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~ THE S-CHANNEL UNITARITY CONSTRAINT OF

THE MULTIPERIPHERAL BOOTSTRAP MODELS*

Sun-Sheng Shei
Lawrence Berkeley Laborator&

University of California
Berkeley, California QU720 -

July 16, 1971

ABSTRACT
We discuss the s-channel unitarityvconstraint of the mualti-
peripheral bootstrap models. We show that, if the low subenergy part

of the kernel is weak, it is possible to have self-consistent Regge

" poles. On the other hand, if the low subenergy part of the kernel is

strong, we cen never have self-consistent Regge poles. 1In this case

the most important J-plane singulérity is a cut with branch point at

-1 and the x-n scattering amplitude goes to infinity slower than

s/log s at high energy.
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I. INTRODUCfION

It is a well-known fact that although the general idea of the
singulérities in the complex angular momentum plane is very useful in
the description of high-energy phenomena, the simple pure Regge-pole
models fail in many respects,I e.g., the polarization effects. In
terms of the singularities in the complex angular momentum plané, these
may be intérpreted as being due to the presence of cuts. Many cut
models have been proposed.l In most of them a_"Born term" was chosén
and the g-channel unitarity condition was imposed. Although the usual
practice is to choose pure Regge poles»as>"Born ferm," the main
criticism for such models is the choice of "Born term."

The multiperipﬁeral models?> (vPM) are very useful for
deséribing general features of high-energy collisions. The models
predict.Regge behﬁvior for elastic and total cross sections, a donstant
elanicity, a log s Ybehavior foi multiflicity,rand'a small average
transverse momentum for the secondary particleé produced in high-energy
collisions. The MPM; in itésimpleatform, regards the kernel of the
integral equation as- given, not constraint by the self-consistency
condition. Iﬁ this version the output Regge pole can have intercept
gieater than 1 when the strength of the ipputvkefnél is very large.
This violates the Froissart boundu on the total cross section at high
energy. A more refined version of the MPM imposes the self-consistency

5

condition.” Tt has been shown by Chew and Snider6 that in this version
the s-channel unitarity comstraint is built in. In other words, if a
solution is found to a multiperipheial bootstrap equation. (MPBE), it

is no longer necessary to consider s-channel absorption as a subsequent

correction.
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The purpose -of this paper is to explore the s-channel unitarity
constraint of multiperipheral bootstrap models (MTBM). In particular,
we show expiicifly from the eigenvalue equation of the integral
equation that. we can have either a leading Regge pole with intercept
@(0) <1, or a cut with branch point «(0) = 1. Therefore the MPBM
‘can provﬁde a consistent framework to discuss the Regge.cut. We also
find that, if the input low subenergy kernel is weak, we have
a(o) <1. Buﬂ if the input low subeneréy'kerhel is strong we will
have a Regge cut with branch point at «(0) =1 as the ;eéding
singularity, a.connectioh which has~been éhown in ¢3 type field

theory by Chang and Yan.!

In Sec. II, we first present the argument of Chew and Snider.6
We then restrict ourselves to the forward scattering problem. The

eigenvalue equation for the MPBE is written down explicitly using the
trace approximation. Section III‘discussesrthe existence of solution,
its rel;tion_to the strength of the low-energy kernel, and the ngture
@f‘discontinuity across the cut when the leading.singularity is a cut

in complex angular momentum plane. We make some relevant remarks in

Sec. IV.

b

IT. MULTIPERIPHERAL BOOTSTRAP MODEL AND S-CHANNEL UNITARITY
"We consider here the oldest of MPM--that of Amati-~-Bertocchi-

Fubini-Stanghellin‘i-Tonin2 (ABFST). ‘According to ABFST the absorptive

part F(p,q; k) of the x-x scattering amplitudé satisfies the inte-

gral equation

a%a' ¥ (p,-a'5 &) Fq',q; k)
F(p,a5 k) = Fy(p,q; k) + = 2 :
' &' Jl@' + 0% - n 2@ - 107 - n )

(2.1)

The integral equation, together with the kineﬁatics, is represented
graphicallyvin.Fig. 1.

It was assumed in the original ABFST.modél that Fl
low-energy (resonant) part of the g-x elastic amplitude. The modern

is the

version8 of the MPM recognizes the importance of dividing the kernel
Fl into two pieces, one corresponding to the low subenergy part, the

other corresponding to the high subenergy "tail." The important

concepts of diffractive dissociation and multiperipheralism have been

9

unified in this way. It was also realized that it is fruitful to

impose the bootstrap condition on the Pomeranchuk trajectory by

requiring the input pole used in the high subenergy part of the kernel
to be consistent with the leading output polg.5 Such kinds of MPM are
designated as multiperipheral bootstrap models (MPBM). This has been
used to explain the schizophrenic behavidr of the Pomeranchuk
trajectory.5 ‘
In the original ABFST model if is clear that the output peole
can have intercept greater than 1, if the low subenergy kernel is

strong enough. This indicates that in the original version, the

s-channel unitarity constraint has not been taken into account. Chew

¢
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and Snider6 showed that if the kernel is separated into a low subenergy

part flus a high subenergy tail and by requiring the bootstrap
condition.on the Pomeranchuk trajeétory, the g-channel unitarity con-
straint is built’intédn the model. Therefore, once the solution éf the
multiperipheral bootstrap equation (MPBE) has been found (if a
solution exists), the subsequent s-channel absorption corregtion will
vno longer Be necéssary.

6

We reproduce here the argument of Chew and Snider. The

function F, is assumed to have the form (see Fig. 2)

) *
Fi(s,8) = FyN(s,8) 6(s” - s) .
tTsz

- vdTldTa -] -x(t,fl,fz) +-S”; m.2
+ 1 - ' ' I~ "%
2 £, 2 © : A%
165" A (s,m’t B ) _ tryT, |

12
-)\(t’Tl’Te) +

s 2
-m
b1
. * : *.
X T (s,my) Mety) 0(s -8,  (2.2)
where T is fhe n-x scattering amplitude and
ra,b,e) = a° + b2 + ¢© - 2ab - 2ac - 2be . v (2.3)

-¥hen we do the s-channel partial-wave projection of Eq. (2.1), both

terms on the right-hand side will give rise to positive contributions.
It is also clear that at the high-energy 1limit Fl is projected to
!fz|2 because the first term in Eq. (2.2) vanishes in this limit.
From Eq. (2.1), we find

‘12

Im f = !f;@

4 +R, , o (2.)

£

6=
where Ré >0 is the projection of the second term of ﬁq. (2.1) and

corresponds to the multiparticle states. Here our normalization is

5, -1
z 21 _ (2.5)

Evidently. the s-channel unitarity constraint is satisfied in the model.
This, together with the analytic.pro?erty of Fl in t, is sufficient

to establish the unitarity bound of Froissart on the total cross section

in the high s 1limit.

We show in the folldwing that this unita;ity constraint on the
total cross section can also be obtained from the eigenvalue eéuation
of the MPBE. To establish this it suffices to restrict ourselves to
the forward séattering casé.- For simplicity we neglect the complication
due to the isospin property. We use the trace approximetion to solve
the integral equation. We will comment on this approximation in Sec.
Iv. |

From now on our notation follows closely that of_éRS.8 We
begin with the diagonalized integral equation for forward scattering,

0

PN (r,m') = FlK(T,T') + ar" FM(r,") KX(T",T'), (2.6)

where FM(T,T') is defined by

® e'(X+l)n(S:T;T')

ds =- —T F+(s,T,T') s (2.7)

It

FM(r,7")

bm 2
bis



with

s-T-7 o (2.8)

cosh ®(s,T,7') v
T 2(7t')2

A similar formule defines the inhbmogeneous ternm FlK(T,T'). The

functions F (s,T,T) and Fl(S,T,T') is normslized such that

N .
+ 5 2 -2 b
- F (S_y"’mn -0 A (s’mﬂ :mﬁ ) Oiot(s))

(2.9)

1}

- i 2 2y gx _
Fl(s’-m"‘[ -1 Kz(s,mn ,mﬂ ) Uje(.‘z(s).

The projected kernel is given by .

| . - JH(ka)n(s, 7,70
() = 55 ds c(s) 7T y
(T" - B ) 2
b : (2.10)
where
1 2 B : :
c(s) = A2(s,m %m ®) oF7(s). (2.11)
The inversion formula of Eq. (2.7) is
’ (M)n -
L 1 . e A
2(11')2 F (sy7,7') = 77 [+ 1) st F (), o (2.12)

where the contour of integration is from ~iw to iw, and passing to
the right of #ll the singularities of FX(T,T') in the complex
A-plane.

The trace approximation amounts to replacing D(x) by
1 - Trace Kx, which has been evaluated by CRS expliéitly. The result

is

A
_ _ 1 2 A b(n-p)
D()\) = 1 }\()\,‘Fl) }\+2R+<§-6> C e
. ® e-x
x X ax -, (2.13)
- *
(A-8) (b+ens—)
s
o}
Where

8 = 2o'™0) -1 s (2.1%)
b = = > 0 c>0 (2.15)
2(a'®y (o) ~ ’
*
S - 1
R - 123 C E%6mlm ) Is) > o (2.16)
i1 o . .
hmﬂ

Here ain(o) is the input Pomeranchuk intercept and a is the constant
in the Regge residue eaT, A is the cutoff” in the T integration
and 8o 1s some mass séale smaller than s . In CRS no attempt was
made to incorporate the bootstrap condition. The requirement of sélf-
consistency can be taken‘care of easily. We have only to make the
replacement of ain(O) in Eq. (2;1h) by A. Or in othervwords, we
replace A -B by A - (2n -1)=1- .

Therefore, the eigenvalue equation of the MPEE is, in the trace

approximation,

©

b(1-1)

1 R, aNce

D(A) = 1 - N AT <%> (1 x)(b”n‘—s*)
| -

S0

X S-ap- oo (2.17)

X
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I17. EXISTENCE.OF SOLUTION TO THE EIGENVALUE EQUATION
In this section we want to investigate under what condition
can we have zero of D()), i.e., self-consistent Regge pole. For this

purpose, we concentrate on Eq. (2.17). Let us define N (ao > 0) by

2R . . . .
SN AR B A=) B S (3

One might call this o the intercept of the "bare" Regge pole, since

this is the intercept of the output pole if the high-energy tail is

left out. From Eq. (3.1) and Eq. (2.16), it is clear that’ %

increases when the low subenergy part of the kernel increases. We

separate our discussions into two differént cases accbrdihg-to ab <1l
o Z 1
(1) @, <1. since

- . < <
oG ey C° for gy <a <1,

it is possible to have solutions for D(A) = O in a0v< A <1. This

is the case when C is small (weak Pomeranchuk part). Notice that we

cannot have a solution with A > 1. This is due to the fact that when

"A'>1 the second term inside the bracket in Eg. (2.17) will develop

_ an.imaginary part. The self-consistent solution in this cese has been

studied by €hew and Snider.5

(11) o,

will be no solution of Eq. (2.17) at all. For in the region O <A <1,

2 1. In this case no matter what the value of C 1is, there

we have

2R
A F + 2)

2R
ao(ao + l)(aO + 2)

1 < 1 -

«]10-

and

A
1 A b(1-n) |
'_XGTTT7<€O)'Ce dx - >< 0.

(l-x)(bﬁn:—*)
[0]

We cannot‘have a solution with » > 1 either, because in this region
the second term inéide the bracketbof Eq.. (2.17) will develop an
imaginary part. Thus we have established the fact that it is impﬁssible
to have Regge pole as 'solution in the case ao
the leading singularity has to bé Regge cut. We can determine the

;.l. We conclude that

‘ branch point of the Regge cut and study the discontinuity of Fx across

the cut near the brénch point. It is convenient for this pﬁrpose to
define fk by

Pr,11) - o fk(mv)————T).  (3.2)

(r - m T -m

Notice that the singularity structure in the A-plane is the same for

FX and fk. Our integral equation can be written formally as

A m A

A S A
or
B
F » .
A 1 1 »
F = ———'—__ )\ = 'l + "——_ N . (5'3)
1- Fy 1 -F :

It is easy to see from Eq. (3.3) that the singularity structure of

P is the same as 1/(1 - F;") or that of 1/[D(x)]. Assuming the

branch point of F*

part. of fih. Tt is readily seen that the function F." is analytic

is at N = Ap» We can calculate the high subenergy

1l
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for Re A > B = g = 1 and has a branch point at » = zxo - 1. Also,
we have just established that the singularity structure of fx is the
same as 1/[D{\)], which implies the coincidence of the branch point.
That is,

KO = or AO =- 1.

2 - 1, (3.1)

Thus in the case of ao‘;>1. we have Regge cut with branch point at
A =1 as the leading singularity in the complex angular momentum
plane. As we have éhown before,'we cannot have D()\) = 0. That
implies that F" cannot be infinite as A - 1. Therefore, the
diséontinuity of fx across the cut should be finite at A = 1.
Starting with this result we can ﬁée the connection between the

sclution F and the high-energy tail in P, to argue thatvthis

1

discontinuity has to be zero'at A = 1. The reason is as follows.
Since the discontinuity is finite'as A -1, we find that the high

subenergy tail of le is of the form
_ g
© s ()\"'1)(%_)
ds so S < 2 -
N b+ m(s—) |zn(-s—> +d|c
s 0 0 .

(3.5)

-t A+l o
2,2
)

t -
(t -m

The only difference between Eq. (3.5) and Eq. (VI.9) of CRS is the
presence of the factor l/lzn(s/so) + dlg, which is a reflection of
thébfaqt that now it is the cut and not the Regge pole that controls
the high-eneégy behavior. It can be readily proved that

- ;'(m)( %)ﬁ )

ds

o () () e
' 5o 0

. =12~

is analytic for Re A > 8 = 2}0 -1 =1 and has a cut with branch

point at A =8 = 1. We can calculate the discontinuity across the

cut at ) = 1l. The result is zero. This implies. that the discontinuity
of FX across the cut at A =1 1is zero. Or,stated in terms of the

high-energy behavior, F goes to infinity slower than s/log s as s

approaches infinity.
Summarizing our results, we find that if the "bare" Regge. pole
has intercept ao <1, we may have_self-consistent Regge pole as our

solution. However, if the "bare" Regge pole has intercept o, > 1, we

_ can never have Regge pole as solution of MPBE. In this case (if the

solution of MPBE exists) the leaflling singularity will be a cut with
branch point at X = i. We haye\shown from the eigenvalue equation
that the solution of MPBE respects the Froissart bound on.the total
cross section at high energy. We have also established the connection
between the nature of the leading J-plane singularity and the strength
of the 1ow subenergy kernel as was first pointed out by Chang and Ya.n7

ina @ field theory.

.5
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IV. DISCUSSION,
In this section we make some remarks concerning the geﬁerality
-of our results.
l.IFIn CRS the sigﬁature factors Have been ignored in the
hiéh subenergy tail of the kerﬁel as well as the highrenergy tail of
" the inhomogéneous term. These can.be taken'into account. easily. The
‘only change is ;eplacing :C .by cli- - cbt(nX/z)IQ.

2. Although we reach our conclusion starting from the ABFST

.pion-pole. dominance model and using the trace approximation, the results

we find are expected to be true for general MPM. In fact, we can reach

exactly the same conclusion if we use the multi-Regge formalism
developed by Ciafaloni, DeTar, and Misheloff.lo In that case the
eigenvalue equation of MPBE has been written down by Chew and Snider.

The starting point'in our investigation will then‘befthe equétion

T l-a-x = € i —— . B Co (k1)

~14-
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