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ABSTRACT This paper proposes an endogenous interface pricing model for day-ahead
transmission–distribution co-optimization that co-determines the interface locational marginal price
(LMP) and the transmission–distribution exchange, ensuring price–dispatch consistency while optimally
scheduling discrete distribution controls. The formulation couples a DC optimal power flow (OPF) with a
branch-flow AC OPF that schedules distributed energy resources (DERs), tap-changer settings, capacitor
banks (CBs), and multi-period energy storage systems (ESSs) under feeder voltage and current limits, and
is solved as a mixed-integer second-order cone program (MISOCP). In a T14–D33 system, coordinated
device scheduling recovers about 90% of the distribution-to-transmission export achievable in a reference
case that ignores distribution network (DN) limits, while satisfying a 1.05 p.u. voltage upper bound. In a
T39–D34/D37/D123 system, a sequential decoupled benchmark produces interface LMP distortions up to
12.5% and a 7.28% mismatch in net export energy, whereas the proposed model removes these distortions
and the associated settlement mismatches. Second-order cone (SOC) relaxation gaps remain below 10−3 in
all cases.

INDEX TERMS Transmission–distribution co-optimization, endogenous interface pricing, price-dispatch
consistency, discrete distribution controls, bilevel optimization.

I. INTRODUCTION
A. BACKGROUND AND MOTIVATION
Modern distribution networks (DNs) are transitioning from
passive load serving networks to actively managed sub-
systems due to the rapid growth of distributed energy
resources (DER) such as photovoltaic (PV) generation, wind
generation, and energy storage [1], [2], [3]. High penetration
of DERs can trigger voltage rise, reverse power flow, and ther-
mal congestion, so feeder operating limits become binding
more frequently. Distribution system operators (DSOs) there-
fore schedule discrete voltage control devices such as on-load
tap changers (OLTCs), step-voltage regulators (SVRs), and
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capacitor banks (CBs) together with inverter reactive power
support and energy storage systems (ESSs) [4], [5], [6], [7],
[8], [9], [10]. In parallel, energy management research in
microgrids increasingly relies on data-driven forecasting and
control pipelines [11]. These approaches improve adaptivity,
but market clearing and interface scheduling still require
network constraints consistent with power flow physics and
marginal prices that remain economically interpretable.

A common simplification is to represent the upstream
transmission network (TN) as an electrically decoupled
infinite bus and to treat the point of common coupling
(PCC) locational marginal price (LMP) as fixed. Sequential
TN-DN clearing can then create amismatch between the PCC
LMP and the scheduled exchange because the DN-feasible
response changes the net injection at the interface and
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therefore the marginal conditions seen by the TN. The
problem becomes more severe when feeder limits are
binding, discrete controls restrict deliverable flexibility, and
uncertainty or multi-product settlement requires ex post
interface adjustments.

Prior work addresses parts of this challenge. Interface
feasible regions and time coupled flexibility sets at the PCC
have been quantified to support transmission and distribution
coordination [12], [13]. Operational and regulatory studies
also show that inverter reactive power control and CB
switching can support upstream voltage and that interface
setpoints can be tracked while honoring internal distribution
constraints [14], [15], [16]. On the market side, coordi-
nated frameworks between independent system operators
(ISO) and DSOs have been formulated using stochastic
optimization, equilibrium models, and hierarchical market
mechanisms [17], [18], [19], [20], [21]. Distribution LMP
based hierarchical scheduling models have also been devel-
oped to price distribution flexibility [22]. Convex relaxation
based coordinated operation has been studied in integrated
energy systems with sector coupled resources [23]. However,
many market clearing formulations represent distribution
feasibility using aggregated interface models and do not
explicitly schedule feeder discrete devices, which can be
critical in multi-product settings where discrete actions deter-
mine deliverable flexibility at the interface. Several studies
also treat the interface price as fixed during distribution
scheduling, which can leave settlement distortions when
the distribution schedule changes marginal conditions at the
interface.

Recent uncertainty and risk aware models further highlight
the importance of robust and stochastic decision making.
Hybrid robust and stochastic nodal pricing with electric
vehicle (EV) charging stations has been proposed in [24],
and risk-based bi-level integration of a DSO with prosumers
and parking lots under upper market involvement has been
studied in [25]. Broader risk aware formulations also include
P-robust peer-to-peer trading in multi energy microgrids and
P-robust transmission planning to increase renewable hosting
capacity [26], [27]. These works provide valuable uncertainty
modeling insights, but they do not co-determine the LMP
at the PCC together with a distribution feasible schedule
that includes discrete feeder devices under alternating current
power flow constraints.

Embedding alternating current power flow physics in
coordinated market models remains challenging because
AC optimal power flow (OPF) is nonconvex. Convexifi-
cation techniques include semidefinite programming (SDP)
relaxations, second-order cone programming (SOCP) relax-
ations such as branch flow models, quadratic convex (QC)
relaxations, and McCormick envelope tightening for bilinear
terms [28], [29], [30], [31], [32]. These approaches differ in
exactness conditions and computational scaling. SDP and QC
relaxations can be tighter, but they are often heavier in large
scale settings, particularly whenmixed-integer devicemodels
are included. This paper therefore adopts a second-order

cone (SOC) relaxed branch-flow model to tractably schedule
discrete feeder devices while co-determining the interface
price and scheduled exchange under DN-feasible operation.

Table 1 contrasts prior work by showing that market-
oriented studies often simplify DN feasibility, feeder-level
studies typically do not jointly determine the PCC price
and power exchange, and risk-aware models rarely integrate
discrete feeder controls with AC-feasible scheduling.

B. SCOPE AND CONTRIBUTIONS
This paper proposes an endogenous interface pricing model
for day-ahead TN-DN co-optimization of active DNs with
discrete voltage-control devices and energy storage. The TN
is modeled by a DC-OPF, and each DN by a multi-period
SOCP-relaxed branch-flow AC-OPF with OLTC and SVR
taps, staged CB switching, ESS state-of-charge dynamics,
and feeder voltage and current limits. PCC active-power
exchange is bidirectional. Ancillary-service procurement,
dynamic-stability constraints, security-constrained formula-
tions, and uncertainty and reserve co-optimization are outside
the scope of the base model and are left for future work.

The main contributions are as follows:

1) Settlement-consistent endogenous PCC pricing:
PCC price and exchange are co-determined through
primal-dual embedding of the DC-OPF, eliminating the
price-dispatch inconsistency of sequential clearing.

2) Feeder-level discrete DN scheduling under AC
feasibility: exact binary encodings capture OLTC and
SVR tap positions, together with staged CB switching,
within a multi-period SOCP branch-flowAC-OPFwith
ESS dynamics.

3) Tractable single-level reformulation: the coordinated
TN-DN model is reformulated as a mixed-integer
second-order cone program (MISOCP) using Karush–
Kuhn–Tucker (KKT) conditions, strong duality, and
linearized complementarity.

4) Tight SOC relaxation in practice: a hybrid penalty
and sequential refinement scheme reduces relaxation
slack and yields small SOC gaps in the case studies.

Case studies on modified IEEE TN-DN systems quantify
the operational value of active DN control under binding
feeder limits. They also show that endogenous interface
pricing removes the PCC LMP distortions caused by
sequential decoupled clearing while preserving DN-feasible
operation.

C. PAPER STRUCTURE
The remainder of this paper is organized as follows.
Section II describes the system structure and formulates
the endogenous interface pricing co-optimization problem
based on the DC-OPF and the SOCP branch-flow AC-OPF
with discrete controls and ESS dynamics. Section III presents
the single-level reformulation and the solution methodology,
including the treatment of discrete variables and the assess-
ment and refinement of SOC relaxation gaps. Section IV
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TABLE 1. Summary of representative related studies and comparison with the proposed work.

FIGURE 1. Structure of the transmission network and distribution
networks with control devices.

reports the case studies and discusses operational and
economic implications, including PCCLMP deviations under
sequential decoupled co-optimization. Section V concludes
the paper.

II. PROBLEM FORMULATION
A. STRUCTURE OF THE TRANSMISSION AND
DISTRIBUTION NETWORKS
Fig. 1 illustrates the integrated TN–DN structure with
distribution-level control devices. The TN is represented by
the bus set BT and the line set LT. The generator and demand
bus sets are denoted by GT ⊆ BT andDT

⊆ BT, respectively.
The set of DNs connected to the TN is denoted by I. Each
DN s ∈ I is modeled by the bus set BD

s and the line set LD
s .

The sets of buses in DN s equipped with DERs, demands,
CBs, and ESSs are denoted by GDs ⊆ BD

s , DD
s ⊆ BD

s ,
CDs ⊆ BD

s , and EDs ⊆ BD
s , respectively. Each DN s is

connected to a designated TN bus at its PCC, where energy
transactions between the TN and DN s are carried out. For
the DN topology, Pi,s denotes the parent bus set of bus i
in DN s, and Ci,s denotes its child bus set. The scheduling
horizon is discretized into time periods indexed by t ∈ T . For
each model [·] ∈ {UL,LL,SL}, the corresponding decision
variables are collected in 4[·], where UL, LL, and SL denote
the upper-level (UL) model, lower-level (LL) model, and the
single-level reformulation of the mathematical program with
equilibrium constraint (MPEC) model, respectively.

FIGURE 2. Flowchart of the bilevel TN–DN co-optimization showing
inputs and outputs, objectives, and key constraints.

Fig. 2 provides a flowchart of the bilevel TN–DN co-
optimization, summarizing the input data, the objective
functions and key constraints of each level, and the input
and output signals exchanged between the UL and LL. The
bulk power system is scheduled based on generator offers
and DN bids at the PCCs. This scheduling determines the
optimal TN dispatch and the PCC LMPs. The TN scheduling
minimizes the total operating cost of the TN. The resulting
PCC LMPs serve as reference prices for energy transactions
between the TN and the DNs. Each DN schedules its DERs
and internal control devices. It also decides the PCC power
exchange based on its bids and the PCC LMP. The PCC
LMP affects the DN optimal schedule, including the PCC
exchange, DER and ESS dispatch, and the settings of discrete
control devices. These DN decisions, in turn, change the net
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FIGURE 3. Representation of a tap-changing transformer for
mathematical modeling of tap-change effects.

TABLE 2. Upper-level model nomenclature: Parameters.

injection at the PCC and can therefore influence the PCC
LMP. This interdependency motivates a modeling framework
that co-determines PCC LMPs and PCC exchanges under
DN-feasible operation.

B. MATHEMATICAL FORMULATION
This subsection formulates the coordinated transmission–
distribution operation as a bi-level optimization problem. The
UL represents the optimal operation of DNs equipped with
discrete voltage control devices and ESSs, while determining
the active-power transaction at the PCC. The LL corresponds
to the TN optimal dispatch problem based on a generation
shift factor (GSF)-based DC-OPF, which determines the TN
dispatch and the PCC LMPs. The two levels are coupled
through the PCC exchange and the resulting PCC LMP. The
variable p0,t,s represents this PCC active-power exchange in

TABLE 3. Upper-level model nomenclature: Variables.

both levels, where a positive value indicates import from the
TN to DN s, and a negative value indicates export to the TN.

1) UPPER-LEVEL MODEL
The DN minimizes its total operating cost, including the net
payment for energy exchanged at the PCC, settled at the PCC
LMP, and the offer-based cost of DN-connected DERs. In this
paper, distribution-side DERs are PV units and are modeled
as continuous dispatch variables with curtailment, without
unit commitment decisions. The problem is formulated as
follows:

min
4UL

∑
t∈T

∑
s∈I

(
πLMP
0,t,s p0,t,s +

∑
i∈GD

s

Ci,t,spi,t,s

)
(1a)

s.t. pi,t,s + pei,t,s − P
d
i,t,s =

∑
j∈Ci,s

pij,t,s

− (pPii,t,s − RPii,sℓPii,t,s), i ∈ BD
s ,∀t, s, (1b)

qi,t,s + qci,t,s − Q
d
i,t,s =

∑
j∈Ci,s

qij,t,s

− (qPii,t,s − XPii,sℓPii,t,s), i ∈ BD
s ,∀t, s, (1c)

vj∗,t,s = vi,t,s − 2(Rij,spij,t,s + Xij,sqij,t,s)

+ (R2ij,s + X
2
ij,s)ℓij,t,s, ij ∈ LD

s ,∀t, s, (1d)

vj∗,t,s = k2ij,t,svj,t,s, ij ∈ LD
s ,∀t, s, (1e)

qci,t,s =
kci,t,s
K

c
i,s

Qc
i,s, i ∈ CDs ,∀t, s, (1f)

pei,t,s = pdisi,t,s − p
ch
i,t,s, i ∈ EDs ,∀t, s, (1g)

0 ≤ pchi,t,s ≤ u
e
i,t,sP

e
i,s, i ∈ EDs ,∀t, s, (1h)
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0 ≤ pdisi,t,s ≤ (1− uei,t,s)P
e
i,s, i ∈ EDs ,∀t, s, (1i)

SoC i,t,s = SoC i,t−1,s

+ (ηchi,sp
ch
i,t,s −

pdisi,t,s
ηdisi,s

)
1t
Ei,s

, i ∈ EDs ,∀t, s, (1j)

SoC i,s ≤ SoC i,t,s ≤ SoC i,s, i ∈ EDs ,∀t, s, (1k)

0 ≤ ℓij,t,s ≤ I
2
ij,s, ij ∈ LD

s ,∀t, s, (1l)

V 2
i,s ≤ vi,t,s ≤ V

2
i,s, i ∈ BD

s ,∀t, s, (1m)

Pi,s ≤ pi,t,s ≤ Pi,s, i ∈ GDs ,∀t, s, (1n)

Q
i,s
≤ qi,t,s ≤ Qi,s, i ∈ GDs ,∀t, s, (1o)∥∥∥∥∥∥
2pij,t,s
2qij,t,s

ℓij,t,s − vi,t,s

∥∥∥∥∥∥
2

≤ ℓij,t,s + vi,t,s, ij ∈ LD
s ,∀t, s,

(1p)

where 4UL
:= {pi,t,s, qi,t,s, vi,t,s, vi∗,t,s, pij,t,s, qij,t,s, ℓij,t,s,

qci,t,s, k
c
i,t,s, kij,t,s, p

e
i,t,s, p

ch
i,t,s, p

dis
i,t,s, u

e
i,t,s, SoCi,t,s}.

The objective function (1a) minimizes the operating cost
of the DNs, including the net cost of power exchange
with the TN and from the DERs connected to the DNs.
Constraints (1b)–(1p) represent those of the DNs, which
are based on a standard SOCP-based branch-flow AC-
OPF formulation and incorporate distribution-level control
devices. Among them, the operation of the tap changer
connected to a branch, which adjusts the secondary-side
voltage, is reflected in constraints (1d) and (1e) [33].
The auxiliary bus j∗ is introduced between buses i and
j, as shown in Fig. 3, to facilitate the modeling of the
tap changer’s voltage regulation operation. For branches
without a tap changer, the tap ratio kij,t,s is fixed to 1 as
a constant. This formulation is used for both OLTCs and
SVRs in the DN. The step-voltage increment is represented
through the discrete tap ratio kij,t,s determined by the tap
position cij,t,s. Constraint (1f) represents the reactive power
supplied by the CB, determined by the switching status
of its internal stages [34]. The resulting reactive power
injection from the CB is reflected in constraint (1c). The
operational characteristics of the ESSs, such as charging
and discharging active power and state of charge (SoC), are
modeled by constraints (1g)–(1k), where u e

i,t,s is a binary
variable representing the charging and discharging states of
the ESSs.

2) LOWER-LEVEL MODEL
This model focuses on the minimization of the TN total
operating cost, encompassing the generation cost to serve the
TN load and the power exchange with the DNs. The problem
is formulated as follows:

min
4 LL

∑
t∈T

( ∑
i∈GT

Ci,tpi,t −
∑
s∈I

C0,t,sp0,t,s

)
(2a)

s.t.
∑
i∈GT

pi,t −
∑
s∈I

p0,t,s −
∑
i∈DT

Pdi,t = 0, : ϒt , ∀t, (2b)

TABLE 4. Lower-level model nomenclature: Parameters.

TABLE 5. Lower-level model nomenclature: Variables and dual-derived
quantity.

Pi ≤ pi,t ≤ Pi, : 8i,t , 8i,t , i ∈ GT,∀t, (2c)

− F l ≤
∑
i∈GT

γlipi,t −
∑
s∈I

γlsp0,t,s

−

∑
i∈DT

γliPdi,t ≤ F l, : 9 l,t , 9 l,t , l ∈ LT,∀t, (2d)

4LL
:= {pi,t }. In each constraint, the colon is followed by

the dual variables associated with it.
In the LL model, the objective function (2a) is designed

to minimize the operating cost of the TN, which means
minimizing the total generation cost required to serve the
TN load while accounting for the power scheduled for
exchange with the DNs. Specifically, the variable p0,t,s is
treated as a given interface schedule determined by the UL.
Constraints (2b)–(2d) are formulated using a GSF-based DC-
OPF approach, which captures power balance, generation
limits and line flow limits in the TN. In addition, the LMPs,
denoted by πLMP

0,t,s , in the UL model can be derived from
the dual variables associated with the equality and inequality
constraints of the LL problem, as follows [18]:

πLMP
0,t,s = −ϒt +

∑
l∈LT

γls
(
9 l,t −9 l,t

)
. (3)

III. SOLUTION METHODS
The proposed model not only has a hierarchical structure
but also includes control devices with discrete valued control
variables and quadratic terms. To address the non-convexity
arising from this structure, the problem is reformulated as an
MISOCP, resulting in a tractable approximation. In addition,
the proposed formulation includes an SOCP-based AC-OPF
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TABLE 6. Auxiliary nomenclature: Parameters.

TABLE 7. Auxiliary nomenclature: Variables.

approach, which is implemented by relaxing quadratic
constraints into SOC constraints. This convex relaxation
improves tractability. It also enlarges the feasible set relative
to the original problem. As a result, a nonzero SOC relaxation
gap may appear and can compromise solution accuracy.

A. RELAXATION OF DISCRETE CONTROL DEVICES
1) LINEARIZATION OF THE TAP CHANGER
In this model, the incorporation of a tap changer model,
characterized by discrete variables and quadratic terms,
introduces non-convexity. To address this, the model is
exactly linearized using a binary expansion scheme and the
big-M method. Specifically, constraint (1e) is reformulated
as mixed-integer linear constraints, as shown below [33]:

vj∗,t,s = T ij,smij,t,s

+1Tij,s

Lij,s∑
n=0

2nxij,n,t,s, ij ∈ LD
s ,∀t, s, (4a)

0 ≤ mij,t,s − xij,n,t,s ≤ M1(1− uij,n,t,s), ij ∈ LD
s ,∀n, t, s,

(4b)

0 ≤ xij,n,t,s ≤ M1uij,n,t,s, ij ∈ LD
s ,∀n, t, s, (4c)

mij,t,s = T ij,svj,t,s

+1Tij,s

Lij,s∑
n=0

2nyij,n,t,s, ij ∈ LD
s ,∀t, s, (4d)

0 ≤ vj,t,s − yij,n,t,s ≤ M1(1− uij,n,t,s), ij ∈ LD
s ,∀n, t, s,

(4e)

0 ≤ yij,n,t,s ≤ M1uij,n,t,s, ij ∈ LD
s ,∀n, t, s, (4f)

1Tij,s =
T ij,s − T ij,s

N pos
ij,s

, ij ∈ LD
s ,∀s, (4g)

Lij,s∑
n=0

2nuij,n,t,s ≤ N
pos
ij,s , ij ∈ LD

s ,∀t, s, (4h)

whereM1 denotes a sufficiently large constant, and uij,n,t,s is
a binary variable.

To prevent mechanical fatigue, the total number of
tap changes is restricted by an upper limit N tap

ij,s . The
corresponding constraint

∑
t∈T |cij,t−1,s − cij,t,s| ≤ N tap

ij,s
contains a non-linear absolute value term, which is linearized
using a non-negative auxiliary variable dij,t,s as follows:

cij,t,s =
Lij,s∑
n=0

2nuij,n,t,s, ij ∈ LD
s ,∀t, s, (5a)

cij,t−1,s − cij,t,s ≤ dij,t,s, ij ∈ LD
s ,∀t, s, (5b)

− (cij,t−1,s − cij,t,s) ≤ dij,t,s, ij ∈ LD
s ,∀t, s, (5c)∑

t∈T
dij,t,s ≤ N

tap
ij,s , ij ∈ LD

s ,∀s. (5d)

2) LINEARIZATION OF THE CB
The CB model, which involves discrete variables, can be
linearized using a binary expansion scheme, similar to the
tap changer model. Accordingly, constraint (1f) can be
reformulated to include binary variables, as shown below:

qci,t,s =
Qc
i,s

K
c
i,s

Lci,s∑
n=0

2nuci,n,t,s, i ∈ CDs ,∀t, s, (6a)

Lci,s∑
n=0

2nuci,n,t,s ≤ K
c
i,s, i ∈ CDs ,∀t, s, (6b)

where uci,n,t,s is a binary variable.
Similarly, the total number of switching operations is

limited to extend equipment lifespan. The corresponding
non-linear constraint

∑
t∈T |k

c
i,t−1,s − kci,t,s| ≤ N cap

i,s is
linearized using an auxiliary variable dci,t,s:

kci,t,s =

Lci,s∑
n=0

2nuci,n,t,s, i ∈ CDs ,∀t, s, (7a)

kci,t−1,s − k
c
i,t,s ≤ d

c
i,t,s, i ∈ CDs ,∀t, s, (7b)

− (kci,t−1,s − k
c
i,t,s) ≤ d

c
i,t,s, i ∈ CDs ,∀t, s, (7c)∑

t∈T
dci,t,s ≤ N

cap
i,s , i ∈ CDs ,∀s, (7d)

B. MPEC REFORMULATION
The hierarchical bi-level model is equivalently reformulated
as a single-level MPEC by embedding the KKT optimality
conditions of the LL model into the UL model as constraints,
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as follows:

min
4 SL

(1 a) (8a)

s.t. (1b)− (1d), (1g)− (1p), (2b)− (2d), and (4)− (7),

(8b)

Ci,t + ϒt −8i,t +8i,t

−

∑
l∈LT

γli(9 l,t −9 l,t ) = 0, i ∈ G T,∀t, (8c)

0 ≤ (pi,t − Pi) ⊥ 8i,t ≥ 0, i ∈ G T,∀t, (8d)

0 ≤ (Pi − pi,t ) ⊥ 8i,t ≥ 0, i ∈ G T,∀t, (8e)

0 ≤ (
∑
i∈G T

γlipi,t −
∑
s∈I

γlsp0,t,s −
∑
i∈D T

γliPdi,t

+F l) ⊥ 9 l,t ≥ 0, l ∈ L T,∀t, (8f)

0 ≤ (−
∑
i∈G T

γlipi,t +
∑
s∈I

γlsp0,t,s +
∑
i∈D T

γliPdi,t

+F l) ⊥ 9 l,t ≥ 0, l ∈ L T,∀t, (8g)

where 4SL
:= {pi,t,s, qi,t,s, vi,t,s, vi∗,t,s, pij,t,s, qij,t,s, ℓij,t,s,

qci,t,s, k
c
i,t,s, kij,t,s, p

e
i,t,s, p

ch
i,t,s, p

dis
i,t,s, u

e
i,t,s, SoCi,t,s, π

LMP
0,t,s ,

pi,t ,mij,t,s, xij,n,t,s, uij,n,t,s, yij,n,t,s, uci,n,t,s, ϒt , 8i,t , 8i,t ,

9 l,t , 9 l,t }.

C. TRANSFORMATION TO MISOCP
1) LINEARIZATION OF COMPLEMENTARITY CONSTRAINTS
Among the KKT conditions that constitute the reformulated
MPEC model, the complementarity constraints can be
linearized using a big-M method, as follows:

0 ≤ a ⊥ b ≥ 0→ a ≥ 0, b ≥ 0, a ≤ M2(1− u), b ≤ M2u,

(9)

where M2 denotes a sufficiently large constant, and u
is a binary variable. By applying this transformation,
constraints (8d)–(8g) can be reformulated in a linear form.

2) LINEARIZATION OF BILINEAR TERMS
To linearize the bilinear term πLMP

0,t,s p0,t,s in the objective
function of the MPEC reformulation model, strong duality
is applied to the LL problem. This enables the substitution
of the original bilinear term with an equivalent linear
expression, as the optimal objective values of the primal and
dual formulations are guaranteed to coincide under strong
duality. Accordingly, the objective function is reformulated
as follows [18]:

min
4SL

∑
t∈T

( ∑
i∈GT

Ci,tpi,t −
∑
i∈GT

(
8i,tPi −8i,tPi

)
+

∑
i∈DT

Pdi,t
(
ϒt −

∑
l∈LT

γli
(
9 l,t −9 l,t

))
+

∑
l∈LT

(
9 l,t +9 l,t

)
F l +

∑
s∈I

∑
i∈GD

Ci,t,spi,t,s

)
. (10)

D. FINAL SINGLE-LEVEL MODEL AND ASSESSMENT OF
SOC RELAXATION GAP
The SOC relaxation gap indicates a numerical deviation from
the nonconvex equality in the branch-flow AC-OPF formula-
tion, potentially affecting the exactness of the solution. For
the optimal solution x∗ of the proposed model, this gap is
defined as shown below and is used to verify the tightness of
the relaxation.

gij,t,s(x∗) =
(
(ℓij,t,s + vi,t,s)−

∥∥∥∥∥∥
2pij,t,s
2qij,t,s

ℓij,t,s − vi,t,s

∥∥∥∥∥∥
2

)
, (11)

The SOCP-relaxed solution is deemed effectively exact if
the gap is sufficiently small. Otherwise, a non-negligible gap
necessitates additional tightening procedures.

To recover the equality of the SOC constraints in such
cases, the following two convex quadratic functions are
defined:

hij,t,s(x) = (ℓij,t,s + vi,t,s)2, (12a)

rij,t,s(x) = (2pij,t,s)2 + (2qij,t,s)2 + (ℓij,t,s − vi,t,s)2. (12b)

While constraining the difference between these functions
to zero ensures exactness, doing so directly renders the
problem non-convex. Therefore, a linear approximation
r̄ij,t,s(x; xk ), derived at the k-th iterate xk , is employed and
defined as:

r̄ij,t,s(x; xk ) = rij,t,s(xk )+∇rij,t,s(xk )T(x− xk ). (12c)

Subsequently, the tightening constraint is formulated by
bounding the difference between the linearized term and the
convex term using a slack variable ϕij,t,s:

hij,t,s(x)− r̄ij,t,s(x; xk ) ≤ ϕij,t,s. (12d)

This slack variable is then minimized in the objective
function to iteratively reduce the SOC relaxation gap.

However, since the sequential tightening relies on local
gradients∇rij,t,s(xk ), an excessive initial relaxation error may
lead to convergence failure. To mitigate this, a penalty-based
pre-tightening scheme is employed to suppress the initial
error. The final single-level formulation, reformulated as an
MISOCP to obtain a tractable approximation, is given as
follows:

min
4SL

(10)+ ρ
∑
ij,t,s

ϕij,t,s + κ
∑
ij,t,s

(ℓij,t,s + vi,t,s) (13a)

s.t. (1b)− (1d), (1g)− (1p), (2b)− (2d),

(4)− (7), (8c), (12c), and (12d), (13b)

The linear form of (8d)−−(8g), (13c)

ϕij,t,s ≥ 0, ∀ij, t, s, (13d)

where ij ∈ LD, t ∈ T , s ∈ I and ρ ≥ 0 penalizes the
sequential slack variables and κ ≥ 0 weights the static pre-
tightening term, respectively. In the pre-tighteningwarm-start
stage, κ is updated according to the schedule {κm}Mm=1. In the
subsequent sequential SOC refinement stage, κ is fixed.
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Algorithm 1 Hybrid Penalty Pre-Tightening and Sequential
SOC Refinement
Require: SOCP-relaxed modelMSOCP; gap metric Gap(·);

thresholds τexact, τinit; pre-tightening penalty schedule
{κm}

M
m=1 (used to update κ); penalty coefficient ρ > 0;

maximum iterations K
it

Ensure: Refined solution x
1: SolveMSOCP to obtain x0

2: g← Gap(x0)
3: if g ≤ τexact then ▷ exactness achieved
4: return x0

5: end if
6: κ ← 0 ▷ default if warm-start is skipped
7: if g > τinit then ▷ penalty-based pre-tightening
8: for m = 1 toM do
9: κ ← κm ▷ update κ by schedule
10: SolveMPT(κ) to obtain x̃
11: g← Gap(x̃)
12: x0← x̃
13: if g ≤ τinit then
14: break
15: end if
16: end for
17: end if
18: if g ≤ τexact then ▷ exactness achieved
19: return x0

20: end if
21: for k = 0 to K

it
− 1 do ▷ local linearization, fixed κ

22: Build r̄(x; xk ) by first-order linearization at xk

23: SolveMST(xk ) to obtain xk+1

24: g← Gap(xk+1)
25: if g ≤ τexact then
26: break
27: end if
28: end for
29: return xk+1

The comprehensive solution procedure, utilizing this for-
mulation to ensure AC feasibility, is outlined in Algorithm 1.
Here, MSOCP denotes the baseline SOCP-relaxed single-
level model. MPT (κm) denotes the penalty pre-tightened
warm-start problem obtained by applying the pre-tightening
weight κm.MST (xk ) denotes the sequential SOC refinement
subproblem constructed at iterate xk using the first-order
linearization in (12c) and the slack-based tightening in (12d).

IV. CASE STUDIES
This section reports numerical results on modified IEEE test
systems. Case Study I uses a T14–D33 system and compares
three operating cases to verify the scheduling behavior of
DN control devices and to quantify the resulting changes in
DER curtailment and the PCC exchange under DN operating
limits. Case Study II uses a T39–D34/D37/D123 system and
compares endogenous interface pricing with a decoupled

FIGURE 4. Scaling factors for load, PV generation, and generator offer
prices: (a) Scaling of load and PV generation based on historical data;
(b) Scaling of offer prices for TN generators and DN DERs.

FIGURE 5. Modified IEEE 14-bus TN and 33-bus DN equipped with control
devices.

benchmark that fixes LMPs at the PCC when solving each
DN, focusing on LMPs at the PCC and the PCC exchange.

A. GENERAL SIMULATION ENVIRONMENT
Each DN includes tap changers such as OLTCs and SVRs,
staged CBs, and ESSs. OLTCs and SVRs have 32 tap
positions with tap ratios in the range 0.95–1.05 [35]. Each
CB is rated at 400 kVAr and modeled as four 100 kVAr
stages [36]. To limit mechanical wear, daily tap changes are
capped at 20 for eachOLTC and SVR, and daily CB switching
actions are capped at 10 for each CB [37]. ESS energy
capacity is set to 1–2 MWh with a 0.5 C-rate, corresponding
to a rated power of 0.5–1 MW. SoC is constrained to
10%–90%, and the initial and terminal SoC are fixed at 50%.
Charging and discharging efficiencies are both set to 0.9.
Hourly load and PV profiles are taken from [38] and [39] for a
day-ahead horizon, as shown in Fig. 4. The TN line flow limit
is set to 50 MW, and DN voltage magnitudes are constrained
to 0.9–1.05 p.u.

The problem is formulated as an MISOCP, implemented
in Python, and solved using Gurobi 12.0.1. Simulations are
run on a workstation with an Intel Core i9-13900K CPU
and 64 GB of RAM.
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TABLE 8. Generator and PV specifications for the T14–D33 test system.

FIGURE 6. Comparison of daily energy exchange and voltage profiles
across simulation cases: (a) Total daily TN-to-DN and DN-to-TN energy
exchange at the PCC; (b) Box plots of daily voltage magnitude
distributions in the DN.

B. CASE STUDY I: T14–D33 SYSTEM
Fig. 5 shows the T14–D33 test system, consisting of a
modified IEEE 14-bus TN and a modified IEEE 33-bus DN.
The TN includes seven generators and the DN includes eight
PV units, tap changers such as an OLTC and an SVR, two
ESSs, and two CBs. The total rated capacities of the TN
generators and DN PV units are 540 MW and 20 MW,
respectively, and the peak load demands for the TN and
the DN are 270 MW and 3.715 MW, respectively. Detailed
generator and PV specifications are summarized in Table 8.

To separate the roles of DN network limits and discrete
device scheduling, three cases are considered.
Case 1: Passive operation, DN network limits ignored.
Case 2: Passive operation, DN network limits enforced.
Case 3: Active device scheduling, DN network limits

enforced.

1) ENERGY EXCHANGE BETWEEN THE TN AND THE DN
Fig. 6 summarizes daily PCC energy exchange and
DN voltage distributions for Cases 1–3. The TN-to-DN
energy exchange changes little across cases, staying within
30.2–31.4 MWh. In contrast, the DN-to-TN exchange is
strongly affected by the voltage limit and device scheduling.
Case 1 reaches 86.2 MWh but exceeds the upper-voltage
limit, reaching a maximum voltage exceeding 1.2 p.u.
Case 2 enforces the 1.05 p.u. limit and reduces the DN-
to-TN exchange to 45.8 MWh because reverse power flow
during PV hours makes the upper-voltage constraint binding,
leaving PV curtailment as the primary feasibility mechanism
under passive operation. Case 3 schedules DN devices and
increases the DN-to-TN exchange to 78.1 MWh, recovering

FIGURE 7. Daily scheduling profiles of discrete control devices in Case 3:
(a) Tap positions of the OLTC and the SVR; (b) Number of switched-on
stages for the CBs at buses 25 and 33.

approximately 90% of the unconstrained capability, by coor-
dinating DN control actions to create additional voltage
headroom, thereby reducing curtailment while maintaining
secure DN operation with the maximum voltage at 1.05 p.u.

The voltage distribution in Case 3 shifts downward
relative to Case 2, with the median decreasing from
0.994 p.u. to 0.964 p.u., leaving additional margin under
the upper-voltage constraint during PV hours. This export
recovery demonstrates the operational value of actively
scheduling discrete DN devices under binding DN limits.

2) OPERATION OF TAP CHANGERS AND CAPACITOR BANKS
The impact of the proposed co-optimization on system
operation is evident in the voltage profiles and the cor-
responding device schedules illustrated in Figs. 6 and 7.
As revealed in Fig. 6(b), while the severe voltage violations
in Case 1 and the curtailment in Case 2 are visually
reaffirmed, Case 3 successfully maintains the voltage within
the 1.05 p.u. threshold while recovering energy exports
through the optimized operation of discrete devices.

Fig. 7 illustrates the device co-optimization in Case 3.
The discrete devices operate up to their daily switching
limits of 20 for tap changers and 10 for CBs. During the
PV peak between 09:00 and 16:00, the primary objective
is to suppress voltage rises. To achieve this, both the
OLTC and SVR maintain their maximum tap position 32.
Simultaneously, the CB at Bus 33 is fully switched off and the
CB at Bus 25 reduces its stages to minimize reactive power
injection. This combined action counteracts the reverse power
flow. Conversely, during the early morning and evening, the
OLTC and SVR lower their tap positions at different times
to support voltage. During the dawn hours from 00:00 to
08:00, the SVR operates at a lower tap position around
16 while the OLTC remains at the maximum tap. In the
evening from 17:00 to 24:00, the OLTC lowers its tap position
to around 14 whereas the SVR returns to the maximum
tap. Additionally, both CBs switch to the maximum stage 4
after 18:00 to further support voltage during the peak load
period. Overall, Fig. 7 indicates that tap changers and CBs
are coordinated to create voltage headroom during PV hours
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FIGURE 8. ESS scheduling results with price signals: (a) Active power
profiles of ESS 8 and ESS 14 plotted with the PCC LMP; (b) Daily variations
of SoC.

and to provide voltage support during peak-load hours under
practical switching limits.

3) ESS SCHEDULING UNDER PRICE SIGNALS AND DN
LIMITS
Fig. 8 shows the dispatch of ESS 8 and ESS 14 against the
LMP. Charging is concentrated in low-price hours overnight
and in the early morning, while discharging appears in
higher-price periods in the morning and evening, indicating
that the ESS schedule follows arbitrage incentives when the
DN is not close to its operating limits. A different behavior
appears between 11:00 and 15:00. Even though the LMP is
high, both ESSs shift to charging. In this interval, charging
absorbs surplus PV output that would otherwise worsen
voltage and loading conditions, indicating that the ESS
scheduling shifts from price-driven arbitrage to constraint
management when DN operating limits become binding
during peak PV hours.

4) ENERGY BALANCE AND ECONOMIC ANALYSIS
Fig. 9 compares the DN active power balance across the three
cases. In Case 1, PV output follows the available generation
profile reaching about 20 MW and the resulting surplus
is exported to the TN. In Case 2, PV output is capped at
roughly 9 to 10 MW which corresponds to a 50% reduction
from the available capacity. This reflects the voltage-driven
curtailment and aligns with the reduced DN-to-TN exchange
shown in Fig. 6(a). In Case 3, PV output is restored toward
the Case 1 profile. A notable feature is the energy shifting
enabled by the ESS which charges between 10:00 and 14:00
and discharges later. This operation absorbs the midday
surplus and transfers energy to periods when the DN is less
constrained.

Table 9 summarizes the economic impacts. These
results show that active scheduling converts a feasible but
loss-making operation into a profitable operation while
maintaining DN voltage compliance. Case 1 yields the
highest revenue but is operationally infeasible. Case 2 is
feasible but results in a net operating loss of $203.20 because
the binding voltage limit forces PV curtailment, reducing
exported quantity and thus export revenue. Case 3 restores

FIGURE 9. Comparison of daily active power balance profiles in the DN:
(a) Case 1; (b) Case 2; (c) Case 3. The profiles include power from the TN,
power to the TN, DER output, ESS charging and discharging, and load
demand.

TABLE 9. Economic performance analysis of the DN for each simulation
case over the 24-hour scheduling horizon.

profitability and achieves a net operating profit of $348.15.
This represents a recovery of approximately 62% of the
theoretical profit observed in the unconstrained Case 1.
Additionally, the payment to the TN decreases by about
4.8% from $896.62 in Case 2 to $854.00 in Case 3 as
the ESS reduces purchases during high-price periods. This
reduction in high-price purchases, together with reduced PV
curtailment, explains the profitability recovery in Case 3.

C. CASE STUDY II: T39–D34/D37/D123 SYSTEM
Fig. 10 shows the T39–D34/D37/D123 test system, consist-
ing of a modified IEEE 39-bus TN interfaced with three DNs
based on the IEEE 34-bus, 37-bus, and 123-bus systems.
EachDN includes controllable devices tomanage voltage and
power flows. The total rated capacity of the TN generators
is 620 MW. On the DN side, the installed PV capacities
are 26 MW in the 34-bus network, 26 MW in the 37-bus
network, and 178 MW in the 123-bus network. Table 10
summarizes generator and PV specifications. The peak active
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FIGURE 10. Modified IEEE 39-bus TN and 34-, 37-, and 123-bus DNs equipped with control devices.

TABLE 10. Generator and PV specifications for the T39–D34/D37/D123
test system.

demand for the TN is 270 MW. For the DNs, peak active
demands are 1.769 MW, 2.457 MW, and 3.49 MW, with
corresponding reactive demands of 1.044 MVar, 1.201 MVar,
and 1.925 MVar.

To evaluate scalability and compare co-optimization
methodologies, two cases are considered. Case 4 solves
transmission and distribution decisions in an endogenous co-
optimization, so the PCC LMPs and PCC exchanges are
mutually consistent. Case 5 represents a sequential decoupled
benchmark in which the TN dispatch is determined first
to obtain the PCC LMPs, and each DN then optimizes its
internal schedule using those LMPs as fixed inputs.
Case 4: Endogenous interface pricing (integrated

co-optimization).
Case 5: Sequential decoupled benchmark (fixed-price DN

scheduling).

1) LMP AT THE PCC
Table 11 compares the PCC LMPs under Cases 4 and 5. Here,
Mismatch denotes the Case 5 LMP minus the Case 4 LMP.
Error denotes the corresponding percentage deviation relative
to Case 4. The two profiles coincide during hours with
negligible PV output from 01:00 to 09:00 and from 16:00 to

TABLE 11. Comparison of LMPs and price distortion at the PCC.
Mismatch and error are computed relative to Case 4.

TABLE 12. Comparative assessment of economic performance and
market distortion at the PCC. Mismatch and ratio are computed relative to
Case 4.

24:00. A clear divergence appears from 10:00 to 15:00, when
PV output increases and the distribution net-load pattern
changes. During this interval, the sequential benchmark
yields consistently higher LMPs, with a maximum deviation
of 4.75 $/MWh, which corresponds to 12.5%.

The divergence follows from the scheduling sequence.
In the sequential benchmark, TN scheduling is completed
before DN feasibility and DN-side supply are incorporated.
Consequently, the available energy from DN resources is
not reflected in the initial optimization. This forces the
system to meet demand relying solely on TN-side generation.
Once lower-cost units reach their limits, a higher-cost unit
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TABLE 13. Computational performance, problem size, and SOC relaxation
gap for cases 1–4.

becomes marginal and raises the PCC LMP. In Case 4,
the co-optimization allows cost-effective DN injections to
substitute for expensive TNgeneration, lowering themarginal
cost and stabilizing the PCC LMP.

2) ECONOMIC IMPACTS AND DISTORTION METRICS
Table 12 summarizes the interface settlement outcomes.
Here, Mismatch denotes Case 5 minus Case 4, and Ratio
denotes the corresponding percentage deviation relative to
Case 4. Relative to Case 4, Case 5 reduces the net export
energy to the TN by 62.46 MWh, or 7.28%. Despite the
lower exchange, the revenue from the TN increases by
$1,077.66, or 3.53%. The payment to the TN decreases by
$18.85, or 1.33%. Payments to DERs decrease by $1,365.28,
or 7.86%. The resulting calculated net operating profit
increases by $2,461.80, or 20.96%. The apparent profit
increase in Case 5 reflects a settlement distortion caused by
price–dispatch inconsistency.

These differences reflect the consistency between the
PCC LMP and the scheduled exchange quantity under
each co-optimization method. Case 4 provides an integrated
benchmark in which the PCC LMP and the PCC exchange
are co-determined under transmission and distribution con-
straints. Case 5 determines the PCC LMP in the TN
scheduling stage and then determines the PCC exchange in
a subsequent DN stage. When the DN schedule materially
changes the marginal dispatch conditions, the sequential
benchmark can produce settlement outcomes that differ from
the integrated benchmark because the PCC LMP and the PCC
exchange are not co-determined in the same optimization.
Endogenous interface pricing co-determines them under DN-
feasible operation and removes the distortions observed under
the sequential benchmark as summarized in Tables 11 and 12.

D. OPTIMALITY GAP ANALYSIS OF SOC RELAXATION
This subsection evaluates the tightness of the SOCP relax-
ation using the SOC relaxation gap metric defined in
Section III. Algorithm 1 is applied in Cases 1–4 to improve
relaxation tightness. Table 13 reports the SOC relaxation
gaps together with key computational statistics. In the T14–
D33 cases, Cases 1 through 3, the SOC gaps range from
6.85 ·10−8 to 4.79 ·10−5, indicating that the SOC constraints
are effectively binding in these instances. In the larger T39–
D34/D37/D123 system, Case 4, the SOC gap remains well

below the 10−3 threshold at 8.74 · 10−4, confirming that the
relaxation remains tight at larger scale.

When sequential SOC refinement is executed, the tight-
ened subproblems include additional nonnegative slack
variables for SOC tightening, so the number of continu-
ous variables increases relative to the baseline relaxation.
The variable counts in Table 13 correspond to the final
subproblem solved by Algorithm 1 in each case. Table 13
also highlights the computational scalability of the proposed
formulation. Problem size increases from 9,336 continuous
variables and 1,296 binary variables in Case 1 to 58,604
continuous variables and 4,296 binary variables in Case 4,
and the solution time increases from 0.66 s to 7,885 s.
The sequential refinement stage terminates within 0 to
10 iterations in the reported cases, and the final mixed-integer
programming (MIP) optimality gaps remain within the
specified tolerance.

V. CONCLUSION
This paper developed an endogenous interface pricing
framework for day-ahead transmission–distribution co-
optimization in the presence of discrete distribution controls.
The proposed formulation co-optimizes a DC-OPF and a
branch-flow AC-OPF represented by a SOCP. LMPs at
each PCC are derived endogenously from the primal–dual
transmission model and are co-determined with a DN-
feasible power exchange. This approach effectively addresses
the price–dispatch inconsistency that arises when the DN
is treated as an exogenous injection and the PCC LMP is
treated as a fixed exogenous signal. Discrete voltage control
devices, including tap changers and staged CBs, along with
multi-period ESS scheduling, are explicitly modeled within
the DNs. By enforcing KKT conditions and strong duality
for the TN problem and linearizing complementarity rela-
tions, the overall co-optimization problem is reformulated as
a single-level MISOCP solvable with standard mixed-integer
and conic optimization solvers. The SOC relaxation gaps
remained consistently below 10−3 across all tested cases,
demonstrating that the conic relaxation was tight and the
solution strategy was robust for the reported instances.

The case studies illustrated both the operational impacts
of active DN device scheduling and the implications for
market consistency at the interface. In the T14–D33 system,
enforcing DN voltage limits without active device scheduling
required substantial PV curtailment, reducing DN-to-TN
exports to 45.8 MWh. In contrast, the coordinated schedul-
ing of tap changers, CBs, and ESS increased exports to
78.1 MWh while maintaining the maximum voltage within
1.05 p.u., effectively recovering approximately 90% of the
unconstrained export capability. Under the bid data and
operational profiles applied in this study, this co-optimization
shifted the DN outcome from a net operating loss of
$203.20 to a net operating profit of $348.15. In the T39–
D34/D37/D123 system, the sequential benchmark determin-
ing the TN dispatch first and fixing the PCC LMPs produced
PCC LMP deviations of up to 4.75 $/MWh, corresponding to
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12.5%, and yielded settlement results that differed materially
from the integrated benchmark. In the reported instances,
the sequential benchmark reduced the net export energy
to the TN by 7.28% while paradoxically increasing the
calculated net operating profit by 20.96%. This outcome
underscores a fundamental price–dispatch inconsistency that
arises when the PCC LMP and the scheduled exchange
are not determined within the same optimization process.
The proposed endogenous interface pricing resolves this
mismatch by co-determining the PCC LMPs and PCC
exchanges, subject to transmission and distribution operating
constraints.

The proposed endogenous interface pricing offers two
practical advantages for distribution grid operators, system
operators, and policymakers. First, it yields coordinated
feeder-level schedules for discrete distribution devices and
ESSs, which distribution operators can deploy as day-ahead
setpoints to manage voltage and increase feasible DER
exports under switching limits. Second, it yields a consistent
PCC price–quantity pair, which system operators can use
for day-ahead interface clearing and which policymakers and
regulators can use for PCC settlement to reduce settlement
distortions and incentive misalignment. Nevertheless, this
work has several limitations. The TN is represented by a
DC-OPF and the DN model is limited to radial feeders,
without considering unbalanced or meshed operations, uncer-
tainties, or real-time recourse. Future work will extend the
TN to an AC formulation, incorporate uncertainty and reserve
products, and develop scalable methods for multiple DNs
while preserving price–dispatch consistency at the PCC.
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