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Abstract

Sampling k-space asymmetrically (i.e. “partial Fourier sampling”) in the readout direction is a 

common way to reduce the echo time (TE) during magnetic resonance image acquisitions. This 

technique requires overlap around the center of k-space to provide a calibration region for 

reconstruction, which limits the minimum fractional echo to ~60% before artifacts are observed. 

The present study describes a method for reconstructing images from exact half echoes using two 

separate acquisitions with reversed readout polarity, effectively providing a full line of k-space 

without additional data around central k-space. This approach can benefit sequences or 

applications that prioritize short TE, short inter-echo spacing or short repetition time (TR). An 

example of the latter is demonstrated to reduce banding artifacts in balanced steady state free 

procession.

INTRODUCTION

In magnetic resonance imaging (MRI), fractional sampling along the readout direction is a 

well-known strategy for reducing the echo time (TE)1. This is useful for capturing signals 

from short T2 species but also reduces the inter-echo spacing (ΔTE) and repetition time 

(TR). Reconstruction by simple Fourier transform is not possible from fractionally sampled 

datasets, so various algorithms have been developed to produce relatively artifact-free 

images based on an assumption that there is smooth phase across the image.
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The typical minimum echo fraction is around 60% and artefacts are usually apparent by this 

point. Further reduction of the echo fraction could allow for more of the T2-decaying signal 

to be acquired (Table 1) but reconstruction algorithms become less effective because the area 

of overlap about the point of conjugate symmetry is reduced. Examples of image 

reconstruction using different echo fractions are shown in Figure 1 using a contemporary 

method that represents conjugate reflection as a low-rank problem2. Note that the image 

quality decreases with echo fraction and is unusable at 50%.

One way to approach the 50% limit is to acquire two readouts with the gradient polarity in 

opposite directions, as depicted in Figure 2. While the individual half echoes themselves 

cannot be reconstructed, the paired acquisition can be combined to obtain complete k-space 

sampling along the readout direction. This effectively provides a full echo of k-space data 

with the TE of a half-echo acquisition but at a cost of increasing the acquisition time. 

Similar half echo acquisition schemes have been developed for ultrashort TE imaging and 

flow artefact suppression3–4.

The simplest reconstruction of the paired acquisition is to directly insert data into the k-

space matrix where it nominally belongs (referred to as the “drop in place” algorithm) 

followed by Fourier transform. A challenge is that the center of k-space is acquired at the 

end of a gradient ramp; as discussed in Young et al5, short term eddy currents can act as a 

low-pass filter that modify the ramp and alter the k-space trajectory (Figure 3). With fully 

sampled readouts this occurs at the edge of k-space and is benign in terms of any resulting 

image artifacts.

Deviation from Cartesian sampling at the earliest time-point and the transient effects of 

switching on the ADC (analog-to-digital conversion) are difficult to model and are best 

avoided by discarding the first microseconds of data3. Once the gradient amplitude has 

stabilized there remains a constant offset (aka gradient delay) between the ideal and actual k-

space coordinates. Calibration for the gradient delay is required whenever readout gradient 

directions are varied within a sequence (e.g. radial, bipolar, forward/reverse schemes)6–8. 

Since the delays depend on the physical axis, gradient amplitude and distance from 

isocenter, the correction can be somewhat involved5.

The situation depicted in Figure 2 can be viewed as the reverse of an approach used for echo 

planar imaging (EPI) ghost correction9–10, where a single dataset containing forward (left-

to-right) and reverse (right-to-left) lines of k-space are split into two undersampled datasets 

consisting of pure forward and pure reverse lines. Reconstruction of the undersampled 

datasets is performed simultaneously with a coupling constraint that enforces similarity up 

to a convolution in k-space with a small shift-invariant kernel. The kernels represent 

differences between the datasets that can be represented as convolution in k-space, which 

include the effects of gradient delays (phase roll across the field-of-view), coil shading 

(parallel imaging) and conjugate symmetry (partial Fourier)2,11. The reconstructed images 

from the forward/reverse lines are free of ghosting caused by the gradient delay and may be 

combined into a single image9.
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The goal of the present study is to explore the feasibility of a double half-echo acquisition 

using low-rank reconstruction to minimize the TE, ΔTE and TR beyond those currently used 

in Cartesian MRI.

METHODS

All data were acquired on a 3T system (Siemens Prisma Fit, Erlangen, Germany) using a 2-

channel transmit/receive body coil. A 2D gradient echo sequence was used with spoiled 

gradient recalled echo (SPGR) or balanced steady state free procession (bSSFP) readouts 

and an asymmetric 0.6 ms RF pulse, as represented in Figure 4. The sequence preparation 

used the highest gradient performance settings and the shortest possible durations.

Reconstructions were performed offline in Matlab 2020a (Natick, MA) on a Nvidia 

RTX4000 GPU (Santa Clara, CA) and took 10 seconds for simple double half echo 

combination and up to 10 minutes for partial/parallel accelerated datasets. Care was taken to 

prevent the raw data handling software from improperly removing readout oversampling.

The algorithm used for low rank reconstruction is based on matrix completion incorporating 

coils, conjugate symmetry and half echoes stacked along the rows as illustrated in Figure 5 

and summarized in Table 2.11–12 A MATLAB implementation dhe.m is available online at 

https://github.com/marcsous/parallel. The process of rank reduction identifies correlations 

along the rows, which should only differ by coil shading and/or low-resolution phase 

variations. An important step in the algorithm is to suppress small singular values in the data 

matrix. Letting sk be the kth singular value and σfloor be the noise floor of the singular values 

(see Appendix), singular value shrinkage is effected using the filter 0≤fk≤1 as follows:

sk = fk ⋅ sk shrinkage

fk = max 1 − σfloor/sk, 0 soft threshold

fk = max 1 − σfloor
2 /sk

2, 0 minimum variance

These filter choices are associated with the nuclear and Frobenius norms, respectively13–14 

and the iterative reconstruction compresses the energy of the singular values in a way that 

corresponds with the norm of the data matrix. Initial results suggested that the minimum 

variance filter gave more similar results to the unaliasing performance and g-factor noise of 

conventional MRI algorithms; the design of singular value filters for different cases is an 

active research topic15.
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RESULTS

Application of Double Half-Echo Acquisition to bSSFP

While short TE is not necessarily a priority with bSSFP, reducing the readout duration also 

reduces the minimum attainable TR and decreases susceptibility artefacts. The decrease in 

TR absorbs some of the time cost of using two acquisitions. Figure 6 shows images 

reconstructed from a full k-space readout and examples of double half echoes (using two 

opposed readouts) using 66% and 50% partial echoes. The off-resonance banding artifacts 

are reduced in inverse proportion to the TR.

Robustness to Gradient Delays

To test the robustness to gradient delays an acquisition was made with small delays applied 

to the readout gradient. Results in Figure 7 compare a simple “drop in place” algorithm (top 

row) versus the low rank algorithm (bottom row). Delay parameters must be tuned carefully 

with the former approach and the best choice (somewhere between 0 and 1 μs) still leaves 

residual artefacts. In contrast, the latter approach is completely robust to delays of more than 

2 dwell times.

Combination with Partial/Parallel Imaging Methods

Low rank reconstruction is well-suited to parallel imaging and partial Fourier 

reconstruction2,11, since they conform to the requirement of similarity up to a small shift-

invariant convolution. Therefore partial/parallel acquisitions are expected to be compatible 

with double half echoes. Figure 8 confirms the compatibility using an example of 5/8 partial 

plus 2-fold parallel acceleration in the phase encode direction and double half echoes in the 

readout direction. The reconstruction was repeated twice using different singular value 

filters, indicating convergence to different solutions. Difference in noise and residual 

aliasing are similar to the effects of regularization in least-squares reconstruction algorithms.

Combination of the Final Images

The double half-echo reconstruction produces one complex image per coil per gradient 

direction. The coils can be adaptively combined to maximize the signal-to-noise ratio 

(SNR), which leaves two images (fwd and rev). These may be combined by sum of squares9 

although the noise is highly correlated due to the reconstruction method used so an 

assumption of independent and identical distribution is not met. Table 3 confirms that the 

fwd, rev and combined images do not show any SNR benefit from combination. 

Furthermore, differences between fwd and rev capture physical effects in the images, such as 

B0 field inhomogeneities, gradient delays; correcting for these effects would allow for 

further refinement of the reconstruction but is beyond the scope of the present study.

DISCUSSION

The present article has described a method to recover artifact free images from half echo 

datasets, which provides access to shorter TE, ΔTE and TR in Cartesian acquisitions. The 

method is based on low-rank reconstruction, similar to SAKE and LORAKS, and is fully 

compatible with these acceleration techniques2,11. Low-rank reconstruction methods extend 
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easily to include changes in the sampling pattern and temporal dimensions (including 

echoes), if suitable data is available16–17. These forms of redundancy have been used 

previously in image reconstruction18–21 but are particularly straightforward when used with 

low-rank methods.

An example of fractional echo bSSFP was described previously for ultra-fast bSSFP 

(ufSFFP) imaging of the lung using an overlap of 13 % about the center of k-space22. 

Reducing the overlap to 0 % using the technique outlined in the present study could further 

decrease the TR and improve robustness to susceptibility and/or permit an increase in spatial 

resolution. The RF excitation can also be shortened to a half pulse to reduce the TR but 

would require two additional acquisitions with alternating slice select gradients4.

The shorter available TE and ΔTE may be useful in applications such as short T2 non-proton 

imaging and multi-echo water-fat separation. An example of a multi-echo readout is given in 

Figure 4; the ΔTE between echoes 2 and 3 can be as short as two ramp times (on the order of 

100 μs) to mitigate ΔB0 frequency aliasing or may be increased to provide equal spacing. 

Alternative segmented readout schemes are possible.23 Other applications that blend data 

with different spin histories may also be compatible with low rank reconstruction. 

Hexagonal spoiling utilizes 4 or 6 different gradient directions from TR to TR that may 

prevent cancellation of long-term eddy currents.24 Segmenting the data into bins according 

to the spoiler direction would allow differences to be modeled out and removed.

The current study has several limitations. First, image reconstruction is slow for clinical use. 

The algorithm implemented in the present study (based on Ref 11) is inefficient compared to 

recent implementations25 however it is robust and has minimal tuning parameters: only the 

noise variance and kernel size are needed. Prior research has shown low rank reconstructions 

provide robust image quality on in vivo data, however in a clinical setting it may be 

necessary to demonstrate clear advantages over conventional approaches to justify the higher 

computational overhead.

Second, chemical shift artifacts can manifest in all the readout directions used. These are not 

modeled by shift invariant convolutions and therefore will remain in the images, potentially 

causing misleading artifacts at low bandwidth (c.f. center-out radial26).

Lastly, the low rank method yields images for both forward and reverse data sets. Sum of 

squares combination is not effective since the image noise is correlated, and moreover the 

images contain physical differences that potentially can be used to correct artefacts due to 

chemical shift or spatial distortion27.

CONCLUSION

The present study has described a method for reconstructing images from half echoes 

acquired in separate acquisitions using reversed readout polarity to provide a full line of k-

space. The approach is beneficial in applications that prioritize short TE, short ΔTE or TR.
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Appendix: estimation of the noise floor

The “Additive noise and missing at random” contamination model of Ref 15 defines m × n 
matrix A as the sum of a low rank matrix X plus a noise matrix Z whose elements are drawn 

from a Gaussian distribution with standard deviation σ. Entries are missing (zero) with 

probability 1 − κ. Assuming m » n, X may be approximated from A by modifying the 

singular values (s) to:

η ≈ 1 − σ2mκ
s2 ⋅ s

This is comparable with the minimum variance filter for σfloor = σ ⋅ mκ, which is a measure 

of central tendency of the singular values of Z. In estimating σfloor, two practical cases arise: 

(i) σ is known (e.g. from prescan measurements), in which case σfloor is easily calculated 

from the data size m and sampling κ; or (ii) σ is not known, in which case, a heuristic based 

on the median value of s can be used.15 Other schemes may be devised using the fact that 

small singular values mainly reflect the noise.

Abbreviations Used:

ADC analog-to-digital conversion

TE echo time

TR repetition time

bSSFP balanced steady state free procession

ufSSFP ultra fast balanced steady state free procession

MRI magnetic resonance imaging

EPI echo planar imaging

SAKE simultaneous autocalibrating and k-space estimation

LORAKS low-rank modeling of local k-space neighborhoods

SNR signal to noise ratio

ROI region of interest
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Figure 1: 
Images from a SPGR dataset using different fractional echo factors (readout direction left-

right) reconstructed by LORAKS. Scan parameters are as follows: SPGR, matrix 192, field 

of view 220 mm, bandwidth 200 Hz/pixel, TR 10 ms, TE 0.75–3.25 ms.
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Figure 2: 
Sampling scheme for a double half echo acquisition (left and middle) combined into a single 

k-space (right). Note the phase direction uses 5/8 partial Fourier to compensate for the 

doubling of acquisition time.
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Figure 3: 
Schematic of an ideal trapezoidal readout gradient (top row) subject to short term eddy 

currents that result in the actual gradient (dashed line). The sampled points map to different 

k-space co-ordinates (bottom rows).
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Figure 4: 
Pulse sequence diagram for a bSSFP acquisition with the center of the echo indicated by a 

black dot. Forward and reverse readouts (from separate acquisitions) are represented by the 

solid and dashed lines. The bottom row shows an example of a multiple echo readout using 

half echoes; the echo spacing between the 2nd and 3rd echoes is very short but may be 

increased using a delay or higher echo fraction (e.g. 55% rather than 50%).
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Figure 5: 
Construction of the data matrix from forward (fwd) and reverse (rev) readouts and 2 coils. 

Each row of the data matrix consists of k-space points under the convolution kernel (small 

squares) for each coil while the kernel is moved through all of k-space. Missing samples are 

generated by a low rank matrix completion algorithm (Table 2).
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Figure 6: 
Reconstructed bSSFP images using full sampling, partial sampling and half echoes. The 

decreasing TRs (given in Table 1) provide increased robustness to banding artefacts. Scan 

parameters: bSSFP, matrix 192, field of view 220 mm, bandwidth 200 Hz/pixel, TR and TE 

in Table 1.
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Figure 7: 
Examples of datasets perturbed by delays of the readout gradient (up-down direction) using 

“drop in place” and low rank reconstructions. Window and level is adjusted to aid 

visualization of artefacts. The low rank method is robust to errors of several microseconds 

while the drop in place method is highly sensitive to delays. Scan parameters: bSSFP, matrix 

256, field of view 220 mm, TR 2.5 ms, TE 1.2 ms, bandwidth 1395 Hz/pixel (dwell time 

1.5μs).
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Figure 8: 
Double half echo reconstruction with partial and parallel sampling in the phase encode 

direction. The left panels show the k-space sampling and images on the first iteration (before 

reconstruction). The right panels show images after 10000 iterations using two singular 

value filters. The minimum variance filter exhibits stronger g-factor noise enhancement and 

less aliasing compared to the soft threshold filter. Two ROIs correspond to the SNR results 

in Table 3. Scan parameters: SPGR, matrix 192, field of view 220 mm, bandwidth 200 Hz/

pixel, TR 10 ms, TE 0.75 ms.
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Table 1:

Examples of echo fraction, minimum echo time, echo spacing and repetition time are given for the following 

protocol: bSSFP, readout points 192, field of view 220 mm, bandwidth 200 Hz/px, RF pulse 0.6 ms.

Echo Fraction Minimum TE (ms) Minimum ΔTE (ms) Minimum TR (ms)

100% 3.17 5.79 6.67

66% 1.53 4.96 5.03

50% 0.75 3.04 4.25
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Table 2:

Outline of the iterative algorithm for finding k-space values that satisfy the conditions listed in the final 

column. Low rank constraints enforce consistency across the coil (parallel imaging), conjugate symmetry 

(partial Fourier) and half echo dimensions. The algorithm is similar to that proposed in Ref 11, which was 

based on Ref 12, and converges to a stable solution; however it is unclear what specific metric is optimized.

Initialize y = k-space data from fwd/rev readouts
k = zero array the same size as y
D = data sampling operator (binary)
σfloor = noise floor (see Appendix)

Condition

1 Start of the iteration loop

2  k = k + D (y – k) Data consistency

3  Create data matrix A (see Figure 5)

Low rank constraints
4  [U S V] = svd(A,’econ’)

5  f = max(1 – σ2
floor / diag(S)2, 0)

A = A V diag(f) VH

7  k = average along anti-diagonals of A Structural consistency

8 End of the iteration loop
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Table 3:

Comparison of the SNR (defined as mean/standard deviation) in two regions of interest (ROIs), indicated by 

circles in Figure 8, for fwd/rev datasets and the sum of squares combination. If the noise were independent 

then the SNR of latter would be 41% higher, however no difference is seen reflecting the highly correlated 

noise.

Dataset SNR: ROI 1 SNR: ROI 2

fwd 9.15 20.88

rev 9.16 24.47

combined 9.15 22.62
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