a positive coefficient. 

We believe that this was due to the use of different local 

pseudopotentials and to the includiori of non-local and 

spin-orbit terms into the Debye-Waller-type calculation~ 

Since the present band structures can be considered to be 

highly accurate e.g. they accurately reproduce gaps, effective 

masses, photoemission data 7 and various optical measurements 

8 in an energy range from 0 eV to about 30 eV, we may conclude 

from our results that the effect of temperature on electronic 

. 13 
levels is not sufficiently described by the Brooks-Yu theory. 

.. 
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To extend the treatment of the effect of finite tempera

ture on electronic energy levels we go back to Eq. (15) and 

focus on the second term in the perturbation series. This 

12 term, introduced by Fan corresponds to the scattering of 

an electron in state 1~,n> into another state l~',n'> by 

u 
emitting or absorbing a phonon of wave vector g = k'-~+~ 
followed by the reversed process. If k'~k falls outside 

the first Brillouin zone, umklapp processes with wavevector 

· Gu have to be considered. In his original paper, Fan only 

retained scattering terms with n = n' (intra-band terms) 

with the argument, that the energy denominator iri (15) 

would be large enough to make the inter-band terms with 

n.~ n' negligible for the semiconductors he considered. 

Within this approximation the Fan-term al~ays decre~ses 
~-··-

the gap and thus would only deteriorate the situation·for 

PbSe. In the lead salts however, t.he bar1d gaps are relatively 

small and as already pointed out by Keffer et a1. 11 the 

(positive) inter-band terms might overcompensate the (negative) 

intra-band terms. 

Expanding the atomic displacements 6~l,a in phonon 

coordinates and considering the Bloch-character of the 

electronic wavefunctions we can write the second term of 

Eq. (15) as: 

llE = L 
k' ,j 

I Mnn ~ ( k ' k ' ) I 2 

L E ?tJ~E ~(k 1 ) 
n' n - n -

where we have neglected the phonon energy in the energy 

(21) 
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also 
denominator andAoccupation effects and where the eledtron~ 

phonon matrix elements for scattering involving ohe mode 

are glven·by 

' Mnn. (k ,k') 
Q ,] - -

= -i~ ~ r 1 r s (G) 
2NwQ . 1/2 G a -_,J a Ma 

. ( 22) 

Here 

~k = k'-k = Q+Gu , (23) 

Gu is a reciprocal lattice vector such that Q falls inside · 

the first Brillouin zone wQj is the phonon frequency of the 

-
mode with wavevector Q and polarization j, M is the atomic a 

mass of atom a, N is the number of unit cells per crystal 
.-..-; 

and fCalg,j) is the polarization unit vector of atom a for 

the mode Q,j. The electronic structure enters Eq. (22) 

through the structure factorS (G), the locai pseudopotential 
. a -· 

VLa<lg-~1), and through the Fourier components of the 

"generalized" charge densities 

n'~': n 
= L: aG' (~')aG'+G(k) 

G' 
(24) 

Normal (Gu=O) and umklapp (GutO) processes are treated the 

same way by Eq. (22) with the additional requirement that 

g has to be determined by Eq. (23) for a given pair~,~'· 

The thermal average of the self-energy Eq. (21) can be 

obtained by thermally weighting each phonon mode individually. 
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The systematic evaluation of (21) requires a knowledge of 

the electron- and the phonon-spectrum including eigenvectors 

over the entire Brillouin zone. Approximate solutions could" 

be obtained by sampling the Brillouin zone with a grid of 

k-points similar to density of states calculations. 7 Because 

of the very involved nature of this kind of calculations we 

present here only some specific examples which already 

exhibit trends in comparing PbSe to PbTe. We thus have 

calculated matrix elements for k ~ k' (intra-valley) and 
one 

for scattering fromi\L-point to another ~-equivalent L-point 

(inter-valley). Because of the energy denominator in 

Eq. (21) it is sufficient to include the three topmost 

valence bands, which have even parity and the lowest three 

conduction bands which have odd:parity at L. For both cases 

(intra- and inter-valley scattering) the contributing phonon 

modes have odd parity, if ~ and"~' are exactly at the high 

syrrunetry points L and L' respectively. Due to these selection 

rules llE is always positive for"~' = ~ (intra-valley) and 

k' = k-(100) (inter-valley). If k' is slightly off the high 

symmetry points the selection rules are relaxed and llE 

decreases. Let us explore the question of which phonons are" 

involved i~ the Q = 0 (intra-valley) arid Q = (IOO) (inter-

valley) scattering processes. For g ~ 0 the anions and 

cations move in counterphase with amplitudes weighted by 

the inverse square root of thei~ respective masses. All 

three optical modes (one longitudinal and two transverse 



-22-

modes) can be treated identically in the electronic scatter-

ing matrix elements, even though their energies differ 

considerably from each other for Q t 0. 13 Since g ~ 0, 

the required pseudopotential form factors v1 <1g-~l> are· 

those used in the band structure calculations. 

For the inter-valley scattering Q ~ (100) there are six 

phonon modes (2 longitudinal and 4 transverse) available . . 
These modes involve the motion of only one atom at the time. 

We therefore can classify the modes into A-modes (only the 

Pb atoms move) and into B-modes (only the Se/Te atoms move). 

If k 1 is not exactly at L' but slightly off, the required 

phonon to scatter from k to k 1 can still be approximated 

by a pure X(lOO) phonon. Since g = (lOO) is not a reciprocal 

lattice vector, we need to interpolate and to extrapolate 

the functional form of v 1 CI~I>. This introduces some arbi

trariness especially for higher arguments (the results are 

proportional to g·v1 <Jgl>>. However, in comparing.the 

results for PbSe and for PbTe these effects should be 

unimportant. In Table 5 we list some typical deformation 

potentials Z obtained from intra-valley and inter-valley 

scattering. The values Z are defined for given k and k~ 

through the relation 

t.E (k) = L 
n - nl 

2 
~ nl 

= E 

I <n~ I H' In I~ I> 12 
E (k)-E 

1
(ki) 

n - n ~ 

= z . xr-. 
n' n 1 2MNwQ 

(25) 
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where 

N is the number of unit cells per crystal scaling ~E (k) 
n -

to the contribution arising from one phonon mode and wQ 

is the phonon frequency. The ~alues of Table 5 are for 
<I 

k and k' at the exact high symmetry points. If we move k' 

:::: 0.05 x 
2

7T away from L' the values for Z typically a 

decrease by a factor of 5-10. These preliminary calculations 

show very interesting trends: 

a) inter-band (n ~ n') contributions are strong and 

may lead to positive temperature coefficients for PbSe and 

PbTe. 

b) inte~-valley (k' = k-(100)) scattering on longi-

tudin~l X phonons can be the predominant scattering 

mechanism. The main contributions arise from scattering 

over the gap L(5) + L'(6). 

c) the B-mode scattering matrix elements (the anlon 

vibrates, the cation is at rest) can exceed the A-mode 

scattering matrix elements by one order of magnitude. 

d) the contributions .from scattering on transverse 

modes are appreciable, thus indicating the importance of 

umklapp processes. The magnitude of transverse mode· 

scattering measures the ~-uniformity,of the electronic 

charge density. 

e) the effects are always stronger in PbSe than in 

RbT~; in particular the longitudinal B-mode scattering in 
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PbSe exceeds the equivalent scattering in PbTe by a factor 

of five. This might indicate the importance of Fan-type 

electron-phonon scattering in PbSe as compared to PbTe. 

f) the absolute values of aE/aT for inter-valley Fan-

type scattering can be estimated, to be of the order of 

l0-4eV/°K based on known phonon frequencies19 and on the 

~ariation of the calculated deformation potentials as a 

function of k'. 

IV. Conclusions 

The pressure coefficient of the sm9-llest gap at L in 

PbSe and PbTe has been calculated on the basis of recent 

7 8 highly accurate pseudopotential band-structure models. ' 

. .. , . 

The experimental values for aEg/aPIT can be re~r6duc~d 

assuming reasonable slopes of the form factor curves VL<I~I). 

Due to partial freedom in choosing the slopes 

avL<I~I) 
al~l 

the calculated pressure coefficients cannot be taken as 

very strong tests for the band structure models.·. Combining 

the deformation potentials with experimental thermal expansion 

coefficients the anharmonic part in the temperature 

coefficient aEg/aTip can be evaluated; it is p6sitive and 

is responsible for about 50% of the total experimental 

temperature coefficient. The remaining contributions which 

are due to the interaction of electrons with lattice vibrations 

are analyzed by perturbation theory up to second order in 
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the lattice vibrations. The inclusion of a Debye-Waller 

factor alone yields reasonable results for PbTe but predicts 

an opposite sign in the temperature coefficient for PbSe. 
the 

D~tailed analysis of the origin ofAdifferent energy shifts 
. . 

shows that the inverted conduction-band structure of PbSe 

as compared to PbTe 7 is res;onsible for the sign change. 

Uncertainties in the experimental mean square displacements 

used are unlikely 'to cause the sign change. The contri-

butions from Fan-type electron-phonon scattering terms are 

calculated for intra-valley (Q = 0) and for inter-valley 

<g = 100) scattering. In spite of their very preliminary 

nature these calculations seem to indicate the tendency of 

Fan-type scattering to_open the gaps in PbSe and PbTe. 

The calculations also indicate that the effect is stronger 

in PbSe than in PbTe which would be consistent with the 

need to compensate th~ negative Debye-Waller result for PbSe. 

Quantitative conclusions, however, can only be drawn on 

the basis of explicit calculations including thermally 

weighted scattering into states over the whole Brillouin zone. 

Part of this work was done under the auspices of the 

U.S. Atomic Energy Commission. 
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Table Captions 

Table 1. Symmetric Vs and antisymmetric VA form factors 

for PbSe and PbTe and their slopes avs/aG, avA/aG as 

they are used to calculate the pressure coefficients. 

The potentials are given in rydbergs and G in units of 

2rr/a, where a is the lattice parameter. 

Table 2. Experimental (compiled in ref. 3) and theoretical 

values for different gaps and their pressure dependence 

in PbSe and PbTe. Eg = E(L6)-E(L5) stands for the 

fundamental gap at L while Eg' = E(L5)-E(E5) denotes 

the energy difference between the topmost valence band 

and the M
1 

critical point along E. The calculated 

pressure coefficients have been obtained by using the 

. . 1 15 "b"l" f 2. 1 exper1.menta compress1. 1. 1.ty values o K-= -- • -~ 

-6 -6 
.± 0.2·10 /bar for PbSe and K = -2.5 ± 0.2·10. /bar 

. for PbTe. 

Table 3. Calculated deformation potentials for.volume 

changes for the 1(5), L(6) and-E(5) bands in PbSe and 

PbTe. The contributions arising from the kinetic and 

potential energy terms are indicated separately. Also 

indicated are the calculated characters of the corres·-

pending wave functions in terms of atomic angular functions. 

Table 4. Calculated Debye-Waller deformation potentials 

for lattice vibrations for the L(5), L(6) and E(5) bands 

in PbSe and PbTe. The contributions arising from cation 

and anion are indicated separately. The listed values 
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have to be multiplied by the individual mean square 

displacements to give the energy shift caused by 

lattice vibrations. 

Table 5. Integrated deformation potentials Z as defined 

by Eq. (25) for intra- and inter-valley scattering on 

optical phonons 1n PbSe and PbTe. For Q "/. 0 (inter-

valley) scattering the contributions arising from 

longitudinal and transverse mode scattering are indicated 

separately. The results are also separated according 

to mode A (only Pb atoms move) and mode B (only Se/Te 

atoms move) scattering. 
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Table 1 
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Table 3 

---------+--: . -~-~_::1_:~-(-e-_V-l ~~Ta:=~~:: cha.':_"_':~::::-) __ 
: · Ek . 1 vt t 1 s p d s p d 
1 1.n I o a 

I L(5) I -10.9 j -4.2. 73 0 2 0 

!PbSe I L(6) -9.1 l -2.2 0 72 0 14 0 14 

r+ :~:;-- ~:~-:~ ~--~~~+1-~;--~---~- :--:-:-:-1; 
~-P-bT_e_G~: ~-- --:;~;- _:: : ~-L: 4 :3 : L_:~--.--,: -3 _:j 

25 
. l 

o I 

Table 4 

. a::;"2> ( J:~) 
1 j--,--------------------- .... ·····------------------.,---------. 

------ --p~----~--~~-~= i 
L(5) 2.0 1 10.8 I 

' I 
L ( 6) 6 8 ! -4. 2 i · . l I 

I _ t . i 
! ~(5) 0.4 l. 14.5 I 

~-----·~-------+----"---~+----------·-- --------1 
! L(5) I 1.1 I 12.2 ! 

I t I 

PbTe : ~::: ! ~::: 11 :::: I 
L---- ---~- ----------- ___ _j __ -. -·- ••. ·---·--· ------- - . - ~ 

I 
l 

j PbSe 

l 
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Table 5 

L ~L~-~~~-~~~~/ f~~=-=~=C+- -:=----~~:~~~~!=-:=-~--- -~ l 
1 

I~' = ~ (intra-valley) ! ~' = ~-(100) (inter-valley) ! 
1----t----······-- ......... •·· -- ····----------------------..!.----------- --· ---·--·--···-------·-·-··-' 

j longitudinal transverse l 
I • 

l A I B A· B ~ 
Z(L

5
) _ -37 ·-r -3--1:;;;; -5 -38 __, 

PbSe l · · 1 

~-----~--::~:~-~-------'~;~--------+-~---- --=~: I~ .-1 _:: 
PbTe 1 ' . ! 
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