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ABSTRACT OF THE DISSERTATION

The Inverse Spectral Problem for Convex Planar Domains

By

Amir B. Vig

Doctor of Philosophy in Mathematics

University of California, Irvine, 2020

Associate Professor Hamid Hezari, Chair

The purpose of this dissertation is to develop the spectral theory for bounded planar do-
mains. A particularly effective method for understanding the Laplace spectrum is via the
wave equation. Chapters 3-6 develop a general theory for explicitly solving the wave equa-
tion in terms of dynamical data associated to the billiard map on the underlying domain. In
particular, we develop a microlocal Hadamard-Riesz type parametrix for the wave propaga-
tor near reflecting rays in bounded planar domains with smooth, strictly convex boundary.
This parametrix then allows us to rederive an oscillatory integral representation for the wave
trace appearing in [44] and compute its principal symbol explicitly in terms of geometric data
associated to the billiard map. This results in new formulas for the wave invariants. The
order of the principal symbol, which appears to be inconsistent in the works of [44] and [60],
is also corrected. In those papers, the principal symbol was never actually computed and to
our knowledge, this dissertation (in addition to the author’s previous works [69] and [68])
contain the first explicit formulas for the principal symbol of the wave trace. The wave trace
formulas we provide are localized near both simple lengths corresponding to nondegenerate

periodic orbits and degenerate lengths associated to one parameter families of periodic orbits



tangent to a single rational caustic. Existence of a Hadamard-Riesz type parametrix for the
wave propagator appears to be new in the literature. This is also based on the author’s
prior work [69] in the special case of elliptical domains and [68] for general convex billiard
tables. It allows us to circumvent the symbol calculus in [12] and [25] when computing trace
formulas, which are instead derived from our explicit parametrix and a rescaling argument
via Hadamard’s variational formula for the wave trace. These techniques also appear to be
new in the literature. In Chapter 7, we investigate C! isospectral deformations of the ellipse
with Robin boundary conditions, allowing both the Robin function and domain to deform
simultaneously. We prove that if the deformations preserve the reflectional symmetries of
the ellipse, then the first variation of both the domain and Robin function must vanish. If
the deformation is in fact smooth, reparametrizing allows us to show that the first variation
actually vanishes to infinite order. In particular, there exist no such analytic isospectral
deformations. The key ingredients are a version of Hadamard’s variational formula for vari-
able Robin boundary conditions and an oscillatory integral representation of the wave trace
variation which uses action angle coordinates for the billiard map. For the latter, we use
the explicit parametrix for the wave propagator developed in the interior, microlocally near

geodesic loops (see Chapter 5).
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Chapter 1

Introduction

1.1 Background

The inverse spectral problem has a long history, dating back to Kac in 1966 [33], who asked
the famous question “can one hear the shape of a drum?” Mathematically, this corresponds
to uniquely determining a domain €2 from the spectrum of its Dirichlet, Neumann or Robin
Laplacian. For bounded domains, the spectrum is purely discrete, consisting of eigenvalues

2 . .
Aj satisfying

—Au; = Nu; 1€
S (1.1)
Bu; =0 x € 01,

where u; are smooth eigenfunctions on {2 and B is either the restriction operator (Dirich-
let boundary conditions), normal differentiation (Neumann boundary conditions) or normal
differentiation plus a prescribed function on 992 (Robin boundary conditions). In [33], a
positive answer to this question was obtained in the special case of a Euclidean ball by using

heat invariants and the isoperimetric inequality. Almost immediately the original question



of Kac, John Milnor found an example of 16 dimensional isospectral tori which were not
isometric. Sunada later generalized this example by using an algebraic method, but the
question for planar domains remained open until 1992, when distinct polygonal domains in
R? were found to be isospectral in [15]. The question is still widely open for convex and/or
smooth domains, although there has been significant progress. For example, it is proved
in [76] that analytic domains with a single isometric involution are spectrally determined
assuming some additional generic dynamical constraints on the length spectrum. Melrose
also showed that the set of isospectral planar domains is precompact in the C'*° topology by
a careful analysis of the heat invariants (see [47]). This was improved in [50], [51] and [52],
where the authors proved genuine C'™° compactness of the isospectral set. This result is based
on the Polyakov formula for (-regularized determinants and applies to both bounded planar
domains and closed surfaces. Recently, Hezari and Zelditch showed in [26] that ellipses of
small eccentricity are spectrally determined amongst all smooth planar domains, which is
the first positive result in such generality since Kac’s original paper [33]. Thorough surveys

of the inverse spectral problem are contained in [78], [74], [9] and [45].

A variety of approaches in local and global harmonic analysis have been taken to prove par-
tial results in the direction of [33]. One particularly useful strategy is to use the wave group
to deduce spectral information about the underlying geometric space, usually a Riemannian
manifold. The motivation behind this approach stems from Duistermaat and Hormander’s
propagation of singularities theorem, which says that singularities of solutions to the wave
equation propagate along (possibly broken) bicharacteristics, which are lifts to T7*(R x Q) of
geodesic or billiard orbits. As linear waves can be superimposed, constructive interference
is most pronounced along geodesics which are traversed infinitely often, i.e. periodic orbits.

On the trace side, this is reflected in the Poisson relation:

SingSupp Tre™ =2 c +LSP(Q) U {0}, (1.2)



where the lefthand side is the distributional trace of the half wave propagator (see Section
6) and the righthand side is the length spectrum of Q (the closure of all lengths of periodic
geodesic or billiard orbits together with {0}). This is due to [1] in the case of bounded planar
domains. In particular, the formula (1.2) generalizes the Poisson summation formula on the

torus R™/Z" from elementary Fourier analysis (see [67], for example).

Asymptotic formulas near the singularities are given by the Selberg trace formula in the
case of hyperbolic surfaces [64], the Duistermaat-Guillemin trace theorem for general smooth
manifolds under a dynamical nondegeneracy condition [12], and a Poisson summation for-
mula for strictly convex bounded planar domains due to Guillemin and Melrose [20]. How-
ever, since these trace formulas involve sums over all periodic orbits of a given length, it is
theoretically possible that the contributions of distinct orbits having the same length could
cancel out and the wave trace is actually smooth near a point in the length spectrum. We
say that the length L € R of a periodic orbit v is simple if up to time reversal (t — —t),
v is the unique periodic orbit of length L. Without length spectral simplicity, there is no
way to deduce Laplace spectral information from the length spectrum alone. It is shown
in [56] that generically, smooth convex domains have simple length spectrum associated to

only nondegenerate periodic orbits. In that case, the following theorem holds:

Theorem 1.1.1 ([20], [57]). Assume y is a nondegenerate periodic billiard orbit in a bounded,
strictly convex domain with smooth boundary and v has length L which is simple. Then near

L, the even wave trace has an asymptotic expansion
Treostv/—A ~ Re {ay(t — L+i0)"" + ) ap(t — L+1i0)*log(t — L + @0)} . (1.3)
k=0

where the coefficients ai, are the wave invariants associated to .

Calculations of the wave invariants associated to dynamically convenient orbits have proved

extremely useful in the inverse spectral problem associated to (1.1). For example, the case
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of rotationally symmetric metrics on S? is analyzed in [72]. In [75], [77] and [24], the wave
invariants associated to bouncing ball orbits are explicitly calculated using Feynman dia-
grams to analyze the stationary phase computation from which Balian-Bloch (wave trace)
formulas are derived (see also [73]). Under mild dynamical conditions and some additional
axial symmetry assumptions, these coefficients can be used to determine the Taylor series of
a local boundary parametrization. In particular, this allows one to deduce that such domains

are spectrally determined amongst a rich class of analytic, symmetric domains.

The wave invariants have also proved useful in variational inverse problems, going back to the
seminal papers [17] and [18], where the authors proved spectral rigidity for closed manifolds
with negative sectional curvature. This was recently generalized to Anosov surfaces in [53].
In the setting of bounded domains, it is proved in [25] that ellipses with Dirichlet/Neumann
boundary conditions are infinitesimally spectrally rigid through smooth domains with the
same symmetries. These results as well as spectral determination of the Robin function
in [19] were generalized to Liouville billiard tables of classical type in [61] and [63]. They
were also extended to the Robin setting in the author’s previous work [69], where both the
domain and Robin function were allowed to vary simultaneously. A recent breakthrough was
obtained in [26], where the authors showed that ellipses of small eccentricity are spectrally

determined. Thorough surveys of the inverse spectral problem are contained in [78], [74], [9]

and [45].

This dissertation is partially inspired by [44], where the following theorem is proved:

Theorem 1.1.2 ([44]). If Q is a bounded and strictly convexr planar region, there exists

N = N(Q) such that if j > N, then the contribution 7; of E; to p is of the form

1 0o L
0, = —/ / =T g (s 1Ydsdr, (1.4)
2r Jo  Jo



where in terms of an arclength coordinate s on 052,

:U“j(s) = \Ijj<87 Sl)‘szsm

with ¢(s,s") = L(g), with g the length of a j-fold geodesic from s to s' and a; is periodic in

s, classical and elliptic of order zero, with principal part of the form e™i/*a;(s), a;(s) > 0.

Here, Ej(t) is the cosine kernel associated to the parametrix for the j reflection wave opera-
tor constructed in [6], which is reviewed in Section 5.2. In particular, if L; is a simple length
corresponding to a nondegenerate periodic orbit, then Theorem 1.1.2 gives an asymptotic
expansion for the localized wave trace. In fact, if € satisfies the noncoincidence condition
(2.5), i.e. |09 is not a limit point from below of the lengths of orbits of rotation number
m/n for m > 2, then the trace in Theorem 1.1.2 is a spectral invariant. One of the main
purposes of this dissertation is to explicitly calculate the principal symbol a(s, ) of (1.4) in
terms of geometric data associated to the billiard map, both in the case of simple lengths
corresponding to nondegenerate periodic orbits and also for one parameter families of degen-
erate periodic orbits, all having the same length associated to a caustic of rational rotation

number. It also corrects several errors in literature (including Theorem 1.1.2 above) on the

order of a € 531/2(89).

Dual to the Laplace spectrum is the so called length spectrum, which is a discrete set of
numbers containing the lengths of periodic orbits for the geodesic or billiard flow. The same
inverse problem exists: can one determine a manifold up to isometry from its length spec-
trum? The answer is unfortunately negative, as was shown for the case of constant negative
curvature in [70]. However, it is conjectured by Katok and Burns that the marked length spec-
trum does determine a smooth closed manifold up to isometry ([4]). Here, the marked length
spectrum also encodes the homotopy classes of periodic geodesics. Marked length spectral

rigidity was recently shown in [16] for Anosov manifolds. The relationship with the Laplace



spectrum is contained in the Poisson relation, which tells us that the singularities of the wave
trace are a subset of the length spectrum. Assymptotic formulas near the singularities are
given by the Selberg trace formula for hyperbolic surfaces ([64]), the Duistermaat-Guillemin
trace theorem ([12]) for general manifolds under a dynamical nondegeneracy condition, and
a Poisson summation formula for strictly convex bounded planar domains due to Guillemin
and Melrose ([20]). However, since these trace formulae involve sums over all periodic orbits
of a given length, it is theoretically possible that the contributions of distinct orbits having
the same length could cancel out and the wave trace is actually smooth near a point in
the length spectrum. Hence, without length spectral simplicity, there is no way to deduce

Laplace spectral information from the length spectrum alone.

While some results on spectral rigidity are known in the chaotic regime (see for example
[17], [18] and [54]), very little is known about the completely integrable setting, in which
the flow has a maximal number of conserved quantities (see Section 3). In the theory of
dynamical systems, a famous conjecture of Birkhoff is that the only strictly convex planar
domains with completely integrable billiards are ellipses. While this remains an open conjec-
ture, much progress has been made in the local setting. It is shown in [34] that if a rationally
integrable billiard table is sufficiently close to an ellipse, then it must be an ellipse. Rational
integrability means that for each integer ¢ > 1, the billiard map has invariant curves of
rotation number 1/¢, consisting entirely of periodic points. Using Aubry-Mather theory, the

authors then show that ellipses are length spectrally rigid (Corollary 14 of [34]).

The ellipse is smooth, convex and has completely integrable dynamics, which makes it an

interesting object to study in the context of spectral theory. In fact:

Conjecture 1.1.3 (Melrose, [45]). Ellipses are spectrally determined.

In [10], the authors show that convex domains with Z, axial symmetry which are sufficiently



close to a circle in C* are length spectrally rigid. These domains include ellipses of small ec-
centricity. It is shown in [56] that generically, convex domains have simple length spectrum
and nondegenerate Poincaré map. Combining the results in [10] and [56], it then follows
that Zo symmetric domains close to a circle are A spectrally rigid amongst a generic class
of symmetric domains. In [23], these results are extended to the Robin Laplacian, where the
Robin function on the boundary is also allowed to deform through smooth functions with the
same same Zso symmetry. Our problem is similar in nature but considers ellipses of arbitrary

eccentricity, which might not be close to a circle.

In the special case of an ellipse, the trace formulas developed in Chapters 6-7 are inspired by
[25], [19], [20] and [55]. Guillemin and Melrose proved a version of the Poisson summation
formula for bounded planar domains and then used this result in a subsequent article to show
that for a fixed ellipse, a Zy X Zo symmetric Robin function on the boundary is completely
determined by the spectrum of the associated Laplacian. Hezari and Zelditch then proved
infinitesimal spectral rigidity for Dirichlet/Neumann boundary conditions, while only letting
the domain deform. In their proof, the authors used the symbol calculus in [12] to compute
the trace of the wave kernel near periodic transversal reflecting rays. The problem addressed
in this dissertation (see Theorem 2.2.1) allows both the domain and Robin function to deform

simultaneously, which doesn’t allow us to directly employ the results in [19] or [25].



Chapter 2

Statement of Results

2.1 General trace formulas

One of the key elements of this dissertation is to develop a Hadamard-Riesz type parametrix
for the wave propagator in bounded planar domains with smooth, strictly convex boundary.
This is done in Chapters 1-5. We then use this parametrix to produce asymptotic expansions
for the distributional wave trace near isolated lengths in the length spectrum in Chapters
6-7. Let €2 be such a domain and denote by A the Dirichlet Laplacian on €. The even wave

propagator F(t) is defined to be the solution operator for the wave equation

(

(B2 —ANE=0 (zeQ)

{ E(0) =1d (z € Q) (2.1)

o FE =0 € Q),
L t ‘t:O (x )

with Dirichlet boundary conditions. In spectral theoretic terms, we can write E(t) =
costv/—A, which is the even part of the half wave propagator e?V=2. In [6], it is shown

that there exist Lagrangian distributions Ej;(t,z,y) such that microlocally away from the

8



tangential rays, the Schwartz kernel of E(t) is given by

+o0
E(t,z,y) = Y Ej(t,z,y) +C®(R x Q x Q), (2.2)
j=—o00
with E; corresponding to a wave of j reflections at the boundary. The sum in (2.2) is
locally finite in time. If we restrict our attention to waves which make j reflections and

travel approximately once around the boundary, we have the following explicit parametrix

for E;(t,x,y).

Theorem 2.1.1. Let Q C R? be a bounded domain with smooth, strictly convex boundary.
Then there ezists jo = jo(Q2) € N sufficiently large such that the following holds: for all
J = Jjo, there exists a tubular neighborhood U; of the diagonal of the boundary A C 2 x 2

such that for all (x,y) € U; and t less than but sufficiently close to |0€],
8 o
Ej(t,z,y) = Y (1) / TV @y (7w y)dr + C(R x U),
:t 0

microlocally near geodesic loops of rotation number 1/j. Here, by 1 € Sil/Q(Uj x RY) are
classical elliptic symbols of order 1/2 and the functions W¥(z,y) (1 < k < 8) are lengths
of the 8 billiard orbits connecting x to y in j reflections and approximately one rotation
(see Theorem 3.3.1). The principal term in the asymptotic expansion for b;j + is given in
boundary normal coordinates x = (u, @), y = (v,0) (see Section 5.3) by

S| s 2000 00 0wt 0w
2 ’ ou 00 dvdy  dp Ov 000

R e R L e
O Ov 900y Do 00 dvou|

where f(u, ) is a positive function which is smooth up to the boundary (1 = 0) and satisfies

f(0,¢) = 1.



Theorem 2.1.1 bears a remarkable resemblance to Hadamard’s parametrix for the wave prop-
agator on boundaryless manifolds (see [22], [22]), where the phase functions +7(t — ¥¥(x,y))
are replaced by +7(t — r(x,y)), with r(x,y) the geodesic distance from = to y. In that
case, for x,y near the diagonal, there is only one geodesic connecting x to y. In our setting,
Theorem 3.3.1 shows that there are exactly 8 orbits connecting x to y in j reflections and

approximately one rotation.

Remark 2.1.2. For j > jo(2) and z,y € 0N sufficiently close to the diagonal, there exist
only two orbits connecting x to y in j reflections and approximately one rotation. One is
in the clockwise direction and the other is in the counterclockwise direction. In particular,
when x = y € 0, there exists a unique geodesic loop based at x of rotation number
1/j. Restricting the functions W¥(x,y) appearing in Theorem 2.1.1 to the diagonal of the

boundary yield the j-loop function, which we denote by ¥,(q, q).

As in the case of boundaryless manifolds, we can use the explicit parametrix in Theorem

2.1.1 to prove trace formulas. It is known that E(t) has a well defined distributional trace
Trcostv—A = Zcos tA;, (2.3)
=0

where A7 are the Dirichlet eigenvalues of —A. The sum in (2.3) converges in the sense of

tempered distributions and has singular support contained in the length spectrum

LSP(€2) = {lengths of periodic billiard trajectories} U {0},

together with —LSP(Q) (see Section 6). Each periodic billiard orbit in € can be classified
according to its winding number m and the number of reflections n made at the boundary.
Denote the collection of periodic orbits of this type by I'(m, n), normalized so that m < n/2.

['(m,n) is never empty by a theorem of Birkhoff [3]. The length spectrum can be decomposed

10



accordingly as

LSP(Q) = | J length(I'(m,n)) UN[9Q|, (2.4)
m,neN
where [0€)| is the length of the boundary. Using the parametrix in Theorem 2.1.1, we can

prove the following theorem.

Theorem 2.1.3. Assume the conditions from Theorem 2.1.1 hold and € satisfies the non-
coincidence condition:

there exists £g > 0 such that U length(T'(m,n)) N (|0 — o, |092]) = 0.

m>2
n>1

(2.5)

For j > jo, define t; = infocon V;(q,q) and Tj = sup,cpq V;(q,q). Then on any sufficiently

small neighborhood of [t;,T;], TrE(t) has the asymptotic expansion

(—1>J‘Re{e”/4 N eif“—‘yf(qvq”af‘(q,§>dsdq}+O°°<R>,
o2 J0o

where a’(q, €) is a classical elliptic symbol of order 1/2 with principal part given by

; ) ) Ow; 1/2
a%(q,f)=451/281nwj,1(q,q)Slnl/zwj,g(q,q)‘ 6)C;;l(q,q) X(q) - N(q).

Here, X(q) is the position vector to a boundary point q with respect to a fized origin and
N(q) is the outward unit normal at q. The angles w;1,w;2 are the initial and final angles
respectively of the unique billiard orbit v;(q, q") which connects nearby boundary points q and
¢ in j reflections and approzimately one counterclockwise rotation. The function V;(q,q’)

is the length of v;(q,q') and its restriction to the diagonal is the j-loop function.

Remark 2.1.4. As the position vector X is chosen with respect to an arbitrary interior point
p, we can integrate out this symmetry over any measurable subset of the interior in the

variable p to obtain a more invariant formula. In particular, we can integrate over open sets,

11



curves and by a limiting argument, the boundary itself in order to obtain a smooth density
on J9. The noncoincidence condition (2.5) can be weakened and is in particular satisfied

for ellipses (see [19]) and nearly circular domains (see [26]).

Theorem 2.1.3 provides an explicit formula for the principal term in the parametrix developed
in [44]. In contrast to the methods employed in [44], the proof developed in the remainder
of this dissertation uses Hadamard’s variational formula for the wave trace and the explicit
parametrix for the wave propagator appearing in Theorem 2.1.1. These techniques are of
independent interest. Theorem 2.1.3 also provides clarity on a discrepancy in the literature
regarding the order of the wave trace (cf. [60], [44]). Note that in Theorem 2.1.3, no
assumptions are made on the nondegeneracy of orbits. If the length spectrum has high
multiplicity, the wave trace is in general quite complicated. However, when periodic orbits

come in a one parameter family corresponding to a caustic, we have the following;:

Theorem 2.1.5. Suppose ), j > jo are as in Theorem 2.1.3 and C is a caustic for Q of
rotation number 1/j. If periodic orbits tangent to C have length L;, then neart = L;, TrE(t)

has the leading asymptotic
¢ Re {4t — L, — i0) 2},

where ¢;j is a wave invariant given by the formula

; : Ow;
o= 7 [ i) | B2 0| X0 N
o0 q

In this case, wj1(q,q) = wja(q,q) is the measure of the angle of incidence for the unique

periodic orbit of rotation number 1/j based at q € ON2.

While KAM theory provides the existence of irrational caustics, it is shown in [35] that for a

fixed j, the set of all smooth convex domains possessing a rational caustic of rotation number
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1/7 is polynomially dense in the variable 1/j in the collection of all smooth domains, equipped
with the C'°° topology. Exponential density is also proven in the analytic category. As
ellipses satisfy the noncoincidence condition (2.5) (see [19]) and are known to be completely
integrable with confocal conic sections as caustics, we have the following corollary to Theorem

2.1.5.

Corollary 2.1.6. For an ellipse §2 given by

x? y2
Q:{(l’yy)iﬁer—gSl},

and L; € LSP(Y) sufficiently close to |02 corresponding to the length of billiard orbits of

rotation number 1/j, the wave invariants in Theorem 2.1.5 are given by

(—1)7+12absin w;+/a? cos? p + b2 sin? pdy

coswj(a?sin® ¢ + b2 cos? ) (b2 + (a2 — b?) sin® )G ((;) /1 — k2 singp

cj/ov

Here, (; € [0,b) is the parameter of the confocal ellipse

132 y2
.= : =1
o ={ (e -G F-G f

to which the orbits of length L; are tangent and k¢, is given by

k2 B a2—b2
G 2"
J a2_<j

The parameter ; depends on the rotation number 1/j and is defined implicitly by the equation

1 F(arcsin;/b; k)

i 2K (¢5) ’
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where F(s; k) is the elliptic integral

/5 dr
0 1— k2sin’®r

and K((;) = F(m/2;ke;). The function G((;) is defined by

= / TS o5 1 9) L F(arcsing/o k)
- arcsin N
@=) Jo (=R sm?rpz Y7 7ae gy

and w; = w;(p) are the angles of reflection for orbits tangent to C¢,;, given implicitly by the

equation
¢; =sin®w;(b* + (a® — b*) sin® ).

Remark 2.1.7. Analogous formulas to those appearing in Theorem 2.1.3, Theorem 2.1.5 and
Corollary 2.1.6 can also be proved for the Neumann and Robin wave traces. The formulas
are less succinct but can be easily reproduced by following the proof of Theorem 2.1.3 and
combining it with the Hadamard type variational formulas for Robin boundary conditions

in the author’s previous work [69].

2.2 Robin Spectral Rigidity of the Ellipse

In Chapter 7, we follow the author’s previous work [69] in proving infinitesimal spectral rigid-
ity of the ellipse with C'* deformations of both the domain and Robin boundary conditions
which preserve the symmetries of the ellipse. This means that the first variations of both the
domain and Robin function vanish. To make this precise, we consider the eigenvalue problem
for the Laplacian. Let Qg be an ellipse and ¢, a C' family of diffeomorphisms defined in a

neighborhood of € for 0 < e < gy, such that ¢y = Id. Denote Q. = ¢.(£) and let K. be a
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C' family of smooth functions on 9Q. = .(9€). The PDE we are interested in is

—Au, = N (e)u., €,
(2.6)

% = K. u,, x € 09),.

The equation (2.6) is said to have Robin boundary condition with Robin function K.. As
K. € C>=(99.), it is shown in [66] that —A is self adjoint on L*(Q).) with densely defined
domain D = {u € H*(Q.) : d,u. = K.u.}. The analytic Fredholm theorem guarantees that
(2.6) has nontrivial solutions only for a discrete collection of eigenvalues )\32- € R, comprising
the entire spectrum which we denote by Spec(€2.). We may assume @.(z) = = + p.(z)v, for
x € 0¥, where v, is the outward unit normal to 0€)y and p. is a smooth function on 0€2.
We also impose the restriction that p. and K. should be invariant under the symmetry group
of the ellipse, which is generated by reflections through the coordinate axes and is isomorphic
to the Klein four-group. We denote the Laplace operator with boundary conditions above

by A. and prove the following result:

Theorem 2.2.1. Let p.(Q) = Q. be a C* deformation of the ellipse through smooth domains
with Zy x Zy symmetries and K. a C' family of Robin functions with the same symmetries.

If the deformation is isospectral, i.e. Spec(A.) = Spec(Ag) for 0 < e < &y, then p= K = 0.

Here, we have written p(x) = d%lezopa(x) and K (z) = £ _oKe(z + po(x)v;) to denote the
first variations, which are studied in more detail in Section 4.1. We also use the notation
0= %|E:0. We then say the ellipse is infinitesimally spectrally rigid through domains and
Robin boundary conditions with the symmetries of an ellipse. The prefix “infinitesimal”
means that only the first variation vanishes. If it could be shown that no nontrivial such

isospectral deformations exist, we would say the ellipse is spectrally rigid amongst such

domains. As a quick corollary to Theorem 2.2.1, we have:
Corollary 2.2.2. There are no nontrivial analytic isospectral deformations of the ellipse
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through Zo X Zo symmetric domains and Robin functions.

This follows from a simple reparametrization argument which can be found in Section 3.2 of
[25]. One of the main ingredients in our proof is a version of Hadamard’s variational formula

for variable Robin boundary conditions, which also appears to be new in the literature:

Theorem 2.2.3. Let G, be the Green’s kernel for the eigenvalue problem with Robin bound-

ary conditions on .. Then, for x,y € int(€y), 0G-(\, x,y) is the distribution

/ _<ng0<)‘7 x, Q), V{GO(Av q, y)>p + ()‘QP + Kgp + KOKJP. + K)GO(/\7 &€, Q)Go(A, q, y)dq
Q0

Here, VT denotes the tangential derivative in the ith spatial variable and dq is the natural
line element on 9 inherited from the flat metric on R?. The Green’s kernel or Green’s
function is the Schwartz kernel of the resolvent (—A — A?)~! for ImA* > 0. In Section 3,
this result is extended to variational formulas for both the even wave trace Trcos(tv/—A,)

and simple eigenvalues. In particular, we prove the following in Section 7.3:

Theorem 2.2.4. For the ellipse Qy = {(x,y) : 2—2 + g—z < 1}, with boundary parametrized by
(z,y) = (acosp,bsiny), there exists a jo = jo(2) sufficiently large such that for all j > jo,
the variation of the wave trace near a length L; € Lsp(€y) corresponding to a caustic of

rotation number 1/j is given by
§Treosty/—A. = ¢t Re {e™*(t — L; —i0")*?} + L.O.T.,

The constants c; are given by

o= [ POQE) Al —
0 \/(62 + (a? = 0?)sin” ) — A\?

Here, L.O.T. denotes lower order distributional terms and \; is the parameter of the confocal
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ellipse

1’2 y2

Z—x o

=1,

to which periodic orbits of length L; are tangent. P and ) are certain nonzero analytic
functions. Moreover, if p =0, then the leading order term in the singularity expansion near

L; becomes
dTrcosty/—A; = c;tRe {6”/4(25 —L; — iO*)’l/z} + L.O.T.,

where the constants ¢; are given by

- / PO E(g)dy |
0 \/(62 + (a? — b?) sin® ) — X2

P and Q) are again certain nonzero analytic functions.

Remark 2.2.5. In [19], it is shown that ellipses satisfy the noncoincidence condition 2.5, i.e.
there exists a jo such that for all j > jy, the length L; of a periodic orbit with rotation
numbers 1/j does not coincide with the length of any periodic orbit making more than 1
rotation. In particular, all periodic orbits of length L; are tangent to a single confocal conic
section. These orbits all have rotation number 1/j, making j reflections at the boundary
with winding number 1. In Section 7.3, we will send j — oo and use the constants ¢; and ¢;

to show that p and K vanish.

The idea of the proof of Theorem 2.2.1 is that if the deformation is isospectral, then the varia-
tion of the wave trace should also be zero. The Poisson relation, in this case due to Guillemin
and Melrose ([19]), tells us that the singularities of the wave trace are contained in the length
spectrum Lsp(£2), the set of lengths of periodic trajectories for the broken bicharacteristic

(billiard) flow. Using microlocal analysis and in particular, Chazarain’s parametrix, we can
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localize the wave kernel near the periodic transversal reflecting rays. From this, we obtain a
singularity expansion for the wave trace variation, a Fourier integral distribution, near the
length spectrum. We then cook up an oscillatory integral which microlocally approximates
this distribution by using a special phase function associated to the billiard map. To do
this, we actually construct an explicit parametrix for the microlocalized wave kernel near all
orbits tangent to a confocal ellipse of rotation number 1/j (Theorem 5.4.3). In particular,
this involves finding all orbits making approximately one rotation with a prescribed number
of reflections which connect two points in an interior neighborhood of the diagonal of the
boundary (Theorem 3.3.1). This is of independent interest in the theory of dynamical bil-

liards.

In the special case of the ellipse, we can incorporate action angle coordinates for the billiard
map, which allows us to convert the singularity expansion for the wave trace near Lsp(£2)
into the product of a nonzero distribution and an elliptic integral as in Theorem 2.2.4. Since
this expansion is valid near any isolated length sufficiently close to |0f2|, we can take a special
sequence of caustics creeping closer and closer to the boundary. Following the ideas in [19],
we send j — oo and analyze the coefficients ¢; and ¢; in Theorem 2.2.4. These coefficients
are analytic in the paramater A\? and since )\? — 0 as 7 — 00, we see that they are actually
flat at A = 0. An application of the Stone-Weierstrass theorem then shows that p = 0. Upon
substituting p = 0, we obtain a new singularity expansion for the subprincipal term with &

only. The same tricks show & = 0.

2.3 Schematic Outline

The proofs of Theorem 2.1.3, Theorem 2.1.5 and Corollary 2.1.6 use techniques from [69]

and [68], which are reviewed throughout. The first step in the proof of Theorem 2.1.3 is to
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generalize the Hadamard-Riesz type parametrix for the wave propagator constructed in [69]
for ellipses to arbitrary bounded domains with strictly convex, smooth boundary as in The-
orem 2.1.1. This requires a dynamical classification (Theorem 3.3.1) of the cardinality and
structure of all billiard orbits connecting interior points with a fixed number of reflections,
analogous to Lemma 5.2 in [69]. Chapter 3 introduces language from dynamical systems
necessary to describe the billiard (or broken bicharacteristic) flow, which later appears in
the canonical relations of the wave propagator. The proof of Theorem 3.3.1 is relegated to
Section 3.4, where it is broken up into several intermediate lemmas. This material is largely
independent from the rest of the dissertation and is of separate interest from the perspective
of dynamical billiards, irrespective of applications to spectral theory. In Section 3.2, we re-
view the special properties of billiards in elliptical domains. An alternate proof of Theorem
3.3.1 for elliptical billiard tables is presented in Appendix B and uses Jacobi elliptic function

theory.

Chapter 4 is then devoted to proving a version of Hadamard’s variational formula with
Robin boundary conditions (Theorem 2.2.3) and extending this to variational formulas for
both the localized wave trace near lengths of periodic orbits (Theorem 4.1.7) and simple
eigenvalues (Theorem 4.1.8). In Chapter 5, the length functionals corresponding to the
orbits in Theorem 3.3.1 allow us to cook up explicit phase functions which parametrize
the canonical relations for the wave propagator ¢™V=A which is a Fourier integral operator
microlocally away from the tangential rays. These canonical relations are discussed in detail
in Section 5.2. This parametrix is microlocalized near approximate geodesic loops, which are
particularly useful when integrating the wave kernel over the diagonal in the trace formulas
which follow. Construction of an explicit parametrix for the wave propagator in the interior
appears to be new in the literature and follows the author’s prior works [69] in the special
case of an ellipse and [68] for general convex domains. This construction is carried out in
boundary normal coordinates and elliptical polar coordinates, both of which are used in

Chapter 6 to prove concrete trace formulas.
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In Section 6, we then use this parametrix to obtain a singularity expansion for a variation
of the wave trace corresponding to radial dilation about an interior point, following the
Hadamard type variational formulas in [25] and [69] which were reviewed in Chapter 4. The
variational formulas are of interest because they allow us to restrict our study of the wave
kernels to their behavior at the boundary. This technique for studying the wave trace at a
fixed domain by variational methods also appears to be new in the literature. In Section 6.3,
the honest principal symbol of the wave trace is computed in boundary normal coordinates by
integrating its variation in the radial variable. This is essentially the fundamental theorem of
calculus combined with some rescaling symmetries of the wave equation. In Section 6.3.1, it
is shown that radially integrating subprincipal terms coming from the variational wave trace
doesn’t contribute to the principal symbol. As the order of the principal symbol computed
in Section 6.3 appears to contradict other works in the literature, Appendix ?? provides an
auxiliary confirmation via stationary phase that the order acheived in this dissertation is
indeed correct. To our knowledge, these computations provide the first explicit formulas for

the principal symbol of the wave trace associated to a convex billiard table.

Chapter 7 is devoted to proving Theorem 2.2.1, Theorem 2.2.2, Theorem 2.2.4 and Corollary
2.1.6. Section 7.2 analyzes the singularity coefficients of the variational trace formula in
Theorem 7.1.4 by using Jacobi elliptic function theory. Section 7.3 converts the variational
trace formula into an elliptic integral and then uses a method of Guillemin and Melrose to
show that the first variation of both the Robin function and domain vanish, which completes

the proof of Theorem 2.2.1.
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Chapter 3

Billiards

3.1 Definitions

Before obtaining a singularity expansion for the wave trace, we first review the relevant back-
ground needed on billiards. This will be useful in our discussion of Chazarain’s parametrix
in Section 5.2. In this section, we denote by Q a bounded strictly convex region in R? with
smooth boundary. This means that the curvature of 02 is a strictly positive function. The
billiard map is defined on the coball bundle of the boundary B*0Q2 = {(¢,() € T*0 : |{| <
1}, which can be identified with the inward part of the circle (cosphere) bundle S3,R?, via
the natural orthogonal projection map. We can also identify B*0€) with R/¢Z x (0, ), where
¢ =109 is the length of the boundary. Define

ti(y,m) =inf{t > 0: g™ (y,n) € 00},

t:'(y,m) = sup{t < 0: g™ (y,n) € 00},

where 7, is projection onto the first factor and ¢g*' is the forwards (+) or backwards (—)

geodesic flow on R?, corresponding to the Hamiltonian H. = =+|n| (see Section 5.2). If
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(y,¢) € B*9Q is mapped to the inward pointing covector (y,n) € T;4,R? under the inverse

projection map, then we define

o —

B (y,m) = g+ (y, ),

—

where a point (x,&) is the reflection of £ through the cotangent line 770€. In other words,
(a:,/?) has the same footpoint and (co)tangential projection as (z,€), but reflected conormal
component, so that it is again in the inward facing portion of the circle bundle. We call
B = B! the billiard map. It is well known that 3 preserves the natural symplectic form
induced on B*(0f)) and is differentiable there, extending continuously up to the boundary.
The maps 35" are defined via iteration and it is clear that 37" = (8")~! for each n € Z.

Associated to the billiard map is the billiard flow, or broken bicharacteristic flow, which we

denote by ®!.

Geometrically, a billiard orbit corresponds to a union of line segments which are called links.
A smooth closed curve C lying in €2 is called a caustic if any link drawn tangent to C remains
tangent to C after an elastic reflection at the boundary of €). By elastic reflection, we mean
that the angle of incidence equals the angle of reflection at an impact point on the boundary.
We can map C onto the total phase space B*0f2 to obtain a smooth closed curve which is
invariant under (3. If the dynamics are integrable, these invariant curves are precisely the
Lagrangian tori which foliate phase space. A point P in B*0f) is called ¢-periodic (¢ > 2)
if B9(P) = P. We define the rotation number of a g-periodic orbit P by w(P) = %, where p
is the winding number of the orbit generated by P, which we now define. We may consider
the modified billiard map 5 = II*3, where II is the natural mapping from R/¢Z x [0, 7] to
the closure of the coball bundle B*9S). Pulling back by II clearly preserves the notion of
periodicity. There exists a unique lift B\ of the map E to the closure of the universal cover

R x [0, 7] which is continuous, ¢ periodic in first variable and satisfies B (x,0) = (x,0). Given
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this normalization, for any point (z, ) € R/¢Z x [0, 7] in a ¢ periodic orbit of 3, we see that
Bq(:c, 0) = (x+pt, 0) for some p € Z. We define this p to be the winding number of the orbit
generated by II(x,0) € B*0Q. We see that even if a point II(x, ) generates an orbit which
is not periodic in the full phase space but is such that m (Eq(x, 0)) = z for some q € Z, we
can still define a winding number in this case. Such orbits are called loops or geodesic loops.
For a given periodic orbit, the winding number is independent of which point in the orbit is
chosen, so we sometimes write w(y) = w(P) for any P € v = {P,3(P),--- ,39'(P)}. For

deeper results and a more thorough introduction to dynamical billiards, we refer the reader

to [65], [37], [60] and [62].

3.2 Elliptical Billiards

From here on, we let €2 be an ellipse with horizontal major axis, given by the equation

IL‘2 yQ
St <L

The eccentricity of ) is defined by F = a? — b

Birkhoff conjectured that the only strictly convex integrable billiard tables are ellipses.
Completely integrable means that there exists a foliation of the phase space by invariant
submanifolds. In the context of Hamiltonian systems, this can be shown to be equivalent to
the existence of a maximal number of Poisson commuting invariants, called first integrals.
The (compact) energy level sets of regular values of these invariants can be shown to be
diffeomorphic to tori and the leaves of a maximal such foliation are called Lagrangian tori.
The Lagrangian tori are naturally parametrized by so called “angle coordinates” while the
transversal directions in phase space are then parametrized by “action coordinates”. It is

well known that for each Z € (—FE,0) U (0,b], the confocal ellipse (Z > 0) or hyperbola
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Figure 3.1: Billiards and caustics on the disk and ellipse.

(Z < 0) given by

12 y2
+2 =1,
E+Z Z

is also a caustic (see Figure 3.1). A short proof of this can be found using elementary planar
geometry in the appendix of [19]. For elliptical caustics, we follow the notation in [34] and
8] by setting A> = Z > 0. In the context of [34], integrable is taken to mean that the union
of all convex caustics has a non-empty interior in R2. Ellipses are both completely integrable

and integrable in the sense of [34].

In 1822, Poncelet proved the following remarkable theorem:

Theorem 3.2.1 ([59], [58]). Given an ellipse, if a primitive periodic billiard trajectory is
tangent to a confocal conic section, then all orbits tangent to that caustic are also periodic,

have the same periods, and have the same lengths.

Hence, periodic orbits of a given length come in 1-parameter families. Poncelet’s original
theorem, as stated in his 1865 treatises [59] and [58], was much more general and concerned
inscribing and circumscribing polygons about other confocal conic sections. There are sev-
eral modern proofs of Poncelet’s theorem. Because of this result, we can project confocal

ellipses to invariant curves in the coball bundle B*0€2. We will use w(C) for the rotation

Images courtesy of Vadim Kaloshin and Alfonso Sorrentino.
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number of such an invariant curve. For ellipses, the rotation number of a periodic point is
always the same as the rotation number of its corresponding invariant curve.

Birkhoff proved in [3] that for any smooth, strictly convex domain and any £ € (0, 3] in
lowest terms, there exist at least two geometrically distinct periodic orbits with rotation
number §. A strictly convex billiard table is said to be rationally integrable if for each g > 3,
there exists a caustic consisting of periodic points of rotation number %. In particular, the
rotation number of the invariant curve corresponding to such a caustic must be %. A third
version of Birkhoff’s conjecture is that ellipses are the only rationally integrable strictly con-
vex billiard tables. We have seen that there exist many notions of integrability, yet Birkhoft’s

conjecture remains open for all of them. However, as mentioned in Section 1, a local version

was proven in [34].

In [19], it is shown that periodic points of the billiard map for an ellipse are dense in phase
space. Given a length T' € Lsp(f), the associated fixed point set is denoted Fr = {(q,() €
B*0Q : ®T(q,n) = (q,n)}. In [19], the authors construct a special sequence of caustics
converging to the boundary such that the associated fixed point submanifold in B*0f) has

exactly two connected components, corresponding to forwards and backwards flow:

Proposition 3.2.2 ([19]). Let Ty = |09| be the perimeter of the ellipse Q. Then in every
interval (Ty — €,1y), there exist infinitely many lengths T € Lsp(Q)). For all but a finitely

many such T € Lsp(Q2), Fr is the union of two invariant curves which are mapped to each

other by (¢,¢) — (q,—().

The time reversal map (q,{) — (g, —() reverses the direction of a closed geodesic, which
of course preserves its length and geometry. While the lengths 7" in Proposition 3.2.2 are
not simple, it remains true as all periodic trajectories of length 7' are tangent to a single

caustic. Proposition 3.2.2 will be crucial in evaluating our singularity expansion in Section
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7.3 and allowing us to differentiate the constants ¢; and ¢; from Theorem 2.2.4 near A = 0.
That there is only one connected component up to symmetry will rule out any cancellation

between terms in the variation of the wave trace.

3.3 8 Orbit Theorem

What will be crucial for us in later sections is a description of all orbits making a fixed
number of reflections which connect interior points near the diagonal of the boundary in
approximately one rotation. These orbits will allow us to cook up phase functions in Section

5.2 which parametrize the canonical relation of the wave propagator.

Theorem 3.3.1 (8 Orbit Theorem). There exist Cy = Cy(§2) > 0 and jo = jo(S2) sufficiently
large such that for j > jo and any two points x,y € int(Y) which are Cy/j* close to the
diagonal of the boundary, there exist precisely four distinct, broken geodesics of j reflections
making approximately one counterclockwise rotation, emanating from x and terminating at

y. Sitmilarly, there exist four such orbits in the clockwise direction.

The proof of Theorem 3.3.1 is based on several lemmas in Section 3.4 below and is inspired by
the author’s previous work in [69], where a similar construction is adapted to elliptical billiard
tables. Asin that paper, the proof actually provides more information. An independent proof
in the special case of elliptical domains is contained in Appendix B. We now explain what is
meant by approximately one rotation. Let £ € S€) be one of the 4 covectors corresponding
to the initial condition of a counterclockwise orbit described in Theorem 3.3.1. Denote by
r=m gtf(x, €) the first point of reflection at the boundary (m is projection onto the first
factor) and by ¥ the (j + 1)st point of reflection at the boundary after the orbit reaches y.
If z,y are O(57!) close to the diagonal of the boundary, then |Z — 3| = O(57!) (see Section

3.4). Also let w be the angle of reflection made by the orbit at = and note that Z, 7 and w all
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depend implicitly on £&. By approximately one counterclockwise rotation, we mean that for
each of the initial covectors £ € S;€) of the 4 counterclockwise orbits provided by Theorem

3.3.1, we have
Im B (2, w) — 7 — €] < £/100.

Here, ¢ = |0€] and B is the lift of the billiard map to the closure of the universal cover
R x [0, 7] as described in Section 3.4. The choice of /100 is somewhat arbitrary, but having
¢ in the numerator allows for scale invariance and finding the optimal constant is irrelevant

for our purposes. The notion of approximately one clockwise rotation is defined analogously.

Definition 3.3.2. Of the four counterclockwise orbits emanating from z, two of them be-
come tangent to a level curve of the distance function d(z) = dist(z, ) before making a
reflection at the boundary. We denote these orbits by 7" orbits (for tangency) and call their
first links 7" links. The other two orbits make a reflection at the boundary before becoming
tangent to a level curve of d and we call these N orbits (for nontangency); their first link
is called an N link. Within either 7" or N category for the first link, the final link of one
of the orbits reaches y before becoming tangent to a level curve (an N link) and the other
has a point of tangency before reaching y (a T link). In this way, we obtain four types of
counterlockwise orbits from x to y, which we denote by TT', TN, NT, and NN. The same

classification also applies to the four clockwise orbits.

See Figure 3.2 for an example on the ellipse with 7 = 4. These configurations will be
important in determining which limiting orbits give rise to geodesic loops of precisely j

reflections as (z,y) — AJQ, where A : 92 — 02 x 92 is the diagonal embedding x — (z, x).

Definition 3.3.3. For 1 < k£ < 8, we set \I!;?(x,y) to be a branch of the length functional
corresponding to one of the orbits in Theorem 3.3.1. It depends only on z,y,7 and k. We

use the convention that for a fixed number of reflections 7, the indices 1 < k < 4 correspond
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Figure 3.2: Counterclockwise orbit configurations TT, TN, NT, and NN corresponding to
7 = 4. The green and pink curves are the distance curves on which x and y respectively lie.
The red curve is a caustic to which the billiard orbit is tangent in the completely integrable
setting.
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to the counterclockwise orbits T, TN, NT, NN in that order and the indices 5 < k < 8

correspond to their clockwise counterparts in the same order.

The author learned of a similar function in [44] (page 492), where its restriction to the
boundary is defined. In such a case, ie. if x,y € 09, it is stated in [44] and proved in
[60] that only a single counterclockwise orbit of j reflections exists between the boundary
points if they are sufficiently close and j is sufficiently large. The proof in Section 3.4 below
also shows that as = and y approach the diagonal of the boundary from the interior of €2,
the corresponding orbits coalesce and converge to the orbits described in [44]. This in fact
proves the claims made in [44] and provides a simpler alternative to the methods employed
in [60]. The limiting orbits may have a different number of reflections, which is addressed in

the proof of Lemma 6.2.1.

3.4 Proof of Theorem 3.3.1

We will construct conic subbundles C7(€2; j) of T*Q over a tubular neighborhood [7]- of the
boundary with the following property: for each xq € ﬁj, there exists a conic subset of Ty Q\0
such that all orbits emanating from xg which make j reflections and approximately one
rotation in the sense of Section 3 have initial covector in C7; (€; j), the fiber of U+C%(€2; 5)
at xg. At each zy € ﬁj, there also exist distinguished covectors & € T (€2)\0 which
are tangent to distance curves foliating a neighborhood of the boundary. If [7j is chosen
sufficiently small, the j reflection orbits emanating from foi will make less than a quarter
rotation. By rotating ¢ away from &5 in either direction within the fiber of C%(€2;7) at o,
we will show that the angle of reflection at the first impact point on the boundary increases
monotonically. From the boundary, we can then take advantage of the twist property of
the billiard map, and show that monotonicity of the incident angles causes orbits of a large

number of reflections to wind around 2. Two of the orbits from x to y will be obtained
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by perturbing & in the counterclockwise direction and the other two will be obtained by
perturbing &/ in the clockwise direction. The four clockwise orbits will then be constructed
in a similar manner, rotating &, in both the clockwise and counterclockwise fiber directions.
The arguments in this section will also provide the additional topological structure of the

resulting orbits referenced in Definition 3.3.2, which can be seen in Figure 3.2.

3.4.1 Lazutkin coordinates

Recall that billiard map is defined on the coball bundle B*0f), which can be identified
with the collection of inward facing covectors in the circle bundle S},R?. Letting s denote
the arclength parameter on 02 and ¥ the angle an inward facing covector makes with the
positively oriented boundary, we defined the modified billiard map E in arclength coordinates
(s,9) € R/WZ x (0,7). In this coordinate system, the modified billiard map is given by

5(817791) = (SQaﬁ2>7 where

So = 81 + ay(s1)V1 + a2(81)19% + a3(31)19? + F(sl,ﬁl)ﬁ? (3.1)

792 = 191 + bQ(Sl)’ﬁ% + ()3(51>19i1a + G(Sl, 791)19411,

and a;, b;, F" and G are smooth functions. This is a Taylor expansion in the angular variable
near 7 = 0. There are explicit formulas for the coefficients a;, b;. In particular, a;(s;) =
2p(s1) and by = —2/3p/(s1), where p(s;) is the radius of curvature at s; (see [41]). In [41],

the change of coordinates

o pP3(t)dt o 4p(s)sini/2

B U P e

was introduced near the circle corresponding ¥ = 0. We call the coordinate system (z, «)

in (3.2) Lazutkin coordinates. The advantage of this change of variables is that in these
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coordinates, the billiard map becomes a small perturbation of the translation map

T 1 1 I r| + oy
— = : (3.3)
(03] 0 1 aq (07]

which is completely integrable. The billiard map is given in Lazutkin coordinates by (z1, o) —

(x9, ag), where

To =21 + Oy + Oé‘{lgf(ZL’l, 041)

(3.4)
ay = ay + atg(zy, ay),

for some smooth functions f,g. The original implementation of these coordinates was in
[41], where it was shown as a consequence of the KAM theorem (see [39], [2], [48], [49]) that
there exist an abundance of invariant tori for the billiard map near a = 0. However, we will
only use these coordinates to prove Theorem 3.3.1. Without loss of generality, we will often

interchange the use of arclength and Lazutkin coordinates in the domain of the billiard map

8.

3.4.2 Angles of reflection

Before estimating the billiard map and its iterates from the boundary, we need several

preliminary estimates on the angles of reflection. In this section, we denote Bk(xl,oq) =

(g, ).
Lemma 3.4.1. For each ¢y, ¢y > 0, there exists j; = j1(£2, 1, ¢c2) € N sufficiently large such

that for j > j1 and c1/j < oy < ¢a/j, it follows that

Is 02(1 + C—Q)k
! <ap= 7T2ﬁk($1,al) < —7

Ot/ < ; (1<k<y),
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where my 18 the projection onto the angular variable. In particular, ce™ /j < Wgﬁk(xl, ap) <

e/ 7.

Proof. We use Lazutkin coordinates and proceed by induction. Suppose the claim is true

for 1,---,5 — 1. Then

o (21, 1) = mof 0 f7 (w1, 00) = gy + af_yg(ar, )

< co(l+ /)i + (L +ea/5) 7 /5) g(z1, )

J 73

Choosing j; sufficiently large so that

(L +ca/jo) " gl 1) _ &

—_ .

j(?)’ Jo

the upper bound follows. Similarly,

o (z1,01) = B 0 7 (z1, 1) = aj 1 + &) g(z1, 1)

> e * (e oo

3
C1 (&1
= - 1 -9 . ) )
(L+qhw*j<_+U+mﬁﬁ“*ﬁg@1aﬁ)
which can be made greater than

C1
(L+er/g)k5

under the condition that

a cig(@i, o) (1 + e1 /1) > 0.

i Ata/j)di

This certainly holds for j; large enough, which concludes the proof.
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Lemma 3.4.2. There exist Cy,Cy > 0 and js = jo(2) € N with the following property: for
all j > jo and x,y which are O(1/7) close to the diagonal of the boundary, any orbit v of
Jj reflections which emanates from x and terminates at y in approximately one rotation (in

the sense of Section 3) has angles of reflection ay, in the range

Proof. Let T,y denote the first and (j + 1)st points of reflection on the boundary. Recall

that by approximately one rotation, we mean that
(@, 1) = = €] < £/100,

where 3 is the lift to the universal cover and ¢ = |0€2|. Each arc separated by moments of
reflection z,,x,;; on the boundary has length z,.; — z,. As 7 makes approximately one
rotation, we see that there must exist one arc of length z,1 — 2, > (99/100)¢/j. Similarly,
there must exist an arc of length x,,.1 — z,, < (101/100)¢/j. By Proposition 14.1 of [42],

for each 1 < k < j,
2akpmin S Tk+1 — Tk S 2akpmaxa (38)

where ppin and ppax are the minimum and maximum radii of curvature respectively for 0S2.

In particular,

99¢ 1014

< ), Oy < ——.
P 200 rmin j

200 ] (3.9)

We now apply Lemma 3.4.1 to 8% at the points x, and z,, to conclude that for all 1 < k < j,

99¢ 101¢
eXp <_200 max) eXp (200 min)
— ) <y < TP (3.10)
J J
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Figure 3.3: Angular derivative of the billiard flow.

Here we have used Lemma 3.4.1 applied to both the billiard map and its inverse, with the
constants ¢; = 99¢/200pmax and ca = 101¢/200py,;, which depend only on Q. Hence, j;
may be chosen uniformly for all orbits making approximately one rotation regardless of their

initial positions. O

We now investigate the angle of reflection at the first point of impact on the boundary.
If d(z) = dist(z,09), then the level curves of d foliate a neighborhood of the boundary.
For xy in the tubular neighborhood ﬁj (whose diameter remains to be specified), we define
& € £Trd M (d(wg)) N S:,Q so that & points in the counterclockwise direction and &
points in the clockwise direction. Let § € S} €) be identified with the corresponding point
6 € S' = R/Z, which denotes the clockwise angular parametrization of the fiber S0 82,
normalized so that & and &, correspond to 0 and 7 respectively. Denote by a; € (0,7)

the angle made between the billiard orbit emanating from (xg, §) and the positively oriented

cotangent line at the first point of reflection at the boundary. It is clear that |0¢/06| = 1.

Lemma 3.4.3. There exist ¢ = ¢(Q) > 0 and j3 = j3() € N such that if 7 > j3 and
d(zo) = O(1/7?), then



for all initial conditions (xg,£(0)) which generate a counterclockwise orbit of j > jo reflec-

tions, making approximately one rotation.

Proof. Let xy € int(£2) be near the boundary and consider the point x € 9Q which mini-
mizes the Euclidean distance |xq — x| among all boundary points. We then apply an affine
change of coordinates y — A(y — x) with A € SO(2) so that x is mapped to the origin
and the positively oriented unit tangent vector at x is mapped to (1,0). The vector z — xg
is perpendicular to both 709 and T d~'(|z — xo|) (see Figure 3.3). Therefore, the point
A(zog — x) lies on the positive vertical axis and we denote it by (0, ). In these coordinates,
the boundary 012 is locally parametrized by the graph of a smooth convex function f. Since
f'(0) = 0, we see that f(t) = xt? + R(t), with x denoting the curvature at the point corre-
sponding to (0,0) and R(t) = O(Jt|*). Dilating by a factor of k™!, we see that in rescaled

coordinates, the function becomes f(t) = t* + R(t), with R(t) again of order O(|¢|?).

In graph coordinates, a; becomes the angle between (¢, f(t)) — (0,b) and the negatively

oriented cotangent line 7| ) f(t))aQ as illustrated in Figure 3.3. This shows that

_ (t, f(t) = b)- (1, f'(1))
V() = 0)2/1+ (f(1)? ~

0, (3.11)

since 0 < a; < 7/2. Recall that £ are the unit covectors in the positive (+), resp. negative
(), cotangent line T3 d ™' (| — xo|) corresponding to § = 0 and 6 = 7 respectively. For now,
we only consider counterclockwise orbits obtained by perturbing the orbit emanating from
(w0,&;), as they correspond to —7/2 < 6 < 7/2 in the statement of the lemma. Denote the
points a_ = min{f~1(b)} and a, = max{f~(b)}. We first show that da;/dt < 0 on [0, a]
so that the angle of incidence at the first impact point on the boundary is increasing as the

initial covector of the trajectory winds clockwise in 53 2 away from &, ie. da/dt <0 on

[07 CL.,.].
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Noting that t and 6 are negatively correlated, it suffices to show that the logarithmic ¢
derivative of cos a4 (t) is positive:
A+ f"(f=0)+(f)?) t+f(f-b) I

d
alogcosal(t): P — _t2+(f—b)2_1+(f’)2’ (3.12)

Multiplying (3.12) through by a common denominator, which is positive for ¢,b small, we

obtain

gt.0) =(t+ F'(F = D) + (F = D)1+ () logeosa(a)
=(L+ f'(f =B) + () + (F = 1)) (1 + (1)°) (3.13)
— (- F =0+ ) = FI(E+ = D)E + (= 0)%),

To show that (3.13) is positive, we plug in our second order Taylor approximation for f and

expand g to fourth order in a parabolic neighborhood of t = 0,b = 0:
g(t,b) = 3t* + 10626% — 20° 4+ b* + O((£* + b*)°/?). (3.14)

As f(t) = 2+ O(t?), we see that ax = b2 + O(b*/?), so we choose b < 1/52 sufficiently
small in order to make (3.14) positive in a parabolic neighborhood of origin. Examining
the initial set up, choosing b small amounts to choosing xy close to the boundary, all of
which can be done uniformly in zy and the curvature k. Choosing a uniform b gives us
a tubular neighborhood of the boundary (7]- = {z:0 < d(z,00) < j7?}, as mentioned in

the begining of the section. We will later shrink (NJj by a factor of 72, following Lemma 3.4.9.

While the lower bound in (3.14) is of order b* = O(57*), we in fact need uniform bounds for
Oay /00 which we now provide. The prefactor in (3.13) is nonvanishing for ¢ # 0,¢ # a, and
in particular, for all ¢ corresponding to an orbit which makes approximately one rotation in

j reflections. We first need to compare 9/9t and 9/96 in terms of b, which depends on j. In
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graph coordinates, # becomes the angle of the first link from the horizontal axis (see Figure

3.3). Hence, 8 = arctan((b — f(t))/t) and

90 | <_f’(t) e f(t)) |

ot 1+ (- f)2/e t 2

or equivalently,

ot (t2 + (- f(t)? ) | (3.15)

96 \tf(t)+b— f(t)

where t is defined implicitly as a function of 6. Plugging (3.15) into (3.12) and using that

(3.14) is bounded below by b?/2 for b sufficiently small, we see that

oo _ B+ (b~ [(1)?)
90 = 2(tf'(t) + 0 — fO))(E+ f(O)(f (1) = 0)) (@ + (f(£) — b)) (1 + (f(1))?) tan
b2
T2t b — FO)E+ FOUFE —0) 1+ (1)) tanar”

(3.16)

The denominator in (3.16) is nonvanishing and can be estimated above on (0, a.| by

dthtan oy + O(b%?). (3.17)

for some ¢ > 0, independent of j. Observe that if ¢ < b for example, then the denomina-

tor is bounded above by ¢’b? and da; /90 > ¢”, for some ¢”” > 0 which is also independent of j.

We now find a similar upper bound on () in terms of b, corresponding to the set of
covectors £(f) which produce orbits of j reflections and approximately one rotation. Let
b = rby, where by = j=2 for r € (0,1]. Recall from Lemma 3.4.2 that there exist constants

C1,Cy > 0 such that for all orbits making approximately one rotation and j reflections, we
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have C/j < ay. < Cy/j for each 1 < k < j. Hence,
Chby? < o < Cobp?. (3.18)

Observe that equation (3.11) gives

log cos ax(t) = log(t + f'()(f(t) — b)) — 1/2log(t* + (f(t) — b)*)

—1/2log(1 + (f'(t))?).

(3.19)

Denote the terms in (3.19) above by A, B and C. Then,

A =log(t+ (2t + O(#*))(£* + O(t*) — b))
= logt + log(1 + 2t* — 2b+ O(t*) + O(b))

=logt +2t> + O(t*) + O(b).

Similarly,

B = —1/2log(t* +t* — 2tb + b* + O(t%) + O(t%)))

= —logt —1/2(t* — 2b + b*/t* + O(#*) + O(th))
and
C = —log(1+ (2t + O(t?))) = —4t* + O(t*).
As t = O(b'/?), we have
—p?

A+B+C =7 +0(0).
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On the other hand,

A+ B+ C =logcosa; = log(1 —a}/2+ O(a})).

= —a2/2+ 0™,

which implies that
V2 /t2 = r?0 Jt? ~ a3 )2.

In particular, (3.18) implies

t

Y2 [\/57”53/2 ﬁrb})ﬂ] . (3.20)

(03] Cg ’ Cl

Note also that tan oy < 20y < 2C’2b[1)/2. Combining this with (3.20), we see that the denom-

inator in equation (3.16) is bounded above by
dthtan oy + O(b%?) < "b(rby *)0y? = b7, (3.21)

for some ¢” > 0 independent of j. This establishes the claim that Oa/06 is uniformly
bounded below on the set of initial covectors corresponding to orbits of j reflections and

approximately one rotation. ]

3.4.3 Monotonicity and the twist property

The significance of increasing the angle of reflection at the first impact point on the boundary
is that after j — 1 reflections at the boundary, the jth impact point winds around 0f2 with
approximate speed j. This is essentially the twist property of the billiard map (see [65] for

a general definition of twist maps). The following lemma makes this notion quantitative.
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Lemma 3.4.4. There exists j, = j4(2) € N such that if a trajectory makes j > jy reflections
at the boundary and approximately one rotation, then the Jacobian of the iterated billiard

map satisfies

. 1 7
DR, a) = | 7| +o00/)
0 1

in Lazutkin coordinates lifted to the universal cover. In particular, there exist constants

C3,Cy, Cs,Cs > 0 depending only on Q such that for any (x1, 1), we have

. 0 .
U35 < Eﬂlﬁj(xlaal) < Cyj

o~
Cy < —mff(x1, 1) < Cg,
5 Bay 237 (21, 01) < Cg

where w1 and my denote projections onto the first and second components respectively.

Proof. In Lazutkin coordinates, 8(zy, ar) = (1, +ap+a3 f(xr, ag), ax +apg(zr, ar)). Hence,

. T[T+ 032 (2, ap) 14 302 f(x, o) + a3 2L (2, )
DB (z1,00) = [] o Oa : (3.22)

k=1 9%%(%, ag) 1+ 4o g(zg, ag) + aﬁg—g(x;ﬁ, ax)

~

where (71, ) = B*(x1,01) and f, g are extended to be ¢ periodic in z on R x [0, 7]. Each

of the terms in the product can be decomposed into (I + By), where

a3a—fx,oz 1+ 302 f(xh, +a3ﬂx,a 0 1
B — i o (Thy ) if (g, an) + g gt (ah, o) _ Lo/

O‘i%@ka o) dajdg(ry, a) + Ozig—i(a:k, ag) 00
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Denote the constant matrix on the righthand side above by

0 1
N - ' (3.24)
0 0
We have
DB’ = (I, + By = i <‘7) o) o0
k=0 k o™ 0@ (3.25)

=1, +jiN+0(1/j) +zj:(> N+ O(1/5%)k.

Noting that N is nilpotent of order 2 (i.e. N*> =0), we can estimate the sum above by

DB = L +0(1/4) + ] (j)O(j—2<k—1>). (3.26)

We want to show that the remainder term 7 _, (7)O(3~2* =) in (3.26) is small. Choosing

j large so that O(j72*=D) < 27k /5

> o) < 12]: G{) gk L (3.27)

k>2 J k=0 J

Noting that angular derivatives 8W1§j/6a1 and 87@@/8&1 are the (1,2) and (2,2) compo-

nents of ng respectively concludes the proof of the lemma. n

Remark 3.4.5. As j increases, Lemma 3.4.4 shows that the Poincaré map associated to a
periodic orbit of rotation number 1/j becomes more and more degenerate, corresponding
to the accumulation of caustics at the boundary. In fact, there exist higher order Lazutkin
coordinates for which the remainder above could be replaced by O(j =) for any N € N.

However, this is not needed in the remainder of this dissertation.
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T: 09

Figure 3.4: A counterclockwise perturbation of . The green cones at x( are the length one

covectors in Cj , (£2;7) and the blue cones at xq are the length one covectors in Cj; _(€; ).

The point z; can be obtained in two ways. The first way is by flowing forwards to the bound-
ary point xy := ngtj (z0, &), iterating the billiard map j times and projecting onto the first
component. The second way is by flowing backwards to the boundary point z_; := g't (z9, )
and iterating the billiard map j + 1 times. If £ is rotated in the clockwise direction away
from 58“, it is convenient to use the angle oy at x, since it was shown in Lemma 3.4.3 that oy
is increasing in 0. If ¢ is rotated counterclockwise away from &, it is instead advantageous
to use the point (z_1,a_1), since this again corresponds to a clockwise perturbation of & .
In either regime 6 < 6 or 6§ > 6, we can then take advantage of the monotonicity of z; in
agq as &, or equivalently 6, varies. The next lemma shows that the point x; is monotonically

increasing for all orbits making approximately one rotation as £(#) winds in either direction.

Lemma 3.4.6. There exist C; > 0 and js = j5(2) € N such that for all 0 € (0,7/2) corre-
sponding to a j > js reflection orbit emanating from (xo,&(0)) which makes approximately
one rotation, we have 0x;/00 > Crj. Similarly, for 8 € (—m/2,0) corresponding to an orbit

of j reflections and approzimately one rotation, we have 0x;/00 < —C7j.

Proof. Denote x; = w18 (x1, a1), where 7 is the projection onto the first component. Then
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x; depends only on (zo, ), or equivalently (xy,#) and can be written as the composition

xj = 73 (21 (0, 0), o1 (0,0)).

As 0 increases or decreases from 0, we have

dzr;  Ox;0ry  Oz;da

= —. 2
00 Oz, 00 Oa 00 (3.28)
Recall from Lemma 3.4.4 that
ox;
Caj < =L < C4j 3.29
3] < 520 < Cuj, (3.29)

for j large and positive constants C3 and Cy4. This derivative can be made arbitrarily large
by choosing j accordingly. Also, Lemma 3.4.2 showed that all orbits making approximately
one rotation with j reflections at the boundary have angles of reflection in the range C;/j <
a < Cy/j for positive constants C; and Cy. We can now use Lemma 3.4.3, which showed
that |0a/00| > ¢ > 0 independently of j for all # producing an orbit of approximately one

rotation in j reflections. Using Lazutkin coordinates, we also have that

3xj 8x1 . . 81’1

In graph coordinates (see proof of Lemma 3.4.3), one can calculate that

ou| 0w 00| —— f'(x)+ b f
50|~ (g~ VT O E T ey (3.31)
<1+0() <2

which is bounded independently of j. Hence, the term (3.29) dominates in the expression

3.28) and z; winds monotonically around 9f2. O]
( ) J y
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At the endpoints § = +7/2, it is clear that the angle of reflection at zi; is 7/2 since
the distance curves are parallel. Angles outside the range 6 € (—m/2,7/2) correspond
to clockwise orbits and Lemma 3.4.2 showed that for an orbit making approximately one
rotation and j reflections at the boundary, all angles of reflection satisfy C/j < ay, < Cs/7,
(1 <k < j). As j reflection orbits emanating from &; (corresponding to # = 0) make only
a quarter rotation, it is clear that the collection of covectors at xy whose trajectories make

approximately one rotation in j reflections consists of two connected components in S;_€2.

Definition 3.4.7. The positive admissible cone Cj ,(€;j) at o is defined to be the set
of homogeneous extensions to T} €2 of the two components in S} (€2) described above. The
negative admissible cone Cj  _(€; j) at xo is defined by the same property for orbits making
J reflections in the clockwise direction. Their union is denoted by C (2;7) = C5 (€;7) U
Cy (7). See Figure 3.4 for an illustration of Cj (€; 7).

Zo,—

3.4.4 Intersection points

We are finally ready to show that the intersection points of the last link with the distance
curve of y wind around monotonically as we twist ¢ in either direction. We first explain why

the last link necessarily intersects d~!(dist(y, 9Q)) twice.

Lemma 3.4.8. There ezists jo = js(2) € N such that for j > je and any N > 4, the distance
curve {z € Q : dist(x,00) = 77N} is intersected exactly twice by any link emanating from

the boundary at an angle greater than or equal to Cy/j, with Cy the constant appearing in

Lemma 3.4.2.

Proof. For each point p in the distance curve {z € Q : d(z,09Q) = 7}, the tangent line
T,{z € Q:d(z,00) = j7V} intersects O exactly twice by convexity. Recall that Lemma
3.4.2 gave C/j < oy < Cy/j for each 1 < k < j. We now show that the angles of reflection
-y

for links which are tangent to the distance curve d=1(; are of order O(j7"/2). In graph
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coordinates, 9 is locally given by (z, f(x)) where f(z) = kz* + R(x), r is the curvature
of 9Q at the point corresponding to (0,0) and R(z) = O(z?®). By rescaling, we may assume

that k = 1. The distance curve d~*(j~V) can be parametrized in graph coordinates by

d7(7Y) =A{(t, f(t) +rN(t) : t € R},

N

where r = 537 and

is the unit normal to the graph at (¢, f(¢)). There exist precisely two lines through the origin
which are tangent to d~(j =) in graph coordinates. The positive parameter ¢ corresponding

to a point of tangency satisfies

FO +r/A+ (@) afO) +r/A+ (1))
t—=rfr@)/(L+ (f @) Ot —rf(t)/(1+(f()*)/?)

(3.32)
where the lefthand side of (3.32) is the slope of a line connecting the origin to a point on
d~1(r) and the righthand side is the slope of the tangent to d~!(r). Solving for ¢ in terms
of 7 in equation (3.32) yields f'(¢)t — f(t) = t* + O(¢*) = O(r). Plugging this in to the
righthand side of (3.32), we see that the angle of tangency satisfies tan(atangency) = O(1/?)
and hence (gangency = O(j72) if N > 4. The proof is complete by noting that the angles
coming from orbits making approximately one rotation and j reflections are bounded below

by C1/j > O(j~*?) for j sufficiently large.
[

Lemma 3.4.9. Under the hypotheses of Lemma 3.4.8, denote by wy and wo the arclength
coordinates on d=*(d(y)) corresponding to the intersection points of d=*(d(y)) and the last

link of the j reflection orbit emanating from x. There exist Cg > 0 and j; = j7:(2) € N such
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that if j > j7 and x,y are O(1/5%) close the diagonal of the boundary, then |Ow; /00| > Cysj

(i =1,2) for all 0 corresponding to £(0) in the cone of admissible covectors at xy.

Proof. In graph coordinates, 02 is again locally parametrized by (¢, f(t)), where f(t) =
kt? + R(t), k is the curvature of dQ at the point corresponding to (0,0) and R(t) = O(t?).
By rescaling, we may assume that £ = 1. The distance curve d~*(d(y)) on which y lies can

be locally parametrized in graph coordinates by

d~'(d(y)) = {(t, f(t)) + rN (1)}, (3.33)

where r = dist(y, 9Q) = O(;7*) and

is the unit normal to the graph at (¢, f(¢)). The final link of the orbit connecting x;(#) € 99

to xj41(0) € 0 can be parametrized by the line
Y = tan(a;(6) + B(0))X + F(2(6)) — tan(as(6) + B(0))t;(0), (3.34)
where

1
f3; = arccos < e (f/(%)y)

is the angle of the tangent to the graph with the horizontal axis and ¢; = ¢;(#) € R is defined

implicitly by the equation (¢;, f(¢;)) = z; € 0€2. Noting that the Cartesian coordinates of
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the parametrization of d~'(d(y)) satisfy

e
A (3.35)
Y = S
T Sy
we plug these into equation (3.34) to obtain
r rf'(t)
—— | = tan(«;(0 (0 -—
(f(t) + o (f,(tW) tan(a;(0) + 6,(6) (t = <f'<t>>2> .

+ f((0)) — tan(a;(0) + 5;(0))t;(6).

By Lemma 3.4.8, there exist precisely two solutions t = z1(#), 22(f) of equation (3.36) which
correspond to the two intersection points of the last link with the distance curve d='(d(y)).
Plugging z;(0) into equation (3.36), differentiating in 6 and evaluating at 6y corresponding

to x;(£(0)) at the origin, we obtain

f(zi)z — ERCH G . (o + B)(1 + tan® a;) (Z - L )

(1 F(z)2)2 VIF(FE)P (3.37)
e ) ) : |
+ tan oy (Zz - Tt (') + 1+ (f'(Zi))2)3/2) +0-— tan oyt
We now collect all terms with 2/ in (3.37):
/ / / f/ { /
Az = (o + B))(1 + tan® o) (zi — 1:_ ((Ji()%))?) — tan a;t}, (3.38)

where

PG () )R
A (e (o ”(1 1+<f'<zi>>2+<1+<f'<zz->>2>3/2)‘

Before dividing through equation (3.38) by A;, we Taylor expand A; in powers of 1/j to
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show that it is nonvanishing;:
A; =2z, —tana; + O(572). (3.39)

At this point, it is important to distinguish between z; and z,. If 2; < z5, then insisting that
y be O(j~*) close to the boundary amounts to setting 21 = O(j~*) and 25 = t;11 + O(j%).
Here, tj41 = t;41(0) is defined implicitly by the equation (t;41, f(¢j11)) = 241 € 02. When
i=1,A = —a;+0(j*) < —C1/(2j) is nonvanishing for j sufficiently large. For i = 2, note
that tan o;; = f(22)/224+ O(j~*), which implies that Ay = 25+ O(j7?) is again nonvanishing.
Hence, we may divide through equation (3.38) by A;. To estimate the righthand side of
(3.38), we calculate that
£1(t5) F" ;)

B = : (3.40)
’ - m7or (14 (f(t;)%)*?

The first factor above is well defined by continuity at ¢; = 0 and equals 1. Hence, §; =
2t + O(1/j). If i = 1, equation (3.38) becomes

(—tanay; + O(j %))z = —tana;t; + O(5 %), (3.41)
which implies that 2; =t} + O(j~*). When i = 2, equation (3.38) becomes
(24 0(7%)z = thza +O(1/4), (3.42)

which again implies that z; = . + O(1/j). Recall that Lemma 3.4.6 showed z’; is of order
J in Lazutkin coordinates when £(6) € C; (€2; j). To compare Lazutkin coordinates with ;,

note that in graph coordinates, the arclength parameter ds on 0f2 is given by

ds = (1+ (f'(t))%)"?at.
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As arclength coordinates and Lazutkin coordinates are comparable independently of j, we
conclude that ¢’ and hence 2 are also of order j. We conclude the proof by noting that the

arclength parameter ds’ on d~'(d(y)) in the parametrization (3.33) is given by
ds' = (1 + (f'0)))Y? + O(r)) dt,

which is also comparable to dt independently of j. O

3.4.5 Clockwise orbits

In Lemma 3.4.9, it was shown that there are precisely 4 counterclockwise orbits connecting
x = xg to y in j reflections and approximately one rotation. The only constraint on x and y
was that they were confined to a O(j~*) neighborhood of the diagonal of the boundary. By
reflecting 2 through the vertical axis, one obtains another smooth strictly convex domain
and the reflections of z and y remain O(j~) close to the diagonal of the boundary. Hence,
the same procedure produces exactly 4 counterclockwise orbits of j reflections from z to y
making approximately one rotation in the reflected domain. Reflecting back through the
vertical axis carries these 4 orbits to clockwise orbits in the original domain. This completes

the proof of Theorem 3.3.1.

Remark 3.4.10. We can take jo = jo(2) = max{j; : 2 < i < 7}, with j; as they appear
in Lemmas 3.4.2, 3.4.3, 3.4.4, 3.4.6, 3.4.8, and 3.4.9. Similarly, we can choose a uniform
constant Cy as in the statement of Lemma 3.3.1. The tubular neighborhood U; referenced
in Theorem 2.1.1 can be taken to be {(z,y) € Q x Q : dist((z,y), AdQ) < 574} for j > jo,
where A : 0Q x 09 is the diagonal embedding x +— (z,z). For (z,y) € U;, both z and y
satisfy the conditions of Lemma 3.4.9. The cone bundle C%(€2; ) is well defined whenever

dist(x,00) = O(57%).

Remark 3.4.11. The proof of Theorem 3.3.1 in this section could actually be extended to a
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larger region of validity. In particular, the same methods allow us to prove the existence of
8 orbits of rotation number k/j for j sufficiently large in terms of k, connecting points in
a comparable open neighborhood of the diagonal of the boundary. Additionally, we could
also allow x and y to be further away from the diagonal as long as they are both sufficiently
close to the boundary. However, we are only concerned with near diagonal terms in this

dissertation for the purposes of deriving trace formulas.

Remark 3.4.12. If x € 0N, then & are tangent to the boundary and perturbing ¢ away
from & in the clockwise direction is no longer well defined. Rather, it is equivalent to
reflecting and then rotating £ in the counterclockwise direction. Similarly, {; cannot be
rotated in the counter clockwise direction. Each of these restrictions reduces the number
of j reflection orbits to y in approximately one rotation by 2. If additionally y € 0, the
final link only makes one intersection with d=1(0) = 99 so there are only two orbits of j
reflections connecting x to y in approximately one rotation. One is in the counterclockwise
direction while the other is in the clockwise direction. In particular, when z = y, there is a
unique geodesic loop (up to parametrization) of j reflections and exactly one rotation (i.e.
rotation number 1/j5). The proof of these claims is much simpler, as it only requires Lemma

3.4.4.
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Chapter 4

Variational Formulas

4.1 Variation of the Wave Trace

In this chapter, we derive variational formulas for the Green’s function, simple eigenvalues
and wave trace corresponding to the eigenvalue problem (2.6) with Robin boundary condi-

tions. The PDE (2.6) has the weak formulation

/ (Vue, Vo " v) — Nup- o dV = feo Mo dV + K.u.o- v dg., (4.1)
c Q. 09.

for any u. € H%().) such that d,u. = K.u. (i.e. in the domain of —A with Robin boundary
conditions), v € C*®(Qy) and f. € £'(int(€2.)) which is an inhomogeneous term for the PDE
(2.6). Here, dV = dx' Adx? is the volume form on R? and dg. is the natural surface measure

on 0f), induced from the Euclidian metric. We refer to the the quantity
e(u,v) = (Vu, Vo) — Nuv
as the energy density.
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4.1.1 Variational derivatives

Some care is needed to differentiate the expressions above. We begin by making precise our

notion of first variation, following closely the presentation in [55].

Definition 4.1.1. If u. € C*([0,&0], D'(£2)) is a C! family of distributions, we write du, du.

or 1 for the first variation of u. at ¢ = 0, as a distribution in :

To simplify notation, for a single function u, we will oftentimes write du = @ and reserve the
use of § for preceding long formulas. If o € C§°(int€2p) is a test function, then a € C§°(int€).)

for ¢ < 1 and we can define du by

i.e. the derivative of a function from [0, g9) to R. The issue with this definition is that if the
supports of the distributions u. actually intersect 0f2., then the formula above only defines
0u. in the interior of {2y and not on the boundary even when u, is defined there. For in-
stance, the Green’s kernel is supported near the boundary in the setting of Robin boundary

conditions.

To resolve this issue, we follow the ideas in [55], where some geometric heuristics moti-
vate several precise definitions. The set of smooth domains in R? is an infinite dimensional
manifold A, on which the Lie group Diff(R?) acts. The Lie algebra of Diff(R?) is the space
of smooth vector fields on R An initial domain Qg and a curve ¢, in Diff(R?) generate a
curve in A, given by Q. = ¢.(€). Hence, we can associate elements of the Lie algebra to

tangent vectors at {2y. For any given deformation of {2y, we have an infinitesimal generator
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__ dpe
X = de le=

o For a fixed s € R, we can associate to each {Jy € A the fiber H*(€)), which
is the L? based Sobolev space of order s. This defines a smooth vector bundle over A on
which Diff(R?) acts via pullback (diffeomorphism invariance of the Sobolev spaces). These

heuristics motivate the following definition:

Definition 4.1.2. For a curve (u.,€).) in the above vector bundle, we define the Lie deriva-

tive to be

*
gxus = _d€ Ocpeua.
e=

We sometimes drop the e subscript and write 6xu. = fxu for simplicity. The advantage of
this definition is that it is well defined on the boundary of €y for s > 1, via the Sobolev

embedding theorem H* — CY.
Lemma 4.1.3. If we suppose that u. € H*T(Q.) is supported away from the boundary and
Oxu € H*(Qp), then du. exists in H*(y) and

Oxu = du. + Xug.

Proof. The lemma follows from writing

@:Ua —Up = @:(ua - UO) + (QO: - 1)u07

dividing both sides by ¢ and sending € — 0. O

Remark 4.1.4. The formula in Lemma 4.1.3 is perfectly valid pointwise whenever x € int{).
Both fx and X are well defined operators on distributions supported near the boundary, so
by setting du = Oxu — Xu, we obtain an extension of Definition 4.1.1 for s > 1. From now
on, we use X to denote the differential operator acting on distributions on the fixed domain
Qy and fx to denote the Lie derivative acting on distributions or differential forms on €.

which may also depend on e.
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4.1.2 A general variational formula

We now derive a variational formula using the weak formulation (4.1). To obtain an integral
equation on the fixed domain €2y, we pull back the energy density and apply the change of

variables formula to (4.1):

/ goze(ug,gogl*v)@d‘/ :/ or fevpidV + Keuecps_l*vdqa.
Q 2 o0,

The pullback of the surface measure dg. in the last term on the right is more complicated,

so for the time being, we leave it as is. We can rewrite this equation as

/ ec(pius, v)pidV :/ or foodV + Ksuegogl*vdqe, (4.2)
Qo

Qo 00

where

e-(u,v) = ¢l (e(ps " u, o7 v))

is the conjugated energy density. While e. is a composition of operators, it is still of the

form

6. = Z caﬂ(g,x,y)Dng,

lo,18]<2
for some coefficients ¢, g depending smoothly on z,y and in a C' manner on e. This will
justify use of the product rule when computing e derivatives in Lemma 4.1.5 below. Differ-

entiating (4.2) in the parameter ¢ and setting ¢ = 0 yields

/ (e(Oxu,v) + (Oxe)(ug,v))dV + e(ug, v)0xdV
Q (4.3)

:/ vOx fdV +vfOxdV + 0 K.ou.p- v dg.,
Qo e

where the quantity




is defined analogously to the formula in Definition 4.1.1.

Lemma 4.1.5. For u,v € H*(Q), differentiating the conjugated energy density e. yields

(Oxe)(u,v) = Xe(u,v) — e(Xu,v) — e(u, Xv).

Proof. Consider the family of distributions w. = e(p- 1 u, p-"v). Recalling that

e=(u, v) = pLw,

we see by Lemma 4.1.3 that

d
e OSOZUJE = Xwy + dwe..
e=

The first term is precisely Xe(u, v) and the second term dwy is easily calculated by commuting

the € and x derivatives:

d 1% 1% 1% —1%*
ow, = 7 <Vg0€1 u,VngI v) — /\2g0€1 uapgl v
Ele=0

= (V(=Xu), Vv) + (Vu, V(= X0v)) — N(—Xu)v — Nu(—Xv)

= —e(Xu,U) — e(uv XU)'

Commuting derivatives is always valid in the sense of distributions. In order to also restrict to
e = 0, note that [%, V.-t u = 0 in L? and this quantity only involves second derivatives
of u, first order derivates of p_! in e, and z derivatives of ¢ !. Here, [-,-] denotes the
commutator of two operators. As u € H* and ¢. is C" with respect to e, [£, V,]o- " u is a

continuous family (in ¢) of L? functions. Letting e — 0 then implies [§, V]p-"u = 0. O]

Returning to the variation of (4.2), the Lie derivative of the volume form in equation (4.3)
gives the divergence of X, which we would like to convert to a boundary integral, since X

is only defined in a tubular neighborhood of 0€)y. Using again the formula 0y = d + X and
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applying the divergence theorem to equation (4.3) above gives

) e-(Piue,v)pidV = /

Qo Qo Qo

e(t,v) — e(ug, Xv)dV +/ e(ug, v) X, dqo

:/ vf—(Xv)de+/ vfX,dgy+ 6 Kou.p- vdg..
Qo

Qo 00,

(4.4)

Here, X, = (X, v) is the normal component of X. For the last term in (4.4), we can assume

the perturbation is in the normal direction and parametrize the boundary by 90y > = —

T+ pe(x)v, € 08, so that

Koucp- " vdg. = K. (x + pe(x)vg)us(z + pe(z)v)v(x) dg..

O Qo
We now recall a basic result from differential geometry:

Lemma 4.1.6. The variation of surface measure is given by

ddq. = Kpdqo,

where Kk s the curvature of 0.

Proof. A proof using normal coordinates can be found on page 6 of [7].

Hence, differentiating the entire boundary integral (4.5), we obtain

d
- Ke (2 + pe(2)va)ue(x + pe(x)ve)v(x) dge
de le=0 800

= Kuov + Kofxuv + Kougvprdqo.
Iy

(4.5)

(4.6)

Actually, there are two ways to define K since it is currently ambiguous as to how to

differentiate in x on the hypersurface 0€2.. The first way involves extending K, radially to
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a function defined on a tubular neighborhood of 0f2., so that we may differentiate in x on
an open subset of R2. The second way is to define K.(z) = d/de|.—oK.(z + pevy). While
these two definitions differ pointwise, the integral formula remains the same and we adopt

the second definition as it appears more naturally in the proof.

4.1.3 Variation of Green’s kernel

Combining equations (4.4) and (4.6), we obtain the variational formula

/ (Vi, Vo) — NavdV +/ ((Vug, Vo) — XNugv) X, dqgo
Qo 890
= / (Vug, V(X)) — NXugXv — fXv+ fodV
Qo
+ / fuX, + Kugv + Kytuv + Ko(Xup)v + Kouguprk dqo.
8

Recall that ¢.(x) = x + pe(z)v, for x € 9Qy, so that X, = p. Integrating by parts and

collecting boundary terms, we see that

/ W(—A = X — (X0)(=A = M)y + fXv — fodV
Qo
= / —aVrv — ((Vug, Vo) — Nugu)p + (Xv)VEug
990

+ fup+ Kugv + Kot + Ko(Xup)v + Kougvprdgp.
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If w and v satisfy the PDE (2.6) with Robin boundary conditions, we have

/ wfo — fodV
Qo
= / — uKov — ((Vug, Vv) — Nugv)p + (Xv) Koug
2%

+ f’Up + KUOU + K(ﬂlU + K()(XUO)’U + K()U()'UplquO
= / —({Vug, Vv) — Nugv)p + fop + 2KZugup + Kugv + Kougvprdgs.
89

(4.7)

Noting that
(Vug, Vo) = (VTug, VI0) + (Viug, V3) = (VTug, V) 4+ Kiug,

we can get rid of one of the K2ugvp terms in (4.7) in exchange for only using tangential

derivatives.

To prove Theorem 2.2.3, we now fix zg € int(£2y) and denote by G, be the Greens function
on 2. Formally, the Green’s function is the Schwartz kernel of the resolvent (—A, — \?)~1.

Setting u.(z) = G.(\, x,y), v(x) = Go(\, 2o, x) and f.(x) = d,,(x), we obtain

5GE<>\a Zo, y) =
/ — (V3 Go(\ 20, 9), Vi Go(X, ¢, 9)) pdg
I
b [+ K5+ Kowp+ KOG, )Gal A, )
o
which is precisely Theorem 2.2.3 with x replaced by zg. As (A. —\?) € U%(Q.) is elliptic for
Im A positive, G¢ is a Lagrangian distribution with principal symbol in Sy 5. Hence, G. is

a family of distributions and dG. in particular, is a distribution of order —1 with wavefront

set conormal to the diagonal {z = y}. As z,y € int(€)) and g € 9 in Theorem 2.2.3, the
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points (z, q) and (q,y) are away from the diagonal, where the distribution is smooth. Hence,
the tangential derivatives do not affect the smoothness or integrability. The distribution G,
can actually be extended up to the boundary using the method of layer potentials, although

this is not needed in the remainder of this dissertation.

4.1.4 The wave trace and eigenvalues

We now want to find a formula for the variation of the distributional trace of the even
wave propagator, cos(ty/—A.), in terms of that of the Green’s kernel. Recall that the wave

propagator e”V~=2< has a distributional trace in the sense that

/ ™R () dt
R

is trace class for any Schwartz function ¢. Its trace is

Z / e (1) dt, (4.8)

where (A3(€))52, are the eigenvalues of A.. The sum in (4.8) can be seen to be convergent via
integration by parts combined with Weyl’s law on the asymptotic distribution of eigenvalues.
While Weyl’s law is usually stated for Dirichlet or Neumann eigenvalues, the Robin and
Neumman asymptotics actually agree up to leading order due to the fact that the boundary
operators 0, — K and 0, of the Robin and Neumann Laplacians respectively have the same
principal symbol. For example, see [71] or [32]. Taking real and imaginary parts, the

analogous trace formulas hold for the even and odd wave kernels, which we denote by

sinty/ —A,
V—_A.

Eg(t,z,y) = cost\/—A. and Sg(t,z,y) =
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respectively. The subscript R here is to denote the Robin boundary conditions. In this

section, we shall prove:

Theorem 4.1.7. The variation of the even wave trace is

t .
dTrcosty/—A, = L (t,q,q)p + §SR(t, q,q)K dg,
890

where we have defined

t
L%(t,q,q) = 5(—vlTva — Ay + K + Kok)Sk.

Here, V7 is again the tangential derivative in the ith spacial variable and A, is the Euclidean
Laplacian in the second spacial variable. The kernels are first differentiated in the interior
using an extension of the tangential vector field and then restricted to the diagonal of the

boundary. We will also prove:

Theorem 4.1.8. If )\?(0) is a simple eigenvalue associated to the L? normalized eigenfunc-

tion V;, then

() = [T Ppdg— [ (0RO K+ K+ Kowd)da
890 890

Both theorems are proved together by the same method:

Proof. Our derivation of the wave trace variation is based on Kato’s variational formulas for
sums of eigenvalues in [36]. One has to be careful, as an eigenvalue of higher multiplicity may
not be C! in . Such eigenvalues can break off to become many different eigenvalues under
deformation. However, if we denote by m(A7) the multiplicity of A7 = A3(0), we will see that
the sum ZT(/\? : A% (e) is in fact C' in e. We actually prove a more general theorem: let g

be holomorphic in a neighborhood of the eigenvalue )\? and denote the resolvent operator by
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R.(z) = (=A.—z)"! for z ¢ Spec(—A.), with Schwartz kernel G.(z,z, y). We write R. and

G, since the spectral parameter is z instead of z2. Then, by the Cauchy integral formula,

we have
m; ()
5> g(N(e) = 0TeT,., (4.9)
k=1
where
-1 ~
Tye = By Vg(z)Ra(z)dz,

for « a small, positively oriented circle enclosing only the /\§ eigenvalue. When € = 0, T},
is g of the orthogonal projection onto the eigenspace of )\?. As the eigenvalues do vary
continuously in ¢, for e < 1, T, . is the total projector, i.e. g composed with the projection
onto the direct sum of the eigenspaces of A%, () for 1 < k < m()\}). T, is in fact a C*
family of operators in ¢ since the resolvent is. The trace can also be obtained by integrating

G. over the diagonal, which combined with equation (4.9), gives
m; (A2(0)) X
) - _
PSS o0e) = o [o06) (3 [ Gutemie)

k=1

As in Section 4.1.2, we can pull back és(z, x,x)dx via ¢ to obtain an integral over a fixed

domain, which we then differentiate. We have

m;(A2(0))

-1 ~ ~
) g(X2(e) = 5 /g(z) {/Q 0p:G.(z,x,x)dx +/Q Go(z,x,x)&z):dm} dz
il 0 0

-1 - ~
=— [ g(2) {/ OxGe(z,x,x)dx —I—/ Go(z,x,a:)diVde} dz,
2 Y Qo Qo

where the last line follows from the definition of 6x and the standard fact from Riemannian

geometry that the Lie derivative with respect to X of the volume form gives the divergence
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of X times the volume form, i.e. 0x(dz) = divXdz. Using the formula for x in Lemma

4.1.3 and the divergence theorem, we obtain

_—l,/vg(z) {/90(5+X)é€(z,x,x)dx — o Xéo(z,x,:c)dx—l—

271

Xué(](zv q, Q)dQ} dz
0Q0

-1 ~ o~
=5 9(2){/ 5Ga(z,:t,x)dw+/ P(Q)GO(Z7Q;Q)CZQ} dz.
T Jy Qo a0

We now plug in our variational formula for the Green’s kernel from Theorem 2.2.3 to see

that
m;(A3(0)) ;) ) ~
0 9(Njx(e)) = T/g(@ {/ 5G5(z,x,x)da:+/ p(q)Go(z,q,q)dq} dz
k=1 Uy Q0 .

= / /g —VEIGo(z,2,q) - VI Go(z,q,x)p) dzdgdz
2m a0 Joa, J+

+ 2_/ / 9(2)(2p + Kip+ Kokp + K)Go(z,z,q)Go(z, ¢, x) dzdgdx
7-‘-7/ Qo 890 %

dqd
27”//3909(2 0)Go(2, ¢, q)dqdz.

m(A2
Denote these three integrals by Iy, I, and I3 and let (U, ) ,C:(ij) be an orthonormal basis for
the eigenspace corresponding to the eigenvalue )\?. Then, via the Cauchy integral formula,

we have
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Similarly, we have

00 Y [ @ Piads

k=1 0%

—g'(\) /BQ > () (&2»/5 - K2p+ Kokp + K) dg
0 e

= /8Q 1Tk (‘9@?)@ — D2+ K2p + Korp + K)) dg
0 k=1
and
L= [ g0
k=1 v 0%

Combining these terms and noticing that I3 cancels with one of the terms in Iy, we obtain

m]-(A?) my( )\2
5> gNe) =g (\) Z /HQ VTP — (WP (A2 + K3 + Kokp + K)dg.
k=1 0

(4.10)

To compute the variation of the even wave trace in particular, set g(z) = cos(t/z) in equation
(4.10). Despite the square root, this is in fact an entire function since cosine is even. We

have
m(/\2

5ZZcost)\Jk ZéZcostAjk
7=1 k=1

]lkl

oo M%) —tsin(tA; .
:Z in( ) / |VT\I’M|2/')— ’\I,j7k|2()\j2,p+K§p+Ko/£/)+K)dq.
Qo

j=1 k=1 J
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Writing this in terms of the wave kernels, we obtain

0Trcosty/—A, =
—t .t t .
/ 7V1TV2TSR(757 q,q)p + §P(—A2 + K§ + Kok)Sr(t,q,q) + 553@7 q,q)K dq.
0%

(4.11)

Note that all but one of the terms above contain p. Recalling that in the begining of the

section, we defined
t
L5(t,q,q) = 5(—vlTvg’ — Ay + K2 + Kok)Sg

to be the coefficient of p in the expression (4.11), we obtain Theorem 4.1.7. Similarly,
setting ¢g(z) = z in equation (4.9) easily yields Theorem 4.1.8 on the variation of simple

eigenvalues. O
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Chapter 5

A Parametrix for the Wave

Propagator

In this Chapter, we use microlocal analysis to obtain an oscillatory integral parametrix for
the wave propagator in an open subset of R x 2 x 2 which contains the diagonal R x A(99).
The wave kernel e#®V=2 is actually not a Fourier integral operator (FIO) near the tangential
rays (see [1], [46]), so we microlocalize the wave kernels near periodic transversal reflecting
rays. We begin by reviewing FIOs and Chazarain’s parametrix for the wave propagator in
Sections 5.1 and 5.2. In Section 5.3, we then cook up oscillatory integrals for each term
in Chazarain’s parametrix, which microlocally approximate the wave propagator near the
orbits described in Theorem 3.3.1. This approach is inspired by the formulas in [44] and will

rely on the symbol calculus in Section 5.2.
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5.1 Fourier integral operators (FIOs)

Let X and Y be open sets in R"* and R™ respectively. If a € S{'((X x R") is a classical
symbol of order g and © € C*°(X x RY) is a nondegenerate phase function, then the linear

operator

A(u) = /X /RN @ gz, 0)u(x) dfdx

is called a Lagrangian or Fourier integral distribution on X. Recall that a continuous linear
operator A : C§°(Y) — D'(X) has an associated Schwartz kernel K4 € D'(X x Y). If K4
is given by a locally finite sum of Lagrangian distributions on X X Y, then we say A is a
Fourier integral operator (FIO). One can then show that the wavefront set of the kernel
is contained in the image of the map g : (z,y) — (x,y,d,0,d,0) when restricted to the
critical set Cg := {dy© = 0}. The image of 1 is in fact a conic Lagrangian submanifold
Ao C T*(X x Y) and the map tg is a local diffeomorphism from Cg onto Ag. In this case,

we say “O parametrizes Ag.” The canonical relation or wavefront relation of A is defined by
WEF'(A) ={(x,8),(y,n) : (x,y,&,—n) € WF(Ka)} CT*X x T*Y,

and describes how the operator A propagates singularities of distributions on which it acts.
If wy and wy denote the natural symplectic forms on 7*X and T*Y respectively, one
can more invariantly consider FIOs associated to general conic Lagranigan submanifolds
A C T*X x T*Y (canonical relations), with respect to the symplectic form wyxy — wy. The
notion of a principal symbol for Fourier integral operators is more subtle than that for pseu-
dodifferential operators. The principal symbol of A is a half density on Ag given in terms of

the parametrization tg:

e = 1o, (ao|dCo|'?), (5.1)
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where aq is the leading order term in the asymptotic expansion for a and |dCg|"/? is the
half density associated with the Gelfand-Leray form on the level set {dy© = 0}. Here, we
have ignored Maslov factors coming from the Keller-Maslov line bundle over Ag. These
are nonzero factors €™ (¢ is known as the Maslov index) which appear in front of the
principal symbol as a result of the multiplicity of phase functions parametrizing the canonical
relation Ag, possibly in different coordinate systems. While these factors allow the principal
symbol to be defined in a more geometrically invariant way, we defer computation of the
Maslov indices until Section 6.5. For a more thorough reference on the global theory of
Lagrangian distributions, see [11], [28], [13], and [30]. The order of a Fourier integral operator
is defined in such a way that when two Fourier integral operators’ canonical relations intersect
transversally, then the composition is again a Fourier integral operator and order of the
composition is the sum of the orders:

1 1
order(A) =m = u+ 5]\7 — Z(nx + ny). (5.2)

Recall that here, ny and ny are the dimensions of X and Y respectively. In this case, we
write A € I"™(X x Y,A). This convention on orders also generalizes that of pseudodiffer-
ential operators, where X =Y and m = p coincides with the order of the corresponding
symbol class. Sufficient conditions which guarantee that the composition exists are clean or
transversal intersection of the two operators’ canonical relations. In general, composition of
Fourier integral operators and the associated symbol calculus is somewhat complicated, but

we will not directly use the composition formula in what follows.
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5.2 Chazarain’s parametrix

The parametrix developed by Chazarain in [6] provides a microlocal description of the wave

kernels near periodic transversal reflecting rays. The parametrices for

sinty/—A
E(t) = costv—A, S(t) = ———
(1) = cos 1y )=
are constructed in the ambient Euclidean space R x R™ x R™. We only consider S(t), as
the formula for E(t) is easily obtained from that of S(¢) by differentiating in ¢t. We write
E(t,z,y) and S(t, z,y) for the Schwartz kernels of E(t) and S(t) respectively. Following the

work in [6], we can find a Lagrangian distribution

S(t,x,y) Z Si(t,x,y), S; eI YR xR"xR"TY), (5.3)
j=—00

which approximates S(¢) microlocally away from the tangential rays modulo a smooth ker-
nel. We will describe the canonical relations Fji momentarily and in particular, show that
the sum in (5.3) is locally finite. We first explain what is meant by approximating S(¢) “mi-
crolocally away from the tangential rays.” In general, two distributions f,g € D'(R™) are
said to agree microlocally near a closed cone A; C T*R"™ if WF(u —v) N Ay = (). Similarly,
using the language from Section 5.1, two operators A, B : C*(Y) — C*°(X) are said to
agree microlocally near a closed cone Ay C T*X x T*Y if WF'(A— B)NAy = (). This second
notion is what we will use to say that our parametrix approximates S(¢) microlocally near

the canonical relations I',.
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The kernel of the wave propagator S(t) satisfies

(

\

Su(t) — AS(t) =0, z€Q,

S(t) =0, x € 0f),

S1(0) = 6(x — zp),

for Dirichlet boundary condtions and

¢

\

for Robin boundary conditions, where zy € int{2 and K a Robin function as in equation

(2.6). Chazarain’s construction begins with the solution of the homogeneous wave equation

Stt(t) — AS(t) = O, x € Q,

@, — K)S(t) =0, €09,

S¢(0) = 0(x — xp),

in the ambient Euclidean space:

p

\

In this case, we have an explicit representation for the fundamental solution of 0 = 92 — A,
given by Kirchhoff’s formula. If we restrict back to €2, it is clear that the fundamental so-
lution on R? will in general not satisfy the Dirichlet/Robin boundary conditions. However,
finite speed of propagation implies that it does satisfy the boundary condition for small time,

since u vanishes identically in a neighborhood of 9. If we let d = d(z, 02), then we obtain

uy — Au =0, x € R?,
u(0,z) =0,

u(0,2) = 6(x — xp).
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a solution u of the boundary value problem for |t| < d. The idea in [6] is to use the billiard
flow and properties of FIOs to inductively extend the time interval on which the fundamental

solution of the boundary value problem is defined.

To describe the canonical relations precisely, we first introduce some notation following
the presentations in [6] and [25]. As the Euclidean wave operator (g2 factors into (0, —
VA)(0; +v/—A), there are two Hamiltonians corresponding to the symbol 45| of +v/—A.

Let Hi(y,n) = #£|n| and ¢' be the Hamiltonian flow, i.e. the flow map associated to the

system
OH+
8ty = an
_ _0Ht
8t77 — 7 hy

which is in fact just the reparametrized geodesic flow on R%. For (y,n) € T*Q (or T;,R?
such that 7 is transversal to the boundary and inward pointing), recall that in Section 3 we

defined

1 _ . t
ty =inf{t: mg (y,n) € 090},
t;l = sug){t cmgt(y,n) € 09},
t<

where m, is projection onto the spatial variable. Note that t=! depend on (y,m). We also

have t%c = —t7'. We then set

A (y,m) = 7% (y,n),

A (y,m) = 9= (y,m).

—

Also define A (y,n) to be the reflection of AL (y,n) through the cotangent line at the bound-

ary. In other words, Al (y,n) and A\.(y,n) have the same cotangential components but
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opposite conormal components so that AL (y,n) is inward pointing. The point AI'(y,7n) is

defined analogously. We can then inductively define ti and t;j by the formulas

£ = inf{t - mg™ (V) € 09,
t2) = sup{t : mg* (ALY (. m) € 00},

t<0

The total travel time after j reflections is defined by

i:lt’i Jj>0

Ti=10 j=0

1 .
\Zk:j th j<O

To study how the fundamental solution of [y behaves at 02 when we impose boundary
condtions, we propagate the intial data by the free wave propagator on R2, restrict it to the
boundary, reflect, and then propagate again. If such a construction is continued for j € 7Z

reflections at the boundary, it is shown in [6] that the FIOs S; must have canonical relations

- (t, 7,95 (y,n),y,n) : T = £|n| j=0,
i pr—

—

(t, 7, g O (N (y,m)),9,m)) = 7 = 0| j € Z\{0}.

Since S (t) is a microlocal parametrix, the canonical relation of the true solution operator

S(t) is also

r=|Jri

JEZ+
Here, 7 > 0 and j < 0 correspond to reflections on the inside and outside of the bound-
ary. In fact, there are four modes of propagation associated to the canonical relations th,
corresponding to 7 > 0 (forwards and backwards time) and +j > 0 (inside and outside

bounces). See [25] for an explicit local model in the case of one reflection, where € is re-
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placed by a half plane. We see that a point (¢, 7, x,&,y,n) belongs to the canonical relation
I, € T*(R x R? x R?) if the broken geodesic of j reflections emanating from (y,n) passes

through (x,&). For a more thorough discussion of Chazarain’s parametrix, see [6] and [20].

To be precise, Chazarain actually showed that there exists FIOs S; such that the sum

in (5.3) is a parametrix for the wave propagator S(¢) with canonical relation

r=J i
JEZ+
However, the canonical relations were never parametrized by explicit phase functions and
the principal symbols of the operators S; were not computed in [6]. For the remainder of

this section, we concern ourselves with the task of explicitly computing them in terms of

geometric and dynamical data associated to the billiard map.

5.3 Oscillatory integral representation

In this section, we cook up an oscillatory integral such that microlocally near the canonical

; J
relations I,

Si(t,z,y) :/ eiej(t’T’x’y)aj(T,x,y) dr,

o0
where S; is the j term in Chazarain’s parametrix corresponding to a wave with j reflections
and a; € S is a classical symbol of order u. We will only compute the principal symbol
and use L.O.T to denote lower order terms in the sense of Lagrangian distributions in what
follows. Due to the presence of different Maslov factors on each branch of I, corresponding

to =7 > 0 (cf. Sections 5.1 and 6.5), it is actually more convenient to find operators
Sj,:ﬁ:(t7 Z, y) = / eiej’i(tVT’$7y)aj7i(T7 Z, y) dTa (54)
0
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so that S; = S; , +S;_ and the phase functions associated to S;+ paramaterize I, and I'.

individually.

We first make precise the notion of microlocalized FIOs. We would like to microlocalize
S(t) near periodic orbits of rotation number 1/j. Oftentimes, it is required that such orbits
be nondegenerate, in the sense that 1 is not an eigenvalue of the linearized Poincaré map.
However, this assumption is not needed for our trace formulas, which work both for simple
nondegenerate orbits as well as degenerate orbits coming in one parameter families as in the
case of an ellipse (cf. Theorem 2.1.5 and Corollary 2.1.6). We recall that € is said to satisfy
the concoincidence condition (2.5) if there exist no periodic orbits of rotation number m/n,
m > 2 in a sufficiently small neighborhood of |0€2|. In this case, for j sufficiently large, pe-
riodic orbits of rotation number 1/j come in isolated families. This follows from the results
in [44], which show that for j sufficiently large, no two orbits of distinct rotation numbers
1/j and 1/k can have the same length. It can be shown that periodic billiard orbits arise as
critical points of the loop function ¥;(q, ¢) (see [69], [26]). As in the statement of Theorem
2.1.3, denote t; = infycpq and T; = sup,cgq. If € satisfies the noncoincidence condition
2.5, we can find a smooth cutoff function xi(¢) which is identically equal to 1 on an open
neighborhood of [t;,7j] and vanishes in a neighborhood of all other L € Lsp(€2). As noted
in Section 5.2, each propagator S; has canonical relations I‘ji. Denote by x2 a smooth cutoff
function which is identically equal to 1 on IV = U, I, vanishing near the gliding rays 79
and conic in the fiber variables 7, ¢ and 7. Quantizing x» gives a pseudodifferential operator
which microlocalizes near the support of x,. For a reference, see Chapter 18 of [29]. We call
such an operator a microlocal cutoff on I',. The composition x1(t)x2(t, 2, y, Dy, Da, D,)S(t)
is then smoothing away from the geodesic loops of rotation number 1/;j and the trace of this

composition is equal to the wave trace modulo C* in an open neighborhood of [t;, T}].

We now use Theorem 3.3.1 to find suitable phase functions ©;. which parametrize I’i.
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Define phase functions @f by the formula
@ﬁi(t, T,z,y) = £7(t — \Ilf(x, Y)),

where \I/f are given in Definition 3.3.3. We then have,

Lemma 5.3.1. The phase functions @;ﬁi(t, T,x,y) are smooth in an open neighborhood of the
diagonal of the boundary and locally parametrize the canonical relations Fi. In particular, the
fibers of both Fi and T lying over this neighborhood are unions of 8 connected components,

which we denote by I’ng corresponding to 1 < k < 8 as in Definition (3.3.3).

Proof. The proof Lemma 5.3.1 is based on [69] and shows that the length functional is in

fact a generating function for the billiard map. For any z,y € Q let

Lx’y . an — R+ ( )
5.5

Loy, @2+ ) = 1 = @l + { s b — G|} + las — ol

denote the length functional. We first show that billiard trajectories from = to y are in one
to one correspondence with critical points of (5.5) with respect to ¢ € 9. Let g € C*(R?)
be a defining function for 9Q and consider ¢ as a variable in R? x --- x R? = R% rather
than 9. If ¢ is a critical point of (5.5), then as in the method of Lagrange multipliers, by

setting = gy and y = ¢;41, we find that for 1 < m < j, there exists A, € R such that

3Lx,y _ qm — Gm—1 + qm — Qm+1 _ )\qumg'

Om  Ngm = qm-l  |gm — Gmra
Since V,,,¢g L 0, this implies that the two unit vectors in the formula for 9,,L,, have
opposite tangential components, which is precisely the condition giving elastic collision at
the boundary (angle of incidence equals angle of reflection). Similarly, if this condition is

satisfied, then ¢ is a critical point for (5.5).
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We now consider the functions \I/;“ in Definition 3.3.3. We have

J
Uk (z,y) = |$—Q’f|+{Z|Q’%—an_1I}+IQ§“—y|, (5.6)

m=2

where ¢* (x,y) is the mth impact point on the boundary for the billiard trajectory corre-
sponding to \Iff As opposed to the g, in the length functional (5.5), ¢ will in general have

a nontrivial dependence on x and y. Differentiating (5.6) in x, we obtain

OWk gk a qm—qm 9
8xZ:\x—Z}f\ o' {Z\q =] Oz 0 )
m e (5.7)
Gy 0k
gk — ] 8%(% )

Since for each x,y € Q, the path defined by (x, ¢, ) corresponds to a billiard trajectory, we

see that all of the terms except the first telescope in (5.7). Hence,

vk = L (5.8)

! Ix—CJI

Similarly, differentiating (5.6) in y, we obtain

y—q

d, Uk =
ly —qj’

J

(5.9)

Geometrically, these gradients are the incident and (reflected) outgoing unit directions of

the billiard trajectories described in Theorem 3.3.1.

We now consider the maps

lek, (t,7,x,y) — (t,T,x,dx@;‘?,y, —dy@;‘) = (t, T, x, —de\lff,y,Tdy\Iff) (5.10)
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on the critical set Cor, = {t — W% = 0}. Inserting formulas (5.8) and (5.9) into (5.10) and
J»

comparing with the canonical graphs

o J O ) s 7 =) j=0,
i =

(t, 7, gt RGN (g, ), y,m) : T = £|n|  § € Z\{0}

from Section 5.2, we see that Lok, C’@@i — I‘ft is a local diffeomorphism. Since 1 < k < 8,
Js 7y

it follows that both Fi and TV are the unions of 8 connected components. n

For a fixed j, the multiple components Ff,;k of the canonical relation indexed by k can be seen
to intersect over the boundary. As our parametrix for the propagators described in [6] are in
fact modified by microlocal cutoffs supported away from the tangential rays in S*0€2, we may
assume F{Ek are smooth nonintersecting Lagrangian submanifolds. It would be interesting
to study mapping properties of the operators Sj’-C as the canonical relations degenerate near
the glancing set in future work. We now want to derive an explicit oscillatory integral
representation (5.4) for S(t) in a specific coordinate system adapted to 2. We first need to

better understand the forwards and backwards symbols on T'.

Recall that the Hadamard type variational formula for the wave trace in Theorem 4.1.7
involved the integral of wave kernels over the diagonal of the boundary. To understand the
principal symbol first in the interior, we study how the propagator reflects at the boundary.
In particular, we want to study the canonical relations TZL restricted to the fibers over the

boundary, which we now describe. Denote by

AY = {0, 7,y,m,y,m) : T = +n|}

the fibers corresponding to zero reflections. If we flow out from AY by the Hamiltonian flow

P* of H = 7 £ |€|, we obtain T'%.. Note that ¢*! consists of geodesics lifted to T*(R x Q).
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Consider the following subsets of T'Y.:

AL ={(t, 7, (y,n),y,m) 1 t > 0,0 (y,n) € TjoR?, 7 = £n|},

AT = {0 (y,m),ym) St < 0,0 (y,m) € ToR?, 7 = *|n[}.

If © denotes reflection in the left factor, we have

ri=Jak, e =Jast
teR teR
We define A%, and A, similarly and note that these are precisely the fibers of the canonical
relations Fi lying over the boundary. In the next section, we will compute the principal
symbol of the wave propagator in coordinates on the critical set. Therefore, we first need to

better understand the forwards and backwards symbols on T'.

Proposition 5.3.2. Let e denote the principal symbol of S(t) on T = UjeZ,i .. Then,
we have
(1)

ex = \dt A dy A dn|'? (Dirichlet)
Ti

1
ey = T|dt A dy A dn|*/? (Neumann/Robin)
Ti

Furthermore, the principal symbol for the wave propagator with K =0 (Neumann boundary

conditions) coincides with e (Robin boundary conditions).

Proof. As the proof for Dirichlet boundary conditions can be found in [25], let us only treat
the case of Robin/Neumann boundary conditions following [69]. As in [6] and [25], denote by
oo the symbol of the restriction to t = 0, o, the symbol of the boundary restriction operator
r, and op the symbol of rN — K € W!. Here, N is an extension of the unit normal vector

field on 02 to a tubular neighborhood of the boundary acting as a differential operator and
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K is again a Robin function. We have the following implications:

S =0 = Lyes =0,

S|t:O:O = opoey +opoe_ =0,

. (5.11)

d
=1Ild = T0g0ey —TOyO0E_ = —0pq4,
7

e

t=0

(rN—rK)S=0 = opoer =0poes|, +UB°ei‘Xj =0.
+ +

The first assertion in (5.11) follows from Theorem 5.3.1 of [13] and the remaining formulas

are clear. At the boundary, the symbol o5 is given by

(AMy,n),vy)o,

on I'pn o A and

O‘(y’ 77)7 Vy>07‘ = _<)‘(y’ 77)7 Vy>07“

on ['gq o A\ﬂt The symbol of r K doesnt appear since multiplication by K is a WDO of order

0 while, N € ¥!. Hence, the fourth equation in (5.11) implies that on the boundary, we have

—

(My,m), vy)or o ex(My,m)) — (My, n), vy)or 0 ex(My, n)) = 0. (5.12)

Note that in equation (5.12), both sides involve the composition o, o ex. The formula for
the principal symbol of the composition of FIOs is quite complicated, but is discussed more
thoroughly in [20], [25], [12] and [13]. Since (A(y,n),v,) is nonvanishing, equation (5.12) tells
us that the direct and reflected symbols coincide on the boundary. Multiplying the second

equation in (5.11) by 7 and adding/subtracting it to the third equation gives

1
0pg O ex = ﬁO’]d

in the interior. It is elementary to see that o4 is the canonical half density |dt A dy A dn|*/2.
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The first equation in (5.11) implies that the symbol is invariant under geodesic flow, so
the claim follows on T'L. In fact, since we have already noted that the direct and reflected
symbols coincide over the boundary, the fact that Fi is the flowout of ﬁ]i then implies that

the claim extends to all I, O

Remark 5.3.3. Chazarain’s parametrix actually computes the full symbol by solving succes-
sive transport equations and Borel summing the terms. The full proof and explicit com-
putation of the symbol can be found in the original French paper [6]. The actual solution
operator could be obtained from S(t) by adding correction terms via Duhamel’s principle.
However, we only need the principal symbol in our calculation. In [20], a more general
situation is treated in which both M = Q x {t = 0} and M’ = 99 x R are nonglancing,
noncharacteristic hypersurfaces for the wave propagator. A Fourier integral operator is then

constructed iteratively to solve the localized hyperbolic pseudodifferential equation.

As Proposition 5.3.2 gives e = QLﬂ|dt/\dy/\d77\1/ 2 and we now know that the phase functions
OF (t,7,x,y) = £7(t — W¥(x,y)) parametrize connected components of I, lying over an
open neighborhood of the diagonal of the boundary, we can compute the principal term in
the asymptotic expansion of a; 1 appearing in the expression (5.4). Since there are 16 phases
for each j, corresponding to 1 < k < 8 and +7 > 0, (5.4) should actually be a sum of 16

oscillatory integrals:

Si(t,z,y) = Z /0 eieii(t”’m’y)aﬁki(ﬂ x,y)dr. (5.13)
t ok

=1

Recalling formula (5.1) for the principal symbol of a Fourier integral operator, we must
compute the Gelfand-Leray form on the critical set dT@ﬁi = (0. The Leray measure coming
from the Gelfand-Leray form is coordinate invariant and it is ultimately more convenient to

utilize different coordinate systems for general calculations and those specific to the ellipse.
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5.4 Computations in boundary normal coordinates

For computations in general convex domains, it is convenient to introduce boundary normal
coordinates which we now describe following the presentation in [43]. Fix a point p € 0€.
For each ¢ € 00 near p, we denote by 7,(x) the unit speed geodesic with initial condition
conormal to 02 at ¢ and inward pointing. Now denote by ¢ the boundary coordinate which
parametrizes 02 with respect to arclength, such that p is given by ¢ = 0. The coordinate ¢
can be extended smoothly inside € so that it is constant along ,(u) for every fixed ¢ near p.
For € > 0 sufficiently small, (u, ¢) is then a smooth coordinate system in an € neighborhood

of p € Q. In these coordinates, the Euclidean metric is locally given by the warped product

GEucl. = dMQ + f(luv Sp)d9027

where f is a locally defined function which is smooth up to the boundary. In particular, f
satisfies f(0,¢) = 1. This coordinate system is convenient near the boundary because con-
formal multiples the vector fields 9/0u and 0/0¢ extend the orthogonal and and tangential
gradients respectively in a tubular neighborhood of the boundary. As the canonical relations
I involve both z and y variables, we change x variables to (1, @) and y variables to (v, 6)
according to the procedure described above. In [69], elliptical polar coordinates were instead
used of boundary normal coordinates to achieve a similar decomposition into normal and

tangential vector fields.

Without loss of generality, we use boundary normal coordinates instead of Euclidean co-
ordinates in the domain of \Ifgf from here on. We now compute the Gelfand-Leray form in

boundary normal coordinates.

Lemma 5.4.1. The canonical relation of each operator in (5.13) is parametrized in boundary
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normal coordinates by
D5 ={(t, 7 10,6 0,0,m) = (V5,7 1,0, Fd,u U5, v, 0, £7d,5 %) }.
The Gelfand-Leray form on C’@?’i s given by
dC@)?’i =Ff(u, o) f(v,0)dr Ndu N\ dp A\ dv A db.
Proof. The first claim follows directly from Lemma 5.3.1 and the observation that
A0, =+t -5 =0

on the critical set C@@i. From this, it is clear that (7, i, ¢, v, 0) form a smooth coordinate
7y

system on C@?i. The Gelfand-Leray form is uniquely defined on C’@§i by the condition
d(d:05 1) NdCor = f(u. @) f(v.0)dt Adr Ad(p, ) Ad(v,0), (5.14)

where the righthand side of (5.14) coincides with the Euclidian volume form on R; x R, X
Q) x Q. Hence,
dC@h =Ff(, o) f(v,0)dr Ndp N dp Adv A db,

as claimed. n

We now change variables and use Lemma 5.4.1 to compute the principal symbol of (5.13).
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Dropping the 7, k£ indices on \IléC in place of differentiation, we have

dt =V, dp+ Vodp + ¥,dv + Vedb,
dy = f(v,0)dv A db,
dm =V, dr + 7(¥ . dp + V,.de + V,,dv + VU,4db),

dny = Vedt + T(\Ifgud,u + \Ilgwdgo + Wo, dv + \Ifggde)
on the canonical relation F]ik Wedging all these terms together, we see that

dt Ndy Ndn =7(f(v,0)(V,VYeV,, + V¥, U, Uy, (5.15)
5.15
— W, U, W, — VU, WU, ))dr Adp Adp Adv A db.

Definition 5.4.2. Denote by A;?(,u, @, v, 0) the functions
fl, o) (U, Yo, + U, U, Uy, — ¥, U, Uy, — VU, UpV,,),
where each ¥ = \I/f depends implicitly on j, k, 4, @, v and 6.

On each of the canonical relations I';* (c¢f. Lemma 5.3.1), equation (5.15) implies that

j|dt/\dy/\al77|1/2 B - £l

_(_ _1\J k 1/2
€+ = ( 1) 27i - ( 1) 2’T|1/2i’Aj(,u7(pa v, Q)dC@ji’ (516>
for Dirichlet boundary conditions and
CldtAdy Adn|? o £1 % 1/2
- 27i - 2|T’1/2i|Aj(/vL7907V7 H)dC@;ch (517>

for Neumann boundary conditions. As a result, we conclude the following description of the

operators 5.

Theorem 5.4.3. Microlocally near Fft, the following oscillatory integral is a parametrix for
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S;(t,x,y) with Dirichlet boundary conditions in an open neighborhood of AOQ2 C 2 x Q:

8
A oo +1
_ +iT(t—TUk k11/2
Sit) = (-1 )" :/0 eI J)2|T’1/2i|Aj| dr + L.O.T.

£ k=1
Here, L.O.T. denotes lower order Lagrangian distributions, using the convention (5.2).

Definition 5.4.4. We define the operators Sj'-fi(t) appearing in Theorem 5.4.3 by

8
| SRS |
St (1) = HVZZ/ ) A
0

£ k=1

Together with Theorem 3.3.1 and the choice of jj, U; in Remark 3.4.10, we can immediately

derive Theorem 2.1.1 from Theorem 5.4.3. To see this, note that

E(t) = %S(t).

On a symbolic level, this implies that the symbol of E(t) is Te, with eL given by Proposition
5.3.2. This explains the order of b;; + € Sl/z(Uj x R') appearing in Theorem 2.1.1. Each
(£) branch of the propagators S, should be multiplied by Maslov factors e*7i/4. We will
compute o; = 1 in Section 6.5, which completes the proof of Theorem 2.1.1. In the next
chapter, we will use this explicit oscillatory integral representation to compute the wave

trace.

5.5 Computations in elliptical polar coordinates

Let us now denote by Sg the wave operator for the ellipse

1,2 y2
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appearing in Theorem 2.2.1, together with corresponding Robin boundary conditions. We
want to derive an explicit formula for the principal symbol e4. of Sk in coordinates. Referring
to formula (5.1) for the principal symbol of an FIO, we easily see that in our setting, dC@?,i =
Fdr Ndz Ady. In Proposition 5.3.2, we calculated that ey = 5-|dt Ady Adn|'/?. Since we now
know that the phase functions @jii(t, T,2,y) = 7(t — \If;“(x,y)) locally parametrize the
connected components of I"i, we now want to calculate aq (as in Section 5.1) by introducing
a conformal change of coordinates which is suitable to computing the symbol e, for the

ellipse:

Definition 5.5.1. Elliptical polar coordinates are defined on R?\[—c, ] by the equations:
21 = ccosh p cos @, 29 = csinh psin .

Here, (11, ¢) € (0,00) x R/(27Z) and ¢ = v/a? — b? is the semifocal distance, i.e. the distance

between the origin and a focal point of the ellipse

2 2
Q:{(as,y):ﬁjt%gl}.

It is easy to check that the Euclidean metric in these coordinates is a conformal multiple of

dudep:
dxydry = c(cosh? i — cos? @)dudip.

In particular, the vector fields 9/0u and 9/0p are orthogonal at each point. For a fixed
i > 0, the ¢ coordinate parametrizes a confocal ellipse of eccentricity 1/ cosh(p). When
projected onto the phase space B*0f), these curves are precisely the invariant Lagrangian

tori for the billiard map. In particular, fixing

o -1 a
i = po = cosh ( a2—b2>
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gives a parametrization of the boundary 0f2. Similarly, for a fixed ¢ > 0, the u coordinate
parametrizes a branch of a confocal hyperbola. The reason we use these coordinates is
because up to a conformal factor, tangential differentiation on the ellipse becomes 9/0¢
while differentiating in the normal direction becomes 0/0u. Since the wave kernel Sg is a

function of both the x and y variables, we use elliptic coordinates for y as well:
yp = ccoshvcosf, Yo = csinh vsin 6.

Note that the Leray form is coordinate independent. Hence, without loss of generality, we

compute that in elliptical coordinates,

dC@ﬁ = Fdt Ndx AN dy

= Fa*(cosh? i — cos? @) (cosh® v — cos? 0)dr A du A do A dv A db.
On the critical set, we have
(ta Ty s @, 57 v, 07 77) = (\D;C? T, s P, _Td,u,tp\pfa v, 67 Tdu,eqj;g)'

From now on, we drop the the j, k subscripts and write \Ifé€ = WU so that we may use subscripts

to denote derivatives. We have

dt =V, dp+ V,dp + V,dv + Vedb,
dy = a*(cosh? v — cos® 0)dv A db,
dm =V, dr +7(¥,,dp+ V,,de + V,,dv + VU,4db),

dny = Wodr + 7(Ugudp + g dip + Vo, dv + Wgyd).
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Wedging all these terms, we find that

dt A\ dy A dn =7a*(cosh® v — cos? 0)(V, Vo, + U, U, U,,

-V, U, W, — VU, WU, )dr Adp A dp A\ dv A db.
Keeping in mind that all ¥ terms depend on j and k, we denote the above factor by

Af(p, ©,1,0) = a*(cosh? v — cos® 0)(¥, VoW, + ¥, ¥, Vg, — ¥,V Wy, — ¥, VpWl,,).
(5.18)

It will be clear from context which coordinate system we use when referring to the functions

A;‘?. On each of the canonical relations I';" (see Lemma 5.3.1), we have

_ \dt A dy A dn|/? _ %
271 2|7|

1 k 1/2
e |A¥dr N dp A do AN dv N df|

As a result, we have proved:

Theorem 5.5.2. Microlocally near FZ_L, the following oscillatory integral is a parametrix for

S; in an open neighborhood of AOSY C 2 x Q:

8

> iT(t—Uk(x +1

Silt, o v, 0) = Y /0 e ’y))2|7‘1/2i|14?(/%907V79)|1/2d7+L-O-T~
+ k=1

We denote the operators in this sum by Sj’fi and and also define SJ’? = S;-‘;r + Sj’f_.
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Chapter 6

Dirichlet Wave Trace Formulas

In this section, we use the parametrix in Theorem 2.1.1, or equivalently Theorem 5.4.3,
to compute an integral formula for the wave trace corresponding to Dirichlet boundary
conditions in a general convex domain. Formally, the wave trace is the Fourier transform of
the spectral measure 3. 6(A — A;), where {\3} are the Dirichlet (resp. Neumann or Robin)

eigenvalues of —A on 2. This is a distribution of the form

> et (6.1)
J

which can be seen to be weakly convergent by Weyl’s law on the asymptotic distribution of
Laplace eigenvalues (see [32], [71]). The connection between this distribution and the wave
equation lies in the fact that (6.1) is actually the trace of ¢V=2 the propagator associated
to the half wave operator (9, — iv/—A). Since such a unitary operator is not trace class, we

mean that for any Schwartz function ¢, the regularized operators

/ o(t)e™V=2at

—00
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are of trace class and have trace

Z/ o(t)e™idt.
j —0o0
The same holds for the even and odd wave operators

_ sinty/ —A

E(t) = costv/—A, S(t) Ny

, (6.2)

and we consider these as they appear more naturally in Chazarain’s parametrix (cf. Section

5.2) and E(t) solves the initial boundary value problem (2.1).

Recall that x;(¢) is a cutoff function near the lengths [t;, T;] of geodesic loops and 2 is
assumed to satisfy the noncoincidence condition (2.5). Modulo Maslov factors and a smooth

error term, we have

M@ﬁE:A@@%@m, (6.3)

where E; = %SJ- and S; is the j bounce wave appearing in Chazarain’s parametrix (5.3).

As our parametrix in Theorem 5.4.3 is only valid near the boundary, we want to write
the wave trace as an integral over the boundary. There are two ways to do this. The first
involves writing £/; = AB, for a specially chosen distribution B; so that formally, we may
integrate by parts to obtain an integral of VB; in terms of E; over the boundary. The
disadvantage of this approach is nonlocality of A™!, which makes it difficult to compute B,
explicitly. The second way is to use Hadamard type variational formulas for the wave trace,
which were derived in [25] and [69]. As shown in those papers, taking the variation of the
wave trace automatically includes an integration by parts which puts the integral (6.3) on

the boundary. The advantage of this approach is that the formulas are quite explicit.
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6.1 Rescaling techniques

Our idea is to rescale the domain €2 by dilating about an interior point. Setting €2, = r(2 for
0 < r <1, the domain shrinks to a point when r = 0. Denote by A, the Laplacian on 2,

with Dirichlet boundary conditions. Formally, one then has

1
0
—Trcosty/—A,dr = Trcosty/—A; — lirr(l) Trcosty/—A.. (6.4)
e—

o+ 87"

Here, the integral bounds (07, 1] on the lefthand side of (6.4) correspond to a distributional
limit, where the domain of integration is taken to be (g, 1] as ¢ — 07. Equation (6.4) is essen-
tially the fundamental theorem of calculus. The quantity O, COSt\/TQT is given explicitly
by variational formulas for the wave trace in [69] and [25]. As r — 0T, the eigenvalues of
—A, increase rapidly and monotonically to +o00. This contributes highly oscillatory terms
to the wave trace (6.1), which tend weakly to zero with r. We will in fact only scale down
to r = rg > 0 rather than » = 0, for ry sufficiently small at the expense of smooth errors.
This is explained in detail in Section 6.3.1. In this section, we derive more explicit integral
formulas for the lefthand side of equation (6.4). In Section 6.3, we will then justify these

computations in more detail and show that they indeed give the trace of costy/—A;.

As A is translation invariant, we may assume without loss of generality that the origin
O is an interior point of 2. For each r € (0, 1], consider the dilated domain 2, = Q) with

respect to O. Define wave propagators on the rescaled domains €2, by

_ sinty/—A,

E.(t) = costy/—A, Sy (%) e

89



The formulas in [25] and [69] show that

L ViV3S(t,q,q)pdq Dirichlet BC
Oy Trecosty/—A, = 2 Jon, ViV (6.5)

5 oo, (VIVE +A9)S(t,q,9)pdg  Neumann BC,

where Vf2 are the unit orthogonal gradients on 02, and p is the normal component of the
variational vector field 0,, which will be computed in Section 6.3. Note that the integrals in
(6.5) are over the diagonal of the boundary. We now discuss how to calculate these integrals

more precisely.

6.2 Wave propagators near the boundary

As we are localizing the wave trace near lengths of geodesic loops with j reflections, it turns
out we only need to insert a select few of the operators from Theorem 5.4.3 into the formula

(6.5).

Lemma 6.2.1. Modulo Maslov factors and lower order distributions, the radially differen-

tiated even wave trace localized near [t;,T}] is given by

Z viViSl1i+551i+Sfi+S§{i

+ Sgi + 57 + S J+1,+ + Sj+1 i)(t 4,9 )qu
in the Dirichlet case and

t
Z /39 5(-V{V§ - A2)(S}*Li - S?,Li + S?’i + S?’i

+ Sgi + 57 + 5} a1t T S?+1,i)<ta q, Q)p dq
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in the Neumann case.

For completeness, we repeat the proof derived in [69] as it contains substantial geometric

insight.

Proof. For the localized wave trace, we only need to consider orbits which contribute to the
singularities in [t;, T;]. Recall that for positive time, Theorem 3.3.1 gives 8 orbits connecting
x to y in j reflections and approximately one rotation. These orbits coalesce into geodesic
loops as (z,y) — AJS). However, as the orbits coalesce within various configurations, not
all of the limiting orbits will have j reflections. As () satisfies the noncoincidence condition
(2.5), only the limiting geodesic loops of rotation number 1/j will contribute to the wave
trace near [t;,T;]. See Figure 3.2 for visualizing the geometric arguments which follow. As
(x,y) — AIJQ, the two orbits of j reflections in TT configuration (k = 1,5) converge ge-
ometrically to a loop of j + 1 reflections. The additional vertex appears at the boundary
point where z and y coalesce. Similarly, the two NN orbits of j reflections (k = 4,8) can
be seen to converge to loops of j — 1 reflections. In this case, the first and last moments of
reflection at the boundary converge to a single impact point. The four orbits of j reflections
in TN (k=2,6) and NT (k = 3,7) configurations preserve exactly j reflections in the limit.
Hence, when z,y € int{2 converge to A0S, only 4 of the 8 orbits contribute to geodesic loops
of j reflections. However, in the same limit, two additional 7T orbits of j — 1 reflections
converge to a loop of j — 1+ 1 = j reflections. Similarly, two NN orbits of j 4+ 1 reflections
converge to a loop of j + 1 — 1 = j reflections. Any other orbit from x to y with strictly
less than j — 1 or strictly more than j + 1 reflections at the boundary cannot converge to
a loop of j reflections. As we have localized the wave trace near the isolated set of lengths
[t;, ;] and € satisfies the noncoincidence condition (2.5), only the 4 +2+2 = 8 orbits which
converge geometrically to a loop of exactly j reflections will contribute to singularities here.
All additional orbits contribute smooth errors to the wave trace in a small neighborhood of

[tjvTj]'
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It should also be clarified that although the parametrices S;(¢,z,y) are constructed in the
interior, we can in fact extend them continuously to the diagonal of the boundary and this
extension coincides with that of the true propagator S(¢,z,z) (z € 92) modulo lower order
terms. Both propagators agree up to lower order Lagrangian distributions in the interior,
microlocally near the canonical relations Fft. The explicit oscillatory integral representation
for each S;(t,z,y) in fact shows that they extend continuously up to the boundary and
its diagonal, since the functions \Ilgf (xz,y) do. The true wave kernel S(t,z,y) also extends

continuously up to the boundary as a family of distributions. To see this, note that

sin(tA;) —
S(t,zy) =Y Y () (y),
0 j
j
where (¢;)52, is an L? orthonormal basis of Dirichlet or Neumann eignenfunctions corre-
sponding to eigenvalues (A%)52,. Multiplying by a test function ¢(t) and integrating by

parts 4k times, we see that
sin(t\;) m
S(t 2, y)p(t)dt = Z Ve T O (6.6)

Combining Weyl’s law on the asymptotic growth of A; (see [71], [32]) and Hérmander’s L™
bounds for eigenfunctions (see [27]), we see that the integrand in (6.6) can be made absolutely
convergent for k sufficiently large. An application of the dominated convergence theorem
then shows that (6.6) is actually smooth in z,y, so S(¢,z,y) has a smooth extension to the
diagonal of the boundary as a distribution in ¢. In particular, both distributions agree up to
lower order terms microlocally near the fibers of Fft lying over diagonal of the boundary, as

was required for the variational trace formula. O

Definition 6.2.2. As shown in the proof of Lemma 6.2.1 above, for each j, there exist 8

limiting trajectories which converge geometrically to geodesic loops of exactly j reflections.
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We denote the set of these trajectories by G;(z,y) and say that v, € G; if 7, makes
m = j — 1,7 or j + 1 reflections at the boundary and corresponds to the length functional
W¥,. The length functionals U3, U3 w6 w7 Wi | W8 | ¥  and U2, corresponding to orbits

in G; coincide for z =y € 052 on the diagonal. We denote their common value by V,(z, z),

which is the j-loop function..

As we obtained a rather explicit formula for S;(¢, z,y) in Theorem 5.4.3, it now remains
to differentiate the kernels S* (¢,z,y) and substitue them into Lemma 6.2.1. Using our
oscillatory integral representation for S¥ (¢, z,y) in Theorem 5.4.3, we find that microlocally
near I'7"" and t € [t;,T};], modulo lower order terms in an open neighborhood of the diagonal

of the boundary, we have

ViV S = (=)0 / ) ei”(t”v’%)i(vﬂf”)(;ﬂf”>|7|3/2 AL 2dr (6.7)

7 Jo
for Dirichlet boundary conditions. The formula for Neumann boundary conditions is less
succinct and from here on, we only study Dirichlet boundary conditions. We have only
written the terms coming from VILQ falling on the exponential in equation (6.7), as all other
terms don’t contribute positive powers of 7 and can be regarded as lower order in the sin-
gularity expansion. The operators VfQ in the integrand of (6.7) are conformal multiples of

the vector fields 8% and aa_y coming from boundary normal coordinates.

As equation (6.5) tells us that the variation of the wave trace is given by integrating the
differentiated sine kernels over the diagonal of the boundary, we want to understand the re-
striction of (6.7) to the boundary. We already noted that the j-loop function is well defined
for j sufficiently large. The differentiated kernels in equation (6.7) also have factors of A?
and VfQ\Ilﬁ? in the integrand. We now discuss how to extend these derivatives of \Ifé~C to the

diagonal of the boundary in a similar manner. In the proof of Lemma 5.3.1 (cf. [69]), the =
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and y gradients of the functions \I/f are shown to be:

k k
T —q R

d, U* = . d,Ur = : (6.8)
Tola—gfl” Ty =4l

Geometrically, these are the incident and reflected outgoing unit directions of the correspond-
ing billiard trajectories at « and y. The expression Vf\lff in (6.7) can easily be seen to be
+sin wf, 1, Where wé-f | is the angle made between the initial link of the billiard trajectory and
the oriented tangent line to the level set of the distance function on which z lies (as in the
foliation used in the proof of Theorem 3.3.1). We use the positively oriented tangent line for
1 < k < 4 and the negatively oriented tangent line for 5 < k < 8. The sign + depends on the

TT,TN,NT or NN configuration of the corresponding orbit. Similarly, V5 ¥% = £ sinw¥,,

where wﬁz is the angle made between the final link of the billiard trajectory and the posi-

tively (1 < k < 4) or negatively (5 < k < 8) oriented tangent line to the distance curve on
which y lies. As z,y — A0JSQ, the absolute value of the angles associated to trajectories in
the G; converge to the initial and final angles of reflection of the unique limiting geodesic
loop. We are careful to point out that only the absolute values of the angles converge, since
for example, the final angles of reflection at y associated to orbits in TN and NN configu-
rations actually converge to the negative of the final angle in the limiting trajectory. This
phenomenon will be important for avoiding cancellation in the equation (6.19) of Section
6.3.1, where we add together all wave kernels and integrate them over the diagonal to obtain

a trace formula. All limiting loops are automatically in T'T" configuration.

Lemma 6.2.3. On the diagonal of the boundary, the factors A;fl,A?flA?,A?,A?,A;-,A;*H

and A§+1 corresponding to orbits in G; coincide up to a sign. We denote their common

(absolute) value by |A;|, which at a point (0, ¢, 0, ¢) in boundary normal coordinates satisfies

1

S Wy 2

8(&)]'71

06

|4;(0,¢,0,9)| =

Here, w;1 and wjo are the initial and final angles of incidence respectively made by the unique
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counterclockwise parametrized geodesic loop of rotation number 1/j based at (0,p,0,p) €

AN

Proof. Let (m, k) denote an admissible pair of indices corresponding to an orbit v, € G;.
Recall the notation in the proof of Lemma 5.3.1 (cf. [69]), where we described a billiard
trajectory by the point (z,q,y) € Q x 0Q™ x Q. Let us first assume 1 < k < 4. If x € Q, we
denote the positive angle between ¢; —x and the positively oriented tangent line to the leaf of
the foliation by distance curves on which x lies by w;-f , (cf. Section 3.4). Similarly, if y € Q,
let us also denote the positive angle between y — ¢; and the positively oriented tangent line
to the distance curve on which y lies by wﬁ. Note that ng and wiQ depend on z,y, 5 and
k. Using the warped product structure of boundary normal coordinates (u, ¢, v, 0), we have

172 0 _1/2 0
Vi="5 Vi=(0T g

L _ ¥ 1 _
Vx_au7 Vy

(6.9)

Sl

Equation (6.8), which was derived from the proof of Lemma 5.3.1 in [69], then shows that

L —sinwj’?’l, k=12 L —sinwﬁg, k=1,3
Vz \Ijj<x7y) = vy lIlj (CU,Z/> =
Sinwﬁl, k=34, sinwfg, k=24,
(6.10)
and
Vi(z,y) = —coswﬁl, (1<k<4) VZ = coswfg, (1<k<4). (6.11)
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Combining (6.9), (6.10), and (6.11), we obtain

(
(_ Sinw;'f,h_fl/Q(/Lv 30) COSWﬁl)? k=1

(—sinely, 2, 9 coswky), k=2
V(H,S@)\II?(u? P, v, 9) =
(sinwhy, —f12(u, @) coswhy), k=3

\(smw =2 o) coswhy), k=4

( (6.12)
(—sinwk,, f12(v,0) coswh,), k=1
(sinwh,, fY2(v,0) cos wiy), k=2
V(u,@)\p?(ua ¥,V 9) =
(—sinwk,, f1/2(v,0) coswh,), k=3
(sinwhy, f12(v,0) coswhy), k=4
\ ; :
Using (6.12) to calculate the (i, ¢, v, 0) Hessian of U*, we find
j
o*uk Ak,
aea (M? 9071/ 6) fl/Q(IU/ SD) Slnwfl aé Y (1 S k S 4)
82\11k Owk
1/2 k J)1 < <
R = (1, 0, 1,0) = f13 (1, ) sinwy R (1<k<4)
( B A
a?\pk —coswh Tl k=12
L (1, 0,1,0) = o (6.13)
990 coswkafl k=3,4
L 31 06 > -
( k
a2qjk —coswflaafjl, k=12
o o # v 0) = o
coswf1 81J/17 k=3,4.

Inserting (6.13) into the expression (5.15) for A% in all possible configurations (1 < k < 4),
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we find that on the boundary,

(

Bw’? Auwk
k k ]1 —
—COSWis g, e as s k=1
awk | Dk
i —coswh,— Ky 8J91, k=2
A (0,9,0,0) = o i, (6.14)
+ coswhy =5t 4 sinwh, aél, k=3
6w’-“ Ak
k k 9% —
+coswj, 1 o, k=4

\

Before evaluating this expression on the diagonal of the boundary, we differentiate wﬁl in

the direction L = (y — q)/|y — q| of the last link to see that

_ k
(
Cos W} QVy Jl—smw 2VL wiy, k=13
\coswjzvy Jl—l—smwﬂvy i k=24
( k k
dw dw
k k %Y —
) f1/2 COSW]Q 30 72 ov k_173
K Owr K Owis

o
f1/2 COS Wj 557 —|—smw b, k=24

This implies that

Ow k
awk +C0tw32 8]917 k:]‘?S
6 ]71 — .1
.02 - (6.15)
— cot wﬂ %, k=24

Inserting the formula (6.15) into (6.14) and evaluating on 052, we find that

2, .k
X cos?wh,  sin?

sinwy, sin ij2

&u
60

1

pu— R k

dwk,
a0

Note that for 1 < k < 4 and z,y on the boundary, both w}, and w}, are independent of

k. They coincide with the initial and final angles of the unique orbit connecting = to y in
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j reflections and approximately one counterclockwise rotation. As the orbits corresponding
to 5 < k < 8 can be viewed as counterclockwise orbits in the reflected domain, we instead
defined w}fl and Wfﬂ to be the angles made between the initial and final links and the
negatively oriented tangent lines to the distance curves on which x and y respectively lie.

With this convention, we see by symmetry that the roles of wf, , and wfz are interchanged:

(

(—sinwky, f12(u, p) cosw)y), k=5

k (_ Sinw;’{,hflm(:uv SD) COS(U;-CJ% k=6
V(M#’)\Ijj(:ua o, v,0) =
(SiIl w?,l? f1/2(:u7 90) COS wf,l)? k=17

(Sin w;’ih f1/2(1u7 (P) cos w;'c,l)v k=8
" (6.16)

(—sinwhy, = f2(v,0) coswh,), k=5
. (sinwhy, —f12(v,0) coswh,), k=6
V(yﬂ)q]j (;u’ @, Vs 9) =

(—sinwhy, = f2(v,0) coswh,), k=7

k(sinwiz,—flﬂ(u, 0) coswh,), k=8.

Replacing (6.12) by (6.16), parallel computations to those above then show that for 5 < k& <
8,

1
ok
sinwy,

(9%»,1

00

’Afn([)? (107 07 (10>’ =

Note that for 5 < k£ < §, wj'ffl —why — 0 as z,y — 00. Similarly, w;-f;l — Wk — 0 as

x,y — 0f). Hence,

1 8(,%2

| 45,(0,,0,¢)| =

, (6.17)

sinw;1 | Oy

for 5 < k < 8. Note that the righthand side of (6.17) involves angles at boundary points
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and does not depend on k. Also observe that

oy _ T 0w
a0~ O (615)
Ok o 0wl '
900, = Esinw;, 0
Setting the two equations in (6.18) equal implies that
1 |Owjo 1 |0wja
sinwj | dp | sinw;jal dp I
which combined with (6.17), concludes the proof of the lemma. O

Remark 6.2.4. In [69], complete integrability of the ellipse actually implies that w;; = wjo
for elliptical billiards i.e. every geodesic loop is in fact a periodic orbit. In that case, the
angular derivative dw/00 appearing in Lemma 6.2.3 was explicitly calculated using action
angle coordinates and Jacobi elliptic functions (see Chapter 7 below). In general, it may be

difficult to compute dw; /90 explicitly despite its relatively simple geometric interpretation.

6.3 Principal symbol computation

In this section, we refine the integral formulas obtained in Section 6 and use them to com-
pute the principal symbol of the wave trace. We also compute Maslov factors on each branch
of the wave propagator and provide estimates on the subprincipal terms of the parametrix
described in Theorem 5.4.3. These estimates ensure that radially integrating subprincipal
terms in the variational wave trace does not contribute to the leading order asymptotics
in equation (6.4). Combining these estimates with formulas in Section 6 then allows us to

complete the proofs of Theorem 2.1.3, Theorem 2.1.5 and Corollary 2.1.6.

We begin by evaluating the quantity p, coming from the variational formula (6.5). Let
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X(s) = (z(s),y(s)) be an arclength parametrization of 9Q2. Then, rX(s) = (rz(s),ry(s))
parametrizes 0f2,. and coincides with a multiple of the variational vector field 9/0r. The
unit normal to 0€),. at (rx,ry) is given by N(s) = (—y'(s), z(s)), which is independent of r.
Hence, p(s) = X - N. Plugging this into (6.5) together with (6.7), we see that locally near
t;, T;], modulo Maslov factors and lower order terms, 0, Tr COSt\/TQT is given by

S EEU [ [T (e v () a5 X N
Ym,k€Gj,E T

(for Dirichlet boundary conditions). Recall that here, A* is pullback under the diagonal
embedding A : 99 — 002 x 02 so that all terms depending on both z and y in integrand
above are evaluated at the diagonal of the boundary {x = y = s € 9Q}. Note that the
functions Wk = Ak as well as the operators Vi and the measure ds, all depend on r. It is
easily verified that U* and ds, are homogeneous of degree one in 7, ViQ\I/fn is homogeneous
of degree 0, and A* is homogeneous of degree —1. In particular, the orthogonal gradients

restricted to the diagonal of the boundary are still given by

tsinw;; =1
Vil(s,s) =

ETsinwjs =2,

where w;; and w;, are the angles made with the initial and final links respectively of 7;(s)
and the positively oriented tangent line T,0€2. These quantities are clearly invariant under
dilation, which is in fact a conformal transformation and the + signs only depend on whether

the orbits emanating from s originated from orbits in the T, T'N, NT', or NN configuration.
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6.3.1 Integrating the principal symbol

Recall that x; was a smooth cutoff identically equal to 1 near [t;,7}] as discussed in Section
5.3. Adding up the various contributions from orbits in G;, we find that locally near [t;, T}],

modulo Maslov factors and lower order terms, we have

1
/ x1(t/r)0. Trcosty/—A,dr =

0+

+£2¢(— 198k
Z / / / A* (e 7 32012 gin W) sinws| A |V2X - N)drds,dr.
+ 0+

(6.19)

In order to apply the formal manipulation suggested by equation (6.4) in Section 6, we need
to understand how intertwining localization, integration and radial differentiation in (6.19)
combine to produce the desired trace formula. In equation (6.19), we have also assumed
that integrating the principal symbol of the radially differentiated wave trace localized near
[rt;,rT;] in fact gives us the principal symbol of the honest wave trace near [t;,7}]. This
relies on a structural characterization of the subprincipal terms in our parametrix for S; (see
Lemma 6.4.1 below). The latter is carried out in Lemma 6.3.1 of Section 6.4 and we first

address the localization problem.

Lemma 6.3.1. To obtain the principal symbol of the wave trace localized near lengths in
it;, T;] of a given periodic orbit, it suffices to integrate the variational formula localized near
[rt;, 7T from o to 1 rather than 0T to 1, where ro = 1o(j) is chosen sufficiently small in

terms of j. The remainder

/TO Or(x1(t/7) Trecosty/ —A,)dr (6.20)

is in fact smooth for t near [t;, T;].
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Proof. The localized wave trace near [t;, Tj] is given by

(t)Tr costy/A;. (6.21)

All geodesic loops of rotation number 1/j have length in the interval [¢;,T};], where t; =
inf,,(y)=1/; length(y) and Tj = sup,,(,)—1,; length(v) (recall that w is the function which out-
puts the rotation number of a given periodic orbit). The work in [44] shows that there exist
a jo € N such that for j, k > jo, the intervals [t;, T;] and [tg, T}] are disjoint whenever j # k.
Moreover, we also have the asymptotic T; —t; = O(j~>°). As the Euclidean Laplacian scales

by =2 under the dilation x — 7z, the wave trace also scales by

Trcosty/—Aq, = Z costA;/r, (6.22)
J

where (A3); are the Dirichlet eigenvalues of Ag,. It is clear that the rescaled trace (6.22) is
a smooth family of distributions in the weak topology. Hence, for 0 < rqg < 1 to be chosen

sufficiently small later, we have

1
/ 0, (x(t/r)Txcosty/= A, ) dr = x (1) Tr cos £/~ — a1 /o) Trcosty/~ By, (6.23)

]

Note that [t;,7;] C [0,]09]), so if ¢t > 2r|0?|, then x;(t/ry) = 0. Hence, we choose
0 <d<t;/(209]).

However, in contrast to (6.23), the quantity integrated in (6.19) was localized near [rt;, rT}]
only after taking the variation of the wave trace. We see that the integrand in equation

(6.23) splits into

Oy (Trcost\/—ATXj(t/r)> = X;(t/r)0, Trcosty/—A, —r2x(t/r)Trcosty/—A,. (6.24)
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As x; was identically equal to 1 on [t;, T}], we see that x(-/r) vanishes on [rt;, rT}]. Hence,
Suppxj(-/r) NSingSupp Tr cos -v/—A, = () and integrating the second term on the righthand

side of (6.24) in r contributes only smooth errors in ¢ to the wave trace near [t;,7}]. O

Remark 6.3.2. For any Schwartz function ¢ on R, we have

Trcosty/ —Ac(p) = Z/Rgp(t) costA; /7. (6.25)

Integrating by parts 4k times in the formula (6.25), we have

Treosty/—A(p) = Y (%)M /R (1) cost, /. (6.26)

J

For k sufficiently large, (6.26) can be seen to be absolutely convergent by Weyl’s law and an

application of the dominated convergence theorem then shows that

lim Trcosty/—A, =0
e—0t

in the sense of distributions. In the Neumann case, A\g = 0, which implies by the same logic

that

lim Trcosty/—A, = 1.

e—0+
This only contributes a smooth error to the trace formula in (2.1.3). However, the proof
of Lemma 6.3.1 above actually resolves the issues near r = 0 at the expense of smooth
errors. Nonetheless, it seemed conceptually more clear to motivate the variational approach

by anticipating that the highly oscillatory terms near r» = 0 would vanish in the limit.
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6.3.2 Proof of Theorem 2.1.3

We now make the change of variables £ = r7, which turns equation (6.19) into

—1)iot (L oploul e . . dr
Z( )' / /0 /0 A (e e g sinw;, Slnwj,2|A§1’1/2X'N)dﬁdﬂr_?‘
0

" +1
(6.27)
Separating out the oscillatory dr integral, we see that
/1 it/ 2y _ ot _ e:l:ift/m.
ro +iét
This simplifies (6.27) to
A [0Q1]  poo A
Z +2(—1)7+! / / A* (e |62 sinwy sin wy| A;|Y2 X - N)déds
* o (6.28)

' 091  poo )
:FZ(—l)J“/ / A* (€03 | €112 5in wy sinws| A;|Y2X - N)déds.
0 0

We now apply the nonstationary phase lemma to the second term in (6.28); the critical set
is given by {t = ro¥,(s,s)} and since all terms are localized by x; near [¢;,T}], our choice
of 7o in Lemma 6.3.1 shows that roVU,(s,s) ¢ [t;,T;] for all s € 02. Hence, this second
term is actually smooth. Equation (6.28) is exactly the quantity appearing in Theorem 2.1.3
without Maslov factors. In Section 6.5, it is explained why the real part of the integral is
taken in Theorem 2.1.3, ultimately owing to conjugacy of the Maslov factors on the two
branches of IV. In Section 6.4 below, it is verified that radially integrating the principal
symbol of the variational wave trace indeed gives the principal symbol of the honest wave

trace (cf. remarks preceding Lemma 6.3.1).
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6.4 Lower order terms

As mentioned in the remarks following equation (6.19), we have to justify that integrating
the principal symbol of 0,Tr COSt\/TQT in the variable r gives the principal symbol of
Tr cos t\/TQl . The parametrix
S0 =3280
J

described in [6] approximates the wave kernel modulo C*° and Theorem 5.4.3 gives us an
oscillatory integral expansion for each S; in terms of the operators S% modulo lower order
terms. In addition to the principal symbol computed in Lemma 5.3.2, S¥ in fact has a

complete parametrix on each dilated domain §2,:

+00
SS@,i(tv T,y;r) = / ei”(t_\yﬁl(x’yﬂ)am,k,:ﬁ:(ta 7, 2,y;7)dT, (6.29)
0

where a4+ € Sil/ (R x RQ x Q) is a classical elliptic symbol of order 1/2, implicitly

depending on r. The full symbol has an asymptotic expansion in negative half integer

powers of 7:

[e.o]

At (t, T, 2, y;7) ~ Z A gop (t 2, ;1) | 7|27 (6.30)

p=0
We already know that W¥(z,y;r) = r¥(x/r,y/r;1) is homogeneous of degree one in r.
The potential problem is that integrating lower order terms a,,j,+ in the radial variable
r, for p > 1 could actually produce large powers of 7 which contribute to the principal
symbol of Trcosty/—A;. We now show that this is not the case, by taking advantage of
certain homogeneities for the dilated kernels and symmetries in the subprincipal terms on

the critical set.

Lemma 6.4.1. The full symbol (6.30) can be made independent of t for x,y in the open

region where the parametriz 5.4.3 is valid. Moreover, each term in the asymptotic expansion
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contributes O(|7|7P~1) to the full symbol of the wave trace as T — +oo.

Proof. On the canonical relation I'!"*, we have t = Wk . Hence, substituting @, ., + (z, y; ) =
ke, (U5 (2, y), x,y;7) in (6.30) defines the kernel of an operator which differs from S(t)
by a smoothing operator microlocally near FZ’k. Note also that the wave kernel has the

following homogeneity property:
S(t,z,y;r) =r'S(t/r,x/r,y/r; 1) z,y € Q. (6.31)
This can be seen by computing

(af - AT)TS(t/T’, x/ﬂ y/’f‘, ]-) = T_l(as B Al)s(S’ Z W T) s=t/r - 07
z=x/r
w=y/r

for z,y € Q,. As both kernels in (6.31) solve the homogeneous wave equation with the same

initial conditions

S(0,z,y;7) =r'5(0,z/r,y/r;1) =0,

oS

0
_— N — _1— N = —
L0 yir) = Sy )| =0 )

(6.32)

uniqueness for the wave equation then implies the asserted homogeneity. Upon equating the

phase functions via a change of variables, we obtain the symbolic equation

am,k,p,i(ta rT,TY; 7”) = r1/27pam,k,p,i(t/ra z, Y, 1) = r1/27pam,k,p,i($a Y; 1)- (6-33)

The integrand appearing in the variation of the wave trace (6.5) is ViV55S,(t,q,q). We

should actually replace the gradients with the correctly scaled ones 7'V, which are the

7 )
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differential operators corresponding to unit length vector fields for each r. We calculate that

(r2VivyS,) (t,rs,rs)

6.34
Z / eFIT(TVn) (VEUE N (VU Vap ppe (t, 75, 755 7) | 7| >/ 2 Pdr. (6.54)

p>0,+
Changing variables £ = r7 and using the homogeneity in equation (6.31) in addition to that

of VU we see that integrating (6.34) in r gives

1
2Tr costy/—A,dr

02 pEil(t/r—1 Lk Lk 3/2— df
(VW) (Vo Wi )am e p s (5, 5 DIEPPP = drds.

p>0 +

(6.35)

Proceeding exactly as in equations (6.27) and (6.28) from the previous section, we conclude

the proof of the lemma. O

Remark 6.4.2. While Lemma 6.4.1 shows that integrating the subprincipal terms a, in the
radial variable, for p > 1, does not contribute large powers of 7, it is still possible that
smooth remainders blow up near r = 0. However, replacing 07 by rq as in Lemma 6.3.1

resolves this issue.

6.5 Maslov factors

+

To explicitly compute the Maslov factors o} on I, we use an argument due to Keller ([38]),

following the presentation in [14]. The free wave propagator U(t) = e V=2 on R? has an

integral kernel given by
Ult,z,y) = (277)2/ @y =1 e da A dy|*/?, (6.36)
R2
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considered as a distributional half density (cf. Section 5.1). By changing variables and
applying the method of stationary phase, it is shown in [14] that the principal symbol of
U(t) on N{|z —y| =1t} =TY is

, 1/2
eim/4 (%) ldr A dz A dy|V2. (6.37)

Hence, the Maslov factors on I'Y, are given by 05 = 1. The arguments in [20], which are in
turn based on the construction in [6], then show that after a reflection at the boundary, the
Maslov factors remain unchanged. Hence, aj[ = #+1 for all j € Z. Both of the propagators

corresponding to Fi and T contribute to the wave trace singularity near t;,T}], owing to

the two branches of propagation:

S(t) B eit\/j _ efit\/j (6 38)
B 2ivV—N '

Hence, we multiply each + branch of the Lagrangian distributions S;. by e*™/4 which
explains the real parts taken in Theorem 2.1.3, Theorem 2.1.5 and Corollary 2.1.6. Noting
that the principal symbol of v/—A is |¢| and 7 = £|5| = £|¢| on the canonical relation 'Y,
equations (6.37) and (6.38) also show that the principal symbol of S(t) on T'° has the correct

order.

6.6 Proofs of Theorem 2.1.5 and Corollary 2.1.6

We now show how Theorem 2.1.5 and Corollary 2.1.6 follow directly from Theorem 2.1.3.
Recall from Section 3 that a caustic is a smooth curve C in €2 such that every link tangent to
C remains tangent to C after a reflection at the boundary. It is well known (see [37], [65]) that
if one periodic orbit is tangent to a caustic C, then every orbit tangent to C is in fact periodic,

with the same period (number of bounces) and winding number. In this case, we say C is a
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rational caustic and use w(C) to denote the (rational) rotation number of any orbit v tangent
to C. Hence, rational caustics correspond to highly degenerate periodic orbits in the sense
that they are not isolated and 1 is an eigenvalue of the Poincaré map. Let L; be the length
of a periodic orbit which is tangent to a caustic C;, making j reflections at the boundary and
one rotation. As all orbits tangent to C are periodic orbits, each ¢ € 0€) is a critical point
of the loop function, i.e. 9,¥,(¢q,q) = 0. In this case, the length function ¥;(q, ¢) appearing
in the phase of Trcosty/—A (as in Theorem 2.1.3) is the constant function L;, i.e. every j
reflection loop is in fact a periodic orbit of length L;. Assuming the noncoincidence condition
(2.5) on €, all periodic orbits of length L; arise in this way. Tangency to C also implies that
the angles wy; and ws in the amplitude are equal. Hence, the wave trace in Theorem 2.1.3 is

given by

Re (—1)%‘”“4// e |€|Y2 5in/2 W,
a9 Jo

As the dq and d¢ integrals can be separated, we obtain the Fourier transform of the homo-

1/2

&,ul

00

X - ngdq} . (6.39)

geneous distribution

&P >0

0 £E<0

1

loc function for Rea > —1 and these distributions fact

One can define x4 similarly as an L
be analytically continued to a larger region of a € C. It is shown in [31] (Chapter 7) that
the Fourier transform of y2 (with dual variable t) is given by e~"(@*+/2(¢ —j0)=a~1 The

proof of Theorem 2.1.5 is concluded by evaluating the Fourier transform in equation (6.39)

at the point ¢ — Lj;.

In the case of an ellipse, the billiard flow is known to be completely integrable and each

confocal ellipse is in fact a caustic. Moreover, Poncelet’s Theorem (see [59], [58]) implies
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that all periodic orbits tangent to a given confocal ellipse have the same length. Hence, all
periodic orbits in the ellipse correspond to rational caustics, so Theorem 2.1.5 applies. Cal-
culations from the author’s previous work using action-angle coordinates and Jacobi elliptic
function theory allow for the explicit computation of dw/00 appearing in the integrand of

(6.39) (see Section 5.5 of [69] or Section 7.3 below). As the boundary of an ellipse

ZE2 yQ
{(x,y) ot e T 1}

is easily parametrized by (acos,bsiny) for ¢ € [0,27), the quantity X (q) - N(q)dg can
be explicitly calculated. Combining these observations with Theorem 2.1.5, we obtain the

formula appearing in Corollary 2.1.6.
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Chapter 7

Robin Spectral Rigidity of the Ellipse

7.1 DModified wave propagators near the boundary of

an ellipse

In this section, we use microlocal analysis to obtain a singularity expansion for the variation

of the wave trace near the length spectrum. Using Theorem 4.1.7, we can rewrite
t .
6Trcosty/—A. = T A rro(Lhp + §SRK), (7.1)

where 71,79 are the boundary restriction operators, A : 902 — 0Q x 0 is the diagonal

embedding, , is integration over the fibers, and the modified propagator L&, is given by
t
L% = 5(—V1TV5 - AQ + Kg + K()Ii)SR.

This manipulation of notation is just to illustrate how one can decompose the wave trace
variation into the composition of simpler Fourier integral operators. However, the wave

kernels L% and Sy in our formula are not FIOs near the glancing rays emanating from
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S*0Q. In [25], the authors microlocalize the wave kernels near periodic nonglancing orbits
and calculate the principal symbol of the composition (7.1) for Dirichlet and Neumann
boundary conditions using the symbol calculus in [12]. In contrast to the methods employed
in [25], we instead take a more direct approach which avoids an application of the symbol

calculus in [12].

Recall that according to Theorem 4.1.7, the variation of the wave trace is given by

¢ .
O0Trcosty/—A, = / L%t q,q)p + 55’3(75, q,q)K dq.
o9

The highest order terms come only from the differentiated sine kernels, which implies that

t
dTrcosty/—A, = / 5((—VfV2T — A9)Sr)(t,q,q)pdq+ L.O.T.
o0N

In fact, we can discard even more terms in the singularity expansion:

Lemma 7.1.1. Modulo Maslov factors and distributions of lower order, the variation of the

localized (even) wave trace near an isolated length L; is given by

t
> /aﬂ S((CVIVE = 8o)(S)y e+ s+ Ss + S
+

+ Syf‘j,i + S;,i + S?—&-Lﬁ: + S]8+1,:|:))(t7 q,q)pdq

The proof of Lemma 7.1.1 follows exactly the same argument as that of Lemma 6.2.1. As in

that case, we again group together all relevant orbits and their lengths:

Definition 7.1.2. As shown in the proof of Lemma 6.2.1, for each j, there exist 8 limiting
trajectories which converge geometrically to periodic orbits of exactly j reflections. We
denote the set of these trajectories by G;(x, y) and say that v, » € G; if v, makesm = j—1,

or j + 1 reflections at the boundary and corresponds to the length functional ¥* . By the
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results in [44], [19] and [60], the length functionals W%, W%, W9 W7 W1, | W8 Wl | and U5,
corresponding to orbits in G; actually coincide for z,y € 02 near the diagonal. We denote

their common value by V.

As we obtained a rather explicit formula for S; in Theorem 5.5.2, it now remains to differ-
entiate the kernels S]’»g and substitute them into Lemma 7.1.1. Using our oscillatory integral

representation for S¥, in Theorem 5.5.2, we find that microlocally near 1% and t = L;,

o 2Lk (2] Ak|1/2
(—VIVE = Ag)st, = F [T memwiann TV IVa U LI

2 J 2/ (172

pdr+L.OT. (7.2)

in an open neighborhood of the diagonal of the boundary. We have only written the terms
coming from —VTV7T — A acting on the phase function in equation (7.2), as all other terms
don’t contribute positive powers of 7 and can be regarded as lower order in the singularity
expansion. The operator V* in the integrand of (7.2) is a conformal multiple of the vector
field % coming from elliptical polar coordinates, which gives an extension of the normal
vector field to a neighborhood of the boundary. As Theorem 4.1.7 tells us that the variation
of the wave trace is given by integrating the kernels L% and Sk over the diagonal of the
boundary, we want to understand the restriction of (7.2) to the boundary. In Definition
7.1.2, we noted that the length of the unique orbit connecting two boundary points with 7
reflections is well defined. When # =y = ¢ € 99Q, ¥;(q,q) gives precisely the length L;
of a periodic orbit with j reflections emanating from and terminating at q. By Poncelet’s
Theorem (3.2.1), ¥,(q, ¢) is actually equal to the constant function L;, which simplifies the
phase in equation (7.2). The differentiated kernels in equation (7.2) also have factors of A¥
and VQL\I/;“ in the integrand. We now discuss how to extend these derivatives of \IlgC to the

boundary in a manner analogous to that of Definition 7.1.2.

We have already computed the x,y gradient of the functions ¥4 in equations (5.8) and
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(5.9) in the proof of Lemma 5.3.1:

k k
K T q k_ Y979
B e N PEr)

Geometrically, these are the incident and reflected outgoing unit directions of the correspond-
ing billiard trajectories at « and y. The expression |V, ¥¥|? in (7.2) can easily be seen to be
sin? wf, where ouf is the angle made between the terminal link of the billiard trajectory and
the positively oriented tangent line to the confocal ellipse on which y lies. As z,y — 012, the
absolute value of these angles associated to trajectories in the G; converge to the terminal
angle of the unique limiting orbit connecting boundary points in [44]. We are careful to
point out that only the absolute values of the angles converge, since the angles associated to
orbits in TN and NN configurations actually converge to minus the angle of incidence of

the limiting trajectory. All of the limiting orbits which connect boundary points in [44] are

automatically in 7T configuration.

In order to understand the factor Af, we must compute the Hessian of \I/;C and its restriction
to the boundary. Recall that A;‘? is given by equation (5.18) in elliptical polar coordinates.

We can further simplify that expression to obtain the following:

Lemma 7.1.3. On the boundary, all of the factors A} |, A5 | A2 A3 A% AT Aj | and A3

Jj—1 J

corresponding to orbits in G; coincide up to sign. We denote their common (absolute) value

by |A;|, which on AOSY in particular, satisfies the equation

g5<:u07 9) Ow

sinw 00

|Aj(ﬂ07 97 Ko, 6)‘ =

Here, w is the angle of incidence of the unique periodic orbit with rotation number 1/j
based at (acos@,bsinf) € 92 and g(uo,6) = (a*(cosh? gy — cos? 0))1/2 is the inverse of the

conformal factor in elliptical coordinates.
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The proof of Lemma 7.1.3 follows exactly the same as that of Lemma 6.2.3 except that
elliptical polar coordinates now carry the conformal factor g instead of f appearing in the
warped product boundary normal coordinates. Substituting the formula for A; in Lemma

7.1.3 into (7.2) and performing the integral (7.2) in 7, we obtain:

Corollary 7.1.4. The variation of the wave trace localized near t = L; is
4t Re {4t — L; —i0T) 5/} / V52| Ai(q, q)?p(q) dg + L.O.T.
oN

Proof. For a fixed j, the parametrices corresponding to Fi and I are first multiplied

+iom/4  This is due to the multiplicity of phase functions

by Maslov factors of the form e
parametrizing the canonical relation of the wave propagator, as briefly described in Section
5.1. Tt is well known that the Maslov factors on the two branches IV and I’Zr of the canonical

relation are conjugate to one another, owing to the two modes of propagation:

eit\/j o e—z‘t\/I
24t/ — A

sintv—A =

While in principle, the Maslov indices might depend on j, it is shown in [20] that the Maslov
indices in Chazarain’s parametrix remain unchanged after a reflection at the boundary. The
Maslov indices 0 were in fact be explicitly computed in Section 6.5 in Chapter 6. The
contributions of the wave kernels corresponding to Fﬁr and IV are then added and the result
follows from a limiting argument for the Fourier transform of the homogeneous distribution
7321 0,00), as can be found in Chapter 7 of [31]. Since the 8 terms in (7.2) corresponding to

orbits in G; coincide on the boundary, we multiply the final integral by a factor of 8. O]

Since both the kernels on Fji contribute to the wave trace singularity near L;, we sum
together the contributions of S;” and Sf which explains the real parts in Theorem 2.2.4 and

Corollary 7.1.4.
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7.2 Calculating g—‘g

To calculate the angular derivative in Lemma 7.1.3, we will first relate it to the billiard map
and then utilize some special dynamical properties of the ellipse in action angle coordinates.
Recall that the billiard map takes place on the coball bundle B*0f2, which is diffeomorphic
to the inward facing portion of the circle bundle with footpoints on the boundary and can be
parametrized by coordinates (¢,w) € ST x S! (although we only consider the nontangential,
inward pointing directions corresponding to 0 < w < 7). Between any two points z,y € 02,
the results of [44] show that there exists a unique broken geodesic of j reflections emanating
from z and terminating at y. This geodesic makes an initial angle of w (depending on both z
and y) with the tangent line T,,0). Setting x = y above gives the angle w(z) corresponding
to a periodic orbit, which we considered in Lemma 7.1.3. Letting ¢,0 € S! be the angular
variables which parametrize x and y respectively in elliptical polar coordinates, we need to

calculate the quantity ‘3—“5, evaluated on the diagonal {¢ = #}. Consider the map

B;: St x (0,7) — S,
(7.3)

Bj(@,(,d(gp, 6)) =m0 5]‘—"_1(@7(“)) = 67

where 77 is the projection onto the first factor. Fixing ¢ and differentiating both sides in

gives

Hence, we have

Ow 1
T o

Oow
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We will use formula (7.4) to calculate g—‘g. Recall that the linearized Poincaré map of the

iterated billiard map 871! at a periodic point (¢, w) is given by

apitt  apitt

0 0
Pii(p,w) = 65;1 aﬁgoil ; (7.5)
Op ow

where 8! and 81! are the first and second components (in elliptical coordinates) of 37+,

We are precisely interested in the (1,2) entry of this matrix.

To evaluate this quantity, we will use action angle coordinates for elliptical billiards, which
we now describe, following the presentation in [34], [8] and [5]. We begin by developing some

basic elliptic function theory.

Elliptic functions and elliptic integrals were first studied in the context of computing the
arclength of an ellipse. It is therefore no surprise that these same objects appear naturally
in the study of elliptical billiards. Formally, an elliptic function is given by a doubly peri-
odic, meromorphic function on the complex plane. One way to obtain elliptic functions is

by inverting elliptic integrals:

Definition 7.2.1. An incomplete elliptic integral of the first kind is an integral of the form

F( k)_/“’ dr
i 0 1— k2sin®7

The quantity ¢ is referred to as the amplitude and £ is the modulus. A complete elliptic

integral of the first kind is given by fixing ¢ = 7/2:

K(k) = F(n/2, k).

Note that for a fixed k, F(¢, k) is an increasing function of ¢. The amplitude function
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am(s; k) is obtained by inverting F' in the variable :

am(s;k)
5= = (7.6)

0 1 —k2sin’®7

Definition 7.2.2. The Jacobi elliptic functions are defined by

cn(s; k) = cos(am(s; k)),

sn(s; k) = sin(am(s; k)).

These are elliptic functions with periods 4K (k) and 4iK (k"), where k € (0,1) is called the
modulus and & = /1 — k? is the complimentary modulus. The reason these elliptic functions
are useful is that they provide coordinates on phase space in which the billiard map becomes

a simple translation. To the confocal ellipse

2 2
2, % vy _
C’)\:{(x,y)E]R 'a2—>\2+b2—/\2_1}’

we associate the following parameters:

2 a’ —?
)\ a2 _ A2?

o (7.7)

\/1 —kiSiHQT.

Let us also denote the 4K (k) periodic boundary parametrization associated to the caustic

arcsin(A/b)
0y = 2F (arcsin(\/b); ky) = 2/
0

Ch by qa(s) = (—asn(s; ky), ben(s; ky)) (a reflection about the y axis of the parametrization
considered in [8]). It is proven in [5] that for all s € R the line segment connecting ¢, (s) and
gr(s + 9,) is tangent to the caustic Cy. In other words, (s, A) are precisely the action-angle
coordinates from Section 3 and in these coordinates, the billiard map is given by a linear

rotation along the invariant tori, which are the projections of C'\ onto B*0f2.
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To relate these action angle coordinates to the elliptical polar coordinates in which we cal-

culated A; (see Lemma 7.1.3), note that
(w1, 22) = (acos g, bsin @) = (—asn(t,; ky), ben(ty; ky)),
which implies
¢ = am(ty; ky) + g (7.8)
Here, t,, is defined implicitly by the equations (7.6) and (7.8). Similarly, we find that
Bi(p,w) =m/24 am(t, + (j + 1)dx; k).

Differentiating B; in 0, we obtain

0B, Ow Ow 1
o (pwl) g =1 = -5 = 55—
X o0 90 T (o.0(0))

By the chain rule, we see that

0B;  dam (8@ o déy 8)\2) dam dk3 ON?

Ow — 9s \ 0N dw U 1)W Ow k2 dX? Ow (7.9)

We can factor out %—’S from (7.9) and calculate each of the individual terms explicitly. Using

the implicit function theorem, we find that

Jdam

5 \/1 — k3sn?(s; ky),

evaluated at the point s = ¢, + (j + 1)dx. We now find the derivative of ¢, with respect

to A. Since z is fixed, we know that the argument ¢ = am(t,; k) must also be fixed.
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Differentiating in A under the integral, we see that

Ot k3 /am(tw%’fﬂ sin? rdr
) Jo (

o2~ (a2 — 22 1 — k2 sin 7)3/2

Using the formula (7.7) for d,, we also calculate that

s 1 1 2k3 /arcsinWb) sin® rdr
0 (

= . 7.10
d\? b/\\/l B3 /1 —A2/b? * a? — \2 1 — k2 sin®7)3/2 (7.10)
—ABX

For the last term in (7.9), write

am(s;ky) dr

5= 22
0 1 —k$sin7

and differentiate both sides in the variable k?\ We find that

Jam \/ am(s;k>) sin? 7dr
— = —/1 — k2sn2(s: k ,
k3 asn?(s: k) /0 (1 — k2 sin® 7)3/2

where s is evaluated at ¢, + (j + 1)dy. It is also easy to see that

k2R
A2 (a2 — A2)’

At the critical A corresponding to the angle w(x) generating a periodic orbit at x, we have

am(t, + (7 + 1)05) = am(t,) + 27. Using this, we calculate that

0B, 25 —k3 2m sin? rdr _ déy
Ow Ow \/ ol ) ((@2 =X Jo (1 —k?sin®7)3/2 0+ )d)\2

(7.11)

We have not simplified the expression in parentheses in (7.11), since what will ultimately be

important is that this term depends only on A and not on ¢ or w. Let us denote this factor
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GO\ =

—k2 /27r sin® 7dr dd)
) Jo

— +1)——=. 12
(@ X st U TR (7:12)

The term ON?/0w is more difficult to compute and will rely on a geometric lemma, which we
now present. As the ellipse is foliated by caustics, for each (z,w) € S} (R?), there exists a
unique A such that the line segments of the billiard flow are always tangent to the confocal
ellipse/hyperbola of parameter A. The following lemma expresses this relationship between

the confocal caustic and angle of incidence:

Lemma 7.2.3. The billiard ray emanating from (acos ¢, bsin ) at angle w is tangent to the

elliptical caustic Cy, where the relationship between A\ and w is given by
A? = sin®(w) (b* 4 (a® — b*) sin®(y)) .

Proof. For simplicity, consider the complexified parametrization of the ellipse given by

v(¢) = acosp + ibsin . The tangent line at y(¢) is then parametrized by
(acosp + ibsin ) + t(—asin ¢ + ibcos ).

Rotating this line counterclockwise by the angle w, we see that the billiard ray is parametrized
by

Lo (t, ) = (acos ¢ + ibsin @) + te™(—asin ¢ + ib cos p).

Taking real and imaginary parts, we find that

Re L, (t,p) = acos g + t(—asin p cosw — beos psinw),

Im L, (t,) = bsinp + t(bcos p cosw — asin psinw).

For a given ¢, w, there exist infinitely many caustics which intersect the line L,. However,
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only one such caustic intersects L, at a single point of tangency. To find the parameter of

this caustic, we look for a solution of the equation

Re(L.(t, 90))2 4 Im(L,(t, @))2

a2 — \2 b2 — \2 =1

This is a quadratic equation in the variable ¢ and a caustic corresponding to a point of
tangency will give rise to a repeated root. Thus, to find A2, we set the discriminant of this

equation equal to zero. For convenience let us put

A=—asinypcosw — bcos psinw,

B = bcosypcosw — asinpsinw.

If we set the discriminant equal to zero, we obtain

(afcos<p+sting0)2:( A? N B? )(a26082<p+b2sin290_1).
2o o 2 o 2 — 2 Tz

After some obvious cancellations and simplifications, multiplying both sides by (a?— \?)(b? —

\?) gives

(Abcos ¢ + Basin ¢)?

N =
A? + B?

Two simple computations show that

A% + B* = a?sin® p + b* cos® ¢

and

Abcos p + Bbsin ¢ = —sin(w)(a® sin® ¢ + b* cos? ).

Plugging these into the above equation for A? completes the proof of the lemma.
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Differentiating the formula in Lemma 7.2.3 by w gives

ON?

= 2sinw cosw(b® + (a® — b?) sin? ), (7.13)
w

which is the last term in (7.9) we needed to calculate.

Remark 7.2.4. In [20], a different formula is derived in the usual circular polar coordinates

with angular parameter . In this case,
M = M(a)(1 — cos(2w)),

where
_ar+ b a’b?
2 a? + b — (a? — b?) cos(2a)

M(a)

The relationship between o and the elliptical angular coordinate ¢ is given by

b
« = arctan (— tan gp) .
a

7.3 Converting the singularity into an elliptic integral

7.3.1 Proofof p=0

It now remains to convert the singularity expansion in Corollary 7.1.4 into an elliptic integral,
following the ideas in [19]. Recall that according to Corollary 7.1.4, the variation of the

localized wave trace is given by

dTrcosty/—A. = 4t Re {e””/‘l(t —L; — iO*)’E’/Q} / IVAU,1214,(q, 9)?p(q) dg + L.O.T.
090
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The computations in Section 7.2 combined with Lemma 7.1.3 lead us to the formula

g’ 1
sinw 22 G(N)/1 — kIsn(t,,)

9> Ow
sinw 00

1A,] = — , (7.14)

on the diagonal of the boundary, where G(\) is given by (7.12) and %—’S is given by (7.13).
The formulas (7.12) and (7.10) show that G is in fact a nonvanishing analytic function of A.
Putting this all together, we see that the principal term in the variation of the wave trace

in Corollary 7.1.4 is given by the product of the distribution
4t Re {e™*(t — L; —i0T) 75/}

and the factor

sin(w)|g(pto, @)/

- /89 ‘QG()\) cos(w) (0?4 (a2 — b?) sin® ) /1 — k3sn?(t,; k»)

7zP(p) dg(p). (7.15)

Since we are evaluating on the diagonal of the boundary, Poncelet’s Theorem (3.2.1) guaran-
tees that the parameter A corresponding to a j-periodic geodesic is in fact independent of ¢.
Hence, the G()) factor can be pulled outside of the integral in (7.15). However, both w, and
t, in the integrand depend on ¢, so it remains to compute this dependency and parametrize

the boundary explicitly. Recall that Lemma 7.2.3 gives us

A =sin®(w) (b* + (a® — b%) sin®(p)) .
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Since w ¢ {0,7/2, 7} for orbits which are tangent to a confocal ellipse, this equation deter-

mines the trigonometric terms appearing in the integrand of (7.15) up to a sign:

. A2
T (a2 — b2) sin’(yp)’
\2
=+4/1— .
o \/ b2 + (a2 — b2) sin?(p)

To simplify notation, set C(p) = (b* + (a® — b?) sin®(¢)). Recalling that in elliptic coordi-

(7.16)

nates, if we fix

fo = cosh™* (L) ,
/a2 — b2

then we obtain a parametrization of 0€) in terms of ¢ € R/27Z, given by

V(p) = (acosep, bsinp).

In these coordinates, the line element on 0€) is

dq(p) = \/@2 cos? o + b2 sin? pdp.

Recalling that cos¢ = —sn(t,; ky) due to our convention (7.8) on the phase shift, a simple

computation using formula (7.16) then shows that

COSW\/l — k{0 (ty; k) = \C((p)(a;— A2)[1/2 (Clp) =A%),

which simplifies the integrand in (7.15) to

1/2 1/4

Ng(po,)°[7 | a® = N2 VP (7.17)
2G(A) C(p) VC(g) = N2 '
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Reinserting this into the integrand in (7.15), we obtain

/27T
0

from which the first formula in Theorem 2.2.4 follows.

a2 — )2 1/4

C(p)

v odp

VC(p) =A%

N?g(po, )° (a® cos® p + b? sin® )
2G(\)

1/2
’ (7.18)

We now set the integral in equation (7.18) equal to zero. Since A is nonzero and inde-
pendent of ¢, we can divide out the separated terms depending only on A from both sides

and what is left will be a nonzero analytic function F(y) multiplied by p(¢)(C(p) — A2)~4/2:

T E(e)yple)de

i \/m = (7.19)
Here, we have written
F(g) = |g(t0, )°(a® cos® p + b sin® ) |'* |C ()| /.
Using the Zy X Zy symmetry condition on p, the equation (7.19) reduces to
"2 F () ple)dyp (7.20)

o VO -N

We now recall that since the singularity expansion is localized near an isolated length L;,
we have A = \; and A\; — 0 as j — oo. The expression (7.20) is actually analytic in the
parameter A\? and vanishes at each )\JZ». Since it has an accumulation point of zeros, it is
actually flat at A = 0. Differentiating k times under the integral (7.20) in the parameter \?

and evaluating at A = 0, we see that

/ 2Py ple)de _
S '
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It is clear that the functions |C(p)|™" form a subalgebra of C(S!). Since we have re-
stricted the domain to (0,7/2), this subalgebra also separates points, and hence by the
Stone-Weierstrass theorem,

F(o)v*pe)
1C(p)]1/2

0. (7.21)

Since F' and C' are nonvanishing, equation (7.21) implies that p = 0.

7.3.2 Proof of K =0

We now return to the first variation of the Robin function K. According to Theorem 4.1.7,

t .
Frcosty/=5. = [ Lhit.p-+ GSult.a o)k da
Q

Since we have just shown that p = 0 in Section 7.3.1, the variational trace formula in

Theorem 4.1.7 becomes

0Trcosty/ —A, :/ %SR(t,q,q)qu. (7.22)
o9

In Section 5.5, we cooked up an oscillatory integral representation for S; microlocally near
the canonical relations Fft lying over an open neighborhood of the diagonal of the boundary
(Theorem 5.5.2). Without the L%p terms, we do not differentiate the sine kernel in the
integrand of (7.22). Again following the formulas for homogeneous distributions in [31], we

see that near t = Lj,

STrcosty/=&. = —stRe {e"/i(t =T~ 0%) 2} [ 452y
o0
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where the minus sign is due to the appearance of the same Maslov index ¢ = 1 appearing
in the principal term. Plugging in the formula (7.14) for A; gives the second formula in

Theorem 2.2.4. Similar computations to those in Section 7.3.1 lead us to the equation

/ﬂ/2 9° (1o, )/ C(p) 4/ a? AQ K(p)d .

QG@ A Clyp) - A?

Discarding the separated terms depending only on A; and Taylor expandng at A = 0 as
before, we see via the Stone-Weierstrass theorem that K = 0, which concludes the proof of

Theorem 2.2.1.

Remark 7.3.1. In [25], the principal symbol computation for Neumann boundary conditions
follows closely the work of [12]. The principal symbols for the Neumann and Robin wave

propagators agree and the computations in [25] yield

0Tr Cos(t\/_ ~ = Re { ( Z Cr / oM d,uL) (t—T+ 2’0+)—5/2} 7

I'cFr

where the sum is over connected components I" of the fixed point set Fr and v, € C(B*0Q)
is given by v1(q, () = /1 — |(|?>. The coefficients Cr are nonzero Maslov factors coming from
the stationary phase computation in [25] and gy, is the Leray measure on I' C B*9f2, which

is computed in [19]. In our computations, all of these factors are explicit.
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Appendix A

An Auxiliary Check on the Order of

k
S;

A.1 An auxiliary check on the order of SJ’?

Given a discrepancy in the works [44] and [60], we provide an additional check on the order of
a} in Theorem 2.1.3. Assume € satisfies the noncoincidence condition (2.5) and let p € S(R)
be a test function such that Suppp C [t; —¢,T} + €], where ¢ is sufficiently small to ensure
Suppp NLSP(Q) = [t;, T;]. Let L; € [t;,T};] denote the length of a periodic orbit of rotation

number 1/j. We will compute the quantity
Fp(t)Tr costv/—A) = / e~ () Tr cos tv/—Adt (A1)

in two different ways. Recalling our parametrix for costy/—A, we see that (A.1) is given by

Z// /ei”(t_q’j(q’q))_’\tp(t)Tmaj(q)ddadt, (A.2)
— Jr.Jo Joo
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where m is the purported order of a’(q). Changing variables by £ = 7/), we see that (A.2)

becomes

> / / / eI @D) =My xmtLem g (Y dgdEdt. (A.3)
T JRJo  Joa

To understand the A\ asymptotics of this oscillatory integral, we apply the method of sta-
tionary phase. First assume L; is a simple nondegenerate length. On the critical set,

dieq(E(t—V;(q,q)) —t) = 0, which implies

(

t=";(q,q)

§¢6=1

\dq%(q, q) = 0.

Hence, (A.1) is given by

im/4sgn Hess(¥,(q,q)) W
3/2 ym—1/2 € p(V;(q,q))ao(q) m—1/2
(2m)7=A > 0@ ) + oA, (A4)

7:dg¥;(q,9)=0

Recall that periodic orbits of rotation number 1/; arise from critical points of the j-loop
function, i.e. d,¥;(q,q) = 0 implies that the geodesic loop of j reflections based at ¢ is
actually a periodic orbit. Since L; was assumed to be simple, corresponding to a unique
nondegenerate orbit, there are precisely j such boundary points ¢ and the sum in (A.4)
is actually finite. It is shown in Theorem 3 of [40] that nondegeneracy of 7 also implies
92(W;(q,q)) # 0. Now, by the formulas in [20], we know that for a simple length L; cor-
responding to a nondegenerate periodic orbit of j reflections, the leading asymptotic of the

wave trace modulo Maslov factors is given by

L; N
D costh; = Gt = Py (t—L; +i0)™" mod L. (R), (A.5)
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where P, is the Poincare map associated to the unique periodic orbit « of length L;. For-
mulas in [31] tell us that the Fourier transform of the righthand side of (A.5) is a constant
multiple of the Heaviside function. Comparing degrees of homogeneity in (A.4) and (A.5)

immediately implies that m = 1/2.

If there are infinitely many critical points of W;(g,q) in the phase of (A.4), the analysis
is more subtle. For example, Poncelet’s theorem for elliptical billiards actually implies that
periodic orbits of a fixed length and rotation number come in one parameter families. For j
sufficiently large, every boundary point is the base point for a unique periodic orbit tangent
to a single confocal ellipse, making j reflections and a single rotation. The lengths of these
orbits are independent of the base point, which implies d,V;(g,q) vanishes identically. In

this case, ¥;(q, ¢) = L; and applying stationary phase to (A.3) yields

2 A" i p( L) /ag ao(q)dg + o (A™). (A.6)

While the expansion (A.5) is no longer valid for high length spectral multiplicity, the formulas
in [25] and [69] show that the variation of the wave trace near such a period in the length
spectrum is a distribution of the form d; Re(t — L; + i0)~/2 for some constant d;. Formally,
the wave trace has one higher degree of regularity than its variation, which suggests that the

—3/2 in agreement with Theorem 2.1.5 and Corollary

wave trace is of the form ¢;(t — L; 4 140)
2.1.6. Comparing this with the asymptotics in (A.6) and formulas in [31] for the Fourier
transform of homogeneous distributions, we see again that m = —1 — (=3/2) = 1/2. The

order of a}, was also confirmed in the recent paper [26].
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Appendix B

The 8 Orbit Theorem in Elliptical

Polar Coordinates

B.1 Proof of Theorem 3.3.1

This section is dedicated to an alternate proof of Theorem 3.3.1 in the special case of an
elliptical billiard table. Fix j € Z large and choose a corresponding tubular neighborhood U
of 02 with the following property: for any x € U, the j-fold broken geodesic emanating from
x which is tangent to the confocal ellipse on which x lies makes less than a quarter rotation.
By this we mean that if x = (a cosh p,, cos ¢, bsinh y1, sin ¢,.), then the j+ 1 impact point at
the boundary has angular component in the interval ¢, < ¢, ; < ¢, +7/2. This is certainly
possible since the billiard flow is continuous on the closure of its phase space and if z is on
the boundary, the corresponding orbit is stationary. Denote by C), the confocal ellipse on

which x lies. We will perturb this orbit by holding z fixed and increasing the parameter \*
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of the confocal caustic

Cy=<z€cR?: 4 + 4 =1
P T2 N2 2 ’

to which the orbit is tangent. This can be done by rotating the initial covector of the trajec-
tory slightly in any direction within S*(IR?) so that it makes a nonzero angle with the tangent
line to C, at x. As \? increases, the associated angle also increases, the confocal ellipses
shrink and heuristically, the j-fold broken geodesic begins to rotate more and more around
Q). This is precisely the twist property of the billiard map: for a fixed point z in the base,
the straight line in phase space obtained by letting the angular component vary becomes
twisted under iteration of the billiard map. If y is another point which is sufficiently close to
x, we claim that there exist 8 angles in S*(R?) such that the last link of the corresponding

billiard trajectory intersects y.

Four of these orbits will be oriented in the counterclockwise direction and four in the clock-
wise direction. Of the four counterclockwise orbits, two of them will correspond to rotating
the initial covector in S%(R?) in the counterclockwise direction and two will result from a
rotation in the opposite direction. We show that in elliptical polar coordinates, the angular
components of both intersection points of the last link (after j reflections) with the confocal
ellipse on which y lies are increasing as we rotate the initial covector within either direc-
tion in S*(R?). Hence, both intersection points will wind around the confocal ellipse until
they eventually coincide with y. The clockwise orbits will then be constructed by a simple

reflection argument.
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B.1.1 Notation

Let A\, and )\, denote the parameters of the confocal ellipses on which x and y lie respectively.
If \; > Ay, then it is clear that the last link of any billiard emanating from x will intersect
(), exactly twice. If A, > A, but z and y are sufficiently close, then A, and A, are also
close, so we can arrange that the billiard emanating from x which is tangent to C, makes
less than a half rotation. Hence, the orbits making approximately one full rotation will nec-
essarily have final links which intersect C, twice. We only consider such x,y, which lie in

an open neighborhood of A9S) C QxQ, where A : 9 — 90 x 912 is the diagonal embedding.

The aim is to prove that the angular components of both intersection points of the last
link with the caustic C), are increasing. To do this, we will consider a variant of the map

B; defined in Section 5.5. Recall that we defined

B;: St x (0,7) — S,

Bj(p, w(ep, 0)) = m1 0 f7H(p,w) =0,

where 3 is the billiard map on the coball bundle B*(9€2) of the boundary. Since the coball
bundle of the boundary is diffeomorphic to the collection of inward facing covectors in
S50 (R?) and the latter is more geometrically natural, we lose no generality by consider-
ing B; or § as a map on S}, (R?). We've assumed that @,y € int{2, so we must first flow to
the boundary in order to study the billiard map. Let o € S' and denote by (z1(a),w;(a))
the point obtained by evolving (z, ) under the forward billiard flow for ¢} (z, ) units of

time and then reflecting at the boundary. Recall from Section 3 that we defined

th(y, o) =inf{t > 0: ¢*'(y,a) € 0Q}.
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To the point (z1(a), wi(a)) € Sio(R?) which is now fixed, we may apply B;_; to obtain the

angular component of the jth impact point. Denote the corresponding boundary point by

zj(a) = (acos Bj_1(x1(a),wi(a)), bsin Bj_1(x1 (o), wi(a))).

Denote by «, the angle which the positively oriented tangent line 7,C) makes with the
positive x axis. If « is sufficiently close to «,, the first j iterates under billiard map will
also make less than a quarter rotation by our original set up. Our strategy is to let a vary
within an open cone of directions which parametrizes all possible counterclockwise orbits
emanating from x, and show that precisely 4 of these angles result in orbits which reach y

after j reflections, making approximately one rotation.

For each «, there exists a unique A such that the corresponding orbit is tangent to the

caustic C). For example, A\, corresponds to a,.

Definition B.1.1. Let U} be the set of @ € S*(IR?) such that the corresponding orbits avoid
the region between the focal points. Then, denote the homogeneous extension of U} to T:R?

by C%, which is precisely the fiber cone at = of admissible initial covectors we consider.

Remark B.1.2. If x varies smoothly in €2, so do the associated fibers and in this way, we obtain
a smooth cone bundle, which we denote by C*(2) C T%(£2), over a tubular neighborhood of
oN.

B.1.2 Derivatives of [

If v increases, so does the parameter A of the confocal caustic, i.e. d\/da > 0 for a > a,.
Similarly, as a decreases, the parameter A\ also increases, as can be seen by considering the
backwards (clockwise) orbit. Hence, A, is a local minimum for « near «,. By the implicit

function theorem, it is clear that A is a smooth function of o as long as the corresponding
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forwards and backwards orbits do not enter between the focal points. Let us first consider
the case in which « increases. For a > a,, there is a one to one correspondence between
a and A. In this case, it is geometrically clear that the angular component of z; is also

increasing in « and dx/d«a is bounded independently of j, A, w.

To obtain a large lower bound on the speed at which the two intersection points wind

around C}, we first find a corresponding lower bound on

0 o 8BJ 81‘1 oo aB] Ow O
ﬁBJ(Il(a(/\))Ml(OC()\))) = Dz, 0a 0N + O D ON (B.1)

By a slight abuse of notation, we have systematically confused z; with its angular component
0(z1), since they are in one to one correspondence modulo factors of 2. We begin with a

simple lemma which will be used throughout the section.

Lemma B.1.3. Let z,y € Q be O(1/j) close to the diagonal of the boundary and ~v be an
orbit of j reflections which is tangent to the caustic Cy and connects x to y. Also denote by

wr (1 <k < j) the angle of reflection made at the kth impact point on the boundary. Then
A=0(1/j) and wp = O(1/5) for all 1 < k < j.

Proof. Recall that by 7 making approximately one rotation we mean that |B (Z,w1)—y—{| <
¢/100 (see the remarks following Theorem 3.3.1). If in action angle coordinates (cf. Section

7.2), T is given by ¢x(s) = (—asn(s, ky), ben(s, ky)) for some s € R, we have that the link
(s +0)) — qr(s) = (—asn(s + 0y, ky), ben(s + 0y, ky)) — (—asn(s, ky), ben(s, ky)),

is tangent to the confocal ellipse C). Lifting to the universal cover R x (0, 7) as in Section 3

and setting s € R/(Z to be the arclength parameter corresponding to s, we have m; B (S,wy1) =

142



S + 0\ where 7 is projection onto the first factor. Similarly,
T (3,w1) = 5 + jy. (B.2)

If y is given by (—asn(t, ky),ben(t, ky)) in action angle coordinates and t is the associated
arclength parameter, then = being O(1/j) close to y and the boundary is equivalent to

requiring |§ — t| = O(1/4). Then (B.2) implies that
B (B,w1) — G — ] = |5+ jox — T — £+ O(1/5)] < €/100. (B.3)
Hence, §y = £/j + O(j7%). Note that

arcsin(A/b) dr
2arcsinA/b§5A22/ < 24/1 = A2k3 /barcsin A /b. (B.4)
0 1 — k2sin®7

As /1 —=XNk3/b = 1+ O()\) and arcsinA\/b = A\/b+ O(N\?), 6, = O(1/j) immediately

implies that A = O(1/j). The relationship between w; and A is given by Lemma 7.2.3:
M\ = sin?w; (b? + (a® — b?)sin® 7). As the coefficient of sin®w; is bounded above by a and
below by b, A and w; are of the same order near zero. Furthermore, each link of v is tangent
to C) for a fixed A\ = O(1/j) and hence, the same logic also implies that wy = O(1/5) for

each 1 < k < 7. This concludes the proof of the lemma. O

We are now ready to estimate (B.1).

Lemma B.1.4. For j large, we have

%Bj(xl(a(/\)), wi(a(N)) 2 j
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Proof. In Section 5.5, we found a rather explicit expression for

OB;  dam (8% o déy 8)\2) dam dk3 ON? (B.5)

= +U+1)-5 ;

do ~ s \ovaw UV an ) T e o e
where z; € 0 is fixed and w is evaluated at the critical angle w(x;) corresponding to a
periodic orbit. Using the formulas in Section 5.5, we can actually let z; vary in « and
evaluate at any w; in particular, we can evaluate at w = w; corresponding to the angle of

reflection at the first impact point on the boundary. Let us first examine the term in (B.5)

with a coefficient of (j + 1). We see that

0

o = = K2t + (G + 1) ), (B.6)
doy 1 L /*“C““Wb) sin rdr B.7)
N TV e U R R T |
ON? : 2 2 12\ 2

i 2sinw cosw(b” + (a” — b%) sin“(p)). (B.8)

If j is sufficiently large, we can ensure that A = O(1/7) is in turn small. Hence, (B.6) can
bounded below by (1 — b?/a?)/2 and recalling Lemma 7.2.3, the product of 1/\ and sinw
coming from equations (B.7) and (B.8) can be estimated below by 1/a. For A <« 1, all of
the remaining terms can easily be bounded below by a positive constant depending only on

a and b. Hence, we have
Jam ddy ON? _ |
1)——=— .
G+1) 9s dN2 0w ~7

8;—?‘%%—’25 in (B.5). The first and third factors of this product

We now consider the first term
are clearly bounded above and below, independently of w, A, and j near A = 0 by the same

arguments as before. Recall from Section 5.5 that

ot, K /am(t*";kk) sin® 7dr
oX2 (a2 - \2) J, (1 — k2 sin®7)3/2’

which is also clearly bounded in magnitude by a positive constant independent of w, A and
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2
In a similar manner, we would like to estimate the final term ?91?%% in (B.5). Recall
A

from Section 5.5 that

Jdam \/ am(s;kx) sin? rdr
—— = —\/1—Kk3sn2%(s: k
ok3 sn(s; ,\)/0 (1 — k2sin® 7)3/2’

dk3 k3
d\2 (a2 — \?)’

Both terms can be bounded independently of w, A and j. Combining this with the earlier

bound for (B.8), we see that

0B; _ .
=1 > i B.

We also need to estimate the remaining terms in (B.1). In particular, we must bound

Owda _ 0w
da O\ O\

from below by a positive constant and

0B; 0r1 da %%

Ory Oa ON Oz OX

in magnitude. Lemma 7.2.3 tells us that if 0 < w < 7/3, then

o1 ! 2
Ow  cosw Vb2 A+ (a2 —b2)sin’p b’
so that
Ow b
> B.1
ON ~ 2 (B.10)
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It is also geometrically clear that

9z, a
Oa O\

oz,
(o2

- <1 (B.11)

~Y :

By writing out B, in action angle coordinates, we see that

0B, B Jam ot

— = —(t 4+ 1)0y; - B.12
axl 85 (LP+(]+ )6)\’]{;)\) 890’ ( )

where t,, is defined implicitly by the equation ¢ = am(t,; k) + 7/2. Hence, by the implicit

function theorem and our previous bound for (B.6), gTBf is both nonnegative and bounded

independently of w, A and j. Combining (B.9), (B.10), (B.11) and (B.12), we see that

s a))w () 2 7

B.1.3 Intersection points

We are now ready to prove that the intersection points with the last link wind monotonically
around the caustic Cy, on which y lies as we increase A. In tandem with Lemma B.1.4, we

will also need information about how the final angle w; at the jth reflection depends on A.

Lemma B.1.5. If w; = mf3/(x1,w;) denotes the angle of reflection at the jth impact point

on the boundary, then Ow;/OX = O(1), i.e. it’s derivative bounded independently of j.

Proof. Recall Lemma 7.2.3, which gave

A = sin? w;(b? + (a® — b?) sin® z;).
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Differentiating this as in the proof of Lemma B.1.4 but now using that x; depends on A, we

see that

0z,

o\’
(B.13)

o =229 gin w; cosw;(b* + (a® — b%) sin® z;) + 2sin® w;(a® — b*) sin x; cos r;

O\

Substituting again the formula in Lemma 7.2.3 into equation (B.13), we find that

A, B 2 + (a2 — b?) sin2 xj)l/Z — sinwj(aZ — b?) sin xj COS :Ej%
O\ (0 + (a* — b?) sin’ ) Cos wj .

(B.14)
Lemma B.1.3 tells us that A\,w; = O(1/j) and hence cosw; = 1+ O(1/7),sinw; = O(1/7).
This implies that the denominator of (B.14) is bounded below by a positive constant for j
larger than some fixed jo depending only on 2. The only unbounded term in the numerator
is 0z; /0N = 0B;/OX 2 j, as was shown in Lemma B.1.4. However, an examination of the
proof of Lemma B.1.4 actually shows that dz;/0\ = O(1/j) and hence, sin wj% = 0O(1),

which implies that (B.14) is in fact bounded. O

With Lemmas B.1.3, B.1.4 and B.1.5, we can prove half of Theorem 3.3.1:

Lemma B.1.6. For j sufficiently large, the angular components in elliptical polar coordinates
of both intersection points gp} and go? of the final link with the caustic C), are monotonically

increasing i \ with approximate speed j.

Proof. Recall from the proof of Lemma 7.2.3 that the billiard ray emanating from z; at angle

w; is parametrized by

L(t) = (acosx; + ibsinz;) + te"’ (—asinx; + ibcos z;). (B.15)
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Taking real and imaginary parts, we find that

Re Ly, (t) = acos x; + t(—asin x; cosw; — bcosz; sinw;),

Im Ly, (t) = bsinx; + t(bcos x; cosw; — asinz; sinw;).

For simplicity, denote by A the coefficient of ¢ in (B.15). Converting the line L from para-

metric form, we find that

2 — aCcos T, B w — bsinx; (B.16)

—a S T; COSW; — bcos X4 S Wy b cos Zj COSW; — STy SIN W

We know that L has exactly two intersection points with

2 2

2 Z w?
C’,\yz{(z,w)E]R.a2_)\2+b2_)\2—1},
v v

the caustic on which y lies. These correspond to two different values of ¢ in equation (B.15).
At either intersection point, the values of x,y in (B.16) are constrained to be of the form
(ccosh i cos @, esinh pu; sin @;), where ¢ = va? = b2, p; = cosh™ ((a® — A2)1/2/c) and ¢; €
[0,2m) is the angular parameter in elliptical polar coordinates for the caustic C),. For

simplicity, denote

¢; = ccosh p; = (a* — )\i)l/Q, s; = csinh py; = (b* — A2).
To begin, assume that ¢; is either the first intersection point or the second intersection point.
Only at the end of the proof will we need to distinguish between the two cases. We want to
show precisely that ¢ = a%cpj > 0 so that the intersection points wind around C},. Solving
for w in equation (B.16) and substituting z = ¢; cos ¢;, w = s;sin ¢;, we see that

I
s;sing; = (¢jcos@; — acos :Ij'j)m— + bsinz;. (B.17)

Re A
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Differentiating (B.17) and collecting terms, we have

where

Dy = (sjcospjRe A+ ¢jsing; Im A)
Dy = (—s;jsing, f +asinz; Im A + ¢; cos p;g —acosz;g+ becosz; Re A+ bsinz; f),

Dy = (—s;sinp;Im A+ cjcosp;Re A —acosz;Re A+ bsinz; Im A),
and

f = (—acoswjcosz; + bsinw; sinz;),

g = (—asinw; cosz; — beosw; sinz;).

As both intersection points are within O(1/j) of x;, we have also that |z; — ¢;| = O(1/))
and D3 = O(1/j). However, setting w; = 0, ¢; = z;, ¢; = a, and s; = b, we see that Dy,
Dy and Dy all vanish. Instead we Taylor expand each coefficient to second order in 1/j.
Recall that we are free to choose y as close to the boundary as we want, so A\, = O(j7),
cj=a+O0( ™), and s; = b+ O(j7") for any N € N. Expanding D; and simplifying, we

see that
Dy = abcosw; sin(p; — x;) — sinw;(a®sin® z; + b* cos® ;) + O(7?)). (B.19)
Similarly, we obtain

Dy = abcosw; sin(p; — x;) — sinw;(a®sin® z; + b% cos® ;) + O(j2). (B.20)
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and
D3 = a®sinz;(cos x; — cos ;) + b* cos zj(sin x; — sin ;). (B.21)

Hence, Dy = Dy+0(j7?) and Dy = O(1/4). As 2y 2 j by Lemma B.1.4, we are done as long
as we can show that D;, Dy don’t vanish to first order in 1/5 so that we may divide through
by them in equation (B.18). If ¢; is the first intersection point, then ¢; = x; + O(j ") for
any N so modulo O(j72) terms, D; becomes —w;(a®sin® z;p + b*cos? z;) < —cw; < —c/j
for some constants ¢, ¢ > 0 depending only on the curvature of 9€2. Hence, we may assume

¢, is the second intersection point, in which case choosing y sufficiently close to 02 amounts

to setting ¢; = x;41 + O(j~7) for any desired N.

Simplifying further, we see that modulo terms of order O(j72),
Dy = ab(zjyy — 1;) — wj(a®sin® z; + b* cos® z;). (B.22)

We want to show that the positivity of the first term in (B.22) outweighs the second term.
Recall from Section 7.2 that xj41 — x; = am(s + 6, k) — am(s, k) for some s € R and A

(not \,) corresponding to the caustic to which the orbit is tangent. Hence,

dr

S-i-(s/\ k>\
m(s, ky) / =0y,
) \/1—>\2k2 ory VI Ksnir

(am(s + dy, ky) — (B.23)

which implies that

arcsin(A/b) d
i1 —15) > a1 — A2k2/b = 24 /1 — N2k2 /b .
J J A A
0

V1= /{Jg\ SiIl2 T (B.24)
> 24/1 — A2k%/barcsin \/b.

As A = O(1/5) for j large, arcsin \/b = \/b+ O(57%) and (1 — A2k3/b)Y/? = 1+ O(\) =
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1+ O(1/7). Hence, modulo terms of order O(j~2), we have
ab(zj1 — xj) > 2a\. (B.25)
Now recall Lemma 7.2.3, which gives
A = sin®(w;) (0> + (a® — b%) sin’(z;)) .
Near w; = 0, A = 0, this tells us that
w; = A (b*+ (a® = b?) sin2(a:j))71/2 +03G7?).

The term in D; with a sinw; can hence be estimated modulo O(j72) by

a? sin® x] + b% cos? x]

\/ b2 + (a® — b?) sin® z;

w;(a®sin® x; + b® cos® ;) = +03G7?). (B.26)

The coefficient of A in (B.26) is positive and maximized at critical points corresponding to

sinz; = 0,cosx; =0 or

b? cos® v = (a® — 2b%) sin” z; + 2b°. (B.27)

If sinz; = 0, then a; = A/b+ O(j7%) and the leading order coefficient of w; in the formula
for Dy is b?. Hence, (B.25) implies that

ab(zj41 — ;) > 2a\ > bA = b*w;

and D; > 0 is nonvanishing. If cosz; = 0, then w; = A\/a + O(j~?) and the leading order
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coefficient of w; in the formula for D; is a®. Hence, (B.25) again implies that
ab(zj41 — ;) > 2a)\ > a\ = a’w,
and D; > 0 is nonvanishing. In the third case, solving (B.27) results in
(a® — b*)sin’z; + b* = 0,
which impossible unless b? = 0. O

In this way, we obtain two orbits from x to y by letting o increase within the a > «, regime.
Dynamically, these orbits can be characterized by having a point of tangency to a confocal

ellipse before a moment of reflection at the boundary in the forwards direction.

We now consider the regime in which o < av,.. There is a different one to one correspondence
between o and A but many of the equations above remain completely valid. In particular
(B.9) and (B.10) are unchanged. Hence, by essentially the same bounds as in Lemma B.1.4
before, if gp&l) and 305-2) denote the angular components of the intersection points in elliptical

polar coordinates, we have

o5 o op

in the a < «, regime. This provides two additional orbits, which are dynamically character-

ized by having a reflection at the boundary before becoming tangent to a confocal ellipse.
To obtain the four clockwise orbits, note that we can first apply the isometry R? 3 (2, w) —

(—z,w), obtain four counterclockwise orbits as above, and then reflect back. In the last link

of any orbit, the first point of intersection with C}, is reached before a point of tangency with
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a confocal ellipse while the second intersection point is reached after a point of tangency.
These characterizations are important in Section 5.5 for understanding four different types
of orbit configurations and determining which types of limiting orbits give rise to periodic

orbits of precisely j reflections as (z,y) approach the diagonal of the boundary.

Remark B.1.7. For sufficiently large 7 and x, y both lying on the boundary near the diagonal,
the existence of a single such geodesic for general smooth, strictly convex domains was proven
in [21], [44] and [60]. The eight orbits in the statement of Theorem 3.3.1 can be seen to
collapse into the orbits described in [44] as (z,y) approach the diagonal of the boundary
from any direction. However, there may be a different number of reflections in the limiting

orbit (see the proof of Lemma 6.2.1).
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