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AN EXPERIMENTAL EQUATION OF STATE FOR ALUMINUM

D. L. ‘Raimondi and G. .Jura

. Inorganic Materials Research Division, Lawrence Radiation Laboratory,
S Department of Chemistry, '
University of California, Berkeley, California

ABSTRACT

An ;quation of state for alumiﬁﬁm to the Debye approximatidn has
been obt;ined from the determination.bf the Debye temperaﬁure, 6, as a
function of'pressﬁre from O_td l5§‘kbars. The variation was determined
by use of the Bloch-Grﬁneiseh eguationuin fitting experimental resistancé-
temperature data at various pressures. The zero pressure thermodynamic
properties of aluminum calculated from the equation of state agree
quite well with the COrrespondihg observed quéntities. It is found that
- the Grineisen ratio, édld&/dfnv, is a linear function of volume at
'preSSures abové‘LO'kbars.‘ An analytical expreséion which approximates
théfobserved;yoiume-depéndenéé of the Debye‘temperature is given by,

N 7
6 =3%5e °..




INTRODUCTION

Untii theirecent development of x;ray diffraction methods for the
determination of the pressure-volume-~temperature relationships'of
solids, nearly all of the available equation ef state work on solids

- was at pressures above 100 kbars and “was obtained using shock waves.
The reliability of these measuremente decreaees below‘lOO kbars. It is
certainl& deeirable to be able to make direct determinations from 1
atmosphere te é pressure above 100 kbars, so that there is an independent
check of the shock work. It is essential.that static techniques be

‘deveioped.for equation of state determinations so that the problem is
as completely solved as possible. Recently, Befnardesrand Swensonl
ﬁa&ejdiscussed:the techniguesfand'difficﬁlties:ipvolved in the static

- determination of an eqUation of-stete.‘. |

' Since our particular interests lie in the variation of the thermo-

o dynamic properties of a solid as a function of temperature and pressure, .

‘ , we are‘endeavoring to make determinations of ﬁhe heat capacity as a
' function of temperature end pressure,‘and.these results combined with

a P-V determination at some temperature are then sufficient to completely
'f'characterlze the equatlon of state of the solid over the range of
.variables studled. Thelnorﬁal methods of heatlcapac1ty meaourementu are -
 not appllcable when the system 1s‘under pressure.' The practical reason
is that the sample is such a. small fraction of the total system. Direct
. measurements have been made on hel:um2 and hy‘drogen5 in the liquid helium
temperature region. These measurements were made possible because the
heat capacity of the container became negligible éompared to that of

the solids under investigation.




-

In the present paper, the heat capacity and thcrmddynamic properties
of aluminum are determined to the Debye upproximation. This is done by
the_determinatiqn of the Debye temperature of aluminum by the eppliéation
of the Bloch-Gruneisen equation to the resistance-temperature measurements
on aluminum. The Debye temperature of aluminum increases to 485°C at a

\

pressure of 135 kbars. The value at 1 atm is 395°C.

THEORY "
It is well known that the temperature-resistance behavior of a one

electron_metai is well described by the Bloch—Grﬁneisen.equation,

2 /T ‘xﬁdx . :
R=C —= - - : (1)
—E)z 0 . (e*-1)(1-e7F)

The discussion of this result can be foundvin any'elementery text on solid
state phyeics; for example that of Ziman.u Invactual practice,* the
'abeolute valﬁes‘of:the resistance are not accurately given by this equation,
lbutbthe relative resistences ae abfunction of temperature dervied from.

e‘this equation are in excellenthagreement with those obtained from experiment.

""The equatlon is- of use in equatlon of state 1nvest1gat10ns because it

“econtalns as its one parameter, the Debye temperature, ®D At one atmouphere,
;wnere the limitations on the temperature that is attainable is not the
w,”limiting faetoflin the investiéetion;.the Debye temperature is determined
Trom the retios of the paremetersvin the regions which exhibit a linear
5;;and flfth power dependence of the re31stance on temperature The Debye
;temperatures determlned in thls manner for one electron metalg agree well
. with the wvalues obtalned by other methods.5 Alumlnum benaves as a one

electron metal at one atmosphere with respect to the usppiication of the

Bloch Gruneis sen equailon. The Debye temperature obtained {ron the
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electrical resistivity is 395°C; while other values range irom 385° to
411°C. The other values come from specific heat and elastic constant
determinations at different temperatures. In this paper, the assumption
"is made that aluminum continues to Behave as a one electron metallto the
- highest pressure involved in this investigation, 135 kbars.

- Once the Debye temperature-isbknown as a function of pressure, the
partition function can be evaluated, and the equation of state is

au, ‘ | -
_ A (e
P=rgw " v % (@)

where UO is the pofential energy, P the pressure, V the molar volume,
. UD the lattice vibfational energy and Y is .-din ©/d lan. UD is_given
by the.appropriate Debye'integral. . |

To completely charagterizé the system.it‘is essential to have a
knowledge_éf P vs. V at some témperaturé. The volume data used in this

6,7

_investigétion aréuthose obtained by Bridgman from compressibility work
.at'rqpm temperature and from the x-ray diffraction work of Jamig;on.
It;is evident that once the partitionlfunctioh has been obta;pcd,
all of the properties of the system are characterized, and the validity '
of the results-is‘limited by the degree of coriectﬁess of the partition
functionm_dihé Debye theory does reproduce thé experimental work with a

“high degreé of accuracy when the temperature is high, i.e., about 0.5 @o |

or greater. - At.lower:temperatures the errors mount.

]

‘EXPERIMENTAL

The usual Bridgman anvil setup was used, but because of aluminum's
extremely low resistivity, the standard resistance weasurement technique could
9 .

. .not Ybe applied. In the low temperature region (<100°K) the contact

rcsistances of the system become appreciable compared to the resistunce
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of the sample. Thus, the four-lead technique deseribed previeusly' was
used amd proved satisfactory; The experimental temperature region was 65
to 300°K. The lowest temperatures were reached by pumpiné»on a liquid
fnitregen bath. To maintain a warming rate of 0.1-0.3°/minute, heavy
copper blocks surround the Bridgman anvils and back-up blocis. The

temperature is measured with Cu-Constantan thermocouples calibrated at

77.4°, 194.7°, and 273.2°K. The aluminum used was 99.95% pure and obtained
) 2 -

from American Lamotite Corporation.
‘SampleSHWere made from 0.00% in. foil cut into 0.2 in. diam. circulur
vhoops‘and annealed at 200°leor several hours. - The room tempernture
,res1stance of these samples was ~ .020 Q and decreased to ~ .00l Q at 5) K.
“urther detalls of the re51stance measurements have been prev1ously‘
described.? Of the many samples‘prepared five were successful, glVlng
a total of seventeeu 1sobars in the pressure region from 25 to 135 kbars.
vIn the present development of the art of high pressure determ:natuons
ﬂ"'at'lOW'temperatures, it was not possible to reach'temperatures sufficiently
' lowa)that;the fifth power temperature dependence of the resistence could
' bezobserved.j It was pherefOre.essential'to fit the deta obtained_to the
Bloch-GruneiSen‘eguatiqn. Opyiously,-the lower the temperature, the
" befter the fit. It was found on the data‘obtair'xe‘d with aluminum, that
“if'the iowesﬁ temperatureAreached was on the order of 0.256,.3 fit to
babout 5% could be obtalned The lower the temperature reached, the more

certaln the ass1gnment of the Debye temperature. At 65°K, the tcmperature

"73Ar was about 0. 150 The hlgher the pressure, “the greater this frlctlon

_ becomes. . We feel fhat the a351pnment of +5 is 'a reasonable ectimate
of ithe accuracy of the present experiments. -Since the presently available

static pressure-volume data on aluminum extends to 100 ibars, the equation

TR TR T

S

TR TR
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of state is valid oniy to tiis pressure. lowever, thc Lebye‘tumpcruture
determinations haﬁe been made to a preseure of 135 kbars.
CALCU@ATIONS

The . procedure followed for the determination of the Debye 6 for each
isobar follows. First, it must be pointed out that R, dcfined according
V to Eq. (1), must be at constant volume. Since all data tsken here werc<:
obtained‘at COnsﬁanf bressure, a correction should be added, according‘

to the formula,
(3R /o1), = (BR/BT)p - R(3¢nR/dV),, o : (3)

where ¢ is the thermal expansion coefficient at temperature T. It was‘-
‘found that this correction and also that for the residual resistance-is
~;neg11g1ble in the temperature region studied here.

The technlque for choosing the best @ for a partlcular isobar is a

"~ simple one. First, several ©'s are chosen at 5° intervals about an

"t .. estimated © for the case. Then, reduced resistance curves derived from

- Eq. (1) are calculated choosing both a high and IOW'temperature Tixed
vl?point. The resulting tabulations are ﬁhen_compared with the experimental
-tresiStance and by a suitable minimization procedure the best © is chosen.
'The'high end low temperature fixed points gave values for ﬁhe_best ©
J.separated by a few degrees from which an average was taken. Tigure.l
illustrates a typical fit of the_experimehtal data using a leW'temperature
. -- fixed point. The.deviation frem the base line (6 = 435°) iseplotted

. against temperature. The'resulting P-0 curve is shown in Fig. 2.-



RESULTS AND DISCUSSION

From the P~V isotherm discussed earlier and the P-0 curve obtained,
- “the variation of ©® with V or the more useful quantity -, dcfined as the
Grineisen ratio,

/= -4 /din V,

- may be determined. The Gruneisen ratio has received a great deal of
attention because of its application to equation of stété'and thermal
expansion measurements.ll Since the quantity V/V.or din @/dV appears
in the equétion»of staté,-y/(V/Vo) is illustrated in Fig. 3. At zero
pressﬁre the value of 7/(V/VO) is 2.08. This compares favorably with
the value of 2;19i;10 obtained from thermOdynamic data.12 ‘As the volume
decreésés V/(V/Vg) deéféases,xapproachingia constant‘valuénéf abproximate-
.ly 1.7:abo;e 4o kbafs; (Kormef et al.l; have determined the Gfﬁneisen'

Eratio in shock ﬁave éxﬁérimehts for aiuminum frém 700 kbérs ﬁo several
| EmegaﬁﬁrsQi iﬁéyiﬁavevextrapolated.their data'fo Zero pressﬁre using a
 value bfv2.l3'fbri7“obfained from aémospheric thermodynamic data..'Al—

tthough a direct comparisoh'ﬁay not be made with our data, Kormer finds

x -aiso that.v/(V/Vo) is approximately constant up to 600 kbars and equal

vto 2.08. - The value of 7/(V/V5) which best fits tﬂe data obtained here
- . from O to lOO.kbars is 1.78._2The equation of state may then be approii-
mated by ﬁhe analyticél expression |

0 = 395 o178 AV/V,

The exponential dependence of the frequency on volume leads one to
believe that a Morse potential mipght describe the total eneriy of the
1k . . 15 :
system. Slater” and more recently Pastine15 have shown that a Morse

potential does quite well for several cubic metals including aluminwm.




Pastine obtains excellent agfeement with shock wave data on alwminun,
and calculates a change in the Debye témperaﬁure‘of 85° for a pressure
of 100 kbars compéréd with 75° found in this work.

| With the above results, the cquation of state is defined. dUO/dV
‘is then integrated. to ébtain the tétal energy at absolute zero which is
illﬁstrated in Fig. 4, where volumé has been converted to interatomic
distance in the solid. The atomié separation at 0°K is then 2.85@ Z.-
Tﬁis compares ﬁith é.851 R-obtained by extrapolation of x-ray data.
P~V isotherms were dbtéined from the equatﬁon of state and the corre-
- sponding volume-pressure derivative, (BV/GP)T,'has been tabulated in
Mable 1. From thé thermodynamic identity

L (@s/3p)y = -(v/er),,

 -£he ﬁhermal.exﬁansion is éalcﬁiated from.tabuiéted Debye entropy func=-

tions. These results are giﬁen in Table 2, along with a comparison with

"E¢ experimental data at 1 atm. Similarly, (Cp - Cv) is calculated and the

':f results}tabulated:iﬁ Table 3:'¥Cv is-eaSily obtainable from tabulated

‘ " Debye heat capacity functions. As mentioned above, direct measurement

G of heat capacities are being performed in this laboratory although the

. technique is not yet fully developed. Some preliminary results on

- aluminum at SO kbars are shown in Fig. 5. The curve drawn through

7.7 the expérimental points is the heat capacity, Cp, determined from our

" equation of state.

B From the Debye temperéturés gnd.compressibility data, Poisson's
rétio, o, has béen.éaléuléted and iS“illustratéd in Fir. 6, The initial
value of ¢ is 0.35 and is nearly iﬁdependent df pressure Qp'to about

" 40 xbars, where it begins to increase slowly to a value of 0.33 ut.100



-

.kbars. This result is in ¢rreement with_elasfic coﬁst#nt dcterminations
"~ up to 10 kbarS,l7’18»where Poisson's ratio is found to be independent
of pressure. tilizing the elasfic constant data further, Debye tempera;_‘
tures were calculated. The Debye temperature is found to have a
somewhat greater volume dependence than observed here. The iﬁitial
“value of the Gruneisen ratio is 2.50, which is considerably larger thah» -
the thermal value of 2.19 aﬁd the vaiue 2.08 determined here. Extrapo—_
lation to 100 kbars yields a Debye temperature 13% greater than observed
in this work. .
Lastly, the variation of AU, AH, AA, AF, and AS are shown in

Table 4 as a function Sf pressure at 298°K. .This essentially completes

" the thermodynamié datg..nMany'mofe tabulations could bé made; but
n‘additiopal infbrmation may be feadily.calculated from the data presentedt
here. | _ | B | . . -
'Thé cé@pariéons of (BV/BT)p, (C#—Cv), C?} Y, ahd Vv (0°K) with é*-
v:-.perimenﬁél daﬁa are very eﬁcouragihg. Each agreeslto,Within a few
‘perceﬂt,_which is remérkable‘inrlight of the approximations. Atlthis
time the validitygof the resulfs may be tested only at zero pressure.
iv‘Further verification awaits fUrther'fesults of direqt measurements of the

heat capacity, Cp, as a function of pressure.

CONCLUSIONS .
With the experimeﬁtal procedure described, we have an easily
- applied technique for obtéihiﬁg equation of state data applicable to a
" number of‘importéntfmetalé.l Since the entropy changes are alreﬁdy

~ known for many high pressure transitions; a good test of the method

LS B A

would be the determination of the entropy change across a phase boundary

by finding the change in the Debye ©. The possibility of studying a
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phase transition is being considered at this time.

Since the Debye © for many of the true one electron metals is
- very low, the temperaturelrange used in this experiment is unsﬁitablev
for study-of‘thesebmetals. If liquid hydrogen temperatures could be
reached easily and at:a feasonable cost, this teéhniqué could. be used
-for study of the alkali metals which have been of considerable interest

_ to many workers.
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-<8v/ag)r X 10° cc/kbar Table 1

P 298

200

250 150 100

0 13.48 13.26 13.04 12.85 12.56

10 12.62 12.k2 1221 12.02 11.87

20 11.80 11.62 ‘“ii}ué 11.25  11.12

b 10.29 10.1k  9.98  9.82 9.7

60 8.95 8.72 8. 6L 8.55 8.48

B0 T8 T.6T .6 AT T.39

100 6.76 6,68  6.60  6.54  6.148

N J <av/aT>P'x 107 cc/deg Table 2
F{ X Y | :
P 298 250 200 150 100
PR E - B R B

o éu.l 61.0  55.9 L48.8 3Lk
10 ‘5u.5 .2 hg2 k.8 eo.7
20 487 k7.0 43.6  37.7  25.8
Ck0 T BOL 38,17 35.5 0 30.h ' 20.2
| ;: 60 300" 32,3 29.97 25.1  16.5
< 80 “ 29.2  28.1 :25.8 21.5  13.9
1100 2k.3 25.5  21.3 '17.6‘ 11.3




‘ (Cp - CY) cal/deg mole

IR
-l -

Table 3.

\\\\\é
P 298

-----------------------

20 .
o
6o
8o

100

.110

=-aO9l '

079

. 066 i

.oAzl

- 035

.068

.055

Lobs

<033
. 027

. .023

.018

Table 4  Thermodynamic Functions,

298°K cal/mole

AS

: S 10 ;“
B 20
o
N 60 .
2'80f_

".100

:x;glliy“
. 7& : :
256
493
e

esal
u63h

9LTh

13616

17983
22268

s

58

213

451
T3

1825

./_ o

-.0.10
- 0.2k
- 0.L5
- 0.6k
- 0.80

-0.92

%

cal/deg mole -
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Fig. 1

Fig. 3

Fig. 4

' Fig. 5

Fig. 6
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Figure Captions

A typical fit of the experimental data using a low
temperature fixed point. The deviations from an idcal
resistance curve derived from Eq. (1) (& = 435°) are

plotted against temperature.

Debye temperature, ©, versus pressure for aluminum.

Gruneisen ratio divided by reduced volume versus pressure

and reduced wvolume.

!

. Total energy at 0°K versus interatomic distance.

Heat capacity of aluminum at 50 kbars compared with
preliminary data of Stark (unpublished data).

Poisson's ratio versus pressure and reduced volume.




AR | arbitrary units)

! i I | i j

- 08} |
| @ = 445
06 ~
®=4401
04 R i
0.2} | _
®:-435
0 P& Q )g B
O o
' O O
-0.2F -
N ®= 430
-0.4} _
\. ®-=425

-06} N\~ 7
_O._8 — ]

- 1.0 | L | 1 | |

60 100 140 180 220 260 300 340
T (°K) |
MUB 12111

Fig, 1



-16-.

490 {‘H ;' :m. T ' r” ';
as0l . | 'f@ —_
sc0| _ - ”A» 1

440 , : L - : L J T'
430 %
420+ | _ '

410 o - | ‘—

400 | B | -

39'0(13 20 40 60 80 100 120 140

MUB12112

Fig, 2




T

| P (‘knbar_;s') o
O 10 20 40 60 80 100

2."__. l r I T 1 T
_
1.6 | | | |
1.0 0.96 0.92
| v/v0 .

MUB-12109

. Fige 3




-18-

Uy (cal/mole)

N b OO @

o

284 285
r (A)

1
2.86

900
800F
700f
—~  600F
i) .
~_ 500F
S
S
- 400}
O
D :
300
200
- 100F
oL
__50

| 1 L ] ] : L
2.76 2.7 8 280 282 284 286 288

v (A

Fige 4

MUB-12110



Cp (arbi*rrcry units )

22

20

100)

0))

D

-19.

1

%/ j.Stan'r'k_

— T h_is work

- L

-

!
100

|
140

i 1 | 1
180 220 260 300
T (°K) | |

Fig. 5

MUB 12108



Poisson's ratio, O

-20-

P (kbars)

0 ___10_20 40 60 80 100
| T . I 1 T
34 1 . |
.0 096 0.92
v/v0 |

MUB-12113

Fig, 6




This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








