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Government. While this document is believed to contain correct information, neither the
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assumes any legal responsibility for the accuracy, completeness, or usefulness of any
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process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
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ABSTRACT

The kinetic theory is developed to investigate a conditioner for a helically
transported electron beam. Linear expressions for axial velocity spread are derived.
Numerical simulation is used to check the theoretical results and examine nonlinear
aspects of the conditioning process. The results show that in the linear regime the
action of the beam conditioner on a pulsed beam mainly depends on the phase at
which the beam enters the conditioner and depends only slightly on the operating
wavelength. In the nonlinear regime, however, the action of the conditioner
strongly depends on the operating wavelength and only slightly upon the entrance
phase. For a properly chosen operating wavelength, a little less than the electron's
relativistic cyclotron wavelength, the conditioner can decrease the axial velocity
spread of a pulsed beam down to less than one-third of its initial value.
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Energy and Nuclear Physics, Division of High Energy Physics, of the U.S.
Department of Energy under Contract Number DE-AC03-76SF00098



1. Introduction

In a beam conditioner, proposed by Sessler, Whittum and Yu,123 a nearly
monoenergetic beam has the shape of the beam's phase volume so changed that its
axial velocity spread is improved. As a result, the beam conditioner can greatly
reduce the spread in axial velocity of an electron beam, and hence it can be used,
with advantage, on almost all fast wave devices. It is therefore natural that it has
aroused considerable attention.*

There are different means for conditioning electron beams. The longitudinal
electric field in a microwave cavity, as proposed by Sessler, et al, can be used to
condition electron beams, and this is an efficient method. However, for low energy
beams, transported by a helical magnetic field, some other method of beam
conditioning is required. The transverse electric field in an RF cavity can,
conveniently, be used for this purpose.

In this paper, we present a kinetic formulation of a conditioner consisting of a
microwave cavity operating in the TEqg;; mode while immersed in a uniform axial
magnetic field. We treat analytically the linear problem of dependence of the axial
velocity spread on the cavity length, and use simulation to examine non-linear
aspects of the evolution of the spread with both the cavity length and the operating
wavelength.

In a cavity operating in the TEp;; mode, the electric field has only an azimuthal
component with a radial distribution given by the first order Bessel function
J1(kcR ), where k. is the cutoff wave number, and R is the radial coordinate. For a
single-energy electron beam with a sufficient small beam radius and only one
guiding center at the origin, as shown in Fig. 1, the electrons with a larger gyration
radius experience a stronger electric field decelerating force (for appropriate phase)
than those with a smaller gyration radius. The larger the gyration radius is, the
more energy the electron loses. By the coupling of energy with axial momentum (a
relativistic effect), the axial velocity of the electron is increased if the effect of the
time-dependent magnetic field is neglected. Therefore, as long as the beam pulse is
sufficiently short the axial velocity spread will be improved.

For an actual electron beam, the guiding-center radius R, ranges from zero to
Ry, where Ry is the beam radius, and the gyration radius 7; ranges from zero to
(Rp-Rg). In such a situation, we can consider the azimuthal field as the sum of
infinite cyclotron harmonics. Of all these harmonics only the zeroth one is
important. So for those electrons with non-zero guiding center, the previous
analysis holds. From this we can see that the axial velocity spread of an electron
beam with multi-guiding centers also can be improved.

Generally speaking, increasing the cavity length increases the interaction time.
In this case, however, non-linear effects become important. As it is well known,
when the cavity operating frequency is slightly greater than the electron relativistic
cyclotron frequency, the electron beam effectively interacts with cyclotron
harmonics and, as a result, resonant emission appears, which is the basis of the
maser instability.6 At this time, most of the electrons lie in the decclcratin§ electric
field of the fundamental harmonic because of the negative mass effect’>® which
results in particle bunching in the azimuthal direction as explained by Sprangle and
Drobot.!%" So once the beam is decelerated, no matter whether it experiences a net
transverse acceleration or deceleration during the first-period interaction (depending
on the phase of the pulsed beam entrance of the cavity), the decreased transverse
velocities cannot go back to their original magnitude in the next interaction period.



Consequently, the axial velocity spread will continue to be reduced until another
non-linear process (resonant absorption) arises, so that the transverse velocities of
the electrons begin to increase, resulting in an increase in the axial velocity spread.

The beam conditioning presented here is different from the electron-beam
cooling proposed by Hirshfield and Park.!! In their proposal, the beam's
distribution of energy is made narrower by use of both resonant emission and
absorption. This process cannot be used to improve the axial velocity spread. For
a single-energy electron beam with a spread in axial velocity, for example, it can do
nothing because the width of the distribution in energy is null. The beam
conditioner, in contrast, reduces the spread in axial velocity (instead of the energy
spread) through the coupling of energy with axial momentum caused by resonant
emission.

In Sec. 11, a calculational model is set up to treat analytically a pulsed beam
with the Vlasov theory. The perturbation distribution function of the pulsed beam
conditioned by the RF cavity is derived and linear expressions for axial velocity
spread are given. In Sec. III, numerical simulations are used to check the analytical
results, and investigate the dependence of axial velocity spread on the cavity length
and operating wavelength caused by the nonlinear interaction of the beam with the
cavity field. Finally, in Sec. IV some conclusions are made.

II. Linear Kinetic Theory of the Beam Conditioner

In this section, based on linearized Vlasov equations, we will derive the
perturbation distribution functions of a pulsed electron beam conditioned by the RF
cavity and use them to obtain analytic expressions for the rms-normalized axial
velocity spread. .

In the model, we take the pulsed beam as a segment, which has a length L, of
an infinitely long electron beam. We will first calculate the perturbation distribution
function for the infinitely long beam, and then we use it to calculate the axial
velocity spread of the considered segment. We assume that the electron beam is
mono-energetic. The electron's transverse velocity is small compared with its axial
velocity and variation in the pulse length is negligible when the pulsed beam goes
from one end of the cavity to another. The beam pulse front is located at z=0 when
t=0. At t=d /vy with d (2L ) the cavity length and v the total initial velocity, the

beam pulse arrives at the front end of the cavity, and at t=(d+L) /vy, the pulse beam
has passed through the cavity, as shown in Fig. 2. For simplicity, the time-
dependent magnetic field is neglected in the linear consideration.

The Vlasov equation describing the beam conditioner is given by

ai+v.i+e(E+vx B).i= , 1)
ot ox op

where
E = ¢ EoJi(kcR) sin Lesinor, )
B=2B. ‘ 3)



In Egs. (2) and (3), the cylindrical coordinates are used, and R , ¢ and Z are all unit
vectors; Ejy is the TEq;;-mode electric field amplitude, By is the applied uniform
axial magnetic field, and @ is the cavity operating frequency. According to the
small signal assumption |Eg/Boc|<<1 , where c is the light speed in free space,
Eq. (1) can be linearized as

{i+v.i+e(v><B).i}{f0 =0, C))
ot  ox op \fl(m
and
{i+v.-a—+e(va).i}fl(D=-eE.§f£' (5)
ot ox ap ap

where £, is the equilibrium distribution function for both regions (I) and (II), and

fla) and fl(m are, respectively, the perturbation distribution functions for the two
regions. In region (I), there is a cavity field, whereas in region (II) there is no
cavity field. Sof,® satisfies Eq. (5) and £, satisfies Eq. (4).

At 1 =0 the electric field begins to condition the cavity-in part of the
infinitely long electron beam so that it produces a perturbation of the distribution of
the beam. Then the perturbation propagates with a velocity of v, in the z-direction

like a wave. So fla) and fl(m are required to satisfy the following initial and
boundary conditions

f,0as0) =fPeszd) =0, ©6)
£,P¢=d) = fP(z=d) - )

Eqgs. (4)-(7) are the basis of finding perturbation functions. Only after obtaining
them can we calculate the axial velocity spread.

A. Equilibrium Distribution Function

To calculate perturbation distribution functions we first have to determine
the equilibrium distribution function from Eq. (4). According to the first order
partial differential equation theory, any combination of constants of motion from
characteristic equations of Eq. (4) is a solution. So, if we find the constants of
motion we can use them to construct equilibrium distribution functions in terms of a
given electron beam. For convenience, we use cylindrical coordinates in the
momentum space just as in the configuration space, that is, px=p,c0s¢,
py:pJ-Sln¢ » and p,=p,.

Calculations indicate that the characteristic equations of Eq. (4) have six
independent constants of motion:



Ci=p;. 8)

C2=p:» | ©)
Cs=9- e, (10)
Cs=R cosp '|e_p|B'L_OSi"¢’ (11)
Cs=R sing + E%cow’ (12)
Cs=¢ - Q1 , ' (13)

where e is the electron charge, and Q<e|Bo/(ym) is the relativistic cyclotron

angular frequency,with y<{p Zp2+m 2¢2) " (mc) the relativistic factor and m the
electron rest mass.

Because the electrons gyrate in the axial magnetic field, it is more
convenient to use those constants of motion characterizing guiding centers to
construct equilibrium distribution functions, for this gives us a clear physical
picture.

Setting 7.=p, /leBo| and ¢ =6+(Bo/|Bol)7/2, from Eqs.(11) and (12) we
have '

Rg cos @, =R cos@ - rp cos6 > (14)
Ry sin @, = R sing - rp sinf@ , (15)

where R, and @, are radial and azimuthal coordinates of the guiding center and they
are all constants of motion.

As shown in Fig. 3, when By >0, the electrons are right-rotated along the z-
direction, and when Bg <0, the electrons are left-rotated. In the beam conditioner,
unlike a gyrotron,!213 distinguishing the gyration direction is important because
different gyration directions can result in different variations in velocity spread.

Suppose that the distribution of the guiding centers of the electron beam is
uniform, so the equilibrium distribution function can be chosen as

fo=&(y- w)H(p,)H[|eBol(Re-Rg)-p 1] H(Rg) H(Rp-Rg) Hip;)»  (16)

where 0 is the initial relativistic factor, and H(x) is a unit step function. Since 7,

D1, Dz, and Ry are all constants of motion, f given by Eq. (16) is a solution of
Eq. (4).



B. Perturbation Distribution Function

We will use the method of integration along characteristics to solve for fla)
and then directly determine flm) by using f1(D and arguments involving constants
of motion.

The perturbation distribution function fla) can be expressed as

, 0 ,
O=-e| B L. an
0 ap

To perform the above integration, we have to make local expansion of the electric
field E in the guiding center (R, ¢, ). Applying the Bessel function addition
theorem

- 0o
Ji(kR) @8 = Y Jyj(keRg) €6 A-1)0s Jy(kcrp) ei€-DE (18)
l=-00
we have
-+ co
Ey, = Eosin Lz sin o > (DUkR) Ik sin1(9-0) . (19)
I: - 00
«+ oo
Eg=EosinZz sin or Y (DUikR)T1atkerr) cos 1(9g-8) . (20)
I: - 00

where E,, and Eg4 are, respectively, the components of the 7L- and 6 -directions in
the guiding-center frame.

From Eqgs. (19) and (20), we find that the electric field is expanded as a sum
of infinite cyclotron harmonics. The amplitude of the / th harmonic is proportional
to J1 (kc-Rg). Because a small beam radius is used, kcR, is much less than unity. In
addition, because the field of the first harmonic varies azimuthally, its effect on an
electron tends to cancel when the electron makes a revolution in the linear limit. So,
the effect of the zeroth one is dominant. It should be noted that the zeroth harmonic
has only an azimuthal component of the electric field and it is axisymmetric in the
guiding-center frame, just like the whole TEg;;-mode electric field in the
waveguide-axial frame. In fact, if we let R, approach zero, Eqs. (19) and (20) go
back to Eq. (2).

The equations describing the characteristics are given by



Z’=z-v,(t -1), (21)

6=0-20¢-1), 22)

where v,=p,/(m) is the axial velocity and it is also a constant of motion.
Substituting Egs. (19)-(22) into Eq. (17),.after a tedious calculation we can
obtain the first-region perturbation distribution function

FO= __g”'l%gltli_e%F’G’(D' oy
where
Fr=(-1) {Jz (kceRg) J14+1(kerL) [:’% + 7(:;:)2 %J:::] | ell?ol Jia1(keRg) Jy (kerr) :R% }
(24)
Gza) =- Z)% {sin [I(pg + (%z-le)+ wt ] - sin [Iqog + (1(51-1-16 ) - (%VZ-I.Q )t] }
+ —al)z—l (sin [upg - (5—2+19 )- wr] - sin [Iq)g - (%z+10 )+ (guv,ug )z] |
- —ah {sin [l(pg + (2—2—19 ) - a)t] - sin [l(pg+ (5—2-16) - (g-vz-l.Q )t] }
+ 20% { sin [lqog - (5—2#9 ) + wt] - sin [l(pg - (%z+le ) + (g—v2+lﬂ)t] } . 25)
In Eq. (25), @11, @21, @31, and (041 are given by
1= w+%v,i 2, (26)
3 41= O - I(ri“ v, 210 . : 27)

On the basis of the perturbation distribution function in region (I), we can
easily obtain the one in region (II). From Eq. (24) we can see that F; is only a
function of constants of nzﬂtion and, of course, it is also a constant of motion. In
Eq. (25), however, G, not only depends on the constants of motion
©g, V2, and L2, but also depends on z, 6, and ¢, which are not constants of motion.
So if we can use some constants of motion t?( take the place of them, then Eq. (4) is
satisfied. To this end, setting z=4d in G, ) and then replacing ¢t and @ by the
following constants of motion:



t*=t-v1—z(z-d), (28)

0*=9-%(z-d), (29)

we obtain the second-region perturbation distribution function

+ oo
a _ Bg 1 @ |
fl= 2 'lg(jzeEOFle ’ (30)

l=-o00

where

d
- Ha():’:) {sin [1{p,-6%) - wr] - sin :1(¢g-o*) + (%VZH'Q ),*] )
Ha(::) {sin [l (<Pg-0*) - wt*] - sin :l((og-e*) . (%Vz'lg)t*] }

% -
- I’ZE:I) sin [I(q)g-o*)-i- wt*] - sin _I(¢g-0*)+(§-vz+l.(2)t*] > 31)

6™ = -}% (sin [1(p5-6%) + @] - sin[1{gy-6+) - (Bv-12 )] )

-+

Since #* and 6* are all constants of motion, f 1(11) satisfies the equilibrium

Vlasov equation. Indeed, it is easy to verify that f I(D and f 1(11) satisfy the initial
and boundary conditions.

C. Axial Velocity Spread
We have obtained perturbation functions and now we can use them to

calculate the axial velocity spread.
The rms-normalized axial velocity spread is defined by

op=V (8 48)” (32)

here f3; is the axial velocity normalized to the light speed ¢, the averages ([32) and
&zgfare given by

(ﬁz, ﬁ22> =A f (ﬁb ﬂz2) (fo + /1) d°>pd’x , (33)

where f denotes f I(D orf l(n)’ and



- 1
f (fo + f1) d3pdx

(34)

From Egs. (32) and (33), we have

(8.2)- (82 =[(B.2o - (8] + (8.2 - (B} - 2 (Bobo{Bah (35)

where ( )p and ( ) denote taking an average with fj and f; respectively.

Below we will calculate each term of the right-hand side in Eq. (35) and
derive expressions for axial velocity spread when the front of the considered
segment of beam arrives at z=d and z=d+L, as shown in Fig. 2. The axial velocity
spread of the segment at z=d+L when t=(d+L)/vq is taken as the spread after the
pulsed beam is conditioned by the cavity.

Using Eq. (16), we have

(Bzo = 4 f = fod3pd3x-éA1r2LRbp Lyme (36)
where p 1, =|eBolRp.
Similarly, we have
<B12>0=‘é‘A7t2ﬁ0LRb2P Zmen G7)
where
B3 [ 85 [ B\ .BulBul 85 \B 5 2\ B2
n="2-14 iz"(l- ’3" .38 “’(2 L -1) zb +arcsin—“’}+i[2-(2+3@2)@”
g\ B2\ B3] BB\ B ) Bo Bo| 5 5 B3
(38)
. 1/2
with Bo=vo/c , Bry=p,4/(Ymc ), and B,p= (»30 ﬁJ.b)
From Eqgs. (23) and (30), we have
= Pz 35433
(B -Afmfld pd’x
— l Dz
“gﬁz e thsz F; G; d®pd3x (39)

where G; denotes G,(D or G,(H)



From Egs. (14) and (15), making the change in integrated variables

and inserting it into Eq.(39), we obtain

<+ co + 00 + oo
B ek p
(ﬁ ) i BO| 8nAd 2=~ 0 f dpzf PldP.Lf RgdR, yﬁ (e, v;)

0 0

9fo PL ?_13)_

fo
L kR Jotkern) T 4
- 'ymc)zay}lBll 8)Jo Lazeg}( )

X { Jo(kcRg) J1(kerr) [

where II(t, v,) denotes Iz, v,) or 1®Yr, v,). Tz, v,) and DT, v,) are given by

d
I, v;) = K koo f Gdz

d-L
= %%&)Q { 2[cos %vzt - cos %(vzt +L)- cos wt] + %cos (wt +f’1—n)
+% cos (wt L n) } , 42)
[0} d

d+L

0, v,) = & ke f G M dz

d
=l_£€-c——c9-[l - cos (7;;- vzt)-(%%)z(l - cos wt)]

2 a.0m.
({?: 20), (43)

)+ 2 an i 525 o - 1

= VL—Z) : (44)

where @, = 0 * v, /d.

Setting v, -—-(po2 -p f)m/('n)m) with po the total initial electron's momentum,

and expanding II{z, v ) as a series in P f , we have
I(t, v;)=Do+Dp 2+ Dyp? + ..., (45)

where Do,1,2 denote D) , or D{,. Do Dy, and D; are related by

10



D =090 (46)
2(mc)? Ip

Dy=-—1_|p, +1901) 47
2(mc ) 2

Making use of Egs. (46) and (47) with small Bis taken into account, from Eq. (41)
we obtain

(B =- I%O—I 8nAd ekEO meS,, , (48)

where

_kRPp} 1 1 (wme k2 4
Sp. = leBy| 240 (DO 2p )ﬁ 15”3360 |eBo|2 P

[(Do 2p#D1) - s'ef"' (3D - 4p; Dz)] } (49)

C

In a similar way, we can obtain

2\ _ B E
(8.7 = |B°| 8nAd g—g mcTp, (50)

where

4
_ chb2P _L2b 1 Bib 2P0 kc{
Ty =~gpa 1 T35 PolPo-PEDUBL - 3o 50 ez 2P0 ?D,)

+5{(Dq - PODI)'4P0 D - p#D ] } (51)

The normalized coefficient A in Egs. (48) and (50) can be found from Eq. (34) and
it is given by

A= —6——1—3—(A0+A1) (52)

nzLRb D _mec

where

11



4
1 B 47 ﬁ.l_b

Ap=1- , (53)
2
10 5 " 2800 Px
Ay = -afh+ (-4 b)ﬁﬁ,, | (54)
5ﬂo
with
.2 dEo 2
3=-3r L Boc 0P (5)
k2
b=l d Eo (WmOk o (56)

35t L Boc  |eBy)|?

4
Inserting Eq. (52) into Eq. (48), keeping them up to the order of Bib, and
only taking those terms of the first order of Eg /(Boc ), we obtain

2
-(—1—+-l—k-;p—°) 0- 2p@D ]Bu,}- (57)

<522>1 ='11;E— { 2ﬁOZ(DO - p#D ﬂi.b + [71’02(1)1 p¢D2)

39 1 k&pg 2 4
(350 * 35|e30|2) 0 Pobl)] Bus } ' (58)

Substituting Eq. (52) into Egs. (36) and (37), and subtracting the square of
Eq. (36) from Eq. (37), we obtain

2 11ﬂ.LblEo_¢ 2g2,2n 824 1 L ]
(%) - (824 = i g nBocL{ SﬂOPODlﬂJ_b'*‘[MPo Dy - 4p§D2)

+(235 315|I: zloz) 0D l]ﬁfb} ' (59)

12



Using Egs. (36), (52), and (57), we have

- 2(5=>0(Bz)1 = lﬂ’—‘d-{ 2 6(Do - 208D JB - [-po 3D, - 4pED)

Tt Boc L
2 4 _Lc_l_’_(L X
(25 e 0|2) 0- 2poDl)]ﬂu,} (60)

. 2 .
Substituting Egs. (58), (59), and (60) into Eq. (35), and neglecting {82);" because it
is proportional to (Eg /Boc )2, we obtain

(8- 6" ~ g ’;‘2’ T 5o 1 PLoDo- (©1)

Dy in the above can be found from Egs. (42)-(45), and they are given by

O_1_kco { T T
Dy’ =4 —<=—— ¢ 2|cos vt - cos & (vor + L)- cos wt
4 - (E-V())Z [ d d ]

+(1+ )cos ot +11L) ( -% cos 0)' -EL) } (62)

<H>=L__kc_CL[ - cos Bz - [F0 ¥ ]
D > = 1-cos Lvor ( o (1 - cos w?)
w? - (dv°)2 _

(;La >t 2 0) s | (63)
DO(H) = ag_lfcf_ﬁ%OF [ sin % sin %(vot - %) (Z‘;‘: sin 2(11(') sin (wr a\z}[(; )J
(t > f‘—o) (64)

From Eqgs. (62)-(64) we can see that the velocity spread of the segments of beam at
z=d and 2=d+L are dependent on time; but only the spread of the segment, located
at z=d+L, at t=(d+L)/vg is the one we need. If L is infinitely short, however, the
two segments should have the same spread.

Setting r=d /vo in Eq. (62) and t=(d+L)/vg in Eq. (64), and then inserting
them into Eq. (61), respectively, we obtain the expressions for rms-normalized
axial velocity spread

13



e B 34 i
1

A
25in? (EL) cos? _E_d_) Bo? 2nd } 65
x[ sin (Zd)cos (ﬁo/l +d sin y s1nﬂol (65)
12
A
O'(H)= _LRbeBo) { +4 Eo EO 1-( )
B 1400 L BOC 1‘(-@)2
) 2d
1
. EL+(@ L u(2d+L)}}5’ 66
[smz(zd) 57 Sin Y sin _——ﬁgl (66)

where } is the cavity operating wavelength.

Eq. (65) describes the axial velocity spread when the pulsed beam arrives at
the front of the cavity and Eq. (66) describes the spread when it leaves the cavity.
When the beam length approaches zero, the two formulas give the same result, as
expected. Because the linear modification of the axial velocity spread is caused by
the zeroth harmonic, it only depends on the cavity length normalized to an operating
wavelength; that is, there is no dependence on what wavelength is used.

Taking E¢=7.5x10* Volt/cm, Bp=2500 Gauss, (Eo/Boc=0.1), Rp=1cm
and =2.47, from Eq. (66) we have drawn the dependence of the rms-normalized
axial velocity spread on the normalized cavity length. As shown in Fig. 4, we can
see that the maximum of the spread increases with the pulse length. For the pulsed
beam with a length of 0.01 wavelength, the velocity spread is maximumly
improved when the normalized cavity length is about 0.62. For the pulsed beam
with a length of 0.5 wavelength, however, the spread is not improved and instead it
is deteriorated. From this it can be inferred that the effect of the pulse length on
velocity spread is important. From Fig. 4, we also can find that the spread varies
quasi-periodically with the cavity length. The varying amplitude approaches zero as
the cavity length increases infinitely. According to Eq. (66), the quasi-periodicity
of the dependence of the spread on the cavity length is related to the electron’s initial
energy, the operating wavelength, and the pulse length.

It should be noted that the spread for 0.5 normalized cavity length, about
3.41%, is the same as that of the equilibrium beam. It seems that the beam is not
affected at all when it passes through the cavity. This can be explained as follows:
when the cavity length is equal to half an operating wavelength, the waveguide
radius appproaches infinity and so the electric field within the electron beam
vanishes. Accordingly, the beam cannot be conditioned.

The linear theory indicates that the improvement on the spread is very small.
Therefore, investigation of non-linear processes for the beam conditioner is
necessary.

14



III. Nonlinear Evaluation of the Beam Conditioner

In this section we will use the basic equations governing the nonlinear
behavior of the beam conditioner to examine relations between the axial velocity
spread and the cavity length.

In our procedure, the vacuum-cavity TEg;;-mode fields are used and the
contribution of the pulsed beam to the cavity fields is neglected. This is quite
reasonable because the transverse velocities of the beam are rather small in the beam
conditioner, unlike the cyclotron maser where an electromagnetic wave is efficiently
amplified through the coupling between the wave and an electron beam with much
larger averaged transverse velocity.10 The electron orbits are related to the fields
through the relativistic Lorentz force equations in the single-particle simulation.
First, in order to check the previous linear kinetic theory we use only the TEg;;-
mode electric field and neglect its magnetic field to compute a single pulsed beam.
Then we use both the electric and magnetic fields of the TE(;; mode to compute the
same pulsed beam and compare them with each other. This simulation reveals the
nonlinear evolution of the rms-normalized axial velocity spread as a function of

cavity length.

en only the electric field is used in the simulation, the axial momentum is
a constant and it is examined to check the validity of the calculation. In the general
case, all three checks have been passed by the code. When both the electric and
magnetic fields are included, we use Liouville's theorem to check the code by
computing the Jacobi determinant (time is taken as an independent variable) and,
alsoéib.y reversing the computation and using the final values of a particle as initial
conditions.

A. Lorentz Force Equations in the Guiding Center

In the previous linear theory, for the convenience of calculation, the TEq;1-
mode field is expanded as a sum of infinite harmonics. In the computation,
however, it is more convenient to resove directly the TEq;;-mode field into
components in the guiding-center frame without expansion into harmonics.

In the waveguide-axial frame, the TEg;1-mode fields are given by

Ey= EyJ1(kR) sin g-'z sin wt » 67
Bo=-FEsLlX b4 ,

r=-Ep p” d-’l(ch) cos dz cos Wt (68)
B,=-E %Jo(ch) sin %z cos wt - (69)

In the guiding-center frame, E, and Bp, are resolved into the following:

R

E,, = EoJik:R) 2 sin (6- @) sin Lezsinor, (70)
R

E9=E011(koR)[Fgcos(9- (pg)+%J sin %z sin ot , 71
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where

R r
B, =- Eo_la; ‘Ei-Jl (kR )[75— cos (9- ¢g)+ELJ cos 2z cos ot (72)

d

Bo=EoLE J(k R)—R—g sin (B-qo )cos L7 cos wt (73)
6 wd VR &g ’

R=AR2+r2+2R,rrcos(6-9,) . (%)

Here we use the same symbols as those in the linear theory. But it should be noted
that some of them have different mathematical contents. For example, in the kinetic
theory R, and ¢, are functions of both the momentum variables and the
configuration variables, whereas in this single-particle simulation they are fixed for
a given guiding-center frame.

From Egs. (70)-(73), the Lorentz force equations in the guiding-center

frame can be written as

where

d;=—E—V422-1&, 75
& "R, B (75)
8- _1 yazzille,

dz 2R, 7'[33 (76)
dr _ d

&g, 77)

d”*:ﬂﬁle{Rb L((1-BE, - BoEs- ﬁ339+ﬂ23z]} (78)

4B _ o Vagzi L[| BB 1 )E,- BB, + BB,

5 =nl4d 1&{ R y[ﬁlﬁzEr (-Bz )Ee-BzBr+Ble]} (79)
d —

B nfaaT ély[mls , + BaBsEo+ 2B, - BB (80)
E, = ai[Jo(Ry R )+J2(Rp R )]Rysin 21:(5- ag) sin ®Z sin 2%7 , (81)
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Eo= oy[JoR, R )+JL(Rs R )][ITg cos 21:(5- ag)+7] sin 'z sin 2mt , (82)
B,=- aJoRp R )+J2Rp R )][ITg cos 21:(5— ?ﬁg)+7] cos Tz cos 27t ,(83)

Bo= afJo(Ry R )+Jo(Rp R )]R,sin 211:(5- ag) cos Tz cos 21 ¢, (84)
B, = o3 - 04Jo(Rp R ) sin 7z cos 27t , (85)

with oyge[RyEe/(2mc2?), ayde|RpEo/(4dmc?), oz=le|Bo/(mkc.c), and
oselEy/(mwc). The normalized quantities appearing in Egs. (75)-(85) are defined

by z=z/d, T=ri/Rs, 6=6/(2m), t=wt/2r), P=(drr/ds)/c, Bo=(r;d6/d )/c,
B3=(d2/dt )/C, E=d/l, Eb=chb, R—g=Rg/Rb’ ag=¢g/(27t): E‘—'R /Rb, and
y=(1-B- BBy 12,

B. Simulation Results
We used Egs. (75)-(80) and made computations for a pulsed beam, immersed
in a 2500 Gauss axial magnetic field, with a length of 0.5 cm, a radius of 1 cm, and

an initial relativistic factor of 2.47.1* The initial electron's relativistic cyclotron
frequency is 2.83 GHz, corresponding to its relativistic cyclotron wavelength 10.6
cm in free space. Three layers of sample electrons are taken within the beam and
each layer has six guiding centers with 209 electrons. Because the TEq;1-mode
fields are axisymmetrical, the six guiding centers are all placed at @,=0. The
guiding centers are distributed uniformly along the radial direction with the
coordinates Rg/R, = 0.0, 0.2, 0.4, 0.6, 0.8, and 1.0, and the distribution of the
electrons on gyration orbits simulates the equilibrium distribution function, given
by Eq. (16), of neglecting the gradient effect of the guiding center. The amplitude

of the cavity electric field is taken as 7.5x10* Volt/cm.

First, let us examine the numerical simulation using only the electric field.
Taking the operating wavelength as 10 cm, and the entrance time of the pulsed
beam front as zero and 0.5T (T is the period of the cavity field), we find that the
linear results agree qualitatively with the ones from the simulation, as shown in Fig.
5 and Fig. 6, respectively. Both in the linear and simulation results, the axial
velocity spread oscillates with the cavity length and the oscillation damps gradually.
When the cavity length is larger than one wavelength, however, the nonlinear effect
becomes very considerable. In the nonlinear interaction, the mean value of
oscillation of the velocity spread evidently reduces with the cavity length, whereas
in the linear result it keeps constant. Since the reduction in the mean value of
oscillation is caused by resonant emission, it should not depend on the phase at
which the pulsed beam enters the cavity. Figure 7 shows the dependence of the
axial velocity spread on the normalized cavity length for three different entrance
phases. From Fig. 7 we can see, indeed, that these mean values are almost the
same.

As we mentioned previously, when an electron loses energy, its axial velocity
increases, and the smaller the axial velocity is, the more it increases. Accordingly,
the beam's axial velocity spread is improved. The simulation confirms the above
statement. In the linear regime (the normalized cavity length is less than unity), the
velocity spread is decreased when the averaged normalized energy (the averaged
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relativistic factor) is less than its initial value, and it is increased when the averz}ged
energy is larger than its initial value, as shown in Fig. 8. In the nonlinear regime,
the mean value of oscillation of the averaged energy goes down continuously and
the mean value of the velocity spread is decreased gradually. The dependence of
the averaged normalized axial velocity on the normalized cavity length is shown in
Fig. 9.

Then we made simulations for the same pulsed beam with the whole TEg;;-
mode field, including both electric and magnetic fields. The results are shown in
Fig. 10a, Fig. 11, and Fig. 12. Comparing Fig. 10a with Fig. 7, however, we
find that there are two main differences. In the linear regime, the effect of the time-
dependent magnetic field is so important that the velocity spread dependence on the
cavity length is contrary to that without the time-dependent magnetic field taken into
account. In the nonlinear regime, the mean value of the axial velocity spread is
more rapidly decreased (also see Fig. 14). The dependence of the rms-normalized
energy spread on the normalized cavity length is shown in Fig. 10b. From Fig.
10a and Fig. 10b we find that for short cavities no matter whether the axial velocity
spread is increased or decreased, the energy spread is always increased.

To examine the dependence of the axial velocity spread on the operating
wavelength and to find out at what wavelength the beam conditioner can best
improve the beam's axial velocity spread, we made simulations for different
wavelengths. The result indicates that the axial velocity spread strongly depends on
the operating wavelength, as shown in Fig. 13. For a wavelength of 11 cm (2.73
GHz), the mean value of the axial velocity spread reduces most rapidly with the
normalized cavity length. For too long, or short, a wavelength compared with 10.6
cm (corresponding to the initial electron's relativistic cyclotron frequency 2.83
GHz), the axial velocity spread cannot be improved. From Fig. 13, we also can
find that in the linear regime the dependences of axial velocity spread on the cavity
length normalized to different wavelengths are almost the same, which means that
there is little dependence on what wavelength is used to normalize the cavity length.
From this we can deduce that the effect of the zeroth harmonic is dominant and the
effect of the first harmonic is negligible in the linear regime, which agrees with the
previous linear theory.

We know that the resonant radiation appears only at the operating frequency
slightly greater than the electron's relativistic cyclotron frequency. Now the
relativistic cyclotron frequency is 2.83 GHz (10.6 cm). Why can the pulsed beam
generate resonant radiation at the frequencies less than 2.83 GHz? This is because
the beam has an axial velocity spread and the axial velocity spread Doppler-widens
the frequency range of resonant radiation. In addition, in a cavity the beam can also
effectively interact with the backward wave.

Although the axial velocity spread rapidly reduces with the cavity length when
the cavity operates at a wavelength of 11 cm, it very soon reaches its minimum
value of 3.9%, only decreased by 2.1% compared with its initial value of 6%. If
the cavity operates at 10 cm, the axial velocity spread decreases down to 1.8%, less
than one third of its initial value. However, the cavity length is greater than that for
the 11 cm case, as shown in Fig. 14.

IV. Conclusions
We have developed a linear kinetic theory to investigate a conditioner for a
helically transported electron beam. The expressions for axial velocity spread of a

pulsed beam conditioned by the RF cavity operating in TEg;;-mode were derived.
Numerical simulations were used to check the linear theory and it was found that
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the linear results are qualitatively in agreement with those from the simulations. We
also have examined the nonlinear evolution of the axial velocity spread with the
cavity length and the cavity operating wavelength due to the negative mass effect.
In summary, we can make the following conclusions. In the linear regime, in
which the cavity length is less than one operating wavelength, the modification of
axial velocity spread is caused mainly by the interaction of the electrons with the
zeroth harmonic, and hence whether the axial velocity spread is improved and this
improvement mainly depends on the phase at which the pulsed beam enters the
cavity and only slightly depends on the operating wavelength. In the nonlinear
regime, the variation in axial velocity spread results from the interaction of the
electrons with the fundamental harmonic based on the negative mass effect, and so
it strongly depends on the operating wavelength and only slightly depends on the
entrance phase of the pulsed beam. The simulation for a pulsed beam with a length
of 0.5 cm, passing through a cavity operating at a wavelength of 10 cm, indicates
that the rms-normalized axial velocity spread can be reduced down to 1.8%, less
than one third of its initial value. From this we see that a beam conditioner can be
used to decrease the spread in axial velocities for a low-energy electron beam.
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Figure Captions

Distribution of the amplitude of the TEq;;-mode electric field along the
radial direction and electrons rotating around the waveguide axis.

Calculational model. The pulsed electron beam is taken as a segment of
an infinitely long beam. When 7=0, the front of the segment of beam is
located at z=0. When t=d /vy and t=(d+L ) /v, the front is at z=d and

z=(d+L), respectively.

The guiding-center frame when the applied uniform magnetic field is
directed in the positive z-direction.

The guiding-center frame when the applied uniform magnetic field is
directed in the negative z-direction.

Dependence of the rms-normalized axial velocity spread on the

normalized cavity length. The entrance time of the pulsed beams is

ZET10.

Comparison of the linear result with that from the simulation using only
the electric field. The operating wavelength is 10 cm and the entrance
time is zero. When the normalized cavity length is equal to unity, the
axial velocity spread is increased.

Comparison of the linear result with that from the simulation of using
only the electric field. The operating wavelength is 10 cm and the
entrance time is 0.5 T. When the normalized cavity length is equal to
unity, the axial velocity spread is decreasd.

Dependence of the rms-normalized axial velocity spread on the
normalized cavity length when the pulsed beam enters the cavity at
different times. Only the electric field is included and the operating
wavelength is 10 cm. _

Dependence of the rms-normalized axial velocity spread and the
averaged normalized energy on the normalized cavity length. Only the
electric field is included and the operating wavelength is 10 cm. The
entrance time is zero.

Dependence of the averaged normalized axial velocity and the rms-
normalized axial velocity spread on the normalized cavity length. Only
the electric field is included and the operating wavelength is 10 cm. The
entrance time is zero.

Dependence of the rms-normalized axial velocity spread on the
normalized cavity length when the pulsed beam enters the cavity at
different times. Both the electric and the magnetic fields are included
and the operating wavelength is 10 cm.

Dependence of the rms-normalized energy spread on the normalized
cavity length. The parameters are the same as those in Fig. 10a.
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Fig. 11.

Fig. 12.

Fig. 13.

Fig. 14.

Dependence of the rms-normalized axial velocity spread and the
averaged normalized energy on the normalized cavity length. Both the
electric and magnetic fields are included and the operating wavelength is
10 cm. The entrance time is zero.

Dependence of the averaged normalized axial velocity and the rms-
normalized axial velocity spread on the normalized cavity length. Both
the electric and magnetic fields are included and the operating
wavelength is 10 cm. The entrance time is zero.

Dependence of the rms-normalized axial velocity spread on the cavity
length normalized to different operating wavelengths. Both the electric
and magnetic fields are included and the entrance time is zero. In the
linear regime, the dependences are almost the same.

Optimization of the operating wavelength (the entrance time is zero).
When the operating wavelength is 10 cm, a little less than the initial
electron's relativistic cyclotron wavelength, the beam conditioner best
improves the axial velocity spread. '
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