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NUCLEAR INTERNAL MOMENTUM DISTRIBUTIONS

John Marsh Wilcox

" Radiation Liaboratory, Department of Physics,
"~ University of California, Berkeley, California

April 1954
ABSTRACT

The nuclear internal momentum distributions of protons in
light nuclei have been studied with the 340-Mev scattered proton
beam from the synchrocyclotron. The two protons from a quasi-
elastic scattering event are detected in coincidence, and the ener-
gy of one of them is magnetically analyzed. In the limit of the
impulse approximation, conservation of energy and momentum
can be employed to solve for the momentum of the struck proton.
The beét fit to the experimental data for beryllium was obtained
with a gaussian momentum density distribution with a 1/e value
of about 20 Mev. Fermi (rectangular) and Chew-Goldberger dis-
tributions did not fit so well. Qualitative differences were ob--
served between lithium,; beryllium, and boron. The observed
lithium spectrum was interpreted as being caused by two types
of protons in lithium; two core protons that have a large momen-
tum distribution and a third proton that has a rather low kinetic
energy. This conclusion was supported by the shape of the ob-
served lithium\ spectrum, and by the relative yields from lithium,
beryllium, and deuterium, The spectrum observed from beryl-
lium indicated that the protons in berylliufn have a larger momen-
tum than the protons in the lighter elements studied. There were
some indications that the fifth proton in boron may behave simi-

larly to the third proton in lithium.
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I. INTRODUCTION

. One of the basic properties of the atomic nucleus is the momen-
tum distribution with which the neutrons and protons are moving in-
side the nucleus. If the correct nuclear'spatial wave function were
known, then. by a fundamental quantum-mechanical principle we |
could obtain the momentum-~density distribution as follows.

If \IJ(?). is the solution of the Schr&dinger equation, then the wave
function in momentum space ch) can be found by a Four1er trans-

forml

f -1.12 r \M ?\) d-i?,g
v_\
where the momentum p = ﬁk, and 2xh is Planck's quantum of action.
Then the probability that the momentum lies between ik and h(k+dk)
is? '
P(k)dk = C,blcb'(k) |7‘ dk,
where C is a normalizing coefficient. This gives a measure of the
fractional occupancy of the phase states; if we wish to know the num-
ber of nucleons with given momenta we must multiply by the volume
.of phase svpace available, which is pfoportionai to 4:m'321dp° In the
absence. of a correct nuclear spatial wave function, it has not been
possible to obtain information on momentum distributions in this
manner. 'HoWev.er, aﬂy wave functions which may be proposed in
the future should be able to correctly-predict the observed momen-=
tum disfribution. » _

C')nlthe basis of a statistical gaé model of the nﬁcleus,, Fermi.
was able to predict a momentum distribution. The nucleus is con-
sidered- as a gas of neutroné ‘and protons which is confined to a vol-
ume = 4/3 -rrR3, where the nuclear radius R = 1.5 x 10"1-3A1/3 cm,
and A is the mass number. At ord1nary nuclear excitation energles
of about 10 Mev the particles will occupy, the lowest available states,
~ for--owing to the close confinement of the partlcles--athe energy-
level spectrum has widely spaced levels. . Following Fermi3, we
have for the number N of states of momentum less than Py, of a

- proton confined to a volume Q:



4mp max

N =2 -—————T—-
3(2wh)

where the factor of two takes account of the two possible orientations
of a particle with spin 1/2. At complete degeneracy the number of

states is‘just equal to the number of protons; and if we assume fur-
A

ther that Z2 =~ 5 and insert the above value for 2, we get-
. 2 1_/3 A . -14 .
Pryax - 37 )7 7h I (1 5 0“‘13A1/3)3' =1.05x 10 cgs units,
3 ,

which corresponds to a kinetic energy of 21 Mev. Thus the statistical
gas model predicts that all momentum states are occupied u"'p‘to a
maximum corresponding to about 21 Mev, and that states ab:ove this
are net occupied. | '

For the deuteron we do have available a falrly ré:hable wave

functlon, namely the Hulthen wave function —e———;:-—-—— s where
(aﬁ) (nucleon mass)- (deuteron binding energy) and (3/41 7. This

funct1on4 is a close approx1mat10n to the numerical solution of the

Schrb'edlnger equatlon using the Yukawa potential. The value ﬁ/:a—

is obtained from the effective range theory of Blatt and Jackson®.

- The Fourier transform o{f the Hulthen wave function is proportional

to 1 > > . ‘Thus this distributi-«on can be used as a
a“h* + p “x° + ‘ S

check on. the exper1menta1 procedure. Unfortunately there is no

clear evidence for the validity of this distribution for high: momenta.
Serber6 has uéed the Hulthen momentum distribution to explain
the angular and energy distributions observed by Helmholz et al.?
when 190-Mev deuterons are incident on various target nuc1e1 We
consider an interaction'in which the proton of the deuteron colhdes
with a target nucleus, while the neutron does not. The neutron
would continue forward with half the energy of the deuteron, except
for its.internal momentum with respect to the deuteron. The com-
ponents of this momentum parallel to the beam direction will'add to or
subtract from the beam momentum of the neutron (which is half the
momentum of the original deuteron)ito ':change the energy of the
emerging neutron, while the transverse components of the internal
momentum, W111 contribute to the observed angular spread of the

neutrons.
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The reverse of the ahove '-'stripping " process h’as 'been observed
by Hadley and Yorks, who have found deuterons and trltons produced
by the bombardment of various targets W1th 90 Mev neutrons. Since
their d1str1but1on 1s peaked 1n the forward d1rect1on, and they have
an energy approxrrnately equalt’o_"t\.h‘?et of the incident neutron, the
observed deuterons could not be low_—energy eveporetiong particles.
If the incident neutron finds a partner pr oton in the target nucleus
moving with a momentum such that their relati_ve momentum forms
a stat_e of the deuteron, then the neutron can "piek up" the_proton
.and emerge as a deutero'n.» This process obviously involves the
- momentum distribution of the struck nucleus, as well as that of the

9a

deuteron. ,_Chew and Goldberger ™ have explained the observed dis-
tribution of_deuterons, postulating a momentum distribution for car-
bon whick "_ﬁts: the_dat_a.. This distribution is equal to
laep?) o
where a-is ‘a momentum corresponding.to a nucleon energy of 18
_ Mev. Pick-up deuterons from various target nuclei have also been
observed at small angles to the beam by Bratenahlgb-,. using protons
of energies from 95 Mev to 138 Mev. Heidmangc'has been able to fit
York's data with.an excited Fermi gas distribution with a tempera-
ture of 9 Mev. However, unless calculation and experiment are quite
precise this will be indistinguishable -from a gaussian distribution.
Internal momentum distributions have a profound effect on the

production of mesons from nuclei; in fact, meson production from
complex nuclei tends to give more information about the structure

of the nucleus than about interactions of mesons. The threshold can
be lowered considerably, since the bombarding nucleon may encounter
a target nucleon that is moving toward it with considerable momen-
tum, which will increase the en‘ergy available in the center-of-mass
system. Thus free nucleon-nucleon production of w mesons.lo re-
quires 290 Mev, while in heavy nuclei.r.mesons can be produced by
incident nueleons having energies as low as 180 Mev. This effect
was first predicted by McMillan and Tellerll, A complete discus-
sion of nucleonic procluction of m mesons in complex nuclei has been

given by Henley and Huddlestonel'2 and by Henleyl3, using several
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momentum distributions,. The distribution used affects the produc-
tion threshold, excitation functlon, and the energy spectrum and
angular distribution of the produced mesons as compared with those ;
resulting from collisions’ w1th free nucleons used as targets. For
340-Mev protons incident, the ¢cross section at 90° depends markedly
" on the nucleon momenturn distribution, while at 0© the effect is not
‘as great. This can be aci‘counted’ for as follows. The produced mes-.
ons are observed14 at energies up to about 80 Mev. At 90o the
meson spectrum in free nu_cle'on-nucle“oﬁ collisions is cut off at

about 9 Mev by energy-momentum conservation. Herce the form
chosen for the momentum dis‘tribut'ion,'which broadens the spectrum
to 80 Mev, has considerableeffect At O° however, the free-nucleon
/cutoff does not occur until about 70 Mev, so that the influence of the
.momentum d1str1but1on is less s1gn1f1cant. Henley used a gaussian

;' d_istlrihution with a l/e' value of 19 3 Mev, a 0°K Fermi degenerate
gas model, and a modified Chew-Goldberger distribution. The Chew-
‘Goldberger distribution mentioned above was found to have too many
high-momentum components, and also Las an infinite ave‘rage energy.
Therefore Henley suagested a modified Chew-Goldberger d1str1bu-

tion of the form - L - where 8 = 2. 5a.. Th1s has

2 2.2 ,.2 2.2 :
R N e
. an average energy of 48.1 Mev and still _fits York's data fairly well.

Henley found that the best fit to the experimental data was obtained
from the gaussian distribution with l/e‘-v"alue of 19.3 Mev. Some-
what 51m11ar calculations have been performed by Block,. Passman
and Havena for the Columbia cyclotron energy of 380 Mev; they
found the best fit to be given with the original Chew-Goldberger dis-
tribution. In some later work’ i however, they have used a gaus-
sian distribution with a 1/e value of 14 Mev, _ _ '

The first strong evidence for the existence of the m° meson was
given by the observations of Bjorklund, Crandall, Moyer and York, 31
- who observed high-energy gamma rays resulting from bombardment
;of beryllium and carbon with 340-Mev protons. By varying many
parameters, in particular the angle of observation, they were able

show that con31stent curves:-are obtained if one. assumes a center-

of-mass system moving with.a’ = 0. 32.. " For a colhsmn between
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a 340-Mev proton and a nucleon at rest, the center-of-mass system
has B = 0.39. However, since the excitation function increases
with energy, most of the production comes from target nucleons \
moving toward the beam. If we assume 22 Mev for the energy of
such a nucleon, then the center of mass of it and the incident proton
hés ap=0.32, in agreement with the above considerations.

The production of mesons from complex nuclei by the synchro-
tron bremsstrahlung spectrum has been observed by Steinberger
and Bishop18 and interpreted by Lax and Feshbackwa If the pro-
duction were from a free nucleon at rest by a monoenergetic gam-
ma ray, the meson energy and the direction of production would be
related by a Comptonlike process, which would give a unique energy
at each direction. The broadening of this line in production from
complex nuclei represents the effect of the bremsstrahlung spec-
trum and the internal momentum distributions. Lax and Feshback
found the best agreement with the experimental data by using a Chew-
Goldberger distribution.

High-energy scattering experiments also provide a powerful
means for studying internal momentum distributions. . When 340-
Mev protons are incident on a hydrogen target, the scattered pro-
tons at a given angle have a unique energy, since this is a two-body
collision with the struck proton. at rest. Nonrelativaistically this
energy is just Eocos2 §, where Eo is the ‘incident energy and 4 is
the angle of observation. If the struck proton is moving inside a
nucleus instead of being a free particle, the observations are some-
what different. Instead of a sharp peak, the energy spectrum is
smeared out, owing to the motion of the struck proton. The faster
it is moving the greater is the spread in the observed energy. Also
the peak of the distribution is decreased in energy, since the bind-
ing energy of the proton knocked out and the excitation energy of
the residual nucleus must be supplied by the incident proton.

- Chamberlain and Segrélg have bombarded lithium with 340-Mev
protons, and studied the pairs of protons emitted in coincidence as
a function of the angle between the two protons. Their data could
be fitted by a Fermi gas momentum distribution with a maximum
energy of 20 Mev. They found a peak in counting rate when the ‘

angle between their two counters corresponded to that for free nucleon-
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nucleon scattering. This is important evidence for the nucleon-
nucleon nature of these scattering proc\esses in light nuclei.
| : vCladis20 has made a more direct measurement of internal
momenta. When a 340-Mev proton is incident on a nucleus, itis
reasonable to think of a nucleon-nucleon collision instead of a
nucleon-nucleus collision; since the De Broglie wave length of the
incident proton is comparable with the internucleon spacing in nu-
clei. = iCladis has proposed the name ''quasi-elastic scattering' for
this type of event, since the process is inelastic-in that a rearrange-
ment of the nucleus is broughf about, but elastic in the sense that a
nucleon-nucleon collision occurs in the nucleus that resembles the
scattering of nucleons by free target nucleons.  Cladis observed
the momentum distribution of single protons quasi-elastically scat-
tered from carbon at 409, and deduced the nuclear internal momen-
tum distribution with the aid of an equation developed by WolffZI,
- which gives the energy spectrum of the nucleons scattered at a given
angle as an integral over the nucleon momentum distributions. Cla-
dis found the best fit to be a gaussian distribution with a 1/e value
of 16 Mev, but concluded that any gaussian with a 1/e value between
14 and 19 Mev would not be inconsistent with the experimental results.

It is clear that if both protoris emerging from a,colli_son can be
detected in coincidence, together with momentum analysis of one
-of the protons, the event has been more explicitly defined. In this
case, conservation of energy and momentum can be used, at least

22, 23, 24 to definitely

in the limit of the impulse approximatiOn
fix the momentum of the struck nucleon.v In the present experiment
the mbmehtum distributions of protons quasi-elastically scattered
from protons in various light elements have been observed under
conditions that detect both particles emerging from the collision.

Chew and Wick23 have given the following criteria for the valid-
ity of the impulse approximation:

"I. The incident particle never interacts strongly with two con-
stituents of the system: at the same time,

"II. The amplitude of the incident wave falling on each constit-
uent (nucleon) is nearly the same as if that constituent were alone.

"II. The binding forces between the constituents of the system

are negligible during the decisive phase of the collision, when the

incident particle interacts strongly with the system."
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- For the case under consideration, we have:

I. The wave length of the incident 340-Mev proton is
)\éM::O 5x 10 13CJm, while Zro 2.8x 10 lgcm
- Thus, ther wave length of the incoming proton is smaller than the
diameter of the nuclear volume for light elements, and it is reason-
able to consider nucleon-nucleon interactions.

1I. The mean free path for high-energy nucleons in nuclear
matter is of the order of 4 x 10~ 13 25 26 which is greater than
the above diameter of nuclear volume. Thus the attenuation in pass-~
ing through a light nucleus should not be too great.
 III. The energy of the incident proton in the C. M, system is
abou't. 170 Mev, whereas the nuclear binding energy is of the order
of 10 Mev, and the nuclear potential energy is of the order of 30
'Mev., Thus, the energy during collision is much larger than the

‘nuclear binding energies.



. »__'1\1‘-_.
II. EXPERIMENTAL METHOD

The experiment is done with the scattered external beam of the
184-inch synchrocyclotron, which‘ give's. a 1520 psec pulse of 340~
Mev protons, with a repetition fate of 60 per second. The equip=-
ment is set up in the veicperimental area called the cave, as shown
in Fig. 1. A vertical section including the incident proten beam is

shown in Fig. 2.

A. Target _ ,

The terget is required to be a parallelogram by two. considera-
tions. First, the width presented to the spectrometer must be as
narrow as p0831b1e in order to preserve good energy resolution,
and second, the length of target through which the protons must pass
after a scattering event must be as small as possible in order to
reduce energy losses in the target. Hydrogen and deuterium were
observed in the form of CH2 and CDZ" with an appropriate subtrac-
tion being made for the effect of the carbon. . A very thin coating of
aluminum we.s evaporated in vacuum on the lithium target to protect
it from co_ritamination in the air. The boron target was sintered )
into the proper shape. A one-mil aluminum foil was needed to hold
it t_ogefher.

- B. GCounter Telescopes

The two protons emerging from a colhsmn are detected in coin-
cidence by two counter telescopes, consisting of trans-stilbene
crys.tals viewed by 1P21 photomultiplier tubes. It is desirable that
protons pass through the upper telescope without deviation, so that
they willcenter the ehergy spectrometer in the proper direction.
Therefore, the thickness of these crystals that the protons pass
through was one-eighth of an inch.. Counter No. 2 defines the path
of particles into the spectrometer; therefore, its width {measured
in the plane of collision) miust be made as narrow as possible, con-
sistent with an adequate counting rate. Counters No. 3 and No. 4
are made thicker, since small-angle scattering does not matter.

. Counter No. 4 defines the path of particles detected by the lowerv
telescope. It is a rectangle one 1nch long in the plane of c0111s1on

and two inches long perpendlcular to this plane,
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Fig. 1. Proton Beam Source.
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.Since crystal counters No. 1 and No. 2 are made very thin to
avoid multiple scattering, the protons '1oseva small amount of energy
in passing through;, and thus an efficient light-collecting system must
be employed. . Each crystal is viewed from both ends by 1P21 photo-
multiplier tubes, with an aluminum housing of the size of the photo-

cathodes to permit maximum light collection.

- G, Energy Spectrometer

1. Description. The momentum of the upper proton is measured

with a bending magnet and a row of 35 anthracene counters, viewed
by 931A or 1P21 photomultiplier tubes. The scattered beam emer-
ges into the cave in the form of a line approximately one-sixteenth
inch wide, which is tilted at 13 degrees from the horizontal, as
shown in Fig. 3. It was desired to have this line serve as a line
source for the spectrometer, i.e., the pole faces of the magnet
should be perpendicular to it. Thus it was necessary to build a steel
stand to hold the seven-ton magnet six feet above the floor, tilted at
an angle of 13 degrees. The target holder was fastened to this stand,
and the base for the 35 anthracene crystals was also permanently
attached, making it possible to do all aligning and calibrations out-
side the cave. For a run the whole as'sembly was lifted into the

cave with the overhead crane. '

2. Resolving Power of Particle Spectrometer. The resolving power

of the spectrometer depends on {1) the target width considered as a
slit, (2) the width of telescope counter no. 2, (3) the widths of the

35 anthracene crystals, (4) the energy loss of protons in the targets,
and (5) the small-angle scattering in telescope counter no. 2. The
over-all resolving power of the spectrometer is obtained by '"fold-
ing'" together the widths due to each of the above factorsg. This"’ pro-
cess has been described in detail in a previous regport?'on The spec~
trometer resolution can be checked experimentally at the energy
corresponding to scattering from a hydrogen target. . Such protons
are monoenergetic, and the shape and width of the observed spectrum
represents the resolution of the equipment. This was approximately

20 Mev (full width at half heig’ht.) for this experiment {see Fig. 7).
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Fig. 3. Scattered Proton Beam.
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3. Nature of Scattered Particles Detected. Mesons will not reach

even the lowest energy channel unless they have an energy greater
than 300 Mev. The number of deuterons and alpha particles entering
the spectrometer has been measured (without deman’,dingv correlated
particles) by W. N. Hess with an absorber te‘(:hniqu.e27 and found to
be less than five percent. When a correlated particle technique is
used the deuteron and alpha-particle contamination is greatly reduced
below this figure, since the angular correlation demanded by this ex-
periment grea.tlbyfavor{s prot“ons. It is therefore assumed that all

particles with which we are here involved are protons.

- D. . Electronics

A block diagram of the electronics is shown in Fig. 4. Signals
from the 1P21 photomultipliers that view the crystals in the teles-
copes go thro'u%h8 an adder-and-shaping circuit (Fig. 5) .to a coin-
cidence circuit (Fig. 6) which, with these shaped pulses, oper-
ates with a reéolving time of 5 x 10_-9 sec., Signals from the 35 count-
ers in the spectrometer are amplified and trip a one-shot multivi-
brator which in turn actuates a mechanical counter. The output of
the coincidence circuit is counted on a scaler, and also makes a

0.4 pusec gate which turns on the 35-channel amplifiers.

. E. Monitor

An argon-filled ionization chamber was used to monitor the

beam current to which the target was exposed. The scattering of
the beam by the various targets introduces a negligible error in the

monitor readings.
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Fig. 4. Block Diagram of Electronics.
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III. EXPERIMENTAL PROCEDURE

The exact height of the line distribution of the scattered proton -
beam is first determined with a'photographic film. . Sincé this height
- drifts slightly from time to time, owing to unknown causes, itis ...
necessary to shoot a film every few hours during the run. With the
beam at a fixed level, plateaus are obtained of telescope coincidences
per monitor as a function of photomultiplier voltage and of linear ’
amplifier gé.in. The time at which the coincidence gate is sent out "
to the 35-chahne1 amplifiers is then varied to achieve the optimum
counting rate.

Two types of accidentals may occur: (1) in the telescope quad-
ruple coincidence circuit, (2) between a 35-channel counter and the
telescope gaté. Both types can be measured by .changing the beam
level. The second type can also be measured by inserting a 2 psec
delay in the telescope gates sent out to the 35-channel amplifiers,
so that the gate could not coincide with a real pulse. . Results of
these two methods are in agreement.

The following data are recorded for each run: (1) number of
‘ gafes, (2) the integrated beam, (3) the time interval, and (4) the
readings of the 35 registers. . Repeated runs on various targets are
made in s.eqtiénce to minimize the effects of long-term drifts. The
beam intensity is kept constant so that there is Ia constant propor-

tion of accidentals for a given target.

2
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IV. ANALYSIS OF DATA

.A. Subtraction of Accidentals.

, The spectrum obtained from. the 35 registers must be corrected -
for the two types of accidentai counts mentioned above. The great-

.est number of counts reSultihg from telescope accidentals may be

.expected when one proton passes through_ the top telescopé and an-
other particle, which is not a companion proton from the same col-
lision, passes through the bottom telescope. Thus the channel -
counts arising from this type of accidental gate should have a spec- :
trum similar to that obtained by gating the 35 amplifiers by the up-
per telescope only. This accidental spectrum is subtracted out.
The femaining spectrum is made by true correlated proton gates,
but there are still.accidentals between the 35 channel pulsés and
the gates. . This accidental spectrum is determined by delaying the

| gates by 2 psec as described above, and subtracted out.

B. Channel _Efﬁc’iencies

Each of the 35 channel counters has a different energy width
for accepting protons, ranging from 15 Mev at the high-energy end
to'2.2 Mev at the low end. Thus, the counts in each channel musf
be di_vided by its energy width to give a true number ofcounts per
unit energy interval. . Several channels at the 1ow-ﬂener'gy end are

. added together to make the energy widths at.all parts of the spectrom-
eter>.more: nearly uniform. |

- The spectrum thus obtained includes the effects of the finite
size of the teléscope counters and the spectrometer resolution.
These effects must be folded into a theoretical momentum distribu-
tion before it can be compared with the data.

. C.. Kinematics of Process

The relation between a value of the target proton momentum and
the momentum of an observed proton was calculated from relativis-
tic conservation of energy and momentum. (See Appendix.) The
binding energy of the nuclear proton and an estimated excitation en-
ergy of 10 Mev for the residualln'ucleus were added into the conser-
vation-of-energy equation. It must be observed that this experiment

compels the struck nucleon to be moving in a well-defined direction.
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Consider the upper telescope to be a point counter, with the bottom
telescope subtending a finite solid angle ;. Then for nuclear pro-
tons of energy ES’ only those moving within a fixed solid angle 95
can be counted. Furthermore, the size of 95 depends on the energy
E5 of the nuclear proton. When its energy approaches zero, itis
similar to a proton at rest, and every proton in the upper telescope
resulting from a collision has its partner detected in the lower teles-
cope. If, on the other hand, the energy E5 of the nuclear proton is
very large, only those protons which were moving within a small
cone of solid angle 95 are counted. The value of QS corresponding
to each value of Eg was computed numerically, as explained in the
Appendix. Thus, an assumed momentum distribution must first be
multiplied by this solid-angle efficiency factor. The distribuﬁon is
then corrected for the finite widths of the telescope counters. (See
Appendix. ) Finally, the resolution of the spectrometer is folded in.
The resulting spectrum can then be compared with the experimen-
" tal data. -

The point involved in the discussion of the solid angle Qs may
be clearer if we consider a simple analogy. . Consider the collision
of two nonrelativistic particles of equal mass which are to be detec-
ted after the. collision by point coxinters 900 apart. lL.et us see if
there is a restriction on the angle § with which the struck particle

was moving before the collision:

Solid lines are momenta before collision; dotted, after.

Conservation of energy and momentum give:
2 2 2
Py P, P P
T Im T Zm *

(1)

Zm Zm
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p; - P,cos § = P,cosa, +P,cosad, (2)

plsin 2] = Plsin a_l - stin Ldz v v (3)

Sciuaring and adding Eqgs. (2) an‘vd’_(3.) we have:

L2 ' 2 L2 L2 Lo
Py - ZPIPZCO_S 6 +_p2 = Pl + PZ. + ZPIP2 (co§ oy cos'd, -

sin 0,1 sin _uz) ' ,(4,),

Now if we subtract Eq. (1) from (4) and use a trigonometric
identity, we have
Zplpzcos 6 =2P,P,cos (a; +,’(12), = O
-since - '

a, ta, = 900 .. :
Therefore cos § = O, 9 = 90° or 270° and we find that the struck
particle had to be moving perpendicularly te the incident particle.
This same general type of effect carries over into the more com-

" plex problem considered in this experiment.
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V. RESULTS

A. Hydrogen

The spectrum obtained from hydrogen is shown in Fig. 7. This
is an experimental check of the resolution of the spectrometer, since
protons scattered from hydrogen at a fixed angle are monoenergetic.
The full width at half height is about 20 Mev, which agrees with the
value calculated from the above spectrometer resolution theory.
(See section II, C-2.) The solid curve is only to guide the eye. The
errors shown in all curves are standard deviations.

B. Deuterium

The spectrum obtained from deuterium is shown in Fig. 8. This
isotope was observed in order to check the experimental method
used, since its momentum distribution is fairly well known¥. The
solid curve was computed from this distribution by the method out-
lined above. . Since this curve lies inside the experimental points at .
its edges, the simple wave function used here does not lead to enough
high-momentum components. . However, the experimental errors due
to subtraction of the carbon spectrum and accidentals are large in
this region, since the experiment was not designed to view a narrow
distribution such as that from the deuteron.

C. Lithium

The spectrum obtained from lithium is shown in Fig. 9. The
shape is rather similar to that obtained from the deuteron. The
narrow peak in the center may be due to the uﬂpaired proton's having
lower kinetic energy than the two paired protons. The peak occurs
at an energy 12 Mev lower than the hydrogen peak. The binding en-
ergy of the proton knocked out of the lithium (10 Mev) and the excita-

*This is given by the s%uare of the Fourier transform of the Hulthen
= AT =-PDr
e" % e

wave function , where B = 7a and\_(rnﬁv)z = (nucleon mass)-

(deuteron binding energy). This distribution is proportional t
: 2 :
1 1

nZhZ + pZ BZﬁ?' + p&
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tion energy given to the recoil nucleus (estimated to be 10 Mev)
must be given up by the two recoiling protons. Thus we could expect
the peak to be shifted by approximately the observed amount. The
soli.d curve is exp_lained in section VI, B.

- D. Beryllium

The spectrum obtained from beryllium is shown in Figs. 10 and
11. The best fit is obtained from a gaussian momentum distribution
with a.1/e value of about 20 Mev, although --as shown in Fig. 10--
gaussians with 1/e values of 16 and 25 Mev can fit the data. The
gaﬁssian distributions are too .low at the high-energy tail, but this
is the region where the impulse approximation is less valid, and
also the errors from subtraction of the bé.ckground become large.
. Curves obtained from a degenerate Fermi gas distribution (square
distribution) are shown in Fig. 11, with Fermi energies of 15 and 25
- Mev. These do not fit as-well as the gadssian. - Figure 11 also
shows a. Che‘w-Goldberger9a distribution*, which appears to be too
narrow. ' |
- E. Boron

The spectrum obtained from boron is shown in Fig. 12. The |
solid curve is to guide the eye to the boron points, while the dashed
curve is a best fit to the beryllium points, for comparison. The
distribution is more peaked than that of beryllium; this may be owing
to the presence of an unpaired proton which is moving with lower
kinetic energy.
F. Relative Yield

The relative yield per nuclear proton was as follows:

Observed - Calculated
Hydrogen 100 100 (asszigned)
- Deuteron 36 33.6

Lithium 13.3

*The Chew-Goldberger momentum dénsity distribution is
Nip) = (const)- a .

(a"+p) ,
where p is the nucleon momentum and a is a. momentum corréspond-

ing to a nucleon energy of 18 Mev,
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Beryllium ' 4.4 ‘ 6.5

Boron 5.1

In order to obtain an adequate counting rate with good spectrom-
eter energy resolution, it'was necessary to use targets of varying
dimensions.  The spatial distribution of the proton beam varies con-
siderably (Fig. 3).. Therefore the above observed yields can be con-
sidered to indicate only the general trends involved.

The observed relative yield provides a good check on the inter-
nal consistency of the experiment. As explained previously, each
value of the struck-proton momentum has associated with it a defin-
ite. solid angle 95 within which the struck proton must have been
moving before the collision, in order that the correlated protons
emerging from the collision can be seen by the counters. Theée
solid angles have been computed for deuterium and beryllium. If
, We now calculate an average solid angle for each element, then the
ratios of these average solid angles should be just equal to the ratios
of the observed yield. For hydrogen, the appropriate solid angle is
4w, since the struck proton is at rest and hence has no directional
limitations imposed . on it. For the complex nuclei, the average

solid angle is computed as

_ {m [%5(E5)] N(E;)VES 4B,

5 = = ——— ‘
‘fOON,(ES)_‘\JES‘ dE,
[o]

)

i.e., each value of the solid angle 95(E5) is weighted by the number
of nuclear protons that have an energy of"ES. In the above formula
NZ(ES) is the density of states of energy E5, and ('S/—E—I)dE is propor-
tional to p~ dp, which is proportional to the volume of phase space
available to a particle of momentum p. For the deuteron N:(Es) was
obtained from the Hulthen wave function, and for beryllium N (E;)
was obtained from a gaussian momentum density distribution with a
1/e value of 16 Mev,  This check turned out quite well, as can be
seen in the above table. . When comparing the observed and calcu-
lated yields for beryllium, one should remember that there is a
certain fraction of double collisions in beryllium--that is, where

one of the correlated protons emerging from a collision suffers a
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further nucleon-nucleon coliiéionvin the same nucleus. These events
are not counted, sinee' in geﬂr_;‘er'al the enguie;j ,\cgr_reletion of the pro-
' tons is lost, .'WolffZI has calc‘ula‘,téd that one-half of the collisions of
340- Mev protons on carbon will be of this type. If one aSSumes. a
lloss of one-th1rd for’ berylhum, and reduces the calcula.ted y1e1d by ’

thlS amount, a good agreement is obtamed w1th the’ observed yield. -
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VI. . CONCLUSIONS
A. Quantitative Results franBeryllium

This experiment has indicated that the beryilium momentum-
density distribution is best approximated by a gaussian function with
a.l/e value of 15 to 25 Mev, with the best value about 20 Mev. This
is in good agreement with the results for carbon of Henley13 and
Cladiszo.- In examining nucleonic production of w mesons in com-
plex nuclei, Heniey found the best fit with a gaussian momentum
distribution with a 1/e value of 19.3 Mev.. With the nucleon scat-
tering experiment previously descr1bed Cladls founid the best fit to
be a gaussian distribution with a 1/e value of 16 Mev. The Chew-
Goldberger9 distribution,, which was usedbythese authors.to explain the -
production of deuterons by the pick-up process and by Lax and Fesh-
: ‘backl7 in explaining photorneson production in complex nuclei, gave
a poorer fit in this experiment than the gaussian. The completely
degenerate Ferm1 distribution (reéctangular curve) gave the poorest
fit of all. . Ari‘ excited Fermi distribution,_ howeirer, will resemble
" a gaussian within the accuracy of this experiment. ]

" B. Qualitative Results from H, D, Li, Be, and B’

The narrow peak of the experimental spectrum obtained from

: hydr.ogen'es'tablishe'sfthe spectro'meter resolution. The observed

curve from- the deuteron is only slightly wider, as would be expec-
ted, because the binding energy is only 2.2 Mev. It is well known
that the deuteron spends more than half the time outside the poten-

‘tial well. In the exterior region (which is classically forb1dden),
e-ur A v

‘the' wave function has the form i = A ', where

1
a4 S,

- [ZMB
M = nucleon mass, B = binding energy, and A.is a consiant; "The
: exbectationﬁalue of the kinetic e'nergy_ in the exterio;; region then

is:
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where a is the rad1us of the potent1a.1 well,. a.nd thus the kinetic energy
in the exterior reg1on is Just equal to the b1nd1ng energy

‘Owing -to the.difficulties in working with a'hellum target, no
spectrum was obtained‘ frorrr. helium; however, since the alpha par-
ticle is a tightly bound, stable structure, one might expect a.con-
siderable average kinetic energy. ,

The lithium .spectrum consists of a broad base with a peak at
the center which is very similar to the peak observed from the
deuteron. In lithium we could postulate two types of protons: two

protons with considerable average kinetic energy which belong to
‘ the ''core' of the nucleus, and a third proton which has cons1derab1y
less momentum, comparable, 1n fact, to that of the proton in the
deuteron. This hypothes1s has been compared w1th the exper1mental
data in two ways, f1rst by compar1ng ‘the relative y1e1ds from the
de,uteron, lithium,. and beryllium, and secondly by predicting the
shape of the observed lithium spectrum by using the spectra from-

the deuteron and beryllium.
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The reason that the relatlve y1eld data are s1gn1f1cant 1s that
the efficiency of detection of coll1s1ons depends on the energy of the
struck proton, as has been explalned prev1ously Thus the, slowly
moving proton in the deuteron has a 1arge proba.b111ty of be1ng counted,

because of the large sol1d angle Q assoc1ated w1th 1t, as explalned

5
in IV-C, while the more energetlc protons in berylhum are. counted

with a lower efficiency. If we assume that the two "

core” protons
in lithium are moving s1m11ar1y to the protons 1n berylllum, and
thus are counted at the beryllium rate, and that the third proton is
being counted at the deuteron rate, we can predict a yield (per nuc-
lear proton) from lithium on the basis of the y1e1d of 36 from the
deuteron and 4. 4 from berylhum The calculated 11th1um yleld of
14.9 is consistent with the observed yleld of 13 3 _ B

The shape of the lithium spectrum can now be predlcted from
the shapes of the deuteron and beryllium spectra. _1f we normalize
all these spectra on the basis of the observed yields (i. e.,, the area
under the curve is proportional to the yield), and then add twice the;

beryllium spectrum (representing the two lithium "

core.',':_*protons)
to the deuteron spectrum (representing the single lithium p-roton
outside the core) we get the predicted spectrum for lithium.. The
curve obtained in this manner is the solid.line drawn in Fig. 9, and
is seen to be in good agreement with most of the experimental points.
All the current nuclear models, including Maria Ma?er.’s very
successful shell model, 29 put the third proton in lithium ina p
state of orbital angular momentum, since the two 1owest4en'ergy S
states available (spin up and spin down) have already been occupied
by the two '"core' protons. The binding energy.of the last proton
in Li7 is 10.1 Mev, but its average kinetic energy is just a few Mev;
therefore this proton would not be like that in the deuteron and would
not be expe.cted to spend much time in the region exterior.to the po;
tential well. If we assume that this proton moves in a square-well
potential, we can investigate the size of the well required. The
total energy is equal to the sum of the kinetic energy plus the poten- .
tial energy. The total energy is numerically equal to the binding
energy, the potential-energy is just the well depth, and we are as-

suming that the kinetic energy is a few Mev, say 4 Mev. Then the
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-well depth will be the sun of the kinetic energy and the bi.nding ener -
gy or 14 Mev. S,chiff30 has shown that for a particle of mass m mov-

ing with £ = 1 to be bound in a poterzltigl well of depth V and radius

mh
_ Zm
square well would have to have a radius larger than 3.7 x 10

The radius of lithium is something like 1.4 x 10_13 A1/3, which gives

Thus we find that our assuméd

a, that Voa2 must be larger than
' -13
c

m.

2.7Tx 10°13 cm, so that our assumed well would have to be rather
large. However, in the region of nuclei composéd of only a few nu-
cleéns, a picture of an individual nucleon moving in a well created by
the presence of the other nucleons is not very good, since individual
interactions will be more important than in the heavier nuclei, If
the energy level of one nucleon in a light nucleus is disturbed_-, then
all the other nucleons will also be é,ffected, as opposed to the case
for heavy nuclei in which we could think of a'nucleon moving indepen~
dently in the nuclear potential.

The binding energies of the various target nuclei (and of helium)
are given here for reference.

.Binding energy Binding energy

Nucleus % in target of last proton ‘per nucleon
D o 2.2 Mev 1.1 Mev
Het | 22.8 7.0
Li® 7.5% 4.5 5.3
Li’ 92.. 5 10. 1 5. 6
Be’ 100. 16.9 6. 4
B0 18.8 6.5 6.4
‘B'll '81.2 11.2 6.9

The spectrum obtained from beryllium was considerably broad-.
er than that from lithium.. As explained above, the beryllium spec-
trum has been fitted by assuming a gaussian momentum-density dis-
tribution for all the pi'otons in beryllium with a ‘l/e value of about |
20 Mev. To the extent that the alpha-particle model is valid, and
. that Be9 is composed of two alpha subgroups plus an extra neutfon,
it is reasonable to assume that all the protons in beryllium have sim-.
ilar momentum distributions. ' '

The spectrum observed from boron Was in general similar to
that from beryllium, except that it is somewhat narrower.. This
could be explained on grounds that the fifth proton in boron is some-

-what like the third proton in lithium discussed above. Since this
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proton is one of five, the p,ercer;tage effect would be smaller.
Because the binding energy for the ''last" proton in Li'6 is dis-
tinctly different from that in Li7 it would be very desirable to employ
separated isotopes in this investigation; and a similar remark can
apply to Blo and.B“. The smallness of available targets of isotopic
' purity in elemental form makes it unreasonable to pursue this re-

finement under the presént techniques.
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APPENDIX

Kinematics (See Fig. 13)
The analysis begins with the four relativistic equations which
expi'ess conservation of energy and momentums:
Conservation of energy:
(1) ym+M=ym +Y'3m‘+.Y4M' .
. Conservation of Z momentum(incident particle enters along
Z axis):
- . - .. ) [
(2) ma, = md, cos 6, t.mag cos 63 + Ma4cos 64 .
. Conservation of X momentum:
(3) O = ma, sm6 cos¢, + ma, sin 93 cos ¢3 +M! 0.4sm94cos¢4.
. Conservation of Y momentum;:

(4) O = ma.zsinezsincb.2 + ma;sin 63cos¢3 + M'a4sin 94sin¢4.

Where m = Mass of proton

M = Mass of struck nucleus

€

M'=2Mass of recoiling nucleus + =
c

€ = Excitation energy of recoiling nucleus.

y=14 Kinetic energy

Rest mass energy
vn.='Vyz -1

Note that ma represents momentum.

. We can first show that the momentum of the struck nucleon
is completely determined by the quantities measured experimentallyv.
- Before the collision occurs all parameters are known, since the nu-
cleus is at rest and the direction and energy of the incident bea;m‘
proton are known. After the collision the energy and direction of
proton number 2 and the direction of proton number 3 are measured.
Thus there remain four unknown quantities: the energy of proton
number 3 and the energy and direction (two angular variables) of the
recoil nucleus. The four equations involving conservation of energy
and momentum are then sufficient to completely define the collis-
sion.

Since the nucleus w'as originally at rest, the struck nucleon

must have been moving with momentum equal and opposite to that of
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the recoiling nucleus. The energy of a proton having the same mo-

mentum as the recoiling nucleus is designated E
The solid angle £

5 in which the struck nuclegn must be moving
is calculated numerically. The equations of motion are first solved
for the emerging protons passing through the centers of the tele~
scope counters, and then for the emerging protons passing through
the corners of telescope counter number 3, Telescope counter num-
ber 2 is assumed to be a point counter, since its dimensions are an
order of magnitude smaller than counter number 3. Thus the ex-
treme directions .of struck nucleon momentum are determined, and
the solid angle Qg is defined. The calculations are repeated for a
range of values of struck proton momentum, and 95 is determined as
a function of ES'

The proton-proton differential scattering cross section is approxi-
mately independent of energy and angle in the C. M. system at these
, ene.rgies. Hdwever, since the struck proton is moving, the trans-
formation of solid angle from the C.M. system to the laboratory
system will change slightly from event to event,. This change has
been calculated numerically and found to amount to less than 5%.

In general a particle with momentum p has available phase
space proportional to p'z dp, or ((’\’/E—:‘)dE, since p’2 = 2 ME. However,
for this problem the available phase space is only a fraction o the
total, namely _9_5 (\/fl;)dEso Thus the number of detectable collisions
produced by nuclear protons moving withr;an energy between E5 and
,E5 + dE5 will be proportionaltl to N'_(ES)zﬁ{(@)dES, where N_(E5) is
the energy distribution of the nuclear protons. These collisions will
result in scattered protons in telescope counter number 2 having é_L
small range in values of EZ" Thus each value of E5 results in a dis-
tribution of protons about a particular value of EZ“ The observed
spectrum N (EZ) can be obtained by graphical addition of the contribu-
tions from all values of E5.

Figure 14 shows the relationship between the struck proton
energy E and the observed proton energy EZ for beryllium. . The
solid curve is for the case of a proton going through the center of
telescope counter number 3, while the dashed curves represent pro-

tons which go through the sides of telescope counter number 3. Thus

this figure indicates the effects of the finite size of this counter. It
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should be noted that a given value of E on the left-hand half of the
curve. (E <170 Mev) corresponds to a rather wide range in values
of E5, whereas a given value of E on the right- hand half of the

curve’ (E >170 Mev)corresponds to a smaller range in values of E5

. Thus for a ﬂat-topp.ed momentum d;stz_j1but1on such as the Ferm_1

" (rectangular), contributions from many values of E5 will add up at

a particular value of E2 to produce the characteristic double-peaked

curves. However, in the somewhat narrower Chew-Goldberger dis-

tribution this effect is largely washed out.

. It should be further noted that each value of E5 corresponds to
two values of EZ' Thus the information comes in twice, i.e,, eitherc
the left half or the right half of the experimental curves would deter~
mine the nucl'_e_ax" momentum distribution. The agreement of the ex-
perimental points with both halves of the calculated curves thus gives
a measure of the internal consistency of the experiment.

The nuclear momentum distribution is assumed to be'isotropic.
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