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ABSTRACT OF THE DISSERTATION

A Construction of the “2221” Planar Algebra

by

Richard Han

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, December 2010
Professor Feng Xu, Chairperson

In this paper, we construct the “2221” subfactor planar algebra by finding it as a subalgebra
of the graph planar algebra of its principal graph. In particular, we give a presentation of the
“2221” subfactor planar algebra consisting of generators and relations. As a corollary, we
have a planar algebra proof of the existence of a subfactor with principal graph “2221”. To
show the subfactor property, we use the jellyfish algorithm for evaluating closed diagrams.

Lastly, we show uniqueness up to conjugation of “2221”.
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Chapter 1

Introduction

In this paper, we investigate the “2221” subfactor planar algebra which has Perron-
Frobenius eigenvalue § = 4/ Lé/ﬁ In a preprint dated 2001 [I9] on conformal inclusions,
Xu had constructed a subfactor which has “2221” as its principal graph. Around the same
time, M. Izumi [4] had also constructed it using different methods. For further details, see
the appendix (written by Ostrik) of [2].

In this paper, we give a planar algebra proof of its existence. We construct the

planar algebra as a subalgebra of the graph planar algebra of its principal graph

d b =
H— % bo
c
by *2

We follow the method which Peters [I5] carries out for the Haagerup planar algebra.
The main theorem of this paper is Theorem 4.0.7, which gives a presentation of
the “2221” planar algebra consisting of the two generators and some quadratic relations. As

a corollary, this proves the existence of a subfactor which has principal graph “2221”. One



interesting difference between the “2221” planar algebra and some of the planar algebras
previously constructed, such as the Haagerup planar algebra, is that there are two generators
instead of one. An interesting feature about this paper is that we use the Jellyfish algorithm,
first introduced in [I], to show the subfactor property of the “2221” planar algebra. It is
further used to prove other facts about our planar algebra at higher-level n-box spaces.

In chapter 2, the requisite background on planar algebras is given, with many
definitions adopted from [15] for the sake of convenience to the reader. In chapter 3, we
look at the decomposition of the “2221” planar algebra into irreducible modules, which will
tell us what sorts of quadratic relations to expect. In chapter 4, we look for and identify
the two generators T and @) of our planar algebra. In chapter 5, we prove several quadratic
relations involving the two generators. In chapter 6, we obtain some important one-strand
braiding substitutes, and in chapter 7 we prove the subfactor property. In chapter 8, we
consider the tensor category associated with the “2221” planar algebra and show that the
planar algebra has principal (and dual principal) graph H. Lastly, in chapter 9, we prove

uniqueness up to conjugation of “2221”.



Chapter 2

Background on Planar Algebras

All of the definitions in this chapter are adopted from [I5] and are repeated here
for the convenience of the reader. However, the original sources of all the definitions are
as follows: the original source of the definitions in sections 2.0, 2.1, and 2.2 is [5], and the
original sources of the definitions in section 2.3 are [9] and [3].

A planar algebra is a collection of vector spaces which has an action by the shaded
planar operad. For more details, see [12]). We look at the objects which act on the vectors

of our vector spaces.

Definition 2.0.1 ([5],[15]). Elements of the shaded planar operad are shaded planar tangles,

which consist of
e one outer disk D,
o [ disjoint inner disks D;

o A set S of non-intersecting strings between the disks, such that |S N D,l|,|SND;| € 2Z



e A checkerboard shading on the regions (i.e., connected components of (Do \UJ; D)\ S).
e A star in a region near the boundary of each disk D,, D;

See Figure for an example. We consider two shaded planar tangles equal if they are

1sotopic.

O
O &

Figure 2.1: A shaded planar tangle

By the type of a disk in a tangle, we mean the pair (k,£) determined by half the
number of strings on the boundary of the disk (k) and whether the star is in an unshaded
(+) or shaded (—) region. For example, the inner disks in the above figure are of types
(1,+), (2,+) and (2,-).

The operadic structure is given by composition. Let A, B be shaded planar tangles;
A o; B exists if the it" inner disk of A has the type as the outer disk of B. In this case,

Ao; B is the shaded planar tangle built by inserting B in the it" inner disk of A (with the



starred regions matching up) and connecting the strings. For example,

‘ “ o2 = . .

Definition 2.0.2 ([5],[I5]). A planar algebra is a collection of vector spaces {V; +}i=0.1.2,...
which is acted on by the shaded planar operad; that is, shaded planar tangles act on tensor
products of the V; 4, in a way that is compatible with composition of tangles. A shaded planar

th inner disk has type (ki,%;) and outer disk has type (ko,+,) gives a map

tangle whose i
Q) Vi, +: = Viyx,- For example, the first tangle above represents a map Vi 4 ®Vo L @Vo _ —
Vi

Compositional compatibility means composition of tangles and composition of mul-

tilinear maps should produce the same result, e.g.
(A 01 B)(’Ul, ey U, W, ...y wj) = A(B(Q}l, ce ’Ui), wa, ... ,wj).

Definition 2.0.3 ([5],[I5]). Elements of V;, are called n-boxes and we will sometimes refer

to Vi, as the n-box space of V, or as the n" level of V.

Remark 2.0.4 ([5,[15]). For n > 1, V4 ~ V,, _ (as vector spaces only, not in any

algebraic sense), via the shading-changing rotation map

4'
VA



The isomorphism between V, + and V, _ is the reason that previous definitions of planar
algebras required stars to be in unshaded regions, and only had spaces Vi, V_ and V;,
i =1,2,3,.... We will drop + and — signs from subscripts when it is either clear, or

unimportant, whether we are working in Vi, 4 or 'V, _.

Definition 2.0.5 (The Temperley-Lieb algebra). [[3)],[15]] The first example of a planar
algebra is the Temperley-Lieb algebra with parameter § (this algebra was introduced in [17]
and formulated diagrammatically by Kauffman in [11]). The vector spaces TL;+ have a
basis (called B(T'L;+)) consisting of non-crossing pairings on 2i numbers; these can be
drawn as planar tangles with no tnput disks, 2i points on the output disk, and no closed
circles (all strings have endpoints on boundary disks). The number of such pictures is the

‘th 1 (2i
" Catalan number et ( y )

Example 2.0.6 ([5],[15]). TL3 . = {(%, @ @ @ @}

The action of shaded planar tangles on this basis is straightforward: put the pictures
inside the tangle, smooth all strings and throw out closed circles by multiplying the picture

by 0 (i.e., if T=71"U0 or T =7'UO, then T = 07'".) For example,

: 0 X

We have the following common shaded planar tangles, which we will use frequently

in this paper.



Definition 2.0.7 ([5],[15]). The tangles

are multiplication, trace and inclusion for V; 1 ; the reverse-shaded tangles are multiplication,

trace and inclusion for V; _.

Fact 2.0.8 ([5],[15]). e The multiplication tangle gives an associative map

m: Vit ® Vit = Vit

As usual, we will frequently denote multiplication by putting two elements next to each

other, maybe with a dot between them.

o The trace tangle gives a cyclically commutative map

tr: Vk,:l: — V()i.

e The inclusion tangle gives a map

t: Vet = Vg4

which is compatible with multiplication and trace.



Example 2.0.9 ([5],[15]). The identity for multiplication on Temperley-Lieb is n vertical

strands, 1i.e.

2.1 Subfactor Planar Algebras

Remark 2.1.1 ([5],[15]). Subfactor planar algebras are planar algebras with additional
structure. They are called ‘subfactor’ because the planar algebra of a subfactor always has
these properties. Furthermore, a planar algebra with these properties is always the standard
mwvariant of some subfactor. Further details on this connection are found in chapter 4 of
15].

The properties that define subfactor planar algebras make them easier to work
with than general planar algebras. In particular, the requirements that each space be finite
dimensional and have an inner product means the tools of linear algebra are available to us

when we work with subfactor planar algebras.

Definition 2.1.2 ([5],[15]). A subfactor planar algebra is a planar algebra (over C) which

has

1. Involution: a * on each V; + which is compatible with reflection of tangles (so that



(v, 03, .. vf) = T(v1,v2, ... v)*),
2. Dimension restrictions: dim(Vp 4) = dim(Vp—) =1 and dimVj, 4 < oo for all k,

3. Sphericality: The left trace tr; : Vi + — Vo= ~ C and the right trace tr, : Vi + —
Vo,r =~ C are equal (equivalently, the action of planar tangles is invariant under

spherical isotopy),
4. Inner Product: The bilinear form on V, 1+ given by (a,b) := tr(b*a) is positive definite.

One noteworthy property of subfactor planar algebras is that closed circles count
as constant multiples of the empty diagram and that shaded closed circles have the same

value as unshaded closed circles.

Notation 2.1.3 ([5],[15]). In a subfactor planar algebra, § will denote the value of closed

circles. Sometimes we change variables so that

0=1[2g=(¢+q")

i order to use quantum numbers:

n

" —q

— — qnfl _+_qn73 N q7n+1 +qfn+3‘
q—dq

[n]q =
We will often write [n] instead of [n], in situations where the value of q is known.

Example 2.1.4 ([5],[15]). The Temperley-Lieb planar algebra always meets conditions 1,
2, and 3: The involution is defined by reflection; T Ly + = C{O} and TLy - = C{O} are both
1-dimensional; and shaded and unshaded circles both count for &, hence the planar algebra

s spherical.



If 6 > 2, the bilinear form defined by the trace tangle is positive definite, and so
Temperley-Lieb is a subfactor planar algebra. If 6 = 2cos T for some n > 3, the bilinear
form is positive semidefinite, and we can form a subfactor planar algebra by quotienting

Temperley-Lieb by all x € TL such that tr(x*z) = 0.
Fact 2.1.5 ([5],[15]). Let V be a subfactor planar algebra with parameter §. Then the map
TL(§) — Hom(C, V)=V
given by interpreting a Temperley-Lieb diagram as a shaded planar tangle with no inputs
e is injective if § > 2;
e has kernel Rad((,)) if § < 2.

In Chapter 3, we will look at the Bratelli diagram of the “2221” subfactor. This
diagram shows how minimal idempotents get included into the next level. We will need the

following definitions:

Definition 2.1.6 ([5],[15]). e An idempotent is an element p of some Vi 1+ such that

p = p* = pp. We often draw idempotents in rectangles instead of disks, with an

implicit star on the left side.
o An idempotent p € Vi + is minimal if p- Vi + - p is one-dimensional.

e Two idempotents p € V; + and q € Vj 4 are isomorphic if there is an element f in

Viesj+ (this is the same space as V(;y;)/2+, but drawn with i strings going up and j

10



strings going down) such that f*f =p and ff* =q:

R

Example 2.1.7 ([5], . [The Jones-Wenzl idempotents of Temperley-Lieb] A Jones-
Wenzl idempotent, first defined in [18] and denoted ™), is the unique idempotent in TLy +
which is orthogonal to all T'L, 4+ basis elements except the identity. In symbols this says
f0 0, M) = f0) gnd e, f) = fMe; =0 for alli € {1,...,n — 1} (since e; mul-
tiplicatively generate TL). These have tr(f™) = [n + 1], are minimal, and satisfy Wenzl’s

relation:

f(n)

n+1]- flot) | = n+1]- £(n) —[n] -

N
£

f(n)

The Jones-Wenzl idempotents also satisfy the following properties, which we cite

without proof:

Lemma 2.1.8 ([1]).

1] aiiin . \\ //

il
f(k:) = f(k—l) + (_1)a+k+1[ ] f (k—1)

kol

1

—

S
I
—_

11



Lemma 2.1.9 ([1]).

L ﬁ"///

1 a
f® = e +W—”a;1(_l) 0] | pe-2)

ITEEET  TTHTT [T~

Definition 2.1.10 ([5],[I5]). The principal graph consists of vertices and edges. The ver-
tices of the principal graph are the isomorphism classes of idempotents in Vi o for any k.

contains n copies of q, meaning that

There are n edges between p and q if v(p) = I:ZE:J

when v(p) is decomposed into minimal idempotents, n of these are isomorphic to q. The

dual principal graph is constructed in the same way, for the idempotents in Vi, _.

Example 2.1.11 ([5],[15]). [The principal graph of Temperley-Lieb is A, or As] The
vertices of the principal graph of Temperley-Lieb are the Jones- Wenzl idempotents. Wenzl’s
relation says that if [n + 1] # 0, the projection L(f(”)) decomposes into minimal projections
isomorphic to fTY and f=V_ So there is an edge in the principal graph between f*)
and f*Y as long as [k + 1] # 0.

If 6 > 2, we never have [k] = 0, so the principal graph is the Dynkin diagram As.
If 6 = 2cos = then [n] = 0, so by the positive definiteness of the inner product f=1 = .

Thus the principal graph has n — 1 vertices and is the Dynkin diagram A,_1.

In regards to the Jones-Wenzl idempotents, we will often need to know the coeffi-
cients of the T'L pictures in the Jones-Wenzl idempotents. We will make frequent use of an

explicit formula found in [I3] to do this.

12



2.2 The Planar Algebra of a Bipartite Graph

Remark 2.2.1 ([5],[I5]). The planar algebra of a bipartite graph G, defined in [0], is
another example of a planar algebra. It shares with Temperley-Lieb the property that closed
circles count for a constant — in this case, 6 = ||G|| (where ||G|| is the operator norm of the
adjacency matriz of G). It also has an involution, is spherically invariant and has a positive
definite inner product. Usually, however, it is not a subfactor planar algebra, because for

most graphs, the zero-box spaces are too big.

Notation 2.2.2 ([5],[15]). All graphs in this paper are simply laced. Therefore paths or loops
can, and will, be entirely described by the vertices they pass through. When we concatenate

two paths written this way, we have to drop a vertex:
ab...cdUde...fg=ab...cde...fg.

When a loop is described in this notation, we might forget to notate the last vertex.
Paths and loops are written in boldface, and indices indicate the position of a vertex

in a path or loop: p = pips2 ... k-

Definition 2.2.3 ([5],[15]). PABG(G)o + has the even vertices Uy of G as a basis; PABG(G)o,—
has the odd vertices U_ as a basis. The space PABG(G); + has a basis consisting of all based
loops of length 2i on the graph G, based at any even vertex; similarly the space PABG(G);,—

has a basis consisting of all based loops of length 2i on the graph G, based at any odd vertex.

To see how the graph planar algebra is a planar algebra, we need to show how a

shaded planar tangle acts on the basis elements. We do this by using the idea of a state.

13



Definition 2.2.4 ([5],[15]). Suppose T is a tangle with k input disks. A state on T is an
assignment of even vertices to unshaded regions, odd vertices to shaded regions, and edges
to strings in such a way that if an edge is assigned to a string, its endpoints are assigned to
the two regions which touch that string. Given a state o on T, we can read clockwise around
any disk and get a loop on G (the starred region tells us where to base the loop). Let 0;(o)

be the loop read from the it" inner disk, and let Oy(c) be the loop read from the outer disk.

Definition 2.2.5 ([5],[15]). Define the action of T on loops p; by

7(P1,---,Pk) == > c(1,0) - Oo(0),

states o S.t. 0;(0)=p;

where ¢(T,0) is a number defined below. Extend this action from the basis of loops to all of

PABG(G);+ by linearity.
Our bipartite graph G will have Perron-Frobenius data.

Definition 2.2.6 ([5],[15]). Let A be the adjacency matriz of G. Its Perron-Frobenius
eigenvalue is the mazimal modulus eigenvalue (which is necessarily real); call this §. Let
be the eigenvector with eigenvalue §, called the Perron-Frobenius eigenvector. We normalize

A to have norm /2, and let X(a) be the entry of A corresponding to vertex a.

The normalization above is chosen so that Zan+ )\(a)2 =1 and Zan, )\(a)2 =1.

Definition 2.2.7 ([5],[15]). To define c(o,T), we first put T in a ‘standard form’: isotope
T so that all strings are smooth, and all its boxes are rectangles, with the starred region on
the left, half the strings coming out of the top and the other half coming out the bottom. Let

E(T) be the set of mazima and minima on strings of the standard form of 7. Ift € E(T)

14



is a mazx or min on a string of T, let o(tconvex) be the vertex assigned by o to the region
touching t where the string is convex, and o(tconcave) be the verter assigned by o to the

region touching t where the string is concave. Then

H o(tconvex))

teB(r tconcave))

Let us consider our specific bipartite graph for “2221”:

Example 2.2.8. Take our bipartite graph to be

d b1 =

H= % b .
C )

by <2

Ad) = 21-4?;/@ /21+3\F

Here is an example of how shaded planar tangles act on paths:

m (Cbo) = m );\((bc())) bocby + )\(i(()i;\( )Cb(]Cbl
+ )\()\b(zi;\( )cbocbg + /\(/\b(oc)))\(d) chocd

Remark 2.2.9 ([5],[15]). Note that the planar algebra of a bipartite graph as defined is not
often a subfactor planar algebra; dim(PABG(G)o +) equals the number of even vertices of
G, dim(PABG(G)o,—) equals the number of odd vertices of G, and these are both 1 only in

rather dull cases. However, this planar algebra does have an involution x defined on loops

15



by traversing them backwards. What’s more, the planar algebra of a bipartite graph has a

genuine trace (that is, a cyclically commutative map PABG(G);+ — C):

Definition 2.2.10 ([5],[I5]). The trace Z : PABG(G);+ — C is defined as the composition
PABG(G)ix —2> PABG(G)ot —2>C

where tr is the trace tangle, and Zy is the linear extension of the map a — \(a)?.

Remark 2.2.11 ([5],[15]). This trace gives us a positive definite inner product, and by

construction (and normalization of X) agrees with the trace on TL(5) C PABG(QG).

2.3 Annular Temperley-Lieb Modules

We will need the following definitions.

Definition 2.3.1 ([9],[15]). An annular Temperley-Lieb tangle is any shaded planar tangle

having exactly one input disk; for example

*

’ , , and @)@

Q

We write AT Ly +_ym + for the set of all annular Temperley-Lieb tangles with type (k,=)

inner disk and type (m,=+) outer disk. If ATL is being applied to an element R of type

(k,£), we may simply write AT Ly, +(R) for AT Ly +—m +(R).

Definition 2.3.2 ([9],[15]). An annular Temperley-Lieb module is a family of vector spaces
Vi+ which has an action by annular Temperley-Lieb. This action should be compatible with

composition.

16



All planar algebras are annular Temperley-Lieb modules and we can break up a

planar algebra into modules.

Definition 2.3.3 ([9],[15]). An annular Temperley-Lieb module is irreducible if it has no

proper submodules. This is equivalent to being indecomposable.

If § > 2, then irreducible annular Temperley-Lieb modules are classified by an

eigenvector and its eigenvalue.

Definition 2.3.4 ([9],[3],[15]). If V is an irreducible annular Temperley-Lieb (for § > 2)
module, it has a low weight space: some k such that V;+ = 0 if i < k and Vi 4 # 0 or
Vi,— # 0. Then dim(Vy +) < 1, and any non-zero element T € Vi, 1 generates all of V' as
an annular Temperley-Lieb module. In particular, we may choose T = T™.

If V' has low weight (0,4+), T is an eigenvector of the double-circle operator

az@,

and the eigenvalue u? of T' can be any number in [0,52%]. We write VOl for this module.
If V' has low weight (0,—), T is an eigenvector of the double-circle operator, o
from above with its shading reversed. The eigenvalue u> of T' can be any number in [0, 52].

We write VO=)# for this module.

If V' has low weight k > 0, T is an eigenvector of the rotation operator



and the eigenvalue ¢ of T' can be any k' root of unity. We write V*< for this module.

Remark 2.3.5 ([9],[15]). For V< the condition that the generator T is a low weight element
(i.e., if m < k then ATL,, +(T) = 0) is equivalent to the easier-to-check condition that all

of the capping-off operators in AT Ly 1 ;1 + give 0: if we define

, €2 =

N ) a.

.
R

To decompose a planar algebra into irreducible annular Temperley-Lieb modules,

oo O
NA

then €;,(T) = 0 for all i.

we count dimensions and consider the action of p, the rotation operator. First, we need

some information on the dimensions of the irreducible modules.

Theorem 2.3.6 ([9],[15]). If k >0, for m > k
dim(VE) = < 2mk);

If k =0, the dimensions depend on :

1/2
dim(Vy 3 =1, dim(V;27%) =0,  dim(V0H0) = 2( m>,
b K m
: 0,6 . 5 1 2m
dlm(VO,i) =1 dim(V;°) = ma1 ( m >7
2
dim(V2) = 1 dim(V9) = (;f) if 1€ (0,6)

We now want to use this information to break up the hypothetical “2221” planar

algebra into irreducible modules.

18



Chapter 3

Decomposition of “2221” planar

algebra into irreducibles

Consider a hypothetical planar algebra P having principal graph H. It will have
6 = “T\/ﬁ, and from the principal graph we can reconstruct the Bratelli diagram and
sequence of dimensions: (See Figure 3.1)

The sum of the squares of the numbers at the kth row gives us the dimension of
Pr.. We thus see that dim(Pp +) = 1, dim(P;) = 1, dim(P2) = 2, dim(P3) = 7,
dim(Py) = 31, dim(P5) = 146, ...

Fact 2.1.5 implies that P contains a copy of Temperley-Lieb, and Temperley-Lieb
is an irreducible annular Temperley-Lieb module: TL ~ V%%, The sequence of dimensions
of T'L is given by the ith Catalan number zJ%l (2;) The sequence of dimensions of T'L is

dim(TLo’i) = 1, dlm(TLl) == 1, dlm(TLQ) - 2, dlm(TLg) == 5,

dim(T'Ly) = 14, dim(T'Ls) = 42, dim(TLg) = 132, ...

19



1

\1

1/ \1
Y
2/ \\5//\1\1
NN
7/ \\24M6\6

Figure 3.1: The Bratelli diagram of the “2221” planar algebra

Compare the sequences:
P:1,1,2,7,31,146,...,
TL:1,1,2,5,14,42, ...
These sequences differ for the first time at level 3. P contains no other low weight 0 modules

and no low weight 1 or 2 modules. But P does contain one low weight 3 module:
dim(V2¢) = 1, dim(V;>) = 8, dim (V) = 45, ...

By counting dimensions we see that P3 = TL3€B2V33’C. Then dim(P4) = 31 and dim(7T'L4) =
14 and dim(Vf”C) = 8. We want m and n in N such that Py = TLs® me’C @ an’ﬁ where
8m+mn = 17. The only choices for (m,n) are (0,17),(1,9),and (2,1). Thus, P does contain

a low weight 4 module:

P=(TL=V*)YomV3*aonv*’ao...

20



If we continue this process, we see that dim(P5) = 146 and

dim(TLs & mV>* @ nVi?)
=424 45m + 10n

= 212, or, 177, or142

This implies that (m,n) = (2,1).
So Py =TLy &2V & V"7 and
Ps = TLs & 2V @ VP @ av2?
Thus,

P=(TL~V"ag2v3CpVPgava...

Let 17,15 be the generators of each copy of V}?’C. Any diagram with some T;’s inside it,
and only 6 strands on the outer boundary, is contained in AT'L3(Ty) & AT L3(1T2) & T'Ls.

For instance, if R is a diagram with two T;’s connected by 3 strands, then R € AT L3(T}) ®
AT L3(T2)®T Ls. Let M be the generator of Vf’ﬁ. Then any diagram with some 7T;’s and M’s
inside it, and only 8 strands on the outer boundary is contained in AT L4y(M)® AT L4(T1) ®
ATLy(T2) ® TLy. Let N;(i = 1,2,3,4) be the generators of V55’7. Any diagram with some
T;’s, M’s, and N;’s inside it and only 10 strands on the outer boundary is contained in
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Chapter 4

Potential Generators T and Q) for

the “2221” Planar Algebra

Since P = (TL ~ Vo) @2V3<p V4P ©4V>7 @ - .- | we will look for two generators
T and Q, which suffice to generate the planar algebra. We want to provide a presentation

for the “2221” planar algebra.

Theorem 4.0.7. There are two elements T,Q) € PABG(H )3 4 satisfying the following re-
lations, and the planar algebra generated by T, Q is a subfactor planar algebra with principal
graph H.

(1) T=1".Q=Q"

(2) €(T)=0 fori=1,...,6 and €(Q) =0 fori=1,...,6

27

(3) p(T) =T and p(Q) = wQ, where w =¢e 3

(4) The following 3-box relations hold:
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e (R3(T)), (R3(Q))

e (R3'(T)),(R3(Q))

e (R3(TQ)),(R3(QT))

e (R3(TQ)),(R3(QT))
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O~

[T
»

AN/
~J ]

€ span { TL37T7Q }7

€ span { TL3,T,Q },

S span { TLS)TaQ }7

€ span { TL3,T,Q }




(5) Each of

* ) * h.s ) * x ) h.s x ) x
9 &) 90 9¢
4 4 4 4 4 4 4 4
G O | U
|

B |8 E 8

lies in the span of

lies in the span of

AANE°A

(C ™ 3y

8 8

We will prove this theorem in the remainder of this paper. In this chapter, we
identify the two generators 7" and () satisfying (1), (2), and (3) above. In chapter 5, we
prove the quadratic relations in (4), (5), and (6). In chapter 6, we obtain some important

one-strand braiding substitutes. In chapter 7, we show that the planar algebra has the
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subfactor property. Finally, in chapter 8 we show that our planar algebra has principal
graph H.

PABG(H )3+ has basis consisting of all even-based loops of length 6 on the graph
H=%2221". Let X*¢ be the subspace of PABG(H)3 . consisting of elements satisfying the
relations

€(T)=0fori=1,...,6, p(T)=C_T.

. . . 2 . . .
Theorem 4.0.8. X3! is five-dimensional and X>% and X3“" are siz-dimensional, where

w is the 3-th root of unity 5

Proof. We decompose PABG(H) into irreducible annular Temperley-Lieb modules. Let A
be the even-odd adjacency matrix of H.

The eigenvalues of AA* and A'A are {1,1, 5+§/ﬁ, 5‘@} and {1,1, 5+§/ﬁ, 5_5/5}. The

eigenspace of AA? corresponding to eigenvalue 1 is two-dimensional because the multiplicity

is 2. There is a one-dimensional eigenspace of AA! corresponding to eigenvalue 2=¥2L  So
gensp p g g 2

far, we have a two-dimensional eigenspace and a one-dimensional eigenspace correspond-
ing to eigenvalues p? ,where p? € (0,62). Finally, there is a one-dimensional eigenspace
5+v2l _ 52 g

5 .

corresponding to eigenvalue

0,6 0.1 0,2=y21
PABG(H)op 2V @2vPiay) 2

= V20 @3y

Since dimPABG(H)o 4+ = 4 and dime’é =1 and dimVJ?’“ = 1, we have that dim(Vf’é ®
3V_E’”) = 4 and hence
0,0 0,1
PABG(H)o, = V2 & 3V
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Similarly, PABG(H)o_ 2 V" @3V"". We know that dimV"° =1 and dimV"" = 1, and

hence dim(VB’(s @ 3V#") = 4. Since dimPABG(H)o,— = 4, we must have that
_ 10,6 0,1
PABG(H)o,— =V & 3V2H.

We then deduce that

PABG(H), > V"’ @ 3V,

Counting length-2 loops based at even vertices, we have 7 of them.
So dim(PABG(H)1) = 7. Theorem 2.3.6 implies that dz'm(Vlo’é) =1 and dim(V") = 2.

So dim(V>* @ 3V ") = 7. We deduce that
PABG(H), = V>’ @ 3V

Next, we get that

PABG(H)y D V) @ 3V

Counting length-4 loops based at even vertices, we have 25 of them. Hence, dimPABG(H )2 =
25. Theorem 2.3.6 tells us that dim(VQO"S & 3V,"") = 20. Thus, PABG(H) must contain
a copy of V;’ﬁ . In particular, there must be 5 modules of the form V28, To consider how
many copies of each ‘/2276 there are, we consider the action of p on PABG(H )2 and on the
irreducible modules: Let 1=[1l2l3l4 Then p(l1lalsly) = l3l4lile. Hence lyl5l3l4 is a fixed point
iff I} =13, lo = ly; i.e., iff 1120314 = l1lal1l2. On the basis of PABG(H )2, consisting of even-
based loops, we have that z;b;2;b;, cbicb;(i = 0,1,2), and cded are fixed points. Furthermore,

the pair {z;b;ch;, cb;iz;b;} forms an orbit-pair (i=0,1,2). Also,

{ebicby, cboebyc}, {cbicha, chachic}, {cbyed, edeby }, {cboed, edebg }, { cbocba, cbachy }, {cdeba, chacd}
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form orbit-pairs. Thus, we have 7 fixed points and 9 orbit-pairs. So p has eigenvalue 1 for
16 elements and eigenvalue -1 for 9 elements. (Note: PABG(H )9 is 25-dimensional.) Now,
consider the action of p on VQO’(S @ 3V20’“ . For V%9 the basis consists of Temperley-Lieb
pictures with four boundary points. For V%, the basis consists of T'Lo pictures with the
generator T of V%" in one of the four regions. On the basis of V% p has 2 fixed points.
On the basis of VO#  p has 2 fixed points and 2 orbits. Thus, there are 8 fixed points
and 6 orbits total on V20’5 <) 3V20’” , and therefore p has eigenvalue 1 with multiplicity 14
and eigenvalue -1 with multiplicity 6. Since p has eigenvalue 1 with multiplicity 16 and
eigenvalue -1 with multiplicity 9, on PABG(H )2, we must have 2 copies of V22’1 and 3

copies of V22’_1. Therefore,
PABG(H)y = V) @3V @ 2V @ 3V}

We deduce that

PABG(H)3 > V¥ @3V @ 2! @ 3v2 !

Count the number of length-6 loops based at even vertices. We find that there are 112 loops
of length 6. Hence, dimPABG(H)3 = 112. But dim(Vy’ & 3Vi @ 2Vt ¢ 3v2 1) = 95.
This implies that there must be 17 modules of the form V3¢ in PABG(H)3. Let 1, w, w?
be the three 3th roots of unity. To find the multiplicites of V31, V3w, V3e® in PABG(H)s,
we compute the action of p on PABG(H )3 and on its known submodules. If 1=l1l5l3l41506,

then [11sl3l4l5lg is fixed iff [; = I3 =I5 and Iy = l4 = lg. Further,

[ A()A(l) Al)A (L)
{lilal3l4l516, )\(ls)/\(l2)l5l6lll2l3l4a )\(lg))\(l6)l3l4l5l6lll2}

forms a 3-orbit. We have 7 fixed points and 35 3-orbits. If {x,y,z} is an orbit, then x+y+z
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is a fixed point. Also, wx + y + w?z has eigenvalue w and w?x + y 4+ wz has eigenvalue w?.

Thus, p has eigenvalue 1 with multiplicity 42 and eigenvalues w and w? with multiplicity 35
each. On V30’6 @ 3V30’“ @ 2\/32’1 @ 3V32’_1, we pick a basis on which p acts by permutation.
V30’6 has T'L3 pictures as basis (diﬂﬂ/}?"S = 5). Vgo’“ has, as basis, T'L3 pictures with a
generator inserted in all regions (dingo’“ = 20). V32’_1 has, as basis, annular tangles with
4 strands connecting the generator to the outer boundary, and two points on the outer
boundary connected to each other (dz’m‘/}?’*l = 6). V32’1 is similar except the generator
Ty has eigenvalue +1. For V30’5, we have 1 orbit and 2 fixed points. For V30’“ , we have 6
orbits and 2 fixed points. For V32’71, we have 2 orbits. Similarly, V32’1 has 2 orbits. In
total, we have for V30’6 $3) 3‘/30’“ D 2V32’1 @ 3V32’_1 29 orbits and 8 fixed points. Thus, p
has eigenvalues {1, w,w?} with multiplicities {37,29,29}. Recall that, on PABG(H)s, p has
eigenvalues {1,w,w?} with multiplicities {42,35,35}. Comparing the two sequences, we see

that the multiplicities of V31, V3« V3« ipn PABG(H) are 5,6,6. Hence,
PABG(H); = ‘/})0,6 o 3‘/})0# @ 2V32,1 o 3V32’71 o 5V33’1 @ 6V33’” @ 61/})3’“2

The subspace of PABG(H )3 of low weight 3 elements with p-eigenvalue 1 is 5-dimensional,
and the subspaces of low weight 3 elements with p-eigenvalue w and w? are 6-dimensional

each. O

We would like to have explicit expressions for X3!, X3¢ and X 3w?  The symime-
tries of H and the relations imposed on these spaces will allow us to give explicit expressions

for them. We will need the following notation.

28



Notation 4.0.9 (]9],[15]). e The rotation operator p has already been introduced:

e The operator o is a symmetry of H which permutes legs; Specifically, it sends z;

Zj+1 mod 3 and bj = bj11 mod 3-

e The operator f; on paths “flips” vertex (i +1); if v; = vi+2, and v; is adjacent to only

two vertices (viy1 and another, call it w), then

Avig1)

fi (’Ul - V041042 - 7)8) = — )\(w)

U1...0WV42...08.

When two paths differ at only one position and there are only two possible vertices
that can go there, the capping-off relation ¢; forces the coefficient of one of the paths to be
a certain scalar multiple of the other. In the next theorem, we utilize the above notation

to find an explicit expression for X31.

Theorem 4.0.10. Let to, ¢y, t2, ), and s be free variables. Let R:\/%.
If X € PABG(H)s, is defined by

X=(1+p+p%)-

((to+tr-at1t2-02) (1+ f2) (chochoch)

+ (o + (ty +t2 — t1) - o+ (8 + to — t1) - &®) (1 + f2) (cbocbocbs)

+ s(cbochichs)

— (2t + 3t{, + 2ty — t1 + 5) (cbocbachy)

b (ot o 02 (14 ) (edebocbo)
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to—t1+to+t! o+t o+t
I ( _to 1+};+ ots 0+Ro+s co— 2+P?+S . a2> (cdcbocb1)

—2(to+t! t1—ta— 2L +to+t —2(to+th)+t1—to—
+(_ (0+0§‘r1 2-8 0+§%+0+5.a_ (2+03%+1 0 S.a2)(cd650652)>,

then X = X1,
Proof. We must check that for all T' € X,
€(T)=0fori=1,...,6, and p(T) =T.

Since the expression for T' € X begins with (1 +p+ pz), T has rotational eigenvalue 1.

To prove that €;(X) = 0 for all 4, note that the only possible states on the diagram

€ =

must have, along their inner boundary, loops 1 such that I; = l;15. (By Iz we mean the k**
vertex of 1.) Then ¢;(1) is (some multiple of) the length-four loop which comes from deleting
vertices l;4+1 and [t U1 ... Liliys ... lg.

The loops in X that could contribute a non-zero term to €;(X) are terms where the
i and 7 + 2 vertices are the same. We need the length-four loops that come from applying
€; to cancel each other out. Suppose 1is a 4-loop and consider the four possible cases.

Case 1: l; = z; for some j. Let I be a 6-loop. We want ¢;(') = (a scalar multiple
of 1). In that case, Ij = z; and [;,, = z;. There is only one such 1" which gives 1, under ;.
Ifl1=1;---Lilits---lg, then ¥ =1y ---1;b;l;li13- - - lg. Thus, the coefficient of ' in X is 0.

Case 2: [;=b; for some j. If 1 =1y ---l;l;13- - lg, then either

V=1 -lizjliliyz - lg,or I =1y -- - licliliy3- - - lg. So there are two 6-loops 1" and 1”7 such
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that €;(1') and €;(1”) are scalar multiples of 1. If we let x = Coef fx (1) and y = Coef fy(1"),
then by imposing the conditions
ei(zl +yl") = 0,

we get a relation between x and y.

AU,y
A()

fori=1,2,3,4,5 and y = —:L‘igf,“; for i = 6.

i+1

In particular, y = —x

Case 3: I; = c. There are four 6-loops I',17,1”,1%) such that ¢;(1'), ¢;(1"),

(1), e;(1%) are scalar multiples of 1. Let x,y,z,u be the coefficients, respectively, of
1,177,177 1% in X. Then we want ¢;(z -1 +y-1" 4+ z-1"” +u-1%)) = 0. This condition implies
that t +y+2z+u-R=0fori=1,5andx+y+2+u-R>=0 for i = 3.

Case 4: l;=d. The coefficient of I’ =1 - - - [;cl; - - - I is 0 since there is only one loop
1’ such that ¢;(1')= (a scalar)-1.

One can check to see that ¢;(T") = 0 for i = 1,...,6. However, it is easier to see
this by imposing the conditions €;(T") = 0, for i« = 1,...,6, on a general element of V33’1
and deriving the desired expression for 7. Then we know that the element T satisfies the
desired conditions because it was by imposing those conditions that we derived T'. A general
element of ‘/'3?”1 will be a linear combination of 6-loops based at even vertices zg, 21, 22, .
So let X be a linear combination of loops based at zg, z1, 22, c. We can replace a loop based
at z; with « of some loop based at zy. Similarly, we can think of loops based at zo as loops

based at zy with a? applied to them. So far

X = (Bro + Brac + Brac®) (P) + Y 0j(W;),
k J

where py, is a loop based at zy and w; is a loop based at c.
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To find a more precise expression for X, we impose the conditions ¢;(X) = 0 Vi
and p(X) = X. Suppose p is a path in the expression for X. Then the coefficient of p in
X determines the coefficients of rotations of , permutations « and o? of, flips (through b;)
at one vertex (e.g., zobocbo -+ and zpbpzobp - - - ) of, and combinations of all these of p. ¢;
commutes with o and so

&i(X) = 6D _(Bro + Brac + Braa®) (pr) + D mi(w;))
k J

= (Bro+ Beaa + Brao®)ei(pr) + Y mjei(w;)
- ,

J

Now, if pg is such that p; # p;yo, then €;(pr) = 0. If p; = p;12, then there are the
following cases for such a path p:

Case (i): p; = pit2 = bj for some j. Then, in order that ¢;(p) = 0 we must have

the coefficient of the flip (through b;) at vertex p;41 to be —x % fort =1,2,3,4,5
and —w% for ¢ = 6, where x is the coefficient of p and r;11 is the other vertex adjacent

to bj. By convention, if p; = p;12 = bj, let p;y1 = c and relegate the path with p;11 = z; as
the flip of p.

Case (ii): p; = pi+2 = c¢. By convention, let p;;+1 = bg. There are three flips of p
(through c¢) at p;+1 — one with by, one with by, and one with d. The coefficients x,y, z, u
of these four paths must satisfy x +y+z+u-R=0fori=1,5and x +y+2z+u-R> =0
for i« = 3 where R = %.

Case (iii): p; = pir2 = z; for some j. If €;(p) = 0, then Coef fx(p) = 0 because

there are no other 6-loops such that ¢; of it gives us a multiple of ¢;(p) and hence no other

6-loop such that ¢; of it cancels out with €;(p).
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Case (iv): p; = piy2 = d. Then Coef fx(p) = 0 for the same reason as in Case
(iii).

Any loop which contains the vertex v;+1 = d must have v; = ¢ = v;42 and hence
fall under Case (ii). In this case, we will have a segment of the form ...[ ]edc[]..., where
the first empty box admits by for some k or d. We can rotate the path to have it start at ¢
so that we have: ede[ |[ ][], where the first and last empty boxes admit by or d.

Any loop which contains the vertex v;11 = z; must have v; = b; = v;42 and hence
fall under Case(i). In this case, we will have a segment of the form ...cbjz;bjc. .., since we
can’t have the case where any two of the same z;’s are separated by one vertex according
to Case (iii). We can rotate the path to have it start at ¢ to get: cb;z;b;jc[ ]. Furthermore,
we can apply « to it such that j = 0: ¢bozoboc| .

Thus, we have loops such that p; = p;12 = b; for some j and i or p; = piy2 = ¢
for some 4, where these don’t contain any z; nor d, or loops of the form cbyzoboc | ], where
these don’t contain any d, or loops of the form cdc[ |[]]], where the first and last empty
boxes admit by or d.

Thus we have paths which contain either a z; or a d and those that don’t. Let us
classify three main types of loops.
Type 1: p contains a z; but no d. Then p is cbozpboc|[ ] up to a combination of rotations
and o’s.
Type 2: p does not contain any z; nor d.

Type 2a: p does not satisfy p; = p;12 = b; or c for any 1, j.

Type 2b: p does satisfy p; = p;y+2 = b; or ¢ for some i, j.
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Type 3: p contains a d
Type 3a: p is of the form cdeb [c] by for some k.
Type 3b: p is of the form edcby [29] bo.

Consider loops of type 2a. There are none of this type.

Consider loops of type 2b. We can reduce all loops of type 2b to the following five loops:

cbocbgcbyg, cbocbocby, cbgcbochs, cbycbycby, cbocbachy

Consider loops of type 1:

Cb()Zob(]Cb() = fQ(Cb(]CboCbo)
CboZoboCb1 = fQ(CbOCbOCbl)
CboZOboch = f2 (Cbocbocbg),

where p = q means that p is equal to q up to a scalar multiple. The possible flips (except

those which give rise to loops of type 3) are

fafa(cbocbocby),
fo.faf2(cbocbocbo),
fa(cbocbocdy),
fa(cbocbocbs)
Consider loops of type 3:
Type 3a loops consist of :
cdcbychy,
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cdcbocby ,
cdcbycbs

The possible flips are :

fa(edebyeby),
cdcbochy,
cdcbocbs
Type 3b loops consist of: cdebyzoby = f4(cdcbochy)
In total then, our basic loops will be the following fourteen loops:

Cbocbocbo,cbocbocbl,Cbocbocbg,Cbocblcbg,cbocbgcbl,

fa(ebocbochy), fa(cbocbochy), fa(cbocbocha),
Jafa(cbocbocho), fo fa.f2(cbocbochy),

cdcebgeby, cdeboeby , edebgebs,

fﬁ(cdcbocbo)

The coefficient of the flip of cbgcbgcby, for instance, in X must be that given by fo
times the coefficient of cbgcbgcby.
Let X = (14 p+p?) -
((uo +ur-atug-a?) (14 fo+ fafa + fofaf2) (cbocbocho)
+ (to+t1-a+ta-a?)(1+ f2) (chocbochr)

+ (th +t) -+ th - &) (1 + fa) (cbocbochs)
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+ (so + s1 - a+ s2 - &) (cbocbyichs)
+ (ro + 71 - a4 ra - a?) (cbocbach)

(
(
+ (g0 + q1 -+ g2 - &) (1 + f4) (cdebocho)
+ (mo +m1 -+ my - o®) (cdebochy)
+ (no + 1 - @+ g - o) (cdebocbs) ).
Notice that fufa(cbocbocbo) = fa(cbozobochy) = cbozobozobo.
But Coef fx (cbozobozobo) = 0, and hence ug = uy = ug = 0.
Thus,
X=(1+p+p%)-
((to+tr-a+1t2-0?) (1+ f2) (chochoch)
+(th 4+t - a+ 1ty a?) (1 + f2) (chochochs)
+ (s0+s1 - a+ sz - a?)(chocbrchs)
+ (ro 4+ r1 - a+ra2-a?)(cbocbach)
+ (g0 + q1 - @+ g2 - a®) (1 + f1) (cdebocho)
+ (mo +m1 -+ my - o®) (cdebochy)
+ (ng + 1 - @+ nz - 0?) (cdebocbs) ).

Since applying o to chocbichy and chocbachy gives loops which can be got by ap-
plying a rotation, we have that
X=01+p+p-
((to +t1-a+ty-a?)(1+ f2)(cbocbochr)

+ (g 15t £y 0?) (14 o) (cbocbocha)

+ So (CboCbl Cbg)
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+ 70 (chocbachy )

+ (g0 + q1 - @+ g2 - &) (1 + f4) (cdebocho)
+ (mo +m1 -+ my - o®) (cdebochy)

+ (ng + 1 - @+ nz - 0?) (cdebycbs) ).

Imposing the condition €;(X) = 0 gives us the following equations:

_ti + t;'-i-lmod?) + 50

m; =

R )
— _té + 70 + tit2mod3
(A R bl
o ti—l-t;
qi = R
fori=0,1,2
So

X=01+p+p-

((to +t1-a+ty-a?)(1+ f2)(cbocbochr)
+ (th+t) - a+th-a?)(1+ f2) (chocbochs)
+ s(chochy cb)

+ 7 (chocbachy)

4 ( . to;t{) - tl;tﬁ Co— % . a2) (1 —+ f4) (CdCb()CbO)

tot! 1+t ta+1
+ ( _ totti4s  tatith+s o — tattots 042) (CdCbOCbl)

R R R
ty+r+te t)+r+to th+r+t1 2 . .
+ ( -ttt a—Fp— -« )(cdcbocbg) , where sg = s and rg = 7.

By imposing the condition e3(z) = 0, we get the equation:

2(ti + t;) + tit2mods + t2+1m0d3 +r+s=0
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for ¢ = 0,1,2. From these three equations, we get that t, + ¢t — t{, — to = 0. Similarly,
th+to—t) —t1 =0and t) +tg—th—ta = 0. So th, = t,+to—t1 and t} = t{+t2—t1. We now
have ¢} and t} in terms of ¢,. We can easily solve for r to get r = —(2to + 3t, + 2t2 — t1 + ).
Imposing the condition e5(X) = 0 holds and does not give us any new information.
So far,

X=01+p+p)-
<(t0 +t1-a+ty- ag) (1 + fg) (cbocbocbl)
+ (th+th - a+th-a?)(1+ f2)(cbocbochs)

s(cbocblcbg)

— (2to + 3t} + 2ty — t1 + ) (cbochach)

to+t)  tatt) to—t1+tat+t!
(-t 2t o loohikbatio | 02) (1 4 f) (edebocby)
’ / /
+ ( to— t1+t2+t +s t0+;;0+s Lo — t2+1t%0+8 . 042) (CdCb()Cbl)
_ ’ _ / — —
i 2(to-+41) t1 ta)=s Zyttattots 2(t2+t0);(t1 to)—s .a2)(cdcboch)>

Thus, we have that X C X3!, Since X is 5-dimensional, and X3! is also, we have X = X1,

O]

If we want T* = T for T € X, then we must have ty = ty. Similarly, {; = t;
and to = to. This implies that tg,t1,t2 € R. Also, t_6 = t;, implies t;, € R. Furthermore,
—(2to + 3th + 2ty — 11 + 5)
We have a similar explicit expression for X3,

Theorem 4.0.11. Let to, t1, ta, ty, and s be free variables. Let R= % and let n =

1+iV3.

If X C PABG(H)3 4 is defined by
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X= (14w p+w-p?)-

<n(to + 11+ ta-a?) (1 + fa) (chocbochy)

+ (0t + (nlto + th = t2) = 5 —ws) -+ (n(ts + 1t — t2) +ws + s) - a2) (1 + f2) (cbocbocbs)
+ s(choch cb)

+ w?s (CboCbQ Cbl)

[M]

—e (n(to +10) + (n(t1 +to+t)—ta) —5—ws) -a+ (n(t1 +ty) +ws+s) -a2> (14 f4) (cdcbocbo)

[=

((n(—w2t0 +wtfy — wtz) —ws) + (N(—w?ty + wtf) — wtz) + w?s —w?s) - a+ (n(tz + wtf) +

wSs

N~— :U

. a2) (cdcbocbl)
— % ((n(t6+wt2)+w§) + (T}(—w2t0 +ty—t2) —ws) ‘ot (n(t6—w2t1 —t2) —§—|—s) -(12) (cdcbocbg)> ,

then X = X3, Furthermore, to,t1,t2,t, € R.
Proof. The proof is very similar to the proof of the above theorem. O

We can certainly find an explicit expression for X 3’w2, but we need not consider
this space (for now) because our generators 7' and @ will come from X3! and X3«. Note for
now that there is a generator coming from the space X 3w which, along with the conjugate
of T, generates a “2221” subfactor planar algebra. In fact, the generator with rotational
eigenvalue w? is just @, with every n and w conjugated. We will explore this second pair of

generators in the chapter on uniqueness.

Theorem 4.0.12. The only elements of X>' ¢ PABGH3(H) which could generate a
“22217 planar algebra are multiples (or multiples of conjugates) of
T=(1+p+p% -

(0 +a+a?) (1+ f2) (chochoch)
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+ 16 (1 + o+ o) (1 + f2) (cbocbocbs)

+ s(cbochichs)

+ 5(cbocbachy )

— (") (14 a + o) (1 + f4) (cdebocby)

(t+t0+s) (1+ o+ a?) (edcbocbr )

+ (2(t+§)+8) (1+a+a?) (CdCb()CbQ))

where t = 1—12(—3+\/ﬁ+\/m), ty = %(—7—m+\/m>t, and
s= H(3- VL) 4 by,

or of P, which is the same expression as T except with t = %( 3+/21— \/m),
ty = i( — V21 — /54 4+ 14V21)t, and s = 1 (3 — M)—%\/M-i.

Proof. Since dim(Pp +) = 1 and dim(7T'Lo+) = 1 for a (still hypothetical) “2221” planar
algebra P, we look for T € X such that tr(T?) € TLo+ C PABG(H)o+. The single basis
element of T'L;, when interpreted as an element of PABG(H )y, is 29 + z1 + 22 + ¢. Thus,
tr(T?) will be a scalar times zg + 21 + 22 + c. This implies that the coefficients in tr(T?) of
20, 21, 22, and ¢ must all be equal. In fact, tr(7™) will be a scalar multiple of zg+ 21 + 22+ ¢
for all n > 1. By setting Coef fi,(7n)(20) = Coef fyr(1n)(21) = Coef fip(rn)(22) for all n > 1,
we see that it must be the case that ty = t; = t2.(see the section on Calculating Traces for
T and Q) So let tg = t1 =ty = t. By setting Coef fi.(12)(c) = Coef fi(12)(20), we get that

152 = _3+‘ﬁ(t2+( )+ (=2 4+ V/21)(t + t5)2. Tt follows that

\/ 3+ f 24 (t))?) + (_TN + \/ﬁ)(tﬂg)?.

We already have Re(s) = —3(t +t(). Take the positive square root for Im(s) and let

s = Re(s) +i- Im(s) where Re(s) and Im(s) are given as above.
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By setting Coef fy.(rsy(c) = Coef fy.(73y(20), we get the following quadratic equa-

tion in the variables t and ¢:
3
—5(t+ t0) ((21V3 + 13VT)12 + 7T(17V3 + 11VT)t - t + (21V3 + 13VT)(t})?) = 0,

which implies that either

1
to = —t or ty = Z(—7—\/211\/54+14\/21) -t

It can’t be the case that t; = —t¢ since setting Coef fi,(p1)(c) = Coef fi.(ps)(20) implies
to = 0 and hence gives the null solution. Therefore, t, = %( —7—V21+ \/W) - 1.
Let t;, = %( —7—21+ \/W)t and denote this generator by 7. Denote by P
the generator with ) = (-7 — /21 — \/W) -t. We also want (T',T) = [4], i.e.,

Z(T?) = [4].

Z(T%) =3 Coef firir2)(20) - (\(2))* + Coef fip(r2)(c) - (M(€))?

2 /1\2
= (@ + ) 2+

+((9+66%) (2 + (t))?) + 02(3 + 26)(t + ) + 6|s|* + 66°|s|

V3)0h - 3(A(2))?

—1202(t + t})?) %(A(C))2

\9/25 + (t+tp)? - 9—\/§)94 -3(A\(2))°

= ((£* + (t5)*) o
+((9+660%) (£ + (t))?) + (=96 + 20%)(t + t;)*

+(6 +66%) - |s|?) -
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Setting Z(T?) = [4], we get

775(\/42(19673 +4293V/21) -t — \/727722 + 158802V/21 - t)

=7+ 2V3,

which implies

3
Z(\/42(19673 +4293v/21 — \/727722 +158802v/21) - 2 = V7 + 2V/3.

This implies
(VT +2v3)
\/ 42(19673 + 4293v/21) — /727722 + 158802+/21

Hence, t = —( —3+Vv21 + v —114+ 26 ) With the given value for ¢, we have that
= %(3 V21)+ %\/ M -4. Thus, we have our desired expression for T'. P is derived

similarly, except with ¢, = i( —T7—V21— /544 14V21)t. O

t? =

Theorem 4.0.13. The only elements of X** C PABGH3(H) which could generate a
“2221” planar algebra are multiples of
Q=n(l1+w* pt+w-p?) -
(t(l +a+a?)(1+ f2) (chocbochr )
+ (to(L+a+ a2> (1 + f2) (cbocbochs)
%( t+t)(1+a+a )) 1+ f1) (edcbochy)

(
((t +witf) (14 a+a? ) cdebocby )
( )

( to + wt 1 + a+ a?) ) (edebyebsy )
_ 4] 5 _ 1-6%-96 _
where t =\ [ 5ps TN U= =52, t; = Wt,

or of S, where S is just Q except with t = \/14[:?]22 (246%45\/5)\/3’ 0= 1_922+0} t6 = Ot.

42



Proof. The proof is similar to that of the case for X*!. By setting
Coef fir(on)(20) = C’oefftr(Qn)(zl) = COefftr(Qn)(ZQ) = Coef firqn(c),

for all n > 1, we see that it must be the case that tyg = t; = t9 and s = 0. (see the appendix

on Calculating Traces for T and Q).) So let ty = t; = to = t. By setting
Coef fir(q2)(c) = Coef fiq2)(20),

we get the following quadratic equation in the variables ¢ and t,.
1++v21
t* + (T) (t-tp) + (tp)? = 0.

It follows that t, = # -t. Let t;) = Q- ¢, where Q = %QH’ and denote the generator

; _ _ 1-62-9
by S. Denote by @ the generator with tj = ¥ - ¢, where ¥ = ==5—=.

We want (S, S) = [4] and (Q, Q) = [4], i.e., Z(S?) = [4] and Z(Q?) = [4].

Z(Q%) = 3Coef firq2)(20) - (A(2))? + Coef frr(o2)(c) - (A(c))?

= (0 + gV e

((246 + 5§\/ﬁ)\/§) (14 022,

where ¢, = Ut and ¥ = i;_e. Setting the above expression equal to [4], we get

4 5
r= 1+ 2 ((246+ 54\/ﬁ)\/§)’f0r Q

Using the same equation, except with t{, = Qt, where Q = %2‘*'9, we get

t2 =

_1_%]02(( o ),forS

246 + 54+/21)/3
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Solving for ¢, we get

(@ 5 r
t_\/1+92<(246+54\/ﬁ)\/§>’f0 5

and

_ [4] 5
b= \/1 + W2 <(246 + 54\/ﬁ)\/§>’for @

Thus, we have our desired expression for Q). O

Similarly, the only elements of X3“* ¢ PABGH3(H) which could generate a
“2221” planar algebra are multiples of the conjugate of @) or of the conjugate of S. Denote
the conjugate of @ by V and that of S by U. All of the equations used to find the potential
generators in X 3w are the same as those used to find Q@ and S, except with every n and
w conjugated. Hence, the only elements of X 3w? PABGH3(H) which could generate a
“2221” planar algebra are going to have the same matrices as those for the generators in
X3¢ except with every n and w conjugated. Then, the coefficients of zg, 21, 20, ¢ in tr(V"),
say, are the same as the coefficients of 2, 21, 22, ¢ in tr(Q™), respectively, except with s and 5
switched. The proof in the appendix that ty = t; = 3 and s = 0 for the potential generators
in X3“ works in analogous fashion with s and 5 switched. With s = 0, the matrices of
the potential generators in X 3¢% reduce to being just the transposes of the matrices of the
potential generators in X>%. Setting Coef firv2y(c) = Coef fir(v2)(20) gives ty = %%et

and we can choose our potential generators in X 347 £6 be the conjugates of ) and S.
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Chapter 5

Quadratic Relations on T and Q)

In this section, we prove some quadratic relations involving 7" and @). In order to

do this, we need the following trace values.

Lemma 5.0.14. Recall that p'/? is the shading-changing rotation morphism
PABG(H)3+ — PABG(H)3 .
We have the following trace values for T':
e Z(T)=0
o Z(T?) = [4]
o Z(I%) = =2/3/T

o Z(T*) = 5,/2(23 + 5V21),

and the following trace values for Q:

.« 2(Q) =0
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o Z(Q*) =3,/232 +16V21,
and the following trace values for mixtures of T and Q:
o Z(TQ)=0

. 2(1°Q) = 1+ 4

=

o 2(TQ% = 1(2V3+VT)

o Z(T?Q%) = %\/¢(11+ V21).

We also have the following trace values for p% (T):

o Z((p2(1))%)

o Z((p3(T))*) = 3/ 3(23 +5v21) = Z(T*),

and the following trace values for p% (Q):

§(=3v3+ V) = 2(19)

46



o Z((p3(Q))) = —1ERAEEED _ 2701,

and the following trace values for miztures of p%(T) and p%(Q)

o Z((pH(T)(p}(Q))?) = VDT _ 772

o Z((p2(Q)(p2(T))2) = —151/302 + 82v/21 — 51/906 + 246121 - i = 2 Z(QT?)
o Z((p3(T))2(p3(Q))?) = TRV — 7(72Q2),

12v/3

Proof. These trace values are calculated in the Appendix using matrix representations. [

Theorem 5.0.15. The follouad i _relnti old in PABG(H)3:

e (R3(T)), (R3(Q)) € span { TL3,T,Q },

e (R3(T)),(R3°(Q)) € span { TL3,T,Q },

47



e (R3(TQ)), (R3(QT)) € span { TL3,T,Q },

o (R3(TQ)),(R3(QT)) € span { TL3, T,Q }

We recast the above théoremlin1r orar; as follows.
Theorem 5.0.16. We have the following 3-box relations:

< 3 2
1. (R3(T)) T? = f©® + Z([4T] )74 Z(%T )0

(R3(Q)) Q* = f® + £3)qQ + 27201

o

co

(R(?}(T)) Joing(T, T) — p—1/2(f(3)) + Z((Pl/[z}(T))g)T + w2 Z(Pl/2(Q)[i?1/2(T))2)Q

. _ 1/2 3 1/2 1/2 2
4. (RS”(Q)) JO’LTL&(Q,Q) = wp 1/2(f(3)) _|_w2Z((P [4](@)) )Q+ Z(p (T)[Eﬁ @) )T

S

- (R3(TQ)) TQ = ZL1 + 24 g

S

(R3(QT)) QT = 281 q + &0

=

(R3(TQ)) Joink(T,Q) = £ 1/2<T[31>]2 PE@) 2 Z(p1/2(T)[551/2(Q))2)Q
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. 1/2 2 .1/2 1/2 1/2 2
S, (RB}(QT)) JOZTZé(Q,T) — Z((p (T[Z P (Q))T+w2 Z(p (T)[EK]) @) )Q

Here is the relevant notation.

Notation 5.0.17. [15] Let Join,(A, B) be the tangle with an A box joined to a B box by
the n strings counterclockwise of A’s star and the n strings clockwise of B’s star. There is

also a ‘twisted’ version of this, Joinl,(A, B) = p~ Y2 Join,(p"/?A, p'/?B):

Join, (A, B) = Join! (A, B

5@‘6&@3

To prove all these relations we use Bessel’s inequality which states: For any v € V,

W C V, we have ||[v||> > ||Projy (v)||?, and |[v]|* = ||[Projy (v)||* if and only if v € W.

Proof of (R3(T)). . We will show T2 = f® 4 ZEIT 4 Z@T. 1y showing that
2112 . 2 2
I72)1” = |[Projupancrrray @) -

On one hand,

(23 + 5v21), by Lemma 5.0.14



On the other hand,

: 2 : ) : 2
[Proipancrry o) (@)||” = [Projrs, (%) + Projp(12) + Projo (12|
2

= D (TRB)s+(1%T)T+(1%Q)Q
BEB(TL3)
f(3)

— 2 J 3
= |(T% 1) 1 + Z(T?)

2

Q
Z(Q?

Z(QT?)

Z(T?)

f(3)
[4]

2(1), | 2(QT)

=12 | *ze Tz

]

because <f(3) T> =0, <f(3) Q> =0

2
[l + |5 + |5l
because (Q,1) =0
|Z(T3) \ |Z2(QT?) ]
—[4
L TR
:g %(23+5\/ﬁ), by Lemma 5.0.14

2
, which implies that T? € span(TLs3,T,Q). Hence,

So HT2H2 = HProjspan(TLr; TQ(TZ)‘

QT
T2 = f® + 20T 4 20 g,

The proof of (R3(Q)) is analogous.
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Proof of (R3(Q)).

. 2 2 . . 2 . 2 . 21 112
Pr0jspan(rLs,m,0)(Q )H = ||Proj;r,(Q%) + Proj;(Q*) + Projq(Q7)||

2

=| Y (@B DT +(Q%Q)Q

BeB(TLs)
- @2w59+za@% .
’ Z(1?) Z(Q?)
2 2
|- 22

because <f(3) T> =0, <f(3) Q> =0

ot + el + e

2

)

because (Q,7) =0

Z(TQ?)|*  |Z(Q%)

AN © By

= Z(QY), by Lemma 5.0.14

2
So HQ2H2 = HProjspm(TLgTQ(Q2) , which implies that Q? € span(TLs,T,Q). Hence,

2 _ p(3) 4 Z(TQ% Z(Q*)
=1+ T T+ T @

We now prove the twisted versions of (R3(T)) and (R3(Q)).

Proof of (R3’(T)). Claim:

Z((p1/2(T))3)T+w22(pl/2(Q)(p”2(T))2)

Joiny(T,T) = p™' (1) + == 0

Q

o1



On the one hand, we have that

| Join (T, T)||* = (Joiny(T, T), Join(T, T))

= Z((p"*(T))")
2(23 +5v/21)

On the other hand,

2
| Projapanrry 7.0y (Joins(T. 1)) |

= ||Projpp, (Joiny (T, T)) + Projr(Joins(T, T)) + Projg (Joiny(T, T))H2

2

= (Joinh(T,T), B) B+ (Join(T,T),T) T + (Joink(T, T), Q) Q
BEB(TLs)

—

- H (Joiny(T, T),1)1 + <Jomg(T, ), i> P <Jomg(T, ), (%)*> A)*

+ <J0ing(T, T),T> + <J0m3 (T,T), Q>

Q |2
z|

+ (Joins(T, T), Q)

Z(T?)

H + (Joiny(T,T),T) ——+

Z(T?)

+ (Joiny(T,T), Q)

= le/zf @+ (Joiny(T,T), T) -

T
Z(T?) Z(Q?%)

because (%) = p_lf:]f(g)

2

] Q
=729+ 2 2P s + P2 Q) 5

—1/2 ,3)||? 123y L ? 2., 1/2 122y @
=20 |20 2 | + |z @R 5

because <p‘1/2f(3),T> =0, <p‘1/2f ,Q)=0,(T,Q)=0

5 [2
=3 —(23 + 5\/ﬁ) by Lemma 5.0.14

w
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We have an analogous situation by switching 7" and Q.

Proof of (R3’(Q)). Claim:

Z(p"*(T)(p"*(@))%)
[4]

2 Z((P(Q))°)

7 g

Join(Q,Q) = wp™ V2(f®) +w

Q+

On the one hand, we have that

[ Toink(Q, Q||* = (Joini(Q, Q), Join(Q, Q)

= wZ((p"*(@)")

2
= §\/8\/§+9\f7
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On the other hand,

2
‘Projspan(TLg,T,Q) (Joiny(Q, Q)) H

= ||Projrr, (Join4(Q, Q) + Projr(Join}(Q, Q) + Projg(Joiny(Q, Q))||”
2

Z <J0m3(Q Q), >ﬁ—|—<J0m3 Q,Q), T>T—|—<J0m3 Q,Q), Q>Q

BeB(TLs)

—
)

- H (Joinh(Q,Q), 1)1 + <Jomg,<Q,Q),\ i> P <Jomg(Q,Q), (%)*> A

+ (Join(Q,Q), T) Z(j;z) + {Join3(Q,Q), Q) Z(ng) H2
T iy Q |
H + (Joins(Q, Q), > + (Joins(Q, Q), Q) Z(Q?)

- pr—l/Zf ®3) 4 <J0ing(Q, Q),T> m + <J0ing(Q, Q), Q>

o —

because (%) = p_lfj]f(?’)

- pr‘l/2f(3) + 2 D @) s + 2 Q) 51
=12 032 1/2 Y NN A 2012 @ |
= [l 9 + |2 2 2@ g | + P20 @) 5

because (p~1/2f3) 1) =0,(p~1/2f®,Q) =0,(T,Q) =0

2
= 9 8vV3 +9V7 by Lemma 5.0.14

Next, we want to see how T and @ interact.

Proof of (R3(TQ)). Claim:

Z(1°Q) .,  Z(TQ?

o= 4]
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On the one hand,

ITQI* = (TQ.TQ)
= Z((TQ)'TQ) = Z(Q'T*TQ)
= Z(QT*Q)
= Z(QT?)

11++/21
= g +6 by Lemma 5.0.14

On the other hand,
2

Projganirinrao Q| =|| X (@85 +(TQ.1)T+(TQ.Q)Q

BeB(TLs)

=@ i+ mont e |

2

- |2+ 2 Q)5 + 2@
- Z(zQ)T i + H Z(ﬁTT)Q 2 because (T, Q) = 0
_ g L +6\/ﬁ by Lemma 5.0.14
]
Proof of (R3(QT)). Claim:

The proof of (R3(QT)) follows by switching T" and @ in the requisite equality in the proof

of (R3(TQ)), that is, by checking that the following equality holds:

2

T|| = Z(T*Q?%

Q

H Z(Q*T)

e+ |

[4]
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This equality holds because we already saw from the proof of (R3(TQ)) that the following

holds:

Z2(T?Q)]”  |2(Q°T)|?

_ 22
@@ Y@

We now prove the twisted versions of (R3(TQ)) and (R3(QT)).

Proof of (R3’(TQ)). Claim:

Z((p”Q(T))Qp”Q(Q))T+sz(pl/2(T)(p1/2(Q))2)

Joins(T,Q) = ] ]

On the one hand,

|| Join(T, Q)H2 = (Joins(T, Q), Joins(T, Q))

= W2 Z((p"2(Q))* (pV/*(T))?)

CT(1+v21
=~

o6



On the other hand,

2
HPTOjspan(TLg,T,Q) (Joiny(T, Q)) H

= HProjTLa(Joing(T, Q)) + Projr(Joinz(T,Q)) + Pron(Joing(T, Q))H2
2

= > (Joinh(T, Q). B) B+ (Joini(T,Q), T) T + (Joiny(T,Q), Q) Q

BeB(TLs)

2

Q

— <J0mg(T, Q). (%)*> (/X)\ + (Joins(T, Q),T) £ + (Joins(T, Q), Q) ]

[4]

= [ozr@ ) + o)1) &+ (oiniir.00,0) &

[4]
Q
[4]

2

2
= ||(Joink(T,Q),T) [Z] +(Joiny(T,Q), Q)

= Z((pl/z(T))%l/Q(Q))@ + wQZ((pm(Q))Zpl/Q(T))[;LQ]

2
— |z 2o - +Hz<<pl/2<@>>2pl/2<T>>§

0
_ Lz e @l | 2 @re )
) [ [
_T(1+v21

It

2

The proof of the twisted version of (R3(QT)) is very similar.

Proof of (R3’(QT)). Claim:

Z((p (1)1 (Q) 1, 220D (0 2(Q))%)
[4] [4]

Q

Joins(Q,T) =

o7



On the one hand,

HJOing(Q, T)H2 = <J0ing(Q,T), Joz'ng(Q,T)>

=W Z((p"*(Q))*(0"*(T))?)

_T(1+vV21
=~

On the other hand,

2
| Projpanrr, .0y (Joini(@. 7))

— ||Projry, (Join(Q, T)) + Proj(Joink(@Q, T)) + Projg(Joink(@Q, T))
2

=|| > (Joins(Q,T),B) B+ (Joins(Q,T),T) T + (Join4(Q,T),Q) Q

BeB(TLs)

2

= <Jomg(Q, T), (X)*> ({A)\ + (Joins(Q,T),T) [4T] + (Join3(Q,T), Q) g]

- Z(TQ)(/X)\* + (Joins(Q,T),T) [4T] + (Joink(Q,T), Q) g]

2

T 2

i
= |2 Q)7
= |2 Q)7
20 2(1)%"2(Q))

Q
[4]
Q
[4]

+w?Z((p'(Q))*pVA(T))

2
n HZ<<p1/2<Q>>2pl/2<T>>
|2

_ | 12 Q) )
[ [
7(1++/21
6V3

o8



5.2 Relations among 4-boxes

In this section, we want to see what happens when we take two generators and

connect them up by two strands only. Recall that we have the following decomposition:

Since there is only one new element M at level 4, we expect our quadratic relations at level
4 to involve the new element M. We will prove such quadratic relations in this section.

First, we need some definitions and notation.

Definition 5.2.1 ([1]). Form >0, let

Win=¢"+q¢ " —w-w

as on page 30 of [7].

We will let w in the above notation depend on the generator in question. So T

2mi/3

will have w = 1 and @ will have w = e . We begin by looking for some unshaded 4-box

relations.
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5.2.1 TUnshaded 4-box Relations

Let

Figure 5.1: u and v

3
11,/2

Ws. More specifically,(u, u) = 3 +

Lemma 5.2.2. (1) (u,u) = ﬁWg - Z(T?), where w is taken to be 1 in the expression for

2
(2) (v,v) =

ﬁWg - Z(Q?), where w is taken to be e2™i/3 in the expression for Ws. More
specifically, (v,v) =3 + 4\/§

The same holds with the reverse shading.

Proof of (1).




Apply Lemma 2.1.9 to f® in the above diagram. Consider the first term in the equation
for Lemma 2.1.9. Using sphericality, we get a partial trace of f(7), which we can replace
with % f©. Thus, we have %}Z (T?). Now, consider the remaining terms in the sum:
a
; W/
Z 1)7 b+ ][] £6)
ab=1
[/ / / \\

Every term in the sum gives 0 except when a,b € {1, 7}.

a,b ‘ value of diagram
a=b=1 Z(T?)
a=1,b="7 wZ(T?)
a=T7b="17 Z(T?)
a=T7b=1 w?Z(T?)

Table 5.1: The remaining terms that make a contribution.

So

O]

Proof of (2). The proof of (2) is exactly the same as in (1), except w is replaced with e27%/3,
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For the reverse shading, one can easily check to see that

f(8)

NOY

is equal to %Z (T?). Similarly, with T replaced by Q. O

Notation 5.2.3. If E € {T,Q}, then we will denote by (E) the diagram which has the

generator E standing on a Jones- Wenzl idempotent f® as follows:

f(8)

E

(B) =

If F,G € {T,Q}, then we will denote by (F,G) the diagram which has the genera-

tors F and G standing on the Jones-Wenzl idempotent f® and with two strings connecting

* *
2
4 4
f(8)

E

them as follows:




Lemma 5.2.4. Let A=w and B = (T,T). Then
(4.B) = 2 Z((0A(1))) + %“ L w)Z(T?)

, where w = 1. More specifically, (A, B) = —% % — §\/21.

Proof. We need to evaluate the diagram

< A B>= e

W~
=~

* *

Consider the expansion of f®) into TL elements. There are only three diagrams that make

a contribution.

B ‘ Coeff ;s) (8) ‘ value of diagram

] ! wZ(p'*(T)%)
Al ii Z(T?)
[TIAX ] w*Z(T7)

Table 5.2: The terms of f®) that contribute to (A, B).

So,

(4,B) = 2((0V2(T))) + %Z(TB) T ijZ(TS)

— P2 D) + g (14 0)2(T)

1 /779 23
=3\ 12~ ?\/21, because w =1
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Notation 5.2.5. We will denote by (E, F,G) the inner product ((E), (F,G)).

Lemma 5.2.6. In this lemma we calculate several other inner products of the form (E, F,G),
where E,F,G € {T,Q}. We also list the tables for them. In this lemma, we assume that w

is the rotational eigenvalue for Q, namely, e*™/3.

1 /404 101 89
(Q,T,T)=—% + 89 21 T3

(1,0,Q) = /5 + &

(T.T.Q) =~/ 4(~23 + TV2L) - },/L(151 + 41v21) -

(T,Q.T) = —5\/$5(~23 + 7v21) + 1/ (151 + 41v/21) -

(Q.Q.Q) = /138 + 57 — \/5(103+23\/ﬁ)-¢

1271 3 1 1 .
(Q7T7 Q) = 504 + 7 (1 + ﬁ)z

(Q,Q,T) = \/14(179+39\F) 2(7+ V21)i

Proof. The proofs are analogous to Lemma 5.2.4., paying attention to the rotational eigen-

value w of Q. First, we have the table for (Q,T,T):

/8 ‘ Coeﬁf@) (6) ‘ (Q7T7T)
{11111 1 W Z(p2(Q)(p'*(T))?)
/8l ﬁ Z(QT?)
1IN o W Z(T*Q)

Table 5.3: The terms of f(® that contribute to (E, F,G).
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We now have the tables (with the ’s and their coefficients suppressed) for

(T,Q,Q),(T,T,Q), and (T, Q,T):

(T,Q.Q) | (T.T,Q) | (T,Q.,T)

W Z(p (1) (p'2(Q))%) | Z((p'*(T))?p'2(Q)) | w*Z(p'2(Q)(p'/*(T))?)
Z2(TQ?) Z2(T°Q) 2(T*Q)
2(TQ?) 2(1°Q) 2(1°Q)

Table 5.4: The terms of f® that contribute to (E, F,G).
Finally, we have the tables for (Q,Q,Q),(Q,T,Q), and (Q,Q,T):
(@.0.Q) | (Q.T.Q) | (@Q.Q.7)
wZ((p'2(Q))%) | w*Z((p"72(Q))*p"2(T)) | wZ(p"*(T)(p'*(Q))?)
Z(Q°) Z(Q°T) Z(QT)
w?Z(Q%) w?Z(QT) w?Z(Q*T)
Table 5.5: The terms of f® that contribute to (E, F,G).
Using these tables, we can easily calculate the inner products. ]

Lemma 5.2.7. Let B= (T,T). Then (B, B) = %ﬁ\/ﬁ_

* *
2
T T
4 4
Proof. We evaluate the diagram < B, B >= f(8)
4 4
2
T T
* *

Expand f® in (B, B) into TL diagrams. If § is a basis element with a cup at
position ¢ # 4, then the diagram is 0. Otherwise, 8 has a cup at position i = 4. There are
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four such diagrams which give non-zero values:

p Coeft ;s (8) value of diagram
\HU\H 1 HZ(TQ)
- W Em + r e ) 2T
Z || it (8107 + [8][5] + [81(3] + [6](5] + [6](3] + [4][3) HZ@?)
= e () + [0+ 14+ 2D iz
— [8[][]7[1%1[5 (Z(T?%))?

Table 5.6: The terms of f(®

Adding up the contributions, we get (B, B) =

Lemma 5.2.8. Here we calculate some further inner products of the form ((E

where E, F,G,H € {T,Q}. We list the relevant tables as well.

¢ (@,Q),(Q,Q) =

(T,Q), (T, Q) =

(T,Q),(Q,T)) =

(T,Q),(T,T

<(T7 T)v (Qa Q)) =

(@ T1),(QT)) =

75 (399 + 109v/21)
—525(21 + 11v/21)
2(6+/21)

2(6+/21)

71 /7

6 6 3
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that contribute to (B, B).
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), (G, H)),



Proof. To calculate ((Q, @), (Q,Q)), we need the following table:

6 Coeff ;) () value of diagram
4
[T 1 512(Q%)
2] Wt o t e ) (Q4)
| w8107 + (815 + [8113] + [61(5] + [6](3] + [4](3]) ﬁz

v —[4][3][2

\é\ [][[J][[(j][[s}}([S][;]F[ggg]Jr[ I+ 12) o2 2
= [8][7116][5] (Z (Q ))
Table 5.7: The terms of f® that contribute to ((Q,Q), (Q,Q)).
We have the following table for the inner product ((7,7T), (Q,Q)):

Ié; Coeff ;) () value of diagram
[TTI] , ! 0
11 WPt et e ) 2(1°Q?)
Z | bt (8107 + [8]15] + [81(3] + [6](5] + [6](3] + [4][3) F}Z(@%

v —4][3][2 4
‘o) Bl (8 + 16 + 4+ 2) mf@z)g
> [8][7116][5] 2T 2(Q%)

Table 5.8: The terms of f(® that contribute to ((T,T),(Q,Q)).
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The remaining tables are for the inner products

T,Q)) (@, 1),(Q,T)),(T,Q),(Q,T)),{(T,Q), (T, T)):

7][6][5]
(8][7]{6][5] e
(8]{7]{6][5]

Coeff ;) (8) value of diagram
1 2@
~[4*(gm + 7 + o + B 2(T*Q%)
%(BH?} + [8][5] + [8][3] + [6][5] + [6][3] + [4][3])
*WWQ][][]Hm

Table 5.9: The terms of f(® that contribute to (T, Q), (T, Q)).

B (8] + 6] + [4] + [2))
4

2 2 [
w8117 + [8][5] + [81(3] + [6](5] + [6](3] + [4][3)

Coeff ;s) (8) value of diagram
1 52(1?)
~[4 (g + @+ @ ) 2(1°Q%)

Table 5.10: The terms of f® that contribute to ((Q,T), (Q,T)).

Coeft £(® (B) value of diagram
1 0
WPt et e ) 2(T°Q?)
wtg (8117] + [8][5] + [81(3] + [6](5] + [6][3] + [4][3])

—[4][3][2
[ ][[7]][[4][[5}} ([8]+ [6] + [4] + [2])

[4][3][2]

[8][7][6][5]

Table 5.11: The terms of f®) that contribute to (T, Q), (Q,T)).
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B Coeff ;s (B) value of diagram
‘ ‘ ‘ U ‘ ‘ ‘ ! Z(1°Q) OZ(TQZ)
| ‘@/‘ | - ~4 (i + e + et EE) a 2(T°) + == 2(QT?)
| = || e (8171 + (81051 + (81031 + [6][5] + [6][3] + [4][3]) 0
b N (8] + 6] + 4] + [2) 0
N [4][3][2] 0
AN [8][7][6][5]

Table 5.12: The terms of f®) that contribute to (T, Q), (T, T)).

O

We are now ready to prove the unshaded 4-box relations. Since there is one new

element M at level 4, we expect to see that (T, Q) can be written as a linear combination

of elements in ATL(T), ATL(Q), and the new element M. More precisely, we expect to

see (T, Q) as a linear combination of u, v, and M. Let

M = (Ta Q) - PI‘Oju((T, Q)) - PI‘Ojv((T, Q))

We want to show that (Q,T) € span {u,v, M}. Similarly, for (T,7T) and (Q,Q). We use

Bessel’s inequality to prove these relations.

Theorem 5.2.9. We have the following 4-box relations in the precision sufficient for our

needs.

(R4(T,Q))

(R4(Q.T))

(R4(T,T))

(R4(Q,Q))

(T, Q) € span{u,v, M}

(Q,T) € span {u,v, M}

(T,T) € span {u,v, M}

(Q,Q) € span{u,v, M}
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In terms of diagrams, this means: Each of

* ) * * ) * * ) * * ) *
0 & ¢ &
S Y U .

8 8 8 8

lies in the span of

8 8 8

Proof of (R4(T,Q)). This is true by definition of M. O

We use Lemmas 5.2.2, 5.2.4, 5.2.6, 5.2.7, and 5.2.8 for the values of the relevant

inner products to prove the remaining relations.

Proof of (R4(Q,T)). Let w= (T,Q) and wp = (Q,T). We need to show that

2

(wo,u){wu) _ (wo,v)(w,v)
|<’UJ0,U>‘2 |<w0>v>‘2

(w0 00) — B _ (o (0.0)
(u,u) (v, v) | M|

<w07 w> -

525 (1277457421 Si

On the left hand side, we get %ﬁ. On the right hand side, we get T ince

| M| = %ﬁ, we have equality. Thus, (Q,T) € span {u,v, M} O

Proof of (R4(T,T)). We need to show that

(T, 1)) (T,Q),uw) _ (T, 7),v){(T,Q),v)
(ED.wE | (EDoP |11, - EngiEa - Engl
(u,u) (w.v) 1M

2

<(Tv T)7 (T7 T)> =

That is, we need to show

2

‘«T T),(T,Q)) — (DT} _ (T.1)0) (T.Q).0)

)

KT, WE (TR
(@D, (0T = == (0,0) 1M

(u,u)
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—3911+1049v21

On the left hand side, we get %g\/ﬁ. On the right hand side, we get W Since
|M|]? = %S‘/ﬁ, we have equality. Thus, (T, 7T) € span {u,v, M} O

Proof of (R4(Q,Q)). We need to show that

2

_ Q) uw{(T,Q ) _ (Q.Q),v)((T,Q),v)
‘<(Q7 Q)7 (T7 Q)> (uw,u) (v,v)

(@@, wF | K@Q.@vF |

<(Q7Q)7(Q7Q)> = <u7u> <’U,’U> ||MH2

That is, we need to show

2

‘((Q, Q), (T, Q)> _ <(Q7Q)»<1;>’<U(>T,Q)7U> _ <<Q7Q>'<Z,>’§,<>T’Q)7v>

(Q.Q), (. - MWL _HQ 0]

(u, u) (v, v) [[M]*
1261430121
On the left hand side, we get %ﬂ. On the right hand side, we get W Since
|M]|]? = %ﬁ, we have equality. Thus, (Q, Q) € span {u,v, M} O

5.2.2 Shaded 4-box Relations

In this subsection we prove shaded versions of the 4-box relations we’ve already
seen. The overall procedure and proofs will be completely analogous. First, we give the

requisite definitions and notations. Let

uy = f(8) , U= f(8)

E E

Notation 5.2.10. If E € {T,Q}, then we will denote by (F) the diagram which has the
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generator E standing on a Jones- Wenzl idempotent f® as follows:

f(8)

E

(B) =

If F,G € {T,Q}, then we will denote by (F,G) the diagram which has the genera-

tors F and G standing on the Jones-Wenzl idempotent f® and with two strings connecting

f(8)

E

them as follows:

(F,G) =

Lemma 5.2.11. Let A=wug and B = (T,T). Then
. 4 2 3
(A,B) = (1+ 8] (w+w?))Z(T?)

, where w = 1. More specifically, (A, B) = —% % — %\/21.

Proof. We need to evaluate the diagram

< A, B >= f(8)
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Consider the expansion of f® into TL elements. There are only three diagrams that make

a contribution.
I5; ‘ Coeff ;s (8) ‘ value of diagram
] 1 Z(T?3)
ZAll “% W Z((pVA(T))?)
TN 6l wZ((p"2(T))*)

Table 5.13: The terms of f® that contribute to (A, B).

So,

(4,B) = 2(T%) + E&Z(@“Q(T»% n %M(W(T»?’)
0

=(1+ E(w + w?)Z(T?3), because Z(T3) = Z((p"/(T))?) (also for Q as well)

Notation 5.2.12. We will denote by (E, F,G) the inner product ((E), (F,G)).

Lemma 5.2.13. In this lemma we calculate several other inner products of the form
(E,F,G), where E,F,G € {T,Q}. We also list the tables for them. In this lemma, we

assume that w is the rotational eigenvalue for Q, namely, e2™/3.

¢ QT.T)= /% + 3575
o (T.Q.Q)= /% + 7

404 89 53 9 /3 .,

404 89 53 9 3
L4 (T7Q7T) 63+3\/ﬁ_ _E—'_i\/;z



i (QaQ?Q):_%\/@_FZLG\/%

* (Q’Q’T):\/m-i-(i—i-%}ﬁ)i

Proof. The proofs are analogous to Lemma 5.2.11., paying attention to the rotational eigen-

value w of Q. First, we have the table for (Q,T,T):

B | Coeff s (B) | (Q,T,T)
[T 1 Z2(1°Q)
Al Z((p"*(1))%0' (@)

8
N Q W2Z((pM2(T))%p"/2(Q))

Table 5.14: The terms of f®) that contribute to (E, F, G).

We now have the tables (with the 5’s and their coefficients suppressed) for

(T,Q,Q),(T\T,Q), and (T, Q,T):

(T7 Q, Q) ‘ (Tv T, Q) ‘ (T7 Q, T)
Z(TQ% Z(T%Q) Z(T°Q)
w2 Z(p2(T)(p"2(Q))?) | w2 Z((p/2(T))%p"2(Q)) | Z((p"*(T))?*p"/*(Q))
WA Z(pH(T)(pV2(Q))?) | W2 Z((pYH(T))*p"2(Q)) | Z((pY*(T))*"/*(Q))

Table 5.15: The terms of f®) that contribute to (E, F,G).
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Finally, we have the tables for (Q,Q,Q),(Q,T,Q), and (Q,Q,T):

(Q>Q7Q) ‘ (QaTa Q) ‘ (QaQ7T)

Z(Q°) Z(TQ%) Z(TQ?)
WZ((p'2(Q))) | WP Z((p2(@)?0VA(T)) | Z((p'2(Q))*p*(T))
wZ((P2(@)%) | wZ(p2(Q)*p (D) | W?Z((p'2(Q))?p*(T))

Table 5.16: The terms of f(® that contribute to (E, F, G).

Using these tables, we can easily calculate the inner products. O

Lemma 5.2.14. Let B = (T, T). Then (B, B) = 21921
%
] ]
3 3
Proof. We evaluate the diagram < B, B >= f(8)
3 3

Expand f® in (B, B) into TL diagrams. If § is a basis element with a cup at

position ¢ # 4, then the diagram is 0. Otherwise, 8 has a cup at position ¢ = 4. There are

four such diagrams which give non-zero values:

3 Coeff ;) () value of diagram
i 1 §2(1?)
1] s ~[4* (g + @+ @ ) Z((4 p!2(T))Y)
1=l mm] [7] + [8][5] + [8][3] + [6][5] + [6][3] + [4][3]) % iZ(TQ)
X i (18] 16+ 4]+ 2) fz(r?)
= il (Z@)*

Table 5.17: The terms of f®) that contribute to (B, B).
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Adding up the contributions, we get (B, B) = 9+19‘ﬁ O

Lemma 5.2.15. Here we calculate some further inner products of the form ((E, F'), (G, H)),

where E,F,G,H € {T,Q}. We list the relevant tables as well.

(@,Q),(Q,Q)) = 555(399 + 109v/21)

(T,7),(Q,Q)) = —3%5(21 + 11v/21)

(T,Q).(T,Q)) = 5(6+ v21)

(Q,T),(Q,1)) = §(6+v21)

(T,Q),(Q,T)) = 35(21 + 11v/21) — 1/ T(T1 +11V/21 - i

(@9 ¢ \/_@JF%WJF\/_@JF Oy

76



Proof. To calculate ((Q, @), (Q,Q)), we need the following table:

6 Coeff ;) () value of diagram
4]
[T . 1 1 @{(2622)4
]~ 1] . -4 (g + me et e wZ((p" (Q)) )
| w8107 + [8]15] + [81(3] + [6](5] + [6](3] + [4][3)) ﬁz
3 A (81 + 6] + 4] + [2)) Hz@
=) 41(3][2
— Blgie (z (Qg))
Table 5.18: The terms of f® that contribute to ((Q,Q), (Q,Q)).
We have the following table for the inner product ((7,7), (Q,Q)):
B Coeff ;) (8) value of diagram
1] 1 0
][] — M2 (e + ey + o + ) 2D Q)
=41 m@]m 181(5] + [81(3] + [6][5] + [6][3] + [4][3]) HZ (@Q?)
| = SR (18] + 6] + 4 + [2]) Wz
— BB (2(T?))?

Table 5.19: The terms of f(®)

7

that contribute to ((T,T



The remaining tables are for the inner products

(T,Q),(T,Q)) (@ 1), (Q, 1)), (T,Q),(Q,T)) , (T, Q), (T, T)):
3 Coeff ;) () value of diagram
[T 1 52(Q)
1] 5 1] - paicicRduicRlcoRgciol W2 Z((PM(T) (p1*(@))%)
| witsEam (@ m [8](5] + [8][3] + [6][5] + [61[3] + [4](3]) 0
= BIEL (8] + [6] + [4] + [2)) 0
— [4][3][2] 0
T~ [8][7][6][5]
Table 5.20: The terms of f(® that contribute to (T, Q), (T, Q)).
B Coeff ) (8) value of diagram
4
[T 1 B 2(1?)
]2 1] ~W (g + me + @t e W2 Z((p'2(T)*(2(@))%)
| | wretefrer (8171 + [B115) + (81131 + olis] + [6163] + [41(3) 0
= AL (18] + (6] + [4] + [2)) 0
= [4][3][2] 0
TN [8][7][6][5]
Table 5.21: The terms of f® that contribute to ((Q,T), (Q,T)).
B Coeff ;s (3) value of diagram
[T 1 0
2] ~[2 (e + i * e ) Z((P(T)) (0 2(Q))?)
X w8171 + BIB] + [83] + [6]5] + [6]13] + [4[3)) 0
=) I )10+ b+ 2 0
TN [81[71(6][5] 0

Table 5.22: The terms of f(S)
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3 Coeff ;) (3) value of diagram
T i e
H\OH\ iy ~ (5 + i+ EE ) w2 (2L 2(18) + 25 2(12Q))
| 5 | | el o (18117 + [8115) + [81(3] + [6]15] + [6][3] + [4][3)) 0
‘ o ‘ [8][[4][3] [25] (18] + 6] + [4] + [2]) 0

—r _[4][3][2] 0
S BITAT6IS]

Table 5.23: The terms of f®) that contribute to (T, Q), (T, T)).

O

We are now ready to prove the shaded 4-box relations. Since there is one new
element M’ at level 4, we expect to see that (T, Q) can be written as a linear combination
of elements in ATL(T), ATL(Q), and the new element M’. More precisely, we expect to

see (T, Q) as a linear combination of ug, vg, and M’. Let

= (Tv Q) - PI‘Oqu ((Tv Q)) - PTO_]',UO ((Ta Q))

We want to show that (Q,T') € span {ug, vo, M'}. Similarly, for (7,T) and (Q, Q). We use

Bessel’s inequality to prove these relations.

Theorem 5.2.16. We have the following 4-box relations in the precision sufficient for our

needs.
o (RA(T,Q))o (T, Q) € span {ug,vo, M'}
o (R4Q,T))o (Q,T) € span {uo,vo, M'}
o (RA(T,T))o (T, T) € span {ug, vo, M'}
o (R4(Q,Q))o (@, Q) € span {uo,vo, M'}
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In terms of diagrams, this means: Each of
| wmy T e | | T
3 3 3 3 3 3 3

3
f(S) : f(8) ; f(8) : f(8>

E E E E

lies in the span of

5 5 7
(™ /™ )
8 8 8
Proof of (RA(T,Q))o. This is true by definition of M. O

We use Lemmas 5.2.11, 5.2.13, 5.2.14, 5.2.15, and the reverse shading results of

Lemma 5.2.2 for the values of the relevant inner products to prove the remaining relations.

Proof of (R4(Q,T))o. Let w= (T, Q) and wo = (Q,T"). We need to show that

— 2
(wo,uo)(w,uo) _ (wo,v0){(w,vo)
RO [ (701 A A 7 R T
wo, Wo) — - =
YT ug,u0) (o, vo) YR
2
On the left hand side, we get %5‘/5. On the right hand side, we get 675(1”2+T‘§7\/ﬁ Since
|M'|]* = %ﬁ, we have equality. Thus, (Q,T) € span {ug, vo, M'} O

Proof of (R4(T, T))o. We need to show that ((T,T), (T, T)) — KTT:uo)l® _ KTDvo)l _

(uo,u0) (vo,v0)

(T, T). (T, Q)) — (T (T Qo] _ (TT)00) (T Qo) |

(U07U0> (U(),’Uo)
2
[zl
—301141049v21
On the left hand side, we get %. On the right hand side, we get W,
Since | M'||* = %/ﬁ, we have equality. Thus, (T,T) € span {ug, vo, M'} O
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Proof of (R4(Q,Q))o. We need to show that ((Q,Q), (Q,Q)) — [(Q:@u0)* _ {(QQ)wo)l® _

<’LLO ,u0> (UO{UO>

(0, Q), (T, Q)) — {QQuu0) (TP w] _ (QQ)vo) (T Qo] |

(uo,u0> <'007U0>
122
On the left hand side, we get %. On the right hand side, we get %
M|
Sj 2 — 9+19v21 :
ince | M| 57—, we have equality. Thus, (Q,Q) € span {ug,vo, M'} O
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Chapter 6

One-strand Braiding Substitutes

Ultimately, we want to show the subfactor property of our planar algebra and
to do this we will use the Jellyfish algorithm, which is introduced in [I]. In order to do
the Jellyfish algorithm, the authors of that paper use one-strand and two-strand braiding
substitutes which allow you to pluck out a generator from underneath a single strand and
two strands, respectively. We can find one-strand braiding substitutes using our 4-box
relations. However, since there are four new elements N1, No, N3, Ny at level 5, this makes
it very difficult to find two-strand braiding substitutes as the number of unknown variables
in our technique for finding substitutes is too large. Fortunately, we do not need the
two-strand braiding substitute to do the Jellyfish algorithm, since a one-strand braiding
substitute with the shading switched suffices. In this chapter, we look for unshaded and
shaded one-strand braiding substitutes.

To prove the one-strand braiding substitutes, we use Bessel’s inequality.
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6.1 Unshaded One-strand Braiding substitutes

Recall from Theorem 5.2.9 the unshaded 4-box relations:

QD A 9

|‘0‘ L@ e W o
\8 \8 8 8
, and
|—Oéo | (8) |+50 | f(8) |+’Yo |
\8 \8 8 \8

for some «, 8, ag, Bo, Yo € C.

Remark 6.1.1. Notice that the way we defined M was relative to (T, Q), and so M is not
really the underlying self-adjoint generator at level 4. Let My be the underlying self-adjoint
generator at level 4. Then, M is a scalar multiple of My, and we modify the above two

relations by replacing M by a scalar multiple of M.
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Thus, we have the following modified 4-box relations:

00§

O +8 [ O |+
\8 \8 \8 \8
, and
m () D
5 7
|—ao | f(®) |+5o-| f(®) |+'yo-| f(®) |
\8 \8 8 8

for some «, 3,7, 2, Bo, 70 € C. Let w = (T, Q) and wo = (Q,T). Let u= (T) and v = (Q).
We eliminate the underlying generator My by multiplying the first equation by ~y and
subtracting the second equation multiplied by . This will give us that yow — ywg is a
linear combination of u and v. Our goal is to find the coefficients v and ~y which makes
this relation hold:

Yow — ywg € span(u,v)
Lemma 6.1.2 (Eqn.1). The following equation holds:

" © I—nl I—aol AR
T \8 o \s

uhere = 1+ Vi, ap = BEQU=QD gy KEQI@DID 1y fcr, ap —

u u) <’U,’U>

i/3(1+ V21) and by = /5(17 = 3v/21) + (=252
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Proof. Let W = vyow — ywy. We can assume that 7 = g, since w* = wg. To show that W
lies in the span of u and v, we use Bessel’s inequality. We look for « and g for which the

following holds:

W.
wwy = LoD
u,u
LHS = |yo|? (w, w) — 2Re(07 (w, wo)) + 7] (wo, wo)

and

ol Kw,w)® 2Re(y07 (w,u) {wo, u)) | || [{wo, u)|”
RHS = (u, u) (u,u) * (u,u)
ol [(w, v} 2Re(107 (w, v) (wo,v))  |7|*|{wo, v)|”
+ (v,v) (v,v) + (v,v)

From Lemmas 5.2.2,5.2.6,and 5.2.8, we can easily calculate that

[(wo,w)|* | [{wo,v)|” 9+ 19v21
two. o) — (SE+ ) = T
and
[(w,w)]* | [w,v)\  9+19v21
(w,w) — ( ) + o) ) = e

So LHS = RHS iff

9+19\ﬁ +ly ’ 9+1495\/ﬁ —2Re(y07 (w, wo)) + 2Re(yoy{w.u){wow) 4 2Re(yoy(w.v){wov)) _

"YO‘ (u,u) (v,v)

=

‘%| ) 9+19f 4 |7’ 9+1f5\/ﬁ —2Re(Fry (w, wo)) + 2Re(707<<5:$><u7wo>) + 2Re(%7<(;:;1>)><v,wo>) -0
=

ol - 22 | S22 4 9 Re(3y(c + i) = 0, where ¢ = S and d = SV
<
2 yol? - L2149 Re((75)%(c +id)) = 0
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<
ol? - U2 | Re((Re(vo) — ilm(y0))2(c + id)) = 0

<~

S

Re(70)* + Im(70)* + (Re(70)* — Im(70)*) 5 + 2Re(v0)Im(70) 5 = 0

—

3Re(v0)? + Im(70)? + 2v3Re(v0)Im(vo) = 0

—

(V3Re(v0) + Im(0))* = 0

—

Im(v) = —v3Re(y0)

—

Yo = Re(v0)(1 — v/3).

So LHS = RHS if ¥ = 49 and g = Re(7)(1 — v/3i) = Re(7)7, where n = 1 + /3i.

To find 7y, we impose

[(wo, w)* [ {wo, )

)  (0,0)

(wo, wo) = + [ol* [|Mo[*, where || Mo||* = [5]

This gives us that Re(y) = £ —% + 14736 %
If we pick a value for Re(7g), then the equation we get involving w and wg has a factor of

Re(~p) on both sides and hence, we can cancel out Re(7y) to get

ﬁ(Tv Q) - n(Qv T) = apu + bov

{(T,Q),u) —n{(@,T),u)

(u,u)

7{(T,Q),v) —n{(Q,T),v)

(v,0)

,where ag = and by = . Hence, we have the linear
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equation (Eqn.1):

|8 \8 B \8

O]

We want to relate (7,7") and (@, Q) in a similar fashion as we did for (7, Q) and

. Recall from Theorem 5.2.9 the unshaded 4-box relations:

oM g

‘ A b IV s VIR

8 8 8 8

, and

F F m |

| [meol_f® ol %Y |
\8 B B B

for some «, 3, h, ag, By, ho € C.

Remark 6.1.3. Again, we replaced M in the original 4-box relation with a scalar multiple

of the underlying generator My, which is self-adjoint.
Lemma 6.1.4 (Eqn.2). The following equation holds:

20 90 M

(8) |+b’
B B \8 \8
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VI g = T((T,T),?ZQ)L:Lg(Q,Q),u)’ and b = T<(T’T)’?L;§(Q’Q)’U>~ In fact, a' =

7
— %—Fé andb’:—%\/8+3\/21+i(—% §+\/ﬁ).

Proof. Let w = (T,T) and wp = (Q, Q). Let W = how — hwg. We can assume h = h and
ho = hg, since w* = w, wy = wp. To show that W lies in the span of u and v, we use

Bessel’s inequality. We look for h and hg for which the following holds:

(W) |0V,0)?

(W, W) = (u, u) (v,v)

This holds iff

w,u)|? w,v) |2 wo,u)|? wo,v)|?
ol? Gy — (L2202 4 1890Y) 4 A2 (g o) — ((mth 4 L))
— 2Re(hoh (w, o)) + Lelahn o) 2hetioln )T g

(u,u) (v,v)

We can calculate that

(fw,w) - (Kw’“” | [w,0)] )= %(363—67@)

and

(‘fwo, wo) (KEUS”Z;'? + |<1:37’:>>|2)) = (87 +17V20)

Thus our equation holds iff

hol* (745(363 = 67VD)) + |hf* (gl (87 + 17V/21) ) = 2Re(hoh {w, wo)

2Re(hoh{u,w){u,wo)
(u,u)

2Re(hoh{vw)(v,wo)) _

+ + T0,0)

= 13 (h5(363 = 67V21) ) + 1 (kg (87 + 17v/21) ) + 2Re(hoh (<2552 )) = 0
= ho = 2L

To find hg, we impose

[(wo, w)* | {wo, v)?

hol? || Mo||?, wh Mol =[5
) + 0. 0) + [hol” [[Mo]|”, where || My||* = [5]

(wo, wo) =
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5
. . 1 1 . 2(39—+v21)
This gives us that hg = £54/15(39 — v/21). It follows that h = i762(4+\/ﬁ) .

If we pick a value for hg then the equation we get involving w and wg has a common factor

of h on both sides. Cancel out h to get

(T, T) - (Q,Q) = d'u+bv,

<(T,T),u>7<(Q7Q),’LL>’ and b/ — T<(T»T)’v>7<(Q7Q)7v> . O

(u,u) (v,

where 7 = ya =7

4+v21
5

Now, we easily deduce the one-strand braiding substitute.

Proposition 6.1.5 (Unshaded One-strand Braiding Substitutes).

u,v € span{(T, T): (Q7 Q)? (T7 Q)? (Q, T)}

Proof. Consider Eqn.1 and Eqn.2 from Lemmas 6.1.2 and 6.1.4. This is a system of two
equations and two unknowns where v and v are treated as the unknowns. We can solve this

system for v and v, since the determinant of this system is

1
agh’ — a'by = 6+ V21 —i\/19 + 4v21) # 0.

We get expressions for v and v as linear combinations of the diagrams (T, T), (Q, @), (T, Q),

and (Q,T). These expressions will be our unshaded one-strand braiding substitutes. O
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6.2 Shaded One-strand Braiding substitutes

Recall from Theorem 5.2.16 the shaded 4-box relations:

% 5.8 9

| f(8) (8) | + 8- | f(8) | + 7|
8 \ 8 8 \ 8
@-@ m m ()
7
| f(8) | =ap- | (8) |+ Bo - | f(8) |+ 70| f(8) |
8 \ 8 8 8

for some «, 3,7, ag, 8o, € C. Notice we replaced M’ by the underlying self-adjoint gen-
erator M.

Let w = (T,Q) and wy = (Q,T). Let W = yow — ywy.

Lemma 6.2.1 (Eqn.A). The following equation holds:

whe?ﬂe 77 — 1 + fll ao — <(TQ) uO) <(Q T) ’U,0>7 and bo — n((TvQ)vv0>7ﬁ<(Q7T)7UO>' [n fact’

(uo0,u0) (vo,v0)
\/§1+ andbo—u/%ﬁ 3v21
Proof. We can assume 7 = ~y. To show that W lies in the span of ug and vg, we use Bessel’s
inequality. We look for v and g for which the following holds:

(W, uo)|* | [(W,v0)|”

W.w) = (ug, uo) (vo,vo)
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We can calculate that

((w,w> _ (](w,u())Q i ‘(w,vo>\2>) _ M

(uo, uo) {vo, vo) 45

and
<<w0 wo) (|<w0,u0>|2 N |<w0,vo>|2>> _ 9+19v21
’ (uo, uo) (vo, vo) 45
Thus our equation holds iff
— 2Re(yovy{(w,uo){wo,u 2 Re(vyoy{w,vo)(wo,v

"YO‘ 9+19\ﬁ+h,‘ 9+1£5\/ﬁ—2R6(70’y (w, wo) )+ (’707<<u0’u()0>>< 0 0>)+ (70’7<<U0’U(;>>< 0.%0)) _
<

__ Re (7o {uo,w) (ug,w Re(Fovy(vo,w) (vo,w
"70| 9+19f+| ‘ 9+lf5\/ﬁ—2Re(70’y <w0’w>)+2 (VoW((u(?’uo))( 0.w0)) | 2 ("YO’Y<<U(§),UO>>< 0,wo)) _
<~

lol? - 9+19f + 2 9+19\ﬁ + 2Re(Fy(c — id)) = 0, where ¢ = 9+1§>O\/ﬁ and d — 9\/§gg7ﬁ
e

2|yo|* - 2L 1 2Re((75)? (¢ - id)) = 0

e

ol* - 2L+ Re((Re (o) — ilm(y0))?(c — id)) = 0

—

S
I

Re(70)? + Im(70)? + (Re(70)? — Im(70)?)5 — 2Re(v0)Im(70)%

<~

3Re(70)* + Im(0)* — 2v/3Re(v0)Im(v) = 0

—

(V3Re(y0) — Im(70))* =0

—
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m(70) = V3Re(7)
<~
70 = Re(70)(1 + V/3i).
So we have equality if ¥ = v9 and 49 = Re(7)(1 + v/3i) = Re(vo)n, where n = 1 + /3i.

To find 7y, we impose

| (wo, wo)|” . [{wo,vo)|”

2 2
, where ||M}||" =[5
<U07U0> <UO7UO> H OH [ ]

+ ol || A5

(wo, wo) =

This gives us that Re(yo) = +4/— 55 + 147%\/?
If we pick a value for Re(y), then the equation we get involving w and wy has a factor of

Re(~p) on both sides and hence, we can cancel out Re(7y) to get

(T, Q) —n(Q,T) = aguo + bovo

— n((T Q) u0> <(Q7T)7u0> and b — 77((T Q) ’Uo> <(QvT)7U0>

. Hence, we have the desired
(uo,uo0) (vo,vo)

,where ag =

equation. ]

Recall from Lemma 5.2.16 the shaded 4-box relations:

w008

T L N LN L
\8 \8 E E

| f(8) | =ap- | (8) |+ Bo - | f(8) |+ ho| f(S) |
E \8 E E

for some «, 3, h, ag, 8o, ho € C.
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Lemma 6.2.2 (Eqn. B). The following equation holds:

% 9 5

3
S f(S) | = 0| ®  J+bo]
E E \8 \8
where T = _ T{(T\T)u0)— <(Q Q)w0)  and b = TULT)0)—((Q.Q)v0) . fact, al) =
(uo,u0) ’ 0 (vo,v0) : > 0

\/ (mdb{)—wg—}—

Proof. Let w = (T,T) and wy = (Q, Q). Let W = how — hwy. We can assume h = h and
ho = hg, since w* = w, wy = wp. To show that W lies in the span of ug and vy, we use

Bessel’s inequality. We look for h and hg for which the following holds:

[(Weug)® (W)

W)= (w0, uo) (vo,v0)

This holds iff

ol () = (G + ) )+ 40 (w0 = (M + 557))

_ 2Re(hoﬁ <'LU, 'LUO>) + 2R€(hoﬁ<w,uo><wo,uo>) + 2Re(hoﬁ<w,v0>(wo,vo>) — 0

<u0,u0) (’007'00)

We can calculate that

(<w,w>—(‘<w’u0>|2+’<w’”°>’2)) 180(363 67v/21)

(uo, uo) {vo, vo)

and

<<wo,w0>— (!(wg,u0)|2 I ’<wo,vo>|2>> 1;0(87+17\ﬁ)

(o, uo) {vo, vo)
Thus our equation holds iff

o2 (ﬁ(%?} - 67@)) + | (ﬁ(w + 17\/ﬁ)> — 2Re(hoh (w, wo))

2Re(hoh(ug,w) (ug,wo) 2Re(hoh{vg,w)(vo,wo)) __
B B e m—

+
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— h%(ﬁ(%:& . 67\/ﬁ)) n hQ(ﬁ(é%? n 17\/5)) n 2Re(h0h(%%@)) _0
= ho = Y21y

To find hg, we impose

|(wo, uo)|* | [{wo, vo)|?
(uo, uo) {vo, vo)

(wo, wo) = + ol || M|, where ||Mg]|* = [5]

L 3(39—+/21)
This gives us that hg = :l:% %0(39 —+/21). It follows that h = im.

If we pick a value for hg then the equation we get involving w and wg has a common factor

of h on both sides. Cancel out A to get

where 7 = 4‘*‘%/57 al = T{(T,T),u0)—{(Q,Q) o)

(u0,u0)

, and by = T<(T7T)v”20>—<(Q,Q)7vo). -
v0,00)

We can now easily deduce the shaded one-strand braiding substitutes.

Proposition 6.2.3 (Shaded One-strand Braiding Substitutes).

g, Vo € span{(T, T)> (Q7 Q)? (Ta Q)? (Qa T)}

Proof. Consider Eqn.A and Eqn.B from Lemmas 6.2.1 and 6.2.2. This is a system of two
equations and two unknowns where ug and vy are treated as the unknowns. We can solve

this system for ug and vy, since the determinant of this system is
/ !/ 2 .
apby — agbo = 52(2\/§ +/7) #0.
We get expressions for ug and vg as linear combinations of the diagrams

(T,7),(Q,Q),(T,Q),(Q,T).
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These expressions will be our shaded one-strand braiding substitutes.
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Chapter 7

Jellyfish Algorithm

In this chapter, we prove that our planar algebra is subfactor. To do this, we use
the Jellyfish algorithm. Many of the proofs in this chapter are slight modifications of the
proofs found in [I]. We adopt the following definitions of arc, distance, and geodesic from
.

Definition 7.0.4 ([I]). Suppose D is a diagram in the planar algebra P. Let Sy be a fized
copy of a generator inside D. Suppose v is an embedded arc in D from a point on the
boundary of So to a point on the top edge of D. Suppose v is in general position, meaning
that it intersects the strands of D transversely, and does not touch any generator except at
its initial point on Sy. Let m be the number of points of intersection between ~ and the

strands of D. If m is minimal over all such arcs v then we say v is a geodesic and m is

the distance from Sy to the top of D.

Lemma 7.0.5. Suppose X is a diagram consisting of one copy of T (or Q) with all strands

pointing down, and d parallel edges forming a “rainbow”, where d > 1. Then X is a linear
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combination of diagrams that contain at most 2 generators, each having distance less than

d from the top of the diagram.

Proof. Suppose our diagram consists of one copy of T'. The proof for a diagram consisting
of one copy of @) is analogous.

Case d = 1. Up to applying the rotation relation p(T") = wr(T'), X is as shown below:

Recall that we have the following unshaded one-strand braiding substitute:

) 00 00 @0 ©¢

| f(S) | =21 | f(8) |+:L“2 | f(S) |—|—963 | f(8) |+:C4 | f(S)

8 8 8 8 8

for some z1, 9, 23,24 € C. Consider what happens as we expand f®on the LHS into
Temperley-Lieb elements. The identity element in f®) gives our diagram X. Any other
diagram in the expansion of f(® has a cup. If the cup lands on T, we get 0. Otherwise, the
cup is at the very left or at the very right and hence gives a diagram with the generator T'
“exposed” (i.e., a diagram consisting of a single copy of T" at distance 0 from the top and a
cup on the bottom boundary of the diagram.). Now, consider what happens as we expand
the f®)s on the RHS into TL elements. Consider just one of the diagrams on the RHS, say
(T,T), since they are analogous. This diagram breaks up into diagrams with two generators,

each of which has distance 0 from the top. Similarly, for the other three diagrams on the
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RHS. By solving for X in the resulting equation, we can write X as a linear combination of
diagrams that contain one or two generators, each of which has distance 0 from the top. If
the shading is reversed for X, then we can apply the shaded one-strand braiding substitute
in analogous fashion. Thus, case d =1 is done.

Now, suppose d > 2. Suppose X has unshaded outer boundary. If d is odd, then
~ begins in a shaded region of X. X contains a copy of the diagram with unshaded outer
boundary as in the case d = 1, up to a rotation of the generator. Apply the result of case
d =1 to derive X as a linear combination of diagrams that contain one or two generators,
each of which has distance d — 1 from the top. If d is even, then v begins in an unshaded
region of X. X contains a copy of the diagram with shaded outer boundary as in case d = 1,
up to a rotation of the generator. Apply the result of case d = 1 to derive X as a linear
combination of diagrams that contain one or two generators, each of which has distance

d — 1 from the top. The case where X has shaded outer boundary is analogous. O

Definition 7.0.6 ([I]slightly modified). We say a diagram D in P is in jellyfish form if all
occurrences of each generator lie in a row at the top of D, and all strands of D lie entirely

below the height of the tops of the copies of each generator.

Lemma 7.0.7. Every diagram in P is a linear combination of diagrams in jellyfish form.

Proof. Let D be a diagram in P with all endpoints at the bottom edge of D. If every copy
of each generator is at distance 0 from the top of D, then D is already in jellyfish form. If
not, we can use Lemma 7.0.5 to pull each copy of a generator to the top of D as follows.

Suppose Sy is a copy of a generator at distance d > 1 from the top of D. Let v be a
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geodesic from Sy to the top of D. Let X be a small neighborhood of Sy U~. By isotopy,
we can assume X is a rectangular neighborhood of Sy U~ which consists of a single copy of
So with all strands pointing down and a “rainbow” of d strands over it. By Lemma 7.0.5,
X is a linear combination of diagrams that contain at most 2 copies of generators, each
having distance less than d from the top of the diagram. Let X’ be one of the terms in this
expression for X. Let D’ be the result of replacing X by X’ in D. Suppose S; is a copy of
the generator in D’. If Sy lies in X', then S is at most distance d — 1. Now, if S7 does not
lie in X', then there is a geodesic in D from S; to the top of D that does not intersect ~.
This geodesic intersects strands in the same number of points as before the replacement of
X by X’. Thus, the distance from S; to the top of D does not increase when we perform
the replacement of X by X’. Thus far, we know that if we replace X by X’ then Sy will be
replaced by one or two copies of generators that are closer to the top of D; and any other
copy of a generator will not be farther from the top of D than before the replacement. This
process will end with a linear combination of diagrams that have all copies of generators at

distance 0 from the top. O

Theorem 7.0.8 (Subfactor property). Po + is one-dimensional.

Proof. Suppose D is a closed diagram with unshaded exterior. We assume D is in jellyfish
form, by Lemma 7.0.7. Assume that no cups are attached to any copy of a generator and

that there are no closed loops.

Claim 7.0.9. There must be a copy of a generator connected to only its adjacent neighbors.

Proof. (of claim) Consider all strands that do not connect adjacent vertices and, amongst
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these, find one that has the smallest number of vertices between its endpoints. Any vertex

between the endpoints of this strand can connect only to its adjacent neighbors. O

Let Sp be such a copy of a generator. Then Sy is connected to one of its neighbors,
say S1, by at least 3 parallel strands. Recall that T2 = f® + aT + bQ, for some a,b € C,
Q? = O 4 T + dQ, for some ¢,d € C, TQ = agT + byQ, for some ag,by € C, and
QT = coT + doQ, for some c¢gy,dyg € C. Thus, we can replace Sy and S; with the relevant
substitution, giving a linear combination of diagrams that are still in jellyfish form but
having fewer copies of generators. By induction on the number of copies of generators, D

is a scalar multiple of the empty diagram. O
Theorem 7.0.10 (P is irreducible). dim(P; ) = 1.

Proof. Suppose D is a diagram in P; . Then, by Lemma 7.0.7, we can assume D is in
jellyfish form. Assume that no cups are attached to any copy of a generator and that there
are no closed diagrams. Now, there are two endpoints on the bottom of D. We can assume
each endpoint connects to a copy of a generator since otherwise D would be in T'L, and
we're done.

If there is a strand that connects two distinct non-adjacent copies of generators,
then amongst such strands find one that has the smallest number of vertices between its
endpoints. Any vertex between the endpoints of this strand can connect only to its adjacent
neighbors. Let Sy be such a copy of a generator. Then Sy is connected to one of its neighbors
by at least 3 parallel strands. (Note that Sy must have two adjacent neighbors.) Apply the

relevant quadratic relation to get a linear combination of diagrams that have fewer copies of
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generators. By induction, each of these is a scalar multiple of the single strand, and hence
D is a scalar multiple of the single strand.

If there is no strand that connects two distinct non-adjacent copies of generators,
then every strand attached to a copy of a generator connects to the bottom of D or connects
two adjacent copies of generators.

Suppose both endpoints at the bottom of D connect to the same copy S’ of a
generator. Since S’ has 6 strands and only 2 of them connect to the bottom of D, there
must be a strand that connects S’ to an adjacent neighbor S”. S” is either to the left or to
the right of S’. Suppose S” is to the left of S’. Among those copies of generators to the left
of S/, consider the leftmost copy. This copy attaches to its adjacent neighbor by 6 strands
and hence forms a closed diagram with its neighbor. This contradicts our assumption that
there are no closed diagrams. Similarly, if S” is to the right of S’, we get a contradiction.

So each endpoint at the bottom of D connects to a distinct copy of a generator.
Say the two endpoints connect to S and Sy, where S is to the left of Ss. There cannot
be a strand from 57 connecting to any copies of generators to the left of S; since then
there would be a leftmost vertex which forms a closed diagram with its adjacent neighbor.
Similarly, there cannot be any strand from Sy conecting to any copies of generators to the
right of Sy. Thus, there are five strands connecting S; to an adjacent neighbor. (Similarly,
for Sy.) Apply a quadratic relation to S and its neighbor (or Sy and its neighbor) to get
a linear combination of diagrams that have fewer copies of generators. By induction, each

of these is a multiple of the single strand, and hence D is as well. O

Theorem 7.0.11. Py = TLs.
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Proof. Suppose D is a diagram in P . Then, by Lemma 7.0.7, we can assume D is in
jellyfish form. Assume no caps attached to a copy of a generator and no closed diagrams.
There are four endpoints on the bottom of D.

Suppose there is a strand that connects two distinct non-adjacent copies of gener-
ators. Then we can find a vertex Sy which is connected solely to its two adjacent neighbors.
Sp is connected to one of its neighbors by at least 3 parallel strands. Apply the relevant
quadratic relation to get a linear combination of diagrams that have fewer copies of gener-
ators. By induction, each of these is in T'Lo, and hence D is in T Lo.

Now, suppose there is no strand that connects two distinct non-adjacent copies of
generators. Then every strand attached to a copy of a generator connects to the bottom of
D or connects two adjacent copies of generators.

If all four endpoints at the bottom of D are connected solely to the bottom of D,
then D is in T'Lo.

If there is a single cap on the bottom of D, then the remaining part of D lies in
P1 and hence is a scalar multiple of a single strand. It follows that D lies in T'Ls.

If all endpoints at the bottom of D connect to a copy of a generator, then consider
the first endpoint at the bottom of D. Let S; be the copy of a generator to which it is
connected. There cannot be a strand from S; conecting to any copies of generators to the
left of S since then there would be a leftmost vertex which forms a closed diagram with
its adjacent neighbor. If S7 connects to an adjacent neighbor by at least 3 parallel strands,
then we can apply a quadratic relation and apply induction to get D in T'Lo. If not, then

S1 connects to an adjacent neighbor S to the right of S; by 2 strands and has 4 strands
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connecting to the bottom. However, there cannot be a strand from S; connecting to any
copies of generators to the right of Sy since there would be a rightmost vertex which forms

a closed diagram with its adjacent neighbor. Contradiction. O

Theorem 7.0.12. P3 =TL3 & ATL3(T) & AT L3(Q).

Proof. Suppose D is a diagram in P3 . Then, by Lemma 7.0.7, we can assume D is in
jellyfish form. Assume no caps attached to a copy of a generator and no closed diagrams.
There are 6 endpoints on the bottom of D.

Suppose there is a strand that connects two distinct non-adjacent copies of gener-
ators. Then we can find a vertex Sy which is connected solely to its two adjacent neighbors.
So is connected to one of its neighbors by at least 3 parallel strands. Apply the relevant
quadratic relation to get a linear combination of diagrams that have fewer copies of gener-
ators. By induction, each of these is in T'Lg & AT'L3(T) & AT L3(Q), and hence D is also.

Now, suppose there is no strand that connects two distinct non-adjacent copies of
generators. Then every strand attached to a copy of a generator connects to the bottom of
D or connects two adjacent copies of generators.

If all 6 endpoints at the bottom of D are connected solely to the bottom of D,
then D is in T Ls.

If there is a single cap on the bottom of D, then the remaining part of D lies in
Py =T Ly and hence D is in T'Ls.

If there are two caps on the bottom of D, then the remaining part of D lies in P
and hence D is in T L3.

If there are no caps on the bottom of D, then each endpoint at the bottom of D
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connects to a copy of a generator. Consider the first endpoint at the bottom of D. Let
S1 be the copy of a generator to which it is connected. There cannot be a strand from .Sp
connecting to any copies of generators to the left of S; since then there would be a leftmost
vertex which forms a closed diagram with its adjacent neighbor. If S; connects to an ad-
jacent neighbor on its right by at least 3 parallel strands, then we can apply a quadratic
relation and apply induction to get D in T'Lg & AT L3(T) & AT L3(Q). If not, then either
all strands of Sy connect to the bottom of D, in which case D is in ATL(T) or ATL(Q), or
S1 connects to an adjacent neighbor Sy to the right of S; by 1 or 2 strands.

If S1 connects to Se by 1 strand, then 5 strands connect S; to the bottom of D and
there is only one remaining endpoint on the bottom of D. Suppose this endpoint connects
to S3. Then there are no strands from S3 connecting to any copies of generators to the right
of S3. S3 must have an adjacent neighbor on its left to which it is connected by 5 strands.
Apply a quadratic relation and induction.

If S1 conects to Sy by 2 strands, then 4 strands connect S7 to the bottom of D
and there are 2 remaining endpoints on the bottom of D. Consider the very last endpoint
and suppose it connects to S3. There are no strands from S3 connecting to any copies of
generators to the right of S3. S3 must have an adjacent neighbor on its left to which it is

connected by at least 4 strands. Apply a quadratic relation and induction. O
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Chapter 8

The planar algebra PA(T, Q) is

662221”

In this chapter, we show that our planar algebra PA(T, Q) has the graph “2221”
as its principal graph. We consider the tensor category of projections of a planar algebra,

as laid out in [14].

Definition 8.0.13 ([14]). Given a planar algebra P we construct a tensor category Cp as

follows.
e An object of Cp is a projection in one of the 2n-box algebras Psy,.

e Given two projections m € Pay, and wy € Py, we define Hom(my, me) to be the space
o Py—ymT1 (Ppn—m 1S a convenient way of denoting Plrym), drawn with n strands going

down and m going up.)

e The tensor product m ® mwo is the disjoint union of the two projections in Popyom.
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e The trivial object 1 is the empty picture (which is a projection in Py).

e The dual ™ of a projection m is given by rotating it 180 degrees.

Remark 8.0.14 ([14]). This category comes with a special object X € Py which is the
single strand. Note that X = X. We would like to be able to take direct sums in this
category. If w1 and wy are orthogonal projections in the same box space P, (i.e. if mimy =
0 = momy ), then their direct sum is just m + mo. However, if they are not orthogonal the
situation is a bit more difficult. One solution to this problem is to replace the projections
with isomorphic projections which are orthogonal. However, this construction only makes

sense on equivalence classes, so we use another construction.

Definition 8.0.15 ([14]). Given a category C define its matriz category Mat (C) as follows.

1. The objects of Mat (C) are formal direct sums of objects of C

2. A morphism of Mat (C) from Ay @ ... D A, — B1 @ ... ® By, is an m-by-n matriz

whose (1, j)th entry is in Home (Aj, B;).

Remark 8.0.16 ([14]). IfC is a tensor category then Mat (C) has an obvious tensor product
(on objects, formally distribute, and on morphisms, use the usual tensor product of matrices
and the tensor product for C on matriz entries). If C is spherical then so is Mat (C) (where
the dual on objects is just the dual of each summand and on morphisms the dual transposes

the matriz and dualizes each matrix entry).

Lemma 8.0.17 ([14]). If w1 and 7o are orthogonal projections in Pay,, then w1 ®me = w1+

in Mat (Cp).
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Proof. Define f :m &my — m+mand g : mp + 79 — m G me by f = (7?1 772) and

Ut
g = . Then fg — ]-7r1+7r2 and gf = 17716971'2' =
T2

Definition 8.0.18 ([14]). An object 1 € Mat (Cp) is called minimal if Hom(m,m) is 1-

dimensional.

Definition 8.0.19 ([14]). A planar algebra is called semisimple if every projection is a
direct sum of minimal projections and for any pair of non-isomorphic minimal projections

m1 and w2, we have that Hom(my, m2) = 0.

Definition 8.0.20 ([14]). The principal (multi-)graph of a semisimple planar algebra has

as vertices the isomorphism classes of minimal projections, and there are
dim Hom(m ® X, m2)(= dim Hom(7, m ® X))
edges between the vertices m € P, and wo € Py,.

Recall the principal graph “22217:

L fogw 3 & N

(2)
/ R M,

We look for the projections S, P, and R as linear combinations of f®, T, and Q.
If we suppose that our projection P is equal to aof®) + BT + +Q and impose the condition
that P is a projection, then we get the following three equations:
e 2+ 2+ =q

2 3 2 2 2
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. 20[’7 i ﬂ?Z[(ﬁTQ) + 72Z[£}QS) 4 QB")/Z(%TT) =

Solving this system of equations, we get 6 possible values for «, 8,7 (see below). Because

of the symmetry between the last four values, we predict the first two possible values to be

for S.

For S, we have the following possible values for «, 3,7 :

6—v21 B = 71+\ﬁ 2
5 )

¢ o= 7=/ 313v21
o =14+V21 5 1=VR1 2
¢ a= 5 B = 0 7= 134321

For P, we get the following possible values for «, 3, :

.a:%’ﬁz_%(_3+3\/ﬁ+5m%7
o o — 1121 fjﬂ ( 3+3f+5\/m)77——

For R, we get the following possible values for a, 5,y

— e 3+ 3v/21 — 51/6(—3 + v21)), 7 = 2
* e p= ( val = RN \/27—%—7\/5—\/6(141-&-31\/5)

o o= 102 g (34321 5,/6(-3+ 21

Let
§=afP+ 5T +4Q,

621 ar _ 71+W 2
B = Y = 134+3v21°

where o/ =

Let

P=af® + BT +7Q,
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\/27+7\/ﬁ+\/6(141+31\/ﬁ)

2
\/27+7\/ﬁ+\/6(141+31\/ﬁ)
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where v = =2V2L 3 — L 34 3./57 4 5,/6(—3 + v/21)),y = 2 .
10 60( ( ) \/27+7\/ﬁ+\/6(141+31\/ﬁ)

Let

R = agf® + BT + 0,

where ag = =152 gy = — L(_313\/21-5,/6(=3 + v21)),70 = — 2 _
0= T = Tl ( AL vy eI

Let
) P
M, =P ®idy — e ~
Qg fa
(3] P
Let
. R
My = R @ idy — — - ~
(&%) 3] /R
=&

The main theorem of this chapter is the following.

Theorem 8.0.21. The planar algebra “22217 is semi-simple, with minimal projections
f(o),f(l),f(z),S7 P, R, M1, My, where S, P, R, My, My are as defined above. The principal

graph is the graph

Furthermore, the dual principal graph is also H, with the appropriate minimal projections.

Proof. The proof depends on lemmas that are proven in the remainder of this chapter. S, P,
and R are projections by our choice of coefficients. Also, it is not difficult to check that

M, and M, are projections. Let M = {f©) f) 2 5 P R M, M}. Lemmas 8.0.22,
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8.0.24, and 8.0.26 imply that every projection in M is minimal. Lemma 8.0.27 implies that
Hom(A, B) = 0 for any distinct A, B € M. Lemmas 8.0.28, 8.0.29, 8.0.30, 8.0.31, and
8.0.32 imply that for each Y € M, the projection Y ® f() is isomorphic to a direct sum of
projections in M. Hence, id,, for any n, is isomorphic to a direct sum of elements in M. If

p € Py, is a projection, then p + (id,, — p) = id, and p(id, — p) = 0. Hence,
p+ (idy, — p) = p® (id, — p) by Lemma 8.0.17
= idy, = p® (idy, — p)

But

idy = ()"
— (f“))®n = p® (idy — p)

= p® (id,, — p) = a direct sum of elements in M

That is, every projection is a direct summand of ¢d, for some n, and hence is a direct
summand of a direct sum of elements in M. In particular, every minimal projection is a
direct summand of a direct sum of elements in M and hence is isomorphic to an element in
M. That is, all the minimal projections are in M, up to isomorphism. The fact that the
planar algebra “2221” has principal graph H follows from Lemmas 8.0.28, 8.0.29, 8.0.30,
8.0.31, and 8.0.32.

To show that the dual principal graph is H, we make an appropriate choice of two
generators Tp, Qo € P3— and minimal projections Sy, Py, Ro, M1, Ma,.

Let Ty = p'/2(T) and Qp = w - p*/%(Q). Then Ty, Qo are self-adjoint, uncap-
pable, rotational eigenvectors with eigenvalues 1 and w, respectively. All the trace values
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of Lemma 5.0.14 hold for Ty, Qg. It follows that the 3-box relations of Theorem 5.0.16 hold
for Ty, Qo (ignoring the twisted versions). Lemmas 5.2.2,5.2.4,5.2.6,5.2.7,5.2.8 all hold for
Ty, Qo- Hence, the 4-box relations hold for Ty, Qq. It follows that the one-strand braiding
substitutes hold as well. The jellyfish algorithm applies. That is, Lemmas 7.0.5 and 7.0.7
hold for Ty, Q9. Consequently, Theorem 7.0.8 holds for Py _ , Theorem 7.0.10 holds for Py _
, Theorem 7.0.11 holds for P _ , and Theorem 7.0.12 holds for P3 _ with T', ) replaced by
T, Qo-

Let So, Py, Ro, My,, M2, be S, P, R, My, Ma yrespectively, with T', () replaced by
Ty, Qo. Then f(o), f(l), f(Q), So, Po, Ro, M1,, M>, are minimal projections and the dual prin-
cipal graph is “2221”. The proof is analogous to the proof for the principal graph— just

replace every T, () with Ty, Qo and replace S, P, R, My, My with Sy, Py, Ry, M1, Ma,. O
Lemma 8.0.22. The Jones-Wenzl idempotents ¥, for k =0,1,2 are minimal.

Proof. f© is minimal because Hom( f ©) (0)) is one-dimensional. That is, every closed
diagram x € PA(T, Q) is a multiple of the empty diagram.

Hom(f®, f()) consists of all diagrams of the form

for some diagram B in P(T,Q);. We will see what happens as we plug in various diagrams

for B.

111



Claim 8.0.23. Any diagram of the above form which is non-zero is equal to a multiple of

the diagram obtained by inserting the identity in for B.

Proof. P1 =TL; and Ps = T'Ly by Lemmas 7.0.10 and 7.0.11. If we plug in a TL diagram,
then the diagram must not have any caps/cups because the f (g will give 0. Hence, any

TL diagram we plug in must be a multiple of the identity. O
Hence, each Hom space Hom(f*), f(k)) is one-dimensional, for k = 0,1, 2. O
Lemma 8.0.24. The projections S, P, R are minimal.

Proof. Consider P first. Consider Hom(P, P), which consists of all diagrams of the form

for some diagram B in P(T,Q)s.

Claim 8.0.25. Any such diagram (which is non-zero) is equal to a multiple of the diagram

with the identity inserted in for B.

Proof. First, consider inserting a Temperley-Lieb diagram. The TL diagram must not have
any caps/cups on it because P with a cap/cup would give 0. Hence, the TL diagram must
be a multiple of the identity. Now, consider any diagram with exactly one T' or @ (since

any diagram in P3 is in T'Lg @& AT L3(T) & AT L3(Q)). Suppose we had a diagram with
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exactly one T'. Then we have (up to rotation)

But PT = gP, where P = af®) + BT + ~Q. To see this, we have that

_ 2(1%) | Z(T°Q) Z(QT*) | Z(QT) (3)
PT = (a+8 Tt )T+ (8 Tt Q-+ 8
and
_«a Z2(1%) Z(T°Q)
=5l T )
_a(,Z(QT?) | Z(QT)
=50 )
So we get PTP = gPP = gP, which is a multiple of the diagram with identity
inserted.

Similarly, we have that PQ = ZP. To see this we check that

=28

21°Q) | 2(TQ?)
g m )

and

(07

’Y:§<04+5

2TQ% | Z(Q¥)
T )

So we get PQP = 1 PP = 1P, which is a multiple of the diagram with identity inserted. [
Similarly, for S and R, we have that
g 24

ST =25, 5Q=Ls,
[0 «
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and

Yop ro=r.

RT =2
Q@ %))

The proofs for S and R are analogous. O
Lemma 8.0.26. M, and My are minimal.

Proof. Consider Hom(Mj, M;). Let D be a morphism from M; to M;. D consists of a
diagram Dg in Hom(idg, 1) standing on M; ® M;. Assume Dy is in jellyfish form. Assume
no cups/caps attached to a copy of a generator and no closed diagrams. If Dy is a TL
element, view it as an element in T'L4. Any non-identity element caps off M; and hence
gives 0. The identity element gives M = M;.

Suppose there is a strand that connects two distinct non-adjacent copies of gener-
ators. Then we can find a vertex Sy which is connected solely to its two adjacent neighbors.
So is connected to one of its neighbors by at least 3 strands. Apply the relevant quadratic
relation to get a linear combination of diagrams that have fewer copies of generators. By
induction, each of these is a multiple of M7 and hence so is D.

Now, suppose there is no strand that connects two distinct non-adjacent copies of
generators. Then every strand attached to a copy of a generator connects to the bottom of
Dy or connects two adjacent copies of generators.

If all 8 endpoints at the bottom of Dy are connected solely to the bottom of Dy,
then Dg is in TL and we’re done by our analysis of the case where Dy lies in TL.

If there are exactly 3 caps on the bottom of Dy, the only way that this can happen

so that M; doesn’t immediately get capped off is if the caps occur at positions (2,7),(3,6),
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and (4,5). In this case, the remaining part of Dy lies in P; and hence Dy is in TL and we're
done.

If there are exactly two caps on the bottom of Dy, the only way that this can hap-
pen without immediately capping off M is if the caps occur at positions (3,6) and (4,5). In
this case, the remaining part of Dy lies in Po = T'Lo. Hence, Dy lies in TL and we’re done.

If there is exactly one cap on the bottom of Dy, the only way this can happen
without immediately capping off M; is if the cap occurs at position (4,5). In this case, the
remaining part Ry of Dy lies in P3 = T'L3 & AT L3(T) @ AT L3(Q). The component of Ry
in T'L3 gives Dy as an element in TL and we're done. The component of Ry in AT L3(T)
gives D itself as a multiple of M;. To see this, expand M; and M; and use the fact that
TP = gP and the fact that P is a projection to get ng. Similarly, for the component of
Ry in ATL3(Q), use the fact that QP = 2P to get D as a multiple of M.

If there are no caps at the bottom of Dy, then each endpoint at the bottom of Dy
connects to a copy of a generator. Consider the first endpoint on the bottom of Djy. Let
S1 be the copy of a generator to which it is connected. There cannot be a strand from .Sy
connecting to any copies of generators to the left of 1 since then there would be a leftmost
vertex which forms a closed diagram with its adjacent neighbor. If S; connects to an ad-
jacent neighbor on its right by at least 3 parallel strands, then we can apply a quadratic
relation and induction to get D as a multiple of M;. If not, then either all strands of 51
connect to the bottom of Dy or S; connects to an adjacent neighbor Sy to the right of S
by 1 or 2 strands.

If all strands of S7 connect to the bottom of Dy, then there are two remaining
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endpoints at the bottom of Dy. Consider the very last endpoint on the bottom of Dy,
and suppose it connects to S3. There are no strands from S3 connecting to any copies of
generators to the right of S3. S3 must have an adjacent neighbor on its left to which it is
connected by at least 4 strands. Apply a quadratic relation and induction to get D as a
multiple of Mj.

If S1 connects to an adjacent neighbor Sy to the right of S; by 1 strand, then S
connects to the bottom of Dy by 5 strands. There are 3 remaining endpoints on the bottom
of Dy. Consider the very last endpoint on the bottom of Dy, and suppose it connects to Ss.
S3 must have an adjacent neighbor on its left to which it is connected by at least 3 parallel
strands. Apply a quadratic relation and induction to get D as a multiple of M;.

If S1 connects to an adjacent neighbor Ss to the right of S; by 2 strands, then S;
connects to the bottom of Dy by 4 strands. Consider the very last endpoint on the bottom
of Dy and suppose it connects to S3. S3 connects to the bottom of Dg by either, 1,2,3, or 4
strands. If S3 connects to the bottom by 1,2, or 3 strands, then S3 must have an adjacent
neighbor on its left to which it is connected by at least 3 parallel strands. Apply a quadratic
relation and induction to get D as a multiple of M;. If S3 connects to the bottom of Dy
by 4 strands, then S3 has an adjacent neighbor Sy on its left to which it is connected by
2 strands. Sy is either equal to S; or is connected to an adjacent neighbor by 4 strands.
If the latter, we're done by applying a quadratic relation and induction. If S4 is equal to
S1, then D evaluates to 0. To see this, expand out M; and use the fact that TP = gP (or
QP = 1P) and the partial trace relation.

The proof for My is analogous. Use the fact that TR = %R (or QR=2R). O
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Lemma 8.0.27. If A and B are two distinct projections from the set
{f(0)7f(1)7 f(2)75> Pa R7 M17M2}7
then Hom(A, B) = 0.

Proof. Suppose A and B are distinct Jones-Wenzl projections. Then Hom( fO f (1)) =0
and Hom(f("), ) = 0 because any morphism in Hom(f(®, f()) can be seen as lying in
Hom(id;, 1), which is 0 by convention and any morphism in Hom(f®), f?)) = 0 can be seen
as lying in Hom(ids, 1), which is 0 by convention. In fact, Hom(id,,, 1) is 0 for any n odd.
It remains to show that Hom(f(©, f(?)) is 0. Let D be a morphism from £ to f(2). Then
D can be seen as a diagram Dy € Hom(idy, 1) standing on top of f2). Dy is in P; and
hence Dy is a multiple of the single strand. This puts a cap on f? and so we get 0.

Suppose A is a Jones-Wenzl projection, while B is S, P, or R. If A = f(© then
any morphism D from A to B lies in Hom(ids, 1), and hence is 0. If A = £, then any
morphism D from A to B lies in Hom(ids, 1), and hence is 0. If A = fM and B e {S, P, R},
then let D be a morphism from A to B. D consists of Dy € Hom(idy, 1) standing on top of
B ®idy. Assume Dy is in jellyfish form. Dy lies in P, = T Ly, and hence Dy puts a cap on
B. So we get 0.

Suppose A = f© and B e {My, Ms}. Assume D is a morphism from A to B. D
consists of a diagram Dy € Hom(idy, 1) standing on B. Assume Dy is in jellyfish form. Dy
lies in Py = T'Ly, and hence Dy puts a cap on P in M; (or a cap on R in Ms). So we get 0.

Suppose A = f) and B € {M;, M5}. Then any morphism D from A to B lies in
Hom(ids, 1) and hence is 0.

Suppose A = f?) and B € Hom(M;, My). Say B = M;. Let D be a morphism
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from A to B. Then D consists of a diagram Dy € Hom(idg, 1) standing on top of B ® @,
Assume Dy is in jellyfish form. Dy lies in P3 = T'Ls @ AT L3(T) @ ATL3(Q). Any TL
element caps off M; and hence gives 0. Any AT L3(T') element gives 0, by a simple calcula-
tion using the fact that TP = gP and the partial trace relation. Similarly, any AT L3(Q)
element gives 0, using the fact that QP = 1P and the partial trace relation. The case
B = My is similar; use the fact that TR = %R and QR = g—gR. Thus, D is 0.

Suppose A € {S,P,R} and B € {S,P,R} and A # B. Let D be a morphism
from A to B. Then D consists of A, B, and a diagram Dy € P3 between them. Since
Dy € Ps =TL3s® ATL3(T) ® AT L3(Q), consider what happens to any diagram in 7'Ls,
ATL3(T), and ATL3(Q). Any TLs diagram either caps off A and B or is the identity,
in which case we get AB = 0 ( since AB = 0 for any A, B € {S,P,R} with A # B).
Any diagram in AT L3(T) gives a multiple of AT B, which is a multiple of AB = 0 since
PT = gP (and similarly for S, R). Any diagram in AT'L3(Q) gives a multiple of AQB,
which is a multiple of AB = 0 since PQ = 1P (and similarly for S, R).

Suppose A € {S, P, R} and B € {Mj, Ms}. Any morphism D from A to B lies in
Hom(id7,1) and hence is 0.

Suppose A = My and B = Ms. Consider a morphism D from A to B. D consists
of a diagram Dg in Hom(idg, 1) standing on M; ® My. Assume Dy is in jellyfish form.
Assume no caps/cups are attached to any copy of a generator and no closed diagrams.

If Dg lies in TL, view it as an element in T'L4. Any non-identity element caps off
M; and hence gives 0. The identity element gives MaM; = 0.

Supose there is a strand that connects two distinct non-adjacent copies of genera-
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tors. Then we can find a vertex Sy which is connected solely to its two adjacent neighbors.
S is connected to one of its neighbors by at least 3 parallel strands. Apply the relevant
quadratic relation to get a linear combination of diagrams that have fewer copies of gener-
ators. By induction, each of these is 0. Hence, so is D.

Now, suppose there is no strand that connects two distinct non-adjacent vertices.
Then every strand attached to a copy of a generator connects to the bottom of Dy or con-
nects two adjacent copies of generators.

If all 8 endpoints at the bottom of Dy are connected solely to the bottom of Dy,
then Dy is in TL, and we’re done by our analysis of the case where Dy is in TL.

If there are exactly 3 caps on the bottom of Dy, the only way that this can hap-
pen so that M; and Ms don’t immediately get capped off is if the caps occur at positions
(2,7),(3,6),(4,5). In this case, the remaining part of Dy lies in P; and hence Dy is in TL,
and we're done.

If there are exactly 2 caps on the bottom of Dy, the only way that this can happen
without immediately capping off My or M is if the caps occur at positions (3,6) and (4,5).
In this case, the remaining part of Dg lies in Po = T'Ls. Hence, Dy lies in TL and we’re
done.

If there is exactly one cap, the only way this can happen without immediately
capping off My or M is if the cap occurs at position (4,5). In this case, the remaining part
Ry of Dy lies in P3 =T L3 ® ATL3(T) & AT L3(Q). The component of Ry in T'Lg gives Dy
as an element in TL and we’re done. The component of Ry in AT L3(T) gives D itself as 0.

To see this, expand M; and M> and use the fact that TP = gP and the fact that RP = 0.
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Similarly, for the component of Ry in AT L3(Q), use the fact that QP = %P to get D as 0.
If there are no caps at the bottom of Dy, then each endpoint at the bottom of Dy
connects to a copy of a generator. Consider the first endpoint at the bottom of Dy. Let
S1 be the copy of a generator to which it is connected. There cannot be a strand from .Sy
connecting to any copies of generators to the left of 1 since then there would be a leftmost
vertex which forms a closed diagram with its adjacent neighbor. If S; connects to an ad-
jacent neighbor on its right by at least 3 parallel strands, then we can apply a quadratic
relation and induction to get D as 0. If not, then either all strands of S; connect to the
bottom of Dg or S connects to an adjacent neighbor Sy to the right of S; by 1 or 2 strands.
If all strands of S; connect to the bottom of Dy, then there are two remaining
endpoints at the bottom of Dy. Consider the very last endpoint on the bottom of Dy,
and suppose it connects to S3. There are no strands from S3 connecting to any copies of
generators to the right of S3. S3 must have an adjacent neighbor on its left to which it is
connected by at least 4 strands. Apply a quadratic relation and induction to get D as 0.
If S; connects to an adjacent neighbor Sy to the right of S7 by 1 strand, then S
connects to the bottom of Dy by 5 strands. There are 3 remaining endpoints at the bottom
of Dy. Consider the very last endpoint on the bottom of Dy, and suppose it connects to Ss.
S3 must have an adjacent neighbor on its left to which it is connected by at least 3 parallel
strands. Apply a quadratic relation and induction to get D as 0.
If S1 connects to an adjacent neighbor Sy to the right of S7 by 2 strands, then 5
connects to the bottom of Dy by 4 strands. Consider the very last endpoint on the bottom

of Dy, and suppose it connects to S3. S3 connects to the bottom of Dy by either 1,2,3 or 4
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strands. If S3 connects to the bottom by 1,2, or 3 strands, then S3 must have an adjacent
neighbor on its left to which it is connected by at least 3 parallel strands. Apply a quadratic
relation and induction to get D as 0. If S3 connects to the bottom of Dy by 4 strands, then
S3 has an adjacent neighbor Sy on its left to which it is connected by 2 strands. Sy is either
equal to Sp or is connected to an adjacent neighbor by 4 strands. If the latter, we’re done
by applying a quadratic relation and induction. If S4 is equal to S, then D evaluates to 0.
To see this, expand out M; and use the fact that TP = gP (or QP = 1P) and the partial

trace relation. O

We have the following well-known fact, which we state without proof. The proof

can be found in [14].
Lemma 8.0.28. f*) @ () is isomorphic to f&=D @ fE+D) for k= 1.
Of course, f©) @ id; = f(),

Lemma 8.0.29. f@ ®id, =~ fU e Se PaR.

121



Proof. Let f: f® @idy — f1) ® S @® P ® R be the morphism given by

(1)
2] f

3]

lf(Q)l J lf(2)l lf(Q)l lf(Q)l
1 [ | [ | [ |
£ s 1P JL rR |

T T T T T T T T T T

Then gf = f@® ®id; = idp(2)giqy» DY Wenzl's relation. fg = id;a)ggeper follows from the
fact that SP = PS = SR = RS = PR = RP = 0. Hence, f and g are inverses of each

other. O

Lemma 8.0.30. S ®id; = [,

Proof. Let f: S ®id; — f® be given by




Let g: f® — S ®id; be given by
sy

@
Then fg = f by the fact that S is a projection and the partial trace relation. For ¢gf, we

have
S
1 N,
~
=

S
~ is a scalar multiple of S ® id;. To see this, we let A =

>W If so, we have that

S
~ and
~
=

However,

~

==
B = S ®id;, and check to see that (A, A)(B,B) = (A, B
"M 7(8),(B,B) = 6Z(S), and (A, B) = Z(S).

A= %B. We calculate that (4, A) = « 5l
Since 0/%5 = 1, the equation (4, A) (B, B) = (4, B) (4, B) holds and A = B. Hence,

~ S ®id,

-
gf =ad-
=

It follows that g and f are inverses of each other.

Lemma 8.0.31. P®id; = f® & M; and R®id; = f@ & M.

Proof. First, we establish that

1

4
"

=l
)
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Let f: % . — @ be given by

B

)
29

and let g : f& — —7 be given by

We can check that fg = ids«) and gf = idq, where a = ﬁ : . The claim that

3]

==
o/
T

P

fg=1id e follows from the fact that P is a projection, along with the partial trace relation
used three times. The claim that gf = id, follows from the fact that £ is a projection,
2)

along with the partial trace relation used twice. We have thus established that a = f(2).

We now prove the lemma.
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Recall that

)
'3

M, =P ®idy — -
ol
(3]
So
P®idi =M +a
XM Pa because M; and a are orthogonal and Lemma 8.0.17
>~ M @ P because a = ()

Thus, P ® idi = M, & f(2) ~ f(2) @® M. The proof of the claim that R ® id; = f(2) e M,

is analogous to the above proof. We use the fact that

>~ £(2),

H_RJ

Lemma 8.0.32. M; ® idy = P and M> ® idy = R.

Proof. Let f: My ® idy — P be given by

o /T \

and let g : P — M7 ® idy be given by

125



We have that fg = P. To see this, use the fact that M; is a projection, then expand M;
1 ) = 1. Now,

el
73]

while taking the partial trace of M;. Use the fact that ¢ ((5 —

M
1
=0 - -M; ®idy = M; ®1idy,

M

hga:

if

M,y
~ :%~M1®id1.
~
e

It suffices to show

My

/
T
ey

and B = M;®id;. We need to check that (A, A) (B, B) = (A, B) (A, B)

1
= - M ®idy

My
Let A = ~
~
L

If so, A= gg’g;B . We calculate

(A, 4) = (0 - — | z(m)
N
3]
2
1
=(o-— ] 2
E]|
1 2
- (5) =
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We calculate

We calculate (A, B) = Z(M;) = +Z(P). On the one hand, we have (A, A) (B, B) = (Z(P)*

2

On the other hand, (A, B) (A, B) = (Z(;))Q. So equality holds, and A = *B. The proof

that My ® idy = R is analogous. O
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Chapter 9

Uniqueness

In this chapter, we explore the other possible pair of generators which generates a
“2221” subfactor planar algebra. All of the equations used to find the generator in X 3w?
are the same as those used to find .S and @), except with every n and w conjugated. Let U
be the generator coming from X 3% which corresponds to S, and let V' be the generator
corresponding to ). Note that V is just @), with n and w conjugated. Hence, the matrices
used to calculate traces for V' are the transposes of the matrices used to calculate traces for
Q. That is, if L; (i = 1,...,8) are the matrices in the decomposition of the matrix represen-
tation for V, then L; = NZ-T (i=1,...,8), where N; are the matrices in the decomposition
of the matrix representation for Q. (Similarly, for U.) Denote V by Q.

Recall that when we identified the generator 7' in Theorem 4.0.12, we had the
freedom to choose the imaginary part of s to be positive or negative. Let T denote the
generator with I'm(s) negative. Then T is just T with its coefficients conjugated. Hence,

the matrices in the decomposition of its matrix representation are the transposes of those

128



for T. The trace values for T and @ (along with the the trace values of their mixtures) are
the same as those for T" and Q.

For the half-rotations of T and @, note that the matrices for p'/ 2(T) are the trans-
poses of those for p'/2(T). The matrices for p'/2(Q) are the conjugates of the matrices for
p'/2(Q). Hence, the trace values for the pair (p'/2(T) , p'/?(Q)) are conjugates of the trace
values for the pair (p'/2(T) , p'/2(Q)).

The 3-box relations 1,2,5,6 of Theorem 5.0.16 hold for T , @ since the trace values
are exactly the same as those for 7', ). The twisted 3-box relations 3,4,7,8 of Theorem
5.0.16 also hold for T , @ (with w replaced by w? everywhere) since the trace values for
half-rotations of T , @) are the conjugates of those for half-rotations of T, Q.

Lemma 5.2.2 holds for T , Q. Lemmas 5.2.4 and 5.2.6 hold ( with conjugation
everywhere) for T, Q. Lemmas 5.2.7 and 5.2.8 hold for T', Q. Since all the inner product
values for T, @ are the conjugates of those for T, @Q, the unshaded 4-box relations hold for
T, Q ( where u, v, and M are defined accordingly). Similarly, the shaded 4-box relations
hold for T , Q.

The one-strand braiding substitutes also hold for T , Q. Eqn.1 of Lemma 6.1.2
holds where 7, ag, by are conjugated. Eqn. 2 of Lemma 6.1.4 holds where 7,a’,b’ are con-
jugated. We have the unshaded one-strand braiding substitute for T, Q because the
determinant of the 2 by 2 system of equations for 7', Q is just the conjugate of the de-
terminant of the system in Proposition 6.1.5, and hence non-zero. Similarly, we have the
shaded one-strand braiding substitute.

All the theorems of Chapter 7 hold for T, Q and we can show that P(T,Q) is
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a subfactor planar algebra. Since the trace values for T, Q are the same as for T, Q , all
the calculations of Chapter 8 remain unchanged and P (T, Q) has principal graph “2221”.
It also has dual principal graph “2221”; the proof is analogous to the proof for the dual
principal graph of P (T, Q), except we define Qo = w?p'/2(Q). Thus, there are actually at
least two subfactor planar algebras having principal graphs “2221”, namely P(T, Q) and
P(T. Q).

Recall from Theorem 4.0.12 that there is another possible generator P of rota-
tional eigenvalue 1. It happens to be the case that the pair (P, —S) has exactly the same
trace values as those for the pair (T, Q). That is, Lemma 5.0.14 holds with T" replaced by
P and @ replaced by —S. Hence, P(P,—S) is a subfactor planar algebra having principal
graphs “2221”. Analogous to the pair (T, Q), we have that P(P,—S) is also a subfactor
planar algebra having principal graphs “2221”. Thus, P(P, —S) is isomorphic to P(T,Q),
and P(P,—S) is isomorphic to P(T, Q).

Now, we want to prove that the pairs (1,w) and (1,w?) are the only two possible
pairs for the rotational eigenvalues wr,wg. That is, we want to prove uniqueness up to
conjugation of “2221”. In order to show this, we will rule out each pair (wr,wq) except for
(1,w) and (1,w?). We will first prove that wr and wg cannot be equal. Then, it suffices
to rule out the pair (w,w?); this is done by looking at the two unique(up to conjugation)
elements ) and S in the graph planar algebra, as given in Theorem 4.0.13, and checking to
see that neither of them can pair up with their conjugates V = Q and U = S. That is, we
rule out the pairs of generators (Q, Q), (@, S), (S,Q), and (S,S).

The following claim proves that the rotational eigenvalue of the new element M
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at level 4 is a 2-th root of unity.
Claim 9.0.33. w3, =1
* *
() ——()
Proof. Let K = @ .
() ——)
Then K = w% : @

We can turn the above diagram inside out to get just K by using sphericality and isotopy.

So the above expression is equal to w?w . @

That is, K = w?w - K. Since K # 0, w?\/l = 1. Furthermore, since wy; is a 4-th root of unity,

we have w%/[ =1. O

The next claim is proven by Jones in Theorem 5.2.3 of [§] in a general setting. I

will prove it for our specific situation using the same idea.

Claim 9.0.34. Suppose T' and Q' are the two generators of a “22217 subfactor planar

algebra. Then wrr # wey

Proof. Let T' o Q' be defined as

Q/
[T
Then T’ 0 Q' € span{id, @ p*/>(T"),T' ® idy,idy @ p*/*(Q"), Q' ® idy, M} and

Coef frroq (idy @ p'/*(T")) = wiwly - Coe f friog (T’ @idy),
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Coef friog(idi ® p'/*(Q')) = wrr - Coef friagy(Q' @ idh)

On one hand, p*(T" 0 Q') = Q' o T" if wy = wg. One can see this by double rotating the
diagram T" o @Q’.

On the other hand, p?(T' 0 Q') = T" 0 Q' if wy = wgr. To see this, start by writing out
T’ o @' as a linear combination of ATL elements and M. Then take the double rotation
of both sides. Use the fact that wy = wgs is a 3-th root of unity and the fact, by Claim
9.0.33, that w3, = 1.

Hence, 7" 0 Q' = Q" o T" if wp» = wg. On one hand, 7" o Q" and Q' o T" are orthogonal
because T'Q' = Q'T" € span{T’,Q’'}. Tt follows that (7" o Q’', T 0 Q') = 0. On the other

hand, (T o Q",T" 0 Q') = % # 0. Contradiction. Thus, wyr # wgy. O

Now, we are ready to prove uniqueness up to conjugation.

Theorem 9.0.35. The “22217 subfactor planar algebra is unique up to conjugation.

Proof. According to Claim 9.0.34, the rotational eigenvalues wrs and wgs of the two gener-
ators 7", Q' of our planar algebra cannot be equal. Hence, the only possible pairs (wr, wgr)
are (1,w), (1,w?), and (w,w?). It suffices to rule out (w,w?). By the embedding theo-
rem for finite depth subfactor planar algebras, which states that any finite depth subfactor
planar algebra P with principal graph I" can be injectively mapped into the graph pla-
nar algebra of T, it suffices to rule out (w,w?) in the graph planar algebra of “2221”.(see
[10] for more details on the embedding theorem.) According to Theorem 4.0.13, the only

possible generators at level 3 of a “2221” graph planar algebra that have rotational eigen-
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value w are (multiples of) @Q and S. Their conjugates V = Q and U = S (or multiples
thereof) are the only possible generators at level 3 that have rotational eigenvalue w?
as explained in the remark immediately following Theorem 4.0.13. Suppose our pair of
generators has the pair of rotational eigenvalues (w, w?). Then our pair must be (up to

pairs of multiples) among the pairs (Q,V),(Q,U),(S,V),(S,U). Suppose @ and V are

our potential generators. Then we expect various quadratic relations to hold. In par-

ticular, we expect QV = Z(%V)Q + Z(%/Z)V. In order for this to hold, we must have

2172 2y|2
Z2(Q?V?) = |Z(‘f4]v)’ n ‘Z(% . However, 2(Q2V?) = MBH8YT pile 7(Q2V) = 0 and

Z(QV?) = 0. Thus, (Q,V) cannot be a pair of generators. Similarly, Z(Q?U?) = W
while Z(Q?*U) = 0 and Z(QU?) = 0. So (Q,U) cannot be a pair of generators. Analo-
gously, for the pairs (S, V) and (S, U), we find that Z(S2U?) = Z(5%V?) = W while
Z(S?U) = Z(SU?) = Z(5%V) = Z(SV?) = 0. Hence, neither of (S, V), (S,U) can be pairs
of generators. Pairs of the form (aX,8Y) (where X € {Q,S},Y € {V,U} and «, 8 € C are
nonzero) also do not satisfy the requisite equation since Z((aX)?(8Y)?) = o?B%Z(X?%Y?)
is nonzero while Z((aX)?8Y) = o?8Z(X?Y) = 0 and Z(aX(BY)?) = af%Z(XY?) = 0.
Since none of the possible pairs satisfies the quadratic relation, we cannot have (w,w?) as a

possible pair of rotational eigenvalues for our generators. O
Corollary 9.0.36. The “2221” subfactor is unique up to conjugation.

Proof. According to a theorem by Popa([16]), if a subfactor satisfies strong amenability,
then its standard invariant is a complete invariant. Any subfactor of finite depth is strongly
amenable, and hence its standard invariant is a complete invariant. The planar algebra of

a subfactor is an equivalent formulation of the standard invariant of a subfactor. Hence,
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uniqueness of the planar algebra having principal graph “2221” implies uniqueness of the
“2221” subfactor. It follows from Theorem 9.0.35 that the “2221” subfactor is unique up

to conjugation. O
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Chapter 10

Conclusion

In conclusion, we have proven the main theorem of the paper, Theorem 4.0.7, which
gives a presentation of the “2221” planar algebra consisting of two generators and quadratic
relations. To do this, we have used the jellyfish algorithm to prove the subfactor property
as well as several facts at higher-level n-box spaces. We have also identified the minimal
projections in the tensor category associated with the planar algebra and have shown that
the planar algebra we have constructed has “2221” as its principal graph. It follows as
a corollary that there exists a subfactor with principal graph “2221”, since the existence
of a planar algebra with principal graph “2221” implies the existence of a subfactor with

principal graph “2221”. Lastly, we have shown uniqueness up to conjugation of “2221”.
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Appendix A

Calculating Traces

PABG}, + is a finite-dimensional algebra with a positive definite inner product
and is therefore isomorphic, by the Artin-Wedderburn theorem, to a direct sum of matrix
algebras. The minimal central idempotents are projections onto the space of loops starting
at v and having midpoint w. The matrix corresponding to loops based at v with midpoint
w has rows labelled by length-k paths from v to w, and columns labelled by the same paths
traversed backwards.

PABG,r~ P M

(v,w)eU+ xU4

Given m € PABGy 1, let m = ©m, 4, be its image in P M;, ,,(C). Then

(©)

v,w

Z(m) =Y A0)Mw)Tr (i),
(v,w)

where T'r is the usual matrix trace. For this reason, working in @ M;, ,(C) is sometimes

computationally convenient.
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A.1 Calculating Traces for 7" and

For the purposes of constructing the “2221” subfactor, we work in PABG(H)s .
We order the set of pairs of vertices lexicographically, with the “alphabet” ordered by <

b1 < by <dand zy < 21 < 29 < ¢. The rows of Mizom((C) are labelled

Zobocbo
’ < ZObOCbl ) 7< Zob00b2 > 7( Zobocd )'

20boz0bo

Similarly for 21 and z ; the labels of the rows of M;,  ,(C) are as above, but with the

permutation (012) applied to the indices of 2; the labels of the rows of M;_, ,(C) are also
as above, but with the permutation (021) applied to the indices.
The rows of M;, ,(C) are labelled
cbocbg cbochy cbocbo
cboced
Cb1cb0 Cb16b1 Cb10b2
cbicd
Cbgcbo ) CbQCbl ) Cbgcbg )
CbQCd
cdcbg cdeby cdebs
cded
CboZobo cblzlbl CbQZQbQ
Let 6 = 1/%3 =4/ 3+5/ﬁ. Then % = % = %. We want to find the matrix
representation for T. We have the following matrices for M;, ,(C):
00 ,
( —02t, )( —0%t), )( %(tothg) >

0 0

We have the following matrices for M;, ,(C):
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b ( —02t >< —0%(th 4+ ta — 1) >< & (ts + 1)) >

0 0

We have the following matrices for M;

C):

zg,v(

0 0
7( —92t2 )v( —92(t6+t0—t1) >’< %(to—tl—i-h—i-ta) >

00

It is easy to check that

Coef firr)(20) = Coef fipry(21) = Coef fi(1y(22) = 0.

Consider Coef fir(1n)(20), for n > 1. We calculate

2 2 n
Coef fur(ry(z0) = ((=0%t0)" + (~6°tg)") f/g + (Fglto + )" V3
Similarly,
2 02 n
Coef fucrny (1) = ((=60)" + (=0(th + 12 = 00)") =+ (g (ta + ) V3,

and

2 92 n
Coef funirny(22) = ((—92152)” (02t +to — tl))”> v (ﬁ(tg ot bty t{))) V3.

We want Coef fy(ny(20) = Coef finy(21) = Coef fiprn)(22) to hold for all n > 1. Equiv-
alently, we want Coef fy.(ny(20) = Coef fur(rny(21), Coef fir(rny(20) = Coef fiprn)(22),
and Coef fy(ny(21) = Coef fi(n)(22) to hold for all n > 1. Denote each equation by
E(z0,21), E(20,22), and E(z1, 22), respectively. By inspection, it seems intuitively obvi-
ous that tg,t1,to must all be equal. It is our goal to show that this must be the case.
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First, notice that each equation E(z;, z;) (where (i, j) € {(0,1),(0,2), (1,2)}) is of the form
@M+B®§¢4—§m+3»m@:«w+D®§¢4—§m4D»m@ﬁnmme&BxxDe
R. For instace, for E(zq,21), A= —0%ty, B = —0t},,C = —0t, D = —0*(t{; + ta — t1). We
will show that the only possibilities, for each E(z;, z;j), are that either (A = D and B = C)

or (A=Cor B=D,).

Claim A.1.1. If

62 62 62 62
A"+ B")— + (——=(A+ B))"V/3=(C" + D")— + (——(C + D))"V3 (Eqn.*
( )\/g (=5 ) ( )\/g (=5 ( ) (Eqn.”)
holds for all n > 1, where A,B,C,D € R, then either (A =D and B=C) or (A= C or

B=D).

Proof. Suppose A £ C and B # D. We will show that A = D and B = C. Since A # C,
either A > C or A < C. Suppose A > C. Since B # D, either B> D or B < D.
Case a:A > C and B > D.
Case a(i):A=D
Case a(i)l:B = C
Case a(i)Ill: B < C
Case a(i)II:B > C
Case a(ii): A> D
Case a(ii)l: B=C
Case a(ii)Il:B < C
Case a(ii)IIl: B > C
Case a(iii):A < D
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Case a(iii)l: B=C
Case a(iii)Il: B < C
Case a(iii)III: B > C
We use mathematica to perform the necessary calculations. Each of the cases in Case a,
except for Case a(ii)II and Case a(iii)Ill, are ruled out immediately by applying Eqn.* si-
multaneously for n = 2,3. We will deal with the exceptional cases last.
Case b:A > C and B < D.
Case b(i):A=D
Case b(i)l:B =C
Case b(i)Il: B < C
Case b()IIL:B > C
Case b(ii): A> D
Case b(ii))l: B=C
Case b(i))I:B < C
Case b(ii)IIl: B > C
Case b(iii):A < D
Case b(iii)l: B=C
Case b(iii)II: B < C
Case b(iii)IIl:B > C
Each of the cases in Case b, except for Case b(i)I, Case b(ii)Ill, and Case b(iii)II, are ruled
out immediately by applying Eqn.* simultaneously for n = 2,3. Since Case b(i)l is what

we wanted, the only exceptional cases under Case b are Case b(ii)III and Case b(iii)II.
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Now, suppose A < C. We have the following cases.
Case c:A < C and B > D.
Case c(i):A=D
Case c(i):B=C
Case c()I: B< C
Case c()IIL:B > C
Case c(ii): A> D
Case c(ii)l: B=C
Case c(ii)Il:B < C
Case c(ii)Ill: B > C
Case c(iii):A < D
Case c(iii)l: B=C
Case c(iii)II: B< C
Case c(iii)[II: B > C
Each of the cases in Case c, except for Case c(i)I, Case c(ii)III, and Case c(iii)Il, are ruled
out immediately by applying Eqn.* simultaneously for n = 2, 3. Since Case c(i)I is what we
wanted, the only exceptional cases under Case ¢ are Case c(ii)IIl and Case c(iii)II.
Case d:A < C and B < D.
Case d(i):A=D
Case d(i)):B=C
Case d(i)II: B < C

Case d()IIL:B > C
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Case d(ii): A> D
Case d(ii)[: B=C
Case d(i)Il:B < C
Case d(ii))IIl: B > C
Case d(iii):A < D
Case d(iii)l: B=C
Case d(iii)II: B < C
Case d(iii)IIl: B > C
Each of the cases in Case d, except for Case d(ii)II and Case d(iii)III, are ruled out imme-
diately by applying Eqn.* simultaneously for n = 2, 3.

We now want to rule out the exceptional cases. For Case a(ii)Il and Case a(iii)III,
applying Eqn.* simultaneously for n = 2, 3,4 gives us that B = —C and A = —D. Further-
more, B is a multiple of A. Applying Eqn.* for n = 5 implies that A = 0. It follows that
A, B,C, D are all 0, which is a contradiction to our assumption that A # C and B # D.
For Cases b(ii)IIl and b(iii)II, applying Eqn.* for n = 2,3,4 gives us that C = —A and
B = —D. Furthermore, B is a multiple of A. Applying Eqn.* for n = 5 implies that
A = 0, from which it follows that A, B, C, D are all 0. This contradicts our assumption that
A # C and B # D. For Cases c(ii)IIl and c(iii)Il, applying Eqn* for n = 2,3,4 implies
that B = —D and C' = —A. Furthermore, B is a multiple of A. Applying Eqn* for n =5
implies A = 0, which gives a contradiction. For Cases d(ii)Il and d(iii)IIl, applying Eqn.*
for n = 2,3,4 implies that B = —C and D = —A. Furthermore, B is a multiple of A.

Applying Eqn.* for n = 5 implies A = 0. This gives a contradiction. This exhausts all the
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possibilities. Hence, A =D and B =C. O

So for each equation E(zo,z1), E(z0,22), E(21, 22), we either have (A = D and
B =C)or (A=C or B= D). We will use this fact to prove that t) = t; = to. First, we
need to be able to calculate the coefficient of ¢ in tr(T™) so that we can utilize the equation

Coef fir(rny(c) = Coef fip(rny(20). In order to do this, we will need the following matrices

for M;. ,(C):
to+th)
0 to th — (otto) 0
/
to t6 +ta—t1 7(2230 + 3t6 + 2t —t1 + 8) M};tcﬁrs) —0to
’
th —(2to + 3th + 2ty — t1 + 5) t — (atigts) —ot), ;
_ (to+tp) (2ty+ta+to+5) _ (t2+tp+9) 0 0(to+tg)
R R R R
/
0 —6to —6th Sl tte) 0
_ ’
to t6 4ty — 11 s ,M 7(9(156 4ty — tl)
’
tlo +to —t 0 t1 _% 0
’ N
3 t th 4+t —t1 Mw —0t, ,
_ (to—t1+ta+tp+5) _ (t2+10) 2(ta+t()—t1+to+5s 0 0(t2+t))
R R R R
’
—0(ty +t2 —t1) 0 —0t1 9(’527;40) 0
t) —(2to + 3th + 2ty — t1 + 5) to M};tlﬂ?*s —ot,
—(2to + 3t() + 2to — t1 + 3) t1 to +to — t1 7W —0(ty + to — t1)
to t6 +to — t1 0 ,M 0
2(to+tp) —t1+ta+s _ (to+tp+5) _ (bo—tyttatiq) o 6(to—t1+ta+tp)
R R R R
/7
—0t2 —0(th + to — t1) 0 9(t07t1;t2+tQ) o
_ (to+t7) 2ty +tat+to+s _ (t2+tp+s) 0
R? R? R?
2t(+to+to+3 (t2+t() 2(ta+t()—t1+to+s 0
R? T R? R?
(t2+t(+3)  2(t2+ty)—ti+to+s (to—t1+t2+t() 0
B R? R? B R?
0 0 0 0
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If we call the above four matrices My, My, Mg, My, then

CO@fftr(T")(C) = (TT(M?) + T?"(M%L) —+ Tr(Mgl)) . w + TT(MZ) . M

A(e) (¢)
That is,
o fur (@) = (Tr(MF) + Tr(MF) + Tr(MP)) - =+ Tr(01}) - %5

Now, we want to show that ¢y = t; = t3. Recall that for each equation E(zo, 21), E(z0, 22),
E(z1,z2), we have that either (A= D and B=C) or (A=C or B= D).

Suppose A = D and B = C for each pair E(zo, 21), E(z0,22), E(z1, 22). Then

to =ty +ta — t1 and t, = tq,

and
to =t + to — t1 and &, = to,
and
t) =ty +to —t1 and t( +ty — t] = ta.
That is,
to =1ty +ta —t1 and t{; = t1, (Eqn.1)
and
ty =ty and t;, = t2, (Eqn.2)
and
ty+to=2t; and t;, =t; (Eqn.3) .
= t{, = to = t; = tz. Recall from the remark following Theorem 4.0.10 that
5 = —(2to + 3ty + 2ty — t; + s). It follows that ¢ = —=2. Setting Coef fi,(rn)(c) =
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Coef fir(rny(20) for n = 2,3 simultaneously, we get that s = 0. Hence, ty = 0 and we have
the null solution.

Now, suppose only two equations E(z;, z;) ((¢,7) € {(0,1),(0,2),(1,2)}) satisfy A = D and
B = C. First, suppose E(zg, 21) and F(zg, 22) satisfy A = D and B = C. Then Eqn.1 and
Eqn.2 are satisfied. It follows that ¢, = ty = t; = t2. As in the previous case, we get the
null solution. Next, suppose E(zp, 21) and E(z1, 29) satisfy A = D and B = C. Then Eqn.1
and Eqn.3 are satisfied. It follows that t[, = to = t; = to. Hence, we get the null solution.
Suppose E(zp,z2) and E(z1, 29) satisfy A = D and B = C. Then Eqn.2 and Eqn.3 are
satisifed. It follows that ¢, = to = t; = t2. Hence, we get the null solution.

Now, suppose only one equation E(z;, z;) ((4,7) € {(0,1),(0,2),(1,2)}) satisfies A = D and
B = C. Suppose only E(zp,z;1) satisfies A = D and B = C. Then Eqn.1 holds. Since

A =C or B=D for E(29, 22) and E(z1,22), we have that

(to =tg or ty =t + to — t1),

and
ty =tg or t(+to —t; =t(+ 1ty — t1.
That is,
(to =tg or tg = t1),
and

(tl =1g Or ty = to).
Suppose typ = tg and t; = t3. Then ¢, = to = t; = t2, and we get the null solution.
Suppose tg = to and ty = to. Then t; = t; and tg = t2 and § = —(4tg + 2t; + s)
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= t{, = —(2tg + Re(s)). Applying F(zo, z2) for n = 2,3 simultaneously,
— Re(s) = =3ty

=t = to

S,

— null solution.

Suppose to = ¢ and t; = to. Then t{; = tg = t; = ta.

= null solution.

Suppose tg = t1 and t9 = tp.

et =ty =t =ty

— null solution.

Suppose only E(zp, z2) satisfies A = D and B = C. Then, t{, = t; and t{, = t3. Furthermore,

(to =ty or ty =t + t2 — t1),

and

(t1 =ty or ty = tg).
That is,

tgo =11 or to =1,
and

t1 =19 or tg = ty.

If tg = t1 and t; = to, then t) =ty = t1 = ta.
= null solution.

146



If tg = t1 and t = tg, then t, = tg = t1 = ta.

—> null solution.

If to = t; and t; = to, then t( = t1 = to and § = —(2tg + 4t1 + s).
= to = —(2t1 + Re(s)).

Applying E(zp, z1) for n = 2,3 simultaneously

—> Re(s) = —3t1

— ty=1

=t =ty =t = ts

— null solution.

If ty = t1 and ty = to, then t) = tg = t1 = to.

— null solution.

Finally, suppose only F(z1, 22) satisfies A = D and B = C. Then t, + to = 2t; and t{, = t1,
and

t() Ztl or tQ :tl,

and

to =t or tg = t1.

If tO - tl and t[) == t2, then t6 = tl = to = t2_

— null solution

If tg = t1 and tg = t1, then t6 =t =tp and 5 = _(4t0 + 2ty + S).
— ty = —(2fo + Re(s)).

Applying E(zg, z1) for n = 2,3 simultaneously

147



= Re(s) = =3ty
— 1y =t
=t =t =ty =ty
= null solution
If to = t1 and tg = to, then t, =t =ty = 1.
— null solution.
If to = t; and tg = ty, then ¢ = t1 = to = to.
— null solution.
Now suppose (A = D and B = C) holds for no E(z;, 2;) ((i,7) € {(0,1),(0,2),(1,2)}).

Then, for each E(z;,2;), we have (A = C or B = D). That is,

t() :tl or tQ :tl,

and

to :tg or t():tl,

and

tl :tg or tg :t().

Any of the eight possibilities gives tqg = t; = t2, which is what we wanted.

Let tg = t1 = to = t. Then our matrices My, Ms, M3, M4 simplify as follows:
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(t+tg)
0 t oA —(20)
t ) —(3t 43ty +5) HoL2ts)
t —(3t+3th+5) t — (t+iote)
() (2t} +2t+5)  (t+tp+3) 0
R R R
o(t-+t)
0 —0t —0t) o
t t s k) gy
0 R 0
(t+t})
t 0 PO s ) B
_ 2(t+to)+
5 t ty, Aot gy
 (4t+3)  (@t)  2(t4to)+s 0 0(t+t))
R R R R
—0t) 0 —gr M) g
) ~(3t+3th+s) ¢ Ao
—(3t + 3t} + 5) t gy (et
(t+ty)
t ) 0 — ()
2(t+to)+3 (t+t(+35) (t+tg) 0
R i e
o(t-+t)
—0t —ot} 0 o
. (t+t6) 2(t+t6)+8 . (t+t6+s) 0
R? R? R?
2ek)+s () ks
R? R2 R?
(o +5)  20tHt)+s () 0
R? R2 R2
0 0 0 0
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One can calculate Tr(M7) = 3(t2+(t()?)+20% (2 + (t))?) + 22 (t+15)? (146) +2| 5|

= Tr(M3) = Tr(M?). We calculate

(s +t+ty)(5+t+ty). Furthermore, Tr(M3)

-
Tr(M?) = 3(t;ﬁ'o)2 N 6(t+t6+lsq)§t+t6+§)' Thus,
A d
Cocf firra)(c) = 3Tr( Mf)/\EC; () Aicg
V3

1
= 3Tr(M12)ﬁ + Tr(Mf)ﬁ

- ((9 +602) (12 + (th)2) + 0%(3 + 202)(t + )% + 6|s|2 + 602 (s + ¢ + th)(5+ ¢ + t6)) \}g

and
e

(b 94
Coef vz (z0) = (0% + 94%)%8 +
(R ) T+ 2L

V3
Setting Coef fi,(12)(20) = Coef fi(r2)(c), we get
65 V3
2 YA 12 Vo
(t* + (to) )\/§+9 (t+1tp) 9
1
= ((9+667)(2 + (t)%) + 62(3 + 26%)(t + t5)* + 65| + 66%(s + £ + 1) (5 + L + 1)) =

— (94 3V21) (2 + (t4)?)—= + (15 + 3V21)(t + t’o)?\}§

- 5
5l-

= (6]s]*> +60%(s +t+1t5)(5+t+th))—= = (6]s]*> + 66%|s|> — 126%(t + t{,)?)

Sl

— (94 3VET)( + (th))—= + (33 + V21 (t + t{))Q\}g
_ NS
= (6+ 665>

&

= (94 3V21)(1* + (t))?) + (33 + 9V21)(t + t()* = (15 + 3v/21)|s]?

— (3 4+ V21) (2 + (t0)}) + (11 4 3V21) (¢ + th)? = (5 + V21)]s|?
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. (—3+\/ﬁ

) (@ + (#5)7) + (2 + VAt +10)? = |sf?

-3+ v21 17
= Im(s) = i\/f(tQ + (t)?) + (_Z +V21)(t + t))2,
since Re(s) = —3 (¢t +t)). Hence, s = Re(s) £ - Im(s), where Re(s) and I'm(s) are given

as above. By setting Coef fy,.(ps)(c) = Coef fy.(13)(20), we obtain a quadratic equation in

the variables ¢ and ¢(:

—g(t F10)((21V2 + 13VT)E2 + 7(17V3 + 11VT)t - th + (213 + 13V7) (1)) = 0

(—7—V21+1/54+14V21) - ¢

= {(, = —t or t, =

FN
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In sum, we have the matrix representation for 7":

(t+tg)
0 t to -5 0
t t() —(3t+ 3ty +5) P2 g
t# —(3t+3t)+3) t Ut gy
GED) (2t +2t+5) _ (t+tp+3) 0 0(t+ty)
R R R R
0 0t —0t) ki) g
t t s U gy
0 R 0
(t+t])
to 0 t ——F> 0
- 2(t+to)+
5 t ty,  AdEs gy
(g +s) () 2(t+to)+5 0 O(t+tp)
R R R R
0t 0 —gr Ut 0
# —(3t+3t)+s) ¢ Atho)ts gy
—(3t + 3ty + 5) t g Ut gy
(t+t))
t to 0 ——5* 0
2(t+to)+5 (t+t(+3) (t+tp) 0 0(t+ty)
R TR TR R
O(t+t))
—0t) —0t) 0 pat 0
() 2(t4ty)+s  (t4tpts) 0
RZ R2 RZ
Atttp)+s (1) 2Atktpts
R2 RZ R2
(t+t5+5)  2(t+tp)+5 (t+to) 0
- R2 R2 T R2
0 0 0 0




We want to find the matrix representation for ). We have the following matrices for

zo,v(

0 0
( 202t >< 20%t], >( —20(to + t}) >

0 0

We have the following matrices for M;

(©):

21,V

0 O
3 ( 292t1 ) 5 < 292(t0+t6 7t2)+w(§+ws)02 ) 5 ( %(—Q(tl +t0+t6—t2)—w(§+ws)) ) .
0 0

We have the following matrices for M;, (C):

29,V

0 0

) ( 20%t, > ) ( 20%(t1 + ty — t2) — w(w3 + 5)0?) > ) ( %(—Q(tl +t4) + w(ws + s)) > .
0 0

It is easy to check that

Coef firq)(20) = Coef fir(q)(21) = Coef firq)(22) = 0.

Consider Coef fir(qgn)(20), for n > 1. We calculate

2 — n
Coef funigm (20) = ((292750)" + (29%)") \% + (?294@0 + tg)) NG}
Similarly,
2
Coef furigm(21) = ((292t1)” + (20%(to + ty — ta) + w(s + ws)92)"> \0@
6 n
+<§(—2(t1 + o+t —ta) —w(5+ ws))> V3,
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and

Coef firiqm(z2) = ((20702)" + (267 (11 + th — t2) — w(ws + )6°)")

> 0t

ﬁ*(s

(=2t +th) + w(ws + s)))n\/i

We must have Coef fi (gn)(20) = Coef fir(qgn)(21) = Coef fi(gny(22). By inspection, it
seems intuitively clear that tg = t; = t2 and s = 0. It is our goal to show that this must be

the case.

By Claim A.1.1, for each equation FE(zp,z21), F(20, 22), E(21, 22), we either have
(A=Dand B=C) or (A=C or B= D). We will use this fact to prove that tg = t; = t2
and s = 0. First, we need to be able to calculate the coefficient of ¢ in tr(Q™) so that we
can utilize the equation Coef fi,gn)(c) = Coef fir(gny(20). In order to do this, we will need
the matrices for M;_,(C). Let n = 1 +4v/3. We have the following matrices for M;_, (C):

0 nto nty *%(to +t5) 0
Aito —2(tg + th — t2) — w(5 + ws) w3 \2795(7w2t0+t6 —t2) + ““\2@95 — 76t
ity w —2ty f/—%(tz + wtf) — “559 s ;ﬁ9t6 ,
_ = /
T (to+th)  L(-wto+th—to) + 285 L(tz+wlty) — L5 0 2 lotig)
62 el
0 —nbtg —n9t6 T/(%ol 0
—2tg A(to 4+t — t2) — w2 (5 + ws) 0 Ma(1 4y Magy s
n(to + t, — t2) — w(s + w?s) 0 nty M3 (2 4) 0
0 tq —2(t1 +t) — t2) + w(ws + s) M2 (3, 4) — 70ty ,
Mz (1,4) M2 (2, 4) M3 (3,4) 0 M3 (4,5)
Mz (1,5) 0 —noty M3 (4,5) 0
20 26 - - = 6
where Mz (1 4) = %(—w%o + wtf —wtz) + “’%s, Mz 15y = —70(to + ty — t2) + w205 + s, Mz g4y = —"—3(t1 +to +
0 (= 26 0 = 762 02,2
ty —t2) + ﬁ(s +ws), Ma(3,4) = ﬁ(tg — w2t —tg) — \“’/g(s —35), Ma(y5) = %(tl +to+ty —t2) — \/“"3 (5 + ws)
-2t w?s Mtz M3 1,4y  —70t2
ws —2t; Aty + 1ty —t2) + w?(Ws +5) Mapaq) Maps)
nta n(ts +t) — t2) + w(w?s + 5) 0 M3 (3,4) 0 )
M3 (1,4) Ms(2,4) Ms(3,4) 0 Ms(4,5)
—nft2 Ms(2,5) 0 Ms(as 0
where M3 = ﬁ(t/ +wt2) — Lzeg Ms = ﬁ(fwztl + wth — wtg) — i(g, s) Ms = 79??(151 +tl — t2) —
(1,4) = /3\0 V32 (2,4) = /3 0 V3 ) (2,5) 0
2/ = no / 0 /= 627 , w202,
Ow? (w5 + 8), M3(3.4) = 7ﬁ(t1 +t5) — ﬁ(werS), M35 = W(tl +t) + 75 (ws+ s)
#(t(ﬂrtg) 7#(7w2t0+t67t2)+§5 7#(t2+wt6)7%5 0
"722(7wt0+t67t2)+%§ #(tl +to 4+ th — t2) + gZ (5 + ws) 7@(%7“;%17@)7 “’2392(575) 0
—n02 (4 + w2t)) — L5 —n02 (4 oty — ta) — 202 (5 — 5) 202 (41 4 1)) — 292 (w5 + 5) 0
0 0 0 0
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If we call the above four matrices N1, No, N3, Ny, then

Coct fuiom(€) = (Tr(N7) + Tr(NF) + Tr(N3)) - igbi TN

That is,

Coef fniomy(c) = (TH(NT) + Tr(NE) + Tr(N)) - \}g +Tr(ND) -

We now prove that tg = t; = t3 and s = 0. Suppose A = D and B = C for each

equation E(zo, z1), E(z0,22), E(z1,22). Then

0= th —ty+ 25T aw —
and
fo—t1 4+t —ty— Y5 w1,
and
ozﬂrdg—w“”+s)mﬁtm+%—ty+w@;f”):@

So ty =t1 =t2 and w(5+ ws) =0 and w(ws+s) =0

—s=0

So ty = tg = t1 = t3 and s = 0. Setting Coef fy(gny(c) = Coef fir(on)(20) for n = 2, implies

to = 0.

— we have the null solution.

Now, suppose only two equations E(z;, z;) (where (7,7) € {(0,1),(0,2),(1,2)}) satisfy A =

D and B=C.

First, suppose only E(zp, z1) and E(zp, 22) satisfy A= D and B = C.
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Then
w(5 + ws)

0=ty—ta+ and t, = t1,
and
w(ws + s
t0:t1+t6—t2—(7)andt’0:t2.
= 1 :t1:tQandE—kws:Oandto:tl—@
—w241
:>t0:t1—ws
w(l-w?)

=11 —tyg = S
— 5= —2:(t1 — to)

Setting Coef fi,(qn)(c) = Coef fir(gny(20) for n =2,

—ty=1, =0

—> null solution.

Now, suppose only E(zg, 21) and E(z1, 22) satisfy A =D and B = C.
Then

w(5 + ws)

0=ty —ta+ and t, = t1,

and

andt0+t6t2+w(s—;ws):t2

O:t{)ftsz

= tg =ty and w(5 + ws) + w(ws+s) =0

= (w+w?)(5+5) =0
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= 5+s=0
— 5§ = —S8

and to + t) — to + L) g — ¢,

2t0+t1—t2+w(w 1)

s =to
— 5= w(w— 1)(2t2_t0_t1) w(w— 1)(t0_t1)
Setting Coef fi(gn)(c) = Coef fir(gny(20) for n =2 implies tg =t; =0

= null solution.

Suppose only E(zp, z2) and E(z1, 22) satisfy A= D and B = C.

Then
t0:t1+t6—t2—w(wz+s)andt6:t2
and
O:tf)—tg—w(ws—i_s)andto—i-t{)—tg—&—w(s—;ws):tg

zwzoandtoztl

It follows that 5§ = —w?s. Hence to + M =19

w(—w?+w)
=ty + S E—

S = tz
gy 4 (1)
= s = ﬁ(b —to)

Setting Coef fi,(gn)(c) = Coef fi(gny(20) for n =2 implies tg =t2 =0

=— null solution

Now suppose only one equation E(z;, z;) (where (i, j) € {(0, 1), (0,2), (1,2)}) satisfies A = D
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and B =C.

First, suppose E(zp, z1) satisfies A = D and B = C. Then

w(5 + ws)

Ozt{)—tz—l— andtf):tl,

and since (A = C or B = D) for E(zg, z2) and E(z1, 22), we have

w(ws + s
either to = to 0Tt6=t1—|—t6—t2—(2+)
and
either £y =t; Ort0+t6—t2+w(sgmzt1+t6—t2—w
That is,
w(ws+ s
eithert0:t2 OI‘O:tl—t2_(2—i_)
and
eithert1:t2 Orto_tl_ (5+5) =0

2

If tg = t5 and t1 = to, then t6 =ty =ty =ty and §+ ws = 0.
Setting Coef fi,(qn)(20) = Coef fir(gny(22) for n = 2,3 simultaneously
—s5=0

— null solution.
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If tg = to andto—h—(gi;):0,thensince0:t6—t2+w’
Weha"eoztl—tz-i-wandO:tQ_tl_@

Adding the two together, we get

0=(w—1)5+ (w?—1)s

:>§:(1w__wf)s
—s5=—(w+1)s

—tg—t1 — s =0

= s=2(t1 —t9)

So ty =t1, tg = t2, and s = 2(t1 — to).

Setting Coef fi,gny(20) = Coef fir(qn)(22) for n = 2,3 simultaneously
—ty =1

= ty=t1 =tg =1tz and s =0

= null solution.

£ 0=t —tg — “95) and ¢) = 1y,

— wS+s5=0

But 0 = #}) — ty + “550s)

_ w(5+ws)
- tl - t2 + -3

_ w(5+ws)

=0+=5—

= 54+ws=0

— w5+ s=0and w5+ w?s =0

= (1-w?)s=0
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= s5s=0

So ty =t1 = tg and s = 0.

Setting Coef fi,gny(20) = Coef fir(qn)(22) for n = 2,3 simultaneously
= tg =1

= ty=1t1 =ta=tpand s =0

= null solution.

If

O:tlftsz andOztO—tl— (5—;8)’
then sinceOztl—t2+M andOztl—tz—@,
subtracting the second equation from the first gives 0 = %ﬁ(g +5)

—5+s5=0
=ty =1

AISO, 0= t1 —t2 — 7w(w(_23)+8)

_— § = ﬁ(tl—ia)

So ty =t1 and tg = t; and s = ﬁ(tl —tg)
Setting Coef fi,(gny(20) = Coef fir(qn)(22) for n = 2,3 simultaneously
= tg = t2

Soty=1t1 =ty =ty and s =0

= null solution.

Next, suppose only E(zg, z2) satisfies A = D and B =C. Then tg =t + t{, — to —

and t6 = tg,

w(54ws)

and either tg = t1 or t; = to + t[ — to + 25,
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and either ¢; =ty or tg — t; — @ —0.

That is, tg = t1 or 0 = to — to + 2E503)
and t1 = tg orto—tl—%:().

If tg = t; and t; = tg, then t() =ty = t; =ty and ws + s = 0.

Setting Coef fi,(qn)(20) = Coef fir(gny(21) for n = 2,3 simultaneously
= s5s=0

— null solution.

If to = ¢1 and tg—tl—%ﬂzo, then s+ s=0and ws+s=0
—s=0

So ty = t1 and ¢ = t2 and s = 0.

Setting Coef fi,(gny(20) = Coef fir(qn)(21) for n = 2,3 simultaneously
— 1y = 19

=ty =ty =to=1t; and s =0

= null solution.

If 0 = to — to + “52%) and ¢; = 1,

then to = £y — <L) and 0 = tg — o + 25Fs)

— 0=ty — tg — LT and 0 = g — 1y + 2T

Adding the above two equations gives (w — w?)5 + (w? — w)s =0

= 5=3:

— 0 =ty — by + L

= 5= ﬁ(h —to).

Setting Coef fi,gny(20) = Coef fir(qgn)(21) for n = 2,3 simultaneously
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—to =1
=t =ty =t =tyand s =0

— null solution.
IfOztg—t2+Mand0:t0—t1—g2j,
then 0 = t; —to — “54) and 0 = tg — t; — k=

—0=—(w?+1)5+ (~w—1)s

—0=—(w?+1)5— (w+1)s

= w+l
— § = w2+18
— w+18

—w

2
= W

—w
= —WwSs

= s5+tws=0

= to=ty and 0 =ty — t; — =5t

— 5= 12 (to—t1)

So tyy =ty =tg and s = T2 (to — t1)

Setting Coef fi,gny(20) = Coef fir(qgn)(21) for n = 2,3 simultaneously
— tg =1,

=t =ty =t =ty and s =0

— null solution.

Finally, suppose only F(z1, z2) satisfies A= D and B = C.

Then 0 = ) — to — 25 and g 4 t) — 26y 4+ £EE2) — g

and either tg =t; or 0 = tg — to + w(%w)
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w(w3+s)

and either tog =t or 0 =11 —tp — =5 .

If to = ¢y and to = ta, then 0 = t}) — ty — 255 and 0 = f) — ¢, 4 55w
and subtracting the first equation from the second equation gives 0 = (w +w?)5 + (w? +w)s
—5+s=0

— 0 = t) — ty — 2

= 5= ;g (to — t2)

Setting Coef fi,(qn)(20) = Coef fi,(gny(21) for n = 2,3 simultaneously
=t =t

=t =ty=t; =ty and s =0

— null solution.

If tg =t and 0 = t; — tg — “&54s),

then ¢, = 1.

Furthermore, 0 = ¢, — t3 — @ and 0 = t1 +t — 2t + W(§J2rw)

) (54 5)

Subtracting the first equation from the second gives 0 =t — to +
— 0=t —ty — %

But 0 = t; — tp — 2518),

1) 5 (—
Subtracting the first equation from the second gives =% H)S; (wtl)s

—=0=(1-w?)s+(1-w)s
—=0=(14w)s+s
—=0=—-w?5+s
— S5 =ws

zO:tl—tQ—M{s
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— 0=t —ty — 25

— s = 2 (ty — t1)

So ty =1t1 =tp and s = 2w(ty — 1)

Setting Coef fi(gn)(20) = Coef fip(gny(21) for n = 2,3 simultaneously
— 1o = 13

= ty=t1 =tg=1tz and s =0

— null solution.

If to — by + <5590 — 0 and to = to,

then 5+ ws =0

— 0=ty +t)— 2 +0

— 0=1) —t2

=t = t2

— ws+s5s=0

But s+ ws=0

—s=0

Soty=ty=tpand s =0

Setting Coef fi,(qn)(20) = Coef fir(gny(21) for n = 2,3 simultaneously
— t = to

=t =ty=t; =ty and s =0

—> null solution.

IfO:to—tQ—l—MandO:tl—tQ—@: Recallthat():t’o—tg—Wand

0 = to + tf — 2ty + 2EE),
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Subtracting the first equation from the second gives 0 = tg — t2 + “ﬂ%@ + )

:>0:t0—t2—§—578

But 0 = tg — ty + “5522)

Subtracting the first equation from the second gives 0 = w

= 0= (w+1)5—ws
— 0= —w?5 —ws
— 0=ws+s

— 5= —w’s

Plugging this into 0 = to — ta + 2555 we get 0 = tg — t5 + w(%uw)s

:>0:t0—t2—|-w22718

— s = %(tQ—to)

Also, using the fact that ws 4+ s = 0 and substituting into 0 = t; — t5 —

0=t —to+0
=11 =19

Similarly, 0 = t6 ity — @

becomes 0 = t{, —ta — 0

=t = t2

Setting Coef fi,(gny(20) = Coef fir(qn)(21) for n = 2,3 simultaneously
— 1y = 19

—s=0

:>t0:t2:t1:t6ands:o

=— null solution.

w(ws+s)
2

, we get

Now, suppose no equation E(z;,z;) (where (i,7) € {(0,1),(0,2),(1,2)}) satisfies A = D
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and B = C. Then, for each E(z;, z;), we have that either A= C or B = D.

That is, either tg =t or 0 = tg — to + M’
and either tg =ty or 0 =1, — tg — @,
and either t1 =ty or 0 =tg — t1 — %

Suppose tg = t1. If tg = to, then tg = t1 = to.

Setting Coef fi,(gny(21) = Coef fi(gny(22) for n = 2,3 simultaneously
= Re(s) = 0.

Setting Coef fi(on)(20) = Coef fip(gny(21) for n = 2,3 simultaneously
— either s =0 or (s =0 and tg = —1(—1+ v21)t{)

If the latter case, then setting Coef fi,.(on)(c) = Coef fi,(gny(20) for n =2
—t,=0

= null solution

Sos=0and tg =1t = to.

= done.

If0 =t —ty — @, then consider the two possibilities for E(z1, 22): either t; = to or
0=ty —t; — ==,

If t1 = t9, then tg = t1 = to and we’re done by the previous case.

If 0 =t — t; — %%, then Re(s) = 0 because tg = t1.

2
Furthermore t9 = t; — @
o w(w5+s)
=lo— =5

Setting Coef fi,(qn)(20) = Coef fir(gny(22) for n = 2,3 simultaneously

— s =0or (t) = —15(1 4+ V21)t{ and s = 0).
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If the latter case, setting Coef fi,.(gny(c) = Coef fir(qn)(20) for n =2
—t,=0

— null solution.
Sos=0and tg =t; = to.
— done.

Now suppose 0 = tg — to + M

If ty = to, then § 4+ ws = 0.

We have either t; = t9 or 0 = tg — t1 — §2ﬁ

If t1 = t9, then tg = t1 = t9, and we’re done.

If 0 = to — t1 — 552, then 0 = to — t; — S5

— s = 125 (to — t1)

So tg =ts and s = 2= (to — t1).

Setting Coef fi,(qny(20) = Coef fir(qgny(21) for n = 2,3 simultaneously
—tg =1,

—tg=ti=toand s=0

— done.

0=t —ty — w(w?‘g), then consider the two possibilities for F(z1, z9): Either ¢t = t5 or

0=ty—t; — ==

If t1 =t9, then ws+s=0

— 5= —w’s
But 0 = tg — ty + £L5522)
:>0:t0—t2—|-w(%2+w)8
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:>O:t0—t2+(WQT_1)S

— s = =2 (t2 — to)

Setting Coef fi,(gn)(20) = Coef fip(gny(21) for n = 2,3 simultaneously
—ty=t

—ty=ti =ty and s =0

= done.

IfO:tg—tl—%ﬁ, then t; = tg — Re(s) andtgztl—@.
Setting Coef fi,(gny(20) = Coef fir(qny(21) for n = 2,3 simultaneously
— Re(s) =0

—ty =1

Setting Coef fi,(gny(20) = Coef fir(qn)(22) for n = 2,3 simultaneously
= s=0or (s=0and tg = —5(1 + v21)t()

If the latter, then setting Coef f;,.(gny(c) = Coef fir(gn)(20) for n =2
=1, =0

— null solution.

Sos=0and tg =1t =t

= done.

This concludes our proof that tg = t; = t2 and s = 0.

The matrices N1, No, N3, Ny simplify as follows:
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169

0 nt nto \"7(25 +t5) 0
it —2t;, 0 7(wzt +ty)  —not
7ty 0 —2t 7(zt +wty)  —not
~ Bttty L@+t Z(t+ oty 0 UL
0 —nbt —not; M\gta) 0
—2t ity 0 Zt+oty) ity
nt, 0 nt Tt +10) 0
0 it —2t) Zlto+wt)  —nbt
Z(t+oty) —TZ(t+t) ZE(ty+wt) 0 ”7(t+t’)
—nbt) 0 —nbt ’77(75 +th) 0
-2t 0 mt 7(zt’ +wt) —qot
0 —2t tg 7(wt’ +t)  —qbtg
nt nt, 0 ”T(t +tf) 0
B(th+aot) L@ty+t) —L(t+1) 0 W)
—nbt —nbt;, 0 %\gté) 0
241y Tt +wt) T (t+wt)) 0
P+ ot) 2+t T (4 wt) 0
oty Mt ot) 2+t 0
0 0 0 0




One can calculate Tr(N7) = 122 + 12(t()% + 1602t + 1662 (t))> + 50%(¢ + t))>.
One finds that Tr(N3) = Tr(N3) = Tr(N?), and Tr(N7) = 40%(t* + (t5)?). Hence,
Coef firq)(c) = (122 4+12(t))+200%t%+200% (ty) 2+ 36 (t+1()?) V3 and Coef f1.(g2)(20) =
(36°(t% + (t))?) + 565(t + t()?)V/3. Setting Coef firq2y(c) = Coef fir(g2)(20), we get a

quadratic equation in the variables ¢ and t:

1+ 21
12 4 ()2 + <+2\/>)t ) = 0.

By the quadratic formula, we get t{, = <%2ie)t.
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In sum, we have the matrix representation for Q:

0 nt
= /
it 0
”7(t+t’) j—%(@tﬂg)
0 —not
—2t it
nt, 0
0 it
2t +oty) —T(t+tp)
—not;, 0
—ot! 0
0 —2t
nt ntg

Zto+ot) Z(oty+1)

—nbt —not;,

2
27 (t + t)

— 1% (1 + wt)

— 1% (1 + wt)
2
Bt + 1)

2% (1 + wt)

ot
Z(tp +ot)
—nbt

nt

g

_ 1o /
f(t+t)

—2% () 4+ wt) 0

2 (t + wip) 0

22+ 1) 0

92
1 (¢ 4 t))

22 (1 + wt)

%\

(wt’ +1)

SIR

— (¢ + )
0

062 (t+t})
V3

0
—7j6t
—n0ty

7602 (t+t0)

— 76t
—70ty
0

76> (t+tp)
V3

0




From the above representations for 7" and (), we compute the following trace values for T
e Z(T)=0
o Z(T?) = [4]
o Z(T3) = =331/

o Z(T*) = 3,/2(23+5V21),

and the following trace values for Q:
* Z(Q)=0
. 2(Q%) = 1]
o Z(Q®) = -2V/8+3v21
o Z(QY) = 3,/32 +16v21,
and the following trace values for mixtures of 7" and Q:
e Z(TQ)=0

. 2(17°Q) = |12 + 4

=

o 2(TQ) = }(2V3+ V)

o Z(T?Q%) = %\/5(11+ V21).
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A.2 Calculating Traces for p2(T) and pz(Q)

Now, we want to calculate the traces for p% (T') and p% (Q) We order the set of
pairs of vertices lexicographically, with the “alphabet” ordered by < b1 < by < d for the odd

vertices by, b1, ba, d. The rows of M;, (C) are labelled

bocboc
bocblc
bocbo 2o
boCbQC ) ) ( bocb121 > 7( boCszQ >
bozobo 2o
bocdc
bOZObOC

Similarly for 21 and 2 ; the labels of the rows of M;, (C) are as above, but with
the permutation (012) applied to the indices of 2; the labels of the rows of M;, (C) are
also as above, but with the permutation (021) applied to the indices.

The rows of M;, ,(C) are labelled

dedce

debgce

) ( dcbo 2o > ) < dcbyz1 > ) ( dcbozo > .
debic

dcboc

To find the entries in the matrices for p%(T ) and p%(Q), we will take advantage

of our knowledge of the entries in the matrices for T and Q. First, we observe that for a
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length-6 path ppepspapsps,

1
P1P2P3P4P5P6 = P2 ————| (p2p3papsP6P1)
A(p2) AM(ps)
Alp1 A(psa)
— Coeff 1. ( b [ L) coera(( )
p% (1) \P1P2P3PAP5P6) = o) 2on) 7((P2P3P4psP6P1)-
Alp2 A(ps)

Thus, the entry (for p% (T")) with row labelled by p1p2psps and column labelled by papspsp1

1 times the entry (for T") with row labelled by papspsps and column la-

is given by ————
& Y Alp1) Apg)
Alp2 A(ps)

belled by pspep1p2. We have the following matrix, which is the same for M, . (C), M, . (C),

and M;, (C):

(tt+ty) V3

t+th+
¢ # s AR R 2
) 5 t At B gy
(t+th)  2(t+t))+s (t+t)+s) 0 O(t+th)

TR R B R R

0 =03 —0k)-L Zyw)-B 0

We have the following matrix, which is the same for M;, . (C), M;, . (C), and M;, _ (C):

00

We have the following matrix, which is the same for M;, . (C), M;, . (C), and M;, . (C):

().

We have the following matrix, which is the same for M;

(o).
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Now, for paths beginning at d, we have the following matrix for M;, (C):

0 0 0

0 . (t+t6) 1 . (t+t6+s)
R R R

0 2(t+t,)+s 1 ()
R R R

0 _(tHtpts) 1 2(tHtp)+s
R R R

We have the following matrix, which is the same for M;, . (C), M;, . (C), and M;

O(t+ty) 0
R R

).

In sum, we have the matrix representation for p2 (T):

0 0 0
o o () 1 (tHfets) 1
1 R R R R
p2(T) =
0 2(t+tg)+s 1 _(t+t6) 1
R R R R
0 (t+th+s) 1 2t+th)+s 1
- R "R R "R
®3
o0(t+t)) o
o (( 2594 ))
0 t t{)
t to s
D th 5 t
C(t4ty) 204t +s  (Ftpts)
R R R
2, 1 2 1
0 —0°t - 3 —0°t(, - i

0
J1 204tp)+s 1
R R R
1 _ (ttgts) 1
R R R
1 @) 1
R R R

0
2(t+tp)+s 1
R R
_ (4tgts) 1
R R
_(4tp) 1
R R
_ () VB
R? [
_ (t+tots) V3
R? 0
2t+t)+s V3
R2 0
0
92 3
C(t+t))- L

0 0 ®3
(| Je(we)e(—e))
0 0
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O(t-+t})
R

0

®3

d,z9



where

1
t=o(=3+V2l+ —114 + 26v/21),

1
to=7(=7-V2l+ 54+ 14V21)1,

and
1 /- 13v21
5= (3—\/21)+§\/—57+63 -4

We find the matrix representation for p% (@) in a similar manner. We have the following

=

matrix, which is the same for M;, .(C), M;, .(C), and M;, (C):

202 (t+t}) 3
0 —2t —2t) W) 3 0
2(4 2
wnt nt, 0 _ 07t FwTt) (t°3+w t. § —w?nlt
02 t+ 2t/
w3t} 0 nt —w L3 ot
_wWrinh(ttty)  20(t+w?ty)  20(H+w?t) 0 w?nd?(t+t))
V3 V3 V3 V3
2,1 240 1 204 (t+ty) /3
0 207t - 5 29t6-g - 0

We have the following matrix, which is the same for M;, . (C), M;, . (C), and M;,, _ (C):

We have the following matrix, which is the same for M;, . (C), M;, _ (C), and M;, _ (C):

<—nt6'92>'

We have the following matrix, which is the same for Mibo,zz(

().
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Now, for paths beginning at d, we have the following matrix for M;, (C):

0 0 0 0
0 _mlHty) 1 20(tety) 1 20(htw) 1
V3 R V3 R V3 R
0 20(tptwt) 1 _mO(ttty) 1 20(ttwty) 1
V3 R V3 R V3 R
0 20(tt+wtp) 1 20(ttwt) 1 nf(+ty) 1
V3 R V3 R V3 R
We have the following matrix, which is the same for M;, . (C), M;, . (C), and M;,  (C) :
no2(t+ty) o ).
/3 R
In sum, we have the matrix representation for p% (Q):
0 0 0 0
o 0 _moQ+ty) 100 20(t+wtp) 10 20(tptwt) 1
p3(Q) = ViR ViR ve
0 20(tp+wt) 1 mO(t+tg) 100 20(t+wt]) 1
V3 R J3 R J3 R
0 200twty) 1 200twt 1 n0(t+ty) 1
/3 R V3 R J3 R
®3
o no(t+ty) o
(o
®3
202 (t+t! :
0 —2t —2t) Wit) . 3 0
wnt nty 0 —w i @ —w?not
_winl(t4ty)  20(t+w?ty)  20(t)+w?t) 0 w?n0? (t+t))
V3 V3 V3 V3
204 (t+t
0 2021 2071 _2H) V3 0

0 0

0 0
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where

‘= [4] 5
1+ W2 (246 + 544/21)/3’

_p2 _
111:1 0 0’
2
and
to = Wt.

From the above representations for p%(T ) and p% (Q), we compute the following

trace values for p%(T ):

o Z((p2(T))3) = L(=3V3+ VT7) = Z(T?)
o Z((p3(T))Y) = 3/2(23 + 5v21) = Z(T"Y),

and the following trace values for p% (Q):

« Z((p2(Q)) = ~3VB +3V21 = 2(QY)

o Z((p3(Q))) = ~EHEEVED — 22(Q),

and the following trace values for mixtures of p%(T) and p% (Q):
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o Z(PHT)(pH(Q))P) = AT 77 2)

e Z((p2(Q)(p2(T))2) = —51/302 + 82v/21 — £1/906 + 246121 - i = w2 Z(QT?)

o Z((p3(1))*(p3(Q))?) = TERBOE — 7(72Q?).
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