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~ ABSTRACT
The‘one-photon self-energy radiative level shift fo% an
electron in a Couiomb éotential is evaluated nﬁmerically for the
ls% state..‘The'evaluation_is done for. values ofvfhe nuclear charge
Z = 10,20,---;110. The errors in the values obtained are estimated
ﬁo be less than Q.l%. The rgsﬁlts are compared with-the'iesults.of
previous calculations. The evaluation is baSed,on the éxpressions

given in the preceding paper.

b

I. INTRODUCTION
. In the preceding paper [1], the one-photon self-energy
radiative level shift is gxpressed in a form suitable_for direct
numerical evaluation by a éémputer._ In this paper, we describe the
qumerical evaluation for the case of the 1s% state, for
2 =»lO,20,-;-,110.’

In Sec. II the numerical evaluation of AEL is described.

' Values associated with- AEHA  are given in Sec. III. Evaipation:of

"the remainder AEHB is described in Sec. IV. 1In Sec. V the results

are summarized and compared with the results of previous calculations..
Algorithms used‘to-evaluate_the-special functions which arise in the
calculation aie described in appendices.

The value ﬁsed'fbr a-l

is 137.03602. The numerical calcula-
tions were done with the CDC 7600 computer at the Lawrence Berkeley

Laboratory.

II. NUMERICAL EVALUATION OF THE LOW-ENERGY PART AEL

We consider the numerical evaluation of Re(AEL) with the

‘aid of (j.lh)-df I. In the case of the 1S, state, specification
. . 3 7 .

of the principal value of -the integral over =z is not neééssary,

.because there'isinp bound-state pole in the integrand in the interval

(0,E.); CE; is then real. We introduce new variables of integration

in the expression (3.14) of TI:

. 2
Y = 27x1 H r = ;I fo; X, < xl
t = 1 - E_Z_ H ’ : (2'1)
n . .
. xl .
y = 2732 H r = I; for X5 > X .

4.
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- - 5.1 : S :
In (2.1), 7v =20 and E = - 72)5. Employing these variasbles, = - The expression which appears in (2.2) is in a form suitable
and noting that the integrand is symmetric'under interchange of x, - " for direct numerical evaluation by & computer. We shall first briefly

and Xy, we have outline the method we use, and then glve a detailed description of

: a1 ’ o« 1 : each step. The triple 1ntegral which appears 1n (2. 2) is evaluated by
LB = % E, + I at f QY[ ar s(r,y,t, M} (2.2) - ' Gaussian quadrature. For certain values of 2, the multiple integral
» , is evaluated three times. In each successive evaluation, the number
where

of integration points in each dimension is increagsed. -In this way,
- _.-, . oF 2(27743 o B o ) o & convergent sequence of approximations to the integral is obtained.
S(r,y,6,7) = - —B——— tr7 0 PR Y 31ty Z T (r,y,t,7) ' . |
\THY,%, (3 - 28) . K}V The integrand is in the form of an infinite sum over «. This sum"
» . k=1 ,
' ( ) is evaluated for each set of values of the integration variables needed
2.3 . .
: . for the numerical evaluation of the multiple integral. The most
. and -where . :
. significant contribution to the sum comes from terms for which _
11, ,KI < rv, where rv is the smaller of the arguments of the spherical
T (r:Y:t)Y) = 1-e)¢c (ru':“:z)l'(' .
K g n L3 ~ .
signs Bessel functions. For ]n1 > rv, .the terms in the sum approach zero
£ ' ‘
° .. rapidly as lKl increases. The spherical Bessel functions and radial -
2 Green's functions which appear in the individual terms of the sum are
13 rv A TV v » : . ' ‘
[J'"+%, %(3 ) jl“*?l 1(v) y2yl d|N+-|‘—( ) Jl I’%( )] evaluated by algorithms which are described in Appendices B and D. -
' We first examine the sum over k to establish the nature of
- TG (ru,u z)n jl“*%l 1(xv) jl I'L(v) o o . }ts convergence. The asymptotic behav19r of TK(r,y,t;Y) as Kk -
' . is found from the asymptotic behavior, shown in (A.5), of the radial
21 L L 7 Green' o ; : P
- Gn (ru,u,z)k J]n I 1(rv) le+i| 1(V) o - _ Green's functions and from the asymptotic behavior of Jz and Jl

2 2

as £ - o=

+

_(l N Er}) anz(ru:‘_l:z)|"|J_|n-§|—§(_r") J l"'%l"é‘(v) b5 (2.4) . o o o
‘ Jp(x) ~ *(-ETf;—'m(zx)z 3 3y(x) ~ ﬁ'-'('g;':—m(zx)z E (2.5)

8 =1-E; u=y/(2r); z=E(l-t);v=Ety/(2r) .



We have

TK,(rJY:t)Y) ~ An(r,y,t,‘r) o= (l - En)[r + (l +,En - Ent)‘fl]

r2 a2y 2 [ﬁy} (2rv)?* (2.6)

8s Kk - », We obtain an indication‘of the . rate 6f convergence of the

sum over & in (2.3) by considering the remainder
RN=ZA»:" o - {2.7)
We find

lim —————pr = C (2.8) -
N‘?“’(EQEN o , . _( .

2 N

where C 1is a constant independent of N. The above expression

indicates the nature of the convergence of the partial sums

N : .
. SN' = E: TK . . v (2'9)

when N is so large that the terms vTK,-‘n > N, are well approximatéd "

by the asymptotic forms An' Actually, tbe partial sums aie”pften
close to the limit before N ié sufficiently’large fof-thé asympt§tic
form to be a good approximation; Ihe rapid convergence arises as
follows.‘vFor z > #, the’asymptotic forms “in (2.5) are good appr&xima—
tions for the cofrequnding functions. For such £, it is‘evident
from the asymptotic forms that these'functiéns'decrease iapidly as

! increases. On-the other hand, the other factors in TK are

e ‘8‘ '

relatively slowly varying as k increases. Therefore, for x

greater than the smaller of the arguments of the Bessel functions, TK

" decreases rapidly as «k increases, and the pertial sums SN converge

rapidly. - The behavior of Tg as. & function of 75, for some values of
the othér parameters, is illustrated in Fig. 1. In the numerical
computation of s(r,y,t,rj, we ferminate the sum ovef x at k=N
when both of the foiiowing conditions are met:

Tyl < 107 z T}

K=l

N > rv . (2.10)

"We now describe the procedure we use for evaluating S(r,y,t,r).
The evaluation is performed by & subroutine which, given a value for
each of the arguments r, y, t, ahd T, computes the value of

s(r,y,t,r). . First, within the subroutine, a number L

L = 2rv +.25 - . - (2.11)

'is computed. We find empirically thgt this number is always larger,
and not excessively_largef, than the smallest N which satisfies

"(2.10). The Bessel functiohs and their derivatives which.appear”in

(2.4), with indices in £he.range 0to L, aré1¢oﬁputed with the
method descriﬁéd in Appéndix B and ;tored in arrays. Then the sum
over ;ig performed. The radial Green's,fdnctions aré évaluated as
described in<Appendix D.‘ The summation over « is terminated at
k= N, where - N "is the smallest number which'satisfies.the conditions
in (2.10)}. Finally,vthe sum isEmultiblied by the remaining factors
which appeéf'in (2.}).. The evaluation of the gamma.fﬁnCtion is

described in Appendix F.
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With values for S(r,y,t,y) available, we numerically evaluate

the-integréls in (2.2). The integrals are done by repeated one-

dimensional Gaussian guadrature with new variables of integration which

are defined in_subsequent discussion. Integrals evaluated numerically

over the interval (0,1) are done, with the appropriate linear mapping

to the interval (-1,1), by Gauss-Legendre quadrature; integrals
evaluated numerically over the interval (0,») are done by Gauss~-

' Laguerég quadraturé [2}. We designed the integration scheme to give
 the result corréctly to 11 significant figures when Z = 10. The
corresponding accuracy in the physically interesting part of the
result is much less, for the following reason. The low-engrgy part
AEL is of order 1 [see (3.10) of I], while the renormalized self
energy is well known to be of order ,(Zz)h lln(er)-2 Hence, in the

worst case that we consider here, i.e., = 10, the physically inter-

' esting part of the number we compute is smaller than the number itself

by a factor of order (lQ:x)h a3 X 107,

We choose new variables of integration to be uséd in evaluating

the integrals over r and Y. In'order to motivate our choice, we
‘bponsider a simple function which exhibits the qualitative features of
the dependence of s(f,y{t;r) on its vari#bles.‘ To findvsuéh a
‘funpﬁion, weé recall that the main contribution to the sum S(r;y,t,Y)
- comes from values of k for ‘which |n{ <rv ; ru. Therefore, wé
expect that ihé behavior §f the sum is qualitatiyely reprdduced by
-the expression-obtained if‘fhe radial Green's functions are replaced
by their asymptotic forms, -for ‘ru >> &} whicﬁ appeaf in (A.3).
Taking the last term in (é.h) as a typical tefm'in .TK; making the
above-mentloned replacement for the radial Green's fUnctions perform-

ing the sum over ', and replacing the relatively slowly varying

«10-

factors by 1, we obtain.

(SN (1r)y S
- 2 3 -
Syt ~ e¥e ¥ EriESll__s)v_] | (2.12)

l N -
where ¢ = (1 - z )2 Re(c) > 0. Here, the symbol =~ means the

' functions on either side are qualitatively similar in their dependence
‘on the variables.- The factor '(% - %) in the exponent is positive

‘fer the range of values of the energy 2z under consideration.

We now consider the integral

1

Sl(y’t:T) - = ar s(r,y,t,r) . » 7(2.13)

" We note, from (2.12), -that the qualitative r dependence of the

*

integrand is . . .
-q(l-r) sin[iaglr- r)] v | (2.11)
where

. L _
Q= 5 G-y, O<g<e 3

(?.1_5')'

» l+7 3
0 < @& < (:} - Yj>

For Z < 110, we have 9 < g. For q large, the sine function in

(2. lh) oscillates rapidly as r varies, but the oscillations are

sirongly damped by the exponential. To numerically evaluate the inte-

gral in‘(2.15), we employ the following prescription:

for 0 < g <10



o 1
Sl(YQt,T') = dx 2x s(xaxy)t,r) » N=1[al +9;
for 10 < q< 30
1 . -
s‘l(y,vtrr) = o dx S(x:}'_:tyr) > N = min([0.k4q] +‘8;18) 5
o .
or 30 < gq <100
1 . :
Sl(Y}t)Y) = ax 2 s (1 -2 x:Y:t:a. + €, N =18;
’ q 9 ‘ . =
or q > 100
[ . .
S, (y,t,r) = dxl§(l-£y'tr>,~ N=28;
\YCs g > gyt :
(2.16)

here N is the number of integration points used to evaluate the

ntegral, S 1is given by

S(r‘,y_,t, Y)

0 <r <1 :
§(1‘,y',t,Y) = ' ’ ’ ) : (2'17)
' o , r<o0;
nd € ié given by
_ 9_
30
€ = dx?QSQ--BEX,.V;t:O
q -9
. 1 :
q_
30 :
~ dx e eV W 3 x200 eV 7 (2.18)
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The contribution of € in (2.16) is neglected. We arfived at,thé
above prescription in the following way. We examined the integral
numerically for v = 10x and sampie values of y and t which cover
the range of numerical values‘given for these &ariables when the
integrals over y and t are évaluated.' For each fixed value of

y and t, we tried various variables of integration in the integral

" over r, and for each variable of integration, we tried various numbers

of points in the integration formula. A choice of integration variable

and number of integration points was considered acceptable if the

~ resulting value for the integral was. correct to approximately 11

places beyond the decimal point, and the rate of convergence was good.

- The correctness of the result was judged by varying the number of

points in the integration formula and bbserving the degree of stability

of the corresponding values for ﬁhe iﬁtegral,‘ By good rate of
cohvgrgence for the integra;, we mean one for which increasing the
number of integrgtion points by two, decreases the error in the rgsult
by approximately a factor bf 10. v
We next conéider:the integral

: e : . . .
st = | wseen . C (2a29)

o » _ o . ”
The dominant y: dependence of the.integrand is simply eV, fThe
method we use to numerically evaluate the intégral in (2.19) is as

follows:



D -

Sp(,7) = sy (67) + Sp(ts7) + 8p5(ts7) 5
1 v R

s2l(t’r) = dax Sl(x,t,r) s N =1h;
o
1 _ _

: Sze(t,r) = cdx hsl(1'+ Qx,t,r)-, ;vN =12 ;

- /0

823(‘&,7) = dx Sl(5 + 5t,7), '. N=6. | ©.20)
0 ' -

t

The nqmber N 1is the number of integration points uséd to eValﬁate
‘the integral. We arrived at this method of evaluatibn'by examining
the integral in (2.19) for 7Y = 10x and v

sample values for t. For each value of " t, we tried various

':variableS'of integration and numbers 6f integration points,tb evaluate

the integral. In choosing a method, we applied the same criterion of
acceptability as in the integration over r.
3we finally consider the integ;al over - ¢
1 . ) _ :
sj(r) = | atsy(tr) . ' . - (2.21)
. _ 0
The most significant feature of the integrand in (2,21) is the
.z. presence of the bound-state poles near t = 0. This integrél is

numerically evaluated as follows:

 =1h-
Sj(r) = SBI(T) + 832(7-) H
L | |
s}l(r) = - dx 0.3x2 s2(o.1x3_,r) , N = 1h;
, o v
1 .
2 3
= dx 2.7x° §,(0.1 +0.9%7,Y) , N=10.
S30(1) - . % 5,(0 ) Yo (2.22)

v The number N -is again the number of integration poihts used in the

numerical evaluation of each integral. We arrived at this method by

using the same approach as was used in the preceding integrations.

FPor Z = 10, 20, 30, 50, 70, 90, and 110, we numerically
evaluated the integral in (2.2) three times, employing the variables
displayed in Egs. (2.16), (2.20), and (2.22). 1In the first evaluation,

the number of integration points used to evaluate each integfal was

_ two less than the value given for N 'for‘thai'integral., In the

second evaluation, the number of integration points used to'eﬁaluate_
each intégral.was eqﬁgl to the value given for N for that 1ntegr§l.
In the third évgluation, theinuhber of integrgtion>points was two |
greater than the value given for N. For 2z = Lo, 60, 80, and 100,

the integralSwere,evaluated once with the numbér of integration points

'equal to the values given for N. The results of these evaluations

are listed in Table I. Values for fL(Za), which is defined in
(3.18) of I, corresponding to the numbers obtained for SB(ZI) _are

also listed in that table.
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able I. Computed values for SB(Za) and fL(ZI)

z o sy(m), £, (20)

10 0.492604558261 5.885057461
p;h9260h558212 5.885055755
0.492604558219 5.885055985

20 0.471522661357  k.399376065
| o.h71522662028' h.399377589
o.yf1522662053 4.3993776&&

30 o.h589181éh592‘ 3.635616766
0.438918122718 3.635615950
10.438918122834 3.635616000

ko 0.397217582k472 3.157389794

50 0.348910859260 2.832339685

- o.3h8919857608 2.832339592
0.348910857653 2.83233959L

60 0.2964730L4488 2.604438382

70 0.242325295399 2.&46696882
0.242325282906 2. 446696699
0.242525282216  2.LU6696689

g 0.188809276812 ’v2.3h678665L

90 0.138167108750 2.302805682

' 0.138167073328 2.302805492
0.138167073750 2.302805494
100 0.092524835161 2.325000983
110 0.053885535012 2.&&7660167

0.053885561168
0.053885562857

2.417660230
2.447660234

. =16~

If, in the sets of three values for SB(Zz) obtained for

Z = 10, 20, 30, 50, 70, 90, and 110, the difference between the

second and third‘numbers is taken as an appfoximate measure of the

error in the second number, then the order of magnitﬁde of that error

_ is a fairly slowly varying function of Z. In view of this, one can

infer the magnitude of error in the values of ss(Za) for 2 = o, 60,
80, and 100 By interpolation. We.note that the.errors, as‘defined=
above, in the valges for SB(Zd) incregse aé Z increases. This is
to be expected as the integration scheme is designed for Z = 10. On
the other hand, the errprsin'the values for fL(Zz)v decrease as 2
increases becaﬁse the effect in fL(Za) of the error in Si(Za)
becomes less important.

JAs a test against errors in algebra §r programming in the

evaluation of the low-energy part, we consider the behavior of the

numbers in Table I in the limit 2o = 0.  From (3.10) of I, it

follows that

lim Ss(Za) =
200 |

(2.23)

S ]

This condition, which is not very stringent, appears to be satisfied

by the calculated ndmbers. The behavior of fL(Zu) provides a

" better test. From (6.3) of I, we have

| fL(Za) = F(za) - fHA(Za) - fHB(Za)

.%zn(m)-e - Lssl6e-e Q) . (2.24)

The second line in (2.24) follows from the known behavior of F(2x)

for small 2o given in (1.2) of I, and from the values for fHA(o)
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. and th(O) given in (3.5) and (4.23) respectively. We check for

this behavior by plotting values of the function
@) -3 m@)® @)

o and the limit point in Fig 2. The‘calculated points in this figure
are con51stent with the limit p01nt -1.5546. We note that a
deviation of 10 . in the value for S;(2a) st 2 =10 would produce
a deviation of 0.35 in f (Z:) which would be enough to destroy the

consistency in Fig. 2.

III. THE FUNCTION f (Za)

We consider the function f (ZJ) ‘which ‘appears in (h 15) of

- - I. For the lS% state, we have

N | |
o 2 . o
) = —&=) : ' N
(v H—ETZ)E{ o o (3 l)‘

]
o

“-(Civ} RIR
Numerlcal values for f (Za) are listed in Table II. ' We note from

“the formula for A (Za) that

) 1 7 1 ) . )
lim £ (Za) = -=5 -7 in2 . : (3.2)
damo T ()= tmEmE . 68

We next consider evaluation of the functlons h.,, 1 =1 22,3,k
These functlons are glven as one-d1mens1onal 1ntegrals in (b.23) of 1.
The functions. g, and (Vg)i,' i=1,2, »which appear in those formulas,

are givén explicitly for the 15% “gtate in the appendix of I.  The

E points‘is increased, is of the order of lO-12

-18-

. inteérals in (4.23) of I yere-evaluated by Gaussian quadrature with

new variables of integration x 'given by

1l - x2

(Za) in h,h

1:2;

o
I

X

(3.3)

-0

We used ﬁ 60-§oint Gauss-Legendre forﬁula. The numeiical error in the .
h's with this method of evaluation, as detérminéd by.obéerving the
convergence in the values for the integrals as the number of integratiox
or less for

10 < Z <110. The results of this evaluation are listed in Table II.

The limits of h,(2a), i =1,2,3,4, as 20 —0, are

%;_0"

h (0) =
e
n,(0) = g fn2 - &
, _ (3.4)
L
ny(0) = 9ma2-2%, |
‘B 0) = 8-12 2

Values for the function HA(Za), which is defined in (h 25) of

I, are listed in Table II. From (3.2) and (3 L), we have

1lim fHA(Za)

Lin %-2.@:12._ ' (3.5)
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1

Table II.  The results of numerical evaluation of fHA s byy hz,‘
.hs, h), and the total fHA. All figures shown are sign;ficant.
2ol (@) ny(m) b)) n(@) ()
10 -0.759762 0.061029 -0;23525h 0.041051 -6.308u22" -1.201358
20 -0.769348  0.047569 ’-o.2i9782 10.045286. '-0.305368 -1.;996&3 -
30 -0.78587%  0.033259 -0.208071 0.050676 -0.301391 -1.211401
40 -0.810250 0.017768 -0.198607 0.057061 =0.301606 -1.235634
50 -o.éu393hl 0.000742 -0.190326 0.064314 -0.303269 -1.272473
60 -0.889193 -0.018187 -0.182321 6.072286 '-0.305§66 -1.323081
70 -0.949575 -0.039426 -0.17368L 0.086762 -0.308012 -1.389936
80 -1.030831 -0.06347L -0.163350 0.089399 -0.309339 -L.477591
90 -1.142851 -0.091023 -0.149890 0.097638 -0.30831k -1.59ubho
100 -i.5oh309 -0.123305 -0.131106 0.104522 =0.302901  =-1.757100
110 -1.555971 =-0.163032 40.105056.'0;108286 -9.28958h

-2.003337

-20-
IV. NUMERICAL EVALUATION OF THE REMAINDER AEHB
. In the expression for AEHB in (5.7) of I, we introduce the
variable of integration t, where z = i(‘l:-l - t)/2 on the positive

imaginary z-axis and z = éi(t-l'- t)/2 on the negative imaginary

5 €

z-axis. We also introqucé the variables y and r defined in (2.1),_

Then, for'the function £, defined in (5.10) of 'I, we have

HB(T) [ [ f ar s(r,y,t,r) (k.1)

where - : . : R

. - -7 o ) _ } )
s(r,y,t,r) = r—a(%(t +l) r2 8 yj 25 ey e%(l T )y

_signs
~of =

= |
X [/ Telrywtr) (4.2)
K=l '
.qﬁd where _
Te(ry,t,7) = - EE: JfI.Re<:[u'4 £ T(((1 +E) c;f‘ - ycifn

21

R RN ”le o Y e
- rcgf + 5(1 +E )GB o JIK 1|_§ ilz%l-% +(1-E) thn o .
X b5t A TS ]i) - (1.3

. 1 .
IK%I—% ezl 2 el IK*-I
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The functions Gy are defined in (5 5) of I. The arguments of the

‘ " functions . G J, and h(l) in (k4. 3) are given by

B

c:d

Bk G%fn(rﬁ,u,w)i ,
3o = 3 (w-E)m) , - (4.4)

. __h(l) - h'(‘l) ((w _ En)@ ',-., .

e s v o= 1 li)e .

o
il

The numerical evaluation of »AEHB',iS similar to the evaluation

>_§f AEL. The integration in,(h.l) ié performed by repeated Gaussian
iquadrature. The function S(r,y,t,r) is computed with the aid of
(4.2); the truncation of the sum over | k is discussed below. '_["he
numerical evaluation of the spherical Bessel fﬁnctions, spherical
Hankel functioﬁs, and radial Green's functions which ‘appear in (k.3)

is described in Appendices C and E.

- We now examine the'convergence of the»sum over & in-(h,e),

For « =+, we have

Gﬁ,‘(?y,y,;) = B -r+ D] .
» k-1 |
G (v,y,2) = T 1OQ)
k-1
Ggfx('w:y’z) = 2,;y _)] ')I

Equation (4.5) continued next page
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Equation (L4.5) continued -

&2 (7v,7,2) -9« O,

’ -1
11 r*
Gg. _(T¥:¥,2)

a3+ &1,

0 (ry,y,2) = -E— el -l - F mr+ T3,
’ 2ky L. K

l_K(I‘}.’,y,Z) = ]E.)] o
2xy
: k-1 .o ' . »
G ) < I -0 ORI (h.5)
2 Ky .
and
J"(?y) hil)(Y) = 2z1y 69?‘)] - (4.6)

" Hence, for fixed r, y, t, and 7,

M f?n-z
2r 3 (L -r1)

Tn(r)ylt’ r)
. . Ky

, vl R . S
[(1+E) +(1-E) -212£nr+@'(-)] (L.7)
as' k.= e. We define a.function Pn(r,y,t,r) by writing

r2n
"K_Pn(::yltrr) . v ‘ ()4.8)

It

Tx(rly’tlr)
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In order po obtgin an app:oximétign for the remainder RN which is
left if the sum ovef © in (4.2)is truncated at ; N, we assume
that for k>1.5 cu, where c= (1 ~ wz)% and Re(c) >0, thev
function ,PK: as & fﬁnction of K, is suffiéiently sloyly varyigg

compared to (ren)/n that the following approximation is justified:

. ‘ " @ ’ ’ .

\ I;ZN : :

Ry = ZE: Te = Pya ZE: ® - - (9)
~ k=N+l ' n;Ntl. . :

This assumption is suggested by the form of the expression in (4.7)

together with a numerical examination of the terms in the sum in (4.2)

for various values of the parameters. From (4.9), we obtain

. 1 ) ) -
Ry | z,l = ITyey! - | (k.10)

The sum over k in (4.2 ) is thus truncated at K = N, where N 1is
the smallest number which is greater than 3, greater than or equal

to 1.5 cu, and large enough that the magnitude of the absolute

contribution of the remainder, as estimated by (L4.10), to the sum §

is less than loih. The validity of this error approximationlwas
tested by evaluating the sum S with the cutoff'described above,'and

then re- evaluating the sum with the ‘error bound of 107 replaced by
' -6

an error bound of 10 The two values for the sum were then

compared. The evaluation and comparison -was made for all combinations

of the values r = 0.1, 0.5, 0.9, y = 0.1, 1, 10, t=o.1;o'.5,
0.9, and Y = 10/137, 110/137, and for the values '
(r,y,t,7) = (0.99, 10, 0.1, 110/137), (0.999, 10, 0.1, 110/137),

(0.99, 1, 0.1, 10/137), (0.999, 1, 0.1, 10/137), (0.99, 10, 0.9,

10/137), and (0.999, 10, 0.9, 10/137). In all cases, the magnitude

. _where B -is the coeffic1ent of the sum over -

P o <D=
of the difference between the two values for S ig lessAthan 1o‘h.

The validity of the error approximationwas further tested by varying

the error bound in some of the final evaluations of AEHB.

In the_evaluafion of the sum S, the products of Bessel
functions whicﬁ appear in (4.3) are evaluated recursively, a;
described in Appendix C, beforebthe sun over k in (k.2) is performed.
Therefore, we need a prelimlnary moderate overestimate ~No'
number of Bessel functions whlch are needed to evaluate the sum to

for the
the desired accuracy. The value we employ for this purpose, for

specified values of r, y, t, and 71, is given by

.

N, = ma.x(N Ny, 3) +1 (%.11)
where
Moo= (15 od o | C(ra2)
and » - _ . -
Zn .—l‘.h_—_r?_
. 10 B P°°
Ny, = |05 ——m= (4.13)
énr .

k in (4.2). If it is

found, in a particular evaluation of s, that No is too small, then -

the,value'of ‘NO is increased by 10 and the evaluation of § is

begun again.

A crude approximation for the-functidn'-s(r,y,t T),; which
serves to motivate our choice of new variables of integration in the
numerical evaluation of the integral in (4.1), is obtained by

replacing the radial Green's functions in (4.3) by their asymptotic

A



[l

. varying factors equal to 1. Two singular factors t-z

) >;25-

forms fbr'laige argument which appear in (A.3). Taking the first
term in the curly brackets in (%.3) as a typical term, replacing the
radial Green's functions in that term by the first terms in the
corresponding asygptotic expansions, and performing the sum over «x,

we obtain

5 DAy

s(r,y,t,r) ~ . (4.14)

In arriving at the expression in (k4.14), we have set relatively slowly
and (1 -.r)-1
which have been set equal to 1 in arriving at (4.1k4) are the result
of the crude nature of the approximation. The behavior of S near

t = 0 corresponds to the bebavior of the integrand in (5.6) of I for
largé |z|. From the construction of QE,.. considered in I, it
follows that S ‘is integrable in this region. That S 1is integrable

near r =1 1is seen by inspection of (L.7).

We next give the method that we use to numerically evaluate

. the integral in (4.1). The Gaussian integration formulas mentioned

~in Sec. IT are used here. We employ the notation -

1 .

sl(y’tJY) = dar s(r}y;tyr) s
2 .

szl(t}r) = . dy Sl(y:t} Y) f]

: 0
B ©
Spa(ts7) = & 8 (r,t7)
2 .

vEguatiqn'(hals),continned next page
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Equation (4.15) continued

1

dt szj_(t,‘r) ,
0

5401 -

*

- Gg-y - (4.15)

Four regions, A, B, C, and D, in the space of the parameters r, y, t

and ¥ =Za -are defined by -

A: ¥y <2, 2Z<60

(k4.16)

a
«
\Y;
™

-
N
A
o
=)

D: y>2, Z2>60 .

In the following, NA, NB’ N., and ND are the number of integration
points used in the evaluation of the integrals with which they appear
when the parameters are in the corresponding regions. The integral

over r in (4.1) is evaluated as follows:

1 -
. o
-Sl(y,t,r) = ax 2x s(x,y,t,7) , 0<q<1l;
0
v _ 1 :
Sl(Y:tJY) = dx S(‘x,y,t,‘r) s 1l <qgxg1l2;
0
. 1
12 12 ’
Sl(Y;t:T) o= dx q— S(l - 'q—' x)y’t;r) + €, q >12
0 i .
@.17)
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where for all three integials

6 for t>0.2

Ny = Ny = Ny = 5, Ny, =
8 for t<o0.2
t
(4.18)
and where
q_ -
12
12 : : .
€ = dx p s(1 - %gx5y,t,1? . (4.19)
- . . ‘

The contribution of € to the value of the integral in (L.17) is

neglected. In view of (k.1h), an approximate overestimate for e is
given by '

a
12
€ =~ Al - %g,y,t,r) dx e-laf eV
‘ 1
1 12 '
< iz s(1 - a Xo,y,t,T) - (4.20)

where A(r,y,t,r) 1is the ratio of 'S(r;y,t,r) to the term on the
right side in (.14 ), and #0 is the 1argest.va;ue assigned to x in
the numerical evaluation represented by the third equation in (L4.17).
Vie examined.tﬁe.corresponding valueé for § which oécuried in the
nuﬁeriqal integrations and found, ﬁased on the estimate in (4.20), that
the magniﬁude of € was always less than &4 x’lO-h, end in most cases

it was much less than that value. We evaluate the integral over ¥y

in (%.1) in the following way:

28~
8, (t,7) = f ax bx 5, (2°,t,7)
0 -
'10 for t >0.5 8 for tgoﬁ
N, = - Ny ={10 for 0.1 <t <0k
12 for t.<0.5, J12 for t<oO0.1 ;
. © . .
S22(t,’_{') = f dx sl(2 + x,t,‘r) >
0
L for t> 0.5
N, = Ny = ] ) (4.21)
. 3 for t<0.5 .
.The integral over t 4in (L4.1) is evaluated as follows:
1 : _
2
‘831(r) = dx 2x 321(1 - x5,7) , N, = 6 ;3
o - .
(b.22)
_ . 1 B 1=1; Ng= 6
- S}i(r) = ) dx szi(x’r) » ‘
) 0 . . i = 2, Nc = )-&,

B = | ND=5".

The choices of variables of integration and nupbers of integration -

points in the pretgding discussion are the results of an effort to
obtain a numerical value for the ihtegrals in (4.1) with an error less
than 5 X 107 in magnitude and with the use of & minimum amount of

computei time. We arrived at the above scheme with an approach
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analogous to the one used in the numerical evaluation of the low- , :gble I1I. Computed Val?e? for '831(za)’ sz(zx)’ and fHB(m.)'
energy part. The values for N,, B’ N,, and ND were determined by z 851(21) 832(21) fHB(Za)
an examination of the integrals at the values 2Z = 30, 110, 50, and : -
‘ : ‘ 10 -0.007094 ' -0.027008
110 respectively.‘ \ .
R , ~0.007685 . =0.020876
The results of the numerical integrations are given in Table
- ) ~0.007650 -0.022085 -0.030(2)
III. In that table, where three values are given for a single point, . - - . . :
) } : : . _ 20 0.070451 -0.02L4k65 0.046(1)
the mjddle value is the result obtained with the above described method o :
. ) » o 30 -0.155291 -0.025616. —
of integration; the upper value is the result of evaluating the inte- )
) _ . » 0.154183 -0.026785
grals with a number of integration points in each integral which is one .
. . 0.154438  .-0.026712 0.1277(5)
less than the number of integration points specified for that integral o
o : : ko 0.25259 -0.039257 0.2133(7)
in the above method; the lower value is' the result obtained with one _ .
- , : ’ - . 50 0.359596 -0.052991
. extra integration point in each integral. The single values in that
: - 0.358150 -0.054137
table are the results of evaluating the integrals with the method of .
- : 0.357949 -0.053430 0.3045(8)
integration described above, except that the value for § 2 at .Z = L0 o _
_ : , ' > 60 0.458330 -0.055898 0.54024 (k)
is obtained with one extra integration point in each integral. Values . . :
_ : : : 70 . 0.552628 - =-0.041619 i
for fHB’ obtained by adding the corresponding values for 831 and
o . ‘ , 0.552L38 -0.0416k5
852, are also listed in Table ITI. We have given error limits with
. . 0.552314 - -0.041598 0.5107(}4)
each value for fHB" These are subjective estimates of the maximum R : i . :

. - _ _ . _ 80" 0.646615 -0.012562 1 0.6341(6)
uncertainty in the values, based on an-examination of the behavior of o S ]
| e _ : 90 0.752997° © 0.026850
the numbers within: the groups of three values obtained for - SBl. and o . ) :

5 ‘ - o i : 0.7525LL - 0.027536 ,
-332 for a given Z. For values of Z for which only one evaluation ' '
) ' , . 0.752223 0.027442 0.7797(7)
was made, the error limit was obtained by interpolating between the : ' : :
, _ . _ B 100 0.888973 0.074809 .- 0.9638(8)
error limits for neighboring values of Z. The numbers marked with an - . o
: o o . . ] 10 ° 1.092590 0.12k257
asterisk in TableIII are the values obtained by evaluating the inte- . . . ‘
. _ B o 1.091980 - 0.125L498
grals with the integration method described above, and with the error i
. : - ’ ‘ . -5 1.091547 - 0.125506 1.2171(8)
bound employed in truncating the sum over x reduced to 10 7. :
' ' : 30 0.154k205* -0.026737*

Comparison of these valués with the correspondihg unstarred values in ]
: ' : : T 110 1.092001* 0.125555™*
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the table indicates that the method used to attain the desired accuracy .

in the suﬁ over k is effective.

As alcheck against errors in algebra or prograﬁming in the
numerical evaluatioq of fHB’ we plot, in'fig. 3, the calculated
values for £5(20) for Z =10, 20, 30, ho.,.ahd 50 and the limit

point fHB(O). From (5.11) of I, we have

C2,5.5 = -0.005 sy
fp(0) = 3402 -5 = -0.093457. A (b.23)

The calculated points appear to be consistent with the limit point.

-32<
‘ _ V. CONCLUSION
The total value of the self-energy radiative level shift for
the 15% state is given by
= %z Flz) mc? | (5.1)
n 7 : e :

where

Fzo) = VfL(Za) + P (20) + £ () (5.2)

Values for F(Zx) are given in Table IV. The numbersin parentheses

in that table are error limits associated with f__, and are discussed

HB
near the end of Sec. IV. The calculated values for F(zx) along with

values for F(Za) obtained from the results of previous calculations
{3,4,5] are shown in Fig. 4.

For Z in the range 70-90, we compare the results of this

calculation with the results, for a Coulomb potential, of Desiderio

and Johnson [4]. In Table V we list the values they give (in Rydbergs),

the corresponding values for F(Za), and the values that we obtain
for F(Za). The agreement is good.
To compare our calculated values for F(Zx) to the known

behaviorvof f(Za) as 20 - 0, we consider the function
G(zo) = ()2 [F(za) - A~ - Ay 2n(z0)™2 - A (za)
= \ Lo 41 50
2 - . -
- agy(2)% () - Rgp(20)® an® (2)72) (5.3)

where the AiJ are the coefficients which appear in (1.2) of I. 1In

view of that equation, we have

lim o(2x) = A, . ' ' (5.4)
2000 60
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Table Iv. Va.l'ues for F(zz) obtained in this calculation. Table V. ~The results of the Desideﬁo_ and Johnson. calculation for
- . a Coulomb potentia.l and the fe‘suits of this ca.lculatioﬁ. The
Z Fz) - numbérs in the third column are thé Desiderio and Johnson results
X 10 L.654(2) converted to our units and rounded to three figures. The numbers
20 3.246(1) in the fourth column are our results rounded to three figures.
30 2.5519(5) | |
o - ko 2.1351(7) L | - . Desiderio Desiderio s
L ) : . : 50 1.86L4(8) . o v o - and Johnson and Johnson calculation
S - c 1.6838(&) : o 2 &€ (Ry) F(za) F(za)
70 1.5675(k) _ | S0 9.1 v 1.53 S 1.57.
80 1.5032(6) ‘ v | 5 1.9 1.52 '
90 1.4880(7) . 80 150 . 1.48 1.50
| 100 1.5317(8) - ’ 8. . 19.1 ‘ 1.48 »
- | 7 10 1.6614(8) - - v % 23.5 1.k5 - 1.9
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If there were.a significant inconsisteﬁcy between our calculated values

for F(Z0) and the coefficients which appear in (5.3), except possibly

for A6l’ then C(2q) would increase rapidly in maggitudé as 200 = 0.
We have plotted the values of G(za)'-coxresponding'to the.caiculated
values of F(Zx). in Fig. 5. Inspection of the points in that figure
suggests that G(2a) approaches a constant as 2 = O. we obtain an

approximate value for that constant by fitting the function’
| T .7 = 2
GalZa) = Rgy + A (2a) + A (20) 4n(20) (5:5)

to the calculated values of G(2a) at the points 2 =10, 20, and 30.
There is some theoretical motivation for employing this function in

making the fit. We thus obtain

This value, taken as an approximation to AGO; has uncertainty

associated with the errors.in tﬁe v&iueé of the points used in making
the fit and uncertainty assoéiéted Qith‘higher‘order terms in G(Z:)'
which are missing from GA(Za).. Erickson and Yennie [€] and Erickson

 [3] have given the following estimates for Ag,:
hgy = - % (19.08 + 5) = -25.4 £+ 6.7 (Ref. 6) ,

» (5.7
- % (19.3435 + 0.5) =~ -25.79 + 0.67  (Ref. .3)

Ao

Our numerical values are reasonably consistent with the known
behavior of F(Zx) for small 2o and with the values obtained by
Desiderio and Johnson for 2 near 80. For Z greater than 90,

F(2a) appears to increase rapidly. This is consistent with the result

-36-

of a preliminary investigation we have made which indicates that

F(2) » +o as 2o -1- [7]. This is not a surprising result for a

pure Coulomb potential.
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~ APPENDIX A
We list here asymptotic forms for the radial Green's functions
defined in the appendix of I. We shs.il'restri:ct our attention to the
s i : . : '
case in which x2 <x in (}K J(x ,x_l;.z). We give the gsymptotlc

behavior in terms of new vé.ijiables defined by

Y =

1{1; l‘;g.

(a.1)

The first limit of interest is for x, and x, >> [g]. The
Whittaker functions have the following asymptotic forms, for va ,B

fixed, g>0, x>0 [8],

I'gl + 2@! e2 x-a

: 1 -1 : ‘
(B+5+a)p-35-a)
: 1
(x) = . 1- @b
MG)B P(ﬁ + % - a) b4 o x2
x B ' 1 1
= (B+3-0a)p-35+a) .
Wy p(x) = e 2801+ 2 2 « I @2
R ' x X
as X —»w. By xﬂ, we mean 40 x | fn x r.eal, - From these

expressions, we find

FGKu('ry,y,Z) = (2 +1)8(1+

[~
+
‘2‘1
0=
(]
o[-
nl
‘2’1
-
~~
-3
+
[
\ 4
(]
"ol

Equation (A.3) continued next page

., Equation (A.3) continued

i2, - l+r l-rj.2 Y
G, (ry,y,z) = -c8 1—2cry - Bery [K -E_<1+_>]
.. 1
+g<-—2-> 3
Yy
21 1+r l-rl2 y( T
G, (ry,y,vz)v = cs.l+.2cry k- 5oy —»[n +CQ'-E>]
. 1
+ 6(._2.> .,
y .
- 22 l+rvr. l-.r 72
GK (ry,y,z) = (z'l)s l_-ecry E'2cry [n(nfl)-c_Z]
.o. } + d(}.z) ,
- . ' y
-v
T ~{1l-r)c
S = —ﬁe( )y (A-})
2cry

The symbols v, ¥, and c are defined in (A.17) of 1I.

' The second limit of interest is for [k| >> x >Ix2. For .

a,x fixed,

x > 0, the Whitﬁa.k_er ﬁmétions have the following

asymptotic forms [8]

g (%)

(x)

W
a,p

]
%
o
(=
+
£
L)
ol
o
n
)
o]
ol
\ N
-~
IH
A4




as p - . From these expressions, we obtain the asymptotic forms of

the Green's functions for
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[k] =»=. We list the cases for positive

and negative subscripts separately.

k>0

u(ry:yrz) '

12 '
G, (ry,y,2)

2 (ry,y,2)

22
6, (ry,y,2)

_ _G].'T"(ry,y, z )

G{'i(ry,y,z)

T,

2xy
1
(D1
k-1 2 i v 1, 2.2
— [2x - mmr +2vz(L -r)y - 5(1 r )c
2xy .
L@,
-1 i
SAr+ (2 -1y + @GN
2xy ) : :
-1 S o
- 5lr + (z + 1)y + 0/(%)]’ y
28y . ) ) .
.n—l
- slex - inr+ 272(1 - r)y ﬁ(l -r )c
2ny®

+ 0@

Equation (A.5) continued next page

.‘_uo_
Equation (A.5) continued
G_ﬁ'(ry-,yﬂ) = R
sy, 'z') ~ r"‘l[' N od] |
g\ Y = ;;;g‘T f:(z_‘ y + )] . . (A.5)
APPENDIX B

For the computation of the low-energy part, we give the method

" by which, for a given value of x, O < x < 500, and a given value of

L, we evaluate Jz(x) and Jz(x) for 0 < ¢ < L. To evaluate the

Bessel functlons, it is convenient to first compute the values of the

" function

22 g (%) Ly
.’fz(x).f ;} Jﬂlx) . (B.1)

at the point x for £ ih_the_range 0 <2 <L. We assume, of
course; ‘that 'x is not & zero of jz(x); From the stan¢ard’recurfence

relation for the Bessel'functions; we have

ré_i(x) = _ 1 5 . ' : (5.2)

R -7 Dxrzz +"57 ry(x)

In view of the asymptotic form of 3 (x), we hav° 1lim re(x) =. 1.
£-

We compute the_ E(x) recur51vely, with the aid of (B.2), in the

direction of decreasing ‘£. To obtain the initial value rL(x), we use
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a variation of the method of J. C. P. Miller [9]. We compute values
for thequantitieer(X), rN_l(x), rN_z(x);---,rL(x) _recursively, with
the aid of (B.2), starting with the approximation rN(x) = l. For
large enough N, the value obtained for rL(x) is correct to a

predetermined accuracy. The value we use for N 1is given by

N = ma'x(L,Lo) + [15 + 0.1x] ' (3;3)

" where L, = [x]. The function [15 ¥ 0.1x] was determined empirically

by examining the convergence in the sequence of values for r, (x)
0

corresponding to a sequence of increasing sample values of N. We
chose for N the smalles£ samﬁle value which leads to a value for
rLO(x) .which ié correct to approximately 12 significant figures.
From the value for rL(x), values for thg rz(x); 0<¢ <L, are

calculated. The jz(x) are ‘then computed with the aid of

Jo(x) .= _S_i_l)’l‘_ﬁ . ’
(B.%)
Jpa() = 5751-3 r,(x) 3,(x)

" Once the values of the jz(x) are known, the values of Jz(x),

0 < £ <L, are obtained from je(x) .and jz_l(x).
Values for je(x) and jé(x) obtained by using the above

method were tested by numerically evaluating the following sums:

4o

Y (20 +1) 5,(rv) ,0y) - B

u
£=0 )
. {L ‘. _ 2 sinu cosu
2 (28 +1) £(£ +1) 3,(ry) 3,(y) = 2ry = —F_D )
£=0
Y (26 +1) gy(ry) g,(y) - BB _cosu
2=0 u - u
Y (26 1) 3,(m) 3y(y) - SEU._sinu,
£=0 : u u
u 'f (1-r)y . o (B.5)

These sums were evaluated for all combinations of the values
r = 0.2,0.4,-.+,1.0 and y = 0.001,0.005,0.01,0.05,-++,500. In each
case, the sum was truncated at £ =M, where M 1is.the smallest '

number for which the magnitude of the ratio of the Mth: term to the
' ' 12

sum of the first M terms is less than 10 ~°. The results are

consistent with 12 significant figures being correct in the values for

the spherical Bessel functions.
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APPENDIX C
We describe here the method used tb evaluate thevproducts of
spherical Bessel and Hankel functions Jz(x) hg;)(y) which arise in

the numerical evaluation of AEHB. The releﬁant range for the

parameters x, ¥y, and £ is given by: 0< ; <1, 0 <Re(y) <200,

0 < In(y) < 20,000, 0 < £ £20,000. The evaluation is done by a
subroutlne in which for a given value of x, y, and ﬁ,v
1SL<?20,000, the set of values J,(x) h(l)(y), 0<t< L, is
computed. v ’

It is convenient to first compute the set of wvalues iﬂ(x)
defined in Eq. (B.1). We use the methqd dgscribed in Appendix B to
computé these values, except that here we replace the number N

defined in (B.3) by the number N’

‘,N’ = max(L,Lé) + [15 + 0.1 Re(x)] , : ' (C.l)

N

where L} = Clx]1. This expression for N was arrivéd at with the
same method as the one described in Appendix B for finding N.

We also compute the set of values tZ(Y)’ where

DTS R o
WO Sty e

z+1(y '

"at the point y for £ in the range 0<£<L. We assume
hgii(y) # 0. Because the function h( )(y) satlsfxes the standard
‘recurrence relatlon, we have
t.€+l(y) = N (C'B)
T e+ 17(2b 73 ty(¥)

bl

We also have lim tz(y) =1. The values t (y), 0<4<L, are

L=t
computed recursively, with (C.l4), in the direction of increasing £. -

The initial value is to(y) =( - iy)-l.

The prodnéts jz(x) h§l)(y), 0 < £ <L, are then computed

recursively with the aid of:_

iY .

Jo) BN ) - SRES (1)

and
' (1) 2# + 1‘x (x) (1)

3p(x) h£+1(Y) = 357 ;-——1—7 Jz(x) b (y) - (c.5)

We tested'the subroutine which computes the products
Jl(x) hgl)(y) by numerically evaluating the following sums: .

> ot RET
(c.6)

}Z: (2¢ + ;) 20 +1) qz(ry)‘hﬁl)(x)i

£=0

It

2

21'(13,')2(v"3 - v'e)ev'

<
[}

iy(L -'r)
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The evaluation was made for all combinations of the values

.. Re(y) = 0.01,0.02,0.1,0.2,---,100,200, Im(y) = 0.01,0.02,0.1,0.2,---,

- 100,200, r = 0.2,0.4,0.6,0.8, and for all combinations of the

values Re(y) = 0.01,0.02,0.1,0.2,--.,100,200,  Im(y) = 1000,2000,
10000,20000, and r = 0.99. Ih every case, each sum over £ in

(c.6) was terminated when the ratio of the last term in the partial

sum to the partial sum was less than 10 in magnitude. The

_lvalues o% the sums agree with thé corresponding expressions on the

right side in (C.6) to more than 11 significant figures.

APPENDIX D
The method.given here for numerically evaluating the radial
Green'’s functions Gn(xz,xl,z) is valid for the range of parameters
involved in the computation of the low-energy part: [x] < 500,
0 < %, < %) <250, and 0<z< Ei, where E, 1s the 13% bound-.

state energy. We refer to Eqs. (A.16) and (A.17) of I in which the

radial Green's functions are given in terms of Whittaker functions and

éamma functions.
‘ The.evaluatxon-of Mvté,x(QCXQ) is dqnebby evaluating the
standard series expension [10]}, which is conveniently expressed in

the form

M) = LT Y 2 o

n=0‘

where
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T(0)

H
-
.

(p.2)

{(n+p +_% -.akx

T(n +1) = +28 +(n +1) T(n) .

In our case, the parameters in (D.1l) and (D.2) obey the restrictions
1

-F<u<2, 0<p<500, 0<x<500, and B +%-a> 0. fhe
o — .

terms in the sum in (D.l), which are all non-negative, are easily
computed numerically with the aid of (D.2). If the first N terms

are used to approximate the sum, the error is estimated by

o«

N ; 2
). ) < 3w
n=N+1

for N+2>x .

(D.3)

Terms in (D.1) are summed until the relative error, as determined by

12

(D.j),bis <10~ The number of terms necessary is not excessive,

because for N > Xx, T(N) épproaches zero rapidly as N increases.

We next consider the evaluation of Wa (x). The range for

B

the variables is the same as for %a (x). Two methods of evaluation

B

are used; the choice of method depends on the magnitude of X.

For x > 30, ‘we use the large-x aéymptotic expanéion [10]

. - N ’
'Wa’B(x) = ¢ e--é.—x_( Z T'(n) + Ey " . (D.4)
» n=0. . »
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where
() = 1,
(D.5)
"(n+5+%-a)(5-%+a-n) :
T'(n +1) = T'(n) .
(o +1)x
We employ the estimate .
IEN] < (N + 1) ‘for N'+1 > B.-‘% +a . '(bL6)

The value ofv wﬁ;ﬁ(x) is tﬁen obfained by performing.the sum in

(D.4). The value for N 1is determined by requiring fhat

N+1>p - % + @, and that the ratio of the errﬁr, as given by (D.6),

to the value of the sum be less than 10-12 ih mégnitude. For x > 30,

we find empirically that such an accuracy can always be achieved. -
For x é 30, Wa’ﬂ(x)' is computed with the aid of the

standard formula in which WJ’B(X) is exfressed as a‘;inear combination

of M:,-B(x) and ”1,B(x) {10]. That fbrmula is expressed,.for

23 # integer, as

. r{ep) 1g e, o - :
Wy p(x) = =g P Ty ), ®.7)
& rerz-a) S
where
1 1 1
sinfr(B + 5 +a)J (B +53-Q) (B +35 +a)
0 = _-xQB- [ e 2 2 ;  (D.8) .

sin(r2p) . r(e)r(s +1)

the terms U and S are given by

18-
U = 2: v(n) s - z: ™(n) , . (D.9) -
n=0 : n=0
. whgré
v() = 1,
 a-p+b-an o
Vin +1) = ' v(n) , ' : (p.10)

(a-28 +1)(n +1)

and where T(n) is defined in (D.2). The error which results from

truncating the first sum in (D.9) after N terms is.

: Z v(n)! < ﬁ—r_i-—;-%—Q;lV(N-bl)l _ (p.11)
q=N+l’. :

for N + 2 > max(2B + 1,0x), where

(N+1-.B+%~a)
»1

6 = max (p.12)

(N+,1'-23+'1)__'

Guided by the estimates in (D.11) and (D.3), one can evaluate

. the individual terms U and' S numericallylto a preassigngd .

' precision. However, the expression in (D.7) is numerically unsafe

when x is large and B ‘is small. This can be seen by.conéidering
the large-x as totic forms for x) and W x iven inv
ge-x asymptotic fo My, p(%) Ho,s(x) 8

Eq. (A.2). We find that for x —»w

U+ s N .isinéin§2~r(e . %._ @) r(-p + % “a) xaa X

,U +

(p.13)
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‘Hence in the worst.casé, which occurs when xﬁ; 30, the sum is roughly
re-jo times the individual terms, which cdrrésponds to a loss of.
approximately 13 significénfbfigures. We have studied this cancella-
tion numerically, and find that by using double precision arithmetic,
which gives approximately 27'sighificant figure accuracy, we can
achieve better than 12 significant figure accuracy in the eValuation‘

. of thersuh U + 18. I@ evalﬁating‘.qa’s(x), wé truncate.the first.
sum over n in (D.9) when the magnitude of the ratio of the remainder

28

of the sum to the partial sum is less than 107", . We then truncate
the second sum over n in (D.9) at’ n = N when the magnitude of the

ratio

N -1

ﬁ_ iw(m) veny )| S ay

m=N+1 . n=0

is less than ‘10-12.

For x = 30, we compared the two values ébﬁained for wa,B(x)
using the two methods described above. The comparison waé made»for
various combinations of the remaining parameters. In ali-cases,_the
th values agree to approximately 12 significant figures.

fhe méthod that we use for evéluéting tﬁe'gémma fﬁhction is
described invéppendix-F. ' | |

We no£e thét care is requirédvin handling ﬁotentially Qery
large or véry smﬁll quanﬁities in the evaluation of the radial Green's
functions. Quantities such as or. I'(28) can be greater than

olOOO

1 for the'rahge‘df values of x -and P under consideration.

Such magnitudes are out-of the fange for real constants in the computer.

9L

The allowed range is givén by 10-2 < IR, < 10322. In order to
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avoid this problem, we compute the logarithm 6f quantities with extreme -
magnitudeSQ We find that wheﬁ all such factors have been combined, the
result is of moderate magnitude and can be safely exponentiated. For
the parameters which occur in the low-energy evaluation of the radial
Green's functions, the :éngehof mqgnitude of fhe terms in the sums in-
(p.1), (D.k), and (D.9) is within the allowed limits.

As a check that the numerical évalﬁation of the radial Green's.
functicns was programmed correctly, we computed the expectation value
of the Dirac Green's function in various bound states. We note the

identity

[
|

(E, - 2)(6(z))

-

2

PREACH NP ENORY
i,3=1 n

(e, - 2) | an, f N
0 0 '7 v

(D.15)

where Kn is the angu}ar quaﬁtum number of the bound state Wn' The
integrals in (D.lS)vwere evaluated nuherically with essentially the
same techniques as those described in Sec. II. The evaluation was
made,fér a;l stafes with prinéipal quantﬁm number - 1 .or 2, for’ _
nuclear charées of: lQ and llb, and for energiés i = O.lEi,Q.?El,---)

0.9E,. 1In all cases, the error in the result is less than 10
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APPENDIX E
Inkphis appendix, Qe give the method used to evaluate the
Coulomb radiasl Green's functions GK(xz,xl,z) for the range of
parameters encountered in the numerical evaluation of . AEHB. The
raﬁge is® || < 20,009, 0 < x, < x, <200, Re(z) = O,
0 < Im(z) < 100. : | ‘

~

We first gopsider the evaluation of %I,B(x) fof.ﬁhe"
corresponding range of variables: Re(a) = % %, 0 <>Im(a) <1,
0<p< ed,ooo, 0<x< i;o,ooo. Two methods ’of evaluation are used.
The choice of method depeﬁds oﬂ the relative magnitude of x and .'B.

’For: x < 26 ﬁ%g'vé_employ the power series fof MG,B(#) obtained by

.expanding -the exponential function in the integral representation

1

M, (x) = r(1 +2p) _ B g BB L g)P
B . _

Mg +5-a) I(p + 5 +0) o

x elt=2)x (E.1)

valid for Re(p + % +a) >0 and |Jarg x| <x , in powers of x.

The resulting series‘is"

n'

M, () = B2 5 I(n)‘@ | (E.2)
) n=0" . ‘ :

where

1 -

r(1 + 2g) ' 21
at PO - p)BEra

() -
YT te ket @,

x (2t -1)" L (E.3)

=52~
It is convenient to consider the corresponding expansions
n

- N
. . _ . (ex,)
Mg, (2e%p) £ My, (Bexp) = (e PIEICY :_ + B, ()
. v - n=0 o

(B.%) = =
where v, A, and c are the parameters which appear in (A.16) of I,

and vhere E+(N) are the remainders. The functions- I, satisfy the

. equations
I(n+1) = I (n) --——2Y _ 1 (n)
+ ] - n+1+2\N"+ ’ -
| . (E.5)
' n+1 -
I(r+1) = =15 L

These relations togethgrgwith the initial values I+(Q) =2 .end

I (0) =0 provide a simple and safe method for numerically ev#luating
the series in (E.hl. We obtéin approximate values for the errors E
in (E.L), which arise from truncating the sum over n at n = N, by

estimating these errors to lowest order in v:

)N+l (QX + N +2)(N +3)

E,W)| < (2ex)MB1 (v + 1)|—2 |
[E, ()] -l | L l.@_* 1)t (2a # N+ 2)(N « 3) - (cxg)e

e )], (£.6)

valid when N is odd and satisfies (2 + N + 2)(N +3) > (ex,)%;
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(ex,)™ (2n + N+ 3)(N +2)

lE.0| < (2exp)™E|1_(n + 1)

x [1+ &(vDI -, (E.7)

 valid when N is even and satisfies (2\ + ﬁ +3)(N +2) > (cx2)2..
In the numerical evaluation of the sums in (E.4), the value of N is

- taken t0 be the smallest value for which both the inequality
(2 + N + 3)(N +2) > (cx2)2 is satisfied and the errors E_
coriesponding to N and N - 1, as estimated in (E.6) and (E.7), are

less than. 10712

times the corresponding partial sums in magnitude.
The numerical evaluation of Ph ﬁ(x) for x 2-20&5 is done
2

with the aid of the expansion in (D.1). In this case, the summation is

"»begun at n = nb,'where n, = [(52 + % xe)% + % x - B] 1is approximately

the value of n for which the magnitude of T{(n), defined in (D.2),
has its maximum value. The sum is evaluated by summing terms T(n)

normalized so that T(n) =-T(no)f(n)é

M () = B eFam) Y Ha) - . (2.8)

n=0

" The summatioﬁ'is.performed first in the direction of increasing n
until n = Nl’ and then in the direction of decreasing n until

) and N, éxe determined by evaluating the

error whic¢h would'result from truncating the sum over n as each term

is added and continuing the summation until the relative magnitude of

11

the error frbm truncating thgﬂsum is less than - 10~ .';The errors

‘are estimated by

(N +1)! (20 + N +3)(N +2) - (ex)®
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(-]

Y )| < pEglTay sl

n=Nl+l
(E.9)
] s %_+>B - a)x
-HQ = iNl +2 + 237(Nl +2)|
" valid for N, large enough that © < 1, and by
N2-l .
Z T(n)] < Nzl-'f‘(Na - 1)| | (E.10)
n=0 . ’
valid forv N2 smaller than the value of n - for which Iﬁ(n)| is at

the maximum. From the coefficient of the sum in (E.8), we store

. separately in the computer the complex logarithm of

I‘(no+e +%—.—- Q) I‘@ +%-Re(a)) ‘

»(E;ll)

. 1
r@0+5+%-ke(q)) ‘r(p+3-a)
and the double precision logarithm of
: o +pH .
1 ) [¢]
(og + 8 + 3 - Re(@)) T(25 + 1)x A

r(@ + 3 - Re(a)) T(ng + 28 +1)'F(ng # 1)

stdring.the double precision logarithm of (E.12) is necessary}becauée
of the loss of significant figures wh;ch occurs when the logarithm of
a quaﬁtity,ﬁith a very.large magnitude is added to the logarithm pf a
quaﬁtity with a very small magnitude. This loss can occur when the .

. various factors in the radial Green's functions are ¢ombined.
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- As & test of the programming of the two methods of evaluation
of %1 B(x) given above, we compared the two values obtained for this

function with these methods for x = 203% end a and g given a

large number of sample values which cover the range for these parameters

relevant tq the evaluation of AEHB. In 211 cases, the relgtive
magnitude of the difference of the two values was less thaﬁ 10-11.

.‘ " In the numerical evaluation.of ﬁa,a(x), the cbéice of method
of evaluation depends, as in Appendix D, on whethef x 1is less than

or greater than 30. The two methods used here are basically the same
as those described in Appendix D, except for some modifications

necessary to accommodate the large range of parameters and complex
numbers which occur here.
For x > 30, we evaluate Wa,a(x) with the aid of the
asymptotic expansion given by Egs. (D.4) and (D.5). The summation
over n in (D.4) is begun at n = ng, where

l 2)

'né = [(a - § x] 1is epproximately the value of n for

which the magnitude of T'(n) 1is at its first relative maximum
encountered as the value of n increases from zero. Normalized

terms T'(n) = T'(n)/Tf(né) are employed in evaluating the sum:

N, o ,
W:,B(x) = Pe °% . (no) E: T'(n) EN T (E.13)
n=0

We sum first in the direction of decreasing n until n = Ni and

then in the direction of increasing n until n = Né. In each

direction, the summation is terminated when the magnitude of the

-11

ratio of the error to the partial sum is less than 10 We employ

the error—estimates
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Ni-l
Y Tw| < wmiTap-nl (E-14)
n=0 '

valid for Ni smaller than the value n ifor which |T'(n)| is at

its first relative maximum, and

IA

- 1 _
IENéI [M ’ rQ@ - iIm(a{)1] 7 + 1)

(E.15)

g | 1
max O,i.Re (s - % +a- Né)}' . | -

=
1]

valid for Né lérger than_the value n for which T'(n) 1is at its
first relative maximum. The coefficient éf the sum in (E.13) is
factorized into a complex factor with magnitude of order 1 whose
complex logarithm is stored, and a real factor whose double precision

logarithm is stored, in analogy with the separation shown in (E.11)

end (E.12).

Fér x £ 30, we'employ_the method described in Appendix D,
beginning with Eq. (D.7), to evaluate WU;B(X)'v It is necessary to
have double preciéiqn'accuracy in that method. 'This is accomplished
here by explicitly programming the cédﬁiex arithmétic operations in
terms of separate double piecision real and imaginary parts for the
variables involved. The term 'S, which appears in (D.7), is evaluated
with the aid of (D.2) and (D.9). An estimate for the error which
results from truncating the sum over n at a finite valﬁe N is.

easily obtained with the appropriate modification of the discussion

‘of {(E.8). The term U, which appears in (D.7), is evaluated with the
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aid of (D.9) and (D.10). The error which results from truncating the We now briefly describe the method used to evaluate the free

relevant sum over n in (Dj9) at n =N is estimated by radial Green's functions FK(XE’xl’Z) for the range of parameters

given in the beginning of this appendix. ' The free Green's functions
- .

' : ' ) are given in terms of spherical Bessel and Hankel functi f i
2 V)| < pEglvine )] . . ’ - Frions of tmeiney

)
n=N+1 _ ' ) argument in (A.20) of I.
- T =15 - | |
. We first consider the evaluation of J Z(-ix). We employ the
-(N,-'Bf%-a)x A ) : : ’ ' -
: power series

(N -28 +2)(N + 2)

| L | R NI S
valid for N+lzmax@_,[5 +%x+(¢3 +Jﬁx2+x>%]>. 3,(1x) = (;—}9 Zmi—,(%f . €.17)
, ‘ ' ' n=0 T2 _

To evaluate W, B(x) with the preceding method, we need the
’

full double precision accuracy for certain cdmbinations of the param- ~ The summation over n in (E.17) is begun at n = ng, where

vieters; The worst case, where the full accﬁ;acy is required, is for By = [%(32 + XZ)% - % l], whi‘ch -is near the va.lue of n for which theb
|«] =1 and x near 30. We explored other regioﬁs in the paramete.r ﬁagnitgde of the terms in the sum is the maximum. The summation is
space by examining f.he nurerical béhavipr of the series for samplé _ pverformed first in the direction of decreasing n,. and then in the
values of thé paraineters. On the basis- of this study, we found that direction of increasing n from ng. In each case, we terminate the
some time-saving modifications in the method of evaluafion could be ) ~sum vhen the magnitude of the ratio of the remainder to the partial -
made in 'c'erbtainb regibns_of the parameter space. For 8 < 1+0‘ and sum is less than '10'11. Estima.tés for the re_ma.inders _'are easily

x < 5 (g - 6), smzle precision arithmetic is used. For B 2 Lo, the. obtained as in the Coulomb case. The sum over n is normalized by

contributmn of the term 18 in (D.7) is negligible and the term v _extracting the oth term as an overall factor.

is evaluated with single precismn arithmetic; in tl_'us‘ case, the contri To eva.luate h§ )(ix), we employ the series

bution to the first sum in (D.9) from terms with n > B. is negligible.
: : : 2

. . - .
~ To check the programming of the two methods of evaluation of : h(l)(ix) - -(2ix)-£ e r(2z +1 - n)(2xln (E.18)
| £ X T -n+1)T(n +1)
S a B(x) described above, we compared the two values obtained with the 1= )

¥ two methods for ‘=, 30 - and sample values for the remaining pararpeters. )

The method we use for e\;aluating the sum is the analog of that used in

This was done for a large number of sample values, and in all cases, the evaluation of J,(ix); in this case we have

the agreementvb_et‘ween the two values for wa’B(x) was satisfactory. [+ x- (12 . xe).‘,]-
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A;5 a check on the programming of the Coulomb radial Green's o . o . APPENDIX F
function algorithm, we numerically evaluated expectation values of the o Our numerical evaluation of fhe gamma function is based on
Green's function. The relevant formula eppears in (D.lS). The . Stirling's asymptotic series [10]
evaluation was made for the state with n =2, x = -2, . .
where Z = 110, and for the state with n = 2, k = -1, where 2 = 10.°  rly) = (v -%.) Iy -y+ % fn(2x) + lZLy'- 6;
: : 3

In both cases, evaluations were made for values of the energy given by
z = iu, where u 1,5' ,101,151, and 201. In e.ll cases, the result JE SRR S ) 6oL L1 3617 o x
was correct to at least 11 significant figures. As a check on the ' : l260y5 l680y7 1188y9 360360yll 156y:L3 122&00yl5 )
programming of the free radial Green's function algorithm, we (F.1)
numerically performed the sum over x in the 1,1 element of the free For y posi_ﬁive real, we have [10]
Green's function, in tlie form corresponding to (A.14) of I, for the ’
case X,'= X,. The sum over k was terminated at |k| = N when the ‘ < 43867 1 S

e %pon , | ’ O <R < FmEm - (r.2)
magnitude of the ratio of the Nth term of the sum to the partial sum was
less than 10’15. The result was compared numeri'_c‘ally to the value for Two sets of values which we employ are
the sum obtained from the expression in (A.21) of I. The comparison was L :

_— , o < r < 107 for y>17,
made for all combinations of the values ):2/xl = 0.2,0.8, X = 0.1,1,10, - _
' F.

and z = 0.79i, and for the values x2/x..L = 0.95, X = 0.1,1,10, and . 5 (F.3)

: ' : _ . 0.< R < 1078 for y > 46 .
z = 197i. 1In all cases, there was agreement to at least 12 significant ‘ . .
figures.' Further checks were performed on both the Coulomb and free ) The. second set of values is relevant to double precision evaluation of
radial Green's function programs. We checked numerically that the . the gamma function. From the relations in (F.}_)v, it follows that for
functions satisfied the appropriate differential equation. We also " sufficiently large y, we obtain an accurate value for the gamma
examined numerically the asymptotic behavior of the functions in the function by evaluating the series in (F.l). To evaluate the gamma

. ' ) ) ' .
1limit ]"I — o, with the remaining parameters fixed, and in the limit . function of argument x, where x 1is too small to satisfy the relevant
x;, ==, with x,/x;, and the remaining parameters fixed. The asymptotic condition in (F.3), we take advantage of the relation
values were compared with the values obtained from Egs. (A.})b and . : n-1 1

a.s). The resultsare in satisfactory agreement. . . r(x) = (x ijj r(x +mn) . = o (F.4)
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In (F.4), we choose n large enough that y = x +.n. is greatér thaﬁ .

the appropriate number in (F.3). We then evaluate TI(y) with the 1.
series in (F.1l), and §btain r(x) with the aid of (F.l). The

relative error in this value for [I'(x) is then just R. | | 2.

In the case where ¥y 1is complex and satisfies the condition

Iarg y] < % 7, we have the ;lightly weaker bound on the remﬁinder R 3.
sa (F.1) [10]: . o L o b
: | ..

Rl < 33k ﬁﬁ E | (F.5)
, ' 6.

Thus, for max(Z?, Re(xi) > |im(x)|, we employ the preceding method .
to evaluate r(x), choosing n in (F.4) large enough that T

Re(x + n) > 7.

10.
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Fig. 1.

FIGURE CAPTIONS

In this graph, we have plotted vloglolTK(r,y,t,r)I as &

function of «k, for various values of r, y, t, and y. The

vertical line on each curve gives the value, on the same

scale as k, of the smaller argument of the Bessel functions

Fig. 2.

Fig. 3.

Fig. 4.

in (2.4).

Thévpoints in fhis graph are the calculated values of
fL(Za) - % zn(Zoz)'2 for Z =10, 20, 30, 4o, and 50. The
point at' Z = O is the limit as 2x »0, of the same
fﬁnction'and is obtained by an independent method.
Numerically calculated values for fHé(Za) for Z = 10, 20,

30, 40, and 50 and the value of the limit point £,5(0)

-€9-

which is obtained analytically.

Values for the function F(Zx) ~obtained in this calcdlation

. and values for F(Zx) based on the results of Erickson [3],

- Desiderio and Johnson [4], and Brown and Mayers [5]. The

Fig. 5.

curve with thé error estimates is based on the graph given in
Ref. 3. According to Desiderio and JohhSon, there is an error
in algebfa in the work leadingvto the result of Brown and

Mayers.

‘Calculated values for G(za). . The error limits on the point

‘at Z = 10 correspond to the error limits of F(Za) at

Z = 10. The dashed line shows the function G,(Za) fitted

to G(zx) et Z =10, 20, and 30.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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