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ROLE OF END REGIONS IN THE STEADY STATE OF MIRROR-CONFINED FLASMAS* 

John U. Guillory, Jr., and Wuif B. Kurikel 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

August 5, 1969 

ABSTRACT 

In open-ended plasma confinement at reasonable ion temperatures 

and relatively high densities (such as 10 key and 10 13  cm 3, or 100 eV 

and 1010 cm 3) the Coulomb-scattering loss flux alone gives rise to a 

charged-particle density outside the mirrors that is usually large enough 

to require quasi-neuta1ity there. Such confinement must therefore be 

considered as involving an external plasma even in the absence of ioni-

zation or other plasma sources. in this exterual region. We have investi-

gated some of the effects of this plasma on the steady-state features 

of mirror confinement. In particular, we find that a significant elec-

trostatic potential must usually exist between a mirror and any external 

boundary (though its magnitude can be reduced by plasma sources outside 

the mirrors). It follows that some energetic electrons will have turn-

ing points well outside the mirrors and yet remain trapped. Any 

external plasma source will cause additional electrons to stream through 

the confinement region. An estimate has been made of the change in 

steady-state confinement parameters due to this streaming, in the limit 

of negligible unstable interaction with the confined plasma and some 

trapping of the streaming electrons. The - effect of these properties of 

open-ended confinement on various instabilities has not yet been fully 

explored. 
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1. flTRODUCTION 

The following analysis is applicable to open-ended confinement 

systems with guiding-center plasmas in the "local approximation," with 

particle loss times much longer than typical bounce periods, and per-

pendicular ion temperatures T11  >> T. The configuration need not be 

.a purely poloidalmirror field, but itmust have magnetic mirrors 

inside the vacuum clumiber. 

The guiding-center motion of a nonuniform plasma is described in 

terms of a potential for parallel motion. 

U(s,t) = riB(s) + 	 (1) 

where q is the particle charge and .i mv 12/2B is the magnetic moment 

invariant. We take the maxima of B (magnetic field strength) along•• 

any field line to be at s = ±L, where .5 is arc length measured-  from 

the midplane. We assume symmetry in s and henceforth refer only to 

s > 0. We call s = L ?tthemjrror(s)..tt At s = w (w > L) we assume 

there is a wall, in general accompanied by a sheath having an electro-

static potential drop 0' with the wall itself grounded. Steady-statet  
loss rates maintain the mirror-confined plasma at .a positive potential, 

00, at the midplane, decreasing to 0L  at s = L and OW  at s = W, a 
Debye length away from the wall. We always make the "local approxima- 

	

tion" that all quantities change slowly enough with distance normal to 
	 w 

a field line so that flux tubes can be considered independent. We call 

the magnetic field at s = 0, L, W respectively B0, BL, B,, and define 

the mirror ratios RL  = B/B0  and RW = B/B0. 
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On the basis of single-particle behavior, Eq. (1) with 0 = constant 
gives the familiar "loss cone" in midplane velocity space (or energy 

space: 	1/2 mv0, 
Ei 

1/2 mv 0  = B0). If RM.is the smallest 

mirror ratio accessible to particles on the given flux surface, then 

particles with e 	- 1) < ell have magnetic moment too small to be 

confined, and they are lost in a transit time. 

But at higher densities, where scattering into the loss cone becomes 

important, the large ratio of electron-scattering to ion-scattering rates 

leads to the anabipolar plasma potential Ø, which balances electron 

and ion loss rates by trapping low-ri electrons electrostatically 

(KAUFMAN, 1956; POST, 1958). Thus the loss region is no longer a cone 

in midplane velocity space, but a pair of hyperbolas (PERsSON, 1966), 

one for electrons and one for ions, as shown in Fig. 1. If scattering 

is negligible in a bounce time, the steady-state distributions in mid-

plane velocity, f
e  and f 1 , are very nearly zero in the loss regions 

ell > e( 	- 1) + e(00 - 0M 	(electrons) 	 (2) 

and 	ell > e1(i - 1) - e(00 - 0M 	(ions). 

These are then boundary conditions on the f's. 

In this case one finds 00  by equating approximate electron and ion 
loss rates (KAUFMAN, 1956; BENDANIEL, 1961; PERSSON, 1966);* then in 

calculating the profile ON one ignores the density of loss-component 

particles (one their way out) compared with the trapped ones, and also 

uses abetter approximation to the true loss crite'jofl. For example, 

BenDaniel calculates 00 .using a single escape energy e00  for the 
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electrons' (purely electrostatic trapping). But in deriving 0(s), the 

electrons are assumed Maxwellian for Eli < €( RL - 1) + eØ0 . 	In both 

calculations the ion boundary is taken to be a cone of altered slope, 

ell = 	- l),where Re =  RL(i + eØ0/T1) , instead of 

ell = 	- 1) - e00; and except in R, 0 is ignored .jn the calcula- 

tion of f.. In this model the confinement region, between mirrors, 

is thus isolated from any exterior phenomena, as long as external 

sources are absent. 

2 • NONISOLATED MIRROR SYSTEMS 

However, a further sophistication is necessary: In this raper we 

show that in many cases of practical interest the streaming loss alOne 

can give rise to a charged-particle density outside the.mirrors that 

is generally large enough to require quasineutrality there. We also 

show that with equal ion and electron loss fluxes, the loss-component 

electrons alone cannot maintain the quasineutrality, and that the ambi-

polar 0(s) must continue to decrease out to the wall, with the result 

that some energetic electrons will have turning points well outsfde 

the mirrors and yet remain trapped. These electrons, which we denote 

by superscript ST (streaming outside the miri'ors but still trapped) 

assist the loss-component electrons, denoted by superscript SF (stream-

ing, free) in balancing the ion loss-component density. The region 

between mirrors (henceforth called region I) is thus not isolated from 

the external region (region II: s > L). 

If diffusion takes place only in region I then the streaming ion 

flux is independent of s in region II except for the "area factor" 
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• 

 L 

F.(s) =  

	

(s1)ds1  R5Ln0v 

	

1 	Loss 

where v is the inverse loss time of a typical ion and n o  is the mid-

plane ion density. Since B(s) decreases with s in region II, iOns are 

accelerated out, gaining parallel energy 

m.v = 	- 	+ e(Ø - 

by the time they reach s = W (they creep over the barrier at s = L 

with negligible v 11 ). 

.Loss Let 11 	be:a typical value for € among these ions. Then if 

eIøL - ØWI 
( pLoss( 	

- ) 	
1 	good for 1L -R 	1 and TOSS >> T),tt 

[(TLoss/Tll)(RL- 	
( 	\ then 	.n.(W) = F. 

(w) 	
-1/2 Y I 	I' 

VII 	 CII I 
'2 	\l/2 where c11 	j - T1u  I 
	and T11 refers to the midplane. These ions, 1m. 	i i 	J 

whose density cannot be matched by streaming electrons, as we will 

show, cause a large positive potential and attract electrons (from 

region I if there are no others available) until quasineutrality is 

established, provided that the resulting Debye length is smaller than 

the size of the external region. 

We have 
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TEXT 	T 	
1/2 

Max 
L<s( 	= X e2n  i I 	<(ie0) 	)[( 	

- 

RWLV_1/2  

eli 

where we have assumed n '' n. and written TT(s) for the local mean 

energy at s. In the absence of an externally supplied beam, we expect 

this energy to be less than or at most equal to the midplane tempera-

ture Te  because of the potential difference e(00  - 0). Now certainly 

1/2 1.s9Q deg for RL - 1 1 (the actual coefficient depends 

going to 0 for RL - co and oD for IL - 1), where 

	

-1 	 -7n mA 

	

90 deg (sec ) 	0 7 x 10 	2 (n in cm, T in cv) 	() A V2T3/  

is the usual, cumulative 90-deg Coulomb scattering rate for particles 

of mass A (amu) (sPITzER, 1962). Though f1  is not Maxwellian we assume 

Eq (4) holds within a factor of 2or so, and use T 3/2  (T 11 T12 )h/2 .  

If instability is the dominant loss mechanism, then we expect v much 

larger than this Coulomb estimate. 

Loss  Assuming 	T., consider two examples, both with RL = 

= 2, A = 1 amu, L = 100 cm, and T1>> T: 

(i) for n0 = 1010 cm3, Te = 10 eV, 	= 10 eV, T1  = 100 eV: 

(w) < 1.5 cm. 
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(2).  For n0  = 10 

	

	cm, Te = 100 eV, T11 = 1 keV, T,= 10 keV: 

XDM <05 cm 

In general the upper bound on 7(W) scales as 

Lu/2f101Tj1lT13Tl/2(ln A) -1/2 

when the loss is dominated by ion-ion collisions. Since ordinarily 

(w) is the minimum X.D  for region .11, we conclude that iltmany mirror- 

tt 
machine experiments, region II always constitutes an external plasma 

all the way to the wall, even in the absence of external sources 

Since electron and ion fluxes must be eq,ual, however, the density 

of streaming electrons at s =W is 

flSF() 	
F(W) 	

n0[Te 	- 	) -e(Ø - øw)12 y\ 

v 	 (rn/m.)T 	
.. 	

c • 	 eli 	 e 	 ii 

where T and c 1  still refer to the ions. One sees from this that 

unless e(ØL - øw)/Te RL- Rw  the streaming electron density nSF is 

insufficient for charge neutrality at s = W, and similarly at s not too 

near L. But if e(ØL - øw)/Te 	- Rw - 1, many of the electrons at 

s > L would be in class ST, not in SF as assumed 

3. . DENSIPY AT s IN TRRMS OF Mfl)PLANE VELOCIFf DISTRIBUTION 

• 	 For each point. s along a field line, one can draw a curve 

• €j =€(€) 	- 1) - ca(Ø - 0) in midplane energy-space, such 

that if a particle at the midplane has € > Sup €,() (where Sup 
S'<S 

indicates the maximum valu), then in the absence of collisions its 
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turning point is beyond s. Of course for those particles with 

U(s',i) = iB(s') + qØ(s') monotonicafly increasing for St < s, Sup € 
St<S 

is just e. If we assume 0(s) monotonicafly decreasing for all - 

s > 0 (as indicated by the. results of Section 2 for s > L, and by pre-

vious studies (BENDANIEL, 1961; PERSSON, 1966) for s < L), then for the 

electrons U(s,i) is always increasing in region I (s < L) but decreases 

in region II (s > L) for large .ji and increases for small . This is re- 

	

flected in the crossing of the lines 	in Fig. 2. For the ions, 

U(s,pi) is monotonically decreasing for s > L (so that all ions ssing 

s = L are lost) and we ignore the possibility .of complications arising 

from tdB/ds.< ed(-Ø)ds for some s, L. B(s), 0(s) in region I. 

Assuming that all rarticles contributing to 

n(s) = f2 jdvj [dv 1 f(s, 1 ,v1 ) 

include s = 0 in their orbits, we can use 

(v11,v12) = 	v110R5 	
, where x 2  = v 0 (R5  - 1) - 	(O - (vII,v2)6 110 - 2 

to write the integration in terms of midplane velocities x v and 

	

( 	xdx 
n(s) = 2wR Jydy/ _______ f(O,x,y), 	 (5) _J 	/2 	2 /x -x 

S 

where particles with turning points at s' < s do not contribute and are 

excluded by restricting the region of integration to lxJ > Sup x 5 ,(y). 
5 '<S 
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In a perfectly confined collisionless plasma, f = 0 at the loss 

boundary (y). 	If 0 < f/xI < cD there, then n(s) w (L - 

for L - s small and positive, as one can see from a Taylor expansion 

of f about xL(Y). 

With imperfect confinement, however, f(s,v j j ) v1) is not mapped by 

the Vlasov characteristics back onto f(O,v
jl 
	but onto some function 

g(0,v jj ,v1 Js) which differs noticeably from f near the escape boundary. 

The equations governing f have been discussed by KAUFMPN and KING (1968). 

In the collisionless approximation to the particle dynamics our defini-

tions of c and E are obvious and are equivalent to ,H or p.,J: 

Ell = H - 	
- qØ0 	(H = Hamiltonian = total energy), 

or equivalently 

2 m 
ll = . JJ 	at s = 0, 

m 2 at s= 0. 

In the presence of scattering, we define x and y (for a particle 

at s) to be the values of v 11  and v1  that the particle would have if it 

returned to s = 0 without furthe' scattering (i.e., along Vlasov char-

acteristics). The definitions in terms of ii,H are the same, but now 

p.,H are stochastic functions whose expectation value in general depends 

on s. But if scattering can be neglected in the low-density region II, 

the dependence on s there is negligible. For this case e abbreviate 

g(o,x,yjs) = g(x,y). 
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4. ION DENSITY AT MIRROR 

SF  
To determine n. one must either have information about the 

detailed loss mechanism, or else assume a model for the loss mechanism 

or the detailed shape of g(O,x,ys) near the escape boundary. Since 

the former leads to calculational difficulties, we attempt the latter 

in such a manner that a specified loss flux is reproduced. If all the 

escaping ions are placed exactly on the escape boundary (a simple assump-

tion for g), then nSF(s)  has an infinity at s = L (which is rounded off, 

physically, by diffusion due to fluctuations). Yet if small-angle 

scattering predominates, with only slight scattering during a single 

bounce period, then (x,y) for an escaping ion cannot be too far from 

x = x(y).. Physically, then, a small loss rate can produce fairly 

large densities near s = L as particles creep over the potential barrier, 

creating a "traffic jam" there. 

Since the simplest model is inadequate,we take g(O,x,yL) = 

90(x,y) + g1(x,y), where g0  would be f0  in the absence of scattering; 

91  includes a "tail" for x > 0 and y -'.' yL(x) sufficient to give the 

observed loss flux. Only the width of the tail of g 1  should be 

important, not the exact shape. 

The function g1 (x,y) is chosen so that g = g0  + g1  has continu-

ous slope and gives the same density as g 0. The loss flux, which is 

supplied entirely by g 1, is equated to the known loss flux at the 

mirror. For g0(x,y) we take a function Maxwellian at large veloci-

ties inside the trapping region, but going to zero at the loss 

boundary y = yL 
	Proceeding as in Appendix A we find, for small 

loss flux, 

41 
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n1 (L)/n0 	21/28(Pl + P)(Lv/c 11), 	(6) 

where P E c112/(RL - 1)c 12  and v is as in Section 2 

Though it is difficult to calculate the transition shape, this 

value of n/no  goes over to that calculated in Section 2, assing 

V11 = 0 at s = L 

n(s) 	
rT°5s( 	- 	+ e (Ø -  øs )1_1/2  R5Lv 

n 	L 	T;I 	 J 	C 11  

These expressions become equal (see Fig 3) when 

e(ØL - 	)+ TO55( 	- B5 )1 = 	
(pi + p)_l/2 LV\ 

e(Ø 
- ø) J 	 d l) 

which is small (e g , of order 0.02 .  when T1  = 10T 11  and Lv/c1 1  = 0 x io) 

so that the break in Fig 3 occurs at e(ØL - Ø)/T11 < 0.02.  

In the calculations of Appendix A and Sections i- and 6 we treat 

loss processes which involve smooth diffusion in velocity space For 

statistical purposes, charge exchange tImOvesfl ions discontinuously in 

velocity space, replacing an ion in the trapping region by one near the 

origin If charge exchange is important and if it occurs mostl in the 

region where 0 00 , then as the resulting cold ions are accelerated 

out of the plasma they produce an additional density 

cx 	 s O 
v 
 cx ni  (s) 	

R Ln 

 [(2/m,)e(OO - 0)]1 /2 

or s not too small. (I.Tere V 	ts, an average charge-exchange collision 
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frequency, and RLn0v is just the charge-exchange loss flux at s.)cx 

This additional density only strengthens the conclusions of Section 2, 

and in the remainder of Sections 4 and 6 it is left for the reader to 

add this density to the one given. Because the charge-exchanged cold 

ions do not accumulate near s = L as do the SF ions from smooth diffu-

sion, n(L)/n(L) is small until 

Vcx/Vdiff 	 - øL)/T!II 
1/2 

which is typically about 10. 

5. EILECTRON DENSITY IN TEINS OF 0 
We take the electron distribution g(x,y) to be a "damped Ivx-

weflian": 

g(x,y) = G(x,y)H(x,y), 

where G(x,y) is Maxwellian with temperatures Tell and Tei)  and H(x,y) is 

a function which is nearly unity well inside the containment region in 

x,y but goes smoothly to zero well inside the loss region. We proceed 

as in Appendix B to integrate such a function (dimensionally) over the 

region Jxj •> x(y) to get n(s) as in Eq. (5). The result is found to 

be somewhat sensitive to the abruptness with which H(x,y) drops off, 

but some estimate of this is made at the end. ofAppendix B. The result 

is found to be 

	

ne) 	
0.3 	

eO/Te[K7c2 (e0L)5/2 + ...] 

	
(7) 

	

for EL - R 	1, where for simplicity we have taken T e 11 Te  = Te 
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(m/2)c2, and where IC' measures the abruptness of falloff of H(x,y) 

near xL(y). One expects 1 < K'C
2I<4 in order to reproduce a reasonable 

electron loss flux For s > L but not too near W, fle(51  is given 

by Eq (7) with R replaced by R and
0L 
 replaced by 0 	For s 

we have 

______ 	 2 eO 5/2 

e 	ICC - 	+ 	 ( 8) 
L 	Te  

for EL - R 	1 

6 ESTIMATE OF EXTERNAL POTENTIAL 

First at the mirror, from Eqs (6) and (7) and the requirement of 

charge neutrality, we have 

eøL 	- eOO/T 	 , 	_____ 	(L 0. 2 5 [e 	e (EL - 	/K' 	(Pl + P) 	 , 	(9) 

where 	c (for electrons). Then at the wall, from Section 2 and 

Eq (8); we have 

2 5 r eeOo/Te(EL - 	)l/2(T/OSS)l/2/,bO 	
O 	

(io) 

Finally we present the following numerical estimates For.  EL =3.9 
oss RW = 2, T11/T1  = 0 1, K'/ = 2, 	T1, and eØ0/T = 5 (NDANIEL, 

1961), we have 
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Lv 	
3 - 	0.xlO 	0.xlO 

C. 
i!I 

eøL  
- 1 0.5 
T e 

02 	 01 

7. EFFECT OF EXTERNAL SOURCES ON CONFIEEMENT 

Finally we consider the smallchange in the steady state of an 

imperfectly confined plasma when "additional" plasma is slowly intro-

duced into the equilibrated system by an external source (such as 

emission of secondaries from end walls of the chamber, or a weak elec-

tron beam running through the plasma along magnetic field lines) 

The first question facing such an analysis is whether the stream-

ing of the externally supplied electrons (which are suplied near one 

edge of a potential well) causes additional instability (loss-cone 

modes may already be present). An irtense beam or even a cold source 

at the end walls would produce a bump in the tail of the electron dis-

tribution and would excite two-stream modes. The analysis of this 

unstable, inhomogeneous system would be difficult, and is not pursued 

here. Instead we consider only the case in which the total energy in 

waves due to such. interactions is small compared with nSFeØ0__,i.e., the 

case of a very weak beam- -and we take two equal counterstreaming com- 

ponents for symmetry. We also assume that the spectrum of. any preexist-

ing instability is not changed by the new electron stream, and that 
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the ion distribution is not altered by the new waves. 

The internal source that sustains the plasma is unaffected by 

the new electron input from the ends. (There is no input of ions; 

they are all repelled by the plasma potential.) We neglect radiation 

changes and diffusion across the magnetic field, and assume that some 

fraction of the externally supplied electrons is trapped during their 

transit through the plasma. One can then integrate the equations for 

continuity of energy and particles over a flux tube, and subtract the 

same equations in the absence of the external (x) source. Solutions 

consistent with d/dt 0 are then, crudely 

+ F•e €éL ) 	•O, 	 (n) 

LF 	OF rO, e 	x 

where A indicates the change due to addition of the "x" electrons 

(which we take to be born with zero energy at the wall); Fe  and F.  

are the electron and ion loss fluxes, measured at s = W; the flux of 

•x eleetrQns at s =W is F, which has negative sign; c 	- eØ0  and 

± eo are the mean energies of SF.particles as measured at the 

wall (exclusive of those supplied externally). 

We next observe that 	= 0, since the externally supplied 

electrons do not affect the internal ion source balancing F.. For 

the electrons, E 	 e00, since most of the loss-component electrons 

have nearly the minimum escape energy. By changing the plasma poten-

tial, one changes the loss boundary for ions in velocity space. This 

will, in general, induce a change in e L  (which could in principle be 
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calculated from the Fokker-Planck equation) But we will assume for 

	

simplicity 	<< eAØ0, as would be the case if energy conserving 

scattering or charge exchange were dominant Equations (ii) then 

become, for small changes, 

	

A0 	PF 
(12) 

0 Fe  

Steady state is not possible if the trapping rate of external eJectrons 

exceeds the electron loss rate Again for small changes, 

	

- An + - A( + 	AT = i 0, 

and since physically eAØ < AT < 0, we have 

	

r0F /Ø + e0F /T 1 -F 	An ØF 

	

1 	 1 	i1 	x 	 i/60 	x 	
(13) 

	

L 	nF /n 	I F 	n -  nF /n F i 	. 	e 	 i 	e 

(since F/T < C but 6F/Ø and 6F/n > o), where n, 0, and T are 

understood to refer to the midplane 

Finally we make two temperature-change estimates 

-a An + -s AØ + -s AT = -F 

	

fl 	
e 	X 

	

e 	 -a 

gives 

	

AT 	0 	F /n /F./O 	F /Ø + F /01 F 
• e 	i 	- 	e 	e. Ix 	(-) 

T 	TF. /n F /T 	F /T 	F 

	

e 	e 	i 	e 	e 	e e 	e 

where we have taken LT. = 0 for simplicity. Also 
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eJj 	(n/n)(eØ - Eli) ,  

where Eli is the mean electron parallel energy at the midplane This 

comes from the fact that the new electrons are supplied at E ll = eØ, 

while any change in density due to altered loss boundary also affects 

mainly electrons near ell= eØ. Thus for nearly isotropic electrons 

we have 

e 	
- (2r - 1) > 0, 	 (15) 

T 	n 
eli 

where r eØ/T  as before and eell = 1/2 Tell 	1/2 Te 

For one estimate of the magnitudes involved in Eqs (13)  to (15), 

we use the simplest Coulomb-scattering model for the loss fluxes, 

based on the work of BENDANIEL (19 61), 

F, 
 

F cc n, e 	i 

3 	F • 	 e 	 e • 	 -=- 	+l -, 
eØ 	2P 	T 

e 

F e 
• 	—=1'—, 

•6T 	T• e 	e 

F 	F.  

= - b(RL , I'); 	• 	 • 
eØ 	T. 

i 

where b(RL,r) 1 for P 4 and RL 3, which we use for typical 

vaLue 	With thee e\preion, Eq 	(13)  to (is) become 

2 
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APPENDDC 

A. Model Calculation of Ion Density 

For g1 (x,y) we assume 

-k(y -y) 
(A1  - B1)e 	L 	 for x > 0 and y < y (x) 

L 

	

g1 (x,y) = 	0 	 for x< 0 and y < y(x) (Al) 

a(yy) 	-b(y-y )1 
- [Ale 	- B1e 	L 	 for y > y(x), 

where g0/y is to be evaluated at yL(x) + 0, and where a > b and 

A1  > B1  (see Fig. Ii). On g 1  we impose three conditions: 

	

(g + g1 ) 	= . 	(g6 + g1 ) 	 (continuous slope), 	(a) 

[dx fdy g1(x,y) = 0 	(density unchanged by g1 ), 	(b) 

	

OD 	 y(x) 
L 

[xdxf 
	

rdy g1(x,y) F, 	 (c) 

where F denotes the fictitious flux at s = 0 which gives rise to the 

known flux F(L) = RF at s = L. These conditions give 

	

A-B 	F. 	 a+b 1 • 	 1 	1 = - 	• and 	k - 	+ -(.a2  + b2 ) + J/F , • 	 • 	k 	271-J 	 2 	2 	 - 

	

where 	 • 
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COr 	 . 

	

To 	 . 	. 	. 	. 	. 

In the limit of small F, k -' \/lrJ/F . 	. 	 . 	.. 	. . 

For g0(x,y) we take a function Maxwellian .at large velocities in 

the trapping region, but going to zero at the loss boundary y = YL(x) 

We assume a form . 

g0(x,y) = 

(i 	p)3/2 eØ/T ff1 -  X/C 
2 	2(y)/c 	y2/2/ 	 S ...  

3/2 	2 	e 	e le •. 	- e 	. 	e 	. 	for x <(y)., 
CC1

. 

0 	
5 	

5 	
for x > 	(.y), 

(A2) 

where Pc fl 2/(R - i)c12  = T11/Tff) ø 0 
- 0L' and where the basic 

parameters c, c1  are related to "temperatures "  by c 1j 2  = 2T11/m, 

c12  = 2T1/m, and Tff 	- 1)T1, and g0  behaves like 

2' 	 5 

	

ix 	y  

	

constx exp- { 
	+ 	

at large x or..for x < . x1(y). 

	

LC1j 	. 	 s 	 .. 

This g 0'is normalized to n0:

00 

	

S 	 •  

1 	dx i 	2rdy g0(x,y) = n0. 	 S .  S 

	

From this one finds . 	 S 
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2 	(1 + 	 1 	-(1+P)x2/c 2 
- 	

- 372 	 - 
P 	

ell 
 

I 

and 

1 	C11 	no 	r 	eØ 	1 J = 	
(1 + )'2 

L 	

(1 + 

Then 

CD 	 co 
I 	 xdxg1 (x,y) 

n(L)=r) 	27rydy  

o 	xL(y) 	x -(y) 

CD 	
g1(x,y) ( 

dx 	
- 1)_ 1/2  

= 	x  

o 	0 

2 	+ ( 2/m.)e(Ø_ 0L  

	

where 	Y= 

RLl 

This integral can be evaluated approximately for L(0) >> 1, i e , 

g(x,y) drops off rapidly in velocity space outside the loss boundary, 

falling to eg[x,y(x)] over a velocity small compared with ( 
	

e) 1/2 

We.used 

	

y 	 -k(y -y) 	

2YL I 	e 	dw • 

• 	 • 	• 	ydy e 	L 	• 	• 	 L 	
2 	 1 	•L 	

• 2If -kw 	3 	2 -kw dv, 
v 	 - - 	 w 

	

-+ y) 	
o 	 2 L o 

replacing upper limits by co, and using the asptotic fo (DAS, 

1964) of the incomplete ganmaa function to do the x integration, 

 3/4 
00 

f (x2 + 	e2xdx = h_7eh8F J 7 ,h5 	(h6)' [1 + 	J 
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where h = (i + P)/c 11 2  and 5 = 	e(Ø 
- 0L 	For small F, then, the 

result is 

= 21/28(Pl +.P)V(Lv/c ;1), 	 (A3) 

where we have used F n0Lv. 

B. Model Calculation of Electron Density in Terms of 0 
The region of integration for fle(L) is x > X. (y ), where 

(B - l)y2 + 	- 	with T 	eØ. We take the electron 

distribution g(x,y) to be a "damped Maxwellian" 

2,2 	2,2 n 	-x /c 	_y/c 
7 .e 	e• 	H(x,y); 	 (Bi) V3/2c ci 

,.2 	2 
-K(x 1  -x) 	2 	•2 2 forx <x1 (y), 

2 	2 

	

-K(x - x1 ) 	 2 	2 2 H(x,y) = 	e 	 for x > x1  (y ) and x > 0, 

0 	 for x2  > x1 (y) and x < 0, 

where 

( ( RL 1 )Y +POPL 	> 	 H 

22 	) 	 2 	L x1  (y ) = K 	 fory 	V 

2 	
RL RW 

l)y 
+ 

See Fig 5 We take K. K' > c11 2  and note that K' = (i - ) K for a 

smooth slope. (See Fig. 6.) The approximate normalization (neglecting 

the ciampi.ng) has been used instead of the eact one, since the differ-

ence will he at most a few percent if eØ0  > 4T
e.  (as expected if 
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RL - 1 > 1) and if K' > C11 2 . Then 

	

m 	 2, 2. 
nORL 

fle(L) = ,1 i3/2 	2 	/ 	27rydy e 
c!lC_1_  

	

I 1 	
d(x2 ) 	-x2 /c11 2 r 	-K'(x12 - x2 )1 

/2 	2 2yx -xL 
XL 

	

2 	2,2 	2 	2 
1 	r 	d(x ) 	-x c 	-K(x 
 00 

± 	/ 	
e 	, 1e 

2 /2 	2 
VX 

Although one can evaluate this exactly by using integration by 

parts, the result is unnecessarily lengthy. Instead, since K and are 

only guessed, we give an approximate dimensional evaluation We ignore 

the contributions from the "tail", i e , x > x 1*The region of inte-

gration is then the pair of triangles in x 2 , y2  (one for x > 0 and one 

forx<0): 

2 	2 	2 	2 	(4) 
XL <X<X1 , 	y < 

	

as in Fig 5 The area of these is pL2/(RL - 	the centroid is at 

2 	 2  -2, 	y = 
LRL  - RW  

11110 integran evaluatec3 at the centroid 1. s 
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g(x,y) 	
e 

= 	
2 	PCP0 e 
	 - (1 - )e 	

KtL1l/2 

	

- 2 	 L 

for isotropy, where 	1/c j 2  = 1/c12  = m/T, and a 	 - a) 
Since 

:: 
	

2 d(x2) = 2( x2  - 2 ) 1/2 (k2  - 

twice what one would get dimensionally, we include the extra factor of 

2 in our result 

31/2(p  3/2 2n3"2 —cp 	- 	 - Io. 
R L 2 	

L 	
/2 e 	

e  

L 
or 

n (L) 	 ' 	
'< 

e 	
03 	e 	PCPL) 	

_ () 5 2 

no RL RW L 
+ tes in ( L ) 7/2  etc 	, 	(B2) 

where we have expanded exp [-. cpL(a-2)] and exp [-K'PL/3] assuming 

exponents < 1, and neglected compared with K'/ 	Since the more 

exact calculation gives somewhat smaller coefficients for the ( L) 7/2  

and higher terms, we do not consider them here. We expect <<1 and 

K' > 13, so the 5/2-power term is the dominant one. Some insight into 

appropriate sizes for and K' is gained from the equation for electron 

flux at s = W based on this model g(x,y): 
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Fe(W) 	l/2 -1/2(l 
+ K)-1 

CPO [1 - e L] 

for isotropic electrons, with ce and defined as before. This flux, 

depending only weakly on CpL  for (c - l)cpL > 2, must equal F1(W) That 

requires 

1 :K/ = 

l/2 ( 

	

TlI)1/2eO ( 

	

, 	 (B3) 

which is typically of order 10 2  or 10 	If we then choose Kt = K 

so that the slope of g is continuous, the left side of (B3) becomes 

showing that if the "damping" of g is not too abrupt (say 

K'/f3 < 4), then is in fact small The actual realistic value for K' 

can be determined only from the detailed nature of the scattering 

process 

	

• 	. For s >L but not too near W, Fig. 2 suggests replacing XL 2 by 

- l)y2  + (p0 - 	for the left-hand boundaj of the integra- 

tion region 	The function n(s)/n0  is thus given roughly by Eq 

(B2) with E replaced by R and T
L 
 replaced by cp 

The region of integration is poorly approximated near s W if 

the sheath potential OW is nonzero. Near the wall, then, it is better 
to bound the integration region by the parallel lines 

	

= ( 	- 1)y2 + 
(CP- 
	) 	

and 	x2 = ( 	- 1)y2 + TOY 

and by y2 = cpL/(RL  - R) (again assuming RL - 	not too small). The 

result for s 	W is then 	 . 	 . . 
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FOOTNOTES 

* This work was done under the auspices of the U. S. Atomic Energy 

Commission 

t Or even quasi-steady-state 	true steady state in the presence of 

particle losses requires a source, such as neutral injection, to 

maintain the plasma 	In the absence of such a source the problem 

can be treated as quasi-steady if the loss rate is sufficiently 

small 

* This requires equal electron and ion source rates 	For a discussion 

of independent ion and electron sources one should refer to FOWLER 

and RkNKIN (19 62) 

Under some circumstances where charge exchange is the dominant 

loss mechanism, one may not neglect the density of loss-component 

ions, since their escape time is long 	See FOWLER and RANKIN 

(1962) 

-X-- We assume eØ 	is Eq 	(46) of that paper should be IeØcI, making C  

some of Eq 	(45) redundant 

ft In this paper the symbol 	is used to denote "of the same order 

of magnitude as" 

** The low-density, high-temperature ion- or neutral-injection 

experiments are exceptiono, unless instability loss rates are 

quite high. 

If dØ/dh 	0 at s = It), the maximum of U(s,), then M(i) 	L 

mlthoufh M(i) - L is small for almot all trapped ions and goes 

to 	ro an 	i -~ u . 	 And if ed(-Ø)/ds > pdB/cls for some 	i > 

b ) - 	 and 	L. then there can he LOUb I rapped in 

i i. 	on T 	iwa y Pr oni the inidplane 
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Perfect collisionless confinement really refers to. a finite time 

scale, and is the limiting state as the Fokker-P1ank collision 	: 

terms go uniformly to zero. Otherwise f could drop discontinu- 

ously at the loss boundary. : 

ttt 	Although this isexact only if Øs,(RL - 0LS 
R) for 

all 	t < s, which requires..dØ/ds = Oat s := 	L. 	: 
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FIGURE LEGE]JDS 

Fig. 1. Electron and ion loss boundaries in midplane velocity space 

.henØ0 	0. 	 H 

	

Fig. 2. Lines C!I = C 	for L <5 <W. 

Fig.. 3. Approximate density outside the main confinement region. 

Fig. 4•  Shape of 91  for given x. 

Fig. 5. Electron-loss boundaries in midplane energy space. 

Fig 6 g (with Maxwellian shown dashed) and H vs x for fixed y 
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Fig.3 
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y 2  

X 2 >x:turning point beyond sL 

X8L697-3274 

Fig. 5 
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Fig. 6 
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This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or 
Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such con tractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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