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Abstract

Design for Environment: opportunities in supply chain network and product design

by

Yifen Chen

Doctor of Philosophy in Engineering - Industrial Engineering and Operations Research

University of California, Berkeley

Professor Zuo-Jun Shen, Chair

This dissertation contributes to the sustainability literature by incorporating a systematic
analysis to provide guidelines to sustainable design. During the design phase, there is a great
potential to manage the environmental impacts of the whole product life cycle. However,
decision making in the design phase is usually complicated. Therefore, a holistic system
analysis with the consideration of relevant factors in the whole product life cycle is needed.
In this dissertation, a life-cycle thinking framework is applied to solve the supply chain
network design problem and the product durability design problem.

In Chapter 2, an integrated supply chain network design problem is studied. We built
optimization models to minimize the carbon emission and/or the cost of a three-tiers supply
chain network. The carbon emissions associated with major supply chain activities, including
transportation, warehouse construction, and warehouse operations, are characterized and
included into the optimization models. The decisions in the models include transportation
mode, shipping frequency, warehouse locations, warehouse capacity, and warehouse-retail
store assignment. We transformed the problems into second-order conic programs to reduce
the computation time. Several model variations, including multi-objective program and bi-
level optimization model, are also studied to understand the trade-offs between cost and
carbon emissions and provide sustainable guideline for supply chain design in real-world
scenarios.

In Chapter 3, the product durability design problem is analyzed. We constructed a
mathematical model to understand whether Design for Durability strategy is always good
for the environment or not. In the study, the energy consumption during the manufacturing
phase, the use phase, and the remanufacturing phase is considered. The bass diffusion
model is adapted and modified in the study to enable the construction of the relationship
between new manufactured products and refurbished products. Analytical results confirm
the common beliefs that a more durable product consumes less energy in the special case
with no repeat purchases. A numerical analysis for the general setting identifies the main
factors of the optimal product life when we want to minimize the average energy per item
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per unit time. We also provide exploitations on the various tradeoffs of increasing durability
to better understand optimal product durability design.

In Chapter 4, we discussed a promising future direction on incorporating Life-Cycle As-
sessment (LCA) uncertainty into decision making processes. LCA uncertainty has gathered
great importance in recent years. Researchers have argued that, without incorporate the
uncertainty analysis, the decision made based on a single and deterministic LCA result may
be unreliable. Quantitative uncertainty analysis is needed to incorporate the uncertainty
level into decision making processes. However, due to the time and cost constraints, it is
not always feasible to conduct a complete LCA study with uncertainty analysis. It becomes
a challenge to quantify the uncertainty level of a LCA study when only limited secondary
data is available. We proposed a future work direction that could remedy the drawbacks of
current methodologies.
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Chapter 1

Introduction

Environmental issues have been widely discussed recently. Despite the efforts in academia,
industries, and governments in the past two decades, there are still many issues need to
be solved on the journey toward sustainability. Technology improvement alone may not be
enough to mitigate the severe environmental problems. Other actions, including changing
consumer’s behavior and improving the efficiency of systems, with current technologies are
needed in order to reduce the speed of depletion of natural resources. There are many
levels of actions can be taken to improve the system. However, the greatest potential for
managing environmental impact lies in the earliest stage of the product life cycle. During
the design phase, for example, decisions about product packaging as well as when to sub-
assemble and complete final assemblies can be made to maximize shipping efficiency and
thus minimize environmental effects of transportation. Similarly, the level of disassembly
and re-manufacturability can be set to take advantage of the current reverse supply chain
structure and environmental policy.

Systematic view is important when identifying sustainable strategies, especially in the
design phase. Relevant and connected factors have to be included into the analysis in order to
make sound decisions. For example, when a firm considers whether to reduce the shipping
frequency between its warehouses and facilities, the impacts on the warehouse inventory
should be taken into consideration to avoid suboptimal decisions. In this dissertation, two
major design problems are analyzed with systematic views: the supply chain network design
and product durability design.

1.1 Supply Chain Network Design

A supply chain is a set of organizations directly linked by one or more of the upstream
and downstream flows of products, services, finances, and information from a source to a
customer” (Mentzer et al., 2001). In the last few decades, supply chains have been globalized
due to the improvement of transportation, production and information technologies. While
it saves cost when firms outsource their manufacturing or purchase raw materials from other
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countries, there are other impacts on the society and the environment that need to be
considered. More and more institutions, including governments and industries, have focused
on greening supply chains. For example, governments have started to develop regulation that
forces companies to be accountable for all supply chain emissions, e.g., the Waxman-Markey
and Kerry-Boxer bills. In industries, companies are considering emissions from their entire
supply chain. Wal-Mart’s sustainability initiative is a major example of this new trend.
90% of associated carbon emissions (transportation, manufacturing, farming, etc.) are from
Wal-Mart’s suppliers, so Wal-Mart is dedicated to reducing their emissions and has been
focused on its supply chain.

One of the most important issues in supply chain management is the design of supply
chain, which consists of a long list of decisions. These decisions include facility location, pro-
duction and distribution schedules, inventory levels in facilities, assignments between plants
and distribution center (DC) and DC and customer, supplier selection, transportation mode
selection, market selection, and the type of technology to use. The supply chain design is a
long term decisions, which involves complex interactions and multiple stakeholders. Hence,
decision makers should study a subset of these decisions in order to reduce the complexity
of the problem. Among the subproblems, the integrated network design problem, whose
decisions include the facility location, the logistics, and the inventory level, plays an im-
portant role in green supply chain management. One of the reasons is the network design
problem involve transportation, which accounts for a significant portion in the global green-
house gas (GHG) emissions. In 2004, transportation accounts for 13% of global greenhouse
gas emission, and 29% of transportation carbon emission comes from freight transporta-
tion (U.S. Department of Transportation Federal HighWay Administration, 2013). With
the globalization in supply chains, the importance of reducing GHG emission from freight
transportation becomes an essential part in green supply chain.

Models of the integrated supply chain family share the same structure as shown in Figure
1.1: A three-tiers supply chain consists of a central plant, a set of distribution center (DC),
and a set of retail stores. The three-tiers supply chain structure is a building block of the
whole supply chain network design. It can be applied to the network design for upper stream
network, such as the network for spare part storage or assembly plants. When working
toward green supply chain, the integrated supply chain network design problem can include
the environmental impacts from the major supply chain activities and the interactions or
trade-offs between them.

1.2 Product Durability Design

When talking about product design, durability is usually a key dimension of what it means to
be sustainable. If a product lasts longer, the less embodied energy is required for the service
provided by a single service unit per unit time. In order for a product to last, not only
does it need to resist damage and wear, but it needs to stay relevant and desirable for users.
Allwood et al. (2011) define four types of product failure with two dimensions: absolute or
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Figure 1.1: The three-tiered supply chain network

relative, and performance or value. A product fails due to its absolute performance when
its functional or aesthetic performance diminishes over time. A product fails due to its
relative performance when another better performed product is released to the market. A
product fails due to its absolute value when it no longer meets the current consumer’s need.
A product fails due to its relative value when there is a trend that changes the general
consumers. Different types of product failures should be considered during the product
design phase.

Despite of the arguments promote design for durability and against planned obsolesces,
there are some other people believe that planned obsolesces, i.e., making a product’s life
span shorter, has some benefits, such as encouraging technology improvement, thus further
improving goods and services (The Economist, 2009). Moreover, some LCA studies (e.g.
Kim, Keoleian, and Horie, 2006) have shown that designing a product lasting forever may
not be the best strategy to reduce energy consumption when the newer product is more
energy efficient. Thus, there is no trivial solution in product durability design problem when
energy consumption is the major concern. All the important life cycle stages, including
the reverse chain, should be taken into account in order to make an environmental friendly
decision.
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Chapter 2

Carbon management on supply chain
design issues

2.1 Introduction

Environmental awareness is growing and there is greater interest in green technology and
planning. Many companies want to gain advantage by taking a leadership role in green
operations before environmental legislation is enacted. Initially, a firm’s environmental per-
formance is usually evaluated in terms of energy consumption and carbon footprint. Most
companies focus on direct emission (Scope 1) and indirect emission from purchased energy
(Scope 2) in reference to the GHG Protocol Corporate Standard1. However, direct emission
from company owned or controlled activities and indirect emission from purchased energy
make up only 26% of the total supply chain emission, excluding emission from the use phase
(Matthews et al. (2008)). Clearly, a significant amount of CO2 is generated from upstream
and downstream supply chain activity. Firms must consider these secondary effects in their
operations planning.

As we observed in practice, most companies focus on reducing carbon emission from
transportation. For example, Honda changed the transportation mode in Guangzhou to
marine or railway to save energy. Honda also changed the import seaport in Japan to
reduce inland shipping distance and reduce the resulting CO2 emissions by approximately
7%. Another example is Toyota. Although most of Toyota parts and vehicle transport is
conducted by third parties, Toyota worked with their transportation parties to reconstruct
routes and increase load density. Moreover, Toyota and their partners worked together to
implement technologies to improve the fuel efficiency of the trucks.

Although these actions reduce the carbon emission on the transportation activities, there
are trade-offs between transportation emissions and warehouse emissions. Ignoring interac-
tions can have deleterious effects. For example, if one changes the shipping mode to a
lower-carbon option such as rail, the carbon emission per product will decrease. However,

1See the detailed definition at http://www.ghgprotocol.org/
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delivery by train may have a longer lead-time and thus necessitate retail stores to maintain
a higher safety stock. In turn, greater inventory at retail stores will increase the energy
consumption and carbon emissions of their warehouses. The overall CO2 reduction may be
smaller than expected or even non-existent. Reducing shipment frequency or increasing the
batch size in a truck has similar effect. Inventory level in the warehouse increases if the
company want to maintain the same service level.

In recent year, there are a few papers incorporated the carbon emission into supply
chain network design problem, (e.g. Ramudhin et al., 2008; Diabat and Simchi-Levi, 2009).
However, they either assumed the carbon emission in warehouse/facility is linear in inventory
level or did not consider some important decision in practice, such as transportation mode
selection. In this paper, we intend to fill the gap between academic literature and real world
practice. The goal of this paper is to understand the complex relationship of supply chain
network design in terms of carbon emission and cost. More specifically, we constructed
models to answer the following research questions: (1) How does a supply chain design
change when the objective is to minimize carbon emission instead of cost? Do we want
build more warehouses or few warehouses? and (2) How to motivate firms to reduce carbon
emission in supply chain design? Does the current carbon tax provide enough incentive for
firms to reduce carbon emissions?

In this paper, we constructed an integrated supply chain design model to address the
complex relationship of supply chain activities. The traditional facility location models, such
as p-median model and uncapacitatitated facility locaion problem (UFLP), cannot capture
the complex system because the inventory levels in the warehouse and the leadtime effect on
inventory levels are ignored in those models. Therefore, we built the models based on the
joint-location-inventory model, which was first introduced by Z.-J. M. Shen et al. (2003) and
Daskin et al. (2002), where the inventory is taken into consideration in a facility location
problem. The models we present in this paper are nonlinear mixed integer programs (MIP),
which takes a long time to obtain the optimal solution when the size of problem increases.
To facilitate the solution procedure, we transformed our models to conic quadratic mixed
integer programs (CQMIP), which can be solved efficiently using commercial software. We
refer the reader to Ben-Tal and Nemirovski (2001) and Boyd and Vandenberghe (2004) for a
detailed overview of conic programming. Despite that we can solve the problems efficiently,
the underlying problem is complex and we can only obtain managerial insigns from numerical
analysis. Therefore, in addtion to the mixed integer programs, we also developed a continuum
approximation (CA) model which predicts the total system carbon emission without the
details of facility locations and customer assignments. Hence, managerial insights can be
drawn directly from the CA model.

The remainder of paper is organized as follows: Section 2 presents the literature con-
ducted on green supply chain; Section 3 discusses the generation of carbon emission in
supply chain activities; Section 4 presents our models with minimizing cost and/or carbon
emission; Section 5 presents the Continuous Approximation model to obtain analytical in-
sights; Section 6 presents the numerical analysis of the model; and Section 7 concludes with
future research direction.
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2.2 Literature Review

Green supply chain management is a growing area of research. Srivastava (2007) defined
green supply chain management as “integrating environmental thinking into supply-chain
management, including product design, material sourcing and selection, manufacturing pro-
cesses, delivery of the final product to the consumers as well as end-of-life management of
the product after its useful life.” Research on green supply chains has been increasing during
the past decade (See Figure 2.1). However, research on green supply chains over the past
two decades has emphasized reverse logistics and remanufacturing. Many aspects of reverse
chains have been studied, including material resource planning (Ferrer and Whybark (2001)),
scheduling and shop floor management (V. Daniel R. Guide, Kraus, et al. (1997)), network
and location problems (Fleischmann et al., 2001; Hu et al., 2002; Listes and Dekker, 2005),
and inventory control (Van der Laan et al., 1999; Toktay et al., 2000).
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Figure 2.1: Number of articles which identified by a search of ”green supply chain” in title,
keyword, or abstract.

Search is performed on Scopus on 7th September 2010

Unlike research on reverse supply chains, research on forward supply chains have received
little attention until recently. Researchers increasingly take a broader perspective to include
the overall system effect. For example, V. Daniel R. Guide and Van Wassenhove (2001)
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considered the remarketing of a reuse/remanufactured product and propose a framework
to value the potential economic. Moreover, they shift the focus from cost minimization to
value creation. Subramanian et al. (2010) studied the environmental impact on aggregate
production planning. They took the return credit, the emission limit, and the allowance
purchase into consideration and constructed a nonlinear optimization model. Benjaafar et
al. (2013) constructed several production and inventory models under different carbon pricing
mechanisms. Numerical examples were provided with managerial insights.

In addition to operation research related studies, there are studies focus on the case stud-
ies and measurement method of carbon emission in supply chain, (see Cholette and Venkat,
2009; Sundarakani et al., 2010). Matthews et al. (2008) and Huang et al. (2009) suggested
that upstream and downstream supply chain carbon emissions (other than a firm’s direct
emission) can account for about 75% of total emissions. Most life cycle assessments ignore
wholesaling and retailing, but Norris et al. (2002) and C. Weber et al. (2007) suggested
that carbon emission from international transportation and wholesaling/retailing are signif-
icant. Empirical research suggests that extraction, production process, transportation, and
wholesaling/retailing should all be included in supply chain analysis.

Recently, a few researchers have started to investigate the environmental impact of the
forward supply chain network design. Hugo and Pistikopoulos (2005) constructed a multi-
objective optimization supply chain model to maximize revenue and minimize an environ-
mental harm indicator. Cachon (2011) studied the optimal number and size of retail stores
given a carbon emissions minimization objective. He included the carbon emission generated
from consumers’ shopping trips and compared the carbon intensity of the customers’ and the
firm’s transportation modes. He concluded that more and smaller stores would be chosen
if firms took the emission generated from customers into account. Ramudhin et al. (2008)
constructed a mixed integer model for carbon trading. They also use multiple objectives to
investigate the trade-off between cost and carbon emission. Diabat and Simchi-Levi (2009)
considered carbon cap constraints in the supply chain network problem. They took account
of the carbon emission from plant production and warehouse operation in their model. How-
ever, they assumed linear relationships between carbon emission factors and supply chain
activities, which may not be realistic.

The forward chain is not well studied. Only a few researchers have studied environmental
impact in this context. In terms of supply chain network design studies, the energy consump-
tion during warehouse operation has not been considered or has been considered as linear
relationship with inventory level or warehouse size. The trade-offs between transportation
and inventory level when minimizing carbon emission are needed to be investigated in order
to provide green companies a guideline toward sustainability.

2.3 Carbon Emission of Supply Chain Activities

In the context of supply chain network design, carbon emissions are generated from trans-
portation, warehouse construction, and warehouse operation and maintenance (HVAC). We
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characterized the carbon emission from these activities through LCA reports and data anal-
ysis.

Carbon Emission from Transportation

The carbon emission of transportation is usually assumed to be a linear function of distance
traveled and truck load because it is proportion to the fuel consumption of a trip. Clearly,
the carbon emission per product by truck depends on how full the truck is. The weight of an
empty truck can be viewed as a fixed carbon emission generated in each trip. Therefore, the
carbon emission generated by transportation between supplier and warehouses is assumed
to be

θfmd
s
j

Dj

Qj

+ θvmd
s
jDj,

where θfm and θvm are the fixed and the various carbon emission factors of transportation
mode m, respectively, dsj is the distance from the supplier to warehouse j, Dj is the demand
incurred at warehouse j, and Qj is the quantity shipped in each trip. For trips between
warehouses and retail stores, we assume an average truck-load for each trip. Thus, the
expected carbon emission of one trip from warehouse j to retail store i is θdijµi, where
θ is the carbon emission factor for outbound transportation, dij is the distance between
warehouse j and retail store i, and µi is the expected daily demand of retail store i.

Note that this calculation of carbon emissions is only suitable to single transportation
mode for each trip. In practice, it is possible to have intermodal transportation in one trip.
Thus, the carbon emissions for a trip may not be proportional to the distance. For example,
when using rail as the main transportation mode, due to the limitation of infrastructure,
truck freight is required at the beginning and the end of a trip. Hence, when the shipping
distance increases, we can expect that the proportion of truck freight of the trip increases.
Thus it further increases the carbon emission per mile for such a trip. In this research, we
assume only single transportation mode for each trip is allowed to simplify the models and
left the intermodal transportation mode to the future work.

Carbon Emission from Warehouse Operation and Construction

Warehouse activities are complex and highly correlated, so it is hard to know the partial
effect of supply chain activities on warehouse energy consumption. Figure 2.2 shows the
average energy consumption in a warehouse by end use. We observed that a significant
part of energy consumption comes from activities related to building size, such as cooling,
heating, ventilation, and lighting. It is intuitively that the annual energy consumption of
a warehouse increases as the size/capacity of the warehouse increases, but we do not know
the functional relationship between size and energy. As the building size increases, we
expect more staff will be hired to maintain daily operation and the energy consumption for
heating or cooling then increases. At the same time, the warehouse may have a smaller
proportion of office space where computers and servers are running. In order to characterize
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the energy consumption from warehouse operation activities, we conducted data analysis and
regression analysis on the Commercial Buildings Energy Consumption Survey (CBECS) data
in 2003 (U.S. Energy Information Administration, 2003). The CBECS is a national sample
survey conducted by the U.S. Energy Information Adminstration (EIA) every four years.
EIA collects information about the energy consumption inside the sampled U.S. commercial
buildings. Figure 2.3 shows the main sources of warehouse operation energy consumption is
major fuel and electricity.

Figure 2.2: Energy consumption by end use in warehouses

source: Managing Energy Costs in Warehouses, http://www.minnesotaenergyresources.com

In the regression analysis, we transformed the dependent variable (annual energy con-
sumption) using the natural log function to fit the normal distribution assumption of regres-
sion analysis. The independent variables, including building size, climate zone, operation
hours, building shape, etc., are centered to reduce multi-collinearity. The relevant factors of
our regression model can explain around 70% of the variance. (The adjust-R2 is 0.7.) From
the regression analysis, we observe that many factors are significant to the energy consump-
tion of warehouses, such as refrigeration, floor space, outside temperature, the number of
floors of the warehouse, and the average length of a local day. We are particularly inter-
ested in factors related to the supply chain activities, such as inventory level and warehouse
capacity. The regression model suggests that annual energy consumption is an exponential
function of building floor space, as shown in Figure 2.4. Because 70% of the warehouses in
the sample data are one-floor building, we assume the height of each floor is the same, and
therefore use the building floor space represents the warehouse capacity. Hence, based on
the analysis, we assume that energy consumption during use phase is a convex function of
warehouse capacity. That is, the energy consumption during operation phase of warehouse
j is Oj(Cj) = eα

0
j+α1

jCj , where Cj is the capacity of warehouse j and αj’s are coefficients
obtained from the regression analysis.
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Figure 2.3: Energy source in warehouses

Data source: U.S. Energy Information Administration (2003)
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Data source: U.S. Energy Information Administration (2003)
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The carbon emission generated from the production of construction material and the
construction phase of a warehouse is also significant, and need to be take into considerations.
We assume that the energy consumption during the construction phase is a concave function
in building size, because of economies of scale.

From the above analysis and argument, the carbon emission of warehouse j can be written
as a function of the warehouse capacity.

γj(Cj) = K(Cj) +Oj(Cj),

where Kj(·) is a concave function and Oj(·) is a convex function. Guggemos and Horvath
(2005) conducted a LCA study of commercial buildings and found that the material usage
and the operation phase each generates almost 45% of carbon emissions in the life cycle of
a commercial building. Therefore, any of the functions Kj(·) and Oj(·) should not dominate
the other.

2.4 The Joint Inventory Location Model

We consider a manufacturer that intends to sell its goods to customers through retail stores.
The manufacturer would like to build several warehouses to pool the risk from demand
uncertainty. The decisions of the manufacturer include the location of warehouse, the retail
store assignment of warehouses, transportation mode for inbound logistics, and the capacity
of the warehouse. The last two decisions are usually considered as external parameters in
cost minimization models. We include those decision variables because they are important
factors in carbon emission minimization problem. We consider three objective functions.
They are cost minimization, carbon emission minimization, and multi-objective function
with weighted cost and carbon emission.

The joint inventory-location model was first proposed by Z.-J. M. Shen et al. (2003)
and Daskin et al. (2002). Many extensions of this model have been analyzed. Readers are
referred to Z. Shen (2007) for a review of the integrated supply chain model. Our model
differ from the past literatures in the new capacity decision variable, which complicates the
model. Throughout this paper, we use the words warehouse and DC interchangeably.

The notation is defined in Table 2.1. The decision variables are

• Xjm = 1, if a warehouse is located at candidate site j and the transportation mode
from supplier(manufacturing facility) to this warehouse is m.

• Yijm = 1, if demands at retail store i are assigned to a warehouse at candidate site j
with inbound transportation mode m.

• Qj, the shipping quantity of each trip from the supplier to warehouses j.

• Cj, the capacity of warehouse j.
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The cost minimization model is formulated as follows.

Min-Cost: Min
∑
j

[∑
m

fj(Cj)Xjm + β
∑
m

∑
i

χµiYijmdij +
∑
m

wm
j (
∑
i

χµiYijm)

+hzα

√
Lmdsj

∑
i

σ2
i

∑
m

Yijm

 (2.1)

Subject to
∑
j,m

Yijm = 1, ∀i ∈ I, (2.2)∑
m

Xjm ≤ 1, ∀j ∈ J, (2.3)

Yijm −Xjm ≤ 0, ∀i ∈ I, j ∈ J,m ∈ M, (2.4)

Qj +

zα

√
dsj

∑
i∈I,m∈M

Lmσ2
i Yijm + dsj

∑
i∈I,m∈M

LmµiYijm

 ≤ Cj, ∀j ∈ J,

(2.5)

Cj ≥ C, ∀j ∈ J, (2.6)

Q̄ ≥ Qj ≥ 0, ∀j ∈ J, (2.7)

Xjm ∈ {0, 1}, ∀m ∈ M, j ∈ J, (2.8)

Yijm ∈ {0, 1}, ∀i ∈ I, ∀m ∈ M, j ∈ J. (2.9)

The objective function sums the fixed cost of locating distribution centers, the DC-retail
store transportation cost, the working inventory cost, and the safety stock cost. The working
inventory cost, wj(x) includes the fixed cost of placing orders, the shipment costs from the
supplier to the DC, and the holding cost of working inventory. Therefore, we have

wm
j (Dj) = Fj

Dj

Qj

+ vm(Dj, Qj) + h
Qj

2
,

where vm(Dj, Qj) = gm
Dj

Qj
+amDj if the transportation cost is a linear in the amount shipped.

Equation (2.2) requires that each retail store be assigned to exactly one distribution
center. Equation (2.3) states that the inbound (supplier-DC) transportation can only use
one transportation mode. Equation (2.4) states that each retail store can only be assign to
an opened warehouse. Equation (2.5) is the worse case capacity constraints. The maximum
amount of products in a warehouse happens at the time the shipment from supplier arrived
at the warehouse and there is no demand during the transportation leadtime. Hence, the
capacity of a warehouse has to be larger than the batch quantities plus the safety stock and
leadtime demand. Equation (2.6)-(2.9) are nonnegative and binary variables constraints.
Note that we have truck capacity constraints in Equation (2.7). The truck capacity is
measured in units of products in our single product models. In practice, the capacity is two
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Table 2.1: Inputs and Parameters

µi daily mean demand at retail store i, for each i ∈ I;
σ2
i daily variance of demand at retail store i, for each i ∈ I;

Cj capacity of warehouse at candidate site j, for each j ∈ J ;
f(Cj) fixed cost of locating a warehouse at candidate site j with capacity Cj, for each

j ∈ J ;
νjm(x) cost to ship x units by mode m from the main supplier to the warehouse located at

candidate site j, for each j ∈ J and m ∈ M ;
dij distance between warehouse j and retail store i, for each i ∈ I and j ∈ J ;
dsj distance between the main supplier and warehouse j, for each j ∈ J ;
β unit cost of outbound transportation (per mile per unit product);
θfm fixed carbon emission per unit distance from one shipping of inbound transportation

if mode m is used, for each m in M ;
θvm variable carbon emission per unit product per unit distance of inbound transporta-

tion if mode m is used, for each m in M ;
θ average outbound transportation carbon emission per unit product per unit distance;
α desired service level at each retail store;
zα quantile of the standard normal distribution such that P (z ≤ zα) = α;
h inventory holding cost per unit of product per year;
wj(x) total annual cost of working inventory held at warehouse j if the expected demand

at j is x for each j ∈ J ;
Lm leadtime per unit distance via transportation mode m, for each m ∈ M ;
Fj fixed cost of placing an order at warehouse j for each j ∈ J ;
gjm fixed transportation cost of shipping a batch order from plant to warehouse j in

transportation mode m.
ajm the variable transportation cost per unit product of shipping a batch order from

plant to warehouse j in transportation mode m.
χ number of work days in a year.
Q̄ truck capacity (in units of products).
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dimensional: volume and weight. When there are more than one type of products in a truck,
it is possible to better utilize the truck capacity in the two dimensions. This characteristic
is important if a multiple-products environment is considered.

The carbon minimization model is formulated as follows.

Min-carbon: Min
∑
j

[∑
m

θOut
∑
i

χµiYijmdij + θIn,vm dsj
∑
i

χµiYijm + γj(Cj) (2.10)

+
∑
m

(
θIn,fm dsj

∑
i χµiYijm

Qj

)]
(2.11)

Subject to Constraints (2.2) to (2.9)

The minimizing carbon objective function sums the carbon emission from transportation
(including the transportation emission from the main supplier to DCs and from DCs to retail
store) and from constructing and operating a warehouse j.

According to the aforementioned argument, the carbon emission of warehouse j can be
written as a function of its capacity.

γj(Cj) =

{
K(Cj) +Oj(Cj) if Xjm = 1,

0 otherwise.

where Kj(Cj) and Oj(Cj) are the warehouse construction emission and the operation emis-
sion, respectively. We assume K(Cj) is a concave function due to economies of scale and
Oj(Cj) is a exponential convex function based on the data analysis mentioned in the previous
section.

Equivalent Conic Model

The two models we proposed are highly nonlinear in the objective function. In order to
further analyze the models, we assume the fixed construction concave cost is fj

√
Cj. For

the carbon emission from the warehouse construction phase, we assume the concave function
is Kj(Cj) = kj

√
Cj. We also assume there are only several possible capacity levels for each

location. This assumption is reasonable in practice. Thus, we can use binary variables to
represent the level of capacity. For example, we can have four level of capacity, C,C1, C2, C1+
C2 by defining Cj = C + C1Z1j + C2Z2j with Z1j, Z2j be the binary variables. Finally, the
exponential warehouse operation carbon emission function is approximated by the second
order Taylor series approximation, that is, Oj(Cj) = λje

αjCj ≈ λj(1 + αjCj + (αjCj)
2/2)

Having the above approximation technique, we transform these problems into conic
quadratic mixed integer programs (CQMIP). The equivalent CQMIP can be solved effi-
ciently with commercial optimization software.
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Definition 1. A conic quadratic mixed-integer program (CQMIP) is an optimization problem
of the form:

Minimize fTx (2.12)

Subject to ∥Aix+ bi∥2 ≤ cTi x+ di, i = 1, . . . , n+m (2.13)

where x ∈ Zn × Rm, ∥u∥2 is the Euclidean norm, and all parameters are rational.

Proposition 1. Problem (Min-Cost) is equivalent to the following program, (CQMIP-cost):

(CQMIP-cost) Min
∑
j

[
tfj +

∑
m

∑
i

(βdij + ajm)χµiYijm +
h

2
tQj + hzαt1j

]
(2.14)

Subject to Equation (2.2) to (2.4) and (2.7) to (2.9)

f 2
j (C + C1Z

2
1j + C2Z

2
2j) ≤ (tfj − (

∑
m

Xjm − 1)M f )2, ∀j ∈ J (2.15)∑
i,m

Lmd
s
jσ

2
i Y

2
ijm ≤ t21j, ∀j ∈ J (2.16)

Qj +

(
zαt1j +

∑
i,m

Lmd
s
jµiYijm

)
≤ C + C1Z

2
1j + C2Z

2
2j, ∀j ∈ J (2.17)

2

h

∑
m

(Fj + gjm)
∑
i

χµiY
2
ijm + (Qj −

tQj
2
)2 ≤

(tQj )
2

4
, ∀j ∈ J (2.18)

tfj , t
Q
j , t1j ≥ 0, ∀j ∈ J (2.19)

Z1j, Z1j ∈ {0, 1}, ∀m ∈ M, j ∈ J (2.20)

Proposition 2. Problem (Min-Carbon) is equivalent to the following program, (CQMIP-
carbon):

(CQMIP-carbon) Min
∑
j

[
tkj +

∑
m

(θOut + θIn,vm )
∑
i

χµiYijmdij + zj + sj

]
(2.21)

Subject to Equation (2.2) to (2.4), (2.7) to (2.9) , (2.16), (2.17), and (2.20)

k2
j (C + C1Z

2
1j + C2Z

2
2j) ≤ (tkj − (

∑
m

Xjm − 1)Mk)2, ∀j ∈ J (2.22)

(αj(C + C1Z1j + C2Z2j) + 1)2 + (sj/λj − (
∑
m

Xjm − 1)M o − 1)2

≤ (sj/λj − (
∑
m

Xjm − 1)M o)2, ∀j ∈ J (2.23)

∑
m

θIn,fm dsj
∑
i

χµiY
2
ijm +

(zj −Qj)
2

4
≤ (zj +Qj)

2

4
, ∀j ∈ J (2.24)

t1j, t
k
j , zj, sj ≥ 0, ∀j ∈ J (2.25)
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Multi-objective Problem

In this section, we formulate the multi-objective problem by assigning a weight to the total
carbon emission and construct a single aggregate objective function with total cost and total
carbon emission. The supply chain network design constraints remain the same as those
in Min-Carbon and Min-Cost. The multi-objective problem can be explored the trade-off
between carbon emission and cost.

Multiobj: Min
∑
j

[∑
m

fj(Cj)Xjm +
∑
m

βm

∑
i

χµiYijmdij +
∑
m

wm
j (
∑
i

χµiYijm)

+ hzα

√
Lmdsj

∑
i

σ2
i

∑
m

Yijm +W

[∑
m

θm
∑
i

χµiYijmdij

+
∑
m

(
θfmd

s
j

∑
i χµiYijm

Qj

+ θvmd
s
j

∑
i

χµiYijm

)
+ γj(Cj)

]]
, (2.26)

Subject to Constraints (2.2) to (2.9)

The model structure is identical to Min-Cost and Min-Carbon, with different objective
function. Therefore, The same approximation techniques can be applied and the problem
can be transformed to a second order conic program.

Proposition 3. Problem (Multiobj) is equivalent to the following program, (CQMIP-multiobj):

(CQMIP-multiobj) Min
∑
j

[
tfj +

∑
m

[βmdij + ajm +W (θmdij + θvmd
s
j)]
∑
i

χµiYijm

+W (tKj + sj) +
h

2
tQj + hzαt1j

]
(2.27)

Subject to Equation (2.2) to (2.4), (2.7) to (2.9), (2.15) to (2.17),

Equation (2.22), (2.23), (2.19), (2.20), and (2.25)

2

h

∑
m

[Fj + βmgjm +Wθfmd
s
j ]
∑
i

χµiY
2
ijm

+ (Qj −
tQj
2
)2 ≤

(tQj )
2

4
, ∀j ∈ J. (2.28)

By varying the weight W , we can trace out the set of noninferior solutions to the trade-
off between carbon emission and cost. A very small value of W corresponds to Min-Cost
problem, while a very large value of W corresponds to Min-Cost problem.

A solution with total cost C and total carbon emission E is defined as noninferior if
there does not exist other solutions with cost C ′ and carbon emission E ′ such that C ′ ≤ C
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and E ′ ≤ E with strict inequality holding for at least one of the two inequalities. To get
the noninferior frontier solutions, we applied the weighting method (Cohon, 2004), which
attempts to find noninferior solutions to the south and west of the line connecting any two
non-inferior solutions when plotted in objective space. For any two adjacent noninferior
solutions with objective values (C1, E1) and (C2, E2), we obtain the weight by solving the
following equation,

C1 +WE1 = C2 +WE2

Using the weight,

W =
C2 − C1

E1 − E2
,

in the multi-objective problem, we can determine whether there is a noninferior solution to
the south and west of the line connecting the two solutions.

The first two solutions to use in this process are just the optimal solutions of Min-
Carbon and Min-Cost. Once we obtain the two extreme solutions, the procedure can be
applied iteratively. Each of the iteration involve solving a second order conic program in
order to get one noninferior solution.

2.5 Continuous Approximation

We have presented MIP models for Min-Cost, Min-Carbon, and Multiobj. However, the
models are complex and we can only conduct numerical analysis to get managerial insight.
In this section, we developed a Continuous Approximation (CA) model for Min-Carbon
problem which predicts the total system carbon emission without the details of facility
locations and customer assignments.

The continuous approximation model for traditional supply chain network problem was
first developed by G. F. Newell (1973), Daganzo (1984a); Daganzo (1984b) and Daganzo
and Gordon F Newell (1986). In CA method, the cost of serving the demand near facility
location is formulated as a function of a continuous facility density (number of facilities per
unit area). It has been shown that the CA approach provides good approximate solutions to
large-scale logistic problems. In recent years, CA method has been applied to several facility
location problem. Qi and Z.-J. M. Shen (2007) used CA to approximate the routing cost and
incorporate it to the integrated supply chain design problem. Cui et al. (2010) applied CA
to obtain managerial insight of the reliable facility location problem. Mangotra, J. Lu, et al.
(2009) and Mangotra, J. C. Lu, et al., 2009 developed a two-phase approximation technique
with CA method for the integrated supply chain design problem with Type I and Type II
service level measurement. The readers are referred to Langevin et al. (1996) and Daganzo
(1999) for reviews of the CA model.

The CA method works best if the characteristics of the problem vary slowly over both
space and time. However, some of the characteristics of our problem, including the decision
variables of warehouse capacity and transportation mode, do not possess this property. To
maintain the tractability, we construct the CA model for a special case where we have fixed
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transportation mode and the warehouse capacity is not a concern. The transportation option
can be added into the problem easily by comparing results with different transportation
modes.

We consider a set of customers distributed in the continuous metric space S ∈ R2, where
the demand rate λ(x), customer density δ(x), and the fixed carbon emission and fixed cost for
locating a warehouse fe(x) and fc(x), respectively, are continuous functions of the location
x ∈ S. The distance from the factory to x is denoted as r(x). The notation of transportation
carbon emission factors and leadtime are defined as follows. All these spatial attributes are
assumed to vary continuously and slowly in x.

• θf : fixed carbon emission factor per unit distance for sending one shipping freight.

• θv: inbound transportation carbon emission factor per unit distance per unit weight.

• θ: outbound transportation carbon emission factor per unit distance per unit weight.

• L: leadtime per unit distance.

• ϕf : fixed cost per unit distance for sending one shipping freight.

• ϕv: inbound transportation cost per unit distance per unit weight.

• β: outbound transportation cost per unit distance per unit weight.

Given the transportation modes and warehouse capacity, the decision variables are the
influence area of a warehouse A(x) and the shipping batch size from factory to warehouse
Q(x). There is a upper limit Q̄ for the batch size Q(x). The length of planing time period,
say, one year, is denoted as ξ. We assume that S if far larger than A(x), i.e., approximately
infinite. When the parameters are approximated constant over a region comparable to the
size of several influence areas, the influence area size A(x) should be also approximately
constant on that scale. Hence, the carbon emission of serving a unit area near x when the
influence area size is approximately A(x) can be defined as follows.

Ze(A(x), Q(x), x) =
fe(x) + θfξλ(x)δ(x)R(x)/Q(x) + θvξλ(x)δ(x)R(x)

A(x)
+θfr

√
A(x)ξλ(x)δ(x),

where fr
√
A(x) is the average outbound distance traveled by each item with fr = 0.38

(Daganzo, 1999), and R(x) is the average inbound distance at x. The first term represents
the fixed DC carbon emission and the inbound transportation emission per unit area, and
the second term represents the outbound transportation emission per unit area. Note that
the warehouse operation carbon emission is removed in the objective function of CA model
because we assume the capacity is not concern in the problem.

Note that R(x) depends on the number of DC built, and therefore depends on the in-
fluence area A(x). To estimate R(x), we apply dimensional analysis and the Buckingham-
Theorem: the dimensionless quantities R

√
S/A and S/A are independent to each other.
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Hence, there must exist a unique function G such that R
√
S/A = G(S/A). The exact func-

tion of G can be estimated using simulation. Therefore, the least squares regression with
the simulated data in Figure 2.5 yields an logarithm function as follows.

G

(
S

A

)
≈ ν ln

(
S

A

)
,

where ν = 0.95. The R-square value for the above regression equals 0.98, indicating a very
good fit.
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Figure 2.5: Simulated and Fitted R
√
S/A for Euclidean Metric

The optimal influence area can be obtained by minimizing the average carbon emission
per area, i.e.,

(CA-Min-Carbon)

Min Ze(A(x), Q(x), x) =
fe(x)

A(x)
+

θfξλ(x)δ(x)ω ln(1/A)

Q(x)
+ θvω ln(1/A)ξλ(x)δ(x)

+ θfr
√

A(x)ξλ(x)δ(x),

subject to 0 ≤ Q(x) ≤ Q̄,

0 ≤ A(x) ≤ S,
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where ω = τ
√
S.

Similarly, we construct the cost minimization CA model as follows.

(CA-Min-Cost)

Min Zc(A(x), Q(x), x) =
fc(x)

A(x)
+ ϕf

ξλ(x)δ(x)

Q(x)
+ ϕvω ln(1/A)ξλ(x)δ(x) + βfr

√
A(x)ξλ(x)δ(x)

+
h(Q(x)/2 + zα

√
Lω ln(1/A)σ2(x)A(x))

A
subject to 0 ≤ Q(x) ≤ Q̄,

0 ≤ A(x) ≤ S.

For Problem (CA-Min-Cost), the objective function is composed of the fixed warehouse
construction cost, the fixed inbound logistics cost, the variable inbound logistics cost, the
outbound logistics cost, and the holding cost. Note that the total cost function is similar
to the total carbon emission function in the Problem (CA-Min-Carbon) except there is an
additional term for holding cost.

Because the only constraints of the two CA models are boundary constraints, we can
obtain the analytical solutions, as shown in the following propositions. In the rest of the
section, we use subscription e refers to emission and the subscription c refers to cost.

Proposition 4. In the optimal solution of Problem (CA-Min-Carbon), the optimal truck
batch size is the truck capacity, i.e., Q∗

e = Q̄. Thus the optimal influence area of a DC at x
is

A∗
e ≡ A∗

Min-Carbon = min

S, Âe ≡

[−be
2

+

√
b2e
4
+

a3e
27

]1/3
+

[
−be
2

−
√

b2e
4
+

a3e
27

]1/32
where ae = −4J2

2/J
2
3 and be = −16J3

2/(27J
3
3 )−2J1/J3, where J1 = fe, J2 = ωξδλ(θf/Q̄+θv),

J3 = θfrξδλ.

Proposition 5. For Problem (CA-Min-Cost), given a certain condition (the condition is
described in the appendix), the optimal solution is described as follows.

1. If y2r < hQ̄2

2ϕf ξλδ
and hQ̄2

2ϕf ξλδ
< y

′2
r < S, the optimal solution is either y2r or y

′2
r .

2. If y2r < hQ̄2

2ϕf ξλδ
and y

′2
r ≤ hQ̄2

2ϕf ξλδ
, the optimal solution is y2r .

3. If y2r < hQ̄2

2ϕf ξλδ
and y

′2
r ≥ S, the optimal solution is either y2r or S.

4. If y2r ≥ hQ̄2

2ϕf ξλδ
and hQ̄2

2ϕf ξλδ
< y

′2
r < S, the optimal solution is y

′2
r .

5. If y2r ≥ hQ̄2

2ϕf ξλδ
and y

′2
r ≤ hQ̄2

2ϕf ξλδ
, the optimal solution is hQ̄2

2ϕf ξλδ
.
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6. If y2r ≥ hQ̄2

2ϕf ξλδ
and y

′2
r ≥ S, the optimal solution is S.

where

yr =

[
−b

2
+

√
b2

4
+

a3

27

]1/3
+

[
−b

2
−
√

b2

4
+

a3

27

]1/3
,

and

y′r =

[
−b′

2
+

√
b′2

4
+

a′3

27

]1/3
+

[
−b′

2
−
√

b′2

4
+

a′3

27

]1/3
,

where a = (−K1K4 − 4K2
3/3)/K

2
4 and b = −16K3

3/(27K
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3/(3K

2
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3/(27K
3
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1/K4, where K1 = fc + mhzα
√
Lσ2ω,

K2 =
√
hϕfξδλ, K3 = ωϕvξδλ, K4 = βfrξλδ, and K ′

1 = fc + hQ̄/2 +mhzα
√
ωLσ2.

In most of the scenarios described in the Proposition 5, we can easily identify the true
optimal solutions by comparing the values of two possible candidates. In the condition (1)
and (3), we need to plug in the values of possible candidates to the objective function to find
out the true optimal solution.

The Min-Cost solution A∗
c is either y2r , y

′2
r ,

hQ̄2

2ϕf ξλδ
, or S. Therefore, we can analyze these

four possible solutions and compare them with the optimal solution in Min-Carbon A∗
e. If

the ratio, A∗
c

A∗
e
, is smaller than 1, we will observe more warehouses in Min-Cost than that in

Min-Carbon.

2.6 Numerical Analysis

To obtain more insights from our proposed model, we conduct several numerical analysis to
answer the following questions and provide guidelines for firms toward green supply chain.
(1) What are the differences of the optimal supply chain network design between Min-Carbon
and Min-Cost? (2) What are the trade-offs between cost and carbon emissions? (3) How
does different supply chain activities influence the carbon footprint reduction? (4) What
should a firm do to minimize its carbon footprint within a limited budget? A numerical
analysis for testing CA approach is also conducted in this section.

Numerical Experiment Setting

A small hypothesized domestic supply chain example was used to analyze the trade-offs
between the carbon emission and cost in supply chain network design problem. An example
of ten candidates of warehouse location, 30 retail stores and three transportation modes
is considered. The parameters of cost and carbon emission are estimated based on public
data source to align with practice. The carbon emission factors in transportation used in
the analysis is summarized in Table 2.3. The warehouse emission from operation phase was
estimated from our regression analysis model, that is, λj = 190, 000, and αj = 8 ∗ 10−8,
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∀j ∈ J . For the warehouse construction carbon emission, we assumed that 10Gg CO2 is
generated from construct a 50,000 square feet warehouse (Guggemos and Horvath, 2005)
and further estimated that a 10,000 square feet warehouse has capacity of 480,000 products
based on the standard pallet size. Therefore, we assumed Kj = 0.633. The shipping cost is
estimated from USPS postage and we apply a 30% off discount as firms usually can get a
certain amount of discount from their logistic partners. The estimated costs are shown in
Table 2.2. The construction cost is estimated according to Reed Construction Data Website,
which suggests a 30,000 square feet warehouse costs around $2,400,000. The demand of each
retail store is randomly generated from uniform distribution in [1,000, 3,000]. The coefficient
of variation is assumed to be 0.25. There are four capacity levels of each warehouses, extra-
large (130,000 units), large (100,000 units), medium (80,000 units), and small (50,000 units).

Table 2.2: Parameters Setting for the Based Scenario

Parameters Value Unit
Onbound Transportation Cost (β) 0.1 dollar per km

Fixed Inbound Transportation Cost (gm)
Rail 150 dollar per shippment

Truck 200 dollar per shippment
Air freight 1000 dollar per shippment

Variable Inbound Transportation Cost (am)
Rail 0.015 dollar per item per km

Truck 0.02 dollar per item per km
Air freight 0.2 dollar per item per km

Warehouse Construction Cost Coef. (f) 1000 n/a

Table 2.3: Carbon Emission Factors in Transportation

transportation mode carbon emission factor (ton CO2/kg-km) source
air freight emission 5.97E-4 Reich-Weiser et al. (2010)

truck emission 3.3E-5 Reich-Weiser et al. (2010)
Rail road 2.2E-5 Ashby (2009)

The numerical analysis was conducted on CPLEX v12.2 with Core 2 Quad Q8300 2.5GHz
CPU and 4GB RAM. In addition to the aforementioned parameter setting as our baseline
scenario, we varied the holding cost, the transportation cost, the DC carbon emissions, and
the transportation carbon emissions each by using a factor of 0.25, 0.5, 1, 2, and 4. Therefore,
we obtained 625 scenarios from the combinations of different parameter value. Each of the
scenarios may represent different industry or different levels of technology improvement. For
example, we can expect that transportation carbon emission factors will reduce to more than
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a half in the next decade because the US government requires automobile makers to achieve
54.5 miles per gallon fuel efficiency by 2025.

Optimal Number of Warehouses

We are interested in the difference of the optimal solutions in the Min-Carbon and Min-Cost
models, which can provide industries a guideline to reduce carbon emissions. We first look
at the optimal number of warehouses. As shown in Figure 2.6, we observed that, among the
625 scenarios, there are 592 scenarios where we have more warehouses in the Min-Carbon
model than that of the Min-Cost model, 29 scenarios where we have the same number of
warehouses in the two models, and only 4 scenarios where we have fewer warehouses in Min-
Carbon than that of Min-Cost. Therefore, in general, opening more warehouses can reduce
carbon emissions, which aligns with the results found in Cachon (2011). On the other hand,
when the DC carbon emission is not too large compared to transportation carbon emissions,
opening more DCs can reduce total carbon emissions in a supply chain network. Moreover,
when the transportation carbon emission factor increases, or when the DC carbon emission
factor decreases, we observed that a bigger difference between the number of DCs in Min-
Carbon and that of Min-Cost.
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Figure 2.6: Histogram of the Difference of the Number of Warehouses
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Figure 2.7: The Difference of Optimal Number of DCs in Min-Carbon and Min-Cost Model

We also observed from Figure 2.7 that the optimal solutions is more sensitive in the
change of the carbon emission parameters than that of the cost parameters. Among our
625 scenarios, the optimal number of DCs in Min-Cost model is either 2 or 3. However, the
optimal number of DCs in Min-Carbon model ranges from 2 to 10.

The above observations can provide some insights to policy makers. For a firm only
consider economic cost, which then will not put any investment on reducing carbon emissions,
in order to make it’s supply chain network closer to the Min-Carbon solution, the policy
makers should adjust the cost structure so that the optimal supply chain designs of Min-
Carbon and Min-Cost are similar to each other. To achieve this result, according to our
numerical analysis, policy makers should either decrease the cost of holding extra inventory
or increase the unit cost of transportation. Currently, developing regulations put extra energy
and/or carbon tax on fuel for transportation, which increases the unit cost of transportation.
This kind of regulations provide incentives not only to reduce actual fuel consumption, but
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also to have a supply chain network design closer to the Min-Carbon one. In addition to
changing the cost structure, governments can push the reduction of transportation carbon
emissions factor or the increase of the warehouse carbon emissions factor. This can be done
by providing subsidy for firms using non-fossil based fuel.

Supply Chain Networks with Outbound Transportation is More Efficient than
Inbound Transportation

Note that we have assumed inbound transportation is more efficient than outbound trans-
portation. This assumption aligns with traditional domestic supply chain network. For
example, in the final leg of a supply chain, products are stored in reginal warehouses and
shipped to retail stores when needed. In this case, the truck from facility or national ware-
house to reginal warehouse is usually bigger and more utilized than the truck from reginal
warehouses to retail stores. However, there are many other scenarios where outbound trans-
portation is more efficient than inbound transportation. For example, in a cross-docking
system, where products from different suppliers are shipped to the warehouse, and then dif-
ferent types of products are consolidated and shipped to the stores, the outbound trucks are
usually fully utilized while the inbound trucks are not. Another example is the international
supply chain network. Due to the standard container size from China is smaller than that
in the United States, a warehouse located right next to a sea port can take advantage of
the size of the U.S. container by reloading and consolidating the products, and thus the fuel
consumption of the outbound transportation can be reduced.

Despite that our models focus on the domestic supply chain network, we conducted an-
other numerical experiment for the case that outbound transportation is more efficient than
inbound transportation by altering the transportation efficiency parameters. The parameter
setting is the same as the baseline scenario except that we now have β = 0.05 (instead of
0.1), θ = 0.01 (instead of 0.033). We then generate 625 scenarios by varying the holding cost,
the transportation cost, the DC carbon emissions, and the transportation carbon emissions
each by using a factor of 0.25, 0.5, 1, 2, and 4. We observed that, as shown in Figure 2.8,
more centralized supply chain network, i.e., building fewer warehouses, is preferred when
we want to minimize the supply chain network carbon emissions. This result suggests that
transportation efficiency plays an important role in supply chain design.

Trade-offs between cost and carbon emission

For policy makers, it is important to know the cost per tonnes of carbon emission in order to
providing incentives with appropriate carbon price. Therefore, we investigate the costs per
unit of carbon emission in our scenarios. We are interested in identifying solusions where
firms incur only a small amount of extra cost but can reduce a great amount of carbon
emissions. To this end, we define two kinds of cost for reducing carbon emissions. The first
one is the cost per tonne of carbon emission in order to acheive the Min-Carbon solution.
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Outbound Transportation is More Efficient than Inbound Transportation

We call it the average cost and it is calculated using the following equation,

Total CostMin-carbon − Total CostMin-cost

Total CarbonMin-carbon − Total CarbonMin-cost

.

The second one is the cost per tonne of carbon emission to acheive at least 50% of the
potential carbon emission reduction, where the total potential carbon emission reduction is
defined as the difference between the carbon emission in the Min-Cost and Min-Carbon. We
call it the marginal cost and it is calculated using the following equation.

Total Cost50% carbon reduction − Total CostMin-cost

Total CarbonMin-cost − Total Carbon50% carbon reduction

,

We then can use the marginal cost per tonne of carbon emission for each scenario as a
metric for identifying the scenarios with cost-efficient potentials of carbon emission reduction.
Figure 2.9 shows the histogram of the average cost and the marginal cost per tonne of carbon
emission over the 625 scenarios. From Figure 2.9, we observed that the mean value of the
average cost and marginal cost per tonnes of carbon emission over the 625 scenarios are
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$1,395 and $677, respectively. Both are much higher than the carbon tax suggested by
European Commission ($5 to $40 tonnes of carbon emissions) (Kanter, 2010).

Figure 2.9: Histogram of Average Cost and Marginal Cost per Tonne of Carbon Emission

In addition to the absolute marginal cost, we also calcualte the marginal cost ratio, which
is defined as follows.

(Total Cost50% CO2 reduction − Total Costc)/(Total Coste − Total Costc)

(Total Carbon50% CO2 reduction − Total Carbonc)/(Total Carbone − Total Carbonc)
.

Here we use subscript c and e to represent the Min-Cost model and Min-Carbon model,
respectively (e represents ”emissions”).

When the marginal cost ratio is 1, the cost per carbon reduction to achieve 50% carbon
reduction is the same as that to achieve Min-Carbon solution, which represents no potential
for reducing carbon emission with lower cost increase. Hence, we would like to see the
marginal cost ratio being away from 1. Figure 2.10 shows the histogram of the marginal cost
ratio for the numerical scenarios, excluding those scenarios with total carbon reduction is
smaller than 100 tons of CO2e. We excluded those scenarios because the impact of carbon
reduction is small and the solutions to Min-Cost and Min-Carbon are similar to each other.
As shown in Figure 2.10, the marginal cost ratios are smaller than 0.5 in most scenarios,
suggesting firms can spend only less than 25% of the cost increase range (the cost difference
between the problem Min-Cost and Min-Carbon) to reduce 50% of the total carbon reduction
potential. This result shows that firms can achieve a great amount of carbon emission
reduction with limited cost. We further investigate the cases when there exist limited cost
budget in the next section.

Optimal Green Supply Chain Design with Limited Cost Budget

In practice, firms usually have a limited budget on improving their environmental perfor-
mance. As the environmental awareness growing, it is possible that in the future, the budget
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toward sustainability will increase. Thus, it would be useful if there is a guideline for the
sequence of carbon reduction initiatives. For example, firms with a limited budget may go
for a short-term strategy, such as changing the shipping frequence, to reduce carbon emis-
sion without paying for a huge cost. Those firms may adopt other long-term strategies in
the future when there are more budget allocated to carbon emission reduction. To see if
such a short-term strategy is always better to adopt at beginning, we conducted a numerical
analysis using a bi-level optimization model. In the bi-level optimization model, a Min-Cost
problem is first solved and the optimal cost is obtained. Then, a Min-Carbon problem with
a cost constraint that makes sure the total cost does not exceed 5%, 10%, and 15% increase
of the minimal cost in the Min-Cost problem.

We first observe that, with a higher budget, firms will build more DCs to reduce the
total carbon emissions. Moreover, we have a nested sequence of building DCs in the 597
scenarios. That is, a DC built in the 5% additional budget scenario is still in the optimal DC
building set in higher budget scenarios. Table 2.4 shows the DC built in selected scenarios.
The scenarios shown in the first three rows of Table 2.4 have nested sequences of building
DCs, while the scenario in the last row of the Table does not. Without the nested property,
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firms will end up in the sub-optimal solution if firms build DCs sequentially when they have
more budget in the future. We noted that in these scenarios, although the number of DCs
built in the two solutions to the problem with 10% and 15% additional budget are the same,
the selected DCs are different. Despite of lacking of the nested property in the 28 scenarios,
we observed that the nested supply chain designs have total carbon emission close to the
optimal supply chain design, with the differences are less than 2.5%. Therefore, building
DCs sequencially, which is more cost effective, is a near optimal strategy to minimize carbon
emission.

Table 2.4: DCs built in the Bi-level Optimization Numerical Examples

holding
cost
factor

Trans.
cost
factor

DC
Carbon
Emis-
sion
Factor

Trans.
Carbon
Emis-
sion
Factor

Min-
Cost

5% Ad-
ditional
Budget

10% Additional
Budget

15% Additional
Budget

Min-Carbon

0.25 0.5 0.25 0.25 (3),
(10)

(2), (3),
(10)

(1), (2), (3),
(8), (10)

(1), (2), (3),
(7), (8), (10)

(1), (2), (3),
(7), (8), (10)

2 1 0.5 0.25 (3),
(10)

(2), (3),
(10)

(2), (3), (8),
(10)

(1), (2), (3),
(8), (10)

(1), (2), (3),
(7), (8), (10)

1 0.25 2 0.25 (3),
(10)

(3), (10) (2), (3), (10) (2), (3), (10) (2), (3), (10)

2 0.5 1 1 (3),
(10)

(3), (10) (1), (2), (3),
(10)

(2), (3), (8),
(10)

(1), (2), (3),
(7), (8), (9),
(10)

For the short-term strategy, i.e., changing the shipping frequency, we observe that there
is no monotonic property in the budget limit. Intuitively, we expect to see a high truck
utilization rate when the optimal solution is closer to that of Min-Carbon. As we can see
in the first row of Table 2.5, which shows the average optimal truck batch size in several
scenarios, the higher the budget is, the higher the average truck batch size is. However, this
monotonic property does not hold in most cases, as shown in the rest of the rows of Table
2.5. This suggests that the shipping frequency should be adjusted every time when there is
a new budget constraint. The reason of the lack of monotonic property is that, with higher
but still limited budget, the firm will choose to open more small DCs. The DC capacity
constraint thus limits the inventory levels in the DCs. Hence, the shipping frequency has to
be decreased in order to reduce the inventory levels in the DCs. This may sound like a bad
news since firms cannot optimize the short-term strategy when budget is very limited and
then focus on the mid-term or long-term strategy when they have a higher budget. However,
because adjusting a short-term strategy is relatively easy, firms just need to remember to
adjust those strategies once they are going to redesign their supply chain network to reduce
carbon emissions.

Fixed DC Locations

In practice, firms may not always have the option of changing the facility locations due to
resource constraints or limited candidate of good locations. Therefore, we are interested in
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Table 2.5: Truck Batch Size in the Bi-level Optimization Numerical Examples

Holding
cost
factor

Trans.
cost
factor

DC
Carbon
Emis-
sion
Factor

Trans.
Carbon
Emis-
sion
Factor

Min-
Cost

5% Ad-
ditional
Budget

10%
Addi-
tional
Budget

15%
Addi-
tional
Budget

Min-
Carbon

4 0.25 4 0.25 604 887 1000 1000 1000
4 1 0.25 4 953 828 995 981 1000
4 1 1 4 953 828 995 981 1000
4 1 4 4 953 828 995 981 1000
0.5 0.5 4 0.5 1000 993 1000 1000 1000
0.5 0.5 1 0.25 1000 993 995 995 1000
Truck Capacity = 1000 units.

knowing how greater the impact will be if firms can change the whole supply chain network
rather than focusing on the short-term strategies. Hence, we solve the Min-Carbon problem
with the constraint where the DC locations are the same as the Min-Cost solution. We
compare the optimal carbon emission of the fixed carbon emission case with that of the
original Min-Carbon and calculate the carbon emission reduction ratio with the following
equation.

Carbon Emission Reduction Ratio =
Total CarbonFDC − Total CarbonMin-Carbon

Total CarbonMin-Carbon

,

where the Total CarbonFDC and Total CarbonMin-Carbon are the optimal value of carbon emis-
sion in the fixed DC locations problem and the Min-Carbon problem, respectively. As shown
in Figure 2.11, without changing the DC locations, the carbon emission reduction can only
achieve less than 20% of the potential reduction in most cases. This result suggests that
firms should not only focus on short-term strategy if they want to significantly reduce the
carbon emission of their supply chain network.

CA Model Computational Results

To test the performance of the CA approach, we use a similar numerical setting in Cui et al.,
2010. We consider a unit square as the whole service region we want to cover, where the
demands are distributed according to a continuous and slow varied density function λ(x).
As a benchmark, an analogous discrete test instance is also built by partitioning the unit
square into 7 × 7 = 49 identical square cells. The center of each cell is assumed as one of
the DC location candidates and also a store with the consolidate demand from the cell.

In this numerical analysis, we assume the parameters are homogeneous over the whole
space. We generate test instances for both CA-Min-Carbon and CA-Min-Cost by taking
λ ∈ {50000, 100000, 150000, 500000}. The fixed cost and fixed carbon emission are fc = 1000
and fe = 500 for all the instances. We use the same parameters from baseline scenario of
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Figure 2.11: Histogram of Carbon Emission Reduction Ratio for Fixed DC Locations

the numerical analysis in the previous section for the transportation parameters and holding
cost.

Table 2.6 shows the solutions obtained from the CA models and the MIP models. We
use superscript c (cost) and e (emission) to represent Min-Cost and Min-Carbon problem,
respectively. The number of warehouse built for the CA and MIP models, nCA and nMIP, in
two problems are also listed. We use ϵc and ϵe to represent the difference ratio of Min-Cost
and Min-Carbon problems between the CA model and MIP models, respectively. The CA
approach performs well as an approximation of the MIP models, with errors of total cost
within 1% and errors of total carbon emission with in 14%.

Table 2.6: CA Solutions and MIP Solutions in the 49-node network

λ Zc
CA Ze

CA Zc
MIP Ze

MIP nc
CA ne

CA nc
MIP ne

MIP ϵc(%) ϵe(%)
50000 8216.58 13784.12 8251.6 16130.8 1 3 1 1 0.42 14.54
100000 15418.16 25903.37 15488.2 31716.6 1 4 1 5 0.45 18.30
150000 22619.74 37846.9 22724.8 46324.9 1 5 1 5 0.46 18.10
500000 73030.8 120528.9 73381 140722 1 6 1 17 0.48 14.30

We observe that in this example, the CA-Min-Carbon does not perform as good as CA-
Min-Cost. The difference of the CA approach and MIP approach mainly comes from the
estimation of outbound transportation distance. The CA approach assume each influence
area is a circle and estimate the outbound transportation distance. Therefore, as shown
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in Figure 2.12, the CA estimation provides a better estimation when A = 1 because the
influence area can be approximated to a circle.
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Figure 2.12: Average Outbound Distance in CA and MIP models

2.7 Conclusion

Due to the regulations and public awareness about climate change, many leading companies
started to work on reducing carbon emission in the supply chain design. To this end, a
complete supply chain design model with all the important factors has to be constructed.
Hence, in this paper, we constructed joint inventory-location models to find minimum cost
and a minimum carbon emission supply chain network designs. The inventory level, ware-
house capacity, warehouse-retail store assignment, and the transportation mode from factory
to warehouses are all included in our models. The inclusion of transportation modes and
warehouse capacity decisions is align with current practice where carbon emission is a great
concern.

During the model construction, because of the complexity of the source of warehouse
emissions, we conducted a regression analysis on CBECS 2003 database to further understand
the functional relationship between energy consumption and warehouse capacity. The two
mixed integer programming models, Min-Cost and Min-Carbon, are transformed to conic
quadratic problems in order to further analyze the result. A numerical analysis is conducted
by solving this problem using CPLEX 12.1. In addition to the MIP models, the CA approach
is used to provide close form solutions with low computational effort and good approximation.
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We estimated the parameters in the numerical experiments from public available source
in order to have results and suggestion that are representative in practice. A small example
with 10 candidate DCs and 30 retail stores was investigated. The numerical results show that
in general, more and smaller DCs should be built if firms want to minimize carbon emission,
comparing with minimizing cost. We also constructed a multi-objective model to minimize a
weighted sum of total cost and total carbon emission. We show the trade-offs between carbon
emission and cost and suggest that there exist potential to reduce a significant amount of
carbon emission with a smaller amount of extra cost. In the numerical section, we further
looked into scenarios with limited budget constraint or fixed DC locations. In the cases
where there is limited budget cost, the numerical results show that firms cannot optimize
the short-term strategy when budget is very limited and then focus on the mid-term or long-
term strategy when they have a higher budget. While in the cases where the DCs locations
are fixed, we observed that, on average, only 20% of total carbon emission reduction can be
achieved.

The contribution of this research is two folds. First, we construct a highly nonlinear
supply chain network model to capture the energy consumption and carbon emissions of the
complex supply chain activities. We transform the problems to second order conic problems
to facilitate the solution processes. We further construct approximation using CA approach,
which further reduce the computation time of solving the complex supply chain problem.
Secondly, guideline toward a greener supply chain was provided based on numerical analysis.
We mainly restricts our analysis to a domestic supply chain network. However, we also
touched other scenarios, such as international supply chains and consolidated warehouses,
by looking into the cases where outbound transportation is more efficient than inbound
transportation.

The model proposed in this paper can be generalized to handle more general cases, includ-
ing refrigerated warehouses or other facility location problems where the carbon emissions
generated from activities in the facilities are significant. Case studies with real data will also
be helpful to obtain more managerial insights.
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Chapter 3

Product Durability Design

3.1 Introduction

Design for durability is usually viewed as a sustainable strategy to make a product last as
long as possible with the rationalization that with a longer product life less embodied energy
is required for the service provided by a single service unit per unit of time. There have
been campaigns and articles promoting designing for durability by making a product last
as long as possible or discouraging planned obsolescence (Cooper, 2005). However, making
a product as durable as possible, effectively extending the life of the product as long as
possible, is not best for environmental sustainability in all settings. For example, there
has been significant improvement in the energy efficiency of refrigerators since 1974. As a
result, studies have shown that replacing an old refrigerator before the end of its physical
life is a better strategy for the environment due to lower use phase energy consumption
of newer models (Kim, Keoleian, and Horie, 2006). In this type of setting, manufacturers
could encourage this behavior by designing a product with a shorter lifespan. In addition
to the impacts on the use phase energy consumption, the length of the product life may
have impacts on the refurbished product market, e.g. a longer product life may reduce
the supplies of remanufactured products and therefore reduce the potential remanufacturing
benefit (Ostlin et al., 2009). Previous work on product durability design does not consider
the implications on the full lifecycle of the product and hence conclude that it is optimal to
extend product life as much as possible in all settings. To optimally design product durability
and effectively determine the product life, however, a life cycle focused approach should be
applied.

Figure 3.1 shows some of the impacts of the product life decision on different life cycle
stages. As this figure and the examples above suggest, there are many tradeoffs to consider
when it comes to designing product durability. A newer version of a product may be more
energy efficiency due to the development of new technology, the implementation of new
legislation, and/or the change of consumer preferences. For example, the U.S. government
is requiring the vehicle industry to achieve an average fuel economy of 54.5 miles per gallon
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by 2025 (Eilperin, 2012). Thus, the fuel efficiency of new vehicles will be improving over
time. In this case, replacing a vehicle more frequently, or encouraging this by reducing the
product lifetime by reducing durability, may be more energy efficient. On the other hand, a
newer version of a product may come with more functionality and thus require more energy
during its use phase, as observed in many consumer electronic device industries. In this case,
replacing an old device with the newer version may require more energy consumption. Other
important considerations include the effect of the energy usage during the manufacturing use
phase and the effect of remanufacturing.

There are several ways to increase the durability of a product during the design phase.
Some methods involve using different material, processes, and machines, which may increase
the energy consumption during the manufacturing processes. Other methods may only re-
quire a simple change of the product design. We can also image that the extra environmental
burden to improve product durability may depend on the current level of durability and the
improving degree of durability.

Remanufacturing usually can save energy because remanufactured products can substi-
tute for new products without going through all of the original manufacturing processes
and consuming the required energy. However, sometimes, buying a refurbished product may
actually consume more energy due to the core technology of a refurbished product possess
is old and not efficient (Gutowski et al., 2011). The quantity of remanufactured products
is limited by the supply of used products which depends on the product life, among other
things. There are marketing approaches that can facilitate the product acquisition for re-
manufacturing (V. Daniel R. Guide, Teunter, et al., 2003). For example, firms can offer a
price incentive for customers who purchase new products while returning their used products.
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These product acquisition methods can be viewed as a way for firms to alter the product life
since it provides customers incentive to return their old product and buy a new one. In this
paper, these marketing strategies are implicitly included in the product life design strategy.
Given the firms’ decision on the product durability, firms mainly rely on the waste stream to
acquire remanufacturable products. Therefore, the longer the product life, the later the firm
can acquire the used product and start to remanufacture. As a result, we may expect that
a more durable product design will reduce the remanufacturing energy efficiency benefit.

Thus, product durability design for minimizing the average energy consumption per ser-
vice unit per unit time must take into account many competing factors. This paper is the
first to analyze optimal product durability design by considering the full lifecycle of the
product including the energy consumption in the manufacturing and use phase as well as
the impact of remanufacturing. The main contributions of the paper are as follows:

1. Development of a model to find the optimal product durability level taking into account
the energy consumption over the whole product lifecycle including the manufacturing
and use phases and the impact of remanufacturing.

2. Rejection of the common belief that making products as durable as possible is best for
the environment in all settings by providing counterexamples

3. Development of analytical confirmation of the common belief that making products
as durable as possible is best for the environment in the special case of no repeat
purchases

4. Characterization of the optimal durability level in the special case of no repeat pur-
chases when the objective is to maximize profit

5. Development of intuition on the various tradeoffs of increasing durability to better
understand optimal product durability design

The remainder of this paper is organized as follows. Section 2 presents the related
literature. Section 3 presents our model as well as analytical results in the special case of no
repeat purchases. Section 4 presents numerical experiments disproving the common belief
on product durability and further intuition on the tradeoffs involved in product durability
design. Section 7 concludes the paper with a summary and a description of future research
directions.

3.2 Literature Review

Product durability design has been a topic of research in several fields, including product
design, OM, economics, and policy design. In this section, we review the literature in this
area relevant to this paper.
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Design for Durability (DfD) has been discussed among researchers in the product design
area. This stream of literature focuses on understanding consumer behavior and identifying
the important factors in encouraging consumers to extend the life of their products. Many re-
searchers assume that it is beneficial to the environment to extend product life spans as much
as possible and provide corresponding design guidelines based on their research in consumer
behavior (e.g. Nes and Cramer, 2005; Cooper, 2005). While acknowledging evidence that
suggests that improving energy efficiency in the use phase should be prioritized over life span
considerations for products with high use phase energy consumption, Cooper (2005) argues
that slow consumption is best for the environment due to the reduced production of waste
despite. On the other hand, several researchers have suggested that it is not always best to
extend the product lifetime (e.g. Nes and Cramer, 2006). To address this issue, van Nes and
Cramer (2006) present a rule of thumb called the ”ecological payback period” to determine if
an extended lifetime of a particular product is better for the environment, and then provide
design guidelines for products for which lifetime extension is deemed appropriate.

A stream of research in economics and optimization has examined how firms choose the
durability level of products to maximize their profits. This stream of literature assumes that
consumers gain utility through the service provided by the products during the products’ life
times. Hence, the consumer’s utility function increases when product lifetimes are longer,
thought producers generally do not focus on maximizing consumer’s utility. Early research
(e.g. Kleiman and Ophir, 1966; Levhari and Srinivasan, 1969; Peter L. Swan, 1970; Peter L.
Swan, 1971; Sieper and P. L. Swan, 1973) considered simplified models that did not capture
the real world market. Researchers later considered the impact of secondhand markets (e.g.
Waldman, 1996a; Hendel and Lizzeri, 1999) or of new product introductions (Waldman,
1996b). This later research concludes that a durable goods monopolist typically reduces the
durability level of a product so that the company can charge a higher price for the new prod-
uct. Another way firms have enabled themselves to charger higher prices is by introducing
frequent style changes so that the perceived quality of used products is reduced and thus
product lifetimes are artificially shortened. Koenigsberg et al., 2011 further distinguish the
usable life and physical life of a product and allow heterogeneity in consumer usage rates and
product valuations. They find that a firm’s decision on product usable life and physical life
to maximize its profit depends not only on technological feasibility and cost but also on the
distribution of consumers’ usage rates and utilities and their marginal valuations of product
use.. There are many other economics papers which investigate issues related to product
durability but that do not address finding the optimal durability. Readers are referred to
Waldman, 2003 for other papers in this area.

Several of the papers mentioned above, including O’Brien (1999), Kim, Keoleian, Grande,
et al. (2003) and Kim, Ross, et al. (2004), suggest that governments should provide incentives
to encourage firms to take into account environmental considerations when designing the
durability of their products. Other researchers have focused specifically on policy design to
affect product lifespan decisions or sustainable production and consumption. Barber, 2007
reviews the initiatives and efforts which have been made to encourage sustainable production
and consumption in North America since 1992. Jackson, 2005 reviews consumer behavior
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literature to highlight the difficulties and opportunities that exist in developing public policy
to encourage sustainable consumption. Hertwich, 2005 examines how life cycle analysis has
been used to develop policy, encourage sustainable production, and evaluate the effectiveness
of policies which encourage sustainable consumption. Fishman and Rob, 2000 develop a
mathematical model to look at the effects of the ability to exercise planned obsolescence or
to give discounts to repeat customers on the rate of product introductions for a durable-good
monopolist. They argue that legislation requiring prolonged product lifespans would make
technical progress proceed slower than the socially optimal pace. Plambeck and Q. Wang,
2009 examine the effect of imposing a fee-upon-sale or a fee-upon-disposal on electronics
producers’ rate of new product introduction and level of product durability. They develop a
mathematical model to determine a producer’s development time and expenditure for each
new product, effectively determining the durability of the product. They find that imposing
a fee-upon-sale encourages producers to make choices which increase the durability, and
effectively the lifespan, of their products and slow the rate at which they introduce new
products. Nazzal et al., 2013 cite the proposal by Cooper, 2005 that eco-efficiency and
product lifespan extension can be used to achieve sustainable consumption to justify the
value of motivating producers to extend product lifespans through product servicing. They
develop a multi-period optimization model that finds pricing, production, and inventory
decisions for a producer to maximize profit given government incentives or penalties for
product servicing contracts. They run numerical studies to analyze the effect of different
government penalty levels on the producer’s profit and product servicing decisions.

A related issue to optimal durability design is the replacement decision. The two related
streams of research intend to find the optimal lifetime of a product from two different points
of view. The optimal durability design decision is made by the producer at the beginning of
the product life, while the replacement decision is made by the consumer during the use life
of the product. In terms of minimizing the overall environmental impact of a product over its
whole life time, the optimal replacement decision could inform the optimal durability level if
the technology development can be predicted; e.g. a product that is suggested to be replaced
or upgraded rather frequently could be designed to have a shorter life span through reduced
durability to encourage consumers to follow the optimal replacement policy while reducing
the environmental impact of production. The replacement models found in the existing
literature focus on optimizing financial measures for an individual firm based on the stage of
life of the equipment (e.g. Mathew and D. Kennedy, 2003; Hartman, 2005; Kierulff, 2007).
Readers are referred to H. Wang, 2002 for a review on replacement and maintenance decision
models. In addition to the economic impact of the replacement decision on the user, there is a
growing interest in minimizing the environmental impact of a product over the whole product
life cycle. Researchers have developed optimization models based on Life Cycle Inventory
(LCI) data to find out the optimal timing of replacing specific product types, such as vehicles
(Kim, Keoleian, Grande, et al., 2003; Spitzley et al., 2005), fleets of automobiles (Kim,
Ross, et al., 2004), and home appliances (Kim, Keoleian, and Horie, 2006; Kiatkittipong
et al., 2008). These studies have shown that the optimal replacement timing depends on
the characteristics of the product, the rate of technological improvement, and the objective
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function (e.g. minimize cost, energy consumption, or emissions). Instead of focusing on a
specific product type, Sloan, 2011 construct a model framework to decide whether a firm
should keep the existing technology, upgrade to a newer technology which produces a smaller
environmental burden, or wait for an even newer, cleaner technology. Some of the papers
mentioned above take into consideration the environmental and/or economic impacts on all
life cycle phases. However, none of the above papers incorporate the impact or benefit of
the returned product stream on the whole system.

This paper is also related to the literature stream on the impact of remanufacturing.
Remanufacturing is well known as an option for manufacturers to reduce cost and environ-
mental impacts. Most of the OR research on remanufacturing focuses on the operational
issues, such as material resource planning (Ferrer and Whybark, 2001), scheduling and shop
floor management (V. Daniel R. Guide, Kraus, et al., 1997), network and location decision
making (Fleischmann et al., 2001; Hu et al., 2002; Listes and Dekker, 2005), and inventory
control (Van der Laan et al., 1999; Toktay et al., 2000). In addition to studying operational
decisions, some researchers have studied the joint sales curve between new-manufactured
products and remanufactured products over the whole marketing product life cycle. Note
that the marketing product life cycle mentioned here is different from the life cycle discussed
in the Life Cycle Assessment (LCA) field. The marketing product life cycle begins at the
release time of the product to the market and ends at the last product sold on the market,
while the life cycle discussed in the LCA field refers to the progress of a product from raw
material through production and use to its final disposal. The sales shape of a marketing
product life cycle usually has a bell shape. Debo et al., 2006 identify the characteristics of the
diffusion paths and the joint price of new and remanufactured products over the whole mar-
keting product life cycle. Instead of using the diffusion model, Geyer et al., 2007 approximate
the marketing product life cycle with an isosceles trapezoid. They quantify the cost-saving
potential of product systems producing both new and remanufactured products, where the
remanufactured products are perfect substitutes for the new manufactured products. Ostlin
et al., 2009, on the other hand, focus on the remanufacturers’ strategy to balance the supply
and demand for remanufactured products. They conduct several case studies of different
remanufacturing companies and identify challenges relating to remanufactured products in
each of the marketing life cycle phases.

Some of the aforementioned papers have addressed how product durability affects the
total life cycle environmental impacts. However, to the best of our knowledge, No previous
study constructs a general model to find the optimal product life span from the design point
of view. Moreover, none of the previous research incorporates the impact of the reverse
flow of products to a product durability analysis. Since the supply of the remanufactured
products is limited by the number of returned products, a shorter life of a product may
decrease the benefit from remanufacturing. In this paper, we construct analytical models to
find the optimal product life span that maximizes the total profit or minimizes the average
energy consumption over the whole marketing product life cycle.
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3.3 Model Setting

As choosing a level of product durability is directly tied to the effective lifetime of the
product, in this paper, we use the product life to represent the product durability. The
product life is defined as the duration from purchase to the product’s end-of-life, when the
used product may be returned to the company. This case fits into the scenarios where the
reuse market is small and therefore the product life ends when the user decides to return or
dispose of the used product.

We consider a manufacturer which designs a series of durable products with a shared
product architecture, hence the product life time is the same for each product in the se-
ries. The manufacturer introduced a new generation of the product each period. The newer
products may have more functions thus less energy efficient, or be incorporated with some
new components that reduce its energy consumption during use phase. Under EPR reg-
ulation, the manufacturer has to collect the used products and the used products have to
be properly disposed. The manufacturer also remanufactures the used products and sell
them as refurbished product with a price discount. The refurbished products are assumed
to have the same product life as the used products. The assumption that the product life
of both new and refurbished products are the same is reasonable because the two product
share the same product architecture and the remanufacturing processes could make sure the
refurbished products are functioning as the new products. We assume the remanufacturing
benefit per unit product is larger than the additional remanufacturing cost so that the firm
prefer to remanufacture the used product. The manufacturer is interested to know the op-
timal durability to maximize his total profit or minimize the average energy consumption
over the whole product life time.

To simplify the analysis, we assume the product life is deterministic over time once the
product durability has been decided. This assumption can be relaxed later. Note that the
major results do not change if we simply impose a specific distribution to the product life and
search for the expected optimal product life that minimizes expected energy consumption
or maximizes expected profit. We denote the deterministic product life of both new and
refurbished products by x, which is the decision variable in our problem. We restrict x to
lie in a feasible region in which customers and producers will accept the durability level of
the product in the specific industry. Within this feasible region, we assume that customers
care more on the function performance of the product than the durability of the product.
Therefore, the market demand does not change because of the change of product life.

We denote the penetrated market size in period t byM(t). We normalize the total market
size to 1 so that M(t) ∈ [0, 1]. The cumulative sales of new products and remanufactured
products at time t are denoted by Sn(t) and Sr(t), respectively, where Sn(t) = 0 if t < 0.
With a slight modification of Bass diffusion model (Bass, 1969), the potential market size at
time t is determined as follows.

m(t) :=
dM(t)

dt
= (1−M(t))(p+ q(Sn(t))). (3.1)
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In a small period of time, a constant fraction of potential market, p > 0, the innovation
coefficient, plus another term that is proportional to the cumulative sales of new product,
with the imitation coefficient, q > 0, are added from the untapped market. Here, we assume
that the customers who have influence on other people in the market are those who pur-
chased the new manufactured product, no matter they currently have the product or not.
The assumption is reasonable because nowadays, with online product review system, users
have more influence on the future potential customers, no matter the reviewers still own
the products or not. Moreover, customers who purchase refurbished products usually have
less influence on other potential customers since refurbished products often be viewed as a
product with lower quality and may not be a good reference for the products in general.

After a product fails, there is a probability ϕ that the consumer will purchase the product
again. The repeat purchase potential at time t is

R(t) = ϕ(m(t− x) +R(t− x)).

To simplify the analysis, we assume that the price of the new product and refurbished
product are fixed over time. Furthermore, we assume that there are two market segments
for new manufactured product and remanufactured product, which are also fixed overtime
because of the fixed price assumption. The remanufactured product market segment may be
composed by customers who care about the cost and/or who think remanufactured product
is more environmental friendly. We denote the market share of new manufactured product
and remanufactured product by dn ∈ [0, 1] and dr ∈ [0, 1], respectively. Also, dn ≥ dr and
dn + dr ≤ 1. Therefore, the sales rate of new manufactured product at time t is

S ′
n(t) = dn(m(t) +R(t)).

Note that the sales rate of new product does not change because of the product life when
the product life x is in the feasible region.

The sales rate of remanufactured product at time t is limited by the collected reman-
ufacturable used product. If t ≤ x + ∆, where ∆ is the constant lead time of producing
the refurbished product, there is no supply of used products for remanufacturing, hence the
sales rate of refurbished products equals zero. If t > x + ∆, the sales rate of refurbished
product is the smallest amount of the supply and demand of the refurbished products. The
rate of supply of products the firm can use for remanufacturing at time t is ρS ′

n(t − x),
where ρ ∈ [0, 1] is the proportion of returned new product that are remanufacturable. We
assume that the holding cost of used product is high so that firms do not produce refurbished
product in advance for the future demand, and therefore has to dispose all unused returned
product if there is not enough demand at time t. The demand rate of refurbished products
at time t is dr(m(t)+R(t)). Hence, we have the following sales rate of refurbished products.

S ′
r(t, x) =

{
0, if t ≤ x+∆
min{ρS ′

n(t− x−∆), dr(m(t) +R(t))}, otherwise
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where ρ ∈ [0, 1] is the remanufacturability level of the product. Note that we assume
a used new manufactured products can be only remanufactured once, thus all the used
remanufactured products have to be properly disposal after collected from the users.

Total Life Cycle Profit

To simplify the analysis, we assume the product price are fixed during the whole marketing
product life cycle. Let Pn and Pr denote the price for new and remanufactured products,
respectively. The production cost for new product, Cn(x), is assumed to be a continuous and
differentiable function of product life x, where C ′

n(x) ≥ 0 for all x. Cn(x) can be a concave
or a convex function. A concave function represents the scenario where there exists learning
curve on durability design, while a convex function represents the scenario where it is more
difficult to improve durability when the current durability level is high. The remanufacturing
cost is denoted by Cr. We assume Cr is independent to the product life x due to the limited
availability of studies and data on the relationship between the durability level of the product
and the remanufacturing cost. With discount rate γ, the life cycle profit for manufacturing
and remanufacturing is

(Pn − Cn(x))

∫ ∞

0

e−γtS ′
n(t)dt+ (Pr − Cr)

∫ ∞

0

e−γtS ′
r(t, x)dt

The first and second terms represent the discounted profit earned from selling new products
and refurbished product, respectively.

At time t, due to the high holding cost, the firm has to dispose of those collected used
products which are not going to remanufactured. The unit disposal cost is denoted by Cd.
The total discounted life cycle cost for disposal of used new-manufactured products is

Cd

∫ ∞

0

e−γt(S ′
n(t− x−∆)− S ′

r(t, x))dt,

and the total discounted life cycle cost for disposal of used remanufactured product is

Cd

∫ ∞

0

e−γt(S ′
r(t− x, x))dt.

Therefore, the total life cycle profit is

Π(x) =

∫ ∞

0

e−γt [(Pn − Cn(x))S
′
n(t) + (Pr − Cr)S

′
r(t, x)

−Cd(S
′
n(t− x−∆)− S ′

r(t, x) + S ′
r(t− x, x))] dt

=

∫ ∞

0

e−γt [(Pn − Cn(x)− Cd)S
′
n(t) + (Pr − Cr + Cd)S

′
r(t, x)− CdS

′
r(t, x)] dt

=

∫ ∞

0

e−γt [(Pn − Cn(x)− Cd)S
′
n(t) + (Pr − Cr)S

′
r(t, x)] dt
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Total Life Cycle Energy Consumption

In this paper, we focus on energy consumption rather than other environmental impacts.
We denote the energy consumption for new manufacturing process by En(x), which is a

function of product life x, where E ′
n(x) ≥ 0, ∀x. The remanufacturing energy consumption,

Er, is assumed to be smaller than En(x) for all x in the feasible region to capture the
remanufacturing benefit. Also, we assume all the hard work for durability design has been
done in the new manufacturing process, so Er is independent of x. Hence, we have the total
manufacturing energy consumption over the marketing product life cycle as follows.

En(x)

∫ ∞

0

S ′
n(t)dt+ Er

∫ ∞

0

S ′
r(t, x)dt

The use phase energy consumption per unit time, Eu(t), depends on the purchase time.
Eu(t) can be an increasing or a decreasing function of t, depending on the technology de-
velopment in the specific industry. For example, under regulations, home appliance and
automobile industries are required to improve the energy efficiency of their products in the
future in order to keep selling their products on the market. On the other hand, most
electronic products, such as smart phone, have more functions in the new generations and
require more electricity to enable the full functions of the product.

If a consumer purchases a new manufactured product at time t with product life x, the
total energy consumption during the use life of this specific product is xEu(t). If a consumer
purchases a remanufactured product at time τ , this product was launched at time τ −x−∆.
Therefore, the energy consumption per unit time of this product is Eu(τ − x−∆), and the
total use phase energy consumption of this product is xEu(τ − x−∆). The total use phase
energy consumption over the whole marketing product life is as follows.

x

∫ ∞

0

[Eu(t)S
′
n(t) + Eu(t− x−∆)S ′

r(t, x)]dt

In our model, because the amount of new products produced is fixed disregarding the
product life x, and we assume that the disposal costs of new manufactured and remanufac-
tured product are the same, we can ignore the disposal energy consumption in this product
durability model.

Finally, we have the total energy consumption over the marketing product life cycle is

ET (x) =

∫ ∞

0

[En(x)S
′
n(t) + ErS

′
r(t, x) + xEu(t)S

′
n(t) + xEu(t− x−∆)S ′

r(t, x)]dt

We further define the energy consumption per service unit per unit time to have a fair
comparison between two products with different product life.

Eps(x) ≡ ET (x)

xN(x)
,

where N(x) is the number of product sold, including new manufactured and remanufactured
products.
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Special Case: No Repeat Purchases and No Discount Rate

Due to the complexity of the model, it is difficult to obtain analytical solutions to the general
model. In this section, we provide analysis on the special case where there are no repeat
purchases and no discount rate. The general model is then analyzed in the next section
through numerical analysis.

Lemma 1. When there are no repeat purchases and no discount rate, given a designed
product life x, the sales rate of remanufactured products is as follows:

1. If ρdn − dr ≤ 0, we have the following cases.

a) If x ≤ x̄, S ′
r(t, x) = ρdnm(t− x−∆) ∀t > x+∆.

b) If x̄ < x < x̃, there exist a cut point t̂+(x) such that S ′
r(t, x) = drm(t) when

t > t̂+(x), and S ′
r(t, x) = ρdnm(t− x−∆) when x+∆ ≤ t ≤ t̂+(x), where

t̂+(x) =
1

−(p+ qdn)
ln

pα̂+(x)

qdn
,

α̂+ =
ρdn − dr
βdr − ρdn

+
(β − 1)

√
βρdndr

β(βdr − ρdn)
,

and β = β(x) = e(p+qdn)(x+∆).

c) If x ≥ x̃, S ′
r(t, x) = drm(t) ∀t > x+∆.

where x̄ = ln(dr/ρdn)/(p+qdn)−∆, and f(x̃) = 0, where f(x) = α̂+(β(x))β(x)−qdn/p.

2. If ρdn − dr > 0, we have

a) When there exists some y such that f(y) < 0,

i. if x ≤ xl, S
′
r(t, x) = drm(t) ∀t ≥ x+∆.

ii. if xl < x < xu, S ′
r(t, x) = ρdnm(t − x − ∆) if x + ∆ ≤ t ≤ t̂+(x), and

S ′
r(t, x) = drm(t) if t > t̂+(x).

iii. if x ≥ xu, S
′
r(t, x) = drm(t), ∀t ≥ x+∆.

where (xl, xu) is the interval such that f(x) < 0 ∀x ∈ (xl, xu).

b) When f(x) ≥ 0 ∀x > 0, S ′
r(t, x) = drm(t) ∀t ≥ x+∆.

Lemma 1 identifies the conditions when the remanufacturing demand is or is not restricted
by the supply of the used products given a designed product life x. With results from Lemma
1, we can rewrite the total profit and total energy consumption function over the whole
product life cycle as a function of product life x, as shown in Lemma 2.

Lemma 2. When there are no repeat purchases and no discount rate, the total profit and
the total energy consumption are as follows.
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1. When ρdn ≤ dr, the total profit function is

Π(x) =


Πs(x) when 0 < x ≤ x̄
Πsd(x) when x̄ < x < x̃
Πd(x) when x ≥ x̃

,

where
Πs(x) = [(Pn − Cn(x)) + (Pr − Cr)]dn,

Πsd(x) = (Pn−Cn(x))

∫ ∞

0

dnm(t)dt+(Pr−Cr)

∫ t̂(x)

x

ρdnm(t−x)dt+(Pr−Cr)

∫ ∞

t̂(x)

drm(t)dt.

and

Πd(x) = (Pn − Cn(x))dn + (Pr − Cr)

∫ ∞

x

drm(t)dt.

The total Energy function is

ET (x) =


ETs(x) when 0 < x ≤ x̄
ETsd(x) when x̄ < x < x̃
ETd(x) when x ≥ x̃,

,

where

ETs(x) = dn(En(x) + ρEr) + xdn(ρ+ 1)

∫ t

0

m(t)Eu(t)dt

ETsd(x) = dnEn(x) + xdn

∫ ∞

0

m(t)Eu(t)dt+ ρdnEr

∫ t̂(x)

x

m(t− x)dt

+ xρdn

∫ t̂(x)

x

m(t− x)Eu(t− x)dt+ drEr

∫ ∞

t̂(x)

m(t)dt+ xdr

∫ ∞

t̂(x)

m(t)Eu(t− x)dt,

and

ETd(x) = dnEn(x)+drEr(1−
∫ x

0

m(t)dt)+xdr

∫ ∞

x

m(t)Eu(t−x)dt+xdn

∫ ∞

0

m(t)Eu(t)dt

2. When ρdn > dr, and f(x∗) < 0, the total profit function is

Π(x) =


Πs(x) when 0 < x ≤ xl

Πsd(x) when xl < x < xu

Πd(x) when x ≥ xu

,

The total energy consumption function is

ET (x) =


ETs(x) when 0 < x ≤ xl

ETsd(x) when xl < x < xu

ETd(x) when x ≥ xu

,



CHAPTER 3. PRODUCT DURABILITY DESIGN 46

3. When ρdn > dr, and f(x∗) ≥ 0, we have Π(x) = Πd(x) and ET (x) = ETd(x), ∀t > x.

Note that in this case, the subscripts of Π and ET are chosen to indicate which of supply or
demand of refurbished product are restricting the sales of the refurbished product.

Knowing the the total profit function and the total energy consumption function, we can
know the trajectory of functions and obtain the optimal x’s in terms of maximizing profit
and minimizing energy consumption in the following two propositions.

Proposition 6. In the special case where there are no repeat purchases and no discount rate,
and Cn(x) is a monotonic function of x, the smaller the product life, x, the higher the total
profit, Π(x).

Proposition 7. In the special case where there are no repeat purchases and no discount rate,
if the energy consumption during the use phase is constant in t and the energy consumption
during the manufacturing phase is a linear non-decreasing function of x, the longer the
product life, x, the smaller the energy consumption per service unit per unit time, Eps(x).

3.4 Numerical Analysis

We conduct numerical analyses to obtain insights about the optimal product life in both
the general model setting and when there are no repeat purchases. We are interested in
understanding what the optimal product life is when the goal is to minimize the energy
consumption per item per unit time. We generate 540 problem instances by varying the
repeat purchase probability, the remanufacturing level, the market share of the new prod-
ucts and the refurbished products, the energy consumption function of new manufacturing
production, and the use phase energy consumption function. The parameters of the Bass
Diffusion model are assumed to be p = 0.03, q = 0.5, which lie in the range of the estimated
Bass Diffusion model of general durable products in empirical studies (Mahajan et al., 1995).
With this diffusion process, the potential market m(t) diminishes around t = 25. Therefore,
the product life should be at least shorter than 25 in the cases where repeat purchase rate is
positive so that there is no gap in the product sales. We vary the repeat purchase probability
by taking ϕ ∈ {0, 0.1, 0.3, 0.5, 0.7, 0.9}, the remanufacturability level by taking ρ ∈ {0.3,
0.6, 0.9}, and the market bases for new manufactured products and remanufactured products
by taking dn ∈ {0.6,0.8} and dr = 1− dn. The other parameters are described as follows.

• We consider three types of the manufacturing energy consumption functions of new
manufactured products: a constant function, a linear increasing function, and a con-
cave non-decreasing function. A constant function represents the scenarios where the
durability level of the product can be increased through some simple redesign tech-
niques without involving change of materials and manufacturing processes. A linear
increasing function represents the scenarios where the same amount of effort/energy
is required to improve one unit of durability level. A concave non-decreasing function
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represents the scenarios where the learning curve of durability design exists, so that
the marginal energy consumption decreases when the current durability level is high.
The three En(x) functions are as follows.

– Constant function: En(x) = En0;

– Linear increasing function: En(x) = En0 +mx;

– Concave non-decreasing function: En(x) = En0 +m
√
x,

where En0 is the baseline manufacturing energy consumption when the product is at
the minimal durability level and m is a positive constant scalar that represents the
magnitude level of the increase energy consumption.

• We consider five different types of use phase energy consumption, each is either increas-
ing function or decreasing function in t. An increasing use phase energy consumption
can be observed in most consumer electronic industries, where the newer version of
products comes with better functionality but more energy consumption. While a de-
creasing use phase energy consumption is observed in the regulated industries, where
regulations require products placed on the market to have a certain level of energy ef-
ficiency. We consider three types of increasing functions: linear, convex, and concave.
Two types of decreasing functions are considered: linear and convex. The five Eu(t)
functions are as follows.

– Linearly decreasing function: Eu(t) = Eu0 −mt;

– Nonlinear decreasing function: Eu(t) = a ∗ (t− b)2 + c, where ab2 + c = Eu0;

– Linearly increasing: Eu(t) = Eu0 +mt;

– Nonlinear convex increasing: Eu(t) = Eu0 + at2;

– Nonlinear concave increasing: Eu(t) = Eu0 + k log(t)

where Eu0 is the baseline use phase energy consumption at period 0, and m, a, b, and
k are a positive constant parameters of these functions.

In the numerical analysis, we set En0 ∈ {100, 500, 1000} and fix the other parameters of
En(x) and Eu(t) to create problem instances where the ratios of use phase energy consump-
tion and the total energy consumption range from 40% to 99%.

No Repeat Purchase

When there are no repeat purchases, we observe that the optimal product life lies at the
upper bound of the feasible region in all the cases where En0 ∈ {500, 1000}. When the use
phase energy consumption dominate the overall life cycle energy consumption (En0 = 100),
we observe a few scenarios where the optimal product life lies at the middle of the feasible
region.



CHAPTER 3. PRODUCT DURABILITY DESIGN 48

Figure 3.2 shows the curve of energy consumption per item per unit time for different use
phase energy consumption function types in one of the scenarios where En0 = 1000. When
the use phase energy consumption is decreasing in time, the future generation products are
more energy efficient. However, because there are no repeat purchases, there is no incentive
to reduce the product life to encourage future purchases. Hence, it is reasonable to observe
that more durable products are preferred to reduce the energy consumption. When the
use phase energy consumption is increasing in time, increasing product life actually delays
the sales of refurbished products, which are more energy efficient products. However, a
more durable product lasts longer so that its energy consumption per unit time decreases as
long as the energy consumption during manufacturing phase does not increase dramatically
with x. When there are no repeat purchases, because there are also no repeat purchases
on refurbished products, the refurbished market is not large enough to provide incentive to
reduce product life. Hence, we observe that the energy consumption per item per unit time
decrease faster in product life x in the cases where Eu(t) is decreasing than that in the cases
where Eu(t) is increasing, as shown in Figure 3.2.
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Figure 3.2: Energy Consumption per Item per Unit Time with No Repeat Purchase
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Repeat Purchase

When there are repeat purchases among the users, decreasing the length of product life
can encourage the purchases of future generation products through repeat purchases. The
impact of future repeat purchases mainly depends on the repeat purchase probability. When
the repeat purchase probability is low, as shown in Figure 3.3a, with decreasing Eu(t),
maximum durability level is best to reduce the average energy consumption per item per
unit time because the benefit of encouraging future repeat purchase is low. When Eu(t)
is an increasing function and the repeat purchase probability is low, we observe that more
durable product is more energy efficient except for the case where Eu(t) is nonlinear convex
increasing (see Figure 3.3b). This is because, in this case, the difference of the use phase
energy consumption between new and refurbished product is large enough thus the more
refurbished product the firm sells, the larger environmental benefit. Hence, there is a larger
incentive to decrease product life in order to increase the refurbished product sales.

In addition, the repeat purchase rate also influences the sales of refurbished products.
When the repeat purchase rate increases to 0.5, as shown in Figure 3.4, the energy consump-
tion curves fluctuate as product life increasing. In this case, we observe that, with decreasing
Eu(t), the energy consumption per item per unit time is larger for lower durability level than
the case with repeat purchase is 0.1. In this case, the optimal product life x∗ to minimize
energy consumption per item per unit time is in the range between 17 and 25, depending on
the feasible range of x. When Eu(t) is increasing, we have similar results as in the low repeat
purchase cases. As shown in Figure 3.4b, the benefit of increasing refurbished product sales
is even larger because the repeat purchase probability is higher.
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(a) Decreasing Use Phase Energy Consumption
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Figure 3.3: Energy Consumption per Item per Unit Time when Repeat Purchase Rate is
Low



CHAPTER 3. PRODUCT DURABILITY DESIGN 50

0 5 10 15 20 25
250

300

350

400

450

500

550

600

650

700

Product Life Time

E
ne

rg
y 

C
on

su
m

pt
io

n 
pe

r 
Ite

m
 p

er
 U

ni
t T

im
e

φ = 0.5, ρ = 0.6, d
n
 = 0.6, E

n
(x) is constant

 

 
E

u
(t) is linear decreasing

E
u
(t) is Nonlinear convex decreasing

(a) Decreasing Use Phase Energy Consumption
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(b) Increasing Use Phase Energy Consumption

Figure 3.4: Energy Consumption per Item per Unit Time when Repeat Purchase Rate is
Moderate

Non-constant Use Phase Energy Consumption

In our model setting, we assume that the use phase energy consumption is constant over the
life time of a product sold at time t. However, in real life, some product may wear out and
the energy efficiency reduce as the product is getting older. To capture this property, in this
section, we assume that there is a energy consumption increase rate ξ for the product at
each period. Thus, for a new product sold at time t, the total use phase energy consumption
of the product is

Eu(t) + Eu(t)(1 + ξ) + Eu(t)(1 + ξ)2 + · · ·+ Eu(t)(1 + ξ)(x−1) = Eu(t)
(1 + ξ)x − 1

ξ
.

We then conducted the numerical experiments with the new defined use phase energy
consumption. In the numerical results, we observe that, in all settings, even for the no repeat
purchases cases, the optimal product life time for minimizing average energy consumption
per item per unit time lies in the middle of the feasible range. Figure 3.5 shows the scenario
when we have moderate repeat purchase rate. For the other scenarios, we observe that the
optimal product life decreases compare with the results from the previous section. The result
is intuitive because an old product has a much lower energy efficiency, thus the assumption
of including the wear-out rate provides incentives to reduce the product life time.

The Main Trade-offs

In this numerical setting, we observed that the main trade-off is the one between future repeat
purchases and refurbished product sales. Without considering the future repeat purchases
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Figure 3.5: Energy Consumption per Item per Unit Time with Moderate Repeat Purchase
for the Cases of Non-constant Use Phase Energy Consumption

and the refurbished product sales, it is commonly believed that a more durable product is
better to the environment because the manufacturing energy consumption can be spread over
to a longer product life time, which is the main argument of slow consumption. However, we
observe different results when including the effects of future repeat purchases and refurbished
product sales. The numerical results show that increasing product durability may not be
the best sustainable strategy in some cases when energy consumption is the main concern.
Decreasing the product life encourages future repeat purchases and increases refurbished
product sales. When the use phase energy consumption decreases in each generation of the
product (future products are more energy efficient), decreasing product life encourages more
repeat future purchases to save energy but increases refurbished products sales which have
worse energy efficiency. Therefore, the optimal product life is not clear cut and depends on
the trajectory of the energy technology improvements. Table 3.1 summarizes the impacts of
increasing a product life time with different type of Eu(t).

Our numerical results also show that the major factors of the “future repeat purchase
v.s. refurbished sales” trade-off are the repeat purchase probability and the use phase en-
ergy consumption function. Other numerical test show that the other parameters, such as
remanufacturability level, new and refurbished market bases, and the energy consumption
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Table 3.1: The Effect of Increasing Product Life on Separate Factors of Energy Consumption

When we in-
crease the
product life

Impact when Eu(t) is
decreasing

Impact when Eu(t) is
increasing

Manufacturing
Phase En(x)

Non-decreasing Non-decreasing Non-decreasing

Sales of future
repeat purchase

Decrease

Delay the future re-
peat purchases which
are more energy effi-
cient.

Delay the future re-
peat purchases, hence
reduce the use of less
efficient products

Sales of Refur-
bished Products

Decrease

Reduce the refur-
bished products sales,
which have worse
energy efficiency

Reduce the refur-
bished products sales,
thus reduce the bene-
fit of the use of better
energy efficiency
products

function for manufacturing the new products, play smaller roles on the value of the optimal
product life.

3.5 Conclusion

More durable products are usually viewed as more sustainable choices because a longer
product life can reduce the average energy consumption and waste per unit time by spreading
out the impacts during production phase. In this paper, we incorporate the relevant impacts
from life cycle stages, including the manufacturing phase, the use phase, and remanufacturing
phase, to the product durability design model. With some reasonable assumptions, our model
considers the impacts of the product life span on the sales of new and refurbished product
and the manufacturing and use phase energy consumption. The energy efficiency of future
products are also included in the model. We argue that durability may not always be the
best solution to reduce average energy consumption.

We conduct numerical analysis to understand what the main factors of the optimal prod-
uct life span are when we want to minimize the average energy consumption per item per
unit time. The numerical results show that there exists a major trade-off between the future
repeat purchases and the refurbished product sales. Depending on the use phase energy
consumption trend, increasing the product life may have different direction of impacts on
the average energy consumption. Therefore, a more durable product may not be always
the best solution toward sustainability when energy consumption is the main concern. The
numerical results showed that the refurbished products have great impacts on the optimal



CHAPTER 3. PRODUCT DURABILITY DESIGN 53

product life. This effect, to the best of our knowledge, has not been identified in the past
research. Previous research has been focus on the effect of better energy efficiency only.
Remanufactured product sales have been increased in recent years and are expected con-
tinuously growing in the near future. For example, with the slowing down of Moore’s law,
we can expect that the remanufactured products may become more attractive than the new
products as the performance of new products may not be outstanding anymore.

Note that, in this paper, we only consider energy consumption as the metric of envi-
ronmental sustainability and we have focused on the products that consume energy during
the use phase. However, there are other metrics, such as waste generation, raw material
consumption, pollution and emissions that are not related to energy consumption. Hence,
we only argue that durability is sometimes not the best sustainable solution when energy
consumption is the main concern. However, the ”Durable or Not” question may still need
to be investigated even with the consideration of material consumption in some industries.
For example, if building disassembly and salvage is cost effective, the material consumption
becomes a less important factor. Hence, when a newer building with better construction
technology can save more energy from HVAC during the use phase, reducing the building’s
life may be a sustainable option when energy and material consumption are both considered.

In this paper, we have made several assumptions in order to maintain a certain level of
tractability of the model. A more generalized optimization model that incorporates the other
factors could be a promising future work to help firms make durability design decisions. For
example, products are composed by several components and each of them may have different
durability. It would be interested to understand the factors of optimal durability level of each
component. Another interesting extension is to allow the product life (durability level) to
vary in each period to capture the practice of using market strategies to alter the consumers
purchase behaviors.
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Chapter 4

Incorporate LCA Uncertainty into
Decision Making Process

4.1 The Challenge

To make environmental friendly decisions, there is a need to measure the environmental
impacts of products or systems. The two problems, the supply chain network design and the
product durability design problems, both have inputs of the amount of carbon emission or
energy consumption associated to the decisions. Thus, the reliability of the environmental
measurement is essential for making a sound decision.

Life cycle Assessment (LCA) is one of the techniques and has been used widely in decision
making in governments and industries. For example, the Energy Independence and Security
Act (EISA) and California’s Low Carbon Fuel Standard (LCFS) both estimate emissions
reduction possible with alternative fuel based on LCA tools (Venkatesh et al., 2011). Many
companies, such as Levi’s, Nike, and Mazda, have started to incorporate LCA tools into
their product design decision processes. However, the results of life cycle assessment for the
same product may vary depending on the assumptions the modelers made, the temporal
and spacial difference, and the selected sample parameters. Currently, most of the LCA
studies estimate the environmental impacts of a product/system using deterministic value.
However, more and more research and studies have pointed out the importance of incor-
porating the uncertainty into LCA studies. For example, Venkatesh et al., 2011 conducted
LCA uncertainty analysis on petroleum fuel, and argued that a policy design is infeasible
if the baseline is constructed without incorporate the understanding of uncertainty. Also,
Simon et al., 2012 conducted LCA studies for several packaging applications using different
LCA software and found that the ranking orders of products change when different LCA
software is selected. Thus, it would be difficult to make a decision based on data from an
arbitrary source.

However, conducting a deterministic LCA study alone is already time-consuming. More
data and information is usually required in order to estimate the uncertainty of a LCA study.
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In addition, it is not easy to obtain some information from the other members in the supply
chain due to the confidentiality of the processes data. To deal with the problem, secondary
data from literature or Life Cycle Inventory (LCI) database is usually used to estimate
the emissions of most processes. However, the limitation on the quality of secondary data
requires LCA modelers make several assumptions, thus imposes more uncertainty to the
final LCA results. Within these limitations, it is essential to understand and quantify the
uncertainty from the secondary data to enable a sound decision making process.

4.2 Introduction to LCA Uncertainty

The LCA methodologies can be categorized into three types: process-based LCA, Economic
input output LCA (EIO-LCA), and hybrid LCA. Process-base LCA is centered on scien-
tifically analyzing the actual processes; EIO-LCA uses the aggregate sector-level data to
quantify the environmental impacts attributed to each sector; While hybrid LCA integrates
process-base LCA and EIO-LCA to take advantage of the two methods. In this paper, we
focus on the process-based LCA, which has been the main focus area of the LCA uncertainty
field. For discussion about the uncertainty of economic-input output LCA (EIO-LCA) and
hybrid LCA that combines both process-based LCA and EIO-LCA, readers are referred to
Williams et al., 2009.

Types of Uncertainty

Researchers have used different terminologies to categorize the types of LCA uncertainty.
In general, three types of LCA uncertainty are categorized: parameter uncertainty, model
uncertainty, and scenario uncertainty (Lloyd and Ries, 2008).

Parameter uncertainty is the uncertainty occurs during the value observation and mea-
surement. The value of parameters may be a random variable, thus they may not maintain
a single value over time. Parameter uncertainty is one of the most addressed sources of
uncertainty (Lloyd and Ries, 2008). Parameter uncertainty may comes from the choice of
data sources. Lindfors and Nordic Council of Ministers (1995) classified Life-cycle inventory
(LCI) data into three classes, as shown in Table 4.1, where class I is regarded as the most
reliable, while class III is the least reliable. Several methods have been applied to incorporat-
ing parameter uncertainty into LCA studies. These include use of subjective probabilities,
interval and possibility theory. A brief review of each of the techniques is provided in the
next section.

Scenario uncertainty in LCA studies comes from the normative choices such as the choice
of the procedure to allocate environmental impacts for multi-output processes and the choice
of how to assess future situation. The scenario uncertainty are usually addressed by scenario
analysis or sensitivity analysis, where LCA modelers identify several potential important
scenarios and conduct a LCA study for each scenario. For example, Deng et al. (2011) include
the price uncertainty and lifespan uncertainty using sensitivity analysis in their laptop LCA
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Table 4.1: Principal classifications of life-cycle inventory data (adapted from Lindfors and
Nordic Council of Ministers (1995))

Class Definition
Class I Comprehensive data from direct measurements
Class II Data from theoretical mass and energy balances
Class III Data from literature and databases

Surrogate data
Data estimated from experience

case study, and C. L. Weber (2012) conduct scenario analysis for the logistics uncertainty in
their computer server case study. While in most cases, individual scenarios were developed
and the results are calculated for each scenario, some researchers give weight to each scenario
and obtain an aggregated result. For example, C. L. Weber (2012) used the sales data for
each market region to calculated the weighted average logistics carbon footprint. Huijbregts
et al. (2003) assigned subjective probabilities to scenario alternatives and use non-parametric
bootstrapping to sample from the set of scenarios. Instead of assigning subjective probability
to scenarios, Chen et al. (2013) proposed a framework to include the scenario uncertainty
by calculating the probability of future events based on history data.

Model uncertainty is the uncertainty during the construction of the mathematical rela-
tionship in LCA studies as many assumptions and simplification are applied to LCA models:
Different choices of allocation methods could change the final result of an LCA study (Nichol-
son et al., 2009); Model uncertainty is usually quantified by assigning subjective probabilities
(e.g. Huijbregts et al., 2003). Instead of viewing model uncertainty as an independent event,
Zelm and Huijbregts, 2013 argued that there are trade-offs between model uncertainty and
parameter uncertainty, since simple models require fewer parameters generally have rela-
tively low parameter uncertainty and larger model uncertainty. They quantified the two
uncertainty by defining the model uncertainty factor, which is a ratio of the 50th percentile
of the outcome of two models, and demonstrated the trade-offs with a case study on the
freshwater ecotoxicological impact of maize cultivation in the Netherlands.

4.3 Methodologies Used in Current LCA Uncertainty

Studies

Several methods have been proposed for estimating uncertainty level in LCA. In this section,
I briefly review those techniques, including Data Quality Indicator, statistical methods, fuzzy
theory, and hybrid methods. The methodologies or techniques I review here are mainly for
parameter uncertainties. However, the statistical and fuzzy methods can also applied to
scenario uncertainty if probability distributions of scenarios are assumed.



CHAPTER 4. INCORPORATE LCA UNCERTAINTY INTO DECISION MAKING
PROCESS 57

DQI methods

Qualitative or semi-quantitative approaches have been used widely, especially in LCA soft-
wares and databases. The qualitative approach use Data Quality Indicator (DQI) to describe
the level of the quality scale of a certain parameter. The DQI is often formatted as a data
quality pedigree matrix. Columns in the matrix represent data quality indicators, such as
reliability of source, completeness, temporal difference, geographical difference, and further
technology difference. Rows in the matrix represent an ordinal quality scale, such as from 1
to 5. The pure qualitative DQI numbers are included in the Ecoinvent database documents
to provide uncertainty information for each unit process (Frischknecht and Rebitzer, 2005).
The DQI method was further extended to the quantitative DQI method, which transforms
the DQI scores to probability density functions to enable uncertainty quantification (Wei-
dema and Wesnaes, 1996; D. J. Kennedy et al., 1996). When there is no other information
available, the DQI scores are converted into Beta distributions based on the DQI transfor-
mation matrix, as show in Table 4.2. The Beta distribution is selected because the shape
parameters and range end points allowed virtually any shape probability to be represented.
Instead of using Beta distribution, the Ecoinvent database assume all the unit processes
of ecoinvent data v1.1 follow Lognormal distribution and use DQI scores to calculated the
standard deviation based on predefined uncertainty factors (Frischknecht, Jungbluth, et al.,
2005). These semi-quantitative approaches with DQI are useful when there is only one
source of information providing only a single value. Despite of the somehow arbitrary as-
sumption on the mapping between DQI scores and distribution parameters, the quantitative
DQI method at least provide a certain level of uncertainty analysis to the LCA studies where
little information is available.

Table 4.2: DQI Transformation Matrix (adapted from D. J. Kennedy et al., 1996)

DQI scores
Beta Distribution

Share parameters (α, β) Range endpoints (+/- %)
5.0 (5,5) 10
4.5 (4,4) 15
4.0 (3,3) 20
3.5 (2,2) 25
3.0 (1,1) 30
2.5 (1,1) 35
2.0 (1,1) 40
1.5 (1,1) 45
1.0 (1,1) 50
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Subjective Probability Distribution

The DQI methods are useful when there is only one data point since they evaluate the
uncertainty level of a single data point. When there are more data points available, it is
possible to fit the data to a certain distribution. However, due to the limited number of
data points, most LCA studies make subjective and sometimes arbitrary assumptions on the
probability distributions, such as normal distribution, uniform distribution (e.g. Venkatesh
et al., 2011), triangular distribution(e.g. Venkatesh et al., 2011), and lognormal distribution
(e.g. Huijbregts et al., 2003). Lloyd and Ries, 2008 summarized reasons of choosing certain
distributions in the literature: Beta distribution is used because it can model several dif-
ferent shapes of distributions based on sample data; Uniform and triangular distributions
are usually used when the data is insufficient; Lognormal could represent many LCA input
parameters which have only positive values and skewed distributions. However, many of
LCA studies chose distribution without further explanation.

Due to the complexity of a system, it is unrealistic to theoretically calculate the overall
uncertainty of the environmental impacts of a system. Hence, simulation and sampling
techniques are applied once the probability distribution of each input parameter is chosen.
One of the most widely used techniques is Monte Carlo Simulation (e.g. Maurice et al.,
2000; Huijbregts et al., 2003; E. Wang and Zhigang Shen, 2013). Other techniques, such as
bootstrapping and nonparametric sampling, are also applied in combination of Monte Carlo
simulation.

Fuzzy Sets and Possibility Theory

Some researchers applied possibility theory and fuzzy data set to estimate the uncertainty
in LCA. Tan et al., 2002 argued that possibility theory gives a more accurate representation
of the fundamental nature of certain types of uncertainty and is more compatible with
subjective information input than probability theory. They also conducted a case study and
found that the results from possibility theory and probability theory are comparable. Benetto
et al. (2008) applied fuzzy sets to LCA uncertainty evaluation to increase the robustness of
the multi-criteria analysis by limiting the influence of the variation of model parameters
on the final results. Despite the advantage of fuzzy sets and possibility theory, it requires
defining the possibility subjectively and can only applied to a certain type of uncertainty
that comes from imprecision rather than natural variation.

Hybrid Framework

Despite of the development of several techniques that quantifying uncertainty, those afore-
mentioned approaches have different drawbacks. Therefore, many researchers have developed
hybrid framework to incorporate those techniques to reduce the drawbacks. E. Wang and
Zhigang Shen (2013) combined the DQI and statistical method to improve uncertainty anal-
ysis in LCA. They proposed a framework that includes a prescreening process based on
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quantitative DQI methods and Monte Carlo rank-order correlation sensitivity analysis, and
a further data collection stage focuses on those identified critical parameters from the first
stages. Huijbregts et al. (2003) and Lo et al. (2005) also used a similar two-stages frame-
work which identifies the parameters that contribute most to the output uncertainty using
rank correlation. C. L. Weber (2012) suggested use different distribution type or approach
depending on the number of data available, although the distribution choices are somehow
arbitrary.

4.4 Guideline to Future Work

Due to the time and cost constraints, collecting enough data to perform a complete LCA
with uncertainty analysis is sometime infeasible. Therefore, there is a need to construct a
systematic approach to quantify the uncertainty level of a LCA study with secondary data.
The goal of such approach should satisfy the following criteria.

1. It can avoid subjective assumption when there is no expert knowledge available.

2. It can utilize the maximum amount of information that is available.

3. It can be used when there is only limited data available.

To this end, we propose to use weighted empirical distribution to estimate the uncertainty
level of LCA. Using the empirical distribution can avoid assigning subjective distribution type
arbitrarily. Empirical distribution will converge to the true population when the number of
samples is large enough. When utilize the secondary LCI data, there are some information
about how it is measured, such as the system boundary assumption, the region and the year
that the measurement is conducted, in the document of the database or in the literature.
Those information can provide an estimation on the similarity between the LCI data and
the current situation. For example, an old LCI data may not be representable to the current
situation if the process in question changes a lot in recent years. The similarity could be used
to construct the weight of each data point. To the best of our knowledge, Fuge et al. (2013)
was the first research, despite using somewhat arbitrary approach, that attempted to quantify
how closely a data source matches the location and process in interest. Finally, because
of the limitation on available data, we suggest using resampling and simulation techniques
construct the uncertainty level of the final output. One resampling techniques that have been
used widely is the bootstrapping resampling. One great advantage of bootstrapping is its
simplicity. It is straight forward to derive the confidence interval for a complex distribution.
Furthermore, it is asymptotically more accurate than the standard intervals obtained using
sample variance and assumptions of normality.
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Chapter 5

Summary: Conclusions and Future
Work

In this dissertation, the systematic analysis with life-cycle consideration is applied to two
sustainable design problems: the supply chain network design problem and the product
durability design problem. We applied optimization, statistical, and marketing diffusion
models to analyze the two problems. Analysis of both problems showed that the long-term
sustainable strategies can have great potential to reduce environmental impacts.

In the supply chain network design problem, integrated supply chain design problems
are modeled to minimize carbon emission and/or cost. The carbon emissions of the relevant
supply chain activities are characterized based on regression analysis. We also applied Con-
tinues Approximation (CA) approach to a special case without capacity constraint to provide
closed form solution. Several model variations are also constructed to provide managerial
insights with numerical analysis. The major findings are summarized as follows.

• In general, sparse supply chain design with more but smaller DCs can reduce total
carbon emissions.

• There is usually a great potential to reduce carbon emission with relatively small cost
increase.

• Focusing on short-term strategy, such as shipping frequency, limits the carbon emission
reduction.

• When firms have limited budget, a nested sequence of DC building strategy works well
in general.

• Short-term strategy, say, shipping frequency, should be adjusted every time when there
is a new budget constraint, and thus a new supply chain design.

In the product durability design problem, a systematic analysis with life-cycle consider-
ation is conducted to understand when Design for Durability (DfD) is a good strategy to
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reduce average energy consumption. In this problem, we incorporate the relevant impacts
from life cycle stages, including the manufacturing phase, the use phase, and remanufactur-
ing phase, to the product durability design model. With some reasonable assumptions, our
model considers the impacts of the product life span on the sales of new and refurbished
product and the manufacturing and use phase energy consumption. The energy efficiency of
future products are also included in the model. We argue that durability may not always be
the best solution to reduce average energy consumption. Analytical result shows that DfD
is a sustainable strategy for a special case where there is no repeat purchase. However, when
there exist repeat purchase, numerical analysis shows that there exists a major trade-off be-
tween the future repeat purchases and the refurbished product sales. Depending on the use
phase energy consumption trend, increasing the product life may have a different direction
of impacts on the average energy consumption.

5.1 Future Work

I have discussed a promising, yet very general, future work of incorporate LCA uncertainty
into decision making in Chapter 4. In this section, I focus on the more directly related future
work of each of the design problem.

In the supply chain network design problem, I considered a general warehouse-retail store
supply chain structure. However, extensions for several specific cases should be considered in
the future. For example, a supply chain with refrigerated warehouses and trucks consumes
more energy in the logistics and have to be modeled differently. The energy consumption
from the warehouse and truck operations does not just depend on the warehouse/truck
capacity, but also depend on the inventory level/truckload. Another interesting extension
would be studied the carbon emission for a supply chain with cross-docking system, where
the warehouse operation has been reduced greatly. In addition to the extensions, case studies
with real supply chain data will also be helpful to obtain more managerial insights.

In the product design problem, we have made several assumptions in order to maintain
a certain level of tractability of the model. Developing more generalized models could be
an interesting future work. For example, products are composed by several components and
each of them may have different durability. It would be interested to understand the factors
of optimal durability level of each component. Another interesting extension is to allow the
product life (durability level) to vary in each period to capture the practice of using market
strategies to alter the consumers purchase behaviors.
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Appendix A

Proofs for Propositions in Chapter 2

A.1 Proof of Proposition 1

To transform the Min-Cost problem to CQMIP-cost problem, we use substitutions to lin-
earize the objective function and transform our model into a CQMIP. There are three types
of substitution in this problem.

1. Fixed Cost Substitution Replace the fixed cost fj(Cj)Xjm with tfj , and add the con-

straint tfj ≥ fj(Cj)Xjm. The constraint has to be transformed to a conic constraint.

We approximate Cj as C + C1Z
2
1j + C2Z

2
2j and we assume fj(Cj) = fj

√
Cj. Hence,

when
∑

mXjm = 1, we want to have tfj > fj
√

Cj, and when
∑

mXjm = 1, we need

to have tfj = 0. Hence, with the following conic constraint, we assure these two cases
hold.

f 2
j (Cj) ≤ (tfj − (

∑
m

Xjm − 1)M f )2,

where M f is a big value and we can set M f as the upper bound of tfj .

2. The square root term in the objective
√∑

i,m Lmdsjσ
2
i Y

2
ijm. This one is easy, we just

introduce another auxiliary term t1j in the objective function and add the conic con-
straint

∑
i,m Lmd

s
jσ

2
i Y

2
ijm ≤ t21j.

3. The fractional term in the objective,
∑

m(Fj + βmgm)
∑

i µiYijm

Qj
+

hQj

2
.

Again, we introduce an auxiliary variable tQj and add the following constraint.

∑
m

(Fj + βmgm)

∑
i χµiYijm

Qj

+
hQj

2
≤

htQj
2

.
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This constraint can be transform to a conic constraint through the following steps.

→2

h

∑
m

(Fj + βmgm)
∑
i

χµiY
2
ijm +Q2

j − tQj Qj ≤ 0

→2

h

∑
m

(Fj + βmgm)
∑
i

χµiY
2
ijm + (Qj −

tQj
2
)2 ≤

(tQj )
2

4

Note that because Yijm is binary variable, we can replace Y 2
ijm for it. �

A.2 Proof of Proposition 2

Similar to the proof of Proposition 1, the we apply the same technique on the Min-Carbon
problem. The derivation of the conic constraint of the fixed carbon emission are the same as
the one of the fixed cost in the previous proof. Hence, we only show the following two types
of conic transformation.

1. The fractional term in the objective (
∑

m θIn,fm dsj
∑

i χµiYijm)/Qj.

Again, we introduce an auxiliary variable zj and add the following constraint.

(
∑
m

θIn,fm dsj
∑
i

χµiYijm)/Qj ≤ zj.

This constraint can be transform to a conic constraint through the following steps.

→
∑
m

θIn,fm dsj
∑
i

χµiYijm ≤ zjQj

→
∑
m

θIn,fm dsj
∑
i

χµiYijm ≤ ((zj +Qj)
2 − (zj −Qj)

2)/4

→
∑
m

θIn,fm dsj
∑
i

χµiY
2
ijm + (zj −Qj)

2/4 ≤ (zj +Qj)
2/4.

2. The annual DC operation carbon emission Oj(Cj).

We applied the Taylor approximation Oj(Cj) = λje
αjCj ≈ λj(1 + αjCj + (αjCj)

2/2).
We then again introduce the auxiliary variable sj and constuct a constraint such that
we have sj ≥ λje

αjCj ≈ λj(1 + αjCj + (αjCj)
2/2) when

∑
mXjm = 1, and sj = 0 vice

versa. To do so, we added the following conic constraint.

(αj(C+C1Z1j+C2Z2j)+1)2+(sj/λj−(
∑
m

Xjm−1)M o−1)2 ≤ (sj/λj−(
∑
m

Xjm−1)M o)2
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From the above constraint, when
∑

mXjm = 1, we have

(
sj
λj

− 1)2 + (αjCj + 1)2 ≤ (
sj
λj

)2

⇔2
sj
λj

− 1 ≥ (αjCj + 1)2

⇔sj ≥ λj(1 + αjCj +
(αjCj)

2

2
)

When
∑

mXjm = 0, we have the following inequality always holds,

2
sj
λj

− 1 +M o ≥ (αjCj + 1)2,

because M o is a big value and the optimization problem will set sj to 0. �

A.3 Proof of Proposition 3

The conic transformation for the Multi-objective problem is similar to the conic transforma-
tion for the Min-Cost and Min-Carbon problem. Hence, we skip the detailed of proof here.
�

A.4 Proof of Optimal Solutions for CA-Min-Carbon

Problem

(CA-Min-Carbon)

Min Z(A(x), Q(x), x) =
fe(x)

A(x)
+ θf

ξλ(x)δ(x)ω ln(1/A)

Q(x)
+ θvω ln(1/A)ξλ(x)δ(x)+

θfr
√
A(x)ξλ(x)δ(x),

subject to 0 ≤ Q(x) ≤ Q̄,

0 ≤ A(x) ≤ S.

In this problem, because there is no warehouse capacity constraint, the larger the transporta-
tion batch size, the lower the total carbon emission. Hence, Q∗ = Q̄. We can plug in Q∗ and
minimize Z(A(x), Q̄, x) with respect to A(x). We drop the notation x in the following proof
for simplicity.

We then can obtain the first order condition (FOC) as follows.

− J1A
−2 − J2A

−1 +
J3
2
A−1/2 = 0

⇒J3
2
y3e − J2y

2
e − J1 = 0,



APPENDIX A. PROOFS FOR PROPOSITIONS IN CHAPTER 2 72

where J1 = fe, J2 = ωξδλ(θf/Q̄+ θv), J3 = θfrξδλ and ye =
√
A.

The above cubic polynomial function has discriminator ∆′
e = J1(−4J3

2 − 27J2J
2
3 ) < 0.

Hence, there is only one real root of the FOC.

yer =

[
−be
2

+

√
b2e
4
+

a3e
27

]1/3
+

[
−be
2

−
√

b2e
4
+

a3e
27

]1/3
,

where ae = −4J2
2/J

2
3 and be = −16J3

2/(27J
3
3 ) − 2J1/J3 Thus, the optimal influence area to

minimize the average carbon emission per unit area is

A∗
e = min{y2er, 1}.�

A.5 Proof of Optimal Solutions for CA-Min-Cost

Problem

(CA-Min-Cost)

Min Z(A(x), Q(x), x) =
fc(x)

A(x)
+ ϕf

ξλ(x)δ(x)

Q(x)
+ ϕvω ln(1/A)ξλ(x)δ(x) + βfr

√
A(x)ξλ(x)δ(x)

+
hQ(x)

2
+ hzα

√
Lω ln(1/A)σ2(x)

A
subject to 0 ≤ Q(x) ≤ Q̄,

0 ≤ A(x) ≤ S.

Given A, Q∗ is either the EOQ quantity or the upper bound Q̄:

Q∗ = min{Q̂ ≡
√

2ϕfξλδA

h
, Q̄}

Therefore, we have to consider two scenarios.

1. When S ≤ hQ̄2

2ϕf ξλδ
, we have Q̂ ≤ Q̄(A) for A ≤ S. Hence, we can plug Q̂ into the

objective function, we have the following objective.

fcA
−1 +

√
hϕfξδλA

−1/2 + ϕvξδλω ln(1/A) + βfrξδλA
1/2 + hzα

√
Lωσ2 ln(1/A)/A

To solve the problem analytically, we approximate
√
ln(1/A)/A as m 1

A
+ c by us-

ing the first order Taylor expansion at the point where 1/A = 20. Hence, m =

1
4

(√
ln(20)

5
+
√

1
5 ln(20)

)
and c =

√
5 ln(20)−

√
5

ln(20)
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Thus, we can obtain the first order condition for the optimal solution of CA-Min-Cost
Problem.

−K1A
−2 −K2/2A

−3/2 −K3A
−1 +K4/2A

−1/2 = 0.

where K1 = fc + mhzα
√
Lσ2ω, K2 =

√
hϕfξδλ, K3 = ωϕvξδλ, and K4 = βfrξλδ.

Because A ≥ 0 and let y =
√
A, we rewrite the first order condition (FOC):

K4

2
y3 −K3y

2 − K2

2
y −K1 = 0

The roots of the above equation can be obtained. Note that there is only one real root
of the FOC when the discriminant ∆ < 0, where

∆ = −(9K4K3K2K1/2 +K3
3K1 + 27K2

4K
2
1/4) + (K2

3K
2
2 +K4K

3
2)/4

The condition holds for reasonable parameter settings. For example, one sufficient
condition for ∆ < 0 is mϕvfc > hϕf/4, which is generally true in the real world. The
condition is satisfied in all the scenarios in our numerical analysis.

Therefore, the only real root of the FOC is as follows.

yr =

[
−b

2
+

√
b2

4
+

a3

27

]1/3
+

[
−b

2
−
√

b2

4
+

a3

27

]1/3
,

where a = (−K1 + 2K3/3)/K4 and b = −16K3
3/(27K

3
4)− 2K2K3/(3K

2
4)− 2K1/K4.

When ∆ < 0 is satisfied, the first order derivative of the objective function decreases
before the only real root yr and increases after yr. Hence, the optimal A is either the
root of the first order condition or the boundary of feasible region of A. Furthermore,
note that yr ≥ 0, so the optimal value of A is

A∗
c ≡ A∗

Min-Cost = min
{
S, y2r

}
2. When S ≥ hQ̄2

2ϕf ξλδ
, two region of A need to be considered separately.

a) If A ≤ hQ̄2

2ϕf ξλδ
, we have the same first order condition as the scenario describe

above. Hence, the FOC solution is y2r .

b) If A ≥ hQ̄2

2ϕf ξλδ
, we plug in Q̄ instead of Q̂. Hence, the first order condition becomes

−K ′
1A

−2 −K3A
−1 +K4A

−1/2 = 0,

where K ′
1 = fc + hQ̄/2 + mhzα

√
ωLσ2. Similarly, we can rewrite the FOC as

follows.
K4

2
y3 −K ′

3y
2 −K ′

1 = 0,
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Again, we have the discriminant ∆′ = K ′
1(−4K3

3 − 27K ′
1K

2
4) < 0. Thus, there is

a unique real root for this FOC:

y′r =

[
−b′

2
+

√
b′2

4
+

a′3

27

]1/3
+

[
−b′

2
−
√

b′2

4
+

a′3

27

]1/3
,

where a′ = −4K2
3/(3K

2
4) and b′ = −16K3

3/(27K
3
4)− 2K ′

1/K4

Hence, the optimal solution is either yr, y
′
r or at the boundary. We can further obtain

the following cases.

a) If y2r < hQ̄2

2ϕf ξλδ
and hQ̄2

2ϕf ξλδ
< y

′2
r < S, the optimal solution is either y2r or y

′2
r .

b) If y2r < hQ̄2

2ϕf ξλδ
and y

′2
r ≤ hQ̄2

2ϕf ξλδ
, the optimal solution is y2r .

c) If y2r < hQ̄2

2ϕf ξλδ
and y

′2
r ≥ S, the optimal solution is either y2r or S.

d) If y2r ≥ hQ̄2

2ϕf ξλδ
and hQ̄2

2ϕf ξλδ
< y

′2
r < S, the optimal solution is y

′2
r .

e) If y2r ≥ hQ̄2

2ϕf ξλδ
and y

′2
r ≤ hQ̄2

2ϕf ξλδ
, the optimal solution is hQ̄2

2ϕf ξλδ
.

f) If y2r ≥ hQ̄2

2ϕf ξλδ
and y

′2
r ≥ S, the optimal solution is S. �
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Appendix B

Proof for Chapter 3

B.1 Proof of Lemma 1

When there are no repeat purchases and no discount rate,

S ′
n(t) = dnm(t),

and

S ′
r(t, x) =

{
0, if t ≤ x+∆,
min{ρdnm(t− x−∆), drm(t)}, otherwise.

For a given x, we would like to find the range of t greater than x+∆ where ρdnm(t−x−∆) ≥
drm(t) and vice versa.

Since there are no repeat purchases, the diffusion process can be obtained by a closed
form (Bass, 1969):

m(t) =
(p+ qdn)

2

p

e−(p+qdn)t

((qdn/p)e−(p+qdn)t + 1)2

Therefore, drm(t) ≥ ρdnm(t− x−∆) is equivalent to

dr
1

((qdn/p)e−(p+qdn)t + 1)2
≥ ρdn

e(p+qdn)(x+∆)

((qdn/p)e−(p+qdn)(t−x−∆) + 1)2
(B.1)

To simplify notation, we define α ≡ (qdn/p)e
−(p+qdn)t and β ≡ e(p+qdn)(x+∆) ≥ 0. Hence,

Equation (B.1) is equivalent to

dr(1 + 2αβ + α2β2) ≥ ρdn(β + 2αβ + α2β) (B.2)

⇒h(α) ≡ (drβ − ρdn)βα
2 + 2β(dr − ρdn)α+ dr − βρdn ≥ 0 (B.3)

The only term that involves t in the above equation is α. Note that 0 < α ≤ qdn/p ∀t. Also,
when βdr − ρdn ̸= 0, there exists the following roots of h(α).

α̂± =
ρdn − dr
βdr − ρdn

± (β − 1)
√
βρdndr

β(βdr − ρdn)
(B.4)
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Here, we call the roots α̂+ and α̂−. Taking the definition of α, solving for t and plugging in
α̂ for α, we define

t̂±(x) =
1

−(p+ qdn)
ln

pα̂±(x)

qdn

Note that β > 1 ∀x > 0 and dr, ρdn ≥ 0. We obtain the following conditions based on
the shape of Equation (B.3).

1. If ρdn − dr ≤ 0, h(α) is a convex function. Note that βdr − ρdn > 0 since β >
1 > ρdn/dr. We now find the range of α such that Equation (B.3) holds by checking
the roots of h(α). In this case, α̂− ≤ 0. Therefore, we only need to check the sign
of α̂+. In order to have α̂+ > 0, we only need to check the sign of the numerator,
g(β) ≡ (β−1)

√
ρdndrβ+β(ρdn−dr), of α̂+ since we know the denominator is positive.

Note that g(β) is a convex function in β and g(1) = ρdn − dr ≤ 0. (If ρdn − dr = 0,
g(β) ≥ 0 ∀β). Due to the convexity of g(β), the number of roots of g(β) is either 0, 1, 2
or ∞. Note that g(0) = g(dr/(ρdn)) = 0 and g((ρdn)/dr) ̸= 0. Hence, there are only
two roots of g(β): 0 and β̄ = dr/(ρdn). However, since β ≥ 1, β̄ is the only root of
g(β) that β can take on. Now we know for β < β̄, g(β) < 0, and g′(β̄) > 0. Thus, we
know that g(β) is an increasing function for β ≥ β̄. Hence, g(β) > 0 for β > β̄. Thus,
we know if β ≤ β̄, α̂+ ≤ 0. Thus, in this case, Equation (B.3) holds for all α, and thus
for all t.

If β > β̄, α̂+(β) > 0. However, we are only concern where the case where α̂+(β)β <
qdn/p so that t̂+(x) > x+∆ since we are only concerned with this case in the definition
of S ′

r(t, x).

Let f(β) = α̂+(β)β − qdn/p. Therefore, we want to find out the range of β such that
f(β) < 0. Note that f(β) is an increasing function in β since

∂f(β)

∂β
=

ρdn
[
d2rβ(1 + β) + dndr(1− 3β)ρ+ 2

√
dndrβρ(dr − ρdn)

]
2
√
dndrβρ(drβ − dnρ)2

≥
ρdn

[
d2r(β(1 + β) + (1− 3β)) + 2

√
dndrβρ(dr − ρdn)

]
2
√
dndrβρ(drβ − dnρ)2

=
ρdn

[
d2r(β − 1)2 + 2

√
dndrβρ(dr − ρdn)

]
2
√
dndrβρ(drβ − dnρ)2

≥ 0.

Furthermore, f(β̄) = −qdn/p since α̂+(β̄) = 0 and

lim
β→∞

f(β) = lim
β→∞

β(ρdn − dr) + (β − 1)
√
βρdndr)

βdr − ρdn
= ∞.

Hence, there exist an β̃ > β̄ such that f(β̃) = 0.

Thus, we know that for β < β̃, we have t̂+(x) > x + ∆, and for β ≥ β̃, we have
t̂+(x) ≤ x+∆. Thus we have the following results.
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a) If β ≤ β̄, Equation (B.3) holds for all t, and we have drm(t) ≥ ρdnm(t− x−∆),

∀t > x+∆. Note that β ≤ β̄ is equivalent to x ≤ x̄ where x̄ = ln(dr/ρdn)
p+qdn

−∆

b) If β̄ < β < β̃, h(α) has one positive real root, α̂+(β), and t̂+(x) > x + ∆.
Thus, when t > t̂+(x), drm(t) < ρdnm(t − x−)∆ and when x + ∆ < t ≤ t̂+(x),
drm(t) ≥ ρdnm(t− x−∆).

c) If β ≥ β̃, h(α) has one positive real root, α̂+(β), thus, when t > t̂+(x), drm(t) <
ρdnm(t − x − ∆) and when t ≤ t̂+(x), drm(t) ≥ ρdnm(t − x − ∆). However, in
this case, t̂+(x) ≤ x+∆. Thus, drm(t) ≤ ρdnm(t− x−∆) ∀t > x+∆.

2. If ρdn − dr > 0,

I. when ρdn = βdr, h(α) has one root, α̂ = (βρdn − dr)/(2β(dr − ρdn)) < 0, and
h(α) is a line with negative slope. Hence drm(t) ≤ ρdnm(t− x−∆) ∀α and thus
∀t.

II. when ρdn > βdr, h(α) is a concave function with two roots as described by
Equation (B.4). Note that α̂+ is negative and because

α̂− =
β(ρdn − dr)− (β − 1)

√
βρdndr

β(βdr − ρdn)
≤ β(ρdn − dr)− (β − 1)ρdn

β(βdr − ρdn)

=
βρdn − βdr − βρdn + ρdn

β(βdr − ρdn)
=

−1

β
≤ 0.

α̂− is nonpositive. Therefore, Equation (B.3) does not hold when t ≥ 0. Hence,
we have drm(t) ≤ ρdnm(t− x−∆) ∀t ≥ 0.

III. when ρdn < βdr, h(α) is a convex function and α̂− ≤ 0 because

α̂− =
β(ρdn − dr)− (β − 1)

√
βρdndr

β(βdr − ρdn)
≤ β(ρdn − dr)− (β − 1)ρdn

β(βdr − ρdn)

=
βρdn − βdr − βρdn + ρdn

β(βdr − ρdn)
=

−1

β
≤ 0.

Hence, there is only one positive real root, α̂+, for h(α). We need α̂+(β)β < qdn/p
to have t̂+(x) > x+∆. Similar to case 1, we can find the interval of x such that
t̂+(x) > x + ∆ by checking where f(x) < 0, where now we are viewing f as a
function of x rather than β. Note that f(x) is a strictly convex function in x
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since

∂2f(x)

∂x2
= − (p+ qdn)

2

4 (−drβ(x) + dnρ)
3

[
4d3nβ(x)ρ

3 + d2rβ(x)
2(β(x)− 1)

√
dndrβ(x)ρ

− 2dndrβ(x)ρ
(
2drβ(x) + (3 + β(x))

√
dndrβ(x)ρ

)
+d2nρ

2
(
4drβ(x) (β(x)− 1) + (9β(x)− 1)

√
dndrβ(x)ρ

)]
= − (p+ qdn)

2

4 (−drβ(x) + dnρ)
3

[
4ρdnβ(ρ

2d2n − βd2r + ρdndr(β − 1))

+
√
dndrβ(x)ρ(β

2d2r(β − 1)− 2ρdnβdr(3 + β) + ρ2d2n(9β − 1))
]

> − (p+ qdn)
2

4 (−drβ(x) + dnρ)
3

[
4ρdnβ(ρ

2d2n − βd2r + d2rβ − d2r) +
√
dndrβ(x)ργ(β)

]
= − (p+ qdn)

2

4 (−drβ(x) + dnρ)
3

[
4ρdnβ(ρdn + dr)(ρdn − dr) +

√
dndrβ(x)ργ(β)

]
> 0,

where γ(β) = β2d2r(β − 1) − 2ρdnβdr(3 + β) + ρ2d2n(9β − 1) > 0. To prove this,
we first note that for β > ρdn/dr,

γ
′′
(β) = 6d2rβ − 2(d2r + 2drρdn) > 6ρdndr − 2d2r − 4ρdndr

> 6ρdndr − 2ρdndr − 4ρdndr = 0

Hence, γ
′
(β) is an increasing function. Furthermore, γ

′
(ρdn/dr) = 8ρdn(ρdn −

dr) > 0. We have γ
′
(β) > 0 ∀β > ρdn/dr. Hence, γ(β) is an increasing function.

We also have γ(ρdn/dr) = 8ρ3d3n(1/dr − 1) > 0 since dr < 1. Therefore, we
conclude that γ(β) > 0 ∀β > ρdn/dr. Thus, either it is the case that f(x) ≥ 0
∀x > 0 or there exists only one convex interval (xl, xu) such that f(x) < 0
∀x ∈ (xl, xu).

Therefore, when ρdn − dr > 0, we have the following results.

a) When there exists some y such that f(y) < 0,

i. if x ≤ xl, t̂+(x) ≤ x+∆. Since t ≥ t̂+(x) in this case, α ≤ α̂+(x) and in this
case h(α) is negative. Hence, drm(t) ≤ ρdnm(t− x−∆) ∀t ≥ x+∆.

ii. if xl < x < xu, ρdnm(t − x − ∆) ≤ drm(t) if x + ∆ ≤ t ≤ t̂+(x), and
drm(t) ≤ ρdnm(t− x−∆) if t > t̂+(x).

iii. if x ≥ xu, t̂+(x) < x+∆. Hence, drm(t) < ρdnm(t− x−∆), ∀t ≥ x+∆.

b) When f(x) ≥ 0 ∀x > 0, t̂+(x) ≤ x + ∆. Hence, drm(t) ≤ ρdnm(t − x − ∆)
∀t ≥ x+∆. �s
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B.2 Proof of Lemma 2

Lemma 1 describes the sales rate of the remanufactured product given a certain x. Using
Lemma 1, we can write the total profit function and total energy function without referring
to S ′

r(t, x).
Note that we can disregard the disposal cost in this case because the discount rate is

zero and thus all the collected returned items incur the same per unit cost irregardless of
the collection time and the total number of product disposed of does not change in x.

1. When ρdn ≤ dr, if 0 < x < x̄,

Π(x) = (Pn − Cn(x))

∫ ∞

0

S ′
n(t)dt+ (Pr − Cr)

∫ ∞

x+∆

S ′
r(t)dt

= (Pn − Cn(x))

∫ ∞

0

dnm(t)dt+ (Pr − Cr)

∫ ∞

x+∆

ρdnm(t− x−∆)dt

= [(Pn − Cn(x)) + (Pr − Cr)]dn ≡ Πs(x),

and

ET (x) =

∫ ∞

0

[En(x)S
′
n(t) + ErS

′
r(t, x) + xEu(t)S

′
n(t) + xEu(t− x−∆)S ′

r(t, x)]dt

= dnEn(x) + ρdnEr

∫ ∞

x+∆

m(t− x−∆)dt+ xdn

∫ ∞

0

m(t)Eu(t)dt

+ x

∫ ∞

x+∆

ρdnm(t− x−∆)Eu(t− x−∆)dt

= dn(En(x) + ρEr) + xdn(ρ+ 1)

∫ t

0

m(t)Eu(t)dt ≡ ETs(x),

if x̄ < x < x̃,

Π(x) = (Pn − Cn(x))

∫ ∞

0

dnm(t)dt+ (Pr − Cr)

∫ t̂(x)

x+∆

ρdnm(t− x−∆)dt

+ (Pr − Cr)

∫ ∞

t̂(x)

drm(t)dt ≡ Πsd(x),

and

ET (x) = dnEn(x) + xdn

∫ ∞

0

m(t)Eu(t)dt+ ρdnEr

∫ t̂(x)

x+∆

m(t− x−∆)dt

+ xρdn

∫ t̂(x)

x+∆

m(t− x−∆)Eu(t− x−∆)dt+ drEr

∫ ∞

t̂(x)

m(t)dt

+ xdr

∫ ∞

t̂(x)

m(t)Eu(t− x−∆)dt ≡ ETsd(x),
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and if x ≥ x̃,

Π(x) = (Pn − Cn(x))

∫ ∞

0

dnm(t)dt+ (Pr − Cr)

∫ ∞

x+∆

drm(t)dt

= (Pn − Cn(x))dn + (Pr − Cr)

∫ ∞

x+∆

drm(t)dt ≡ Πd(x),

and

ETd(x) = dnEn(x) + drEr(1−
∫ x+∆

0

m(t)dt) + xdr

∫ ∞

x+∆

m(t)Eu(t− x−∆)dt

+ xdn

∫ ∞

0

m(t)Eu(t)dt.

Thus, the total profit function is

Π(x) =


Πs(x) when 0 < x ≤ x̄
Πsd(x) when x̄ < x < x̃
Πd(x) when x ≥ x̃

,

and the total energy function is

ET (x) =


ETs(x) when 0 < x ≤ x̄
ETsd(x) when x̄ < x < x̃
ETd(x) when x ≥ x̃,

,

where x̄ = ln(β̄)/(p+ qdn), x̃ = ln(β̃)/(p+ qdn),

2. When ρdn > dr, and f(x∗) < 0, the total profit function is

Π(x) =


Πd(x) when 0 < x ≤ xl

Πsd(x) when xl < x < xu

Πd(x) when x ≥ xu

,

where x. = ln(β.)/(p+ qdn).

The total energy consumption function is

ET (x) =


ETd(x) when 0 < x ≤ xl

ETsd(x) when xl < x < xu

ETd(x) when x ≥ xu

,

3. When ρdn > dr, and f(x∗) ≥ 0, we have Π(x) = Πd(x) and ET (x) = ETd(x), ∀t >
x+∆. �
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B.3 Proof of Proposition 6

We could then obtain the optimal condition of x for total profit and by taking derivative of
Π(x) with respect to x. We have the following first order derivatives for the profit functions.

∂Πs(x)

∂x
= −dn

∂Cn(x)

∂x
≤ 0.

∂Πsd(x)

∂x
= −dnC

′

n(x) +
∂t̂(x)

∂x
(Pr − Cr)(ρdnm(t̂(x)− x−∆)− drm(t̂(x)))

− (Pr − Cr)ρdnp+

∫ t̂(x)

t=x+∆

(Pr − Cr)ρdn
∂m(t− x−∆)

∂x
dt

= −dnC
′

n(x) + 0− (Pr − Cr)ρdnm(t̂(x)− x−∆) ≤ 0,

since

∫ t̂(x)

t=x+∆

∂m(t− x−∆)

∂x
dt = p−

(
e(p+dnq)(t̂(x)+x+∆)p(p+ dnq)

2
)

(
et̂(x)(p+dnq)p+ dne(p+dnq)(x+∆)q

)2 = p−m(t̂(x)− x−∆)

∂Πd(x)

∂x
= −dnC

′
n(x)− (Pr − Cr)drm(x) ≤ 0

In any cases, the total profit function is an non-increasing function. Thus, we conclude
that the shorter the product life, the larger the total profit. �

B.4 Proof of Proposition 7

Similar to the proof of Proposition 6, we could obtain the optimal condition of x for total
energy consumption by taking derivative of ET (x) with respect to x. We have

∂ETs(x)

∂x
= dn

∂En(x)

∂x
+ dn(ρ+ 1)

∫ t

0

m(t)Eu(t)dt ≥ 0,
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∂ETsd(x)

∂x
= dnE

′
n(x) + dn

∫ ∞

0

m(t)Eu(t)dt+ ρdnEr
∂t̂(x)

∂x
m(t̂(x)− x−∆)− ρdnErp

+ ρdnEr

∫ t̂(x)

x+∆

∂m(t− x−∆)

∂x
dt+ xρdn

∂t̂(x)

∂x
m(t̂(x)− x−∆)Eu(t̂(x)− x−∆)

+ xρdn

∫ t̂(x)

x+∆

[
∂m(t− x−∆)

∂x
Eu(t− x−∆) +

∂Eu(t− x−∆)

∂x
m(t− x−∆)

]
dt

− drEr
∂t̂(x)

∂x
m(t̂(x))− ∂t̂(x)

∂x
xdrm(t̂(x))Eu(t̂(x)− x−∆)

+ xdr

∫ ∞

t̂(x)

m(t)
∂Eu(t− x)

∂x
dt+ dr

∫ ∞

t̂+(x)

m(t)Eu(t− x−∆)dt

+ ρdn

∫ t̂+(x)

x+∆

m(t− x−∆)Eu(t− x−∆)dt− xρdnEu(0)p

= dnE
′
n(x) + dn

∫ ∞

0

m(t)Eu(t)dt− ρdnErm(t̂(x)− x−∆)

+ xρdn

∫ t̂(x)

x+∆

[
∂m(t− x−∆)

∂x
Eu(t− x−∆) +

∂Eu(t− x−∆)

∂x
m(t− x−∆)

]
dt

+ ρdn

∫ t̂(x)

x+∆

m(t− x−∆)Eu(t− x−∆)dt+ dr

∫ ∞

t̂(x)

m(t)Eu(t− x)dt− xρdnEu(0)p

+ xdr

∫ ∞

t̂(x)

m(t)
∂Eu(t− x−∆)

∂x
dt,

and

∂ETd(x)

∂x
= dnE

′
n(x)− drErm(x) + dr

∫ ∞

x+∆

m(t)Eu(t− x−∆)dt− xdrm(x)Eu(0)

+ xdr

∫ ∞

x+∆

m(t)
∂Eu(t− x−∆)

∂x
dt+ dn

∫ ∞

0

m(t)Eu(t)dt.

The optimal product life depends on the energy consumption function in manufacturing
phase and use phase.

We are also interested in the energy consumption per service life. We define

Eps(x) ≡ ET (x)

xN(x)
,

where N(x) is the number of product sold, including new manufactured and remanufactured
products, that is,

N(x) =


Ns(x) when x in the interval such that drm(t) ≥ ρdnm(t− x) ∀t,
Nd(x) when x in the interval such that drm(t) ≤ ρdnm(t− x) ∀t,
Nsd(x) otherwise,
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where
Ns(x) = dn(1 + ρdn),

Nsd(x) = dn +

∫ t̂+(x)

x+∆

ρdnm(t− x−∆)dt+

∫ ∞

t̂+(x)

drm(t)dt,

and

Nd(x) = dn + dr

(
1−

∫ x+∆

0

m(t)dt

)
.

Thus, the first order derivative for Eps(x) is

∂xEps(x) =
1

x2N(x)2
(xN(x)∂xET (x)− ET (x)N(x)− ET (x)x∂xN(x)) .

Let ET (x) = En(x)Nn + Er(x)Nr(x) + xEu(t)Nn + xEur(x) and N(x) = Nn + Nr(x),
where Nn and Nr are the number of product sold for new manufactured product and reman-
ufactured product, respectively, and Eur(x) is the use phase energy consumption for the sold
remanufactured products, that is,

Eur(x) =


dn(ρ+ 1)

∫ t

0
m(t)Eu(t)dt when drm(t) ≥ ρdnm(t− x−∆) ∀t,

dr
∫∞
x+∆

m(t)Eu(t− x−∆)dt when drm(t) ≤ ρdnm(t− x−∆) ∀t,
ρdn

∫ t̂(x)

x+∆
m(t− x−∆)Eu(t− x−∆)dt

+dr
∫∞
t̂(x)

m(t)Eu(t− x−∆)dt otherwise,

Hence,

∂xEps(x) =
1

x2N(x)2
[−(En(x)Nn + ErNr(x) + xEu(t)Nn + xEur(x))(Nn +Nr(x))

+ x(Nn +Nr(x))(∂xEn(x)Nn + Er∂xNr(x) + Eu(t)Nn + Eur(x) + x∂xEur(x))

− x∂xNr(x)(En(x)Nn + ErNr(x) + xEu(t)Nn + xEur(x)) ]

=
1

x2N(x)2
[∂xNr(x)(xNn(Er − En(x)))− (En(x)Nn + ErNr(x))(Nn +Nr(x))

+ x2[Nn(∂xEur(x)− Eu(t)∂xNr(x)) +Nr(x)∂xEur(x)− Eur(x)∂xNr(x)]

+ x(Nn +Nr(x))∂xEn(x)Nn ]

Note that the first two terms in the numerators are negative. When En(x) = ax + b
with a, b ≥ 0 is linear nondecreasing function and Eu(t) = Eu is constant over time, we have
Eur(x) = EuNr(x) and ∂xEur(x) = Eu∂Nr(x). Hence,

∂xEps(x) =
1

x2N(x)2
[∂xNr(x)(xNn(Er − En(x)))− ((ax+ b)Nn + ErNr(x))(Nn +Nr(x))

+ x2[0 + 0] + x(Nn +Nr(x))aNn ]

=
1

x2N(x)2
[∂xNr(x)(xNn(Er − En(x)))− (bNn + ErNr(x))(Nn +Nr(x))] ≤ 0.

In this case, the longer the product, the smaller the energy consumption per service unit. �




